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BBenenue

Kah’ H3IMCCTHO, HPEAMCTOM MATECMATHHCCROID MO}]CIIIIPOR(]HIIH ABAKCTCH OII}ICE]HI-I(;
EOUKPETHLIN NPOLUECCOB H ABNEHHIT 1 BLIPIPKEHHS HX XaPAKTEPUCTHK B MAT2ATHMECKOH dopue.
Hla ocnose anannia v BblubCAeHIH MATEMATHYECKOT MOEAN J€IK0TCA BLIBO,IbI O CBOTICTBaX
H3yuaeMoro ABneHus . ECn caenanubte ButBOIB COBNAAAIOT € H3BECTHBIMHU AaHHBIMH, TO
MOJZIETb CHUTAETCA BEPHOH, W €€ BLIBOJAM MOXHO A0BEPATL B AAHHOM NPUGIKEHNH (€ YHETOM
CAEMAHHDBIX «1PEHEOPEXEHHI» ), €CNU HET — Mbl BO3BPALLAEMCS B HCXOAHYIO TOUKY H JleNaem
HOBBIC NPEANONOMKEHNS H AONYIIEHHA, TEM CaMbIM YTOUYHAA MOJeNb.

Ha ocnose u3secTibix paboTalouX MoRenel YacTHBIX ABNEHHI CO3AAI0TCA MOAenn Sonee
WHPOKNX Knaccos ABneHni. Hem fonee abcTpakTHoe onucaHte sBneHus Mbl UMeeM (T.e. dem
MEHbLUE NPEANONOKEHHH CAENAHO B RPOUECCE ONUCAHNA), TEM GoNlee WMPOKHE Knace ABAEH Wi
MOKHO Byaet onucats. [1pn 370M caMu SBNEHAS MOTYT HMETb PazHyK) MPHPOAY — GUINUECKYIO,
IKOHOMHYECKYI0, BHONOrHYECKYH0, OOLLECTBEHHYIO 1 T 1.

Pabora noceswaercs anre6panieckoMy METOLY aHann3a yke NOCTPOCHHOM
MATEMaTHYECKOH MOASIH HEKOTOPLIX (BH3HYECKUX NPOLECCOB, ONMUCHIBAEMbIX ABTOHOMHBIMI
cuctemMamy andepenuranbiblX ypaBHeHUA (kaK OOGbIKHOBEHHbIMH, TAK M ¢ YACTHBIMH
MPOH3BOAKbLIMK), MeToA aHanu3a OCHOBLIBRETCA Ha anreDpanyeckux CBOHCTBAX
OnddepeHuHanbHbIX ypaBHEHUH.

PaboTa akTyansHa TeM, 4TO BhiSIBEHHBIC CBOHCTBA W 3aKOHOMEPHOCTH PACTIPOCTPAHAIOTCS
Ha LIMPOKWH KNAcC SBAEHHHA, KOTOPbIE ONIMCHIBAIITCA 3THM THITOM AH(dEPEHLHATBHBIX
YPaBHeHNH. B knacc aTHX aBneHuil BXOAAT NPoOLCCCHl THAPOAHHAMUKY, TEPMOAUHAMMKH,
3BOJIIOUHOHHEIE NTPOLECCHI, 8 TAKXKE NPOLECCH! 3NEKTPOMATHUTHLIX MTONEH i ap.

B monesu, u3BecTHON MOA HMEHEM «KaacCHYECKAS MEXAHHK2», HEMEHTAPHEIM 1
OUAHOBPEMEHHO € 3THM QyHAAMEHTANbHLIM ODBLEKTOM ABISETCA KNacCHueckas HacTHua, T.€,
MATEPHANBHAR TOUKA, & JEMEHTAPHLIM (PH3MUECKUM Mpoueccoy - coBbiThe, T.€. Npolecc,
NPOHCXOIALUHIA B JAHHONK TOUKE W MrHOBERHO. Ha oCHOBE 3THX 0OBEKTOB M CTPOHTCS HalLe
NPeACTaBNEHHE O NPOCTPAHCTBE U BpeMeHH. Jlanee, OCHOBHbIE 1HHAMHYECKHE 3aKOHbI NS
MaTCPHATEHON TOUKN GOPMYAHPYIOTCR B BHAE 0OLIKHOBEHHDLIX 1i{pepeunaibHbIX ypaBHEHHi.
TakoBa OCHOBHAS KOHCTPYKUMS KNACCHYECKOH MEXAHNKH, KOTOpas NPEeACTaeT nepen Hamu xax
NOPHMECKH 3aMKHYTAs 3aBEPLICHHAs TEOpHUA.

O1HaK0, €CTH Mbl XOTHM YHECTb B HaleH MOAENN HHTEpQEPEHUMOHHbIE CBONCTRA,
B3aWMONPEBPALLIAEMOCTE H ApYyrue HabMoAaeMble KBAHTOBBIE CBOHCTBA. TO MBI HE MOXEM
HHTEPNPETHPOBATH HACTHILY KAK MAaTEPHANLHYIO TOUKY. XOPOLIO HIBECTHO, YTO ABHMKEHHE
PeanbHON HACTHLIbE TOUHEE H NOAHEE (T.€. C YHETOM KBAHTOBLIX CBONHCTB) ONMCLIBAETCA
BKJUIOUEHHEM B MOJENL TAKOIO NOHATHA Kak none. KnaccHueckas 4acTiua Ha CBOEM MyTH,
KOTOpLIK npeacTasnset cobol uenb NocnenoBaTeNbHbIX COBLITIHE, HE TONLKO He pearnpyer Ha
TO, MTO MPOHCXOAMT 32 MPEAENAMU €€ TPACKTOPHHU, HO U HE OLIYLLAET, 4TO MOXKET C Hel
NPOH30OHTH B CeAyIOLee MIHOBEHHE: «OHa 3HAET TO, YTO € ITON0KEHO JeNaTh B 3T
MrHosexuey [3]. [lpu noneBoM MOZEAMPOBAHHH «OHA YYET» BCE COCEAHWE MYTHY [3]- Ona 3naer
HE TOJbKO, 4TO A€NaTh B 3TO MFHOBEHHUE, HO QoJlee TOro, «oHa 3argab6BaeT Buepen» [3].
MaremaTuueckoe 06bACHEHHE 3THX (PAKTOB CBAZAHO C TEM, YTO cOBbITHE ONpenenseTca B TOUKe
4-NpOCTpaHCTBa # HMEET CMBICT TONBKO AJIA MaTepHankHOH Touxk. UTo e KacaeTcs 1o, To
OHO ONpeReNfeTcs H HMEET CMBICH B 33laHHOH 0011acTH 4-npoCcTpaHCTBa.

B nacrosueit pabote Mbi aenaeM NonbiTKy nepeltTi Ha MakCHMabHO a0CTPaKTHLIA yPOBEHD
ONCPHPOBAHHA TIOHATHEM TTpoLlecca. Mbl Ha3blBaeM MPOLECCOM ABREHHE, KOTOPOE ONHChIBAETCA
auddepenunanbrbiM ypapHennem. Jlanee, Tak KaK ypaBHEHHE ONUCHIBAET XHHAMHKY pa3BHTHA
fipouecca, To OHO OTPAKAET €ro BHYTPECHHHE 3aKOHOMEPHOCTH. [103TOMY eCTeCTBEHHO NORAararh,
HTO MOYTH BCE CBOHCTRA Npouecca (B paMKax TOYHOCTH MATEMATHYECKOH MOAENTH) NPOABAAIOTCS
B ceolicTBax RuddepeHuHansHbIX ypaBHEHHH,

Takum 0bpa3zom, B Teopun, ANKTyemoit aHdibepeHUHanbHBIMU YPABHEHRAMH, HMEHHO
npouece NpeACTaeT Kak hyHAaMeHTanbHbI{ H, B HEKOTOPOM CMBICNE, 3NEMEHTAPHbIH 06 BEKT,

@OyHAaMERTANBHBIE YPaBHEHNA QU3NUECKAX NOEH CBOAATCS K KBA3HIUHEHHBIM CHCTEMAM

' RupbepeHLNaNbHBIX YPABHEHNH ¢ 4aCTHBIMU NPON3BOAHBIMU. HCXOAS U3 3TOr0, Mbl HECARAYEM
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anrebpanyeckne CTpYKTypbl, BOSHHKAIOWMNE Ha Ba3e KBA3HIUHERHBIX CHCTEM, KOTOPLIE B CBOW
Ouepenk ONUCHIBAYOT KAKNE-TO MPOLECCRI. AnreGpauieckas TEOPHs STHX YPABHEHHI BbIHYXKaeT
Hac OTOPOCHUTL MOHATHE KNACCHYECKON YACTHILL M HA €€ MECTO BBECTH apvrodi o6vexT™ npouecc,

Bce nonvueHHble pesynbTarsl v BLIBOAbI CIEAVIOT HCKMIOMHTENLHO W3 anredpanyeckmux
CBOHCTB IM(MPepeHINANLHBIX YPARHEHHH B3 NPHBAEUEHH NOCTOPOHHHX ROCTVNATOR H
npeAnonoxeHuil.

B paboTax [1-2] 66110 noxasano, uto Aa WMPOKOre knacca AMdpeperHanLHBIX
YpaBHEHHH cyluecTByeT GeCKOHEYHOE MHOKECTBO GHHAPHBIX 3AKOHOB CTOMKEHHSA pewennH. [pu
ITOM Kaxcaas GHHAPHAS ONEPALMA HMEET CBOK CONPIXEHHYIO onepaumio. U3 3Toro MuoxkecTea
MbI BLIAETACM KOMMYTaTHBHBIH anrebpanueckuit o0bexT, KoTopbidi, kak oka3anoce,
NPEACTaBNACT CODOH HaAlOXKEHNHE ABYX aNbTEPHATHBHLIX APYFAPYTY noneli ¢ o6LmMMy
HEATPaNbHBIMK 3MEeMEHTAMH.

Lensto npeanaraemoi paboTbl ABNRETCA HCCRESOBaHHE anreSpaHUeCcKBX CBOHCTB
MPOUECCOB, ONUCLIBAEMBIX 2BTOHOMHBIMH AHB(EpeHHANEHBIMK yPaBHEHHAME, Mb
ODHapYKHITH, YTO WINPOKHit Knace andpepeHInaNbHbIX YpaBHEH Ui COOEPHHUT anrebpandeckii
o0bekT, H30MOPhHLIA 00beKTY, NpeaCTARNSIOWEMY COBON HanoKeHHe JABYX albTEPHATHBHO
REHCTBYIOILHX YHCAOBbIX NOMEH ¢ 0GLUMMK HEHTPARLHEIMH 3neMenTaMi. Ha ocHoBe cBoero
anrebpanyeckoro NoMs Kaxablit MpoLEcC BLICTPAHBAET COGCTBEHHOE HCUHCCHHE
(AanddepeHuHaTbHOE, HHTETPANBHOE), H OAHOBPEMEHHO € 3THM onpeaensercs cobCTBEHHAS
cHcTeMa oTcueTa. OkasbiBacTcA, B CBOEH CHCTEME KCUHCAeHHS andepeHunaibHOe YpaBHEHHe
ATOrO NMpoNecca NPHHHUMALT NHHEAHLIA BAA.

Bbrachseres, 4To Hapsay co cranaapTHeIM AnddepeHIHANBHBIM H HHTETpaNbHbIMH
HCUHCIEHAAMHN BCEINA CYLUECTRYIOT H3OMOD(HBIE UM aNbTEPHATHBHbIC HCUHCeHUs. Kak
MOKA3bIBADT HAWK HCCIEAOBAHNA, MPOLECC 00R3ATENLHO MONBIYETCS THHO OHUM MCUHCIEHHEM,
JMO0 ApYTHM (NO3TOMY MbI K NOJL3YEMCS TEPMHHOM «aNbLTEPHATHRHBIAY ). Bonee Toro, xaxaas

- CHCTEMA ANPPEPEHUNANBHBIX YPaBHEHHI NOPOXKAZET COBCTBEHHBIE HCYNCNEHNS, KOTOpBIE
H30MOPQHDE (FOMOMOP(hHB) CTRHAZPTHBIM HCHHCNEHHAM.

Hapsny ¢ 3Tum, H3-3a cyulecTBOBaHNA BOHHONO afireGpanyeckoro nons KOKAOMY Npoueccy
CONOCTABMAETCA aNLTEPHATHBHLIA K HEMY anTHMpouecc. Bossnkaiowas Teopus naer
BOIMOKHOCTb yBUIETE W OMHCATH OIMH NPOLECC € NO3WUHK APYTOro npolecca.

H Bce 370 BMECTe NoABOANT HAC K HEOBXOAMMOCTH NEPEOCMbICIEHHA TIOHATHI
OTHOCUTCNILHOCTH ABHAEHHS NPOLECCOB.

Marepuanst AuccepTaUun onySnuKkoBaHsl B paboTax:

I. Z.Z. Khukhunashvili, V.Z. Khukhunashvili, Alternative Analysis Generated by a
Differential Equation, EJQTDE, 2003, No.2.

2. V.Z. Khukhunashvili, On Nonlinear Expansion of Solutions of a Quasilinear System,
Proceedings, A.Razmadze Mathematical Institute, vol. 140, 2006

3. V.Z. Khukhunashvili, Commutative Algebraic Operations, Proceedings, A.Razmadze
Mathematical Institute, vol. 141, 2006



§1. Jlsotinoe none

B padote [1] 66110 nokazano. 4T0 A4 Kax10l ksasenniciinof cucTesnl ypasticnnii aceria
CYLRCCTBYCT COOTBETCTRY O1LAR AHHCHHAA cueTeMa OAHOPOIHBIY }fpaBHf.‘HHI'ui, ¥ MOADY KX
anreGpo-reoMETPHUCCKIM I CTPYKTY PaMIt yCT2HABIBAIOTCA 1130MOPOHLIC OTHOWRHHS (Fipil
0TOOpaXEHNH AHCKPETHLIA CNOH NPOCTPAHCTBA PELUEHH i HENKHEHHOrO YPABHEHHS CYHTAEM KaAK
ORMH 21eMenT). [Ipr 3TOM cUCTeMa NMHERHBIX YpaBHEHUH npeacTaBaseT coboit cucTemy
ONHOMEPHBIX YPABHEHHH.

1. Micxofs W3 9THX paccyxACHHH, Mbl MOXKEM YNPOCTHTH 3aAaYy M HCCAENOBaTh TE
anredpaHueckKue onepalmuu, KOTopsle BOSHHUKAOT Ha base MuuelnbIX ypaBrenuii. J{ns storo
paccMOTPHM Ha KOMIIEKCHOH NIOCKOCTH OAHOMEPHOE NTHHEHHOE YpaBHEHHE:

% = Aw,
rAc A - 3a1aHHAs BENHYHHA (KOMILIEKCHaA), a f - AcHCTBUTENbHA nepemerHan. [lycts W -
NPOCTPaHCTBO pellieHuH ypaBHetns (1.1). OcTanoBuMes Ka KOMMYTaTHBHLIX rpynnax. [Tonoxum,
YTO Wi, W2 HEHYJIEBEIE 3neMeHThl npocTpancTea W, Ho B [1] Mbl noxasann, YTo B npocTpaHcTae
pELleHNi BCeria CyLIECTBYIOT &AbTEPHATUBHO AeHCTBYIOWIHE FPYNNbI ¢ GHHAPHBIMH ONEpaLHAMH:

Wi W = wy + W

- _ !
wr ¥ wr = {wy +w3')".
B nanenekiwem (1.3) GyaeM Ha3biBaTh aNbTEPHATHBHBIM CyMMHPOBaHHEM. HeliTpanshbimu

B3aUMOCONPAKCHHBIMHK 3ICMCHTAMH ABMAIOTCA W = Ouw=um, OHBBH,[IHO, BLIMOJIHAKOTCA
PaBCHCTRA:

w+0=w wtmo=om,

wiew=w w+0=0
B 3THX rpynnax w u —w ABASIOTCA NPOTHBONOIDKEHHBIMY EMEHTAMH.

Kak suano u3 (1.4) u {1.3), HeliTpanbhsie 3neMeHTbl w = 0 B w = o, 0OBLEAHHAKOT
anbTepHaTHaHsIE rpynitel (1.2) v (1.3) B ennunii, uensHbil anrebpanyecknit 0b6vekT. BaxkHo
OTMETUTD, UTO DAEMEHTBt w = O w = 20 PaBHONPABHO NPHCYTCTEYIOT B ROZHUKLUEH anrebpe.

M3 (1.1) HeMoCcpeACTREHHO CIElyeT. YTO eCiI W €CTh PELIEHHE, TO PELIEHHEM ABIAETCA M
aw, rie a - NPON3BONbLHOE KOMNNEKCHOE uHcno. OYeBUIHO, BLINOIHAKOTCS CEAYHMUE PABSHCTBEA!

a(wi +wa) = aw +aws,
a(w, + wa) = aw, ¥ gws.

Takum 00pas’oM, Mbl IPHILIN K KOMMYTATHBHOH anrebpe, ACHCTBYtOWEN B NpoCTpaHcTse W.
2. Otnoxum B cTopoHy auddepenunansoe ypasHenue (1.1), u 6yaem mpicants W, Kak

MOJHOC MHOXECTBO KOMITNEKCHEBIX YHCEN. PaCCMDTpHM anreﬁpauqe(:l{uii obbexT Ha W c GHHapr]MH

onepaunAMH clokenns (1.2-3). Jins neliTpanbHbix 3nemMenToB ( ¥ co BLINOAHKIOTCS PABEHCTBA
(1.4-5). KpoMe Torq, mul noytaraeM, 4To 5TOT 06BEKT COAEPKHT O0BIYHYO Oftepauuio YMHOKEHHA
KOMMIEKCHBEX YHCEN, KOTOPAas YI0BIETBOPALT NHCTPUDYTHBHEIM 3aKOHAM!

wi{ws F w3) = wywa + wiws,

wi{wa ¥w3) = wiws ¥ wiws.
Ecni B aTOM anrebpanueckom oGnekre 0TGpocHTs onepauio (1.3), To MBI BOAYYHM 00BIYHOE TIONE
KOMIIEKCHBIX YNces. AHanorndxo, ucxmo4as (1.2) 8 Mecro (1.3), Bo3HRKIuWi 06bekT GyaeT

H30MOopheH Mok KOMMNEXCHBIX YHCEN. 3TH Noas Gyaem Ha3blBaTh AbTEPHATHBHEIMU APYTAPYTY

MONAMH.
Takum obpasom, anddepeHuUHATLHOE YpaBHCHHE NOpoXAaeT anrebpanueckuii o6bexT,

npeacTaBnstownii coboil HanoxeHne ABYX Noneli, NeficTByloWnX anLrepHaTnsio B . B

(L.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)



AansHefiwem 3TOT 00beKT OyleM Ha3blBaTh ABOHHEIM noaem.

TosBeHue ABOHHOrO NMONS He ABASETCS Npeporatueoil ypasHenus (1.1). B nocaeayowmx
naparpahax IOKaxeM. 4T0 IRORHbIE NOAS BOIHUKAIOT Ha (23€ 10CTATOHO WHPOKOTO RAACCA
aHphepeHuUnAl bHBIX YPABHEHHA.

3. Mui cuHTaeM N3IHLLIHHM B pAMKaX 1aHioi paboTbt oﬁcvmncnm BAKHOCTH poan
AnddepeHUnaNbHEIX YDABHEHHH B ONHCAHHH BU3HUECKHX ABNeHui. [ToauepkneM nuwb TOT dakr,
4TO B YPABHEHHAX [0 CBOEH CYTH 3a/10KEHB) 3aKOHbI RBUKEHHSA ONHCLIBAEMOrO SENEHUS, A 3T0
NPHBOJHT HAC K HEODXOAHMOCTH NPU3HAHHA TOro, 4TO anreGpandeckue cpoiictea
RudbepeHLHanbHOro ypaBHEHHA NOMKHBI GLITh MPHCYILIH CAMOMY RBIEHHIO, NO KpaiiHoH Mepe, B
npegenax TOYHOCTH AeACTBHA maTeMaTHdeckoit Moaeny. Ho Torga auddepenunanstoe u
HHTEMPANTbHOE HCUHCNEHNS, KOTOPLIE BOSHHKAKOT B HENPEPbIBHBIX NPOLECCAX, Mbl 00BA3AHBI
NOCTPOHTL HA OCHOBE ABOWHOrO NOMA AlA TOTO, YT0OL MaTEMATHYECKas KapTHHA Obl1a 6bl nonHO#k
W COOTBETCTBOBANA 3AKOHAM [ABHXKEHHS OTIHCLIBAEMOI( ABNEHHA.

§2. AuddepeHunansHoe ucYUCIECHUE

Hatna zanaya sakmiouaercs B TOM, 4TOObI NOCTPOHTL ANGHpEPER1INATbHOE HCYHCIEHHE C
noMowbto anrebdpel (1.2-7), He BbixoAd 32 ee pamky, [Ing 310ro paccMoTpUM MHOKECTBO L
AOCTATOYHO MIAKHX, KOMNIEKCO-3HaYHBIX (PYHKLIWH, 31a1aHHBIX B HEKOTOPOIH OKPECTHOCTH
3aJaHHOH TOYKK H3 NPOCTPAHCTBA AeHCTBHTENbHBIX Yncen R. Paccmarpusaemblil knace ByHKUMI B
3alaHHOH OKPECTHOCTH MOKET MMETh TOIbKO H3CHUPOBaHHBIE HYMH K BeckoHeunocTn. OveBnano,
yto W c L.

1. Kak n3secTho, npoussonHas bynkumnu f{t) € L, 1,tn € R, onpenenserca s puae:

ii (2.1)
=iy
Quesnano, noampeaensHan GyHkUKHg obpazosaHa ¢ NOMOLWLIO anrebpanyeckux onepaunit (1.2) u
(1.7).
2. lNo ananorau ¢ (2.1), ncnonsiys onepaumso (1 3) PaccMOTpHM pasnocTh F(1} = Flip),
rne F(1) € L - 3agannas GYHKIMA B OKPECTHOCTH TOYKH 1y € R. DTy Pa3sHOCTL Mbl MOKEM
NPEACTABHTL B BHAE:
> . F(1) » F(to)
F(to) - F()
Hcnonwsys Teopemy Jlarpanka o cpeaHeM, nonyuum:
. F() = F(ig) |
lim ———— = ) (2.2)
= _‘:— - : (___-I-_)
F (.r‘) l:=-f|J
rne Ml Hemmonbloganu onepauny (1.3)yu (1.7).
3. Ing mpocToTel H3NOKEHHS BBEAEM CHEAYIOLIEE
Onpedenenue 2.1 Ecan senuvunst A u B yoosremeopsiom pasencmey A - B = 1, mo ux fydem
HA3LIBAME AN2EBPAUYECK CONPANCEHHBIMU BETUMUHAMY AU, KOPOYE, A-CONPANCEHNBLML.
Beenem crenyloimme cootHoe s
tet=1,
A = 1. (2.3)
Ouesunno £, f u 1), fiF) no ONpeAeIEHHIO ABJISAKOTCA COOTBETCTBEHHO Q-CONPAKEHHBIMH
BETMYHHAMH.
B (2.2} nonoxum
F(h) = fi1), (2.4)

FIE ! M [ CBA3AHBI YCIOBHEM {2.3). Ho 1ak, xak f{r} uﬂ?) @-COMPAKEHBL, NOAYYHM:



OueBILTHO PARCHCTRO:

Ho Toraa ua (2.2) ¢ yuerom (2.4-6) HenocpeacTaenHo CIEAYET:

: 1 . - _1
!‘irf? 1=t (f(f) _ﬂlo)) = }1(;0) .

O060o3nauuM Npeaen NEBOH 4acTH STOTO PABEHCTBA B BHAE!
SO (te) =lim —L— (A1) = flto)).
1=+l t= IO

Tem cambiM Mbl NPHILIH K BBIBOAY, 4TO B OAHOH H TOM Xe Touke ! ¢yHknug A1) umeer nse
anbTepHaTHBHbIE Tpou3BogHbIe (2.1) 1 (2.8). OuepnaHo, uTo HX ANbTEPHATHBHOCTD CRENYET U3
anreGpwi (1.2-7).

B nanbHefiwem (2.1) Gyaem nasbiBaTh cmandapmuoli npouseodnod, a (2.8) aremepramusnon
NPOUIEOOHON.
H3 (2.7-8) nenocpelcTaeHHO cheayeT:
IORVIGEDS
4. 3yymuM CBOHCTRA AThTEPHATHBHLIX TPOH3IBORHbIX.
a}Ilycte flt) = ¢ = const, U3(2.9) cnenyer:
ORI
O = —— = T
ér 0 k-
rheec-¢ = 1.
b) PaccmoTpum dyHkuHio ¢ - /1), OueBuano:

(AN =

] _ | = t)

- . = T =C 'f (!)3
(¢-2D) ¢ 7
T.€.

(e ANY =c- /M,

rnec-¢é = 1. A
.. ¢} Ecan A}, A1) n g(1), 8(1) coorsercTBenHO a-conpaxetnsle gynxinn, rorna fi7) ¥ g(i) v
S + g(8) Tak xe a-conpsxensl. B camonm nene

ign =+ — =1
ity SO+

Orcrona ¢ yuerom (2.9) nonyunm:

() + g™ = ) ¥ gOq).

3nece YMECTHO 38METHTL, YTO HE BLINONHAKTCH paBcHCTRA:

() + &)™) = fOU) + g0

Antegn) =i
d)
(A - gD = £y - g(n) £ ) - ().
e)

(f(r) )‘-” _ L0 g0 = A1) 290
g(1) g
f) Yuntrisas (2.9) MOkHO HANUCATh ANBTEPHATHBHYIO NPOMIBOLHYIO AN CNOKHOH dynkupn:

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)



= fO(p()) - V(1)

Rot)® = ——L - L
Y o)) /@D -

RN = /() - 9.

Ipumep 2.1
a)
ay() . 1 _ 1 e
(I ) - a?a-l - (II .
IHAUUM
(!a)('-) — L!u—]
x .
b
(a:)(.’} - ] - £ - a
(a‘%)a ating Ploa’
m.e
{'} _ a’
a’ = .
(@) Fing

B wacmuocmu, kozda a = e, noayvum:
(e:)(-) — ’L:el_

5. HUcnonbays cooTHowenus (2.9), Nerko HaiiTy APOHIBOAHLIE BLICOKOTO NIOPAAKA:

! i) _ I- ]
v S

6. lnddepenunpyemocts ynkuny onpeseins cranzaptHo. Oyuxunio 1) 6ynem
HA3BIBATbL ATLMEPHAMUENO OuPeperyupyesioli B TOYKE o, €C/IM Npupanterne GyHKUHK

Mito) = f1) = i)
B OKPECTHOCTH 3TOH TOUKH MOKHO NPEJCTABHThL B RUJE!
Aflte) = AA1 F o(AnAs,
rae
At = t=1.
B papencTre (2.18) cnaraemoe w(Af) aBnsetrcs HGeckonedHo Gonbiuok BEMUYHHON, Korra Af — oo,
Ecan paspenum (2.18) Ha Ar 1t nepeiiiem k npegeny, Nony4uMm:

lim é% =lim (4 w(A0) = 4.

&r—-w Af-roo
Takum obpasom, w3 3TOro pasencTsa H (2.8) 3akmouaem:
A4 = (1)

Hepeiinem Teneps k onpenenenuio guddepenunana pynxuun.
Onpedeaenue 2.2 Anomepramuesiv Qudppepenyuaion Gyuxyuu f{t) Gyder nasvieamop
clrazaemoe npagoi vacmu pagencmea (2.18) u 6ydem oboznavame

dfit) = fO()dt.
W3 3TOro paseHcTBa HEMOCPEACTBEHHO CEAYET!
af)
- = ().
o SO
OueBuaHoO

(2.13)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)



OTK)*HQ MBI MOXKEN! HAMNMCATE!

C yuetroM (2.9) u (2.21) nmeem:
dt - df =1,

dfit) - dih) = 1.
7. Kak n3secTHo, hopmyna Teiinopa umeer aua;
A0 = Aoy + L2

rae OCTATOMHBIH HITEH MOMHO npenc*raamb B BHOE!
n+l)
Rn fl (G) (l r.-+]

)
(t—t)+ -+ fLE(‘_’Q(, -10)" + R,

(n+ 1)
Hcnonsays (2.3) 1 (2.25), Mbt nonyunm:
70y = 1oy + LI iy 4 s L0 G
@ "
o +(1)'> (- i0)"")
C yueToM (2.16) 1 (2.23) Mbi GyneM HMETh:
A0 = 14 I 1 D S 1

ﬂ!' ) f(')(tg) (¢t= In) * M) (= to)” +
B 1 1
nl i (g) (,Hn)m)

Jnbo. 410 TO *KeE camoe
Sy = Re) F 1 fbo) < (1= 10) ¥ - F 1! -f"”‘(fo) c(t=r) ¥
(ﬂ + 1) OISy (= 1)

12 & 1 & CBA3aHb] paBeHCTBOM & + & = ],
Tem cambimM MBI IPULLRKM K BLIBOAY, 4TO ANA N10060#], ri1aixod $OyHKUMH f(t) B TOuke 1y,
HapAly ¢ CylEeCTBOBAHNEM KIIaCCHYECKOro pasnoxkenns Teunopa (2.25), cyllecTByer W apyroe
aNbTePHaTHBHOE pasnoxenue - (2.27).
Ilpuwep 2.2 Horoxcun

HOERG
Pazroxcun smy @ynxkyuio € mouxe to = 1, no aromepramusnoir hopuyie Teusopa (2.27). H3
npusepa 2.1 a) nenocpedcmeaenro credyem:

(")t = Tl = L.

] 1
2y - L
( ) ll’l 2

(rﬂ)(!n)l.':! = o0, npun > 3

MpocToie ipeobpazopaHis NOKA3BIBAIOT, YTO IPABAA HACTEL TOXIECTBEHHO COBNAAAET C {2, YTO
cornacyerca ¢ (2.28). Orpannyumcs B (2.30) HB}’MH ClaraeMbIMH, Toraa Mbl Synes HMeTh:

y——1+—(r—l)

Hlnbo, uT0 TO HE camoe,

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)



— i
y=5t (2.31)

8. [Tposenennble NCCNENOBAHMSA MOKA3LIBAIOT, YTO CTANAANTHOE AdhepeHIInaNbHOE
HCHHCAEHHE 11PH €0 IIOCTPOCHUH orpaHuunBaetes nofem (1.2). (1.4).(1.7,) n3 aBofinore nons
(1.2-7). a anvTepnatinHoe AHpdepeHunatsHOe HCUHENEHNE, CoOTBETCTBR O, noaes (1.3). (1.5,
(1.7;). TIpu 3TOM HeATPaNbHbIH 21EMEHT ( HIpaeT CYLIECTBEHHYIO PONib B CTAHAAPTHOM
HCYHCAEHUH, OOBABNAA OAHOBPEMEHHO C 3THM COMPSIKEHHBIH 3NEMEHT 00 KaK HECOBCTBEHHOE
yrcho. B aneTepHaTHBHOM HCUHCNEHRH O H 00 MEHAIOTCA POJISIMY.

Kak Mbl ybegnancs, 06a Hcurcnenns oGnagaT 0A¥HAKOBLIMH CBOHCTBAMH, IMoaromy, ecnu
MX CUMTaTb airebpanduecknmn ofbEKTAMA, TO MEX Y HHMH MOKHO YCTaHOBHTL H30OMOp(hHbIC
oTHollueHHA. Bo3HHKaeT Hekad OTHOCHTENBHOCTb HCYHCIIEHHS.

§3. MHTerpansHoOe HCYHCTEHHE

1. ITycre 3agana venpepbisnas GyHKUHA f{f) Ha otpeske [a, b]. [Tponssenem apobnense
0Tpe3ka Ha nyacreii @ = fy < {1 < --- < t, = b. Kax u3BectHo, cranpaprio wurerpan no Koww Ha
oTpeske [a, b] onpenenseTcs kak npefen HHTErpanLHON CyMMbL:

Y REbu, G.1)
%=1
korga max |Af] = 0. rae &y € [H-1, 141, 2
k
Aty = 8y — 1y, (3.2)
3HAUMT,
H h
el o 2AEOL - JAna (3.3)
2. CocTaum Teneps allbTEPHATHBHYIO UHTENPAIbHYIO CyMMY 110 npaeray (1.3):
D AEDAL, (3.4)
k=1
rie
Aty =ty = th). (3.5)

Ecnu npeaen or (3.4) npy min ]Au' —+ G0 CYLUECTBYET, Mbl OYReM Ha3biBaTb ETO ATbIMEPHAMUGH LU
&

unmezparoy o7 f{t} na otpeske [a, b):
n b
Jim DoAE0AL = [fnar (3.6)
I'I‘I}..\Il'l Fo |+ b=t .

3. llepenuinem {3.4) cnenyrouium obpazom:

n

. n -1
2 VAf = ] ]
;ﬂg&)é& = (Z Fh) AI#) .

A=}

Hcnonsays (2.3) u (2.23), nomyunm;

n

. ,, -
Sooin - (i)
k=1 A=|
Ouesnano, min |Aty| - o Brever 3a coboit: max |A%| > 0. Ho Toraa
k &

10



A -

“.ftr)c?: ~ h.?t?)d? : . (3.7)
[ ]

o

A

rRea-d = 1,5 -5 = 1. s atoro panenctsa HENOCPEACTBEHHO CIENYET, YTO HHTErPAbI _[f(t)dt u

~ o
b -
j' f)df apnsoTca a-COTIPAXKEHHBIMH BETHUHHAMH,

&
4. PaccMOTpHM dyHKUHIO:
t

F(o) = j'f(r)ar. (3.8)
Ecnu BBenem ynkunio
i
Fi) = [ Roydr, (3.9)
roef-f =1, To kax cneayeT H3 {3.7), umeem:
Fly-F(5) = 1. (3.10)
Bosemenm o1 (3.8) ansTepHaTrBRY ) NPOH3BOARYIO. Mcnoneiys (2.9), nofyunm:
e ')
Fow = | [Anar = b= L
;[ F{y 54

Ho 7ak kax f{t) « ft) = 1, 0kOHYATENBHO NOAYUHM
! M

Fow = | [Anar | = an. (.11)

Tem caMbiM MBI TTOKA3a0H, HTO F(1) ABARETCS atbmepHamusnol nepaoobpa o AR dynxunn f{¢).
5. H3 (3.9) cneayer

;
[Reyar = F(B) - Fay. (3.12)

Ho Toraa, w3 (3.7) u (3.10) creayer:
h

Ao = (FG) - F) ™ = [@en™ - @]

Hau okoHuaTensHo:
b

[ A0y = Feo) = Fa). (3.13)

6. M3yunm Teneps cBoIiCTBA aNbTEPHATRBHOIO HHTErpana:
a) M3 (3.7) HenocpeacTBEHHO caenyeT:



& h

:]:c Adi=c - :[.f(l)r}t. -

b) [tyers fr) = f1(4) + 12(1). Ucnoabiva panencTeo

LHOFAE) = —m = L
' R ORI A0

13 (3.7) nonyunm:

.b. s - b i -1
[1h  fatonar = (j[jﬂ(f) +f»(i)]d?) = (j Sithdi+ | ;@(M) -
I fitndr |+ ffz(r)c?t = [fitoa s j fnar.
OKOHYATENBHO:
I L] h

[ 21 = [fiwar [ s

7. PaccMoTpum muTerpan:
I

[#ey - gOwyar

Hcnonesyn (2.3), (2.9) n (3.7). nonyunm:

4 i -
[ A0y - g0 - (j}t?) -g’(f)d?) :

[paByto 4acTb UHTETPHPYEM MO YACTAM:
b

. H -
[ g nar - (]f(é) -g(b) - Ray - gtay - [7 ) -gr(f)d?) ,

nubo, uTO TO Ke camoe:
h h

JAD - 800 = ) - gb) = Ra) - gla) = [ /1) - g0y

B wactnocTH ecnu B (3.16) nonouuwm f{t) = 1, Toraa ¢ yuerom /(1) = oo, nerko HaxoRMM:
b

[ ey = g(6) = gla).

o

8. IMyctb f = @(7), npn 3toM a = p{a), b = @(B). ¢(1) - anddepen urnpyemas, u bonee
TOrO, MOHOTOHHAS GyHKuMA. JIerko MokasaTh CNpaseATHBOCTS CNEAYIOMWErO PABEHCTBA:

(3.14)

(3.15)

(3.16)

(3.17)



b B

JAnar = jfrw(r)m‘”(r)&r. -

9. Ecam dhynkunsg f{7) venpepsishas va otpeske {uv. h), Taraa iseer MceTo
b

[ Aodt = fie)b = a,

rae ¢ € [a,b].
Takum obpa3zom, Mbl nocTponny Ha anrebpe (1.3), (1.5) u (1.7) anvTepHaTiBHOE
HHTErpaNLHOE HCUNCaeHne. Bosunkwee neuncenue anrebpanieckn H3oMopdHO cTaHaapTHOMY

HHTErpalbHOMY HCHHCIICHHIO.
§4. AnsTepraTHBHas MaTpudHas anrebpa

1. PaccMOTpHM NOCTATOYHO rIaAKYIO DYHKUHIO MHOTHX NePeMEHHBIX
v =fx!,
3aiaHHBIX B IpOcTpancTee RY. BeenieM a-conpmxennyto ¢ (4.1) dynkuwmo Az, ... #Y), Te.
YAORAETBOPALIYIO YCIOBHAM:
xex! =1, ., xVez¥ =,
Ao xY) AR EY) = 1

2. Busepem ans dpyukuny flx', ... x") € R ¢opMyny nonHoro ansTepHaTHBHOrO
andppeperunana. [ycre M u My aBe Toukn us RY. Obpasyem anbrepHaTHBHOE NPHPaLLEHHE:

Av = flx) = Axe).

Henonesys (4.2), nonyuum:

i
By = (&) - i) ! [Z 8ffi‘f’(“*—xo>+w(i-fm)] :

rae @ — 0, koraa x - X9, a N0 HHIEKCY A NPOM3BOAHTCA CyMmHpoBakne oT 1 o V. Hcenonesya
pe3ynbTaThl §2, HETPYAHO NOKA3aTh NO aHANOrHH € (2.9), 4TO UMEeT MecTo

Pao)  MEo) _ | xo) ko) _
éx’ 85&' T éxN 35&"’ )
Ho roraa nonyunm:
Av=Tx) gy s ) qvy L
ox! N w(Ax)
rne
‘ Axk =xk=xb,  ARF =353k

Onpedeaenue 4.1 Cymmy nepsvix N caacaemvix uz (4.4) 6ydem Ha3u18a1Mb GIbmMepHamugHuLy
noaneim ougddeperyuanost hyuxyuu (4.1);

o I g
d =
/= ox*

20€ N0 OOUHAKOELIM UHOEKCAY k NDOUSBOOUMCA AIbMEPHAMUSHOE CYMMUPOSAHUE.

B nansHelluem GyZeM NpeAnonoraTh, 470 €CAK B NPOHIBENEHHH HMEIOTCH OAHHAKOBLIE
HHAEKCBI, TO N0 3THM HHAEKCAM NPOU3BOANTCA 0OBIYHOE CYMMHpOBaHHe. ECiK e Haz 3THMU
HHAEKCAMU NMEETCS ™ . TOTAZ N0 HUM [TPOH3BONAUTCH aNbTEPHATHBHOE CYMMHPOBAHHE.,

3. Tenepb 3ananuM N - GYHKLHH OT N - nepemMeHHbIX:

13

{3.18)

(3.19)

1)

{4.2)

(+.3)

(4.4)

(4.5)



vh= el 1Y), {<.6)
k=1,... N .

Qopa3syem u3 (4.6) anbrepHatuBHbIC AW(deperHunans:

N Doy L
ayt = LB g (47)
ox'
(k=1,...,M.
IMycTs
x' = @', .. 1"), (48)
(i=1,...,N).
Torna, ouesuHO, (4.7) npuMeT BUA;
"k Aafk é(ﬂfa*
= = —dp, 4
» ox' o (49)
M3 atoro paeeHcTBa creaveT:
oy by
IS L (410)
or ox' o

‘E 3 é i3 é 3
4. Benem matpuibl A, B, C COOTBETCTBEHHO C MATPHUYHLIMH EMEHTAMH eL £ Y Torma
! ot

o

paeencTeo {4.10) MOXHO 2anucaTe B BUAE:

C =478, (401
rJe MaTPHYHbIE IEMENThI ¢f BLIMNCARIOTCS N0 npasuay:
F R N P S Tk BN
ci =aj;b; (=ay bl ¥ Fal-bY). (4.12)

Tem campiM, MBI NPHLUAN K Q16MepRAMUBHOM) YMHONCEHUIO MaTpHil.

5. lna vecnenosanna anredpul MaTPHL, 0CHOBAHHOH Ha onepauusx (1.3), (1.72), BrigcHUM Kak
CYMMHPYETCA MATPHUB) B 21bTEPHATHBHOH anredpe.

INycts

OHx) = A x) ¥ g (x), (4.3)
k=(1,...,N),
rae
Fx).gfx) e LY, x e RV

Tak kak d0*(x) = df*(x) + dg*(x), B pasBepHyTOii opme MoxeM HanucaTe:

) s S g s B 5 (. 4)
ax’ o ox’ '
k=(1,...,N).

B npasoii wacTy pasencTaa (4.14) Mbl MOKeM dx’ BLIHECTN 3a cKOGKU. YauTsias, uto x!, ..., x®
HE3aBUCHMbIE TIEpEMenHEIe, X Ruddepenunanss Tak ke OyayT nesasucumbimu. Mcxons w3 atoro, B
neBoH YacTH | B Npasol yacTu KodddpuunenTs npy dx’Mul MoxeM npupasanTs. Torna, Beeas
ofc3HaveHue

~ N . k
Af = Q:'(x_), Bf = %s C‘f = ag—(x_)_’ (4‘ B)
o' ox’ ox’
MbI ROTYYHM

1160 B MaTpHyHOH dopme
C=A4+8 4. 1)



Hokaxem AHCTpHOYTHBHBIH 3aKoH
ASB+CYy=ABLA:C
Ana vmatpiu o, B, O
FlyeTs
¢ = O(p(x}), (4.17)
rae
Qp(x)), fix), glx) € LY, p(x) = flx) ¥ g(x), x e RY.
Hcnonssys dp(x) = dfi(x) ¥ 33’(1*) u andipepenunpys (4.17), nonyuum:

p k_éQ*" T ol _"‘3"Q"f et e g d
do _E';dm+g)_$(df tdg'), (4.18)
k=(1,...,N).
T.€.
dpk = g&f’ﬁ; ?—Qfl&gﬂ (4.19)
aop' ap'
k=(1,...,M).

Buipaan df' i dg’ yepes dx’ u npupasnysas dopmymul (4.18), (4.19), nonyunm:

2 (20 (2

- . £ - I~ e 3
gp’ \ dr; Or; ap' dx;  Op' oxy
Y13-3a nezaBucuMocTH nepeMendbix x', ..., x" 1 yunthbiBas, uTo
23‘}“ E?g’ SO
r ' k =
A —‘:.—,Bf—‘:"—,(—‘,—T-‘_—,
; Ox 4 cp
NOMYUnM:
[ i gk om0 T ek s Di
CLE(]FB) = CLaaTi LB,

HIH B MATPHUHOH (opme:
C(A+B)y=CA¥C*B
6. BaeleM NOHATHE eANHUYHOI MaTpuLbt. s 3Toro paccMOTPHM PABEHCTBO

A fdx = gx.
7160 B pasBepHyTOH (opme:
atdx' ¥ - §akaeY = dit. (4.20)
Ecnu Beefiem conpmxernubie Beandunnn 3% = L. & = (1,...,N). Torna (4.20) MmoxHO NPeACTaBHTh B
BHJIE: !
=i
(o) 3
nubo

DT0 PaBEHCTBO NPYU MPOUIBOIBHLIX dE* GyAeT BHNIGAHSTHCS TOr1a, KOrjga
1 . 1, k=1,
_i_ = ; — .,
a; 0,k+i.

Tem cambiM BO3HHKAET A-CONPAXEHRAA e THHHYHANA MAaTpHLA:



- 1, k=1,
at = 6% = ’ :
ok E T, -
TaKyro MaTphuy CHMBOAMUYCCKH 0003HauNM B BHae 1. HeTpyiino nposepuis paencIso:
174=471=4
Onpeoenenue 4.2 Ecnu mampuya A u B ydoeremeopsiom pasencmey:
A<B =1,

Mo ux credyem HA3LEany ARbMEPHAMUEHO 83AUMOOBDAMHbLML MAMPUYAMU.

Taxum obpasom, conpskennas xommytaTHeHas rpynna (1.3) u (1.5) nopoxaaer
M30MOPGHYIO CO CTaHAAPTHOR MATPHYHOI anreGpoi atemepramuanyio MAMPULHYIO arzedpy.

§5. JIBoiiHOE nON€E B HENMMHEHRHBIX YpaBHEHHAX

[ocTponm anrebpy, KOTOpas NOPOXAEHA CHCTEMON HEIHHEHHBIX YPABHSHHI H A3YMHM
CBOHCTBA MATEMATHHECKHX OOLEKTOB, ONPENENEHHbIX M NOCTPORHHBIX KA 6a3e 3Tol anrebps.

PaceMoTpHM aBTOHOMHYIO cHCTeMy AHdpepeHIHanbHBIX YpaBHEHMIT 0T N HEU3BECTHBIX U3
KOMNAEKCHOTO N0Ns:

K .
2’5-’- = PR ).

(k=1,...,N).
Kak u 8 [1], mbl Oynem npeanonarats, 4ro dyukuun F4(u', ... ") onpenesens 8o Beem
TPOCTPAHCTBE OT CBOHX apryMEHTOB U ABAAIOTCA MNAAKWMH. F(ir} Kak BEKTOPHOE None MOXeT
HMETh JHHILb H3ONHPOBAHHbIE HYAK H OECKOHEYHOCTH. / -HezaBHcuMan ACHCTEHTENbHAS
nepeMeHHast.

Kak 6b1n0 nokasanno B pabore [1], npocrpaticteo pewenun J ypasnenus (5.1)
NpeacTasnseT cobolt AHCKPETHO PacCiOCHHOe NPOCTpaHeTBo [6). [Tpn 3ToM 6azoBbiM
MPOCTPAHCTBOM ABNAETCA W - NPOCTPAHCTBO PELICHWN CUCTENM LI IMHERHBIX ypasHenui (1.13)[1].
[IpoekTopom sensieTcs oTobpakenue expy : J - W, rae ¢(u) npeacrasaser coboi
XapakTepucTHyeckhne yHkunn [1] ypasrenns (5.1). ¢{u) ecTb cOKpaleHHan 3anuch
@, ..., u"), (k= 1.....N). O6patHoe oToBpaxenne ¢ (In} nopoknaer JNUCKPETHRIE CJIOH
HpocTpaHcTsa J.

PacemoTpiM 1pocTpatcTBO J M BBEAEM ALK, AHCKPETHO PACCNOEHHOE MHOI0VBpazue
P, 3nemMeHTaMH KOTOPOro SBIAKTCA TPOH3BONLHBIE, HO AOCTATOYHO IMANKAE (PYHKUHK OT
AeRCTBHTENLHOrO HE3ABHCHMOTO NepeMEHHOro 1. Basol paccioenns GyaeM cuitars raagkoe, N -

MepHOe MHOroo0pasue BY. [TpoekTopoM SBASETCA To XKe camoe OTOOPAXKEHHE YTO H B PACCAOEHHOM

npocTpancTee J, T.€. expg 1 P — BY CTpykTypHas rpynna IeilcTsyloltas B AMCKPETHLIX CIOAX
MHOT00Bpasus P apnsercs ToH ke caMoil AMCKpeTHOH rpynnoi D, KOoTOpaf OEHCTBYET B

JUCcKpeTHBIX cnosx J[1].
1. bunapubie onepaunn (1.9)[1] v (1.11)[1], aekcTByloline B NPOCTPAHCTRE peweHHil
ypasHeHHS (5.1) pacnpocTpaHiM Ha DEMEHTBI PACCTOEHHOTO MHOT00BPA3Hs P, KOTOPHIX

I'Ipe}]CTaBHM B BHAS
S j;fz = ¢ '(In{exp p(fi ) + expp(f2)]),

A {;’fz = ¢~ (Infexp (/1) ¥ expp{2}]).

rae f1./2 € P. B npaso# uacTu paBencTBax (5.2-3) onepaunn "+ 1 "+" cosnagar ¢ onepau sMH
(1.2-3).

Cnenyer oTMeTHTD, YTO Kak B (5.2-3), Tak 1 1anee Mbl NOAb3yeMCs COKPALIEHHON 3aMHCHIO.
Hanpumep, (5.2) B pazsepuyToii lopMe HmeeT BuA;

(4.21)

(422

(4.23)

(5.1}

(5.2)

(5.3)



k
(fl J;fv) = (™) (Infexp@ (A1, ..../") + expe' (A, .. YD, .o
Infexpo™(fi,-.../{) +expe U 1))

k={1... ).
HeHTpanbHLIMH B3aHMOCONPMKEHHBIMH JNEMEHTaMK B P asnsiotes e u k(1]
fte=f fih=h, (5.4)
\d ¢

fie=e fih=f
» »

rie / Npou3BOABHLIHA 2neMEHT W3 P. ClienyeT HanoMHKTL, Y4TO € 1 A ecTh OCOBbIE TOUKH ONS Flu).
Kak 6bu10 nokasano B [1] ans anre6pe: (1.9)(1], (1.11)[1] CYWecTByeT oGpaTHBI 2n1eMeHT K
IREMEHTY 1 € J. PacipocTpaliM 310 NOHATHE AR 3NEMEHTOB MHOroobpazus P 1 BBeaeM

crenyiollee
Onpedenenue 3.1 Ecau epinoansiomes pasencmea

fjf‘=e, fﬁ;‘f‘=h, {(5.5)

#e |7 € P byoesm naseisamv Q-npomusonoRoNCHHbIM 31¢MEMOM K J € P c nosuyuu arzebpur

(3.2-4).
Paccmotpum Gonee nogpobHO HEKOTOPLIE ACREKTh) CBA3AHHbIE C 00paTHLIM 31eMeHTOM f~. Ha
ocrose (1.18)[1] HerocpeacTBeHHO CIERYET CeayIOUIEe PABEHCTRO:

Q ple) = —w. (5.6)
o olh) = +x.
F YuuTbirag (5.2) n (5.5), uMeem:
expele) = expo(f) + expo(f ).
L Hcnonb3ys (5.6), moxeM Hanucars:
exp@(f') = --expp(f} = exp(o(f} + in).
M3 sroro paBLHCTBa OKOHYATEABHO NOAYHHM:
=97 o) +in). (5.7

AHANOTHYHBIE paccyKACHNA NposeeHHbie 15 (5.3), NoABOAAT K pesyaeTatry (5.7).
B nansneiiem Bmecto /i + f5 GyaeM UCnonb3oBaTh 3anuce:
]

N = fa
@
Torna ¢ ywerom (5.7) Moxem Hanvcars;
N sS= o' (Inlexpo(f1) = expo(2)]), (5.8)
fiz fo = o7 (Inlexpo(fi) = expp(f2)]). (5.9)
2. Bepuemca k ypasHeHHI0 (1.13)[1)
- dw _
0 bw,
rie maTpuua b - Anarodanbia. Ho Toraa oueBnAHO, 4TO eciu wit) = (w'(t),... . w¥(t)) ectb
pewenue (1.13)[1), To pewennem Toro xe ypagaenus GyneT u
cow(t) = (&' -wl(n),...,eY - wh(1)), rre &%, (k = 1.....N) - npoH3BOAbIbIE NOCTOANKbIE
(& = (¢',...,c") moxem MBICTHT, Kak 3nemenT BY). Ho Tak Kak HMEeT MecTo oTobpaxeHue

@~'(In} : W > J, Mbl 3aK1104aeM, 4to ¢~ (In(é w)) e J
B Buay Toro, uro ¢ € BY, oueBnano

c= ¢ '(In(¢}) (5.10)
Gy1eT aneMenTOM paccioenioro Mroroobpasus P, Henoneays (5.10), pewenue e ' (In(¢ »w)) e J




npumeT BUA: @' (In(exp[p(c) + @()])). YnpocTum BozHHKWEE BLIDAXKEHHE H BBEAEM
obo3HaueHne:

-

cOn = N (plc) + plu)).

F1€ ¢, i ¢ O U €CTh 3MieMEHThI PACCNOSHHOTO MHOT00Opasia . Henonbsya koHeTpykunmmo (5.11).

BRCIACM onepaumo
N10L =9 e(h) +o(H)),
KOTOpYIO B AanbHeweM By/1eM Ha3bIBaTh @-npouzsedentes B MHOTOOOpazu P.

3. p-npon3pencHne o6nafaer ciaeayloUMMH CBOHCTBAMH:
a) M3 (5.12) HenocpencTBEHHO CREAYET KOMMYTATHBHOCTD

fiOfa=H0O%0.
b} KoxaxeM accounaTHBHOCTD:
HOG2056) =0 el)+ol2 D)) = o (i)} + o) + () =
e (ol ©L2)+ () = (i Of) QL
c) [Tokaxem, 4TO BLINONHAETCH AUCTPUEYTHBHDIIH 3aKOH:

:40) (fu ;f) =g0f ;}gef:

raefi, f», g € P.
Hns nokasatenbcrea uenonssyem (5.2), (5.12):

g®@ (fr {;fz) = 90"((p(g)+qo(ﬁ ;.f:)) =
o' (In expp(g) + In(exp(f;) + expp(f>))) =
@~ (In[exp(p(g) + (1)) + exp(p(g) + 9(2))]) =
¢~ (in[expo(g © /1) + expolg © 2)]) =
gON {; g0 /.

AHaIIOl‘HHHO NOKa3LieaeTcs paBEHCTBO:
g0 (fa j‘fz) —5Ofi PgOf
P

d) Hetpyauo yGennTbes B cnpaBeAMBOCTH CIEAYIOLIMX PABEHCTE:
e®f=e,
hof=h,

rae e, s € P neiiTpanbubic B3aHMOCONPSIKEHHBIE JNEMEHTBI, 4 / — NPOH3BOLHBIN 3IEMERT H1 P. DTH

PABEHCTBA JIETKO A0KA3LIBAIOTCA, U N7 NPUMEPA PACCMOTPHM OAHO H3 HHX.
Henonssys (5.6) n (5.12), nonyuum:

e@f =9 (ple)+9(N) = ¢ (-0) =e.

4. BeigcHum Bonpoc of eIHHHYHOM 3neMenTe onepatmu (5.12). PaccMoTpuM @-nponseeficHHe

IBYX 3NEMEHTOR W3 P:
EOf= o (&) + o(N).
Orcroaa HarngaHo BHAHO, YTO el ROTpebyem
p(£) = 0,
TOrAa AJiA NPOH3BOALHOTO f € P noayuuM:
EOf=9(9(N) =/

Ho 370 3HauMT, 4TO ecnn cywecTsyeT petuenne ypasHeHus ¢(E) = 0, Torna E € P urpaer ponb
€AMHWYHOTO 3IeMEHTA ANTA p-npou3senedud (5.12).

5. Tenepb BBEAEM 0DPaTHYIO ONEPALMIO A8 (-NPOH3BEACHHA. PaccmoTpum anement £, £~ € P,
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KOTOpbIE CBA3aHbI Mex Y coboif crepylouium obpasom:

fof =E ) (5.17)
M3 atoro pasencrsa, nenoaen g £ = 01 (3.12), HCITOCPCACTRE IO ROV,
o)+ (/) = 0. (5.18)

besycnoBHo, 3aeck npeanonaraetcs, 4To aneMeHT E € P cyllecTByeT, a yYpaeHeHue (5.18)
Pa3peliuMO OTHOCHTENLHO 3neMenTa f~ € P. Torna uz (5.18) naxoaum:

=o' (~e() (5.19)
B nansneitwem onemenT /- € P Gynem HasbiBaTh @-06pammusiv neMermom aaa I
PaccMoTpum ceiuac ¢ - npoussenenne anemMenToB £, g~ € P v BBeaeM 0Go3HAYEHHE:

ok =05 = 070 + 0l ).
Ho Tax xak nMeer MecTo g(g™) = —@(g), OKOHYATETLHO HAXOIHM:
m‘g = ¢ ' (e() - 9(2)). (5.20)

Onepauwna (5.20) apnsgetcs oGpartoii onepaueii (5.12). M Gyfem Ha3biBaTh ero P-OMHOMEN IeM B

P ans anemeHToB fu g.
1o ananorum (5.15) nerko aokasath CNpaBeATHBOCTE CAEIYIOLINX DABEHCTB:

w:% = h, m% = &. (5.21)

6. B §2 npu n3noxkennn anddepeHuuansioro MCUMCIEHHR BO3EUK AN a-CoOTpsHEHHble
yHKUMN, YA0BNETBOPAtOLIME venoBuam (2.3). [To aHanoruu ¢ >TuM B AHCKPETHO PacchogHHOE
MHOroobpa3sue P MOXKHO BBECTH @-CONPKEHHbIE PYHKUNH,

@
Onpedeaerue 5.2 Ecau fit). (1} € P, u onu YOOGAEMBOPRIOGM PABENCMEAM
1ol =1, (5.22)
)
AN ef i) =E
@

c0e £ € P - edunuuneuil s.1¢3tenm - npoussedenus, mozoa ft) u f (1) 6ydem nasvieamn

P-conpaxcenitvtmu Qyrryuan 8 P
H3 (5.18) crepyer;

2.
o))+ qo(f (r)) =0 (5.23)

]
Cywectsosanue f (1) € P npH 3anannom flt} € P crenyer w3 pasenctra (5.19).
]

Mycre g(t), (1) € BY - npoekumn coOTBETCTREHHO dynxunii f{t), £ () € P, Te.
gy = expp(N), &) = exw(} (f))- (5.24)
Oﬁpaayem nponsseaenue g(f) - §(1). B KOOpAHHATHOH GopMe UMeem:
gh(1) - 8'(1) = expot (1)) -cxw*(} (3)),
(k=1,..,N),

rie no HHAEKCY k CYMMHpOBaHHe He npoussoauTes. Mcnonsays (5.23), DOJYYHM:
t-t=1,
g0y -85 = 1, (5.25)
(k=1,....N).



p
Tem cambiM Mbl npHwY K BbiBoay: Ecan fr), f (1) - a- COMpsKeHHbIe PYHKUHH B P, TO nx
npoekunH g(t), ¢(1) na 6asosoe muoroobpasne BY sBnsioTCs a-conpakenHpIMu dyHkuMamMy B
cMulce §2.
fipuviep 3.1 B kaecmee npocmoso npuiepa paccyiomping vpagnen? % = sinu.
Xapaxmepucmuyeckoit hynxyuets 3a0annoco ypagnenus seisemcs [1].
o) = Intg% =ttc,

Kax bviro noxasano 6 [1], anemepnamusnoie onepayuu croxcenus (35.2-3) umetom auo:
hHh+f= 2arc!g(fgﬁ g ) + 2zm,
L4

Hhith= ZJrcc!g(crgf—I +elgts ) +2am,
L]

¢ E3AUMOCONPRICEHHBLME HEAMPAIbHBLMY 2TeMENINAMY
=2am, h=rn+2nm.

Hz (5.12) reexo naxooum @-npouseedenue:

Hhof= 2arcfg(tg% -rgf;—) +2nm.

Eountranoim orevenmonm sensemcea:

E = % + 2mm.

st g-omuouwenus uveem:

w:f = 2arcig rgf' c.'gﬁ—) + 2mm,
Fa 2

npu smom @-oopamubiil anemenm f- K fecmo:
;= 2arcrg(cfg4) +2rm.

Taknm 06pa3zom, Mbl TPULLAM K BLIBODY, 4TO AHGHEPEHLIHANBHOE YPABHEHNE C OMOLLL LK)
NapaKTepHCTHUECKHX ByHKUHA @ BBOAMT AuCKpeTHOE paccioenne. Sonee Toro, oHo nopoxnaet
33MKHYTbIH, KOMMYTaTHBHbLI anredpanHeckuii 00LeKT, KOTOpbIi ZEHCTBYET B JMCKPETHO
PACCINOEHHOM MHOroo0pasuu P.

Hro6ui paciundposaTs NONYYEHHBIH PE3YNLTAT, BEPHEMCR K OTODPAKEHUIO

@'(In) : BY - P. D70 oToGpanenue Mbl Hawny B [1], koraa npocTpancTBo peweHknii W ypaHenHii

] 13)[1] oToGpaxann 8 npoctpancTeo pewenuii J ypashenns (5.1). Ho ypasnenwe (1.13)[1]
npeactaenser coboi N onHomMepHbix ypaaHeHuil. Toraa uexons U3 §1. 108 KakaoH KOMIOHEH T
BO3HHKAET NBoHHOE none. Jpyrumy cnosamn, 6a3oBoe npocTpaHcTBo B coaepxuT N ak3eMn TAPOB
ABOHHOrO ONK, KAKAbLE U3 KOTOPBIX, BOOGIE rOBOPSA, AeHCTBYET HE3ABHCUMO APYT OT APYra Ha
COOTBETCTBYIOLME KoopaHHaThl BY. [1pu oTobpaxetnn ¢! (In) nponcxoauT oToGpaxkerue 3Tux
ABOHHBIX Ronel B MHoroobpasun P. Bosuukiumii anrebpauyecknit ofbext, aeHcTRyoWNUH B P,
roMomoptheH (nzomopdien) ABOHHBIM MonaM. Bonpoe o HeMPHBOANMBIX NPEACTABIEHHAX Mbl
OCTaB/AEM OTKPLITHM, OTMETHM TOJIBKO, YTO OZHO M3 NPEACTABAEHHH JBOIHOIO TIONA N3NOKEHO
Bhille M.1.1-5. B nanbHeimenm 310 npencraenetne GyneM HasbBaTh p-npedcmasnesem S8otinozo
HOIR, HIH KOPOUE @-080NHbLM HOAEM,

Met X0TUM 00paTHTL BHHMaHHE HA HeWTDANbHbIE 3NEMEHTHI € H /1, B KOTOPBIX
XapaKTepHCTHYecKas (ByHKLKs o obpatuaeTcs B 6eCKOHEUHOCTb. MHOIHE Y3N10BbIE BONPOCHI
TOMONOPHYECKHX CBOHCTR NPOCTPAHCTRA Pelllennii ypasrenus (5.1), no-suaeMoMy COCpeAOTOYEeHbI
B OKPECTHOCTH 3THX 3NeMeHTOB. OAHAKO Ha 3TOM 3Tane uccneJoBaHUs Mbl CYMTAEM BMONHE
AONYCTHMBIM HE PACCMATPHBATL TOMONOTHYECKHE BONPOCh! 00HApYKeHHbIX 0OLEKTOB, KOTOPLIe,
CUEBHANO, AN 3aBEPLUCHHOCTH TEOPHH HE MEHee BaxHbl, YeM anTebpanueckie.
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§6. luddepenunanbHoe ucuncnenue Ha 6ase @-IBOHHOrO Mo

1. Mcnoaniva (5.8). pacesmotpuy npupaiucune gyakinimn 1) € P:
P
Af= 1) > Ao) = o~ (Infexpe((1)) = expa(flru))]).

[Tpumennas dopmyny Jlarpanxka, nosyunm:
exp* (1) — expo¥(flin)) = - exppH(RE))Ar,
(k=1.....N),
rae At = { —to, & € (to,1). [toacTasnsan (6.2) B (6.1), HaxonuMm:
A= (] L espoazrar]).
PaccmoTpiM B 6a3oBom mMHoroobpasnu BY Takoi anement T € BY, y koToporo see
KOOPDAMHATLI PABHb! HE3aBUCHMOMY nepeMeHHomy ¢ Obpasyem papeHCTBO!

T =¢ '(InT),
raet & P, T=(t,...,1) € B*. Hcxons n3 aroro obpazyem K T=1=r1y. Cyverom (6.1} n(6.4)
noNyYuM: ’
At = \(InAT) = p~'(InAr, ... InAD).

w
Oueenano A t € P. Bocrionbiyemcs papeHcTsom (5.20) ana (6.3), (6.5), u nocne npocTbix
npeofpa3oBaHuy GyaeM nMeTh:

[
Af _ .
g = P ‘(ln[% exp {flS)) ])
AT
Beuay Toro, 4to 3agaHHble pyHKUMH ROCTATOUHO rNaikHe, TO npeien B NPABOH YaCTKH PABEHCTRA

(6.6), koraa ¢ — tg, cytiecTnyver. Beenem 0603HaueHHe H HANHILEM:
P

£9t0) =lim 2L,
i=in A T

IGO0 OKOHYATENLHO!
170y = ¢! (ln[ Bd:' exp (A1) D

B nansneiiiiem (6.7) 6y.1eM HasbiBaTh @-npouzgoduoi giynxyuu ft) € P, na 6aze
anrebpanyeckoit onepauun (5.2).
2. Hetpyano proxazate ananor popmyant Jlarpanxa s anrebpe (1.3):

F(t) = Flto) = FOE)(1 = o),

rae & € (10,1).
H3yunm npou3ssoaHyio Ha ocHose anreSpanyeckoii oniepauun (5.3). Jina storo obpazyem
npupallenne dpynxunn A1) € P, ncnons3ys (5.9):

b4
Af= R0 = fite) = o7 (In[expp(f10)) = expp(flzo)))).
Ipumenas (6.8), nomyunm:
? { d Syy R
Af=ep! k]n[.—equ:(f(g))At:D,
i dar
rae i eCTh aAbTEPHATUBHBIN ONEPaTOp NPOU3BOAHOH, BBEACHON B (2.22), a At = £ = fq.

C yueToM (5.9) mpupaluenne ana (6.4) 6yaeT uMeTs Bui:
]
Ar=7270= ¢ ' (InAT) = " '(InAt,..., InAs).
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Obpa3syeM - oTHOwe U (6.9} u (6.10), noayuum:

¢
. -él—f = gp! (] i 2y B )
v ® "'[ " up(p(,r{g)] )

AT

Flepeligem K npeaeny, kovrga ! — {y:

A9 = o (ln[ % expe(fir)) :D

B nansuetiinem (6.11) Gynem HasmBaTth atbmepramuenoi p-npouseooHol,
3. YcTaHOBHM CBOWCTBA @-NPOH3BOIHBIX,
a) flokaxeM paBeHCTBO:

(C)(ﬂ =g,

rae ¢ = const.€ P, e - HERTPanbHLIH AMeMEHT @-ABOHROTO NONA.
Mone3sysacs (6.7), naxoanm:

b)

raefi, el

B camom pene:

(c)fm

=o' (in[ Lexpo(c) ]) = 97 (In0) = g (-0) = e.

(r3)" =i

(057" -0 (o owo(s )]

ncnonbys (5.2) B IpaBoi YacTH 3TOrO PaBEHCTBA, NOMYUHM:

(f: ifz) = rp"(ln [expe(/1) + expo(f> )])

(" npyrof#i cTopoHbt, nenonbays (5.2), paccMoTpHM:

A8 = o7 (nfexpo (/) +expo (A7) ]).

Orciona, yunteias (6.7) ans anementon /12 u £’ B npasoii wactu sroro paBeHCTBa, HANHLIEM:

i

+ 77 = o7 (] L expori) + 4 ewpor) ]).

Cpashueas (6.14) u (6.15), BOJYYUM paBeHcTBO (6.13).
Takmum xe nyTeM MOXHO NOKA3aTh CIPABEAANBOCTE CIIEAYIOWIHX PABEHCTE:

c)

d)

e =fPofifiof”

(mf—')(w . £ Qj{z é){; o /9

AHATOTHYHbIE CBOHCTBA HMEET aJIbTEPHATHBHASA @-1TPOW3BOAHAA:

a)

b)

() =h = const.

(fu i_ﬁ)trw) ) ﬁfg!¢)=
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oM =" o6hn A oL,

d)
£ AV o ;fi oF it
1 [ = 4 n ;
(., I ) ! 200N
4. HeTpyano nokasars, YTo @-NPOM3BOAHAA 1 aNbTEPHATHBHAS @-NPOH3BOIHAR N-HbIX NIOPRAKOR
HMEIOT BUA:

oo = o7 (iIn L expo(n)),
dt
S = g} ([n g—" equp(;‘)).
rr.'
5) H3yunm BONpoOC 0 CyLUeCTBOBAHNH @-Oughpepenyuana. JIng 31010 NpeaBapHTENLHO AOKAKEM
CAeLYIolleE PABEHCTBO:
p~'(Infg) + £21) = o' (Ing,) 97 (ng2), (6.18)
rae gi,g2 € BY.
HeHcTBuTENBHO, HCnOnb3ya (5.2) ANg NpaBoil YacTH paBEHCTBa, NoNYUHM:
97(Ing:) + 97'(Ingz) =

¢ '(Infexpp(p~'(Ing1)) + expoplp~'(Ing2))]) =
o' (Infgi + g2]).

Paccmorpum npHpauienue (6.1) dyukunu flt) € P. Beuay Toro, ute paccMaTpuBaeMbie
(YHKUHN ROCTATOUHO FIa/[KHE, MOXKEM HANHCATD:

Kf= ! (In[-g}—exp Pt })AT + m(Ar)ATD, (6.19}
rae AT = (At, ..., A1) € BY, w(Ar) = (0 (A1), ..., 0% (A1) € BY, aw* (A1), (k=1 .. .¥)-
beckaoHeuno Manbie BeHYUHBL OTHOCHTENbHO Ar. OTCH0Aa Henoabiya (6.18) ana (6.19), MOAYHHAM:
A d il -
Af= ¢ (] L expo(fte)AT]) + o7 Info(anat]) (6.20)

@ (In d expe(fle)) +1in L\.T) + ¢ '(Inw(Af) + InAT).
dt v

Hcnonksys (5.12) v yuutsisas paBencTra (6.5), (6.7) u
Inw(Ar) = e(e~' (Inw(An))),
(6.20) npumMeT Bua:
[ o) ¢ _— @
Af=1)0A 1+ o (Inw(Ar)) OA T (6.21)
]

@
Kax 1 cnenosano oxnaate, korna At » 0, ToA 1 - en ¢~ (Inw(Af)) - e.
Onpeodenenue 6.1 Ilepsoe crazaemoe pagercmea (6.21) no anarozuu cmandapmuozo
Jupepenyuanvroeo ucuucienus Gydem nasvigams p-dupdepenyuanon gynkyiu e Pu
obossavum czo uepes dyf:
dof = /¥ © d,r, (6.22)
20ed,t = ¢~'(Indt,...,Indt) € P.
AHANOTHYHO MOXKHO NOKA3ATH, YTO ArbmepnamugHsLii Q-Oupgepenyuan 6yaeT MMETh BHA;
def = /1% © dy1, (6.23)

rae ﬁ’wr = cp"(]nc;’r,...,lnc?t) e P.
Beuny Toro, uto dyt. d,7 € P, paseHcTra (6.22-23) MOXHO NEPENNCATS B CEAYIOLIEM BHE:
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" d"‘ﬂ’) = 1200, 1w "‘ﬂr) = /). (6.24)

-

6. NMycru f1). £ (1) € P - g-conpsxennute Gy (B cMbicae £5). Ho toraa ana nux

BBHIQJAHAKTCH paBeucta (3.22-235).
PaccMOTPUM anbTEPHATHBHYIO p-Npon3BoaHYIo (6.11). Mcnonssys (5.24) Mbl MOXeM Hanucats:

A9 = ¢! (]H[%g(r)]).

Ho Tax kak Beinonusetes (5.25), To uenonssys papeHcteo (2.9), noayymum:

Yy = In| —L— | ). 6.25
LUy =97 In T (6.25)

(¢}
L .( 5 :l —tp( f(f)) ) (6.26)

PapeHcTea (6.25-26) HenocpeﬂCTBeHHo NPHBOAST K PE3yIbTATY

o)) + <p((;’ (?)):m) =

. o (w)
AR 0OY0 (f (f))_ - E. (6.27)

!

H3 (6.7) Mbl HAXOOHM

YTO TO XKE CaMOE, YTO H

Tem cambiM, N0 aranoruu §2, Mbl NPHILIN K BLIBORY, 4TO ecnH f{t) v 1) p-conpsxennbie
31EMEHTBI MHOFOO0Pa3Hs P, TO UX allbTepPHATHBHbIE NPOH3BOAHBIE TAKKE SBNAIOTCH

@-CONPAIXEHHBIMU BNIEMEHTBI B P.
[lo ananoruu c (2.24) MOAHO NOKa3ATh, YTO HMEET MECTO!

dtedi =1 (6.28)

@
defit) © dy 7 (1) = E
7. BepHeMcs K @-npON3BOAHOH, KOTOpas BeiduchseTes o dopmyne (6.7). Uz (6.7)
HENOCPENCTBEHHO CnelyeT, YTO 3anaHnas yHkuna f{t) € P npexae BCero NpoeKTHpYeTCA Ha
Baz0B0e MHoroobpasme BY:
glr) = expe(ln),
rae g(t) € BY. Ho Tax kax B Bosuk10 U3 npoctpancrea pewenyit (1.13)[1], npeacrasngowero
coboi N skzemnnapos ypasnenus (1.1), Mbt nmeem npaso Andipeperunporars g(t) no NpaBHNYy,

H3NOMEHHOMY B §2, uto v genaerca B (6.7). Nanee, w3 (6.7) cneayet, uto nonyveHHas NpoH3BOAHAs
g (t) € BY ¢ nomowwio ¢~' (In) orobpakaerca B paccnoeHHoe MHOroOGpasne P:

' g0 3w e p.

Io ananornyuok cxeme n3 (6.11) BLIUHCARETCS aNbTEPHATHBHAS (-IPOH3BOAHAN.

Taknm oGpaszom, paccMaTpuBas @-AkdPepeHUHaNbHOE HCUNCAEHHE CO CBOUMMH CBOHCTBAaMH KaK
anreSpaniecknii o6bekT, oTobpakenHe eXp(@) YCTaHABAHBAET TOMOMOPGhHLIE OTHOLICHHS MEXY
3THM ODBEKTOM H CTAHAAPTHBIM + ANLTEPHATHBHLIM UCHHCICHHEM.

8. [NokaseM, KakoH BHA MPHHUMAET ypaBHeHHe (5.1) C NO3NLIMH UM HKe MOPOKAEHHOTO
©-ABOAHOro nons ¥ ¢-AnpdepeHUNaNLHOre HeuHeeHna. [T 3TOro paccMOTPHM
XapaKkTePUCTHUECKYHO (yHKUNIO, KOTCpas umeet eua [1]:

olu) = br+c, (6.29)

rae noctosunsie b,c € BY. HanoMuum, 4to i € P ecTs peusenue (5.1).
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Oudepenunpya (6. 29) 0 ¢ ¥ NOACTABNAA NONYUEHHbIA pe3ynbTar B (6.7), 6yaem UMeTb:
= ¢ (InLexpo(u) } = o (nlbexpp(u))). ) (6.30)
Beuay Toro, uro b € B, Mbl MOXKEM NPENCTABHTL €0 B BUIE!
b = expp(B),
rae B € P. Toraa ucnonssys (5.12) n (6.24), 3 (6.30) okoHuatenbHo nonyqum:
dyut
w— =BOu (6.31)
det

9. YpasheHue (5.1) 3anucato B CTaHA3PTHHOM AMDHEPEHUHANLHOM HCUYUCTAEHHH, KOTOPOE
BO3tiMKaeT Ha Basze oAHOMepHOro AnKeliHoro ypasHenns (1.1). B coGeTaennoit ke anrepe
ypastenue (5.1} npHHKuMaeT nnHEHHLIH Bra (6.31).

Bepnemca k sennunHe 7 (6.4), KOTOpasA BO3HUKAET B NPOUECCE MOCTPOEHUS
AN(PEPEHUHATEHONO HCYHHCIIEHHS B PacCoeHHOM MEorooGpasnn P. [pocMaTpusas papencTaa
(6.21-23) Mbl NPUXOAHM K BbIBOAY, YTO NpHpalliedue GYHKUHH £ € P NponopuUHOHAibHO
NPUPALLEHHIO NEPEMEHHOA T € P. CKOpOCTh N3MEHEHNs PYHKLHH f PABHO OTHOLIEHHIO
anddepenunanos /v 7. Hexons w3 31010, ecni ¢ B (5.1) HFpaeT pois BpEMEHH, TO, BEPOATHO, Mbi HE
OyaeM Aanekn OT HCTHHDI, CITH MHOTOKOMNOHEHTHYIO BEIIMYHHY T HHTEPNPETHPOBATD, KaK
cofcmeenHbie 6pemena SBIEHHR OMUCHBaeMoro futdepeHuHanbHbIM ypasHeHHeM (5.1). UTto xe
KacaeTcs f, TO OHa ABAAETCA COGCTBEHHBIM ANA ypaBHeHus ().1), HO BHew M - ana (5.1).

YMECTHO OTMETHTD, UTO HAPAZY C f CYLLECTBYET H @-CONPSKEHHOE BPEMA [, YAOBAETBOPSIOWEE
pasencTsy (2.3). [To aHanorny ¢ 3THM ANA T CYLIECTBYET CONPAXKEHHAN MHOTOKOMMOHEHTHAS
BeNHuWHa T, YOOBNETBOPAIOILAS PABEHCTBY!

TOT=E,

rae £ € P W HIpaeT pons eAHHHYHOTO NEMEHTA B (-TPOU3BEAECHHH.
Hpusvep 6.1 Paccywompun ypashenun:
aj

g_’g = u(l —u).

Xapaxmepucmuveckan pynkyua uveem eu@.

u) =In—H— =14¢
® 1 —u

Burwueaws p-npouzsodniyio hyrryuu u(t):

dpu 4
L =g (In expgo(m)

o7 (in(expou) 22 ) = 7' (ptw)) = «

Oronyamenvro v [Z4) L FATH

deu
led_w‘%‘ = Uu.
H3 (6.4) naxoouwu cobemeennoe apems
_ _t N
TTyre T
et t=1.
b)
du _
o = Sinu
Xapaxmepucmuueckas Qynkyus uveem auo (5.26). Ho mo2da nomyuusm
dou
w) dwf =
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cobemeenibie gpeMena UMeIom auo:
T = 2arctg | +2am,

T =2arctgt+2am,
cade ot = L mo00 pascHuIRGd HeNGCPEDTIMBENNG CIEOVORE, W6 K %OBHT T AT HVCONT CRtn:
COBCMEEeHHOE BPEMA.

§7. O HeNMHENHOM PA3NIOXKCHNM PelUeHHIH KBa3HIMHEAHON CHCTEMBI

B pabote [1] Mb1 HeerenoBanm anrefpanueckyto KOHCTPYKUKIO pellieHni KBa3HIMHEHHOR -
CHCTEMbI € MACTHBIMU NIPOU3BOAHEIMHU. B 5TOM naparpadie Mbi BoaBpallaeMes K 3ToMy BOnpocy i
YTOYHACM HEKOTOPBIE ACTIEKTHI, KOTOPLIE He GbiIN paccMoTpeHs! B {1].

Paccmorpum cuctemy anddepenunansHbIX ypasHeHni:

vke, | Ny Du” Fh(y! Y
ay{u',....u )ax" (a',...,u"), (7.1)
(k=1,....N),

TAE N0 MHAEKCAM V U 7t TIPOM3BOANUTCA CYMMUPOBaKKe 0T | COOTBETCTBEHHO 10 Ng v N, InemenThi
KBAaAPaTHbIX MATPHU " (1) W BexTopa F(u) — rNaaKHe KOMIIEKCHO3HAUHBIE DYHKLHN,
onpefaeneHHbte Ha Bcem npoctpacTse IV, Fu), kak BeKTOpHOE RORE, MOXKET HMETD THILDb
H30AHPOBaHHbIE HYRH 1 GecKOHEUHOCTH, JleficTBUTENBHbIE HE3aBUCHMBIE NEPEMEHHbIE X¥ SRAAIOTCA
koopaHHatamu npoctpatctsa [, He ycnoxnss sanauy, 6yaem cuutars F¥ u I'Y EBKnnaoBbiMy
npocTpancTamu, B naneneiimem ' Syem Ha3btBaTh BHELIRUM NPOCTPAHCTEOM, a
'Y — BHYTpeHHHM npoCTpaHCTBOM,

1. Honoxnm, 4yto pewenne ypaBHenns (7.1) imeeT BHA:

uz = Hi(zd' )s

raeze = aux' (= aix' + - +anx™), a € Q, k = 1,...,N. © ecTb HEKOTOPOE MHOKECTRO H3
No-mepHoro aeficteutenbhoro Esxnnaosa npocrpancraa Iy,. Moacrasnns w, & (7.1}, nonyurm

ypasHeune

aulun) S = F(u,), (7.2)

rae Matpuua
Aot} = ava'{u, ).
B nanureitiem uq(z,) GyneM HasbiBaTh NAOCKOH BOAHOM, a (7.2) - YpaBHEHHEM MIOCKHX BOJIH.
BexTopkl #q, ¥ F(i1a ) NMEKOT COOTBETCTBEHHO KOMIOHEHTR 4% W F*(u,). Beenem cheayrouee
orpaHHyeRue: deta, (V) MOKET MMETh JTHLLL M3ONHPOBAHHBIE HYIH W OECKOHEYHOCTH, Koraay
npo6eraer IV,
2. Pewenue ypasHenun (7.1) 6yaem HckaTh B BHIE:

uh = k(L e, L), (7.3)
(k=1,...,N),
TOE ¥ MpeacTaBnaer coboit obuee petmenne ypashenns (7.2), u e B (7.3) npoferaer MHOXeCTBO
Q < I'y,. Moacraenss (7.3) 8 (7.1) v yuntsisas (7.2), 6ynem uMeTs:

3 o) a5 (wa)Flwa) = Fi). (7.4)
aeld “

B nanvueituem (7.4) 6yaem Ha3p1BaTh ONPEAEHSIOUIMM YpaBHEHHEM BYHKLIHH .
3. PaccMoTpHM XapakTepucTHUeckne BYHKLMKY @q(it, ), @ € C) ypasHetus (7.2). B paborte [1]
§2 Obin10 nokasaHo, uTo oburee pewenne (7.2) ynoBneTBOpsET paBeHcTBY:

Q')f,(ua) = bﬁzﬂ‘ + Cé:

(k=1....,N),
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TA€ C§ NPOH3BONBHBIE NOCTOAHHBIE HHTETPUPOBAHNA, @ b KOMNOHEHTbI HEHYTEROTO BEKTOPA b,

Hexoas wz §2 [1), Beerna safinerca Takas Heocobas MaTpaua Sy, 4TO HPH YMHOMKEHHH 5TOMO
PABCHCTRA HA S,. HENYIEBON BEKTOp £, nepefineT & pekTop b ¢ koMnoHenTamu A% = 1. Takum
00pa’oM. BCEra CyILECTBYET TAKOE NPEACTIRICHUE XAPAKTEPHCTHHECKUX (PYHKUNH Qq, NPH-
KOTODOA HMEHIT MECTO CHE1YIIIME PABLHTTRG

- ‘Pa(“a) = b a+f~a|

Bv=1, (k=1,....N)
PaccMoTpum andpeperuuansHoe ypaBHeHue
Op.(y)
- — P F = b':
5 WIFY)

rae @& (v) — nenssecTHble hyHKUMY, @ y* — nezarucuMbie nepemenHbie. Jlepas vacTh (7.5) ecTb
yacTHoe peweHue (7.6), B uem nerko ybenutscs, Auddeperunpys obe yactv (7.5) no zq4, »
nenoae3yA (7.2).
4. B (7.3-4) seeieM HOBBIC HEIABHCHMBIE MEPEMEHHbIE
Yo = @altiq).
BBIYKCTHM ITPOM3BOIHYI)

0¥ _ Ox 3rq _ Oy O¢alua)

Oua  Ore Oug Ory  Oug
C apyrol cTopoHBl, @4{y) ecrb pedieHue ypagHeHua (7.6), noammy MBI MOKEM HaMHCATh

a7 (1o Y F(ttg) = { S0lita) a‘{’“(”a)) b.

[Toactarnm (7.8-9) B (7.4). B pesynetate onpegensowiee ypapieHve ApUMET BHA;

> aun 2L = Fx).

ac(}

3. OueBUAHO, yTO ypaBHeHue (7.10) MOXKHO NPEACTABHTL B BUE:
Spaly) _ " Bp.
ael) X Ta

BaeneM ob03HaueHHE cneRyoIlel MaTpULbl:

Bu(y) = ﬁ“’gyﬂa;'w.

Hcnonways (7.12), ypasuenne (7.6) npumMeT BUA;
B.()F(y) = b.
Hcxonas vz 3Toro, Moxkem HaARHUCATh CASAYIOIIME PABEHCTRA:
B.(y)F(y) = b, B OBy IF) = Fy),
Bi'0b = Fv),  Ba)Bi' ()b = b.
6. Ucnoneays oboznadenue (7.12), n3 (7.11) nonyuum:

3 it 2 (x)b_P( ,

ael)
Ymuoxkum ypasueuue {7.15) na marpuny Bp(y). C yuetom paenctea (7.14) Gynem uMeTh:

> 083 (022 - o,

ael}
AHANOIMYHO, MOXCHO HAfNKCaThL

> BB 22 p -

ael}
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(7.8)

(7.9)
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BbmuTan u3 ypasnenns (7.16) ypasuenne (7.17), nonyanm:
Oy 7]
> (Ba() - By (Bt () P Lo = 0,
ten- k2 i o

YDaU!ICIIIIE‘{ A5y stokne PACCMOTEHBUATHLKAK AMHM COURRsNe 1272 -NNCCTRAHCTEE ©
(s

KOOpPAMHATAMH (g F AN & ) Ouesnano, na muoroodpasuu (7.15) nepemennbie 3

P e, T g

MOYHO CYHTATH HE3ABHCHMbIMH MNEPCMCHHBIMA TTPH pazNHYHLIX 3HAYEHHAX & € Q a NepemeHHan y

onpenenaeTcs U3 paseHcTBa (7.15). Kak H3pecTHO, Takas HHTepAPETALMS UCTIONL3YETCA MPH
u3y4yenun rpyhinosbix ceolcts audhepeHunanbhblX ypasueswi [4]. Ho Toraa, B cuny

c'l‘
HE3aBHCHMOCTH c—f* kaxpoe ciaraemoe B (7.18) nomkHO pasraTbeA Hymo. Takum obpasom:

Ba)B! ) 25 b = Br(z)B;‘(x)_aq’:(‘,x)—b

TMPH MPON3BONBHBIX o, 5,7 € 2. B npoTusnom ciyuae, ecnui (7.19) He BLINONHAETCA, Mbl NPHAEM K
=
BLIBOAY, 4TO MOMHMO (7.15) Ha nepeMenHbie y 4 :T/ HAKJadb!BAETCA HOBOS HE3ABHCHMO: YCI0OBUE

B BuAe (7.18). Ho 310 363a4uT, 4TO ypaBHeHHA (7.16) n {7.17) nOMKHLL ObITh HEIABHCHMbIMH

YPAaBHEHHMAMH, @ 5TO MPOTHBOPEYHT HX BriBoay U3 {7.13).
M3 paBenctea (7.19) nenocpeacTBEHHO ClleflyeT, YTO pe3ylibTAT YMHKEHHA BEKTOPA

B, (x)ffgr(i)b na matpuiy By} He 3aBucnT or nraexca f. Mcxoas w3 3Toro, B nparoil 4acTH
a
paencTba (7.19) Mbt NONOXKHM ¥ = ¢ ¥ [IOAYUHM:

By(2)B3' (x) a“‘“(f )y - 90s0)

L ara
C yuetom (7.20) nz (7.16) okoHUETENBHO HAXQOAHM:
Z 5%(1’) = Bt
or' !
19
(k=1,...,N.

Tem camblM MB] NOKA3ANH, YTO ONIpEACAAOLES ypaBHeHHe (7.4) cBOOMTCA K ypaBHeHHo (7.21).
7. PacemorpuM dyHkunio y € TV, 3anannyo B HessHom Buae:

D explrt - wh()) = 1,
['Td+]
{k = l LI} N))
rae w&(y) — npon3ssonsuo 3afanusii HaGop rnankkx GyHKUKH, ONPeaeneHHbIX Ha BCeM
npoctpanctee ['Y, Jins pazpeiunmocti (7.22) oTHOCUTENbHO ¥ NOTPebyem:

det[zew(f‘ﬁ —-wé(x) W}(X) ]

ael)
MMpoangdepenunpyem (7.22) N0 HE3aBHCHMbIM nepemen HBIM Fjj

3 cxplrt - () 220 % S = el Vi
ael}
rae 5% — eumson Kpotiexepa. B oTauune or uxaekca k 8 (7.24) no unaexcam I npon3poanres
CyMMHpoOBaHHe oT | no . Cneayer 0TMETHTL, MTO Ans hyHKUKKR ¥, onpejeneHHol uz (7.22),
paseHcTBO (7.24) ecTs ToXaecTBo. B (7.24) Gynem paccMaTpusaTth ABa chiydas: n = kM n = k.
a) [lyctb n = k. B sTtom cnyyae (7.24) MOXKHO NpeacTaBHTh B BUAE!

D explrk wa(r)}aw () 0 Zﬁ exp(=[r - wH(0]) =
zefl)

U3 (7.23) u (7.25) nenocpeiCTBEHHO CIISYET, YTO COMHOXHTENS
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=T
ox . )
o exp(~{r§ —wi(x) D)

He JdpHcir or |'iapa-.\16'1'pa ﬁ, Toe, HMeE!T MeC o CIIeVIIIEE PdBCHCTBO,
ol ! o
sy
af'ﬁ
Py NPOM3BOJbLHbIX 3HAMEHUAX f,7 € ()
Comuoxutens (7.26) B (7.25) BHeceM BHYTPb cymmbl 110 &, Henoneaya ceolictso (7.27) 1
nonaras B KaxAoM craraemoM § = ¢, N0AyUHM:
k
3 owa(x) _
j: E
ael] ar,,
(h=1,...,N)
b) PaccMoTpnm Teneps cnyuadl, koraa n + k. Toraa toxaectso (7.24) npUMeT BHA;
. k
3 dexp(~ya(x))
arj

.

exXPi-(ry — w71 = == exp—y - wilx)))

.
ors,

expré = 0.
a2
dndibepenunpys (7.29) no ry apu m = k, nosy4num:

)3 & exp(—yE(x))
5?‘}}8?";’

exprt = 0.

aFll

Ho Tak kak r% ~ He3aBHCHMBLE NEPEMEHHbIE IPH PA3NHUHBIX 3HaYeHuAX o, W3 (7.29-30)
JAKAHOYAEM !

Oyalx) _ 0
orf ’
{n+ k)
Taxum obpazom, HeoNb3y A pe3yRLTaTR @) M b), MPHXOAUM K TOXIECTBY:

al) _ dvalp) s
ar: arz nr

(k,n=1..N)

8. Heckonbko paclIMpiM HesBHYIO QYHKUHIO (7.22) OT ¥ H pacCMOTPHM PaBEHCTBA:

" qaexplph(rt - wh(x)] = |,

ael}
(k=1,..N),
M€ §a, Ph — NPOM3BONBHBIE BEAMYUHbI, 3aBUCALLME TONLKO OT NapameTpa ¢ € (. Mt notpetyem
ga * 0, pi # 0,

npn moboma € Qu k = 1,...,N. Ycnose paspelunmocty {7.33) OTHOCHTENBHO Y TIPHMET BUJL:

&
det| 3 qaexpphir - wh(p)) - pt L) | 4o
ael} ax
[IpuMensa paccyAAeHNA NyHKTa 7, Mbl yOexnaeMcs, 410 TOXACCTBEHHO BHINORAIOTCA
pasencsa (7.28) u (7.31-1.32).
Takum o6pazom, MBI IPUXOANM K 3AKTIQUEHNIO, YTO QyHKUMR ¥, onpenensemas U3 (7.22) nnbo
u3 (7.33), asnseTca pelleHHUeM ypaBHeHHH:
3 Oyal) _
or o
aell a
thx) — fnarcHanbHaa marpHua (7.32).
9. IlycThb @ — HEKOTOpOE AOAMHOKECTBO MHOXKecTBa (2. PaccMoTpim (7.33) v nonoxum: g, = 0,

rae
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ecan a € 2\ w. Fpu 3TOM, OUEBUIHD, HEABRAT (PYHKUHUA
D qaexppilrh — wh(n)) = 1,

LI o

{fﬁ,: R
6_\’HCT peLUeHHeM )’paBHeHHﬁ
2 : oWaly) =
Org ’
a~ TEW

% — pnaronanbHas matpuua(7.32),

10. Bepremcsa k HenenoBaHnio pelieni ypasnenns (7.21}) B (7.33) dynxunn wi(x) sameninm
xapakrepucTHaeckuMu Gynkunamn @f(x), KoTopsle, B CBOK OUepeb, ABAAHOTCSH peLIEHHAMH

ypasHeHus (7.6). M3 nyukTa 8 HENOCPEACTBEHHO 3aKAIOUaeM, YTO HEABHO 3adaHHas QYHKUUA ¥

an exppalrs @k(x)) = 1, (7.35)
=

rpe

(k = I L] N—):
€CThb petienue ypasHenus (7.21). Ho toraa c yuetom {7.5) u (7.7) pewenne u ypasvenun (7.1)
HEeSBHOH hopme NPUMET BUA:
D qeexpphlbza + ¢k - ph(u)) = 1,
e}
(k=1,....N),
rie cf ~ NpoU3BOMLHLIE NOCTORHHBIE HHTErPHPORAHHS YpaBHEHHS (7.2), 2z, = a.x”.

Cnenyer 3amMeTHTh, uTo (7.33) ecTh 4aCTHOE pelucHue ypasrenua (7.21),

N3 (7.5) u (7.7) cneayer, 4T0 ri(ta) CONEPKUT NPOHIBONBHYIO KOHCTAHTY HHTETPHPOBAHHA C¥ .
Kax otmeyanu B 1. 3, @, AonyckaeT npeobpasoBaHie @, — S.q, rae S, Heocobas MaTpHLA.
Hexoan uz atux ceoficts, (7.35) MOXKHO NPUBECTH K BHAY!

2 explrt - o) = 1,

ael}
(k=1,...\N).

11. [TycTh napameTpsl @, MEHAIOTCA Ha oTpeskax [/, L, ]. [lpouseenem pasbuenne 3THx
oTpe3kos. B kaxaoit auelike aroro pasbuenus BoiGepeM ToUKY & {HE Neperpyxas HHAEKCaMH
3aNHCb, HOMEP A4eHKH B & MBt onyckaeM). KpoMe Toro, B (7.35) nonoxum

o = Q(&)Aa I "'Aa:\"tn
rae Ao, — AnHHa sueiiky pasOnenns otpeska [/, L. ], a Q(a) = gz. OOpaszyem cymmy
> O@)exppilrt - ok(x)Aa--Aay, = |, (7.36)
ﬁEm,r_,r_
(k=1,....N),
rae w;y < (). Mcnons3ys BeiBOA MyHKTa 9, MBI 3akniouaem, 4to (7.36) ectk pewenne (7.21) Ha
MHOXECTBE ;. JIErko 2aMeTHTD, YTO neBas 4acTh {7.30) npeacrasnset cobOR UHTETPANLHYIO

cymmy Prmana. [1pn yeTpeMaeHnH MaKCHMaNbHON ANMHBL GUSiikK pazbueHns K HYAI0 Mbl TONYYHUM
Ny — NOBTOPHBIX HHTErpancs. 3aTeM B BOIHHKLIEM MHTErpaie nofoxum: /. — —omo, L, — +o0,

(v = 1,...,Ny). Bocnons3yemcs papeHcTBamH (7.5), (7.7) 4 OKOHYATENBHO HOMYUHM:
00
| Ay expphlanc’ - oh(2))d¥a = 1, (7.37)
(k=1,...,N).

re A*(a) = Qla)expphck npucyrereyror kak npouzsoabHble GyHxUsK oT . OUeBraHO,



OTHOCHTERABHC ¥ paBeHcTBo (7.37) npeacTaBnseT cobol anrebpanyeckoe ypagueune. Uto xe
KACaeTes y = y, TO QHO eCTb pelleHie ypasHeHus (7.1) 8 HHTCrPaibHOM NPENCTABNEHWH.

12. Mpumeph.
a) B kavecTse n1pOCTOrO NPUMEPa paccMOTpHM vHoMepHOe (A = |) Keasununeinoe
VERIBHEHHE: e

A OF < i) (7.38)
Beinuwem Hessnoe pewenue (7.35) npu N = 1 ans ypasuenus {7.38), npeasapuresnsHo nonaras
Pa =1: =

D gaexp(ra — @o(x)) = 1, (7.39)
ae()

I'Ee @4 ECTh pelleHue ypasHerus (7.6);

d“’d"}f}’) a; OVFG) = 1. (7.40)

[Mpoangdepesunpyem (7.39) no ry ¥ Bepasnm ;‘_x:

-1
Fa~paly dpa (X) rp-ealy)
ar;, (qu i qpe’s D), (7.41)

asll
[Toactaeum (7.41) B nepyto yacTh ypasHenns (7.10), nonaras npensaputensuo N = t, B pesynprate
NONYYUM:

Zaa(x)(Zq ers-Polx) q”“(’”) gou' P D). (7.42)

weld Py
H3 {7.40) Bbipasum —-2= “’"m H neacrasum B (7.42). MNpocTtefiune npeobpaszosanus noxassBaoT, YToO
p P peoop

{7.42) pasHsaeTcA F():) Tem cameiM MBI A0Ka3ani, yto {7.39) ToxcaecTBeHHO yaosnetsopser (7.10).

AHaNorH4Lo MOXHO yOeanTbes, yTo (7.39) yaosnereopseT ypasHenuto (7.21). lna atoro (7.41)
wu)

YMHOMKHM Ha ———~ W NpocyMMHpYyeM o §.
b} Hycrte B (? 38) a¥ — nocToaHHbIE BenHukHEL M3 (7.40) naxoaum:
(oa{y) = amu(y)
vae (y) = !‘::) Paccmotpum (7.35) npu N = 1. [Tonoxum p, = 1/aq. C apyroii ctoponsl,
Yo = Qallig) = 24 + co. Toraa nonyunm:
D quexp| g (za + ca) - uix) | =
aell

B pezynntate Ml uMeem:

~ atCa
X=u '(ln aneXP%),

ael}

roe g i g~ — BraumooBpatibie GyHKLRA.
¢) Paccmotpim cueremy TUHelHBIX ypaBHeHui

a* ah‘
_u, 7.43
A" (7.43)
rae a* — MOCTOsHHbIE KBAAPATHBIC MATPHLLI NopaaKa V. CoCTaBuM ypaBHEHHE MIOCKUX BOJH
du
ar e _y,, (7.44)

rne a, = o,a". By,.']E.'M NpeaAnonarars, YTo a, fpy NOBLIX 3HAYEHHAX @ IKBHBANEHTHA
RWaroHanbHoH MaTpHLUe. Kpome TOrQ, NOJMKHM, YTO

deta, = 0, (7.45)
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eciva + 0,
Hycts So — MaTpHUbI, PUBOASLLHE @, K JHATOHATLHOMY BHAY:

_ . .
Sea, S o= diag(2). 20
Tolaa vpashenng (7443 HpMeT B .
. “~
R
;L}: d"a - lr‘k
e a7 as
dzy
rne
- Vy = Saua.

U3 ypaeHenua (7.46) nerko HaxonWM XapaKTepHCTHYECKHE (hyHKIIHK
k n
040) = 24In(St),

rie B OTIHYHE OT HHAEKCR K NIO # APOU3BORHTCA CYMMHpOBaHKe or | no N.
B anre6pauueckom ypasuernn (7.35) nonoxum pt = 1745 C yuetom (7.47) nonyunm:

ani‘fﬂﬁ =1,

ael} Sjmx;“
(k=1,...,N).
Bbiuncanm matpuuy (7.12), korna ¢f(y) ects (7.47):
Ban(y) = —1—5i..
S&mym
(QueBHAHO, HMEIOT MECTO CACAYHHE TOXKASCTBRA:
By =5 BJ'()b =y
Hanomaum, koMnonenTamy BekTopa b aBasiorca:
PP=1, (k=1,...,N).
Hcnoneaya (7.49), anrebpanueckoe ypasnenne {7.48) MO&HO NpeaCcTaBHTL B BHAE:
3 qaBalx)ua = b.
aell
YMuoWuM pasercTBO (7.52) Ha MaTpuuy Bp'(x). C yuetom {7.50), nonyuum:
> qaB5 (O)Bal XU = x.
aell
AHanoTHUHO, YMHOXKHM (7.52) Ha B;'(x), ¥ nonydeHHbIH pesynbTaT BRiuTeM U3 (7.53):
D qa(B3' () - B (X))Balx )t = 0.
ael}
3T0 TOK/LECTBO BBINONHAETCS NpH NOOBIX 3HaueHuax B,y € §2. C npyroi cTOpOHbI, ua MpH

PazAHYHEIX 3HAYEHHUAX @ ABAAKOTCS HE3ABHCHMbIMH BENMHYHHAMH. Ho torpa w3 (?54) ClIEnyeT:

B (X)Bo(x)ute = By (x)Bal)tta-
[Nonoxun B npaBof wacTi 3Toro paseHcTea ¥ = @. Torga

B3 (1)Bu(X)ta = tte.
Hecnoanbays 310 paBencTBo, U3 (7.53) OKOHUATENEHO HAXOAUM H3BECTHLIN peE3yILTAT!

X = Z‘?aun-

zel)

B cnyuae (7.43) nerxo ybexcnaemcs, uto (7.55) TOXKACSCTREHHO YAOBNETBOPAET ypasHeHno (7.4).
Tenept nokaxeM, 410 (7.55) yaoeaersopsaeT H ypasHenHio (7.21), Ins storo w3z {7.47) nalinem:

(7.46)

(7.47)

(7.48)

(7.49)

(7.50)

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)



k )
Ope{x) T k OY (7.56)

ar:; LSI:RFX", S”J ar:: ‘
11 N0 HHACKCAM #1, [ IPOIZROAMTCH CyMmuporaHue o1 1 20 N. M3 (7.7 n (7.47) nmeen:
Santty = ¢ 5", uf, = Z Say e (7.57)

=1

C ydetom (7.55) u (7.57), M0OiKeM HAMHUCATD:

= N
I_rm
% - g2 g, DSV e e S

ort or

m=1
rae 8} — cumpon Kponekepa. [TonyueHnblil pe3ynbTaT noacTasum 8 (7.56):
I\'
dpk(x) -
k nr 17
ac;,n = Qul . a-’ Z(S )m "{m ¢ 5”:'
“ mx m=1
HanoMHnMm, 4TO N0 HHOEKCaM / H [ npon3BoAHTCA cymMmupoBanue ot 1 a0 V. Mcnonesys (7.57),
noche 3MEMEHTAPHbLIX NpeodpazoBaHnil NoNyHM:

k
a%&t’) = 4a Sa,au; 5& (? 58)
ore S:ff

Ho 370 3HaunT, 410 pabencTso {7.32) soinonuserca. [loactaBum (7.58) B (7.21). C yuetom (7.48),
NOMYHUM TOWAECTBO:

b =5

§8. KommyTatuBHEIE anrebpanyeckue onepalyu

1. [lpoponwxumM HeenenosaHHe anrebpanueckHX CBOMCTE aBTOHOMHbBIX CHCTEM 00LIKHOBEHHBIX
AnddepeHuHaANbHBIX YPABHEHHH

dT“: = P, u™), (8.1)
(k=1,....M),

Ha4aroe B {1-2]. F(u) ~ rnankas (pyHKkuns 1 3agaeTea Ha EBkanaosom npoctpanctee I'Y, [ —
He3aBUCHMas NelicTBUTeNbHas nepemennas. Uepes J) o6o3Haunm npoctpancTso pewenuii (8.1).

B paGote [1] mbl Hawnu onpepensiowee ypaeuenue (1.3) (1] ans GunapHbix onepauuﬁ,
ﬂeﬁcraymmux B I'IpOCTpaHCTBe pewennii J§. Teneps BBEEM HOBBIE TIEPEMEHHbIE r(,) = p*(u),
&y = @*(u2), rae o*(u) - xapakTepucTHueckne byHKUKH ypasrennii (8.1). Mcnonbsys ypasHenue
(2.2) [1] ana @(u), onpepensiowee ypaeienne (1.3) [1] npuMert BuA:

op"(®) | ¢ ((D)) _ 8.2
( artyy Orly ’ (8-2)
k=1,...,N}

Kaxk duino ycranosneno B [ 1], kaxpoe pewerne ¢ ypaBHeHNA (8.2), kak dyHKLMS OT NPOH3BONBHBIX
pelIeHHH 1) H 2, YCTAHABIMBAST TY HIH WHYKO GHHADHYIO OnepauMio 8 /). B vacTnocTh, pewenne,
NPEACTABNEHHOEC B BHAE HeABHONH yHKUNK

exple*(u1) — @*(®)] + explof(uz) — *(P)] = 1, (8.3;
(k=1,...,N),

33/1aeT KOMMYTaTHBHYIO GHHApHYFO onepaurto B.JY. OTMETHM, 4To ofluee peutenue ypaBHeHHA
(8.2) umeer BuA:

eH (D) = In(exprf,) + exprfz)) + O ray - ray)

33



rae () - NpoM3BObHbIE PYHKUKMH OT N —apryMeHToR. HeTpyaHO nepennucaTe 3TO e PeLIeHHE B
BHE!

At = QY ¥ ),

e O — npolsgoasias (YHKIES 01 CHONX ARIYMEH 0B U i = of{m).
bes 104p00HOIro 0GCyRACHIHS YRAKEM, HTO L% HAXOANEHHUS Af-apHoil onepaunk (3] B
NPOCTPAHCTBE pelueHkit J) ypasrenue (8.2) paclsupsaerca 10 ypaBHeHMS:
A
' k

. > %b" = bt (8.4)

rae riy = ¢@(tq).
HMenosip3ys pesynbTatel NpeabIAyLIEro naparpada, cpefid Npounx petleHdil ypasueHny (8.4)
MOKHO BBINHCATh YaCTHOE pelUeHHe!

M
= o7 In > expplua) |, (8.5)
a=]
roe @ ¥ @~ — B3aMMOOOpPAaTHBIE GyHKUNH. DTOT Pe3ynbTaT yKasbiBaCT, UTO HEKOTOpHIe M-apHble
oriepallUi NPHBOEUMbI K GUHAPHBIM OMEPaUHsIM.
Tenepe B (8.4) nonoxum M = 1, noayuum:
D) 0 s
Tb = bt (8.6)
Peltenue 3T0ro ypassenus 3anaeT yHapHyio onepaunio 8 J). Kak ykasezanu 8 §3 {1], ynapnyio
ONEPALHIO MOKHO HHTEPIIPETHPOBATD, KaK 0TOGpaKenHe npocTpaucrsa.Jy B cebs.
Taknm obpazom, MBI NPHXOAUM K BBIBOAY, 4TO ypasHeHHe (8.4) cnpeaenseT MHOKECTBO
xoMOHHauKi# anreGpanyecknx onepauuii, HaUWHas OT YHAPHBIX W KOHYas M-apHbIMK OnepaumaMu
BKNtOYHTENbHO. [To BHAUMOMY, NPABOMOYHO CTABHTE BOTIPOCH! TIPHBOAUMOCTH 1 HETPHBOAMMOCTH
M-apHbIx cnepauMi.
OnHako, Ha 3TOM JTane Halel rMaBHOM LeNbio ABNIETCS UCCNENORAHNE BOMPOCOB, CBA3AHNBIX €
KOMMYTaTHBHBIMH OHHapHBIMH onepauusaMy. TloaTomy no nosoxy M-apHoix onepaiuii Mbl
OrPaHNUHMCH MU NPUBEACHHBIM 3AMEUAHHEM.
B paboTtax [1-2] Mbl noctatosHO NOAPOGHO H3YHANH KOMMYTATHBHYIO GUHADHYIO ONepatuo
| i— 2, KOTopas onpeaesisetrca U3 (8 3):

" 7; ur = ¢~ ' (Infexpp(ui ) + exp p(u2}]). (8.7)

ITa Onepauka B NpOCTPaHCTRE peleHnit J) ypasuerus (8.1) obpasyeT kOMMYTaTHBHYIO FPYTHTY.
[Ipu 3TOM HEHTPARLHBIMH 2IEMEHTAMN ABRAKOTCS € H A
uie=u ut+th=h {8.8)
P L
Kak yxasbianu 8 [1], ecint komnonenTel e U A anemMenToB e u i — xoHeuHble BEMUYHHDY, TO € H A
€CTh CTALHORAPHEIE TOMKH yYpaBHeHHi (8.1).
[Momumo (8.7}, xak Guiao nokazavo B [1-2], cywectsyer gpyras — anbTepHaTHBLAS CymMma

w F uz = 97 (Infexp(-p(ur)) + exp(-p(2)]™), (8.9)
KOTOpas Taxxke 00pa3yeT KOMMYTaTHBHYO rpynny. B otnnune ot (8.8), nmeet Mecto
u¥e=e uth=u (8.1G)
L L4

H3-3a Hanwnyksa paseHcts (8.8) W (8.10), 3TH ABE KOMMYTATHBHbIE MPYNTNLE 3aBA3LIBAIOTCA B LETbHbIH
anrebpanyecknii 00beKT — ABOAHYIO KOMMYTATHBHYIO FPYIIY.

Kax mbi ykasbisanu B paGotax [1-2], npocTpancTso petenyii J); ypasHenuit (8.1) ecTb
ANCKPETHO pacciioeHroe apocTpaHcTso [6]). Mpr arom BasoswiM npocTpaHcTBoM WY sarnsertcs
NPOCTPAHCTBC PELLEHN CHCTEMB!



dw* X
= Wk, 8.11
- (8.11)
(k= 1. N
NPEICTABIRIOLICE COTGHT CORORYTHOCTE N OIOMTPRBIX HE3GBIICHMBIX YPaBHLiHiii. [IHGCKTOPGH
. - S .
swiseres expe - JL - L Kax s yraseisan, kamioe ypasaenne u3 (8.11) (OPUAHAC T ABOHITYIO
KOMMYTATHBHYH rpynny (1.2-5). o Torna, vcxous w3 (8.7) v (8.9), MoxkeM HanHucaTh
up + = o {In[w, + w2]), (8.12)
@

) ¥ w2 = @ ' (In[w, ¥ wal).
P

Ecan xaxabli AMCKPeTHBIH CIOH NpOCTpaHeTea J) CYUTaTh 33 OfMH INEMEHT, TO, € YHETOM
(1.17-18) [1], w3 (8.12} cnenyeT n3omopdH3M ABCHHHBIX KOMMYTATHBHLIX [pynn ypaBHenuil (8.1} n
(8.11%
3ameuanne. B obilem pewenny ypashenna (8.2) npoussonbayto dyukuuo @) nogbepem tak,
4T UMETIO MECTO CNCAYICLLEE PABSHCTBO:
r-rh = Lot-rh)
2
[onyueunas GyHKLHUA B NPOCTPAHCTBE pelleHHWi ypasHeHus (8.1) onpenenset SHHapHY IO
onepaumio

¥ ur =g (%[(ﬂ(u, 3+ @(Hz)])'
B uactaocTh, B cnyyae ypasrenus (8.11) nonydum:
(wy xwp)t = et owd,

(k=1,...,N).
Jlerko npoBEPHTD, YTO OMEPALIMA U * 17 KOMMYTATHBH&, HO HeaccouHaTHBHa. Ecnv wapsay c
onpepauyaMy cnoxenua (8.7) u (8.9), onepaumio 1, * 1y CYHTATD MPOUIBENLHNEM, TO HETPYIHO
ybeanTed, YyTo ANCTPUOYTHBHBIN 3aKOH He GyAeT BoinaHaTcs. [103TOMY, BMECTO 1 * 42 Mb)
BBOAHM OTIepallHiC} TPOH3BEACHHUSA B BHAE!

n ©uz = @7 (p(ur) + @(u)).
Kax yxaspiBany, onepauns u; © x> cosMecTro ¢ (8.7) u (8.9) obpasyeT AsoiiHoe anrebpanyeckoe
nojte. Cnejyer OTMETHTL, MTO €CNH X1 W 47 €CcTh pelieHna ypasHeuns {(8.1), To v = u; @ u» ecTb
petueHye ypaBHeHHs
L 2F().

2. OBozHaunM uepes I n J\a IPOCTPAHCTBA PElEHNH COOTBETCTBEHHO ypasHeruit (7.1) n
(7.2). Bepxunfi nuaexkc B J ykaspiBaeT Ha YHCIO HE3ABHCHMBIX NEPEMEHHBIX, HHKHHH — HA UMCIO
HEH3BECTHLIX ;chuuﬁ, NPHCYTCTRYIOLIHX B COOTBETCTBYIOWEM YpasHeHHH. OUEBHAHO, HMEET
mecto JY, < Jy° npu mobbix @ € Ty, rae [y, — No-MepHoe EBKNNA0BO MPOCTPAHETBO, BBEASHHOS
8 §7, n. 1. Kax Met yDeaunucs B (1], nonyTHO BO3HHKAET TPHBHANLHO PACCIOEHHOE NPOCTPAHCTRO
P(I'xy,/0, ) ¢ 6a30BBIM IPOCTPAHCTBOM [, CNOSAMH J,4 1 NpoekTOpoM T : P — Ty, [6]. Pewtenne
X ypaBHeHuit (7.21) cnenyeT HHTepNpeTHPOBaTh Kak oTo0pakeHne pacc/IOSHHOTO NPOCTpascTea P B
NPOCTPAHCTBO JA®:

Piy
koTopoe Oyaem HazblBaTh y-oToOpaxeHuem. B pabote [i] Mel AoCTaTOYHO NOAPOGHO H3yuvany
anrebpanuyeckue cBOHCTBa ypaBHeHAH (7.1) ¢ nomoueo dyHkunit ¥. Opnako stum anrebpanueckoe
copepxadue ypasHenni (7.1) He ncvepnsisaerca. Beaws npocTpancteo Jy, €CTh NPOCTPAHCTBO
pelenui obbikHOBEHHBIX ypaBHenuit (7.2). Ucxonsa u3 n.1, 8./, cyutecTByioT M-apHble onepaunu,
JeHCTBYIOLIME B 3TOM XK€ MpocTpaHcTee. Ho Toraa onpenensioliee ypaBHEHHE, KOTOpOE 3aj2eT
x-OTOOpP@XKEHHE H OAHOBPEMEHHO € 3TUM M-apHbie onepauny, SYRET UMETh BHA:



A

>3 __a;%(z) b = B, (8.13)

arQ =1 {rt)e

(k=1.._.MN,
- e Lo
te HPEACTABIACT OGlLLUIEO TRYAG BEHIHCATE B HEABIIOH (p{)pMC HACTHOEZ PUllLCHIL ypabienna
{8.13) ¢ yuetom (7.7}, {7.40)y u (B.5).
3. ing npocTOoTH HCCNeloBaHIS, B AanbHeRLIeM OyAeM MpearionaraTs, UTo HeNTpanbHble
3MIEMEHTDI ABOHHOK KOMMYTATHBHOMH rpynmnbt ypasHennn (7.2} He 3aBUCAT OT @, T.€. UMEET MECTO
eq =2, hy =h (8.14)
ANA NOBLIX o € [y,
Kak Mbl ykazeiani, Ha HEATPaNbHbIX dNleMenTax XapakTepucTuueckre GyHkunn obpauanTca B
BeckoHeuHOCTL. 3 (5.6) 3aknioyaeM:;
Pale) = ~o, @a{h) = +oo. (8.15)
C yuetom (8.14), ecnu 8 (8.7-10) npon3secT 3aMeHy ¢ — @5, TO Mbl TONYYHM JBOHHYO
KOMMYTATHBHYHO TPYNTY ¢ HEATPRNLHBIMH 3IEMEHTaMH e, A, NeiCTBYIOWYIO B NPOCTpaHcTse JL, .
4. PaccMOTpHM HesBHY O byHkMo (7.35) n nonoxum pX = | npu moboma € Q. &k = |.... N
Torna ¢ yuerom (7.7) 6yaem uMeTb
D qaexplohua) — 05(1)] = 1, (8.16)
ze{}
(k=1,...,N).
ITpneenem HekoTopbie cBOHCTBA y-0TOOpaKeHHH, onpeaenseMoro U3 pasenctsa (8.16).
a) 3 (7.6} HemoCcpeACTBEHHO CIIEYET, YTD XaPAKTEPUCTHYECKHE (DYHKLUKH P4 ABHO 2ABHCAT OT
a € I'y,. Paccmorpum B (8.16) nBa cnaraemeix — ¢ nHuaexcamu a 0 . Eciiv B papencree (8.16)
NOMEHATL MECTAMH & H [ 1, COOTBETCTBEHHO, Ug W g, TO OUEBHAHO OT 3TOro (8.16) He n3mMeHHTCS.
370 3Ha4KT, uTo dyHKUMA ¥, onpenenseMasn n3 (8.16), AMeeT UL,
P2 (8.17)
1 ABAAETCA cHMMEeTpHYHON dyHkuHed ot Gnokos (a, u, ), rae a apoberaet muoxectso (2. B
RansHelweM emecTo (8.17) Oynem noab30BaTLC YKOPOUEHHOHR 3aNHCBKY:
¥ = ug. )
b) HycTy npu HexoTopom B € Q pelerue up = e. C yyerom (8.15), cnaraemoe ¢ nuaexcom f B
cymme (8.16) oBpaTuTcs B HyRB, H Mbl TONYYHM:

D quexplpklua) - oh(ka)] = 1.
acling
Kak mb1 otmevanu B [ 1], ecnu Bee u, = e. koraa a npoberaer MHokecTBo (Y \y, Tornanpia = y ¥
Oyner pewtenvem (7.2). B 4aCTHOCTH, €CNH u, = e NpH Bcex a@ € (2, GyaeM UMeThb
ial....e,....e,...) = e (8.18)
Ecnu ke npu kakom nubo B € Q pewenue ug = h, torna, uexoas uz (8.15), pasenctso (8.16)
OyIeT BLUTONHATLCA, KAK TONBKO Ya = /1, T.€,

ol ey By ly, .} = A (8.19)
5. Teneps B (7.35) nonoxum pX = —1{, o ananorun ¢ (8.16), noayunm;
> qeexplph(i) - oh(ua)] = 1, (8.20)
ael?
(k=1,...,M).

dyHkuua faol...,uq, ... ) 0BNanaeT BceMu TEMM ke CBOHCTBAMH, 4TO K ¥ol..., Uq, ... ). Ho, B
OTJIHYHE OT Y0, B ¥ HEHTPaRbHLIC INEMEHTH € W /i NPOSBASIOT NPOTHROTIOIMKHbie CBOHCTBA.
Koukpernee, BMecto (8.18) umeem



yal...,h ...,k ...} =h, (8.21)
a (8.19) 3aMeHseTCH PABEHCTBOM:
Jol e o€y, ) = e (8.22)
Mexoas 13 CaofieTn (5 18- 190) 11 (8,21 222350 qanuieiiuest yo 15 &, ByIlen noiniear
ANbTEPHATHBHbIMY OTODPAKEHHIMH TPHBHANBHO paccnoeunoro npoctpanctea P(Ly,, S\, %) B
OpOCTPaHCcTBO Jy", 00 ¥o W Fo MOKHO HA3BAT anbLTePHATUBHEIMH Pa3NOXKEHHAMH pPelleHHH
ypasrerus (7.1) HA NAOCCKHE BONHBE U,.
6. Mpumepnl
a) Paccmorpum ypasHenue (7.38), korza ko3ddUUMEHTBl @” — HOCTOSHHBIE BENHYHHBbI.
Henonesyem pesyibTaThl BeiYMCReHuiA §1, n. 12, b). U3 papeHcTB @q(tte) = Za + Ca,

Paltta) = agpt{lta) NOAYUHM
o =i (In an expy(u.,)).

ael}

[fpoBoast aHANOTHYHBIE BBIMHCNEHHA A HAXOHACHHS aNbTEPHATHBHOIO pasnoxedis, W3 (8.20) npu
N = | Haxoanm

-
fa=4"" ln|:Z qaexp(—,u(ua)):|

ael}

b) Bepuemca k ypaenenuio {7.43). Kak HeogHoKpaTHO ykasbiBaiH B [1-2], B nHHEHHBIX
YPABHEHHAX HEHTPANbHBIE ANEMEHTHI HMEKT BHA!

eo, ho,
rac et = 0, hf = o, (k= 1,...,N). U3 (7.55) HENOCPEACTBEHHO CAEAYET BINO/JHEHNE PABEHC TR
(8.18-19).
Tenepsb Halinem aibTepHaTUBHYIO cyMMYy & (7.55). Jing sToro B (7.35) nonoxum pi = — —A"—. C

yyeteM (7.43), 13 (7.35) noayuum:

> qaBalua)ia = b,

ac}
rae B, ecTb MaTphua (7.49), a sextop b uMmeeT BaR (7.51). M3 3TOro paBeHCTBa NEMKO HAXOANUM
ANIbTEPHATUBHOE PA3NIOKEHHE!

-l
Xa = [ZQGBQ(HG)} b. (8.23)

aeld
HeTtpyauo nposeputs, uto paznoxenne (8.23) npu HelTPanbsHBIX MEMEHTAX €o, /1o YAOBICTBOPAET
yenosuasm (8.21-22).
Bocnonnsyemcs pasedcTsom {7.50) u nepenniuem (7.55) B Buae:

¥o = D qaBa (ua)b.
aef)

OueBnaHo, UTO Yo W ¥ o ABNAIOTCS @NbTEPHATHBHbLIMH PA3NOKEHHAMH PEIICHNH ypaBHEHH (7.43).
7. Ilycts @ < €. PaceMoTpum paBeHcTBO (8.16) Ha @, T.6.

ZQGEXP[@a(”a) —pa{¥}] = 1. (8.24)
Hcnonbaysa ceoitcteo (8.15), paBencteo (8.24) 10NONHHM CRAraeMbIMH BHOA
gpexplop(ug) — ¢p(i)], xoraa
; up=¢e, fpe\wo (8.25)
Ouesnano, paseHcTBO (8.24) oT 3TOro He usmenutcs. Ho Toraa npu ycnoeuu (8.25) moxuo
HanWCaTh



Haloottay,. Y= 20l ta, .. ) (8.26)
AHAOTHYHO MOWHO HANHCATDL
,:/;(IJ(~"|”|’1f'--) = 2!!(--4”0-.-1-), {827)
Kora T
- g = h, fe Qo
8. Kak u3BeCTHO, B KNACCHUECKOH TEOPHU TUHENHHBIX AH(GdepeHUHanbHbIX YPaBHEHH ¢
YaCTHBLIMW NPOH3BCAHLIMHK B NPEACTaBNeHHH {7.55) Bceraa MOXKHO EAHHCTBEHHbIM Ghpa3oM
noaobpate #. H MHO¥eCTBO {2 Tak, 4TO 3a0aHHoe pelleHude u(x )} Oyaer coBnanaTe ¢ cymmon (7.55).
Hcxoaa n3 otoro, va 370oM 3tane uccnenoBalus 63 AoKa3aTebeTha MONOXKHM, YTO AAd Moboro

3a|JaHKOTO peileHns ypasreHHi (7.1) Bcerna HalaeTcs TaKoe MHOXECTBO €2 H COOTBETCTRYIOWIMH
Habop uq, @ € ), YTO peleHHe OAHO3HAYHO MOXKHO NPEACTABHTEL B BRAE

w=jgol . te....} (8.28)
N
[Tpwu 3ToM, Tak kak /" €CTb QHCKPETHO pacciOeHHOE NPOCTPAHCTBO, pewieHne (8.28) noaxHo GbiTh
ONpeRenReHHbIM AHCTOM ITOrO NPOCTPAHCTRA (6].
= My
\.‘

ARANOrHYHO, COOTBETCTBYIOWNM NTOADOPOM ) W 1, TO Me camoe pellieHie u € J;
MPeACTABHTL B aNbLTepHATHBHOH (OpME enHHCTREHHBIM 06pa3oM
u=yal .. .ta,...). (8.29)
Tem caMBIM, Mbl IPHXOAMM K 8BIBOAY, YTO CYIECTBOBAHHE ¥a M Yo NOPMKAAET ABOHROE
npeacTaBieHHe pelennii ypasuenus (7.1).
9. PaccmoTpym pabeHcTRO {7.35). Mcnonsays (7.7), AR ¥ v ¥ HAXOAMM COOTBETCTBYIOWHE
anrefpauveckne ypasHeHHs

MOKHQ

an exppiloflus) - oi(X)] = 1, (8.30)
" (k=1,...,N)

"
ial;empﬁ[w;‘;(na)—qoﬁ(ﬁnl =1, (8.31)
" (k=1,...,N).

XOTHM HaNOMHHTh, 4YTO E 03HAYAET CYMMMPOBAHHE NO CTAHAAPTHOMY npaBuaTY (@ +b = a+ b), a

, -
Z — BNBTEPHATHBHOE CYMMHPOBaHHE (a b= (% + %) ) CnepyeT 3aMeTHTB, uTo (8.31)
nonyyaercs u3 (8.30) ¢ NoMOwWbio 3aMenbl g4 — /qq, pk — —pk.
Ecnu sbinonastoTes paseHctsa (8.14-15), 1o koraa p* — neficTBUTENbHLIE M MEHAKOT 3HAK NPH
pasnuyHbIX 3Haueusax a € 2, papenctsa (8.18-19) u (8.21-22) He GyayT BuinonHATECS. B 3Tom
cilyvae orpannyenne (8.14) creayer oTOpOCUTD M HYXHO NOTpebOBaTh:

Pipt(es) = —o, ptof(ha) = +. (8.32)

Do TOBOPHT O TOM, YTO B 3aBHCHMOCTH OT pﬁ HeﬁTpaﬂbele IMEMENTBI MEHAKOT CBOE
mpeacrTaBnenke. He YCAMKHAA 3a0a4y, B nanLHeAuIeM 3TH BOMPOCH pacCMaTpHBATL HE 6)&‘18!‘&1.

§9. UuaynmpoBaHHoe BOIHOE anrebpanviecKkoe MoJe

1. B pabore [1] npu u3yuennn anrebpanyeckux cBOHCTB ypaBHeHnH (7.2) Mbil PULLUTH K
BBIBOAY, ¥TO NPOCTPAHCTBO pelueHHil J ), npeacTasnseT coboli NMCKPETHO paccnoeHHoe
mHoroobpasue Jy, (W, exXp@.), cocToswee u3 6azosoro npocrpacTba Wh,, paccnoenna J),,
NpPOeKTOPa EXP @q © Sy = Wh, W AHCKPETHOM TpPy1iTibl Dy, NeHCTBYIOWEH B IMCKPETHBIX CIIOAX.



Hanomuum, uto W, ecTh NpocTpaHCTBo pelnenuii N OAHOMEPHBIX YPAaBHEHNH, KOTOPLIE € YUETOM
sasevanna §7, 1.3 MOXHO 1IPEACTaBUTL B BHAE:
/f\i"‘- .
L TRV () l
dza . 9.1)
(K™= 1,... . A).

Tem CaMbIM MBI NPHLINK K BLIBOAY, YTO CNOF ;’M TPHEHANBHO PAcCNOERKOI0 ﬂpOCTpaHCTBa
P(I‘M}, N :rr) B CBOK) OYEPEAD, 6CTh COBCTBEHHO AHCKPETHO PACCRGEHHOE MHOroobpasve J L,

( W\a: EXP Pu )‘

HM3(8.16) n (8.20) HEeNOCPEACTBEHHO CNSAYET, HTO Yo H ¥ MOXKHO CYUTATh DYHKLHAMK OT
NEPEMEHKBIX Wq = €XP o (lis ), TAEC EXPQq SBMAETCA NPOEKTOPOM B AKCKPETHO PACCIOEHHOM
mHoroobpasun Jy, (Wh,,exp e ). OTCloaa cieayeT, uTo ¥o M o N0 CYLECTBY SBASIOTCH SBHLIMH
PyHKUMAME OT 3neMeHTOB 5a30BLIX MHOT0OBpaszkii W},. Mcxoas v3 3T0ro, Mbl MOXEM HAMUCATD'

ol tte,.. ) =xa(...,wq,...), (9.2)
Yol . tg....) =xal.. . We,...),

rae g H Wy CBA3aHLl PABEHCTBOM!

We = eXP@a(sa). (9.3)
Takum oOpasoM, eCli Yo U ¥ o NPOH3BOAAT oToﬁpa}Keuuﬂ TPHBHANBHO PACCIIOEHHOIO
pOCTpanCcTBa P(I"ND, Jhas rr) B MPOCTPAHCTBO J3', TO X M ¥ — OTOOPAKAIOT P(I"NO, W, 1’1’) B
JA’. B nansuelinieM 105 NPOCTOTE HITOKEHUA B OCHOBHOM BYAEM MCNONL30BATH X-MpejiCTaBNEHHE,
2. U3(8.15) n (9.3) nmeem:

= exppale), ho = expoal(h), (9.4)
re ek = 0, A = oo, (k = 1,...,N). Ho Toraa, ucxons u3 (9.2-3), pasencrea (8.18-19) npumyT Bua:
xal...,€0,...,€0,....€0,...) = &, (9.5)

i’Q(...,wﬂ,...,ho,“.,wa,“.) =h

AHanorudno, (8.21-22) nepexonsaT B CNeAYOUIHE PABEHCTBA:
Xo(....ho,.. ko, ko, .) = h, {9.6)
in(...,w,,,,,.,f:'o,.,,,wa,.,‘) = ¢e.

3. MlycTs uy, uz € Ji*. Ucnonb3sys paccykaeHus §8, n. 7-8, 5T peLIEHHT MOKHO NPEeACTaBHTh B
BHIE:

uy = gol.. tar,...), (9.7)
u = yol..., ta,... ).
B npOCTpchraoJﬁ“ BBOJAHM DHHapHYIo onepaumio [1]:
p P

m ®ur = yal .. tar,...) D ol .. ta2,... )} = i’ﬂ(---,ual j Haz,---)- (9.8}

Tak kax GHHapHaH Oonpepauna Ha + g3 KOMMYTAatTHBHA H 2CCOUHATHBHA, TO 3THMH #KE CBOUCTBAMH
¢

a

obaapaer n GuHapHas onepauns (9.8). )
Henonwsya (8.12) n (9.2-3), e x-npeactapnenuy GHHapHad cnepauus u @ uz NpUMeT BUL:

) EB iy = i’Q(...,WaL,...) @ i’Q(..A,waz,...) = :'m(...,wa; -i-wug,...), (99)
roe a+b = a+b. YuntbiBad (9.5), Mol yBexnaacMcs 8 CnpaBe/IHBOCTH CIEAYIOLIHX PABEHCTE:
ude=u udh=~h (9.10)
OueBUAHO, 3NTEMEHT
u=xal...,wa...), {9.11)
(3 =kl ...~Wq,...)

IPOCTPaHCTBA Jy® ABNAIOTCA MPOTHBOMONOKHBIMH NEMEHTAMH 10 CROKEHNIO (9.9):



u® () =e. (9.12)
Ten <avbiM Mbl MPUILIH K BLIBOAY, Y4TO B APOCTpancTae Jo' OuHapuas onepanua (9.9) oBpazyer

RUOMMNTATHRHNIG TRPAYONY © HL‘“'J'l‘!il.’ll;llhl.\1H VICMCHTAN ¢ W
" X = i o -
Floaoas weipennohoxer s $8, 11.7-3. HEMEN I -t ST HDCACTRUIN C THOMOUILED X(y
= Xal o Wal, .- ), (“.13)

iz = i’Q(..,,Wﬂg,...).

TAE Wa| H Woz — PEWIEHHs ypasHeHui (9.1). B npoctpanctso ij}" BBE/CM anbTEPHATHBHYIO
OMHA pHYIO ORepalmio:
U Pu = 7.29(..‘,17.-",,;,,.‘) (45} I"EQ(,..,‘;)G},...) = 52()(...,1«1’,“ ¥ ﬁr’ag,‘..)A (9 14)
- -1
Beuny toro, uto onepauus a £ b = (l, + %) KOMMYTATHBHA W ACCOLLMATHBHA, TO KOMMYTaTHEHA
W ACCOUMATURHA TaK Xe onepauus (9.14). Henonsays (9.6), HaxonuM:
ube=e u®h=u (9.15)
N, .
[TpOTHBONONOKHBIC SNEMEHTEI U, (U € Jy' B X-IpEACTABIEHUH HMEIOT BHJL:
u=xal...,Wa,...),
- = i()[.,.,‘ﬂ’a,.nj.
OueBuAHO, HMEET MECTO
ud (u) = h (9.18)
Takum 06pasoM, pa3 KOMMYTATHBHDBIE TPYRTEI 4 €B w2 W 4 € 12 3aUennesbl HeliTpanbHbIMY
w ..
3EMEHTAMH € H A, Mbl MPUXOJHM K BBIBOAY, YTO B MPOCTPAHCTRE pelleHui Jy" vpashenuii (7.1)
ouy 00pa3y1oT ABOHHYIO KOMMYTATHBHYIO TRYNNY.

4. PacCMOTPHM TPHBHANILHO PACCROEHHOE MPOCTPAHCTRO P(T‘Nl,, W rr) H AHCKPETHO

pacCNOeHHOE MPOCTPAHCTBO JAt . Kak Mbl yKe oTMeuant, o 1 ¥a NPOH3BOAAT OTOGpakKeHHA

) - -
P = JS. U3 (8.30-31) u (9.3) HenocpeACTBEHHO CASRYET, HTO KOHCTPYKItUA yHKUKT 2o ¥ X
ONpeJensercs TONbKO XapaKTEPHCTHYECKUME GYHKLUMAMK ¢, U MHOKecTBOM 2 < Ty, HTo ke
kacaetest wa € Wiy, TO OHM BHICTYIIAIOT Kak NPOCTBIE apryMeHTbI yHKUMH Xq M Xq.

o ananoruu ¢ §35, npu kaxaom a € [y, 3anonHum cnoii W1, BCEBOIMOXHBIMH FAAIKHMH
N-BeKTOpHBLIMH HYHKUNAMM g, (x), rae x € T, [Tonyuennoe mHoroo6pasue 06o3HaunM uepes By,.
Ouesnano Wy, < Bye. TOrna TpHBMANEHO PaccOEHHOE IPOCTPAHCTBO P = P(I"Nu, W e, :r)
pacuiHpUTES 00 TPHBHANLHO PacCNOeHHOre Mroroobpasis Py = P(I'M,, B, rr)‘ [Tponseecaem
oToBpakeHns %o H Xa MHOTo0Gpasus Py, TIpH 3TOH npoueaype NPOCTPAHCTBO pereHui Ji°
ypasHeHu# (7.1) Takke paciunpsercs 10 HEKOTOPOro MHoroofpasng BY Emg pa3 noa4epkHeM,
YTO Mbl PACUINPAEM TOIBKO OObEKTH, HA KOTOPbIE ASACTBYIOT XapaKTEPHCTHYECKHE PYHKUIMA @,
HE MeHAA DYHKUHOHANLHOE CTPOCHHE CaMuX (DYHKUHHA @,. DTHM MB1 iobUBaeMca Bonee YeTkoro
BbIAEEHHSA TEX aNrebpanueckux CTPYKTYD, KOTODLIE CNPATaHbl B HeApaX AW(hepeHuHaNTLHEBIX
ypasHenuii. Tak kak npu W, — Bye GyHKUHOHANBHAS KOHCTPYKLMA Xa H ¥ HE MEHSETCS, B

N )
mHoroobpasun B® De3 nameHeHun yHacneayeTCs AMCKPETHAS PACCIOEHHOCTh NPOCTPaHCTRa Jy',
"ITO 3HAUMT, YTO B KAXKAOM CJ10€ ASHCTBYET AHCKpETHAsR rpynna [, nepeBoasilias OAUH SNEMEHT
CNes B ApYIHe 3NMeMenThl IToro e cnog [6]. [TycTs flx) — HekoTopoiil 3anaHueIl N-MepHBIH BekTOD
¢ TNaakUMK KOMNOHeHTaMH f*(x). Ucnionssys rpynny D, Mbl MoxkeM ¢ noMoiubko f{x) obpasosars
COOTBETCTRYIONUIHI ARCKPETBII CNOH B MHOrOOOpPazHH By’ . ITHM NyTeM, N0 aHANKOTHA C

. . N
00pazoBaniemM MHOrOOBPA3NA Bug, MBI NORHOCTHIO 3aMONHAeM B,
o M

He ymenbwwan oBWHOCTE paccy)XAEHHH, NONCKHM TO Ana nioboro 3nemedTa f € By® Bcerna

Halaytces Takue Habopsl g4, §7 € Brg, UTO Mbl MOYKEM HANMHCATD

S=xal .. . ga,...), (.17}

f:' 2‘)("‘1(@-“1‘- - )
5. Jlornuno, Vcxons U3 pesysbTaToeB N.3, BBECTH anrebpanieckHe onepauri B Muoroobpasve
B’. Beomum B B npaBuno croxeHmns
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x0(... gal,--- ) B x0(. ., g, ) = %a(...,Ba1 + Za2,--. ), (9.18)
H an bTCpHaTIIBHDFO CHQKECHHA
ig;(..,,gm,,_.)@.";‘Q(,..,g,,g,.,.)= (9. 19)
= X g P 2ur )
e Zal, £u2 € Bye. OueBngno, onepailiiv {9.18-19) kOMMYTATHBHLI U RCCOUMATHBHBIL,
Pagenctsa (9.5-6) He HapylwaTcs, eClM W, 3aMEHHUM MPOHIBONBHBIMH 3NEMEHTAMH €4 € Bay.
Ho Torna nerxo noxasare CpaBeAsInBOCTE CNEAYIOUIHX PABEHCTB!
xa®e=%q, Xa®h=nh,
doBe=e xa®h=%xq,
rae xo = xa(...,&a... ), X0 = X0{...,ga,...) € B
Ecnn f e BY npencrapnsetca B sauae (9.17), To ero npoTHBONONOKHBLIM MEMEHTOM GyaeT:
J\.’.'Q(.,.,—ga,...),i’g}_(“.,"‘éa,.., )
Taknm oBpazom, onepaunn (9.18-19) B Muoroo6paznn By obpasyior ABOHHYIO

KOMMYTaTHBHYK) TPYITY.
6. PaccroTpyM peluenne ypaBHeHHH (7.1), npescrasneHHoe B BHE:

u=xol...,Wa,...), (9.20)

rae w, € Wi,. U3 (9.1) HenocpencTseHHo cneayet, uto ecin wy € Wh,, To ckwt (k= 1,...,N) Tak

Ke IBAfeTCA pewleHyeM ypasHeHu# (9.1). Ho rorna, napsay c (9.20), Mbl MOXKEM HanHCaTh HOROE
pelienne ypashenui (7.1):

ue = xal .., CaWay... ). (9.21}
o 310 3HauNT, 4TO AU PepeHUHaNLHOE ypaBHEHHE OHKTYET CYWECTBOBAHHE HEKOTOPOH
anrebpanyeckoit onepalini, nepepoaswed (9.20} B (9.21). 3T1a onepauns AomkHa 6BITE CBR3AHA ©
MEX@HH3MOM, KOTOPBIH KOHCTPYHPYET PELIEHHE C NOMOLLLbIO KOHCTAHT HHTErPUPOBAHHA.
ObpazyeM 3neMeHT ¢ MHOroobpazus By’:

¢ =xp{...,Car--. ), (9.22)
FA€ c& — NPOH3IBOIBHBIE NOCTOSHHbIE, HE 3aBUCRIIME OT X € Y. Mcnonb3ys paccyxnenns,

MpyBEAEHHEIE B §5 AN BBENEHUA ONEPaLlUH YMHOKEHHSR, AHANOrHUHBIM 06pa3oM B MHOTOOGpPa3HH
i\"
By' Mbl BBOAKM anreOpandecKyro onepaurio U3 aneMedTos (9.20) n (9.22) cneaywounm ofpasom:

c®u=xa(. ,ca...)®xa(.. ., Wa,...) = xal...,CaWas-.. }, (9.23)
rae CgWy CTh N»BEKTOP C KOOpAHHATAMA!
(Cawa)' = chwhk, (9.24)
(k=1,....N).

Hapsany ¢ (9.21) 1 (9.22) n0CTPpONM 3neMEHTH MHOTOOBpa3Ns Ji':
ﬁ=in(...,wa,...), 5‘252(1(.‘.,6'“,,..).
OueBHAHO, T ABRAETCA pelleHHeM ypaeheHHs (7.1). [To ananoruu ¢ (9.23), BeeaeM GnHapHYIo
onepaunio 8 By
E®ii=Xal...,Ca... ) @ %al...,Wa,...) = Xa(...,CaWa,... ), (9.25)

TAE CqWqo €CTh (9.24).

W3 (9.23) u {9.25) venocpeAcTBEHHO CrefyeT, 4To ¢ @ u, ¢ @ fi HApAAY ¢ u, T 9BAIGTCA
peweHnamy (7.1},

~ Taxum oBpa3som, ypasnenue (7.1), nomuMo GunapHeix onepauni (9.18-19) B MHorooGpasuu

By, NOABOAMT HAC K CYLIECTBOBAHHIO €LUE OAHOTO THNA bUHapHOH onepalunk, KOTOpas H3-3a
Hanuuns ABYX oTOOpaxkenHit x U X npeactasnseTca 8 auae (9.23) v (9.25). Tax uto ans
NPpOH3BONBHBIX 3EMCHTOB

4]



6 = in(‘--,gaa,---),

_fu = &Q(...,gm;,,.. ).,
{a=12)
‘e

- A
MBGTOOOpWsIR B ke
N®S =xal. 28ar, ) Rkl 8azy-. ) = %0l .., Ga1€a2s-- . ),
f; @f = :'A'{Q(.,.,ga],...) @i’n(...,g‘,g,...) = i;z(...,gmgug,...),
rie -
(Bmga2)® = ghighy,
(k=1,....N).
Cnenyer OTMETHTL, 9T0 ¢q) Zu2 ECTh YMHOXKEHHE B CN0E By TPHBHANLHO PACCHOEHHOT0
mrorocGpasua Py = P(Tw,, Bya. 7).
M3 (9.27-28) HenopeacTeeHHO ClieayeT, 4To GuHapHble onepaunu /i @ frn /| & 13

KOMMYTATHBHb! H 2CCOIHATHBHBI.
HeTpyano Aokasats AUCTpHOYTHBHbLIE CBOHCTBA BO3HHKIINX BHHADHBIX ONEpaLH:

AR BL)=(®LH)D(H ®f),
HRLBL)=(BH)B(HBSf).
Henonesyn (9.57 1 9.27), Mbl HaxonHm:
fRe=e [f®h=h,

ecnu f + e, f # h, rhe jnpencrasneHa B euge (9.26). AHanoruuHo, k3 (9.6) n (9.27) nmeem:

JRe=e, j’f'&h:h.
7. B MHoroobpas By’ obpazyem 3aeMeHTHL:
Eq = xal..., Lo 1,.00)

Eqa =iql..,1,...,1,..).
W3 (9.27) HenocpencTs:HHO cneayert:
Ea®f=f Ea®f=Ff
TeM caMbiM MEl IPHXOIHM K BLIBOAY, YTO Eq H Eg MIPaloT ponb eANHUYHBIX 3MEMEHTOR

COOTBETCTBEHHO B onefalvax @ u @ 3 (9.27).
8. Ilycth g, ¥ m, —>NeMEHTHI CNOK By, W3 TPUBHANBLHO PACCIOEHHOTO APOCTPAHCTBA

Py = P(F,v.,, Bya, :r) [TonowuM, YTO gq H Mg B3aNMOOBPATHBIE INEMEHTBI fI0 YMHOKEHHIO B

MHoroodpasun B!
gaa = 1,
TAE oM, BLINHCIAKOTC: No npasuny (9.28). Terna 3neMeHThl
F=xal...,8a,...), m=xa{....m,,...)
MHOr00GPa3HA BL® Takxe OyiyT B3aHMOOBPATHBIMH dNeMeHTaMu B BL':
f®m=Eq.
AHaNOrM4RHO, ecnu
F=%al...ga...), M =F0(.. . Ma,...),
TO HMEET MECTO
f&m=Eq
Hexona vz npueeasiHbIX paccyxaeHHH, Mbi MOKEM BBECTH ONepallvio x-ae/leHusa B
MHoroobpazne Bf-“. My:ts f7, fr € BY. OG03HaMum x-oTHOLLEH ue f1 n f> depes
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(9.26)

(9.27)

(9.28)

(9.29)

(9.30)

(9.31)

{9.32)

(9.33)

(9.34)

(9.35)

(9.36)

(9.37)



. Eal
_f-] J"fzzx(')(., QU”‘“ A
(x) o
EAC KOMBOHCH Fhl N-BERTOPA 225 CCTh
:‘-3'1_.1 ’ ‘Q:\'I
st g
. Su2
k=1, N}
AHanoruuno, MOXHO BEECTH X-QTHOUIEHHE
- -. . fal
Ht f= Xn(m, ) ,)

(%)

Takim 06pazom, MBI IPAXORHM X BLIBOAY, 4TO Xn-oToOpakeHne oTobpakaeT anrefipanyeckoe
noae, IopoxAeHHOe ypasHeHneM (9.1) v aedcTsylollee B mHoroobpasun By, B anrebpanyeckoe
noje MHOroodpasns Bj:-’-‘, a ¥q-otobpaxeHne oTo0paXkacT ansTepHaTHBHOE NoJe, RelCTRYOLLEE B
Bya, B aNbTEpHATHBHOE NONE MHOTOOGPasNs BL". HeliTpanbHble aemenTsl ¢, h € BY® obvennusior
3T N0 B UelbHbIA anredpaniecknit oObvext — 18oRHOE None,

9. Bepuemcsa K fo M ¥o, KOTOpbIE NPOU3BOAAT oTofpakeHHe TPHBHANLHO pacCNOCHHOTO
NpoCcTPaHCTBa P(["r\-", Ja, :r) B.Jy". B .4 MBI BBEAH TPHBHANLHO PACCNOEHHOE MHOrOOOpasHe
P(I"Nu, By, fr). Ipousseas otoGpaxenne ¢;'(In) : Byg — Ove, MHorooGpazue P(TM,, B, :ar)
nepeinet 8 Muoroodpasue P(FND, O e, ﬂ'). OueBHAHO, 4TO Y 0 Yo otobpaxaloT
P(l",.\,-‘,, Oy rr) B MHOrQOOpasue Bﬁ".

Hcnonbsys pasenctro (9.2-3) v cooTHowen s (8.12), aapaay c (9.8) noAyuum:

ﬁl @ ﬁ:‘ = XQ(---;uﬂ']s'-')éiﬂ("-y”ﬂ‘?,-w) = iﬂ(----rnul j Hﬂ'Zs"')s

)

sy Val @ Vals--');

Pa

- ~ A
rie iy, 2 € Sy Ananoruddo, H3 (9.27) MOXHO MONYYHTE CNEOYIOILUHE DAREHCTRA:
A ]

f18f: i’Q(-

Ligh i’n(-

[AE Vai, Va2 € (Jye. B 3THX PaBEHCTBAX Va1 O Vyo €CTh APOU3BEAEHUE B MHOrO0Opasuk Ong,
Yo

IOCTATOUHO NOAPOOHO H3YYEHHOE HAMH B Hpeblayux naparpadax. EAHHHYHEIM EMEHTOM
ITOrO NPOH3BEACHHS CAYHHT Eq € Ong, KOTOPLIA B CBOIO OUepe/lb ABAKETCH PELIEHHEM YPABHEHHA
@alfy) = 0.

Ho Torna ennunusbie anementsl (9.32-33) B y-npeacrabneHBH MPUMYT BHA
Eo= ol ., Eq,... ),
Eq = ja(..,E,,...).
C yyertom (8.18-19), (8.21-22) HHKaKoro Tpyza He MPEACTABNSET NOKA3ATH CNPABEAIHBOCTh
pasercTs (9.10), (9.15), (9.30-31) n (9.34) B y-npeactaBieHHH.
TeM camblM MbI NOKA3aY, 4TC ABOIHOE none 8 By pean nayeTes KAK B X-NPEACTaBASHUH, TAK H
X-NpefcTABIEHHH.

oWy O Vi, ...
Po

= ol Ve, Y& fal ., var,... ) =

i

= Fol Vel ) ® ¥l vz ) =

10. PaccMoTpHUM OFHOMepHOE KBasHIKHElHOe YPaBHEHHE C NOCTOSHHbIMKM K03 dHLHEHTaMH
NpH NPOH3BOAHBIX
Ju

a* =u{l - u
pr ( )
YpaBHenne NIOCKHX BONH HMeeT BU:
iy
a = ugl(]l — 1),
o dzﬂ. t‘-’( n‘)
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(9.38)

(9.3

L
e

(9.40)

(9.41)

(9.42)

(9.43)

(9.44)

(9.45)

(9.46)



re ag = --a.a". M3 37070 YPaBHEHHS NErKO HaXxOIMM XapaKTepHCTHUYECKHe ByHKLIHH
b Y

‘rrr
Qolita) = agln—L—. (9.47)

I =ty

PesvanTar (8.7) HenocpencTaenno cneaver nz {831 Mexoms 113 §7, MBE 3aKM04AEM. 4TO HAPARY
S 8.3 pringuent ypartenng (8.2) aBASETCR TAK We HeARIAS GyV1K i

- ok & k —
é  Gaexppa[et{ia) — @ (®)) = 1, (9.48)
a=1
(k=1,..,N).
Ou4eBHAHO, U3 3TOTO PABEHCTBA NPH YCIOBHH §q = |, pk = =1 nonyunm (8.9),
Jlns nonyuenns GrHapHBIX Onepaunii ypasHenus (9.46) B (9.48) nonaraem Geu = 1, Paa = -, a
B ANbTEPHATHBHOM CNYMEE Jag = 1, Pav = —a—. ONYCTKan BLIMHCIEHHS, MOAYYUM:
: Ual * Ugy =~ 2Ugiti
Hal + ey = al al glttald (949)
. [ TP 1%
H
T - Uaillg)
Ual ;'; Ha2 = 3 F Uar — la tar (9.50)
B 3THX KOMMYTATHBHbLIN ONEPAUHSX HEHTPRILHBIMH INEMEHTAMH ABAAIOTCS:
e=0, h=1

Tem cambiM, Mbl TONYUHIH NBOANYIO KOMMYTaTHBRYHO FPYNNY, ASHCTBYIOULYIO B IPOCTPAHCTRE
pewennit J|, ypasHenns (9.46). Mcxoas 3 1.4, nponsseaem pacwupenne Ji, 1o MHoroobpasnus
QO14. Anrebpanyeckne onepauny (9.49-50) nepeiinyT 8 Q..

B muoroobpassin (1, BBEAEM ONEpalUnI0 yMAOKeHHA. [Ina 31010 ucnone3yem papeHeTno (5.12),
Toraa B cnydae (9.47) ByneM nMeTs:

Vgl Va2
Vai O Vg2 = 8.51
“ Pe “ I —var —var + 2vave ( )

rAE Vai, Va2 € Q1. EARHNYHEIM 20EMenTOM £, onepauuu (9.51) apnseTcs pelleHne ypaBHeHus
@o(Ea)} = 0. Toraa uz (9.47) HeNnoCpeACTBEHHO CNEAYET:

Eq= . (9.52)

[IpocTo#l nposepko# yGexknaeMes, YTO BbIMONHAOTCS CIEAYIOLNE PABEHCTBA:

e+ va=vy, h+ ve=h,

Pa Po
et va=€e h+vy=vg {9.53)
Yo ¥o
Eo O vy =va © Eg=ve, ¢Qve=¢, hOQus=h,
Pa Pa Pa Pa

rae vo € (hy. Ouesnano, onepaiun (9.49-31), peficteyiomme B MHorooGpaszuu 4, 06pasyoT
apoitroe anrebpanyveckoe none.
Teneps naiinem yq W ¥q. Hcnonbsys {9.47) v nonarast npeaBapHTenLHo, py = 7,'— B (8.30-31),

Mbl TIONYYKM;
Lig
Zq“ [

. ael) - 1
P B FN . N— (9.54)
1+ E Qa‘]—ffj: ]"'E:ffu I;:w
acl) asl)

C yueTom (9.46) nerko noKazath, UTO ¥q, ¥a ABNAIOTCH peuieHuamu (9.45). He npeacraenser
Gonbleoroe Tpyaa noKasaTh, YTo BeINONHAKOTeA (8.18-19) u (8.21-22).
N3 (9.44), (9.52) u {9.54) Haxonum:
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e
29“ -t
Bo= — L Fpe b (9.55)
LD da i R
ael) . e 0V
“

B 311X papencTeax norpedyem:
L

> ga=1. (9.56)

aef)

C yuetom (9.52) 1 (9.56), u3 (9.55) naxoaum
o = L Foo= 4
ko =5, ka = 5.
OuepraHe, OuHapHbie onepauud (9.8), (9.40-42) u (9.49-51) 8 y-npeacrasnennu oGpazytoT
nBoiHOE fone B MHOrooGpazny By npr yenoBuy, 4To GiHapubie onepaunn (9.49-51) peannsyiores

BQ;GA

Hexoas uz (9.3) nponzseaeM oTobpamenne
Wa = exp a_l,,q’“(”")*

rae @q ecte (9.47), T.e.

Wa = - E“ﬂa ) (9.57)
Ho 7ak kak u, ecTb pewenue (9.46), Haxoanum:
__f;;: = .. (9.58)

B muorooGpasnu B),, KoTopoe SBASeTCA pacluMpenyeM npocTpaHcTsa pewienuil W), ypasnenus
{9.58), GuHapHble onepaunn UMEIOT BHA:

gal ‘i'gcﬁ = Lal + a2,
go1 ¥ gar = ————, (9.59)

B | Eer
o) O ga2 = La1La?.
B 5Toit anreGpe HeATpankHLIMK 2NeMEHTAMH ABRIOTCH €9 = 0, /o = 20, 2 €AHHHYHBIMH
uemMenToM E, = 1. OuesuniHo, ABoliHbe nons (9.49-53} 1 (9.59) mexay coBoit n3oMoppHbL.
HHTepecHo 3aMeTHTL, 4TO B 3NCKTPHUYECKHX UENAX NPH NOCNEA0BATENLHOM MOAKIKUEHHH
COMPOTHBAEHWH CYMMapPHOE CONPOTHBIEHHE NIOAHHHAGTCA MEPBOMY NPABHAY CYMMUpOBaHH (9.58),
a ApH napajieNLHOM — BTOPOMY NPaBHAY CYMMHpOBaHusA (9.58).
Hcxons n3 (9.2) v ¢ yuetom (9.56), HaxoaHM peltieHHe ypasHeHna (9.45) B x-npeacTaBaeHuu:

D qaWa

ael)

ko= —42__ pp-— 1
I+anwa I+an%
well ael?
Tak kak B (9.59) E, = 1, To ¢ yueTom {9.56) nonyunm:
R I R

Ho torpa, 13 (9.18-19), (9.27) u (9.59) nerxo Haxoaum aBoHHOE N07E, NEACTBYIOLLEE B
MHOr006pa3ny B)® B x-NpeACTaBIEHHN.
I1. [TycTe pewenue £, ypasneHud (9.43) ne 3aBHCHT OT napameTpa a:

E% = E*, (9.60)
(k=1,...,N).

Hanomuum, 4to xapaktepuctiueckne HyHKUMYN @4 ()) ecTh pelwerue ypaguenns (7.6) n
3ABUCHUMOCTL OT ¢ NOABAAETCA H3-3a HANHYHA B HEM MATPHUbI 2 = &,ua” (y). DakTuueckH, (8.14) u
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{9.60) ecTb ycnoBUS, HanaraeMblie Ha MATPHLUbI 4" (¥), YTO MPUBOAUT K CYXHEHHIO KNacca
paccMaTpusaeMbix ypaBaedui (7.1). OaHako HA 3TOM JTafe HCCAEA0BAHKS 3TH OFPAHHYEHHS He
fIOMENIATOT HaM pazobpaTca B anreGpavueckoit cvTH audibeperIlManbHBIX VPaBHEHHI.

Bepremes & ypusHeniam (8.30-31). Mexons ws npusiepa 1. HL Mbl OJIOKHAM:
B o= E* Fo = o o= M
“ (k=1,...,N),

ans scex a € ). Toraa vz (8.30-31) no ananoruu ¢ (9.56) nonyuum:
e an -1

He ycnoxknsad ganbHeHWHe #eeleloBanHsl, Mbl Hyaem npeanonorars, 4To BC Beex
paccMaTpHBaeMBIX HAMM ypaBHeHuax Buna (7.1) selonHatotes yenosua (8.14), (9.60-62).
12. Jlnsa nnnwocTpauvy HanaraeMol TEOPHH pacCMOTPHM CNEAYROILHE MPHMEPLL:
a) [lyctb umeeTes ypaBHenne (N = | ):

roe ¢" 3aflaiHnbie NOCTOSHHLIE BEMTUHMHHEI. Y PaBHEHNE NNOCKHUX BOMH (7.2) ang (9.63) npHHUMaeT
BHUAO:

diq
dz,

rae dq = ;. XapakTepHcTHueckas GyHKLHUS STOTO YPABHEHHS UMEET BHA:

da = 5N g,

Ha

Qe = Qg Intg >
Buinnwem obliee peluerne ypaBHenus (9.64):
Uy = Zarctgexp[ {%z;z + ca] + 27n,

ri€ Cq — NPOM3BONLHLIE NOCTOAHHBIE HHTErPHPOBAHHA. Korna s (9.66) » npoberaer uenele 4Hcna
Mbl TIONYYaeM COBOKYTTHOCTb 2IEMEHTOB JIMCKPETHOro CNoS npocTpaHcTsa J1,. Camo o cebe J),
ABNAETCSA CNOEM TPHBHANLHO PACCNOCHHOMD NPOCTPAHCTBA P(FM], S

Monaras npeasaputensko 8 (8.30-31), pa = -, no ananoruy c npumepom 0. 10, HaxoaMM

petleHHe ypaBHeHA (9.63):

io = 2arctg anrg% + 27n,
ae)

Ya = 2arctg Z q[—atgg—" + 2nn.
ael}

Ilns aBofinoro nons Bo3HuKkiUero Ha Hase ypaBHeHHK (9.63), HeliTpanbHbIME JNEMENTAMH
ABNAIOTCA:
e=2nn, h=x+2nn
B [1-2] Mbt oTMeuanH, uTo HeHTpanbHLIE MEMEHTBI € H 7 €CTh CTALINCHAPHBIE TOYKH NS

33/1laHHOTC YpPaBHEHHA.
Bepuemcs k orobpaxenuam (9.67) v Hailnem efHHHYHbIe 2nemMeHThbl (9.44) nponssenenus

(9.41-42). Beuay Toro, uto xapakrepucTHueckie dyHKUUK ypapHeHust (9.63) ects (9.65), 13 (9.43)

NOAYYHM:

E;, = % + 27n.

Henonbays (9.69), u3 (9.44) u (9.67), naxoaum:
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Eq = 2arcig E‘i’ﬂ + 2nn,
ae(})

£ o= Earcﬁgk 2 ﬁ'” ) + A

ol
Tak kak HMeET MeMTO {(9.62), OKOoHUATENLHO NONYYHM:

EQ=EQ=E3=-§'+2H”.

b) Tenepb paccMoTpum muHeliHyio cuctemy (7.43). Quesnano, ecnn @k (y) ecTh pelienme
ypasHenus (7.6), To pewennen dyner Takke @4 {y) + ¥, rne ¢4 npoussonbHeIe noctoskble.
YYETOM 3TOTQ 3aMedaHnnd, sMecto (7.47) BeleM XapakTEPUCTHYECKUE DYHKLIHHY

ei() = AL[In(SEy") — In(SE,5")],
rae b* ects (7.51). Jlerko yBeautses, uto npu (9.70) pesynbratol npusenenubie B §7, n. 12 ¢) ne
HIMEHAIOTCA.
M3 (9.43) » (9.70) HenocpencTBERHO CNELYeET:
Ef =bk=1,

(k=1,....N).
C y4OTOM TOT'O, HTO TIO Hallemy TTpeanoJiokeHHIo uMeeT mecTo (9.62), Torma uz §8, n. 6, b),
HETIOCPENCTBEHHO HAXOAHM:
Eq=Eq=E,=b
13. Kak 6vino nokaszaHo Boiuie, B RBORHOM MoNie 00bIKHOBEHHBIX AHbepeHUHANBHEIX
YPaBHEHHUH MPUCYTCTBYET O/1HA ONEepallMa yMHEOKEHUs. B ciayuae ypasHenua (7.1), kak 3710 crenyer
u3 (9.27), onepauna yMHOXeHHA, AeiCTRYIOWAA B TPUBHANBHC PACCIOSHHOM MHOTO00paiuy
P(T‘N,,, Bua, JT.'), H3-33 Hanuuua 1B0HHOrO OTOOPAXEHHA X ¥ ¥ pPaclIenigeTcs Ha 1pa
npousseneHus, AeiicTaytoute g B1°. [IpH 3T0M ¢ MOMOILBIO Xq 06Pa3yeTCs OHO anrebpanyeckoe
nose, a C nOMOokBKD iQ — ApYTrog ansLTEPHATHBHOE NMONE. O,ElHaKO ITH NCAA CBAZAHBE MEWDY coboit
HaAKHYHeM OBIWNX HEHTPARLHLIX DIEMEHTOR ¢ ¥ A, KOTOPBIE B HUX MPOABASOT NPOTHBCMNOROMKHbIe
cBoicTRa.

§10. IuddpepenunanbHoe ncuKcaeHHe B Clly4yae YpaBHEHUH C YaCTHBIMY
IPOU3BOJHBIMH

[Tocne TOro kax Mbi HalAK ABOfiHOE Node, NOPOKACHHOE KBAa3UNHHeRHOA cuetemoi (7.1, Myl
Oynem cTpouTh AMddepeHUHANBHOE HCUNCIEHHE,

1. Hpwu vceneposaknm anddepeHuHANBHOIO KCYUCNEHNS B NPEACTABACHHH anreOph
HeJIMHEHHbIX oObIKOBEHHBIX NH(depeHUIHANLHBIX YPABHEH U, TONYTHO BOZHUKAH BHYTPEHHIE
BPEMEHA, KOTOPLIE MBI 3IECE Ha3biBaeM CODCTREHHBIMH BPEMEHAMH. AHANOMYHO 3TOMY, B

M3AAraeMOit TEOPHH NOARAAIOTCA BeNHUUHbL XY BCASACTBHE RANHYHA HE3ABUCHMBIX NEPEMEHHBIX XV

DTH BENHYHHBI HTPAKDT BAXKHYHO POJib B 06pA30BAHNHU MPOU3BOAHLIX K Auddepenunanos.
Hcnone3ys (6.4) g anrebpe muorootpasus J, (W,'Va, EXP@Pa ), Mbi MOKEM HAMHCATE!

Xk = o2%(Inx?, ..., Inx*),

(k=1,..,N)
[py uxcuposannoM HHReKee v BenutuHbl X, 0BpasyloT 3neMeHTbl MHOroobpasus Buq. M3 (10.1)
cnefyeT, uto Koraa x npoberaet npoctpatctso [V, coBoxynHocTb X, 06pasyeT HHAMBHAYANLHOE
npocTpaHcTBo I'5?, saBasiolLeecs OAHOBPEMEHHO INCKPETHO PacCIOEHHBIM MHOTO06PAaZHeM TOH e
KOHCTPYKLHH, 4T0 H MHOT000pazne Jyq (BM., exp qo,,), KOTAA 3EMEHTOM By, ABNSETCA N-BeKTOp
(x¥,...,x"). Apyrumu cnosamu, [ npencraenser coboil No ak3eMnnapoe MHOroo6pasns snaa
Jva (x7, €xpga).
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H3 mnorootpasus P(I‘,\su, By, JI') obpazyeM TpMBHANBHO PACCNOEHHOE NoAMHOroobpasme
P(F\u, X r) rae X € l’».J,(B\u, equo,,) [Iponssenesm y u 7-oToDpaxeHus:
{ — . 1‘ - -
A= AL
X =g LX)
C yueToM Toro, 4TO Ml BBCNH N-g_exmp {x*,...,x"), aBRAOWHICA MWieMeHTOM MAOroodpazna K ,,
(10.2) B x-npeJCTABAEHUA NPUMET BHA!

XF = b xv0),
XE = gh( . xv, . )

ECTCCTBE}IHO Xt on X cnenyer Ha3BaTh KOOPAHHATAMH COOCTBEHHDLIX BHEIUHHX NpocTpaHcTs [
n 'Y MuorooBpasis B

Ny

2. Tlyctb Pynkums fx) € By B x-npenctasiennn umeet Bua (9.17). Mb1 6yaem npeancnarars,
UTO ga{x} € Brg — rnanxue GpyHKLUKY B OKPECTHOCTH 3aNaHHON TOUKH Xy € [ npu nrobom a € 0,

rae £3 < ['v,. O8paszyem npupatuedue dyuxunu fx), Hexoas W3 pesynsTatos §9, 0.5:
AAX) = fx) & Axo) = kol ga(x) - galxo), .. ).
C Apyroil cTOPOHBI, HCTIONB3YA CTAHAAPTHOE HCUMCAEHHE, MOKEM HAMUCATh:

Agh(x) = gb(x) - ghtro) = | 280 ¢ otan) o

rae Ax" = x" - xg, 2 0.(Ax) - BECKOHEYHO MANBIE BERUYKHBL TOTO K& MOPAKA, H4TO H
g = J(Ax‘ )2 + o+ (AxY) o nitaekey v B (10.5) nporzsoguTcs cymmupoeanue ot | ao M.
Hcnoasaya pasenctsa (9.18), (9.27) 1 (9.29), Mu1 Moxem npeactasuTs (10.4) B BHAE:

Aflx) = [ axﬂxo) a'rv:l ® AuX,

Tie 0 CAHHAKOBLIM HKAEKCAM V MPOH3BOAHTCS ea-cymmposamie (9.18Yor 1 po Ny. B (10.6)
BBEAEHH 0003HAYeHRA:

AXY = kol AxY,...),
@i = Xal...,0.(Ax),... ).

Ecnu p + 0, Toraa @.(Ax) -+ (. Ucxong M3 atoro d ¢ yuerom {10.8) 1 (9.5), naxonum:
0z kﬂ(-v-,EO,...) =&

Koraa p— Q.
TlonyxumM, uto Bee Ax” = 0, kpome oanore Ax? = . Toraa Az XY = e, ecnn v = 0. Ucnonb3vs
(9.30), 15 pasencTBa (10.6) monyvum:

Aflx) = [O”ﬂ‘“) emm] ® AuXe.

Pazzienim 3To papencTBO Ha A X7 B pamkax ®-onepaunn. C yuetom (9.34), (9.36) n (9.38),
HaXOAUN;

QL agﬂ;ﬁ) B 5.

Henonbzya (10.9), npu Ax® — 0 nonyunm:

lim ( ) A’(f(x) — a?'(f(xﬂ)

Av7 -0 A X° 8 X7
Beniuuny (10.10) 6ynem nazsigats X-npoussoftoit dyHkuud flx) € BY¥ no HanpapneHunio X°.
3. YiTaHoBUM HEKOTOpPLIE CBORCTRA ¥-NIPOU3BOLHON.
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N 9 .
a) [lycts ¢ € BY" aBnseTca nocTosHHOH (dynkunel, W oHa npeacTasneda B Byae (9.22). Ho

TorAa 13 {10.7) Haxonum:
e . ey L ] _
- = Al ... —,‘LQL.‘.,LU“..J——L’,

@,;.X"‘ al"
AR IONHUHO MOIRHO ORI TH 1 Apse i‘lpll(]ﬁ'li“]‘[l‘lcc KNS CROITLL AP OGN
b) .
5xﬁ - Oxfa
¢)
- 5xf| Jﬁ
d)

3

c,‘h
o ((]f.):(,.()[aswzeﬁ ol
5 XY 1 S ®f2
raefi, f» € Bjtf—".

4. PaccMOTpHM petueH#e ypagHednit (7.1), npeactarnennoe B Bune (9.20), rae w, -- obiuee
pewense (9.1). Halinem x-nponssoanyio o1 {9.20). Uenonesys (10.7), Haxoaum:

Gat g —‘i“"“)
;X" ox
(S T u'wa U (9. éwa 1 ' H 10.11
il S cxoana u3 (9.1), HaxoauM o = O Wa. oToraa (10.11) npumer

BHA:

o 1 )
aX‘X" _xn(--., lu ayWQ,.‘. .

Caenyet nanomuuts: f, = «,{". Beegem:
LY =xal.. 0% ... )

B npaso# wactw atoro pasescTsa mbt seesn N-pexrop ([Y,...,[") € By, IlepemHoxum pabencTsa
(10.12) n (10.13) no npasuny (9.27), a 3aTeM npoH3BEAEM @ -CYMMHKPOBaHHe No HHAEKEY v oT | Ao
No. OKoHuATeNbHO NONYYHM;
_Giu
a:.xXr

Takum o6pazom, B x-npeacraeneHun ypasnenue (7.1) npespalltiaetca B NHHEHHOE ypaBHEHHE B
anrebpanieckom noje u3 §9.

5. Pacemotprm flx) € BB k-npenctapnedus (9.26). OOpazyem anbTEpHATHBHOE NPUPAILEHKE

tynkunu fx):

e

= u.

Adlx) = ix) B Axe) = Fal...,ga(¥) = galx0), .. ).
[Tponenag Takue e BHIYHCNEHWSR, KAK W B NpeAblAYUINX NYHKTAX, Mbl TPHAEM K aTbTEPHAaTHRHOHN
TIPOU3BONHOH B By

xf(x) 03/lx0)

lim(¥ s
‘*"’( )7 5,()("

roe
AXC = kql...,Ax%,...),
Ax? = x% = x§.
Herpyaro nokas3ars, 4TO UMEET MECTO;
a—‘ﬂf—) = Xﬂ(Ms);
0z X° ax?

rae i:(?”" — anbTEPHATHBHAS NPOH3BOIHAS.
X
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o ananoruy ¢ N.3 MOXKHO NOKA3aTh CNPaBEQ/IMBOCTD CINEAYICLLHX PABEHCTE:

a)

e ¢ — IIpOHjBOJIbeLH NOCTOAHHBIA NCMEHT I\IHOI OOUDdSHH B\ .

¢ =13xql...,Ca,-.. ).
b}
B 3, .~ &y - Oife
—— GfHh)= —— D —=
EN % ¢ es) 5.0 8.0
c)

d)

- - (.lrl _‘_iig_'
O o1 Y [e = 8h6/1® B ]
(%) = (¥} — 5
H®f
6. [Nepeoe craraemoe B npaeoit yacTH paseHeTea (10.6) Gynem HazbIBaTb NOMHbIM
nuipdepenunanom. Toroa Mel MOXKEM HaNHCATE:

dflx) = ‘.;’Eﬁ) ® di X,

£2i€ TI0 OAMHAKOBBIM KHAEKCAM V NPOU3BOANTCA B-cymmuposanue. M3 (10.8) crenyer:
d: X" = xo(....dcv, ...
Hexens uz (10.4-5), nonuwiit Andupeperuunan dif{x) MOKHO IPEACTABKTL B BHIE:

dflx) = kal...,dga(x),...)
rae dgq.{x} onpeaenaerca cTaHAapTHLIM 0Dpa3om;

deat) = el g

B npuruuune, vcnonsys (9.18) u (9.27), w3 (10.2i-22) moxHo nmonyunts pasererso (10.19).

AHAMOTHYHO OIIPEASNAIOTCA afbTEPHATHBHBIE AN depeHunant:

difix) = i’ﬂ;) ® X,

rA€ Mo GAMHAKOBBIM HHACKCAM V NPONU3BOAUTCS B-CyMMUpOBaHue, a
X = ka(.. dx",..).
B pazeepnyToi gropme (10.23) MOXHO NpeaCTaBHTE B BHAE:
diflx) = &a(...,dga(x),...),

rae

. é X}~ o

dgo(x) = 28X e

ox”
B (10.26) no vHaeKcy v NPOH3BOAHTCSH ANLTEPHATHBHOE CYMMHPOBAHUE.
7. He npeacraenser 6onbiuoro Tpyaa H3noxuTh A pepeHunan-Hoe HCHHCIEHHE B

x-npeacrasnednu. JIns atore ucnons3yeM paseHctsa (9.2), CBA3LIBAIOLLHE ¥ - i X-OTODpaXKeHHs

mexxny coboii. Kak otmeuanu B §9, 0.9, Yo v ¥o nporssoasT oTobpaxeHue TPUBHATLHO
¥
paccaoeHHOre MHOroobpaznsa P(FM,, Owe, rr) B Muoroobpasve B [lpu 310M umeeT MecTo:

eXp@a : Quwa — By
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(ycTb ga(x) € Oune, 8al¥) € Bya, KOTOPbIE CBA3aHEI PABEHCTBOM:
ga(x) = exp@aly.(x)).

H3 (0.7 ) MLLMOKRCA EHCATS 2, -TIDON3BOAHY W dyviki g, (X )
4 3 b | J

P, ul) vy () Gl

G, ¢4 ! €x® )

-
rne Xg ects (10.1). Ananoruuno, 1i8 aRbTepHATHBHOH @,-NpOH3BOAHON W3 (6.11]) HaxoauM:

- éWﬂq“(x) = {D_l (]n éga(.\.‘) )

Bp. XC B

M3 (10.28) puipazum 229 4 noncTaBUM B{10.7). Ho toraa n3 pasencrsa (9.2) 3akiiouaem:

fiad

O~ ol 2t )

9;X° Gy, Xa
fally
[0 cCBOEMY CMbICRY IpaBas 4acTh 3TOTO PABEKCTBA €CTh —E%,), NO3TOMY Mbi MOXEM HANNCATh
N
A1) _ G3flx)
0. X° g, X%

Hna anbrepHaTusHoi y-npoussoHOH uMeeMm:

naii;ix) = fﬂ s Aa?nqC*(x) ,
3.k Op, ¢

TaKkoBE OCHOBHbLIE ACNEKThI ﬂHd}d)BpEHUHaJTbHOFO HCHHCNCHHA, NOPOMACHHOTO YPABHEHHEM

(7.1).
§11. Anrebpandeckoe conpsxKeHUe
Kax HeofHOKpaTHO oTMeyani, ABOHHOE YHCNIOBOE NOJIE COCTOMT M3 ABYX N10J1eH ¢

B3ANMHO-2NbTEPHATHBHBIMK ONEPALIHAMH CIOKEHHA. ONepauHio Nepexona 2 OLHOro HoJis B
Apyroe Oyaem HaselBaTh anrebpanyecKuM CONPMKEHIEM,

1. Bepnemcs k ansTepHaTHBHOH anreGpe matpun §4. [1ycTh MBI HMEEM KBAAPATHbIE N-MATPHILbI

A, Bu Cc MaTpHYHbIMU 3N1eMEHTaMH Ar BEu Ch. Matpnunoe paserctso C = AB MOXHO
I'IEpC]"lHC&Tb B BHOE:

h o gk
Cn - AmB:i

rie noO HHAEKCY m NPOH3IBOAHTCA CYMMHPOBaHWE OT | qo V.

Brinuiuem a-conpsxenneie (anrebpaudeckoe CONpHKEHUE, BBEACHHOE BbILUE) MATPHIIL A, B}
C. 370 3HAYMT, YTO MATPHYHbBIE ITEMEHTBI 3THX MATPHL CBA3AHBI C MATPHYHBIMYU 3neMeHTamMu 4, B

U C paBeHCTBAMU:
Ak = 1145, Bt = 1/BL, Ct = L/CK.
HMcronssys (11.2), u3 pasencrsa (11.1) nonyunm:
¢ - LB

A€ NO HKACKCY m7 IPOHIBOAKTCSA ANLTEPHATHBHOE cyMmupoBanne. JIDYruMu C0BAMMH, Mbl HMEEM

PABEHCTBO:
(AB) = A8
TA€ ¥ O3HA4AET AilbTEPHATHBHOE YMHOXKEHHE MATPHL, BBEACHHOE B §4. B YacTHOCTH, M3 3THX

paccyxaeHni cneayet, 4To ecli 4 U B p3auMo0bpaTHBIe MATPULLLI, TO G-CONPKEHHbIE MATPHLbE A

W B raxxe OyayT anbTepHATHBHO B3aHMOOOPATHEIMK MATDU LIAMH:
A*B=1.

HanomuuM, 4ro maTpuuHbie 3neMenTH 8% a-conpsxkeHHol maTprsl | HMeOT BHA:

(10.27)

(10.28)

(10.29)

(10.30)

(10.31)

(10.32)

(11.1)

(11.2)

(11.3)



3:‘,:{ b, k=i

wm, k* .
2. Paceasorpny KOMILIERCHIOE HIC1O
= v b
rle X +iy = x + iy, ax, ¥ - IEHCTBHTEBHBIE uHCNa. Buiunciiy a-conpskenHoe uncio 2
1 1 _ 1

P= o = — = ==y
Z x+iy Ll .
e x ¥
raext = 1, yy = 1. Takum o0pazoM, KOMINEKCHOE YHCILO, a-conpskeHHoe K {11.4), nmeer BaL:
Z=x=ip
3. TNlycTsb é° — g-conpskeBHas GyHKUHE K GYHKUKHN €7, T.€. OHU YIIOBNETBOPAIOT PABEHCTRY:
e’ =1,
rae zz = 1. JInB0 Mbl MOXEM HAMHCATG:
.t L
é = lle7.
OueBHAHO, NPH Z = | UMeem é = 1/e.
Bouiyncirum:
éfﬁ—:: - 1 = ]+ — 1 . | = é':' .50
S1+2 B | =2
e T e € € €
OKOHYATENBHO
éfr‘l‘-.:z — é‘.:| .éfz_
4. Ecan In 2 1 Inz — a-conpsxetinble GpyHKUHY, TOTAA
nz= L =-_L
In% Inz
Boeryucnum
In (3137) = — e = 1 - ‘ “In 3, ln 32,
(€122) In{z,22) Inzy +Inz; N ;
I Tats
T.€. UMEET MECTO

In 2;22 =In 21 +In 23.
a) a-conpaxeHHbie AuddepeninanbHble YpaBHEHNS
5. Oycte w(t) n W(t) — a-conpsxeHHsbie PYHKUNK, T.€. OHH Y/I0BIETBOPAKOT PABEHCTRAM:
whHbwh(e) = 1,
(k=1,....,N)
rae
=1
PaccMoTpHM ankTepHATUBHYIC MPOU3BOAHYIO OT byskuiK w(7). Kak 65110 NoKaszaHo, HMEOT
MECTO CEAYHOU(HE PaBeHCTBA
dwh(r) dW'()) _ |
dt dr ’
(k=1,....M).
[ycts w*(t) ecTb pettenns ypasHennii (8.11). Ho Torna u3 (8.11), (11.8) u (11.10) naxomum:
d (i)
di

= wE(f).

(11.4)

(11.5)

(11.6)

(1.7

(11.8)

(11.9)

(11.10)

(11.11)



Otmetm. uto (11.11) e ecTb ypasHenue (8.11), nepenncaHHoOE B aANbTEPHATHBHDBIX NPOH3BOAHbBIX.
YT10o0bl yGeanTheH B 3TOM, npogHpdepenunpyeM papercteo (11.8) no ¢ cranzapTizbiM cnocobom:

eh* () it chi (1)

"t . or =0
ileaoaesg (8. 11), noayans; "
ok
N d{;’; = k.

Kax mb ydenunuce B [1-2], ecnn wi(#) ¥ w2(f) aBastoTcs peitennnamn ypaeienua (8.11), o
peLIeHHaMH OYRYT TaKKe:

W= wy+wa (= wy +wa),

e o (2 Uk + )

Jlna RpocTOThL M3NOKEHWA HHASKE & NpH w(t) onycTHan. BriAcHuM Teneps, kakaa anrebpa 6yner y
ypasHernud (1 1.11). Beuay toro, wtow{r) = 1/m(1) ects pewenne (1 1.11), Mbl MOXeEM HANHCAT:

W(t) = Lw(e) = 1w () + walr)) = ]!|: } = w1 (f) $ (D),

1
Wi (1) Wz(:')
T.€.
W(E) = W (1) ¥ (i),
rae wi (1), w2(f) sBAROTCA pelieHuAMH ypaBHerks (11.11) 1 a-conpsokerHbIMH QYHKUMAMA,
COOTBETCTBEHHO K w1 {) 1 wa(t).
AHanorn4Ho

W@y = =L - I i 1 () £ (),

_ 1
O wdD) Ewa® - wi) | wal)

T.€.
W (1) = W)+ wall)

HefiTpaneieie 2aneMentsl (1 1.13) apnsioTca HeATpanbHLIMH 3neMenTaMi W ana (11.14-15). I1pu

3TOM HMEET MECTO:

0=cm & =0
B nrore Mbi 3akaovaem, yTo Mexay anrebpamu ypasnenu#i (8.11) u (11.11) ycTaHaenupatotcs

CREAYHOLLHE COTIPSIKEHHBIE COOTHOMEHH:

(w1 (1) + wa(1)) = W1 () F WD),

(wi(n) # w2(1))” = () +%2(0),

(w(t))" = (w(t) +0)" = w(B) F0 = (1) o = w(l),
() = (w(t)+0) =wB) id=w@i0 =0

Ha (11.13)u (11.14-15) narnaano suako, 4to anredpsl, nopokAeHHble ypasHeHuamu (8.11) n
(11.11), coenanawotr. B aansneitiiem (8.11) u (11.11) Byaem Ha3bIBaTh a-conpaxcentblmu
VDAGHEHUAMIL.

6. PaccmoTpum ypaererne (8.1). [TveTe u(¢) pellieHue 3TOrc ypaBHEHHA. a-CONPAXeHHas
DyHKLKMA ((!) cBA3aHa ¢ u(r) paBeHCTBOM:

@ (Out(e) = 1,
(k = l-"--9N)s

rne #t = 1. Ho torna umeer MecTo:

33

(11.12)

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)



iz (B 1y w0 H 1 17218 2erko naxoaus:

['"

rae

Kax Mbi ykazbisany B [1], ypaBHenune xapakrepucTuyeckitx dyHruuii ¢*(u) ans (8.1) umeer

BUAC

HMcxons u3 suisonos §2, Mul nonaraem: 5% = 1, k = 1,...  N. Herpynro yBeauTbes, 4To ypaBHeHHE

() di‘) _ |

dt ot ’

k= 1,..,N)
D _ iy

3? bl

FYF ) = 1.
B nansheiiwen (8.1) u (11.19) Bynem Ha3siBaTh @-CONPMKEHHLIMH YPaBHEHHAMH.

5(}0*(“) F”(H) - bk.

ou”

XapakrepucTnyeckhx ynxunit s (11.19) npuHkMaer pua:

A€ N0 HHAEKCAaM 4 DPOH3BOAWTCS AAbTEPHATHBHOE CYMMUpPOBaHHe OT | no N. Ouesnano, (11.21)w
(11.22}) aBnstioTCA @-CONPAKEHHBIMH YPABHEHHAMH H, 3HAYHT, HMEIOT MECTO PABEHCTRA:

7. Beuny toro, uto {8.1) u (11.19) - a-conpmkeHHbIe ypaBHEHNA, HCCIEAYEM BONIPOC O

SN iy -,

on"

et = 1,
(= 1,0, N)

B3AHMOCBA3H MEXAY NOPOXKIASHHbIMKH HMH anreﬁpamu.

Ecny uy, w2 aBnAcTCA peweHuamu ypasHendi (8.1), o u3 (8.7) u (11.17) Moxkem HanHcaTh:

(i) = —L- = ”(HI i uz) = Vo [In(e®™ + e¥tv2)).

u(t)

Ho tak kak uMeeT umeer mecrto (11.23),

TOTAa

- i, —1—
u(t) = Ifw‘l[In(e Wi § g M) ) :I

Hcenoenssys pesyastatel 0. 3-4 oToro naparpada, Mbl HaX0ANUM:

. ~
+ éﬂﬁ)]

., L
In| e 1) + g #tizy | =

M3 (11.17) u (11.23) HeniocpencTseHHO CReNyeT a-COnPKEHHOCTh @' u @' Ho Toraa, ncxons n3

(11.24), moxem nanucathb:

In| —L
geling

1

N 5860 1 gotan)

”~

= 1/ In (g9Uin) § gotiny,

i(h) = qb"[ln (es&p $Gi ) +exp @(ﬂz)):l NGEE0)

OKOHYATENLHO Mbl HMEEM!

(H 1()
AHANOTHYHO MOXHO NTOKA3ATh:

(u;(r)

Jins HeHTpanbHbIX 3AEMEHTOR HAXOLNM:

=)

kS

)

54

() ¥ dod).

i (D) + d2(h).
-3

(11.18)

(11.19)

(11.20)

(11.21)

(11.22)

(11.23)

(11.24)

(11.25)

(11.26)



(&) =h (h) =¢é
e KOMNOHEHTLI MMEMEHTOB ¢, A, 8, h YAORNETBOPAIOT PABEHCTEAM:
elet = 1, WhF = .
Kk GLLIO NOKD3AHO. Q-BROH3RE ICHIC LICUCTROR 1y, 1n € JLoneet g

9 @ ur = @7 () + pluz)).

HeTpyaHo Noka3ath, 4TO ypaBHEHHE (I [.19) nopos aaeT cnenyulee @-NpoH3neneHue:
) O thy = 7' (9(h ) + @(i)).

M3 (11.28) » (11.29) HenocpeacTeexHO creayet:

(m 0} !-‘2) =i ® i
4 ¢
Enunuunbie snesentot £ n £ npoussenesnil (11.28) 1 (11.29) — a-conpaxenb mexay coSoii:
EE* = |
Taxum obpazom, Mbl YCTAHORHITH, uTo asofiHele nona, ofpasyeMsle ypasnennamn (8.1 u

(11.19), mesxkay cobol a-conpaxeHsl, T.€. OHH YAOBASTBOPAOT paBeHcTeaM (1 1.25-31).
8. BepHemcsa Kk ypaBHeHHIO (7.1) 1 BoINHIWIEM g-CONPAXEHHOE YPABHEHHE

afia) G = ),
oxv
(k=1,...,N),

rpe No BHACKCaM V H 1 RPOXUIBOIHTCA ANbTEPHATHBHOE CYMMWPOBAHHE OT 1 COOTBETCTBEHKO RO Ny

W N. T1pH 570M HMEEOT MECTO CIISAYIOLLME PABEHCTBA:
Pxt o= 1 dH @t (x) =
at(@ay () = 1, FHa)F*u) = |
Du St _
voox¥
9. Beenem z, = Tla—avx". W3 pasencTBa 2, = - nerxo naxonum:

L

ﬂ'
i = AR,
I#

[y

rae @, = la,, a no HHAEKCY V NPON3BOANTCSA aNbTepHATHBHOE CyMMHpoBaHue. OueBnaHo:
lo = &l " = & -
o ananoryu c §7, pewtenne ypasuennn (11.32) chelyeT uckaTh B BHAE NNIOCKHX BOIH:
iy = ta(Z2s).
[loactaensas (11.34) B (11.32), nonyunm ypaBHeHHE aNbTEPRATHBHBIX NICCKHX BONH:
5 a’u .
& = F(ia).

z&

dglng) *

Marpnua 4; umeer Bua;

r¢ No HRAEKCY V NPOU3BOANTCS ANbTEPHATHBHOS CYMMHUPOBaHHe.
Ofwiee pewende ypasHeHud (11.35) MoxkHO NPEACTABHTL B BUJE!

Pilig) = B3s ¥ 64,
rae @4 (i;) — xapakrepucTHueckue GYHKLHH, KOTOPbIE d-CONPAKEHEI € P (11 ).

He ocTanaenusasch #a feransx, ykaxem, 4to (8.16) u (8.20) B ciyvae (11.32) npumyT BuA;

(11.27)

(11.28)

(11.29)

(11.30)

(11.31)

(1i.32)

(11.33)

(11.34)

(11.35)



aefd
T‘/ vy o fn-‘\_Ag(:\jI—! ~,
‘_é_:_. u SXY L‘_“n\ s ‘Pnsz'}
e i}
- (k=1.. N

an ITOM HMEKIT MECTO CNEAYHOUIHE PABCHCTBA!

- ~

(IQ) :i';’z.- (i’Q)A =xn

Ha nannom sTane neccneposarmns HET HEQOXOIUMOCTH BoMee NOAPOBHOrO HAJIOKEHHA TEX
pesynbTaTes And (11.32), koTopble Boine nonyyeds B cnydae ypagHenuii (7.1). Ho oTMeTm, uto
ABOitHbIe afrebpanyeckne nons, BO3HMKAIOME Ha Dase ypaBHeHwui (7.1} n (11.32), ceassiaioTes
Mexty coboit A-onepayueti v 0OHN N30MOpHHLL.

b) p-conpseHHble ypaBHeHKA.

10. PaccmoTpunm ypashenne (8.1). Kak otMmeuany B §8, npocTpancTso pewennii W) ypaBHeHus
(8.11) aBnseTca Ga30BLIM NPOCTPAHCTBOM AHCKPETHO PaccNOSHHOrO MPOCTPAHCTBA
Jy = J,'V(W_'.-, equp), T2 NPOEKTOPOM CNYKNT exp @ : Ji - Wh. Io ananoruu c §9, npoussenem
pacuinperue 6a3o0BOro MpocTpacTea Wi 1o MHorooGpasks B, 3an0NHEHHOTO BCEROIMOMKHBIMH
rnaakeMy N-eekTop dyrkudamid g(z). Ho Toraa npoctpancTao pewenuii Y ypasHennii (8.1)
PACILMPUTCA A0 HEKOTOPOro MHOroobpasua JL = Ji (B)\s, exp qo).

@'

Onpederenue 1.1 @Qyuryuu K1), f (1Y € J\ Gvoew Hasulaame Q-CONPRXCEHHbIMU PYRKIUAMU,

2CAU BUINQTHAIOMCA DUBEHCMBA!
P

e () + tp"(f (?)) =0,
k=1, ,N)

wit =1
Kax Geino nokazanno, u3 (t1.37) HenocpeacTBeHHO ClReayeT:

A ef @) =E

v
doflt) o de /D _ o
d,t dpt
TtOT =E
rie
1= 97'(Int,...,Inr). 7 =@ H(Int,...,InT),
o(£) = 0.

Ecnwn yuects, uto ans ypapHenna (8.11) xapakTepUCTHHECKHMH QYHKLMAMH SBASHOTCS
o5 = Inwk,
1o 13 (11.38) nenocpeacteenno cneayer (11.8-10). Ho 310 3HAYHT, 4TO a-cONpsKEHHE €CThb
YACTHBIA CNyuai @-conpsxkeHus.
11. Myctb u(t) € J), Toraa
wh(t) = expo*{u(t)),
rae w(t) € W}, loacrasum (11.39) B (8.11). [Tocne cokpawenns Ha exp o*(u), nonyuum:
M) dur _
ou”  dt ’
rfie O HHAEKCY 1 NPOH3BOANTCA CymMupoBanKe, a bY ectb (7.51). U3 aToro paeetcTsa MMeeM:

(11.36)
(11.37)
(11.38)
(11.39)



X =1k
dut _ (o) ) b, (11.40)
dt G

Cpasuusus (1 1.40) ¢ (8.1}, Mbl 3akinouacy

Fu) ;“(5‘-"15:’) ) b. (11.41)

G

3ameTiM, 4To NpH 3anaHiomM F{u) (11.41) ecTs ypasHeHHe ANA XapaKTEPHUCTHUECKUX (PYHKUMA
P 1]

Tlyctn u(t)' WU (f') @-conpmKeHHbIe GYHKUWM, Tae ¥ € Ji a tf = 1. Ho torna, ncxoas uz (1 1.39)
n (11.8), noayunm:

Wwh(1) = expfp*(fi (?)). (11.42)

Moactaenm (11.42) 8 (11.11). Hcnonbaya ceoficTaa ansTepHATHBHBIX MPOU3BOAHBIX, MOMYYHM:

noef?
RO I O FF |

PO o

FIIE TI0 HHAEKCY # IPOH3BOAMTCS anbTEPHATHBHOE CYMMUPORaHKE. [TonyueHHoe paBeHCTso
COKpAaTHM Ha expp* -

é@*(fﬁ ..

N odu" Lk 4

P wr— = b, (11.43)
gun A

rae

o (3) - o' (5). 0140

Hcrone3ya ansTEPHATHRHYIO MATPHUHYIO anrebpy, NOAYYHM:

e -it
- ? agb(zi) )
dat _ _ : B (11.45)
di 54
rae Aicg =1 Beeaem obo3naueHune
. ® -1k
e ao(a) \
F*(a) o b
du
Ho voraa (11.45) npuMeT OKOHYATENbH LI BiA:
. P
di _ ~(‘3)
£ = Flal. {11.46)
dt
12, YCTaHOBHM HENOCPEACTBEHHYIO CBAZL MEXAY ypaBHeHnsamH (8.1) u (11.46). ina storo
BBefEM PYHKUMM VE(2), YAOBAETBOPAIOIINE PABEHCTBAM!
]
() v = 1, (11.47)

(k=1,...,N}
L4
U3z (11.44) u (11.47) HenocpeicTBEHHO CheayeT, YTo GyHKumH @( L ) 1 Ey(ﬁ) ABAANOTCA

a-CONpPAKEHHbIMH DYHKUAAMH:



() (7)1

Henonbava R ocaa e Moy CTARTAPTHLIYE I A LTEPHATHRHEIMI BROIZEOIHIMY, PARSHCTBRO
{11.43) MO®HO NEpenHcars B BUAE!

CAON (__1_)_@; _ g
ay" =¥ (Un)3 it '

3nech MO HRAEKSY MPOH3BOANTCS CTaHAapTHOE cyMmipoBatiue. Henonsaya (11.41), nerko
HaXOANM:

4 3
D - oy (3 (11.48)
Tak kak umeeT MecTo {11.47), B anbTepHATHBHLIX NPOU3BOANBIX YpaBHeHHe (11.48) npameTt
OKOHYATENBHBIA BHA:
Py 2
. (z&* )
o = L. (11.49)
R

Cpasnugas {11.46} 1 (11.49), Mbl MOXEM BLINTHCATE B3RHMOCBA3L MEKAY FuF:

-

(5 = _Gk) (11.50)
Oty |

13. IMoxaxem, yto anrebpa, nopoxagHuas cuctemoidt (11.49), Oyner cosnanarths ¢ anreﬁpmi

(8.1). B camom aene, Aas ypasnenns (8.1) umeem (8.7-10). @-conpmkennbie snemMenTsl () v i (1)
ya0BAeTBOPAOT papeHCTRY (11.37). Ho Toraa mbl MoxeM Hanucars

P

#()= o' (~p(u(1))).

v .

Tlpn 3TOM, €cnn u(t) ecTe peleHHe ypaBHeHua (8.1), To i (1) Oyner penrennem (11.49).
TMyets 4 = ) + wz. M3 (-CONPAKEHHOCTH HEMOCPEACTBEHHO CNEAYET:
]
1]

=o' (~p(w)) = ¢ (—tp(m " uz)) = ¢~ (- In[expep(u ) + expp(u2}]).

Uz (11.37) MoxkeM HanmucaTs:

G C EOIEEIONE
o7 (n(oos() Fen(i)) 458

. Ho 1o 3HAUNT, YTO HMECT MECTO!

L
~

- w - w
(m + 1.:‘2) =11, ¥1i>. (11.51)
L

@
AHANOTHYHO MOAKHO NOKA3ATh

™

e A w " w -
(lu + Hg) =1i1+it>. (11.32)
¢ ?
@
H3 pasenctBa qo(:i) = —@(u} W (5.0) 3aKnrOYvaeM:

() =h (h) =e. (11.53)
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Hexons u3 g-npousseehus vy O ur = @ ' {@(u1) + @(uz2)), HETPYAHO A0KA3ATh
@

o

e e ]
(h‘| O] H_‘) =t &, ,(l lb—lj

(E) = £,
roe £ — eqnHHYHbIA 3AEMEHT YMHOKEeHHS (HanoMHnM, @(£) = 0).
Cpasnngas (8.7-10) v (11.51-54). Ml yDeknaemca, 410 anredpanyeckue Nots ypaeHenuii (8.1)
u (11.49) confianaor. Hexoas uz atoro, ypaeuenua (8.1} u (11.49) Oynem Hasbigats
Q-CONpSXEHHBIMH ypaBHEHUSIMU. CAedyeT OTMETHTD, UTO B 3TOM CMbICTE ypaBHenks (8.11) 1
(11.11) Taxxe ﬂsnsrgrcn @-CONPAKEHHBIMH.

14. yctb u(t), 4 (1) petuenus ypasHeHn#i (8.1) 1 (11.49) cooteeTcTBENHO, U3 HX
@-CONPAMEHHOCTH ClIEAYET:

o
(p(u(t))+qo(zi (f)) = 0. (11.55)
Hudbepeniipya 3o paBeHcTBo no t v nenoawiys (11.40-41), B cTaHIapTHOM HCUHCASHHH MONYYHM
[
ypaBHeHwne Ang i
d i v
au _ _ 7
L F(u). (11.56)
ITO ypaBHEHHE ABASETCS AHANOroM ypasHenua (11.12).
Bepuemcs k ypagHeHnwo {11.41) u nepenuiuem ero B BHae:
20) iy = b (11.57)
Kax mel y;ke ykaspisand, {11.57) ecte anddepenunansnoe ypasrenune gng ¢. B csoio ouepens, o(u)
ecTh XapakTepHcTHYeCKHe ByHKUNH 1NA 2aaadHoro ypasHenus (8.1).

Yrober nomyunth AMddepeHHanbHOE YpaBHEHHE ANA XaPAKTePHCTHYECKHX ByHKUUNi
ypaBHeruda (11.56), B (11.57) creayeT npoWIBECTH 3aMeHy:

F—- -F. (11.58)
Toraa (11.57) nepelineT B ypasHeHHe:

% _
- 5 F(u) = b, (11.59)

rae y — xapakteprcTuqeckyie QyHkUHK ypaBHenus (11.56). U3 (11.57) n (11.59) Mmb1 moxem
HaMUcaTh:

v =-p. (11.60)
¢
Hcxonn n3 papencts (11.60) u (11.55), onepauns @-conpsxedus ™ A ¢ NPUMET BHA:
£ ¢
(pu)) = —qo(u), (11.61)

. @
rae u petieHKe ypaBHeHuii (8.1), a i, cooTBeTCTBEHHO, peweHne ypapHeHHH (11.56).
15. Bepremca x ypaBHeHHIo (11.49) W npousseaem 3ameny

"]
it (1) = 140, (11.62)
(k=1,....M).
B pesynsTate ypaBHenue (11.49) npumer Bua:
dv(i s
DO iy, (11.63)
di

rae
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P = R —'-)
(v(t)) (f’(f)

YTO BNOANE coriacyeTey ¢ onpeieiennes (1 1.20) dyurinm [

Hpoiseein 3 63) onepautio a-CONPRMREINET, MiE LG dM!
dvi (1) N
—= = —FK(1)),
o ()
rae v{¢} u ¥{t) — a-conpsukeHHsle QyHKUNH, T.€. OHH YAOBNEBOPAIOT PABCHCTBAM:
“ WA = 1,
(k=1,....N).

Takum obpaem, Mbl IONYHHIH @-CONPHKERHBIC YpaBHeHusa (| | 63) u {11.64). QuesuaHo, peuias

ypasnenue (11.63), u3 pasenctsa (11.62) Mu1 Halinem petuenus u (7}, p-CONPAKEHHBIE K PELIEHUIO
u(¢) ypasHenus (8.1). Mcxons u3 31010, B 1anbHeieM ypasHenus (8.1) n (11.63) bynem Ha3biBaTh

P-CORPANCEHHBIMU YDACHEH WAMU.

16. PaccMoTpuM ypasHenne (7.2) ¥ MpoaHANH3HPYEM €T0 ¢ NO3KUNH @-conpixeHus. [ing sToro

sapmkcnHpyem @ € T y,.
¢

TlyeTh talza) W tig (Z22) — @-conpsoxentbie HYHKUHH, T.€. OHH YIOBIETBOPAIOT PABEHCTBAM:

0t (alza)) + q:z(a"l (23)) -0,
(k=1,...,N)

Kak ykazsiganu B §7, .1, z, = T‘-a,x", a B 0.9 storo naparpada BO3HUKIO 25 = %Ex ;%%. Onnako

ana yaobcTea AanbHeH UEMX M3R0XEeHHH BMECTO Z; Mbl BBOAWM 0003HAYEHHE 2 = ; axy.

g @
B (11.66) u, ects pewueHue ypasHenus (7.2). Ho torna no ananoruu ¢ (11.56) pynxuus i,
OyAeT pelueHneM YpaBHEHHA
o) e - 4(3)

VYpasuenwue (1 1.67) HABOAUT HA MbICAB, YTO Hapany c (7.1) caeayeT paccMOTpeTs ypaBHEHHE
Y - -Fwy.

OueenaHo, (11.67) ecTb ypaBHeHHUE MAOCKHX BOJH ANA KBa3UNMReHHOH cucTemst (11.68).
Kak yctanosuau B 11,14, B3aHMOCB#3b MEXKAY XAPAKTEPUCTUHUCCKUMH DYHKUHMAMHK @q B Wy
COOTBETCTBEHHO ypasHeHnii (7.2) n (11.67) ecTb (11.60):

Va = ~Pa.
L)
Ho toraa, ncxona u3 (11.61) onepauuio conpxerus ™ MOXHO NPEACTABHTE B BUIE:

(Paia))’ = ~0a(i ).

17. Kak ykaselBanu BbllLE, W, €CTh XapaKTepUCTHYECKHE hyHKUKH ypaBHenns (11.67). Ho
Toraa (8.16) v (8.20) nna ypasHenus (11.67) npumyT Bua:

el ]
éqaem[wg(;}) MO

C yuetom (11.69-70}, pasesctea (11.71) npumyT BUA:

60

(11.64)

(11.65)

(11.66)

(11.67)

(11.68)

(11.69)

(11.70)

(11.71)



> geexp 04 () - ot () ] - 1

a2

T Ga exp[(a.,(un) P (X\]

i

Cpaginban 3TH pacHeTea ¢ (8.16) v (8. 20) Mbl KOHCTATHpPYEM coBnaaenue dhyH KLMOHAIbHBIX

KOHCTPYKUHHA ¥ M 7 W, COOTBETCTBEHHO, ¥ M ¥. I/ICXOJIH H3 3TOTO, NPH OMEPALUNN ™ [TONYHUM:

[2C.. ta,.. )] =x(u) (11.72)

(. e, )] = X(J)

¢ ®
rae x(...,ua,... ), ¥(..., Ua,...) €CTb petuenns ypasenus (7.1), a j;(,..,zia,...), j'{(,,,,:}a,...) -

peuieHus ypasueHua {1 1.68).

18. MycTb uy, uz € Ji', rae Jy — NPOCTPAHCTBO peitieHu# ypasHeHnii (7.1). Ilpeactasum atu

petietna B Buge (8.28) 1 (8.29). Ucnonbays pezyneratol §9 M pasenctsa (11.51-52) u (11.72), Mbl

MOMKEM HAlHCaTh:
w
: -

{t) Bu} = (In(---,ual :Haz,---)) =

- v - w -y
= ,’(Q(...,ﬁﬂ|+ﬂaz,...) =@ s,
9

(; &) = (i’n(...,ual -i- uag,...)) =

+ ‘w -4¢ -
= XQ(---,ual‘;unh-n) = U, ® Us,

Ny

rae U, Us GJ’ " — NpoCTpaKcTBO pelleHni ypasienns (11.68), Tem caMmbiM Mbl [IPHXOAUM K
paBEHCTBAM

3
(w1 ®ux) = U, & U, (11.73)
(0 ®w) =Ui & Us.

AHANOMMYHO MOXCHO NnoKasaTe, HTO HMEET MECTO
?

(1 ®ux)" = Ui & U, (11.74)
& w) = U & Us.
He npeacrasaser Sonbluoro Tpyaa 10ka3ath:
© =h (1) =e, (11.75)
(En)r = Eq.

Tem cambiM MbI NOKa3aMH, 4TO NpH Nepexofe oT ypasHeHHs (7.1) k yparaeHnto (| 1.68) anredpel

ITHX YPaBHEHHHU HE MEHAKOTCA. MEeHRIOTCA ML NOARPHOCTH anrefpanyeckux noiei, BXOAAINX. B

Apofinoe none. B nanbneiiwem (7.1) n (11.68) GyleM Ha3bIBATL @-conpaxicennbiymie ypusHeHus L.
19. [yets 4 n U~ peluenns cooTBETCTBEHHO ypaBHeruit (7:1) v (11.68), KQTOpbLIE B

X-NPpeICTaBICHHH HMCHKOT BHA: .

w= (. ta...), (11.76)

@
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L
Inech g W s ABNSIOTCA @-CONPAKCHHBIMH PELICHNAMHK COOTBETCTBEHHO ypaeHeHuit (7.2} u

(11.67).

Mepesossist o 1 U no npasiay (9.41):
N

118{_;rz;‘(Q(....H"QI{,..,.), (LL77)
Kak Oblno NOKA3aHO, HMEET MECTO!
Pa (ua o';a) = @altta) + Po (:;n).
Henonesys pageHctro (11.66), noayunm:

@
(Pa (uq @ﬁa) - 0

Ho torna u3 (9.43-44) HenocpeACTBEHHO CENYET:
H®U=EQ, (]]?8)
Mz (11.66) HeTpyaAHO NOKR3ATH

L4
A

(%)

Tpu @-conpsmKeHHH, HCnonk3ys cBofcTea (11.74), ans u & U nonyuum:

=g, (Ed) = Ea (11.79)

W) =UBu=ud U
[Ipon3seas @-conpskenns Haa paseHCTBOM (11.78) ¢ yueToMm {11.75), neTpyauo ybeanTeca B
CMpPaBEeANUBOCTH PABEHCTBA:

u® U= Eq. (11.80)
20. TlycTb peluenue ypasnenns (7.1) npeacTaBneno 8 Buae {9.20}:
u=%xal...,welZa),. .. 1 (11.81)

roe we{za) €CTh pelenne ypasenns (9.1).
Jlerko 3aMeTHTb, 4T npn @-conpsokeruu (11.39) nepexoanTt B (11.42). [lo ananoruy MOXHO
[0KA3aTh, 4TO HMEET MECTO

(Walza))" = WalZa)- (11.82)
Tax kak wa(zq) ecThb peutenne (9.1), 70 Wq(Za) OyaeT peuieHueM ypaBHEHHS
BhalZe) _ o505, (11.83)
dzq
Tlpu p-conpspkerun pelueHne ypasHerns (11.81) nepeiaet B pelienne ypaBHeHun (11.68):
U=xal...,WalZa),... ) (11.84)

Ucnonsays (10.18), Haiigem anbTepHaTHBHYIO X-TIPOM3BORHYIO OT (11.84):

5BU . ( MWalZa) )
Z =xpl...,———--- |»
O X ax

rae
X =3a(.,%....). (11.85)
Ha ocnose pCSy.ﬂbTaTOB, ﬂDﬂy‘{eHHbix BLILLE, IETKO BhIYHCITHM:

DalGe) _ Dalla) By _ v Phalo)

ox d. @& . d
C yuerom (11.83) Haxoaum: !
U . &o o e
.x,. =X ...,'.-_vwa Zaly--- |- ]]86
DX “( 7, Pt ) (11.86)

[Mo aranoruu ¢ (10.13) BBeseM NOCTOAHHBIE BEMTHUHHbBL
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L =xa(..,l..), (11.87)

re v = 11 [Tepemuomkum pagenctsa (11.86) u (11.87) no npasuny (9.271), a 3aTem nponieeaem
B-CYMMHPOBAING N0 HEASKCY v, B pesyibrare noay s

VYpaenenus (10.14) n (11.88) cneayeTt Ha3BaTb @-CONPANCEHHBIMU YDAGHEHUAMU.

§12. Ilpouecc v anTUnpouecc

1. PaccMoTpum ypaBHeHUWE
%zu(l—u). (12.1)
Kaxk w3secTHo, ypasHeHHe (12.]1) HazbiBaeTcd JOTHCTHHECKHM ypaBHEHHeM [7] n onuceiBaeT
HHONOrHYECKYH NOMYNAUMIC NPH HaNMYWU KOHKYPEHUHH H3-3a NUILK (HanpumMep, w(f) MOXHO
HHTEPRPETHPOBATDb, KAK KONNUYecTBO puib B npyay). u(t) B (12.1) HopMnpoBana.

XapakTtepucThyeckasn dbyHKuua ypagHedans {12.1) uMmeeT Bua:

@lu) = In-*
I -
@
Brinuinem yciopre @-CONPSKEHUs ANA ¥ 4 U
P
u a__ _
In Tt In C 0.
1~
OTKysa Nerko HAXOEHM:
LR
u(t)y +a (1) = 1. (12.2)
QObuwee pewenne (12.1) imeeT BUA:
wt) = V{1 + exp[-(t + €)1), (12.3)
e ¢ — NPON3IBONBHAA NOCTOAH AR HHTErpUpoBaHna. Henonesya (12.2), Mbl nony4uM:
w ~
u () =Vl +explt+c)). (12.4)
TO paBEHCTBO MOXHO MPEACTaBUTL B BILAE!
w - - —_——
i (7)) =15%e e, (12.5)
rAe Mbl HCTICNbL30BAIH PABEHCTBA (=1, céc=1.
Hcnonbzys (11.49), BeinuiiemM ypaBHeHue, @-cOMNpsbKeHHOe X ypasHeHnto (12.1):
. @
da _ i?

A )

-l'fpaayio YacTh MOXHO NpeacTapiHTL B BHAE!:
@

p ?
”w = i =5 =],
1 7!
Torna @-CONPANKEHHOE YPABHEHHE TIPHMET BHA:
- ‘f @
%ﬂi — =1, (12.6)

HenocpencreeHtbiM BHYHCREHHEM NOKDKeM, 4To (12.5) ecTh peluenue ypasueHna (12.6). [las
3TOCG BbLIUKCIUM ANBTEPHATHBHYIO NPOH3BOAHYIO OT (12.5). Menonbiysa cBOHCTBA aflbTEPHATHBHLIX
NPOH3BOAHBIX, MBI MOWKEM HAMUCATD:



- - a -

d 1 d v dqp 4 =

= = 2= {] fe & =214+ 2w =

di  di ( ) di - dt

pidem o dem = L -t

df u:& i L,f-h
(OKoHYATENBHO .

-
da _ % (12.7)

. dt

Moncrasum (12.5) n (12.7) 8 (12.6), B pezynbTate MOAYYHM TOXKASCTBO:

e w = (1 ie‘ﬁ) = .

CnenyeT HanoMHHTb, 470 B anredpe ypasHenua (12.1), nanoxennoil 8 [1], HeRTpanbhbiMH
anemenTamu seasoTes ¢ = 0, £ = 1. C apyrofi ctoponsl, pewenns u = 0, u = 1 HazpIBAIOTCS
nordcTHYeckHMy kpusbivit [7]. Kak ceqyer nz (12.3), ¢ yBeNMUYEHHEM BpeMEHH {, u({) CTPeMHTICH

K JIOTHCTHYECKOH KpHBoH i = 1.
L

Ecnu u(i) ects KonryecTBe pbld B [IpyAy B MOMEHT {, TOr/Ja & CNEAYET HHTEPNPETHPOBATE, KAK
KOIMYECTBO CBODOAHBIX MECT, T.e. HE 3aHATHIX PhidaMy. Takoi BuIROA CNEAYET W3 paBeHCTsa (12.2).
M3 (12.4) HEMOCPEACTREHHO CNEAYET, UTO C YBEIMUEHHEM BPEMEHH £, KOJHHECTBO CBOOOAHBIX MECT
cTpemuTcs X Hymo. Takum obpasom, p-conpmxernHoe ypasHeHHe {12.6) onkuchiBaeT HalRuvue
cBOBOAHBLIX MECT, HE 3alAThIX PbibaMK B TPyRY B AZHHLI MOMEHT BPEMEHH,

Beite Gb1n0 Nokazano, 4To coOCTBEHHOS BpeMS 7 B NPOUECCE, ONKChIBAEMOM YPaBHEHHEM
(12.1), ecrp

. {
e (12.8)

C yBeaHueHHEM BPEMEHH | COGCTBEHHOE Bpems T cTpemuTes k 1. Ecan 0 < ¢ < co, T0 04eBRAHO
HAMEET MECTQ
0<r=l. (12.9)

BenudHy 7 = | CleAyeT Ha3blBaTh BPEMEREM XHU3HH 11polecca. Benb no HCTEUEHHH 3TOrO
BPEMEHHW pasMHOMKEHHE PO B NpyAy 3aKaHYHBAETCA, H NPOIECC 3aMHPACT.

B paccmatpaBaeMom NpoLIEcce / €CTh BpeMs BHeluHero Habnronarens, CHAALErO Ha Depery.
TTpu 3TOM ¢ OH OTCHHUTBIBAET C IOMOLLGHO KAKOTO-TO AHHAMHYECKOTO nipouecca, KOTOPBIH Hiukak He
CBA33H ¢ TEM, YTO MPOHCXOIUT B NpyNRy. YTo Xe xacaeTcs 1, TO 3TO TO BPEMS, KOTOpOE
HEMOCPEACTBEHHO CBA3AHO C NOMyAauneit puld B 1pyly H OTCUHTLIBAETCA C NOMOLIBIO €€ AMHAMIKA.

Homuma (12.8) uMeetca apyroe cobcTeeHHoe Bpems:

F= L (12.10)
1 +¢

rne ff = 1. U3 (12.8) n (12.10) nerko naxonum:
T+1 =1 (12.11)

Ecnv T nuTepnpeTHpoBaTh kax coOCTBEHHOE BPEMS NPOLECCa PA3MHOXKEHNS PhIb B 1pyAy,
ONUCKLIBaEMOro ypaBHeHHeM (12.1), To T cnenyeT TonkoeaTh Kak cOOCTBEHHOE BpeMs npoliecca
HIMEHEHHS KONMYECTBA CBODOAHBIX MECT, ONUCHLIBAEMOTO YpaBHeHueM (12.6).

W3 (12.11) HenocpeacTBeHHO cledyer, uTo ecnn T pacteT o1 0 1o 1, To T ybbieaeT ov | 10 0, T.e.
CODCTBEHHBIC BPEMEHA T | T HMEIT MPOTHBONMONMKHbIE HAMPaBIeHHA H3MEHEHHA.

Taknm 06pa3zom, ecliH NONYISLUMIC peid B NpyLy CUMTATh NPOLECCOM, TO @HTHRPOLIECCOM
CeAyeT HAZHIBATE H3IMEHEHHE HANHY S CRODOAHBIX MECT.

2. Bepuemcs k ypasHeruio (8.1). Jins npozpaunoctn paccysASHHH NPEARONOKHM, YTO CHCTEMA
A bdeperunanbHbIX ypasHenuii (8.1) onuckiBaeT nonynsuuio N paznuuHbix BHACS pbid 8 npyay
NPH HANKYMH KOHKYPEHIIMK H3-32 NHLUH [1PH TOM, YTO HEKOTOPBIC PhIGb] ABAAOTCA XHELHKKAMA,
HEKOTOPbIE — XEPTBAMH U T.A. B npruUsINE Npya MOKET OwITh CBA3aH C APYTHM NPYAOM, U3
KOTOPOTO (H, HABOPOT, KYJa) 3d CAMHHILY BPEMEHH MOXET 3aribiBaTh KaKas-TO 4acTh phid
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pazMHyYHBIX BHAOB. B ypasHeHu# (8.1} Hen3pecTias (hyHKkunAa w*(t) ecTb uncno polbd k-ro Buna B
npyaAy B MOMEHNT .

Tpn nocTpoeHUK ANDHPEHIHATEHOTO WCHHCICHNA Ha Hase p-NBOHHAOIO NONA NOARNALTCA
nousTHe coDCTBEHHOTO BPEMEH Tt (36.n.1Y) B passepHyYTOR-opME

et n g, (12
(k=1 N,

rae ¢~ obpaTHas GYHKUKA K XapaKTEPHCTH yeckoi dynkuMi @ ypaBrenun (8.1). Mckmouus i3
(12.12) £, Mbl MOJY4HM PABECHCTBA:

o'(r'. ¥y = = o™, 7Y (12.13)

YroGel noHsTe pe3ynsTar {12.12), BEPHEMCS K XapAKTEPHCTRHECKNM Pysikuusm. B §2 [1] 6o
1OKA3aHO, UTO PELIEHHS YPaBHEHNN {8.1) N XapPAKTEPUCTHHECKHE (YHKUMH CBABAHBL PABEHCTBOM!

o () = BFra e, (12.14)
(k=1,...,N).
OTKyna HEMOCPEACTBEHHO CREAYET:
W = o Vb LY+ Y, (12.15)

rne @A (1) ecTh uHCIO phi k-ro BHAA B IPYAY B MOMEHT /. Ho Torna, cpasuuBan {12.12) u (12.15),
MBI [TPHXOANM K BbIBOAY, 4TO 7% 10/KHO BbIT COBCTBEHHBIM BpeMeHeM ANs Pbib &-ro Buia.
JpyruMH CROBaMH, KaAbIH BHA pbI0 B NpyAy MMeeT CBOM COOCTBEHHLIC Yackl B COOTBETCTBHH CO
cBOSH NMHAMHKOM PAIMHOKEHUA. Y K2XKEM, HTO BHELINCE BPEMA { HE NMCET HUKaKoro
NpenMyLIecTsa o CPaBHEHKEo C cOBCTREHHBIMU BpeMeHaMu. [1epeMenRYIO { 3 DABEHCTRA (12.12)
MOIKEM HCKIKOUHTb, OBLABMB OAHO M3 T'...., T HE3ABHCHMOH nepeMes O, HanpHMep t!. Torna
2., " GynyT GyHKUMSAMU OT T

Boile npHBeAeHHbIE pacCy A 1eHis TpebyHoT yTouHeHH . (A3 3Toro pacCMOTPHM o0TOOpaKeHue
expe : Jy — W, rae J, — 0pOCTPaHCTBO PEIIeHHH ypaBHeH Wit (8.1), a W) — npocTpaHcTBo
pewsennit ypashenus (8.11). Kak 6110 ykazauno & §1 [1], oOpaTHeie oToBpameHus
@~'(In) : W\ — Jk, BoODILE rOBOP», HEOAHOIHAHbI. Buibepen 8.Jy NOANPOCTPAHCTBO J i, TaK,
yTOBH OTOBpaxeHHe Ji ,,, B Wi. ocyilecTBIAEMOE C NOMOILLKY €XP @, 6bino AndheoMopbuIMOM.
Kak OTMeYany Tam ke, J i, eCTh HCT HAKPBITHA. Cae M npoferaet HEKOTOPOE AUCKPETHOE
MHOkecTBO. Hexoas n3 1oro, sadop N Hacos paGoTaeT B JIHCTE Jli\.-(m), rae NOKa3blpaet
coBCTBEHHbIE BPEMEHA, ONPENETAEMBIC PABEHCTEAMK (12.12). Jpyramu cnosamm, KaXCAbli JIMCT
nMeer cBoii Habop 3 N yacop. MnnrocTpaleli CKa3anHoMy MOXKET CYXHTb npumep 6.1. [inn
YpPABHEHHA {f = sinu cOBCTREHHOE BPEMA T ONpeaenseTCs paBCHCTBOM:

T = 2arctant + 2am,
rae m = 0, +1, £2,.... 30€Cb m eCTb HOMED NTHCTA J}\.-(,,,).
Tenepb nepeliaeM K 06CYKABHHIO O-CONPAKEHHOTO ypashenns (11.49). Hexoaa u3 n.l NaKHOTO
¢

naparpada, peLieiHe #* ypasHesua (11.49), MOKHO HHTEPNPETUPOBATD, KaK HHCIO OCTaBIUHXCH
CBOBOAHBIX MECT AT Puib k-0 BUAA B MOMEHT /. V3 (11.37) » (12.14) 3axnto4aeM, 4T0 PelCHHE
ypagHenus (11.49) umeeT BUA

@
= o =B+ ¢ ), —(BY T+ M) (12.16)
Tak kax (b1 + c*) (5"?%6’“) = 1, raedi = 1, bk =1, ¢kt = ],T0(12.l6)§40}KH0
fepenucarh B Biae:
v "]
k= (9‘”"(—, -]__-,L Eppp— )
bltyct N1 F ¢
¢

Wexons W3 Toro, uto and u(r) u @t (¢) umeer mecto (1 1.37), T0 aHANOrM4HbIe PaBeHCTEE
KOMKHBI BBINONHATLCH Ans T u T
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e T) + o*(7) = 0, (12.17)
(k=1,...,N)
Mcionssy s @-1pon3BeseHue Anst T o T, ¢ yuerom (12,17} nosyHust.
TEr = £
rae E ecTb eMHUYHBIH 2NeMENHT B ABOIHOM anrebpanyeckoM none ypasHenus (8.1). Dror

pe3yAbLTAT eCTh aHaNOr PpaBeHCTBa it=1.
U3 (12.12) HenocpeacTBEHHO CNEaYeT:

@*(r) = Int. (12.18)
NoacTaeum (12.18) B (12.17). Ucnonssys ff = 1, noayuum:
@*(t) = Int, (12.19)
(k=1,...,N)
OtkyRa nerko naxoaum ananor (12.12}.
% = @~ ¥(Int, ..., Inf) (12.20)
U3 pasencrsa (12.19) HenocpeACTBEHHO CREAYET:
(3, ..., i) = - = oM(F, .. 1Y) (12.21)

Ouepnano, (12.13) n (12.21) ve nporusopeyar (12.17).
Y3 (12.18) 1 (5.6) 3ainiouaemM, YTO UHMEKOT MECTO CIIEAYIOUIME PAaBEHCTBA.

limt* = ef,

10
(k=1,...,N).

Ananoryuno, ui (12.19), (5.6) # ¢ yyeToMm it = 1, HaXOONM:

limr* = B,
i

limzt = B, limi* = &%,
f—o0

—D
(k=1,....,N).
CaeyeT OTMETHTL, 4TO € 1 A ABAAKOTCA IOTHCTHHECKHMH KPHBBIMH.
Takum o6paioM, ecu 7* ecTh COBCTBEHHOE BPEMS NPOLIECCa PAZMHOKEHUA k-ro suna peib, o t¥
crienyeT MHTEPNPETHPOBATDL, KAk COBCTBEHHOE BPEMA NPOLUECCa HIMEHCHNA KONU1YECTBa cBO0OAHBIX
MECT B NPYAY IS 3THX Xe BHI0B pbib.

§13. OTHOCHTENBHOCTh UCUMCTIEHUA M anredpanueckue 00beKThl

Kak Mb1 yBeAHTHCh, Kakaas cucTeMa anddepeHURanbHbX YPaBHEHHT NOPoXKAAET NBOAKOE
anrefpanyeckoe None, Ha OCHOBE KOTOPOro BOZHHKAKOT cobcTBeHHbIE AbdepeHinanbHoe H
anbLTEPHATHBHOE eMY MCUHCEHUs. Ho Tak Kak MHOXECTEO AuddepeHUanbHbLX YPaBHEHHH
BeCcKOHEUHO, TO U COBOKYNHOCTEH pas3InuHbIX HCHUCIEHUH Takxe DyaeT HeCKOHEYHO0E MHOKECTBO.
Mbl XOTUM BBIACHUTL, CYLUECTBYET JIH MEXAY Pa3uuHbIMH CHCTEMAMH HCUYHCICHHIH CBA3b, i KAKOBA
oHa. He ycnoxuag 3agauy, NpeanonoXum, YTO pacCMaTpHBaeMble aBTOHOMHBIE CHCTEMD
AnddepenunanbHbIX YPaBHeHHil HMEIOT OIHY H Ty Xe pasMepHOCTb N. TIpouecchl, onHcbiBaeM e
ITHMM CHCTEMAaMH, B JanbHelieM GyaeM HA3LIBATh TIpoLUeccaMy Knacca N.

1. PaccmoTrpum cuctemy (8.11): -

dwt _ ok (13.1)

dt .
(k = Ia;“:‘N)v
QueBHAHO, CHCTEMA COCTOMT 13 N HE3ABUCHMBIX NIUHERHbIX ypaBHennii. Kak cneayer u3 §1, xaxaoe
ypasHeHHe cucTeMb (13.1) MMeeT cBoe cOBCTBEHHOE ABORHOE MHCNOBOE NONE. ITH NONS

HE3aBUCUMBI, TAK KAK YPABHEeHHs MEXAY cOOOH HE NEPEKPLIBATCA.
Kak Mbl ykazsipamu, Wi ecrb RpocTpaHcTBO pelenuit ypasietns (13.1), rac npon3sonbHLIi
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aneMenT w(/) € W) npeacrasum 8 Bage w(t) = (w'(s),...,w¥(¢)). Tipouszsenem paclunpenne
npocTpascTsa W\ 3amenasn w¥(¢) npousBonbhbinm rnagkumu pyHKILaMA ¢ (1), Tem cambiM Mbl
HPHXOAMM K EBKAMN0RY ApocTpancThyY ¥ Ha KOTOPOM 1 ONPCACHAIOTCA HCCACIVENMBIC HANH
AphepeH L HANBH bIE VRABHEHH A, ONHChIBAIOILME [LPOLeCChl Khacea A Mbl nonaraeM, YTo Ha

Ret ATV ROOPARIATY ¢ cnieatenTa g € T8 40RO THCT CBDC e HH0C SHEIDBO HOIC. CRGHRATHEOC

T

YpaBHeHHEM - = w. [lepen HAMH BO3HMKACT N HC CBABAHHBLIX MEXAY CoBOH 2KICMNAAPOB
OZIHOMEDPH bIX N HE3ABACHMBIX MATEMATHHECKUX 00heKTOB. (OAHAKO 31eCh NOAKIOHAETCS BPEMS { —
BE/IMYHHA, XAPaKTEPH3YIOLAA NHHAMUKY npolecca. MimMeHHO Bpemsa f cayxHT ofbeRHHAIOIHM
(haKTCPOM ITUX ONHOMEPHBLIX OOLEKTOB B UEMbHbIH N-MEPHBIH 00BbEeKT, KOTOPBIH MBI HA3bIBAEM
AIHHAMMUE CKHM OUBEKTOM.

2. lipeancao#um, uto HabNOOaTeNb HAXOIHTCA BUYTPH NHHAMHYECKOTO TIpOLIECEa,
OTIHCbIBaeMOr 0 ypasHeHdenm (13.1). B ero pacnopsaxenuu nMeeTcs ABoitHOE HKCIOBOE NONE,
KOTOpoe NeiCTBYET Ha KoopanHatel EBxangosa npocrpancra I'Y, [solinoe anreGpanyeckoe none
(COBOKYDHOCTb N ABOHHBIX YHCIOBLIX MonicH), aeficTryrowee B I, N0380SCT BBECTH CTAHAAPTHBIE
AndbepenunansHOe H HHTETPANIBHOE NCHHCIEHHA CO CBONMHM 2NbTEPHATHBHBIMH HCYUHCIEHHAMH B
npoctpaHcTee [, 3uaunTt, HabmonaTERb MOXKET 1IPOH3IBECTH BLIYHCIIEHHUS 110 NPABHIAM, KOTOPBIE
pazpewaeT eMy ypaBHenue (13.1). M HakoHel, Tak Kak npouecc AMHAMHUYECKHH, TO OTCUET BPEMEHH
OH MOMET HEllOCPEACTBEHHO CBS3ATh € CAMMM NPOLECCOM (HANPHUMED, BBeCTH Bennuusy 1 = Injw!)).
Hpyrumu ciopami, nHabmonarenbh BMeeT Yacsl,

Takum 0dpa3om, 13 ITHX pacCy>KIEHHH HENOCPEACTBEHHD CNEAYET, HTO AMHAMHYECKHHA
npouece, onickiBaembiil ypasHennem (13.1), B npoctpanctae [ ycTaHapIKHBaeT CBON COOCTBEHHDBIC
HCUHMCNEHME H YAChE.

3. HycTs, 8 npocTpanctse I'Y B OTCYTCTBHE BHELUHNX CHIl Pa3BHBACTCA HEKOTOPLIH
AHHAMHYECKWH npouecc, oTNHuKBLA oT npouecca (13.1). Habmonatens Haxoaures B npouecce
(13.1). Bo3nuxaeT Bonpoc, Kak HeccNefyemMbl i MpoLece BRIFNAANT A8 Ha0MCAaTERS H3 IpOLECcca
(13.1). OueBuaHo, ANA 3TOrO eAUHCTBEHHBIM HHCTRYMEHTOM HCCNEA0BaRUA NOMKEH OBITh
JNHHaAMUYECKAH npolece, B KOTOPOM Hafmogarens HAXOOWTCA H KOTOPBIM OH MOXKET
pacnopsaKaTbsea, He Hapyluas ypasHeHue (13.1). B npotheHOM cny4ae, HeABHO OyAYT NOAKMOYATLCA
KAKHE-TO NOCTOPOHHHE NMPpORECCHL. Haﬁ.ﬂ]{)ﬂaTeHb TONEKO B TOM ClIyHae MOXKET NPOH3BECTH
M3MEPEHNA, CNH MEXKAY MPOLIECCaMH ECTh BC3IMOMHOCTL YCTAHOBHTE B3aMMoacicToue. B
IPOTHBHOM CJIy4ae, OH He YBUAUT npoliecc. B nancHefwem Oyaem cuutath, 4To nabniogarens
KaKHM-TO 00pa3zoM ¢ noMowkio npouecca {13.1) sonanpyet uecheayemsbiii npouecc. beaycloBHo,
pa3 yabnogartens H3yuaer Mpolece, TO ero pacuersl Aok Hb! ObITh OCHOBAHB Ha ToH anrebpe,
KOTOpasd coaepxutca B mpouecce (13.1). Beas npu 30HAKPOBAHAH OH NPOBOANUT MAHUNYIAUMH
peweHuamu wi(r) ypasrenus (13.1), u urobui ocrarcs B pamkax (13.1), OH BBIHY®/IEH NORYUHNTHLCA
TOMY NPABHNY aAreGpanueckoil HIPhl, KOTOpoe CONEPRHTCA B ypaBHeHuH (13.1). B npoTHBrOM
cny4ae oH eutfiaetr u3 npouecca (13.1). Bonee Toro, uzyyaemelit npouecc Acn¥eH GbITh TOro *e
Knacca, 4To i Npouecc, B KOTOPOM HaxaauTea Habmoaarens. TakuM obpasoM, HabmoaaTtens
ycTaHaBnusaet, uto uX(¢), (£ = 1,...,N) N0oNHOCTbIO ONUCKIBAET HCCneayeMblit npouecce. YTo ke
KacaeTcs £, TO 3TO €CTh BpeMs, OTcYUTeIBaEMOE npoueccoM (13.1).

Ha ocHoBe cBouX Hecneaopanuii HabmonaTenb HaYnHAET COCTaBRATE AnddepenunansHoe
ypaBHeHHE ABHXKEeHWA npouecca. Ho o obHapyxHBaeT, YTO B ypaBHEHHH IPHCYTCTBYHOT
cnaraemsle, conepxatiune w(l), KOTOpble MOSBUNINCE BCIEACTBUE 30HAHPOBAHNS HCCIEAYEMOro
npotecca. AHAROrHYHbIe cnaraeMele, cogepxatime u(t), noseatca w B (13.1). [ocne okoHyanus
30HRWpOBAHUA HaOMOAaTeNb OTOPACBIBAET 3TH NEPEKPECTHLIE CNAraeMbIE H NPHXOAHT K
ABTOHOMHOT cHcTeMe An(epeHUHanbHBIX YpaBHEHKI, ONHCHIBAIOLLETH NpoLece:

%‘*— = P, (13.2)

(k=1,....N).

HecMoTps Ha TO, YTO BONPOCH! H3MEPEHHS HITOKEHBI AOCTATOUHO NABEPXHOCTHO, 3TO HE
MelsaeT ¢ yuetom n. [-2 caenare BXHbIA BbIBOA: ypaBHeHHe (13.2) nccneayeMoro npouecca
3anucado 8 Hevuenenuu nponecca {13.1). Tak ke cneayet 3aMeTHTB, UTO B OKOHYATENLHOM
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pesynkTate, KOTOpbIH iimeeT BuA (13.1) n (13.2), B3aHMOACHCTBUE MEXTY NPOLICCCAMH YKC
OTKIIOUEN .

4. TlonrkuM Tenepr. yTo HaBmoNaTenh HAXOARTES RHYTPH NPOLECCa. OTHICLIRACMOrD
ypaBHeruea (13.21 Kak Gnino noKasano, ypasHenie (13.2) 8 cBuch cierene Heunenenis
HPMBEAMACT IHHCTHET B F7 (7.0 Cle/yve e ROMUOHEH The S TORL S iy SHDVine ¢
(6.29), umeroT gua b = 1, (k= 1,....N). [lockonbky b* = expe*(B), nonysum: B = £, rne £ —
eNHHNUHLII 2IEMEHT ONEpaLNN YMBOKEHUS @-a8oiHoro nons. Ho Torna ypasuerne (13.2)8
coBCTBEHHOI CHCTEME neuucneHds npumeT Bua (6.31):

%‘; o (13.3)
'He T — COBCTBEHHOE BPEMS, KOTOPOE Mbl LOCTATOUHO NOApoBHO obcyxkaanu B §12.

5. PaccMOTpPHN Tenepb CHCTEMY HCYHCAEHWS, CBA3AHHYEO C YPaBHEHHAMH (13.2). 31a cuctema
cocTout w3 EBkaniosa npoctpasctea IV, ABOHHOMO N0/, NOPOXK/AEHHOTO YPABHEHHAMH (13.2),mn
BPEMEHH T, OTCUMTLIBAEMOrO IMHAMUYECKUM npoueccom (13.2). AHanu3upys pe3ynbTaTsl §5, §6
MBI YOEHAAEMCH B TOM, YTO HA/L MPOH3BOABHO B3SITHIMK BEKTOPaMHU MPOCTPAHCTBA I mb1 MOXKEM
IPOM3BECTH anrebpandeckHe ONEpPaLt, Kak ¢ NO3MUHN ABOAHOrO NONA YPABHEH A {13.1), Tak u
nBsoiHoro nons ypasueHuna (13.2). [1pn nepexone 3 AMHaAMUYECKOTO npoLecca (I13.)B
annaMHueckuii npouece {13.2) npoctparcto ['Y He MEHAETCS, MEHSETCA NPEACTABACHHE ABOHHOIO
NoOAS W OTCUET BPEMEHH.

OCTaHOBMMCA Ha 3THX BONpocax W obcyanM Wx Bonee noapodbuo. PaccMoTpiM NpOH3BOAHYIO OT
aanaHHON (yHKUMY. DAKTUYECKH, HAXOXKAEHHE CTAHIAPTHOMH POH3BOAHOM — 3TO LiENoKa
anreGpaniecknx onepaunii U3 YHCIOBOrO NONA, NPOU3BEAEHHBIX HAA QYHKUHER U €€ APryMEHTAMH.
[To3TOMY NPOM3BOIHYIO CO BCEMHM CBOHMM CBOHCTBAMH MOMHO UHTEPNPETHPOBATH Kak
anrebpanyeckuii oovekT. [Tycte glr) € TV, Myl moxenm nponudheperunposars g(t) cTannapTHo

no { K NeNY4UM @ AHANOrM4HO, HCXOAS H3 ABOHHOrO Nons yparewuit (13.2), Mbl MOXeEM HAHTH
@-TIPOU3BOJHYIO OT 3TOTO € BEKTOpa ¢ € [, ucnonb3ya pe3ynbTaThbl, RPHBEACHHEIC BbILLE:
d@‘?(") ] d
L8 _ 4 (In L expp(a(1))) 3.4
d‘«pT @ ( dr p(f’(t?( ) (13.4)
rae 7% = @' *(Ins,..., Int) — cobcTeennoe Bpems npouecca (13.2). HanomuuM, 4o o(u) -

xapakTepucTideckue GyHkumnH ypasHenns (13.2).
6. OueBnaHO,

Prw) = Inwk, (13.5)
(k=1,...,N)

ABASIOTCH XapaKTepHCTHUECKKMK DyHKuvsMy ypaBrenusa (13.1). Beeaem HoOBBIR BEKTCP gty e TV
i CBSDKEM 3TOT BEKTOD C g(¢) paBEHCTBOM!:

g(t) = 97" = pla(n)). (13.6)
Torna, ucnonsays (13.4), g-nponseoanas yHkunu g{{} NpUMET BHA
dog) _ 1,2 (dq(f) 2
dot =g ool = ) (13.7)

7. Ecan mbl BBeaem N-MepHblii Bextop ¢ = {#,...f), To no asanoryu ¢ (13.6) cobeTeHHoe BpeMA
7 npouecca (13.2) npeacTaBuMO B BHAE!

T =07 o glt). (13.8)
U3 3T0r0 paBeHCTRAa HENOCPEACTBEHHO CEAyeT ypaBrenue (12.13) ana 7.
(pi(r11---afN)=“' zpr(rl-r---er)- (139)

Taxk KkaK B {13.9) oTCycTByeT BHElUHee BpeMs f, To paBeHcTso (13.9) cneayeT Ha3e1BaTh
UHBAPUARMHBILM Onpedeneruem cobcmeaenno2o epeseni. Kak Mbl yKasbiBan & §12, t* ecto
cobeTBeHHOE BpeMa k-ro kaHwana npouecca (13.2). [To ananorun ¢ 3TuM B Npolecce (13.1) MOxkcHO
BBECTH coficTBeHHOE BpeMa ¥ k-ro karana. Ho Toraa, no asanoruu c (1 3.9), n3 (13.5) Mowem
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CAMHM NPOUECCOM HE3ABUCHMO OT APYTHX NPOLECCOB. HT0 e KacacTCA B3aHMOCBA3H COOCTBEHHBIX

BPEMEH PANHYHBIX AMHamKdeckuX npoueccos (13.2) u (13.11). 1o kak cneayeT w3 (13.19), oHo
ONPEACAAETCS PARCHCTROM

5=yt o (r)
B aacinocru, ecan 8 {15.21) ¥ 3ameHim xapé?ﬁ‘cpucrnlwummn D3 HRUNSIME @ 13 (] 3.3), 10413 4l
cobcTeenroe BpeMs npouecca (131)
t* = exppi(r),
- (k=1,...,N)

Ho Tak xak spinonuaotes (13.9), o t* ynoenersopser pasenctsam ( 13.10). Besycnosro, 1 snseTcs
¥ 5

gHewHM gpemenem Ans npouecca (13.1), a £ - cobemaennonr apevctem.
10. Paccmotpum npouece (13.1) c no3nunn HabnoaaTens, saxoaswerocs B npouecce (13.2).
Jinn storo B (13.4) BMecTo g(f) noacrasum w(t). C yuetom (13.1), nonyunm:

dew(t) _1( (mw) Sp(w) ))
Ao =p ' {In|e v

QueBHAano, 370 eCTh AuddepernansHoe ypaBHeHHE OT HEH3BeCTHbIX (hyHKUNHA w(!) B HCHUCTEHNH

ypasHesus (13.2). dpyrumu cnoBamu, Habmoaarens u3 {13.2) socopuiumaet npouecc {13.1) kak
Henuueiusli (ccny ypasHenue (13.2) nenuneitnoe).
11, Papencteo (8.12) ¢ yueTomM (13.5-0) MOXKHO niepenncars B BHAE:

g1 igz =@ o glg +g),
grie= oo plg ¥ 42).

AHAROrHYHBIE PABEHCTBA MMEIOT MECTA W B y-NIpeACTaBieHny. Ho TOrua u3 3tx paseHCTB H
pasercTBa (13.13) Mb) UMeeM:

8 +8:= W—I Ofp(gl + gz).
v ¢

& ¥ 82 = I;’/‘I oqp(g| ¥ gg)_
¥ [
HeTtpyaHo yGeanTsCS B CRpaBENiHBOCTH CAEAYIOLErO paBeHCTea:
8 ©6; =y °fP(gl @ gz),
4 @
rae O v @ 03HaYalT YMHOXEHHE B CHCTEMAX HCUNCIEHHA, COOTBETCTBEHHO, npoueccos (13.2)
® ¥
(13.11). Hapsaay c (13.20-21) umeeT MecTo:
ey =¥ opleg), hy =y oplhy),
Ey =y o p(Ey),
rae ey, by, Exney, hy,. E, HeliTpanblble U €AMHUYHBIE 3JEMEHTL! COOTBETCTBYIOLUNX

anreGpanyecxux ABOiHbIX noneit ypasHenn# (13.2) n (13.11).
12. Bepremcs x anreGpauuecKn conpaxkeHHbIM senuuunam. Hexoas w3 onpegenennsa (11.37),
L

aneMenTl g, ¢ € [V Gynem Ha3bIBaTb @-CONPMHKEHHBIMH 3neMeHTaMu npouecca (13.2), ecnn
BRIMOJIHSIETCS PABEHCTBO!

¢
p(g) + w(g) =0.
@ w
COITOCTaBHM JNEMCHTAM g,g'e FN INEMEHTLI 9,9 ITOrG XKe npoc*rpaHC‘rBa C NOMOULBHY paBCHCTBa

(13.15):
¥ ¢
B=ylop(g), 6=y o w(ﬁ)-

? 14
Bripaspm g, g 3 (13.27) uepes 6 v 6 v nony4eHHsIe BEAUUMHBI NoacTaBKM B (13.26). OueBnaHo:
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=
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-

(13.22)

(13.23)

(13.24)

(13.25)

(13.26)

(13.27)



HAMNHWCATDb:

th ML BENTOCRC A TESHIO ClledyeT:

Ouesnnro, (13.10) ecTb HHBapHAHTHOE ONpeAeNeHHe COOCTBEHHOMO BpeMeHH npouecca {13.1).
8. Tenepb paccMOTPHM KakoH-1WO0 TpeTRit npotlecc T0ro xe N-ro Knacca, Y4To K NpoLeccs

{13.1Yn (13.7). Mipeanonoskum, 4To ypaBHEHHUE ABMKEHHA ITOFO NPOLECCA, 3aANUCAHHOE B

HCHHCNEHHH ypaBHenus (13.1)}, umeer Bua:

dv _

S =70

rae v u f N-extopel. [Tycrs w#(v) ects XapakTepucTHueckue GyHkuHY ypasuenns (13.11). Jlas

pewicHud {13.11) BRINOAHMIOTCS paBeHCTRA:

wh(v) = b+ ek,

rae b* =1, (k = 1,...,N). Toraa B coOCTBEHHON CUCTEME HCHHCICHHSA YPABHEHHE IBUKEHHUS STOTO
AMHAMHYECKOrC Npouecca OyHeT UMETh BHA:
dyv _
d = V.
o4
3aech 6 = w~'{Int,...,In¢) ecTb coBeTenHoe Bpems npouecca (13.11). Beenem N-pekTtop 6(¢),

KOTOpbIH cBA3aH C g(¢) PABEHCTROM:
8¢) = v o pla(n).
Toraa, no aHanoruu ¢ (13.7), w-npou3BogHas BekTopa 8(t) npuMeT BHA;
a0ty ., (dglt)
do "V P\ T4 )
Mz (13.6) n (13.13), ncknrouns g(f), MOXKEM HAMKCATD:
8(t) = v o p(g(n)).
Ananornano, n3 (13.73u {13.14) Haxomnm:
A8 _ o, o Ge80)
dyo ¥ "\ 4 )
Beipazum g(1) w3 (13.15) v noactasum B (13.16), B peaynbTate nonyuuM;
dyf _ dpp™ oy (6)
dyo ¥ Oq’( dyt )

Ouesnano, (13.17) ecTb nonsbli aHanor papeHcTBa (13.4), rae B neBOH HacTH UMeEETCH
IpOM3BOAHAN OT PYHKUHHU B B CUCTEME UCUMCNEHNA ypaBHeHua (13.12), a B npaeoii yactw
COREPXHTCA NPOH3BOAHAS OT TOH Xe PYHKUHH § B CHCTEME HCUHCNERHA ypaBHenns (13.2).

9. Bepnemcs k cobcTBenHbiM BpeMeHaM. B npoueccax (13.2) n (13.11) cobcTBeHHble Bpemena
OnpeaenfoTes COOTBETCTBEHHO!

=9 o d(h,.. 1),
o=y opt,...,0).
HMeknouns ¢(1) W3 3THX paBeHCTB, MONYYHM:
y(o) = (7).

W3 (13.19) n (13.9) HenocpeaCTBEHKO CNEAYET, YTO cOOCTBEHHOE BpeMa ¢ npouecca (13.11)
YNOBAETBOPAET PABEHCTBAM:

vie!,...,a%) = =yNo',. .. 0Y).
Ouesdano, w3 (13.9) n (13.20) cneayer, yro coGCTBEHIIOE BpEMA HENOCPEACTBEHHO ONpeaenseTca
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(13.11)

(13.12)

(13.13)

(13.14)

(13.15)

(13.16)

(13.17)

(13.18)

(13.19)

(13.20)



w(8) + w(g) =0.

| CAL COMBIM MW }'6Cilll_'lﬂkjl;, LAY ;lill'L‘GpﬂH‘lL‘CKH CORPPRECH LIS BCTHILL HPH DCEIX0C OF ERAT
CHCTEMBL HUYHCTHWY K IDVIOTL ICPCXOIAT 8 2!.'!["?6p211|‘!CL'Kl'1 CONPER e BEAHMHE

o %
ptt

YMHOKHM ypaBHenue (13.3) 1a ;

i

B wcuucnennit (13.2). Uenonesys pasencrea (11.38),

el

nonyuYHM:
- w
B E,=u® aiw y
v d,T
]
Tak kak 1tpu (11.37) seinonasiores {11.38), ymuoxnm (13.29) Ha . OkonvatenbHo 6yaeM HMETB:
" ®
o X G
dot

OvepuaHo, ecii (13.3) onncoipaeT Rpouecc, 7o (13.30) onucelBaeT aHTHApPOUECC. ¥YCTAHOBUM
B3AKMOCBA3b MEXAY pelweHuamu ypasueruid (13.2) v (13.11). Vi3 papeictB w = exp@(u) ¥
w = expw{v), Mbl MOxkem Hanucath @(u) = y(v), Hau:

v =y ogplu)
Kaxk 6bin0o nokazado seile, rnpy (13.30) umeeT MecTO

y 0
=y e ga(ﬁr).

Henonbays (11.38) v pasencTro (13.24), HeTpynHo ybeauTees, 4To ypasHenue {13.30)
IEPEXOLRT B ypaBHEHHE:

- ¥
d, v
dy6
.HBI"KO NoKa3laTh cnpaseﬂnn BOCTL CJlEIly!OLLlHX paBeHCTBZ
G =y op(i),
TQt=E, 60a=FE,.
P L

<%

Jns GoabiIed ACHOCTH NONYYAEMbIX PE3YILTATOB paccMOTPHM ypaBuerHe (13.1). Henonsaya
xapakrepucTHyeckne PyHKunk o(w) ypasneuns (13.1), pasenctso (11.8) MOXHO NPEACTABNTS B
BUIE:

p(w) + p(w) = 0.
Pasencraa (11.8-10) mokHO nepentcats clieAyOWMM 0bpazoM:

E@l‘:E,;,,
&
P i dw
W) O wi(t) = E;, 2 0 YL = F,,
5 ¢ d} p dt ¢

rae £y = (1,..., 1). Hanomuum, uto E; ecTh pewenne ypasneuus ¢(Ey) = 0, rae ¢ ecto (13.5).
Ecnu (13.1) onnceiBaeT npougecc, To ypasHenne (11.11) onucbisaer aHTHIpoUECC.

13. U3 (13.2) 1 (13.3) HenocpencTreHHo cheayeT, 4To u(t) AHpdepeHunpyeTca, Kak B CHCTEME
ucuucaeHus Habmwaerca (13.1), Tak W B cucTeMe neuncnenns npouecca (13.2). Ho 310 3uauuT,
4TO NPOCTPaHCTBO 'Y ipH Aepexo/e 0T ORAHORe HABNICAATENS K APYTOMY, HAXOAALIEMYCH B IPYTOM
npouecce, npeoBpasoBanuio He noasepraetcs. Oaun u ToT xe neMedT g € IV Habmonareny us
npotieccos (13.2) u (13.11) pocnpunnmalor, Boobuie rosops, no paskomy. Hanpumep, eciu e, ecTb
nelTpanbHbIil aNeMEHT B ucuncieHnn Habmonatens (13.2), To copcem He 06A3aTENBHO, YTOOBL ITOT
Ke aneMenT Bel1 HeliTpanibHbiM U ANs ucuncnerus (13.11). Habnwogarens w3 (13.11) moxer
BOCMIPHHHMATD €, KaK PAAOBOH anemenT U3 npoctpanctsa IV, Uro xe kacaeTes g 1 6, koTopble
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(13.28)

(13.29)

(13.30)

(13.31)

(13.32)

(13.33)

(13.34)

(13.35)



cBsizaHbl Meskly cofoi paseHcTeamu {13.15-16), 06a HaGnronaremm, cOOTBETCTBEHRO K3 (13.2) v
(13.11), anreBpayyeckl UX BOCNPHHHMAKOT OAHHAKOBO. FTpHMEPOM MOXKET CITYKHTh PaBeHCTRY
(13.25)

,,ul'llljil)ﬂpeHLlHaJIbe]C YPABHCH I NTOUABQIYMT HEL K BRIBOLY., WO aﬂFCﬁpﬂHliECKHC OnepatiiK -
{(CABAC A, YMHOACHHA T B EX ROMOB QI FRIDECHIMPOEGHENE HADYIE L SOMCPIEEHIb HO
afeMenTami npoctpanctsa [, obpasytot anreGpanyeckie 0OLEKTLL. DTH 00BEKThI, [IPH NEpEXoe
OT OAHOrO HCUMCNEHHUs K ApYroMy, noasepraiotes npeobpaszosanuio (13.15-16), (13.23-25). B
yacTHOCTH, H3 (13.21) HenocpeacTBEHHO CenyeT, 4To cobcTBeHHOE BpeMA eCTh anrebpanyeckhi
00BEKT. &

Monoxum g = u B pasenctse {13.15), rie ¥ — pewieHue ypasrenna (13.3). Torra HeTpyaHo
roka3aTh, uTo 0 GyzeT pewennen (13.12), T.€. HMeeT MecTC:

v =y o pu) (13.36)

M3 3TOro paBeHCTBA COBEPUWICHHO HE CleAYeT YTBEpKAeHHe 00 HAEHTHIHOCTH IPOLECCOB,
onucsiBaeMbIx ypaeHeHuamu {13.2) n (13.11). lpocTo 370 Te peluerus, KOTOPLIC TIPORBASIOT
ONMHAKOBYIE anrefpayieckHe CBOWCTBA B CBOHX HCYNCNIEHHSX.

TakuM o0pa3oM, Mbi IPHXOANM K BBLIBOAY: NPH NEPEXONE U3 OAHOTO Npouecca B IPYToH,
npeoGpa3oBaHMIo NOABEPraloTCR CHCTEMbE HCHHCTEHHS i CBA3AHHBIE C HUM anrebpanyeckue
obvekThl. [1pH 3ToM rpocTpancTBo [ ocraeTea HeuzMetbiM. CReayeT OTMETHTb OJHO BaXHOE
cBOHCTBO ITHX NpeofpasoBaHnii. Ecnu vmeeM Habop Npoueccos W Mbl OCYUIECTBIIAEM NEPEXOA OT
OZHOMO NpoUEcca KO BTOPOMY, OT BTOPOro K CRERYIOWEMY H T.X., KO MOCNERHErC NPOLUECCE, TO Mb
AONY4UM IOCAEIOBATENBHOE YMHOXEHHE TPpeoOpa3oBakuii CHCTEM Heducnenna. Hetpyano
NOKa3aTh, YTO B OKOHYATENLHOM TTpeobpasosaHui BLINAAa:OT BCe NpeobpasoBaHus, CBA3AHHOE ¢
NPOMEXYTOUHBLIMM [IPOLECCAMH, W OCTAETCS TONbKO NpeolpaloBanne, CBA3AHHEIC C NEPBLIM H
NocneAHUM NPOLECCAMH,

14. Myete W, Jh(u) n J4{(v) — npocTpancTBa peleHHH, COOTBETCTBERHO ypaBHeHu# (13.1),
(13.2) u (13.11). TipocTpancrsa J)(u) n JL(v), BooBuie roops, MOTYT SLITh AHCKPETHO
paccnoerKsiMy. [IpHYeM IHCKPETHLIE MPYNTILI, ASHCTBYIOWHE B CIOAX ITHX NPOCTPAHCTB, HE
00A3aTENLHO COBNAAAKIT.

[Tpeacrasum (13.36) B Bue:

v=w opodtoplu), (13.37)
rae ¢ ecThb (13 5) XapakTepHcTHHECKHE QYHKUKH ypaBHeHHH (13. l) Kak Mbl HEOGHOKDPATHO
ykasbiBani, ' o ¢ = exp@ ecTb oTobpaxenne: Ji{u) —+ Wy, ay' o Wi - Ji(v). HoTorna,

WCXOZS Y3 BLIBOAOB NpEAbIAYILEro IYHKTa, 3akmouaenm, uTo (13.36-37) ectb oTodpaxenue
vl o Jhu) » Ji(v).

§14. O cucremMax oTCHeTa U OTHOCHTEILHOCTE MPOLECCOB

Teneps HCCNELYEM B3aHMOCBS3b MEXKIY Pa3NUUHBIME CHCTEMAMH HCHHCREHHS, MOPOXKACHHbIMH
KBa3HJTMHENHBIMH AH(DEpeHUHANBHLIMH YDABHEHUAMH C HaCTHbIMHY IPOM3BOAHBIMH. Jina 31010
pacCMOTPUM MHOXKECTBO BCEBO3MOXHbIX YpasHeHni Tuna (7.1). Tlpu aTom Oyaem npeanonararh,
Kax B §7, yTO B 3THX ypaBHeHHsX BekTopHble nona F(y) u3 (7.1) u deta.{y) Moryr umethb
M30NUpOBaHHbIE HYNH H BeckoHeuHocTH. TloMumo 3Toro 6yaem cuMTarTh, YTG pa3sMEPHOCTL CHCTEMbI
N W YHCIO HE3aBUCHMBIX NEpeMeHHbIX No — OAHO Y TOXKE AN BCeX yPABHEHUH B paccMaTpHBaeMoM
MHoKecTBe. TIpoueccs, OMUCHIBAEMbIE ITHMH YPABHEHHAMY, OY/IeM Ha3bIBATh NPOLECCAMH ONHOrO
Knacca.

Hcxons M3 pe3yabTaToB NPSAbIAYLLEro Naparpaga, 34ech HEABHO PEANONaracTcs, YTo BCe
ypaBHEHHA PacCMaTPHBAEMOrO MHOXECTBA 3aMHCaHbl B HCUHCNCHHN HEKOTOPOrO BHELLIHETO
Habnoparens.

1. TTycTh MMeETCs HEKOTOPbIH AMHaMHUECKHH NPOLECC, KOTOPEIH ONHCHIBAETC YPABHEHUEM!
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powh (14.1)

a0
(k= 1. ... A
riesee " {v — 1.0 U NUY OisitiEsE 0T H}na.iio.:‘n‘;‘m'iiaxi W = Wiy ). DA
N 24 = iavx", (14.2)

als = e . Ho toraa ypaBHeHUE NROCKON BONHBI NPUMET BHA:

- i,"z"f — wk, (14.3)

(k=1,...,N)

OueBHAHO, XAPAKTEPHCTHUCCKHE GYHKIHWN ypaBHenus (14.3) npiinumMaioT BuA:
PE(wya) = Inwk. (14.4)
Pemenne ypasuenua (14.1) npeacrasum B BHAE:
th= a0k th=2 4wk (14.5)
aeQ) aed
(k=1,..,N).

Kak u3BecTHo, w, €CTh HEMPHBOAUMOE cocTosHue ipouecca (14.1). IIpon3sonsHOE COCTOARKE
ITOrO e Npolecca npeacTasuMo B Buae (14.5) (De3ycnoBHO, Npy cOOTBECTBYIOMEM noabope
mHoOMecTBa £2).

Jlanee Mbl npeanonaraeM, 4ro ypaBHerue (14.1), kak u (7.1), 3anucaHo B CHCTEME HCYUCIEHKA
HEKOTOPOrO BHELWIHErO Habn0RaTENst, HAXCAAUIETOCR B HEKOTOPOM AHHAMHYECKOM NpoUcCcCe.
Tenepb NONOXKIM, UTO APYroH HabNI0AATENs HRXOANTCA BHYTPH AMHaMHYecKoro apoiecca (14.1).
PaccmarpuBaeMbiii Apouecc U3yUMM C NO3KLHK Tore Habnoaarens.

T[ycTh NpoLECE HAXOAUTCA B @-COCTOSHHH, T.€. ONHCbIBAeTCA ypasHendem (14.3). Tlo ananornum
¢ npeabIAYLIMM naparpadioM, MHBApPHATHOE ONpeaencHie coBCTREHHOTO "BpEMEHH” AOMKHO
YAOBNETBOPATH PABSHCTBAM!

=l NY Lo Nl N
(Pa(zas---,zu)_ """‘Pa(zm--nzu): (]46)
rae §% ects (14.4). JInbo, 4To T XKe camoe
Inzl = -+ = Inz¥.
Ecnu B 3THX PaBEHCTBAX OJHH U3 z§ 0BbLABUTL HEZABUCHMBIM H OGO3HAUNTD YEPE3 Zq4, TO MOKEM

HAIHCATb
% = z4, (14.7)

k=1,....,N)
Bepnemces « (10.1). [To ananorun ¢ (14.6), u3 (10.1) MOXKHO HanUCATL HHBADHAHTHOE
onpenenenye X%
L] .l\'" _ a
DXL, X)) = o = pECY,... ). (14.8)
X% 9ens10TC KOOPAKHATAMH COGCTBEHHOrO BHELLIHETO NPOCTPAHCTBA, T.2. NPOCTPAHCTBA
HE3aBUCHMBIX [IEPEMEHHBIX. BennuuHbl X&' cneflyer unTepnpeTHPOBaTh, Kak KOOPAHHATSI
COBCTBEHHOrO BHELIHETO MPOCTPAHCTBA ¢ NO3MLUHU HAOMIOAATENA, HAXOAAUIErOC B X-COCTOAHRA,
Hcxoas us pesynwtaton §12, 13, npyu pUKCHpoBaHHOM HHAEKCE k NEpEMEHHBIC X% cnepyert
TONKOBATb, KAK KOOPAMHATE COOCTBEHHOrO BHEIIHETO NPOCTPAHCTBA, YBHAEHHbIE HabnoaTenem
yepes k-bIil xaHan mpolecca.
Henoneays (14.4), n3 (10.1) naxoanm:
X o= x7, (14.9)

= 1,...,N).

Tem caMbiM YCTAHABITHBAETCA B3AMMOCBAZL MEXAY KOOPAHHATAMH BHELWTHETC npocTpaHcTea



{MpOCTPaHCTRO B NPEACTABACHHH BHELHEr O HabnronaTena) n cobCTBEHHOTD BREWIHEND
npocTpaHcTea, korAa apouece (14.1) HAXOIHTCA B &-COCTOSHHH,

Pacesorpiy (1023 Henoawsya (1453 unl vosken inmeann A7 e E AR Cyneron LYy,

.. [N
Ty

~ XM=Y gaxt (14.10)

aefd

DTOT pe3yNbPAT HE HIMEHHUTCS, €CAH UCXOAMTE W3 paBeHcTea (10.3).
QOcranosumen na (14.10). OuesBunHo, Henonbiys (9.62) Mbl MOXKEM HAMHCATS:

unx =x" an = x".

Ox AU BMCTE:

Boertuncnoum (10.11):

aubo

rne l, = a. ", Obpazyem (10.13):

-

zel}
Hcnonbaya (10.7), BeIMHCANM DeBYHO uacTh (10.14);
GBL"® =B ane"’@)an aw:, .
YooaeQl ae()

B npapoii wacTi 310r0 PaBEHCTRA MPON3BEAEM onepaumio (3.27,), a 3atem onepauio (9.18). B
pe3yabTaTe NORYMUM:

®L'® d*”’ qu (14.11)
rAe B NpaBofl 9aCTH NO HHAEKCY ¥ MPOH3BOANTEA 00BIMHOE cyMMitpoRaHue. C Apyrol CTOPOHEI, Z
e}
€CTh CTAHAAPTHAR CYMMa. Ho TOrA4 Mbl MOXKEM HaNMCaTh:
Z‘? e _ anwa I aw. (14.12)
a.r\
asl) ae ()
Boiuncaum Z qal* 25 ‘1“”" . Tak kak ¢ yyetom { 14.3) umeer MecTo
acsl}
. dw
f"’o“" = lg, B
O\ !u dza )
HAXOAHM:
3 g e . (14.13)
x
aef)

[Mpupasuueas (14.11) u (14.13), nonyuum ypasuenue (10.14). OnnospeMenHo ¢ 3TuM, U3 (14.12) n
(14.3) sostiukaet ypaBHenne (14.1). Hcxoaa w3 storo pezyabraTa u pasencts (14.7) u (14.9), mbl
3aKNXOYREM, YTO BHEHKWI HabnwaaTens v HabnwaaTeNs, HaxoAAWwMHCA BHYTpY nipouecca (14.1),
MUMEIOT HASHTHHHbIE CHCTEMBI HCUHCHEHHS. [109ToMY B fanbHeillem ByaeM cauTaTh, 4T BCE
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YPaBHECHHA, 0 KOTOPBIX FOBCPHIIH B HAYale JTOTO rlaparpa(ba, 3aNMNUCalbl B HCHUCTIEHWH YpPaBHEHHKA
(14.1).

2. Bo BHelukeM npocTpancTie I BReAEM KOOPAMHATEYVIO CHCTeMY (x!. ... ¥, KoTopas
BOZHMKAET Ha daze npouecca (14.1). Frv cucTemy B aanbHeidiem Sy/1eM Ha3eIBaTh CHCTEMOR
GICHY T BADIOAA TSR, Haa e AL 00 B HpoHecee (1417,

PaccMOTpHM Py NIty npecdpa3oBanHs, KOTOpas AcicTBYET B npocTpaHcTee [ ¢
o= x4 £V,
rae deté # 0. Hapany c (14.14) noTpebyem, 4ToBul uMeN0 MECTO:
&\- = égﬂa,
M= g,
rae ¢ W & — B3aiMoobpaTHbie MaTpHubl. Torna HETpYHO [0KA3aTh, 4TO ypaBHenue (14.1) octaetes
HHBAPHAHTHMM NpY AeHCTBHH NuHeinolt rpynnel (14.14). Tem caMbiM MBI TIPHXOGHM K
HHEPLHANTbHBIM CHCTEMaM OTCHETA. [Ins onpeaeneHHOCTH 3TY COBOKYNHOCTE CHCTEM Oyaem
Ha3bIBATH HHEPUUOHANbHLIMU CHCTEMAMH OTcYeTa npoiecca (14,1).
3. PaccmotpnMm ypasHeHue nnockux Bond {7.2). Hayuus anredpanueckne oObeKThHI, CBA3AHHLIE
€ ypaBHeHHem (7.2), ¢ no3nLMA HalNoNaTe s, HAXOARLIErOCsS BHYTPH NPOUECCa, ONTHCHIBAEMOTO
ypaBHeHHeM (7.1).

Ouesuano, hazonas nepeMenHan z, HrpaeT posib "BpemeHd” B ypaBHenuu (7.2), 3anucaHHoM,
xak u {7.1), B cHCTEMeE HCHHCeHHA HaORIOAATE NS, Haxoasilerocs B npotecce (14.1). Ho Toraa

8 = 9:"%(Inza,...,Inza)

ecTb cobeTBeHHbIE "Bpemena”, rae ¢, — xapakTepucTuyeckde GYHKUWH ypasneruil (7.2).
PaseHcTRO (14.16) yeTaHaBINBAET B3aHMOCBA3L MEKRY To H Zx. CREAYET OTMETHTD, YTO T, B CBOIO
o4eEpEnb eCTh

Pa(ta) = - = @F(1a).
[Tpou3spenem B (13.23-24) sameny: ¥ - @, @ — @q, TO€ @4 — XaPAKTEPHCTHYECKHE DYHKUHH
ypaBHeHHA {7.2), a ¢4 ecTs (14.4). Ho Toraa B anrebpe HabnonaTens, HAXOAAWErocs BHYTPH
npouecca (7.2), g MOXET ObITh NPENCTABIEHO B BHAE:

Ta = Lo © Aa. O X,

Pa Pa
rie N0 MHAEKCY V NPOH3BOAHTCS +-CyMMupoBaHne oT | no Mg, a
P

Fo—o!fnd 1

Lo = @3 (ln zﬂ,.,.,ln . )
Aa, = 03 (Inay,....Ina,),
X5 = (Inx*, ... Inx").

Kak cnenyer n3 (14.18), 7, B anreGpe, nopoxaeHHon ypasrerueM (7.2), MMeET anrebpanueckyio
KOHCTPYKLUHIO, AHATIOFHUHYH)

Zg = La.,x"

la
B CTAHAAPTHOM YHCACBOM [10J1€.
Tenepsb paccMOTpPHM BBIpaXKEHHE:

La = Aa., O] L;s
Pa

rae
Ly = 3'(Inf*,....Int},
a no unzaekcy v 8 (14.20) nponzsoantcs +-cymmuposanve. Hetpyano y6eauThes B CRpaBeivBOCTH
Po

PaBEHCTBA:
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(14.16)

(14.17)
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(14.19)

(14.20)

(14.21)



Lo ©® Ly = Ea. (14.22)

L't

WCnonkavs MaTeMaTHUeCKHi aniEapar. waotokeHHRi B §6. ghiniiiey ¢ -uddepernvan
PVIIEIHE My
f ..-'(,f' d L I .
g, tly = ) r i 20
— o dw.,ru o Pt L )
1 (14.18) naxoaum:
- dy,Ta = Lo O Aa, © do, X (14.24)
Pa
Ioacrasnm (14.24) B (14.23):
dyp, tt
dy,tta = La @Aa, O =L @ dy, Xy {14.25)
Fa dqﬂn ¢ Pa
Henonbava pesyastarsl §10, n2 papencTra (14.25) raknrouacm:
Op, U dy, t
et = L, 0 4a © Ll (14.26)
aﬁDaX\a‘ Pe dWarU
Crenyer 3aMeTnTh, UTO (14.26) ecTh nonHbli avanor papeHcTsa
Owe _ | dwg
ox" lo dzg
JaMMCAKHOE B CTAHJAPTHOM HCYHMCIEHUN, T.€. B UCHUCIIEHHWH VpaBHewna (14.3).
Kak GbUI0 MOKA32aHO BLILIE, B COOTBETCTBEHHOM HCUYHCNEHHH YpaBHeHne (7.2) ipHHKMaeT Bui
ot
T (14.27)
dﬁpa Ta
rae ry Nrpaer poik cOBCTBEHHOIO "BpeMeHH”.
3. PaceMoTpumM TiocneaHee paseHcTro (14.19). M3 yToro paseHcTsa HENOCPEACTBEHHO ClieAyeT
WHBAPHAHTHOE ONpeaeneHune X, :
PN, LX) = = (XYL XY, (14.28)
(v=1....,M)
OueBHIHO, pY GHKCHPOBAHHOM V CPEAH NepeMestbix X1, ..., X3V ToAbkO onHa nepeMexHas OyaeT
HE3aBMCHMOI, a OCTanbHbie BYAYT BHIPAXAETCA Yepes Hed. 31ech Mb] HMEeM MOJHYIO AHAJIOTHIO ¢
Tem, uto B §12, 1.2, 8 CBA3M ¢ MHTEpNpeTauHedl cofCTREHHOrO BpeMenn T¢. BosHukwas
HE3aBHCHMAas NIEPEMEHHAA CPEK X&', KOHEYHO, HE JOMKHA JABHCETE OT &, B OTNHYHE OT OCTAN bHBIX
nepemeHHbIX X¥. OaHAKO MBI BCE K€ MPHIHCHIBAEM @, NOAYEPKHBAs ITHM, YTO Xy €CTh
KOOPAKHATH COOCTBEHHOTO BHELIHErO MPOCTPAHCTBA, KOraa npouece (7.1} HaXOAHTCA B COCTOAHKH
(7.2).
4, Tpncyrereyrowmue B (14.19) nepemennblie ¥ He 3aBHCAT OT o. Ho Toraa Mbl NPUXOZAM K
BbIBOY, 4TO HapAny c (14.28) umeeT MeCTo paBeHCTBO
PalXs) = 9p(X3), (14.29}
npu nwobeix a, f € Q.
Ecnu X ectb pewsenne ypasrenns (14.28), 1o u3 {14.29) HenocpeAcTBEHHO CAEAYET, 4TO X}
AOJLKHO OBITh PEIIEHHEM AHANOrKYHOTO ypasHeHus (14.28), rae a 3aMeHeHa nepeMeHHoi .
5. Bepnemcs k {10.2). Quesuano, (10.2) ecTh pelieHue ypaBHeHUA:
> qaexplph(Xs) - phX)] = 1, (14.30)
xel)
(k=1,....N, v=1,...,No).
Henonwzya (14.29), ypasuenue (14.30) MoxHo nepenucate 8 BHAE:
Z qaexp[-9h(X")] = exp[-p§(Xp)], (14.31)
)
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IIPH npoH3BoNbHOM F € (.
e (14313, (14.29) 1 (14.28) mul 3akmouaest. uto XY [10.5€Hbl OBITh PELUCHAMH YPABHEHHA

Z geespl-pl (V7] - Z geesproa (ATYL

FS

[To ananoruu (14.28), ypasnenue {14.32) cneayer Ha3bisaTh HHBAPUAHTLIM YPaBHEHHEM A5
orpeaesieHus NepemMeHnbIX XV,
6. 3athUKCHpPYEM HEKOTOPYIO TOYKY @o MHOKECTBA (2 M NOKOKHMM, YTO PELIEHUE YPABHEHHA
(1428 npH a = op eCTh X’;‘;, KoTopoe 0603HAuNM Hepes X5, Tee.
X = XE,
(J‘(= 1,...,N;, v= 1_...,:\'"0),

Kak oTmeuann 8 1.3, cpenn X¥ umeercs Ny HE3aBHCHUMBbIX NEPEMEHHBIX, 2 OCTATbHBIE KOMITOHEHTBI

AT BEIPAXAOTCA HEPE3 HUX.
B npasoii yactu (14.29) nonoxum B = ag. M3 31oro pasencrea ¢ ydetom (14.33) nonyunm:

‘XE = (P;I @ q)uu(‘kﬁ(‘i)‘
(V =1, ...,Nv[]).

YunTsiBan ceoiictsa (14.29) n ncnone3sys (14.33), w3 pascricrtea (14.31) Mbl 3akatovaem, 4yTo X~

HMEeT B
X = ol X5, LX),

Tem caMbiM Mb! IPHXOAHM K BBIBOAY, UTO eciii X onpeaengerca us (14.28) (npn
(PHKCHPOBAHHOM ), TO OCTANLHBIE NepeMeHHble Ay M XY OLHO3HAYHO ONPEeAAITCH,
COOTBETCTBEHHO, M3 papencTs (14.34) u (14.35). BoamokeH W apyroi cayuad. Mel moxkem
ofpenennTh X¥ U3 HHBapUAHTHOTO ypaBHenud {14.32). Toraa ocranbhble nepemenHbe Xy (a
npoGeraet ) HenOCPeICTBEHHO HAXOAHM H3 papeHcTBa (14.31).

B koHue nyHkTa | MBI OPHILIIK K BBIBOAY, YTO X* €CTh KOOPAHHATE! COBCTBEHHOTO BHELUHETO
NpOCTPAHCTBA B NpejACTaBIeHHN Habnogarens w3 npouecca (14.1). Pasencrsa (14.34) u (14.35)
€CTh NOAHBIH AHANOT paBeHCcTR cootBeTcTBeRHOo (14.93u (14.10). M3 3THX paccyKAEHHH Mb
3EKNIOHAEM, YTO Xy MOKHO HHTEPNpPETHPOBATh, KAK KOOPAKHATH! CHCTEM OTCUeTa COOCTBEHHOIO
BHEILIEr0 IPQCTPAHCTBA B MPEACTABNEHHH NabnoaaTens, Haxoadaleroca B npouecce (7.2}, npu
o = ag.

7. PaccMOTPHM COMHOXHTENE A, O X5, npucyTersytowni B (14.18). B otnuvuse o1 (14.18), 8

Pa
Ag, © X5 N0 MHAEKCY V P o-CYMMHPOB2HHE fTOKA He npon3soauM. Henonbsys (5.12), Mbl MOXKeEM
Pa

H2NMHCATL:
Aav © X; = (Pal(q’a(Aﬂ.-) + (Pu(!(\a))
Pa

Beenem HoBble nepeMeHHble AX | KoTopbIe CBA3aHbI C @, PABCHCTBOM:
Ae. = pay(Ina.),

rae Touka ap € (2 3admkcuposana, U3 (14.19) HenocpenctsenHo cieayet: ¢q(4q. ) = Ina,. Ho
Toraa ¢ y4etom {14.37) Mbl MOMKEM HAMTHCATD!

-(PG(ACh-J = ‘;oﬂn(/fu.-)-
Mcnonbaya (14.34) v (14.37), nponsseaetne (14.36) MOXHO nepenHcarts ceayIOWIUM 00pa3oM:
Adv 9 Xz = ¢;I((pﬂ'lj(l4°al') + (pail (XE))'

Bosspalascs k (5.12), okoHuaTenbHo OyaeM UHMETb:

Ag, © XL =7 0 (oa[.(/fa.. ® X},’).
e

Bap

Mpumensaa npasuno (13.23), 8 (14.38) Mo oAMHAKOBLIM HHAEKCAM V NPOH3BEAEM CYMMHDOBaHHE OT
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(14.38)



| no Ny

'f.' Arr.. @ X: = (p;I O(Pm.( ‘ /'frr @ -Y}‘;) (|439}

iy fh
i i g

) ™~
Tax kak [* OT a He 3aBucHT, noatomy Ly n3 (14.21) yrosneTropsieT rem xe PaBENCTBAM, YTO U
. e
X, 1.e. (14.28) u (14.29). Beenem o6o3Havenne

Lz, = L§, {14.40)
rae Ly = qo;r(lnf“). Tak 4TO Mbl MOXEM HanKCaTh:
Ly = 93 o pa(L§).
Henonesys (13.23-24) u BuilenpHBeACHHbIE PACCYXAEHHA, Mbl MPUXOOHM K PABEHCTRY:

Tﬂ' = ';9;] ° (oﬂn(%ﬂ'L (]441)
Fne
% =}“’¢® A.. o X (14.42)

B 3T0M BhipaxeHHH N0 v NPOM3BOINTCA @q,-CYMMHpOBaiie, a

rae £o eNMHidHbIA JneMeHT () -npon3Beaenus (T.e. YACBIIETROPRET YPABHEHHIO @, (Fo) = 0). TTo
Pa

ananoriu ¢ ly = a.l¥, obwext L, meer sum;
La=A4., O L (14,43)

Pay
FAE O v NPOU3BORHTCA g, -CYMMUPOBaHME. 3a€Ck HANPALINBAETCA BONPOC: 4TO OBLIEro MEKAY &y
n A, ? Habmoparens, saxoasauuiics s npouecce (14.1), B cBOEM HCUHCNEHWH OITHCRIBAET rpouecc
{7.1). On xe BBOANT NapaMeTprl &, H HAXOAKT ypaBHEHHE NockuX BosH (7.2). C Rpyroil ¢TOpOHSI,
Habnronarens, Haxonaweica s npouecce (7.2) B COCTOAHUH @ = @y, B CBOEM MCUHCIEHHH MOXET
BBECTH napameTphl Ao, Mepexon ot @, k A,, cyutecTBaseTCH paseHcTBOM (14.37). Mui
OrPAHHYHMCH 3THM 3aMeYaHHEM,

Taxim 00pa3oM, Mbl IPHXOAHM K BBIBOALY, 4TO NEPEMEHHDIE T4, T4, KOTOPLIE ONPEAEASIOTCA
cooTsercTeeHHO U3 (14.18) W (14.42), no ceoeil anrebpanueckoi KOHCTPYKUHH MACHTHYHLI C
Gasosoii nepemen ol

|

Zg = ——a.x”
& !a v ¥
rae . = a.!”. Bonee toro, umeer Mecto paBeHcTBo (14.10) W, B yacTHoCTH,
Ta = @z (Inze). (14.44)

M3 3tnx paseHcTB HeMOCpenCTBEHHO MOXKHO nonyunts (14.41).
8.Mlyctva, B € Qua = . Torna, napany c (7.2), mbl Oynem uMets

aﬂ(“ﬂ)% = Flup). (14.45)

Hcnonesys paccyxaenns npeasisyiuero naparpada, Mbl NOIOKHM, UTO UMEET MECTO!
up = @5 © @altta). (14.46)
3TO PABEHCTBO MOXKHO MPEACTABATL B BHAE: ®p(tp) = @o(ua). Ho Tak kak umeeT MecTo (7.5), M1
NOAYYHM:
bzg+cp = bzg + Ca.
Hcxoas n3 Toro, 4to x¥ He3asuCcHMble nepemeHHble, a ¢ M Cp HE 3aBUCAT OT X", Mbl 3aKNIl0YaEM:
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I B = ——l—a.,, Cp = Ca.

f’ff Iu
IICHO.’II;'E'\H ITH PABCIICTEL MBE 0RO _\i-‘-L_‘}l{,'IL'lCNI{.'FI BTONG TGO M T2 10K CH T (]—116}
voarnenud (7.1 0 (14 45 7ok nec TRENNN CORNATAIAT W apunT ne — 1, Kawgncneporapo
TOSRHLO T, L BRINOINM N BLIBOIN, fha i, © A ARCRIHHC MBS Dol o :-'pfi:—l:':l.’i“f[“; \? ! ." HRi ;: LY

H, 3HAUHUT. 1X HENB3RA CBECTH APYT K Apy1y. Hpyrumu cnosamu, nepe;l naMy BOZHHKAIOT
HEMPHBOANUMbIE COCTOSTHUA Npouseca (7.1),

9. Iycts nepBb1it Habmogatens Haxoaures B npouecce (14.1), a pTopeil 8 (7.1). [lna npoctoTel
paccy#AEHHA MONOKHUM, Y4TO 3TH NPOUECCH HAXOAATCS B HEMPHBOAUMBIX -COCTOAHMAX. Ucxons u3
BLIBOAOCB M. 1, ypasrennsa (14.1) n (7.1) 3anucabl B uCUHCAEHWH repsoro HabmoaaTtens. Kax
cneayeT M3 0.2, (14.9) ecte cuctema otcuera, BO3HMKWAN Ha 6a3e npouecca (14.1).

Paccmotpum rpynny (14.14), neificTeytowyto 8o BHelIHem npoctpanctae [V, Ecnu cuurtats wt
CKalAPHbIMU BENMHUHHAMH, TOrAA npH (14.14-15) yparHeHHe {14.1) OyneT HHBaPHAHTHBIM
OTHOCHTENIbHO paccMaTpiBaeMol rpynins. Tak kak rpynna (14.14) nuneiiHa v npu sTom nuHelinoe
ypasHenue (14.1} ocTaeTca HHBAPHaHTHLIM, TO € NO3MUKK npouecca { 14.1) cuctemy (14.9) cneayet
HHTEPNPETUPOBATD, KAK HHEPUHAJIBHYO CHCTEMY oTcyeTa. [1pu sTom (14.14) ecTh nepexos oT
ONHOH WHEPUHATLHON CHCTEMBI OTCHETA K APYTOH HHEPLManLHOH cHCTEME.

Hanee mui notpebyem: nipn neiictann rpynnet (14.14) ypasnenne (7.1) octaetcs
HHBApHaHTHBIM. [1pu 5TOM BO3HMKAET npasuno npeobpasoBanus pemenuit u(x) ypasuenns (7.1),
KOTOpOoe NOABOANT HAc X NpeAcTasnaenuio rpynnet {14.14). ['pynnossie cBoHCTBA
angepeHHaANLHBIX YPABHEHHH XOPOLIO H3BECTHBI, H MO3TOMY Mbl HE BY/IEM OCTAHABIWBATLCA HA
HX obcyxaeHnH. OTMETHM TONBKO, YTO HHBAPHAHTHOCTE YpaBHEHHS (7.1) OTHOCHTENBHO Iy LI
(14.14) Breyet 32 cOOOH HHBAPHAHTHOCTDL HE TONBKO (7.2), HO W ypaeHenus (7.6).

ITpn pedicteun (14.14) pagerctro (10.1) npuMeT BHA

Xe = pz""(Inx",.. ., In%"),
riae @& — npeobpasoBaHHoe pelierne ypasrenus (7.6). Mcnonways {14.14), nonyuum:
Xt = o3 (In(esx® + &), In(Eex” + 67)). (14.47)

Tak kak paz — xapakTepucTHyECKHe GYHKUNH Mpeobpa3opaHHoro ypasHeHus (7.2), TO Mbt MOXeM
BOCNONb30BaTCA paBeHCTBaMH (13.23-24). Jlna atoro B {13.23-24) npousBeaeM 3aMeny: y — @z, a
i - in. Ho Torpa (14.47) npumer sua;

Xe = ke © X3 + 18, (14.48)

Pa Pa
roe
X2 = @3 (Inx"), (14.49)
Mo = @& (Ings), n& = §a'(Inév).
B (14.48) no wHaEKCY 0 NPOH3IBOANTCS +-CyMMUpoBarHe oT | Ao Ny.
Pa

Ouesnano, npeobpasosanne (14.48) B ucuuciennu BToporo HabnoaaTens ecTh uHeliHoe
npeobpazosanue, nefictsytomee Ha X¥. Mcxoas s repmunonorun §13, npeoBpasoBanue CHCTEMb!
0TCcHeTa ecTb anrebpaudecknii 06vexT. Beae nuHeiinol rpynne (14.14) B McuncneHUH nepROro
HabNIoAATENs COOTBETCTBYET NHHekHas rpynna (14.48) B ucuucnenun sTOporo nabnoaarens.

Hpn seficTBum nunetinod rpynae (14.48), kak yxazsipanu seilue, vpasnenns (14.1) u (7.1)
OCTI0TCA HHBAPHAHTHLIMU. DTO 3HAYHT, YTO ypaBrerne (7.1), KOTOpOe B UCUHCIEHHH BTOPOTO
nabntonatens nmeet nunelinsid sua (10.14), npu geitctBuu rpynnoss ( 14,.48) coxpanser ceoii BHA.
Ho toraa cuctemy oTeyeta Xy, BOSHHKAIOLLYO Ha Gazse npouecca (7.1), cneayer HHTEPNPETHPOBATS,
Kak HHEPUMANBHYIO CHCTEMY OTCUYETA ¢ NO3UUNHK BTOporo nabmonatens. Yto xe kacaerca (14.48),
TO 3TO NEPEXOA OT OAHOH HHEPUHANbHOM cucTeMbl (XV), k apyroit — (XV).

Taxum obpazom, KaxAsIH MPOUECC, ONHCLIBAEMBIE ABTOHOMHBIMH CHCTEMAMH
anpdepeHunanbhbix ypaBHERHH, NOPOXIAET CBOE MHOKECTBO HHEPLMATLHBLIX CUCTEM, B KOTOPOM
ReHcTBYeT NHAeHHas rpynna. OAHaKo WHepuManbHag cucTemMa OAHOTO NMPOLECCA COBEPIICHHO HE
0023aTC/ILHO A0MKHA BbITh HHEPUNANBLHON CHCTEMOI APYroro npolecca. Mexay HHEpLUHANbHBIMU
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CHCTENMAMH PA3NHYUHBIX MPOLECCOB YCTAHaBNMBALTCA HEUIIEPLIMALHAS, T.€. HEAHHEHHAA CBA3b.
Mpumepom cavant (10.1), KOTOPLIT NEPCBOANT HHEPLHANEHYIO cucTemy (x;) mpouecca (14.1}, 8
HHEPIUHADRHVIO CHETemY (X)) npottecca (7 1Y

[U. Teneph, Hapaay ¢ NPOLECCOM PACCMOIPHM €10 diTHIPOLIESE. KAK Mul vRa3pisand B 1|,
AAPRIR P s THEURH S VHR DM G 8 Pdishalinia (oo T AaBdsiarca [idd, Tia vorta
anrebpaudeckHe Onepalui ¢-CoNpPXEHIS H §,-CONPsKeHUT OYAYT TOAKUCCTBEHHO COBNAAATD.
Mcxoas u3 3Toro, aHTenpouece k fipoteccy {14.1) onnweTcs ypasuennem (11.32):

LA, (14.50)
(k=1,...,N),

rae rno HKAEKCY v NPOU3BOIUTCS aRbTEPHAaTHBHOE CyMMUpoBaHue or | g0 Np. M3 (11.33)
HENOCPEACTBEHHO HMEEM:

A L L 7 AR LR Vg (14.501)
[pu aeiicTeuu rpynms! (14.14), X7 apecbpasyeTtcs mo npasuny:
Fr= Ergd ¥ Y, (14.52)

rae 5; = /g, &V = /&Y. Crenyer oTMeTHTh, 4To (14.52) 3 (14.14) noayuaeTcs ¢ NOMOLLBIO
a-conpsbxenns. 3HaumT, B antunpouecce (14.50) X 0BpasyioT HHepuHanbHyo cucTemy orcverta.
Apyroi cToponbl, u3 (14.51) Mbl 3aKAK04aEM, UTO cuCTeMbl (x) ¢ (X) ABNAKOTCA HEHHEPLHANLHLIMH
cHCTEMaMH OTCYETa, COOTBETCTBEHHO, AJs npoueccos (14.50) u (14.1).

Pacemotpum npouece (7.1). B cooteeTcTByONieM ucuncnennit ypashewue umeet sua (10.14).
Ho wkaxcanii npouecc uMeeT cBoi auTHipotece. B Hawem ciyyae ypaBHeHue aHTHIpoLUECCa B €TO
COBCTBEHHOM MCUMCHEHHH NpeacTasnsercs s Buae (11.88). X, npucyrcreytowme 8 (11.88),
onpeaenstores n3 (11.85), te X¥ W x” cBs3anb mexway coboit pasencteom (14.51). )

Kaxk mbl ykazeigan B {10.14), nepeMentnie X onperensatores u3 (10.2). Ho Torra X¥ MoxHo
fpCACTABHTE B BURE!

x= gl X000, (14.53)
rae Xy u i’; CBAZAHBL MEXAY cO00H paseHCTBOM:
9a(X0) + e (X3) = 0. (14.54)
Henoneays (10.1) u (§4.51), n3 (14.54) nerxo naxoaum:
Xok = o (Inz¥,...,In%*). (14.55)

TipoBoas paccyxaeHHs, aHANOTHYKBIE TEM, KOTOPLIE Mbl pHBeny Ans sbisoaa (14.48), u3
(14.52) u (14.55) naxoaum:

3
»

T i (14.56)

RO
[=L=)

T +:
o 3 1
o=
-

rae

-

A%, = @3 (Inéy), #y = @3' (Iné¥). (14.57)
Tlo unaekcy o B (14.56) IPOU3BOANTCR ANMLTEPHATUBHOE @a-CYMMUpPOBaHNE. Bripaxenus (14.48-49)
1 (14.56-57) SBASIOTCA -CONPSOKEHHBIMH BeIHHUHAMH. DTo cornacyercs ¢ TeM akToM, 4To
(10.14) u (11.88) ABNAOTCA P-CONPAKEHHBIMH YPABHEHHAMH.
Taknm o6pa3om, AHTUNIPOLECC HMEET CBOW HHEPLUMANbHBIE CHCTEMb! OTCHETA, KOTOpLIE HE
COBMNAafaroT C HHEPLIMATEHLIMA CHCTEMAMH QTCUYETa caMoro npouecca, Ho 3Tu uHepLManbHbie
CHCTEMbI MeXay cODOH @-COnpsKeHb.

80



3aKITioueHue

Takn OBPIIOAL. HATICT M ROV LKL D GALTEPUATHRHBIN T GDEpeIIIIL LB
METDIRANEHEIY POUTC T BN APCICTARANHIE, ROTHIEHOBCHH? SHOTOEOMICHIHTHREY RRYTRIH
GOCUCH 11T - O TIPSMOC €0 IVERIC LTTCDRIHCUKIN CROTNTS WPLCPELIRLIBILLL s it

M 8psa nu Mbl B TPaBe OT HHX OTEA3aTHCR, HC HAPYWAS MPH STOM UENOCTHOCTH MaTeMaTHUIECKOH
KapTUHbL HCAEAYEMOTO HAMN ABEHHS.

[0[BOLR HTOMH HALIKM MCCea0BAHAAM [0 anreGpanteckiM cBolicTeam RHbhepeHUHaNbHbIX
ypasHeHwit, MBI IPHXOAHM K CNeYFOLUHM BhIBOJAM!

1. Kaxk Mbl yBeannuce, noboi nuHamMuHecKui npouece, on HCBIBAEMbT aBTOHOMHOH CUCTEMOR
KBasMnKHERHbIX QHDPEPEHHATBHBIX YPABHEHUHA C YACTHBIMM NPOU3BOAHBIMK [IEPBOTO NOPAALKA,
0BS3aTENBHO MOPOXKIALT CBOE CODCTREHHOE HCUHMCNEHNE. B 3TOM HCYHCIEHUN YDABHEHHE
paccMaTPHBAEMOTO APOUECCa NPUHAMAET IHHEAHLIH BUA. Mui ycTaHoBHAH, 4TO
AUpPepeHUHANLHOE YpaBHEHHE MOGOMO NPyroro npouecca U3 Toro ke Knacca {npouecchl, Ans
KOTOPBIX PA3MEPHOCTH NPOCTPAHCTB DAHHAKOBBI), MOXHO 3AMHCATH B ITOM HCHHCNEHUH. Ho 3To
IHAYUNT, 4TO HADMIONATENL, HAXOASLWMACA B kKakoM-1HOO0 npouecce, pasrialsBAeT BCe APYTHE
NPOUECCHl CBOErO KAcca C NO3HUHK CBOEro npolecca. Ecin uMe0TCA 482 NPOIECca OAHOTO kaacta
CO CBOMMY HCHHCAEHHAMM, TO BCEIMA CyUlec TBYeT Npeobpasosatine, NepeBojatliee oaHo
ycuncnedne B apyroe. 1o npeobpasosakue BuIABNAET anrebpauteckne 0BBEKTbE, KOTODbIE
NPeACTABNAIOT COBOMH HEKOTOPLIA AHANIOT TEH3OPHBIX 00BLEKTOB.

2. Beuay Toro, 4T0 KKACE YpaBHEHHE NOPOXAAET ABOHHOE YHCIOBOE IONE, 3TO MPUBOANT K
aNbTepHATHBHOMY HCYHCAEHUIO. B CBA3M € 3TUM BOIHHKAET ONEPALUA — anrebpanveckoe
conpswerue, OkaiblBaeTCs, KOKACE YPABHEHUE UMEET an refpan4ecky COMPIKEHHOE
audhipeperutansHoe ypapHenne. [Tpouecc, ONHCHIBAEMbIHA 3THM Y DABHEHHEM, MBI HA3bIBACM
AHTHOPOLIECCOM.

3. Kaxxablii npouece, onuchbiBaembli ypasHerueM sraa (7.1}, B CBOEM HCHUCIEHHH
HHBAPHAHTHLIM €NOCOGOM ONPENENseT CHCTEMY OTCHETA (CHCTEMY HE3ABHCHMBIX TIepeMeHHbIX).
Ecav uMeeTca IBa MPOLECca OAHOTO Knacea, TO NPH NEPEX0Ae H3 HCYHCACHHA NIEPBOTO Nponecca 8
HCHHCIEH HE BTOPOrO, CHCTEMA OTCHETA NEPBOrD N1POLecca 1epexonuT B CHCTEMY OTCHETA BTOPOTO
npouecca. JIpyrdMH COBaMK, CHCTEMA OTCYETA €CTh anrebpanieckui o0BeKT.

Ha cHcTemy oTcHeTa HeKOTOPOro Mpouecca BCeraa MoxHo NoAeicTROBATL TPYNNGH NTHHEAHOIO
nNpecdpasoBAHKS B CHCTEME HCUHCIEHHA 3TOTO Xe npouecca. Ecan notpeGoBar, HHBaPHAHTHOCTD
OTHOCHTENBHO TOH NUHEliHON rpynnbl Beero knacca AdddepeHLnantHbiX YPABHEHHH, 3aMTHCAHHbIX
B CHCTEME HCUHCNEHHUS 381aHHOM0 Npolecca, TO TaKHE CHCTEMb] OTCHETA CAERYET Ha3blBaTL
HHEPUMANBLHBIMW CHCTEMAaMK oTcueTa. B paboTe nokasblBaeTes, HTO HHEpUNAILHARA CHETEMA
oTcueta ApngeTca anrebpanueckuM obbekToM. Ho 3T0 HE 03HAYAET, YTO MHEPUHANbHAA CHCTEMA
OTCYETA OAHOTO MPOKECCa ABAACTES OAHOBPEMEHHO HHEPLUHANLHOH cHCTeMOi Apyroro npolecca.
Bonee TOro, MEPEXO OT HHEPLHANbHOMA CHCTEMB! 0TCHETA OHOMO NPOUECCa B HHEPUHANIBHYIO
CHCTEMY APYTFOTO IPOLECCa OCYLUECTBISETCA HENHHEHHBIM NPeOOPa3OBAHUEM, T.€. HEWHEPUHATTBHO,
£CNH TONILKO yPaBHEHHE BTOPOTO NPOLECCa, 3ANHCAHHOE B UCHUCTIEHHH EPBOTO NPOLECCa, UMEST
HeNHHEHHDbIH BHA. D70 3HAYHT, KDKAbIA NPOLECT HMEET MEOKECTBO COBCTBEHHBIX HHEPUHATBHLIX
CHCTEM.

TaKOBb! OCHOBHBIE ACTIEKThI ANreGpaNeckoi TEopHi ABHKEHHKA, ANKTYEMOH
nudpepeHLnanbHbIMA YPAaBHEHHAMH.
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