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dglbogoero

4996905T0 o Labmaoswmgdsdo  dodobsdg  dmgemo  Mogo  3Gm3Lgd0L
(80bog960, gameErmpaogao, dommmaogdo, g3mbmdogg@o, LmEomemaon®o  ©o
Lbgs) gbisgamols  gAm-g@o  doog®  s35@s@L  (o®dmowaygbls domo  Goibgomo
dmgmo®gds 3md3ogdgaby, Gmdgmoi  dgbodangdgemos  dbmmme  Goibgomo
s>bogrobols dgomwgdol Loggdgzganby.

31690M0350 0d50gds  jombge: GoTFo dEamds@gmol sds, my 0d 3Gmgbols
dgLiogemoll  @geasb@a?  hggbh  Igggegdon o3 gombzsbg  Isbgbo  gog3gw
@5dgbody  Fobspowgdom. Go0dg 3@miglbol  Igbfogems 6odbogl  godmgmo  od
3505d98Mgd0l  3609gbgermdgdo, OMImmagdoi  sSboboomgdgh o3 3GmEgl  (gmdgom
dodm@OmSE, 09 3539090, >dobols 3Gmabmbl, gl 35M5dgBMgdo dgodemgds ogmls:
B9939058905, §6935, 3ogMol  Fgbosbmds,  Jodal  Lobfedg o o 9). bTod
‘dgdmbgggeado bLododms obggg gogmego Jglalifsgmo 3@mEglol dobobosmgdgeno
3505390 go0ls (335 gdoEmds ©absdojodo. Eslidgamo sdmisbols yosfyzgdolomgols
hggb 5234000905 03 Jobmbbmdogdgdgdols oy gbs, Gmdgmoi bws s@LgdmdEgl
doboslosmgdge  30M5dgdMgdl  dmeol.  og  dgbodangdgero  aobps  dodo®mgds
30M539HM9dls ‘dodols o>@ofgomb domgdo@ oo ©odM 3o gdengdgdols
Uo'dgoagdom,  35Tob  oslgon ©sdmoEgdygemgdgdl qfmgdygh  d0gdsdoyg®
dmgangdl. domgdsdoggdo  dmpgmol dgepgbs 5ol 3oMggemo  bodoxo
aoblobomggemo  3Gm@Eglol dgbFsgemols 2BoDbg  domgdsogydo  dnwgeols
daFgobgogmg  dogomomgdl  [o@dmowaghgh  bog@mbol  3obmbgdo.  9dgdgl
‘dgdonbgggodo  domgdsGoggdo dmpgmgdos: ©aggMgbGosma®o s 0bGgadomydo
3obGHOmid9d0,  0bHGRMM-R0GIGIbGom Y0 aobHMmgdgdo, Fhgog smpgdth g
3563MmE@gdsms s gBmemdsms  bobdgdgdo  (sbgmo  dmpgegdo  agbogds
34Mbmdogy®o  3Gmaglgdols  dgbfogamolols) > Ubgs Uobol  domgdsdojyto
Md0gJ@gdo.

dgdgao bsdoxo oMol domgds@oggdo dmpgmol sbogmobo s @ogbgomo
@goemoboool sengm@omdol 53985, 09 dmpgmo 0dEgbse Goymos, Gmd dobo
dgLiogems Fggdemgdgeros @yl sOLgdgmo domgdodogg®o S3oMoGoo b hggbls
dog® o3 dmpgmolomgol  oggdgmo  @ogbgomo  @goamobsiool  sengm@omdols
3M3309B90bg  asbbm@zogmgds Iggdemgdgamos G goga@ ©®mMdo, ©oEo
dognmmdol  godmmgagdol  godm,  35Tob  odygmgdamo godm  dmgemo
25353503 03mm. sfgdhomgdon gbos gogosbogobmm mommgygmo 9360 s domo
Fgmomolb dobgegon bmao domgobo dggzobo@bygbmo bmao — 9aqmggdgergymn,
odolimsh  Is@omgma@om  gbos  Aogada®@ogme  @ogbomo  Ggagobsiool
ssmam@omdo  0dgbo, @md ol asbpgl M09 gabg obbmdogegdowo
Ggoema®  oOMdo > o8 gboo  Tgzgaoemm  aobbobognggemo  3Gmgliols -
dobabosmydgmo 30M0390®gdol Fglobyd dgdangdoliaggatom Ggomagmmsh shanmb
damdo 0baym@dszool domydsls.



‘dgodengds domgdoBogn@o dmgero 30@3sbogero baoboo obgmos, Gmd dobo
®obgomo Agomobsi3os jMmd30ygghdy Igudagdgemo ogml. dsTdob dolio Jgigens
bpgds  dosbermgdgano  (do3@mJbododgdgemo) dmpgmom, @mdmolmgobsi 9339
Ygbodagdganos Gogbgomo @goamobaigool  semgm@omdol oygds.  sdoboob
©5353d0Ggdom  olidgds  @sdmpgbodg  bogombo:  30Mggaro,  dsd@mJbodo@gdgema
dmgero Modgbse sbenml oMol LaFyol Imagmmsb. 53 mgolgdol dsbobiosmgdgen
bmdsl 9imegdgh 53 J30d5300L  RMIMEgdsl. o ol @oladggdby dgdos
Lsogms ggermpmo  badgdbo  30M0dg@@goobogols  obgmo  360dgbgammdgdl,
Gmd@gdoi  osbemmbass  @gomg®msb. dgm@g Lagombo gbgds  doddmibododmgdgera
dogerols dEa@omdsl. gl 60dbogl, o9 sdm@Eeboll Asdmlsgogno 3565dgB@gdols
LoFgol  dbodgbgarmdgdl  dzodgmo 933300, d5Tdob  Lodgdbo  3oModgHegdols
badmemem  dbodgbgemmdgdo  dzodgmo  dgoigemgds. 53 ogolgdol  d60Tgbgemmds
Logeose  bowos. X960 gomo ol qdgommEss ©o 303300900 ©sdMagsemgdols
gemdoggdsbinsb,  Amdgmoig  [oddmodmds daddmJlododgdgemo  dmpgeol
3M3309890bg @oigbgomo @gogobogools @mb. dgm@g demog@o s@adghdo oMol
gdgao  (bmdogmo @ Jdo  (dgodangds omdgol  3GM0bodn):  dpa®omads
>3 JLbodsosbmob 3OS 9bOgbggmymagls ‘YglobTogero 30m33Lob
doboslbiosmgdgemo 3oM0dgB G gdaobomgols A gogMonsb Sbherml doamdo
d6033bganmdgdols dowgdsls.

OEOS SEd5mMds 0dobs, Gmd dsd@mJbododgdger dmegenls 3Jmbpgls yggems
bgdme  hsdmmgmomo  mgolgdgdo, o9 dobo dg@bggobsl  gobgddmgobgmgdm  0d
dobsb@gdom, @md do3GmJbododgdger dmpgenls dgd 33000 gmdom goeogagh yggems
doMomso 0bg3M@ds305 30Mgsbpgmo dmwpgeols globyd.

hggb gbenos 9339 Fgagodenos godgom, o @sl Fo@mdmowaghl @obgodgmobs
@0obgomo sbsgmobo. @oibgomo Shogmabo oMol aodmygbgdomo dsmgds@oygol gom-
gemo  dbodgbgermgabo  sMao,  @mdaol  dmoge®  Logobl  Fomdmomagbls
do3@mJbodo®gdgano dmge gdobs S domo @obgomo @ goaboz00ls
samGomdgdols 5390 s godm jgemaggo.

3o03o oMol bmdogma,  Amd  @Gogbgomo  Sbognoboll  dgomegdols
35630m5M9gdols  ddemogdo  dodpo  dobzs  LYmege jmddogdgeol  dgJdbed o
Jgbodengdgmo aobo@s Pom@glop 3Gs]Gogyero sdmEabgdol sdmblbe.

@ogbgomo obsgmobo, Fgodangds omzsl, 2gbg@omydsl obpgbl Lbgopobbgs

G030l odm3sbgdol  Sdmblbol  dgmmegdol, mgmGogmo  dsmgds@ogols o
3M3309Ggt o Bodbommaogdol Loggdggmdy. Ubgs  Lodyzgdom, Ged  godzem
30030 Moibgomo dgomegdol dgJdbs dgdagdgemos mgm@ogemo dsmgdagogols ©o
3M33093 9090 §9Jbmermaools  dow(g3980l  pogmgoaolifobgdeo@.  damogdo
9394933000l sALgdmdol aodm, mogol dbdog Goibgomo sSbognobo dodal Sdanggls
ngmGogemo  domgds@ogolb  dmgano  @opo  sdygdobs o 3mddoydg@gerno
Bgdbmamgools 3sbgzomadgdsbs.



§1. S3m35bols @sLIS

3o03o@ oMol 3bmdogro, AMI hggymmgdMogo ©oRgMYbEosE @0 gobmemgdg-
d000  Smofgdmgds  dmgeno  Gogo  dgdobogu®o,  Fobogm@do,  Jodoydo s bbge
30m3gLgdo.  4MbyMgdamds  asdmyggbgdomds  Sdm3abad  godangds  doggoygsbmls
bgdoldog@o  @Gogols ©09gAgbGosma®  2obRmugdedeg ob  AobGmangdoms
Lobi®gdodgy.

Gmameg  3bmdognas, p @ogol  hgguergddogo  ©0ggMgbinsmaco
3ob@HmMEgde

u'”(x) =f(x,u,u',u",...,u(”‘”)
U (xX)=u,(x) >wb0Tgbol LoBgomgdom Bgodmgds ©sg0ygobmm ol gigogomgbd @
30039800 @00l A5bFmangdoms Lol gdsdwy:
u,(x)=u,, (x), k=0,1,...,p—2,
U, (x) = f(x,uq,U 0t ),
boo uy(x)=u(x). osSbhognmaoydsw, bjgooldogho  @ogoll ©oggdgbosmy®
3obRmEngdoms  LobFgds  Jgodemgds  gggomemon  3o@ggemo  Gogol  bolidgdom,
s>d0@md Jgdegydo hggh gobgobognsgom 30Mggmo Goaol gobGmagdoms Lol gdgdl:
u,'((x)=fk(x,u,,u2,...,up), 1<k<p, (1.1)
Lodmgaobomgol hsgfgdmm ol g39d@m@gaa boboo:
u'(x) = f(x,u(x)), (12)
u={u,,u2,...,up}, f={fl,f2,...,fp}

3bmdogmas, @md  p  @ogol (L1) LobEgdsl aoohbos mxoba s3mboblbgdobs,
Adgmog  Lybmyaseme  ©sdmyopgdgmos  ¢),C,,...,C, 35M5398M@gddg. 3bowos gl
5>3mbobbbgdo  dgodangds hoofgaml dgdpgao  Loboor: u=u(x,c), c={c,,cz,...,cp}.

3505d98M 900l 360Tgbgemmdoms goblobwg@obomgol  u,(x)  #ubjiosl  gbgs
©5GOEMM ©sISGJdomo p  JoMMds. ‘
hggnergd®ogo  ©0ggtgbgosma®o  asbmagdgdobomgol  aobsbbgoggdgb
230m356900L  1sd doMomse  Goldl: gmdol  o8mEsbol, Lalobwgdm sdm@iEsbsb o
5dm30651L boggodog 360936 e mdgdby.
4030l 5dmi3obsl  (sdmabs  LoFyolo 3odmdgdom) gooshbos gdgao Lobols
5doBgoomo Joemdgodo:

u,(xg)=y,, k=1,2,...,p, (1.3)



9:0.  3m3gdgeros  ygggems  gabjiool  dbodghgemmds  ghobs  @s  0dogg x=x,
CaoBoanTo. gl 300mdgdo  Tgodangds aobgobogmmm  Gmam@AE  0bFga®omgco

Fodol  LoFgolbo Fg@dGomol (X, ¥, ¥5,--,1,)  goodEobsGgdol dmzgds p +1
2356bmdogngdoob  LogMzgdo. gobsosbh, @mgm@ai Fgbo, 5dmboblbl gdgdgh @s0dg
X Sx<X (o6 X <x<x;) dmboyzgndbg, osdo@dmd x=x, [gadomo Tgodengds

hogmgognmo dmbsjggool LoFyol Fg@Goma.
2ao30blgbmm, GMm3 oy (L1)-ob dodxggbs dbodggdo 9Fyzgdos Go0dg o6 o,

Gemdgmoi dmoi3ogh (X, Y1, V2.---.Y,) T90doab o s3dsgmgomgdgb  mogdools

30600Md5L U, u,,..., U

(33eogdol dodo®o, dsTob  jmTol Sdmzobsl  gHmsEgHmo

P

5>dmboblibo o5Jgl o ol ¢fy39do0 >Mol odmjyogdymmos bLofyolo FgOGoerols
3MO©0653gddg. gl 0dsL boTbogl, @MA s8m3obs JMmAgJHgms sMols @slidyea.

2oMEs  5dobs, o9 dodxggbs Ibadggdl oSz m  Goysdpyg homgemom  9Fyz9d0
Fomdmgdaangdo gggems >A9dgb@ol dods@m, 35T0b u(x) o3mbsblblL gJbgds m+1
@0g0dpy homgemom 9Fyzgdo Tomdmgdgeo x-ob dodsdm.

§2. 53mblbol dgmmegdo

obobo dgagodenos  JoGmdoms® ©ogymo  byl@, dosbanmgdom s Gogbgom
dgomegds.  buLEL  dogygmgbgdosb ol dgmmpgdo, GmBmgdo3 Lo gdsl
adem 930056 00939096305 M0 2a5bGmangdols >dmbabliba aodmglbobmm
993360 mo 96Jiogdol ob o3 ¢9bJi0gdopsb jgsMo@gmgdols LsIysamgdom.
3obmEgdoms  jamslgdo, MMIgmosmgol  ©sdydoggdgmos  bgbEo  sdmbablbols
dowgdols dgompgdo, gomgdog goldms ©o dmogogh 3G5]G0g580 (odmddogr
>3m3absms dbmenme d306g bofoml. dogogmoms, s 0(3g09ems, G™I3

u'(x) = x* +u’(x) 2.)
doMGogo 25bFmengdols sdmboblibo gangdgbGodge 93964309030 5@ godmolsbgds,
begnm
w'(x)=2"2 2.2)
U+x

35b@Mgds dgaz0demos 3o0b@ga®mm s godmgme bmyoswo sdmbablibo
%ln(x2 +u’ )+ arctgﬁ =c (2.3)
X

5



033>, 0dobomgols Gmd Yggoaobmo u(x)-oll dbodgbgemdsms bMogno, 9bwos
godmgmo  (23)  Basbligbegbdgmo  gobBmegdols  @oigbgomo  sdmbablbo.  gls
s>dm3obs jo dgodargds 0 dgol, s@oMal gaadm dod@ogo, gow@g (2.1) aob@megdols
@ogbgomo 0b@ga®gos.

dosbgmmgdonl gafmegdm olgm dgmmeEl, Gmdgmaoi odamggs Lodgomgdsl u(x)
B0 sdmboblibo  dogommoe Gmam®E Gmdgmoesi3 ¥, (X)) g9bJiosms

dodpga@mdols  begodo.  sdsbomosh  y (x) aodmoboabgdoob g gdgb@oscmmo

A9bJ30gdols o6 53 #ubJ(30900056  4350M5G MGl LoTgomgdom. s gdo@olisg
oo n-mgol y,(x)-b dgggodemos gylmome dosbenmgdoma sdmbsblibo.

@oibgomo dgomegdo — gl sMols ulx) odmbobliboli dosbemgdomo (bmyxg®
Y9bE0) Ibodgbgermdgdol godmmgmols segm@omndgdo dswols x, FTgOGoagddo.
@ogbgomo dgomegdo 5@ odenggosh (1.1) bolEgdol bmaswo sdmboblbols dmdgdbols
Lodygoagdol. doo  gydgmosm  dmygzgh  dbm@me  Gs0dg  3g@dm  Sdmbsblbo
(dogomomoe  jmdol  odm@Esbols  53mboblibo). gl ool Goigbgomo  dgomegdols
doMomo@o  bogemo.  Lodsgogdme, obobo  a5dmoygbgds  aobGmmgdosms  GoGom
gobobomgol. @oigbgomo  dgomegdo  TFgodengds  godmgoygbme dbmemmg
3MM3Jd 9o abdgmo sdmzsbgdolmgol. mgdzs dg360dbmem, @md 53 dgommegdols
253my969d0Lamgols A9 mdol 306mdol gm@dgmato glGygemgds dgodengds
Uogdo@obio 5@ o@dmhbegl. Lado®mMs, AMI Sdm3sbs agml oMo 3ob3oMmmbgdaana
(da®™o0), g.0. boFyobo JoMmogdols dgody Fgagms 9bws 0f3g3eglh 3mbsblibols
Uogdo@oboap dgodge Fgagmsl. oy gl Jodmds Ygbegmgdgaro o6 sGMob, 35dob
@obgomo dgmmeols g5dmygbgdsd dgadangds d33900Gs@ dggosml >dmboblbo.

a5bgobogmo sdmizobs:

u'(x)=u—-x, 0<x<100, 24)

u(0)=1 (2.5)
(24) 256 mangdols bmgoso sdmbsblbo dgoioglh gom 6ydolidogd dgedogls,
u(x,c)=l+x+ce*. (2.5) bofgobo 306Mdall @OML c=0, sdGo0as u(100)=101. >3

‘dgdnbgggodo LaFyobio 300mdols 0090 Vgigers, u(0)=1,000001 dzoMge (33800l
dgdogols — c=10"°. dopM5d 7(100) ~ 2,7-10%7, 9:0. 5dmboblbo 4335065
‘dgoigome.



§3. do@ggmo s Igm@g @oaol Fo®ddmgdamgdols
3>dmbsmgmgmo gem®ddgm gdo

dondgon  dm@gdgmos Y3060 o 2033 Goaadrg  ATy3adoe  Too-
dmgdoo y = f(x) BbJgos aobbobogdgemoe [a,b] Igomgndy. sgoemo (a,b) oo
FgomgEdg Go0dg x, FgOGomo. godgomn >0 obgmos, Gmd x,+h ©> x,—h
Taodoegdo gynobaol [a, b]-l. hggbo dobobos godmgoyggsbmo 3o@ggmmo s Jgmag
Gogol Fomdmgdgagdols doigbgomo 360Tdgbgemdgdol asdmbsmgmgmo gm@Igmgdo
Jomomgder (9o Gomgddo  g9bjgool 360336gmmdgdals bsBmsmgdom. sdabmgols
F396 ©oagA0GEIds Bgomm@ol m@Igms. Aol ogb Fg8mga0 Loby:

x_

_ 2 _ n
§ ) EE ) 4 T ) R, B

S(x)=f(xo)+
Logo(s

R ()= [ (t=x,)" f " (@),

‘dg3b0dbmo, Gmd R, (x) 9Fmwgdgbh boBmom Fggml.
(3.1) gm@dgaols msbobdsw agoJ3L:

Fx+h) = f(x,)+ %f’(xo )+ %f"(xo) £ R (x, + ) (32)

Fxo k)= f(x,) —%f'(xo) +%f"<xo)+ Ry (xy — ), (33)
lsoQoG

X0 th

Ry(xo £h) == [(x=x)* "oy

09 (32) Ho@mdsl godmgsgamgdon (3.3) s gobgbobwgmsgm f'(x,), dogowgdm:

Fia) = LB NS iy G4

bosg

R(h) = 2—1}1(R3 (x, +h) = R, (x, — h)).

Bbowos R(A) bsBmomo (ggdolimgols do@mmgdgmos dggsligds



\R(R)| < %c3h2, (3.5)

'RYCRYE

cy = maxlf"'(x)l, x €[xy, —h, x, + h].

09 h bogds@oboap 330Mgs, 3530k (3.5) dgaoligdols mobobdo (34) Gmermdowsb

agodgl:

S(xg +h)= f(xg —h)
2h '

S(xy) = (3.6)

(36) gm@Igms  agodemggl  y=f(x) fubjgool  Fodmdmgdyeol  dosbaomgdom
db0dgbgermdols  (LogdoMobo@  Bowosgmo  LobylRom) x, (ygOBoemdo  dgbmdgen

LodgdGoge [T90doagddo  g9bjgools  d60dgbgermdgdols  Lodyoemgdom.  (3.6)

goadgamsls  9fmegdgh 30390 Gogo  [o®dmgdgmobogol (396 @oea@
Lbgomdosh gm@dygasls.

235dM3zg0Ygobmo  gm@dgms dgmedg Gogob  Fodmgdymmol  aodmogemobasmgolb.
(3.1) gm@EIgeols msbosbdoe ago]3L:

F(xg +h)+ f(xg—h)=2f(xy)+h>f"(xy) + (R, (x, + h)+ R, (x, —h)).

>Jgeob doowgds

S(xg +h)—2f(xy)+ f(x, —h)
hZ

S(x) = +R(h), (3.7)

Loz

R(h) = ;‘2— (R, (x, + h)+ R, (x, —h)).

gbowos R(h) bsTdmomo Fggdobogols dodmgdgeos dggobligds
|R(R)| < T1§c4h2’ (3.8)

CRYCRYE

c, =maxf("/’(x)l, x €[x, —h, x, +h].

0y (3.7) gm@IesTBo gosgoagdm R(h) bsdmom §g30bL, @mdgemai bsygdsmobop
d30Mg> h-ol Lodgodol godm, dodob Igmeg @ogols Foddmgdyemobogol dogomgdm
‘dgdgy dosbermgdom Rem@OIgmsls:

S(xg +h) =21 (x0) + f(xo — h)
h’ .
(3:6) ©> (39) Boobarmgdon FMOIYagdMsb Es3o3d0Mgd0m dobobTgimbogro

f(xy) = (3.9)

doggohbos gogobbgbme dsmgdodogy@o sbogmabopsb glslidygemem dzodg Lowowpol



@00l 36905, boos  @olobgmgdgemo  gm@Gdgmgdol bsdmomo  Fggdo  R(h)
Loli@geme 33009 bopoegs, @oasb R(h) =0, GdmEs A—0. dog@sd (3.5) oo (3.8)
‘Vgiobigdgdol mabobdse R(h)-ols bgaoliyjgh dolf@sggdol Gogo m@ol Gmenos h-

h) —c, Gmgs h—>0 (c=const). 53 dgdmnbgggodo

hZ

ol dododm. 9a6m HBybRowe

53dmdgh, @md R(h) ool dgmeg @ogob lslégem dgodg h-obl dodsdo s
HALS R(h) = O(h?). sdMoas  (36) s  (39) dosbenmgdomn  Qum@Iygegdols
G3em3omgdols Gogo sGoli O(h?).

boos (32) o (3.3) gmmdgmgdowsh Jomggama @ogol (o®dmgdagaobamgols
‘dgbodadoloe doowgds Bgdogae BMmAIgen gdo:

Firg) =Lt ”2 —J ) | oy, (3.10)

f(xo)—f(xo _h)
h

fl(xy) = +O(h). (3.11)

‘dgdamd o hggbh 5bYzg ©o33zk0MmPgds FMAEIans

f(xy +h)+ f(xy—h)

5 +O0(h?), (3.12)

S(xy) =

Amdgero doomgds (3.2) s (3.3) gm@dgegdosb. gbowos (3.12) gm@dgans s@als
h-ols 30350 dgmeg @oaol LobylEol 0d Jgdobgggsdo, oy y= f(x) ggbjiosb

aoohbos 9Fyzg80 Foddmgdaamo Igmeg Gogoedeyg homgemoo.



§4. goawg@dol gbopo 1Jgds
4.1. 1Jgdol 590>

aobgobognme jm3Bols Sdmobe:
y'(x) = f(x,y(x)), Xo <x< X, 4.1)
Y(x¢) = Yo (42)
boag f(x,2(x)) aVy3000 Babcos yobbobogmgym Fgogedo.
AMamO 3 3bmdogos, oy (4.1)-0b dodxggbs dbodg f(x,y) 9Vy3900> Go0dy
oMgdo, @mdgeoig dmoiagl  (x,¥,) Taodoml @o o3dosgmagomgdgh @axzdoiols
3000851y (33e0opgdols dododm, 35T0b (4.1), (42) 3mTol sdmEebsl gHms@gMmmo

5>dmboblibo oJgl o ob 9fyz9doe oMol @odmjoegdgmos  LoFyobo Fg@Foaols
3MM0b5390by.

3534mm  [x,, X] Fqgoemgoo n(>2) Goer bofomop @osymaol Fygd@oemgdo

(43obdomo (g@@oamgdo) 530wbodbmo x,:

X, =x,+kh, k=0],...,n, h=

(4.1) aob@mangds x=x, F9godoemdo hogfgdmm dgdpgao Loboo:

y(xk+l)h—y(-xk) =f(xk,y(xk))+Rk(h)’ k =O’l,_“’n—], (43)

ERYCRYE

y('xk+l)_y(xk)
h

(3.10) gmEdgeol mobobdo R, (h)=0(h). gb bodbogl, o9y h 8Egocgs, 35dob

R (h) = —y'(x,)-

R, (h) 65Fmoma (9303 dzodgs. o9 3ol gopogoaegdm (4.3)-Fo, dogomgdo dgdgy
Lbbgomdosh Lgdsb:

yk+|h-yk = f(x,,y.), k=0,1,...,n—1. (44)

Fi3gb (44)-Bo L3gaosmgdoe ©s3FgGgm ¥, @ oM y(x,). ¥(x) >6ob y(x)
5>dmbobliboll bylgo d60dgbgmmmds x=x, [gOGomTo. g0boowsb hggb aoogogwgm
(4.3)-do 65Jmomo (9360, ~do@dmd dowgdgen (44) LobBgdol > oo gdogmazoemgdls
v(x,), 0808m3  d9bgdcdogos,  dolo  sdmbsblbo  smghodbme y,-mo o



asdmgsgbomm ogo y(x) bLEo sdmbsblbols dosbemmgdomn dbodgbgemoboe x = x,

Voo domBo, y(x,) =y,
(44) LJg3sl 9T mPgdgb gogng@als 1ijgdols. (44)-ob y3oJ3b:
Via =W, +hf(x,,y,), k=0,1,...,n—-1. 4.5)
30300 Ao y, (4.5)-wob k=1-mg0lb gbooe gldmgammdm y,-b. sbogmyoy@ow
k=2-mg0b  (4.5)-sb y -0l Lodgoggdon g3mgmmmdn  py,-U s o 3. (4.5)
53M Jogdgemgdols dmsgoto  gobdalibgaggdgemo bodobo oMol ol, @m3d ¢i3bmdo
Loogol  y,,, -0l aoblabmgms bpgds @bopow bmdogro bowpowggdol (x,,y, oo

S(x,9)) boFgoggdoom. 5jgoob aodmdwobsdyg (44) (ogogg (4.5)) LJgdsb gfmegdgb

goe ol 3bog LJgdsb.

42. Lbgomdosbo bJgdol >3@mJbodszool (3698

bsgombo, @mdganlsig hggh od Is@spa®@agzdo dgggbgdom 360dgbgammgoabos. 0o
@oibgomo sbsgrobols gobgymager bofoal Fo@dmoEagbl. Gogbgomo sbogrobo I-
56 godgoe oMol 3bmdogno, ®m9g Amam®  9bps dogebmmgpgem  Ioergedo
V4390 BIbIGool,  godpeo  dspomomoe  @optobgol  LoobGg@3mmoom
3m@obmdols Ladgoggdom. o3 opgol sbE0 dEamdsdygmdl 0d5F0, GMI Ao
domgdodogn®  ™mdogddlL  gobmmgpgdom  ds®Fogo  JomgdsBogyto  mdagddob
Los3goagdom (o3 dgdnbggzolo 3mgobmdo s@ol dodGogo dsmgdodoyn®o mdogddo.
dodBogos  dobo  goFo@mdmgds, 0bGgadgds s ULbgs ™3gMso0gdol  As@omgds).
dosbenmgdger m303J@L 9Vmwegdgh LYmage dsddmJlododygdgen mdogddl.

(4.1), (42) 5dm3obsl 9Vmegdgh 9Vy39® odm@sbsl. g f(x,y) f9bdaos
oligmos, @md dmgobgdbgm (4.1), (42) SIm3sbols 5dmbsblibols 3mgbs sSbagnoby@o

Loboo, 35Tob Bgygogos aodmgomgogme dobo 360Fgbgermds [xy, X] dgogmgeols

4mgge  goJbo@gdger Fg@Goerda.  (4.1), (42) SIm@sbols  dosbanmgdgen  (44)
2563mEgdsl  gfmegdgh  Lbgomdooh  aobdmemgdsl. 0o agsdanggl  bgbigo
5>3mboblbols dosbenmgdom 3609gbgermdgdls djo3Mo@ oblabmgdnm ©olij@gdem
Caodoegddo.  ofgosb godmdpobady  (44)  Loldgdsl  dgodemgds gafoem
olg@®gdagmo  o8miaabs. sdd0goe  9Vy390 odm@Eebsl, @mdgamoi  (o®dmoygbls
©0RJAGb300e A A5bBME gdals Lofyobo 3odmdom, ggobemmgogdomn ol j@gdgero



Sdm@zsbom, @mdgamoi  [o®dmopygbl  Gbo  Lobgdsl. ™m@o oo sey@a
2oblbgog9dgmo domgdsdoggdo md0gddo, dog®sd gamdsbgmsb sberml dogmda.

(44) ©olyg@gdme  oInEobol  gfmegdgh (4.1), (42) <9Fy39d0 odm@izsbols
do3mJLodoMgdgen  sdmabol.  53dmdgh, @md (44) o3m3sbs oSbpgbls (4.1), (4.2)

5dm@3obols 53@mJbodszosl, o9 bsdmoma Fgzdo R, () =0, dmgs h— 0. godygom,
@md Lbgomdosbo LJgdol 53@mJLodoioals @ogo ool p (>0), oy bsdmomo Fg3c0
>tols O(h?) @Gogol. (44) LJgdobogol R, (h)=O(h), >dodmd dobe s3GMmJLodsiools

Goa0 >Gob ghmols Gmeno.

43. dosbgmmgdomo 53Imbsblbo (3emdoangdol gxslgds (MHgdsmds)

hggbo dobobos Tggzoggobmo (44) ULbgomdosbo ULjgdologol dosbermgdomo
5>dmboblboll EMmdomyds. 530bodbmm ogo z, -mo, z, = y(x,)—y,. 3odmgsjemo (4.3)
GMEmdsl (44) Gmermds, dogomgdm:

= [f (o Y )~ SO+ Re (), k=01,en =1, (4-)

dondgon  f(x.y)  @abdaoob  ofgb  afysadhe  Tomdmgdgmo  dgmdy  o@ygdghdol
303560, 35806 @oa@abgol LalGamo Gsbépal Re@dqmols moboblop agsdal:
Sy )= (X 0) = (0L v +02,)z,, 6 €[0,1].
>dol gomgogolifobgdom (4.5) go8mdabo®gmdls:
|z <1+ Bz, |+ AR, (B)

, k=0,1,...,n-1, (4.6)
boog  a, = f,(x,y, +02,). o9 335835000 dmngonbmgm, &Gmd -M< f)<0
(M =const >0) > h<2/M, 3580b (4.6)-s5b 353M30boMgmdls:

<z, |+ AR, (h)

, k=01,..,n-1. 4.7

|Zk+|

@o5aob R, (h)=O0(h), 5>do@md (4.7)-0ob doomgds:

el Szel +ch®, k=0,1,...,n-1.

gbowos 5Jgeob 3odmdobas@gmdls:

|z,| Slzo| + c(kh®) < ch, k=12,...,n.
SdM0gae  doshemmgdomo  sdmboblibol pmdogngds h-oli do8sdm sGolb  3odggemo
@ogyol, y(x,)—y, =O(h).
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44. bbgosmdosbo 1Jgdol EaMoEmMds

odobomgol, GM3d  o@aoE 25356033900  Lbgomdosbo  ULJgdol  da@opmdals
Lsjoonb3o gobgobognmo do@@ago dmwgenydo sdmzobe:

au_ —Au(t), t>0, (4.8)
dt
u(0) =u,, 4.9)

Loosg A>0.
bogos (4.8), (4.9) S>dm@Esbols sdmbablbo dmoz3gds Fm@Iaom u(t) = e "u,.

(4.8), (49) >dmizobobogol gogrg@ol gbop ULJgdsl 9J6gds dgdgan Laoby:

U — Uy

—t=—duy, k=0l . (4.10)

>]gesb agodgl:
u,,, =(1-hAyu,, k=0,1,...

od 093909690 ©sIM joEgdyen gdoosh doomgds:
u, =(1-hA)u,, k=12,...

mg 0<h<2/2, 85806 JoHngdymos Bgasbgds:

i | < - (4.11)
b gBMm@eds 339936305, o9  Lofolo dmbs3gde  u, dEocge  I3FPgmowgds
(B0 99033m935), 35306 u, dosbmmgdoma 5dmbsblbo (6930L30g@mo  k -mgob)
obggg 9Eodge gdgmmpgds. domnesi, o9 (4.11)-30 uy-ob bsagemsp sg30mgdm
ii,-ls, 35306 ogomgdo sbogr osbarmgdsls @, -b,

u, =(1-n)u,, k=1,2,... . 4.12)
09 (4.11)-b ao3mgs e gdo (4.12)-b, 8ogopgdm:
u, —i, =(1-h) " (u, —,), k=12,...

5J90056 (4.11)-0L Mobobdor 35dmE0bsdgmdl:

oy =, | <Juy — iz
3bowos, 5Jgsb 3o godmdpabo@ymdl, Gmd oy u, LoFgolLo dmbsigdol Fgdxnmmgds
Uy — iy, 8mEoEon oG swgds®gds £ (>0), 85806 u, Aosbemgdomo 5dmbsblibol

‘dgdgnmmgds u, —u, doEygemon sliggg >@ s@mgdodgds &-L.
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Lbgomdosbho ULJgdol o3 mgobgdol 9Fmpgdgh dpadomdsl. opo 860dgbgemm-
3ob0s, @s5ash  3m3I30gdgmdo  boFyolo dmbogdgdo somgds ©odMAgoagdom  ©o
sdobomob mgesi 30dobodgmdl sddagomgdom. LJgdol dpaMomds S@ol 0dol
2505605,  @md  3mdI3PBgchby  domgdagmo  @ogbgomo  gegagdo Lo dodabog
bqbdos, o bLofygolo Jmbsigdgdo  bogdodoloe bgbo oMol s@gdygema. o9
‘Jgdnbgggedo  oggerolbdgds, Gmd  oby®g@amo  sdmasbologol  swyomo  ogl
>3 JLodsosb.

o< (4.10)-30 h>2/1, 35306 [1-2h>1 ©> |u,| >0, Gegs k>0, 53@0pswm,

07 AM3YYeos 300mds 0<h<2/A sSpaomo o5zl 5MadEaMomdsl. sJgpsb
3odmdoboty gogngdol gboo ULJgds dpa@oswos, mg h (doxo) ozdogmazomgdls
35M 33990 300Mmdsl. sbigm LJgdgdl 9Fmegdgh 300mdomop dpadsw LJgdgol.

Ladmgnmme  Lbgomdosbo  Ljgdol  dpgdopmds  dmgemge  obg  dgodangds
hodmgagsemodmm:  bbgomdooh  LJgdsl  gfmegdgb  doadswl, og  dgbodsdols
obgAgdger  5dIm3sbol ojgl gomopg@mo sdmboblbo o Lofyolbo dmbszgdgonls
d30Mge dgdgmmgds 0fgg3l 5dmbsblibols d30Mge dgdgmmgdsb.

§5. gogmg@dol sS@SEbseo LJgdgdo
5.1. 3oggemo @ogob LJgds

aobgobogmm (4.1), (42) sdmgsbobsmgol dgdogao Lgds:

Yi = Vo

P =f(x,,v.), k=1,2,...,n. (5.1
>3 UJgdol dolowgdoe Lokodmms (4.1) aobdmangdsdo (oddmgdgemo x=x, {g@do-

@To  Wgagommn (1) goedgmon, GEdmol s36GmJLodsgool Gogos  O(h).
590056  308m80boty  (5.1)  Ubgsmdosho Lgds obpgb  (4.1), (42) sdm3obob
5360Jbodsosl O(h) Gogoo, 9. 0. doxol dodstn JoMggmo Goa0om.

(5.)-s6 oomgds:

Ve —W (v =Y k=12,...,n. (5.2)
>Jgoob k =1-mgols g3543b:
M _hf(xl,J’.)=yo- (5.3)

14



Yo (bmdogmas Lofolo 3odmdopsh. y,, ®md z0dmgmon 9bps sdmgblbsm  (5.3)
356¢M@gds. Lobmaome, M3 godmgme y, (53mbsblbol dosbgrmgdomo 360dgbg-
@mds x, [T9oGoerdo) 9bos 5dmgblboom (5.2) asbFmangds (ogygmolbdgds Fobo

d60dgbgermds ¥, 9439 bo3mgbos).

(5.1) ULJgdsb gFmpgdgh oMs@bowl, @spyob dobo  aobbm@ogergdoliogols
4mgge dox by gg0begds 3obGmengdol s3mblbe.

a>dmgoggemomon (5.1) LJgdol dpa®opmds (4.8) dmpgmagmo gob@mengdolmgol.
o8 dgdmbgggobogols agsdgls:

kTRl = _qu, k=1,2,...,n. (54)

>Jgesb doowgda:

Uy
1+hA
>3 M339096@ 90 ©5dMoEgdge gdopsh 3o3mdobomgmdl, Mmd

1
u, =——————u,,
Coa+ R

u,_,, k=1,2,...,n.

k=12,...,n.

50356 300Mdol Mobobdo A >0, s08md 5Jgeeb godmdoba®gmadls:

AN A
9L 6adbsgl, Gm3 (54) bJgds Bpgtoos bjzdobdogdmo h>0-mgob. sbgo Lbgomdash
LJgdol 9Fmeygdgh g30Mmmdme Jpadopl. SdMogoep, GmEs A>0 (54) séogbowpo

LJgds 30Mmdme  dEaMowos, aoblbgoggdom (4.10) bowo bjgdobyob, @Gmdgmoag
300Md0m>© A0S,

52. Igmég @ozol Lodgd®oamo bJgds

(4.1) 3o5b@maEgds x=x,,,,, =X, +(k+0,5)h FgOdoeTo hogfgoma dgdmgao

boboom:

Ko )h_ r) B %U(xk+l Y )+ f(x, y(x, ))]+ R, (h), (53)

oo £=0,1,...,n—-1,
R, (h) = Rl‘k (h) + Rz‘k (h),

15



R,, () = V(X )h- y(x,)

"y'(x/m/z),

Ry = (Xpa1s2: Y(Xp12)) — l [f(x/m V(X )+ O, y(x, ))]
2

(B4) > (312) GOEIqmadol 0sbobdsp Fgbodsdolsw oGogdamoas Bgnsbydgdo
R, =O(h*) o> R,, =O0(h?). 53 Bge3oligdgdonsb 358m3obodgmdl, Gmd R, = O(h?).
9l 60F6ogl, @md R, (h)6sToo Logdstolop Az0dgs, Goias h dzomgs. o dsb
25053530950 (5.5)-F0, dogomgdo Fgdmgy Lbgsmdash Lgdsb:

g 1
&_17_&— B E[f(xk+l’yk+])+f(xk’yk )]’ k=0,1,....,n-1 (5.6)

>ddogoe hggh gohggbgm, @3 (5.6) ULbgomdasbo UJgdab s53mJLodsizools @ogyos
O(h*). dsb 9V megdgh bLodgddogan  LJgdol. obggg Gmgmag (5.1) gb  LJgdos
sts3booo.

3>dmgoggeomo (5.5) LJgdol EyMspmds (4.8) dmEgmagma sb@mamgdobmgal.
>d dgdmbgggobogol g3o]gl:

Ui “Ue _ _ g Hin +u,

, k=01,... . 5.7
7 5 (5.7)

>Jgeob doomgde:

1-0,5h1

u,, KA =—————u,, k=0,1,...
“' 140,504 ¢

o8 93909600 ©53M JoEgdY gdoEsh 3od8mdEobsmgmdl, GmJ

k
we =[N L k=0,
1+0,5h4

50956 300Mmd0l mobobdo A >0, sodmd ‘odaggoG 350M30bs@gmdl:

AN
gl 603bogl, @md (5.7) LJgds ppamswos bgdoldog@ho h>0-mgol. >3M0yoE, GM@ES
A>0 (54) s@sigbopo LJgds g3odmdme dpa@seoas, alggg @mamag (5.1).
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§6. 3§ gHogms dgmmeo

3o6g0bogrmo jmTol sImzobe:
Y@= @ y0), telt,,T] (6.1)
y(0) =y, (6.2)

boog  fLy(0) o6 f(t,y) oGob 9fy3060 > V9300 ©08@bEod oo

A96J3os 3oM33gmee D oM3d0. q¥y390o0 ©05390963009050mdsL hggh gombmgom
08036  G0asdyg,  @sdgboz gl bojodms dgmmwol oggdbgdobsmgol

(03 ealibdgds 530mJLodozos @ 3MgdoEmds).  sgogme t-l Gs0dg db0dgbgemmds
t=t,. 303390 dob bsbOwo h>0. godmgbobmm y(toth)-oll 3603gbgemmds  y(to)-olbs
LoIygoemgdom  dolo  Fgogrm@ol  3FjM0go0  aoTdemol  bodyoamgdoon.  @mymA3
3bmdogmas, agodgl:

h h
Yt + 1) = y(to) + 37 (G + =0 ¥ (o) + o
© 3boos (6.1) 3obGmengdoesb ggo43L:
Y'(te) = f (2, ¥(5,))

23G0go  V'(t,) asdmglsbgm  (3bmdogmo  Lowowggdol Ladygogngdom. godmgmo

ARELIZ. 0

Y'(ty)  (6.1) a5bGmemgdoli 308mygbgdom. @ogeao @gbjiool goFomdmgd Fglol
nobobdo agodgl:

wnY I Y
== aya =fi+J -t (6.3)

09 53 Hoemdsdo hoglgsdom ¢ =1,-b, dogomgdo:

y'(t,) :fz(to’J’o)‘*'fy(to,yo)‘y'(to) :f:(to’J’o)+fy(to’J’o)f(toa)’o), Yo = ¥(t,)

sdMooe,  Y'(t,) obggg @odmglobgm, (3bmdogno  Lowpowggdol  Lodgoagdoom.

shognmaoy@sp godmgma ¥ (t,) . (63) Gmemdowsb ggodgl:

Y (8) =Frr S \»;Tuww,o y'(t);wct)«‘ Y =

=S AT oy ’f>f+‘)f; y"(z) ].,*f S+ S S+ (64)

)( m’) WU K] m(““)

F Lo YT s D E St S, VRS RVAY Y

, ¢ )l u()()"”‘(")J
o3 n@®oGon 2
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09 53 ge@Igesdo hoglgedm ¢ =1,-Us, d5Bob »p"(f,) godmolbiobgds (36mdogno
Looygdom s 5.9 gb 3GmEgbo Fgagodenos gogea®dgmmmon.

53050, goom Mo y(t), g3mgmmdo y(teth)-b, dgdpgy bodoxbg y(toth)-ols
LI gdom gimygenmdom y(to+2h)-b @o ».9.

o>d  dgompols  aodmygbgdols  dgdobggzodo  bobo  gbws  aoglgol  g@m
d60dgbgenmgab  go@mal, j9@dme, hggh  Bgagodemos  goghytgem  @Gmdgenody
Va36dg,  godgom, dsgamomse, dgmoby Fag@by (Bggebodbpbmo  ygams  Fag@o
Y7(t,) -b hsomgamom). 3bo@os, aseogegdamo §930930L Gogo 0fbgds 0(hY).

5J9e5b  303mdEobadmgmdl, Gmad typ [gOGomdo Lbgomds s3mbasblibol byl
dbodgbgenmdolis s doobarmgdom dbodghgemmdol dm@ols 0dbgos 0(h* @ogol. gl
o>ols 5dmbsblbols mdogngds ty Fg@doeTo, o30fmd dol gFmegdgh @m oayd®
gemdo@gdol. aanmdsmy®d  omdomydsl gfmegdgh @mgsamyg@o  3omdogrgdols

353039 g0oL dogm o gedo. Gmam®aG Fabo, aermdsgnag®o gemdoggds gOmo
@000  bygegdos. gl godmfgggmos 0dom, Gmd @GmEs hggh asdmgpogetm t

Ta0domosh o goggmgdm n badoxls (n~%), >d dgdmbgggodo to Fg@mGoerTo

5339090 & @3mdogngds obdEgds n-xgM. @G53 dggbgds  bgdme  dmygsbogro
a7 30030L 3O gdoEmdsl, gagodanos gohggbmom, M3 0yo JEgdsEos  Shagoby@o

a9bJioobomgol, go.  Om@Go f(x,y)=Za,.jx'y". dB303Rgos, @md  dF3@ogols
i.j

399050Mb> 25M56F0Mgdgmos, 09 |h| < exp(—%M} M = max|f(x, y)|.

§7. ©9bag-3935L dgmeweo

Fobo  3o@sa@a3do  gobbogragano  3m3Bol  (6.1)-(62) sdmiobol  @oigbgomo
>dmblbols gOm-gHo yggemody 35303 e gdger dgomel Fomdmapagbls G9bag-49@>bL
dgmmeo. gl dgmmpo JoGggemoee Asdmsdggybs 1895 Fgml G9bygd o Jgdpamd XX
Longnbol  @oboFyolBo  gu@ol  dogd  asdmidggybgdgee  dHmdgddo  dmbgps  dobo

256300050905, 5doGmd gl o3 dgmmeEl gfmwgds @9b6ag-g96oL dgmnmewo.
2obbobPgMgds. 3o dgom, Amigdyneros bodpgoar @ogbgms 3bMogo:



C; as
Cs | a3 as;
CS aSI a52 ..... as S-1
b] b2 ..... bs 1 bs

d>dob dgomel, @mdgeroi3 dmozgds dgdmgan LJgdom:

k, = f(x4,¥0)
k, = f(xy +c,h, yy + ha, k)
ky = f(xy +c5h, yo + h(ayk, +ay,k,))

k, = f(xy +c,h, yo +h(a,k, +a,k,+..+a__k._))
Y, =y, +h(bk, +bk, +...+b.k)

Lops3 §Magn030gbdgdo s3dogmgomgdgb Igdwgy 306Mm9dL:
c, = Zaij, i=23,..,s, b +b,+..+b =1,
j

9V megdgb @O9bag-g9dob  s-LESPSE  (s-3§o3056)  @bo  Fgomel  (6.1)-(6.2)
>dm3sbobogob.

§8. 9633398 5L II Mozob LobyLGol Jgmmeo

gbopos (6.1)-(62) 4mTol s38m3sbs gJgogomgbdnto Y dpgan 0bGgatsmy@o
35b@memgdols:

Y(O) = yo + [ fy@)dt,  telty, T] (81)

[, T] Ipoargoo  oggmo n oo bsfomop. ogmgol  FgdmGoagdo
>03603bmo dgliadadobog t, <t <..<t, =T dox0 >03603bmm h-oo;,

h=T_t°, n>2.
n

(8.1) gm@IansTo hogligom 1 =1¢,, dogomgdo:
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Y(t) = yo + |t ye)at (82)

(82) @marmdaol dodxggbs dbodgdo  gdogogro  0bGgadomo  dg3zEgosrmo
396GOom Mo dodom jgonbgeol gm@dgaon.

)’(tl)=y+hf(to +§vy(to +'§)J+R(toah)' (83)

Lo, Gmam@aE bmdogos, R(to,h)=0(h?) (9b >Aol dodro jnbgool FO@OdYmols
oo gemdomagdols  @oyo0) oggeolbdgds, @md fty) s@ol  bLojdo@obow

agzo  gubjigos. o9 (83) gm@dgmsTdo bsTmomn [g3dl gopogoamgdm, dodob

dogomgdo dg9@gy RM@EIgaols:
h - h
V=Y +hf to+5,y t0+5 (8.4)

d96gd®0g305,  y1 Fgagodmos  aodmgogbopme  y(t)  byulLEo  sdmboblbols
doobgmmgdon 36033bgemmdse t=t; FgOGoando, doa@sd (84) qqm@Iygasl ol bogero

>Jgl, @mad dotdxggbs Ibodydo dgwols 5’(’0"‘%)’ Gmdgeoi  dgodangds  omgols,

Fomdmopygbl byb@o 5dmboblibols dosbarmgdom dbodgbgenmdsls to'*'g 9o B0 do.

a>dmgmgogmmm  0go  gogrgdol  dgompol aodmygbgdom, 353ob  Ladmenmme
dogogdo dgdpgy LJgdol:

klzf(XOsyo) \

h h
kz =f(.x0 +-2—,y0 +Ek|)> (85)
y1=y0+hk2 J

(85) UJgd> [omBmowagbl @96ag-39@oL II Gogol LobyLGol ULJgdsl (o35l
3ohg396g0m Jgggom). (8.5) LJgdsl Tgglodadgds dgdwgan (3bMoana:

o | —
=3 Il SN

mnN



§9. ©96233-390°5L LS3 g@s30560 II Gogol LobdaLGol LJgds

330l (6.1)4(6.2) o3mizsbolomgol  gobgobogrmoe  Igdpgao  3bMogon  (dsb
9Fm©3596 d9@hg@ol 3bMogl) a5blsbmg@geno bjgds.

\

0

L

3| 3

2l o 2

3 3 _
1y 3
4 4

>3 3b®ogl Jggbodadgds dgdogan LJgds:

k, = f(x,%0) 9.1)
1 1
k, =f(x0+§hay0+§hkl) (92)
k, =f(x0 +%h, Yo +§hk2) (9.3)
(1 3
VW=Yo+h —k +0-k, +—k, 94)
\ 4 4

(1 3
N =V +h\zk1 +Zk3

3°dmgoggemome 53 1Jg8ol 53OmJLodsiool Gogo. ogdogmo k; @gogrm@dols
37400350, 9gg065h9bme h-oll dodoscn I Gogol (ggdgdo. 53 Jgdmbgggsdo
65Bmomo (330 036335 O(’) dGogol. (94) BO@IgesBo hsbdol Fg8rgy dobo @oyo
3obgds O(hY), @opysb ddogmpgds h-Bg s Lodmmmep dogomgde goBmsl,
Gm3mol e jogma@o Lodabdg 0J6g8s O(h?).
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1 1 1 1
k, =f(x0 +§h, Yo +—§hkl)=f(xo,yo +§hkl)+§hfx(xo,yo +§hkl]+

+Il§h2fn(xo, Yo +%hk,)+0(h3) =

1 1 5,2
=f(xo,y0)+§hk,fy(xo,y0)+I§h ki -f, +
+0<h3)+§h(fx(xo,yo)+§hk.f,y(xo,yo)+0(h2>)+%h2(fn<xo,yo)+0(h>)=

=f+%h(k,fy +fx)+1—18-h2(k,2f”, +2k, f + [ )+ OR?),

1 1 1
k, =f(xo +§h, Yo +§hk|)=f+§h(k1fy +fx)+

1
+ ﬁhz(k,2 foy +2k S + [ )+ O(F)

(9.5)

50  Gmgrmdob  dotxggbs  dbo®gdo  hoglgom  ki-olb  360Tgbgermds,  ki=f(Xo,Yo),
dogo@gdo:

k, =f(xo +‘1'h’ Yo +lhk|)=f+"1'h(f'fv +fx)+
3 3 3 9.6)

S H(12 S, 421 Sy + £ ) OR)

303 dommm  Sbhognmaoyg@oe ki, sdobomgol asdmgoggbme  (9.5) aoTams. oy
dsbdo h-b g333e0m 2h-om s ki-b kz-om, dogomgdo ki-ol goTensls:

b = f +3hlly S, + 1)+ 50 (6 S, + 20 S, + £.)+ OF)

hoglgom o3 @m@mdsBo kz-ob 860Tgbgermds o Fggzobs@hybmm h-ol  3odsGm
dgm@g @oaol (930940, dogomgdm:

k, =f+§h[(f+%h(f.fy +fx))f_‘, +fx}+§h2(fz -f,y +2f'fxy +fn)+0(h3)’

©7)
2 2 2 2 2 3
k= [+ M S+ LA GHU S 4 L S+ S Sy ¥ 2f Sy + 1)+ O0)
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(94)-056 (9.7)-0b gomgogmolifobgdom dogowgdo:

1 3
V=Y +h(-4—kl +Zk3)=

Yo+h{%f+%[f+§h(f-fv+fx)+§h2(f'ff+fx-fv+f’-fv,,,+2f-fw+fx,)]}+0(h“)= (08)

=vorh [ 4o RS e L) b (F S2 4 f4 S 42f St )+ OB

58 GOGInmsTo Vgdagomo £ B96J300b ©s dobo Totdmgdamgdol 3603365 mdgdo
>go o> (Xo,y0)  VgddomBo. ¥ '=f(x,y)  3obdmemgdopsh  (se@obpgmo
>bodghbgddo x (33emo@ols bozgmop agsdal t 3g3emoa) doowgds:

y'=fi+f,f

YV'=f S L o+ Ly 2 S+ S
(g BoGInmado hggh dopadamo agedsl sw@g, 3T M0gms Jgmmpoel zo6bogmgols
Amb) oy dso hsglgsdo 2>IesTo

h h* ho,
y(xo+h)=y(xo)+Fy(xo)+3'"y (xo)+’3—'y (X0)+0(h4)
dogomgdo:

Yoty 4Ry =yy +he f 4o R (71, £, )+
99)

1
A B S oS4 S Sy 2] Sy + S )+ OGY)
(98) @5 (99) gmAIgangdowsh godmdobodgmdl, @md y(x,+h) -y, =0(h").
53000, @myomg@o  3emdogmgds aobbognygema  dgmmpologol oéol  h-ols

303500 dgmobg  Gogol.  OMamGE  sAg >mgbodbgm,  emdognyMo
3gPMmdoangdolbmgols h-ob ghmo bodobbo o0goMp9ds o Lasdmgmmme 23916905 O(h’)

LobaLEy.
@9639-390°5b Igmeg @ogol LodyLEol ULJgdol godmygenggs YBO™ Jo@G0gos

(00396 ®30mmb hosGomgm sbogrmyo@sm).
dgbodg @oaol LobygLEoel ULJgdol aoblobpgmsgl, sLggg d9@hgtol dgdwgyo
3gbMogno:
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L
2| 2

1] 0 1

1{ 0 O 1 _
53 0% ¢

dolio ‘dglsdadolio bjgds odbgods dgdmgyo:

kl =f(x09y0)
] ]
k2 =f(x0 +Eh,y0 +5hkl)

K, =f(x0+h,y0+hk2)
k= flx, +h, v, +hk,)

1 2 1
b2 ZJ’o+h(gk1 +§k2 +0-k, +—6-k4j

h
Y :)’o"'g(kl + 4k, +k4)

A9639-390>L gemabogn® bLgdol goblobrgdagl dg@hgdols dgdogan bMog

)
0
1
2| 2
1o L
2| 7 2
1| 0o o 1 _
b2 21
6 6 6 6

aodgmogno Labom g394690s:
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k, = f(x5,%,)
( 1 1,,)
k2 =f Xo +5h,y0+"£hkl)

\

( 1 A
Xo +—=h,y, +—=hk,

\ 2

V=Y, +%(kI +2k, +2k, +k,)

58 1980l e goma@o E®domgds stol Oh’), bomem ammdsgmado jo O(h).
e mdsggdo 3emdogmdol bsjombl hggh dmagosbgdom gobgobognsgm.

§10. 3035@0lL dgmemeo

303oMol dgomeo oMol dosbegrmgdomo sdmblbol dgomeo. oo Fo@dmowagbls
dodgg@mdomo dosbermgdols dgmmeb.
aobgobogrmm 3ol sdm3obs 3odggemo @ogols AobGmengdabsmgols:

u'(x) = fu(x)), x,<x<X, u(xy)=u,. (10.1)

09 35068 ga0mo (10.1) woxgdgbiosmg®o gob@megdol x,-©ob x-dwg, dogomgdom:
u(x)=u, + jf(z,u(z))dz. (102)

(102) aob@mangdsl  gblLboo dgdpgao dodwgg@mdoma  dosbermgdol  dgommeol
3>3myggbgdoo:

y®) =t + [ [(zy, (2, yo(x)=u,. (103)

Xo

(10.3) 0dgds3oge 30m3gbl 9lmegdgb 3o4omob ofgdsgoger 3Gmi3gLb.
535983030 dgommeols  3Mgdsmds.  goggmolbdme, GM3 GMEgeoms

dgdmbobpgagaen G 5@Mgdo, @mdgmoi  dmogogh  (x,,¥,)  Tg@doel  (10.1)-0b

dotxggbs dbodyg 9Fy3900> oo u @Egeool dodotm 53doymaomgdl @oxdoiol
300mdsb ()= f(xu)| S Luy —u,| . Gopaob G Fg8mbobepghamos,  odoGm3

|x— x|<a, |u-u|<b. Bosbmmgdomo  53mbsblbol  Emdomads  omzhoB6mm
Z(x)-om — Z(x)=y/(x)—u(x). (103)-L godmgogemmmn (102) ©s odmgoygbmm
mogdogols 300mMds, dogowgdo:

10 XN



ZW|<Lf|Z (2Mz,  s=12,..

09 53 A949096H g ©odmjoEgdgengdsdo hoglgedm s=1 @s gomgomolifobgdom,

“md |Zo(x)| = |u0 —u(x)l <b, 3d5Tob dogowgdo:

1Z,(x)| < Lj|ZO(z)|dz <bL(x—-x,) .

Shognmaon®op s=2-mg0l agod3l:

1Z,(x)| < L j |Z,(2)ldz < bL? j (z—x,)dz= %bLz (x—x,)°.

Xo

0begjioom doomagds:

Z (x)| < ~1—'bL“ (x—x,)".
s!

59056 godmdpobadmgmdls dgdogan dgRoblgds:

S

V2rs

gbowos,  Gmd malex(x)|—>0, AM@ES  §—, .o

Zs(x)|sé'(aL)sz b (“’LJ'.
S.

(10.4)

dosbgomgdomo  sdmboblibo

05b5dM5E 3Mgdoos bylGo s3mbablibolsggh dmger G oM gTo.
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01530 I

3dMAd ®0J0L B3JIRISAHN30 ROVIMIGGBNORIM(
AS6B(MRJSOLOMBOL LOILODBR3A™M SIMGBO6ISNL SAMBLEOL
Lb35(MdNS60 FINMKRISO

§1 3oéggmo Lobsbpgam 5dm35bs

35bgobogomo  3o@ggaro  Lalabwgdm  sdm@Eabs dgmég  @ogols hgggergddoago

09396963050 9M0 obGmangdolismgols:
u'(x) —q(u(x) = f(x), xe[0]] (1.1)

u(®=a,, u(l)=aq, (12)

boog AIx) w@o q(x) [0,1] byadgbdhdy afysadhe BabdGogdos, 3sboosk

dmgombmgmn, Gmd
q(x)=q, >0, xe€[0,1].

AMmAO 3 3bmdogmos YA bosmy® gobGmangdsms mgm@oswb, (1.1) - (1.2)
s8mobsl  goohbos  g@mopgdmo  53mbsblbo  u(x)ec’[0l]  (méAxgd  9Ty3a0o0
Foddmgdowoa [0,1] 1gadgb@ by).

oggmo [0,1] Lgadgbdo n @Gmen bofogmow. jgobdomo Fg@m@oggdo swgbodbmm
Xi-00:

x. =th, 1=0,l,...,n; h=l, nz2
n

u'(x)y x=x;, (=L12,..,n-1) 3356dom FgHBoe o Tg3agommon 3gbGHoey@
Lbgomdosbo gm@Iygemom, dogomgdm:

u(x,,,)—2u(x,)+u(x,,)
2 -
i=12,..,n-1

q(x)u(x,) = f(x)+ O(hz)

(13)

Las O(h%) odol 6sBmomo §gg@o (ol o ©oagofgcos  @bowo). o (13)
HMEmbsdo  bodmom  Fg360L dowogoggdm,  dogomgde  FORog  sanagddyga
35bFmangdoms LobGgdol: n-1 gob@mangdols n-1 gEbmdom. hogfgOmo ol gdogyo

Lobom:

U, —Q+h’q u, +u,_ =h’f, i=12,.,n-1 (14)
lme“(S q; =4q(x,), fi=f(x).
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hggb L3ggosmadom ©s3FgMgm ui ©o oMo u(x;). u(x;)) >éob u(x) >dmbsblibol
bgbBo 360dgbgarmds x=x; (goBoado. gobosowsh hggh aopogoamgm  bsBmomo
F9300, 530@m3 domgdge (14) LolFgdsl o6 @osjdogmgomgdl  u(x;), odo@md
369860305, dolo 5dmbsblibo omgbodbgm ui-mo o Asdmgsibospmm ogo u(x) dBybo
>dmboblibols dosbenmgdom 3b0Tghgermdoe x=x, (g@GoeTo. up s u, dnEgdymos
(uy =ay,u, =a,).

(14) ool L3ggosgy@o  boboli LobBgds. ol gFmEgdgh LT gPEoemgsb
3>bHOE@dsms LobHgdab. 53 bolidgdol ozl dgdmgao bHGYIHIG:

X x Xx a,

(14) bobgdol TYgbodadol FosGMoiEol 9FmEgdgh gb@gmdo Goldol dos@®oisl. ol

>Jgb dgdgao Loby:
- ~

\ 0
.

~ -/

N
\
-

aodmbogoge (L1)-(12) s3m3sbols ggfmomen 9fyz9d0 sdmiabs, (14) Lobgdsb —
Lbgomdoobo (obgMgdagern) sdmzabe.

3004300, Am3  ©olgMgdgmmo  sdm@Eebs  obpgbl  9fyzgdo  sdm@Eobol
533mJLodsiosl s 83MmJLodsigools Gogo oGob n, oy bsTmomo [Fgg@ol @oyo
stob 0(h").

©obgMhgdaeo  s3m3sbol  (polimgdamo Imegmol) aosbbogngolsb  obdgds
3990990 Lsgzombgdo:

L olg®gdagmo  sdImaebs  osbegbl oy oés  9Fyzgdo  Sdmzsbals

>360mJLodsiosl;

2. @obg@gdgmo 5dmEsbs 5ol 09 >Ms dpy®apo;

3. @olig@gdaeo sdm@Eobol sdmboblbo (doobgmgdomo 5dmboblbo) s@ols o9
5™ 3Mgdseo bylGo >dmboblbolis jgb, GMmES doxo YlalGgmme dioMEgds.

olgMgdamo  sdm@izobs  dpadsos  bodbsgl, @md ol 9fyzgdoe  >Gob
©5dM3ogdnmo sdmiaobol Lofyol 8mbo3gdgddby. domo 3oy gdgmmgds ofgggl

7



5dmboblibols 30ty 9gdgmmgdsl. hggbls dgdmbgggedo fi-U, ap-bs @ az-ol dgoMy
Fgdx3mmgds 0fggal ui-L dgodyg Igdgmmngdst.

§2. B5J@B™@0DbS>G00L Jgmmo

aobgobogme  bmgoo  Lobob  LodFgOGoemmgebo  F@ggog  gob@mengdoms
Lol gds:

au,,+bu, +cu,,=f, i=12,..,n-1 2.1)

iYin Ui
U ©> U dmoggdgeoes  (Fobs 30365930  domgdyemoe  (14)  LobGgds
Fomdmoagbl (2.1)-0b 39Gdm gdmbgggols). agodal n-1 gobGmengds n-1 9iEbmdom.
dogige i-b 36093bgemmdgda:
i=1, au,+bu, +cu,=1f;
i=2, a,u +bu,+cu,=f;

i=3, ayu,+bu,+cu, =f;;

30039e00 256 Mmangdoesb 3obgladbmg@me u; i3bmda:

au, c
u =174k &
! b b
‘dgdmgommmn >@bodghs:
Ll =—%; kI = f; _baluo
1 1
d>30b
u,=Lu,+k,

hogligom uj-ob 860336gemmds Igmeg gobGmangdsdo s 25bzbsbmgHmm uy:

a,Lu, +a,k, +b,u, +c,u, = f,
(bz +a,lL, )“2 =—Cyly +(f2 “azfl)

>Jgo6

‘dgdmgodobmm ombodgbs:




d>dob

u, = Lu, +k,

hoglgoo uz-ols 360dgbgemmds dgladg aobGmagdsdo o gobglsbeg@mo us:

u, =Lu, +k,

_ T4 _ fi—ak
=, ky=——=
b, +a,L, b, +a,L,
>dM050, 0bydioom doowmgds:
L =__Ci_; k, =_f;'Lki-', i=12....n—1
b +a,L_, b +a.l,

i~i-}

L,=0, k,=u,

JoAEsdo@o  bgmol  OmMlL,  dopgdgemo @349096@ 90 gmEIY@gdom
goongmon Li o ki 3mgn03096dgol, 943bgemol @@mb 3o — 0goo 53mbsblibgdls

QM3 oEsb

u,=Lu,

U, +k, i=n-1, n-2..]

gl dgmmEo BsJdogdoe Fomdmapygbl aonqlol dgomeb.

330MZSEMM  M3JAS305ms  Mogbgo, MMIgmo3 agkoMmEgds o0dobosmgol, @md
303M3M0 U, U,..,Uy  o3mboblbgdo. xg® ogomgogmme  ™m3g@dsigosms  Mozbgo,
Amdgemo3 3330090 L o k 3jmgn030960gd0L pobsmgemgemse, domo @0(3b30.
9o gbl 6n-U; 5dmboblibgdol obosmgmgmsm o 3d0MEgds 2n M3gMo30s, Lygan —

6n+2n=8n m3g@>(300.

§3. Lbgomadosbo Sdm3560L d5dmggemggs

@qds. godgom, (3.1) LolBgdol jmggxoiE0gbdgdo >3354mMmxzoemgdgb  dgdwmgy
9B Mdsls: '
|b,.|2|a,.|+|c,.|+5, i=12,.,n-1 i

Loy 6>0, 35dob doMmgdgmos Fgdwgao dgxolgds:

1
'S lg(l;,:a)illf"

|u,.| < max(|u0 s |u, ), i=0]1,...,n 3.1
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53830390, 30dgom, fui| 35Jbodyndl >@F g3l dmemmgddo, g.o. i=0 56 i=n, 35T0b

B 9dmemds gbopos.  gmdgom, i#0 o izxn. (3l) 9memdopsb
253mM30bsMgmdl:

|bi| ) Iuil = |biui| = If: —aqu,, —cu

S|a,.|-|u,._,|+|c,.|- u

+| £ (32)

i+l i+l
30dgom, |ul doJLodogng@  dboTgbgmmdsl  mgdyemmdl  GMAgmomsi  i-96
3306dd0 1<i<n-1, 35906 (3.2) gdmemdopsb godmdwabs®gmdls:

|bi|'|ui|Slail'lui|+|ci|°lui|+|j;|=qai|+lci|)'|ui|+|fil
ob @53 030390
(Ibil_(lail_*-lcil)}uilslf;'
agdol 306Mdol mobsbdow
(Ibi|_(ai)+|ci|)25
>dM0g 56,
w6 <|/]
>Jasb
1
1< —11.1.
ul< 21

>doo @ gds ©SIG 0350 0.
@gdol 0sbobdo (14) LolFgdobogol dotmgdyemos Fgdwgao S3Mom@ o

‘dggoligds:

1
lu,| < maanol, o -

fe l) (33)

=1, b=2+qk, c=1, S=qh’, f=hf}
(33) 9gpobgdosb  godmdeabodgmdl, ®m3 §1-do  aobbogngemo  LJgdo
dgMs@os.  Lbgomdoshbo s3miaobols s8mbsblbo 9Fyggdoe sMol  ©s8Mjowgdemo
doxggbs dbodgby o Lolobegdm d60dgbgermdgdby.
3ohggbme  asbbogngemo  Ljgdol  j@gdopmds.  byLlBLs ©o  dosbarmgdoo
5dmbsblibl Imdol bbgomds -6 3356ddo s@gbodbmo Zi-mo:
Z =u(x,)—u, (34)

(13) o (14) Lolidgdowsh aodmdobodgmdls:
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Z.—2+hq )z, +Z_ =R, i=12,.n-1
bawsi Rith) s@ol 6sBmoma F9300, ®@Agals Goaos 0(h’),
Zy=u(xy)—a, =0, Z =u(x)—a, =0
(14) @oamdopsh (13) 9@memdols mobobdo  odmdpobodgmdls  dg8wgy0
9@ Mo

1Z,| < 1 nax IR, (W) (3.5)

qo 1<k<n-1
o9 (1L1)-(12) 9¥y3900 >3mEsbol 53mbsbbbo u(x) e C*[0,1], 85306 g35]3L:
|R.(W)|<ch®, c=const>0

530350

max|Z,| < ch’

0<ign

gL 603bogl, Gmd dosbarmgdomo Sdmboblibo j@gdoos bybGo sdmbabbbolsjgb,
53oLmob JBgdoEmdols Gogos 0(h?).

§4. b6godsbol 5dm35bs gmMdg @0l hggnmgd®ogo

©0gg0gbgosma@o a5b@mmgdobsngols
(Igmedg LSLObPgAM SIM(356)

6godsbol  5dmE3sbols  (Agm@dg  Lobobemgdm  sdm@Eobsl) 9fmpgdgh  Igdwgy
>dm30bsls:

u"(x)—gq(x)u(x) = f(x) (4.1)
u'(0)=aqa,, u'(l)=aq, 4.2)
boog f @0 q 9V93900 §96J30gdos, sd3sbmsb g(x)2¢q, >0, u(x) >6@olb bodgdbo

B3bJ30o-
Lobsbegam >dmzobol, AM3 ‘doemgoolb dmenmgddo dm 39990

H

Fomdmgdgmagdo 9fmegdgb 6908560l sdmobol. Bgodangds a3Jmbegl dgdmbggge,
Gm@Eos  dgomgpols gho  dmemTo  dmigdygmos ¢96Jiool 860T3bgemmds, bmgnm
dgmdg dmenmTo Fodmdmgdaeo.

AMmA3  oGobmgls  sdm3sbol  Ygdobgggedo oo  (41)  gobGmangdsl
33300 Ubgomdosbo gobdmeangdom:
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U — 20U, +Uy
h2

_q(xk )uk zf(xk)’ k = 1’ 2s”'an_1’ (43)

bogo h= l, n22-bs@qgdomymo Goibgos, x, =kh.
n

(4.3) bLbgomdosh gob@megdsl 9bos  ©5935GML  AobGmemgdgdo, GMIgmo3
doowgds (42) Lolobegdm 300mdgdoesb Lbgosmdgdbg gopobgmon. gbowpoas, (4.2)
Lolsbegam 3Jodmdgdo dgagoderos dggigommmm dgdwgan 3060mdgdon:

L% g Pn "ot a, (44)

h v h
gbowos, (44) Lbgomdoobo qm@dygmgdo sbogbgh (4.2) Lolisbrgmm 3ommdgdols

530mJLbodsiosls  h-oll dododm  30o@ggaro  @ogol  Lobybom. (43) s (44)
2ob@Mengdoms Lol gdgdo hogfgome dgdgao Loboo:

Upg — (2 + hzq('xk ))4/( tu,, = hzf(xk ) 4.5)

u, =u,—ah, u,=u, +ah k=12,.,n-1 (4.6)

(4.5). (46) LolLgds ToMmdmopagbl (n-1)+2=n+1 aobFmegdobogob Jgwagboen
Lobdgdsl ~3wgbogg ¥EbMmd0m.

odoba gl 5dm3obologsb goblbgsggdom Tgomgol dmermgddo up s u,
dm@igdgeo 5@  5Mob, doa@sd  Amgm@ag  (4.6) GMemdgdopsh  hsblb  obobo
dgLododolog gddgenos U @S Uny PEbMOGoMsb. oJgosb 2odmdwobadg db9gdcMoagos
(45) (46) bLobdgdol oSImbsblbo ggdgdmo TFgdpgao  0BgAsEogeo  3GmEgLol
3>dmygbgdoo:

ul), — 2+ Wq(x )W +ul =1 f(x,) @.7)

(s) _, (s-1) L (s)
u,' =u" ' —agh, u,=u, +ah 4.8)

5] ul” ws ul ool Ygbsdodobo U @5 Uy 93bmdgdolL  byammgsbo
doosbamgdgdo (bygermgobo doshanmgdgdo dgagodenos sgomme bygano). gogoo @o
u® s u% @47, 4.8) LobiBgds 9439 VoMdmopagbls odmobamgl  Lbgosmdoosb

5>3m3obal, GMdganoi dga30demos s3mgbliboo godBm@mabsizoom  dgmmpom.

M 1)

‘dgdgy b3dox by dowgdgao sbogno db0dgbgemmdgdo u” @ u,’ (30(3gemo

doobmgdgdo) ao@oggedal Lobwgodmby (4.8) 30Mmdgdol Lodgoemgdom ©s obgg
gbbboo odobangl Lbgomdooh 5dm3absl. o8 3Gm3gl gog®dgmgdm dobsdeg gopdy
Mm@ dmdEggbm 0@ g@siosl dm@ols bbgomdol dmegmo ygges ggobdom §y@Roendo
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bogamgdo 5@ aobpgds Fobslfod smgdgen & opgdomn @ogbgby (e goblobogmogl
0B gasi300l LobgbBgl).

5>ddo0go, (47) (48) ofgthogogmo  3GmEglol  godmygbgdom  6g03sbals
Lbgomdoobo  odm@3obols  5dmblibs  8004gabgds @oMmobargl  Lbgomdosbo  s8mzsbols
5>dmblbobg. 3¢3oEEgds, HMA Jabboenygmo 0GgBozogme 3GmEglo jMgdswos.

§3. Lbgomdosbo dgmmpo s&S{OGog0 hHggaemgd@dogo
©0ggM0gbGosmado gdbGmemgdolsmgols

5.1. 30éggemo Lobsbpgmm 53356

aobgobogmm  30dggmo  Lobobmgtm  sdmEsbs  dgmég  @opaols  s@sF@g0g0
3ob@ Mm@ gdolismgols:

u"(x) = f(x,u), x €a, b], (5.D

u@=a, ud)=p, (52)
boog  f(xu) 9Fys0d0> ©> ofgb a¥ysade Vo@dmgdgamgdo  dgméy @opodwg
Bongmom.  oJgsb  3odmBwobomgmdl,  ®m8  s@Lgdmdl  gfyzade  u” (x).
9903085600 mb0g6gd0:

M, =max|f, |, M,=max|u"]|.
[a,b] bgadghpo poggmm N(E2) Gom bsfomop ©o dgmGg Gogob Fo®dmgduma
x,=nh, h=(0b-a)/N, §(gHGoenBo Tgzagomwmmn ULbgsmdosbo sbsgnmgom. 35806
(5.1(52)-56 80gomgdo Bgdmga >GoNGR0g SmaBGUm 6GMmMgdsms Lolggdal:
Yo =2V, + Yy =R f(x,»,), 1<n<N-1, (53)

1

Yo=a,  yy=p. (54)

(54) 306md330 Joomgds (52)-wsh. *

©5359830G600 Lbgomdosho 53mboblbol j@gdsmds bl 5dmbsblbobsggb.

Egndgom, Gmd  f,2m >0, Gopash, Amameg  3bmdomas,  LsdsGmgnosbos
399030 Rs3m3orgdmgos:

u

u,, —2u, +u,,, =hu"(x,)+ 5

{4
u (én )’ gn € (xn—l b4 'xIHl )’
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>do@md bglido 5dmbsblbo o3dogmaomgdl Vgdwgy Lbgomdosh gobGmegdsl:

h u (&), 1<n<N-1

un-l —zun +un+l = hzf(xnun)+ 12

07 (53)-b godmgogamgdm o3 gob@magdgdl o 3mdoagdsl Smgbndbsgm
Z, =y, —U,-00 ©5 as30mg3>5olfobgdm, @md [f(x,,y,)-f(x,,u,)=(f,), z,, 385306
dogomgdo dgdpgy aobGmemgdoms LobiGgdsls:

u

zn—l—(2+h2fu)zn+zn+l =]:_2u"'(§n), ISnSN_l’ (5.5)

z, =0, zy =0. (5:6)
30dgom, x, oMol ggobdo, GMAgmBoi |z,| FoJuodsgma@os. 53 3gobdoo

Fao@oa@o (5.5) gopogigamon gdmemdols Lsboo:

hu
(2+h2fu)no z, < 2, |+ %n.. +E uIV(§n0]
z, .| 89333o8mo |z, [-om, dogomgdm:
2 |y 2
2 J=fay <2 ju (§"°lshM2, 57)
° © 12 (S 12m,
boo@3  ||z,[|=max|z,|. (57)-ps6 258m3pobsdgmdl, Gmd |z, >0 @mgs A—>0. gb

0dsly  60dbogl, @m3  bbgomdosbo  sdm@Esbols  sdmboblbo  jMgdswos bylLGo
53mbablbolinggb h-ol dododron dgmmg @ogol LobybGoom.
(5.3) >®5F@qg03 Lob@gdol gblboo gdwgao 0dgdozool go8mygbgdom:

P =2y 4y —p? f(x yETVy) 1<n<N-1, s=12.., (598)
Y =a, y© =2, (5.9)

@boos  0fgds@ool  ymgger doxdy  yi-0l aoblobmg@molsmgol  gmgdgemdm

Fagog Lolggdsl, @mdganoi oblbgds AoJGm@abogool dgomepon. I 03Ewgos,
@3 (5.8)-(5.9) 0§gtoEos gAgdswoas, oy gldgmgdgemos I38Egao 30AHMds:

1 %)
q=§(b—a)2M,<1, M,=max|afl.

5>dmbobliboll 3pm3omgdobmgol doGmgdymos goaligds:

L(0)
yn __)’.. ”,‘ *

Yo=Y | g



52. bmgoo LsLobwgam 3o®mdgdol dgdmbgggs

asbgobogrmm dgdgao bobol dgm@g @Goaol sMsF®R0g0 ©ogg@gbiosgng@o
aobBME  d:

u"(x)= f(x,u,u’), x €la, b), (5.10)

bos  f(x,),2) #9bdaos V439000, o8sboob y ©s z  (ggmowgdol  dods@o
53d5g4maomgdls @og3doizols 30OMdsl:

|f(xay|azl)_f(an’;sz)l < Lll)’] _J’2|+L2|Z| _Zzl-
(5.10) aob@dmemgdobmgols ©ogligom dgdgao bmaswo Lolabegam Jo®mdgoo:
au(a)-au'(a)=a ,}

' (5.11)
Pou(b) + Bu'(b) = B,
BoESG @y &y By 05 B, 5Gm0Gymaomno Goibggdos, sdsbmsh ap + 85 #0.
©sggmo [a,b] bgadgbdo n o bofomose FgOGommgdoo:
a=x,<x,<..<x,_,<x,=b, x,—x_ = b-a =h.
n
Fggagogrmm  (5.10), (5.11)  bolabwg®hem  sdmgebs x=x,  [9g@@omdo  dgdpgao
bbgomdosbo sbagnmyoom:
uk+l—2qu+ul‘_l zf(‘xk’uk9uk+l—uk-l )9 kzls 29'“”1_], 512) ‘
h h
au, — a, ad ;u° =a,
. (5.13)
u, —u,_
Pou, + By ——h——' =p.

(5.12), (5.13) Loldgdol SAMbsblLbL u, -  gogbowgdo (5.10), (5.11) Labsbwgam
S>dmiobol  bybGo  sdmboblbols  u(x)-U  dosbegrmgdoo  dbodgbgammdo  x=x,
Vaododo, u(x,)=u,.

(5.12), (5.13) ooFdgg0ogo  asbGmengdoms  Loldgds  dgygodaros ‘>3m3bb60mj
3990930 0OOSEo0l 3odmygbgdom: !

(s) (s) (s) (s=1) (s-1)
u,, —2u’ +u,. U —ul"
k+1 I; k-1 =f(xk’u[(¢s )’ k+1 k-1 ), (S=1,2,...), (514)
h h
(s) (s)
u —Uu
a u(s) _p I | a,
040 1 h
) _ ) ( (5.15)
(s) o
Bl + o= .
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0B IH>300b yogger bodox by agobrgds T@gog om@pagd@ge 3obGomgdsms Lodgdols
SAmblLbs (n+1 gob@mengdols d@gbogg 93bmdom).

0 @oggdoigol dgedoggdbo L, s L, bLogdodolsw dizodgs, dsdob 3@ 0-
©gds, GmAd (5.14), (5.15) 0dgdsi@ogeo dgmmEo 3G gdaEos.
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00530 I

H3IINIdA030 ROBIHIEGNIRNIBO 3S6BHMRNIdS0MD
LOLBGABOLS0)30L 3MBOL SAMBIE0L SAMBLLEOL
®0Gb300)0 330)MKRIdO

§ 1. 030003gmangdamo dog®o3o, dsgMoiEol beo@ds.
395230l @gds

L1. Ygbogsemo

g0dagom, E" s@ol gggmoegl n-3obbmdomgdosbo 33d@meagmo Loghiyg. Gmameg

3bmdognos E"-Tdo m@o ggd@mdol xodo. bgsams@ol 39Jdmebg bsddogemo o bgsgno@doano
bad@ogamo, dglisdodolis gobodad@gds dgdgao MA@ gdols oo gdom:

u+v=_(u+v, U,+vy,--u, +v),
a-u=(a-u,o u,,-,ou,),

(u,v)=uy, +u,v, +---+u,v

Logo@ u=(u, Uy, - u,) © v=_(V,v,,--,V,) (& —-lgoms600).

babo 9bps gogbgol 0d #5JAL, Gmd hggh o3 Igdmbgggsdo goboansgm ggjemopagls n-
35bbmdog gdosb 6odpgoe Logdgb (3gddm@ol jmddmbgbGagdo bodegogmo Goibggdos).

4M3adbgdo  gggemoeyg@o  Log@igol  Fgdmbgggzedo uw s v g9ddmegdals
Lgomo@gmo badMogammo asbodod@gds dgdpgan ge@dgmon (jmd3ggla®e gggeroyco
LogB(g >@0bbd6gds C” -om): |

(U, V)=uy, +u,v, +---+u,v,

(bobosbo b0dbogl Igymengdganls).

sbgomo  3o635MmBgds  Loglgdom  d9bgddogos, @oswash  3gJdméol  msgobomogby
Lgoamodgemo  bodMogmo, @mam@aE 3bmdogos, s@ol o8 39J@m@ol bm@dol  jgo@sdo
(-Log®dolb* 3350M580). |

5]95056 godmdpobsdg MmEs 39]@mMob  3md3mbgbGgdo Lsbmyswme, dmﬁ.?;ma;]ls*a(ﬁnf
M03bggdos, m@o ggd@mmols Lgsmas@mygemo bod@asgemmo 0J6gds sMsgstymgomo Mobgo, m'al
doo  Lgomodygm  boddoganls 20b3do@Gogm  bgdmm  dmzgdgeo  (gboo. dodmesg 58

1

‘dgdnbgggedo ago]al:

(u,u) =uu, +uu, +---+u,u, =|u,|2 +|u2|2 +otfu|” 20.

un
godaom, A=(a;),., >0l n-géo Gogob ygoE@sHmo doGGoEs, dmgdgoo  E”

9330l Logdigdo (o6 CI' Loghgde) 4 AsdGoal gTmwgds mgomIgymegdaao, o9
LA gmEgds JoOmds:

(Au,v)=(u,Av), Yu,veCl.
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0 335J3b bodpgoo ggjmoeg@o Logdgy ET s 4 dsHéogel gergdgbdgde
bodgoemo  Go@bggdns, o3 gdmbggzsdo  mgomPgnmaengdager  dodMogol  gTmogdgh
Lodgd@oger  do@@oilb. dmgage Gmd  goggem, bsdpgoemo  ds@@oigol  dgdmbgggedo
LodgBPoPY@Mds s MGoNAGYME gdEmds gHmoE>0039 (3690900s.

spgogos hggbgds odols, Gmd oy A=(q,),.. b>dpgogo ds@@oigo olgmos, @Gmd

ij
a; =a;, 35306 ol LodgBH@ogeros. Lobmyspme Jmddmgdbado gmgdgbdgdosbo ds@@oiols

y

‘dgdbgggodo, LodgBMogeo dsGGoEo 5 sGoli mgomdgymengdgea.

1 1+i
A=
(l+i 1 J

Lodg@®ogmo do@@®oizs, dog@sd ob 5@ oMol mgomndgymengdoero.

o250 >00:

4033 gJlg@  gengdgbdgdosbo 4 AsGMoigo mgomggmengdymos, 09 LEmEgds
JoGmds: A=AT (4-L ‘dggoergdgmmol §OS6LIMboMgdaml).
]

1+i
i | ) 030030 gdeos, Mopyob
—1i

21 1-0\" (1 1+i
li+io1 ) U=io1 )

godgom, A=(a;),. >60L dd@ogo dmdJdgmo C"l  ed3mgdlage g3 o

dogomomo: A= (

bog3980. sEgomsm HJ03EIdS B93pga0 HO@Mdol do@ngdgmmds: (Au,v)=(u, A™v).
AT -1 P36 4 ds@@ogol Ygnmmgdamb ©s s@b0d6sggh 4 -0m s A =AT.
s>dGogoe, A4 I5HO0Eb glmpgds mgomgygmengdgero, o9 ol gdmbgggs omsgob
Vommgdgeb, A=A
AMO3 3bmdognas ggaemoegl n-356%mdogngdosb Log@mgdo u 39Jd™mGol bm®@ds
3560856 gds Sby: "u"z Ju,u).
dod®ool obpyEodgdgemo bméds s@ol 069g0dydo (dbGo Jggos begs®a), od
©o©Je0m MbliFsbGgdl dm@ol, Gmdmobomgolsig LEOgmEgds YHME M

||Au" < c||u|| (c =const >0),
Loo@g u 63d0bdog@o 39Jdmeos, gggemowgl n-356%m30engdasbo LogMoasb.
‘dgodangds 0ndgol gl >0l dsGMogol ol bm@™ds, Gmdgmoi ©adsws (Fo(dmJdbs)
39dO™A0l gggmool bem@dad.
dB30ERYd>, Gmd A Jo@Goiol 0bpyiomgdgmo bm@dobomgol LEOgmogds:

| Au| | Au]
Al =sup~— =su = sup| Au
I wz [ ||u|i$ll) | ||.,1|=|" |
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(baeol J3gd aggldols bygenmgsbo ggJ@meoa).
A Go@ibgls glmpgds 4 d5§@ogol Lsgnmdogo Goibgo, 09 sGbLIOIMIL s@AbyYemgsbo

u 33Jd™G0 obgmo, @m8 Au=Au. 3 u 3ggdmal glmegds A-l Loggodogo @Goigbgols
‘dgbodsdolio bagmnm@dogo ggd@mao.

3BIGERYSS, M3 o A dFA0oGEe  mzomdggmengdgeros, dsdab  dobo  yggems
Lsggmdogo @oibgo bsdgogos. gboos, 4 ds@@oiol boggmedog Gogbggdl Fomdmowagbls
lA—/lE|=0 dobobioomgdgano asbGmaenrgdol q3gliggdn. 3@ oEegds, M mgomndgamen gdbyera

dos@oiol dgdombgggodo asoblbgoggdaeo boggm@ogo Goibggdol T bodsdolbo bsggmeogo
33JHM 930 MGOMambsgna@os.

A 0gomBggomgdge dos@d@oigl gfmegds sOsgesdymgomo, 09 bEHgmEgds J06MHMdS
(Au,u)20, Vu-Logol. 4 ogondggeemgdae  d5GAogl gimegds ©opgdomop  35bLad-
@3OYo, 07 bAmEds JHO@@S:

(Au,u) = a(u,u)

Lboosi a=const >0.

o9 A 6ol mgomggeemgdagmo  ds@@ogo, @mdmol Loggomdogo @ogbggdo 4,

(i=12,...,n) woEgdomas, 35306 ob 0bgds EoEgdomse 3s5bLsbEgHnmoa. 53 Jgdmbgggsdo
LEAYEEJdS YHMEMES

(Au,u) 2 a(u,u),

Loog a=min(4,).

I<i<n

12. Dmgogdhono 35@®@ool bm@dol 9gxasLgds

wgds 1. godgom, 4 sMol  ogomnIggomgdgmo, oEgbomse  oblsbmg@gmo
dodtogo (A=A, (Au,u)2 aly|

2
)

a>0), 353906 Vo 20-lmgol dotrmgdymos Bggobgds:

IE + o)™ <1
33 3o3gds: 3baros 3303l
((E + odu,u) = (u + cdu,u) = (u,u) + o (Au,u) = |u]* + o(Au,u) > (1+ o )|u|.
SBGogop, dsBmgdamoes DBHOEMdS:

((E+odyu,u)> (1 + oo)u|’, VueE". (L)

40



Gbowos (11) g@m@mdoesh asdmdpaobsdmgmdl, @m3d >@lLgdmdls (E+0A4) ds@@oiob
33969390 (E+0A)™. dotomsi, godgon (E+od)u=0, 35306 (L1) 9@mmmdowsh
25303 0boMgmMdl, Gmd u=0.

(1.1) 93m@mds30 hoglgom u =(E+0d)”'v, 35306 dogowgdo:

]
+ o

(v,(E+04)'v).

[E+oy < 1

>Jgob d3o60(30L YAMEMmdols msbobdo doomgds:
4™336@000: {35030 YHM@M™S: I(u,v)lS"u" ||vﬂ}

1

(v,(E+04)'v) < 1
oo

1+ ox

"(E +04)™ v"2 < "v" : "(E +0A)™ v" ,

1+

1
1+ o

[(E +0a)™v| <

M-
>Jgesb doGMogol bm@dol gobdoM@gdol mobsbdow sdmdobsdgmdls:

1

|(E+ 04y | < ——

<l.

30336¢500: {|Bu| < du|=|B|<c }.
mgds 2 (gomepo):  goodgom, A4 @0l ogon3ggemydymo,  Eopgdomswe
3o6bobmg@nmo dsg@ogo, 35306 Vo > 0-bogol sGmgdmmos ggnslgds:
|(E - oa)(E + oy <1.
059830390 Jod@oob 6mMAol 3s63s@Hgd0l Mobobow agedgl:

"(E — 0A)(E + cA)™ "2 =su "(E ~HANE o) u" =

2
0 ]

09 >3 YHMEMdsTo hoglgom u =(E+0oA)v-b, dogomgdo:

_ W NE — oA _ o (E=cly, (E—ody) __(v=cdv, v—0dv) _
u0 ||(E+0'A)v||2 wo ((E+0A), (E+0A)V) v (v+0Av, v+ cAv)

||v||2 —20(Av,v)+ o’ ||Av"2
=su

v0 ||v||2 +20(Av,v)+ 0o 2"'4""2 |

(12)

Aoaob  300mdol  mobobdo  (AV,v) 20, Sdodmd (12) ©s8mjopgdnmgdopsb
3°3MIE0bsMgmdl olodd 03gdmae Jgusbgds (IGaibggeo < dbodgbgenby).
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§ 2. hgzgrmgd®ogo ogxgAgbxosmamo asb@mmagdsms Lob@gds s
9JL3mbgbosma®o dosGMoxs Fabios

aobgobognmm I @og0ls 1dod@ogglio hggmengddogo 0990 gbz0o M0
aob3MeEgdolimgols jmdols sdmzsbs

WO |\ guy=0, 150 @
dt
u(0) =u,, (2.

Lo 4 5Gob bgogns@o. u(t) >0l Ladgdbo goubjios.
Gbowos (2.1) @o (22) s3m3abols 533mbsblbo dmogds gm@Iygemom:

u(t)=e"u,. (23)

qndagom, gbans (2.1) asb@memgds 5ol 39JHmageo, g.o. (2.1) yob@memgds >@ols 1
@oa0ols hggnmgddog ©09g@gbioomg® asbmagdsms LobGgds 4 s@ol doGoigols n-g@o
@00, A=(8;),, boge  ut) sGob gadomé gablees u(@)=(u (0),u, (@), -u, (@) .

du(t)
dt

>0l u(t) 3gddmeOgeo gnbjizool I Gogol (odmamgdagamo

du(t) (du, du, du,)
dt dt’dt’ " dt )

Gbowos, U, 0J6gds n 356%mAomgdosbo Gobgzomo 39JHMGO Uy = (Ug,,Ugys- Uy, ) -

sadMogo,  hggh  agodgl gmTol  sdmzsbs  Agguemgddog  @ogg@gboomy®
3obBmmgdoms  LolGgdobomgol, m3g@sGmaon A, Amdgmoig [oMdmoeygbls n-9@o @Gogol

33005 g do@@oal.  gbowos, o3 Fgdmbgggedo  (2.1), (22) SdmiEobols  s3mbsblibo
Qoadogmadse  dmoiggds  (23) gm@dgmol Lydgoegdoo.  goddmdo  ,,gmGdsm @,
oa5b gdL3mbgbRol badolbbdo bol dod@ogo. w9 hggb gobgdodFgm gJldmbgbiosgydo
dodMoo-g9bjiosl, Gmamob-mgobsg do@mgdyanos  aoo@mamgdol  o0pogg Fgbo, oG
9Ju3mbgbzosmyg@a  Lgsmas@gmo  g3qbjioolsmgols, d5Fob (23) gm@dsgnyg@o  >dmbsblbo
aobgds Mgogma@o S>dmbsbliba.

-4

e 9Ju3mbgbiosgg@®  doGMoo-g9bdizos  dmoggds  badalbmgobo AT 3Mog0l

LsBgogmgdom. e*  Lgogmo@gmo 59600l aoBmoTo gbws hogligom x (3gemsol boigmmsm
(—tA).

AMamA 3 36mdagos, e’ -0l Ggoamm@ol A7 3Gogom aoTdmolb gl bLoby:
R x x’ x"
e =l+—+—+---+—+--
2 n!

>3 Go@Adgmols mabobdsp €™ -Lmgob 33946935 gdwgan aoBams:
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e_m=E—%A+%'-A2—'“(—1)"%"/4""'”' 24)

ooz E oMol ghoggermgabo doddogo n-9Mo @oaol (oggeobbdgds, @Gmd omogoosb
dngdgmo 4 dsGGogo >5Mal n-gco @Goaol). (24) gom@dgmoel do@xggbs dbodg s@als
badobbmgabo ds@@oiggemo 3730030 (3mgR030gb@gd0o bgogms®gdo).

gohggbmm, Gmd (24) dsAGogyeo  IVgM0g0  jAgdoos s dobo  3BgdoEMmdab
Googbo R=+400. gl 95]Bo 303mdpobstigmdl ojowsh, M3 dsbgmasbio 37 3030,
b@dgdoligob  dg-agbogro, jGgdowos  domgen  LodMAYgby. BoGmems3,  bmA3gdobash

‘dgagboeno A 3030 0gbgdes:

A"+ (2.5)

2 n
1+%||A||+—t2—!||A2"+---+%|

bm@dols  ogolgdol  0obobds@  (2.5)-0L  Aogm@sbdo  AF3Mogo  odbgds  Bgdwgao
badolbmgobo 3 jMogo:

1+—t-a+—a +-o+—a 4+ (2.6)
P2

ooz a= "A" .

Gbowos (2.6) 3730350l xsdo stol e,
>d@oom, hggb gobggbgom, @md (24) Fmemmdols dodxggbs dboMydo  Jgdogsgro
d( 40030 4Mgds@os. dobo bgdobdog® Mogbgxg® gofsMmdmgdom domgdamo 37300303 >lggy

40gd3@0 06335, 5308m3 34963860505 (24) AV3M050L %580 >mg60F6mmn —e ¥ -0m. bogoas,
b >mbodgbs gMhmo Ygbgegom gm@dsgamos, dog@sd odol Jgdwgy Goi3 hggb gobggbgm
(24) 3V 36030l 369d50ms, gl o@bodghs 0dgbl Jobss@bmdmog bobosmb. jg®dme, dolo
goAdosaa@o gofsMdmgds jobmbogMas, g.0. dsOmgdaeos gem@dyae:

(e—lA )I — _e—IAA )
5Jgesob 4o dodHogow 2>dmdpabsdgmdl, Gmd
u(t)= e""uo 2.7)

sob (2.1), (2.2) sdmi3sbols 5dmbsblibo.
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§ 3. 3563-bogmanbmbols 1Jgds

3.1. LJgdol >agds> ©s> S3MMJLodsEool (3EMBoagdols Bgxslgds

aobgobogrmo 3m ol gdgao sdmzobe:

du(t)
dt
u(0) = u,, (32

+Au(t)= f(t), te[0,T] (3.1

bogsi A=(a;),., >0l 03003 e gdgmo sydomse 3sbbsbmg@gmo ds@@ogzo.
FO =@, 1,0, L) >0l 3bmdogmo 39J®MA-g3964;300, begnm |

u(t) = (u, (1), u, (0, u, (1)) sthols bodgdbo 30J0™G-g96dG0s. |
Uy = Uy, Ugse - o Ugy ) —(36MBomo  Lysmodagmo  39JH™@0s. ol goblabegdsgl  Lobdgdal
LoVygol dpamdodmgmdal, (1) 33d®m@-a9bdiaos (Istixggbs dbosdyg) obdymgdl Fyodmmls
Gl [0, T] Igomgreo goggmm m>1 @men bofomo; doxo os@gbodbmon om, bmenm

T ;
symagols (g@domagdo (yggobdomo {(g@Boggdo) o>wgbodbmo £, -00: 7=—, t,=k-7,
m

k=0,1,---,m.

GoEasb (3.1) gobdmangds jdsgmaogegds [0, T]1 Fgomgools  gmgger xoJLo@mgdae

V30®0eBo, sdodmd 1=, |,, Vgodogmolbmgol docmngdygeos dgdpgan (o@mdmpagbs:

u(t,)—u(t,_ ) ny u(t,)+u(t, )
T

= f(tea2) + R (7)), (33)

Logo3

R (7) = {(du(zt-uz) _u(ty) _z_u(tk—] )J_'_ A(u(tk—l/Z)_ u(tk)'*'zu(tk—l ))] |

doomo (3.3) memds gododGoggdols dgdmga doowgdl babgl: ;

du(tk—llz)

di +Au(tk—|/2)=f(tk-|/2)- i

>dM0a50, dogomgdm (3.1) aob@mangds t=t, ,,, TgoBogolsmgol. ;

B93o90°5bm0 R, (7) aod3mbsbymgds. §gogmm@ol gm@dygmol msbsbdop a3s]gl:

2
T T, T ” +
“(tk)zu(tk—uz +5]=u(1k—|/2)+5“ (tk—1/2)+——8 u (tk—l/2)+le~ )(T),

(34)

bawosg RIN(7) = o(?) (993600 babFsw "R,f*’(z')" =0(7?)),

2
T T , T ” _ :
u(tk-|)=(tk—u2 _E):u(tk—l/z)_'z—u (tk—l/2)+_8 u (tk—l/2)+RI§ )(T), (3.5)
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basz RI7(7) = O(r?).
09 (34) HEmdol 43dmgsgemgdo (3.5) Gmemmdsl §930-Fgg3doe, dogomgdo:
u(t,)—u(t,)=al't,_,,,)+ (R/EH (7)- R/i_) (7))-
5>Jgsb 3odmapobomgmals

u(t,)—u(t,_,)
T

u'(t, )= +R"(7),

(3.6)
boog R (7)==~ (RE(2) = RE () = O(?),

530300 (36) Qma@dnmob  Bstixggbs  Abstob 1 Fgboghgdo  (LodgdGommo
bbgomdasho obomman) agodmagh I Gogol FoGdmgdamol dosbmmgdon d60gbammdsl
1=t,,, V9o®omIo, b A0ds@m II Gogol Lodbgbom (O(r?) Gogom).

0 (34) @o (35) FmEmmdgdl Jgg40900 Togt-Taztoe, 35806 dogomgdo:

u(t,)—u(t,_)=2u(t,_,,,)+ % u'(t,_,,)+ (R (1) + RO (1))

Uty = u(tk)+2u(tk—l) +R,f2’(z'), 37)

Logo(3
2

RO () == u () - %(Rz*’(r) + RO (1) = O(r?).

53Gogop,  (37)  gm@dgmol  ds@xgghs  dbsdmol I Fglogdgdo  (LaBgomm
5(0mdgB049emo) 335dmagl u(Z,_,,,)-0b Bosbarmgdon 860336gmmdslb O(t?) @ogom.
(36) o (37) gM@Igmadol gomgomalfobgdom, R, (7)-bogol doopgds B39pgan
Fotdmea gbs:
R, (7) =~(R’ (1) + AR, (7))
3bopos, 5Jgesb 3odmdobatigmdl dgusligos:

max"Rk (r)|| <ct?, c=const>0. (3.8)

1<k<m
53600, (3.3) 3ob@Mmgdsdo Fgdsgemo 653mo Fggmo R, () séol O(r’) @agol.
09 ol AoEogoaegdm, dogomgdo Jgdpgy Lbgomdosb LJgdsl:

Uy — Uy, u,+u,_

+ A

T =f(tk—l/2)’ k=1, 2,"',m, (39)

Amdgaolog 9Tmegdgh 3056 4-60membmbols Ljgds.
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32 365bg-bogmmlbmbol 1Jgdol dpa@opmdols @
39 905mdol 35dm3gemggs

(39) bgds hoglgtHmm dgdgao Loboom:
(E+%A]uk =(E—%A)uk +of(t,,,),  k=1,2-m. (3.10)

am@s k=1, 3s6xg96> FbomgTo ©sa30%090s Uy, bmene dodzbgbs dbsdgdo u,.
>J3g Fggbedbmm, @md (3.1), (32) ~dmasbol  u(?) byLlRo SImbsblbol  doshenmgdom
3603gbgermdo =1, (gO®ommTo hggbh gogbowgdbom u,-b, u(t,)=u,.

up LobiGoOHM 39JO™MAL hggh goizoom (3.2) LaFgolo 3oMmdowasb.

odobamgol, Gm3 godmgmm u;, Gmdgmoiz >0l u(f,) -0l dJoosbenmgds, LodoGms |
93000 9bmmn (E+ 1) 3s§Gogo. go. 9bps sdmgblbsm (M0 sengagd@gen asb@dmmgdoms
bob@gdo:
(E+A)u, =F,
Logog dotxggbs dbotg Fi s6ol 3bmdogmo gaddmeo, Fy=(E—tu, +7(¢,,).
Gbowos 3060Mdol mobobdom, s@ligdmdl (E+4) Fs@doiol 3gdG969dgana.

@m@s k=2, (310) asb@mengdol otxggbs dbodgTdo oagox®gds Uy, bmerm
dodzbgbs dbo@mgdo uy. gogom Mo Uy, Shogrmy0YAsE G3MPE@Om -l o 5.9

3oh3gbmm, @md  (3.10) ULJgds dea@owoes, go. U,U,,..,U,-0b ogms  dpyGoee
30magbos. gl boBbogl, us LoLASOBM ggddm@ol s  f(t) dodxggbs Bbs@ol dizomg
(3o gdod 56 qbs godmo(goml u ,u,,...,u, >dmbsblbgdols oo (3gemoemgds.

3bowos (3.10) 2obRmemgdowasb agodgl:

-1 -1
ukz(E+§A) (E—%A)uk_, +r(E+§A) ) G

og (B1) Gommdsdo gopsgomen bm@gdby o  aogomgsmolfobgdm  bm@dob

(£54) (-5 b £54]

ngobgdsl, dogomgdon: j
Aoaob 300Mdol mobobdo 4 d5@@oiEo sMob mgongmemgdgmo s IEJE0MSE

W)l (3.12).

e < el +7

3oblabmg@gmao, sSdodmd @gds 1 s @gds 2-0l  0obobdop, JoGmgdyeno  0]bgds
dglododolae dgdgan dgslgdgdoa:

-1
( )
2

<1, (3.13)
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<1. (3.14)

(£-54 =+54)

(3.12)-05b , (3.13) o (3.14) Fgxolgdol asmgogolifobgdom godmdwobodgmdl:
bee | e+ 2/ )l E=12,...om. (3.15)

Bogbgom (31530 k=1, ogomador:

e < o + 2l 2]
k =2-0b 3380bgageTo (3.15)-wo6 Jogomador

o) < |+ =1 2312
539056 Bobs B@mmmdol aomgomabFabgdon qmgdmmmdo:
Jeea ] < o+ 40 @+ @)l

k =3-0b Bgdnbgggodo (3.15)-s6 Boomgds:

BN T R VACWRY
sdgresh obs nEm@mmdels gomgomobfobgdon gmadammdo:

"“3" s ||u0||+TQIf(tI/Z)"+||f(tl+l/2)"+"f(t2+l/2)")
©> 5.9. 0bpgizoom doomgds:

el <l |+ (1 s I+ o D -+ ) (3.16)
Gbowos (3.16) 9YAMEMdoEsb 3odmdpobomgmdl dgdwmgao dgusbgds:
el < ol + Gy max| 2, 1,2)
ob 53 0p0390.
"uk " SIl“o"'*'tk "max f(tj—l/Z)"' 3.17)

0<j<k
(3.17) 9@mermds 60dbogl (3.9) LJgdol dEaMsEMsL.
(3.17) 9@ mermdosb 353mdpabomgmdl (3.9) LJgdol dEaMoEMs. st s, gmdgom

U, G0l 53mbsblbo (39) ULbgomdosbo 53mEsbol 08 Fgdmnbgggodo, GmEs  LsLBIGEM
39JdmG0s U, , bogm domyggbs Ibomy 7(t)
A ™m33053mAL  spodogdmdols (A +v)= Au+ Av, Vu,v) dogmoon  (3.17)

AOMEMdol mobobdor U, —U, -mgol LsdsGoemoasbo 0dbgds Bgdmgan Bgepolgds:

ft) =T )| (3.18)

o =7 < o 85+, - masx

53Mogo@, o9 LoVyolbo 33d@m@ol gdgmmgds uy—U, ©> docmxggbs dbsdol —

f —7) b@door o6 smgdo@gdosh £,  dsdob  gboos (3.18) gAmermdowsb
3odmM3Eobstgmdls, GmJ

e, -2 ||<Q+2)-e,  k=12,...m

47



Go3 0dob 60Tbogl, Gmd u, >3dmbsblbol Igdgmmgds dgodgs. 9xO™ dgR0i. 0g JoGxggbs
dbodols  Ygdgmogds  bygmos u,  Sdmbsblbbol  dgIgmmgds  bgdoldogho  k-Logols

(k=1,2,....m) 56 50393503935 LaobRsGAM 39]dmGol Fgdxmmgdol. gl gjojdo  dogmosh
db0dgbgenmgabos 3@sJB0 9o dsmgmgdol mgomlsb@abiom.
3boas,  Sbognmaog@do by gemdom  doowgds, @md  dosbanmgdoma  53mbsblbol
@emdogngdolingols doMmgdgemos GHmEmd:
ety ) —u, || < (cty)- 22 k=1,2,....m.
>d  dgguoligdoeb  2odmdEobadgmdl, @md  dosbgmgdomo  5dmbablbo 3B gds@os
Bgb@o >dmboblbobsygb (0gumolbdgds sdmbsblbbos genyg semolibg) doxol dodsdor dgmey

@00l Lobygbgoo O(z?) Gogom).

§ 4. bEsdogmobsool Fgmnmeo

dgompo, @Omdgebsg  hggh o8  3s5Moa®msqido  gobgobogmsgm  s@ol  aobenghols
(gg3m33mbaool)  dgomo.  o0a0  Lodygoagdol  ademgds AGogoemasbbmdogmgdoshbo
530356900l 53mblibs ©g04gobmm gHMySbbMmAdngmgdasho SdImM3abgdol s8mblboby.

LEsdomoboigool Jgmmel 9fmwEgdgh dgmmel, @mdgamoi dmoigds dgdegan bJgdob
L>dgoagdoo:

(1+%A2)(1+%A,)1"‘_—:"—'+Auk_] =0. @.1)

41) bjghol LoBgomgdoon omgdmmoe  sdmbobbbo 1, Fomdmopagh (1), (32)

sdmzobol  (f () =0 u(t) DBygbdo Sdmboblbol  dosbermgdomn  360dgbgermdsl  t=t¢,
Voo @Hosndo. |
aodmgoggmomm  (41)  Ujgdob  S3@mJLodsgos s dpadopmds. do@@ogo

3oMsJdbgdom doomgds:

r 2 _
I+i(4 + )+ 4,4) |2 4 g, =0,
2 4 T

\

( 2 _
1+%A+%A2Al)u"——u—"i+Auk_, =0,
\ T

2
U, —U;, — U

u, +u T u
k k-1 +— A2 A| k
4 T

+ A

=0. 4.2)
T
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>dMoaom, (4.1) LJgds gdgogomgbdamos (42) bjgdol, GMAgmog 3Ms63-bojmanlimbols

2

1Jgdobogob Asblibgogogds %AzAluk—_uk—_'—Vagﬁmm. gL Fg360 go s@ol O(zr?)-@apol.
T
AMZMA3 oA gbobge  jAsb -bogmalimbols LJgdol s3@mJLodsizool @Gogo s@ols
O(r?). ofgesb Tobs 9od@ol aomgemolifobgdom 358mdpobsdgmdl, Gma (4.1) sAm3sbols

5360 JLods300l Gogo 0d6gds O(r?).
(4.1) bjgds hoglgtHmm Jgdpgao Loboo:

(1 +%A2 )(1 +%A, )uk =[(1 +%A2 )(1 +§A, )— m]uk_, . 43)

doMGogo oM Jdbomn gmgdbyemdn:

T T T T2
(1+5A2)(1+5A,)—2'A=1+5(A, )+ Ayl — (A + 4y) =

T TZ T T
=1——2—’(A|+A2)+—Z—A2Al=(]—5/42 I—EAI .

>d 3oMEsJdbols gomgomobifobgdoo (4.3) Gmenmds doowgdl Labgl:

(1+£A2)(1+£A,)uk =(1—1A2)(1—£A,)uk_,. (44)
2 2 2 2

godgom, A4, > Ay 35M03Egdo m30mdgmaengdgmo  ©5 o Jd0mE
3o6Lsb@gdenas. 35d0b (44)-ob ygo]3L:

(1+—;—A,)uk =(1+-;—A2) I(I—%AJ(I—%A,)(]+-;—A,) I[(1+—;—Al)uk_,]
5b Go 03089
¢, =LTo,.,, (4.5)
Lo
¢k=(1+—;—A,)uk, Ta=(1—§Aa)(1+-;—Aa)l, a=1,2.

@3> 2-0b mabobloe byds@mmmasbos Jggsligdgdo:
IZ.[|<1, ea=12.
58 A9530Lgdgd0b gomgamolfobgdom doomgds
lod =17 o< ITAAT] ol < leeal - (46)
Gboos agodgh:

2

el =

=[(1+%A|J Ups uk)z(clz Up, Uy), (4.7)



La@os C =1 +éA,.
(4.6) 9BMemds (4.7)-0L gomngsgabifobgdom doomgdls Lobgls

el <ol 438)

boogs [yl =V(Cluy )

bm@ds, @mdgemo Bogn®omgdl (4.8) Jg93obgdsTo 53dsygmaomgdl 6m@dol yggems
ogobgdsol. dob  9lmegdgb  gbgdggdogner  bm@dsl. o3Goas  (4.1) UJgds Bpa@swos

969603900390 bm@doom.
(4.8) Jggolgdoob  >3@MAs@YGoe  25IMAE0bs@mgmdl  doshermgdomo  s3mbsblibols
J0gdomds  bgbBo  Sdmbsblbolisggh.  jMgdomdol  Lobjodg o0ga0ggs, @3 @by

bogm@bmbols Ljgdol gdmbgggedo, @mAganoi sGoly o(r?).
(4.1) bJgdol 3@sJ@ogamo Ggomoboizos dgagodenos Jmgoboobmm mmb gBs3s:

25303MgoE MM
F, = -du, L gdodo

>dmgblbsm Loldgds
T

1

>admgblbso Lol gds

r
IT+—A4 lw, =v
(145 A=

!

25303 GO !
U, = U,y + W, IV 9330

II 930

I 58530

II o III gdo3by agobpgds [OGgog-semagd@agm asb@mmgdsms LobEgdol >3mblbs
‘gLododolow A, ©o A Io@MoEgdom, GmAmgdos 4RAM Js@mGogo bBOYJGa®obss, gowe;

A dMogs (A=4,+4,), bogom T @5 IV g§o3by agobpgds aodmmgmgdol ho@domgde
3boo gm@dnmagdol godmygbgdom.
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§ 5. 53m3IblLbgmmo M3gHoGMA0l >3M™mJLodszo0lb dgmmeo

0do0gds  gombgs: (2.7) gm@dsgy@o  >dmboblbols 3@s]@ognemo  asdmygbgds @sdo
3°3M0bs§gbs?

abowos, hggh oy agobos godmgmm Sdmbsblibols 360dgbgemmds gjojlo@gdgen £,
VaoHoe@o, osdobomgols Lodkodms godmgmer (24) dA(30g0L  xodo, Gm@Es =1, &3

3A5]Bog s dgademgdgmos. 0gdas ojgg Mbws ©sgdobmm, Gmd (24) IV 3M0g0lb xodob
aodmomgas godlo@gdgero  -bogol dgbodangdgeros 6gdolidog@o LobybRom, o jyggmemo
AomE bmdols Tg3d9d0ls Igbodhybgdom.

3969000300 gmggero shogno f-mgols (24) 3§ 36030L sxodgs 5@a3@s]@ 0 9em0s. dobo
oygmgomo  dbodg  dpamds@gmdls 08530, A3 0bgm@dsigos  SEMg  aodmmgemogo
2dmboblibgdols dgbobgd o6 aodmoyghgds. (2.7) ggm@dsgng@o sdmbsblbol bodysemgdom, hggh
‘dga30dgmos  Sgoamm algmo sgram@omdo, Gmdgemoi LoTgoagdsls dmyg3gdl Lo gds@olsw
dogogro LobglGom Eogomgogmme Sdmbsblbols dosbanmgdomo dbodgbgenmds @ob 3@ g@men
Voo Boergddo. odaboob, (obs dox by bodmgbo 53mboblbols d60dgbgammds  aodmgaygbmm
Jgdga dox by s8mbablbols gadmogaobamgols.

33000M0  @AMmomo  3genools  dobgegom Mobsd@s odMm@gdgmo  jgobdomo

Vaodomgda: t, =kt (k=0,1,---), 7>0 560l EAHMmomo doxo.

Gbowos (2.7) gom@dgeroab gg0]3l:
u(t,)=e ™y, =e "My =g My =e'“(e""""u0)=e'“u(tk_,),
u(t,)=e"u(t,), k=12, (5.)
b3ab > aodmgoyabge go@dga.:
e™f =t e (52)
08o©gds  jombgs: (52) gm@dgms  dodmgdgmos, o9 >G> bgdobdogHo 4 s B
ds@M0igoolomgol? (gbowas o0agerolbdgds 4 ©s B, m@ogg n-9960 Goyol  jgoo@s@ o
doG@0(39000).
3oligbo  Agdwgaos:  (52) gom@dgms Lobmaswome  6gdoldogdo  n-gdo  Goyols
335G mo dod@Moigdolomgol doMmgdgeo 5@ sMob. spgoenas hggbgds 0dobs, M o4
A > B gomopsnpngg Mool jgoe@s@amo  gmdyg@o@ondo  doGMmoiggdos, d5dob  (5.2)

QOAOdgms  JoOmgdgemos.  hggh  dgdmbggzedo  gbopos, gl 3oAmds  dgb@gmgdgemos.
53050, (5.1) m@dgms domgdgemon.

30 Jgom, opgoa® dgdmbggszedo sgsramddomym e ™ do@cozo, d530b sdmboblibo
t, 0obig@gdaer (9odoagdTdo s0agds gboesw. gogom @, 1y LobBoddm ggddmee (1=0
VaoHoe o), (5.1) gmddgeol bodgamgdomn  5dmbsblbl  gimyemmdn =1, TgO@ogdo.

3oBom Go, Sdmbobbbo =1, (gaRomTo, sbogrmpon@oe (5.1) gm@dgeols bodygsegdom
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2dmboblibls  g3maemde =1, (9O0QomTo. 3IG5]Hogamo Mogbgomo  aomgangdols

Po®otgdolmgol, Bggh Dgagodmos Imgobobmm e ®mIghs@m@ol  53GmJLodsgos,
bogdodols@ dogogo bobyLEom. jg@dmeE, myg dol godmsdo Fggobodhybgdm JoMggem-m@

Va3aL, 35706 530mJLodsigools Lobyldy odbgds o(r?). o4y 3930650h9bgdm  Jodggm-Liod

7930L, 35306 530mJLods00l Lobybeg 0dbgds O(r?).

30 Jgom dg30bs@hgbgon  Jo@ggemo-bosdo (9360, 3506 ggodgh:
.2
e'”:(E—rA+7A2)+R2(z'). (5.3)

gbowos R,(7) 8F30030L bsBmobmgol ds®mngdgeo odbgds dgaalgde:

3 4
g
3 4! p

n
T
— A"+ <L
1

|R. ()] =

n

3 n-3
e L e e

e L R e ”

07 35053530900 bosdmomn (930, dsTob (5.1) gm@dgerowsbh doomgds Igdwgyo

liJgdo: |
u, =S(@@wu,_,, k=12, (5.5)

Loges( S(r)=E—tA+§A2.

S(7) dMoil (M3gas@m@b) 9imegdgb FMowsb FMgbg aoesligemol Mm3gHoGm@b.
(5.5) bjgdoo dowgdyen SAMbsbLOL hggh gogbowgdom u(?) ByYLHO 53MbsblLbolL dosbenmgdo
t=t, $30domdo. Dbgdme o>efgtoe dgonmel d9bgd@ogos  ggFTmemoen  sdmdblbgero
M39G53MmMob 330mJLodsiools dgonmeo.

e M39058mAL 9Fmegdgh (2.1), (22) sdm3sbol 58mIbLbger ™m3g@MmsGmab.

25dmgojgmome (5.5) bLjgdol padsemdol bsjombo. Gbswos S(7) JsdMoiobsmgols
domngdygemos dguobgds:

2 2
"S(T)" = ”E -4+ % A <1+ r||A|| + -%—"A"2 =l+7a, (5.6)

2
T 2
Lawo a=||A||+7||A|| :
(5:6) Ygx35bgd0Eab godmdmobadgmdls (5.5) LiJgdol dpamomds. dodmamoi3 3godaL:

%)



) =0 @i | < IS t-ill < (1 +7a) o]
>Jg0o6 0bpJi00m doomgds:
ol < 1+ az Yo

||u2 || < (1 +a r)|u, || < (1 +a rlluo ||,

aly

w | <(1+ar)u| < e
k 0

u0||=e |u0||. (5.7)

(5.7) 9dmeEmds LYmeage 6036sgh (5.5) UJgdol dpa@opmdsb. Jstmmys, godgom U,
>0l shogna  LalbBs®dGo  3addmeéo, Omdgmoi Sl U,  33Jd™m@ol  d33gmmgds
(lo — 7] < £). Bgbodsdobio s3mbsblbo  smaboBbmo i, ,

u, =S, . (5.8)
Gbowos (5.5) wo (5.8)-ab 35dm3pabstgmdl:
u, —u, =S(t)u,_, —u,,).

3bowos, 5Jgob (5.7)-0L msbobdow 25dMAEobomgmdls Bggaligds:

any

o — 2| < e Jug — | < e - &.
536000, U, Joobemgdomo 53mboblbol gAgmmgds u, —U, oG SpgdsHgds € - ek

®o3bgl. gl 0dol 60bogl, @md (5.5) LJgds dpaMoos AMOL gmgger Loldyen dgoem geTo.

§ 6. 53mIbLEgEro M3gBsGM@al S3AmJLodszoob
dgnmpol 3Hgdopmds
Fggoxnobmn (5.5) LJgdom domgdymo dosbegrmgdomo o3mbsblbol (Emdomgds, 3.0,
u(t,)—u,.
(5.1) ©> (5.5) Mm@ gdoesb glododolo@ domyds
u(t,)=e*“"u,, (6.1)
u, = S*(t)u,. (62)

09 (6.1) Hoemdsl aodmgogmgdon (62) Fmammdsl @ gogoomgogmobfobgdm, @md
ds@Mogo (Ggogo m3gG5§meas, dogowgdo:

u(t,)—u, = (™) = S* (D) Ju, - (6.3)
50J3o0m 4 ©> B gtimopsnyo3g ®ogol jgoe@odamo ds§Mogoos, dsTob ds®mgdagmos

QeI dgEns:
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A* —B*=A""(4-B)+ A**(A-B)B+ A" *(4-B)B* +---+(A—- B)B*™. (6.4)
o@omog 33odal:
(A —A"'B)+ (4" B—A*2B*)+ (4 B> - A**B*)+.--+ AB*"' — B* = 4* — B*.
(64) Go@dgEols Msbsbdsw (6.3)-Esb doomgds:
u(t)—u, =[(e™) (™ -S(D))+ () (e —S(£))S+--
+(e™ = (S@NS* ' (D) Ju, =[e™ (e - S(z)) +
+e (e = S(1)S(T) 4+ (e ~S(T)S* () Ju, . (6.5)

0 (6.5) PHoemdsdo  gopogomm  bm@dgdby ©o  gogomgogmolifobgdm  bm@dols
ngobgdsl, dogomgdo:

ut,)—u, | <\le™*||-le ™ — S(z)|+|le "
|| ||

e = s@)|-|s@)|+---+

+He ™ = S@IS@I™ ol (66)
Gboos doMmgdmos Jgaoligds:

o< e 67

(54) Jgxobgdol msbsbdow a3543L:
3
e - 5(2)| < %T“AW M. (6.8)

(6.6)-ob (5.6), (6.7) s (6.8) Tguobgdgdol mobobdoe godmdwobstigmdls Fgdwgao
dgaoligds:

3
||u(tk )—u, || < 53—'-||A||3 e [e"‘"uA" + el (+7-a)+--+(1+7-a)"" ] "uOH . (6.9)
3bowos domgdgemos AMEnM:
1+7-a=l+7| |d|+ =4 | =1+ |4+ =4 <e™.
2 2
58 9HM@Mdal asmgo@olfobgdon (6.9)-sb doomgds:

3
et~ 2, | < %" A e M (eu-.IIAII el eu-.IIAII)“uO" _

kt’ kt? t
= 7",4"3 .euIIAII"uo" = (7"/4"3 'e""AI]z'z"u()" _ (?"14"3 .e:,IAI)z_znuoll'

® m e - e A cma e

53000, dosbmmgdomo  Sdmbsblbol  3pmdogngdolsmgols  dogowgde  Vgdgao

Fggoligdo:

lu(t,) —1, | < (%"AIF oy )f2||u0|| . (6.10)

od  ggobgdols  dodxggbs  Bbo@mgBo  Fgdogogro  Lowowggdo  3bmdognos.  Sbigm
Fggnoligdols q{megdgh bog dgsligdsh.
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(6.10) Jg3obLgdosb  3sdmAEobatgmdl, @md dosbagrmgdomo sdmbsblbo 3G ds@0s
bl 53mbsblibolisggh, 8olmsb j@gdspmdol Lokjsmg stol O(r®) @agol.

§ 7. gogngdol LJgds> hggnemgddog oygMabEosmy@
35b@mangdsms Lol@gdobsmgol

aobgoboenmor  3mBol Sdmobs gy gd@og  oggagbGosma®m  gob@mangdoms
Lol gdolLomgols:

%+Au(l)=f(t), t>0 (7.1)

u(0)=u,, (72)
boog f(2) >@ab 9¥yzado 33ddm@-gablgos:
SO =0, £,@, - [, ;
u, kol 36mdog Lofgobo @oibgomo gaddmeo: wy = (ttg,, gy, s Uy ) 3
u(t) — badagdyemo 3addme-gabios: u(t) = (u, (1), 1, (1), u,, ()
A — m-néo Gogols dosd@oczo: A= () men -
gojgon, 7>0 s@ob doxo t-om t=t, =kt (k=0,1l,---) (goGoeTo (7.1) hs3{gBhmm

‘dgdegan boboo:

4

Ul ) —ully) +Au(t,)= f (t,‘)+l [@'@)-u'(t,))dr. (7.3)
T,

T

od 3o6RMmgdsdo Jgdogogo 0b@gadomyma (9360 >@gb0dbmm R, (7) -om:
l’kol , ,
R(®) = [0 -u (e, ))de.
30dgom, (7.1), (72) 58m@Esbol 5dmbablibo s@ol 9Fy39@0 s 9Fy39do0 To@mdmgdswo,
sdolimsb  u'(2), 533540 gdls @oggdozols 30Amdsl, 33B0b R, (7)-mgol ds@mgdgemmos
dgaoligdo:

lesy

1
IR.@l<= |

4

Iu’(t)_u'(tk)"dlﬁg ,f(t—tk)dtﬁc—zz;.

R.(7)-L goVopmo 659ma. o9 (73) Goermdsdo  gosgoaegden  ob@gadsmad  (g3@b
(bsAmom Fg3db), dogomadm gdwgy Lbgomdosh sjgdsls:

ukfl —uk +Au,‘ =f(tA)7 k:O, 1,... (74)
T
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Looi U, Aol m 3md3mbgbRosbo Goibgomo ggddmeo — u, = (U, , Uy U,y ) -

up LsTygobo 39J@™mG0 @bmdognas. (74) aob@mengdopsb ©Amols ymgger dAgdby
936md0 g39bJiool doobermgdomo dbodgbgammds yobobsbmgmgds 3bops.
dsmanss,

u,, = -, +17(t,), k=01, (15)

(74) Lbgomdooh ULJgdobmob o 353doMgdomn oldgds gdogan  Logombgdo: S3@mJbodsool,
doaMoMmdol s yHgdsmdob.

Gmama  bgdmo  gohggbgm, (74) bjgdolb  S3GMmJLodsigool  Gogo  séob  O(7) .

3ohg96mm (74) LJgdols dpadsmds. mq (7.5) GmemdsTo gowsgsemmn bmAdgdby, dogomgdo:
<K= 20+ e ), 6

Moyoh "(l—tA)"S1+Z'||A", >d0@ma (7.6) BHMEMdoEsb gs3mdEobotgmdls:

uk+|

el < 0+ 2]} e+ 2l r ol ke =0,1,--

>Jgo6 0byJiz000m doomgds:
el = (7 + el o+ 2 2]

ool < 2+ 2l e + 2l e < O + el o+ (2 + )| ol + L]

el < 2+ 2l ool + 2L+ 2l o)+ G+ ] -Lr e+

2 A FORY E TOW |
047 aog0m3zoeolfobgdm, Gma

(I + r"A")k < et = guldl

dogogmgdo:

Jie) < €1 o + £, max ], an

0<i<k

3M3g6¢o60:

X x2 1
e“=1+ﬁ+5—+-~, o0Jgsb e* >1+x, dmzs x20;.
P2 \

53 HO@ME0E6 2odM3EobsMgmdl (74) LJgdol dpa@MsEmds Ed@mol gmgge [0, 7]
LalEgen Fgomgedo. Lol@ge Fgomgedo 0do@md, @oEaAsh s3Gom@gmm dgxsligdsdo bolb

el , Gmdgeno3 dooli{Gsg3g0ls 9LsliGganmdolbis 396, UTQTEN t, dooli{@og0l

QLasbidgammbobsyggh.  gbowos, 3@s]Gogagmo  a0dmyghgdol  mgo@lab@oboon  LalbyMggeros
[0,7] Bygomgpo o6 ogmb dogmosh wowo. LTm@age gl godgmgomo  mgolgds  ogb
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aobbognamo  ho  ULJgdsl. (74) UJgdol afmpgdgh  goemg@als Ljgdabl. dosbanmgdoomo
>dmboblibols  (3mdoggds >3bodbmm  z,-00m:  z, =u(t,)—u,. o (73) Goemdsh

a>dmgogegdbo  (74) Foemdsl, d53ob  z, -l dododn  dogomgdm  Jgdegy  Lbgomdosh

aob@mangdols:

Z'<_+'___1"'L+Azk =R, (7).
T

>Jg056 (7.7) 9@menmdols dognoo doowgds dgdgan  dgaabgds:

Iz, || < t,e"H max||R, ()] < i;ie"ﬂ""t.

0<i<k
>3M00, dosbanmgdomo sdmbablbbol gomdoggdolsmgol @AMl gmgger  LsbiGgam
domgedo dodmgdageos dgxaligds:
"zk " =0(7).

30. (74) bJgdol 3G gdsmdols Lobhdomg >0l I @oaol =l dodscron.

§ 8. ©94m33mboioal Fgmmwo

8.1. dgbogsemo

dogbgoogoe  0dobs,  @AM3  mobsdgeamgg 3md3ogRgegdols  dgbodamgdanmdgdo
(o®8mygpaghmom  ao0bsMmEs,  3Mog5@asbbmdogmgdosbo  s3m3sbgdol  sdmblbbs  jgemog
3OM3@ gds@ o @hydos.

©34Md3mbo@ol; dgommeo, Qg bs hg96 ao>bgobognagm 3°dM0Yygbgds
domgdsdogndo  gobogols  d@sgommasbbmdogmgdosbo  Sdm@zobgdobsmgol. gl dgomeo
3399 g3l LoTgoengdals domgdo@ogn®o gobogol FOsgomasbbmdogngdosbo  sdmzsbgdols
>dmblbs og0ggobmm gHmasbbmdomgdosbo Sdmebgdol 5dmblbaby. gHmysbbmdogm gdosbo
28m306980L  5dmboblibgdoliogab, goagbom ao@yggnee  JmMddobsizosl hggh gogbopgdm
bgbRo  sdmboblibols  dosbgrmgdom  d603gbgmmdse.  oJgoob  asdmdpobodmy,  Fgodangds
00 Jgsl, ©g3md3mbogools dgompo (gobaghols dgomeo) ostol gom-gemo 9bogg@lsggmo
©> §4mbmdondo dgmmo, domgdo@ogndo gobogjol dOsgsgasbbmdogngdosbo sdm3obgdols
@oigbgomo sdmblbobomgol. g3mbmdojndo 0do@dmd, Gm3 gohMmasbbmdogmgdosbo sdmi3abgdols
Aogbgomo @Ggomoboios dmombmgls gogomgdom bogangd m3g@s@ogen dgblogMgdsl o
do6Job9® @M.

©g4M33mbozools dgommo JoMomsEOP 3>0moy4369d0 >@obGoiumbas@gana
2dm3abgdols  sdmblbbobomgol,  g.0.  obgmo  s8m@igebgdobomgols,  Gmdgamms  »3mboblibo

g7



©5dM o gdeos EAEMbY. hggh doGomspsm aobgobomsgm w@moma gemorol dobgogoo |
@00l SASLFSEOMbsO Y@ >AM(3bal. ol olggg 9V mEYdgh ggmeEon® sdm3sbsb.

©93M33mboiools dgomeo  ggmeaiEog®a sdmssbolsmngol doamds@gmdls Jgdwmgy do:
300J35m, ggmeng3o@o  SdmEsboli Mm3gModmAo A (smdmpygds m@o Ygbogdgdols xodols
Loboo: A=A +A4,. @gboosl oggeobbdgds, @md A, ©s 4, 9960  d>AFogo
LAGYIAYGH0Lss, goAg 4 Mm3gHsGmao. Omon Fgomael, ool gobogrogn sdmEsbsl
394MRm  30GoMs Fomggds. odobomgol, Gmd LASORE Eogalymm, LokoMms dmgdyaro
ogmb LbobAgdol LoFygobo dpgmdsdgmds (Aol 9Vmwgdgh 3mTol 5dmEsbsol) gmgge 3oGodo
Tnomgedo (@mgommy®  Igoemgodo) (obs LolBod@m dpamdstgmdols dobgrpgom gbbom
93309 Sdm33bsl 4; m3g@s@mmom, Tgdogy 0g03g Sdm@Esbsl 4, ™m3gesGmaom,
dogmgdnmo  5>dmboblbgdoligeb goaghm godyggner  jmddobsigosl @s Aol gogbowgdm
mo30sb  dmgdgeo  sdm3sbol  Sdmbablbols dosbarmgdom dbndgbgenmdse @M oo
0bBg@gogols 3oMx3gbs dmermTo o 5.3 53 3MOME Y@Ml As3mygbgdom gogogsGm
dnger Igomgeb.

82. ©g3m33mdbozool dgmmwo. 3mIgEs@oy@o
d>@Mo3gdol dg8mbgggs

aobgobogrme (2.1), (22) +3m3abs, bosi 4 3s@@oio (odmdmeagds meo dgls i agdols
xodol Loboo: A=A, +A4,.

[0, T] Qgoggoo aoggmon m>1 o bofomo. doxo swghodbme oo, bmam
Esgmaol TgtHomgdo (4gobdomo (g@Boangdo) t,-0m: t, =k -7, k=1,2,....m.

(2.1), (22) S3m@3sbol  [1,,,1,] Tgoemgedo  ggqledsdme dgdpgao  [ygoero
>dm(35bgdabss:

dul’ (t)

+ A,u,(‘.”(f) =0, telt, 1]
ul’ (1)) =uy (1))

du,” (1)

+AuP(@)=0, telt,_,t]
ud (b)) =ug(t,)

l k_l 2 ) — ., (2) —

o3 k=1L2,...,m, u () =uy" (t,) =u,.

dosbenmgdomo sdmbsblibos:

u(t) =u (1),
(8.1), (82) 5>dm3obol sdmboblibo dmozgds ggm@Igemmom:

ul’(@)y=e "y, ),
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boenm (83), (84) sdmiobols sdmbablibo jo - gm@Igeoon:
w ()= T U,
58 gmAdgmgdoesb (8.2) s (84)-0li gomgamobfobgdom godmdmobo®gmals:
Ut ) =e e ™uP(t,,). (8.5)
0 4; ©s5A; godgdodondo, 3530b (8.5)-0sb doomgds:
w (t)=e" MU (4 )= e w4 ) -
>daeob agodab:
ul (@t )=e""u,.
sAdogo u(t,)=ul(t,), 30. BbHo 53mbsblibo ©sgdnbgs Josbmmgdomn sdmbsbLEL,

0 A ©5A4; jM3gHoGoygto..

83. {6g0g30 bLob@gdoLmgol jmBob >Im3sbols
Sdmbbbol gm®dgms

Lobod ©g3MA3MDboool dgnmeby gowogompgn aodmgoygsbmm (7.1), (7.2) j3mdob
>dm3obol 23mblbol ggm@3gans.
Lodo@Gogobomgols  gobgoboerme  Ygdmbgggs, Gm@Es agodgl gOmagzoMmgsbo

aobdmangds (f(t)EO). shommpaog@oE  Ljomodagmo  sdm@obols, (7.1)-(72) s3m@isbols
>dmbablbo, dm@s f(1) =0 gmadsmymse dmoagds gm@dgemon:

u(t) =e“u,, (8.6)
A50a5b XgAXgMHMI0m 598905M05 @Gs 239Ldob e -\ J339, dm@s 4 ool ygzoe@ds@aaro
dos@A®ogo m Goaol.

3bopos, Bm@domygdo agod3l:
u(0) =u,,
u'(t)y=—Ae"u,.

©o35939dbmm  (8.6) gm@dygas (08 gm@dgmol  gOoadgH o ©oandbgds hzgh 9439
hogo@®otgm §2-dn). dmamd gogom, e’ -mgol agsdal gdrmgan asTems:

2 n

. X x X
e =l+ =+t e
2 n!
hogbgoom x-ols boggemow (—tA4), dogowgdm:
» t o, A
e ' =l—A+—A" +---+(-1)"—4"+--- (8.7)
I! 2! n!

Goash A As@d®oiol boGn@om@o  bamobbgdo aoblsbmgdganas, sdodmd (8.7)
HOmdol  dodxggbs  dbadgdo  dgdsgogmo AT gMogo,  Dgodargds  omdgol,  bogligdom
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2obLabwg@nmos, o9 gl 736030 3Ggds@os E”-Fo. 3odmgoygbma A7 36050l 363do0mdols
538 403900L LASbEsGAYo bg@bo. Jodggmo n {ggol x5do s@gbodbmm S, -0m:

S =1-Lae . rcyla
T n!

gobggbmor S, 808pg30mdol  gqbesdgbdoma@mds.  Sdobomgol  Fggogslmo
af 3@ogols dmbs jggmo:

n+l n+2 m+n
S,H,,, —S" :(_i)n+l|: { n+l 4 An+2 +.__+(_l)m—l { Am+n:|.
(n+ D! (n+2)! (m+n)!
3oag30gm bmMdgdhyg, dogomgdo:
tn+l n tn+2 42 tm+n men
Sn+m - Sn < "A + ”A +--o+ ||A =
(n+1)! (n+2)! (m +n)!
( n n+l n+m-1
- t"A" t—"A n n t "A n+l I t "A n+m-1 <
n+1\ n! (n+1)! (m+n-1)!

( n

gz 1+—1-"A||+---+t—||,4||"+...j=_t"i"efllfill.
n+1 1! n! n+l

9-0.

< Me’"’ﬂl
n+1

Soom =S

n+m n

—0, dnEs n—> +oo.

Go3 0dsb 60Tbogl, Gmad S, 803 30mds F9besdgbGomg@as. E™ Loghol Lolbeéwgmol |

dogmoor S, 808g30mdsl goshbos bpgeto ©s gl bEgamo spgboBbmm e -om:

i
‘

lim S, =e™.

n—r+w

h3gb RoJBondow gobggbgem (82) bomobbmgobo 37 G030l msbodsto  jGHgdopmds.
3bowos, dobo jMgdoEmdol @ooglo R =+00. as(sMdmgdol Fgmgase dowgdamo IF 3 MH0g0 «
5Ly 3MgosEos > dobo Mgdsmdol Mooyl R=+40. s800m hggh ogox3ndbgm bgdmm

dmygsbogmo gm@dgms. o539 o0gboBbmm, GM3 sGogHMyzodMgabo sdmiasbol s3mboblibo |
dm0398> M3 YEom:

u(t)=e™uy +[e™ ™ f(s)ds.
0

84. ©g3mI3mboizool (Fomop-doxosbo) dgmmeoa.
bmaswo dgdmbgggs

30dgom, A4 HAogo [odmopagbl 4) ©s 4, ds@Goigdolb xodl: A=A4,+4,. 4

ds@®ozolb  sTas  brgds 4oMiggnmo  Goboggeo Imbsbmgdgdosb 3sdmdeobstdy, o6
3obbmdogngdols dobgwgom. Asgomomop, @odemalbosbols dgdmbgggsdo 4, oMol x-om 3gmeg
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@00l Tomdmgdngamols glsdsdolio Lbgomdosbo sbognmao, bmenm 4, — y-om dgmédyg Goyols
Voddmgdaemols Yglodoadolio Lbgomdoosbo shognmyo. dgodamgds 4, ogml bges badgpmbe
dos® 030, bogm 4; - Jggs Lsdjgmbs do@@ogzo.

(7.1), (72) S3m3obol, @mas  f(1)=0, Jggqbsdsdma  Fgdwpgao  Lbgomadosho

(ol gB o) sdm3obe:

B2 “H 4 g, =0, (88)
T

B2 4 gy =0, k=12 (89)
"

u, dmagdgeo 39J@m@0s. (8.8)-(89) ULJgdol 9Fmwgdgb Fomowdoxosh ULJgdsl (o
A5f™a, (3bowoo).
bgdmo dmygobogno asbanghol dgompols opge dEamdsmgmdl 0dsTo, M3 mogoesb

dmzgdgeo 5dmizebs obmobgds m@ Sdmiobo. k=1 FgdmbgggsBo u, - gowgdm ULa(gol

d6033bgermdo o>  gblbom 3odggan  SAmsbals 4 m3gBHodmeom; Fgdegy  bodox by
dowgdagan  Sdmboblbl gomgdm Laofgol 860Tgbgemmdoe ©o gblboo dgmeg sdmzabsls A4,
M3gas@maom, dowgdge db0dgbgemmdols jo gogbogdm bybGo Sdmbsblbol dosbenmgdom

360dgbgermdo 1, (g@Boemdo. Igdogan (304800 dgm@Egds Shognmyo@og.
(8.8) @o (89)-ob glsdsdolisw doomgds:

Uy =+ T4 )—I U,y

u, =(I+t,)'u,_,,,.
53 B336 ganemolibdedo, Gmd T bagdstobog dgomgs, 1-2)4,]>0, J=1,2.
baes HoemdgdoEsb agedal:
u, =(I+t4,)"'(I+24,) 'u,_, . *)
3o6H0g0 as@Esddbam doomgdo:
U+24) "' —1=[I-(I+A)]|I+74,)" =—24,{ +74,)"".

>Jgsb
U+4) ' ' =1-cA(I+4,)", (8.10)

U+A) " ' =1-A[I-AT+A4) " |=1-4, +? AT +4,)". (8.11)

Gbopos, 03039 REGINEgdl 969000 sEyomo Ar-0ls Fgdmbgggsdo.
(8.10) o (8.11) MeEomdgdol godmygbgdom daomgds:

U+) ' U+e4) " =(U+dd,) ' [I -4 + 2 A (I +4,) '] =

=(I+24,)" (U +24,) " A + A +4)] =
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=I+td, + T2 A (I +4,) " [ -4, (I + T4, ' JA, + 2 AL (T +74,)

=1—7(4,+A4,)+0@*)=1-A+O0(z?).

53050

(I+4,)" (I+4) " —e™ =0(z?).
39030000 >@badghs

S=(I+4,)"'(I+4)".
35306 (*) Hom@edoesb 0bodgoom daopgdos:
u, =S*u,
u, ot u(t,)-lb  dosbemgdomo  360d36gemds,  G@Imobmgolag
Fodmpagbo
u(t,)=e""uy =) u,.

Vgg085bmm bbgomds: u(t,)—u, . gbswos, agodl:

u(t,)—u, =) u,—Su, =[(e™) —5"u,.

(8.12) §mermdols mobobdo@ agsdgls:

"e'“ —S" <er?.

(8.12)

oG gdgeos

(8.13)

(8.14) |

qodgon A > B gohomopsoaogg Mool jgopésdmmo  ds@®mogdos,  35Tab

dsMmngdyeos go@Edgao:
A" —B* = 4" (4-B)+ A**(A-B)B+---+(A-B)B"".
58 gmAdgmols MobobIsw (8.8)-pob Boomgdos:
u(t,)—u, =[(e™) (e -S)+(e™) (™ -5)S+

+eot (e =85S u,.

8.15) !

0 (8.15) @mermdsTo aopsgogmm bm@AIgdby s  gogomgomolifobgdm Gmﬁaobé

0golgdsl, dogomgdon:

e, ) — | < qleA" +e |- IS+ + || -Js* 2|+ s+ ||J|e°' =8| juo - (8.16)%

3bowos dotmgdgemos dgxobgdgdo:

"e-rk-.A" < eu-.llAlI, " S|| < leIIAII.

09 asgomgomoliobgdom 3 Y goligdgdl s (8.14) TFgogabgdst,

9HMEmdo@sb dogomgdo:
et ) — e, || < et | -

>dom bgdmo gobbogngmo dgommeol jGgdomds 3R 03909 0s.
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0530 IV

3363MVSG3MI3IN0560 KOBIGHIECNSRI0
0565 (MR J3I30LS0)30L LdILOBRIH™M KRS LHVIOL-
LOLOBR3A( SAMB6IBOL SAMBLE0OL HOGBHL3NV)0
330)(MKRId0O

§ 1. 395Lmbol 3o6@memgdolmgol @oMobangl LobsbdwgHem SIm3sbols
38mblbol Lbgomdosbo dgmmeo

11. 53m3560L @sbds. bbgosmdosbo dgmmwols sGLo

aobgobogrmo 3qobmbols 256Qm@gdolismgol @woMmobengl Lobob@gdm Sdmzaba:

2 2
Au:ZTL;-*—gyLZ‘ = f(x,»), (x,y) € Q=la,, a,[x]b,, by, (1)
U| 0= @(x, ), (12)

oo f(xY) 9Vy3900 fabdaes Q  s@ol Boggdgsdo, 0Q oséol Q-b Lsbemgsdo,

@(x,y) aVdgade gabdeos Q2-b Lobpgadby.

Ve
b,

hs

o8

a

©o3900mn Q s6g dodnggnbmgsbo dsom. Fgemgro [a,,a,] gogymo n Goam
boYommo, bmenm [b,b,] Bgoemgeoo 4o m Gogn bsfogrose (122, m=22). domgdoeo
4356domo {gd@omgdo semghodbme (x5 y;)-0m,

x, =ik, i=0,1L,...n, y =jh, j=01..m h="2"20 p =
n m

Lbgomdosbo dgmmpols owgs dpamdsdgmdls dgdwgado. (1.1) aob@megdsdo Fgdsgoe
dgmeg  @oaol  (o@dmgdgegdols  360Tgbgmmmdgdls  jgsbdom  (gdRoemgddo  gigerom

G360 a@  Lbgomdgdom. dgrgasw gogdgmmmdmn (@gog smagddgm  aob@margdoms
LobBgdob doegby. Labegsdol (gdRoagdTa, 43bmdgdols 360Tgbgemmdgdo dsbolsbmg@gds
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(12)  Lolvbegam  Jodmdowsh.  Lbodmgmmme  gogdgemdo  bEgm  Lobdgdsl, @mdgnals
>dmbablibl gogbopgdm mogosh dmzgdgemo (L1), (1.2) 9Vyzgde 3mEsbol sdmbsblbols
dosbermgdom db0dgbgmmdse jgobdoom {g@oengdda.

12. Lbgosmdosbo bJgdol s39ds

AOAMA3 9339 30 dgom. dgmeg Mool (o@mBmgdnagdl x-00 @ y-om gigeroom
(96O a® Lbgomdosbo ggm@dgmgdoo:

azu(xi’yj) _ u(xi+l’yj)—zu(xi’yj)+u(xi—l’yj)
x: h?

+R)(h), (13)

azu(xi’yj) _ u(xi’yj+l)—zu(xi’yj)+u(xi’yj—l)
> i
Logosi bsBmoma (ggcdgdo R,.flj)(hl) ©> R,.(.zl.) (h)) ool gbsdsBobs O(h') @ O(h2)

+R?(h,), (14)

@ogol. gl 08sb 603bogl, @Amd oy u(x,y) >eob Lagdodobs amggo ggbjaos (b

aoohbos 394 Goaodpg  Bomgmon V43300  To®Bmgdamagdo, Tgbsdsdoloe x ©> y |

(3305930l dododm), d>dob dsmgdganos Jgdwgao gaobgdgdo:
IR ()| < e}

-J

R ()| < .5

ij

bao € @o €, EsEgdomo dgedoggdes, Gmdmgdoy Esdmgopgdgmos dbmmeae 9Fy39do

333060l 53mbsblibby.
09 (11) 256@megdsTdo Igdogoem dgmég @ogol [o@mdmgdgemgdl x-0m ©o y-om

dglododobo  dggageron (13) ©s (14) gm@dnamgdol LoTPomgdom ©S oESFOAIOM
bodmom Fg930L, dogomgdo dgdegan Lobol FOgog semggdtigen asbGmengdsms LolGgdsb:

u

i, "2’4,‘., tU L U - 2u, PR

i+
i I’I

h|2 h]2 Ly
boog 1=L2,...,n=1, j=12,...m-1, f . =f(x,y;).
(12) LSLOBPWGAM JoMMdoEsb LobmgMomo 3gobdgdobomgols doomgds:

uy; =9(a,y,;), u,, =p(a,,y;), j=12,...m-1,

(16)
ui.0=¢(xi’bl)’ ui.nt=¢(xi’b2)9 i=192s~“,n_1-

(L5) o (1.6) ULolLRgdsl 9qfmogdgb (L1), (12) 9Fy3gd0 odm@sbols  dgbsdsdobs

+ : L=f. (15)

Lbgomdoab  s3m@obsl.  gbowos (15), (L6) bLobdgds Leagmo LobEgdss (gobmemgdsmd 0
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Goigbgo  doos  gabmdms  Goigbgol.  Lbam  agodgl (n—1)x(m—1)-by ULbgomdosho

3ob@magds, sdwgbogg 9bmdom).

S>ddoase (L)  @oggdgbgosmado  aobdmaengds  (12)  Lobobemgdom  3odmdom
dgaagomge (13), (16) b3ggosggmo bHHgiHahol Thgog >@pagddge  asbdmegdsms
Loldgdoor. (15), (1.6) LobEgdol u,; >3mbsbbbl gogbopgdo (1.1), (12) 9¥y3z9d0 >dmizsbob

u(x, y) >dmboblibols  dosbegrmgdom  3609gbgemdse (x,¥)=(x;,¥;) Faodommdo

u(x,,y;)=u,,.

13. Lbgomdosbo LoliGgdol 53mbsblbol gPmsgMMMdS.
d5Jbod9dol 3M0b(3030L Lbgomdosbo sSbsgnmgo

3obggbmor, @md (15), (1.6) (Oxgog o>magddge  asb@mengdoms  bLolbRgdsl  ojgl
J0mogamo  5dmbablbo. gl 0goggs, o3 gbodsdol  ghmggzammgsb  Lob@gdsl o3l

Ibmgnme GGogosmy@o (bommgsbo) sdmbsblibo.
ab goddo aodmdwobadgmdls  dgdpgao agdosb,  @mdgeoi (oMmdmowagbls
d>JLodygdols 3063030l sbagrmal Lbgsmdosbo sdmisbobmgol.

mgd>. gogom bodpgomo @ogbggdo {u; ;) sydsymgomgdl  dgdpga  Lbgomdoosh
dobBmagdsms Lobgdsls:

Uu.

I+l./' —2ul,/' +ui—l.j u; . 1 —2ui,j +ui,j

i)y

-1
=0,
h! hy

oo i=12,...,n-1 s j=12,....m—1, 85306 dormgdgemos dggoligds

|u.‘,|S max

i 7]
(s.0)eyy

sJ|?

boo i=0,1,...,n, j=0,1,....,m, y, >c0l Q-b bobpgsdob jgobdomo Fg@Roagdols
Lod@sgmy.

©53430(3g0s. 7 u,; =const, 3>30b @gds bowos. godgso wu, ; #const. angds
Sbggy @bomos, o [u,,| Boguodndl sxfagh 7,-by wopzébs Fgdobgaze, Gegs |u, |
doJbodndls s@fggl Q s@ol AmAgerodg dogs ggobdom (gdBoeBo. godgom gl Fgddogros
(k,1) . gbowos, dsGrmgdgmos Agdwgan ©3m jowgdamgdgdo:

{2uk.1 22U Uy

2u,, 22U, U

(1.7)

ob
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{2"/.-,1 Supg,tu,

2up S U,

(1.8)

sdolmab (1.7) bdgenwgds, o9 (k1) 6ol @swgdomo doJlodydol (g@Bomo, boge (1.8)

YbOgenegds, o9 (k1) 6oL godygmgomo  dobodgdol Tg@@omoa. Gopash

306md0ls

mobobdo@ U, ; #const, >IoHm3  Bgagodamos  goggmolbdmm, @md (k1) obgmo 3gobdoo,

amdeobogolsg (1.7) ©odmjyoegdmgdsdo  gamgeo domasbmob spaomo 9469ds dgo3®

dgBmdal ob (1.8) ©sdmjogdnmgdsdo gomgam dompasbmsb 33030 bogemgdmdsl. sdob

o0 gaealifobgdom (1.7) doowgds:

ui+l./' - zui,j + ui—l.i ui+|.,‘ —2ui./' +ui—|.,‘
2 + 2 > O’
h, h,
boenm (1.8)-@sb
Ui, —2u,._i tU o U, —2“,'.,- i,
> + > <0.
h hy

dowgdnmo (obss@dmgamds 53§ jogol engdsb.
ol go]ddo, GAmIgmoi  35dmdobsdgmdl bgdme  dmygsbogno

3>dmM30bo@gmdls Fgdpgan dgasbigdoesbsc:

a’ +b?

|u,.,,.|s max us‘,|+

max If p ,| ,
(s.)eyy 0 ’

(k.)eQ

boog i=0,1,...,n, j=0,1,....m, a=a,—a,, b=b,-b, y, o6al

i
}
!
|
|
{
|
{
!

mgdogeb, obg3y

(19)

Q-L bo‘bmaa(ﬁob:

0 t
4356domo (g Roangdols Lod@osgang, boemem Qp séob Q- Jogo ggsbdomo Fg@Goangdols

Lod@ogemg.

9OMa356Mgobo  odmizobols  Bgdmbggzedo  w , =0 o =0

st

99gobgooEsb  3odmMIEobodgmdl, @md u,; =0. Sdom hggb gohggbgm, @m3 (15), (1.6)%

Lol gdal oJgb gPmsg®onn sdmboblibo.

14. dosbanmgdomo 53mbsblbol 3mdogmgdol dggslgds

dgzo85Lmo  dosbgnmgdbomo  Sdmbsoblbol  Emdomgds.  osmgbodbmm  oyo

2, =u(x,y;)—u, ;. gbopos u(x;,y;) s4dsgmgomgol Igdega ao6@Hmmadsls:

u(x,-+|,)’,-)_2u(x,-,y,~)+“(x,~_|,yj) + u(x,-,}’,-+|)—zu(xi,y,)+u(xi,yj_|) _

h} h:

= f(xi ’yj ) - Rl(i) (h2 ) - Ri(.lj) (hl )
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org (110) ogrmdsl $g30-( 93000 godmgsgemgdm (1.5) §mermdsl, 35dob dogomgdo:
z —zzi.j +Zi—l.j Ziv1 _2Zi.j +Zi—|.j 2) n
B2 + PE = _Ri.j (hz)"Ri., ().
! !

i+|.j

>dgab (1.9) Jggxoligdols msbobdag doowgds Fgdegan dgxoligods:

a’+b?

max (R (k)] + R (hy))<

J
(ke

lz,.‘jl < max zs‘,|+

(s ey

Sa2+b2
16
domgdgemo  Jgxobgds  bodbogl  gobbognygema  UJgdol  j@gdomdol.  Gmameag

(Cnhlz +C2h22)-

‘dgRobgdowsb hsbls 3Ggdomdoll Gogo m@ols Gmanos doxol dods@o.

L5. bbgomdosbo 5dm3560L 53mblbs FoJ@m@obszools
d90mEolb 0dgMH5309e dgomEnsb jmddobomgdom

(L3) ULolL®gds hggb Tgagodanos sdmgblboem OX ob OY my@dol  3sGogmgeng@
V0599003  goJ@m@obogool  dgmmpols  bgogmol  @odol  ofg@sgoger  3g0mpmsb
4M3dobodygdom. sdobomgols hogVg@me (15) LbobRgds dgdpgao Loboo:

=20+, vy =k -at (g ), (L11)
- . h,
bowosg i=1,2,...,n=1, j=12,....m—1, a=h—.

(L11) Lolgdsl gbbbom dgdgao oRg@siools 3admygbgdom:

(k) 2y,,(k) (k) _ 12 2, (k-1 (k) _
Uy —2(0+a ) +ul, =k [, —a (w7, +u L), k=12,

0dgAs3ool JoMgge doxdy (A=1) gowgdom OX @g@dol 3IsGomgana@  JoGgge

dAgb, Omdganbgi dmomsglgdogos folh-ob Vaodoengdo. 53 dGobls Jggoo (byenmgsb) déghyg
ujg-ob 360dgbgemmds  (36mBdomas  Lobabmade  Jodmdopsb  (ul =u, =@(x,,b)). Byws
d99%g dmoosgbgdgero  33sbdom  §gmRoengddo uf‘g)-ol) 36093bgemmdo@  gomgdo  Lolyolb
doobemmgdsl (gmdgomn 0-ol ol 56 0goggl, @oG ogowge Jggos de@gby, g.o. u,.(‘lo)-ol)
AHol. gl d9bgd-tr0g0s, Gopasb j+1 B0y j—1 Bdopsh ©sBm@gdgmo 2h,-0l §mgero
dobdogmom). u!!-l g3memmder  (L11) LobBgdosb RsJ@MmMobsiools Fgmmeon. Jgdogy
3>0g03000 dmdeggbm =2 BGgby Aol bgwes egby uly -0l F6oPgbgmmdse Jgmsg
30290m @s0dg Lofgob dosbenmgdol (0gogg FTalom, Goi Fobs dgdmbgggsdo), bmam Jggws
Bagby 4\ -0b boggmow gbgsdo sy domgdam 360B36gmmdsl s +.9. gop@dgmgdm o3
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3O0m3gbl  j=m~—1-dpg bomgmon. ofg@sizool Ygdwygy bodoxl (A=2) sbsgnmaog@oe
350000, membe 0d a5bLbgaggdom, @™ sbans bgs Gghy u,.(_kl.zll’ -0ly d60dgbgenmdow®

gowgdor Fobs 0@g@oEool e@mb domgdmem d60dgbgmmdsls s 5.9. 3GmEgbl goa®dgangdm
dobodE), goeeg Mm@ dmdreggbm odgdsiool Igbodsdolb dboTdgbgemmdgdl Ime@ol Lbgomdgdols

dmeagmob doJlodqdo 5@ aobpgds bogmgdo (obsbfod Imizgdye £>0 Mogbgby.

§ 2. 3n5bmbol aob@memgds 3939Mo SGHSFOHFogmdom

aobgobognmo dgdgan Sdmzshs:

Au—u’ = f(x,y), (x)e[0,1]x[0,1] 2.1
ul, =0 (2.2)

Loog f(x,y) oMol mogobo seadgh®gdol 80dsdm 9¥y3900 fabigos. Bggbo dobsbos
(2.1), 2.2) 5>dm3obols dosbanmgdomo SAmblibs.

Esgymo  y-ol ggeromagdols Igomgmo n (n22) Foe bsfogmop. woymaob

1
Vaodrangdo  owgbodbmor  y, -0, y, =kh, k=0]l,---;n, h=-—. 3gmég  Gogob
n

(o8 gdgao  y-00 (x,¥,) VgodomBo Dg3agommn 3960Gsmageo Lbgosmdomn. 95T0b
dogomidm hggnmgddog ©oggmgbiosma® asbmmgdosmns Fgdogy LolGgdsl:

d’u, (x) 4 M (x)—2u, (x)+u,_ (x)
dx2 h2
Logs(: k=1,---,n—=1, uy(x)=0 o> u,(x)=0. 3965000305 (23) bLobHgdol u, (x)

—up (x) = f(x, )5 (2.3)

5dmboblbo godmgobomm (2.1) (2.2) >dm@izsbols sdmbsblbols dosbamgdomn 3603gbgemmdop

(x5 y)=xy) VaodomBo. @bowos (23) LobHgds [omdmowagbl  Lsdfg@m@ogmmgob
LolGgdol, sdoGmd hogfgmmo ol Igdwgan Lsboo:

uk+,(x)+Ah(uk(x))+uk_,(x)=h2fk(x), k=1--n-1. 24)
Lago( .
2 dz“k (x) 2.3 4

[ix)=f(xy), A, (x))=-h ot 2u, (x)+ hu} (x).

3hggbme  (24) LobBgdob Mm@ 9B gemds. gobglsbeghmm 4,()) ™m3gHsGmeols
3obLobragdol odg gdegaboo@sw:

D(A4,()) = {u € C*([0,1]): u(0) = u(1) = O}.
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gbowos  D(A,()) Vod8mopagbls  L,([0,1])-0b (430068000  xsdgd50  g9bjizosms
Logdiol) Jagbog@gl. gbmdogos, GmdD(A4,()) d430agos L,([0,1])-Fo.

Yu,ve D(A4,) 9396d3ogdobomgols y35]3L:

(4 () = 4, (V) u=v) ==k [ (" (x) =" (x))(u(x) - v(x))dx +
0

(2.5)
1 1
+ 2 u(x) = v(x))dx -+ B [ @ (x) = v () (u(x) = (x)dx
0 0
bologmmdomo 0b@gadgdol gm@dygmaols aodmygbgdomn dogomagdo:
1 i
—I(u” —v"Yu—-v)dx = —I {[(u’ ~VYu-v)) =@’ -v')? }dx =
’ o | (2.6)
=W -v')u —v)lz) +I(u’ —v')dx = J(u’ —v')dx = "u' ——v’"2
0 0
abowos memds
1 l
j(u3—v3)(u—v)dx=J(u—v)2(u2 +uv+v?)dx. 2.7

0 0

o@aob  SAILEYEO  JFOEASHO 53 MYMBomas, SI0GMA  (2.7)-@sb  25dmApabsdgmdls
QO MM

j (u’ —v?)u~v)dx > 0. (2.8)

0

(2.5)-56 (26)-0l s> (2.7)-0b aomgomabfobgdomn dogomgdon:
(4, (w)—A4,(v),u—v)2 h2||u' — v'||2 + 2||u — v||2 > 2||u - v"2 ,
>dg0056 Vgoc30l ABM@M@dol Moboblse 3godgb:
14, @) = 4, )| = V]| = (4, @) — 4, () u—v) = 2Ju—|".
Gbopos 5Jgrpsb 3sdmIEbamgmdl:
|4, @) — A4, 2 2w — . (2.9)
aodgom 4, (x), k=1--,n-1, séob (24) bLobdgdol o8mbsblbo Ubgs f,(x)
doxggbs Fbodmggdoliomgol. @bowos, Lbgomds  u, (x)—u, (X) ©o53dsgmgomgdl gdogy
bobEgdsb:
(U (%) =8y, (x)) = (A, (., (X) = A4, (1, (X)) + (0, () — 1, (X)) =
=B (f, (¥)~ [, (x))
56 GoG 03,0390
(A Uy () = A, (W, (X)) = (@, () = 2, (X)) + (L (X)) =2, (X)) =
~h* (f ()~ [, (x)).
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3oPS30EgMm >3 Hmemdsdo bm@mIgdhyg, bowos dogowgdo:
"Ah (u,)— A4, )" = "uk+l — Uy, " + "uk—l —u,, " +h ".fA - ]k "
>Jgsb (2.9)-0bL gomgognolijobgdom aodmdwobsdgmdls:
2||uk —u, " = "uk+l — Uy ||+||uk—l — U "'*'hz"fk _]k||
ob 53 0a03gs
_"uk—l —ﬁk—ln"' zlluk — U, "_"uk+l —EkH" < h2||fk ~fi “ (2.10)
dgdmgommn >pbodghgdo:
a, =||uk —Ek”’ b, =h2"fk —jk"

dsdob (2.10) g@memdsms bobGgds doowgdls dgdwmgy Labgls:

-a, ,+2a,—a,, <b,.

5>Jgob @gds 44-0b mobobdo AsdMIpobomgmdl Fgdwgao dgoobgds:

a, <a,2a,+a,,,(2a, + ia“@)b,. + ia,_k (2)b, . (2.11)
= et
3gboros 33>d3b: 3
o, (2)= 4" ;k)i = (1—:1“ M o 41h . 212)
2.11)-56 (2.12)-0b gomgomalfobgdon  3odmamobatgmdl Fgdmgao ggebades:
bty — 2] < g — 7]+, -7, +§Z:||f, -7l

s>d0m bohggbgdos (24) LolBgdol ym@g]@ e mds. f

-

§ 3. pomom®jzobol Ignmeo

H 30m33680L boghg8o as6g0bomemn m3g@sgmmnama asbdmmgds:
Au=f, feH 3.1,

bowo f otob 6mdogmo ggd@meo H-psh, bomem u séob bsdgdbo ggddmeo, 4 o(‘mls;‘
Vog030 ™m3g@s@men H-psb H-30 (A:H —>H) D(A)35b6Lsdbmgtol s@om, Gmdgemog

dggc0g00  H-3o0  (gb  60Tbsgh D(A)=H) A4 m33058m@0  bobmpopme @b

g3 bsbmgdgeno. o9 4 Igdmbsbegdagemos, 35dob D(A)=H .

B936036mm, GM3 @M@ 4 SAol Eogg@gbgosmado Mm3g@sdmEo (oy. A=-A),,
do3ob ols Fgdmglisbegmgenos.
g0 dgon H Loghgdo >aLgdmdls
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D3 ParseeesPps--- (32)
39ddMOms  LolBgds, Gmdgmoi bagmos. gl 60bogl, Gmd H-do bgdolbdogh u ggJ@me@l
‘dg330deos  dogobmmgrgn  63dobdog@o  LobybBom (32) bobdgdol ULsbEgeo [@gogo

dMddobozoom. ggdm  bybiope  VE>0D  bodygdomudo  @ogbgobogol  >@Lgdmdl
(3m0dgdbgds) obgmo ¢|,c,,...,cy Moibggdo, GmA JglegmeEgds YRMEMS:

<ég.

N
u _ch(Pk
k=1

30 daom  gaddmeams (32) Lolbdgds TYgool A ™m3g@sGmaol  gobbabegeols >Mg3o,
d530b dgbgdtogos (3.1) aob@mengdol s3mbsblbo ggdgdmo Fgdwgan 3m3daboools Loboo:

u= chqok , (33)
k=1

booz ¢, 93bmdo  3mgx0i30gbGgdos. hogbgsm gl 3mddobsgos (3.1) asbdmengdsdo o
dmgobemgmm, dm8 (Au—f) 3900 ogmb m@omambsgmg@o (32) LobEgdsdo Fgdsgogmo

4030820 39JHmG0b.
33M3gdM0gmo dmbaob@gds 33990663ds, @M 0 g 39JB M@0 MAOMYMmbogng@dos (3.2)

Lob@gdol gmggeo ggddm@ol (30MHMmdol msbsbdo (3.2) LobRgds LEwgmos), doTob ol

(o®dmopagbl byemmgob ggd@dma@l.
doGnms3, gndgeon  g,,8,,..8,--- 00dg30mdolb  (ggegd0 sM0l g  39]@me@ols

doobamgdgdn, 35Tob J0dmdol msbsbdoe a35d3b (£,,2) =0 Va-ogol. o4 gosgogmm

bpgodby dmEs g, > g dogowgdon:

(g.2)=|e|" =0=>g=0.

58 #oJBby LoyMEbmdon gmgdymmmdo:

(A(ick(pk)—f,(p,) —0 i=12,..

ab Bm@mds odmomo bobom sbg hsofgmgds:

(Ap), @), +(Ap,,9)c, +...+(4p,, 0 )c, +...=(f,9,),

(Apy,0,)c, +(Apy,0,)c, +...+(A@,,0,)c, +...=(f,0;),
............................................................................................. (34)

..............................................................................................

>dM0a50, ¢ gMyn030ghBgdols d0ds@o dogomgom (34) PLobEgmm  AsbFmemgdams
Lobidagdo.
J0dgom (34) bobRgdol 5jgl gtmsgdmo s3mboblbo. my) o3 53mbsblEL hsgligsdm

(33) §™3d0b5300T0, d5Tob sygdgemo U ggJdmdo ©ss dsgmapomgdl (3.1) gobGmengdsb.
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@bowos,  305]Bogaemo  gbob@gae  LoliGgdol  sdmblbs  (goMygggero  3g@dm
Jgdnbgggol  odms)  dgydangdgemos.  sdo@md  gobogosgm  dmd@oge  LolLFgdob, (34)
QLobE e LbobEgdol 30Mgge n 2obFmmgdsls 3oMggero n g3Ebmdam:

(Ao, p)c, +(Ap,,0)C, +...+(Ap,,¢)C, +...=(f,9),

(A(pl’(oz)z:l +(A(Pz’¢’2)gz +...+(4¢,,9,), +...=(f,9,), (35)

.............................................................................................

(Ap,,¢,)c, +(A@,,9,)C, +...+ (A, @, )C, +...=(f,9,).
Goach  (35) Lobdgds gaoblbgogegds (34) bLob@gdobogob, d9bgdcagos dobo
5dmbsblbo  omgbodbmm €, -om. 53 3mgn0ogbdgdol  dobgogom  Sagdmro  39d@mG0

>e360bme U, .

n
u, =ch¢k
k=1

Logbgdom  d49bgd@agos U, 39JdmAo asdmgogbopme (3.1) aobdmengdols Hmbg’r\nmabomg
>3mbsblibo.
bgg00 o gMog dgomel 9{mEgdgh goemom@djobol dgmmels.

§ 4. 395b@mbol gobGmemgdobomgol o@mobangl gHNygz>AMZ>60
bobob@mgmm 5dm35bol 5dmblLbs gogmom gobol dgmmeon

aobgobognma 3995Lmbol 2ob@memgdalomgol woGobemgl gHmygsGMmgsbo soLsbmge™
>dm 3065 dom 3gombmgsbo s@ol ©s dgedogo dodxggbs dbs@ob dgdmbgggsdo: .

—Au=gq, g=const >0, (x,y)eQ=]0,1x]0, ][, 4.1,
u_ =0. 42)

(Q >@0b ghnggammgebo jgo@s@o, 02 seol Q- Lsbwgsdo). '
hggbl Fg8mbgggsodo m3g@s@mmn A =(-A), a5blsdegHol s@oom:

D(4) = }u(x, ) € C* (@) :u(x,y)|_ =0

(4.1), (4.2) >dmizobol 53mbablbo ggdgdmo dgdegao m@dsyo A7 3M0g0L Lokoo:

UL Y)= D) Con Pon (X, 1), 43)

m=1 n-1

Lo

sin(mmx)sin(nny) .

2
¢m.n (x’ ,V) = )
aNm? +n’

17



Gbogos @, . (x,¥) 9630300 Jgeoll 4 Mm3g@s@m@ols goblsbrg@ol ségdo.

@A (obs  356o3M50d0  gbobgm . 3™38030g6Fgd0 by godmgmo
306 MdoEsh:

[— ZZci‘,A(pi‘j(x,y) -9, ®,., (x,y)) =0, mmn=12,... (44)

i=1 j-1
oo bgogmo@dgao  bod@ogmo a3qbdol L,(€2) Logdgol sbdom. L,(Q) Logéigdo
u(x,y) s  v(x,y) 396d30g00L  Lgosgs@gmo  baddsgamo  gobodo®m@gds Sl

(u,v) = [Ju(x, y)v(x, y)dxdy .
Q

3odmgmgogmm bjsemadggano bsd@sgano: (— Ag, . (x,¥),0,, (x,y)). gbowos agodgL:
2

- A¢m.n (x’y) =
aNm? +n’

(m’ 7 +n*7?)sin(max)sin(ny).

58610250
1 1
(-4, (%), @,,(x,y))=4][sin’ (mzx)sin® (n7x)dxdy = 4 sin® (mmx)dx[sin’ (ny)dy. (4.5)
Q 0 0

3bowos a35J3L:

isinz (mx)dx = i 1= Cosgz'”’“) dx = %idx - %i cos(27amx)dx . (4.6)
(4556 (4.6)-0b pomgomobfobgdon doomgds:
(- 20,.(x,3), @..(x,3)=1. @7)
sbognmaondsp dgagoderos gohggbmm, mad m m=i 5b n# j
(- A@,..(x,2), @.,(x,))=0. 48)

3odmgmgogmmo bgsms@gmo bsddsgmoa: (g, @, (X,Y)). dsGGogoe doowgds:

(9.0, =4l (x ¥ty =— 2 [sin(irmx)d sin(j2y)dy =

m +n o 0

] 1

2q 1 : 1 . 29 i '
° ‘ 1 1 1 1 ! .
> cos(zf.oc)0 ; cos(mx)o 0 —_— 1-=D)HA-(-1)")

5Jg006 35dmanbodgmdls:

8q . .
, A3 [ s j 39b@os
9,9, ,(x,y))= (i- jym? +n’ 49

0, Am@go i ob j anygfoo.

(4.7), (4.8) s (49)-0b omgsgnobiobgdom (44)-sb doomgds:

(4.10)

c

_ 2q
mn — ’
7> (m,n)Nm?* + n?

T



oo m @S 1 mM0gy 4gbdos.
09 hogligodm (4.10)-b (4.3)-Fo dogowgdom:

u(x,y) = 1—:;? Z Z : sin(msx)sin(nay).

m=1,3. .n=13 .. (m : n)(mz + nz)

§ 5. Lbgomdosbo Igmmpo 3s@sdmEy@o sbGmagdolsmgol

aobgobogrme Jgdgao LsTyobo-Lobabegam (jmdo-podmabagl) Sdmzsbs:
Ou(x,t) 0 u(x,t)

a0 ERCR f(x,0), (x1)e[0,1]1x[0,T], (5.1)
u(x,0) = p(x), (52)
u(0,) =u(l,1)=0, (53)

Loog f(x,0) o> @(x) 9V93300 K96d3ogdos asblsboggge >@gdo.
SA5Lmab, @(x) >3doymgomgdls gmobbdgdammdols 30Gmmsls:

@(0)=o(0)=0.
dodob R 303Pyds, AmA  (5.1)+(53) Sdmsbol o3l gBmsEyhmo  jemslbogy@o sdmboblbo.

[0,1] @oggmor n @men bofomow, bogmem [0,7] ~ m @oer bsfogsp. dswol doxo x-ols
30doGm >Mgbodbmm h-om, bmenm -1y dodsGm — om:

33o6domo (g@doagdo x -0l dodsdm 5036036me X, -0m, bogem -l dododron — i, -0o:
x.=th, i=0,1,...,n,

t,=kr, k=0,1,...,m.
doob (x,,1,) 4356dom (g@mBom 3o (5.1) hoglghmm gdpgao Laboo:

u(x;,1,)—u(x;,t, ) _ u(x;, ) —2u(x;,t, ) +u(x,,,t, )
T h?

1
+f(x,0)+ Ry (T,h). (%)
Logosg Ru(7,h) ool bsBmomo  (ggdo. 1 oogol §3-90  Bmggdgmo  aoFo@m3mgdals,

BOGImgdols  0sbsbds R, (r,h)-0b  @ogo 0d6gds O(t+h’). o9 6530om §ggele

3005353090m, d5Tab (5.1) gob@mamgdol dgglodsdgds dgdpgan Lbgsmdosbo bjgds:

k - - k- k-
u —u” us =2u T v ul

i z_l — i+} h2 i-1 +f(xi’tk)’ (54)

i=1,2,..,n-1, j=1,2,...m—1

bgws 0bpgJlo SEoli EAMmomo gmsom, bomm Jages — Log@Eomo (3gens©in. SAsbmob.
a3odgL:

74



W =p(x), i=0,1,..,n

u(')‘ =u,',‘ =0, k=0,1,...,m.

(54) bjgds >0l gbowo LJgds. ol Fgbodsdol Fodermbl 5]zl Loby:

(54) L493sb MVMEAd16 (3boe bJadsb, Goash uX -l 3603369a@dsls 3@mdon (3boos
Jo QVogdgh gboe ULy ©9 i 3bge 3 9o 3bopoE

(5.1)-(53) 9Vy3980 o8m@iobols  u(x,t) >dmbsblbol doshenmgdom 3b0Tgbgermdoe  (x;,7,)

3356dd0 gogbowgdm ul.k -1,
u(x,.,tk) ~ uik )

aodmmgeol bJgds bomgnow Asbl dgdmgan babsbowsh:

bodo®Eogobosmgols aobgobognmm dgdmbgggo, UIUTEN (5.1)
90 35MMgob0s (f(x,t)EO), 35306 (54)-s6 Boomgds:

Kk _ Tkl 2T) 40 Tk
U; —71—2-u,.+l +(l—-h—2]ui +h—2ui_, .

300J3o0, T @sh, obgmos ™I LG e gdgmos oMM

dodob (5.5) BmeEmdopsb 3odm3Eobodmgmdls gdwgao HME™S:

(125 Jur St <

k W
|ui I S -5 Mia
h

u

7K

35bGmMmangds

(5.5)



T 27 4 k-1 k-1
5; iy - |+ i = i ’ =1L 4 oIt
[h2+(1 hz) hz}glgj%uj | max|u, | i=12,..,n—1
5Jg056 353md0bs@gmdls
maxu'f|$maxuf"|, k=12,....m. (5.6)
0<jsn 0<jsn
>Jgesb 4o 0bpydioom doomgds:
max |u*| < max u‘}|, k=0,1,..,m. (5.7)
0< j<n 0< j<n

gl 9dm@mds  60Tbsogh  dpatoEmdal  Lofgobo  Jo@mdol dodsdor. (54) Ubgomdosbo
256@mmgdol  53mboblbo  9Vygadoe >0l ©sdmyopgdgemo  Lofyol  360dbgarmdgdhby.
553G magoMmgobo gsbGmangdols YgdmbgggsBo 3bswos, (5.6) Agogmgds PEmmmdoo:

k k-1
max|u* | < max|u* | : L))l
x| < x|+ o a0
0<S<m
‘dgdmzgommon s@bodgbs:
— k —
a, —maxujl, b—ggzglf(x,.,ts) :

0<j<n
0<S<m

45306
a <a_+m, k=12,....m
5d9056 0bEwI30000 doomgds:
a, <a,+1
a,<a+h<a,+=a,+2

......................................................

a, <a,+(kt)}b<a,+t,b<a,+Tb.
>dM0go0, ago]dgL:

u*| < max
0<jsn

max
0<jsn

0

|+ 7T - max . .

u/ | 0<i<n If(x‘ ,ts)
0<S<m

58

58 MPm@mmdoEsb  3odm3Eobodgmdl  LJgdol  JpaGsmds  Gmyemg Lo gole
300mdob, obggg stxggbs bsdol 30dstm. (58) YHMmmMdoEsb sbggg 3oddobs®gmdl
aobbogamo LJgdol j@gdopmde.

>0g603dbmm z! -000 dosbgnmgdomo 53mblEol (3pMmAom gds:
zf =u(x,,t,)—ul.

(*)-L 308mgo4emmn (54) aobdmangds, dogomgdm:

k k-1 k-1 k-1 k-1
z;, —z; z., —2z;7 +z

——= e =L+ R, (z,h).

>Jgesb, (5.8) gRAMeErmdol mobobdow godmapobadgmals dggsbgds:

0
z/.+T-max
0<i<n
0<S<m

z*| < max

0<j<n

max

0<j<n

R, (z,h).

1
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50356 z? =0, >do@ma

maxzf|=0(r+h2).

0<j<n
3bogos. o3 gRoligdsl seagomo 5dgh bogdsdobop aenmgo sdmboblibolingol. bog
LJgdsl ol bogmo o5]aql, Gmd dolio dpaMsemdobsmgol boko®ms gbGnmegl JoGmds:

30. T ©5 h 4 Tgodangds 69doldoghop gagommm. sdodmd gbse bJgdsl 9fmogdgh
doAmdomse deadow bgdol, Gopaob bgdme dmygebogro 30Mmds m9y soMmemgs, 35Tob

aobbogamo bjgds 5@ 0dbgds da@aswo.

§ 6. 3M563-bogmemlimbols LJgds

(5.D-(5.3) s>dm@iobolismgol figgh aobgobogogn gho s@sgbo Mm@ TMosb  LJgdsl,
@mdgenbog 9Vogdgh 360k j-bogmenlimbols Ligdob. 3ol oJglb Jgdwgan Loby:

k-1 k-1 k-1
i —2U U

h’ h?
(6.1)

u, —u, Vulf, —2uf +u’, u
1 =— +
T 2

]+f(xi’tk—1/2) )

58 1980l 53GmJbodsgool @ogos O’ +h?) ((x;,t,,,,) V9BhBom o). ds@mmsa,
(6.1) Ljgdol Aomzbgbs Ibodgdo dgdogogno Lbgomdoobo Sbognmpon agodemggb t-om JoMmggero
@00l FohBmadmmols  Bosbgmmgdoo  3603g6g9mmdsl  (X,L,_,,) VaOdomo  O(r?)
LobgbGom, bmmm dotixggbs Fbodgdo Ygdsgsemo Lbgomdoobo sbogrmagdo — x-om 3gmag
@oaob Fomdmgdnmol 8609gbgermdgdl Bglodsdobow (x;,7,) wo (x,1,.,) FTathHogngddo
O(h*) LobgbEom. 535Lmsk, 3sm0 baBgomm sGomBgHogamo ggodmagl x-om 3gmeg @ogols

Vomddmgdamol 360336gemmdsl (x,,¢,_,,,) VgHBoen3o O(h*) Lobgb@om. (6.1) Gmemdowsh

Boomado:
#u,"“ _(hiz + l)u,.k + E}%u{‘_, =, (6.2)
i=1,2,...n-1, k=12,....m,
boogs
o = —57:3-u,."+',’ —(hiz—l)u;‘ —Zz-z—uik_',’ =7/ (X, L)
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53050, do0mgds Lod( g Gommgabo gobRmamgdoms LobRgds, @mdgral oGy ggbs
dbotry @ Gbmdogmos. guGm  bybiop, k=1-mgob (bgmmgeb  BEgbg)  bsfgolo
3603369 m30ls ©s Astxgghs dbodmol LoBrnsmadomn gomgmon @) -b. Vgdwgp gblbom (62)
LoLEYsL u] 936m3g30L B0dotm. Y9dwgp 65d0x by k=2-mg0L @ -l googmom u-bo ©s

Aot 4965 botol LoBaomgdom s gblkom (62) LobR sl u’ 73bmdgd0ls Jodsto s 5.9

IBIEEYdS, M3 gl bJgds 50l 93oGmdme dpadswpo Es dolio jHJdsMdol @oyos
O(t* +h?).

(6.2) bobRgdol sdmblbobomgol hggh dgagodemos godmgoygbme  gs@mBobsigools
dgomewo.

(6.1) Lobdgds hoglgdme ggddmOgea Lobom:

Logoags :
~ k | k kNT
u, =y uy,...u, )",

—

Se =it S (X5t002))

(-2 1 0 0 - 0)
, 1 -2 1 0 0

A= %l 0 1 -2 1 0 .
———————————————— "‘
L0 0 0 1 -2 |
]
(6.3) Loldgdowsb ag5dgL: ;
T - T — y |
I_EA U, = 1+EA U, +tf,, (6.4)¢

ooz I gohogaemgsbo ds@@oios. 33303905, M3 4 35030 sGol sMoEs®gdomo. al;:

035l 60Tbogl, ®@m3 ygmggero u € E"-ogol (Au,u)<0, 5808m3 (1—%AJ dodMo304

¥

9o 9bgdoas. d580b g35]3L: ‘
1

-1 -1 h

- T T - T - .

u, =(1——2-A) (I—EA)IJ,‘_] +T(1—'§AJ _f,‘ . (65)‘

p
-1 1 ,
sgogos hggbgds odols, M3 (1 —%A) ©> (1 +%A) dodMoigdo Mgz,

d>d0b (6.5) Fmemdsl Fgagodemos dogige Loby:

-1 -1 .y
- T T - T -
u, =(1+5A)(1—§A) uk_,+r(1—§A) fk' ;’“

1



09 53 Hommdsdo gowsgeme bm@dgdby ©s As8mgoygbgdm bm@dol  mgolgdsh,

-1 -1
T T T -
(1+5AX1—5A) (I—EA)"MﬂW (6.6)
B 303Pegds, @M (ob. § 1, mago II) dsdmgdyaros Jgaolgdgda:
-1 -1
(1+£AX1—£A) (I—EA)
2 2 2

d>dob (6.6) YAME@doEsb gemgdagemmdm
AN R A

dogomydo:

ez | < @]+ =

<l

—_— 9

<1

- 'y

>Jasb obeyJioom doomgds:
AR AT A
ol <kl 73] < ol + (7] |7

................................................................................

>J95006 mogol IbMog 3o3mdobsdgmdly

k -
maxf, | < [+ 7 max |7

1sk<m I<k<m
d0@gdnm YRAMEM0Esb 3odmaEobodmgmol (6.1) bgdol 3MgdsEMds S FEAGSEMBS.

sBoboob,  doobmmgdomo  sdmbsblLBol  (3emdomgdol  Goges  O(r’ +hA%).  3bowos
0 9eeolbdgds, Gmd (5.1)(52) 9Vy43900 >dmEsbol sdmbsblibo bsjdomobop gemagos.

§ 7. Lbgomdosbo dgompo d03g@dmma@o aob@mengdolsmgols
(gbowo bJgds)

aobgoboanme Bgdegan LoTgolo-bobsbeghm (gmdo-podobangl) Sdm(3s6s:

0%u(x,t) B 0*u

2 >+ f(x1), (x0)€[0,1]x[0,T], (7.1)

Ot Ox
u(x,0) = Do (x), u,'(x,O) =@ (x), (72)
u(0,t)=u(l,t)=0, (7.3)

bogooi f(x,2), @(x), @, (x) 9V43980 B9bJogdos asblsbognggen 5égdo. sdobinok, @,(x)
>3dsgmzomgdly ‘Jgnobbdgdagmmdols 306Hmdsls:

?0(0) = ¢, (1) = 0.
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&> (x, 1) bLodMOGYgdo sgowme byLHse obgmo,  @Gmam@eg Fobs IgdmbgggsTo.
(7.1)-(7.3) ‘32'1%33(?) 33m 35651 dggnLadadmo Fgdpgao Lbgomadosbo sdmzsbs:
k

k-1 k k+1 k k
u; —22u +u; u.,, —2u; +u,,
‘ Tz‘ L+ hz' —+ f(x,,t,), (74

i=1,2,....n-1, k=12,....m-1,

oo u(')‘f “uk =0, u? =g,(x,).
@>G  Jg9bgds  uj-0L - 3odgger  BEgby  93bmdo  gubjzool  Hsbmmgdomo
db03gbga!Mdgd0lL goblabmg@sl, goyghgdom Ggogmmeols gm@dyesls

u(x,7) = u(x, 0)+7u'(x, 0) +T—22u"(x, 0)+0(r’) =

2

= @, (x) + 790, (x) + _12_ u"(x,0)+O0(7°).
Uy (x,0)-10 Lobpg@ogm aobGmegdowasb:

;6,0 = 22524 £(x,0) = g+ £ (3, 0).

5396250, Lodmmmmp agedal:
2
T
u(x,7) = 0o (x) + 7, (X) + = (@ () + S (x, 0))+0(z°).
a3%s3530mm  bsdmomo  (gzdo s dowgdgmo godmlabyangds osgogme  93bmdo
q;qudgoob dbodgbgermdse 30Mggen dMgby, g.0. ’

2 %

u' =@, (x,)+ 19, (x)+%(¢g(x,)+f(x,,0)). i=1,2,..,n—1

(74)-056 3563L5bpgAMm u,.k+l : i

p T r’ r’
u =(h—2u,."+l —Z(h—z—lJui" +Fu,"_,J—u,{‘" +72f(x,,L,) - (7.5)“
P

k=1 338mbgg3o30 Boglbgedn o 53 go@dgesBo u) ©> u; 8613369 mdgdl, !
2563LsbQRd%ogm u’-b, go. bymmgeb s JoGggm Fhgbyg d6033b9emmd9d0l; bo‘a";]o;mgbom!
Gboor 3560lobmggds dgmeg IHgby 93bmde gubjiool dosbammgdomo dnTgbgmmmdgdon;”
k=2 3380%bgg30F0 (75) Gommdal 350% 396> Abstgdo gbgodm u, o u] 880’3363@(‘0636@

> (3bod globmgtogm u)-b s o.3. d

(7)) 53035601 VgLodsd0l Fodembl 5Jgb Loby;

Xmm e X—m— ==X (k+ 1)

> N X (k)
i-1 i i+ 1

Xe——-X———-x (k=1)

(30‘3b30m() Ggogoboizool bjgds (x, 1) LoddEygbg slg aodmaynmdgds:
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¢

(74) LJgdsl 9FmEgdgh @bow Ljgdol. ol s@oli bodBd@osbo bJgds @STYSE 9iEbmdo
a916]Jzool  360d36gemmdgd0  ©o 03d0Mgdmos  gAMAsbgommsh @Mmol Lsde  bbgo@alibgs

dbodgbgemmdobomgoly (k—1, k, k+1). (74) UJgdol s3@mJlodsizools  Gogo: O(r* +h?).
dosmasiz, (74)  dogomdol  dodgbgbs  dboadg (oddmopagbl -0 )@Y @Gogols
Voddmgdamob 396@¢@omma@-Lbgomdosh sbogmmals (x,,7,) (9HHoe 3o, @mILAL Lobybdg

>0l O(t?), bogmo 3stxggbs bs@gdo 9dsgomo 02035 Ho3ob Lbgomdado shsgnmgo
(omamoppagbl x-000 8gmég  Gogol Po@dmgdamol  Bgbodsdol  Lbgomdod  sbsmmyl,
amdgol Lobgbdg obLggg >Gols O(h*). Loadmemme, (74) gdob o.?ﬁ)mdlsca*‘-(gnols 00

ofbgds O(z +h*). (74) ULbgomdosbo as6@mmgdoms bol®gds hsgladmm  Ggddm@nmo

Laboo. bowos, agod3l:

U, —2u, +u,_

2
T

= Aii, + [, , (7.6)

lon(;
- = T
u, =(u1k,u;v--’u:-1)rs fk :(f(xl’tk)""’f(xn—l’tk)) .

A 5Gol opogg n—1 @oaol doGMoge, (oG  IsMsdmy@o  dSbEm@gdols
YgdonbgggeBo. #, s #, InEgdnmo LoFyobo g9])dm@gd0s. (7.6) Gommdowsh 300mgds:

U, =21+ TZA)’:"k —U, + Tsz ) k=1,2,...m—1. (7.7)
0dolsmngol, @md (74) LJgds ogml dadoo, sanmo 9bps ogml dgdldao doGmda:

24 Bsp@ogolb b3gdd®o dmmogbgdamo mbos ogol [0,2] AqgomgeBe. GoAMGG gggms

gbowo  Ljgdobomgols, o3 Jgdmbgggedoz 7 > A dody3g9eo Fgboom  Tbs  ogmls
400630k ©s453300939ma ™ (74) UJgds dpa@awo ogmb. bmgswo 3Hobz030esb
3o3m8oboGyg, Gopash  53GMJLodsgosl ozl swyomo, dpaGMsMdnEsh  S3OMAsgGow
3>dmdoba@gmdls jMmgdomads. hggbl dgdmbgggsdo 3Mgdsmdols Mogo ogogg 2dbgds, @ag

7‘036)0)(]15()3&(;0015 0,0.



§ 8. gmeg Gogol LodbybBol sGH53bowo bJgds
303gHdmmy@o a56@mangdobsmgols

8.1. bJgdob s5pagds > dgbosdsdolo LolGgdol
ds@Mozgmo hofg@s

(7.1-(7.3) 9Vy3980 dm@sbsl  Fggnbodsdmm gdogao  Lbgomdosbo (wobj@gdgero)

sdm30bs
=2 T (Wl 2w v w2 v ul]
2 = 2 + 2 + .f(xi,tk ) ’
T 2 h h
(8.1)

i=12,....n—-1, k=12,...m-1.

gbowos, 53 bJgdol S3GmJLodsiools Gogo s@ols O(t* +h*) (ob. §6 > §7). (8.))
193> oMol s@sibowo iJgds. dols glodsdol Dodembl >z Jgdwgao Loby:

> T X k+1 :
X———-X——=-X [ "
Y l x k-1 :

93bmd0 gubjiools dbodgbganmdgdo ©o353d0Mgdagmos gamdsbynmsb 3o 6306600);

v, wmpee

Tyo@omBo. k=1 Tgdobgggedo bammgsh ©s odggm Jhgby badogdgmo gubiceol’
360936gmmdgd0  (36mBomos,  bmmm  dgmég  JGgby  ul-ob  30dsc@m 800;{)360?
Lod({ gaBommgobo  asbGdmagdoms  bobdgds, @mdganlbsg  gblbom q;od(?)m(ﬁo%o@ool);
dgmmpon. hsgVgtmn aobdmegdsms LobGgds k+1 dMgbg, @GmIgemoi doomgds (8.1)-;906,;,'

dols oJgl dgdwgao Loby: J
——27:7uf+ﬁ'+(;—z+1]u!‘”—§%uﬁ' =g, i=12,...,n-1, ;

Lo ‘
i

@ =2uf —[%u,{:' —(%;+ l)u,.""]+;:;ui"_-ll +72f(x,,t,). :

i'é
1
(8.1) Lbgomdosbo asb@mengds Fobs Jg8mbggggdol sbognmpyoy®se 39]@mHgmae slg
A : 4
>0{ g gda: 4

D

i, —2i, +id,, i L7 |
Ll 2 g f k=12, me (82)

oo U, @ f_:k 39J®™MB3d0 ©s A IBG0GEo 030395, @3 [obs 3oMsghogdo. (82)

Amemdowsh doomgds:
izk.,,] =Lﬁk—ﬁk—|+gk’ k=1, 2,...,m_1, (8.3)

Q9



Logo3
2 \! 2
T T =
L=2yI-—A4| , g, =—Lf,.
( 5 ) Ek ) i
aodmglsbmo U, 39]mGo Uy, U, ©> g, 33JdMAgd0L bsByPsemgdom. obpeirom
dogomgdm (Lodo®Gogolomgols u, ©s g,-b 5O 3539399900 39JB™@al 60sbL):
u,=Lu —u,+g,,

u,=Lu,-u +g, =L2ul —Luy+Lg —u +g,=

=(L2 —Du, —Lu,+(Lg, +g,),

u, =Lu; —u, +g, =L —L)u, _L2u0+(L2gl +Lg,)—Lu +u,—-g,+g,=

=(L =2Lyu, (L’ = Du, +[(L ~ g, + Lg, +&;]

k
Upy =U, (Duy —U,_ (L)u, + ZUk—lgi ’ (84)

P
boog  U,(L) BoBMogo-dmmobmdo  Sjdsgmgommgdl  Fgdegy  Gygatigbd g
©5dM joogdgemgdols:

U, (L)=LU,WL)-U,_ L), k=12,...

Uy=1, U=L.

82. sdbAsmdy gSJBgd0

aobgobogmmer U, (L) 3s58@0Es-3mmabmdol Jgbsdsdobo bjogmodgao 3mgmobmdo:
Uax)=xU,(x)-U,_(x), k=12,...
Uy,x)=1, U, (x)=x.
09 o3 ©sdmyoEgdyergdsdo x-ob boggmop hogligsdm 2x-L, dogowgdm hgdodggol
dgmeg a35M0l 3meobmdl. syomos >3l Bgdpgy oM joEgdoe gdab:
U, U, =U} -1
dgmeég dbGog
UntU,.,=xU,.
sddogop, U,, o> U, 3ogdob ogm@gdol mobobdose sydsgmaomgdls 393wgy

J3ROG g 3obdHmmgdals:
22 —xU,z+U} -1)=0.



09 dmgonbmgon ©olM0dobsbGol s@soMYMPommMdsls, dogomgdm:
xU, —4U} -1)=0,
ob @53 030390,
(4-x*U? <4.

>Jaoob 3o 20dmdEobotigmdl dgdwgao Tgzabgds:

2
U, (x)| < , x|k2. (8.5)
i@l = Ix

U,(x) 3ogobmdo [-2,2] Ubyadgbddo msgol  dsjbodsgon@  ©s  dobodsgma@

d603gbgermdgdl  omPggl  Iygogmgol  dmeomgddo. bgdmo  dmygobogro G339 gbJemo
©5dM 0o gdoEsb doomgds:
U,(#2)=(=1)*(k+1).
>dM050, doOmgdygmos JgRolgds ‘
U, (0)|<k+1, xe[-2; 2]. (8.6)
U,(x) 3mgobmdgdol bgomdolamgol swaomo sJgl Iggolgdsb: 'i
U0 -U,x)|<V2,  xe[0; 2]. 87
s3MomGygemo  Jguolgdols  dobomgdo  hggh  oopg3dodpgds geOmo  dggan -
306Jomboga@mo  sbogmaboesh,  @mdgmoi gbgds ™m3gMs@m@-3mmabmdol  bm@dol
dgRoLgdols.
0gMA93ds. gndgom, 4 s@ob (@qgogo, Lodgd@ogmo, dgdmbsbeg@gmo Mm3gAHs@meo H'
Jogrdgm@ols bog@m393dn, 3530b P(4) m3g@s@m@-3mamobmdobsmgol dodmgdgamas ggoligds i
i
|P(4)|= sup |P(A), ;

AeSp(A)

¢

Loog Sp(A4) stol 4 m3gas@meéol b3gdd®o (P(A)—Lgsms@gmo 3mgnobmdos). f
bbgs ULodyggdoo gl Tgogao obg gsdmomgdol: Lodg®ogeno 'Haambo‘bmatﬁﬂ@nj

M39G5meol  dgdmbgggaBo,  ™M3gMs@m@-3m@obmdol  bm@ds  Gmemos  Jgbodsdobo

1
Ljogmadgeo 3mmobmdol C bm@dol bdgJd® by.

1
k]
, t
X
#

8.3. osbammgdomo 53mbsblibol (3emdogmgdol Iggsbgds

©5370Gq6ogn  Bggbb  53mobal.  Fggogslmo L As@ddoigob  ULigdto. Jodmdol
nobobdo@ 335]3l:

7? r’ 2
1—?A u,u =(u,u)——2—(Au,u)Z(u,u)z"u" X

34



Z
[I—EZ—AJ ds@Moiol  boggomdogo @ogbggdo dgGos ob Fmana gOnbdy (Gopysh
Lgsgmodgamo  bod@Mogema  dgBos 56 Gogro  gAmbyg).  gbopos, dobo  Jgd@9bgdamo

N
(1—%A) ds@@oiols Loggomdogo Goigbggdo bogemgdo 0dbgds g@mbg, sdobosb dg@o

bbby ymggero n-Lmgol.
A0, Sp(L) [0, 2], Vn. 3530b Bgdme dmygsbogno mgm@gdol ©s (8.6), (8.7)

‘dggob9d9dols msbobdo dstrmgdoe 0dbgds Fgdwgan ggobygdgdo:

U (L)) < {gfg]lUk ()| =k+1, (8.8)
[V ()= U, (L] < max U, (x) - U, (x)] <42 (89)

(84) gm@dynams hoglghme dgdmgao wm@don:

u —u,

2 &
u.,, =tU, (L)( )+(Uk (L)-U,, (L))"‘o ""%ZU/H' (L)Lf, -

0 53 Gomenmdsdo gosgome bm@dgdbg o aodmgaygbgde  bm@dol mgobgdsl,
dogogmgdom:

2
ool = AU D=2 40, @ Uy Ol + 5 S

U —u,
T

5906 (8.8) wo (8.9) Fg53oligdgdols gomgasemaliffobgdom dogomgdm

U —U,

A

"uk+l St

k
+ ‘/5"“0" + ‘;'Zl:’k-m

T

3bowos,  bgdalidog@o  k-ogol  5Jgesb  3odmdwobamgmdls  3gdpgan  S3Gom@ o
‘dgaoligds:

—

u —-u,

<T

7. || . (8.10)

”uk +1

1€isn

+32)y| +_;.r2 max

T

9L s3Gom@gmo dgRalgds 330hg39b50L, MM (8.1) Lbgomdosbo Sdm3sbol Sdmbsblibo
V939000 oGolb @sdmyopgdgero Lofgolb %, ggJdmebg, ULsFgobo ULohJodol bbgomdosh

— —

u —u

sbognma by > doMxggbs dboMmggddyg, go. a35J3b Ipadsmds  Lbgomdosbo

>dmizoboliongol.  (8.10)-0L  shognmpon@o  dgxolgds doowgds  [oddmgdygamol  Lbgomdosbo
shagnmgobmgol. sdom bshgghgdos (8.1) Lbgomdosbo bJgdols dpa®ommds.
dggogobme  doshenmgdoma  5dmboblibols  3mdogngds.  byb@  dmboblbls s

Josbgnmadom s3mboblbl dm@al Lbgomds omgbodbmm zf -0o:

ko Nk
z; =u(x;,t,)—u; .

RS



Bgbdo s3mboblbbo u(x;,1,), @bowos, s3dsgmgoagdls (8.1) Lobol 25bGmemgdsl 03
20bbbgoggdom, Gmd dotxgghs Abodgl ©ogdo@gds boBmoma (ggdo R, (7,h), Gm3mob
G030, GOIMGG 3030, stol Oz +h?). bopos, z/  (R®30mgds ©s5y3symgomgdl
sbgag (8.1) Lobol Lbgomdosh aob@mmgdsl 03 gsblbgoggdom, Gma f Agoiagegds R, (7,h)-

oo. do@gdgaro Lbgomdosbo 2ob@dmemygdobsmgols, (8.10) s3Gom@gemo Y ggsbgdol mobsbdog,
domgdgemo 0bgds Fgasligds:

2, — 2

<T

R,(r,h)", @®11)

"zk+l

1ign

+\/§||20||+%T2 max

T

IRYLYES
Zk_(zl’ZZ""’z ), k_( TELACTRIRRT nk)'

n

Goame3 gogom, E7 bogdhigdo g9ddm@ol bm@ds Gmeas dobo  jmd3mbgbGgdob
43°0M53 930l xsdosb j3oGsGgmo gglgol. Limage gl bm@ds bob (8.11) s3Mmom@ g |

el Y e g I I SN

Jgnoligdsdoa.

550 u? =u(x,;,0), >dodmd Gbowpos “2"0":0. SEgogmoe  Jgodemgds 305336(')0),:“

“md

4-2 =0(r?).

T

gbogos sliggg, @m3 i
|R, (z.1)| = O(z* + 1?).

d>dob (8.11) dgx35Lgdoesb doomgds gdmgao dgasligds: P
|Z,..| = O@z* + n?). .

5dM0g50, gobbognama LJgds Jpa®swoas bgdoldogdo 7 o h-mgolb (7,4 >0) Qog;

30obarmgd0mo 58mboblbol EMmomgds s@ols O(r® +h?) @Gogols. !
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oA T T
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