
 
leqcia 1 “gf” 

(maTematikuri da fizikuri amocanebi, romlebic ganapirobeben 
ganzogadebuli funqciis cnebis Semotanis aucileblobas da 

damxmare debulebebi;) 
 

1.1 - “sufTa” maTematikuri amocana – ramdeni wrfivad damouki-
debeli amonaxsni aqvs xmf(x)=0 – gantolebas, erTi Tu m  
(saZiebelia funqcia f(x)) ? 
cxadia, rom nebismier Rn- Si (n  - ganzomilebian evklidur 

sivrceSi) amocanis erTerTi kerZo amonaxsni aris funqcia 
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sadac ? – nebismieri ricxvia. SesamCnevia, rom es funqcia 
warmoadges gantolebis amonaxsns nebismieri m – naturaluri 
ricxvisaTvis. zogadad mosalodnelia, rom gamtolebas hqondes m – 
wrfivad damoukidebeli amonaxni – magram, sad da rogor da Tanac 
rogori ????????! 
1.2 - simkvrive da simkvrivis ganawilebis funqcia, wertilovani 

masa - fizikuri cneba da “maTematikuri paradoqsi”; 

masis simkvrive () – es aris sxeulis massa (m) gayofili am 

sxeulis moculobaze (V). anu sazogadod  = m/V. 
 Seusabamoba,  “fizikidan”! ra aris an rogor gavigoT an ra 
gvesmis Semdegi cnebebis qveS -  “wertilovani masa” da 
“wertilovani masis simkvrive”?! : ganvixiloT koordinatTa saTaveSi 

moTavsebuli nebismieri   0 - radiusis erTgvarovani birTvi, 
romlis masa (zogadobis SeuzRudavad) aris erTis toil anu  m = 

1-s. saSualo skolis programidan cnobilia, rom  -radiusis mqone 
birTvis moculobaa V= 43/3! da amitom, simkvrivis funqcias 
Semdegi saxe aqvs 
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cxadia, rom winaswar gakeTebulia Semdegi gaSveba: birTvis SigniT 
masa erTgvarovanaia da birTvis gareT is ar arsebobs.  
Sesabamisad “wertilovani masas” – anu birTvs rodesac  = 0, 
“gaaCnia simkvrive da formalurad zRvari”  
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bunebrivia fizikuri moTxovna masa m = 1 (masa ar dakargula!) – 
Sesabamisad, radgan integrali simkvrividan aris masa vRebulobT, 
rom  
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Sedegad, Tu gaviTvaliswinebT (1.2.-1) – dan funqciebis saxes, 
maTematikurad, gamodis rom (1.2.-3) integrali yovelTvis nulis 
tolia (saintegro are nuli zomis simravlea!)!  

miRebuli winaaRmdegoba aCvenebs, rom wertilovani zRvari 
(1.2.-2) – ar unda iqnas miRebuli “wertilovani masis simkvrivis 
ganmartebad”! 

es kiTxvebi ibadeba “wertilovani muxtisa da dipolis 
simkvriveebis”, “myisieri wertilovani Zalisa da wyaros 
intensivobebis” gansazRvrisas. Sesabamisad, maTematikuri aparatis 
gansazRvra Zalzed mnisvnelovania!  

1.3 - kerZowarmoebulebiani diferencialuri gantolebebis 
klasikuri amonaxsnebi da “problemebi” gantolebis marjvena mxaris 
sigluvesTan; 
 I. zogadad kerZowarmoebulebiani diferencialuri 
gantolebebis klasikuri kusidan cnobilia, rom Tu gantolebis  

L(u) = F ,                                                                        (1.3.-1) 
marjvena mxare F – gluvi (uwyveti) funqciaa da L – m – rigis 
kerZowarmoebulebiani diferencialuri operatori,  maSin amonaxni 
u – Tu is arsebobs ekuTvnis Cm – klass.  

meores mxriv aseve maTematikuri fizikis ZiriTadi 
modelebidan cnobilia, rom marjvena mxare F – umeteswilad 
wyvetili fuqciaa!  

maSin ismis bunebrivi kiTxva – ra klasSi iZebneba amonaxsni, 
anda saerTod rogor unda iqnas gagebuli amonaxsni? 
 es kiTxvebi uaRresad mniSvnelovania, rogorc Teoriuli 
agreTve gamoyenebiTi amocanebis amoxnebis TvalsazrisiTac! 
 II. mravali praqtikuli amocana daiyvaneba konkretulad  
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funqcionalis minimumis povnaze. Teoriidan cnobilia, rom amocana 
eqvivalenturia laplasis gantolebis amonaxsnis povnisa igive 
areSi? magram, aqve Cndeba kiTxva ramdenad bunebrivia is, rom 
laplasis gantolebis amonaxsns unda hqondes meore rigis sigluve 
(unda iyos orjer warmoebadi) xolo saZiebeli amocana Txoulobs 
mxolod pirveli rigis sigluves (funqcias unda gaaCndes pirveli 
rigis kerZo warmoebulebi)?  
 



1.4 - ZiriTadi cnebebi, aRniSvnebi da damxmare debulebebi 

1. Rn {x = (x1, x2,…, xn) | xi  R, i=1,2,…,n} – n ganzomilebiani evklides 
sivrce;  

2. sivrcis ori x = (x1, x2,…, xn)  da  y = (y1, y2,…, yn) wertilisatvis 
ganimarteba skalaruli namravli 
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da manZili maT Soris  
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4. B(x0, r) = Qr(x0){x R | |x-x0| < r} – birTvi centriT x0 wertilSi da 
radiusiT r; 

5. S(x0, r) = Sr(x0){x R | |x-x0| = r} – sfero centriT x0 wertilSi da 
radiusiT r; 

6. are (Ria, bmuli simravle)  Rn – Si; 
7.  = (1, 2,…, n) ,    i  N{0} – multiindeqsi;    

8.  nnxxxx  ,,, 21
21  - n  ganzomilebiani sivrcis x elementis  

xarisxi; 
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 - multiindeqsis moduli; 

10. ! = 1! 2!… n!  -  multiindeqsis faqtoriali; 
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 -  - rigis kerZo warmoebuli; 

13. f  C k() – funqcias aris Siga wertilebSi gaaCnia k rigis 
(CaTvliT) uwyveti warmoebulebi, romlebic uwyvetad 

gagrZelebadia  -ze; 
14. f  Lp()  p1 – integrebadi -  areSi zomadi funqcia iseTi, 

rom  
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15. Lp()  - banaxis sivrcea normiT 
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16. lokalurad integrebadia funqcia  areSi – Tu is 

integrebadia  aris nebismier 1 qvesimravleze; 

17. supp f  { x |  f(x) 0 } – funqciis sayrdeni (suporti) – funqciis 
gansazRvris aris im wertilTa simravle romlebzedac 
funqciis mniSvneloba gansxvavebulia nulisagan; 

18. )(0 kC - C k() klasis funqciebis simravle, romelTac 

finituri sayrdeni aqvT  anu simravle supp f – kompaqtia; 
19. )(0 C  - usasrulod gluvi funqciebi, romlebic nuli 

xdebian: 
 aris sazRvris midamoSi – Tu are SemosazRvrulia, 

 iseT wertilebze , rodesac x   da x B(0, r) , xolo B(0, r)   
; anu rodesac are usasruloa (mag.: Rn  ) maSin arsebobs iseTi 
ricxvi r, rom yvela wertilSi romelic B(0, r) birTvs gareTaa 
funqciis mniSvneloba nulis tolia. 

20.  - ares gluvi sazRvari aqvs – funqcia, romliTac aRiwereba 
sazRvari gluvia. 

21. nawilobiTi integraciis formula: Tu  ares sakmarisad 
gluvi sazRvari aqvs da mucemulia funqciebi -   1)( CxU j , 

maSin  
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sadac ds – sazRvris elemenia, da (1,. . . ,n) - aris  aris   
sazRvris erTeulovani gare normali 
22. helderis utoloba: Tu  mocemulia ori funqcia  

U Lp() da   V Lq()  sadac 111


qp
 

maSin adgili aqvs helderis utolobas 
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23.  koSi-buniakovskis utoloba: im SemTxvevaSi rodesac p = q = 2 

adgili aqvs koSi-buniakovskis utolobas 
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24. fridrixsis utoloba: Tu   1CU  da U(x) = 0  sazRvarze (x 
) , maSin adgili aqvs  fridrixsis utolobas 
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C-aris mudmivi sidide, romelic mxolod  aris zomebzea 
damokidebuli! 
25.  
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leqcia 2 “gf” 

- ZiriTad funqciaTa klasi da am klasSi gansazRvruli krebadoba 
(gansazRvreba, magaliTebi, gasaSualoebis birTvi da nebismieri 
funqciis miaxloeba usasrulod gluvi funqciebiT); “erTianis 

dayofa”; 
 

- ZiriTad funqciaTa klasi D = D()  (yoveli  arisaTvis Rn)  
ganisazRvreba, rogorc: 

a. ZiriTad funqciaTa simravle anu am   simravleze yvela 

usasrulod gluv finitur funqciaTa simravle )(0 C ; 

b. krebadoba D()  klasSi – anu D()   simravlis 1, 2, . . .  k 

elementTa (ZiriTad funqciaTa) mimdevroba krebadia D()  -Si Tu: 

1.) arsebobs iseT ricxvi R > 0, iseTi rom  supp k  Qr(0) 

2.) yoveli  = (1, 2,…, n)  multiindeqsisaTvis samarTliania, rom   

  kxDxD x
k ),()(  

                (2.1.-1) 

anu am SemTxvevaSi davwerT, rom:  
 

   kxx D
k ),()( )(                     (2.1.-2) 

cxadia, rom simravle  D()   aris wrfivi  anu: 
3.) nebismieri ori ZiriTadi funqciis jami an sxvaoba isev 

ZiriTadi funqciaa, 

1, 2  D()    1 + 2  D()  da  1 - 2  D() 
4.) nebismieri ZiriTadi funqciis namravli namdvil ricxvze 

agreTve ZiriTadi funqciaa (analogiuri Teoria SesaZlebelia 
agebul iqnas kompleqsuri mniSvnelobis mqone funqciebisa da 
Sesabamisad kompleqsuri ricxvebisaTvis, magram es semTveva 
mocemul leqciaTa kursSi ganxiluli ar iqneba), 

  D()  da  a  R1     a   D() 
5.) wrfivi simravles D() masSi gansazRvruli krebadobiT (b.) 

ewodeba ZiriTad funqciaTa sivrce D(), anu Semoklebulad D 
(aRniSvna modis franguli sityva Distribution  - “ganawileba” 
pirveli asodan, ase uwodes am sivrces frangi mecnieris 
loran Svarcis sapativcemulod).  

6.) SeniSvna 1: nebismieri rigis diferencirebis operacia D 
uwyvetia D-dan D-Si; 

7.) SeniSvna 2: cvladTa arasakuTrivi gardaqmna  (Ay+b) uwyvetia 
D-dan D-Si; 

x = Ay+b  anu  xi =Aij yj+bi ,  i,j =1,2,…,n    
8.) SeniSvna 3: usasrulod gluv funqciaze gamravleba uwyvetia 

D-dan D-Si, anu  

  D()  da  a(x)  C()     a(x) (x)  D(); 
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9.) SeniSvna 4:   Rn   D()  D(Rn ) ;   
10.) magaliTi: ZiriTadi funqcia „gasaSualoebis birTvi“ anu 

„funqcia qudi“ 
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sadac mudmivi C  Seirceva ise, rom 
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anu rodesac  Rn  , maSin 
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nax. 1 

warmodgenil naxazze mocemulia (x) funqciis grafiki (ori 
sxvadasxva SemTxveva, farTobi yovelTvis 1-is tolia!) rodesac 

x R1. 
11.) martivad dasanaxia, rom  
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12.)  lema 1: nebismieri   Rn  arisaTvisa da nebismieri dadebiTi 
( > 0 )  ricxvisaTvis arsebobs iseTi usasrulod gluvi 

funqcia (x)C( Rn) iseTi, rom: 
    0  (x)  1                                 x  Rn;   
 (x)  1       rodesac     x    (aris -gaberva);        (2.1.-6) 
 (x)  0       rodesac     x  3  (aris 3-gaberva);  
 

 
nax. 2 

warmodgenil naxatxe (nax. 2) mocemulia (x) funqcia 
erTganzomilebian SemTxvevaSi, rodesac are  aris intervali  
[a,b]. 
 

daqmtkiceba: aviRoT 2  aris maxasiaTebeli funqcia (x) anu 
 

   .
0
1

2

2













x
x

x                                                   (2.1.-7) 

SevniSnoT, rom am SemTxvevaSi funqcia 
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akmayofilebs lemis yvela pirobas! marTlac, radgan (x)  D, 
Sesabamisad  (x)  0;  supp (x) = Q (0) da  
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agreTve “-gabervis”- ganmartebidan (ixile nax. 3)  martivad Cans, 
rom 
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nax. 3  

 
13.)  SeniSvna: cxadia, rom  Tu   SemosazRvruli area da ’ – misi 

qveare (anu ’  )  maSin arsebobs funqcia (x)D( Rn) iseTi, 
rom: 
    0  (x)  1                                 x  Rn;   

 (x)  1       rodesac     x  ’         (2.1.-9) 
 

14.)  gansazRvreba: Tu u(x)  Lloc( Rn) (lokalurad jamebadi) 
funqciaa, maSin am funqciis saSualo funqcia gasaSualoebis 

radiusiT  aris  
           

n
yR

dyyuyxxu )(
                        (2.1.-10) 
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Tu, funqcia gansazRvrulia raime  areSi, da u(x)L1 ()  , aseT 

SemTxvevaSi saSualo funqciis gansazRvrisas dauSvebT, rom  
aris gareT (anu xRn \  ) funqcia nulia - u(x)=0 . 
martivi dasanaxia, rom saSualo funqcia usasrulod gluvia anu 

u (x)C ()   
15.)  lema 2. simravle D() mkvrivia L2 () –Si! 
16.)  Teorema: Tu, funqcia gansazRvrulia raime  SemosazRvrul 

areSi, da: 
a.) u(x)Lp () (p >1),  da u(x)=0 romelime  ’ – ze  (’  ),  maSin   
saSualo funqcia u (x)C0  (), rodesac   < , sadac  - manZilia ’ 

aridan ; 

b.) u(x)C ( ) uwyvetia  da nulis tolia  sazRvarze , maSin  

  )(xuxu   Tanabrad krebadia, rodesac  0; 
g.) u(x)Lp () (p >1),  maSin 
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pp LL
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17.)  Teorema : dauSvaT K – kopaqturi area  -Si. maSin arsebobs 

iseTi ZiriTadi funqcia (x)C0  () , rom  
    0  (x)  1               x  Rn;   
 (x)  1       rodesac     x  O(K)         (2.1.-11) 

 
18.)  Teorema (“erTianis dayofa”): dauSvaT K – kopaqturi area Rn –

Si da 1,. . . ,N – iseTi areebia, rom K(1. . .  N ). MaSin 
arsebobs iseTi funqciebi j (x) (j =1,. . . N), rom: 

 j(x)C0  (); 
 j(x) 0 ; 

  



N

j
j x

1

1            nebismieri  x  Rn;   

  



N

j
j x

1

1            rodesac     x  O(K)                (2.1.-12)  
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leqcia 3 gf” 

 
 

- ganzogadebuli funqciebi (“ganawilebebi”) (gansazRvreba, 
magaliTebi, ricxvi rogorc: – 1.) raodeno-brivi maCvenebeli; 2.) 
mudmivi funqcia; 3.) ganzogadebuli funqcia;)  
- “funqcia” da igive funqcia rogorc ganzogadebuli funqcia 
(magaliTebi); 
- ganzogadebuli funqciis namravli gluv fulnqciaze; 

 
3.1 ganzogadebuli funqciebi  

gansazRvreba:  nebismier  
a. funqcionals  
b. wrfivs; 
g. uwyvets 

ZiriTad funqciaTa klasze D = D()  ganzogadebuli funqcia 
(“ganawileba”) ewodeba  

is gamoisaxeba rogorc  

           fTxxfxxf  ,| .                (3.1.- 1) 

 
detalurad 

a. - ganzogadebuli funqcia f(x) – aris funqcionali D = D() – ze 
anu nebismieri    D() funqciisaTvis wyvili  )(),( xxf   aris 

namdvili (kompleqsuri) ricxvi.  
b. - ganzogadebuli funqcia f(x) – aris wrfivi funqcionali D = 

D() – ze anu nebismieri   D() da  D() funqciebisaTvis da 

namdvili (kompleqsuri)  da  ricxvebisaTvis   
             xxfxxfxxxf  |||        (3.1.- 2) 

g. - ganzogadebuli funqcia f(x) – aris uwyveti funqcionali D = 
D() – ze anu Tu 0D

k  rodesac k  maSin ricxviTi 

mimdevroba 

    0| xxf k   rodesac k          (3.1.- 3) 

 

ganzogadebul funqciaTa simravle aRiniSneba  D  (Distribution)! 
 unda aRvniSnoT, rom sxvadasxva motivis miuxedavad aseTi 
funqcionalebis ganxilvas saTave daudo “lokalurad integrebadi 
funqciebis Tvisebebma”, romlebic safuZvlad udevs ganzogadebuli 
funqciebisaTvis ama Tu im gansazRvrebas (ganzogadebuli 
warmoebuli, tenzoruli namravli, konvolucia da sxv.). Cven xSirad 
vecdebiT, axali terminis an gansazRvrebis Semotanamde, davinaxoT 
Tu romeli Tviseba uZevs safuZvlad am termins.  amjerad 



 2

ganvixilavT erTerT mniSvnelovan magaliTs, e.w. regularul 
ganzogadebul funqcias  

I. nebismieri lokalurad integrebadi funqcia f(x)Lloc() 
gansazRvravs ganzogadebul funqcias  Semdegnairad 

       


 dxxxfxxf |                     (3.1.- 4) 

a. – cxadia yoveli ZiriTadi   D() funqciisaTvis integrali 
(3.1.- 4) arsebobs da sasruli ricxvia (yoveli ZiriTadi 
funqcia   C0() saintegro aridan tovebs kompaqts da Tanac 
is yovelTvis SemosazRvrulia   C () , funqcia f(x)Lloc() ki 
pirobis Tanaxmad kompaqtze integrebadia)!  

b. – ase gansazRvruli ganzogadebuli funqcia – wrfivia! 
marTlac martivi dasanaxia, rom integralis Tvisebis 
Tanaxmad 

                  

       xxfxxf

dxxxfdxxxfdxxxxfxxxf





||

)(|



  
   

g. – ase gansazRvruli ganzogadebuli funqcia – uwyvetia! 
marTlac martivi dasanaxia, rom integralis Tvisebis 

Tanaxmad Tu 0D
k  rodesac k  maSin ricxviTi 

mimdevroba 

        0|  


dxxxfxxf kk    rodesac k  

SeniSvna:  ase gansazRvrul ganzogadebul funqcias – 

regularuli ganzogadebuli funqcia ewodeba. SemdgomSi 
vnaxavT, rom yvela ganzogadebuli funqcia regularuli ar aris!  
II.  1.)   ricxvi (naturaluri, mTeli, racionaluri, . . . ) yvela 
SemTxvevaSi skolaSi Tavidan Seiswavleba rogorc – raodenoba, 
raodenobrivi maCvenebeli  anu M – cali vaSli, procenti mogebidan 
da sxv.  
2.)  ricxvi M  rogorc funqcia (anu y=f(x)=M) – am SemTxvevaSi 
maCvenebeli Tu rogoraa daSorebuli funqciis grafiki cvladTa 
sivrces (erTi cvladis semTxvevaSi OX RerZs ixile nax. 1). Ricxvis 
asset dualur gagebas didi diskomforti ar gamouwvevia da 
sainteresoa, rom umeteswilad arc ki konkretdeba “rogor 
ricxvTan” gvaqvs saqme – Sinaarsidan yovelTvis martivad dgindeba! 
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nax. 1 

3.)   ricxvi M  rogorc regularuli ganzogadebuli funqcia 
(y=f(x)=M – rogorc wrfivi, uwyveti fuqcionali anu (3.1.- 4) 
gansazRvris Tanaxmad 

   dxxMxM 


 |                      (3.1.- 5) 

anu ricxvi SeiZleba gagebul iqnas, rogorc wrfivi uwyveti 
funqcionali! ricxvis aseTi interpretacia principulad axalia 
wina orTan sedarebiT! am semTxvevaSi  “ricxvs” verc daviTvliT da 
verc mis grafiks davxatavT!?  
 
III.  magaliTi klasikuri funqcia da . . . : 

1.) funqciebi y = f(x)= x2  C () da  y = g(x)= |x|  C1 (), es funqciebi 
kargadaa seswavlili sakolo kursSi   
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nax. 2 
2.) ganzogadebuli funqciebi f(x)= x2  da g(x)= |x| arian (3.1.- 4) – iT 
gansazRvruli  funqcionalebi 

   dxxxxx 


  22 |      da         dxxxxx 


 |  

da ra Tqma unda Cven maT grafikebs ver davxazavT!!! isini orive 
regularuli ganzogadebuli funqciebi arian!  
 

IV.  simravle  D - wrfivia anu nebismieri  mocemuli 

ganzogadebuli f  D’() da g D’() funqciebisa   da namdvili 

(kompleqsuri)  da  ricxvebisaTvis wrfivi kombinacia agreTve 
ganzogadebuli funqciaa  

(f(x)+g(x)  D’() ), romelic ganisazRvreba Semdegi formuliT  

                  Dxxxgxxfxxgxf  |||    (3.1.- 6) 

damtkiceba: TiTqmis standartuli proceduraa, romelic imaSi 
mdgomareobs, rom Semowmdes – wrfivi kombinacia f(x)+g(x) – aris 
wrfivi, uwyveti funqcionali D’() – ze: 
a. yoveli ZiriTadi,   D(),  funqciisaTvis gamosaxuleba (3.1.- 6) 
sasruli ricxvia! 

b. es funqcionali wrfivia, anu nebismieri   D() da  D() 
funqciebisaTvis da namdvili (kompleqsuri)  da  ricxvebisaTvis 
samarTliania tolobebis jaWvi   
 

                   

               

                 
           xxgxfxxgxf

xxgxxfxxgxxf

xxgxxgxxfxxf

xxxgxxxfxxxgxf

def

def









||

||||

||||

|||

)6.1.3(

)2.1.3(

)6.1.3(















(igiveobebisa da tolobebis Tavze SeZlebisdagvarad davawerT Tu 
ratom arian samarTliani isini)! 

g. es funqcionali uwyvetia, anu Tu 0D
k  rodesac k  maSin 

ricxviTi mimdevroba  

              0|||  xxgxxfxxgxf kkk    rodesac k          

cxadia krebadia radgan TiToeuli Sesakrebi krebadia! 
 

V.  krebadoba D() – ze – ganisazRvreba rogorc funqcionalebis 
mimdevrobis „susti“ zRvari, anu vityviT, rom ganzogadebul 

funqciaTa mimdevroba f1, . . . ,fn  D () krebadia f  D () 
ganzogadebuli funqciisaken Tu nebismieri ZiriTadi   D() 
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funqciisaTvis ricxviTi mimdevroba    xxf k |  krebadia    xxf |  

ricxvisaken! aseT SemTxvevaSi Cven davwerT 
     kff D

k                     (3.1.-7) 

 

VI. wrTivi D ()  simravles,  masSi SemoRebuli (3.1.-7) krebadobiT 
ewodeba „ganzogadebul funqciaTa“ („ganawilebaTa“)  sivrce ! 
 
VII. terminologiurad absoluturad identuria:  
  „ganzogadebul funqciaTa“ sivrce (ZiriTadad rusulenovani 

literatura, avtori sergei sobolevi. motivacia:  Tavidan 
iyo mcdeloba warmoebulis cnebis ganzogadebisa, ganxiluli 
iqneba Semdgom, ramac sabolood mwyobri Teoriis 
Sesaqmnelad bunebrivad miiyvana avtori da misi mimdevrebi 
gelfandi, Silovi, oleiniki da sxv. .  aRniSnul terminamde) 

 „ganawilebaTa“  sivrce (ZiriTadad frangulenovani 
literatura, avtori loran Svarci. motivacia:  Tavidanve 
Seiswavleboda sxvadasxva tipis ganawilebebi  ramac 
sabolood mwyobri Teoriis Sesaqmnelad bunebrivad miiyvana 
avtori da misi mimdevrebi lionsi da sxv. .  aRniSnul 
terminamde) 

msoflio literaturaSi orive termini TanabaTZalovani da 
Tanabradxmarebadia 
 
VIII. „ganzogadebul funqciaTa“ sivrce srulia! –  

Teorema: mocemulia f1, . . . ,fn  D () ganzogadebul funqciaTa iseTi 

mimdevroba, romlisTvisac yoveli ZiriTadi   D() funqciisaTvis 
ricxviTi mimdevroba    xxf k |  krebadia rodesac k  ! maSin 
D()- ze gansazRvruli f – funqcionali 

       


Dfxxf kk
 ,,lim,            (3.1.-8) 

aris wrfivi, uwyveti D()- ze, anu f  D ()! 
lema: mocemulia f1, . . . ,fn  D () ganzogadebul funqciaTa iseTi 

mimdevroba, romlisTvisac yoveli ZiriTadi   D() funqciisaTvis 
ricxviTi mimdevroba    xxf k |  krebadia rodesac k  ! mocemulia 

ZiriTad funqciaTa D()- ze nulisaken krebadi mimdevroba 1, . . . ,n 
 D (),  maSin ricxviTi mimdevroba     0| xxf mk   rodesac k  . 
     IX.  - ganzogadebuli funqciis namravli gluv fulnqciaze; 

mocemulia f  D () regularuli ganzogadebul funqcia da raime 

a(x) C () gluvi funqcia – maTi namravli am SemTxvevaSi bunebrivia 
aris  

                       xxaxfdxxxaxfdxxxfxaxxfxa  ,|  


. (3.1.-9)  
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SevniSnoT, rom es tolobaTa jaWvi samarTliania nebismieri 

ZiriTadi funqciisaTvis da agreTve SevniSnoT, rom radgan  D() 
da a(x) C () maSin a(x)(x) D() da amitom (3.1.-9) safuZveli xdeba 
ganzogadebuli funqciis gluv fulnqciaze namravlis 
gansazRvrebis.  
 

gansazRvreba.  f  D ()  ganzogadebuli funqciis a(x) C () gluv 
fulnqciaze namravli ewodeba D()-ze gansazRvrul funqcionals 
 

                Dxxxaxfxxfxa  ,,| . (3.1.-10) 

martivi dasanaxia, rom (3.1.-10) aris wrfivi, uwyveti funqcionali! 
 

SeniSvna 1. (3.1.-10)  gansazRvrebidan Cans, rom a(x) C () gluv 

funqciaze gamravleba aris  wrfivi da uwyveti asaxva D () - dan  D 
()- Si.  
SeniSvna 2. (3.1.-10)  gansazRvrebidan Cans, rom SeuZlebelia sigluvis 

daweva,  radgan rodesac  D() da a(x) Ck () ar aris marTebuli 

daskvna, rom (x)a(x)) D() ! 
SeniSvna 3.  Tu f  D ()  maSin cxadia adgili aqvs tolobas  

ff  ,                             (3.1.-11) 

sadac (x)  C () , gansazRvrulia 2.12-is lema 1 - Si da is 
erTianis tolia supp f – is midamoSi!  
  X. gafrTxileba: SeuZlebelia ganimartos ori ganzogadebuli 
funqciis namravli! (loran Svacis mier damtkicebulia, rom iseTi 
namravlis gansazRvreba, romelic iqneba komutatiuri da 
asociatiuri SeuZlebelia). amitom gamoricxulia iseTi, erTi 
SexedviT bunebrivi, cnebebis Semotana, rogoricaa ganzogadebuli 
funqciis kvadrati an romelime xarisxi, fesvi ganzogadebuli 
funqciidan.  
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leqcia 4 gf” 

 
 

- ganzogadebuli funqciis sayrdeni, ganzogadebuli funqciebis 
toloba; 
- regularuli da singularuli ganzogadebuli funqciebi; dirakis 
delta funqcia – rogorc singularuli ganzogadebuli funqciis  
klasikuri magaliTi; 
-  ganzogadebuli funqciebis magaliTebi, soxotskis formulebi; 
cvladTa gardaqmnebi.  

 
4.1 ganzogadebuli funqciis sayrdeni;  
  - ganzogadebuli funqciebis toloba; 
sazogadod, ganzogadebul funqcais ar gaaCnia mniSvneloba 

romelime konkretul wertilSi radgan is funqcionalia! magram 
xSirad literaturaSi gvxvdeba termini “ganzogadebuli funqcia 

nulis tolia   areSi” amave cnebasTan ganuyofladaa 
dakavSirebuli termini “ori ganzogadebuli funqcia erTmaneTis 

tolia   areSi”.  
gansazRvreba 1: ganzogadebuli funqcia f  D ()  nulis tolia 

  areSi, Tu nebismieri ZiriTadi   D() funqciisaTvis 

0)(),( xxf                          (4.1.-1) 

eqvivalenturia Canawerebi:  

 ganzogadebuli funqcia f  D ()  nulis tolia   areSi; 
 f = 0,  x ;                                                                                              (4.1.-2) 
 f(x) = 0,  x  . 

am gansazRvrebidan avtomaturad Cans Tu ras unda ewodos “ori 

ganzogadebuli funqciis toloba   areSi” anu “ori 
ganzogadebuli funqciis sxvaobis nulTan toloba   areSi” 

gansazRvreba 2: ori ganzogadebuli funqcia f D ()  da g D ()    
  areSi tolia” , Tu  ganzogadebuli funqcia f - g D ()  nulis 
tolia   areSi, anu Tu nebismieri ZiriTadi   D() funqciisaTvis 

  0)(),()(  xxgxf                       (4.1.-3) 

anu tolia ricxvebi 

)(),()(),( xxgxxf                     (4.1.-3*) 

aseve eqvivalenturia Canawerebi: 

 f D ()  da g D ()      areSi tolia; 
 f = g,  x ;                                                                                             
 f(x) = g(x),  x  . 
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lema. ganzogadebuli funqcia f D ()  nulia  - areSi  
ganzogadebuli funqcia f D () nulia  aris yoveli wertilis 
midamoSi.  

damtkiceba:  ganmartebidan gamomdinare cxadia!   

 - dacsamtkicebelia, rom nebismieri   D()  ZiriTadi 

funqciisaTvis samarTliania toloba 0)(),( xxf  . nebismieri 

fiqsirebuli   D()  ZiriTadi funqciisaTvis simravle supp  
kompaqturia  - Si da Sesabamisad heine-borelis lemis Tanaxmad 
SesaZlebelia am simravlis sasruli dafarva Ria B(xk,rk) 
birTvebiT (zogadobis SeuzRudavad wertilis midamoebi 

SeiZleba aRebul iqnas birTvebad)  k=1,2,. . . ,N() (yoveli ZiriTadi 

 funqciisaTvis N damokidebulia am  funqciaze). am birTvebze f 
ganzogadebuli funqcia nulis tolia pirobis Tanaxmad. 
“erTianis dayofis” ( Teorema  – ix. 2.18) Tanaxmad arseboben 
ZiriTadi funqciebi iseTebi, rom  

    k
k

k rxBDx ,  da    
 








N

k
k xx

1

            (4.1.-4) 

aqedan wrfivobis gaTvaliswinebiT samarTliania, rom 
   

0,,,
11

 





N

k
k

N

k
k fff . 

anu lema damtkicebulia.  
  gansazRvreba 3: ganzogadebuli funqciis nulovani simravle Of  
warmoadgens im midamoebis gaerTianebas sadac ganzogadebuli 
funqcia f nulis tolia!  
 SeniSvna 1.  winamdebare lemisa da da am gansazRvrebis 
Tanaxmad nulovani simravle Of   warmoadgens udides Ria 
simravles sadac ganzogadebuli funqcia f nulis tolia.  

gansazRvreba 4: ganzogadebuli funqciis sayrdeni aris 
nulovani simravlis damateba anu 

suppf   \ Of                                                                 (4.1.-5) 
SeniSvna 2.  suppf – Caketili simravlea!  
gansazRvreba 5: Tu suppf  SemosazRvruli simravlea, maSin 

ganzogadebul funqcias finituri ewodeba.  
 
4. 2 regularuli da singularuli ganzogadebuli funqciebi;  
II. paragraf 3.1.-I – Si gansazRvul iqna regularuli 

ganzogadebuli funqcia, rogorc iseTi wrfivi, uwyveti 
funqcionali, romlisTvisac arsebobs iseTi lokalurad 

integrebadi funqcia f(x)Lloc(), rom  ganzogadebuli 
funqcia  ganisazRvreba Semdegnairad 

       


 dxxxfxxf |                     (4.2.-1) 
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is, rom agrerigad gansazRvruli funqcionali wrfivi da uwyvetia 
naCvenebi iqna 3.1.-I paragrafSi. 

IseTi f  D’() ganzogadebuli funqciebi, romlebic ar arian 
regularuli ganzogadebuli funqciebi arian singularuli 
ganzogadebuli funqciebi.  

diubua-raimonis lema. imisaTvis, rom lokalurad integrebadi   

f – funqcia iyos nuli ganzogadebuli funqciis azriT  areSi 
aucilebeli da sakmarisia, rom f(x)=0 TiTqmis yvelgan –ze.  

II. singularuli ganzogadebuli funqciebi.  

dirakis   fuqcia. – aris funqcionali (ganawileba) romelic 
yovel ZiriTad funqcias uTanadebs mis mniSvnelobas nulSi, anu 

         nRDxxx   0,             (4.2.-2) 

SeniSvna 1. martivi dasanaxia, rom (4.2.-2) aris wrfivi, uwyveti 
funqcionali, anu es aris ganzogadebuli funqcia!  

SeniSvna 2.  dirakis   fuqcia ar aris regularuli 
ganzogadebuli funqcia, anu ar arsebobs lokalurad integrebadi 

funqcia fLloc(Rn) , romlisTvisac samarTliania Semdegi toloba  

             n

R

RDxdxxxfxx
n

   0, .         (4.2.-3) 

 damtkiceba.  dauSvaT sawinaaRmdego, anu arsebobs iseTi 

lokalurad integrebadi funqcia fLloc(Rn) , romlisTvisac 

samarTliania toloba (4.2.-3) – Tanac yoveli ZiriTadi  (x) D()  
funqciisaTvis. amitom toloba (4.2.-3) samarTlialia agreTve 

ZiriTadi funqciisaTvis x1 (x) D()  ( aq x1 – arix x argumentis 
pirveli koordinata, da  (x) D()  funqciis namravli x1 C() gluv 

funqciaze aris finituri gluvi funqcia) da amitom 
         n

x
R

RDxfxxfxxdxxxxf
n

   ,,0 11011     (4.2.-4) 

meores mxriv gamodis, rom x1f(x)Lloc(Rn) (lokalurad integrebadi) 
funqcia nulis tolia yvela ZiriTad funqciaze! amitom diubua-
raimonis lemis Tanaxmad x1f(x) = 0 TiTqmis yvelgan da e.i. f(x) = 0. 
miRebuli Sedegi  ewinaaRmdegeba gakeTebul daSvebas.  Gamodis, rom 

dirakis   fuqcia singularuli ganzogadebuli funqciaa.     
SeniSvna 3.  dirakis   fuqcia, rogorc zRvari usasrulod 

gluvi funqciebisa, anu  

    0   xx D                  (4.2.-5) 

damtkiceba. krebadobis gansazRvrebis Tanaxmad (ix. 3.1.V (3.1.-7)) 
Tanadoba (4.2.-5) eqvivalenturia Canawerisa  

         n

R

RDxdxxx
n




,0lim
0

. 

arada es ukanaskneli samarTliania, radgan: vinaidan  (x) D()    
(x) C() rogorc minimum anu is uwyvetia     nebismieri  > 0 
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ricxvisaTvis arsebobs iseTi 0 > 0 ricxvi, rom rodesac |x| < 0 
maSin |(x)-(0)| <  .  gaviTvaliswinebT ra “qudi” funqciis 
Tvisebas (2.1.-4) miviRebT, rom  

                   n

R RR

RDxdxxdxxxdxxx
r nn

     ,00 . 

anu  marTlac dirakis ganawileba aris susti zRvari usasrulod 
gluvi “qugi ganawilebisa” , anu marTebulia “grafikulad”  
 

 
nax. 1 

dirakis   fuqcia moxerxebulia iseTi fizikuri cnebebis 
maTematikuri CawerisaTvis rogorebicaa:  “wertilovani masis 
simkvrive”,  “wertilovani muxti”, “wertilovani wyaro”, “myisieri 
Zala” da mravali sxva. 

dirakis   fuqciis bunebrivi ganzogadebaa “martivi feni” da is 
moxerxebulia iseTi fizikuri cnebebis maTematikuri CawerisaTvis 
rogorebicaa:  “zedapirze ganfenili masis simkvrive”,  “zedapize 
ganfenili muxti”, “zedapiruli Zala” da mravali sxva.  

gansazRvreba 6: Tu S – uban-uban uwyveti zedapiria da (x) - 
uwyveti  funqciaa maSin  “martivi feni” aris ganzogadebuli 
funqcia, romelic Semdegi TanadobiT ganimarteba  

    Ddxxx
S

S    ,               (4.2.-6) 

cxadia, rom is aris wrfivi, uwyveti funqcionali. amboben S  - aris 
S - zedapiris “martivi feni”  (x) – simkvriviT.    
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4.3. ganzogadebuli funqciebis magaliTebi, soxotskis 
formulebi; cvladTa gardaqmnebi. 

gansazRvreba 1:  ganzogadebuli funqcia 
x
1

  aris 

funqcionali romelic moqmedebs Semdegi wesiT 

           1

0
,lim,1

1

RDxdx
x
xdx

x
xdx

x
xVpx

x R









  















 (4.3.-1) 

cxadia, rom ase gansazRvruli funqcionali wrfivia.  
uwyvetoba,  damtkicdeba, aviRoT ZiriTad funaqciaTa nulisaken 

krebadi mimdevroba  kD
k ,0  (2.1.-2) gansazRvrebis Tanaxmad 

nebismieri rigis kerZo warmoebulebisagan Sedgenili mimdevroba 
agreTve Tanabradkrebadia nulisaken (2.1.-1) da Tanac arsebobs iseTi 

mudmivi R,  rom k(x)=0 yoveli k nomrisa da |x|>R. amitom mimdevrobis 
yoveli wevrisaTvis samarTliania teiloris formula da 
Sesabamisad 

       

    0max2~

~0
,1

1

 















kkRx

R

R
k

R

R

kk

R

k
k

xRdxx

dx
x

xxVpdx
x

xVpx
x






 

ase rom )(1 1RD
x

 . 

 SeniSvna 1.  ganzogadebuli funqcia )(1 1RD
x

 emTxveva 
x
1
 

funqcias (4.1.-3*)-azriT rodesac x  0 . mas ewodeba (Partie finie) –

“sasruli nawili” anda  “
x
1
 funqciidan integralis mTavari 

mniSvneloba” 
soxotskis formulebi: yvela zemoqmotanili gansazRvrebebisa 

da SeniSvnebis safuZvelze adgili aqvs Semdeg formulebs: 

 
x

xi
ix

1
0

1



                      (4.3.-2) 

 
x

xi
ix

1
0

1



                      (4.3.-2*) 

damtkiceba: nebismieri  (x) D()  ZiriTadi funqciisaTvis 
samarTliania, rom 
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   

      

         








































.00lim02

0limlim0

limlim

0

220220

2200
1

dx
x
xVpidx

x
xRarctgi

dxx
x

ixdx
x

ix

dxx
x

ixdx
ix
x

R

R

R

R

R

R

R

RR




























 

anu  damtkicebulia, rom  

     x
x

xix
ix

 ,1,
0

1



. 

 
II. cvladTa wrfivi gardaqmna ganzogadebul funqciebSi 
sqema standartulia! SeviswavliT Tu ra xdeba localurad 

integrebad funqciebis SemTxvevaSi da Semdgom gansazRvrebis saxiT 

gadavitanT ganzogadebul funqciebze!  fLloc(Rn) da ganvixiloT 
cvladTa gardaqmna  

x = Ay+b,                detA  0,                                            (4.3.-3) 
anu 

nnnnnnn

nn

nn

byayayax

byayayax
byayayax














2211

222221212

112121111

                                   (4.3.-3*) 

nebismieri ZiriTadi  (x) D()  funqciisaTvis samarTliania Tviseba  

       

          .,
det

1
det

1

,

11 bxAxf
A

dxbxAxf
A

dyybAyfybAyf

n

n

R

R













 

es Tvisebis safuZvlze Semotanilia 
gansazRvreba 2:  nebismier ganzogadebul funqciisaTvis cvladTa 
gardaqmna xorcieldeba Semdegi foemuliT 

           .
det

1,, 1 DxbxA
A

xfybAyf
def

       (4.3.-4) 

SeniSvna 1. Tu A gardaqmna aris “brunva” , anu A = A-1 xolo b=0, 
maSin 

          .,, DxxAxfyAyf              (4.3.-5) 

SeniSvna 2. Tu A gardaqmna aris “areklva” c<0, anu A = cI (I- igivuri 
gardaqmnaa) xolo b=0, maSin 

        .,1, Dx
c
xxf

c
ycyf n 






             (4.3.-6) 
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SeniSvna 3. Tu cvladTa gardaqmna aris “paraleluri gadatana”, anu 

A=I da b  0,  
          .,, Dxbxxfybyf              (4.3.-7) 

am SemTxvevaSi f(x+b) – s ewodeba ganzogadebuli funqciis Zvra b 
veqtorze.  
magaliTi. am (4.3.-7) formulis Tanaxmad dirakis funqciis Zvra aris 

            .,, 000 Dxxxxxxxx          (4.3.-8) 

SeniSvna 4. cvladTa wrfivi gardaqmna wrfivi da uwyvetia D dan D-
Si. 
SeniSvna 5. cvladTa gardaqmnis aseTi gansazRvreba saSualebas 
iZleva ganisazRvros sferuladsimetriuli, RerZulad simetriuli, 
erTgvarovani, perioduli, lorecis gardaqmnisadmi invariantuli 
da sxv. ganzogadebuli funqciebi. es Zalzed mniSvnelovania, 
radganac ganzogadebuli funqciebi warmoadgens erTerT uZlieres 
aparats fizikis Tanamedrove problemebis Seswavlisas.  
mesame leqciaze motanili gafrTxilebis ilustracia: 
dauSvad arsebobs ganzogadebuli funqciebis asociatiuri da 
komutatiuri gamravleba ! maSin am Tavsi miRebuli aRniSvnebisa da 
SeniSvnebis Sesabamisad adgili eqneba ganzogadebul funqciaTa 
tolobebis jaWvs 

           xx
x

xx
x

xx
x

xx
x

 





  1111100   (4.3.-9) 

 
magaliTebi: 

1. a(x)(x) = a(0)(x); 

2. 11


x
x ; 

3.  
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leqcia 5 gf” 

 
- ganzogadebuli funqciebi da ganzogadebuli warmoebuli; 
- ganzogadebuli warmoebulis Tvisebebi; 
-  ganzogadebuli funqciis pirvelyofili. 

  
5.1 ganzogadebuli funqciebi da ganzogadebuli warmoebuli; 

sazogadod, erTerTi pirveli motivacia warmodgenili Teoriis 
Seqmnisa iyo warmoebulis cnebis ganzogadeba (sergei sobolevi 1930 
–iani wlebi) da Semovida kidevac termini ganzogadebuli 
warmoebuli. yvelafers saTave daudo  

lokalurad integrebadi sakmarisad gluvi funqciebis erTma 
Tvisebam.  

Tu  f  Ck (), maSin nebismieri  - multiindeqsisaTvisa (||  k) (ix. 
1.4. 7. da 9.) da  ZiriTadi   D() funqciisaTvis samarTliania 
nawilobiTi integraciis formula (SeTanxmebisamebr aris sazRvari 
sakmarisad gluvia ix. 1.4. 22.) da Sesabamisad SesaZlebelia misi 
gamoyeneba  “  - jer”, anu 

                 xDxfdxxDxfdxxxfDxxfD   ,11)(),( (5.1.-1) 

aviReoT (5.1-1) tolobis ganapira wevrebi da am tolobis safuZvelze 
CamovayaliboT  

gansazrvreba 1. yoveli f  D ()  ganzogadebuli funqcisaTvis   
 - rigis kerZo warmoebuli aris funqcionali  

      DxDffD
def

  ,1,  .      (5.1.-2) 

unda Semowmdes aris Tu ara (5.1.-2) iT gansazRvruli funqcionali 
wrfivi da uwyveti.  
a.  radgan ZiriTadi funqciisDnebismieri rigis kerZo warmoebuli 

aris isev ZiriTadi funqcia, (anu D  D()  rodesac     D()), 
amitom cxadia, rom (5.1.-2) gamosaxulebis marjvena mxare arsebobs da 
is yovelTvis SemosazRvrulia.  
b. funqcionali (5.1.-2) wrfivia, radgan nebismieri ZiriTadi 
funqciisaTvis samarTliania tolobebis jaWvi 

    

     

.,,

,1,1,1

,1,













DfD

DfDfDDf

DffD

def

linear

D

linear

diff

def












   (5.1.-3) 

g. funqcionali (5.1.-2) uwyvetia, radgan (2.2.-1) – is Tanaxmad ZiriTadi 
funqciebis nebismieri rigis kerZowarmoebulebis Sesabamisi 
mimdevroba krebadia. amitom   
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  0,1,    kk

def

k DffD   .              (5.1.-4) 

daskvna.  

 Tu f  D(), maSin nebismieri  -multiindeeqsisaTvis D f D(); 
 Jargonze: “ sadac klasikuri warmoebuli arsebobs 

ganzogadebili warmoebuli da klasikuri erTmaneTs emTxveva!“  
sinamdvileSi gaugebaria: klasikuri warmoebuli – funqciaa!  
ganzogadebili warmoebuli – funqcionalia! isini toli ver 
iqnebian! 

mecnierul enaze: Tu { D f (x)} – aRniSnavs kerZo warmoebuls 
klasikuri azriT (ra Tqma unda im areSi sadac is arsebobs). maSin 
(5.1.-2) gansazRvrebidan gamodis, rom ganzogadebuli funqciis 

warmomqmneli gluvi f  Ck (), funqciis Sesabamisi rigis 
warmoebulidan  warmoqmnili ganawileba da ganzogadebuli 
warmoebuli emTxvevian erTmaneTs (4.1.-3) – azriT!  
magaliTi: 1. f(x) = x  da   xR1,  maSin cxadia, rom klasikuri 

warmoebuli f (x) = 1 da is warmoqmnis ganzogadebul funqcias    
 



 dxx,1                         (5.1.-5) 

meores mxriv 

           

  



,10

1,1,
)22.4.1(



 





















def

D

reg

def

dx

dxxxdxxxxxx
    (5.1.-6) 

anu Sedegi (5.1.-5) da (5.1.-6) erTi da igivea ganzogadebuli funqciis 
azriT (4.1.-3)! 
 

magaliTi: 2. rodesac f = (dirakis delta funqcia) maSin nebismieri 
ZiriTadi funqciisaTvis samarTliania 

     01,1,   DDD
def

 .               (5.1.-7) 

               
 

magaliTi: 3. rodesac    








0,1
0,0

x
x

xxf   (xevisaidis funqcia),  maSin 

nebismieri ZiriTadi funqciisaTvis samarTliania, rom  

               

       xxx

dxxdxxxxxxx

D

defdef

reg

def









,0

,1,

0

0













. (5.1.-8)           

anu (5.1.-8) – dan gamodis, rom (x) = (x) ! 
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magaliTi: 4. rodesac  








0,
0,

xx
xx

xxf  , maSin nebismieri ZiriTadi 

funqciisaTvis samarTliania, rom 

           

           

                      .,

)9.1.5(101011

,1,

0

0

0
0

0
0

0

0

 










































xxxdxxxxdxxxdxxx

dxxdxxdxxxxdxxxx

dxxxdxxxdxxxxxxx

defD

defdef

reg

def













Sesabamisad gamodis, rom |x| = (x) - ( -x) 
am magaliTis analizi gviCvenebs rom rodesax argumenti dadebiTia 
funqciis klasikuri azriT warmoebuli aris erTiani, formalurad 
aseTivea xevisaidis funqciis mniSvneloba! igive msjelobaa 
samarTliani uaryofiTi argumentis SemTxvevaSi. 
magaliTi: 5. dauSvaT funqcia f  gluvia da gaaCnia erTi wyvetis 

wertili, anu fC1((-,x0][x0,)) (ix. mag  nax.1 ) maSin nebismieri 
ZiriTadi funqciisaTvis samarTliania, rom 
 

 
nax. 1 
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                     

               

                      .,00

)10.1.5(

,1,

00000

0

0

0

0

0

0

0

0

xxfxxfdxxxfxxfxxf

dxxxfxxfdxxxfxxf

dxxxfdxxxfdxxxfxxfxxf

x

Dx

x

x
x

x

xdefdef

reg

def









































sadac       00 000
 xfxff x .  

 Sesabamisad gamodis, rom f  = [f]x(x) +{f (x)}, anu gamodis, rom 
ganzogadebuli warmoebuli raRacnairad “iWers” naxtoms [f]x..  
marTlac: magaliTi 3  - “naxtomi” erTis tolia, xolo magaliT 4 – 
Si “naxtomi” nulis toli. 
 
5.2 ganzogadebuli warmoebulis Tvisebebi 
 

1. ganzogadebuli warmoebuli D wrfivi da uwyveti asaxvaa DD; 
marTlac:  

  DgfgDfDgfD ,)(              (5.2.-1) 

,,0   kfD D
k

  Tu      .,0   kf D
k          (5.2.-2) 

orive es debuleba mtkicdeba analogiurad ZiriTad funqciaze 
“modebiT” , magaliTad  

        DxDffD kk

def

k   0,1, , 

marjvena mxare krebadia radgan, krebadia Tavidan mocemuli 
mimdevroba, arada marcxena mxare avtomaturad krebadia rac niSnavs 
rom samartliania (5.2.-2). 

kerZod:  radgan dirakis   fuqcia aris zRvari usasrulod 
gluvi funqciebisa, anu  adgili aqvs (4.2.-5) Tanadobas, Sesabamisad 

    0   


 xDxD D .           (5.2.-3) 
2. nebismier ganzogadebul funqcias gaaCnia nebismieri rigis 
ganzogadebuli warmoebuli;  
am faqtis danaxva Zalzed martivia induqciis saSualebiT. 

ganzogadebuli Df   funqciis kerZo warmoebuli  D
x
f

i





 isev 

ganzogadebuli funqciaa! da ase Semdeg! 
3. maRali rigis keZo warmoebulis gamoTvlisas mniSvneloba ar aqvs 
Tanmimdevrobas; anu      

          .,0,1,,1,,0,0,
21

DffD
x
f

xx
f

x

nji

ijji







































 (5.2.-3) 
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marTlac, radgan  usasrulod gluv funqciebs es (5.2.-3) Tviseba 
gaaCniaT, amitom nebismieri ganzogadebuli Df   funqciisaTvis 

adgili aqvs tolobebs  

           ,,,,, 12211221
1,1 fDDfDDDDfDDffD

def
 . 

Sesabamisad adgili aqvs zogad debulebas, rom nebismieri ori  da 
 multiindeqsebisaTvis  

    ., DffDDfDDfD             (5.2.-4) 

4. nebismieri fD()   ganzogadebuli funqciisa da nebismieri 

a(x)C() usasrulod gluvi fuqciis (3.1.-10) namravlisaTvis 
samarTliania leibnicis formula, anu 

      .,1, niCaDfa
x
ff

x
a

x
af

iii











            (5.2.-5) 

radgan  usasrulod gluvi funqciebisaTvis leibnicis formula 
samarTliania, amitom nebismieri ganzogadebuli Df   

funqciisaTvis da nebismieri a(x)C() usasrulod gluvi 
afunqciisaTvis dgili aqvs tolobebis jaWvs 

   

 







,,,

,,,,

,,,,

10.1.32.1.5

10.1.3

f
x
a

x
faf

x
a

x
fa

x
afa

x
f

x
af

x
af

x
a

x
af

x
af

x
af

x
af

ii

linear

ii

def

ii

def

ii

linear

ii

leibniz

i

def

i

def

i

























































 

Sesabamisad naCvenebia, rom samarTliania toloba (5.2.-5), aseve 
SeiZleba msjeloba Catardes warmoebulis nebismieri rigisaTvis. 

5. Tu ganzogadebuli funqcia nulis tolia raime    areze maSin 
misi nebismieri rigis warmoebulic amave areze nulis tolia, anu 

suppDf  suppf                          (5.2.-6) 
es uSualod (5,1.-2) gansazRvrebidan gamomdinareobs. 
6. Tu lokalurad integrebad funqciaTa mwkrivi Tanabrad krabadia 
yovel kompaqtze 

   ,
1






k

k xSxf                             (5.2.-7) 

maSin SesaZlebelia mwkrivis wevrwevrad gawarmoeba nebismieri 

rigiT da Sesabamisi mwkrivi krebadia D-Si. 
marTlac radgan, pirobis Tanaxmad, yoveli R > 0 ricxvisaTvis  

      ,,
1

|| 


 pxSxfxS
p

k

Rx
kp  

anu cxadia, rom SS D
p    rodesac p ; es faqti ki iZleva (5.2.-2) 

safuZvelze vamtkicoT, rom 
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      .,
1

  


 pxSDxfDxSD D

p

k
kp  

kerZod: aqedan martivad gamodis, rom Tu trigonometriuli 
mwkrivis  




k

ikx
k ea  

koeficientebi akmayofileben Semdeg pirobebs BkAa m
k  , maSin ew 

mwkrivi krebadia D-Si. 
 
  5. 3. ganzogadebuli funqciis pirvelyofili (am paragrafSi n = 1).  
maTematikuri analizis kursidan cnobilia, rom yovel uwyvet f(x) 
funqcias gaaCnia erTaderTi, mudmivi Sesakrebis sizustiT, f (-1)(x) 
pirvelyofili,  

              .)1(

?

)1( xfxfCdfxf
x




                (5.3.-1)  

pirvelyofilis (5.3.-1) – ganmsazRvreli Tanadobebidan marjvenas Cven 
daudebT safuZvlad ganzogadebuli funqciisaTvis pirvelyofilis 
gansazRvrebas. 
gansazRvreba 1.  ganzogadebuli funqciis pirvelyofili nebismieri 

fD()   ganzogadebuli funqciisaTvis ewodeba f (-1)D()  
ganzogadebul funqcias  romlisTvisac  

             .,, )1()1( xffDxxxfxf
D 

 


        (5.3.-2) 

martivad Cans, rom gansazRvreba (5.3.-2) moicema mxolod ZiriTadi 
funqciebis (nawilze) warmoebulebze. magram samarTliania Semdegi  

Teorema 1. nebismier ganzogadebul fD()   funqcias gaaCnia    
erTaderTi, mudmivi Sesakrebis sizustiT, pirvelyofili  

          DxCxxfxf  ,,,)1( ,      (5.3.-3) 

sadac  C - nebismieri mudmivia da  

          ddx
x

 













 .               (5.3.-4) 

damtkiceba: (ixile mag. [2])  
SeniSvna 1. es Teorema iZleva saSualebas davaskvnad, rom nebismier 
gantolebas  

 1, RDffU
D




.                   (5.3.-5) 

 gaaCnia D(R1) –Si zogadi amonaxsni; 
 es amonaxsni erTaderTia mudmivi Sesakrebis sizustiT; 

 am amonaxnis saxea – CfU
D

 


)1( ; 
 kerZod Tu (5.3.-5) gantolebis marjvena mxare uwyveti funqciaa 

maSin amonaxsnic klasikuri funqciaa! 



 
leqcia 6 gf” 

 
- ganzogadebuli warmoebulis magaliTebi; 
-  xmf(x)=0 – gantolebas m - wrfivad damoukidebeli amonaxsni aqvs; 
 
6.1. ganzogadebuli warmoebulis magaliTebi n=1; 
  I. erTerTi umniSvnelovanesi magaliTi fizikidan! – gaomvTvaloT 
muxtis simkvrive dipolisa, romlsac x =0 - Si (erTganzomilebiani 
SemTxveva) gaaCnia momenti +1. am dipols daaxloebiT Seesabameba 

simkvrivis ganawilebis  funqcia     0,11
 





xx  (ix nax. 1 

witeli grafiki ), ufro zustad ki zRvari rodesac  + 0. magram 
erTxel Sesaval leqciaze (ix. 1.2) Cven davrwmundiT, rom uSualod 
klasikuri azriT zRvarze gadasvla “uazrobaa”. magram Tu 

gadavalT zRvarze  D - is azriT miviRebT 

 
nax. 1  

 

   
 

      
 

       xxxxxx
def

diff

def

x

def

x








 
,,001,11

0
 

 

anu saZiebeli simkvrive tolia - (x); 
dipolis sruli muxti 0 –ia, marTlac  00,1,1,   , 

xolo momenti 1-is tolia, marTlac 11,,,   xx .  



  II. Tu f (x) funqcias gaaCnia izolirebuli pirveli gvaris wyvetebi 

{xk} wertilebSi da { f (x) } aris  ubanuban uwyveti maSin (5.1.10) – 
formulis ganzogadeba aCvenebs, rom  

       


k

k
x

D
xxfxff k  .                  (6.1.-1) 

kerZod: Tu    


2,0,
22

1
 xxxf  da Semdeg periodulad rogorc 

nax. 1 – ze iasamnisferi grafiki!, Sesabamisad  

 







k

D
kxf 


2

2
1

.                  (6.1.-2) 

es magaliTi kidev erTxel gviCvenebs, rom klasikuri da 
ganzogadebuli warmoebuli sxvadasxva sidideebia (formaluradac!). 
  III. mocemulia Cveulebrivi wrfivi diferencialuri erTgvarovani 
gantolebis   

                  0)( 1
1

1
1

)(  
 tZtatZtatZtatZtLZ mm

mm         (6.1.-3) 

amonaxsni  tZ  romelic akmayofilebs Semdeg sawyis pirobebs 

          10,0000 1)2(   mm ZZZZ              (6.1.-4) 
maSin funqcia  

     tZttE  ,                            (6.1.-5)  

sadac  t  -xevisaidis funqciaa, aris “fundamenturi amonaxsni”, anu 

   ttLE
D



 ,                            (6.1.-6) 
marTlac leibnicis formulis Tanaxmad (5.2.-5) mimdevrobiT 
Sesazlebelia gamoiTvalos yvela saWiro rigis kerZo warmoebuli  
 

                             
          

       
                      .0

;

;

;0

1

11

tZtttZtZttE
tZttE

tZttZttE

tZttZtZttZttZttZttZttE

mmmm

mm



















 





 

da Semdeg Caisvas (6.1..-6) tolobius marcxena mxareSi saidanac 
miviRebT, rom  

         tttLZttLE
D

 


. 
 
6.2 xmf(x)=0 – gantolebas m - wrfivad damoukidebeli amonaxsni aqvs; 
pirvel leqciaze  1.1 dasmuli iyo kiTxva, Tu ramdeni wrfivad 
damoukidebeli amonaxsni gaaCnia  

xmf(x)=0                                                              (6.2.-1) 
gantolebas. RaRa Tqma unda klasikuri azriT am gantolebas erTi 
amonaxni aqvs m ricxvis nebismieri mniSvnelobisaTvis. Amjerad 



vaCvenoT, rom aRniSnul gantolebas m – wrfivad damoukidebeli 
amonaxsni gaaCnia da es amonaxsni warmoidgineba Semdegi saxiT.   

    





1

0

m

k

k
k xcxf  ,                        (6.2.-2)                     

sadac ck – nebismieri mudmivebia. 
damtkiceba: ganzogadebuli warmoebulis gansazRvrebisa (5.1.-2) da 

leibnicis formulis (5.2.-5) Tanaxmad nebismieri (x)D() ZiriTadi 
funqciisaTvisa da nebismieri k = 1,2,..., m-1 nomrisaTvis samarTliania, 
rom  

                  

 
      01,1,, 0  x

kmk
def

x

kmk
def

mk
def

km xxxxxxxxxxx 


  

da amitom 

   .1,1,0 


mkxx
D

km  
aqedan gamodis, rom (6.2.-2) funqcia aris (6.2.-1) gantolebis 
amonaxsni. cota meti msjelobaa Casatarebeli ix. mag [2], rom 
daamtkicoT – zogadi amonaxsni (6.2.-2) formuliT moicema!  

6.3. ganzogadebuli warmoebulis magaliTebi n  2; 

I.  “ormagi feni” -  S






 ; wina TavSi ix. 6.1.-I ganzogadebuli da 

fizikurad axsnili iqna -   anu dipolis muxtis simkvrive. am 
cnebis uSualo ganzogadebas warmoadgens “ormagi feni” zedapirze.   

dauSvaT aris S ubanuban gluvi orgverda zedapiri da  x


- am 
zedapiris normalia (zedapirze gansazRvruli uwyveti funqcia).    

 - simkvrivis “ormagi feni” -  S






  aris ganzogadebuli 

funqcia,romelic moqmedebs Semdegi wesiT 

         








  Dxdsxx
S

def

S 






 , .            (6.3.-1) 

martivi Sesamowmebelia, rom ase gansazRvruli funqcionali 
SemosazRvruli, wrfivi da uwyvetia – Sesabamisad   

        



 DS

 ; 

   supp  








 S

  S. 



 
leqcia 7 gf” 

 
- pirdapiri (tenzoruli) namravli, misi arseboba da misi Tvisebebi  
 
7.1. pirdapiri (tenzoruli) namravli 
  I. mesame leqciaze Cven aRvniSneT, rom ori ganzogadebuli 
funqciis namravli SeuZlebelia. maTematikuri analizidan fubinis 
Teoremaze dayrdnobiT ganisazRvreba ganzogadebuli funqciebis 
aparatis erTerTi umniSvnelovanesi operacia - pirdapiri 
(tenzoruli) namravli (sxvadasxva literaturaSi erTerTi am 
aRniSvnaTagani aris miRebuli gfgfgf  ,,  )  
 jer ganvixiloT situacia, rodesac mocemuli gvaqvs ori 
lokalurad integrebadi funqcia, magram sxvadasxva areSi, anu 
ganvixiloT SemTxveva, rodesac 

           mn
yx

m
yloc

n
xloc RDyxRLygRLxf  ,,,,  .           (7.1.-1) 

Sesabamisad bunebrivia, rom ganisazRvreba regularuli 
ganzogadebuli funqciebi  

           

           yxygxfdydxyxygxf

dxdyyxygxfyxygxf

n
x

m
y

mn
yx

R R

R

def

,,,,

,,,
,





 

 


            (7.1.-2) 

an 

           

           yxxfygdxdyyxxfyg

dxdyyxxfygyxxfyg

m
y

n
x

mn
yx

R R

R

def

,,,,

,,,
,





 

 


            (7.1.-2*) 

orive es gamosaxuleba fubinis Teoremis Tanaxmad tolia. da 
amitom SegviZlia am Tanadobebidan erTerTi, magaliTad (7.1.-2) 
daudoT safuZvlad tenzoruli namravlis gansazRvrebas!  
gansazRvreba 1. ori ganzogadebuli funqciis pirdapiri namravli 
ewodeba  

               mn
yx

def
RDyxyxygxfyxygxf  ,,,,,,,       (7.1.-3) 

funqcionals!  
 Teorema 1. (7.1.-3) gansazRvreba Kkoreqtulia anu es aris 
SezRuduli, wrfivi da uwyveti funqcionali! 

  lema 1. nebismieri ganzogadebuli    m
yRDyg   da nebismieri 

ZiriTadi    mn
yxRDyx  ,,  funqciebis saSualebiT gansazRvruli 

funqcia  

           mn
yx

n
x

def
RDyxRDyxygx  ,,,,       (7.1.-4) 



Tanac yoveli  multiindeqsisaTvis  

     yxDygxD x ,,                                            (7.1.-5) 

da Tu mocemulia krebadi mimdevroba   ,0, )(


 


k

RD
k

mn

yx maSin  

        0,,

 

k

RD
kk

n

yxygx                                          (7.1.-6) 

damtkiceba: a.) radgan yoveli xRn argumentisaTvis funqcia 

   mn
yxRDyx  ,, , amitom funqcia (7.1.-4) gansazRvrulia yovel 

wertilSi da Tanac is aris SemosazRvruli.  
b.) wrfivoba uSualo CasmiTa da martivi gardaqmnebiT mowmdeba 
Zalian advilad.  
g.) uwyvetoba. ganvixiloT raime fiqsirebuli x – wertilisaken 

krebadi mimdevroba xx k
k    . ZiriTadi funqciis sigluvidan da 

krebadobis (2.1.-2) gansazRvrebidan gamomdinare, cxadia, rom  

     yxyx
k

RDk m

,, 

    .                                    (7.1.-7) 

meores mxriv, radgan  g - uwyveti funqcionalia amitom Sesabamisad 
funqcia gansazRvruli (7.1.4) TanadobiT Tavad aris uwyveti 
nebismier x – wertilSi.  
d.) sigluve da formula (7.1.-5). davafiqsiroT nebismieri wertili  x 

da SemoviRoT aRniSvna  hi  





 ni

h 0,,,,0,0
21

 . am SemTxvevaSi radgan 

funqcia (x) –ZiriTadia, krebadia Semdegi funqciaTa mimdevroba 
         

i
h

RD
i

i
h x

yxyxyhx
h

y
m




 


,,,1
0

)( 
            (7.1.-8) 

metic nebismieri h ricxvisa da  - multiindeqsisaTvis Tanabrad 
krebadia mimdevroba  

D           
i

y

h

Ry
yiy

i
h x

yxD
yxDyhxD

h
yD

m




 


 ,
,,1

0





 . 

radgan g – wrfivi uwyveti funqcionalia, Sesabamisad samarTliania 
Semdegi tolobaTa jaWvi 

            

              .,,,,,,

,,,,1

0
i

h
i
h

def
i

lineari
i

x
yxygyg

h
yxyhxyg

yxygyhxyg
hh

xhx





















 

es uSualod amtkicebs (7.1.-5) formulis samarTlianobas rodesac  

 





 ni

0,,1,,0,0
21

 . am gvari msjelobis gameoreba sxvadasxva 

indeqsebisaTvisa da sxvadasxva rigisatvis  gvaZlevs saSualebas 
davrwmundeT  (7.1.-5) formulis samarTlianobaSi nebismieri 



multiindeqsisaTvis, anu funqcia usasrulod gluvi da Tanac 
finituri sayrdenis mqonea.  

aseTive msjelobiT mtkicdeba, rom Tu   0, )(


 


k

RD
k

mn

yx maSin  

  0)(


 

k

RD
k

n

x . 

am faqtis damtkicebaSi gansxvavebuli da ZiriTadi momentia, rom  
davamtkicoT - nebismieri  multiindeqsisaTvis  

  0


 
k

Rx
k

n

xD  . 

dauSvaT es ase ar aris, maSin moiZebneba iseTi ricxvi 0 , iseTi 

multiindeqsi 0 da iseTi mimdevroba xk, rom 
  ,2,10

0  kxD k
k   

magram radgan yvela sayrdeni SemosazRvrulia (miuxedavad nomrisa) 
gamodis, rom mimdevroba { xk} agreTve SemosazRvrulia. amitom 
bolcano-veierStrasis Teoremis Tanaxmad (maT. Analizis kursi) 

SeiZleba airCes krebadi qvemimdevroba 0xx j
k j    . magram maSin,  

  0,
)(

0

m

j

j

RD

j
k

kx yxD    , 

da radgan g – wrfivi uwyveti funqcionalia, miviRebT, rom 

      0,,
)(

00

m

j

j

j

j

RD

j
k

kx
k

kx yxDygxD     . 

lemaSi damtkicebuli Sedegi erTerTi im ZiriTad TvisebaTagania, 
romelzec aris aSenebuli ganzogadebul funqciaTa Teoria. 
Teorema 1. damtkiceba.  a.) (7.1.-3) – iT gansazRvrul Tanadobas azri 
aqvs nebismieri ZiriTadi funqciisaTvis da metic is gansazRvravs 
yovelTvis SemosazRvrul ricxvs , anu is funqcionalia. 
b.) calcalke f da g funqcionalebis wrfivobidan martivad 
dasanaxia, rom (7.1.-3) – iT gansazRvruli ( gfgfgf  ,,   ) 
pirdapiri namravli wrfivi funqcionalia. 

g.) dauSvaT   0, )(


 


k

RD
k

mn

yx  ZiriTad funqciebis nulisaken krebadi 

mimdevrobaa D –Si. maSin lema 1.-is Tanaxmad  

      0,, )(


 

k

RD
kk

n

yxygx   

da amitom f  funqcionalis uwyvetobis gamo adgili aqvs krebadobas 

          0,,,,   kkx yxygxfxxf  , 

es ki niSnavs, rom pirdapiri namravli uwyveti funqcionalia. 
es aCvenebs, rom yoveli ori ganzogadebuli funqciisaTvis 
Tanadoba (7.1.-3) koreqtulad gansazRvravs ganzogadebul funqcias, 
anu  

     mn
yx

m
y

n
x RDgfRDgRDf  ,,                       (7.1.-9) 

7.2. pirdapiri namravlis zogfierTo ZiriTadi Tviseba 



I. pirdapiri namravli komutatiuria, anu 

     mn
yx

m
y

n
x RDfggfRDgRDf  ,, .          (7.2.-1) 

es Zalze martivi dasamtkicebelia specialuri saxis ZiriTad 
funqciebze 

             m
yk

n
xk

N

k
xk RDyVRDxUyVxUyx 



,,,
1

 .              (7.2.-2) 

marTlac gansazRvebis Tanaxmad  

                     

               

             yxxfygxUxfyVyg

xUxfyVygyVygxUxf

yVygxUxfyVxUygxfyxygxf

defN

k
kk

defN

k
kx

numbersN

k
xk

defN

k
kk

linearN

k
xk

def

,,,,

,,,,

,,,,,,

3.1.71

1.1.311

1.1.3113.1.7




























am Tvisebis srulad dasamtkiceblad sazogadod mtkicdeba Semdegi 

lema 1. nebismieri ZiriTadi   D (Rn+m)  funqciisaTvis arsebobs 
(7.2.-2) saxis ZiriTad funqciaTa k  D (Rn+m) mimdevroba, romelic 
ikribeba am funqciisaken ZiriTad funqciaTa klasSi, anu  

     yxyx
k

RD
k

mn
yx ,, , 

 


 

damtkiceba. dauSvaT supp QB(0,R) (funqciis sayrdeni moTavsebulia 
R radiusis mqone birTvSi aRniSvnebi  ix. 1.4). veierStrasis Teoremis 
(ixile maTematikuriAnalizis kursi) Tanaxmad arsebobs polinomTa 

iseTi mimdevroba ,...2,1),( kyxPk  rom  

  k
k

yxPDyxD k    ,1),(, da    222 8Ryx  .     (7.2.-3) 

Tavi 2.12 – lema. 1 – is Tanaxmad arseboben iseTi ZiriTadi e(x) da 
h(y) funqciebi, romlebic erTianis tolni arian R radiusian 
birTvze da nulis tolni 2 R radiusiani birTvis gareT Sesabamisad 
Rn-sa da Rm sivrceebSi. maSin funqciaTa mimdevroba  

      ,...2,1),,(,  kyxPyhxeyx kk  

akmayofilebs lemis moTxovnebs.  
II. pirdapiri namravli wrfivi da uwyvetia TiToeuli Tanamamravlis 
mimarT, anu  

                  mn
D

RDgRDffygxfygxfygxfxf 


,,, 212121  ,(7.2.-4) 

      ,0


  


k

RD
k

mn

ygxf     Tu        0


 
k

RD
k

n

xf .         (7.2.-5) 

es ori Tviseba martivad saCvenebelia. magaliTad uwyvetoba, (7.1.-4)–s 
Tanaxmad samarTliania TanadobaTa jaWvi 

                0,,,,,,
4.1.73.1.7

Df

kk

def

k

def

k

k

xxfyxygxfyxygxf



   . 

III. pirdapiri namravli asociatiuria., anu  



                   )(,,, kmn
D

RDhRDgRDfzhygxfzhygxf 


,    
(7.2.-6) 

 

marTlac  nebismieri ZiriTadi   D (Rn+m+k)  funqciisaTvis adgili 
aqvs, Tanadobebs 

                       

             zyxzhygxfzyxzhygxf

zyxzhygxfzyxzhygxfzyxzhygxf
def

defdef

,,,,,,,

,,,,,,,,,,,,

3.1.7

3.1.73.1.7










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 IV. pirdapiri namravlis kerZo warmoebuli, anu nebismieri -saTvis 

            mn
D

x RDgRDfygxfDygxfD 


,, .  (7.2.-7) 

marTlac  nebismieri ZiriTadi   D (Rn+m)  funqciisaTvis adgili 
aqvs, tolobebis jaWvs 

                      

                   
   .,
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
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 V. pirdapiri namravlis namravli gluv funqciaze, anu  

                    nmn
D

RCxaRDgRDfygxfxaygxfxa 


 ,,, .(7.2.-8) 

marTlac  nebismieri ZiriTadi   D (Rn+m)  funqciisaTvis adgili 
aqvs, rom 

                        
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defdef
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
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VI. pirdapiri namravlis Zvra, anu  

          1,,,, RbRDgRDfygbxfybxgf mn
D




.    (7.2.-9) 

marTlac  nebismieri ZiriTadi   D (Rn+m)  funqciisaTvis adgili 
aqvs, rom 
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VII. pirdapiri namravli “erTianze”, anu vityviT, rom 

ganzogadebuli funqcia    yxf 1  ar aris damokidebuli  
argumentze da is moqmedebs rogorc  

               

   
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.    (7.2.-10) 

 



Sedegad vRebulobT, rom nebismieri  nRDf   ganzogadebuli 

funqciisa da nebismieri ZiriTadi   D (Rn+m)  funqciisaTvis 
samarTliania toloba 

         dyyxxfdyyxxf ,,,,  .               (7.2.-11) 

 



 
leqcia 8 gf” 

- “naxvevi” – konvolucia, ganzogadebuli funqciebis naxvevi, misi 
arseboba;  
-  naxvevis zogierTi ZiriTadi Tviseba;  
-  ZiriTadi funqciisa da ganzogadebuli funqciis naxvevi; 
 
8.1. “naxvevi” - konvolucia ; 
  I. gansazRvreba 1. Rn – sivrceSi  ori lokalurad integrebadi 
funqciis naxvevi ewodeba funqcias 

             xfgdzzxfzgdyyxgyfxgf
def

RR
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.         (8.1.-1) 

aRsaniSnavia, rom Tavidanve moiTxoveba, rom       
nR

dyyxgyfxh  

funqcia agreTve iyos lokalurad integrebadi.  am pirobebSi 
advili dasanaxia, rom funqcia (8.1.-1) gansazRvravs ganzogadebul 

funqcias, anu nebismieri ZiriTadi   D (Rn)  funqciisaTvis 
samarTliania Semdegi  jaWvi 
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 anu  

       










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n
y
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dydxyxxfyggf


,             (8.1.-2) 

SeniSvna 1. ramdenime SemTxveva, rodesac gf  naxvevi lokalurad 
integrebadia: 

1. erTerTi funqcia finituria – magaliTad suppgB(0.R);  
2. orive erTi cvladis funqcia nulia, rodesac x<0 (n=1); 
3. orive funqcia integrebadia Rn-Si. 

damxmare gansazRvreba.  vityviT, rom ZiriTad funqciaTa mimdevroba 
{k(x)} krebadia erTianisaken D(Rn) –Si Tu 

 nebismieri kopaqturi simravle –saTvis arsebobs iseTi 

nomeri N , rom rodesac k > N  yoveli x K funqciebi 
k(x) =1; 

 funqciebi {k(x)} TanabradSemosazRvrulni arian 
nebismieri rigia kerZowarmoebulebTan erTad, anu 

   
  ,...;2,1,, kRxCxD n

k . 



aseTi funqciebis savaraudo grafikebi erTerT semTxvevaSi  (n=1) ix. 
nax. 1. 

 
nax. 1   

 
aseTi mimdevroba agebadia amaSi martivad davrwmundebiT mag.  

  







k
xxk  , sadac D  agebulia (2.1.6) erTeulovani wrisaTvis! 

zemoTqmulis gaTvaliswinebiT SeiZleba gansazRvreba (8.1.-2) 
gadavweroT Semdegi saxiT 

                1,;,,,lim,
2


 

k

RD
k

n
kk

n

yxRDxyxyxygxfgf  (8.1.3) 

mtkicdeba, rom  
 ricxvi miRebuli (8.1.3)-gansazRvrebiT SemosazRvrulia; 
 TiTqmis yvelgan R2n-Si  

       yxyxygxf k   ,, ; 

 lebegis Teoremis Tanaxmad (ix. funqcionaluri analizis 
kursi) aRniSnul SemTxvevaSi 

             dxdyyxyxygxfdxdyyxygxf
R

kk
R n

 


 ,lim
2

. 

zemoT motanili msjeloba iyo mosamzadebeli etapi ori 
ganzogadebuli funqciis naxvevis gansazRvrebis Semosatanad! 
SeniSvna 2.  ori ganzogadebuli funqciis  
 pirdapiri namravli yovelTvis arsebobs,  
 naxvevi yovelTvis ar arsebobs!   

  piroba i.) dauSvaT ori ganzogadebuli funqcia f da g iseTebi 
arian, rom maTi pirdapiri namravli (romelic yovelTvis arsebobs) 

“ganvrcobadia”  ZiriTadi klasis nebismier (x+y) tipis funqciebze, 
anu nebismieri erTianisaken R2n -Si krebadi {k(x)} mimdevrobisaTvis  
arsebobs ricxviTi mimdevrobis zRvari 



              yxygxfdxdyyxyxygxf
def

R
kk


 ,,,lim  .          (8.1.-4) 

am SemTxvevaSi zRvari ar aris damokidebuli {k(x)} mimdevrobaze da 
agreTve aRsaniSnavia is faqti, rom nebismieri k nomrisaTvis 

     n
k RDyxyx 2,  . 

 
gansazRvreba 2. Tu Sesrulebulia piroba i.) maSin arsebobs ori 
ganzogadebuli funqciis naxvevi da is aris funqcionali, romelic 

   nRDx   warmodgeba Semdegi saxiT 

             dxdyyxyxygxfyxygxfgf
R

kk

def

 


 ,lim,,
4.1.8

.   (8.1.-5) 

pirdapiri namravlis uwyvetobis gaTvaliswinebiT martivi 
saCvenebelia, rom Tu (8.1.-5) funqcionali arsebobs is uwyvetia da 

wrfivi, anu )( nRDgf  .  
SeniSvna 3. radgan (x+y) ar ekuTvnis D(R2n) sivrces, amitom zRvari 
(8.1.-5)-Si yovelTvis ar arsebobs!! 

   II. operacia naxvevis “erTiani” - dirakis - funqcia, anu  

fff
DD 

  .                       (8.1.-6) 
marTlac, yoveli ZirITadi funqciisa da nebismieri erTianisaken R2n 

–Si krebadi {k(x,y)} mimdevrobisaTvis, adgili aqvs Tanadobas 

     xxx
k

RD
k

n



  )(0,  

Sesabamisad (8.1.-5)- is gaTvaliswinebiT miviRebT, rom 

                  xxfxxxfyxyxyxf kkkk
 ,0,,lim,,lim 


. 

es ki TavisTavad niSnavs, rom adgili aqvs (8.1.-6) tolobebs. 
SeniSvna 4. (8.1.6) formulis Tanaxmad nebismieri funqcia 

warmogdenadia dirakis - funqciis saSualebiT. es fati xSirad 
literaturaSi (gansakuTrebiT fozikurSi) Caiwereba rogorc  

         dxfxf .                       (8.1.-6*) 
am formaluri Canaweris Tanaxmad  

   d1 . 

es formaluri Canaweri garkveuli azriT xsnis im paradoqsul 
situacias, rac warmoiSva  
 wertilovani masis simkvrivis gansazRvrisas ix. 1.2; 
 wertilovani sayrdenis mqone funqciidan integralis 

daTvlisas – SeiZleba is erTis toli iyos!  
  III.  ganzogadebuli funqciebis naxvevis arseboba  
erTxel ukve aRiniSna, rom ganzogadebuli funqciebis naxvevis 
arsebibis piroba i) aris sakmarisi, magram Zalzed “abstraqtuli”, 
anu ToTqmis Seumowmebadi. Arada praqtikisaTvis mniSvnelovania 



piroba, romliTac garantirebuli viqnebiT, rom naxvevi arsebobs da 
is agreTve im klasidanaa saidanac sawyisi funqcievi.  
  Teorema 1. Tu mocemulia ori nebismieri ganzogadebuli funqcia  
f  da g , romelTagan erTerTi, magaliTad  g, finituri sayrdenis 
mqonea. maSin arsebobs naxvevi Dgf   da is warmoidgineba Semdegi 
saxiT 

        yxyygxfgf   ,, ,             (8.1.-7) 
sadac  - nebismieri ZiriTadi klasis funqciaa, romelic erTianis 
tolia suppg – (sayrdenis) midamoSi.  
 naxvevi uwyvetia calcalke orive f  da g ganzogadebuli 
funqciis mimarT, anu 

i. – Tu, 0



k

D
kf , maSin 0




k

D
k gf ; 

ii. – Tu, 0



k

D
kg da arsebobs iseTi ricxvi R, rom suppg  B(0,R) 

maSin 0



k

D
kgf ;  

damtkiceba. Tu gavitvaliswinebT imas, rom  g, finituri sayrdenis 
mqonea e.i. arsebobs iseTi ricxvi R, rom suppg  B(0,R), paragrafi 
2.12 – lema 1. -is Tanaxmad arsebobs iseTi (x) - ZiriTadi klasis 
funqcia, romelic erTianis tolia suppg – (sayrdenis) midamoSi, anu  
supp(x)   B(0,R). aviRoT nebismieri ZiriTadi klasis  (x)D(Rn ) – 
funqcia (gavixsenoT, rom misi sayrdenic kompaqtia, anu supp (x)   
B(0,R) da R2n- Si erTianisaken krebadi mimdevroba k(x,y) D(R2n ).  
aseT pirobebSi advili saCvenebelia, rom sakmarisad didi k 
nomrebisaTvis adgili aqvs tolobas 

         yxyyxyxy k   , .                 (8.1.-8) 
(8.1.-8) tolobisa  da imis gaTvaliswinebiT, rom g = g  miviRebT 
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Teorema damtkicebulia, radgan uwyvetoba uSualod gamomdinareos 
gansazRvreba (8.1.-7)- dan. 
  8.2 naxvevis zogierTi ZiriTadi Tviseba; 

I. naxvevi wrfivia, anu 1
21 ,,,, RDgff    Tu arseboben 

   gfgf  21 ,  naxvevebi, maSin 

     gfgfgff
D




2121  .                 (8.2.-1) 
es Tviseba uSualod gamodis naxvevis (8.1.-5) gansazRvrebidan da 
pirdapiri namravlis wrfivobidan (7.2.-4). 

II. naxvevi sazogadod ar aris uwyveti operacia D - dan D- Si; 



magaliTi: cnobilia, rom   0



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Dkx , magram  

  11
6.1.8

D
kx




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da is ar aris damokidebuli  - s mniSvnelobaze da Sesabamisad ar 
miiswrafis nulisaken!  

III. naxvevi komutatiuria, anu Tu naxvevi  gf   arsebobs, 

MmaSin arsebobs fg  da isini toli arian 

fggf
D




.                                                  (8.2.-2) 
naxvevis es Tviseba uSualo d gamomdinareobs misi  (8.1.-5) 
gansazRvrebidan da pirdapiri namravlis komutatiurobidan (7.2.-1), 

Sesabamisad nabismieri (x)D(Rn ) ZiriTadi funqciisaTvis  
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IV. naxvevis kerZo warmoebuli.  Tu naxvevi  gf   arsebobs, 

maSin nebismieri - multiindeqsisaTvis arseboben Sesabamisad 

gfD   da gDf   naxvevebi Tanac 

   gDfgfDgfD
DD

 


.                                   (8.2.-3) 
es debuleba sakmarisia damtkicebul iqnas nebismieri pirveli 

rigis kerZo warmoebulis SemTxvevaSi, ganvixiloT .,1, nj
x

D
j

j 



 . 

aviRoT nebismieri ZiriTadi klasis  (x)D(Rn ) da R2n- Si 
erTianisaken krebadi mimdevroba {k(x,y)} D(R2n ). SevniSnoT, rom 

mimdevroba {
j

k
k x





 }D(R2n ) da is agreTve krebadia erTianisaken, 
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5.1.82.1.5

gfDgfgf

yxyxygxfDyxyxygxf

yx
x

yx
yxygxfyxyxygxf

x

yx
x

yx
x

yxyx
ygxf

x
yxyxygxfDgfgfD

j

def

kjkkk

j

k
kkk

j
k

term

deflinear

j

k

j

k

k

Leibniz

j
kk

def

j

def

j




























































 



es ki amtkicebs  (8.2.-3) Tanadobis pirvel nawils , meore toloba 
trivialurad gamodis naxvevis komutatiurobidan.  
SeniSvna 5.  

1. fDfDfDDf    ; 

2. rom Sesruldes (8.2.-3) toloba aucilebelia orive gfD   

da gDf   naxvevis arseboba 

3. magaliTi. ar arsebobs 1  da calcalke   
111    da 001   ,                                (8.2.-4) 

sabolood ar sruldeba (8.2.-3) toloba; 
4. naxvevi araasociatiuri operaciaa, magaliTad 

  1111    magram   0011   .  (8.2.-5)   
                   
 V. naxvevis Zvra.  Tu naxvevi  gf   arsebobs, maSin arsebobs 

agreTve    xgbxf   Tanac nebismieri bRn veqtorisaTvis  
      bxgfxgbxf  ,                  (8.2.-6)   

anu Zvrisa da naxvevis operaciebi komutatiuri arian. 
marTlac, SevniSnoT, rom R2n- Si erTianisaken krebadi yvela 

mimdevrobisaTvis  {k(x,y)} D(R2n ) nebismieri bRn veqtoris 
SemTxvevaSi,  mimdevroba {k(x-b,y)} D(R2n ) agreTve krebadia 
erTianisaken. Semdeg gaviTvaliswinebT ra Zvris ganmartebas 
miviRebT, rom  

              

            



,,,lim

,,lim,,

3.1.89.2.7

3.1.87.3.4

xgbxfyxyxygbxf

ybxybxygxfbxgfbxgf
def

kk

bxx

kk

defdef










 

8.3. ZiriTadi funqciisa da ganzogadebuli funqciis naxvevi; 
naxvevis arsebobis erTerTi pirobaa romelime funqciis 

finituroba, amitom Zalze saintereso da bunebrivad gansaxilavi 

SemTxvevaa ganzogadebuli f funqciisa da  ZiriTadi funqciis 
naxvevi. cxadia, rom am SemTxvevaSi f  arsebobs da  

       nRCyxyfxf   , .                  (8.3.-1) 
marTlac  (8.1.-7)–is Tanaxmad nebismieri D ZiriTadi 
funqciisaTvis  

            

             

                 xyxyfdxxyxyfdyxxyf

dyyfdyyf

yyfxxf

def

yx








,,,,

,,

,,

4.1.311.2.7

1

4.1.3

3.1.77.1.8

















  

aqgamoyenebulia is faqti, rom ori ZiriTadi funqciis namravli 

isev ZiriTadi funqciaa, xolo  aris erTis toli  funqciis 
sayrdenis midamoSi. uSualo SemowmebiT, analogiuri msjelobiT   



ixile 7.1 lema 1. damtkiceba, davrwmundebiT, rom (8.3.-1)-iT 
gansazRvruli funqcia usasrulod gluvi funqciaa! 

magaliTi. nebismieri ganzogadebuli funqciis naxvevi 
“gasaSualoebis birTvTan” arsebobs, is usasrulod gluvi funqciaa  
da mas am funqciis “regularizacia” ewodeba, 

         nRCyxyfxfxf    , .         (8.3.-2) 

radgan adre naCvenebi iyo, rom    xx
D

 



 0  (ixile (4.2.-5) da 

agreTve am tipis naxvevis uwyvetobis (8.3.-1) gaTvaliswinebiT 
vakeTebT daskvnas, rom nebismieri ganzogadebuli funqcia aris 
susti zRvari Tavisi usasrulud gluvi regularizaciebis, anu 

     xfxf
D

 0 .                       (8.3.-3) 
martivad, rom vTqvaT nebismieri funqciis miaxloeba SesaZlebelia 
usasrulod gluvi funqciebiT. 
 am Sedegze dayrdnobiT mtkicdeba kidev ufro Zlieri faqti 
Teorema 1. nebismieri ganzogadebuli funqcia aris susti zRvari 
ZiriTadi funqciebis mimdevrobisa, anu simravle D mkvrivia D -Si. 
damtkiceba. ganvixiloT  xf ganzogadebuli funqciis 

regularizacia  xf  da ZiriTad funqciaTa mimdevroba   x , 

rodesac 0  Tanac   










1,0,1 Bxx . maSin ZiriTad funqciaTa 

mimdevroba      xfxfx
D

  0 , radgan yoveli  ZiriTadi  (x) D 
funqciisaTvis  

 
,,lim,lim,lim

3.3.80010.1.30
ffff


 . 

es Teorema mniSvnelovani imitacaa, rom SesaZlebelia Sebrunebuli 
winadadebis damtkiceba, anu, rom lokalurad integrebadi 
funqciebis mimdevrobis susti zRvari aris ganzogadebuli funqcia 

D - dan. Sesabamisad ganzogadebul funqciaTa Teoria SesaZlebelia 
“aSendes” rogorc Cveulebrivi funqciebis susti zRvrebis Teoria. 
Amgvari midgoma sesaZloa ixiloT antosiakis, mikusinskisa, 
sikorskisa da sxvaTa SromebSi. 
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leqcia 9 “gf” 

- “swrafad qrobad” ZiriTad funqciaTa klasi S; am klasSi 
gansazRvruli krebadoba (gansazRvreba, magaliTebi) 

- “nela zrdadi” ganzogadebuli funqciebi (gansazRvreba, 
magaliTebi)  

 
9.1. - ZiriTad funqciaTa klasi  
 
gansazRvreba 1. S = S (Rn)  (S – loran Svarcis sapativcemulod)  
ganisazRvreba, rogorc: 

a. ZiriTad “swrafad qrobad” funqciaTa S simravle anu am  Rn  
simravleze yvela usasrulod gluv funqciaTa )( nRC  simravle, 
romlebic amave dros usasrulobis midamoSi qrebian nebismier 
xarisxovan funqciaze ufro Cqara, anu  

   
def

p
p

p CxDxconstCNp  ,1.,,, ,, 


   S          (9.1.-1) 

b. krebadoba S klasSi – anu S simravlis 1, 2, . . .  k elementTa 
(ZiriTad “swrafad qrobad” funqciaTa) mimdevroba krebadia S -Si 
 - saken  Tu: 

1.) arsebobs iseT ricxvi R > 0, iseTi rom  supp k  Qr(0) 

2.) yoveli  = (1, 2,…, n)  multiindeqsisaTvisa da nebismieri 
dadebiTi mTeli ricxvi p-saTvis Sesabamisi mimdevroba  

       kxDxxDx pRx
k

p n

),(1)(1  
         (9.1.-2)                

Tanabradkrebadia,  anu am SemTxvevaSi davwerT, rom:  

),()( xx
k

S
k 


                        (9.1.-3)                  

cxadia, rom simravle  S aris wrfivi  anu: 
3.) nebismieri ori ZiriTadi funqciis jami an sxvaoba isev 

ZiriTadi funqciaa, 

1, 2  S  1 + 2  S da  1 - 2  S 
4.) nebismieri ZiriTadi funqciis namravli namdvil ricxvze 

agreTve ZiriTadi funqciaa (analogiuri Teoria SesaZlebelia 
agebul iqnas kompleqsuri mniSvnelobis mqone funqciebisa da 
Sesabamisad kompleqsuri ricxvebisaTvis, magram es semTveva 
mocemul leqciaTa kursSi ganxiluli ar iqneba), 

  S da  a  R1     a   S 
5.) cxadia, rom ZiriTad “swrafad qrobad” funqciaTa sivrce S 

ufro farTea vidre aqamde ganxiluli sivrce D, anu D  S.  
magaliTi: martivi saCvenebelia, rom 

       .,
22

nxnx RDexRSex     



 2

6.) SeniSvna 1: nebismieri rigis diferencirebis operacia D 
uwyvetia S -dan S -Si; 

7.) SeniSvna 2: cvladTa arasakuTrivi gardaqmna  (Ay+b) uwyvetia 
S -dan S -Si; 

x = Ay+b  anu  xi =Aij yj+bi ,  i,j =1,2,…,n    
8.) SeniSvna 3: D –sivrcisagan gansxvavebiT (ixile 2.8) SeniSvna 3.) 

S klasis funqciis usasrulod gluv funqciaze gamravleba 
SeiZleba aRar iyos S klasis funqcia.  

magaliTi:        ,,
22

nxnx RCexaRSex    da  

     .1
22

nxx RSeexxa                    (9.1.-4)                   

  D()  da  a(x)  C()     a(x) (x)  D(); 
9.) ganvixiloT gluvi funqciebi, romlebic usasrulobaSi 

TviTon da maTi nebismieri rigis kerZo warmoebulebi 
izrdebian araumetes polinomialuri siCqariT, anu  

        




 mn
M xCxaDCmRCxa   1,,:       (9.1.-5) 

advili sanaxavia, rom S klasis funqciis namravli M  klasis 
funqciaze uwyvetia S –idan  S – Si. 

mag. Tu 0)(



k

S
k x  maSin nebisbieri  da  multiindeqsebi-

saTvis (9.1.-2)-is Tanaxmad cxadia, rom  

   n
kk RxxxaDx    ,0)(

. 

 
9.2. “nela zrdadi” ganzogadebuli funqciebi 
 

gansazRvreba:  nebismier  
a. funqcionals  
b. wrfivs; 
g. uwyvets 

“swrafad qrobad” ZiriTad funqciaTa S klasze “nela zrdadi”  
ganzogadebuli funqcia (“ganawileba”) ewodeba  

is gamoisaxeba (3.1.- 1)-is analogiurad rogorc 

           fTxxfxxff  ,|, .               (9.2.-1)               

 
detalurad 

a. - ganzogadebuli funqcia f(x) – aris funqcionali S – ze anu 
nebismieri    S funqciisaTvis wyvili  )(),( xxf   aris 
namdvili (kompleqsuri) ricxvi.  

b. - ganzogadebuli funqcia f(x) – aris wrfivi funqcionali S – 
ze anu nebismieri   S da  S  funqciebisaTvis da namdvili 

(kompleqsuri)  da  ricxvebisaTvis   
             xxfxxfxxxf  |||        (9.2.-2) 
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g. - ganzogadebuli funqcia f(x) – aris uwyveti funqcionali S – 
ze anu Tu 0S

k  rodesac k  maSin agreTve krebadia 

sesabamisi ricxviTi mimdevroba, anu 

    0| xxf k   rodesac k          (9.2.-3) 

ganzogadebul funqciaTa simravle aRiniSneba  S ! 

   I.  simravle  S - wrfivia anu nebismieri  mocemuli 

ganzogadebuli   Sf  da funqciebisa   Sg  da namdvili 

(kompleqsuri)  da  ricxvebisaTvis wrfivi kombinacia agreTve 
ganzogadebuli funqciaa  

(f(x)+g(x)  D’() ), romelic ganisazRvreba Semdegi formuliT  

                Sxxxgxxfxxgxf   |||    (9.2.-4) 

damtkiceba: am punqtSi motanili umetesoba dedebulebis damtkiceba 

sityvsitviT imeorebs D’()- saTvis (ixile 3.2. Tavis Sesabamisi 
punqtebi) motanil damtkicebebs, oRond ZiriTadi funqcia   D() 
am semTxvevaSi icvleba   S.   
   II.  krebadoba S – ze – ganisazRvreba rogorc funqcionalebis 
mimdevrobis „susti“ zRvari, anu vityviT, rom ganzogadebul 

funqciaTa mimdevroba f1, . . . ,fn  S krebadia f  S  ganzogadebuli 

funqciisaken Tu nebismieri ZiriTadi   S  funqciisaTvis ricxviTi 

mimdevroba    xxf k |  krebadia    xxf |  ricxvisaken! aseT 

SemTxvevaSi Cven davwerT 

  kff S
k                     (9.2.-5) 

   III. wrTivi S   simravles,  masSi SemoRebuli (9.2.-5) krebadobiT 
ewodeba „nela zRdad ganzogadebul funqciaTa“ („ganawilebaTa“)  
sivrce ! 

IV. „nela zrdad ganzogadebul funqciaTa“ sivrce warmoadgens 

ganzogadebul funqciaTa sivrcis qvesivrces, anu  S    D.  
es debuleba martivad dasanaxia, radgan 9.1.5)-is Tanaxmad D  S da 
sesabamisad S – ze gansaZrvruli funqcionali ar niSnavs, rom is 
gansazRvrulia D –zec. 
     V.  - nela zrdadi ganzogadebuli funqciis namravli M klasis 

funqciaze; mocemulia f  S  ganzogadebul funqcia da raime 

  Mxa   klasis funqcia – maTi namravli am SemTxvevaSi bunebrivia 
aris  

              Sxxxaxfxxfxa   ,,| .        (9.2.-6)  

SevniSnoT, rom es tolobaTa jaWvi samarTliania nebismieri 

ZiriTadi funqciisaTvis da agreTve SevniSnoT, rom radgan  S  da 
  Mxa   maSin (9.1.-5) –is Tanaxmad a(x)(x) S  da amitom      Sxfxa  . 
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SeniSvna 1. (9.2.-6) gansazRvrebidan Cans, rom   Mxa   klasis 

funqciaze gamravleba aris  wrfivi da uwyveti asaxva S  -dan S -Si.  
SeniSvna 2. (9.2.-6) gansazRvrebidan Cans, rom SeuZlebelia klasis 

Secvla,  radgan rodesac   S da   Mxa    ar aris marTebuli 

daskvna, rom (x)a(x)) S! 
 VI.  – Svarcis Teorema. imisaTvis, rom S –ze gansazRvruli f 
wrfivi funqcionali iyos nela zrdadi ganzogadebuli funqcia, 

anu  f  S , aucilebeli da sakmarisia, rom arsebobdnen iseTi C > 0, 
da p  0 (p-mTelia) ricxvebi, rom nebismieri ZiriTadi swrafad 
qrobadi  S  funqciisaTvis samarTliani iyos utoloba 

      SxCxxf
p

  ,, ,              (9.2.-7) 

sadac 

   .1sup
,

xDx p

Rxp
p n

 





.                   (9.2.-8) 

damtkiceba.  sakmarisoba. f  S  da kmayofildeba utoloba (9.2.-7) da   

Tu k S da 0)(



k

S
k x  .0  kp

 Sesabamisad gamodis, rom 

.0,   kpk Cf  es ki uSualod niSnavs imas, rom f  uwyvetia. 

Cxadia, rom wrfivobis damtkiceba trivialuria! anu f  wrfivi, 
uwyveti funqcionalia.  

aucilebloba. f  S  da vaCvenoT rom arsebobdnen iseTi C > 0, da p  0 
(p-mTelia) ricxvebi, rom nebismieri ZiriTadi swrafad qrobadi  S  
funqciisaTvis samarTliania utoloba  (9.2.-7). dauSvaT sawinaaR-

mdego, rom aseTi ricxvebi ar arseboben. maSin moiZebneba k S 
iseTi mimdevroba, rom   

    .,
kkk kxxf                                             (9.2.-9) 

SevniSnoT, rom krebadia nulisaken Semdeg funqciaTa mimdevroba 

   
 

0



k

S

kk

k
k xk

xx



 , 

radgan nebismieri sakmarisad didi k nomrisaTvis, rodesac k  || da   
k  || samarTliania, rom    

 
 
 

.01
1.1.9

   k
k

k
k kxk

xDx
xDx







  

aqedan da  funqcionalis uwyvetobidan gamodis, rom Sesabamisi 
ricxviTi mimdevrobac  

    0,   kk xxf                                            (9.2.-10) 
krebadia anu SemosazRvrulic. arada (9.2.-9)  daSvebis Tanaxmad  

   
 

     kk

kk
k kxxf

xk
xxf

9.2.9
),(1, 


 .                (9.2.-10*) 



 5

miRebuli (9.2.-10)  da  (9.2.-10*) Tanadobebs Soris winaaRmdegobrioba 
amtkicebs Teoremas! 
 am Teoremis arsi imasi mdgomareobs, rom nebismieri nela 
zrdadi ganzogadebuli funqcia warmoadgens uwyvet funqcionals 

romeliRac 
p
sasruli rigis normis mimarT (literaturaSi 

gvxdeba gamoTqma – “sasruli rigi”). 
     VII.  - nela zrdadi ganzogadebuli funqciis magaliTebi  
I. nebismieri lokalurad integrebadi “nela zrdadi” funqcia 
warmoqmnis nela zrdad ganzogadebul funqcias, anu Tu  

   n
loc RLxf         da             

 dxxxf m

Rn

1        (9.2.-11) 

maSin warmoiqmneba regularuli nela zrdadi ganzogadebuli 
funqcia  

           n

R

RSxdxxxfxxf
n

   ,, .          (9.2.-12) 

SeniSvna 1. nebismieri lokalurad integrebadi funqcia ar 
warmoqmnis nela zrdad ganzogadebul funqcias, magaliTad  

 1RSe x  .                             (9.2.-13) 
SeniSvna 2. nebismieri lokalurad integrebadi funqcia, romelic 
warmoiqmnis regularul nela zrdad ganzogadebul funqcias 
yovelTvis ar aris nela zrdadi, magaliTad funqcia 

  xxx eee sincos 


 aris lokalurad integrebadi da ar aris nela 

zrdadi, magram   Se x 
cos , radgan 

        Sxdxxexe
nR

x
def

x 


  cos,cos . 

II. Tu f - finituri sayrdenis mqone ganzogadebuli funqciaa D - dan, 
maSin is calsaxad grZeldeba S –ze da xdeba S  -is elementi 

,,, Sff    da    xx ,1 O(supp f), Tanac   Dx  .   (9.2.-14) 
     VIII.  - nela zrdadi ganzogadebuli funqciis zogierTi Tviseba 

I.  nela zrdadi ganzogadebuli funqciis f S  nebismieri 
rigis kerZo warmoebuli agreTve aris  nela zrdadi 

ganzogadebuli funqcia, anu  D f S  . ra Tqma unda warmoebulis 
gansazRvra xdeba (5.1.-2) formuliT oRond ZiriTadi funqciebis 
klasia axali, anu  

    SxDffD
def




  ,,1,
2.1.5

.           (9.2.-14) 

II. f(x) S      IX.  - wertilovani sayrdenis mqone ganzogadebuli 

funqcia.cvladTa arasakuTrivi gardaqmna, x=Ay+b,  det|A|  0 , agreTve 

ar cvlis klass, anu  f(Ay+b) S . 
marTlac   
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       
A

bxAxfxbAxf
def

det
)(,,

1

4.3.4








 .            (9.2.-15) 

     IX.  - wertilovani sayrdenis mqone ganzogadebuli funqcia. 
Teorema. Tu ganzogadebuli funqciis sayrdeni aris erTi wertili, 
magaliTad {0}, maSin is calsaxad warmodgeba Semdegi saxiT 

   



m

xDCxf
0


  .                      (9.2.-16) 

am faqtis damtkiceba ZiriTadad eyrdnoba Svarcis Teoremas da 
SesaZlebelia misi naxva mag .[2].   
     X.  nela zrdadi ganzogadebuli funqciebis pirdapiri namravli. 
es operacia bunebrivad gadadis nela zrdad ganzogadebul 
funqciebis simravleze absoluturad igive gansazRvrebiT, rac iyo 
mocemuli (7.1.-3) – iT, gansxvaveba funqciaTa klasebSia, anu  

               mn
yx

def
RSyxyxygxfyxygxf  ,,,,,,,     (9.2.-17) 

gansazRvrebis koreqtulobis saCveneblad 7.1. lema 1.-is 
analogiurad da absoluturad igive msjelobiT mtkicdeba Semdegi  

lema. 1. nebismieri nela zrdadi ganzogadebuli    m
yRSyg   da 

nebismieri swrafad qrobadi ZiriTadi    mn
yxRSyx  ,,  funqciebis 

saSualebiT gansazRvruli funqcia  

           mn
yx

n
x

def

RSyxRSyxygx  ,,,,       (9. 2.-18) 
Tanac yoveli  multiindeqsisaTvis  

     yxDygxD x ,,                                            (9. 2.-19) 

da Tu mocemulia krebadi mimdevroba   ,0, )(


 


k

RS
k

mn

yx maSin  

        0,,

 

k

RS
kk

n

yxygx                                          (9. 2.-20) 

damtkiceba. saCvenebelia, rom   S.  Svarcis Teoremis Tanaxmad 

arseboben iseTi C > 0 da p  0 ricxvebi, rom nebismieri   S (Rn+m ) 
funqciisa,   - multiindexsisa da xRn wertilisaTvis 
samarTliania utolobebi  

       yxDDyCyxDyg xy
p

pRy
x

m
,1sup,,

,
 



 


. 

amitomac,  (9. 2.-19)-is gaTvaliswinebiT 

   yxDDxyCDx xy
p

pRy m
,1sup

,
 



 


.           (9.2.-21) 

aqedan imis gaTvaliswinebiT, rom   S (Rn+m ) martivad mtkicdeba 
lemis danarCeni debulebebi. 
 I. pirdapiri namravli komutatiuria da asociatiuri nela 
zrdadi ganzogadebuli funqciebis klasze, anu 

                 mnmn RSxfygygxfRSygRSxf  & ;  (9.2.-22) 
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           
               kmn

kmn

RSzhygxfzhygxf
RSzhRSygRSxf


 &,
.              (9.2.-23) 

yvela es Tviseba Zalzed martivad mtkicdeba 7.2.- Si motanili 
Sesabamisi msjelobebis faqtiurad gameorebiT. Ubralod SevniSnavT, 
rom am SemTxvevebSi msjelobisas ZiriTad funqciaTa klasi 
Secvlilia swrafad qrobadi ZiriTadi funqciaTa klasiT. 

kerZod. A.) (7.2.-10) – is analogiurad          Sxfyyxf  11  da 

amitom 

             mnRSyxdyyxxfdyyxxf ,,,,,,  .     (9.2.-24) 

B.) asaxva “pirdapiri namravli” wrfivi da uwyvetia ToToeuli 
funqciis mimarT, anu wrfivi da uwyvetia asaxvebi: 

).()(:

);()(:
mnm

G

mnn
f

RSRSgfF

RSRSgfF







                 (9.2.-25) 

     XI.  nela zrdadi ganzogadebuli funqciebis naxvevi. 
8.1.III. – puqtis Teoremis analogiurad SesaZlebelia damtkicdes  
Teorema. Tu mocemulia nebismieri nela zdadi ganzogadebuli 
funqcia  f  S  da finituri sayrdenis mqone   g D   ganzogadebuli 
funqcia maSin yovelTvis arsebobs naxvevi Sgf   da is 
warmoidgineba Semdegi saxiT 

        yxyygxfgf   ,, ,             (9.2.-26) 
sadac  - nebismieri ZiriTadi klasis funqciaa, romelic erTianis 
tolia suppg – (sayrdenis) midamoSi.  
   



leqcia 10 “gf” 
 

- furies gardaqmna swrafad qrobadi klasis funqciebisaTvis; 

- furies gardaqmna nela zdadi ganzogadebuli funqciebisaTvis; 
- furies gardaqmnis Tvisebebi; parsevalis toloba; 

  
10.1 furies gardaqmna swrafad qrobadi klasis funqciebisaTvis; 

radgan swrafad qrobadi klasis funqciebi imav droulad absoluturad 

integrebadnic arian Rn –Si da Sesabamisad maTTvis bunebrivia, rom 
gansazRvrulia klasikuri furies gardaqmna.  

               .,ˆ , SxdxexxFF
nR

xi
def

          (10.1.-1) 

(,x)=1x1+ 2x2+. . . + nxn  - skalaruli namravlia (ixile aRniSvnebi 1.4 ). 
SeniSvna 1. Tu  (x)S, maSin furies gardaqmna F[]() SemosazRruli da 
uwyveti funqciaa. 

SeniSvna 2. Tu  (x)S, Sesabamisad usasrulobis midamoSi is nebismier 

xarisxovan funqciaze ufro Cqara qreba. amitom misi furies gardaqmna 
integralis niSnis qveS SesaZlebelia gawarmovdes nebismieri rigiT, anu  

                  .,
1.1.10

, SxxixFdxexixxFD
nR

def
xi   

    (10.1.-2) 

da es niSnavs imas, rom furies gardaqmna F[]()C(Rn).  aseTive Tvisebebi 
gaaCnia ganmartebis Tanaxmad TviTon swrafad qrobad DD (x) funqcias, da 
amitom   

                      xFidxeixdxexDxDF
def

R

xi

R

xi

nn


  1.1.10

,

5.4.1

, 1 (10.1.-3) 

Sesabamisad am ori formulis gaerTianeba gvaZlevs  

                .  xxDFixixFxFD      (10.1.-4) 

warmodgenili formula gvaZlevs saSualebas davaskvnaT, rom D F[]() 
TanabradSemosazRvrulia, vinaidan  

             .&, SxFSxdxxxDxFD
nR

      (10.1.-5) 

anu furies gardaqmna swrafad qrobadi S klasisaTvis “ar gadis” am 

klasidan!@ 

SeniSvna 3.  furies gardaqmna ZiriTadi D klasisaTvis “gadis” am klasidan, 
anu usasrulod diferencirebadi finituri funqciis furie gardaqmna 

analizuri funqciaa da misi finituroba yovelTvis uzrunvelyofili araa! 

SeniSvna 4.  Tu  (x)S,  maSin is gamoisaxeba Tavisi furies gardaqmnisa da 
ukufuries gargaqmnis saSualebiT   

             xxFFxxFFx  11   ,        (10.1.-6) 

sadac  



   
 

   

 
   

 
   

 
   .

2
1

2
1

2
1

2
1

1.1.10

,

1.1.101.1.10

,1

xFde

xFdexF

n

def

R

xi
n

def

n

def

R

xi
n

def

n

n


































        (10.1.-7) 

SeniSvna 5.  furies gardaqmna swrafad qrobadi ZiriTadi funqciaTa klass 

gardaqmnis Tavis TavSi Tanac calsaxad, anu Tu (x)S , maSin is aris 
romeliRac (x)S funqciis furies gardaqmna. radgan furies gardaqmna 
(x)=0 funqciisa aris nuli da piriqiT. 

 

 SSF :   urTierTcalsaxa asaxvaa              (10.1.-8) 

SeniSvna 6.  (10.1.-8) uwyveti asaxvaa! 

marTlac, Tu  k(x)0 , k da mimdevrobis yvela wevri  S  klasidanaa, maSin 

(10.1.-5) –is Tanaxmad yoveli funqciisaTvisa da nebismieri 

multiindeqsebisaTvis samarTliania, rom  

          
  



 


n
n

n R
n

n
k

RxR
kk

x
dxxxxDdxxxDxFD 1

1

1
1sup   , 

anu     0



k

S
k xF  .  

   10.2. furies gardaqmna nela zdadi ganzogadebuli funqciebisaTvis; 

tradiciulad davakvirdeT ra Tviseba gaaCniaT klasikur funqciebs, rom erTi 

Sesabamisi Tviseba daudoT safuZvlad furies gardaqmnis  gansazRvrebas nela 
zdadi ganzogadebuli funqciebisaTvis! AmisaTvis ganvixiloT SemTxveva, 

rodesac funqcia f(x) absoluturad integrebadia Rn-Si  da Sesabamisad misi 
furies gardaqmna  

              
nn RR

xi dxxfxfFdxexfxfF   ,,  

aris uwyveti da SemosazRvruli funqciaa Rn-Si. Sesabamisad is gansazRvravs 
regularul nela zrdad ganzogadebul funqcias S -Si, anu  

              .,, SdxfFxfF
nR

def
     (10.2.-1) 

furies gardaqmnis ganmartebisa da fubinis Teoremis (ix. maTematikuri 

analizis kursi) Tanaxmad SeiZleba davweroT, rom nebismieri (x)S 
funqciisaTvis adgili aqvs tolobebis jaWvs  

 

                 

                 xFxfdxxFxfdxdexf

ddxexfdxfFxfF

def

R

def

R

xi

R

Th

Fubini

R R

xi
def

R

def

n
x

n
x

n

n n
x

n













,

,

1.2.101.1.10

,

,

1.1.101.2.10









 

 
 

da am jaWvis pirveli da ukanaskneli wevri saSualebas iZleva bunebrivad 

SemovitanoT  



gansazRvreba 1.  furies gardaqmna nebismieri nela zdadi ganzogadebuli 
funqciisaTvis ganisazRvreba Semdegi tolobiT 

            SSfxFxfxfF
def

  ,,, .    (10.2.-2) 
martivi SemowmebiT, cxadi gaxdeba, rom ase gansazRvruli furies gardaqmna 

aris wrfivi da uwyveti funqcionali.  
magaliTad uwyvetoba: aviRoT swrafad qrobad ZiriTad funqciaTa krebadi 

mimdevroba, k(x)0 , k, radgan 10.1 SeniSvna 6-is Tanaxmad 
    0



k

S
k xF  , da imis gaTvaliswinebiT, rom f funqcionali uwyvetia, 

gamodis, rom (10.2.-2) furies gardaqmnac uwyvetia.  

 SeniSvna 1. furies gardaqmna nela zdadi ganzogadebuli funqciebisaTvis aris 
uwyveti, wrfivi asaxva SSF : .  

gansazRvreba 2.  Seqceuli furies gardaqmna nebismieri nela zdadi 

ganzogadebuli funqciisaTvis ganisazRvreba Semdegi tolobiT 
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               (10.2.-3) 

SeniSvna 2. 

        SfxfFFfxfFF   .,11 .         (10.2.-4) 

damtkiceba. nebismieri swrafad qrobadi ZiriTad funqciisaTvis (x)S 
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daskvna. Uoveli nela zrdsadi ganzogadebuli funqcia warmoadgens aseTive 

ganzogadebuli funqciis furies gardaqmnas, da radgan F[f]=0   f=0, gamodis, 
rom asaxva SSF :  aris urTierTcalsaxa. 

gansazRvreba 3.  Tu mocemulia f(x,y) S (Rn+m) nela zdadi ganzogadebuli 

funqcia maSin furies gardaqmna nawili argumentebiT (magaliTad x) 
ganisazRvreba Semdegnairad 

            yxyFyxfyyxfF
def

x ,,,,,,,   ,        (10.2.-5) 

sadac  
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xi
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

 


,,,, .         (10.2.-6) 

SeniSvna 3. asaxva (10.2.-6) uwyvetia S (Rn+m)- dan  S (Rn+m)-Si. 
magaliTi:   

    0,0 xi
D
exxF 


 .                    (10.2.-7) 

marTlac, samarTliania tolobaTa jaWvi 
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aqedan gamodis, rom 

   1
D

xF


 .                       (10.2.-8) 

saidanac (10.2.-4)- is Tanaxmad  

   
 

 1
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11
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1 FFx n




  ,   anda         nF 21  .     (10.2.-9) 

   10.3 furies gardaqmnis Tvisebebi; parsevalis toloba; 

I. nela zdadi ganzogadebuli funqciis furies gardaqmnis kerZo 
warmoebuli. 

Tu f(x) S (Rn) maSin  nebismieri multiindeqsisaTvis  

         .  xfixFxfFD
S
                  (10.3.-1) 

marTlac nebismieri (x)S  samarTliania, rom 
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kerZod Tu f =1 maSin (10.2.-9)-is Tanaxmad  
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9.2.101.3.10
.          (10.3.-2) 

II. nela zdadi ganzogadebuli funqciis kerZo warmoebulis  furies 
gardaqmna.   

Tu f(x) S (Rn) maSin  nebismieri multiindeqsisaTvis  
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S

x 


               (10.3.-3) 

marTlac nebismieri (x)S  samarTliania, rom 
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 kerZod Tu f(x) =(x),  maSin (10.2.-8)-is Tanaxmad 
            .

8.2.103.3.10

  ixFixDF x 


       (10.3.-4) 

III. nela zdadi ganzogadebuli funqciis Zvris .furies gardaqmna.   

Tu f(x) S (Rn) maSin  nebismieri x0- fiqsirebuli veqtorisaTvis 

         .,0 0

  xfFexxfF xi
S 
                (10.3.-5) 

marTlac nebismieri (x)S  samarTliania, rom 
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IV. nela zdadi ganzogadebuli funqciis furies gardaqmnis Zvra.  

Tu f(x) S (Rn) maSin  nebismieri 0- fiqsirebuli veqtorisaTvis 
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  xfeFxfF xi
S 
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marTlac nebismieri (x)S  samarTliania, rom 
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V. nela zdadi ganzogadebuli funqciis „arekvlis“ furies gardaqmna. 

Tu f(x) S (Rn) maSin  nebismieri c - fiqsirebuli ricxvisaTvis 
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c
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S 
                (10.3.-7) 

marTlac nebismieri (x)S  samarTliania, rom 

 
 

VI. nela zdadi ganzogadebuli funqciebis pirdapiri namravlis furies 
gardaqmna. 

Tu f(x) S (Rn) da  g(x) S (Rm)  maSin  adgili aqvs Semdeg tolobebs 
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   (10.3.-8) 

marTlac nebismieri (x)S(Rn+m)  samarTliania, rom 
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es tolobaTa jaWvi amtkicebs Sesabamis tolobebs (10.3.-8). 
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VII. finituri sayrdenis mqone ganzogadebuli funqciis furies 
gardaqmna. 

Teorema. Tu f(x) S (Rn) da  suppf(x)-kompaqturi simravlea,  maSin misi 
furies gardaqmna  F[f(x)]()M  - klass (9.1.-5) da warmoidgineba Semdegi 
formuliT 

           xiexxfxfF ,,   ,                    (10.3.-9) 

sadac (x)D nebismieri ZiriTadi klasis funqciaa, romelic erTianis tolia 
suppf(x)-is midamoSi. 
damtkiceba. marTlac nebismieri (x)S  samarTliania, rom 
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es ki uCvenebs, rom rodesac =0 samarTliania formula (10.3.-9), metic 

gamodis, rom F[f}C, meores mxriv Svarcis Teoremis Tanaxmad arsebobdnen 
iseTi C > 0, da p  0 (p-mTelia) ricxvebi, rom nebismieri ZiriTadi swrafad 

qrobadi  S  funqciebisaTvis samarTliania (9.2.-7) Sefaseba, Sesabamisad 

nebismieri Rn veqtotisaTvis  

               

         .11sup

,

,

,

8.2.9

,

7.2.9

,

10.3.10

pS
xip

Rxp

def

p

xixi

CexxDxC

eixxCeixxxfxfFD

n


















 

es ki uSualod amtkicebs im faqts, rom F[f(x)]()M  .  
VIII. nela zdadi ganzogadebuli funqciebis naxvevis furies gardaqmna. 

Tu f(x) S (Rn) da  g(x) D (Rm)  da misi sayrdeni kompaqturi simravlea, maSin  

            xfFxgFxgfF  ,             (10.3.-11) 

marTlac nebismieri (x)S(Rn+m)  samarTliania, rom 
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rac amtkicebs (10.3.-11)–is samarTlianobas. 



leqcia 11 “gf” 
 

- nebismieri rigis wrfivi kerZowarmoebulebiani diferencialuri 
gantolebis ganzogadebuli amonaxsnebi 

- funamenturi amonaxnebi.  

 

 11.1 wrfivi diferencialuri gantolebis ganzogadebuli amonaxnebi. 

ganvixiloT nebismieri rigis mravali cvladis wrfivi diferencialuri 

gantolebis zogadi saxe  

       xfxuDxaxuDxL
m

m 



0

),(



 .             (11.1.-1) 

m –gantolebis rigia, a(x)  C(Rn).  maTematikuri fizikis gantolebebis an 
kerZowarmoebulebiani diferencialuri gantolebebis klasikur kursebSi (11.1.-

1) gantolebis marjvena mxared ganixileba f (x)  Ck(Rn) gluvi funqcia da 

Sesabamisad amonaxsni u(x) iZebneba Sesabamisad Cm+k(Rn) klasSi. Magram, rogorc 
Tavidan mogaxseneT fizikuri procesebis aRwerisas Zalze mniSvnelovania 

Seswavlili iqnas sakiTxi, Tu ras niSnavs (11.1.-1) gantolebis amonaxsni, 

rodesac marjvena mxare f (x) wyvetili an metic mxolod zomadi funqciaa. 
Zogadi tradiciuli msjelobidan gamomdinare amonaxsni u(x) minimum Cm(Rn) 
klasSia sazebni (radgan azri hqondes m rigiT gawarmoebas), magram am 
SemTxvevaSic marcxena mxares mirebuli funqcia minimum uwyvetia da marjvena 

mxares cven Tavidanve wyvetil funqciad aRviqvamT – gamodis “absurdi”!  

 dasmul sakiTxs ganzogadebuli funqciebis kuTxiT, rom miudgeT, anu 

(11.1.-1) gantoleba aRviqvad ganzogadebuli funqciebis tolobad,  e.i. 
 

          DxxfxxuDxLm  ,,,),( .     (11.1.-2) 

 

gansazRvreba 1. (11.1.-1) gantolebis ganzogadebuli amonaxsni - areSi, ewodeba 

u  D() ganzogadebul funqcias, romlisTvisac nebismieri ZiriTadi 
funqciisaTvis adgili aqvs (11.1-2) tolobas. ase gansazRvruli amonaxsni 

azriania , rodesac marjvena mxare TviTonac ganzogadebuli funqciaa, anu Tu  

f  D(). 
Cxsdia, rom toloba (11.1.-2). ganvlili masalis gaTvaliswinebiT, gaigeba 

rogorc  

         ,,,),(, *  DxxfxDxLxu m       (11.1.-3) 

sadac  

        .1),(
0

* 



m

m xxaDxDxL



              (11.1.-4) 

 
marTlac adgili aqvs tolobaTa jaWvs 
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
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
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msjelobidan cxadia, rom nebismnieri klasikuri amonaxsni amav droulad aris 

ganzogadebuli amonaxsnic.  piriqiTa SemxvevaSi samartliania Semdegi 

lema.  Tu (11.1.-1) gantolebis marjvena mxare uwyveti funqciaa, f (x)  
Ck(Rn),  da ganzogadebuli amonaxsni Cm(),  klasidanaa, maSin es amonaxsni imav 

droulad klasikuri amonaxsnicaa  areSi. 
damtkiceba. vinaidan , u (x)  D()Cm() da Sesabamisad am funqciis 

ganzogadebuli da klasikuri warmoebulebi „emTxvevian“ erTmaneTs  areSi m-
rigis CaTvliT. radgan gartolebis marjvena mxare uwyveti funqciaa 

Sesabamisad  areSi uwyveti funqcia     xfxuDxLm ),(  nulis tolia 

ganzogadebuli funqciis azriT, da diubua-raimonis lemis Tanaxmad is nulis 

tolia TiTqmis yvelgan  areSi, anu saqme gvaqvs mocemuli gantolebis 

klasikur amonaxsnTan.  
 11.2 funamenturi amonaxnebi. 

Aam paragrafSi ganvixilavT ZiriTadad mumivkoeficientebian (11.1.-1) 

gantolebas, Sesabamisad operatorebs aqvs Semdegi saxe 

.)()(,)(
0

*



m

mmm DLDLDaDL



             (11.2.-1) 

gansazRvreba 1. (11.1.-1) gantolebis funamenturi amonaxsni (gavlenis funqcia), 

ewodeba ℰ(x)  D() ganzogadebul funqcias, romelic aris gantolebis 
ganzogadebuli amonaxsni, rodesac marjvena mxare aris dirakis funqcia, anu  

LLm(D) ℰ(x) = (x).                    (11.2.-2) 
SeniSvna 1. sazogadod funamenturi amonaxsni ar aris erTaderTi!  

funamenturi amonaxsni erTaderTia erTgvarovani gantolebis (gantolebis 

marjvena mxare igivurad nolis tolia) amonaxsnis sizustiT, anu funqcia 

ℰ1(x)= ℰ(x)+ ℰ0(x) agreTve funamenturi amonaxsnia, rodesac LLm(D) ℰ0(x)=0. 
es Tviseba matrivad Cans, radgan operatori wrfivia, da sesabamisad   

LLm(D) ℰ1(x) =Lm(D)( ℰ(x)+ ℰ0(x))=Lm(D) ℰ(x) + LLm(D) ℰ0(x)= (x)+0=(x).  
 lema. nela zrdadi ganzogadebuli funqcia ℰ(x)  S ()  fundamenturi 
amonaxsnia maSin da mxolod maSin, Tu misi furies gardaqmna Sesabamisad 
algebruli gantolebis amonaxsnia, anu  

LLm(-i)F[ℰ(x)]() = 1,                    (11.2.-3) 
sadac  L 



  



m

m aL
0


 .                                               (11.2.-4) 

damtkiceba. I. dauSvaT fundamenturi amonaxsni ℰ(x)  S ()  nela zrdadi 

ganzogadebuli funqciaa, maSin  (11.2.-2) gantolebis orive mxares movdoT 

furies gardaqmna da miviRebT 

F[Lm (D)ℰ (x)]() = F[(x)]() 
8.2.10 

 1,             (11.2.-5) 

meores mxriv 

F[Lm (D)ℰ (x)]()
def

1.1.11 
 F[ 



m

Da
0


 ℰ(x)]() 

linear

2.2..10 
 



m

a
0

 F[D ℰ(x)]() = 






3.3.10 


m

a
0

 (-i)F[ℰ(x)]() 
4.2.11 

 [Lm (-i)ℰ F[ℰ(x)]();         (11.2.-6) 

aqedan gamodis, rom samarTliania toloba (11.2.-3). 
II. Tu ℰ(x)  S ()  da adgili aqvs (11.2.-3) tolobas, maSin gamodis, rom 
samarTliania toloba (11.2.-5) da Sesabamisad gamodis, rom is aris (11.2.-2) 
gantolebis amonaxni, e.i. fundamenturi amonaxni! 
 daskvna 1. es lema iZleva imis saSualebas, rom nela zrdad klasSi 

mudmivkoeficientebiani wrfivi diferencialuri gantolebis fundamenturi 

amonaxsnis ageba dayvanil iqnas amave, S (), klasSi    

P()X()=1                                                 (11.2.-7) 
algebruli gantolebis amoxsnaze, sadac P() – nebismieri polinomia! 

 martivad dasanaxia, rom (11.2.-7) algebruli gantolebis amoxsni D ()  

klasidan (Tu is arsebobs) emTxveva   P
1

 funqcias yvelgan garda   

NP  {Rn : P() = 0}                                             (11.2.-8) 
polinomis nulebis simravlisa.   

SeniSvna 1. Tu NP   (aracarielia), maSin fundamenturi amonaxsni (Tu is 

arsebobs) ar aris ertaderTi.  

SeniSvna 2. Tu NP   (aracarielia), maSin fundamenturi amonaxsnebi 

(arsebobis SemTxvevaSi) erTmaneTisagan gansxvavdebian ganzogadebuli funqciiT, 
romlis sayrdenia simravle NP.  

magaliTi 1. Tu P()   ,  anu      X()=1  gantolebas gaaCnia semdegi 

amonaxsnebi 

,
0

1,
0

1
ii  

  da    

1

 , 

da isini soxotskis (4.3.-2) da (4.3.-2*) formulebis Tanaxmad erTmaneTisagan 
dirakis funqciiT gansxvavdebian. 
 

 
 

 



SeniSvna 3.   

 Tu  P
1

 funqcia lokalurad integrebadia Rn-Si, maSin misi 

saSualebiT gansazRvruli (funqcionali) ganzogadebuli funqcia aris 

(11.2.-7) gantolebis amonaxsni S  -Si. 

  Tu  P
1

 funqcia ar aris lokalurad integrebadia Rn-Si, maSin igive 

igive daskvnis gasakeTeblad aratrivialuri msjelobaa Casatarebeli. 

sazogadod xermanderis mier damtkicebulia, rom aseTi amonaxsni 

arsebobs yovelTvis, Tu  P()  0 .  

 (11.2.-7) gantolebis amonaxsns S  -Si aRvniSnavT  Preg 1
-Ti. 

daskvna 2.  gantoleba (11.2.-3) yovelTvis amoxsnadia S  -Si, 

F[ℰ(x)]() =  iL
reg

m 
1

.               (11.2.-9) 

Sesabamisad, nebismier mudmivkoeficientebian wrfiv diferencialur (11.2.-1) 

gantolebas gaaCnia fundamenturi nela zrdadi amonaxsni da is moicema semdegi 
furmuliT 

ℰ(x) =    
     x

iL
regFx

iL
regF
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3.2.10

1 .     (11.2.-10) 

  

11.3. gantolebebi „zogadi marjvena mxariT“. 

fundamenturi amonaxsnis saSualebiT SesaZlebelia Sesabnamisi gantolebis 

amonaxnis ageba nebismieri marjvena mxarisaTvis, anu samarTliania 

Teorema 1.  dauSvaT mocemulia gantoleba  
LLm(D) u (x) = f(x),                    (11.3.-1) 

sadac operatori gansazRvrulia (11.2.-1) formuliT da f(x)  D()  marjvena 
mxare iseTia, rom arsebobs ℰ   f  naxvevi D klasSi, ℰ - fundamenturi 
amonaxsnia. maSin arsebobs (11.3.-1) gantolebis ganzogadebuli amonaxsni da is 
moicema Semdegi formuliT 

u  =  ℰ    f .                        (11.3.-2) 
es amonaxsni erTaderTia D klasSi, romelTaTvisac arsebobs es naxvevi. 
 damtkiceba. naxvevis (8.2.-1) da (8.2.-3) Tvisebebis gamoyenebiT samarTliania 

Semdegi tolobebis jaWvi 

LLm(D)( ℰ    f ) = LLm(D)ℰ    f  =  f  = f. 
ErTaderTobis dasamtkiceblad, sakmarisia, rom  

LLm(D) u (x) = 0,                    (11.3.-2) 
erTgvarovan gantolebas hqondes am klasSi mxolod mxolod nulovani 
amonaxni? Magram es ase, radgan 

 DLuuu m
 2.2.116.1.8

 ℰ 
1.2.8

3.2.8




  LLm(D)u    ℰ  = 0   ℰ  = 0. 



daskvna 1. Tu arsebobs mocemuli ganzogadebuli uD funqciisa  da 
mocemuli gantolebis ℰ fundamenturi amonaxnis naxvevi, maSin adgili aqvs 

Semdeg igiveobas  

u LLm(D)u    ℰ .                    (11.3.-3) 
 

(11.3.-1) gantolebis (11.3.-2) amonaxsnis „fizikuri arsi“. magaliTad  -  

gantolebis marjvena mxare asocirdeba f(x) wyarosTan (8.1.-6) an (8.1.-6*) 
warmodgenis Tanaxmad „wyaro“ ganixileba, rogorc wertilovani wyaroebis 

jami, anu  
DD
ffxf



 )(       dxf .              (8.1.-6*) 

fundamenturi amonaxsnis (11.2.-2) ganmartebis Tanaxmad yoveli wertilovani 

wyaro     xf  gansazRvravs Sesabamis “gavlenis funqcias” f() ℰ (x- ) 
(fundamentur amonaxsns). amgvarad amonaxsni (11.3.-2) aris Sesabamisi “gavlenis 

funqciebs” superpozicia (zeddeba).  

 

 



ganzogadebuli funqciebi da maTi gamoyenebani  
savarjiSoebi  

 
Tema 1.  ZiriTad da D D′ ganzogadebul funqciaTa klasebi  

 

1.1. aRwereT da daaxasiaTeT „ZiriTad“ fuqciaTa klasi .  ( )ΩD
1.2. aRwereT da daaxasiaTeT „ganzogadebul fuqciaTa“ klasi ( )Ω′D . 

1.3. dauSvaT ( ) Dx ∈ϕ  ZiriTadi klasis funqciaa, gaarkvieT krebadia Tu 
ara am klasSi mimdevroba: 

)       g. ⎟
⎠
⎞

⎜
⎝
⎛

k
x

k
ϕ1

;          a. ( )x
k
ϕ1

 ;       b. (kx
k
ϕ1

1.4. ra aris regularuli ganzogadebuli funqcia, moitaneT ramdenime 
magaliTi; 
1.5. ra aris singularuli ganzogadebuli funqcia, moitaneT magaliTi.  
rogoraa ganmartebuli ganzogadebuli funqciebi:  

a. ( )xδ ;   b. f(x)=const.;    g. ( )xθ „xevisaidis funqcia“;       
1.6. aCveneT, rom dirakis delta funqcia aris singularuli 
ganzogadebuli funqcia; 

1.7. daamtkiceT, rom . ( ) ( )xx
D

δω εε

′

+→⎯⎯ →⎯ 0 ( )xεω  „gasSualoebis birTvi“ anu 

„qudi funqciaa“. 
1.8. ratom ar ganisazrvreba ganzogadebuli funqcia 1/x , da rogoria 
gamosavali? 

1.9. gamoTvaleT zRvari ( )1RD′  sivrceSi rodesac 0+→ε ; 

 a. 
⎪⎩

⎪
⎨
⎧

>

≤
=

ε

ε
εε

x

xf
,0

,
2
1

 ;   b. ( )22 επ
ε
+x

;    g. 
ε
x

x
sin1

;    d. 
επε
x

x
2

2 sin1
. 

1.10. daamtkiceT soxotskis formulebi: 

( )
x

xi
ix

1
0

1
℘+−=

+
πδ    da   ( )

x
xi

ix
1

0
1

℘++=
−

πδ . 

1.11. aCveneT, rom : ( ) ( ) ( ) ( )xaxxa δδ 0=  Tu ( ) ( )nRCxa ∞∈ ; 

1.12*. aCveneT, rom : 11 −=℘ xm x
x

x  ; 

1.13. rogor ganisazRvreba ganzogadebuli funqciis “Zvra” ; risi 

tolia 

)( hxf +
( 0xx − )δ  , sadac   fiqsirebuli wertilia; 0x

1.14. aCveneT, rom : ( ) ( )xx n δα
αδ 1

=  Tu 0≠α  ; 

1.15. aCveneT, rom: ( )( ) ( ) ( )hxfhxahxaf ++=+  Tu ( ) ( )nRCxa ∞∈ , ( )nRDf ′∈  , ; nRh∈
 

Tema 2. ganzogadebuli funqciis „warmoebuli“ 
 

2.1. gamoTvaleT:  

a. ( )xδ ′− ,                  b. ( )0xx −′−δ . 

2.2. aCveneT, rom       ( ) ( ) ( ) ( ) ( ) ( ) 1,1, 00 ≥−=− mxxxx mmm ϕϕδ  . 

2.3. aCveneT rom ( )1RD′  sivrceSi:  

a. ( ) ( ) ( ) ( ) ( ) ( )xaxaxxa δδδ ′+′−=′ 00  Tu ( ) ( )nRCxa 1∈ , 



b. ( ) ( ) ( ) ( )xmxx mm 1−−= δδ    nebismieri  ,...3,2,1=m  

g.    nebismieri  ( ) ( ) ( ) ( )xmxx mmm δδ !1−= ,...3,2,1,0=m  

d.    nebismieri  ( ) ( ) 0=xx mkδ .1,...,3,2,1,0 −= km  

e*.  Tu ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∑
=

−+−=
m

j

jjmj
m

mjm xaCxxa
0

01 δδ ( ) ( )nRCxa ∞∈ , 

2.4. aCveneT, rom  Tu ( ) ( )( ) ( ) ( ) ( ) ( )xxaxaxxa θδθ ′+=′ 0 ( ) ( )nRCxa 1∈ , 
da gamoTvaleT: 

a. ;     b. ( )( )( ′−1xxθ ) ( )( )( )′+1xxθ  ; g. ( )( )′xexθ ;  
2.5. gamoTvaleT: 

a. ( x−′ )θ ;   b. ( ) ( 0xxm −θ ) sadac , g. 1≥m ( ) ( )xxm −0θ  sadac , 1≥m

d. (  sadac ,  e. ()( )msignx 1≥m )′xsignx ,  v. ( )( )mx  sadac ,    1≥m

z. ;  T. ;  i. ( )( )′xx sinθ ( )( )′xx cosθ ( )( )( )mkmxx +θ  sadac , da  ; 1≥m ,..2,1,0=k

k.   sadac , da ( )( ( )mkmxx −θ ) 1≥m mk ,..,2,1,0=  ;  

l.  sadac . ( )( ( )mxex αθ ) 1≥m
2.6. aCveneT rom ( )( ) ( )hxfDhxfD +=+ αα  rodesac Df ′∈  da . 1Rh∈

2.7*. aCveneT, rom ( )
x

x 1ln ℘=′  . 

2.8*. aCveneT, rom 2

11
xx

℘=
′
⎟
⎠
⎞

⎜
⎝
⎛℘  sadac ( ) ( ) ( )

∫
∞

∞−

−
=℘ dx

x
xx

x 22

0,1 ϕϕϕ . 

2.9. gamoTvaleT - rigis warmoebuli: k

a. ;   b. ;  g. 
⎩
⎨
⎧
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⎨
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⎨
⎧
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d. ;  e. v. 
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⎩
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⎨

⎧

≥+
≤≤+
≤

=
1,1
10,1
0,1

2 xx
xx
x

f ( )
⎪
⎩

⎪
⎨

⎧

≥+
≤≤−+
−≤

=
0,1
01,1
1,0

2

2

xx
xx

x
f

⎩
⎨
⎧

≥
≤

=
π
π

x
xx

f
,0

,sin
;     

z.  
⎩
⎨
⎧

≥
≤

=
π
π

x
xx

f
,0

,sin
. 

2.10. ipoveT ( )1RD′  - klasSi ganzogadebuli amonaxnebi: 

a. ;  b. ( ) 0=xxf ( ) ( ) 025 =− xfx ;  g. ( ) ( ) 025 22 =− xfx ;  d. ( ) ( ) 025 223 =− xfxx ; 

e.  sadac ( ) ( ) 0=xfxa ( ) ( )1RCxa ∞∈  da aqvs mativi nuli saTaveSi; 

v.  sadac ( ) ( ) 0=xfxa ( ) ( )1RCxa ∞∈  da ( ) 0>xa ; z. ( ) 03 =xfx ; 

T. ( ) ( ) 0252 =+ xfx ;   i. ( ) 0)1( 2 =− xfxx ; k. ( ) ( ) 0cos =xfx ; l. ( ) ( ) 0sin =xfx ; 

m. ;         n*. ( ) 1=xxf ( )
x

xxf 1
℘= ;      o*. ( ) 22 =xfx ;  p. ; ( ) 0)1( 223 =− xfxx

J. ;          ( ) 0)1( 224 =− xfxx
2.11. ipoveT ( )1RD′  - klasSi ganzogadebuli amonaxnebi: 

a. ;     b. ;    g. ( ) 0=′ xf ( ) ( ) 0=xf m ( ) ( ) 023 =xfx ;   d. ;  e. ( ) 03 =′ xfx ( ) ( ) 03 =xxf ;        

v. ;  z. ;  T. ( ) ( )23 xfx 0= ( ) ( )32 =xfx 0 ( ) ( ) 033 =xfx ;   i*. ;  ( ) ( ) =xfx mn 0
k. ;     l*. ;  m. ( ) 1=′ xfx ( ) 12 =′ xfx ( ) ( )xxf δ=′′ ;    n*. ( ) ( ) 01 =′′+ xfx ; 



o*. ;  p. ( ) ( ) 01 2 =′′+ xfx ( ) .0=′′ xfx  

J***. ( ) ( ) ( ) ( ) ( )xxxfxfxf δδ ′+=+′+′′ 22 ;  

r***. ( ) ( ) ( )xxfxf δ24 =+′′ . 

2.12. aCveneT, rom Tu ( ) ( ) ( ) ( )nn xxxxxx θθθθ L2121 ,...,, ≡ , maSin  

( ) ( ) ( ) ( )n
n

n

xxxx
xxx

δδδδθ
L

L
21

21

≡=
∂∂∂

∂
. 

2.13*. -sibrtyeze mocemulia kvadrati, romlis  wveroebia A(1;1),  B(2;0), 

C(3;1), D(2;2).  dauSvaT funqcia  am kvadratis maxasiaTebeli funqciaa. 

gamoTvaleT  

( yx, )
f

2

2

2

2

y
f

x
f

∂
∂

−
∂
∂

.  

 
Tema 3. prdapiri (tenzoruli namravli) da konvolucia (naxvevi).  

3.1. daamtkiceT, rom Tu ( ) ( )mRDyg ′∈  da ( ) ( )mnRDyx +∈,ϕ , maSin 

( ) ( ) ( )nRDyxyg ∈,,ϕ .  

3.2. rodis arsebobs ori ( )Ω′D  klasis ganzogadebuli funqciis 
tenzoruli (pirdapiri) namravli da ratom? pasuxi  daasabuTeT. 

3.3. daamtkiceT, rom Tu , da maSin:    )( n
xRDf ′∈ )( m

yRDg ′∈ )( k
zRDh ′∈

                 ( ) ( ) ( )[ ] ( ) ( )[ ] ( )zhygxfzhygxf ⊗⊗=⊗⊗  ; 
3.4. daamtkiceT,Tu 

, , maSin:)( n
xRDf ′∈ )( m

yRDg ′∈ )( n
xRCa ∞∈ ( ) ( ) ( )[ ] ( ) ( ) ( )ygxfxaygxfxa ⊗=⊗  ; 

3.5. daamtkiceT, rom Tu 

, maSin: [ ])( n
xRDf ′∈ )( m

yRDg ′∈ ( ) ( ) ( )ygxxfyxxgf ⊗+=+⊗ 00 , ; 

3.6. daamtkiceT, rom Tu 

, maSin:)( n
xRDf ′∈ )( ,

mn
yxRD +∈ϕ ( ) ( ) ( ) ( )∫∫ = dyyxxfdyyxxf ,|,| ϕϕ    ; 

3.7. daamtkiceT, rom Tu , maSin: )( n
xRDf ′∈ )( m

yRDg ′∈ ( ) ( )[ ] ( ) ( )ygxfDygxfDx ⊗=⊗ αα ; 

3.8. daamtkiceT, rom Tu , maSin: )(, n
xRDhf ′∈

( )
)( m

yRDg ′∈

( ) ( )[ ] ( ) ( ) ( ) ( )ygxhygxfygxhxf ⊗+⊗=⊗+ ; 

3.9. gamoTvaleT :  a. ( )( ) ( ) =⊗ txtxD V
x ,|sin3 ϕδ ;  b.. ( ) ( )( ) ( ) =′′′⊗ txtxD tx ,|sin3,4

, ϕδ ;  

g. ( ) ( )( ) ( ) =′⊗ txtxD tx ,|cos2,4
, ϕθ ;              d. ( )( ) ( ) =′′′⊗ txtxDx ,|53 ϕθ ; 

e. ( ) ( )( ) ( )txtxD tx ,|3,1
, ϕδθ ′′′⊗ ;                v. ( ) ( ) ( )( ) ( ) =′⊗ txtxD tx ,|sin2,4

, ϕθ ; 

z. ( ) ( )( ) ( )txtxD V
tx ,|3,2
, ϕδ⊗ ;                 T. ( ) ( )( ) ( )txtxD tx ,|1,3

, ϕθδ ⊗ ; 

i. ( )( ) ( )txtxD tx ,|2,3
, ϕδ ⊗ ;  

3.10.  gamoTvaleT: a. ( ) 1∗′∗δθ ;     b. ( )1∗′∗ δθ ;      g.  1∗′θ ;      d. 1′∗θ ;  

e. ( ) xx sin∗′θ ;   v. ( ) xx cos∗′θ ;    

3.11. daamtkiceT, rom :  a. ( ) ( ) ( )00 xxfxfxx −=∗−δ  ;    b. 
( ) ( ) ( ) ( )xfxf mm =∗δ  ; 

3.12. isargebleT formuliT: ( , rodesac  da )( ) ( ) ( ) ( )∫ −=∗
x

dyyxgyfxxgf
0

θ f g  

lokalurad integrebadi funqciebia 1R -Si da isini igivurad nulis 
toil arian rodesac , da gamoTvaleT: 0<x
a. ;            b. ( ) ( ) 3cos xxxx θθ ∗ ( ) ( ) xxxx sin2 θθ ∗ ;     g. ;  ( ) ( ) xxxx sin3 θθ ∗



d.             e. ( ) ( ) 2xxx θθ ∗ ; ( ) ( ) xxx sinθθ ∗ ;   ( ) ( ) xexx −∗θ ;θ       v.        

z. ;               T. ( ) ( ) xexx θθ ∗ ( ) ( )xxx θθ ∗ ;          i. ( ) ( )xxxx θθ ∗ ;  

k. x( ) ( )xx cosθθ ∗ ;             l. ( ) ( )xx θθ ∗ ;  
 

   
ema 4.  swrafadqrobad da S  S ′T  nela zrdad ganzogadebul funqciaTa 

4.1. aRwereT da daaxasiaTed „swrafad qrobad“ fuqciaTa klasi 

klasebi 

( )ΩS ;  
Ta“ asi 

4.3. d

4.2. aRwereT da daaxasiaTed „nela zrdad ganzogadebul fuqcia kl

( )Ω′S .            

auSvaT ( )x ∈ Sϕ  swrafad qrobadi klasis funqciaa, gaarkvieT 
krebadia Tu ara am klasSi mimdevroba: 

         a. ( )xϕ1
 ;       b. 

k
( )kxϕ1

       g
k

. ⎟
⎠
⎞

⎜
⎝
⎛

k
x

k
ϕ1

; 

4.4. dauSvaT S∈( )xϕ  swrafad qrobadi klasis funqciaa, xolo ( )xP  

garkveuli rigis polinomi, daamtkiceT rom ( ) ( ) SxPx ∈ϕ ;  

4.5. aageT magaliTi imisa, rom Tu ( ) Sx ∈ϕ  rom wraeliRac s fad qrobadi 
klasis funqciaa, maSin arsebobs is asrulod gluvi funqcia 

( ) ∞∈Cxa , rom 

eTi us

( ) ( ) Sxxa ∉ϕ ; 

vaT ( ) ( )1RCx ∞∈a  d4.6. dauS a is nulia, rodesac Kx < ;  aCveneT, rom 

funqcia ( ) ( )1RSx ∈−σ  rexa odesac 0>σ ; 

4.7. dauSv Sf ′∈aT  nela zrdadi klasis funqciaa, xolo  garkveuli ( )xP
rigis polinomi, daamtkiceT rom ( ) ( ) SxPxf ′∈ ; 

4.8. rodis arsebobs ori ( )Ω′S  klasis ganzogadebuli funqciis 
i tenzoruli (pirdapiri) namravli da romeli klasidanaa miRebul

ganzogadebuli funqcia? pasuxi daasabuTeT.                
 
Tema 5. S  swrafadqrobad da S ′ nela zrdad ganzogadebul funqciaTa 

klasebi da furie gardaqmna  
 

 klasSi samarTliania formula: 5.1. daamtkiceT, rom S ′
 a. ( )[ ]( ) ( ) ( )[ ]( )αα f ξξ xixFxfFD = ;    b . ( )[ ]( ) ( ) ( )[ ]( )ξαα xξξ fFixfDF −= ; 

g ( )[ ]( ) ( )[ ] ⎟
⎠
⎞

⎜
⎝
⎛=

c
xfF

c
cxf. F      d. n

ξξ 1
; ( )[ ]( ) ( ) ( )[ ]( )ξξ ξ xfFexxf xi ,

0
0=− ;F  

( )[ ]( ) ( ) ( )[ ]( )ξ ;   v. ( ) ( )[ ]( ) ( )[ ]( ) ( )[ ]( )ηξηξ ygFxfFygxfF ⊗=⊗ ,ξξ ξ xfeFxfF xi ,
0

0=+e. ;  

aCveneT, rom5.2.  ( )nRS ′
( )

 - Si: 

;            b. a. ( )[ ]( )0 exxF ξδ =− 0,xi ξ ( )[ ]( ) 1=ξδ xF ; 

g. [ ]( ) ( ) ( )ξδπξ nF 21 = ;     d*. 
( ) ( ) (0

⎢
⎡ − xx

F ξ
δ ) ( ) 1,cos

2 0
0 ==⎥⎦
⎤

⎣

−+
nx

xx
ξ

δ
; 

e*. 
( ) ( ) [ ]( ) ( )αα ξξδ iDF −=( ) ( ) 1,sin

2 0
00 ==⎥⎦
⎤− x

⎢⎣
⎡ −−

nx
i

xxx
F ξξ

δδ
;  v*. ; 

z*. [ ]( ) ( ) ( ) ( )ξδπξ ααα DixF n −= 2 .  

 
 



 
 

Tema 6. diferencialuri gantolebebi da fundamenturi amoxsnebi  
 

6.1. ra saxe aqvs gamosaxulebas (sadac, [ ]??F - furie gardaqmnaa):  

( ) ( ) ( ) ( ) ( )τ⎥
⎦

⎤
⎢
⎣

⎡( )ξ⎥
⎦

⎢
⎣ ∂

−
∂

+
∂∂ 2

2
22 x

a
ttx

Fx ;  b.  
⎤⎡ ∂∂∂ 223 ,),(, txutxutxu

∂
−

∂
+

∂∂ 2
2

22 x
a

ttx
a. 

∂∂∂ 223 ,),(, txutxutxuFt ; 

g.  
( ) ( ) ( )ξ⎥

⎦

⎤
⎢
⎣

⎡
∂

∂
−

∂
∂

+
∂∂

∂
x

txua
t

txu
tx
txuFx

,),(, 2
2

2

22

4

;  d. 
( ) ( ) ( )ξ⎥

⎦

⎤
⎢
⎣

⎡
∂

∂
−

∂
∂

+
∂∂

∂
x

txua
t

txu
tx

txuFx
,),(, 2

2

2

2

3

;  

e. 
( ) ( ) ( )ξ⎥

⎦

⎤
⎢
⎣

⎡
∂

∂
−

∂
∂

+
∂∂

∂
x

txua
t

txu
tx
txuFx

,),(, 2
2

2

3

4

;   v. 
( ) ( ) ( )ξ⎥

⎦

⎤
⎢
⎣

⎡
∂

∂
−

∂
∂

+
∂∂

∂
x

txua
t

txu
tx
txuFt

,),(, 2
2

2

22

4

; 

z. 
( ) ( ) ( ( ) ( ) ( )⎥

⎦

⎤
⎢
⎣

⎡
∂

∂
−

∂
∂

+
∂

∂
2

2
2

2

2

4

4 ,),(,
x

txua
t

txu
x

txuFx )ξ ;  T. ξ⎥
⎦

⎤
⎢
⎣

⎡
∂

∂
−

∂
∂

+
∂∂

∂
2

2
2

2

2

2

3 ,),(,
x

txua
t

txu
tx
txuFt ; 

( ) ( ) ( )ξ⎥
⎦

⎤
⎢
⎣

⎡
∂

∂
−

∂
∂

+
∂

∂
2

2
2

2

2

3

3 ,),(,
x

txua
t

txu
t

txuFti. . 

6.2. ipoveT Semdegi gantolebis („fundamentaluri“) amonaxsni: 
      

 

  
( ) ( )

a. ( ) ( )ttutdu δ=− 25 ;                 b.  ( ) ( )ttutdu δ=+ 25 ;  
dt dt
( ) ( ) ( ) ( ) ( ) ( ) 0., >==+ const,=− ttAu

dt
tdu δ Adu ttAu

dt
t δ ; 0. >= constA ;    d. g. 

( ) ( ) ( )ttu
dt

tud δ=− 252

2

;
( ) ( ) ( )ttu

dt
tud δ=+ 252

2

e.                 v. ;  

z. 
( ) ( ) ( ) ( ) ( ) ( ) 0.0. >= constAd

;   T. ,2

2

=− ttAu
dt

tu δ , A2

2

>==+ constttAu
dt

tud δ ; 

( ) ( )t
dt

tud δ=2

2

;
( ) ( )t

dt
tu δ=3

3

.        
d

                       k. i. 
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