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BBEAEHUE

Teopusi OPTOrOHaNBHHX DAZOB IpeiAcTaBidieT cOC0i BechMa 00—
UMPHYD ¥ BKTMBHO P&3BUBEWIYOCH oﬁpacms COBPEMEHHON MaTemMaruyec—
KOl HayKu.

HapAgy c Teopueli TPUrOHOMETpUYECKUX DAZOB (KOTOpasd, Kak
W3BECTHO, 7OCTATOYHO XOPOWO WU3YyYyeHa) B NOCiefHee BpeMd Hava-
10Ch @KTUBHOE W3yUeHMe 1 DasBuTUE TEODUM DAZOB MO cucTeMaM Xaa-
pa, Yonma, Pazemaxepa u ZAPYyTUX.

HTEPEC K U3YYEHUD DAZOB MO CHCTeMe Xaapa 3HAYMT €IBHO BO3-
poC ¥ B CBABM C TeM, YTO OHM OKa3aJuCh NOJE3HHMM B DEUWEHMHM pas—
HHEX BaXHHX BONDOCOB COBPEMEHHO! TeOopuuM GYHKLUMA ¥ HAWIMA NPUIIOKE—
HUS B TEOPUM BepOATHOCTElly B BHUMCAMTENHHON MaTeMaTuke M APYIUX
06718C TAX's 0

lauouaTopoM Co0Jee IMOZPOOHOIO ¥ TIJIYOOKOrO0 U3yYeHUdA DAZNOB
no cucremMe Xaapa cruezyeT cuuTaTh Il.Jl.YA6AHOBA.

Hacrosmas zucceprauuoHHai padoTa NOCBAUEHA W3yYEHMD HEKO-
TODHX CBOMCTB NPOCTHX ¥ KPATHHX DPAZOB MO cucreMe Xaapa, PAZOB
no cucreme Tuna PazeMaxepa ¥ KPaTHHX JaKyHAPHHX TPUTOHOMETPH-
YECKUX DPAZLOB. _

Bo BBEZEHUM CHOPMYNMPOBAHH OCHOBHHE PE3yABTATH, NOJyYeEH—
HHe B ZaHHOW pacoTe. i

- TnaBa I "O pAzax Xaapa u Pazemaxepa" cOCTOUT M3 ZByX Ha=
parpagos.

- B § I mepsoii rzaBH paccMaTpMBANTCA NPOCTHE pAAM Xaapa ¢
MOHOTOHHHMW KO3(duuueHnTaMu, [UCTOYHMKOM MONYYEHHHX 3716CH DPE3Yib=
TET0B SABAANTCA BaxHHe uccaezoBaHuA I1.Jl.YIbsiHOBAE EI,Z,?]. lloxa-
3HBAETCHA CIezynuas

Teopema I. Ecau (U,),, € A # B xaxzoli rouxe mMHOXecTBa
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T0 7R KaxOF0 QMKCMDOBAHHOTO MHTEDBAaZa o (jo(:[b;i]) Haji-

NeTCH BCHAY NIOTHOE B jo MHOXECTBO E (Ec:]o) MOIHOCTH KOHTU~
HyyMa, Ha KOTOpOM pAZ (¥,%) CXOAauTCHA, & CyMMa f‘ pAza (F,%)
o0nazaeT Ha MHOKECTBE Ef cBOiicTBOM JlapOy, NpuueM
{{E)=], e[ |

B § 2 rnaBy I paccMaTpUBAWTCH DAZN IO CMCTEME (rih(+))nzl
runa Pazemaxepa. [IpuBefieM XapaKTepHH pesyisTaT 3TOr0 naparpada.

Teopeua_G.. llycTh '&m P, <+co K Ha MHOXECTBE E(EC[O, 1])
BTOPO# KaTeropuu nnueﬁu§;$35ennne (jﬂ: (E}nm)rn”<;1 € P1 )
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MENT CMHCN. Eciu B KaxZoW TOYKe | BHIONHEHO OZHO M3 yCNOBMH

b 6 (B)<too dim Gn(t)>-00 &
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Bropas rzasa "O kpaTHHX pszax Xaapa" cocgour TaKke U3
ABYX naparpaos. _ | ;

B § I rnasu [I paccMaTpuBanTCH MHOTOMEDHHE AHAJOTH HEKOTO=
PHX pe3ynbTaToB § I ruaBw I. [IOCKOABKY paccyxZeHus B CIyyae
KpaTHHX DAZ0B Xaapa C MOHOTOHHHMM KO3(uUMEHTAMU CXOKM C PACCYyx—
AGHUAMUy NpUBEZEHHEMM B § I nepsoif riaBw, Mu B § I BTOpOii Iuasu
COpMynupPOBaNY OCHOBHO# pesympTaT (TeopeMy 7) 0e3 HOKa3aTelbCT-
Ba., 37€Ch xe NPUBOZAUTCA NpUMED, NOKA3HBAWWLMIl CYWEC TBEHHOCTH yC-
JOBUY TeOpeMH 7,



B § 2 raaBu [l uayyawTcd HEKOTOPHE CBOJCTBA NPOCTHX ¥ KpaT—

HEX KO3Q(QUIUEHTOB ®ypre—Xaapa HenpepuBHO ZAudpepeHuupyeMbx @yHK-

Iiiie MCTOYHNKOM NpPUBEJEHHNX 37€CH DE3yAbTATOB ABIAETCH CIEAYI~
mas Teopema B.li.Tonycosa [II]:

ina Toro yrToGH dymrmuA +F (onSt ¢ HempepHBHOU MpOM3BOZ-

HOil uMelNa MOHOTOHHO yOWBawlue KOadpuuments Qypre-Xaapa (. (f)

(m»9) » HEOOXONAMO # AOCTATOYHO, UTOOH OAHOBPEMEHHO BHIOIHs-

JNCE clezymue 7Ba yCIOBMA:

I) {'(+) He yousaer u oTpunareipia,

A L DY
-3 o S ¢<2* mpuaoorx D<ts<i , 0<xg¢l o

I'palunH B yCNOBUM 2) TOYHHE. _ _

B § 2 rnaBu Il zZnA GOJee WMPOKOTO Kilacca KO3ghuuaeHTOB Qyphe-
Xaapa Zo0xasuBaeTcHd

Teopeua 8. I TOrO, YTOOH MOCIEA0BaTENHHOCTS ([l (’L))naz
K02 (QduuueHToB dyphe-Xaapa HENPEPHBHO ZudpepeHuupyeMoi QyHKIMH
4% onst npunazzexaza xuaccy E. , HEOGXOZuMa ¥ 70CTaTOYHA
BHIOJHAMOCTH CIEZy0uUero COOTHONeHMA

mux |50l < @ min |§' ()],
X € [0, i] XE[O;!.]

rze §©>{ - HexoTopoe wucio,
B sToM xe maparpade ruasu [ ycTaHaBAMBAETCH MHOIOMEDHHI
aHaJIor' TeopeMH 8.

n n
Teopema 9. llycTs QyHKLUA —S- nMeeT Ha j :L_O, L] Helnpe-
PHBHYHD YacTHYH OPOM3BOZLHYI
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Tperhs riaBa "KpaTHhe JaKyHapHHe TPUTOHOMETpHYecKue pazu"
COCTOUT U3 Tpex faparpados.

B § I Tperheil IaBH ZNA JaKyHADHHX TPUTOHOMETPUYECKUX pA=
0B yCTQHaBJIVWBAETCH '

Teopema IO, Ecau n (n>, 2)'-3Rpamuuﬁ NaKy HapHH{ TpPUI0HOMET-
PUYECKU pAZ '

L (Mp, X)
_Z (o £ :
FeZ"

s Bese s,
CYMMUDYEM METOZOM ( L i) Ha MHOEECTBe E (E o 2 vonten
TeNbHOW (KpaTHON) MepH, TO

Z [qui<+oa .
Fez” -
9TOT pe3ynsTaT, B HEKOTODOM CMHCIE, ABJIAETCH MHOTOMEDHHM
aHaJOroM W3BECTHOMH (cu.[}S],ch. 326) TeOpeMH A.3UTMYHZA.
B § 2 rperneil riasu n3yvaeTrcs CBASE (CM.TEOpeMy II) mexzy
cxozuMocThio 1o [punrcreuMy u cdepuyeckoli cxOLUMOCTEH B CAYyYae
KPaTHHX JIaKyHAPHHX TPUI'OHOMETDUYECKUX DAZOB.

B nocnezHemM naparpafe sTO# I'NIaBH JOK43HBAETCHA NMOJNHHY aHg—






PRI R X
0 PATIAX XAAPA U PATTEMAXEPA

§ I. Pazu Xaapa ¢ MOHOTOHHHMM K03(OUUUEHTaMU

Caezys N.J.YasamoBy [I], o6o3HauMM uepes A muoxecTso
BCEX YOWBAKWAX, HEOTPULATENLHHX nocnezosarensuocteit (L )nzi
a uepes A — MHOKECTBO BCEX NOCIEZOBATENbHOCTEll (CK | A
xaxzofi U3 KOTODHX Haiizerca Taxoe wmeso (241 , uToO

max |l < € min[Ccl  (m=0,4,--- ). (EsEeE)

2m< K-S. Qm'ﬂ 2’”'ch S?m
Jerxo suzers, uro Ac A,

Mycrs (Xn(x))n,,, - cucrema Xaapa (cu.,uanpuuep,[#],crp.
54-58) na (0,I], a
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Pany Xaapa ¢ MOHOTOHHEMM KO9(QdunmeHTaMu NMOZPOGHO OHJIK U3Yy=—
yeEH [1.]1,YIBAHOBHM [1,2,3]. OnuE U3 OCHOBHHX DPE3yABTATOB, MONYy-
verssx [1.J.Yasanopum [I], sBafercs cienyouui.

Teopema. [lycTh NMOCAEAOBATENBHOCTE (An)ny € A u DAA
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Cdopmynuporaknyp Teopemy Il.J.YapsfHOBA ododﬁm T'.A.Uxanznse
([5],[6]). Buecro cxozumocTu O pAcCMOTpEN HeKOTODHH IuHeiHHH
METO7 CYMMUDOBAHMNSA . i
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70 cymua § pAza (I.1.2) npusagzexur scem |,p , P& (L, toof ,
BuecTe ¢ TeM, .f ., BOOOWE T'OBOPs, HE ABAAETCH CylecTBEHHO Orpa-
HUYEHHO! QyHKnMe#. B TOM cayuae, KOrza [ﬂ,n)nz] € Pt OHJIO MO-
K838HO, YTO M3 CXOZUMOCTH DAZa
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B a70fi rnaBe zucceprauuu OyzeT IOKE38HO, YTO IOBEJEHME
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K03 HPHUIMEeHTOB (ﬂ.anai U CyMMH § paza (I.I.2) 3aBUCAT O
KOHCTPYKIMM TOIO MHOXECTBA E , H& KOTOpPOM TpeCyeTcA CXOAU-
MocTh paza (I.I.2).

CnpaBejiuBa CieAyouas -

Teopema I. Ecam (u,n)naléﬁ M B KaxA0ii TOYKE MHOXECTRA
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Ing ZOKa34TENECTBA TeopeMu I HaM NMOHaZ00ATCA HEKOTODHE BCIO-
MOTaTEeNbHHE YTBEPAACHUSA.

Jeuma I. IlycTh 5- onpezelNeHa ¥ HENpPEpHBHA HAa [O.I] s KpO=-
ue, OHTH MOXET, CUETHOTO MHOXECTBA TOYEK U3 [O.I]; PaccMoTpuM
MHOXEC TBO EKO‘: {X | § (%)< Ko} , Tme Ko - HEKOTOpOe HaTypaib-
KOe uomo. OGossavmu [ - asusame uoecrsa [, . Torza
EK‘\ EKo npejcTaBiaAeT CO00} He (OJNee YeM CYETHOe MHOXECTBO.

IoxasarenbcTB0. 0003HAYMM uepes (> NOZMHOXECTBO MHOXECTBA
[0,I], rze gysxuua § HETNPePHBHE R=[0,4]\G - zomommesue
MHOEECTBA (> + Nycrs §& - npejieNEAA TOYKA MHOKEC TBA E Ko™ -

flcHO, YTO TOYKS f NPUHAZIICKUT MHOXECTBaM Pg UIu 6’ -

zonycruu  §€ (> u paccuorpuu nocuezosaressHocTs (Xn)ns |

TOUEK U3 EK° , CXOZAmMynCH K f . U3 onmpezeneHuA MHOEECTBA
Exo u HenpepwBEOCTM QyHkmmu 4§ B rouke T BuTexaer, uyTO

F(Xn)<Ke 1 Lim $0xa) = £(%) . Orcoma meen, uro FE€ [

n— o=



T.6. BCE NpEAENbHHE TOYKMU, KOTODHE ABIAKNTCA TOYKAMU HENDEDPHB-
HOCTU QyHKLUU 5—, NnpuHaznexaT Eko «» A Te npezeibHHE TOYKYU,
KOTOpHE fABAAKTCA TOYKAMW DaspHBA QY HKLAK {- » 00pasypT HEe 00-
JIee yeM CcYeTHOE MHOXECTBO, JleMMa ZOKa3aHa.

Jlemma 2. IlycTh Ha [O,I] 3a7iaHa NOCIe70BaTENbHOCTH (}h)nal'
rze Kaxzaa QyHKIUA J}h HEeNpepHBHa Ha [O,I], RpOMG, OHTH MOXET,

cueTHOrO MHOXecTBA Tovex. Ecau na muomeczze | (Fc (o, i]) BTO-
poii KaTeropuu Lim f (x)<+ oo , TO HaliyTcs TaKO/ MHTEPBAEN
Nn— oo

jo (joc:[o,i]) u koncranra K, , 920 F,(x) <Ko » (n=1,9,+)

PaBHOMEPHO B :]o , KPOME HEKOTODPOr0 CYETHOIO NOZMHOKECTBA MHTED—

Bana |,
JTlokasaTenbCTBO, [10M0KMUM

F(K) { l:s- (x) < } u F(K): h-a Fr\(K)' (I.Io"i’)

[lokaxem, yTO

LEEC ek (I.1.5)
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-f’e F“‘J fTF (k) . OTcopa mMeem S (€)¢K, , uro paBHO- -

CUIBHO TOMY, uTo ‘E— Sn (f <to0 , HO mo onpeneneﬁnm (MHORECT-

sa ) TeF . Odpamo nyers FeF v e E_ L (E)<c+o0s

nN= oo

Crano OnTH, Halizercs Takoe wucio K, , YTO j'- CE)-< K fn=r, &)

CnezoBaTeNbHO, FEF ")n paBeHcTBO (I.I.5) 7OKa3aHO.
0603HAY MM Yepes F ") sauukanme uﬁomeri'mna Fh 3 neMMu
T (1K) (k) _ plx
I BHTEKAeT, YTO MHOKEC TBO F \ F. "= A, &e conee veu cuerso.

( ( (k
flcHo, uTO 2 FM A )

Jlerk0 nokasarhb, UTO



'ﬁ’ F(K]\ FT F[K) = ﬁ: (F(K ) F-hfk) e

N n:'

oo
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B camom zene, 3aduxcupyeM K 1 BOBBMEM HEKOTOPYW TOYKY

feﬁrnm \E’IF:K):> FGEEM 2 _Fq:ﬁﬁ'(k)

I3 mocneZHer0 ycHIOBMA BHTEKAeT, YTO MOXHO HaliTu Takoe vyucio I, ,

( (k)
uro Fé [, ¥ s m Fec F ) Fm An . Orcoza BHTEKaeT,
yTo 'f"e {") . CTano OHTB, coomnomeﬂne (I.I.6) BEpHO.

NycTs A(K) n Fm \ ﬂ g “ﬂ (I:1.7)

W3 (I.I1.6) AICHO, YTO MHOKECTBO A( ) me Gomee uyem cyerHO, C

ADYTO#i CTOPOHH, MHOXECTBO

Foo - n PR (ot fto) (1.1.8)

ABNAETCA 3aMKHYTHM MHOXecTBOM, YumrwBad (I.I.4),(I.I.7) u
(I.I.8), nomyyuu
(X)

5 =3 |
FM=FS A (1.1.9)

U F(K):DOF(K)+UA(K):F+DOA . (I.1.10)
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Orciopa fICHO, YTO
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I3 ycoBMs JIEMMH 2 BHTEKAET, YTO MHOXECTBO &4 fiB—
NAETCA MHOXECTBOM BTOPO/ kKareropuu. ClenoBaTeNbHO, Halzercs Ta-
K0e HaTypanpHoe uuMcao Ko , UTO MHOXECTBO [T(KJ OyZeT MHO=
KECTBOM BTODO}{l KATETOpMMU., 3aMKHYTOE MHOXECTBO BTOPOJ KaTeropuu

C (K
NeNMKOM COZIEPXMT HEKOTOPHii uHTepBall. IlycTs jo (jo‘: F *“b60s 18-
YygeT 9TOT UHTEPBAL.

Yuuresag (I.I.9), OyzeM uMers

Vs Telip S

(Ko)

Ho mmoxecrso  J, ()X ° - He GOjee ueM cueTHO®, TOTAA MHO-
EECTBO jO(]FT{K” oTIMYaeTCH 0T J, Ha He GONEe YeM cueT-
HOE MHOXECTBO, _

YUuTHBAA ONpEZeNeHUe MHOXEC TBE FTK” , MOXHO 3aKJYMTH,
yro  §,.(x) <K, (n=1,2,---)  paBHOMEDHO OTHOCHTENBHO X € Js %
KpoMe, GHTH MOXET, CYETHOI0 MHOXECTBAa, YTO M TDPEGOBANOCH JAOKa—
38Th. |
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d= Not2 T
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rane C>L 4 N, —un60e (QUKCUPOBAHHOE HATYypalbHOE YUCIO, &
(PJ)jH - HEKOTOpas MOANOCJEZ0BATENBHOCTE HATYDPAJBbHHEX YUCEN,
KOTOpas YyZOBAETBOPAET clezyoiueMy yCAOBUD

9P <2 (i e (I.1.12)

TloxazaTenbcTB0. CHavana ZOKaxeM NpaByl YacTh HEPABEHCTBA

e

(I.I.II). YuuruBas onpezenenue A , GyzAeM MMETH
i

e —-";o ?— ¥ 1

VK e

K:Z""”ﬂ d=otl . 12951 ¢
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oo 5 2 oo d
S z B E || € E 9r max a Eﬂ-ul <
. i +
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JlokaxeM neByw vYacTh HepaBeHcTBE (I.I.II).
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Crano OuThH, JIEMMA JIOKa38HA.
NepefizeM K AOKa3aTenbcTBy Teopemb I, MycTh

F:{X[ Sn(X)<*°‘°} )

n—eo0

F.:{xl {i_msh(x)%w} X

flcHo, YTO F U E = E . OTcoza BHTEKAaET, YTO OZHO M3
MHOXECTB F n F‘ , ABIAETCH MHOXEC TBOM BTOpOif KaTeropuu. He
Hapyuwas OOWHOCTWU, OyZAEeM CYUTaTh, YTO MHOXECTBO F ABNAETCA
MHOXECTBOM BTODPO# KaTeropuu.

Ecau ]-— ~MHOXECTBO BTOPOH KaTeropun, TO N3 JEMMH 2 MOXHO
3aKIOYUTE, YTO cymecmjayem MHTEpBal :],, (jonU,i]) U KOHCTQH=-
ra K, TaKue, yTO SH(X)SKO) (n:l} ‘2,--—-) BCHAY B jo , Kpo-
Meé OHNTH MOXET CYETHOI'O MHOXEC TBA.

MoxHO moxasarb, YTO Sn (x)< KO) (n=),2,---) D&aBHOMEDHO .

ﬂajo. .ﬁ_:!.l(f.)

OGosrauuy vepes LDo= (Q,“e’ Qne ﬁ;aouuno—pannonansnuﬁ

MHTEDPBAN TaKO0if, YTO AQC jo o [IycTs KMHTEpBAN Ah ABAAETCH



HocuTeneM ¢yHxkuuu Xaapa 'Xh (x) « PaccmorpuM QyHKHUHA
- + e
"Pn(x): Iath(X), u \,fn (%) = xv\ (X) 7 uepes Av\ ¥ An
0603HAUNM NOZMHTEpBANH usrepsana A\, , rAe QyHkuuA li/h(x) npu-
HAMSET COOTBETCTBEHHO NOJNOKMTeNBHNE U OTPALATENbHHE 3HAUEHUA.

flcno, 9O SQ”‘* (x)  nocrosiHa B mErepsaze A, . Pac-

CMOTDUM DAZ
o)
Z: | 0 N
gnxn(x) y TAE -g':‘:. 2
Hz| a’i . No

Iycrds m> gn" . lueen

(n(x)_. Z b X (X)= Z T R

K227

= Sm [K) = Szﬁo (X) < Ko"" Jo g Ko t ‘dol ) | (I.I.I3)

paBHOMepHO no X€ A\, 1 m (m>2"°).
BuGepeu Taxoe HaTypamphoe wuemo . (1< i, ¢ ?_),n") , 9TO

(1 s 3
Sﬂ“"*' e~ Y;“%a‘o(x) s Bo= Agre,

Orcioza

35 |
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[Ipozonxad 3TOT mpouecc A0 K -oit crynenu, MH MOIYyYuM MOC—
J€10BaTEeNBHOCTS BIOXEHHNX ZPYT B Zpyra UHTEPBAJIOB

: v + A
A s e e L S S A e

TaKyw, YTO B MHTEDBANE Azn,+|<~|+ e _ OyZeM UMEeTsh

Sznnk (x) ZLP No+ L -L N

K-{
:; la.az’“oﬂ*jl X ‘lndi"*‘cii, (x) ‘ -

K- el

k=l
_Z'Qz [ Bgnerty g )= ZQ l[lm+a\

L= No

A T T
rze 1< 'L <9 o iyo®s 9 +d: :PL , ACHO, YTO

(l) o*K l L +
— z 2
S?,h°+K (x) o 2 \tlph\ X € A o+ K=\ & 3
'l: Vo ) ‘ Q‘ 'JfAK"I
Orcooza u u3 (I.I.I3) BHTEKAeT, YTO
no"' K"l _L_
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2 ’a'Pbl‘SKO+|dolo
' E:no
Yyurhsag, 9T0 K =~ NpOU3BONBHOE HATYypalbHOE YUCIHO, NOMYy-

YUM
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Z 27 lf’-ml <Kot ldol . (I.I.14)
L=No

rze MOCIef0BaTeNbHOCTH (Pi)la (. YZOBIETEODAET yCIOBMO

(LsIvE2)s
U3 nemmu 3 1 (I.I.I4) nmeem

Z __l{@%l' £ 2‘{216 (Ko+]do|)<+oo v (I.I.I5)
K:2n°+l+|

Teopema ZOKa38HA.

Cregemsue: ecam  (Mn)ns €A

oo
iai%-roo U -‘—O“nilr.-roa )
n=li o
T0 CyuMa )C paza (I.I.2) - CYWECTBEHHO HEOT'DAHMYEHE B JOOOM
NoZuHTEepBalle UHTEDBANa [O,I]. _

B caMou Zeie, Kax M3BeCTHO (CM.,Hampumep, (4], cTp.57-58)
YaCTHHE CYMMH Sh(x) paza dypbe-Xaapa CyMMUpDyeMOii (OyHKIUM -s-
ApnADTCA crynexvarhMu dynxmmam; ecam [\ (AC [0,4) - sexoropuii
uHETEpBAI MOCTORHCTBA  On (X) , TO :

R J
== (X) dX Y& 2.
on &) mes A zgs% g (1. T.36)

Ecan 'F - HEKOTOpasg TOYKA Pa3pHBA JIA Sn(x) , TO

SN Sl 0t onlE-] - (I.1.I7)
| 2 |
[lycTs HalizyTcs HEKOTODHH MHTEpPBAX j(f]CEO,L]) U YUCIHO
M uro £0<M » Xe] . uumman (1.1.16), (I.1.I7), uos-
HO HaiiTM TaKO§l ZBOMYHO-DANMOHANBHHYA MHTEepBa: [\ (AC 'j) , Ha




w20 =

KOTODOM YaCTHHE CYMMH SH(X) PaBHOMEPHO OTDAHNYEHH CBEDXY.

Teneps no Teopeme I,

oo

Z#u*‘”")

=i

YT0 NPOTUBOPEUMT ZONYNEHUD.

B namsHejimeM vepes C* 6yzeM 0603H@YaTh COBOKYINHOCTH
by HEcnuit LP( L{): [o, 1]—-)[?_) , Kaxgad U3 KOTOPHX YZOBIETBOPAET
CASAYOWAM YCIOBUAM: ¥ mempepsra Ha [0,I], kpome, OuTH MOEeT,
cuerroro uHoxecrsa (> ; Ha (> QyEmma §  mueeT TOUKM pas-
pHBA JIANB NEPBOTO DOZ@ ¥ 3HAYEHMA ‘]P B 3TUX TOYKAX DaBHH CpPEZ-
HEMY apufMeTuyecKOMy €€ JIeBHX M NDPEBHX NDPEZEeJIOB.

HeTpyZHO NMPOBEPUTH, Y70 crnpaBeAnuBa TR A

Jleuma 4. NycTs LPn - C* (n-| 2 ) 1 NOCIEef0BaTENbHOCTH

(<4, )ml . DaBHOMEDHO CXOZUTCH ‘Ha [0 I]. Torza p 676 b Ha

Dy HEIUS LP TOXe NPUHANIEKUT C

Temeph MOXHO [0Ka3aTh, YTO CNPaBEZIUBA CIeZyKmas

Teopema 2. Ecau (a-n)hale ;ﬁ-; u

Zla" e

TO pHJ.{ (I.I.Z) adcomomﬂo A p&BHOMEPHO CXOZUTCA HA [O ﬂ, a CyM—

Ct

pAza (I.I.2) OrpaHMYeHa Ha [O,I] M NPpUHAZJNEXRUT KIaccy

JOKa3aTEeIbCTB0., JYUTHBAA JEMMYy U NoBezeHue QyHKouu Xaapa B

TOYKAX DPa3pHB4, MOXHO SaKIOYUTH, YTO ZJA AOKA3aTENHCTBE TEOPEMH
AOCTATOYHO NMOKA33Th 40COMNTHYW U PAIBHOMEDHYW CXOAUMOCTE DpAZa
(1.1.2).

Jlnsg aTOff nenu BO3BMEM HEKOTOpOe (Imrccnpd}aaﬂﬂoe HaTypalsHOe
yucsio m .
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h =P+l k=9""4
FS igea )
L9290 ek s
n=pP+| K:.?ﬂ'lﬂ_}’FI n:2p+l JK
CnenoBaTenbHo,
IR A e
n=m - 9P
n=2+1

PaBHOMEPHO IO XG[O,I]. Ho mo ycuOBMK TEOpEMH 3TO HEPABEHCT-
BO rapaHTUpYeT aGCONNTHY® X DaBHOMEDHYyW cxozmuocts paza (I.I.2),
YTO ¥ TpPecOBaNOCH Z0KA38Th.

Teopema I NnO3BONAET MONYUYUTE GOJNee CUMbHHI pesyapraT. B
YygCTHOCTM, BMECTO cxozuMocTyu paAxa (I.I.2) MOXHO paccMaTpUBATh
HEKOTODH# JNMHElHH{ MEeTOZ CYMMUDOBaHUA . _

[lycTs M ~MHOXECTBO BCEX ABONHHX noc e 0BaTeNbH0CTEH

'T‘:—:_ (HmK)W\,KaJ. , Kaxzad M3 KOTODHX YZOBJETBODPSET yCJHOBUD

Bim Brae sl fead e o) (I.I.18)

m-> oo

—

‘lepéa M

|
115 DIEMEHTOB KOTOpOro Halizercd Takoe yucio (| >1  (saBucauee,

0003HEUY UM TaKOc [HOIMHOXECTBO MHOXEC TBE M ’

BOOOmMEe IOBOpPHA, OT MOCJIEZOBATEIHHOCTH T ), yTO

ma X \ﬂ.mx\ =3
DAL £ g



=

< min IRmkl (n:o) e ) (I.1.19)
9™k " =

liueeT MEcTO

Teopema 3. llycTs (a-n)naj.e A-‘ ,Téﬁ W B KaxZOH TOUKE
MHOXECTBA [ (E c [O,I]) BTOPOJ KATEropuM IMHEejHHE CpejHMe PAZA

(1.1.2)
bm(X)= kZ [Tk e X () (M=t 2,-) (1.1.20)
=1

cyuecTBywr., Ecam AIJTA XeE

E;"} E—mfx)<+°°

m-— oo

U ﬁ_i_rp_gm(xb—w :

m-—oceo

Z w’“‘(-roo

Jloxa3aTe e TB0. [IpeiBapUTeIbHO 3aMeTuM, YTO €Clu

(an)nueﬁ' " (gh)hale—A‘- 3

TO

(@ Bn) 5.0 (1.I.2I)

I3 ycnomRus TEOPEMH BHTEKaeT, YTO AJdA Hamﬁoro (GuKCUPOBEHHOTO
naryparsore |1 paAzx (I.I.20) cxozurcs Ha MHOKEC TBE E (Ee [O,I])
BTODOil KaTeropuu; znaznee, corzacHO0 (I.I.2I), NOcnezOBaTENBHOCTH
K020fuIueHTOB (H.mK O-K)Kz | pAza (1.I1.20) znA Kaxzoro
QUKCHPOBAHHOTO HATYPAABHOTO |Y) MPUHAZAJNEKMUT KIaccCy ﬁ o. A 870
o3HayaeT, uTo pAAH (I1.I.20) yZAOBIETBOPANT yCNOBUSAM TeOpeMH I.
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Orciza HEmoCpEACTBEHHO BNTEKAET, YTO BHIONHAETCS TEKKE YCJIOBUE
PEOpeMH 2, COTAACHO KOTOPOMY CyMuH ( & (X) ) - (m:i)g)..‘ )
paza (I.I.20) nmpezcTaBiaART COCOK QyHKHUU KiIacca C* . C Zpyroi
CTODOHH, MH MOXEM NpEANojararTd 6e3 OrpaHMueHMs OCWHOCTH, YTO

MHOX€C TBO

:{Xl dim E,‘m(X)<+°°}

m— oo

ABIAAETCHA MHOKECTBOM BTOpPO# KaTeropum. Taxkum 00pa3oM, ECHW MH

BOCINONB3yeMCA NemMolf 2, TO CyWeCTBYET TaKOi MHTEPBAX jo(joc [O,ﬂ),
|

yucao K, # He G0JNee UeM CYETHOE MHOXECTBO A (A Cl) s UTO

Bl waliiin ko G (I.1.22)

paBHOMEpHO M0 X € {jn\,b‘} . _
C Zpyroifi CTOPOHH, MO Teopemam I u 2, pAZH

Z A Ok X %), (m=4,9,---)

NpeAcTaBIANT COGOi pﬂnu ®ypbe ux cymM 5 m(X) » Paccuorpum Te-
neps HEKOTOpHi ABOMYHO-DAUUOHANBHNI UHTEDBAX A, ( e 3% )
cornacao £Ls I. 16), Halizercs TaKOe YUCHO no , UTO 7N Kaxz0To
ny 92, GyZeT BHIOJHEHO HepaBEeHCTBO

n
\
\
pasHOMEDHEO 10 X € A\, u e B TSR na%m

Ecnu npu kaxzoM GuKCUDOBAHHOM N (n>, 2%) B HEPABEHCTBE
(I.I.23) nepeiizeM x npefeny Npd m— oo » T0 #3 (I.I.8) nomyuum
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Z L XK(xK Kol paHomepro mo X € A, . (I.I.24)

K=
TIOCKONBKY DTO HEPEBEHCTBO CMNpPaBEAIUBO ZNA KAXAOTO (QUKCUPOBAHHO-
n | |
ro [ (n > °) papHomepHo no X € A\, , T0

'&m ZO.KX (X) K L XéAlo

n—oco K=I

Torzma, B culy Teopemw I, momyyaem, uTO pAZ

— N
s

n=q

CXOAUTCH o
TeopemMa 3 7OK&3aHA. |
EcTecTBEHHO BO3HMKAET BONPOC: KaKuMyu CBOWCTBAaMEM OClazaer
pax (I.I.2), Korza (ﬂ.n)nuc‘ﬁf‘ u

Z 1anl _ 1 (I.1.25)

B CBA3M C STUM HEM ﬂOH&nOGHTCﬂ cuezywmee
Onpezenesue. ['oBopAT (CM.,Hanpumep,[7], crp.I82), yTO

by HKIUA f 067a7aeT CBOJCTBOM j) Ha HEKOTOpOM JNUHElHOM MHO-
£6C TBE E , €CIM AUA IWOHX ZBYX Tovex X, €[ u XZGE u
ALA I0GOTO uMcua o , sakdpuesoro mexay f(x,) # §(Xy)
HalieTcqd Takas TOYK3 -FEE , JHexamas Mexzy X, u X, , uTO

3(£)=d .

BepHa cueznynuas 3
Teopema 4. Ecau (an)n;[ & A 3
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&= |y

Z Yn' e : &m ah‘l/ﬁl: -

n=i n— oo
10 ZJA KaxZOTO QUKCHPOBAHHOTO MHTEDBAIA 4 [0,1]) Haii-
zerc Beway nuorsoe 3 J, mHoxecrso [ (F 7] ) woumocru
KOHTVHyymMa, Ha KoropoM paz (I.I.2) cxozurcs, a cymma -g pAza
(I.I.2) o6nazaeT Ha MHOXECTBE E csoficTBoM () , MpuUueM
§(E)=Troor ool -

Ilns 7OKa3aTeNbCTBA TEOPEMH 4 HaM NOHaZ00UTCH HECKOIBKO
BCNOMOTaTeNbHNX NMPEAJIOKEHUN «

Cuayana saMeTuy clejyouee: kak u paubue,uepes <, 0603Ha-
vera gymxmus  |(Ln X, (X)| > vepes Yo  -gymenun (Lan(X) ,
yepes [\, -uHTepBaN, ABAALWMACH HOcureumem Pymxumm X, (X) ,
vepes /\7, u N\, - nogumreppams unrepsama [\ , Ha KOTODHX
pysmua OLn Xn(X) nNpuHAMEET COOTBETCTBEHHO NONOKUTENBLHOE U
OTpULATeNbEOE BHAYEHMA. JerKo sameTurs, uro ecam (Lnn — 0

(n~—>oo) s 20

L R = P | R B B

X € [0,{] xe[o,1]
:—_-\f’n()():anxn(x):gn—ﬁ O
xe At x & Al - (I.1.26)

npg N—oco .

Tewma 5. Iyers  (0ln)ny( € A— »

= [
Z_m.,:+00

g fe= |

U M - [IPOU3BOJIEHOE (YMKCUPOBAHHOE ZEWCTBUTENBHOE Yucio, Ecian

INA HEeKOTOpOro HaTypansHoro N, [N, MNpeacTaBisieT cOO60f HEKO-



TOpHii UHTEPBAN MOCTOAHCTBA YACTUYHO cyuuu Xaapa S Qno(x) :

0 HaliayTcd XBOMYHO-DPALUOH &
TO Haiipy IBOM pauuOHaNBHNY UHTEDPBAN An (A,C Ao) , KOTO
puit crporo cozepsuzes 3 [\, (KOHNN unrepsana [\ ~ NpUHaZJexaT
orkpuroMy muTepsany [\, ) ¥ HaTypamepHoe uucio n, (n,>N,) Ta-
Kue, 9YTO

S =M< Ein-2) T Ly, xe 4,

Pe NOCHEeZ0BaTENbHOCTE ( L (n))nal yZOBIETBOPAET YCIHIOBMI

2n<£(n)'\<‘%n+l IS S ). (1.1.27)

J0Ka3aTeNbC TEO. [lpeanonoxuM, 4YTO Szno(x)’:‘: C‘o , KoOrza
X €/\,. PaccuoTpum ZBa ciyyas

G 0k €
I Cjo-\’;M 2

[IpepnonoxuM cHavazua, YTO dL, < M . CyuwecTByeT Takoe

bo (1 $4,89™ )i su20

Sqnen X1 = o+ Pgne,; () =

_rl.?_ '
e, g St ¥
A JO I a%no'fdol' : ok X . AO > %no'fJO

AHAZOTUYHO MH MOKEM HAiTW TaKoe |, (1% S i“““) , 9TO

Synera 8 = o Bgno s () + Pgrert ; (X) =



ne Dot
= oo + [0gn,; |97 + |@ynort, ;|9 72
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C el
A2n0+‘i AO
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+
) G A
i J

|
M T.Ae ECA MH IPOZOMKHUM 3TOT NpOLECC, TO NOIYYUM

K=\
Sﬂno.mt (x): Jo+ ; LPZ"-*'L*&-(X):

L

No+L

Ki=1 s
= d ‘FZ ICL Netl - e b g g
i e o b S ey

+
i:l----K‘*i) XeA‘n,H(.*l s 5 . e
( ) ) ) 9

-

Ecau Teneps NPUHATH BO BHUMAHUE JeMMy 3 u ycnoBue (I.I.25),

TO

eo n
n .
; 2% | 0ipm|=+eo ) (I.1.28)

rze  L(n) (2“4 L(n) ¢ 2n+1) - HEKOTOpas I0CIEeZ0BaTeNHHOCTE Ha=

TYPANbHEX YICEell.
s (I.1.28) BHTEKaeT, YTO 38 CYEeT BHOODPA K, BupaxeHue

Not L

K=
do + Z_; la‘?,""”ni\‘?, %
e

MOXHO CZlelIaTh CKOJNB YIOZHO OONBuMM. TakuM 06pas3oOM, MH MOXEM BHO=-

pars K, wTaK, uyTO
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R, T

Szn +K+%(X) LPQ’”0+K'+I (K) < M

HKH

| |
$, 82n0+K:+2(X) +(P2no+Kul [,Ki()() ) Xédt

Torza
LG S A ) o
IM SQV o+ X +2 l\ LPZHO.*K:{'LKI‘ (X)+
‘f‘“chn‘ A Lx(? o A (1.1.33)

CoBepueHHO aHAJOrUYHO MOXHO NOKasarTh, YTO U B Clyvyae

A Azﬂo-i' K‘%-\

+K+l

uMeeT MecTO HepaBeHcTsO (I.I.33).
Jlemma 5 70KasaHa.

- a_,,
Jeuma 6. llycTs (a-h)n>1€A Z l | :

‘&m Ann' = O u Mp Mz- NPOU3BOABHEE YHCIHE. Torna AN T0G0-

N—>o0

ro marepsana J, (1 C [O,i]) naifgercn taxas rouka T ( fe ']o) ’
yTo

N b M -' R G

n—=og



dim S, (8)=M,. (I.1.34)

n— %

JloxazareaCTBO. PACCMOTDUMM HEKOTOPHI ABOWYHO-PALYOHAIDHA
urrepsan A\, (A, C'J,) » Ha KoTopow vacTHas cymma Szno(x)
nocToAHHa. Ecuy B JleMMe 5> B KauecIBe M BOSBMEM Ml , T0 Nno-
ZIyuMM, UTO CyUECTBYOT ABOUYHO~pauuoRaimbini uurepsas A, (A C Ao
He uMeiWds OGWux KOHNOB ¢ [\, , # HaTypanbHOe uucAo N, (N >n,)
TaKMe, YTO

“VL_ 82"1 (X)‘ N EL (n\—i)+EL(n‘_\)) XGA,C Ao.

BBezeM 0003HEUEHHUE

S16Y2E e Ly { vy (1.1.35)

CHOBa NpUMEHAA JeMMy 5, N0 JI@HHOMY MHTEpPBany Al u yucny Mﬂ.
MH H8XOZUuM TaKO#i WMHTEepBal A2 (A'LC Al) s J KOTOpPOTO HET O0WuX
KOHIOB C A: , U TaKoe HaTypamshoe uucao N (Ny>N,) , umo

(Mo = Syna €6 () xeA, .

)
llpozonxas 3TOT NMPOLECC, MM NMONyYyaeM NOCIeA0BaTENbHOCTE
B DG DBy DA L P e

CTPOrO BJIOXEHHHX ZApPYyI B Apyra ZIBOWYHO-PAUKUOHEABHHX MHTEDPBAJOB
4 CTPOr0 BO3pacTanlyn NOCHIEZOBETEABHOCTH

nl<n1_<" caae s L Mgk & n‘Z.K(' Frghes
HATYpPaNbHHX YUCEeN TaKue, YTO :
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