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Abstract 

As the world becomes more digital, electronic devices have become ubiquitous in people’s 

daily lives. The manufacturing electronics requires complex electromagnetic designs, which 

rely heavily on virtual and computer simulations of electromagnetic phenomena to represent 

their electronic systems and printed circuit boards (PCBs). To simulate PCB-based 

electromagnetic conditions and limitations, it is necessary to combine the functional circuits 

of the electronic device with the parasitic effects of the layout board. Among the many 

numerical methods, the partial element equivalent circuit (PEEC) method is considered one of 

the most natural simulations of PCB interconnections. This thesis presents an enhanced 

approach to PEEC modelling, which increases the speed of simulations and offers a more 

realistic model of complex industrial PCB designs. Considered approach is realized as one of 

the simulation modules of commercial software EMCoS Studio.  
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Preface 

This thesis summarizes my research on and contribution to the development of a 

partial element equivalent circuit (PEEC)-based electromagnetic solver, PEEC 3D, as one of 

the simulation modules available in the commercial software EMCoS Studio from EMCoS LLC 

(https://www.emcos.com/) in Tbilisi, Georgia. This work describes an enhancement to the 

classic PEEC method to make it faster and less memory consuming for complex industrial 

problems solving. The work was conducted between 2016 and 2020 at EMCoS LLC together 

with cooperation from Tbilisi State University in Tbilisi, Georgia, and under the supervision of 

Dr. Roman Jobava. 
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1 Introduction 

 

As the world becomes more digital, electromagnetic (EM) system functionality and 

components have become increasingly complex. This complexity creates challenges in the 

design and manufacturing of products such as smartphones, home appliances and automobile 

electronic systems. Modern EM manufacturers conduct extensive research and development 

of electronic systems and components, including iterative cycles in which ideas, prototypes, 

measurements and simulations are designed and tested. This time-consuming process 

ensures that the device works, is compatible with other devices and systems, and satisfies 

various requirements and standards. In the highly competitive electronic industry, it also is 

important to deliver products to the market as soon as possible in a cost-effective way.  

Computer modelling techniques, such as computer simulation tools [1][2], can reduce 

processing time and costs associated with the design process. The most effective simulation 

tools are easy to work with, yield accurate results and perform calculations in reasonable time 

using available computer memory. To meet these requirements, researchers have enhanced 

existing tools and created new simulation techniques. However, these techniques must be 

able to be implemented in commercial software packages. Many simulation software 

programs are available today, and all have advantages and disadvantages. Manufacturing 

companies can buy these tools or even write their own codes too. As nearly every modern 

electronic device uses printed circuit boards (PCBs) with integrated microprocessors (Fig. 1), 

PCB simulation tools are especially important.  

  

Fig. 1. Left: printed circuit board (resources.altium.com). Right: integrated circuit packages 

(www.electronicsforu.com) 

Many numerical EM methods can be used in PCB simulations. For example, the partial 

element equivalent circuit (PEEC) is one of the most useful methods for PCB and 

interconnection simulations. The PEEC method was developed in the early 1970s by Albert E. 
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Ruehli at the IBM T.J. Watson Research Center [3]. Ruehli developed this method especially for 

interconnection system analysis [4], and it has been continuously developed and enhanced. 

The PEEC method transforms the EM domain of the interconnection system of a PCB layout 

into a circuit domain, then combines it with the functional scheme of the module to perform 

circuit model calculations in a specified frequency or time domain. The PEEC method solves 

the electric field integral equation using Galerkin’s approach, by discretizing the calculation 

domain into mesh elements, or cells (voluminous or surface elements, such as filaments, 

quads and triangles). The magnetic and electric couplings between these mesh elements are 

represented by equivalent partial inductance and partial potential elements. After these 

partial elements are evaluated, an equivalent circuit of the model is generated representing 

partial inductance and potential elements, such as the simple resistor (R), inductor (L) and 

capacitor (C) lumped-elements circuits. The resulting circuit net then is simulated using a 

simulation program with integrated circuit emphasis (SPICE)-like circuit solvers. 

Modern PCB architecture often includes several multi-holed grounding layers and huge 

number of tiny, complicated traces. To describe the geometry of these PCBs accurately 

sometimes requires several thousand or even millions of mesh elements. One of the technical 

issues of the PEEC method, as for all numerical methods, is the model size limitation imposed 

by computer resources. If the model is represented using large number of mesh elements, the 

number of lumped elements in the equivalent circuit also increases because of the inductance 

and capacitance coupling between the elements. Increasing the number of lumped elements in 

the circuit simulations also increases the simulation time, which requires large amounts of 

RAM correspondingly. 

 

1.1 Aim of this Thesis 

The aim of this thesis is to enhance the PEEC model to reduce the number of resulting 

PEEC elements but maintain the large number of mesh elements in the model at the same 

time. To do so, instead of calculating the capacitance for each mesh cell and the inductance 

between each cell pair, we group these cells into patches using Voronoi’s algorithm and use 

these patches as capacitance cells. Inductance elements are set between neighbouring 

patches. 

Another difference with the classic PEEC method is calculation of RLC matrixes 

between partitions, performed independently using quasi-static electric and magnetic full-

wave method of moments (MoM), with complete 3D interaction. The electric current and 
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charge distribution is extracted from MoM calculations during the RLC calculation stage and 

combined with circuit calculation results during the modified nodal analysis (MNA) stage to 

get the final current and charge distribution over triangles. Correspondingly, this method 

allows evaluation of scattered fields in space too. 

Considered approach is realized in EMCoS Studio  software package under the name 

“PEEC 3D”. The PEEC 3D solver has been continually developed since 2016 to satisfy PCB 

simulation requirements and has been successfully used in many EM compatibility (EMC) 

projects related to PCB modelling, high-speed connectors and cable simulations and so on. 

 

 

 

 

 

Fig. 2. PEEC 3D solver in EMCoS Studio and its application areas  



4 

 

1.2 Thesis Outline 

The rest of the thesis proceeds as follows. Chapter 2 presents the PEEC method, 

including its history and origins in the electric field integral equation, discretization 

techniques (e.g. orthogonal, non-orthogonal and triangular) and derivation of each PEEC 

element based on triangular discretization. Chapter 3 introduces enhancements to the classic 

PEEC approach and presents a new PEEC model based on automatic subdomain 

decomposition of triangular meshes into partitions. This section describes how the partitions 

are defined using Voronoi’s decomposition algorithm, the calculation of capacitance and 

inductance matrixes between these partitions, the circuit simulation of resulted equivalent 

circuits and how the current and charge density distributions on the triangular surfaces are 

recalculated and used to estimate radiated electric and magnetic fields. In chapter 4, we 

validate our approach and perform several numerical experiments and simulations and 

validate them against the MoM method and measured data. In chapter 5, we simulate a 

conducted emission test from a real automotive LED brake light module and a radiated 

magnetic field distribution above the PCB layout. We compare the results with measured data.  

In chapter 6 we summarize all the work and make conclusions. 
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2 PEEC Method 

 

The PEEC method is one of the most effective methods for combined EM and circuit 

analysis [3][4][5]. The combination domains result in an equivalent circuit saved in SPICE 

format [6][7]. Albert E. Ruehli developed the PEEC method in 1974 at the IBM T.J. Watson 

Research Center in New York [4][14]. The PEEC method is widely used in electromagnetic 

compatibility and interference fields to address electrical interconnect and signal integrity 

issues. Unlike other methods, PEEC can be used over the full frequency spectrum from DC up 

to the maximum frequency determined by the meshing. This chapter covers PEEC basics, such 

as how the PEEC formulation is derived, different cases for PEEC-based geometrical 

discretization and formulating PEEC for triangular discretization. It does not cover the 

calculation of partial-element integrals, which can be performed numerically and semi-

analytically, because this thesis focuses on enhancing the PEEC model based on triangular 

patches, not the PEEC elements calculation itself. 

2.1 PEEC History 

The PEEC method has been first developed in IBM T.J. Watson Research Center [14] in 

1974 by Albert E. Ruehli [4]. Ruehli was working on electrical interconnection structures and 

he used to split these interconnections into basis inductive partitions, to build inductive 

model. The idea of partial inductance first was introduced by Rosa [15] in 1908, after 

enhanced by Grover [16] in1946 and by Hover and Love [17] in1965. Later Ruehli [5] 

included the idea of partial potential elements together with partial inductance elements and 

introduced partial element equivalent circuit (PEEC) method in 1972. After that time, PEEC 

method got more and more attention and many academic and industrial institutions began to 

improve it. The main contributions in enhancement to the PEEC method was created via 

collaboration between the IBM T. J. Watson Research Center, University of L’Aquila in Italy 

[18] and Luleå University of Technology in Sweden [19]. The important enhancement includes 

dielectrics [20], equivalent circuit representation using potential coefficients [21], a time 

delay and retarded PEEC models [22][23], incident fields and the ability to solve scattering 

models [24] and use of non-orthogonal and triangulated discretization to describe complex 

geometry structures [8][9][25]. 

The first book [26] entirely dedicated to PEEC was published in 2017, indicating that 

PEEC remains in active development. In the past 50 years, many problems have been solved 
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using PEEC. Yet, the applicability and integrity of PEEC in commercial software is limited and 

is not as popular as other methods (e.g. MoM, finite-difference time-domain, finite element). 

Few software programs allow users to create PEEC models in a graphical user interface, to 

run PEEC simulations and to analyse calculated results in post-processing tools. 

2.2 Electric Field Integral Equations 

The PEEC method starts with electric field integral equation . Consider an arbitrarily 

shaped conductor in free space under external excitation, called the incident field 𝑬𝑖𝑛𝑐(𝒓) (see 

Fig. 3).  

 

Fig. 3. Arbitrary shaped conductor under external excitation 

Because of the incident field, the electric current density 𝑱(𝒓) and charge densities 𝜌(𝒓) are 

induced inside and on the surface of the conductor. These currents and charges themselves 

create an additional field, called the scattered field 𝑬𝑠𝑐(𝒓). The total electric field 

𝑬𝑡𝑜𝑡(𝒓) outside of the conductor can be represented as a sum of incident and scattered fields: 

 𝑬𝑡𝑜𝑡(𝒓) = 𝑬𝑖𝑛𝑐(𝒓) + 𝑬𝑠𝑐(𝒓) (2.1) 

The scattered field in equation (2.1) can be formulated as a sum of magnetic vector potential 

𝑨(𝒓) and the gradient of electric scalar potential φ(𝒓): 

 𝑬𝑠𝑐(𝒓) = −𝑗𝜔𝑨(𝒓) − ∇φ(𝒓) (2.2) 

The magnetic vector potential 𝑨(𝒓) can be calculated using electric currents in the following 

way: 

 𝑨(𝒓) = 𝜇0 ∫ 𝐺(𝒓, 𝒓′) ∙ 𝑱(𝒓′) ∙ 𝑑𝑉′

𝑉′

 (2.3) 

where 𝑱(𝒓′) is the electric current density vector in 𝒓′ point and 𝜇0 is free-space magnetic 

permittivity. 𝐺(𝒓, 𝒓′) is the free-space Green’s function, calculated as follows: 
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 𝐺(𝒓, 𝒓′) =
1

4𝜋

1

|𝒓 − 𝒓′|
𝑒−𝑖𝑘|𝒓−𝒓′| (2.4) 

Because of the skin effect in high-conductivity materials, currents flow close to the conductor 

surface. These skin depths are calculated using the following formula:  

 δ = √
2

𝜔𝜎𝜇
 (2.5) 

According to equation (2.5), a high frequency and high value of conductivity yields a 

shallower skin depth. For perfect electric conductor materials, skin depth is absolute zero. 

Correspondingly, for materials with shallow skin depth, we can replace the volume integral in 

equation (2.3) with a surface integral: 

 𝑨(𝒓) = 𝜇0 ∫ 𝐺(𝒓, 𝒓′) ∙ 𝑱𝑠(𝒓′) ∙ 𝑑𝑆′

𝑆′

 (2.6) 

The electric scalar potential in equation (2.2) thus is calculated as follows: 

 φ(𝒓)  =
1

𝜀0
∫ 𝐺(𝒓, 𝒓′) ∙ 𝜌(𝒓′) ∙ 𝑑𝑉′

𝑉′

 (2.7) 

where 𝜌(𝒓′) is the charge density in the source 𝒓′ point and 𝜀0 is free-space permittivity. In the 

medium of non-vanishing conductivity, there can be no permanent distribution of charges 

[27]. All charges concentrate on the surfaces almost instantly. Relaxation time is 𝜏 = 𝜀/𝜎, 

which is required to decay 𝜌(𝒓′) to 1/𝑒 of its initial value 𝜌0(𝒓′). Even for very small 

conductivities (e.g. 𝜎 = 1 × 10−4 S/m), relaxation time is about 9 × 10−8 sec, which is 

exceedingly small. Thus, we replace volume integral equation (2.7) with a surface integral 

equation: 

 φ(𝒓)  =
1

𝜀0
∫ 𝐺(𝒓, 𝒓′) ∙ 𝜌𝑠(𝒓′) ∙ 𝑑𝑆′

𝑆′

 (2.8) 

The total field inside conductor can be calculated as follows: 

 𝑬𝑡𝑜𝑡(𝒓) =
𝑱(𝒓)

𝜎
 (2.9) 

Applying a boundary condition (the vanishing tangential component of the total electric field) 

on the conductor surface, we write 

 �⃗⃗� × 𝑬𝑖𝑛𝑐(𝒓) = �⃗⃗� × 
𝑱(𝒓)

𝜎
+ �⃗⃗� × 𝑗𝜔𝑨(𝒓) + �⃗⃗� × ∇φ(𝒓) (2.10) 

where 𝒏 represents the surface normal. For simplification, we omit vector multiplication from 

equation (2.10) and assume that the field tangential components are considered in the next 
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equations in this chapter. Combining (2.8) and (2.9), we get the electric field integral equation, 

or mixed potential integral equation, which is the main formulation from which we derive the 

PEEC formulation: 

 

𝑬𝑖𝑛𝑐(𝒓) =  
𝑱(𝒓)

𝜎
+ 𝑗𝜔𝜇0 ∫ 𝐺(𝒓, 𝒓′)𝑱𝑠(𝒓′) ∙ 𝑑𝑆

′

𝑆′

+
1

𝜀0
∫ ∇𝐺(𝒓, 𝒓′)𝜌𝑠(𝒓′) ∙ 𝑑𝑆′

𝑆′

 

(2.11) 

2.3 Geometric Discretization and Galerkin’s Approach 

To transform equation (2.11) into a system of linear equations, Galerkin’s approach 

can be used. Galerkin’s approach requires the geometry to be discretized into geometric 

elements, after which the current and charge densities should be represented using basis 

functions.  

 𝑱𝑠(𝒓′) =∑ 𝒃𝑛(𝒓) ∙ 𝐼𝑛,

𝑀𝐿

𝑛=1

    𝜌𝑠(𝒓) =∑𝑎𝑖(𝒓) ∙ 𝑞𝑗

𝑀𝐶

𝑗=1

 (2.12) 

where 𝑀𝐿 is the total number of current unknowns and 𝑀𝐶  is the total number of charge 

unknowns. The choice of basis functions for current 𝒃𝑛(𝒓) and charge 𝑎𝑖(𝒓) densities depends 

on the type of discretization and should account for characteristics and shapes of the 

geometry domain. Like in most EM solvers, the discretization step should be defined 

as 𝑑𝑙 < 𝜆𝑚𝑎𝑥/20, where 𝜆𝑚𝑎𝑥 is the wavelength on the maximum frequency of interest.  

PEEC began as a numerical method for rectangular geometries to model digital 

interconnection structures [3][4]. Generally, such problems are represented using 

longitudinal volume filaments with currents flowing through the filament and charges 

accumulating on their surfaces (Fig. 4). This discretization can model thin interconnections 

and wide-shaped nets, where currents can flow in two or three directions inside the volume 

cell.  
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Fig. 4. Filament representation of interconnection (volume cells represent current flowing, and 

surface cells represent charge) 

To model various complex problems and avoid staircase representations of arbitrary 

shape interconnections, PEEC was extended to support non-orthogonal discretization meshes 

[8]. Hexahedral cells represent geometry more accurately. Thus, using a local coordinate 

system, the PEEC formulation for orthogonal meshes is translated onto hexahedral elements 

(Fig. 5). 

 

 

Fig. 5. Non-orthogonal PEEC model with basic hexahedral cell and local coordinate filament  

More recently, triangular discretization of PEEC was introduced to model arbitrarily shaped 

complex structures [9][10][11][12][13], as shown in Fig. 6. Triangular discretization is 

practical in many cases, and many software tools are available to generate and edit triangular 

meshes. 
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Fig. 6. Orthogonal, non-orthogonal and triangular representations of the conductor net  

2.4 Derivation of Partial Elements for Triangular Discretization 

This section describes derivation of the PEEC for triangular discretization. For 

triangular discretization, the most widespread approach is to consider current flow along the 

edges between two triangles, as represented by Rao–Wilton–Glisson basis functions: 

 𝑱𝑠(𝒓′) =∑ 𝒃𝑛(𝒓) ∙ 𝐼𝑛,

𝑁𝑙

𝑛=1

    𝒃𝑛(𝒓) =

{
 
 

 
 
𝑙𝑛

2𝐴𝑛
+ 𝝆𝑛

+,    𝒓 ∈ 𝑇+

𝑙𝑛
2𝐴𝑛

− 𝝆𝑛
−,    𝒓 ∈ 𝑇−

0 elsewhere

 (2.13) 

where 𝒃𝑛(𝒓) is the basis function, 𝐼𝑛 is the unknown current coefficient, 𝑁𝑙 is the number of 

non-boundary edges, 𝑙𝑛 is the length of the 𝑛th edge and 𝐴𝑛
+ and 𝐴𝑛

− are the areas of triangles 

𝑇+ and 𝑇−, respectively (see Fig. 7). 
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Fig. 7. Rao–Wilton–Glisson basis function on a triangle pair  

The charge density accumulated on each triangle can be represented by pulse basis functions: 

 𝜌𝑠(𝒓) =∑𝑎𝑖(𝒓) ∙ 𝑞𝑖 ,    

𝑁𝑇

𝑖=1

    𝑎𝑖(𝒓) = {
1,    𝒓 ∈ 𝑇𝑖
0, elsewhere

 (2.14) 

where 𝑎𝑖(𝒓) is the basis function, 𝑞𝑖 is the unknown charge coefficient and 𝑁𝑇 is a number of 

triangles.  

According to Galerkin’s approach, the testing (weighting) functions should be chosen 

in the same way as the basis functions. Thus, we use following testing functions 𝒇(𝒓) for all 

triangle pairs: 

 𝒇𝑚(𝒓) =

{
 
 

 
 
𝑙𝑚
2𝐴𝑚

+ 𝝆𝑚
+ ,    𝒓 ∈ 𝑇+

𝑙𝑚
2𝐴𝑚−

𝝆𝑚
− ,    𝒓 ∈ 𝑇−

0 elsewhere

 (2.15) 

After discretizing the geometry into triangles and applying the testing procedure to equation 

(2.12), we get 

 

∫ 𝒇(𝒓) ∙ 𝑬𝑖𝑛𝑐(𝒓) ∙ 𝑑𝑆

𝑆

= ∫ 𝒇(𝒓) ∙
𝑱(𝒓)

𝜎
∙ 𝑑𝑆

𝑆

+  𝑗𝜔∫ 𝒇(𝒓) ∙ 𝑨(𝒓) ∙ 𝑑𝑆

𝑆

 

+∫ 𝒇(𝒓) ∙ ∇𝜑(𝒓) ∙ 𝑑𝑆

𝑆

 

(2.16) 

where 𝒓 is the observation point on the 𝑚th triangle pair (𝒓 ∈ 𝑇𝑚
±). Using vector calculus 

identity ∇(𝜑𝑨) = ∇(𝑨) ∙ 𝜑 + 𝑨 ∙ ∇φ, we can replace the last term in (2.16) with 

 ∫ 𝒇(𝒓) ∙ ∇𝜑(𝒓)𝑑𝑆

𝑆

= −∫ ∇(𝒇(𝒓)) ∙ 𝜑(𝒓) ∙ 𝑑𝑆

𝑆

+∫ ∇(𝜑(𝒓) ∙ 𝒇(𝒓)) ∙ 𝑑𝑆

𝑆

 (2.17) 
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Using the Gauss theorem, we can replace the surface integral with the contour integral in the 

last term in (2.17). According to the 𝒇(𝒓) testing function` n definition in (2.15) and 

Fig. 7, this term is always zero, because 𝝆(𝒓) ∙ �̂� is zero on the triangle pair contour: 

 ∫ ∇(𝜑(𝒓) ∙ 𝒇(𝒓)) ∙ 𝑑𝑆

𝑆

= ∫ 𝜑(𝒓) ∙ 𝒇(𝒓) ∙ �̂� ∙ 𝑑𝑙

𝑆

= 0 (2.18) 

Considering (2.18) into (2.16), we write 

 

∫ 𝒇(𝒓) ∙ 𝑬𝑖𝑛𝑐(𝒓) ∙ 𝑑𝑆

𝑆

= ∫ 𝒇(𝒓) ∙
𝑱(𝒓)

𝜎
∙ 𝑑𝑆

𝑆

+  𝑗𝜔∫ 𝒇(𝒓) ∙ 𝑨(𝒓) ∙ 𝑑𝑆

𝑆

 

−∫ ∇(𝒇(𝒓)) ∙ 𝜑(𝒓) ∙ 𝑑𝑆

𝑆

 

(2.19) 

It thus can be proved (see A.1) that 

 ∇(𝒇𝒎(𝒓)) =

{
 
 

 
      

𝑙𝑚
𝐴𝑚
+     𝒓 ∈ 𝑇

+

−
𝑙𝑚
𝐴𝑚−

   𝒓 ∈ 𝑇−

0 elsewhere

 (2.20) 

Combining (2.13), (2.14) and (2.20) into (2.19), we get the basic discretization formulation of 

the electric field integral equation for the PEEC method: 

 

∫ 𝒇𝑚(𝒓) ∙ 𝑬
𝑖𝑛𝑐(𝒓) ∙ 𝑑𝑆

𝑆

= 

                       
1

𝜎
 ∑ 𝐼𝑛∫ 𝒇𝑚(𝒓) ∙ 𝒃𝑛(𝒓𝑛) ∙ 𝑑𝑆

𝑆

𝑁𝑙

𝑛=1

 

                        + 𝑗𝜔𝜇0∑ 𝐼𝑛

𝑁𝑙

𝑛=1

∫ 𝒇𝑚(𝒓) ∫ 𝒃𝑛(𝒓𝑛) ∙ 𝐺(𝒓, 𝒓𝑛) ∙ 𝑑𝑆𝑛 ∙

𝑆𝑛

𝑑𝑆

𝑆

 

                       −
1

𝜀0
∑ 𝑞

𝑖

𝑁𝑇

𝑖=1

∫
𝑙𝑚
𝐴𝑚
+ ∫ 𝑎𝑖(𝒓𝑖) ∙ 𝐺(𝒓, 𝒓𝑛) ∙ 𝑑𝑆𝑖 ∙ 𝑑𝑆

𝑆𝑖𝑆+

 

                      +
1

𝜀0
∑ 𝑞

𝑖

𝑁𝑇

𝑖=1

∫
𝑙𝑚
𝐴𝑚−

∫ 𝑎𝑖(𝒓𝑖) ∙ 𝐺(𝒓, 𝒓𝑛) ∙ 𝑑𝑆𝑖 ∙ 𝑑𝑆

𝑆𝑖𝑆−

 

(2.21) 
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2.4.1 Incident Field 

The left side of equation (2.21) is the incident electric field integrated over the 𝑚th 

triangle pair. This field can be represented as 𝑈𝑚
𝑖  voltage: 

 

 ∫ 𝒇(𝒓) ∙ 𝑬𝑖𝑛𝑐(𝒓) ∙ 𝑑𝑆

𝑆

 

=
𝑙𝑚
2𝐴𝑚

+ ∫ 𝝆𝑚
+ (𝒓) ∙ 𝑬𝑖𝑛𝑐(𝒓) ∙ 𝑑𝑆

𝑆+

+
𝑙𝑚
2𝐴𝑚−

∫ 𝝆𝑚
− (𝒓) ∙ 𝑬𝑖𝑛𝑐(𝒓) ∙ 𝑑𝑆

𝑆−

= 𝑈𝑚
𝑖  

(2.22) 

Fig. 8 illustrates this voltage as a circuit element. 

 

Fig. 8. Voltage applied to 𝑚th triangle pair 

2.4.2 Partial Resistance 

The first summand on the right-hand side of equation (2.21) represents induced 

voltage on the 𝑚th triangle pair due to ohmic losses of triangles: 

 1

𝜎
 ∑𝐼𝑛∫ 𝒇𝑚(𝒓) ∙ 𝒃𝑛(𝒓𝑛) ∙ 𝑑𝑆

𝑆

𝑁𝑙

𝑛=1

=   ∑𝑅𝑚𝑛𝐼𝑛

𝑁𝑙

𝑛=1

 (2.23) 

where 𝑅𝑚𝑛 is the partial resistance coefficient and calculated as 

 𝑅𝑚𝑛 =
1

𝜎
∫ 𝒇𝑚(𝒓) ∙ 𝒃𝑛(𝒓𝑛) ∙ 𝑑𝑆𝑚

±

𝑇𝑚
±

  (2.24) 

It should be noted that R𝑚𝑛 is non-zero only if edges 𝑚 and 𝑛 share a common triangle. 

Equation (2.23) can be interpreted as the sum of a voltage drop on the 𝑚th edge created by 

self-resistance 𝑅𝑚𝑛𝐼𝑚 and mutual resistive coupling �̂�𝑚
𝑅  from currents induced on all edges 

from the neighbouring 𝑇𝑚
+ and 𝑇𝑚

− triangles: 
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1

𝜎
 ∑𝐼𝑛∫ 𝒇𝑚(𝒓) ∙ 𝒃𝑛(𝒓𝑛) ∙ 𝑑𝑆

𝑆

𝑁𝑙

𝑛=1

= ∑𝑅𝑚𝑛𝐼𝑛

𝑁𝑙

𝑛=1

= 𝑅𝑚𝑚𝐼𝑚 +𝑈𝑚
𝑅  

where �̂�𝑚
𝑅 = ∑ 𝑅𝑚𝑛𝐼𝑛

𝑁𝑙

𝑛=1
𝑛≠𝑚

 

(2.25) 

Fig. 9 illustrates this resistance and resistive coupling from neighbouring elements as a circuit 

element. 

 

Fig. 9. Resistance and resistive coupling of 𝑚th triangle pair 

2.4.3 Partial Inductance Coefficient 

The second term in equation (2.21) is the sum of a voltage drop on the 𝑚th edge created 

by inductive mutual coupling (magnetic field) from currents induced on all edges: 

 

 
𝑗𝜔𝜇0∑𝐼𝑛

𝑁𝑙

𝑛=1

∫ 𝒇𝑚(𝒓) ∫ 𝒃𝑛(𝒓𝑛) ∙ 𝐺(𝒓, 𝒓𝑛) ∙ 𝑑𝑆𝑛 ∙

𝑆𝑛

𝑑𝑆

𝑆

= 𝑗𝜔∑𝐿𝑚𝑛𝐼𝑛

𝑁𝑙

𝑛=1

 (2.26) 

where 𝐿𝑚𝑛 is called the partial inductance coefficient and calculated as 

 𝐿𝑚𝑛 = 𝜇0∫ 𝒇𝑚(𝒓) ∫ 𝒃𝑛(𝒓𝑛) ∙ 𝐺(𝒓, 𝒓𝑛) ∙ 𝑑𝑆𝑛 ∙

𝑆𝑛

𝑑𝑆

𝑆

 (2.27) 

Equation (2.26) can be interpreted as the sum of a voltage drop on the 𝑚th edge created by 

self-inductive coupling and mutual coupling (magnetic field) from currents induced on all 

edges: 

 

𝑗𝜔∑𝐿𝑚𝑛𝐼𝑛

𝑁𝑙

𝑛=1

= 𝑗𝜔𝐿𝑚𝑚𝐼𝑚 + �̂�𝑚
𝐿  

𝑤ℎ𝑒𝑟𝑒 �̂�𝑚
𝐿 = 𝑗𝜔 ∑ 𝐿𝑚𝑛𝐼𝑛

𝑁𝑙

𝑛=1
𝑛≠𝑚

 

(2.28) 

Fig. 10 presents the schematic equivalent circuit for equation (2.28). 



15 

 

 

Fig. 10. Partial self-inductance 𝐿𝑚𝑚 for edge 𝑚 and  �̂�𝑚
𝐿 , with mutual inductance (magnetic 

field) coupling from other edges 

2.4.4 Partial Potential Coefficient 

The last summands in equation (2.21) represent potential differences between the 𝑚+ 

and 𝑚− triangles. Potential on any 𝑘th triangle can be calculated from charge unknown 𝑞 using 

 φ(𝑘) =∑𝑃𝑘𝑖𝑞𝑖

𝑁𝑇

𝑖=1

 (2.29) 

where 𝑃𝑘𝑖  coefficients are called generalized partial potential coefficients and can be 

calculated as 

 𝑃𝑘𝑖 =
1

𝜀0
∫
𝑙𝑘

𝐴𝑘
∫ 𝐺(𝒓, 𝒓𝑛) ∙ 𝑑𝑆𝑖 ∙ 𝑑𝑆𝑘
𝑆𝑖𝑆𝑘

 (2.30) 

Equation (2.29) can be interpreted as the sum of voltages on the 𝑘th triangle created by a 

voltage drop from the self-potential coefficient and �̂�𝑘
𝐶  capacitive coupling (electric field) from 

charges induced on all other triangles: 

 

φ(𝑘) =∑𝑃𝑘𝑖𝑞𝑖

𝑁𝑇

𝑖=1

= 𝑃𝑖𝑖𝑞𝑖 + �̂�𝑘
𝐶  

where 𝑈𝑘
𝐶 =∑𝑝𝑘𝑖𝑞𝑖

𝑁𝑇

𝑖=1
𝑖≠𝑘

 

(2.31) 

The self-partial potential coefficient may be considered as usual capacitance 𝐶𝑖𝑖 = 1/𝑃𝑖𝑖. Fig. 

11 presents the equivalent circuit for potential terms for a triangle pair. 
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Fig. 11. The partial self-potential coefficients 𝑝𝑖𝑖  and 𝑝𝑗𝑗  on the 𝑚th triangle pair, together with 

�̂�𝑖
𝐶  and �̂�𝑗

𝐶  mutual capacitive (electric field) couplings from other triangles 

2.4.5 Formulation of PEEC 

Using (2.22),(2.25),(2.28) and (2.31), we can write (2.21) in more compact form by 

replacing the integrals with parameters: 

 

𝑈𝑚
𝑖 = 𝑅𝑚𝑚𝐼𝑚 + �̂�𝑚

𝑅 + 𝑗𝜔𝐿𝑚𝑚𝐼𝑚 + �̂�𝑚
𝐿 − φ𝑚+ + φ𝑚− 

where �̂�𝑚
𝐿 = 𝑗𝜔𝜇0 ∑ 𝐿𝑚𝑛𝐼𝑛

𝑁𝑙

𝑛=1
𝑛≠𝑚

 

φ𝑘 = 𝑃𝑘𝑘𝑞𝑘 + �̂�𝑘
𝐶 

�̂�𝑘
𝐶 =∑𝑝𝑘𝑖𝑞𝑖

𝑁𝑇

𝑖=1
𝑖≠𝑘

 

(2.32) 

This equation can be easily transformed into Kirchhoff’s voltage law format because 𝑈𝑚
𝑖  is the 

voltage applied on the element, 𝑅𝑚𝑛 are resistances, 𝐿𝑚𝑛 are self and mutual inductances and 

𝑃𝑖𝑚 are potential coefficients (capacitive terms), all of which are detailed later in this chapter. 

Equation (2.32) thus can be interpreted in the following ways: 

 On the left-hand side, 𝑈𝑚
𝑖  voltage is applied (external excitation) to a given triangle 

pair; 

 The first term in the equation represents voltage drop 𝑅𝑚𝑚𝐼𝑚 and �̂�𝑚
𝑅  created by 

induced currents on a given triangle pair and resistive coupling of the edges of 

neighbouring triangles; 

 The second group of terms of the equation, 𝑗𝜔𝐿𝑚𝑚𝐼𝑚 and �̂�𝑚
𝐿 , represents voltage 

created on a given triangle pair by self-inductive coupling and the sum of mutual 

inductive coupling (magnetic field) from all other segments; and 
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 The last terms of the equation φ𝑚+ + φ𝑚−  are potentials on the + and – triangles. The 

potential on any kth triangle is represented by self-capacitive coupling 𝑃𝑘𝑘𝑞𝑘 and the 

sum of mutual capacitive coupling �̂�𝑘
𝐶  (electric field) from all other triangles, 

correspondingly.  

Equation (2.32) can be interpreted as an equivalent pi-type circuit scheme, as shown in 

Fig. 12.  

  

Fig. 12. PEEC model for a triangle pair 

All partial elements in (2.24), (2.27) and (2.30) can be calculated semi-analytically or 

numerically for faster and more accurate results. 

2.5 SPICE Model of PEEC 

Returning to equation (2.32), we now construct its equivalent circuit in SPICE format 

using voltage-controlled voltage sources. If voltage on each inductor on the 𝑚th edge is 

𝑈𝑚 = 𝑗𝜔𝐿𝑚𝑚𝐼𝑚, then the inductive coupling term  �̂�𝑚
𝐿  can be expressed by a controlled source 

using the following formula: 

 �̂�𝑚
𝐿 = ∑

𝐿𝑚𝑛
𝐿𝑛𝑛

𝑈𝑛
𝐿

𝑁𝑙

𝑛=1
𝑛≠𝑚

 (2.33) 

Similarly, capacitive voltage coupling �̂�𝑘
𝐶  to each triangle can be formulated using 

 �̂�𝑘
𝐶 =∑

𝑃𝑖𝑘
𝑃𝑖𝑖
𝑈𝑖
𝐶

𝑁𝑇

𝑖=1
𝑖≠𝑘

 (2.34) 

The equivalent circuit for the PEEC method can be implemented in a universal circuit 

simulator, as represented in Fig. 13. 
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Fig. 13. SPICE models of PEEC with voltage-controlled sources 

2.6 Quasistatic PEEC 

Generally, partial inductive and potential coefficients are complex numbers because of 

the exponential term in Green’s function in equation (2.4). In general, all partial elements 

should be calculated at each frequency sample, which is often time consuming. To avoid an 

integral calculation for each frequency sample, this exponential term can be represented as a 

time-delay coefficient between the elements.  

 𝐿𝑚𝑛 ≈ �̇�𝑚𝑛 ∙ 𝑒
−𝑗𝜔𝜏𝑚𝑛  

(2.35) 

 𝑃𝑖𝑘 ≈ �̇�𝑖𝑘 ∙ 𝑒
−𝑗𝜔𝜏𝑖𝑘  

where �̇�𝑚𝑛 and �̇�𝑖𝑘 are calculated only once using a quasistatic approximation of Green’s 

function 𝐺(𝒓𝑚, 𝒓𝑚) = 1/|𝒓𝑚 − 𝒓𝑛| and 𝜏𝑚𝑛 is the time delay 𝜏𝑚𝑛 = 𝐷𝑚𝑛/𝐶 between elements 

for which 𝐶 is the speed of light in a given media (see Fig. 14). The static behaviour of the 

partial inductance and potential coefficients are calculated exactly, and their dynamic 

behaviour is approximated by time-delay.  

 

Fig. 14. Time delay approximation between edges 𝜏𝑚𝑛 = 𝐷𝑚𝑛/𝐶 

As previously mentioned, this approximation has many advantages. It can help to 

calculate integrals in equations (2.27) and (2.30) more easily, and it can be calculated only 
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once and then recomputed for other frequencies using equation (2.35), which offers 

computational gains when calculating many frequencies. The only disadvantage is that 

additional work is needed to improve the stability of the solution in the time-domain. Any 

time-delay sources in the basic circuit simulators are not efficient for PEEC models because 

the number of such sources can exceed millions even in simple models. Thus, a quasistatic 

PEEC approach can be useful with respect to efficiency and stability. 

The quasistatic PEEC model is derived from equation (2.35) with an assumed time 

delay of zero. In other words, 𝐺(𝒓𝑚, 𝒓𝑚) = 1/|𝒓𝑚 − 𝒓𝑛| for the free-space Green’s function in 

all calculations. Such approximation can be enough in the low-frequency range from DC up to 

the first frequency resonances. Fig. 15 depicts the equivalent circuit for the quasistatic PEEC 

model.  

 

Fig. 15. Quasistatic formulation of PEEC model 

The controlled sources in Fig. 13 between inductors can be replaced by k coupling circuit 

elements. Capacitive coupling can be represented by mutual capacitance elements between 

triangles. In this case, the capacitance matrix is calculated as follows: 

 
𝐶𝑖𝑘 =

{
 

 
∑𝛽𝑖𝑗       𝑖 = 𝑘

𝑁𝑇

𝑗=1

−𝛽𝑖𝑗              𝑖 = 𝑘}
 

 

 

where 𝛽 = 𝑃−1 

(2.36) 

Such representation can be easily implemented and used in most modern circuit simulators. 

However, these partial elements in the circuit are equivalent to the circuit approximation in 

equation (2.19) and may have nothing in common with the quantities, which can be measured 

on traces or on PCBs.  

2.7 PEEC Model Simulations using Circuit Simulators 

After partial elements are calculated and circuit equivalent formulation is obtained, 

circuit calculations must be performed. Many commercial and non-commercial SPICE 

simulators are available today, such as the SPICE3 free circuit solver from Berkeley University 
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[28], PSpice from OrCad [29], HSPICE from Synopsis[30], LTSpice from Analog Devices [31], 

Ngspice open source simulator [32], SIMetrix from SIMetrix Technologies [33] and TSReady 

from EMCoS LLC (for more information, see section 3.4). These solvers provide a wide range 

of circuit simulations in both frequency and time domains using different approaches to solve 

Kirchhoff’s equations.  

In this work, we represent the PEEC model in the form of SPICE netlists and write it in 

the SPICE subcircuit file, which can be simulated using any of the previously mentioned 

solvers. Fig. 16 shows an example of a stripline above a metallic ground. The quasistatic PEEC 

model is represented in SPICE format. The four potential cells with two inductance elements 

between them are on the left, and the name of the corresponding equivalent subcircuit is 

“Eq_Circuit” on the right. It contains four capacitances, two inductances, one coupling and six 

mutual capacitance elements. These elements are connected between pin1, pin2, pin3 and 

pin4, which are defined as output pins. 

 

.SUBCKT Eq_Circuit pin1 pin2 pin3 pin4 

 

L1   pin1    pin2   6.39E-08 

L2   pin3    pin4   4.85E-08 

 

C1   pin1    0      2.28E-13 

C2   pin2    0      2.28E-13 

C3   pin3    0      1.13E-12 

C4   pin4    0      1.13E-12 

 

K12  L1      L2     7.29E-01 

 

C12  pin1   pin2    1.77E-13 

C13  pin1   pin3    1.56E-12 

C14  pin1   pin4    9.42E-14 

C23  pin2   pin3    9.40E-14 

C24  pin2   pin4    1.56E-12 

C34  pin3   pin4    7.61E-13 

 

.ENDS Eq_Circuit 

 

 

Fig. 16. Stripline above metallic ground and its equivalent circuit in SPICE format 

Fig. 17 shows a SPICE circuit connecting a voltage source (1 V) and resistors (50 ohms) 

at the ports on this model. This circuit includes a subcircuit named as “eq_circuit” with four 

output pins: pin1, pin2, pin3 and pin4. Voltage source V in series with the R1 resistor is 

connected between pin1 and pin3, and the R2 resistor is connected between pin2 and pin4. 

The simulation in this example is performed in a frequency domain from 1 MHz up to 300 

MHz. 
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.include eq_circuit.cir 

X_eq_circuit Pin1 Pin2 Pin3 Pin4 eq_circuit 

 

V   Pin1  p   DC 0 AC 1.0 0.0 

R1  p   Pin3   50 

R2  Pin2  Pin4 50 

 

.control 

 

* frequency range 

ac lin     300  1E6  300E6 

 

.endc 

.end 

 

Fig. 17. Execution file for SPICE3 with external circuit elements connected to an eq_circuit 

model 
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3 PEEC Model Based on a Triangular 

Patches  

 

As previously mentioned, the PEEC method uses geometric discretization of potential 

and current cells, calculates the frequency-dependent inductance and potential coefficients 

between them and constructs an equivalent circuit model. The number of discretized cells 

usually depends on the wavelength of the frequency of interest. Thus, it is recommended to 

use step lambda/20 or lambda/10. TABLE I presents the recommended discretization steps 

for various frequencies. 

TABLE I.  RECOMMENDED DISCRETIZATION STEPS FOR DIFFERENT FREQUENCIES 

Frequency Wavelength Discretization Step 

1 kHz 300 km 30 km 

10 kHz 30 km 3 km 

100 kHz 3 km 300 m 

1 MHz 300 m 30 m 

10 MHz 30 m 3 m 

100 MHz 3 m 30 cm 

1 GHz 30 cm 3 cm 

10 GHz 3 cm 3 mm 

To perform simulations below 100 MHz, for example, a discretization step of 30 cm satisfies 

the EM simulation requirements. The complex shape and trace parts of a PCB may require a 

smaller discretization step. For example, Fig. 18 shows a complex, triangular PCB with a mesh 

size of 0.1 mm, which yields millions of triangles in the computational model. 
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Fig. 18. Complex PCB requiring a 0.1-mm meshing step for accurate modelling, resulting in 

millions of triangles 

In other words, the PCB application uses a very small discretization step because of 

tiny geometrical traces on the PCB, not because of the wavelength. Small discretization 

correspondingly increases the element cells in the PEEC model, which in turn increases the 

number of lumped elements in the equivalent circuit because of the inductance and 

capacitance coupling between all the elements. In some cases, the simulation can be sped up 

by neglecting small-value coupling elements and using the sparse matrix approximation or 

matrix compression techniques for MNA. Generally, however, an accurate simulation should 

consider all couplings and use a dense matrix. Even when the sparse matrix approximation is 

used, the file size can sometimes become so large that the simulation might fail, even on 

modern workstations. 

We thus introduce an enhanced PEEC model based on triangular patches. The 

geometry in our model uses the same surface triangles but instead of calculating the 

capacitance for each triangle and the inductance between each triangle pair, as proposed in 

section 2.4, we group these triangles into patches using Voronoi’s decomposition algorithm. 

We then use these patches as capacitance cells, with inductance elements set between 

neighbouring patches. So, the number of inductance and potential elements in the equivalent 
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circuit depends on the number of patches and not on the number of triangles. This approach 

makes it possible to represent small, complex-shaped PCBs accurately using many small 

triangles and far fewer PEEC elements (see Figs. 19 and 20).  

 

Fig. 19. Triangulated-patch-based PEEC model, represented by four patches (mutual coupling 

and capacitance elements are omitted for simplicity) 

  

Fig. 20. Voronoi surface cells with potential elements (left) and inductance cells between 

neighbour potential cells (right) 

In this chapter, we describe the automatic decomposition algorithm based on circular 

polygonization of triangular surfaces. Section 3.1 describes how partitions are constructed 

using Voronoi’s partitioning algorithm [39][40]. We also explain how conductance (CG) and 

inductance together with resistance (RL) matrices are calculated for partitions. Our approach 

uses special electric and magnetic field quasistatic MoM solvers [41]–[46], which are based on 

electric field surface integral equations. These solvers can account for thin conductors and 

perfect electric conductor objects together with lossy dielectric media, represented by 

triangular surfaces. To consider the skin and proximity effects for thin conductors with poor 
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conductivity or with magnetic properties, we applied Leontovich’s boundary conditions. 

Currently, our approach cannot be applied to model voluminous metallic objects with a high-

value skin depth of δ = √2/𝜔𝜎𝜇. Section 3.4 describes how the final PEEC circuit is calculated 

via MNA and tailored for fast calculations of circuits [47]. Section 3.5 describes how to 

reconstruct the current and charge distribution over the triangles (i.e. initial “basis” matrices 

of the current and charge distributions are stored during the MoM calculation and later 

combined with voltages at the circuit nodes calculated from the MNA). Once these 

distributions are known, the radiated electric and magnetic field can be calculated at any 

point in space.  

We concentrate on a quasistatic approximation of the PEEC model, which should be 

valid from the DC up to the first frequency resonances for PCB applications. Generally, this 

approach can be enhanced into full-wave PEEC to account for the time delay between 

partitions and support antenna calculations (see [47]and [48]). TABLE II lists the major 

differences between general PEEC model and proposed approach. 

TABLE II.  COMPARISON OF GENERAL PEEC METHOD WITH EMCOS PEEC 3D METHOD 

 General PEEC Method EMCoS PEEC 3D 

Geometry discretization Filaments, quads, triangles Triangles 

PEEC element Between geometric elements Between surface patches 

PEEC circuit size -N triangles ~N patches 

For accurate modelling 

of complex geometries 

Number of elements increase 

and correspondingly PEEC 

model become too large 

Number of triangles 

increase; number of PEEC 

elements remain the same  

Partial element 

calculation 

Analytic, semi-analytic or 

numerical approach 

calculates RL and CG 

coefficients between 

elements 

Special low-frequency 

magnetic field and electric 

field MoM solvers to 

account for complete 

model, not just element 

couples, in the calculation  
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3.1 Automatic Patch Decomposition Algorithm Based on Voronoi’s 

Diagram 

A major stage of the described approach is the automation of geometry decomposition 

into valid patches. Here, we use Voronoi’s partitioning algorithm [39][40], which decomposes 

domains into patches based on a set of nodes, so that each patch consists of all points on the 

surface that is closer to the corresponding node than to any other node. Consider a 

triangulated plate with four output pins. The simplest PEEC model with the minimum number 

of partial elements has at least four capacitance cells, each corresponding to an output pin. 

Fig. 21 shows a plate decomposed into four patches (i.e. capacitance cells) using Voronoi’s 

algorithm. Each cell corresponds to a given output pin and includes triangles that are closer to 

the given pin. After finding the capacitance cells, we define the inductance elements between 

neighbouring patches. 

  

Fig. 21. Capacitance cells based on Voronoi patches (left) and inductance elements based on 

neighbouring patches (right), with mutual capacitance 𝐶𝑖𝑗 and coupling 𝐾𝑖𝑗 elements omitted 

for simplicity 

If a more accurate model is needed, the model must be divided into smaller patches. To do so, 

the following automatic decomposition algorithm is applied:  

1. Geometry is decomposed into spherical surfaces of a user-defined radius, 𝑅 (see Fig. 22); 

2. New internal pins are defined in the middle of each circular polygon border, and 

coincident nodes with R/2 accuracy can be removed (see Fig. 23); 

3. Based on all pins (internal and output), Voronoi patches are found, which correspond to 

capacitance cells (see Fig. 24); and 

4. Inductance elements are set between neighbouring patches (see Fig. 25). 
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Fig. 22. Polygonization of the geometric surface using spherical surfaces (2D example) and 

output pins 
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Fig. 23. New internal nodes based on circular polygonization 

  

Fig. 24. Capacitance cells based on Voronoi 

patches 

Fig. 25. Inductance elements based on 

neighbouring patches 

The following figures show several realistic models decomposed using the described 

algorithm: 

 

 

Fig. 26. Bus bar model with 6,332 triangles, 50 inductance elements (left) and 38 potential cells 

(right) 
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Fig. 27. Divider model with 1,592 triangles, 26 inductance elements (left) and 27 potential cells 

(right)  

 
 

Fig. 28. PCB of LED lighting module 

Once geometry is subdivided into patches using the described algorithm and potential and 

inductance elements are defined, the potential and inductance coefficients can be calculated.  

3.2 Capacitance Calculation 

Our approach uses a quasistatic approximation of the PEEC model, which means the 

exponential term in free space of the Green’s function is omitted in the calculation of 

capacitance and inductance. To calculate the mutual and self-capacitances of the capacitance 

cells, we used the 3D MoM-based quasi-electrostatic solver (LFEF) from the EMCoS Studio 

commercial package [41][42][43]. The LFEF follows numerical procedures to determine the 

static charge distribution for each partition, considering a potential of 1 V applied to a given 

patch and a potential of 0 V applied to others. 

Consider free space with 𝑁𝐷𝑖𝑒𝑙 dielectric objects and 𝑁𝑃𝐸𝐶  perfectly conducting objects. 

The perfect electric conductor (PEC) objects can be characterized by a defined potential 

unitary matrix 𝑈, potential coefficients 𝑃 and induced charges 𝑄. All these matrixes have a 

size 𝑁𝑃𝐸𝐶 × 𝑁𝑃𝐸𝐶 . The relation between the 𝑈, 𝑃 and 𝑄 matrixes can be formulated as follows: 
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 𝑈 = 𝑃𝑄 (3.1) 

If we know the matrix 𝑃, the matrix of capacitance 𝐶 is calculated as follows: 

 

𝐶𝑘𝑘 = ∑ �̂�𝑘𝑚

𝑁𝑃𝐸𝐶

𝑚=1

 

𝐶𝑘𝑚 = 𝐶𝑚𝑘 = −𝛽𝑘𝑘 

𝛽 = 𝑃−1 

(3.2) 

where 𝑘 and 𝑚 are the index of the PEC objects. To calculate matrix 𝑃 in equation (3.2), we 

must first obtain the total induced charges 𝑄 on these objects. To do this, we solve the 

following sets of equations:  

 
1

4𝜋𝜀0𝜀r
∫ 𝜎(𝒓′)

1

|𝒓 − 𝒓′|
𝑠

𝑑𝑠 = 𝜑(𝒓) (3.3) 

 𝜎(𝒓) −
1

2𝜋

𝜀𝑟
+(𝒓) − 𝜀𝑟

−(𝒓)

𝜀𝑟
+(𝒓) + 𝜀𝑟−(𝒓)

∫ 𝜎(𝒓′)
(𝒓 − 𝒓′) ∙ �̂�(𝒓′)

|𝒓 − 𝒓′|3
𝑑𝑆

𝑆

= 0 (3.4) 

Equation (3.3) describes the electric potential in free space 𝜑(𝒓) with relative permittivity 𝜀𝑟  

radiated from the charge 𝑞(𝒓′) =  𝜎(𝒓′)𝑑𝑠. Equation (3.4) represents the boundary condition 

of the normal component of the electric field [45][46] and is written on the boundary of the 

dielectrics. Here, 𝜀𝑟
+(𝑟) and 𝜀𝑟

−(𝑟) are the relative permittivities of the medium outside and 

inside the surface at the 𝒓 point along the 𝒏(𝒓) surface normal.  

After triangulation, if we use pulse-basis functions and rewrite these equations in 

matrix form, we get the following expression with multiple 𝑁𝑃𝐸𝐶  right-hand sides: 

 

[𝑍𝑖𝑗][𝜎𝑗
(𝑘)] = [𝜑𝑖

(𝑘)]  𝑘 = 1,𝑁𝑃𝐸𝐶  

𝜑𝑘 = {
1 if the jth triangle lies on the kth PEC objectand 

0 otherwise
 

(3.5) 

In (3.5), 𝑖 and 𝑗 define the index of the triangles, and index (𝑘) means that the solution can be 

found when a potential of 1 V is applied to the 𝑘th PEC object while 0 V is applied to all the 

others.  

The matrix element for metallic triangles is calculated as follows: 

 𝑍𝑖𝑗 =
1

4𝜋𝜀0𝜀r
∫

1

|𝒓𝒋 − 𝒓𝒊|
𝑠

 𝑑𝑆𝑗 (3.6) 

The matrix element for dielectric triangles is evaluated as follows: 
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𝑍𝑖𝑗 = 1 − 𝛾𝑗∫
(𝒓𝑖 − 𝒓𝑗) ∙ �̂�𝒋

|𝒓𝑖 − 𝒓𝑗|
3

𝑆

𝑑𝑆𝑗 

𝛾𝑗 =
1

2𝜋

𝜀𝑗
+ − 𝜀𝑗

−

𝜀𝑗
+ + 𝜀𝑗

− 

(3.7) 

After calculating the charge density 𝜎
(𝑘)

 distribution for each 𝑘th right-hand side, they are 

summed into 𝑄: 

 𝑄𝑚𝑘 = ∑ 𝜎𝑗
(𝑘)

𝑗∈𝑚

 (3.8) 

where 𝑚 and 𝑘 are the indices of the PEC objects and j is the index of the triangle. When the 

model considers lossy dielectrics, the permittivity in (3.3) and (3.4) is considered to be 

complex, and thus the capacitance matrix 𝐶 is complex where its imaginary part describes the 

conductance elements 𝐺/𝑤 [41][42].  

3.3 Inductance Calculation  

After the geometrical coordinates of the start and end points of the inductance 

elements are known, the RL matrix is calculated using the 3D MoM-based quasistatic magnetic 

field commercial solver (LFMF) in EMCoS Studio [43][44][54]. In this solution, currents are 

represented with solenoidal and non-solenoidal components. To calculate the RL matrix, it is 

sufficient to consider only the solenoidal currents. To represent the solenoidal current 𝑱, we 

use divergence-free loop basis functions, which are linear combinations of Rao–Wilton–

Glisson basis functions. For this case, the boundary condition for the total electric field on the 

conductor surface �̂� × 𝑬𝑇𝑜𝑡(𝒓) = 0 can be written as follows: 

 〈𝒇𝐿𝑝, 𝑖𝜔𝜇∫ 𝑱(𝒓′) ∙ 𝐺(𝒓, 𝒓′)

𝑆

𝑑𝑠′〉 = 〈𝒇𝐿𝑝, 𝑬𝑖𝑛𝑐(𝑟)〉; 𝑟 ∈ 𝑆 (3.9) 

where 𝒇𝐿 is the loop basis function and 𝐺(𝒓, 𝒓′) is the Green’s function quasistatic 

approximation: 

 𝐺(𝒓, 𝒓′) =
𝑒𝑥𝑝(−𝑖𝑘|𝒓 − 𝒓′|)

4𝜋|𝒓 − 𝒓′|
≈

1

4𝜋|𝒓 − 𝒓′|
 (3.10) 

After discretization (triangulation) of the geometry into triangles and construction of 𝑁𝐿𝑝 

loops, the currents are represented as 

 𝑱(𝒓) =∑𝐼𝐿𝑝(𝑖)𝒇
𝐿𝑝(𝑖)

𝑁𝐿𝑝

𝑖=1

 (3.11) 
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where 𝐼𝐿𝑝(𝑖) is an unknown current coefficient for the 𝑖th loop. Finally, we get the following 

system of linear equations: 

 [𝑀𝐿𝑝] ∙ [𝐼𝐿𝑝] = [𝑉𝐿𝑝] (3.12) 

where 𝑀𝐿𝑝 is the MoM matrix of size 𝑁𝑢𝑛𝑘𝑛 = 𝑁𝐿𝑝, 𝐼𝐿𝑝 is the unknown loop current coefficient 

and 𝑉𝐿𝑝 is the right-hand side representing the known voltages on the loops (external 

excitation). To calculate the RL matrix for the inductance elements, special “two-point” 

surface ports are set between the start and end points of each inductance element. To model 

the two-point surface ports, additional corresponding “port loops” are generated (see Fig. 29).  

 

 

Fig. 29. Two-point surface ports and corresponding additional loops 

Currents flowing through these port loops are considered as new unknowns [44]: 

 𝑁𝑢𝑛𝑘𝑛 = 𝑁𝐿𝑝 + 𝑁𝑝𝑜𝑟𝑡𝑠 (3.13) 

For each active port, an excitation of 1 V is applied to the right-hand side in (3.12), giving the 

following system of linear equations for the right-hand side of the 𝑁𝑃𝑜𝑟𝑡𝑠: 

 [𝑀𝐿𝑝] ∙ [𝐼𝐿𝑝
(𝑘)] = [𝑉𝐿𝑝

(𝑘)], 𝑘 = 1, 𝑁𝑃𝑜𝑟𝑡𝑠 (3.14) 
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𝑉𝐿𝑝
(𝑘)
= {

1, for the kth corresponding loop
0, elsewhere                                 

 

The solution of these equations means we get the current coefficient 𝐼𝐿𝑝
(𝑘) for the local loops 

and port loops. Using 𝐼𝐿𝑝
(𝑘) for the port loops, the initial condition of 1 V applied to the 𝑘th port 

and 0 V to other ports, we calculate the impedance matrix 𝑍𝐿 between ports with the size 

𝑁𝑃𝑜𝑟𝑡𝑠 × 𝑁𝑃𝑜𝑟𝑡𝑠. After 𝑍𝐿 is known, we can easily extract the resistance matrix 𝑅 and 

inductance matrix 𝐿 as real and imaginary parts from 𝑍𝐿: 

 𝑅 = 𝑟𝑒𝑎𝑙(𝑍𝐿);    𝐿 = 𝑖𝑚𝑎𝑔(𝑍𝐿)/𝜔 (3.15) 

The Leontovich boundary condition ensures accuracy of the skin effects in lossy materials 

[50]. Here, the inductance matrix depends on frequency and should be evaluated for each 

frequency sample 

3.4 Equivalent Circuit Simulation 

Equivalent circuits generated with our PEEC approach can be analysed using many 

conventional SPICE-like solvers, such as SPICE3, HSpice and LTSpice. Although the circuits are 

structurally simple, the challenge is their large size. A moderately sized realistic PCB can 

contain tens of thousands of circuit elements. Thus, the efficiency of the PEEC approach may 

suffer from time-consuming circuit simulation. To overcome this issue, a specialized, MNA-

based circuit solver [47] can be used, as described in [38]. EMCoS Studio’s TSReady circuit 

solver uses efficient algorithms with high parallelism to minimize the computation time for 

circuit simulation while maintaining effectiveness [47]. 

3.5 Extraction of Currents and Charges 

After MNA, voltages at every capacitance node of the PEEC circuit are extracted: 

𝑉𝐶
(𝑘)(𝑓), 𝑘 = 1,2,3…𝑁𝐶 . Here, 𝑁𝐶  is the number of capacitance nodes. The electric charge 

density distribution 𝜎(𝑓) over the triangles is calculated as follows: 

 𝜎(𝑓) = ∑
𝑉𝐶
(𝑘)(𝑓)

1V

𝑁𝐶

𝑘=1

𝜎(𝑘)(𝑓) (3.16) 

where 𝜎(𝑘)(𝑓) is the charge density matrix obtained from (3.5) and (3.6). The deviation factor 

of 1 V means that a 1-V potential was applied to calculate the 𝜎(𝑘)(𝑓) matrix in (3.5). To 

calculate the electric current density distribution 𝑱(𝑓) over the triangles, we use a similar 

formulation and sum the number of inductance elements 𝑁𝐿 using the voltage differences 

𝑉𝐿
𝑘 between the start and stop nodes of the kth inductance element: 
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 𝑱(𝑓) = ∑
𝑉𝐿
(𝑘)(𝑓)

1V

𝑁𝐿

𝑘=1

𝑱(𝑘)(𝑓) (3.17) 

where 𝑉𝐿
(𝑘)(𝑓) = 𝑉𝑐2

(𝑘)(𝑓) − 𝑉𝑐1
(𝑘)(𝑓) and 𝑱(𝑘)(𝑓) is the charge density matrix obtained from 

(3.14). 

If the model is lossless, the inductances and capacitances are independent of frequency 

(because we consider the quasistatic approximation), so the initial charge matrix 𝜎𝑛
(𝑘)(𝑓) is 

also independent of frequency and can be calculated only once. However, if we return to (3.9) 

and omit ohmic losses, the impedance matrix from (3.14) is only 𝑍 = 𝑖𝜔𝐿. Thus, the current 

distribution matrix 𝑱𝑛
(𝑘)(𝑓) also linearly depends on frequency: 

 𝑱𝑛
(𝑘)(𝑓′) = 𝑱𝑛

(𝑘)(𝑓0)
𝑓′

𝑓0
 (3.18) 

Thus, computation time greatly decreases when calculating a model with many frequency 

points because the inductance and capacitances are calculated only once. If needed, the 

current and charge distributions can be reconstructed using 𝜎𝑛
(𝑘)(𝑓) and 𝑱𝑛

(𝑘)(𝑓), calculated 

only for the first frequency sample of interest. To improve our understanding, we set a 1-V 

source between pin1 and pin2 and a 50-ohm load between pin3 and pin4 on the plate, as 

shown in Fig. 30, and run the simulation from 1 MHz to 300 MHz. This model is represented 

using 𝑁𝐶=4 capacitance nodes and 𝑁𝐿=5 inductance elements. Fig. 30 shows the current 

distribution matrix 𝑱𝑛
𝑘(𝑓) at 1 MHz for each 𝑘.  
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Fig. 30. Model with a 1-V source and a 50-ohm load and the corresponding current distribution 

matrixes 𝑱𝑛
(𝑘)(𝑓) at 1 MHz 

After MNA, we extract voltages 𝑉𝐶
(𝑘)(𝑓) at all four nodes, as shown in Fig. 31. The 

superposition of 𝑱𝑛
(𝑘)(𝑓) gives us the current density distribution in the complete frequency 

range, as shown in Fig. 32. 
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Fig. 31. Voltages at pins after MNA, from 1 MHz to 300 MHz, real (top) and imaginary (bottom) 

parts 

 

Fig. 32. Current distributions after superposition at 1 MHz 
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3.6 Scattered Field Calculation 

After the currents and charges are obtained on all triangles, the radiated electric and 

magnetic fields at any point in space can be calculated as follows: 

 𝑬 = −
𝑖𝜔𝜇0
4𝜋

∫
𝑒−𝑖𝑘|𝒓−𝒓′|

|𝒓 − 𝒓′|
𝑱𝑑𝑆 −

𝑆

1

4𝜋𝜀0
∫ ∇

𝑒−𝑖𝑘|𝒓−𝒓′|

|𝒓 − 𝒓′|
𝑆

𝜎𝑠(𝒓′)𝑑𝑆 (3.19) 

 𝑯 =
1

𝑖𝜔𝜇0
∇ ×∫

𝑒−𝑖𝑘|𝒓−𝒓′|

|𝒓 − 𝒓′|
𝑱𝑑𝑆

𝑆

 (3.20) 

Some of our other work related to charge, field current and field calculation can be found in 

[48]. 
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4 Validations and Numerical Experiments 

In this chapter, we simulate several models using the considered approach and 

compare the results to other methods, such as standard PEEC and MoM. In some experiments, 

measurement data are used as references. The results from our model agree with the 

reference results, and our PEEC model can produce results much faster than conventional 

PEEC and MoM. In the final experiment, we use our approach to simulate a conducted 

emission test from a real automotive LED brake light module (section 4.3). Together with the 

conducted emission, we simulate a radiated magnetic field distribution above the PCB layout 

and compare the results with measured data. Both the simulated conducted emission and 

magnetic field are close to measurements.  

4.1 Comparison with Standard PEEC 

Our PEEC approach uses a finely discretized geometry while keeping the number of RL 

and CG elements as small as possible. To show this, we compare our approach with the 

standard PEEC method, which is based on triangular meshes and uses Rao–Wilton–Glisson 

basis functions for the inductance calculation [9][10][11][12][13]. In a numerical experiment, 

we simulate the impedance matrix between the leg pins of a bus bar from an insulated-gate 

bipolar transistor (IGBT) module (see Fig. 33).  

 

Fig. 33. Bus bar of IGBT module, geometrical parameters 
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Various mesh sizes (10 mm, 5 mm and 3 mm) are used for a simplified model in the 

standard PEEC model. For our approach, we use a 3-mm mesh model with 6-mm PEEC cells. 

Fig. 34 shows the simulation models. 

 

 

Fig. 34. Model of considered PEEC approach showing 6-mm partition step to construct PEEC 

cells. Coloured triangulated patches show capacitance elements, and arrows show inductance 

elements. 

TABLE III shows bus bar simulation times on a four-core i7 CPU. Here in the table 𝑁𝑡𝑟𝑖 

defines the total number of triangles in the model, while 𝑁𝑢𝑛𝑘𝑛 corresponds the total number 

of unknowns in the final MNA matrix. 

TABLE III.  BUS BAR SIMULATION TIMES ON FOUR-CORE I7 CPU 

 Ntri Nunkn 

LC 

Calculation 

Circuit 

Analysis Total Time 

Standard 

PEEC 

10-mm mesh 484 1214 0.9 sec 61.4 sec 0:01:09 

5-mm mesh 854 2139 1.4 sec 215.5 sec 0:03:56 

3-mm mesh 1888 4724 3.9 sec 1359.9 sec 0:24:17 

Proposed 

Method 

3-mm mesh,  

6-mm cells 
1888 824 6.7 sec 29.9 sec 0:00:40 
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Fig. 35 compares the Z-parameters simulated using the standard PEEC approach and 

our PEEC approach. Results for both approaches align well in the given frequency range. 

Considering the simulation time for 300 frequency samples from 1 MHz up to 3 GHz, smaller 

triangles are used in the standard PEEC approach, giving more unknowns for MNA and thus 

significantly increasing the circuit calculation time. For example, the standard PEEC approach 

with a 3-mm mesh size gives 4,724 unknowns in the MNA matrix and requires about 25 min 

for calculation on a four-core CPU. Our approach using the same 3-mm discretization model 

partitioned with 5-mm cells gives only 264 unknowns and requires only 6 s for calculation. 

 

 

Fig. 35. Z-parameter comparison between standard PEEC and considered PEEC approach 
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4.2 Comparison with MoM and Measurements 

To validate accuracy and efficiency of our approach, we used a three-pole hairpin-line 

microstrip bandpass filter (see Fig. 36).  

 

 

Fig. 36. Three-pole hairpin-line microstrip bandpass filter, geometry parameters and 

simulation model 
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The parameters of the filter are given in TABLE IV.  

TABLE IV.  PARAMETERS OF THE THREE-POLE HAIRPIN-LINE MICROSTRIP BANDPASS FILTER 

Substrate thickness 2.0 mm 

Dielectric losses 0.02 

Substrate permittivity  4.4 

Substrate length 46.5 mm 

Substrate width 55 mm 

Track width 2.85 mm 

These results were compared to the results from a full-wave three-dimensional MoM-based 

solver [54] simulation, as well as measured data. The measurements were performed at the 

EMCoS Research Laboratory (see Fig. 37). 

 

Fig. 37. Measurement setup of three-pole hairpin-line microstrip bandpass filter  

Filter characteristics from 1 Hz to 3 GHz were calculated. TABLE V. shows the number 

of C and L elements and the total calculation time on a four-core Intel Core i7 computer. As 

mentioned in the introduction, the number of circuit elements in our method depends on 

patch size, not the number of triangles. The mesh presented here has 4,302 triangles with a 

1.5-mm triangulation, and as shown in TABLE V. far fewer C and L elements than triangles in 

the 3-mm patch model.  
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TABLE V.  THREE-POLE HAIRPIN-LINE MICROSTRIP BANDPASS FILTER PEEC MODEL 

Patch size C elements L elements Calculation time 

20 mm 22 29 0:00:21 

10 mm 46 77 0:00:23 

5 mm 130 261 0:00:28 

3 mm 288 630 0:01:04 

2 mm 629 1448 0:02:36 

1 mm 1787 3588 0:17:22 

 In the PEEC simulations, every metallic surface is considered to be a perfect electric 

conductor. The dielectric substrate in the capacitance calculations is modelled using the 

infinite Green’s function approach [51]. To investigate the PEEC model, we used behaviour 

patches of various sizes: 20 mm, 10 mm, 5 mm, 3 mm, 2 mm and 1 mm. Fig. 38 shows the 

Voronoi decomposition for the 3-mm decomposition and the corresponding PEEC.  

 

 

Fig. 38. PEEC model of filter with 3-mm patches, top and bottom layers 

Fig. 39 shows the S11 and S21 of the filter, calculated using various patch sizes. The 

accuracy of our PEEC model depends on the patch size. To get accurate and stable results at 

high frequencies, a smaller patch should be used. The current patch size of 3 mm gives 

converged results in the considered frequency range.  
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Fig. 39. Filter characteristics of S11 and S21 and convergence behaviour of PEEC model at patch 

sizes 20 mm, 5 mm and 3 mm  

Fig. 40 compares the 3-mm PEEC results to the MoM simulations and measured data. 

The PEEC results align with the MoM results. The measured and simulated results are 

different because the simulations omit the network connector model. Current and charge 

distributions are also calculated for the given model at a resonant frequency of 1.5 GHz. 

Fig. 41 shows 3D distributions of current and charge obtained from the PEEC approach, and 

Fig. 42 shows comparisons of the 2D current and charge distributions with the MoM results. 

The PEEC results are similar to the reference MoM results. The calculation times of the MoM 

and PEEC simulations are compared for 200 frequency samples and performed on a four-core 

Intel Core i7 computer. Even for the 1-mm PEEC model, which has roughly equal MNA matrix 

and MoM impedance matrix sizes, the PEEC has a far lower calculation time than MoM 

because in MoM, the impedance matrix is filled and solved for each frequency sample, 

whereas in the PEEC model, the RL and CG matrixes are calculated only once during MNA and 

only matrix solving is done for each frequency sample. 
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Fig. 40. Filter characteristics S11 and S12 from 100 MHz to 3 GHz; comparison of the PEEC 

simulation results to the MoM results and measured data 

TABLE VI.  PEEC SIMULATION TIMES FOR DIVIDER MODEL (200 FREQUENCY SAMPLES) 

 PEEC MoM 

Patch size 20 mm 3 mm 1 mm  

Matrix size 55 922 5379 6373 

RL calculation 0:00:05 0:00:17 0:02:51 - 

CG Calculation 0:00:10 0:00:14 0:00:15 - 

Circuit Calculation 0:00:01 0:00:33 0:14:16 - 

Total Time 0:00:21 0:01:04 0:17:22 6:27:25 
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Fig. 41. 3D current (left) and charge (right) distributions 

 

 

Fig. 42. 2D distribution of currents (top) and charge (bottom), comparison with MoM 
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4.3 PCB/IC/Flex Assembly Simulation 

To demonstrate applicability and accuracy of the described approach, a simulation of 

the PCB/IC/Flex assembly is performed. The simulation model consists of controller and 

signal processing boards connected using 180° of rolled flex cable. All metals are considered 

to be perfect electric conductors. The thickness of the flex cable is 0.1 mm with ten 0.25-mm 

width strips. The distance between strips is 0.35 mm. The relative dielectric permittivity of 

the flex dielectric substrate is 2.7. Both controlling and signal processing boards are printed 

on 1.57-mm thick dielectric substrates with relative dielectric permittivity of 4.4. The IC 

package with 20 output pins is included in control board. Fig. 43 and Fig. 44 present 

simulation models of the described configurations. Three stages are considered: a flex cable 

simulation, a complete assembly without dielectrics and a simulation of the complete 

assembly including all dielectrics. For validation, the MoM solver [54] is used as reference for 

the first and second stages. 

 

Fig. 43. PCB/IC/Flex circuit assembly model 
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Fig. 44. Controller and signal processing boards without dielectrics 

4.3.1 Flex Cable Simulation 

First, the simulation for the flex cable only is performed. Then, 50-ohm ports are 

placed between strips, and the scattered S matrix is calculated (see Fig. 45). 

 

Fig. 45. Flex cable model containing 36,400 triangles (average triangle size = 0.3 mm; 

equivalent PEEC model with 3-mm decomposition contains 149 inductance and 159 

capacitance elements)  

Comparing the calculation results with the MoM results shows that the PEEC results 

are very close to the reference results from 1 MHz to 10 GHz. Below 1 MHz reference, the 

MoM model gives unstable results due to low-frequency breakdown, whereas the PEEC 

results remain stable and linearly decrease with frequency. 
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Fig. 46. Flex cable S11 from 10 kHz to 10 GHz  

 

Fig. 47. Flex cable S21 from 10 kHz to 10 GHz 

 

Fig. 48. Flex cable S31 from 10 kHz to 10 GHz 
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4.3.2 Simulation of Complete Assembly without Dielectrics 

We perform a simulation of the complete assembly without dielectric materials 

(Fig. 49). Ports are set on four pins of the IC package with 50-ohm loads at the ends of 

corresponding circuit loops (Fig. 50). Port 1 has the longest loop, ports 2 and 3 have similar 

length loops and port 4 has the shortest loop. After decomposition of geometry into 5-mm 

patches, the PEEC model is constructed with 366 inductance and 372 capacitance elements. 

Fig. 51 presents the calculation results for scattering from ports in the 10 kHz to 5 GHz 

frequency range. As shown, the PEEC results are close to the reference results in the 

frequency range above 50 kHz. Below that frequency, unlike MoM, PEEC has no low-frequency 

breakdown problem. 

 

Fig. 49. Simulation model without dielectrics containing 35,914 triangles (average triangle size 

= 0.5 mm; equivalent PEEC model with 5-mm decomposition contains 366 inductance and 372 

capacitance elements) 
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Fig. 50. Ports and corresponding circuit loops.  

 

Fig. 51. Comparison of results (dash-dot line = MoM, solid line = PEEC) 

Also, as expected, S22 and S33 are similar because their circuit loops have the same 

length. S44, which corresponds to the shortest circuit loop, is far below S22 and S33. The 
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longest loop corresponding to S11 is a bit higher than S22 and S33. Fig. 52 presents the 

calculated results for the electric current and charge distribution obtained by the MoM and 

PEEC models. The electric and magnetic field distribution along the vertical plane in the 

centre of the flex also cable is calculated. Fig. 53 shows the results. From the comparison of 

electric currents, charges and fields, we see that the PEEC results are similar to the reference 

MoM results. TABLE VII. presents the calculation times for RL, CG extraction and circuit 

simulation. Calculations are performed on a single 60 core Intel(R) Xeon(R) 2.5 GHz 

computer. 

TABLE VII.  PEEC SIMULATION TIMES FOR PCB/IC/FLEX ASSEMBLY 

 Unknowns Memory (MB) Time 

RL Calculation 15,053 3,457.532 00:06:05 

CG Calculation 35,914 9,840.51 00:03:17 

Circuit Calculation 727 -- 00:01:03 

Total Time  0:10:57 

Total PEEC calculation time is less than 11 minutes, whereas MoM required more than 

22 hours calculating 175 frequency samples from 10 kHz up to 5 GHz using the frequency 

distribution technique.  

 



53 

 

 
 

 
 

Fig. 52. Current (top) and charge (bottom) distribution at 5 MHz (left) and MoM (right), PEEC 

  

  

Fig. 53. Electric (top) and magnetic (bottom) field distribution at 5 MHz (left) and MoM 

(right), PEEC 
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4.3.3 Simulation of Complete Assembly with Dielectrics 

Next, the complete model with dielectrics is considered. 

 

Fig. 54. Simulation model containing 62,857 triangles  

The simulation setup of the ports is the same as in 4.3.2. The presence of dielectrics 

influences only C elements, which allows removal of extra triangles from the RL calculation to 

reduce calculation time.  

  

Fig. 55. RL (left) and CG (right) calculation models  

For dielectrics, the MoM model becomes too time-consuming (~3 h per frequency sample) 

and thus is not calculated for this case. For analysis, the results are compared to those 

obtained from the model without dielectric. For simplicity, only S11 for port 1 is analysed 

(Fig. 56). 
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Fig. 56. Comparison of results (solid line = model without dielectrics, solid line with circles = 

model with dielectrics) 

As expected, the presence of dielectrics affected only capacitance of the system. The 

corresponding resonance shift is observed on the comparison plot. TABLE VIII. presents the 

calculation times for RL, CG extraction and circuit simulation in the 10 MHz to 5 GHz 

frequency range, considering 175 frequency points. 

TABLE VIII.  PEEC SIMULATION TIMES FOR PCB/IC/FLEX ASSEMBLY WITH DIELECTRICS 

 Unknowns Memory (MB) Time 

RL Calculation 15,053 3,457.532 00:06:07 

CG Calculation 87,080 57,853.137 00:38:24 

Circuit Calculation 727 -- 00:01:25 

Total    

The simulations showed that the proposed approach can be effectively used for investigating 

PCBs because results can be obtained fast with acceptable accuracy from the DC up to the UHF 

bands.  

4.4 Proximity Effects 

In this section, we analyse proximity effects and observe how the material properties 

of conductors are modelled using the described approach. As described in section 3.3, we used 

Leontovich’s boundary condition to model lossy conductive materials. For benchmarking, we 

measured the copper stripline for different scenarios and performed corresponding 
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simulations. In the first example, a copper stripline loop is placed in plastic 1 cm above the 

metallic plate (Fig. 57).  

 

Fig. 57. Impedance measurement setup of copper stripline loop 

An Agilent Precision Impedance Analyzer 4294A (40 Hz – 110 MHz) was connected to the 

loop using a SMA connector. To extract impedance of the loop from measurements, a de-

embedding procedure is performed. Fig. 58 shows the corresponding PEEC simulation model 

(stripline = 35 um copper with 3-mm width; loop = 15 cm long; distance between edges of 

stripline = 13 mm). The loop is on a plastic spacer at 10 mm above the metallic plate. The 

metallic table includes 1 mm of steel (1.45 S/m conductivity) and 1 mm of aluminium (39.6 

S/m conductivity). First, the imaginary part of the impedance is analysed, assuming that 

below 10 MHz, the imaginary part of the impedance is purely inductive. After 10 MHz, we see 

capacitive effects.  
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Fig. 58. Simulation model 

Fig. 59 shows a measured loop inductance with steel or aluminium plates and 

noticeable noise below 100 kHz. The steel is more transparent than aluminium to fields on 

these frequencies.  

 

Fig. 59. Impedance (imaginary part) 

The same behaviour can be seen in the simulation result, where simulated inductance 

matches well with measured ones. The simulation results show that at about 100 Hz, both 

aluminium and steel become totally transparent to the loop. Thus, these results are 

coincidental. In contrast, in the simulated model, both the loop and table are infinitely thin 

perfect electric conductors. Thus, the table never becomes transparent and inductance is 
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constant even below 10 MHz. The results above 10 MHz indicate rapidly growing lines caused 

by capacitive characteristics of the system, which is observable only above 20 MHz.  

In the next figure, we present the comparison of resistance R=real(Z) of the loop, 

obtained by simulations and measurements. Below 100 kHz, the measured and simulated 

resistances are a good match with DC resistance of 51 ohms, calculated using the following 

analytic formula: 

 𝑅𝐷𝐶 =
𝐿

𝑆𝜎
 (4.1) 

where 𝐿 is the length of stripline, 𝑆 is the stripline cross-section area and 𝜎 is its conductivity.  

 

Fig. 60. Real part of impedance 

Difference is big at high frequencies due to skin effects, which are not accurately 

considered in simulations. We observe good matching between the simulation and 

measurement results below 200 kHz; for our case, skin depth is about 0.1 mm. The 

triangulation of the mesh along the edges is 0.1 mm, and thus the current remains accurately 

represented in this frequency range. Above 200 kHz, skin depth reduces dramatically to about 

14 um at 10 MHz. The currents along the edges cannot be accurately reproduced if the mesh 

size remains at 0.3 mm (at least 5 um is needed). The finer mesh along the edge leads to a 

huge number of total triangles in the model and a large number of corresponding unknowns, 

thus slowing the RLC calculations. Fig. 61 shows the geometry and corresponding numbers of 

triangles for 100-um, 20-um, 10-um and 5-um triangle edge sizes. 
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Stripline  

  

Edge = 100 um, 44,932 triangles Edge = 20 um, 293,422 triangles 

  

Edge = 10 um, 494,123 triangles Edge = 5 um, 839,573 triangles 

 

Fig. 61. Different mesh size along edges and corresponding number of triangles (black 

rectangles are magnified) 

To solve this model using 5-um mesh along the edges, which should give accurate 

results for the same skin depth at 30 MHz, we need 840,000 triangles in the model, which is 

too much. Another way of remeshing is to create long, thin triangles (1 um thick and 0.1 mm 

wide) along the edges. Although these “tiny” triangles can lead to poor integration, they are 

likely sufficient to represent currents flowing parallel to the edge.  

Fig. 62 presents two different meshing schemes with 10-um triangles along the edges. 

The right-hand figure shows adaptive mesh from 10 um to 3 mm. The left-hand figure shows 
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10-um triangles with 100 um of length along the edges, which adaptively produces 3-mm 

triangles far from the edge. The number of triangles is eight times less than in the last case. 

  

Edge = 10 um, 494,123 triangles Edge = 10 um, 50,800 triangles 

Fig. 62. Different meshing techniques along edge. 

Fig. 63 presents the simulation results obtained with the mesh in Fig. 62. The 

simulation results align well with the measurement data. 

 

Fig. 63. Resistance of the loop after remeshing edges with tiny triangles 

Next, to prove transparency of the plate below 100 kHz, we performed additional 

measurements and simulations while keeping the loop far from the table (see Fig. 64) in a 

“floating” setup. 
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Fig. 64. Loop above plate at 1 cm (left); loop floating far above ground (right) 

Fig. 65 charts the comparison. As noted, both the simulation and measurement 

results are the same at 100 Hz for both setups (loop at 10 mm above plate and loop 

floating in space). Above 10 kHz, the aluminium plate gives about 10 nH difference, 

compared with the floating model. In all cases, the simulation results align well with the 

measurements. 

 

Fig. 65. Loop inductance, comparison between floating and non-floating case 
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Next, we performed one more set of investigations by placing the stripline loop (150 

mm length and 13 mm width) above the plate so that the case grounding path came directly 

through the table. Different loop heights (5 mm, 18 mm and 36 mm) were used (Fig. 66).  

  

Height above plate = 5 mm 

 

  

Height above plate = 18 mm 

  

Height above plate = 36 mm 

Fig. 66. Measurement setup showing copper loop at different heights above table  



63 

 

Fig. 67 shows the comparison of the inductance loops of this stripline at different 

heights. The levels and shapes correspond to each other. 

 

Fig. 67. Loop inductance for different heights 

In this experiment, we proved that material and proximity effects of the model are 

accurately described in our approach. This finding is important for real-case PCB design, 

which is manufactured using copper material. 
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5 Industrial Application: LED Brake-light 

Module 

We applied the proposed approach to simulate an emission test and radiated fields 

from an LED brake-light module. To validate the accuracy of our approach, we compared the 

simulation results to measured data from the EMCoS Research Laboratory. Fig. 68 shows the 

LED brake-light module containing six LEDs, a rectangular pulse generator, a battery diode 

and an EM interference filter. The two-layer PCB module is about 15 cm in length, printed on a 

1-mm substrate with a relative permittivity of 4.6 (for more details, see [52]).  

 

Fig. 68. 3D computer-aided design model and schematic of LED brake-light module 

The emission test [52][48] considers the line impedance stabilization networks (LISN) and 

the tested device, connected using 1.6-m power cables. The voltages are taken on the plus and 

minus cables through their respective LISNs. Fig. 69 shows the measurement setup. 
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Fig. 69. Emission test setup and simulation model according to CISPR 25 

In our simulations, we used the multi-transmission line method to model the power 

cables and used the considered PEEC approach to model the PCB layout. This PEEC model 

consisted of 30,706 triangles, with an average size of 1 mm. We chose a partitioning of 15 mm, 

resulting in 122 capacitance and 157 inductance elements (see Fig. 70).  
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Fig. 70. PEEC model of a) PCB with output pins, b) capacitance and c) inductance elements  

 

Fig. 71. Measured and simulated results of the emission tests 

Fig. 71 compares the simulated and measured emissions. The solid black lines show 

the Class 5 peak-emission limits. The solid blue line is the envelope of the measured spectrum. 

The dashed red line represents the simulation results using the PEEC model. The dashed 

magenta line shows the simulation results of the principal circuit without considering 

parasitic effects of the PCB. Overall, the simulation including the PEEC model accurately 

a) 

b) 

c) 
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reproduced and explained the overshooting of emission limits for the digital audio 

broadcasting band.  

The simulation that does not consider the parasitic effects gives inaccurate results at 

higher frequencies. To reduce emissions at frequencies of 30–250 MHz, we analysed the 

distributed charges on the PCB layout and the radiated electric field above it, as shown in 

Fig. 72. 

 

 

Fig. 72. Charge distribution (top) and E-field distribution (bottom) at 1 cm above the layout on 

the PCB layout at 110 MHz 

Analysing the simulation results helped us to update the model and add several 

capacitors and inductors to the device without changing the layout, which reduced the 

emission levels (Fig. 73).  
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Fig. 73. Functional circuit after modification 

Fig. 74 shows the measurements and simulations using the initial and improved 

models. The improved model shows that it reduced overshooting of emission levels, satisfying 

the Class 5 peak-emission limits. Also, the simulated results of both models agreed well with 

measurements in the frequency range of interest. Considering the charge and E-field 

distributions again in Fig. 75, the improved model shows much lower charge density on the 

traces and the corresponding radiated E-field. 

 

Fig. 74. Comparison of conducted emission results between the initial and improved models 

Considering the charge and E-field distributions again in Fig. 75, the improved model 

shows much lower charge density on the traces and the corresponding radiated E-field. 
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Fig. 75. Charge distribution (top) and E-field distribution (bottom) at 1 cm above the layout on 

the PCB layout at 110 MHz (improved model) 

 

5.1 Near-field Comparison with Measurement 

To check the accuracy of the simulated near fields, we measured magnetic fields at 1 

cm above the PCB at the EMCoS Research Laboratory. The scanning resolution was 5 mm. 

Fig. 76 shows the measurement setup. 
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Fig. 76. Field scanning setup 

As a field scanner records the measured magnetic fields in terms of voltage output, the 

simulated magnetic fields are also transformed into voltages and compared to the measured 

ones. Fig. 77 and Fig. 78 compare the simulated and measured voltages in the probes at 

frequencies of 30 MHz, 110 MHz and 190 MHz.  
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Fig. 77. Simulated (left) and measured (right) voltages in probes (initial model) 



72 

 

  

  

  

Fig. 78. Simulated (left) and measured (right) voltages in probes (improved model) 

Although some differences occur in these figures due to inaccuracy between the measurement 

setup and simulation, the overall distribution form and voltage levels align well with the 

measurements.  
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5.2 Simulation Time 

TABLE IX. shows the simulation times of the emission test and the radiated magnetic 

field performed on a sixty-core computer. In total, these simulations took less than 27 min.  

TABLE IX.  PEEC SIMULATION TIMES OF EMISSION TESTING 

Calculation of RLCG matrix and construction of PEEC circuit 

Calculation of RL matrix 0:11:15 

Calculation of CG matrix 0:11:44 

Emission test calculation in time domain using LTSpice (227,386 time points 

from 10 µs to 50 µs) and DFT 

Initial model 0:00:15 

Proposed model 0:00:14 

Magnetic field calculation for 6 frequency samples at 11,431 points  

Initial model 0:02:13 

Proposed model 0:02:19 

Total 0:26:09 
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6 Conclusion 

This dissertation describes an enhancement to the PEEC method based on automatic 

Voronoi’s decomposition of triangulated meshes. The key motivation of the enhancement is to 

reduce PEEC model elements in the PEEC circuit while keeping a large number of triangles 

representing PEEC model. Instead of calculating the capacitance for each triangle and the 

inductance between each triangle pair, we group these triangles into patches using Voronoi’s 

decomposition algorithm. We then use these patches as capacitance cells with inductance 

elements set between neighbouring patches. Thus, the number of inductance and potential 

elements in the equivalent circuit depends on the number of patches and not on the number 

of triangles. This approach makes it possible to represent small, complex-shaped PCBs 

accurately using many small triangles while also maintaining a much smaller number of PEEC 

elements. Compared to the classic PEEC approach, the proposed approach numerically 

computes capacitance and inductance matrixes between patches using special, low-frequency 

electric and magnetic field MoM-based solvers. We also show how current and charge 

distribution over triangles can be accurately reconstructed by combining basis currents from 

the MoM solution (RLC calculation stage) and voltages at the circuit nodes (MNA stage). 

To demonstrate efficiency and accuracy of this described approach, we perform 

several numerical experiments comparing our results with other numerical methods and with 

measurement data. The results indicate that our approach yields accurate results in an 

effective time. Overall, this enhancement of the PEEC method can be used to simulate PCBs 

and various EM compatibility problems, and it shows vast potential for further development. 

Considered approach is implemented in the EMCoS LLC software package. The name of 

the module is PEEC 3D. Using this module, EMCoS has successfully accomplished many 

industrial projects with partners. For more information on these projects, please see the 

conference papers listed in chapter 9. 
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Appendix A.   

A.1 Divergence of Rao–Wilton–Glisson Basis Functions 

In this appendix, we derive divergence of the Rao–Wilton–Glisson basis function 𝒇𝑛. 

 𝑑𝑖𝑣(𝒇𝑛) =
𝜕𝒇𝑛
𝜕𝑥

�̂� +
𝜕𝒇𝑛
𝜕𝑦

�̂� +
𝜕𝒇𝑛
𝜕𝑧

�̂� 
(

11.1) 

Considering that 𝒇𝑛 is a piecewise linear function, the derivatives with respect to any of its 

independent variables (x, y, z) as well as 𝑑𝑖𝑣(𝒇𝑛), is a piecewise constant. The value of 𝑑𝑖𝑣(𝒇𝑛) 

on the triangle 𝑇𝑛
+ can be found using Green’s theorem. 

 ∫ 𝑑𝑖𝑣(𝒇𝑛) ∙ 𝑑𝑣

𝑇𝑛
+

= ∫ 𝒇𝑛 ∙ �̂� ∙ 𝑑𝑣

𝜕𝑇𝑛
+

 
(

11.2) 

 𝑑𝑖𝑣(𝒇𝑛) ∙ 𝐴𝑛
+ ∙ 𝑑𝑡 = 𝑙𝑛 ∙ 𝑑𝑡 

(

11.3) 

where 𝑑𝑡 represents the infinitesimal thickness of the triangle 𝑇𝑛
+ . The last term on the right-

hand side of (11.2) is non-zero only on the common edge. It is assumed that unitary value has 

been leveraged, reducing the integral to the computation of an area, although infinitesimal. 

Finally, we rewrite divergence 𝑑𝑖𝑣(𝒇𝑛) as 

 𝑑𝑖𝑣(𝒇𝑛) =
𝑙𝑛
𝐴𝑛
+    𝑜𝑛  𝑇𝑛

+ 
(

11.4) 

Similarly, 

 𝑑𝑖𝑣(𝒇𝑛) =
𝑙𝑛
𝐴𝑛−
   𝑜𝑛  𝑇𝑛

− 
(

11.5) 
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A.2 EMCoS LLC: EM Consulting and Software 

EMCoS is driven by the forefront requirements of automotive, aerospace, naval, mobile 

communications and electronics industries and provides software and engineering solutions 

with a focus on electromagnetic phenomena, particularly electromagnetic compatibility. 

EMCoS has developed an electromagnetic simulation package, EMCoS Studio, which is based 

on novel powerful numerical methods. As digitalization is a central strategic direction of 

electronic industries, EMCoS’ mission is to support these industries by changing horizons of 

technology related to virtual reality. To do so, EMCoS supports the best scientific, engineering 

and cultural traditions in Georgia and develops these traditions into successful world 

practices.  

  

Fig. 79. EMCoS LLC logo (www.emcos.com) 
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