®obsdgMmgg oemagomol gmgdgbEgoo

30bBobg mmdedy

Babs oo bodmbadobdgnyzame dgpboghgioms gogamaase, ngobg xegobotdgommol bob. bobgmifogm gbogambodatoe

sz g0®o bfogemolb swmggodnm bp®adantgdl, Gorgmbogss dog. xanngde, fogogo boghpggdo,
Mgmegdo, InEynmgdo, 39wmado.

1 x3338300

3m83mbogoob jobmbo S LodMagmgbg, gb oMol Fabo, Bmdgmog gmggm Fygomb (a, b) 9emgdghigoobs
S bodGagmowob Nmobawgdb gangdgbhgb, gmdzem p gmmgdgbyl, 0dozgg S LodMogmoob.
am®domgdoe, 3mddmbogool 30bmbo aMob sbobgo

f:8x8=8

ombodgbo f(a,b) o6 otob Jmbobgdbgogmo 3mddmbopool jobmbobmgol. bopgmew, oggbgdgb
5mbodghsl Gmgmog 3edmoggbgds hggnmgdmogo godMsgmgdols s dodaBgoobmgob:

ab,a x b,a+ .
8b 30093 0mbodgbol, ®mAgmog Foogogh dom, dsgomomsw ao b, a & b.

Definition. gg7930 0®0b s®ogo®ogeo bodMogmg G 3mB3mBozoob 3obmbmeb ghmew, Gmdgemos
dbeEoogey®os ©o geohbos ghmgpmmgebo gegdgbioe, ©o obgmo, M@ gmggm gewgdgbElb oggb
dgodrybgdgemo.

509mob 2a3nxo gb sMob xa100 Hmdmob 3mddmbogool 3obmbo 3mdnGopeydos.Brgmdi Fabo,
s0gmolb xg193do 0ggbgogh sopoy® smbodgbols.

o 23700l dogsmomgodo
d0 Modpgbody do®Gogo dogomomo xgnolio:

Zt: Bogmo dogbggdo Jg3ogdom;
QT: Gogombogymo Hogbggdo BgzdHgdom;



0Q*: byemobzoeb gobbbgezgdnmo Gogombocrydo Hogbggoo geddagmgdom;
ET: bodpgomo dogbggdo 3g3dgdom;

E*: bgmobgeb gobbbgoggogmo bsdogomo Mogbggoo geddogmgdom;

Ct: 3083agdbydo dogbggodo FgzHgdom;

C*: Bemobgob goblbgoggonmo 3mddmgdlnto Gogbggdo goddagegdoom.

m®o boob@ghgbem Togomomos:
1) BoBggomo Bmgowo fogogo n x n g3ngo GL,(R):

GL,(R) = {n x n matrices A € R"*" with det(A) # 0}.

obggg gebobabrmgmgde 3mB3myduydo Bmgewo F@gogo n x n gzamo GL,(C).

2) X ogmb Lod®ogmg. d0gdpoy® sbabgsl f: X — X 3dg0s X-0b gowmsboigmgds. bowos,
3owobspgmgogdo Joboob xzaxb, ®mdgmop smobodbods S(X) Loddmemmo. Bmpgbsy X =
{1,2,...,n}, 80806 9®m HoGmoOgh S, smboBzgbab.

Bmgowo fHR030 23700 © 3o00boRgmgdsms X31R0 3obboznmdgdom dbodgbgmmmgsbos. ghmo
d0Bg%0 sdobo sMob ob, ®mAd 0gobo dmoEeggh dg3m Lbgo xzaRb MHMEMOE J39%3IBL-

H 439b0dtegmg G xanado offmogos Jgaxaanoee, o4 ob o3dsgmgomgdl 898wga mgolbgdgdl:
() (bogadommos): w9y a,b e H, 35806 ab € H;

(b) (9B gaemmgobo): 1 € H;

(c) (Fgo®abgdonamgdo): oyga € H, 3s80ba~! € H.

%3799030L Bbgs dsgomomgdos:
1)
T={z€C||z| =1}

T o®0b x3980 300Mogmadal dodo®m C-o o dob gfimogds fHogeo xs930.
2)

sinf  cost

S0(2) = {( 5080 s—oink/ ) |9 € R}.

40 239xb 3dgoo 2 Bsmobbob L3ggoomagdo mdmmambgmo xzaeo. H3zab gbsbogm, HmA gl oMol
Lod®Egob omybgoms ganno 3mmdEobsoms bomsgol go®dgdm.
3)

{cos(2km/n) + isin(2kn/n)| k=0,1,...,n—1}.
gb @0l n-nGo Hogob 03gbggdol xgNe3e JHM0sbowb. 0go 0bMIn®RNwos Z/nZ-0b.

Theorem 1 (39mob mgm®gds) gmggmo %5990 oGob JagxsaR0 §o@6s33m™gds0s %39B0b.

Proof. godgom, 3godab gaago G. hggb gobgabgdm, Bmd G o®ob Jzaxaane S(G) xanmobs.
gogamo € G, Az : G = G ogmb sbabgs goblaboghnmo gmddymon Az(g) = zg (969
Bombbosb godmogmagds = gengdgbpby). gmggmo ¢ € G, Ax(z71e) = z(z71le) = c. sbg B@A )\,
s®ob "Bg-obebigs”. 89893, HOWMdEE A, (a) = A, (D), gmgdnmwmdm, GmI za = b, 869 a = b.
9.0., Az o@ob 08539 ©OML "hezds". sdMogow, A, @0l G LoBMogmobl gowabaigegdo.
30b6gLobmgdmm,
d:G = 5(G), ox)= .



9L 3™l 3mdmdm®de0Bdo. BoBmmoy o g € G, 35Bob

Aey(9) = (zy)g = z(yg) = Az (yg) = Az 0 Ay)(9)-

08al bahggbgdmaw, Hmd gl dmdmdmtgobdo 0bgdpondos, egndgem: ¢(x) = ¢(y). Bo8ob A, (e) =
Ay(e), 869 ze = ye, s Fobowsdg z=y. O

e 3owobopgmgdgoo
gowaboggegoob o € S(X) 3300 3ojmo oy dmodgdbgos a1, as, ..., ar € X obgomo, ®mI

J(ﬂ.l) = (332,{]'({}.2) =dag,... ,O'(G.k) =daj.

©d o () = x g3geme bbgo 2 € X. ob omb0860396 (a1, az, . . ., ar) Loddmwmmo. k-b 3dgos gozeob
Log®dg. 9bws 0m060BbmL, H™A 0g0g79® sbabgobag YFmogdgb 3ozmb. dsb gebobowoggh, Hmgmdy
1 Logddob 3ozmb.

Lbgo Lopyggdom, gowaboggmgds oMol gozemo my b 593l oMo PBgHgL ghmo mmooBoby,
®mdgmog 9g0agos mMo ob dgBa gwgdgb@obash. ozl Log®dg oMol dobo gggmmeby wowo
m®mooBolb gmadagbnoms Gopbgo.

000m0dgh, ®mB o = (a1, a2, ...,ar) @ T = (b1, ba, ..., ;) Bozmgdo gobpomgonmod, MY a; #
b; 939mo i ©o j-mzob. sgomo ©obobobos, B@I ) o ©s T Zobgomgoymo BFo3egdos, dodob

aT = T(.

Theorem 2 gmggmo gowsbopgawgds fo@dmowzgobgds (s odobmebogg dbmmme ghmo gboo)
BmgmoE o6psmgdnmo pogzmgool bsdmsgamo.

Proof. 8ga30dmos gognemobbdmm, dmd X = {1,2,...,n}. 3odgem, ggodsh o € S(X).

30bgbebmgeme: X1 = {a(1),02(1),...}. 93933, i ogml gggmoby 3oHods dmgmo Mogbzoe,
Omdgmog o6 9379mgbol X1 Lod®ogmgl, o gobgbobmghmm Xo = {o(i),d2(i),...}. oy oby
393030dgmgdm, gl 3BmEgLo ILENEYLS, M MIdsd Pbws. Jogomgdm sMsmobsdzggm bod@ogmmggol
X1, X5, ..., X;, ®039mms 3ogmm0sbgds X-0b geomoes. o; ogmb gogmo, 3obbabmgdamo dgdeya-
boods

v ) oolz) opz e X;,
oi(z) = { z bbgo 8g8mbggzodo
sboos, HmI
O =0103...0¢.
@ogsob Xy, Xs, ..., X, o6 03390090006, 96 3ozmmgdo 3obpomgdnmos.
O

939mobg 35@E0g0 3osbozgemgdgoos 2-3ogmgdo. sbgm ozemgdlb 3jgos EHHsBL3mbogogdo.

306500056
(al, 0 5= ,ak) = (al, ak)(al, rJ,k_l) L ((.'.1, a.:.;)(al, rI-g),

bododmeronsbos dgdeggo Fobowowmgdo.

Proposition 1 oMo o6 dgdo gangdgbinobgeb d3dwgs®o Lod@Msgamol gmggemo gowmsbspgamgde
boofamgos Gmgmmg HMsbb3mbopgogdol bsdmagamo.



9439emoBg g3gmesby do@Eogo gewsbopgmmgds smol BHsbbambogos, HmBgubsg odgl (4,4 + 1)
g®3ds. sbgm HOHBLIMBoosk do®Hogo HMsbL3mBogos ddgos. 53. (7,8) amob doMm@Bogo HMsbL3m-
Bogoos, dog®od (7,10) - sms.

gm3gmo Hmebbdmbogoo (o Bodsbowsdy gmzagmo gowobopgmgds) oMol dodBogo HMobLIm-
Bogogoob BodMogemo. odob B3gbgde sgomos 0bwydaool dgmmeon. dodmemog, 3mdzom ggodsb
(K, 1) 5®6L3mBogos. o9 | — k = 1 30806 o®oxgoe ©obedpjopgdgmo. oy 3o I — k > 2, 85806

(k,01) = (1 —1,0)(k,1 — 1)(1 — 1,1).

®o mJds xbos, gowabopgemgdol sdmes HMebb3mbBoogdol baddagmer oM oMol ghmewgdmo.

Definition. gogoboggamgosl ddgoe wyfo (9bL. 396G0) 049 ob Fo®dmpagos afo (Agl. 396G0)
®omwgbmool §mHobbdmbogogool Boddogms.

Theorem 3 gow@obopzergde o Ggodengds ghmedmgmoe ogel cgfog @ 3abdog.

Proof. gobgobommom n 3gmaool dmmobmdo

= H(.‘:g = .‘:‘j).

i<j
gm39m0 o gosbopgzmgdobmzol, gobgbobmgdmm
Pr= P(""a’{l}? ey “’a’(‘n.})

8936086mm, ®MI
PU’T Bt (PT)U'.

sbgg9 993608b6mm, BmB oy o = (k, k+1) s@ob Bo®Hogo B®ebb3mbogos, JeBob gbawoes P7 = —P.
wodBH3oEgde sdob Jgdwgs vgomo obsdmagidgdgmos. O

Exercise. k-gogmo s®ob cgfo ds8ob s dbmeme 3s80b, Gms £ omob 396G0.

myfio goeboggmgogdn Jo6osb Jzgxeanal Sy-G0. gb ggamely d60dgbgmmgebo Jzoxaagos, @o
030 om0b0od6gdo A, Loddmemmoo.

Example. ggnamn Ay sGob Jgoxanaoe Si-8o @ 9gwgg0s 398wgao 12 gewebapgmydobgeb:
(1), (12)(34), (13)(24), (14)(23), (123), (132), (124), (142), (134), (143), (234), (243).

s 0BmdgH®dogodo
Definition. sbobgol M : R™ — R™ 3dgoo 0bm0gn®os, ob dmdmomdos, oy ob 0bsbogl dobdowml:

d(M(z), M(y)) = d(z,y)-

0¥mdga®ogdo Jiboob xazaxnl, Gmdgmog smobodbgos E(n) Loddmmmooe. BBoMaw dob g33mowegb
¥3798b 9fmegdgh. 3m33mbogool 3obmbo o0 %zaxdo oMol olobggdol 3mAdmbogos. dgmMy o
dgbodg Mogob g33mowglb %31Bgdo 3oMgomos Bgbfogmomo. (obobo dgobfagummgl dggdo Pudm
oMy oMy xannob 3bgosl dgdmoBebobyb.)



04 m dmd®omdsl gomadgsgl bLodMogomyg (ogn®s) F msgolb msgdo, sdomogh, ®md ogo F-ob
bodgHMoss. bodmsgmy F-ob bodgddogdobs s®ob E(n)-ob dgaxango, ©s dsb ddgos F-ob bodggmo-

goab %39380.

Definition. m@omgmbymo go®MEaddbs 4 : R™ — R™ s®ob fHgogo abebge, Gmdgmog 0bobagh
Laomomyen badmagml.

s@gomo 9gLodmfdgogmos, Gmd mMmmgmbgmo geMosddbs sdob obmdgdmoes. B38wmgzo mgmdgds
380m0L, BHmI JoMamgE® goodabsdog LobnbEom Ladsdmmosbos Tgodnbgdymo ©EIOYEgdoE.

Theorem 4 oy M : R" — R" s@Gob 0bmdgddoos, oT0b
M(p) = M(0) + A(p),
bowog A ool mBomzmbymo oM @ogobs.

Proof. gabgLsbmghmm
Alp) = M(p) — M(0).

330bs 3ohgabmm, ®md A s®ob FHgoz0 ©s 0baboglh Lismodxen Badmogml. w3zo6sLz6gmol
Lobsbogow 99gb0dbmm, Hma

<z-yrx—y>=lzf+ly’-2<z,y>.
Mogobopg M obmdggmoss, gggdbgods
2 < Ap, Ag >=|A(p)* + |A(q)]® — |Alp) - Alg)* =
|M(p) — M(0)]* + | M(q) — M(0)|* — |M(p) — M(q)|* =

P +g>—lp—a®>=2<p.g>.

gbgogm, ®mB A 0bobogh bomomym Baddagmb.
9900098, Mowgob A oBobogh Lzomo@nm GodMogmb Ae; (i = 1,...,7n) ggdom@gdo Joboob
®mO0mbn®dyem doboll R"-do. g39d6300

<Alp+9q),Ale;) >=<p+gq,e; >=<p,e; >+ < ¢, >=

< Alp), Ales) > + < Alg), Aler) >=< A(p) + Alg), Ales) >
8dgesb, gbgsgm Gmd
Alp+q) = Alp) + Alg).

dbgogbow, gmggmo ¢ 3mblgabiobmgob
< Alep), Ale;) >=< cp,e; >=c < p,e; >=c < A(p), Ale;) >=< cA(p), Ale;) >,

boowsbog godmdeobamgmdl ®md A(cp) = cA(p).

©agobabym, Hmd A sMob fBgogo.

©odH 303900 OLEYmgdeos. O

23@0gow, gmggeo 0bmdgn®os otob 3mddmbogoo mBonmambymo FHx0g0 sbobgobo ©s dot@ammg-
@60 gowopobob. sdo@mdo, ob Hdoowr 9fmwgdgh ogobnd mMonmgmbym zoMwsddbsb.



aBomgmbymo gsMsJdbgool xzano smobodbgds O(n) LoBdmemmmo. 09 A s6ob mdmmgmbyeo
3o®mwagddbo, 35806 det(A) = £1. s8omodgh, ®mI A s®ols b3gposgmdo mdmmgmbymo gsMEsddbs
Moo det(A) = 1. L3gpoomy®o mdmmzmbymo gomraddbgdo J6osb Jgaxsanl: 030 smobodbgds
SO(n) boddmemmmo.

933@orgb xango om0l J3gxgmae ogobyd goMmoddbome xggogols. mogob Tbdog, E(n),
Goznoy J39x89%0L, 9gopogh 3o@owmgmn® gowmegeboms T'(n) $aanL s m®omgmbym O(n)
%33, gmggmo gegdgbyo E(n)-8o hoofg@gos ghmo e dbmmme ghnoe gbom Hmgmeg 3mddnboges
3o®omgmma®o gowopabobs s mBmmgmbymo goMraddbobs (06 mBommgmbymo gotoeddbobs wo
380amgm®o gomsEababs).

T'(n) stob ben@Bowun@o Jzgxaanoe E(n)-do.

E(n) s®ol bobggMow-3o@msdoto bsdmsgmo O(n) s T'(n) J3gxannadol. bbgs Lopygggdom,
O(n) s@ob E(n)-0b gsdemd-xzano T'(n)-ob dodsdo:

O(n) = E(n)/T(n).
0bmdggdamo fHgogo godwsddbs = m®omgmbamo godwoddbs

¢ bod®aEgeb obmdgHdogdo
wsfighomgdom gabgobormmm mmgebbmbomgdosbo 9gdmbgggs.
80bgbobmghmm 89dmggo deaddomdgdo:

(a) t,, 3sMomgmy®o gowsgsbe a ggdemdom: t,(x) = + a.
(b) pe, dEbge  3nmbom 3omdEobsgms Lamagoh gomdgdm:

cosl  —sind ] [ a1 }

sinf  cos# T

i) = |

(c) r, oy33mo 1-mydHdol dodo®om:

1-(:;-:}2{[1] _01}{2}

s©aomo o3l 999m9a mobogedmomogdl
taty = tats, PoPo = Potre, T° =1
peta = tops Lowog b = pg(a);
rty = tpr Bowsy b = r(a);

Tpg = p_gT-

9b 30Msdd6gd0 FomdmIaboob dmgm xznL: gmggmo gmgdghio E(2)-8o o@ob dvmo bydmdogmo.
6m BbEoe, bodsdmamosbos gdmgao mgmmgds.

Theorem 5 ) m 0@l dmdBomds, 85806 dmodgdbgds ghmo wo Bbmmmo ghomo ggddm®o a @o
JOm0 @ Fbmmmp ghmo ggobg 8 € [0, 2m) obgmo Gmd

m=1t.p8 06 m =Laper.



Proof. mgmmgds 3-0b dogmom, m = t, A, bawoy a ool ggddmdo s A s®ol adomgmbymo
®m3goagmdo.

gojgom
A= [f f’” c0(@).

A-bbggngde gohmsbymmob mdommgmbymo ghmggmmgobo g9dim®gdos. 8gaz0dmos gzombomm
gambg 8 € [0, 27) oby Gmd
a | | cosf
e | | sing |-
b

30650006 [ d ] 96 0gmb ghmgammgsbo s mdomgmbymo [ f ]—maﬁ, 8®Lgomdl dhemme

b | | —sind 6 b | sinf
d | | cost e d | | —cost |~

3odzgmo 898mbgggs 0dimgge 6EH63oL 3nmMEobsHos Lomagol 3o®Bgdm § 3nmbom (86 030396
slbisbgal oy 3o 6 = 0).

8gmog 390mbgggs 3300mggl 5®933msL y = ka foxel dods®m, bawsg k = tg(f/2). odmmsg,
2030bLgbmm HmA sMyzgmes pr + gy = 0 FOxol dods®m dmopyds gmdImomn

315 ]-ammlz]

(33:3e00bbmdm, BGmd p? + ¢° = 1.) hzgbo Fogg sGob:

m@o Ggbadmgommbds

sin(8/2)x — cos(8/2)y = 0.

sbg Omd, hggblb Ggdmbgggedo oMgzgmes dmopgds pmdINmom

y

[ T ] 5 [ ; } — 2(sin(8/2)x — cos(8/2)y) [ _‘,:;-E?f{,?%) ] '

330J6gdo
T — (2sin(0/2)x — 2c0s(0,/2)y)sin(60/2) =
x — 2sin°(8/2)x + 2sin(0/2)cos(8/2)y = cos(f)z + sin(f)y.
b33,
y + (2sin(0/2)x — 2c0s(60/2)y)cos(8/2) =
y + 25in(0/2)cos(8/2)x — 2cos? (0/2)y = sin(f)z — cos(0)y.
O

Remark. 0tb30 Loodpgdo d33z0demos dogommm mdo odg3gemol 3mddmbogoom. doMmemog,
3mdgom ggodslb mdo Ly ©d L gy, s godgom dom dmdiob 3amby o®ob . sgomnn P FadEomo.
0g®g3mmm 0go 3odggmo Fogol Bododm, s Bomgdymo Fad@Fomo sgmbodbmm P'-om. gl 13s6sb-
3bgmo vgdgzmmm g8wga Lo-0b Bododom ©s sbodgzmo Badpomo sgmbodbmm P’ -om. smgomo



©obobabos, ®md P ©o P fgdpomgdo §86006 20-0b Hmm 39mbgb O Fadiomol ga®ddgdm, oby
3aobg < POP" wéol 26-b. (O s®ob fogggdol gsewmszggmob Fgdgomo.) sgmbolbogm, Gmd
9Ombo s 08539 HadEomob go®8g0m mMo 069bzol 3mddmBogos s®ob obgg dGYbgs. 3mddmbogos
8g933mobo s 0EYDbgoLY, ob 0@mNBZ0L o vdgz3@ob (3MAdmBoEod o® ool gowobogmgdowo!)
o0l 869330,

2 (3m09%o309600) Gzmmgoo

Definition. Ggmmo gb oMol R bod®ogmyg, Hmdgmbgy dmpgdgmos mdo 3mddmbogool 3o0bmbo
"+ o "' gl 3obmbgdo Yhws s3dgmaomgowbgb Bgdwngs dommdydl:

(I) R ool odgmobl ggane 9930900l dodedoy;

(I1) goddagemgdo a@ob sbmposgoydo;

(II1) goBtvgmagds sMob EobBmoogpogmo 8930905bmsb, 8by

zy+z2)=zy+zz, (z+ylz=2z+yz

Example. ®ogbgomo bodMoegmggdo Z, P, R s T Fo@imergghyh Ggmangdl hggymgd@ogo
093®900L o godMogengdol dododom.

Example. Z/nZ s®0b Gamemo dmeymon 1 9930900b o 3oddogemgdob dodoto.
Example. bsBmgomo 3memobmdo o6ob godmbabyegoo
p=aps" +a1s" 4o Fan,

Bowog ag, - .., a, € R ©o s s@ob (@mddomydo) ggmowro. dmeobmdgoo dgggodemos dggzthodmm
©5 9008367mBg gowogsdMagummo. 88 m3gMogogdon Loddegwmyg dmmmobmdgdols R[s| s@ol Hgmwo.
oY) 33093 Gzmmo R, h3gb 8gaz00mos sbommgon®om s3sgmm dmmobmdgoo jmgxopogbigdom
R-8o. omgdnmo Hzmeo smobodbgds R[s] Loddmemmno.

Example. bod@ogmg M, (R), ®mdgmog 9gma9d0 1 x n bmdob dop®opgdobzeb bodwogomo
3md3mbgbBagoom Jabosb Hameb hzgnegd®ogo 99309008 ©o godMogmgdolb dodedm. m9 33od3L
Gammo R, hggb 8ga30dmos sBommagontom ogogmo My (R), n x n b dspGogme Hammo
3083mbgbHgdom R-do.

Example. 336890bombgool bodMagmy
H = {a, + asi + azj + ask : a1, a5, 05,04 € R},
bowog i, j, k boddmemgdos Jdbob Hamamb. dg3mgdo gbomos; godmagmgds gobobatimgmgds 9gdwgao

fabowseb godmdoobaimy:
'1',2 = j2 = kg — —]_., .ij = —1

ab ®gmemo a@ob "oMozmdgEeponde” 3gmo.

Definition. R Ggmwb ddgos 3mdgdogogdo, o oy = yr gmggemo =,y € R.



Definition. R ®gmeb 3dgos dmgmmdol s®y, 0y ob s®ob 3m39Ho3oq®o ©s 638sgmaomgdl
dodmdob: zy =0 = x =06y =0.

Definition. 3o@39%o30® R Gameb 3300 39mo, o R\ 0 oMol 39030 god8®sgmgool odsmom.

Examples. Z, Q, R o C dmgmmbob Gamemgoos; Z/nZ dngmmool Gamemos 85306 s dbommo
30806 BmEe n ool JoOBogo Gopbgo; My (R) o® oGob dmgembol o®g.

B9a0bLgbgom, Hmd 3mImBm®Heebdo ghmo xz9newEsh dgmidg xz10do gb a®ob sbobgs, Gmdg-
wop 0bsbogh xanaol m3ghogosh. dbgogbow sdobs, Ggmmgdol dmdmdmdaebdo s®ob obgmo
absbgo, Hmdgmog 0bsbogh Bg3Mgdol s godMmagmgdol m3gMogogdl. Wamm bybgewn, my R s S
®m®o G3mmoos, 353ob sbsbgsh ¢ : B — S 3J300 dmimdm®nobdo o) ob s3dsgmaomgdl 99dwgs
mgobgogol:

d(a+1) = ¢la) + 6(b), d(—a) =—o(a), $(0)=0

©o
é(ab) = (a)d(b), $(1) = 1.

09 3mdmdn®Gxebdo ¢ : B — S d0gdpon®os dmgm sbobgs, 85806 s8omdgh ®md ¢ s@ol
0bmdm®Oobdo.

bodmMoagmg 9mgdgbigdobs dmdmgdog dmdmdmmaobdl gowogogl 0-8o 8bodgbgenmgsbos, ©s
@b gfimgde dotmgo. PRdm bybHow, o ¢ : R — 5 sdob ®zmmgool 3ndmdmdeotito, dsBob
dobo doMmgo gobobolmgMgos, Mmgmdy

ker(¢) ={r € R: ¢(r) = 0}.

Example. gmggmo dmgmo n-mgob obobgo ¢ : Z — Z/nZ, Gedgemog dmoggds gaddgmon
¢(a) = amodn

3®0b dmImdm®eobdo. Bobo dodmgo Hmwos nZ-ob.

Example. R ogob &gmmo gnbdgogoobs f : X — R ogommo Bydobdogho =z € X, ©o
396gbsmghmm ev, : R — R go®dnmon ev,(f) = f(z) goggemo f € R.

39bE®om M 3bgdal Hzmmgdol mgm®osdo fomdmawmggblb omgsmol 3bgds. ogsmo R damamdo
b ™ol J3gxaane I C R obgmo, ®md oy a € I, 38806 ar € I gmggmo r € R gmgdgbgobomgob.

Example. gngge (®obymmgob) R Gzmebo oGob m®oe o@goero 3s063. Lobgmemd®, {0} o
B. 00 ogomgol 33300 iogoomydo opgomgoo.

0@gomb R HgmeBo, GHmgmbog odgb gm®dds aR, ddgos dmogetio o@goeo.

Theorem 6 gmggamo o@gso dmgen Gogbgmo Mgmemdo o®ol dmsgeMmo 0@Joao.



Proof. godzsm I s®ob omgsmo dogem Gobgms ®gmmdo. oy ob bynmmgsbos, 85806 s®oggdos
©3bodHZ0EIOIMo. 880mB, gogamobbimon, ®mad I # {0}. 38806 8 ogsmTo v9EomgdmsE sMOL
@i domo Mopbggoo. gmgzem m sMab gggmabyg dogoms awgoomo dmgmo, Mmdgmogy 939m8b0b
1-b. sgommom bgoolidogho a € 1. hggb 300H 303900, GMA 030 M-0l XMoo, oMM, oZgNAgz0m
®md oby oMo, 38ob a = mg + r, Lowog 0 < r < m. gbowos r = a —mq € I. ©d gmgdgrmdm,
0md m oM gogomas gz9eebyg dogodo oegdomae Gogbgo, ®mdgeog dgools 7-Bo.

O

gmdgom R o®ob 3odgpogeydo Ggmwmo (ghmosbom). sddmogh Bmd u € R oMol dgotygbgdewo,
oy dmodgobgds v € R obgmo Bmd uv = 1. sbgmo v dbmmme ghoo Jgodmgds ogmb, oo dsh u-b
Boeubgdeo 3ggos. godybgdocwo gemgdgbdgoo Jaboob xznal. Bob Wimwyoh R-ob dgumEodmo-
3560 xa39ab ©s smbodbaggb R* Loddmmmmo.

®o mJdo nbwo, 50 Ybws ggmmemm 0851 0-b dJmbogl Fgddnbgdnmo (0 30 Gammo gablbbgsgg-
orpmos {0}-30b).

Example. gwmgdgbio Z/nZ 0906H96g00w00 85806 o Gbmmme 95806, ®mgo 0go o o®ob
bpmol godgmano. oby) amodn dgocgbgooos Gododb s Thmmme Fodob GmEs a mebsdsdFogos
n-mab. 09g0bLgbgdm, ®mI my n woEgdomo dmgmo Mopbgos, 3sBob Bobo gomgdol Gogbgo
30b0bobmghgos Hmamdi Gogbgo 0d dmgmo poegdomo Gogbggdobs Bmdggooy Bogmgoos n-g
©5 m6535MH0g0s Bsbmsb. 0go swobodEgos w(n) Loddmemmo.

Proposition 2 (90mg®ob mgm®dyds) godsom n o@elb dmgomoe mowgdomo @opbgo. dodob grmggemo
domgemo a-mgol, @mdgemop msbodsGiogos n-msb,

a?™ = 1(modn).

Proof. g39dbgos
(amodn)?™ = 1modn.
|
Corollary 1 (g9®dsb dgohg mgmdgds) goggem p s@eb dsthpogo Gogbgo. 8s80b gmggamo dmgaro

a-mg0b, dmdgmog oM ogmms p-by,
plaP~! — L.

Proposition 3 ggmdo dbomme mGo opgoemos. 30639, 09 Ggmel goobbos dbmeme mdo
o@gomo, dsdob ol sngomgoms@ gge0s.

doge Gopbgms Ggmmdo ggodsb mgm®gds bodmom gogmgol dgbobgd. dbgoglio mgmmgds
Lada®mmooboo vg3Mmagy dmeobmimo Ggmedo.

Theorem 7 goggem F o@Gob ggme, ©o goggem [ @o g # 0 3mmobmdgooe 3mgaopogbpgoom
F-8o. 80806 06bg0m0b ghoro ©o dbmemw ghino Fygoemo dmeobmdgoobs q,r € F(s| obgmo, Gemd

g=fq+r @ deg(r) < deg(yg).

Proof. 3p30pwg9ds 0bwndgoom g-b bamobbol dodsto.
O

Corollary 2 gogjgom f s®ob degobmio Fs]-do, wo goggom a séob gemgdgbio F-8o obgomo tHmd
fla) = 0. 80806 s — a gmgb f de@obedb.
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Corollary 3 (ghmo ggmsmol) dmmobmdms Bgmmo 3manopogbigéom ggmdo smol dmaogot
0@JOOS MHZME0.

dmog30® 0gomms Hgmmgdo Foddmowmagbab gzgmolby dadpog jemolb ggemmgoob 39dwga. gb
domosh gofidm 3esbos. 3bodgbgmmgabos 9.f. brmgEgdol Ggmmgdo. gb Gammgdo 83d5gmaoemgdgb
Lab@dmmool god 3377 Jodmodol. Hzmeb dggos brmgEgdol 0y dobo gmggmo opgsmo Fomdmga-
bogos bobHpmo Homegbmos gengdgbBgdom.

gogom, dmd ghmo 3ol dmmobmdms Mamemo 3manoEegbgdom ggedo otol dmogse®d
0EJOmms Mgemo. IMogomo ggmoeol dmmobmdme Gamerobogol LodoGmemoobos B3dwazo
Lobgmgabmddnmo mgmmgds.

Theorem 8 (Jomodg®HEol mym®dgds doBobol Fgbobyd) dmmoebmdms Ga3memo 3manopogbpHgoom
3900 ool brgdgdol Ggmeo.

3mJzom I s@0ob ogomo R ®gmemols. I-b dmbsbimg®g 3amabgdo gb om0l Loddegmagdo
a+1, aeR.

Proposition 4 (a) sGbLgomdb gomsgogdmo Ggmmol bEmagsnms dmbsbmgmg 3ansbgool R /1
bod- ®ogemglg obgmo GmE 3obmbozymo sbobgo m : R — R/, ®mbgmog 0g8ogbob a-b a + I-do,
ool demdmdm®daoddo.

(b) 7-b dommgo sGob I-b Hmeo.

Example. Ggmeo Z[i]/(1 + 3i) obomdadagmoes Z/10 Gzmmab. dsGomeg, §ogodGHogmmnn
—1 = 3i gowodol mbogg Tbedg —i-By. Gogomgdm: i = 3. gggodmos ogobzgbom, GmI
3obmbogg®do dmdmdmmebdo

Z — Z[i] /(14 3i)
Logdgdgonmos. gbobmm dommzo. gmdgom & gowswol 0-8o. 30806
= (a+bi)(l+3i)=(a—3b)+ (3a+b)1,

Boosboy gmgdgmmmdm, ®md z = 10a. 10 dsBomogy gowswol 0-o: i2 = —1, s JeBobowsdy
3P =-1,0b910=0.

3030bbgbmm, Hmd dmgmmoob odg R ool s®obgemgobo ®gmemo 6ymalb godgmagool gomgdy.
Lbgo Lonygzgdom, Bob oJglb ob mgobgde, Gmd oy ab =0, 3oB0b 06 o = 0 0b b = 0.

Theorem 9 zmjzom R ool dmgenmdol o6g. obdob otligomolb Bs@gds R-bo ggendo.

Proof. 3mbugmngdgos 0gogge Mo Mosgombsmydo Gobggool o300l 3mbbEmdizos.

aobgobommm Fomoawpgdoa/b, Lawega,b € Rwo b # 0. @@ ay /b ©oas /by Fomoeb wogadobmm
9d3030mgb@ @0 oy ajbs = agbi. sgomo YgbodmGdgdgmoes, ®mA gl Jododmgos domomog
adg0g0mgb@mool dodotmgdas. 564 od3b Maxmagdby®mool, HHeblodnemocl o bodgEdogemmool
mgobgogoo.

R &gmeob fomowmgdol ggmo F' o@ob fomowmms gdgogemgb@moall 3eamsbma LodMsgmyg. 99360900
©o 3o0@agmgde gabobabmgigds Hmgmdy sGomdgBozedo:

ad + be

(a/b)(c/d) = ac/bd, a/b+c¢/d= )

11



393608bmm, ®md R 8g3godmos gabgobocnmm Gmgmd F-ob Jgghgmmo. sdobmgob Lagomhms
a € R 353508039mm a/1 Fomogmsb. ool gozgmgos dodmmog Ggodmgds Mswgeb a/1 = b/l
dbmeme 08 gdmbgggedo, Hmgs a = b.
O
HmgmOE Jdogomomo, gobgobommm 3mmobmdms Bgmeo Fs], Lorsy F o®ob ggmo. gb dmg-
o0l 9®go. dob Fomome ggeml djgoo Mogombomg® gnbigoome 3gmo 3mgxopobyngoom F-
©ab. gb ggemo hggnmgdtog omobodbgde F(s) Loddmmmomo. s0GHogow

F(s) = {993030mgbmdols 3amsbgdo Fowa@gdobs f/g, Lowsg f, g

26006 3amobmBgdo ©o g o od0b Byemgebo dmmobmdo}.

3 dogwmo (o 3mobmdydo) Jopmopgoob oogmbomoboos

3omodoMozgom 0dobg oy Bmamd gogododEogmm dmgmo (e dmmobmdyn®o) dogdogo gegdgb-
Hodmo godsddbgdolb dgdggmbom.

gmdzom R omol Gzmmo, ©s goizem dmpgdymo z30d3b dopdogo A 3mB3mbgbggdom o
®ammowsb. 939wy goMmwaddbgol ddgos gmgdgbgodramo.

(a) m® b®oJmbol sEgomgdol goEgme;

(b) bs®odmbol godMagmagds dgodnbgdow gmydgbdby;

(c) gBom byHoJmbb FoBoBgds bbgs L®MoJmbobs godMogmgdyel Moodg gemgdgbyby;

hggb holdmgmgomgm gmgdgb@otnmoe go®waddbgdo LE®ogmbgdob Bodsmm. sbommgoy®a,
30b0bobmgidgds gemgdgbotgmo godwsddbgdo bggpgdol dodsmom.

gggmo gb geogdgb@go@gmo goModdbe Bgodmgods gebbmbgogmgdnm odbsb Lagpoowy® dog-
Mopgdby gedMogmgdom.

gmggmo i 7+ j gobgbabmgmhmm

1

E;; A s&ol dogdogo, ®mdgmog doomgds A-gob 3obdo i-pfo ©o j-nm@o Lgdodmbgdol zoggmom.
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gmggmo i-mgob ©s gmggmo dgddnbgdowo m-mgol gobgbsbmghmam
-1 5

E;(m) = m

1

9b oMol osgmbamgdo Fogmoioe, Gmdwmol gzgms mosgmbsmy®o gengdgb@o 1-0b Grmos gotws
=060 3mBooobs, bowsy 0go m-b Gmwos. E;(m)A sdob dsgBogo Gmdguoy Boomgds A-gob i-
@@0 b®ogmbol god@ogmgdom m-bg.

9m3I@o i # j > gerggmo m gegdghHobmgob gobgbobroghHmm

-1 S

E;j(m) =
m 1

1

ab oMol gPogawmgobo deaGogo, Tbogmne m gwgdgbgon (i,7) swgomab. E; ;(m)A ool
dop®ogo, ®mdgmog doomgds A-gsb i-n® bp®Hodmblb j-n®o b®oJmbob m-Bg 6s3Mogmol Jodogdom.

Lemma 1 goggsom P séob dopydogo 3033mbgbpadoom R Ggmeado. ogo d30mnbgoswos dodob oo
Fbmeae 5806 Gogs det(P) shob Jg0Gnbgdswo gengdgbdo R Gamemdo.

Proof. "00806" oy P 0906969dow0s, 80806 modgdbgos @ obgmo, ®md PQ = 1. oJgywsb
det(P) det(Q) = 1.
"Foeagee Bo306"  gobzbebmg@mn dogdmgdnmoe sp@ogo P bbgew obg Gagmey fHgog
dema0®ado. 3ggdbgos
PP =dI.

o4 d 9909bgdswos, d58ob hggb dgggodmos 3abglsbmgdmm
Pl =d-1p.
339dbgoo:
s g R

O
396dm, 9egd9b@o®ymo doEMmopgdo dgo@nbgdewos. Bgodnbgdomo do@dopgoob boddogey
006086900 G L(R) boddmemono.
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Corollary 4 dogemo P dspGogo 830696900000 85806 s dbmgme 85906 Gmgs det(P) = 1.

Corollary 5 3dmmobedyho P dopGogo 3066500000 83806 o dbemenero 80806 Giergo det(P)
obyemmgebo 3rblFobGos.

Theorem 10 gogzom A o@ol dmgao domogo. gengdgbpod e godwegddbgool dgd3gmoom ogo
d90dmmgds oggebom ogbol dgdwmgs Lobgdg

dy 0 -~ 0
o de 0 - 0|

0 0 0 - 0

L0 0 0 - 0|

bowsy @wosgmbsena®mo 3erddmbgbpgoo oGone@gmnemos s di|ds . . . |dr.

Proof. orgg A = 0, 35806 0GHoxg®0os ©obodH3z03g09m0. sdopmd, gognwobbinm Hmd A £ 0.

boooxo 1. LEdodmbgool s Lggpgdolb gowsbopgmgdom, Fgggodmos dogsmfomm 0dsl MM
dogbgbe By 3nmbgdo ggdmbogb sobmegndo 3bodgbgmmdom gggmoby daEode gumgdgbio.
doggmo Ldogmbol —1-Bg godMmogmygool dgrggom, oy gb ogEomgdgmos, gb Bgws dodgbgbs
90098960 a11 3obwgdd ©HEdOMO.

bodoxo 2. sgommm a;; #* 0 (I > 1), 08 3039mm ay1-859. 33996908: a;y = aj1q + r. 96
bpdodmblb godmgszmmm domzgmo L®odmbo ¢-Bg gedMogmagdnmo. sdom a;1 Jgogmgds r-om.
o # 0, 80806 hggh gadbrgoom Jodggm Bodoxl. s 0.8. 0g0ggh go3gmgom LdoJmbgdol
Jo8om. @ Ledmmmmum dogomgdm Togdogl, bLowey dodzae LHMoJmblby o 3oz BzaBdo
9439 960989660 Byemol Hrmos godws gohmoba. gb ghomo gemgdgbyo domEbgbs bgws gemgdgbpo.
Lbgse bogyggvom, hggb gmgonmmom 858wgao bobo ogdogb

s_ | o1 O

o= 8]

bodogo 3. wogndzom, Bmd ®edgmomsey b gawgdgbdo B dog®opdo o6 ogm®s aqq-Bg. od
990mbgggedo, 30m39m bpmodmbl gudspgdm 08 L®odmbl, Gmdgmop o3 gegdgbal dgoiegl.
dogomydpm dog®opl Gmdwob dodggmo bggddo oMol gb b gmgdghgo. gyddnbogdom dgmdyg
bodoxb.

obg 0 gogogddgmgdm, gbowos dogomgdm boFodm doFdogl.

O

Theorem 11 gogzsm A s®ob dsgGogo gewgdgbpgoom 3memobmdms F'[s| Hgmendo, bswog F
oMol ggeo. gangdgbBs®mnmo gomosdbgool dgdgzgmoom ogo dgodmgds woggoboa ofbsl dgdwas
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bobgtag

dy 0 -« 0
A d. 0 0 ,
0 0 0 0
| 0 0 0 s+ 0 |

bowsg d; wbos®yao deamobemdgdos s dq|ds. . . |d,.

Proof. @odB3zogodo 050390.

Theorem 12 gmggem W séol mogobagemo s0gmolb xgn00 Gobgom m, o goggem S sGob
dzaxgago W-8o. 5806 oGbo@mdl W-b 0oB0bo wy, ..., w, @ S-b 0obobo wy, ..., u, 0900350
m3z0bgogoom:

(@A) n <m;

(b) Yk, Up = dk'ib'k;

(c)di]...|dr.

Proof. 8g330dmos 303mobbdmm, Gmd W = Z™. sgommo bggsgdo 4. ..., 4, Gm3mgdog
J060s6 S 39239030, ©s gobgobommm A = [A; ... A, ] dsgdogo.
Bgz0mhomm P, Q Omgzmodp Fobs ogmdgdsdo. 393996900 308796930900 ©0030030

zn A gm
Pl @
zn B zm

boowobs 3mgdgmmdn Moy ggobws.
O

4 JowEygmgoo

R ageb 3mdgdogogioe Hgmmo. R-8nweymoe M gb s6ob s0gmob xaaaoe (3md3mbogool j0bmbom
®mdgomoy smobodbgde dwmogbom "+") biosmedgm R x M — M zeddogmgdobmeb gohomown
(offggds ebyg: m, v — rv), Bmdgmog s3dsgmgomgdl d98wga sJbomdgob:

Q) 1r ==,

(ii) (rs)r = r(sz),

(iii) (r + s)x = rz + sz,

(iv) r(z+y) =re+ry.

0936080mm, ®m3 gb BybEse Fogogo Loghob oJuomdgdos. oy F oMol ggmo, 85906 F-
dogeno 0gogge Moy F-Hogogo Logig. obg ®md dmwgegdo FHgoege boghiggool ogbgodog
80bBmaowgdslb Fomimowggbb.

353053 ob ggad@o, ®mA Hamendo gemgdgbgdo oM sM0sb Labmgsmmao Fgo®ybgdao dmwygegdl
Bool domosh Gomm modogddgdsm.
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doegmol gbowo dsgsmomos RB™, bggggdol Lod®ogmyg 3083mbgbigoom Ggmmowsh. 3maddm-
Bogoob 35bmbgdo gobolabmgdgos 9gdwgaboodaco:

Ty Y1 r1+ Y1 T ary

X Un Tn + Yn s [ 5.
80 Lbgo dogomomgdo.

Examples. 1) o@gomo R ®gmedo o®bo R-0mngymoe. 3ghdae, mgomnmb R s6ol R-dmoymo.

2)R = Z; 3580b Z-0moymo 030390 ®o3 009mol xgaa0 (gobgboboghogm: ne = = + -+ 4+ ).

3) R = F'[s], bowsg F' s@ob ggwmo; 35806 R-8mweymo 0z0ggs Gag F-fFHgogo boghpg FoHxog
30MsJdbsbmsb gohmag.

gmdgom M, N otoob maoymgdo. sbabgel f : M — N 3goe dmdmdmmoobdo (ob fHoogo) oy

fa+y) = f(2) + /() oo flaz) = af(a).

dmimdmnmxobdgool 3mddmbogos obgg Smimdmmretidos.

J398m@pmo M-8o oGob obgmo Jgaxaage, Bmdgmoe hojghowos Bammoeb gmgdgbpdty
300@ogengdolb dodo®@m. M /N godym®bodmegmgl odgb dmwamob d96gd®oge Ln®addnte goble-
Bmgmo Jg8mgaboodse: (2 + N)+ (y+ N) = (z4+y) + N @o a(z+ N) = ax + N. dnbgd®ogo
sbsbgos M — M/N stob R-3m8mdmtgobdo.

oy [ : M —= N s®ob 3mdndmntgobdo, 8obo doBmngo sGob bodGsgenyg

Ker(f) = {z € M| f(z) =0},

gbo@os 0go stob M-0b Jzgdmeanmo. bsby f dndmndn®dgobdols sGob bodtsgmyg Imf = f(M);
030 N -0b J398mmmmos. f-0b 3mdodngo gobobodmgMgds, Mmgmy

Coker(f) = N/im(f);

ab 8ol N-0b godmdImogmo.
gmdgom M ©o N m@o R-0mwpmos. M-pob N-8o dndmdm®gotdgoob Loddsgmyg smobodbgdo
Hom(M, N) bodommmoo. 3sb gobobomoggh Hmgmdp dmoaeb: [+ g @o af gobobsbomgmgde

d99wgao Fabadom
(f+9)(@) = f(2) + 9(a), (af)(@) = af(a).
d93608bmm, ®md gmggmo M dmeynmobomgol ggodgb onbgomogo 0BmBmduobdo
Hom(A, M) ~ M.

030 dmoggds Bgdwgao Faboor: f — f(1).

o M, N s60sb R-8mgeymgoos, 30806 domo odmsdomo gedo M @ N s@ob Lod®sgmyg (z, y)
fggoemgoobs, bswoey x € M y € N. gbowos, gb o®ol R-0meymo 09 99309000 @ bzsmamgobyg
ao0Mogmgodol 38bgbsbmgmogm d9dwgzo gboom:

(x1,3) + (22, 92) = (w1 + 22,51 +y2)  alz,y) = (az, ay).
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186 Bmgswsw, o9 (M)c; s®ob R-0mwamgdol 6gooliogio mxsbo, hggb gagodmos gobgleb-
mghmom dsmo oMHwsdodo gsdo
D

icl
dobo gmgdgbygooe (x;), bowey z; € M; (i € I) ws momddol ggame x; = 0. oyze dngbbboo
I9bonwgolb x; gemgdgbigodly, dogowmgdm doMeodod bsdmogmb

H M,.

iel

d93b08bogm, Hmd JoMrsdomo xsdo s JodHsdo®o bsddogmo ghmo s 030398, ®MEsd 0beglgdols
1 Lod®ogmg v®ol LabEPmo.
mogolgamo R-0mgmae gb 6ol dnogoo, Gmdgmog obmdndeagmos dmnwenmobs G M;,
Bo@og gmggeo M; = R. gb 91306013690 0@06086g00 3owgs, ®mgmg R, bobGnmow Fo@dm-
Jd6omo megobymemo dmEymo »8Gozewe oMol dmeymo, Hmdgmoey 0bmdmGygmoes B98wmggo
dodsdomo xodobs
Re---@R.

09 335936 n gbogdgodo, 35806 gb N3368L369m0 smobBoBBds R™ Loddmmmmo.

e [o®ImdJobgmgdo o mebogodrmdgoo dmweymgddo

hggb g0g7mobbdgom, Hmd K oMol brgpghob Gameo.

gmdgom A oGl g x p BmBol Bopdogo 3mA3mbgbpgdom R ®amemBo. 86806 ozo odmygo
LobEgmoe Fomdmnddbor R-0mwpml

M = R1/ARP.

308937, gwigom, dmpgdamo 3zod3b Lobdymowe Fomdmddbomo M dmwynmo. sdmgodhomom
Fo@dmdJabgmms Lobpgds (v1, - . ., vg). gb FodImBII6 o0 gobbobmgiogab boydgduonm dmdem-
demoobdl

T
fRE-M: f =z1v1 + -+ Zqvg.
Tq

00 3mBmdm®gobdob dotmgo ogmbodbmm N sbmmo. gggdbgdo: M ~ RI/N. sgommoe sbeme N
dmEpmob Fomdmaabgmas bobegds (wi,. .., uw,), ©d dobo dgdggmdom sgegmm bogdgdzogwmo
dmimimmgobdo

g:RF =+ N,

mmgaoy gb gog039m9m Jomes. 580l Fgimgg gobgobommm 3mddmbogos g dmdmdmdeobdols
N C R7 hoogdob 3mimdm®gozdmsb. gb 0d690s dmdmdm®gebdo
R? — RY,

®mgmog Fo®Imewggbl Momay A agmogby god®@egmgdsl (Badgbbowob). gmggm sbgm A depdogh
3dgoe M dmegmob dopdopnmo Foddmwggbe.

gbowos, 0936 Lbgowobbgs dog®opl dgndmas Foddmowmgobml ghmowsogogg (0Bmimdgobdadrg
LobgbHom) dmenmo.
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Lemma 2 A ogmb dsi®ogo. 899wgge A’ dspmopgdn fomdmowmggbab 0gngg dmwonml Gog A:
(a) A = QAP!, bswog P,Q € GL(R);
(b) A’ Boomgds byamgobo b39506 Fodmom (o2 jo sdobmobs smol A-8o);
(c) A’ Boomgde A-8o i-nmo bGHogmbolb s j-9m0 bgadob Fsdmon o hggbo doimogol j-ndo
3960 WOGL €;-b.

(e; 5mbB0B6o3gL VgL, H®BEOL i-9® dgomsl &0l 1 s HBmBenol gggms bbgs 3md3mbgbeo 0-ob

HOmos.)
Proof. (a) gedmdwobs®gmdl 8gdeggo 3ma9Eopondo osgdsdowsb
4 zm
Pl 1Q.
AJ
& = Im
(b) gmdgom A = [A’ 0]. 86806 AR™ = A'R™ ! + 0R = A’'R™!. sbg 6md RI/AR™ =
RI/A'R™Y
Example. gmjgom R = Z, @o goJzom dmpgdymo g3zodgl
3 879
A=12 4 6 6
1 2 2 1

b doEmogo Fgodmgds godsdEogrgl dgdwgabsodo:

A=

Pt D
ST )
b b
o=
i

0 2 4 -4 0 -8
20®0gow© Hzgbo A dog®ogo Fo®Imowggbl 0gogg dmeymb Gobop 4, by M = Z/4Z dmwymb.

(32 8]-] %0 S]-1-+ s1-14)

Example. dsgdogo [ é } 390 Bo®Hogwegde. 0go FodBmowggbb M = Z/4 ¢ Z drgymb.

o babOpmow Hod®dmJabomo sdgmob R3negdeb bHOPIEIGYmo mgmdyds

Theorem 13 gojzom V otob bobéHamse fo®dmgdbogmo s0gemal xgaaoe. dod0b sGbgomdl r = 0
@ dy,...,di > 2 obgmo, fﬁﬂ)&d1|...|dk o

Vol @Z/diZ® - LfdL 2.
939w gb dmgeo Gogbgo gocbobow gobobobimg®gos.

Proof. sgommm bzgbo xganobomgel Gmdgmoedg A fo®@dmoggbs. mgm@gds ? o mgds domom,
Bg3300mo00 30ggmolibdmm, Gmd A e®ol wosambamy®o awmgdonn gumgdgbpgdom wosgmbamby
©o gmggmo gb ©osgmbogymo gegdghho gmglb Bydeamdl. Jgdwgs, h3gh 0dsgg wgdol dewom
d9a330dmos sdmgsgomm bymmgsbo bggigdo.
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A Bsg®ogo doomgdl sbgm gm®ddsl
dy

dy
0 « = 0

Remark. dbgsgbo mgm®dgds Ludsmmosbos dmoygmgdobmgol gabbsbmg®Ogmo dmegad nwog-
oo Mgmembyg.

5 gamgodo

d9g0bbgbgdm, ®md ggmo s@ol (3mdnForondo) Gammoe @mdmol s®obyemmgobo gmgdgbigdo
406006 xzxRL goddogengdol dododm.

godgom, F o®ob ggmo wo L/F Bobo gogo@Gmnmgde. ©o godgen f € F[s] o@ol dmwmobmdo
309803096Bgo0m F' ggemdo. s8dmogh, Bmd ¢ € L otob ggbgo o8 deaemobmdolb oy f(c) = 0.

Example. §* — 2 3a@obmdb 56 gashbos ggbgo Gogombomn® Gogbgmes ggmBo. Bogmed odgl
agbgo /2 bodwgom @ogbgms ggmdo.

5" 3m@obmdol Fo@Imgdngmb 3oblebmgMmoggh Mmgméy ns™ !-b. my dngombmgn Hma Fomnm-
90m@b 960 3dmbogh Fhgogmbol mzgobgds, 80806 [ = ags®n + a;s™ L + -+ + @, 3meobmdol
fo®Bmgogeo nbwsd ogmb

n—2

f =naos™ 7 + (n—Da1s" 2+ - + an—1.

b bR S5z gOEOYo M3YHOR0dY. Pbw 8mobodbml, BmAd 0go v30dgmBomgol csodboiol Fabl:
(f9)' =f'g+ fd.

Fomdmgdnmol ghomo 3608gbgmmds semggd®sdo s®ob ob HmP 0go LaTyomgdsl odmggs 3egemzgo-
o om HBeob ozl dmamobmdl xgdswo ggbggdo.

Lemma 3 F ogob gaeo, o5 f € Fs] ogal dmeobmdo. godgem © € F o@ob f-b ggbgo. 85806
x 6@0b xgBowo gbgo, 669 (s — x)? gmab f-b, o806 s Fbmerme 5806 Gmgs 050 sGOb Bgbgo
08Mgmgzg f-0b Fo@dmgdnemobo.

Proof. ®owgeb z otob ggbgo f dmwobmdobs, s — x gmgb dsb: f = (s — 2)g. z oGob ggBowo
agbgo 80806 o Bbmmme Bs8ob , Bogs 030 Bgbgos g d3nwmobmdobs. mandbopob Fabob mobsbdaw,

ff=(—-2)¢+g

oy hogbgedo s = = ©agebobegm, Hmd f(z) = 0 39806 wo Tbmeme Bo0b Gmgs g(z) = 0.
O

Lemma 4 gogzom F o®ob ggmo, ©o godsem p oGob ®oyggebowo dmeobmdo Fs|-do. do80b
tgeemo K = Fls|/(p) s@ob F-0b 3ogo®homgds, o s-b bsdmms gemobo ool p 3emobmdols
agbgo K-8o.
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Proposition 5 . gogdzem F s®ob ggmo, @ gogzem f ool @omgdome bs®obbol dmmobmdo
F[s]-80. o®bgomol beb®amo gego®mmgds K/F obgomo Gmd f odmgos fHgog Gs86ogmgdso
K-8g.

Proof. angdol demom o®bgomdl goggedmmgde, bowsy f-b 03l ggbgo. gb aglbgo o3mbodbmm a-
M0, ©d M300mb6 gogodmmgde ogmboBbmmE] -om. dobmdms F[s| Gamebo 33996900 ©odmmo
[ = (s — a)g, bowoy g sGob 3nwmobmdo 3mggopogbpgdom Fi-Bo. 03039 wgdol gedmygbgoom,
89330000 og03mm F1-0b gogo®mmgde Fr Gemdgmdog g draemobmdl goohbos ggbgo. wa 9.9,

O

Definition gmdgom f o@ob 3mmobmdo jmanopogbegdom F' ggmbo. sddmodgh, Gmd E/F
30@0@mMI e 6@oL f-ob ©oBeol ggmo M9 3o ob ool gggmaby doEo®e gogedmmgds, Mmdgmoy
B90Gogh f-b g3ame Bgbgb.

Proposition 6 gmgge 3mamobedb [ € F|s| odgb @sdwmob ggevo.

080mdgh, ®ma8 F 3gmo s®ob oeagd®ymase hozghowmo 04 gmgaem ©amgdomo bBo@aobbol dmmo-
60dl f € F[s] 593b 1gbgo F-Bo. 8s3. 3m83mgdby Gogbgms ggamo C s@ob smagddgmse hiszgsomo.
od odBb 3dgos smgao@ol gabosdghs o mgmmdgds.

Theorem 14 gmggm sGedamdog 3mmobmdlb 3mddamggdbabo jmggogogbpgdom ogsh jmidamgd-
bymo ggbigo.

890ga0 mgmmgds 3p3oEwIds gr®bob emgdob dgdzgmdom.

Theorem 15 gmggen F' 33enb 300bb0o 0gnggd®memn hozgiege. o o9 Ky o K5 m@mo 9@ggodmaemo
ho3915350 F, od0ob odbgomol 0Bmdmmneddo ¢ : K1 — Ks Gmdgmog swgombg ieggolb F-b.

28@g0gow, 2@3g0@gmo hozgpge oBbgomdl s s@bgdomew gimos.

gogom L/ K s®ob ggengdol gogs®ommgoss. Bodob L 3gagodmos gsbgobowmom agoiy ggdem-
oo Loghpy K-53. Omgmby sbgob dsL gl gobbmdomgds, ©s gb gobbmdomgds offmwmgds
3oxs®mmgool Bomobbsw ws smoboBdbgds [L : K] Loddmenmomo.

Proposition 7 gojzom K(a)/K o@ob 8s0ogo 3oae®@ommgos. o9 o 5®obbpgbegbdnmos K-
69, odob gogmmmgos oMol HLobE M. MY @ 93O mos K-6g o p ool dobo dobodocny®do
deenobmdo, dsd0b

[K () : K] =degp.
J9896H900 1, cx, ... a7, beog d = deg p, sGob dobiobo.

Proposition 8 (3m8308 §abo) gwdgem, 530936 go@eGmMgdsms gmizo M/L/K. do80b [M :
K]|=[M : L|[L: K].

Definition. oy E/F s®0b 3gmgdol gogodommgds, 88806 dobo gomnsl xango, Gmdgmop
sm0b036gdes Gal(E/F) boddmemmno, sGob bLoddagmg E-b F-a3imin®oobdgools.

Example. oy E = ((2/3), 85806 Gal(E/Q) = {1}.

Definition. L/ K gogio®mmgdalb 3J300 gocnnob gogo®mmgde oy Gal(L/K)-b gd@ogo 39mo
9dmbgage K-b.

9900950 Fobowowgdo 0dgmyggs gom7ol gogsdmmgogool ®opbmo®og @oboboamgdsl. ab sdomob
®md gowryeb gogo®mmgdgdo gb ob goxgsdmmgdgoos Gmdgmms goweb xanno 0dwogbowo mowos
®o0wgbosg gb Fgbodegdgmos.

20



Proposition 9 oy L/K bsb®nmoe 300600m3000s, 85806 |Gal(L/K)| < [L : K|. ommmdsl
@800 3ggb dod0b o Fbmmme 8806 Bmps LK 360l goemnel g0R0Hmmgds.

Definition. gmdgom E/F @0l bab@ymo gege®onmgds oo G = Gal(E/F) 08 gegs@mnmgdob
3omeb xgnxoe. oy H om0l Jgazaasoe G-8o, dobo 1ddaego ggmo atob bod®ogmg EH 0d gangdgh-
Bgoobs Bmdmgobsg H-ob gmggmo sgimdmtdgebdo nd@ogon Hmggob; by

E" = {z € Elo(z) ==z forallo € H}.

3@Lgomol 8gLabodbago 3533060 ggEgdol MgMMosLs s ¥g37RYooL MgM®LL FmMob. gowysl
®3m®0s bFsgmmob bLimdgo o8 303806b.

Theorem 16 goggem L/ K s®ob goemgeb bob@Hmo goRomommgds. s@bgomil amHmogbogembobe
ooboomoo Gal(L/K)-b d3ax39030bs ©o L/K goxo®mnmgdol Jsagacngolb dmob. sbobgo

H— LY
88go@gob 08 msboEMIL.

Example. gsbgobommo F' = Q(i,+/5)/Q gogge®nmgos. 3ab gl mmbo (Q-sgamdmdaobdo,
@mdmgoor dmopgdosb gdwgzboo®om:

gy i, 45— /5,

o9 i =i, /B0,

gz : B+, /5 —/05,

gy b —i, /5 —/5
(Bs3do®obos smghghmm Bmddgwgds i-bs ©s /5-Bg.) s0Mogow

Gal(F/Q) = {01, 02,03,04}.
Gal(E/Q) ®380b bo39006030 J30%5989005
{gl}: {0—1? 0—2}! {Ul} 03}! {0—1: 0—4}

@o domo Bgbsodsdobo J3939tmgdos

F,Q(v/5), (i), Q(iv/5).

5™ — 1 8dsgomifggol aBmol ggel -8y dJz00 n-9®o Gogob gozmmgmdydo gogsBmmgds.
3 obmdl
¢(n)

‘I"‘n. = H (-" S Q‘.t')s
i=1

Voo a; ombodboggh n-ymo Mogol dMobdogoge ggbggdl ghmoobosb, 3j300 n Mogob ozmm-
{H®IYH0 deaemobmdo.
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Example. 33-8 ®ogol ghmgdhomo dodggmowo ggligo gHhmosbowsb sdmob
¢ = cos(2m/n) + isin(27 /n) = cos(n/4) + isin(n/4) = (1 +1)/+/2.
939@9 Lbgs 30®39@swo Bgbggoos ¢,¢%, (%, (7. sby HGmB
Bs = (s — O)(s = ¢3)(s = ¢*)(s = ¢
53060 godmbomgmgmos, Bmd g = s* + 1.

Proposition 10 n-9&0 Gogeb pogompmdndGoe goge@mmgdol gomael xgaae obmldnGgnmoes
Z[nZ ®gerewol 8gaHodmogopondo xzaaobs.

22



