0g. 2@3&)0'330@015 hoba;mmbob
mboggolmb hobag\nﬂﬁmgm '3533(4)150(9)3(9)01)

'de(M)3ds0

PROCEEDINGS

OF JAVAKHISHVILI TBILISI STATE UNIVERSITY

voume QB2 (20).

250mygbgoomo Bomgds@ogs gM83ogGgergemo

Applied Mathematics - dg(3bogdgdsbo
Computer Sciences

@ moogalbob 9b0g396bodgd ol as3ma(39demmds
Thilisi University Press
odogmobo  Thilisi

2000



PROCEEDINGS

of Javakhishvili
TBILISI STATE UNIVERSITY

'EDITOR-IN-CHIEF

Vashakmadze Tamaz, Prof.
Javakhishvili Thilisi State University,
Vekua Institute of Applied Mathematics
University St. #2
380043, Thilisi, Georgia
E-mail: vasha@viam.hepi.edu.ge

EDITORS
Babuska Ivo, Prof. Jikia Nugzar, Assist. Prof.
University of Texas, USA Tbilisi State University
Belotserkovski Oleg M., Acad. Kharatishvili Guram L., Acad.
ICAD,Russia Thoilisi State University
Chavchanidze Vladimir V., Acad. Kordzadze Revaz A., Prof.
Thilisi State University Thilisi State University
Ciarlet Philippe, Acad. Megrelishvili Richard, Prof.
Piere et Marie Curie University, France Thilisi State University
Criado Torralba Francisco, Prof. Meladze Hamlet V., Prof.
University of Malaga, Spain Thilisi State University
Gachechiladze Tamaz, Assits.Prof. Naranjo Michael, prof
Thilisi State University Blez Pasca} Univeristy,

France

Gamkrelidze Tamaz V., Acad.
Thilisi State University Tsertsvadze Guram, Prof.
Toilisi State University

Gilbert Robert P., Prof.

University of Delaware, USA Vakhania Nikoloz N.
Corr. Mem. Georgia Science Academy,
Jibuti Mouris S. 1, Assist. Prof. Toilisi State Univerrsity

Thilisi State University

SECRETARIES
Gordeziani Ekaterine D. Sikharulidze Anna D.
Iv. Javakhishvili Tbilisi State University 1v. Javakhishvili Thilisi State University
University St. #2 University St. #2
380045, Thilisi, Georgia 380045, Tbilisi, Georgia

E-mail: egord @viam.hepi.edu.ge

© Thilisi University Press, 2000



03 X.saobo"a:}ogmb hobagmm&ols
DBOL0BOL LOLIRATOBM T6ONBIGLOBIBOLs

‘dm(M3ds)

AMS3dH0 @IRSFSMH0)

36093 m3dab 358543597,

03. %s3050830m0L bsb. mdomolol babgymdfonm wbagg@lodgdo,
0. 394990 Lob. as3mynbgdomo dsmgdeghogol cbbgodndo,
b0336Lodgdel J. Ne2, 380043, mdogmobo, bsdstmnggme

g gelge: vasha@viam.hepi.edu.ge

L53@IRSIGOY 3MERTBOY -

36meg. 03m 33373839,
Badbslol hoggAboggdo, 33

3332 ey dgemersgdgmglgo,

338 36mydd. obbhodgde, Gglgmo
s300. 0m33sb gs8ycgmady,

odogmobol Labgemdffogm mbogg@loggdo

©e(3. 0883 3ohghormady,
mdogmaliols LabgemdGogem mboggelodgdo

36mg. Gedghd aomdgtido,
Rgmagg@ol gpogg@loggde, +88

bsg. dg(3b. d3eegdoonls G/ gm6.
Bogmememb gsbebos,

odogeobol LabgmdGogm b0356bog g0

36m93. 6938B  jdady,
. 0dngobol Labymdfogm wbogzg@lodgdo

36m3. 53M3b(30b ™
BOMsmmds  3GH0spm,
dapmagol wpazg@boBndo, Jbdsbgoo

93°8960by améegbasbo

03. Re3sb0dzomol Labgmmdol adomobol Lsbgmdfonm

“6ogg@boBgde, Tboggebodgdol J- Ne2
380045, cmdomolo, badstraggmm

geo. gelihe: egord@viam.hepi.edu.ge

8036050

36003, Gohste dga3Ggemodzomo,
0dogobol Labgmdfonm wbagg@loggdo
(30. Grg. dmory.)

360mq. 3s8mad) dgemady,
odomabol babgmdfogm bogydboggdo

36003. 30dqem bacrsbym,

danb 3abgemol ghogg@bodgdo, Lsghsbagoo

335. ggoemad Lostemy,
3056 o o ool gboggeloggdo,
bagz@sbygon

36og. 3963 (3060349
adogobol LabgmdfFogm mbogzg@loggdo

sgore. gemarendy® 3s3gabody,
odogmobol bsbymdGogm moggmloggde

535. 373 badagndzomo,
odomobol Lsbgmdfogm mbaggeloggdoe

©m(3- dméol xodado,
odogmobol babgmdfonm mbogg@boggdo

©m3. b9a3bsd oo,
odoaobol bebgmdfonm bogg@bodgdo

sbs Lobsemnmoady

03. xogobo'ﬂaomoh bobgmmdol mdomabols 'lsobamaﬁ'm{;m

H60gaebaggdo, 9bogg@lodadol J Ne2
380045, mdomolbo, bsjstogeme

© odognobiol gbogg@dloGg@els 3s8mB358emds, 2000



Proceedings of Javakhishvili Tbilisi State University
Applied Mathematics and Informatics

Vol. 342 (20), (2000)

pp- 5-8

003(Mddbad00)0 850)J3dB0O3d e APPLIED MATHEMATICS

NECESSARY CONDITIONS OF EXTERNALITY OF INITIAL MOMENT
FOR ONE CLASS VARIATION PROBLEM WITH DELAY ARGUMENT

L. Alkhazishvili, T. Tadumeadze
Control Theory Chair

Abstract. Necessary conditions of extremality are obtained in the form of Euler’s equation, the condition of
Wierstrass-Erdmann and transversality condition. The condition in the initial moment unike the early known
condition, contains a new member.

Let J=/[a,b] be a finite interval and O < R" be an open set; the function
f(t.x,,x,,x,,) is defined on JXOXOXR" and satisfies the following conditions: for almost

all e J, the function f is continuously differentiable with respect to (x1 ,xz,x3) for each fixed
(x,,x,,x,) € O*xR", the functions f, J.,i=123 are measurable on J; for arbitrary

compacts K <O, ¥V c R” there exists the summable function m, (1), t € J, such that

|f(t,xl,x2,x3)|+§

Further, let ® be a set of absolutely continuous functions x(z)e O,te J . satisfying the

S, (')lSme(f). V(t, x,,x,, %, )e IXK2 XV,

condition |J'c( t )| <const. (t)>0,teJ is absolutely continuous function satisfying the
conditions T(t)<t, t(t)>0; ¢(t)e O, te [’t( a ),b] is piecewise continuous function with a
finite number of discc.mtinuily points, satisfying the conditon cl{q(t):te [t(a ).b]}c O;
a,, a, < O are fixed points.

Let us consider the variational problem

1(z)=ljf(t,x(t),x,o('c(t)),)'c(t))dt—-)min, z=(t,.t,.x(-)) € A=J*x0.

%

M
x(t,)=a,, x(t)=a,

where,
X (1)= ot), te [talt,)
fo x(t)te [t,b].
DEFINITION1. The element z€ A is said to be admissible, if the condition holds. The set of

admissible elements will be denoted by A, .
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DEFINITION?2. The element Z =(7,,%,%(-))e A, is said to be locally extremal, if there

exists a number 8 >0 such that for an arbitrary element z € A, satisfying
|?; —10|+|Z -tl|+mch|'f(t)—x(t)| <d
te

the inequality I(2)<I(z) holds. Variational problem consists in finding locally extremal
element.

THEOREMI. Let Z € A, be a locally extremal element,
he(ab) te(ab] y,=yT)e[T,1}
And there exists the finite limits: X( 1,7 ), x( 57), (1), Jol 5], Sl NS F
Im f(0)=f;, weRgx0" i=12; & =(G.a ol )} Ry ==}
lim J(0)= 17 0 Ry 0%, o; = (L.%(1, ). ¥(u(, )

Then the following conditions are fulfilled:
1) for almost all te [, T]

~

7,117 = 7,15 1+ [(F, Ls T+ xws )T, (1) TiCs)) s,
where x(t) is characteristic function of interval ['t:,,?,'], y(t) is the function inverse to (),
Fl=Foo %00, % (1)) %(1)
2) if at poin te (1,1, ) the function 7;3 [t] has the one-side limits, then
Pl 1=T401"J;

3)

Fo (B TG )S S5 + W)

T4 IR )2 f;
THEOREM2. Let € A, be alocally extremal element, T, € [a,b), % € (a,b), v, € [.7);
and there exist the finite limits X( (A} X( 1), ¥t ), ’:1 [t ], 7;2 [T ]

~

lim f(0)=fy, o R x0%,i=12; o} =(F,a, 0T )
-,
lin(,, V(O),)-f(wz)]=f*, ®,€ Ry xO?%, i=12 o = (Yo T0 ) 8(T )}
(.00 1o 0} )
lim J(0)=J;, oc R;x0", &} =(G.3(5) 7«1 )}

Then the conditions 1), 2) are fulfilled and, moreover,
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4)
L ARTTRR ) 2 3+ 9T ),
fo (87 JX(8)< ;.
THEOREMS3. Let Z € A, be alocally extremal element, T, € (a,b), T € (a,b), Y, € (1,.1,)

and the assumptions of theorems 1,2 are fulfilled. Let, besides:

SRR )=+ WG )=h fF=f =/

H)=X)=%, XL )=XT")=%.
Then the conditions 1) ,2) are fulfilled, and
5)

fx, [?(;.'-]fo =f;’
fx:,[ffl'—]"fl =f2'
REMARK.  Assume that the function Y(?) is continuous at point 7,, the function @(t) is

continuous on [ T(a),b] ; the function f(t,x,.x5,x3) is continuous at points

(%t oG (o ¥(¥0.a)) (o XY )0(%))  (.F(E)T(UT )

X(1) is continuous at points Ty, 7 . Then it is clear that in Theorem 3
% =%(%) % =%7%)
£ = 15 1+ (40, B0 ).00. 500 )= F (Yo, BV 0T ). 5V (T, ),
L=f] f R T=f (0] [t 1= . [8].

These theorems have been provec'i in standard way [1], and are based on necessary conditions
of optimality [2].

REFERENCES
1. L. S. Pontriagin, V. G. Boltyanski, R V. Gamkrelidze, and E. F. Mishchenko. The

mathematical theory of Optimal Processes. 1983, Moscow, Nauka, 268p.

2. T. Tadumadze. On new necessary condition of optimality of initial moment in control
problems with delay. Mem. Differential Equations Math. Phys. 17 (1999 ) p.p.157-159.
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DECOMPOSITION SEQUENTIAL-PARALLEL SCHEME OF HIGH
DEGREE PRECISION FOR NON-HOMOGENOUS EVOLUTION
EQUATION

Z. Gegechkori, J. Rogava, M. Tsiklauri

Computer Software and Informational Technologies chair

Abstract. The Cauchy abstract problem for non-homogenous evolution equations is considered in Banach space in
case of limited operator. Is constructed sequential-parallel decomposition scheme with third degree precision. For the
approximation of solution explicit prior estimations are obtaited.

As is well known, decomposition method is sufficiently general for obtaining the economical
schemes for the solution of the multidimensional problems of mathematical physics. They can be
divided in two groups: the schemes of sequential account (N. N. Ianenko [1], A. A. Samarskii [2],
E. G. Diakcnov [3], Marchuk G. I. {4], D.G. Gordeziani [5], Temam R. [6], Gegechkori Z. G. and
Demidov G. V. [7]) and the schemes of parallel account (D. G. Gordeziani and H. V. Meladze
[8], [9], D. G. Gordeziani and A. A. Samarskii [10]).

In the above-stated works the considered schemes are of the first or second precision order. As

far as we know, the high degree precision decomposition formulas in case of two addands
(A= A, + A,) for the first time were obtained in the work [11].
In the present work, there a symmetrized sequential-parallel method of the third degree

precision is offered for the solution of Cauchy abstract problem in case of bounded operator.

The present scheme may be generalized for any finite number of addends
(A=A, +A4,+..+ A, m22).
Let us consider Cauchy abstract problem in Banach space X:

du(t)
dt

Here A is bounded linear operator, @ is a given element from X, f(f)e C({0,0); X ).

+Au(t)=f(t), t>0, u(0)=ao. (1)

The solution of the problem (1) is given by the following formula:
t
u(t)=U(t,A)o+ [U(t—s,A)f(s)ds, (2)
0

where
k

UL, A) = exp(-tA) = :20 1) %A"'.

Let A=A, +A,, where A,, (i=1,2) are bounded linear operators in X.

Let us introduce difference net domain:



10 __Z Gegechkori, J. Rogava, M. Tsikluuri

O, ={t =kt:t>0k=12.)}
Along with problem (1) on each [r,_,,f, ] interval we consider two sequences of the following

problems:

dv;:t)wAl V(1) =2 (1) =204t ~1)f'(1,),

Ve(tes )=, (t, ).

2
P+ a2 0)=1 10)- 20,1 -1) 1 (1),

v:(tk 1) = Vllc(t )
d";f” Vi(t) = —-f(t,,) 20,01, —1)f"(1, )+ =t
Lvl::(tk—l)= Vi (tk )

(=) gy )

dW;t(f) +0{Azw}:(t) =%f(tk)_260(tk —t)f'(tk ),

w;c(tk-l)zuk-—l(tk_l )
aw} )

< cklt(t)+A'w"(t)=%f(t")”2°l(’k")f'(tk),
wlf(tkl)-wllc(t )

dwdt(t)'*'aAz L(t)——f(t) 20,(1, t)f(tk)+( )’

Wit ) =wi(t,).

Here 0.,0,,0,,0, are numerical complex parameters, which will be defined later, u,(0)=¢.

S ().

The function u, (1) oneach [t,_.t, ], (k =12,...) interval is defined as follows:
1
(0= (Vi) +w (®).

We declare the function u, (%) as the approached solution of the problem (1).

Above-stated scheme in case of homogenous equation is considered in [12].

THEOREM. If a=-%ii5% (=\/:T). f(t)e C3([0,00); X ), and the parameters

O,,0,,0, satisfy the following relations:
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_2-0 2+0 1+0  3-2a

= = G, 0, = - O,
4+0 4+a 24+a) 4+o0

Oy

where O, is any complex number,then

but, ) - u, (1, )| < ce ,;3(u<pu +t, sup |f(c)]+
te[O4, ]

(3)
+ sup |0+ sup o+ sup oA
[0t ] tefoe] te[01 ] ]

where C,® are positive constants.

SCHEME OF THE PROOF:

According to the property of semigroup the formula (2) we can transform as follows:
k & ¢ rh-i (1)
u(t,)=U(1,A)p+ XU (T, A)F", (4)
i=]
where

EV = }U(ti ~s5,4)f(s)ds .

tl -1

u, (t,) canbe written in the following expression:
ko,
u, (1) =V (V)o+ XV (D, (5)
where

V(t)= %[U(t, a4 JU(T, 4, JU(1,04, ) + U(1,04, JU(T, 4, )U(7,04, )}

4y

F® = vy, —-s)(—‘;-f(r,-)—mo(r.. —0)fe,) s+

+ ?K(r,ti —s)[—;-f(t,.)—zo,(r,. —t)f’(t,.)]ds+

ba
(ti —t)z
2

+ }Vz(ti —'S)l:%f(ti)—zoz(t,‘ ‘-t)f'(t;-)'*‘ f"(t,.):lds

and
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V()= .;.[U(T, 04, JU(T, 4, JU(1,04, )+ U(,04, )U(, 4, JU(t, 04, )}
Vi) = U4 (1,4, ) + U5 JU (1, 4,)

Vo(t)= %[U(t,BZAl)+U(r,BLe12 )]
From the equalities (4) and (5) we have:
u(ty)-u(1,)=lU* (v 4)-v*(v)lp+ (6)
+ é[(U""'('c, A)-VE)EY + i) ED - F)).

It is proved that, (see[12]):
[v* (v 4)-v* ()] < ce 1, 2.

Also the following estimation takes place:
|7 - B s ce™ 1t [Ilf(r,, N+l lraf+ s[z;p]uf"'rr)u].
e 0t

According to this estimations and formula (6) we obtain estimation (3).

Scheme of the proof is finished.
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ON ONE COMMON GENERALIZATION OF SOME WELL-KNOWN
ANALYTICAL CONSTRUCTIONS

K. Gelashvili
Control Theory Chair

Abstract. The function, the private cases of which are Riemannian integral, the functions of type of multiplicative
integral, the directional derivative, the total variation of function and some others, are defined.

1.THE BASIC DEFINITIONS

The present paper describes one situation of such a type, when some mathematical
constructions are the private cases of other, more complicate construction, owing to selection of
values of parameters. So, it can be useful for young mathematicians. Moreover, independently
important is observation of relations of different mathematical constructions.

Let us define function K(a,b, f(t,dt)* Step,Ord) and its arguments. In what follows,
we shall assume that: a,b€ R; {(t,s) f(t,5)}:V — M ,where V c R?, and the limiting

structure in M is determined by means of directednesses, as in [1]. M is an abstract monoid
whose algebraic structure is defined by a binary associative and continuous operation * and by
the unity e. The admissible values of parameter Step are: ZeroStep =0, FullStep =1 and

PndStep -the rundom number from [0,1] (note that RndStep+ RndStep can be equal to
%+%). X denotes the set of all partitions of the foom 6={0=5,<:--<5,=1} and

As, =S8, —S,,, |0'| = max {As; Ii =1,...,n}.
Now, Ord € {NormOrd, InscrOrd} and is the relation on the X :
o,(NormOrd)o, & |o,| <|0,|;
6,(InscrOrd )o, < (0, is inscribed in 0,).
Preliminarily define K(a,b, f(t,dt),*,Step,0), where o ={0=s, <:--<s, =1}. Take
g = e. If the following loop
for i=1to n do
g=g* f(a+{s_ +Step-As, }(b—-a)As,(b-a)),
will be performed correctly, then we shall denote
K(ab, f(t,dt)* Step,c)=g.
DEFINITION 1.  Let there exist 0, € Z and g€ M such that the
directedness
{K(a,b, f(1,dt)*.5tep.6)}(s.0m),00ni10,

converges to g .Then we denote
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K(a,b, f(t.dt)xStep,Ord)=§8.
(X,0rd) is the directed set, and for every 0,0, there exists their majorant. Therefore in
Definition 1 the values of K(a,b, f(t,dt),*,Step,Ord) do not depend on the choice of G, .

The order of co-factors in the right-hand side of (1) is important in the non-commutative case.
2. SOME EXAMPLES

2.1. Reimannian integral in monoid. Let #,,7, € R, {(t,s)l—) f (t,s)}:V — M, where

3]

VcR? and (M,*) is monoid, endowed by a limiting structure. Then (')I f,dr),
h

determined in [2], is the same as K(¢,,t,, f(t,dt),*, RndStep, NormOrd), determined by

1)

Definition 1. Thus, private cases of ("I f(t,dt) are also private cases of Definition 1 (see
h

examples 2.2, 2.3, 2.4).

2.2. Riemannian integral. Let f :[a,b] & X, where [a,b]€ R and X is the Banach space

and t,,1,€ R. Obviously, {(¢,s)>s-f(t)}:[a,b]XxR — X. It is easily to seen, that

K(a,b, f(t)dt,+, RndStep, NormOrd), determined by Definition 1, is the same as
)]

Riemannian integral j f@dte, i. e. K(1,,t,, f(t)dt,+, RndStep, NormOrd) exists then and

4

73 L

only then, when exists I f(t)dt and I f@®dt=K(1,,t,, f(t)dt+, RndStep, NormOrd ) .

n Y
This fact and some others bellow (examples 2.3, 2.4) can be proved in the standard way (see [1]
and [2]).

2.3. T-exponent. Let A(t), tela,b], be a piecewise-continuous mapping in a
noncommutative Banakh algebra. Then K(a,b,exp(A(t)dt, ,UpStep, NormOrd) is the same,

b
as T-exponent Expj A(t)dt ; they exist simultaneously and are equal.
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2.4. The multiplicative integral. Let A() be a continuous mapping from [a,b] 10 B(X)
(B(X)-the set of bounded lincar operators in the Banach space X ). Then
K (a,b,exp(A(t)dt,o,UpStep, NormOrd) is the same as the multiplicative integral.

2.5. The total variation of function. Let [ :[a,b] = X, where X is a Banach space. Taking

into account the simple equality

sup SIS (su)=Fls = tim  SWf(s0)=1(5)

oeX i=0 oe(%(a,b),InscOrd )i=0
Vo={0=s,<--<s,=bj}eX(ab),
we see that
K(a,b,

|f (¢ +dr) - f(t)|+, DownStep, InscOrd)

is the same as total variation of fon [a,b],ie. Vi[f].

2.6. The directional derivative. Let X and Y be Banakh spaces, O is open subset in X,
f:0—-Y, x€0, he X and there exist f’(x;h) (f’(x;h) denotes the derivative of
f in x with direction & ). Then there exists

K@©,, f(x+dt-h)- f(x),+,Step, NormOrd)

and

K@, f(x+dt-h)- f(x),+,Step, NormOrd) = f’(x; h),
VStep € { DownStep,UpStep, RndStep}. The inverse result is also valid in certain assumptions
(see [2]).

2.7. Representation of c,-semigroups of operators. In [1] is proved an interesting result,

which in terms of Definition 1 takes the following face:
THEOREM 1. Let a linear operator A in the Banach space X generate the strongly

continuous semigroup {U(s)},,. Then for sufficiently small s is determined
(I, —sA)" € B(X)
and for each s 20 takes place:
U(s)=K(0,s,(I, —dt-A)" o,Step, NormOrd ),
VStep € { DownStep,UpStep, RndStep}, where B(X)is considered to have the unity I, ,

operation of composition and strongly convergence.

2.8. The integral representation of Cauchy’s problem solution (see [4]). Consider the
Cauchy’s problem:

. . - ‘:\
X = .ft (X), x(tq),:‘: xo RN

N
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and suppose that the field f,(x) has the following properties: (¢,x) > f,(x) maps [a,b]X R’

into R", —oo<a<b<+oo, f,(x) is continuous with ¢ for each x€ R" and there exists
k 2 0 such that
|7, = f,(x)|Sk|x, —x,|,  Viela,b), Vx,x,eR".

Cp,(R") denotes the set of Lipschitz’s mappings g:R" — R". The identical mapping
I:R" — R" and the operation of composition o create a structure of monoidon C;,(R").

C, (R") is endowed by a limiting structure too, and the composition is continuous.
Under these constraints,
{¢.5)=> T +5)}:[a,b]xR” = C (R")
and in terms of Definition 1 the proved in [4] result takes the form:
THEOREM 2. Let (t,,t,x) € (a, b)> X R" be given arbitrarily . Then there exists
K(ty,t,(I +dtf,),o, RndStep, NormOrd)
and
@(t) = K(2,,¢,(I + dtf,),o, RndStep, NormOrd)(X ;)

is the solution of x = f,(x) with initial conditions @(t,) = x,.
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NECESSARY CONDITIONS OF OPTIMALITY FOR ONE CLASS
NEUTRAL TYPE PROBLEMS OF OPTIMAL CONTROL

N. Gorgodze
Control Theory Chair

Abstract. For the quasi-linear neutral type problem of optimal control, necessary conditions of optimality in the form
of an integral maximum principle and the transversality conditions are obtained.

Let J =[g,b] be a finite interval; C < R" be a open set; M < O be a convex bounded set;

U < R" be a compact set; V < R” be a convex bounded set; 7:R' - R', 7:R' = R’ are

an absolutely continuous and continuously differentiable functions, respectively, and satisfying

the conditions:

(t)<t,4(t)>0, n(t)<t,"t)>0;
yt)=7(t), o(t)=n"'(t); q¢': J2x0? 5> R,i=0...,I, are continuously
differentiable functions; A=A(J,,M) is a set of continuously differentiable functions

@:J, >M, J =[pa).bl, pt)=min{n®),7()}, teJ, |¢|=sup{pa)+@@)|:1€ J,};

Q, is a set of measurable functions u:J —>U; Q, is a set of measurable functions
v:J —=V; A(t,v) is a nXn dimensional matrix function, continuous on J XV and
continuously differentiable with respect to ve V ;

Next, the function f:JXO0*xU — R" satisfies the following conditions:
1) for a fixed t€ J the function f(¢ x,x,,u} is continuous with respect to
(x,,%,,u)€ 0> XU and continuously differentiable with respect to (x,,X,) € 0?;

2) for a fixed (x,,x,,u)€ O*xU the functions f, f,,i=1,2, are measurable with

respect to f; for an arbitrary compact K C O there exist my =const >0, L.(t)e L,(J,R;),
. 2 4
Ry =[0,0) such that !f(t,x,,xz,u)l <my, Z'f‘ (t, x;, x5, u){ < L (1),
i=1

V(t,x,,x,,u)€ JXK*xU.
To every element U = (¢,,t,,X,,P,U,V) € B=J*xOxAxQ, xQ,, t, <t,, corresponds

the differential equation

()= AL V()R(N())+ f(tx(t).x(1(1)u(t)). 1€ lto.t] (1)



20 N. Gorgod e

with initial condition
x(t)=(P(t)’ le [P(to)’to)' x(to)zxo- (2)

DEFINITION 1. The function x(¢) = x(t,u) € O,t€ [p(t,),1, 1%, € [a,t,) . is said to be solution

corresponding to the element € B, if on [p(zt0 ),to] it satisfies the condition (2), while on the
interval [to, t,] is absolutely continuous and satisfies the equation (1) almost everywhere.
DEFINITION 2. The element € B is said to be admissible, if the corresponding solution x()
satisfies the conditions g’ (t(,,t1 s X X(2, ))=0,i=1....

The set of admissible elements will denoted by B,,.
DEFINITION 3. The element [ = (?0 ,?;, X U,V )e B, is said to be locally optimal, if there exist

anumber & >0 and compact set X — O such that for an arbitrary element 4 € B, satisfying
[ = to] +f ~ 1| +[% —xo| + 7] + |7 - f"x +suply (1) - v(t)| £ &, the inequality
el

qo('t‘(')"t‘]":i‘o’)S qo(tost| ,xoax(t)) is holds.

Here

“f—f“x=£H(f{f,X)dt,

H(t,'f; X):sup{ |f(t,x,,x2)— f(t’ xl’x2)|+zi'

()= 1 ( ')I (x1,x2)€ X°};

Ftx,%,)= FO.%,%,00),  Ft,x,%,)= f6,x,%,u@), X =x@ 0.
The problem of optimal control consists in finding a locally optimal element.

THEOREM 1. Let [ie B,, ?,' € (a,b), i=0,1, be a locally optimal element;
Yo = 7’(%) € (-t;, f;), Oy = 0'(;(',) € (2{,, ;;), there exist integer numbers m;, 20,i=1,2, such
that ¥, € o™ (21'): m (Z)), Oy € (77'"’+1 ('t-,'), ™ ('t.,')); the function T(t) is continuous at point 'ﬁ, ;
the function f(w)= f(t, X,,X,) is continuous at points @, = (T, X5, P(T(F,))),
0, = Yo XFo) %), @y = (Y0 X)), B(5)), @, =(1,%(%),X(7(1))); the function
Z(t) = A(t,V(t)) is continuous at points 1,, t,, &' (¥,), i=L...m, o' (0,), i=Q0...m; the
function 'i‘(ﬂ(t)) is continuous at point ;; . Then there exists a non-zero vector & = (7y,..., ),

7y <0 and solutions w(t), x(t) of the system
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{xn) =—y(t)]. [t]-wvt)T. [V,
W(t)=x(t)+y(o(t)A(o(t))o(t), te [T, 5] w(t)=0, t>F,
such that following conditions are fulfilled:

? VWOWEDF, [Tt )dt + 'f\v(c(r VA(o(1))5(t) G()de 2

(%) %)

% ~ D! -
> [ WO, [WOI)e(t)dt + [p(oAGENSE) ptydt, Ve A;

(%) 17to)
W) f(1,X(t),%((t)), u(t))dt 2 jw(t)f(t,?c’(t),?c’('t(t)), u(t))de, Vue Q,;
3

()

w(A,OFM@) T 2 [yOAOTOO) vdr,  Yve Q;
D)

5"1——-, =~ S Sy o]

70, = x() AG)BOE) + f (@) +
+Y(0,)A0,) [AG)P(ME)) + F(@y) ~ BENO(E) w¥o ) F (@) - F@,)IF ),

~yENAEZ@E) + f (@)1,
20, =—x(%), n0, =x(%).

w0,

Here O=( q°,- . -,q' ), Q means that the corresponding gradient is calculated at the point

(10, 5. %, X(]))s [ [t] =1, (LX(1).3(t(1))).
Finally we note that the theorem formulated above are an analogue of theorem given [1]. This
theorem is proved, using formula of the differential of solutions with respect to the initial data

and the right-hand side [2], by the scheme described in [3]. The case, when v(t) is the

piecewise continuous function, is considered in [4].
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CONTRARY PAIRS IN PSEUDO-BOOLEAN ALGEBRA

G. Kashmadze
Chair of Cybernetics

Abstract. The lattice operations for split subsets are considered when the values of membership function belong to the
pseudo-boolean algebra.

Let us consider a set of pairs of kind (W ,,(1—p)/ 4), where AcQ, Q is universal

domain, A - his fixed subset, |- any mapping of € into [0,1] and [ ,- characteristic function or
indicator of A /1/.

Introduce A (greatest lower bound) and v (least upper bound) operations traditionally

componentwise:
(x.Y)v(Z,T)=(XvZYVT)
(X.Y)A(Z.T)=(X AZ,Y AT)

Take arbitrarily two pairs (ul,,,(l—p.)],,) , (VIA,(I—V)[A) , L.ve [01]? and consider
their l.u.b. and g.l.b:

((l“lIA vVl )(x).(1-u)l, v (I—V)IA)(x))=

(0,0 if xe A
=4 (v(x) 1-p(x)) if xe 4, plx)<v(x)
((x) 1-v(x)) if xe 4, wx)>v(x)
(Wi, Avi Yx)  (A—p) AQ=V), )x))=
(0,0) if xe A
=4¢(u(x), 1-v(x)) if xe 4, u(x)<v(x)
v(x) 1-p(x)) if xe 4, u(x)>v(x)

Thus the set of kind (W ,,(1-pn)I,) is not closed with respect to operations A and v. If we
want to keep closety, then operations will be defined as follows: (X,Y)v(Z,T)=(X vZ,Y AT)

In this case, we have:
(wr, vvr, o) (@-p), AQ-v), )x)=
(0,0) if xe A
=1(v(x) 1-v(x)) if xe 4, wx)<v(x)
((x), 1-p(x)) if xe A, u(x)>v(x)
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(O AVEE) (=) v -V, )=

(0,0) if xg A
=1 (u(x), 1-p(x)) if xe A4, ulx)<v(x)
(vlx) 1-v(x)) if xe 4 ux)>v(x)

A and Vv operations induce a following partial ordering relation between the pairs
x.7)<(ZT)e X )v(Zz.1)=(2T)
S XAz T)=(X.Y) o (X(u)<Z(u))&(Y(u)2T(u))
X,Y,Z,Te[01]* ue A.
The complement (X,Y)° of pair (X,Y) is defined in this way: (X,¥)={I,\X,/,\Y)
Denote by a symbol L the lattice of fuzzy subsets of £2 and by symbols L’ the lattice of

same subsets with reverse order. It is fairly straitforward to show that the following theorem
holds:

THEQREM 1. Pairs of kind (Wl ,,(1—p)I,) for fixed ACQ and any pe [01]% form
complemented distributive lattice, which is a sublattice of LX L', satisfying de Morgan’s law;

the complement is involutory and order reversing.

Now suppose, that the values of membership function | belong to the pseudo-boolean
algebra B= (B, .<_) /2/.  As intuitionistic negation is not, in general, involutory, the unique

splitting into contrary pair is impossible /3/. In this case, the construction defined below perhaps

proved to be useful.

We introduce the “= “ relation between elements of B and between their pairs as follows:

DEFINITION 1. (a=b) :-f-( a*=b"),abe B. Here( ) denotes pseudo-complement.
2. ((a,b)z(c,d))-;-f-((azc)and(bzd)), a,b,c,de B.
3. (a,b) ;(a ,b" ), a,be B.

It is evident that “= *is an equivalence relation.

THEOREM 2. If a, =a,, b, =b, then
(a.a; )v (b,6; ))=((ay.a; ) v (8,.b3)). (a,.a} ) =(ay.a3)’
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PROOF .
(a,,a; )v(b,b )=(a, vb,a Ab )=(a, vb,a, rb;)

(a,,a,)v(b,b,)=(a,vb,,a, rb,), (a, vb) =a Ab'=a;rb;=(ayvb,).
2. follows immediately from definitions.

Let B c B be the set of elements satisfying the following condition:

(anb) =a* vb’
THEOREM 3. If a,b,c,d€ B ,a,~a,, b, =b, then
(a,.a; ) (b, ))=((a,,.a;) A (b,,b]))

Proof by analogy with case 1. of theorem given above. Thus, we can consider the factor set

B’xBZ,
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ON AN APPROXIMATELY SOLUTION OF SAINT-VENANT’S PROBLEMS
FOR A BEAMS WITH A PERTURBED LATERAL SURFACES

G. Khatiashvili

Computer Software and Information of Technologies

Abstract. First works on an indicated problems for an isotropic beams were given by Panov D 1. ,Riz P.M., Rukhadze
A.K and various authors. These results were generalized on a composed bodies and anisotrpic medium by various
authors. In these works indicated problems were studied with help of a transformation of a system of coordinates and
differential operators and boundary ccnditions were approximated with accuracy up to {irsi power of a small
parameter v. As this takes place it is impossible to estimate a power of an approximation and give proof of this
method for anisotropic medium is difficult, because a coefficients of elasticity in this method are varying. In this paper
a solution of Saint-Ven ant’s problems in a domain, occupying by a body similar to prismatic (cylindrical), with
perturbed cylindrical surface, is represented as a series with respect of a small parameter v, characterized a
perturbation of a cylindrical surface. For each terms of a series are obtained the recurrent boundary problems of
elasticity of Almansi-Michel’ type for a cylindrical body. A class of surface is indicated, for which later on may be
studied a question of a convergence of a double series with respect of a small parameters. Also this way gives a
possibility of a solution of a problem with a required exactness. A first results on this direction were given by author
of this article in papers [5,6] used methods considered in articles of A.N.Guz (1962) and 1.N.Nemish (1976), where a
method of a perturbation of a cross section of a surfaces of a canonical form was considered. This way as a base was
used in another direction for a construction of algorithms for a soluftion of some problems of an elasticity, for a bodies
similar to cylindrical by an arbitrary cross section. These results are given in the book {7]. A.N. Guz, I.N. Nemish and
N.M. Bloshko created the methods of a perturbation of bodies boundary’s form by its further generalization (see
[2,3.4)).

1. BASIC EQUATIONS

Let us consider a system of a cartesian coordinates Ox,x,x; and an elastic body occupying a
domain Q. , bounded by planes
x, =0, x,=1 (1>0) (D
and by lateral surface I'. given in a parametric form
x; = fi(1)+VP)(2)q,(1), (j=12), x; =z, (2)
where V is a small parameter, P;('z) are a given polynomials with respect of a variable x; and
t is a given parameter. We consider a particular case of an equations (2), when ¢ ; (t)=1 and
P.(z)=-x{( pml? )™'. Thus, it will be considered a body bounded by planes (1) and by
lateral surface
x;=f,(t)+vP(z), (j=12), x, =z, (3)
where 0 < v <1 is a small parameter and 72 and p are integer numbers, which must be chosen

so that it can be lz *ml® )"l <1; t is a natural coordinate taken on a curve 7 of a boundary of



28 G. Khatiashvili

a domain ®, wich is obtained by normal crossection of a cylindrical body, bounded by planes (1)

and a surface

=fi(1), x, = [,(t). (4)
It is obvious that surface is obtained from surface (3) for v=10(or x, =0). It must be remember

that 0<x,=z</.

A cosinus of a normal 7° ( n,o,ng,ng ) of the surface (4) will be given as

-1 Y2 )2
n =ng' fo(t), ny =-ng f(t), n°=0, n§=(f,) +(fz)° &)
As is known, a cosinus of a normal n(n,,n,,n; ) to the surface (2) will be given by equalities
n;=BB” (j=123); B, =(x;),(%;), —(%;),(x; );,
By =(x; (% ), =(5 (%3 ), By=(x )i(%;),=(5 (%), (6)
B> =B} + B} + B} >0.
According to equations (3), we get

(r), =700, b3 ), ==t ) (=12); () =0, (), =1
Substitute these values in the expressions (6), we get
n'B =n’, ny'B,=ny, ny'B, =v(n’ +nj )z"' (ml*? )~
B=lnZ +vi(n +n )2 2272 (mi® )], (8)
where ny >0 is given by equality (5).
Thus, we consider Saint-Venant’s problems for a body similar to a prismatic (cylindrical),

bounded by planes (1) and by a lateral pertrubed cylindrical surface (3). The components of the

stresses T; must satisfy in a domain €. the equations of an equilibrium of an elasticity and a

Hook’s law (for an isotropic or an anisotropic mediums) and also must be satisfaid an "ends

conditions" (for a lower end, when x; =0)

litdo=F;, (j=123); [[x,Tdo=M, [[xTdo=M,,

Hm(xITB = X203 )do) =M,,

where F; and M ; are the given numbers.

9
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On an "upper” end a resultant force and a resultant moment of an exterior forces, in general,
must be equal to F; and M, respectively, but with opposite sign.
On each points of a lateral surface (3) the components T, must satisfy the following
boundary conditions:
T, + T+ T, =0, (j=123), (10)
where a cosines ; of a normal n are given by equalities (5)

Divide equalities (10) on 7, and substitute values #;, after a multiplication on B, by using of
the equations (6), boundary conditions (10) takes the form
T+ Tyl — Vi (0 + )P (2) =0 (k=123) (10v

About of a fullfilment of an “ends conditions” (9) will be shown below.

2. AN APPROXIMATELY SOLUTION

The solutions of the considered problems we seek as the series with respect of a small

paramete V
= YoV 't’“(x,,xz,x3). (1)
Substitute these values in the condition (1.10v), taking x; (see(1.3)) instead of x; . Therefore, in

expression (1) each term will be expanded on surface (1.3) in a Teylor’s serie

1 (x, + VP(z),x, +VP(z),%,) = [T, +z [vP(z)]“(D“ ) +
(2)

(N 1),[ ()]N“(DN“T&I:))/ gj(@)=xj+®vP(z) (j=12), x, =

where N is some integer positive number,
P(z)=-z?(mpl’ )", D*=(D,+D,)*. 0<0O<], (1% ), =(1%}’ )reo- (3)
Using these expressions, the conponents (1) in points of a surface (1.3) may be expressed by

the values in points of a cylindrical surface (1.4), with accuracy up to v¥*', in a form

T(% +VP(2),x, +VP(z),x;)= Z 2 -—-v [vP(z)] (D“’c”’)) . (J.k=123).

_a—

For present purposes this expressions may be written in the form
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N o a l a o
T, (X, +VvP(z),x, +vP(z),x, )=(1:§.2’)0+ %;v l:"c’j,c)+a—7(P(z)) D z;g’] +

(4]

N N-b 1
+ vere (pez N (per®) | 4
33 v —(P(z)f (D),
Substituting these expressions into the boundary conditions (1.10v), in each point of a
cylindrical surface (1.4) for the values 3’ the following boundary conditions are obtained:
N
(6n9 +2n2), ~v{n? + m )P (2, + ;2{211#[1;,2) + Loy +
j=1,2 { o= . 0
N N-b 1
+ va+b il o o (b) O -
53 v —(P(2)f (D), i
| (5)
N-1
—P’(z)(nl0 +n§){2}v°‘” [xgz) +&-,-(P(z))°‘D“‘tg2’} +
o= 5

0

1

N-1N-b-1
B L0 =0 k=123
b=l a=l o

In these expressions equating to zero the multipliers of the same power of a parameer v, for

the unknown components (r‘ji’)o, in each points of a cylindrical surface (1.4) are obtained

following boundary conditions:

(ﬂcﬁ,"nf +15n; )o =0, (1:{}’ n’ +19n; )0 =~P(z)(n* D't +nlD'tY )O + (6)
+(m + )Pz )W), (&n? +1ng) = Sl -m)y1? {P (2 )(n? D¥malm 4
m=0

+n3D "™ )+ (k—m)p? +n)P'(2)PEm (2 )DF™) b (k =23, N).
From these recurrent exprssions is seen that components (’t,(-jo) )0 must be a solution of Saint-

Venant’s (SV) problems for a cylindrical body “G” with a lateral surface (1.4). Therefore, the

“ends conditions” (1.9) will be satisfied. In this case, as is well-known, for a homogeneous beam,

only the components (’t{;’) )o, (x;‘;’ )0 and ('L'gg) )0 are not equal to zero, i.e. it must be taken
(1:,(?) =1 = ‘L‘,(g) = O). Therefore, in conditions (6) it will be taken only

() %0, (j=123).
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It must be noted that the problems of exstension by longitudinal force and bending duc
couples of forces only (’tgg) )0 # O and the expressions (6) greatly simplified.

In general an elementary analysis of the boundary conditions (6) shows that beginning from
k =2 the components ('c,(j"’ )0 must be the solutions of Almansi’s and Michell’s (AM )y problems
studying in the book [8].

A solution of these three-dimensional problems are reduced to two-dimensional boundary
problems in a plane Ox,x, for the elliptic equations of a two, four and sixth powers, a solution of
which may be estimated (include on a boundary of domain) in the way given in [1]. From the

solutions of (A-M), problems for body “G” on the end x; =0 may be araised a resultant forces

Fj(") and a resultant moments M{*’ of a couple-forces, for neutralized of which to the

cimponents (‘E,(jk) )o must be added a solution (‘t}j )k of (SV), problems, corresponding to the
given resultant forces - Fj(") and resultant moments - MJ(.") .

It will be remarked that this algorithm may be used not only in an elasticity, but in another
problems of mathematical physics. For example, it may be used also in an heat conduction
problems (see [6,7]), for which on (6) must be taken only conditions for j =3 and everywhere
only (1,(2))0 #0 and (‘tgg))o #0.

In practice functions P(z) are a linear, second or a third power polynomials of x,. For
instance, P(z) = —x32 (41)7* (a slightly curved beam) and for a small parameter Vv we may take

number (tanoc)x, _,I”%, where o is a corner in a plane x,0x, composed between Ox, axis and a

tangent to a curve obtained by crossing of indicated plane and surface (1.3). This algorithm give

in our disposal two small paracter v and V" = IP( z )I <1, what give a possibility to investigate

a question of a double series, what will araise when N — oo,

It must be remarked, although an algorithm of the small parameter method for bodies similar
to cylindrical has been constructed about 15 years ago [5,6], the idea of finding a perturbation
function to estimate the remander of series with respect to he small parameter, made us come

back to the issue.
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INSUFFICIENT DATA AND WEIGHTED FUZZY EXPECTED INTERVAL OF
POPULATION

G. Sirbiladze
Chair of the Random Processes Theory

Abstract, In the present work two new versions of Most Typical Value (MTV) are introduced — Generalized
Weighted Means. The first WFEV g is generalized version of Weighted Fuzzy Expected Value (WFEV) {4] for any

fuzzy measure g and, of course it coincides with WFEYV in case of uniform probability distribution. Most Interesting
is the second one — Weighted Fuzzy Expected Interval (WFEI) — which is the generalization of WFEV g, when

Fuzzy Expected Value (FEV) [1-2] doesn’t exist, but Fuzzy Expected Interval (FEI) [3] does. It is based on Friedman-
Schneider-Kandel (FSK) principle {4] and using the interval analysis of FEI constructs new MTV, called WFEIL.
Corresponding converging iteration process is constructed also, which in this case is the interval version of Newton’s
iteration process and for convergence Moor’s MV-Extensions of function are used taking into account generalized
interval arithmetic {5].

Let X be finite set, (X,B,g) - space of fuzzy measure, ) ,— membership function of A
fuzzy subset: %, - X —> [0;1].Let X set be divided into £ groups so that:
Xy ={x,.,x, }, Xo={x, ,.x, },.. X, ={x, ,.,..%,}

k
On sets (X =UX ;) x4 membership function is constant: % ,(x)=7y, for Vxe X,. Le. the

i=1
fuzzy subset separates groups of population on X. For example, if X is n-dimensional sampling,
from it we can get k < dimensional variational sampling. If we take uniform discrimination in

place of g, then fuzzy measure of group will equal to its frequency

(g(Xx) = n% ri = 1921'--;k- )o
On the set X={x,,...,x, }there exist n! permutations. Denote any permutations as

0=(0(1),6(2),....,6(n)). The set of all possible permutations by - S, .
DEFINITION 1 [6]: If o€ S, is any arrangement, then following probability distribution:

Pol xg01) )= 8([ X501y 1)+ Pa(xo(Z))=g({xo(l)'xc(2) })“g({xcm Y,

Po(Xgrn))=1=8({ Xg0)s s Xg(nm) b,

is called associated probability distribution with fuzzy measure g .

(h

{ Py Joes, ={ Pol(Xop1)se Pl Xgny Jes, is called the class of associated probabilities.
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I’s known, that for VX; cX set, 3t,e .S, arrangement such, that class of associated
probabilities uniquely determines fuzzy measure g(X;)=P (X;) on finite set [9]. Practically

this is probability interpretation of fuzzy measure, which is essential in probability representation

of fuzzy means.

DEFINITION 2: Suppose W is nonnegative, strictly decreasing function and A>1 is real

number, then the solution of following equation:

k
ZW(IX:' _S[).Pt,l(Xi)Xi
S___ i=] (2)

k
2wix, -SV-P(X,)

is called Weighted Fuzzy Expected Value of order A with the attached weight function w.
MTV=WEFEV g (A, w)).

Lets recall two postulates of building WFEV[4], which we’ll later call Friedman- Schneider -
Kandel principle (FSK principle):

ESK PRINCIPLE: Mathematical expectation: E3, ("X ,) is invariant to the most typical value
of population - MTV.
EE, (% MIV )=MTV . (3)

The estimation of FSK principle is called the solution of equation (3) and as we mentioned is

called WFEV g . By analogy with [4] we create iteration process for WFEL
S; =E»§,A(XA'S1'—1)9 (4)

where So=FEV. If data on population groups isn’t enough and FEV cannot be calculated, and

values of membership compatibility are intervals, also it’s possible interval representation of

values of fuzzy measure g( X, ) and this is more realistic. From statistic interval estimation of
probabilities g( X, )=PF, (X,;) we can estimate FEI and clearly (4) iteration process cannot

work, because there doesn’t exist So=FEV. In such conditions parameters in (2) are taken from

- —2
intervals X, € [l;;Xi]’ Py, )e [B?’,'Pi ] . Also we can assume that solution of equation

(2) is from interval FEI=/ fei, fei ] . (MTVeFED
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— —X
DEFINITION 3: If X, € [X ;X;].P"(x,)€ [P}:Pi ], Suppose w is nonnegative, strictly

decreasing function and A >1 is real number, and if exists unique solution of (2) in FEI, its called
Weighted Fuzzy Expected Interval of order A with the attached weight function w. Its denoted
by WFEIL g (A, w).

Evidently this principle takes into account FSK principle and for its estimation we’ll use

interval analysis [5]. Let’s denote the right side function of equation (2) by fos). We'll
introduce some interval extension of f,(s), where from analytical judgment |)(; — S| will be
changed by Iy, — s I%.

S Wil (%% ]~ [ Ph ][4, 7,)
F(s)=+ , (5)

Sowily,x]-s’ )[_1,1’:,]

where s C FEI=/ fei, 76_1' ] is any interval.
Clearly WFEI is null of function

f(s)=5=fo(s) (6)
Then interval extension of f(s) willbe: F(s)=s-F,(s) Vs cFEL

Consider function:
k

ZW(IX:' —-§ |3)P3X,
fls)=s~=,
ZW(IX,- —Sls)Pr?

i=1

MV-Extension [5] of which F(§)=F,, (§) is:
Fyp (s)= f(m(FEI))+F,(s)(s—m(FEI)). 7

where F’; 1s interval extension of’

2—[x, ~s]P}p, - 22 [x,—s]P*xoo
fi(s)=1-—="— . ®
(YW1, =5 IB) f

where po and p; are known numbers.
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Clearly with interval extension its better to use generalized interval arithmetic. After

everything develops according to Newton’s method in [5,§5} with following denotions:
S;a =S, NN(S;), timl(S,;)=0 and imS, =WFEIg(\,w) (9

Clearly Spe FEI. There exist sufficient conditions for convergence of (9).
Here we will state theorems without proofs, which is essential and unites all known and

presented here weighted means, which retains correctness of generalization of statistical notions.

THEOREM 1: If FEI=FEYV, intervals of membership Y;and associated probabilities P:‘ are

intervals of one point then:

WFEV g (A, w)= WFEIg (A w)
Note, that for convergence of iteration process (9) the property of compression of [, : on FEI

is enough, which can be easily verified. E.g. when w(t)=e™™ A >1.

THEOREM 2: If fuzzy measure g coincides with frequency distribution of population groups,
then WFEI g (A, W )= WFEI (A, w ) and for one-point intervals WFEI g (A, w )= WFEV g (A, W )=
WFEV (A, w ).

Can be stated, that in cases of insufficient data on population groups, process of fuzzy
statistical estimation is distinguished by two stages: From little information follows
generalization of fuzzy weighted estimator, which is formally formed by interval analysis, creates
entropy growth of information, but mobile FSK principle enables entropy decrease of

information, which is condensed in generalized fuzzy statistic, in new MTV of population, which
is called Weighted Fuzzy Expected Interval (WFEI).
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6536m8%0  GormBmgop ghogmos  3mIygmsz00b ygamsedg GodogHo 8boTgbgmmdels (MTV)
m®0 sbymo godasbGo - gsbbmgsmgdame YgFmbomo  LaBasmmgde. JoMggmo G0l
WFEV g, 6Gmdgmog DgPmbogno 0@08 jpqom  LyBygsgme  860Bgbgamomdols (WFEV [4])
a5bbmgomgdss bgdolidogho g M8 ppgom bmBol Bodstin Im3qEmdzesby oge gdmbgggs
WEFEV-b, Gen3s g owbddodio sgndsorgtio gebsPogmagdos. 9065l 370tg8000 Laygdomgdms
dgmtyg, 338 ppgom  LaBegogme 056363.3@0, Gmdgmmoiz  owgab dbtiag WFEV ¢ i
396bmy 309805, Bmgogbaig 3@ 3Algdmdl @8 ppggom baBeygsgnm 860Bgbgmmds (FEV [1-2]),
dog08 L PRmdL 53 Jogom baTegsgmer abBg@gsgma (FEI [3]). ogo oyydbgdgemes FSK
36ab303bg 0> FEI-To obBgiigognayiio sbsgmobol [5] go8mygbgoom 5390l sbogn MTV-k,
WFEI-ob Labgamggdem. g486ognas Bglsdsdobio odgtsgogme s@gdspe 3dmizgbo FEI-
Bo, Gmdgmog 53 FgBmnbggzsTBo bog@mbol  oFgMazogmo  IHezgbol  bEgMgemgio
356036805 > Loz JMgdsmdalogels aodmayghgds ggbzool Bymel MV-aoqs@omgds
35bbmadmgdamo abdghgemato sthomdgBogol ga8mygbgdeo [S].
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INTERPRETATION OF A-ADDITIVE FUZZY DISCRETE MEASURES
IN THE PROBLEMS OF FUZZY MEASURE RESTORATION FROM
CORRESPONDING INSUFFICIENT DATA

G. Sirbiladze, N. Zaporozhets

Chair of Random Processes Theory

Abstract. In this paper we consider problems of fuzzy measure restoration from corresponding insufficient data on the
finite set. An approach is located in the class of Choquet’s second order capacities [1],[5]-[6] with nearest distance

from A -additive fuzzy measures [2], when the singleton’s “fuzzy weights” are known. This essentiaily couceins
certain frequency distributions, where the feature of additivity is doubtful. This follows from the fuzzy nature of data
distribution, when the expert “appoints” data. This fact is an indisputable condition of fuzzy measure introduction, but
insufficient for its construction.

Fuzzy measure of the optimal approximation is constructed in the class of Choquet’s second order capacities.
Measures of specificity, indices of uncertainty and estimations of approximations are calculated.

Some properties of the correctness of the approximation are proved.
INTRODUCTION

There are two classical approaches to data analysis. If experimental data is “sufficiently” exact
then for their processing and estimation of general characteristics probabilistic-statistical methods
can be used. If data is presented with sufficient “inaccuracy”, then for their study the methods of
theory of errors will be used. But there are cases when both methods of statistics and the theory
of errors do not give satisfactory results.

When data is presented by intervals and their description is “vague” and characterized by
overlapping and the receipt of data the expert is and in the intervened, it is clear that the nature of
data are combined: parallel to probabilistic-statistical uncertainty there exists the possibilistic
uncertainty, guarantees more or less adequate results.

Fuzzy statistics play an essential part in probability-possibility analysis and they are used
very effectively in fuzzy expert decision-making systems. Non-additive but monotone measures
(fuzzy measures) were first used in fuzzy statistics in 80S by M. Sugeno [3].

We consider problems of fuzzy measure restoration from corresponding insufficient data (the
third section).

in [4] there is presented a probiem of construction of the distance on fuzzy mcasares, which is
reduced to the distance between probabilistic measures in the class of associated probabilities.
This is the problem, considered in the second section. There are considered basic definitions with
needed commentaries in the second section.

In the fourth section there is constructed the concrete example and its table interpretation.
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1. PRELIMINARY CONCEPTS

Let X ={x,,X,,...,x, } is the finite reference set, B(X)-algebra of all subsets of X, g-fuzzy
measure ‘B(X)in Sugeno’s sense and (X, B(X),g) -fuzzy measure space [3]
1°. Fuzzy measure g, € [O,I]Q(X’ (A>-1) is A-additive fuzzy measure [2] if for
VA,Be B(X), AnB=0,
gr.(AUB)=g,(A)+8.(B)+Ag,(4)-g,(B). (N
It is easy to verify that VA € B(X):

gA(A)=%{II(1+7~§,.)—1},

x&A

(2)

where 0< g, = g{x, }<1; A>-1 is a parameter with the following normalization condif#bn:

l{ n(1+x§,.)—1}=1.

?\« x‘EX

Note that g, is probabilistic measure if > g, =1.

xeX
2°. Dual fuzzy measures g,g € [0,1] B are called respectively lower and upper Choquet’s
second order capacities [1], [6] if VA4,B€ BX):

g(ANB)+g(AuUB)2g(A)+g(B),

(3
g (AnB)+g (AUB)<g' (A)+g (B)

where g (A)=1-g( A ) (duality). Choquet’s second order capacities are enough broad class

of fuzzy measures. For example, A-additive fuzzy measure g, is Choquet’s second order

capacity. It is easy verifiable that g5 = g, - Let {g;} and {g,},i=12,..n denote
“fuzzy weights” of singletons for g, g~ dual fuzzy measures respectively.

3°.  For each 6=(0(1),06(2),....06(n))€ S, permutation of the finite set {1,2,...,n} the

probability functions [1], [8]:
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Py(x60)) = 8({ %50, D).
Py(Xgny) = 8({ X501) Xg02) H) — 8({ X501, )
Py(Xgi)) = g({xc(l)""'xo(i) H- g({xcn)'"-»xc(:’-n})),
Po(Xgn))=1=8({ X5p1)0eir Xggnay H)

are called the associated probabilities to the fuzzy measure g, where S, is the permutations group

(4)

of all natural number from 1 to n. It is proved [1] that if g,g € [0]1] 3™ are dual fuzzy
measures then they have common associated probabilities class:
{ Po(Dbses, ={ Po(")boes, and VGE S, : Po(") = Feul),
where G~ is dual permutation of O(0(i)=0 (n—i+1),i=12,...,n).
By (2) and (4) we may write down associated probabilities class for A -additive fuzzy

measure g, . VOE S,

-1

Po(x50y) = 8r({ X1 })H(l+?"gl({xc(i) P (5
more suitable
i(6)-1
Pc(xo(i)) = gx({xo(i) }), H(I + xgl ({xo(i) p7) (5"

where i=12,..,n; 6€ S,;i(0) is the location of x; in ¢ permutation. (If i(06)=1 than

4°, Introduce the following notations. ML(X)c [01] Beo -fuzzy measures on
B(X); M(X)-Choquet's second order capacities on B(X), MB(X)~— M\ additive fuzzy
measures on ‘B(X); K(X) -probability measures on B (X). It is clear
R (X)c (X)) c (X ) < M(X). We know [1] that if g€ #(X) then VA ¢ X
{ =mi * =
g(4) @ggPo( A), g (4) rg;asicPc( A)

5. Let T™ ={(y),Y0-s Yy )ER™ /¥, 20,i=12,...m} . Let f be a function f : T" — R*.
fis called a function generatrix of distance, if the following five properties are satisfied:
D (VY2 Yn) =0y =y, =..=y, =0,
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2) y,<z,,Vi= f(3, Y2 Vu) < f(2,,2,,....2,, ) . f is monotone non-decreasing,

B3 S +z2,Y,+25, sVt 20 ) S (V) Vors V) + [(21.2,,..,2,, ). is sub
additive,

@ f(y,y....y)=y.f is idempotent,

() f(Yonyr Yoz)r-Vom )» VOE S, . f is symmetric.

We rank the n!=m permutations of S, with some criterion to number them, and thus to
represent the class { Py(-)},s as an nl-tuple (B,P,,....P,). Let d be some distance on
K(X ) [4]. It is proved [4] that the function D : (X )x (X ) = R" defined as

D(g.g')=f(d(P,P ).d(P,P,),..d(P,P,))
is distance on M(X') . The examples of function f:

Sl N Y2res V) =max{ y, },

1Sism

1/¢q
1 m
fq(yl,yz,...,y,,,)s(";Zy;’] . g1
i=1

d (PP)= {?gﬂp(x,. )-P(x;)

d,(P.P)= u%

ds(P.P’) =max\P(x,) - P'(x,)|

The examples of distance d:

1/¢
Po(x,-)—P;(x,.)lq ] , g=1,

Let D, = D,, denotes the distance (¢ =2)

;11—, SN (P(x,)- Pi(x, )

- 6e8, i=l

Dzz(g:g,) =\/

and

D,(88)= fgggnx{\/;o( 5,)=Po(x )| ) ,,

6°. Given ge M(X). The probability measure P, € K(X) is called nearest from fuzzy

measure g if
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D(g.P,)= min D(g.P) (6)

It is known {1] that if Pe R(X ) then associated probabilities class contains single
probability distribution P=P_,6€ S . So the problem of minimizing may be reduced to the

problem of minimizing the function D with respect to P:

S, i=l

Dz(g,P)=J-- > S(P,(x,)=P(x,))* = min
Pe K(X ). Applied well-known tools of analysis we receive the solution

P(x)——-ZP(x) (7

oeS

i=12,.,n.Ifin(7) gis A -additive fuzzy measure- g, and we’'ll foresee (5) then

A
ifc)-1

(x)— e i (1+7»g<,(,,) (8)

n! ces, j=

i=12,..n: if in (8) i(6)=1 then addend is equal to 1. Here g, = g, ({, }). The minimum
distance D, between fuzzy measure g, and K(X) is
D,(8,. R (X))=D,(8,.P, )=

\/ 2 Zg [‘(cﬁ— {1+?»gom}——-ZS H {1"'}"81(/:)}] 2

n! ces, i=t
n
If A=0, (when 2 g; =1) g, is probability measure then D, = 0. This distance is called a
i=l
degree of unspecific [4].
7°. For given ge M(X)
C(g)=min{D(g,Bel,).D(g ,Pl,)} (10
is called an induce of specificity [4], where Bel, and Pl; are dual fuzzy measures of the beliefe

and plausibility of whole ignorance. VA ¢ X

if A#X PIO(A)={O if A#Q

0
Belo(A)={ i 4D

1 if A=X"
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If C(g,) =0 then g, isnearto Bel, or Pl; and g, hasn’t the specificity. If ¢ >>0 then
g, has a high degree of specificity. The associated probabilities class of Bel, is:

1 if i=n

Bel, .
PO' (xo-(‘))""{() lf i¢n,

i=12,..,n 6€8,.Then

1 e 1 1
PB”o(xi) :_IZPGB Io(xc(,-)) =;l7(n—1)!=;

- 0eS,

and we receive the uniform probability distribution. Hence

1 n A2[i(e) A 1P
C(g;,)=J‘—ZZg;|: Hl {1+7"ga(j)}";] . (1D
e

n! oS, i=l

2. THE PROBLEM OF FUZZY MEASURE RESTORING
In practice the subjective expert data is often performed only for singleton factors, because

any measurements of multifactorial variants practically don’t exist. For example: if four

X; X,,X,,X, factors (symptoms) act on the illness y then by some expert (doctor) may be

performed frequency distribution table (tablel), where some “weights” are subjectively

“appointed” but pair “fuzzy weights” almost don’t exists.
Here we offer the method which restores dual fuzzy measures dual fuzzy measures (g, g )
with best approach to Mh(X) from B(X) in the sense of distance D, though with

complimented condition. Let it is only known “fuzzy weights” of singletons:

0O<g, =g(fx,})<1,i=12,..n. (12)
Let

M(X,8,,8,8,)={8eM(X)/g({x; )=g, i=12..n}

is the class of fuzzy measures of (X) with coinciding values of measures on singletons.
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TABLE 1

AcX={x,X;,X;,X,} 8

{x,} 0.2
{x,}” 0.3subj
{x,} 0.4
{x,} 0.25subj
{x;,x,} ?
{x]’x3} ?
{x:%,) ?
{X;,%5} ?
{x,,x,} ?
{x5,x4} ?

{X;, X5, X4} ?
{x5,%5,%,} ?
{X,X5,%X5} ?
{X;»X5,X,} ?
{X,,X;,X5,X,} 1

TABLE]: insufficient expert frequency distribution of some illness with respect only to 4
symptoms in terms of the fuzzy measure g

*) Data with notion “subj” is appointed by the expert.

Analogously

MA(X,; 8,85 8,) =TM(X)NMU(X 8,85 84)

is the class of second order Choquet’s capacities with the same property and

(X, g,,828n)=T(X)NT(X,; 8,85, 8,)

is the same class for A -additive measures, It is clear that

M(X;8 .8s 8, ) CM(X:8,,85.-.8,)
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A>-1 is a free parameter of the distribution of A -additive fuzzy measure

gem(X. g,.8,....8,) with normalization condition (3). If i § . =1, then A, =0 valueis

i=]

assumed (g, is probability measure), otherwise A is the root of the following polinom:

H(l)=(§§i}\ +.. +(,3‘: g g, gk}\ (KZJg g,}»+§§f—1 L (13)

Let L={A,,A,,...,A,} is the set of real roots of the polinom (13) (A > —1).
Let L # . Introduce the following short notations:
ME(X)={g, € Mh(X; 8,84 8,)/ M€ Li=12,.,1}

L]

It is clear, that g, values are not “freedom” (for VA€ L):

.

g-—l-—x l'[(1+7»g) 1%, i=12,..,n

Jj=l
J#i

L] -

andif A>0 then g, <g;,, i=L..,n if-1<A<O0Gthen g,2g,, i=1..n.

Analogously, @ we  may  construct L ={N>-1/\ = —T%—i’ re L)} and

m- (X)c m'[X;é, ,éz,...,én ] classes.
The classes

REx)={P, e RX)/heLl} RFO)={P,e RX)/Nel}

are probability measures classes. We calculate the distances:

D, (R (X)M" (X)) = min D,(P,, .g;-) =minDy(P,,.8,) =

(14)

i(t)-1

=min\/ Y, Zg {,((],'[l{1+7\,gc(,)} dD) H {l'l'?\«gt(k)}}

reL \ n/ ces, i=l ! 1es, k=1
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D, (R (X)m* (X))=minDi(g;..P,; )=

~ (14"

n oA i(c)-1 -

= min \/ — 3 ¥e, {n (1+X' g 6,,}— 3 M +n g, k,}} .
n! oes, i=1 ! 15, k-l

Let these distances are reached on the fuzzy measures g; and g;,:

D,(R*(X). M (X)=D,(g,.F, ).  D,(R*X)m* " (X)=D,(g,.P.).

DEFINITION 1: ( gi, g; ) pair fuzzy measures are called A -additive fuzzy approximation to

A
g., i=1,.,n insufficient expert data.

DEFINITION 2: (PgA ,Pg. J pair probability measures are called probability approximation to
r 1

g,, i=1,.,n insufficient expert data.

Notice that if g, =1 and the problem of restoring of measure doesn’t exist. If we know
=l

that g, is not probability measure then suppose A #0, R L(X)ynm X)) =@ .1tis

L ]

easily checked that (g, )" =g—-1—i”—xsg;., A =——-1—% When A — 0 inL then A" = 0 in

A
=min|M and on A . because
AeL

A

A
l

L" and minima in (14), (14’) are respectively reached on A,

A

A

n.ziiglxl = min N _
Lel

*L 1+ A 14 7» P’I We receive (7‘) "N ( gA) g gi Given result

may be represented as a proposition:
PROPOSITION 1: Probability approximation corresponds to dual fuzzy approximation measures

and D,(*R*)=D,(m" R * )
PROPOSITION 2: The probability approximation pair is equal probability measures.
PROOF: Itisclearthat g, <g, if A, <A, (A,A,€L)and
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A -fuzzy measurc gi, g:. are nearest to probability measures in the sense of distance D, . Thus
A

only  probability  distribution  corresponds to the case A=0. P, =P
2

>> »

D,(m* R*)=D,(m" R*).
In reality insufficient (similar to table 1) Data of dual fuzzy measures may be not single, but
given by some experts Ey ={I,,1,,....I¢}.

DEFINITION 3: Data g;,i=1,...,.n; &€ E, (defined as (12)) are called insufficient expert data

of the fuzzy measure g given by experts E, .

Insufficient expert data produce {mL«,le,il(L«,K”«},ae E, classes from where

we'll build probability approximations class {P«/0€ E,} and A -additive fuzzy

approximations class {(g,,g,)/ o€ Ey}.
DEFINITION 4: Dual fuzzy measures defined VA< X

g(A4 =min;’aA, 5 (4) = max Po(A
g(4) min 4., g (4) e (4) as)

are called zero approach optimal approximation.

DEFINITION 5: Pair fuzzy measures defined as VA c X :
g(A)=ming (A), g(A)=maxg,(A) (16)
acEy acEy
are called first approach optimal approximation.
DEFINITION 6: Pair fuzzy measures defined as VA ¢ X :
Z(A) = maxg,(A), g (A)=ming.(A) (7
aEEx aEEx
are called second approach optimal approximation.

PROPOSITION 3: Pairs measures first and second approach optimal approximations are

respectively dual fuzzy measures.

PROOF: VACX: E(A)= maEx'g'; (A)=max(1-, (A)=1- ming, (A)=1-8(A). iec.

g’ =3 . Analogously we'll receive § =g .
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PROPOSITION 4: Between zero, first and second approach optimal approximations exists the

following inequalities VAcC X :
1.8(4)<84); g (4<E (4)
2.8(4)<8A);, E(A)<Z (4),
3.8(A)<E(4); BA)<E (4).
PROOF: Consider VA c X. Then
L.g(4)=ming.(4) Smaxg.(4)= g(A4),
g (4)=minZ,(4)<maxg,(4)=E (4)
2.8(4)= ﬂgz g,(4)s min Fe (A)=8(A);
8'(A)=maxP.(A4)=maxP; (A)Smaxg,(A)=F (4),
3. §(A)='g;gx§aﬂ4)-<-;’g,’;"1’§, (A)=£negxP§. (A)=8"(A)
§(A)=£t:£nP§a(A)=anez£nP§;(A)Sggng;(A)=g—"(A).
DEFINITION __7:  Distances  D,(g,8)=D,(g".8" ), D,(g.g§)=D,(g".g" ) and

D,(g",8 )=D,(g &) are respectively called first and second approach optimal approximation

errors.

There variants of optimal approximations, which are received from insufficient data of
unknown fuzzy measure g, perform their “restored” faces. For comparison we consider the
example where fuzzy measure g, will be known, We'll restore them their “fuzzy weights” of

single sets (insufficient data) and estimate errors.

3. THE EXAMPLE

Consider one example when fuzzy dual measures (g,g") are known (case for one expert). Let

X ={x,,x,,X,;} and dual fuzzy measure g<g" are “almost” uniform probability measures
(tabie2),
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TABLE2
AcX=(x,X,,X5}| 8 g
% 0 0
{x,) 1/4 1/3
{x,} 1/3 1/3
{x,} 1/3 1/3
{x,%,} 2/3 2/3
{x;,%;} 2/3 2/3
(X5,%,) 2/3 1/4
(XXX} | 0 [ 0 ]

but their associated probabilities class are given in table 2’

TABLE 2’
|

o Po(Xom) Py(Xem) PolXem) | Palay Pl(Xeq) Pi(Xe)
1,2,3 1/4 5/12 1/3 13 1/3 1/3

{ 1
13,2 /4 512 1/3 '3 13 1/3
213 113 1/3 1/3 13 13 1/3
23,1 1/3 1/3 1/3 T3 512 1/4
312 |13 1/3 1/3 13 13 1/3

!
321 113 1/3 1/3 13 512 1/4

The equation (13) has the following face:
0.02(7)A? +0.27(7)A - 0.008334 = 0
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AR

from where A=A = 0.029928. Then A = —5\\/( 1+ 71) =-0.0290583. £, = 8,mo0s -
g 12992

A

€ = Zoo00ns’ the associated probabilities class of g is performed in table 3:

TABLE 3
c P (Xg0y) P (Xo) P, (X43y)
123 | 025 0.3360771 0.4139229
1,32 | 025 0.3360771 0.4139229
2,1,3 | 0.3333333 0.2527458 0.4139229
2,3,1 | 0.3333333 0.3366473 0.3300194
3,1,2 | 0.3333333 0.2527438 0.4139229 |
3,2,1 | 0.3333333 03366473 | 03300194 |

We'll set distribution table of fuzzy measures g,g ,8,g with errors (table 4): (here

g=g £ =8)

TABLE 4
ACK=(X,Xy, %5} | B=Bomwons | B =8 omosns[2(A)E(A)] |g7(A)-F"(A)
{x,} 1/4 0.3300185 ~0.0000185
{x,} 0.3333333 0.4139569~0 “i ~0.0806
(x,) 03333333 04139569-0 70,0806
{X,,X,) 0.5860771 0.6666678  0.0805 ~20.0000078
{X,,X5} 0.5960771 | 0.6666678  0.0805 0.00000078
{x,,X,) 0.6699806 0.7500764 0.003319 0.0000764
{x;,X,,X5} =1 = 0 t= 0

|
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The first approach optimal approximation error is

D,(g,E)=D,(g",§)=0.0108278 .

For setting §,§ we have one expert, therefore § and § are probability measures and

g= Pg’i = Pg:‘ =g = P‘,,,m”28 of which distribution is (tabie 5):

TABLE 5:
o/P P(x,) P(x,) P(x;)
0.2775876 0.3612063 0.3612061

but the distribution table with errors is (table 6):

TABLE 6:

AcX g=g =P,.| [BA-EA)] |lg@-g®)|
{x,} 0.25 0 0.08
{x,) | 0.31 002 | o002
{x,} | 042 0.09 0.09
{X,,X,} 056 0.1 0.1
%%, } 0.67 0.01 0.01
{X,,X,} ' 0.73 0.07 0.07
(X,,%50%,) I 1 0 0

|

The zero approach optimal approximation error is

D,(g,8)= D,(g",g") =0.0046453
As calculations shows (tables 2-6) estimations given by the approximations are enough

“high”, maintain precisions of approaches. The zero approach optimal approximation is more
exact than first one, because here fuzzy measures (g,g") are “near” or “similar” with probability

measure and given by one expert.
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BBIMUCJIEHUE OCOBOT'O OITUMAJIBHOTO YITPABJIEHUS B
KBASWINHEUHBIX YIIPABJIAEMBIX CUCTEMAX CO
CMEINAHHBIMHA OTPAHUYEHNAMU

3. HQuuyaoze
Kagpedpa meopuu ynpaenenus

A6cTpaxT. PaccMoTpeHa KkBasHiIHHEHHas 3a7iaya ONTHMANLHOTO YNPaBICHUS CO CKAIAPHLIM YNPaBICHHEM TNipu
HIMYHWH CMEWaHHbIX orpaHuucHuit. IlpuBenensi  HeoOXomHMbIC YCHOBHS ONTHMANBHOCTH B (OPMC aHanora
NPHHLKNA MAKCHMyMa.

Hccnenosan ocobpiff ciyuaii, korna ¢yHKMA yNpaBjicHHA HC ONpPCHENACTCS ORHOZHAUHO H3 MpPHHUMNA
makcuMyma. [locTpoeHa mpouenypa BbIMHCHEHHS OFHOMEPHOro ocoboro ynpaBiieHHS, M C IPHMEHEHHEM 3TOMH
npoLeaypb! pellicHa KOHKpETHas 3a/ia4a.

B HexoTOpRIX 3ajayax ONTUMAIBHOIO YIPABJCHHA HKCIONB30BAHHE IMPHHIMIIA MAaKCHMyMa
IMourparuna (cm.[1]) conpsxeHo ¢ HEOOXOAMMOCTHIO HCCICAOBAaTh OCOORIC yrpasyerus (CM.[2]).

JIas IPOCTOTH PACCMOTPHM CIIEAYIOMIYIO 3aJ4a4y CO CKAIPHBIM YIIPABICHHEM

;{)h(x(t))df - min , (0
TIPH OTPaHMYCHHAX
dx
7=fo(x)+uf1(x) : (2)
t
g(xu)<0, (3)
x(to)=x0vx(t1)=x1,’ (4

rne xe E”, f,e E", fie E", ge E”, ueR.
B ciyyae, xorma U = u(t) -KycoyHO HempephiBHAA (yHmumdA, X = X()-KyCOYHO riamkas
sexkTop-pyHKkMa, a Bexrop-QymHxkwM  f,, f,,€ ® cxanapHas QyHKMA A ABIAOTCA

HEMPEPHIBHBIMU U AOCTATOMHOE YHCIO Pa3 HENPEpHIBHO JH((EPEHIHPYEMBIMH OTHOCHTENBHO
CBOHX QpPIyMEHTOB, MPOLEAYPa ONpPEACNCHHA ONTHMANbHOro 0coboro ynpaBjCHMA IPEAJIONEHA

B pabore [3]. Jroit npoucxypoi MOXKHO TMONB30BaTRCA M B Cily4ae, KOrja
u(t)e Li[ty.t, ] x(t)e W [ty t, ], fo(x)-Beinyknad BexTOp-QYHKIAA CBOETO apryMEHTa,
f1(x) -nocTosHHEI HeHyneBo# BekTop, h(X)-ckamApHas BBIMKIAs (QYHKIHA apryMeHTa X, a
BeKTOp-QyHKIMA g JMHEHHA MO ¥ M BHNYKIA MO X. JICHCTBUTCILHO, MPH CAEIAHHBIX

NPEANONOKEHHIX MOXHO BOCMIONB30BaThCA TeopeMoil u3 [4], oTkyna cneayeT CnpaBeLTHBOCTE

CCAYIONMX HEOOXOMHMBIX YCIOBHH ONTHMANbHOCTH:
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[e%)17¢ (x(t), u(t)) onrHManbHOe pemenue 3amauM (1)-(4), TO CymecTByrOT TakMe abCOMOTHO
HEMpPEPHBHEIE HA HHTEpBaNe [f,,f,] oymapm '(t),.,y"(t), nocromsmas Y° <O wm

bymapm 4*(1)e L_[t,.1,] , a=i-,_t;, KOTOpHIE MOYTH BCOAy Ha [f,,f,] yzoBierBOpmOT

YCIOBHAM:
dy__dH (5)
dt dx
wi(1)20, ©6)
()% (x(t)u(t)=0 , a=1m; 7
t [)=
y(t)fu(t) i g}ﬁc(zta)cmso}\v( t)fu, ®
oH _o ©)
ou
(W, wrt))=(00), (10)
raoc

y(t)=(y'(t)..y"(t)),
H =y h+w(t)fo(x)+uf)-1(1)g = wh+ 3w ()(f(x) +uf)- Sn=(1)g*
B cnyuyae, xorma
ne®)=0,w(t)f, =01, <t<t, (1D
ycnosus (7)-(9) He JAIOT BOSMOKHOCTH ONMpeneieHHa U(t), T.e. BOJHHKAET 0co00€ yrpaBleHHME.
Cnenys [3], oboswaumm H, (x, ¢) =y h(x)+ v(it)f,(x), H,(yv)=w()f,. Torm
H = H,(x,y)+H,(y)u—pg . Tax, kax (2) MOXHO NEPEMNHCATS B BHIE
& _OoH
dt oy’
TO B cHIty cBoicTB ckoOok ITyaccoHa ¢ yuérom (11) umeem:

%Hl(r)=<H.,H>=<H.,Ho>+u<Hl,H,>— Sue(H, " =0,

NOYTH BCrOAY Ha [, <! <t . Taxum »xe o6pasoM monyyaeMm:
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d2

d .
;’FHl =—217(H0,H1>=_<<H0,H1>»H>=<Ho’<Ho'H1» +

(12)
+u(tXH, (H,,H,) - le-'«a(t)(g“,<Ho,H1) =0.
o=
noytH BCrOAY HA 1y <t <1 3mecy kodddmumenT npu u(t) , BooOme rosops, HE paBeH

Hymo.l[lostomy mna todek f, ¢y <t <t , rAc OH OTNMYEH OT Hyya, yuuruBad (11), MOXkHO

OINpPEACHHUTE 0c000E YIpaBIeHUE u(t) no gopmyne:

u(t)=—<H°'(H°’H1>>_ (13)
(H\,(H . H,))

Ecmi xosdmument npu ynpasnensn u(t) » (12) pasen Hymo ua otpesxe T < [f,,4, ], To mns
NONy4EHHA OCoDOro ympaBlICHHMA Ha OTpPe3ke T MPOAODKAEM BBIMHC/IATH MMOCIHIEIOBATENbHEIC
TNONIHBIE TIPOHM3BOAHBIE MO ! OT (yHKkimu [7,. Bce OHH JO/DKHE! PaBHATHCA HYO HAa OTPE3KE T.
ScHo, uTO ympaBacHHE u(t) SBHO MOJKET IOSBHTHCA JIMIIIL B BBIPAXKCHHUH MPOH3BOAHOH YETHOTO

MOPAIKE, B CHIIY 4ero 0coboe ynpasieHue HEOOXOAMMO PaBHO:

u(t)____(Ho,(HO,...,(HO,H,))...) ’ (14)
(H,(Hq,...\Ho. H,)...)

am ns.tell, ;] B koropsix smpaxenwe H, =(H, (H,... (H, H,))..) noxcuuransoe

BAOJB 0COOBIX TPACKTOPHH [x(t), u(t) , OTINYHO OT HyJIA.

Jnga BeMHCIEHHS 0COOOrO ympaBJIEHH HA MHOXKECTBE HyJieH (QyHKipm H,, 3aMETHM. YTO
¢opmyna (14) momyyeHa A Ciiyyas, KOTJa B BBHIPAKCHHH H=H o + H,u xo3pduument mpu

U Ha OTpe3Ke T PaBEH HyJO, YTO HE MO3BOJMIO CPa3y BhIYHCIHTH 0cO0OE yrpaBjieHHE. Tenepb

AHAJIOTHYHAA CHTyalHd BO3HHKNA C BRIDOKCHHCM

dZm

t2m

0=

H,=(H, (Hq,....Hy, H))..) +u(t KH, (H,,...(H,, H)..),

M3 KOTOPOTG HENb3S HAMTH yIpaBJIeHKe Ha MHOXECTBE Hy el Qymkmu .
UsnoxenHyro Boime mii H,=0 mpoueAypy BbIYMCIEHHS OCODOrO YMpaBIEHHS  MOMCHO

NPUMEHMTh M K M3YUEHHIO 3TOTO ciyyas. Creaylomui npHMEp WLBOCTPHPYET 3¢ dekTHBHOCTD
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. 17 .
ONMHCAHHOH BHIIIEC MNPOLECIYPHI: mycts TpeOyeTcs MHHMMH3HPOBAThL 5 fx dr  npn
0

OTPaHMYEHHAX. X =1, |u|S\/1—x2, |x1<1, x(0)=x,>0, x(T)=x,>0, 7T-

(pMKCHpOBAHO, X = x(t) abCOMIOTHO HempephiBHast , a U = u(t) HHTErpHpyeMas Ha [O.T]
GyHxumm.

HeobxomuMbie yCIOBHS ONTHMAIbHOCTH HMEIOT BHA:

Yo =-1,

Y=x+u, >
1-x 1-x

ul(u—\ll—x2 )=0,
pz(—u—\ll—xz )=0 , M;20,i=1.2,

tult )= max th,
V)=, e )

Y=, —H,,
rie Y= \y(t)— abCOMOTHO HEMpEphIBHAA, a W, = p.,.(t),i =1,2, CyIIeCTBEHHO OrpaHMYCHHbIC

Ha [O,T] OyHKUHH.
TockomsKy H=--;—x2+\|lu—p.,(u—\/1-—x2)—uz(—u—\/l—xz) , TO Ha o0coboM

y4acTke T C [O,T] u3 (13) mmeem:

Jlerko BHAETh, YTO C MOMOMIBIO HAMACHHOrO 0OCOOOro ONTHMANBLHOTO ympaBicHuA Oe3

NMPUHUMITHABHBIX 3aTPYAHECHWIH HaXOOUTCA ONTHMANBLHOC pEOICHHE B PacCMaTpPHBAEMOM
IpUMEpe, €CTH TOJMBKO X, X, M I nopoGpaHe! TakuM 00pa3soM, 4YTO 3a4a4a HMEET JOMYCTHMOC

PEIEHHE.
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SPECIFIC OPTIMAL CONTROL COMPUTATION IN QUASI-LINEAR
CONTROL SYSTEMS WITH MIXED LIMITATIONS

Z. Tsintsadze
Control Theory Chair

The linear optimal control problem with scalar control and mixed restrictions is considered.
The necessary conditions of optimality with the form of the maximum principle are given.

The special case, when the control function is not defined uniquely from the maximum
principle is researched. The procedure of specific control finding is constructed and by using this
procedure the concrete problem is solved.
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HEKOTOPBIE BOITPOCBHI 3JIEMEHTAPHBIX YACTHII C TOYKHA
3PEHUSA TEOPAH TPEXMEPHBIX MHOT'OOBPA3HN

A. Bawarkmaose
Kagedpa Teopemuueckoti duzuxu Gusuyeckozo Oaxynsmema

1. OCHOBHBIE OIPEAEJEHHUS*)

B coBpeMeHHOH TEeOMCTPHH H TOMOJNOIHH Y3IbI HIpalOT ()yHIAMEHTATBHYIO pOIb —
HATIPHMED, B M3YMEHHH TPEXMEPHBIX MHOrooOpasuii.

Hcxons H3 onpepemeHud y3qa, Kak oOnacTH BETBIEHHA HEKOTOPOTO TPEXMEPHOrO

MHOroo6pasus M NpH pa3sBETBICHHOM HAKPHITHM MHOroOOpasua M{ , 0GOBHIHMM ONpeaeneHHe

YacTHIl — Y3JIa, paccMaTpHBas NOCHCHHMH KAK TONOJOrMYECKYr0 OCOOGEHHOCTh, a8 HMMCHHO,
obnacte BeTBNeHMA (Qm3mdeckoro npoctpaHctBa. [lomaras  raobambHyr0  reoMeTpHIO
NpocTpaHcTBa romMeoMopdHoH 3- mMepHoMy rimepSomdeckoMy mpocTpaHctey H3, paccmorpum
IeiictBMe Ha HeMm BBeACHHOH B paborax ([3,4,7]) Vmusepcamewoit rpymmst U: [{na Bcsxoro
3aMKHYTOrO H OPHEHTHPYEMOro MHOrooopasna M3 cymiecTByeT koHeuHOMIAEekcHas noarpynna G
< U, Takas, yro M3 romeomopso ¢axrop — npoctpasctsy H3/G.

OyHaAMEHTATBHEIM MHOTOFPAHHHKOM, COOTBETCTBYIOIIMM 3TOH YHMBEPCAJNBHOH IpYIHIE,
ABJIETCA MPABWIbHBIH THIEpOOMMYECKHH MOACKAdAP, HMCIONWMH ABYrpaHHBIE YIjbi, PaBHBIE
900, rAe OTOXKISCTBICHHE MPOHCXOAMT mO Hekoropoii rpymme GclIsom E3, a
(aKTOpIPOCTPaHCTBO €CTh S3 C CHHTYAAPHBIM MHOKECTBOM 2., COCTOSALIMM W3 3ALEIUICHHBIX
oxpyxHocreif — BopomeeBpix komeu. Toria, kaxaoe 3aMKHyToe 3-X MeEpHOE MHOrootpasue
ABJIIETCH Pa3BETBJCHHbIM HakpbiTHeM chepsr S3 Han BopomeeBrIMH KOMBLAMH C HHICKCAMH
serBicHud 1, 2, u 4, YHuBepcabHas rpymma U nopokgaeTcs NOBOPOTaMH Ha TU2 BOKpPYr
CKpeImMBaoUmxca pedep AoAcKa’apa.

I"'eneparopm rpyrsi U MMEIOT CIEAYIOLLEE MPEACTABICHHE:

J2|1-iR+iR? —iR-iR?-iR?

A==
2 {1-2iR+iR3 1+ iR —iR?

B_JEl-R+R2 1- R+ R?
2 |-R-R*+R3 14+ R-R?

*) Hacrvosast paGoTa SBSCTCS MPOAOMKCHHEM H PACIIMpeHreM crarbu 8],
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J2{1+ R—iR? —i—2iR—iR>

21 _1-R+R? 1-R+iR?

OmamM u3 BakHBIX CBOMCTB rpymnet U sBraerca ToT (akr, uTO MUIs CeMeEHCTBA
NIOCKOCTEH, 00pa3yeMpiXx JICBOMHBADHAHTHEIMM OTHOCHTENbHO aciictBua U rpaHaMu
JOAEKA3POB, MOOBIC ABE INOCKOCTH HIH HE NMEPECEKArOTCA, WM NEPECEKAIOTCA MO MPSIMBIMU

yrJIaMH.

B nmamueimuem, mox U - xsaHTH3amuel mpoctpaHctBa OyzeM moapasyMeBaTh
daxropmsarro H3/U.

2. OCHOBHBIE COOTBETCTBUA
Hipke MOCTYMHMDYIOTCA HEKOTOPHIE COOTBETCTCTBHA, KOTOpPbIE B 4YacTHOCTH Oyayr
HCIIOTb30BAHEL B JAJIbHEHILIEM.

(1) PacnmpocTpaHeHMIO 3JIEKTPOMAarHUTHOH BOJMHBI B BaKyyMe COOTBETCTBYET
tonojiormdeckas U —~ kBaHTH3aLMA JaHHOMH 001aCTH MPOCTPAHCTBA.

YyursiBag  CyImIECTBOBAHME T.H. HMCKIOYMTENbHOro  usomoppusma (M [5))
¥:PSL(2,C) »PSO1(IR,q1)=PSO(1,3), rme ql(x0,x1,x2,x3)=x%-x?-x2-x?, ypasHenusa
Maxseia, HHBAPMAHTHBIE OTHOCHTENBHO aBTOMOP(QHIMOB 4-MEPHOrO IICEBXOCBKIHIOBOTO
MPOCTPAHCTBA, MOXKHO pacCMAaTPHBAaTh KAK YPAaBHCHHA MHBAPDHAHTHBIE OTHOCHTEJIBLHO
asToMopduimoB @CPSL(2,C) runepGomuueckoro 3-MepHOro MpoCTPaHCTBA.

Torma (1) noagpasymeBaeT, 4YTO HAJOKEHHE YCJIOBHA MHBAPHAHTHOCTH OTHOCHTEIBHO
ackicTeua rpymmbl U npHBEAET K ONHOBPEMEHHOMY KBAHTOBAHHIO JJIEKTPOMArHWTHOTO MOMA H

NMPOCTPaHCTBA.
Iepeuncmm HexoTOphie cneacTBui (1):

I CornacHo onpenencwmimo rpymmst U, (oToHel MoryT Haxomures Jmmps Ha U —
uHBapHaHTHOM EBxmaoBoM noanpoctpanctee H3;

IT ITIpucyTcTBHE BO BCEM MPOCTPAHCTBE PEMUKTOBOrO M3Iy4eHHUA MOKHO MHTEPIIPETHPOBATEH
KaK CIEeACTBHE IIOOaIbHOIO TONOJOrHYECKOro KsaHtoBanua H3, MMeBImEro MecTo B HEKOTOPHIH
MOMEHT CYIIECCTBOBAHMA HEKBAaHTOBAaHHOro H3;

[l BermcmM 00bEM eAMHMMHOIO “KBaHTA® MPOCTPAHCTBA — THNEPOOMHYECKOro
AoAexa’fpa, NMpHOMIDKEHHO cyMTas AOAEKa’sxp cdepoi ¢ paaMycoM r = O, rae O — IOJNyoCh

aozekadapa, R / o =1.27 cm. [4]
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o (1+r?) 1, 1+r

=4 —
o= ) 2 1-r

CpasnuBas Vhyp ¢ oGbeMoM cootBetctByromeii chepsi B E3, momyuum Vhyp/Veuc=44.
310 O3Hayaer, 4Tto 00BeM “HaOmozaeMOro” EBKIMAOBOrO NPOCTPAHCTBA HA CaMOM [ENe
coctasseT okoa0 3% Bcero rumepbonHueckoro mp-sa H3.

Kak H3BECTHO, I OOCTIOKCHHA KPHTHYECKOH IUIOTHOCTH, HEOOXOZMMOH /Uit OOBACHEHHSA
HaOyromacMoO €BWMAOBOCTH Boenewwo#l, crano HEOOXOMMMBM, TOMHMO “TEMHOH MACCHI”.
BBCACHHE  TalOKe  “TEMHOM  SHEpruM®  BakyymMa (KBAaHTOBOTO  TMONA,  HA3BAHHOTO
“KBHHT3CCEHLIMECH '), OHM BMeCTe 00ecrneyHBaloT HemocTaromme ~95% Bced Macchl BceneHHOM.
Omuako, cornacHo (1), “mabmomaemas” BceneHuas Oyaer Bcerga EBKIMIOBA, HEHYNEBas ke
9HEprus BakyyMma, (IO3BOJLIIONIAA NPHIMCATh BCEMY NPOCTPAHCTBY CBKJIMIOBY METPHKY). B
TeOMETPHYECKOH MHITPETAIMH COOTBETCTBYET TOMOJOTHYECKH KBAHTOBAHHOM rumepOomyeckoi
CTPYKTYpE €aMOro 3-X MEPHOrO NpPOCTPaHCTBA. Tpackropus (OTOHA, JOKATM3OBAHHOIO B
NPOCTPAHCTBE, HANPHMED, B aTOME, NPHHUMAET (GopMy 3-X 3aUCIVICHHBIX MEXAY Co0oH
B3aHMHOOPTOTOHANMBHEIX BOpoMeeBBIX Kkoneln, Tak KaK €BKIHMAOBBI MPAMBIC, COOTBETCTBYIOLIHE
OCAM BpAalllEHHA 3-X ICHEPATOPOB YHHBEPCAJLHOM IPYIIBI, MPH HAKPLIBAIOMIEM OTOOpakEHMH
H3/U —S3/B G6eckOHEYHOE KOMHYECTBO pa3 oOMAarsBaroTCA BOKPYr bBopomeeBbix Kolell
(obnacTu BETBICHUA).

(2) 3a Maccy uYacTHUBI NPHHHMMAETCH TIHIEPOONHYECKHII OOGBEM COOTBETCTBYIOLUETO
runepbomyeckoro  MHorooOpasusi, ABJMIONMHCA BO3PACTAOIICH (QYHKUMEH CIOXKHOCTH
MHoroobpasus (cM[2]).

(3) Ilepenocuuxam cnabeix B3auMonekcTBuit —~ vacTHuamM Wt , Z0, B OTIMYHE OT He-
TIOJIEBBIX YaCTHII, COOTBETCTBYIOT Y HUBEPCAILHLIC Y3IbI.

Cnabrie pacmamsr Buaa A—BF  (manpumep n0—p+W-) MOXHO ORpENEIHMT, Kak

NIEPECTPAUBAHKHE MHOroo0pasus M(()” = S3\k, B MHOrOOGpasne M (()3) = $3\kp, npoucxomsmee
Onaroaaps CyMIECTBCBAHMIO PEryIAPHCIO PA3BET3ACHHOIO HAKPLITHA MHOrooOpasuAMH Mﬂf' H

M) muoroobpasus M = $3\k,,, , wm IxuBanenTHO:

H3/TA—H3/TB+ H3TF, TA<T'A<IT.
IMoctymupys B o0OmeM rpymmoBoif Xapakrep OIMMCaHMA B3aHMOACHCTBHE MEXAY

OTACIIPHBIMH YaCTHLIAMH, OCHOBBIBAACH HA HHTCPHIPETALMM YaCTHIl B TEPMHHAX HAKPBLIBAIOILMX
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MPOCTPAHCTB, PACCMOTPHM JIEMTOHEI H MPOMEXKYTOUHBIE Ga30HBI KaK 3JJIEMEHTH HEKOTOPOH

rpymm!
¢’ l=fev. e v mv, vy v W w20

Torma coorsomenms euma |g(i){e(k )(-1)]=K, rne K nompyma G*, pasobser G ma

KIaccHl 3xBuBaneHTHocTH {0}, {P} u {g}, oTHOCHTEMBHO NOArpymIEI F={Z0 W- W+}

oo =C;
BiBj' =Cy,
-1 _
‘YI‘Y] - Cl] 3
z, w*

rze {os}={e,%e}, (Bil={1, vu} {y)={T, V<), C=| 7
W Z,

CormacHo TeopeMe J. Herep, namnoe pasOHMEHHE HHAYLMPYET HATYpaJbHBIH roMopdusm
rpymst G* Ha rpymmy I'= G*/F, rae sapo romomopdasMa €cTh NOArpyIma mojei, B TO BpeMs
KaK HCENUHMYHBIC 3JIEMEHTHI rpyrmsl [ sBismoTca roMoMopdHBIMH 0OpasaMu MOKOJICHHH
JICTITOHOB.

CneaoBarebHO, COXPAHGHME JISMTOHHOTO 4YHMCIA MOMKHO 3amMCaTh Kak IPyNIIOBOH
romomoppusm I'= G*/F, roe rpymma I' moxer OwiTh, HampuMmep, rpymrioi roMoJjordi
HEKOTOPOTrO Pa3BETBIECHHOIO MHOroo0pa3sus ¢ rOMOJIOTHYECKHMH KJIACCAMH, NPEACTaBICHHBIMH
anementamd u3 {G*}.

(4) Bo3aMy1ueHHE HAKPHIBAIOIICH IPYIIIHLI M MIEPHOA NOAypacnazia.

I[IpeanonoxuM, 4YTO MPOTOH H HEHTPOH ABIAKOTCA PA3HBIMH HAKPHIBAIOLMMH OJHOFO H TOTO

xe M(()”, OZHAKO B HAKPHIBAIOIIEH IpyImic HEHTPOHA MMeEETcd BO3MymiEHHE (cMm. [1]). Te. B
MPUCYTCTBHM N>1 HEHTPOHOB €IMHMYHOC BETBJICHHE YHHUBEPCAIBHOH HAKPBIBAIOIICH (DyHKLH

HeMTpoHa Haa MO 3axBaTeBacT CJIOM OT Pa3HBIX 3K3EMILIAPOB S \k 0> UTO  MOXHO

NPOHLTIIOCTPHPOBaTh aHanorueii ¢ Juxum YsmoM Kawroposckoro suaa (cm. Hamp. [6]).Toraa,
At N>>1, 3a nepBbii nEPHOX T (T-BpeMa JKM3HM HeNTPOHA) pacmai 3aXBATHT 2* HeiiTponos u

uncno octasmmxcs yactun Gyaer 1+2+...2% =2k 1=2%,

3amersM, uTO eme B 1957 romy Ana OOBACHEHMs BEPOATHOCTH MNPHPOIAHB pacraja

3MEMEHTAPHBIX YACTHL, Xbi0O OJBEPEIT HCHONB30Bal MNOHATHE PA3BETBICHHOH BOJNHOBOH
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(QYHKIMM YaCTHMIBI, BBEAA ‘ MHOTOMHDPOBYHO® MHTEPTIPETALIMIO KBAHTOBOM MEXaHHKM, [AE IUIA
BCEX MOMEHTOB BPEMCHH, KOIAa HEHIPOH JMJOO/DKEH pacnacThesd, CymecTsyeT 1 xorms

BceneHHOM, rae 3TO peaabHO MPOHCXOAMT.

Oyn1aMEHTARbLHDI
JoHeKayIp

Puc. 1. deiicrBre rpymms U Ha
npoctpatcrBe H(3)

Puc. 2. Tlepexon ckpemeHHbIX pebep B
BopoMeeBEI Konblia IpH OTOXAECTBIICHHAN
rpase#l IpSMOYTONLHOTO JOJeKacapa.

1+2

Puc. 4. N-yacTidHas BoJiHOBasA yHKIMs

Puc. 3. BerBnenne BoJIHOBOM PYHKUHH HEHTpOHA
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SOME PROBLEMS OF PARTICLE PHYSICS ACCORDING TO THE
TOPOLOGICAL MODEL OF THREE-DIMENSIONAL MANIFOLDS

D. Vashakmadze
Chairof Theoretical Physics, Department of Physics

Topological singularity model for elementary particles is proposed. A particle is identified
with a branching set of the 3-space, which is ingeneral a knotted S1-sphere. Thus a particle is
charachterized by group properties of S3\k, while universal covering space H3 modulo
Ucuniversal group) is identified with the quantized physical space, where photon-subspace G *
corresponds to U (left)-invariant euclidean singularity submanifold.

Weak decays are considered in terms of branched covering over universal knots, while for the
interpretation of the half-decay period, Kantor Wild Knot -type branching is introduced for the

N-particle wave function.
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THE OPTIMAL CONTROL PROBLEM FOR THE SECOND ORDER
ORDINARY DIFFERENTIAL EQUATION WITH INTEGRAL
BOUNDARY CONDITION AND QUADRATIC FUNCTIONAL

M. Zangaladze
Computer Software and Informational Technologies Chair

Abstract. In this paper the optimal control problem for the second order ordinary differential equation with non-local
boundary conditions is considered. The necessary and sufficient condition for optimality has been obtained.

INTRODUCTION

Many processes in practice are controlled and it is important to find the optimal resolution
for their realization. Besides, while mathematical modeling physical, biological and ecological
processes we obtain non-local boundary problems.

Creado, Meladze and Odisehlidze considered the optimal control problem [1] for Helmholtz
equation with Bitsadze-Samarski’s type non-local boundary conditions [2] and quadratic
functional. In the present paper is considered the optimal control problem for the second order
ordinary differential equation with another type of non-locality — integral boundary conditions

(3}

1. STATEMENT OF THE PROBLEM
Let V be an open subset of R and Q be a set of control functions:

v:[01]-V,ve L,([0,1]),V is called domain of controls.

Let us consider following problem for each fixedve Q in [0,1] interval:

( 2
ddl:(zx) — qu(x) = f(x)+ a(x)v(x),
< u(O) =a, W
1
Iu(x)dx= B,
L 0

where x€[0,1],, B R,ae L_([0,1]), fe L,([0,1]),0<g=const. It is known, that the
solution of problem (1) exists, is unique and belongs to space W;*([0,1]) [6].

Let I(v) be the following quadratic functional:
i
I(v)= J' b, () (x)+ b, (xn? (x)llx, (2)
0

where b,,b, € L_([0,1]) are given functions.
Now let’s state the following optimal control problem: find the function v, € £, whose

corresponding solution of problem (1) together with vo results in the minimal functional value.

2. ADJOINT EQUATION
To obtain conditions of optimality we follow the scheme developed in the works [4][5].
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Assume, that v, € Q is an optimal control, v, € Q is arbitrary admissible control and
Uy, U, are corresponding solutions of problem (1). Let’s take the following notations:

VEY, —v,, U=u,—u,. (3)

If we’ll consider problem (1) correspondingly to (u,,v,) and (u,,v,).then we come to the

following problem for # :

d U
LU _ o) =) (x), xe (O,
u(0) =0,
1 (4)
[@(x)dx=0.
L0
For a certain v, and v, let us consider the following difference:
- 1 1
I =10,)~1(vy) = [by(xuld+ [b, ()2 (x)edx
0 0
(5)

1 1
Ib, (x)ug (x)dx — jbz (x)vg (x)dx =
0 0

1 1
[, 07 (x)+ b, (072 () Jax+ 2 6, (0o (X)) + B, (v (9T (1) .
0 0

Let we W2([0,1]) and y # 0. If we multiply (4) on y , then integrate obtained expression on
the interval [0,1] and take into account (5) equality, we shall have:

=] w(x)[

j[zb, (ttq (T (x) + 2B, (x)vo (T () e + [ [b, ()% () + b, ()5 () .
0 0

2~

1
- qu] - [w®a(x)F(x)dx +
° (6)

Let us make the folowing transformation for constructing the adjoint equation: two times
using partially integration formula and fact that #(0) =0, the first member of equation (6) will

transform into following:

2~ 1 2
J Wx)d dr= [ f,x'fdx+wl)ﬁ’<1)—w(0)ﬁ’<o>—w'a)am. ™

0

Integrating (4) equation in [0,1] interval we obtain:
1 1 |
7)) =i’0) +q j i (x)dx + j a(x)¥ (x)dx = i1’ (0) + j a(x)¥ (x)dx. @®)
0 o 0

Placing (8) equation in (7) expression, we shall have:
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l
0

1 &)
+ () J’ a(x)¥ (x)dx.
0

Replacing (6) into (9) we shall see, that if y, is the solution of the following problem:
(dy(x)
de

w(0) =y(1),
¥’ (=0, (10)

———=+qW¥(x)=-2b(x)u,(x), xe (0,),

v -

then functional I expressed in (6) will be as follows:

1
T = [y ® - w))ax) + 25, (v OF (dx +[ b, (070 + b, (7 (x. AD
0

THEOREM 1: Let g =const>0 and by(x)e L.([O1]), u(x)e W22 (/01]) are given

functions, then the solution of the problem (10) exisis, is unique, belongs to space sz ({0,1D
and could be written as follows:

Y =ceel® 4 et 4 2q : (coe AR A )f (t)dt +k e-&x;_e:/f il +
+ k(ef_eﬁ)z_(coe‘{;‘ce‘/—x*r ‘r) ) ~
2(6f+e[) Ve — eV eV 4 o Ve
( ﬁ ) \ \/;X _e—\/Zx

e ] e s

f(x)=-2b, (x)u(x),
1
4(6062JH +ee. 1)+ 1 (e‘/a +e 8 )J (e"/a('“') — Vel )f(t)dt

k= | Ja g — -

2(1 +elt ye8 )— e — ;;’/-“_

eI 42 '
B 2(-\[(;(1 +el + e"ﬁ)- e 2V . ez‘/a)'gf(t)dt'

And ¢, and c, are defined as follows:

where
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¢, = = )El':( w/—(l") "e—ﬁ(l_l))f(t)dt,

-

3. NECESSARY AND SIFFICIENT CONDISION FOR OPTIMALITY OF SOLUTION
THEOREM 2. Let functional be given by the formula (2), b,(x)>0 and v, is solution of the

problem (10), then the couple (u,.v,)is optimal if, and only if, the following condition is
satisfied.:

(Vo (D =y, (x))alx)+2b, (x)vy (x) =0

almost everywhere in the [0,1] interval.

The confirmation of this theorem is the same as in [1] ,where the confirmation of necessary
and sufficient condition for optimal control problem with another type of non-locality is
presented.

4.CONCEQUENCE
Let’s consider the following optimal control problem:
d*u(x
dx(z ) q(xu(x) = f(x)+ a(x)v(x),
9 u(O) =0, (]2)

Iq(x)u(x)dx = p,
L0

where x€[0,1],2, B€ R,ae L_([0,1]), f € L,([0,1]),0< g€ L_{[0;1]). It is known, that the

solution of problem (1) exists, is unique and belongs to space W} ([0,1]) [6].

Let I(v) be the following quadratic functional:
1
I(v)=j[b,(x)u2(x)+b2 (x)vz(x)];bc, (13)
0

where b,,b, € L_([0,1]) are given functions and (u,v) searched couple, satisfy (12) and will

assign minimal value to (12) functional.
Above considered problem will transform to the following system:

(du(x) _ )
e q(x)u(x)—f(x)+2b( W@ -w®) xe©]l),

{u(0) = e, (14)

1
[a(xuxds = p;
L0
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([ 12
: dtgx) +q(xX)y(x) =-2b (x)u(x), xe (0,),

w(0) = w(),
y'1)=0.

A

~

The adjoint problem of (12)-(13) problem is corrected and also the already received
necessary and sufficient condition of optimality is truthful for it.
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MATEMATHYECKHE BOIIPOCHI KOHIIENTYAJBHO-
PPAKTAJBHOI'O AHAJIN3A

I. becuaweunu
ITY, nabopamopus gusuueckoii kubepremuxu

AbcTpakt. B crathe paccMOTpeH METOA KOHLENTYaibHO-GPaKTaibHOrO aHajiH3a B Pacno3HaBaHMH OOpasoB.
Onpenenetsl MOHATHA PacCTOAHMA, MOAOOHS, HHBapHaHTHOCTH M (¢pakTanbHas Mcpa MoJoGHS B MpPOCTPaHCTBE

Xaycnopga.

BBEJEHHE

Ha curHampsbIx mopsx oOpass! (M300paKeHMA, PEYCBHIC) PEAM3yIOTCA OTOOpaskeHueM f -
S—R" ; 1 OHH HMEIOT KOHLENTYaMbLHO-(pakTanbHyI0 npuposay [1,5].
MuoxecTBO peampaimu  00pazoB  (M300paKeHHA, PEYEBHIX CHTHAJNOB)  COCTaB/SIOT
TNOC/IEJOBATENBHOCTH B R", mpenembHee u300paXkeHHa (KOHLUENTH) BOCPHHUMAIOT a3, yxo 1,
2, 3,4].

KonuentyamHO-QpakTaJbHbIH aHaMmM3 B CBOMX MCETOAAX MANA aHauM3a, KIACCH()HMKALMH,
Pacrio3HABAHHMA W MOHMMAaHHA OOPa30B MOMBL3YETCA UZBECTHHIMH ONPEACHECHHAMU PACCTOSHHA.

noao0HA, HHBAPHAHTHOCTH H camonoo0us B npocTpaHcTee Xaycaopda [4, 5].

1. METPUKA XAYCJIOP®A [4, 6]
Homycrum, xeX, ACX, Toraa paccTosIHHE MEXAY X H A onpeacnaeTcs Kak
d(x,A)=inf{d(x,a):a€A}.
Ecm AcX, &0, torpa ana A 0603Ha4uM E-OKPECTHOCTD
A={ xe X d(xA)< €}, ACA.
Honyctim F : X—X, Torza Lip F onpenensercs Kak
LipF =§Cz;,z; d(chx),F(y)) ‘
(x.y) .

Ecmu Lip F=A, torma d(F(x), F(y))SA d(xy)) mm mobeix x, yeX. Korma Lip F<1, F -

C)KHMAIOILICE.
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HonycTtum, B - COBOKYITHOCTb 3aMKHYThIX, OFPAHMUEHHBIX HEMYCTBIX MOAMHOXECTB B X, a b
- HEITYCTHIX KOMMAKTHBIX NOAMHOMKCCTB.
0-0603naunm Xaycaopdosyro METpHKy Ha B.
6 (A, B)y=sup{d(a,B), d(b,A):ac A; be B}.
O (A,B)<e ecnu ACBey BCAE.
S-merpuka Ha B.
Hekoropsie aneMeHTapHBIe CBOMCTBA O :
0 (F(A), F(B))<Lip (F) &A,B),

(U 4i U Bz)< sup8(4i, Bi).
iel

Ecnn (B, 9) nommoe Mmerpuyeckoe mpoctpanctso KcX xommaxto, Torma bN{A: AcK)
KOMIIaKTHO.
Mepa m Ha X MHOKECTBE €CTb OTOOpaXKeHHe
m: P(x)={A : AcX} — [0, o],
Taxkoe m (2)=0

(ElEl] 21 m(E,) EcX,

ect ACB, Torma m (A) < m (B).
HomycTM K = 0 HEKOTOPOE ACHCTBUTEMHLHOE (PHKCHPOBAHHOE YMCNO, Wi moboro >0 u E <

X obozHayMM

HE(E) = inf{_Elakz"‘(diamE,.)k ‘Ec .‘L)JolEi,diamEi < a}m
1= =
k — _ k
(E)= fim HE(E)=sup HE(E).

H*(E) naseBaercs XaycmopdoBas k-pasmepHas Mepa E, O4-COOTBETCTBYIOMA® KOHCTAHTA
HOPMHPOBKH [4].

ODpakTamsHas Mepa ONPEACIACTCA NOKPEITHEM (DpaKTana CETKOH H3 KBAAPAaTOB HiM Chepamu.
TaK 4TO KOMITAKTHBIC MHO’KECTBA YIAOBJCTBOPAIOT 3THM TPEOOBAHHMAM.

Ionobue [4, 6], nmomyctum S={S;,... S} COBOKYIHOCTh KOHE4HBIX 00pazoB S : X — X

sBaerca nogaodoueM, ecmu d(S(x), S(y))=rd(x,y) ana moOBIX X, ¥ ¥ HEKOTOPHIX (PHUKCHPOBAHHBIX
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U:R"—>R"  romoretnueckuit U, (x)=r(x) r20, 5,:R"—R"nepeson &(x)=x-b, ecnu S:R"— R"
nojodue, TOrga MMeeT MecTo  S=4, °, °0
Jna HEKOTOPEIX LL,-TOMOTETHH, &-NepeBoaa H O-OpTOHOPMAaILHEIX MPeoGpa3oBaHMil.

JomycTuM [uta MPOn3BoabHOro A cX (uHBapuaHTHOCTS {4, 6]),

S(4)=)S.A.

i=1
BHINOMHAOTCA YenoBHa S°(A)=A, §'(A)=S(A), SPA)=S(S"'(A)) mas ecex p = 2. Ecmu A=S(A).
TOr Aa A-HHBapHAHTHO.

O0o3HauuM Aoty = S1tp(A) SP(A) = U'i ; A!.x i diam A,-1 _____ i\ <r. ,....l‘ip , diam(A)—0,

.......... |
KOrJa p—»ce IPH YCJIOBHH, YTO A OrpaHHYEHO.

Ecmu K-3aMKHYTO€, OTpaHMMEHHOS H HHBADHAHTHOE HAa S U

K=UK,,

i=1

tornra  K-xommaktHo. Ecmu A4 Hemycroe — OrpaHHMYEHHOE  MHOXKECTBO,  TOrJa

Ecmu B COBOKYNMHOCTH 3aMKHYTBIX, OTPaHMMEHHBEIX TOAMHOXECTB B X, b-COBOKYNHOCTBH

KOMITAKTHBIX TIOAMHOXKECTB S: B —B u g:b—b (npuHIMIT OKHMAOMHX oToOpaxkeHut [6])

8(S(A),S(B))=&\S;(4)ySi(B))<
1 1

max r. )(AB).
1<i<n '’

B Xaycmopdosoit Merpuke S-CxmMaromiee oroOpaxeHue Ha B (COOTBETCTBEHHO Ha b).

< max oS(A),S;(B))<
1<i<n

HenomsiokHas TO4ka — arrpakrop B ¢usmdeckom cmmicne. Ecm (X,d) nmomHoe MerpHueckoe
pocTpaHcTBO, S={S},...S,} COBOKYIIHOCTh CKHMAIOUMX OTOOPAKCHMH, AOMOIHHTEABHO MBI

NPEATIONAracM CYMICCTBOBAHUE MHOXECTBA O={py,... Pn}, TAKMX P;€(0,1) 1
z{pi =1

Jud S,‘ HOIIOGHBIX LipS,~=ri .

D - Takoe NOJOKHUTENBLHOE YUCHIO, LA KOTOPOTO BBIMOJHACTCSA

D

pi=rt Eri =1

D - pazmepHocTs moaobus Ha S no Maugem6pory.
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I Becuatusunu

W3-3a orpaHmteHma pasMepa CTaThl HECBO3MOXKHO PaccMOTPETs BOIMPOCKH! CamONOoOHs

KOHLENTyaJIbHO-(PpaKkTaabHBIX CIPYKTYP B MPoCTPancTse Xaycaopda.
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THE MATHEMATICS QUESTIONS OF CONCEPTUAL FRACTAL ANALYSIS

G. Besiashvili
Problem Laboratory of Physical Cybernetics

This paper describes the method of conceptual fractal analysis in pattern recognition.

Definition distance, similarity, invariant and fractal similarity dimension in Hausdorff space.
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MHOT OILTAHOBA S 1 MHOTOAJIBbTEPHATHBHASA JINHENHA A
PEI'PECCHOHHAS MOAEJB DKCIHEPUMEHTA

H. bokxyuasa

ITpobnemnan nabopamopus ¢pusuuecxoii kubepnemuxu

AGctpaxr. [IpencrasnenHyio paGoty MOMKHO pacCMaTPHBATD KAK MONLITKY YHUHKALIHH HMEIOLIHXCS NOCTIDKEHHUI B
HayYHOM HAalpaBJCHHH [0 IUIAHHPOBAHHMIO 3KCTepHMEHTa M GopMHpOoBaHMs 00GoOLIeHHOH JHHeHHOMH
HHGOPMAIHOHHO-CTATHCTHYECKOH MHOrOTUIAHOBOH H MHOrOQJIbTEPHATHBHON perpeCHOHHON MOEIH 3KCTIEPHMEHTA.

BBEJEHHUE

B HayyHBIX HCCHCNOBAHMAX OCHOBHOH 3amayeil 3KCNEPUMEHTATOpa SBIIETCA OTHICKAHHE
(ompeneneHHe) HaWIy4miero IUiaHa SKCIEPHMCHTA, MO3BOJMIOIIETO C HAHMEHBIUHMM YCHIHAMHU
M 3aTpataMH (BPEMCHHLIMH, TEXHMYECKMMH, (PHHAHCOBHIMH H Jp.) MNOMYy4HTh HAHOOJBIIYIO
uHopmarmio 00 mccmexyeMoM oObekre. B mpomecce mMOMCKa Takoro ONTHMAJLHOrO IUIaHA
IKCIICPHMEHTATOPY  NPHXOAUTCA  PAacCMaTpHBAaTh  HECKOJNBKO  BAapMaHTOB  (Mopeicii)
IUIAHUPOBAHMA JKCIIEPHMEHTA C NOCICAYIOMMM ONPCACIEHHEM HEKOTOPOro KOJHUECTBEHHOTO

KpHTEpHT MPEANOYTUTEILHOCTH BEIOOPa HAHIYYNIETO H3 HUX.

1. OFOGILEHHAS IMHENHASI PEI'PECCHOHHASI MOJEJIL SKCIIEPUMEHTA

O6o3Hauum uepes X; (j= .175 ) 4MCHIO BBIOPAHHBIX 3JKCTEPHMEHTATOPOM OGa3MCHBIX

MaTpHIl C X, He3aBHCHMBIMH dneMentamu (i =LN,r=1m; m,<N;) n uepes Y
COOTBETCTBYIOIME MM MATPHIEI CTONOUB Habmoxenuii ¢ Y, anemeHTamMu HaGmoxcHui. Torza,

cneays [1], muHelHbIE PErpeccHH MUIA KKIOH KOHKpPeTHOH 6a3mcHoi Matpuuml Xj mMoryT OsITh
3aMHCAHBI CJICAyIonHM 00pasoM

Y, =X B, +¢, (1

rac
T T
}{I_"'-[yjl’yj?."“'yjN]] ’ ijl le’XjZ"“’ijj J’ Xjr:[ler’x_ﬂr"“'xJN/r] ’

ﬁjz[B].l,sz,...,Bj,,,/]T - BEKTOP HEHM3BECTHHIX NAPaMETPOB, 8j=[€j1,8j2,.--.8‘,'~}]r -

BEKTOp HEHAOMIoqaeMBIx onmboK . *)
Crnexyer OTMETHTb, YTO OOBIYHO BEKTOP HEHaOmoJaeMbIX OMMOOK MpeAcTaBiieT COOOH

KOMOHHALIMIO “MOAEIBHBLIX ¥ “U3MEPHTENBHBIX OWHOOK. BBOAA Tenepp 0003HAYCHMA,

*) 3ariapHbIMM M CTPOYHBIMHU KUPHBIMH OykBaMH 0003HAYCHBI MATPHIIBL M BEKTOPBI COOTBETCTBEHHO
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X, ] Y, i
X = Xz O Y(U= Yz O

0O ’ ¢}

i Xy | i Yy |

-B] - _81 .
B(Uz BZ O 8(1)= £, O

o ’ O
i B i €¢ ]

MBI MOKEM 3amMcaTh J =T,—l; CHCTEM ypaBHEHuil perpeccuM (1) B Buae oZHOro 0OBEAHHEHHOTO
YpaBHEHHSA

Y=XB+k€. 2

Ecrm mpu 3TOM 14 KaXAOM KOHKPETHOM Oa3HCHOM MarpHLpI X; cymecTByeTr

H™ (1 =M ) anbTEpHATHBHLIX THNOTE3 NMOAOOPA HEHM3BECTHBIX MApaMeTpoB Pj, TO, Crexys
(2). MHOTrOANbLTEPHATHBHYIO PEIPECCHOHHYIO MOAETb MOYKEM 3aIUCATh B ClieAyromeH Gopme

Yy =XB(I) +£(1) (3)

Hcxoas M3 MHOTOIUIAHOBOTO H MHOTOANBTEPHATHBHOIO PErpecCHOHHOrO ypasHeHHA (3)

cnenyer, yTo Bektop ommbok &'

3aBHCHT OT BekTopa mapamerpa B!/, u cnemomatemsno, or
yAa4HOrO BEIOOpA KOTOPOro H OynaeT 3aBHCETh Ka4eCTBO JIMHEHHOH PErpecCHOHHOH MozenH. B
KAYeCTBE KPHTEPHA HAaWmyuuei oucHku napamerpa B!’ Bocmomssyemcsa ouenxoit MHK. Toraa,

A
0603Hayas 3Ty oueHKy yepes 3, npu yciopuu E(&:”) )= 0, Oyzem nmeTh

A
— i ay )= i 0 _ yp® — YR
b= i, )= 00Tl —p).

OTKYJa C Y4ETOM YCJIOBHA

aB(l)

Y npaswia qudPpepeHIMpOBaHKA MPOU3BEACHUA MATPHII [2]

2 )= 2B ) g 226 s

0 ([ym _xpOT fr - xpo] ):

B(I)
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AlD)
OJna B momyusM
Al

B =(x"x) xTyw (©)

3. Onpenenenue Havtyymei GyHKLMU perpeccH.

A(I) A(I)
Ilocne Toro, xak ompeneneHbl oueHkd [3  (cnemoearemsHo B ), BcTaer Bompoc

onpencneHus HamyqmeH Qyuxumu perpeccuu. O603Ha4YKMM yepes

(N
n® = XY= xp”
(QyHKIM PErpeccHu ypaBHEHHA (3), rae
n(!) 7
(1) g” O ! 1) ol !
=l . =M T
X e |
Al)
H pa3noxuM ee B paa Teinopa no napamerpam Bg.') B OKPECTHOCTH [ j »  OTpaHHMMBAsCh
HEpBBIMH MPOM3BOAHBIMH, TOrAA
(1) A1) () AlD)
(X B(I)) n(X B )+gn(1) 1) A(’)(B(U B -g—n—(T)- 1) A“)(Bg” _B2 )+.“
B l 2 | B =,
o' all) A1) (8)
"+'éE(',7 3 (B =Be J=m(XB )+ ZX AB(“
K K = )’
rze
AlD (1)
() _pl) a’l”] —
ABf "Bf _Bj ’ B =X;.
J
OTKyJa
2 9

A =X BV )-n(x,p )= ZX AR

Vcnoeue An(' ) <90, rae O Hanepex 3aJAHHOE CKONb YTODHO MaJoe MOMOKHTENLHOE YHMCIO,
O6yneM HMEHOBATh YCIOBHEM OTCEBA TeX (PYHKLMHM DPErpeccHMM, KOTOPBIE HE YAOBJICTBOPAIOT

3TOMy HEPaBCHCTBY; INOCTENCHHBIM JOOABJICHHEM B pasiokeHHH (8) NPOH3BOAHBIX BBICILIMX

nopAakoB OrTceB OyaeM NpozoKaTh A0 TEX IOp, NMoKa He Oyaer BHIABICHA HawiydIuas

(emMHCTBEHHAA) (QYHKIHA PErPECCHM.
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Ect mocne moGasnerma B (8) WICHOB BBICHIMX NPOM3BOAHBIX BONPOC OMHO3HAYHOTO

OnpeJeicHHA HauwnyymeH (QYHKUHH PETpecCHH, € YYETOM KPHMTEPHA OTCEBa, OCTAETCA He
PCIICHHBIM, TO 3KCIIEPHMEHTATODY CICAYET:

a) DPOAODKHTL HAKOIUIEHHE HHPOpPMALMKH OTHOCHTCIBHO HM3MEPAEMBIX (HAOMOMAEMBIX)

TICPEMCHHEBIX, HC MEHAA yXX€ H30PaHHOrO IUIAHA 3KCIIEPHMEHTA, IyTEM INMPOBENCHHA NOBTOPHBIX
Hab)ro e HMiA;

6) M3MEHHTh IUIAH OKCIEPHMEHTA C IOMOINBI0 YBEIHMYCHMA HJIH YMEHBINCHHMA 4HMCIA

3MEMEHTOB GasuCHON MATPHIEI, TEM CaMBIM M3MEHAY COOTBETCTBEHHO H PasMEPHOCTh
napaMeTpHyecKkoro npoctpanctea P!/, nposecTr AomOMHHTE B HBIE M3MEPEHHS.

PaccMoTpuM noapo6GHO Kaxabiit H3 3THX BAPHAHTOB.

Bapuanr a. Bcenmeactsum TOro, Yro Ha KaxJAO€ NOBTOPHOE H3MepeHMEe OyAyT BIHATH T.H.
“CKPBITHIE IAPAMETPHI’, CBA3AHHBIE C ~MOACHLHBIMM H ~ H3MEPHTEIBHHIMH® OOMOKAMH,
HEAOCTYIHbIE KOHTPOJEO CO CTOPOHBI JKCMEPHMEHTATOpAa H MEHMIONIMECS CO BPEMEHEM
(HampuMep: M3HOC YCTAHOBKM, NCHXONOTHYCCKMH HACTPOH MCCICHOBATENSA, H3MCHCHHE BHCIIHEH
cpeapl ¥ Ap.), AJIA MCKIEOYCHHs GONBINONH paspO3HEHHOCTH PE3YJbTATOB MOBTOPHBIX H3MCPCHHH

CleayeT, HACKOJBKO 3TO BO3MOXKHO!

1) BHECTH ONMpEACEHHBIE KOPPEKTHBH B IPOCTPAHCTBO NapaMeTpOB B(” , 2) OrpaHH4HTHECS

PaSyMHBIM YHCJIOM IOBTOPHBIX H3MEPEHHH.

n/N JN

O6o3maumm  uepes uf,‘§1=[u,‘1§’).uf,{’,’,,---,u‘{:’,] u f“”(n"’ o, 11(z))

COOTBETCTBEHHO CPCOHHE 3HAYCHHMS W [UIOTHOCTH DPAaclpelelieHHs BEKTOPOB (n(’ )) npu

MOBTOPHBIX H3MEpEHWIX ( p =1,c - PasyMHOE YHCJI0O HOBTOPHBIX H3MEPEHHMHM). Toraa, HCXoas 3
{

M3BECTHOro ()axTa TEOPHH perpeccuH [2] 0 HOpMANPHOM DaCHpEelCNCHHMH MapaMeTpoB B u

BEKTOpa e wu NPHHLUMIA MakCMMymMa HWHQOPMALMOHHOH SHTpomuM [3] IUIOTHOCTH

f(p) (n(l) ® oo n(l) ) MOryT OBITh NMPEACTABJICHN! B CJICAYIOIEM BHAC *):

T 1 ! )
21) N A
n;

rac

*) /\(T’;(_,),—l 7 A(s)' COOTBETCTBEHHO OOpaTHbIE MAaTPHILLI MATPHLL A( ), n AP oy
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T
[ng?’—uf,’g% ] [(n"’ u"”)(n"’ uf,’(}z’)) (n @ )]
T
Aisn =COV{[ 5‘1)—”5@)) ] [ nﬂl) u(’:) ] }

Hcxons w3 (10), seilbupas and BapHaHTa a B KayeCTBE KPUTEPHA BRIGOpA HaMIyuIIest

¢yHximM perpeccus Mepy pasnuyaromieit uHpopMarmu [3]

f(”)( rl(1)’)
J(p sn(’)r) f(”)( (’)T) > dn(’)r (ps—lc p¢s) (11
f(S) n(l)’)
\
KOoTOpasg, ¢ Y4YeTOM H3BECTHOIO COOTHOMICHMS H3 MaTpHYHOH  amreOpHl [4]

b" Ab=Sp (AbbT ) rne Ae M,,,, be R", npurmMaer creayromuit BUL;

1) n N+
n{ I\ 1

+%Sp ) (A‘S" .\

A(:S?)

A(:():) )

1 -1
+ 2505 b -uh) b -n T |

OyZeM OTAaBaTh MNpPEATIOYTCHHME TOH (yHkimwM perpeccun, it kotopod  (12) mpummmaer

(12)

1
MaKCHUMAaJIbHOE 3HadeHHe. ECIH TakoBRIMHU OKKYTCS HECKOJIBKO T) 5), TO B 9TOM Ciy4ac CIcaycr

MOCNEAOBATEILHO YBEIHYHBATL KOJIMYECTBO NOBTOPHBIX H3MEDCHMH (B pasyMHOM of0weme) 1o
TOJIyYEHHS OMHO3HAYHOTO OTBETA, B MPOTHBHOM CIy4ae HaJ0 NEPEXOAUTh Ha BApHAHT 6.
BapuanTt 6. B 3T70M BapuaHTe BO3MOXHO:

1) He m3MeHAs umcra CTONOLOB B HCXOMHBIX Oa3MCHRIX MaTpuuax X ;, MOCTENEHHO
yBENM4HBATH 4HCHO CTPoK oT N, 1o N, + n ( n n M, SN, ), B pesymTare 310r0

PasMEPHOCTH BEKTOPOB [3; OCTAHYTCA NMPEKHMMH, 8 Pa3MEPHOCTH BEKTODOB T](jl) yBEIHYATCA Ha

TO XKE€ CaMO€ YYHCIO n i npeaocTasjin TCM CaMbIM  JOIIOJHHUTCIbHYIO m!(bopmaumo 0

(QYHKLHAX PETPECCHH;

2) HE M3MEHAA YHMCIA CTPOK B HCXOZHBIX OasuCHeIX Marpumax X ;- TOCTEHEHHO

YBEIMYHBATL UHCHO CTONOLOB OT M, 20 m;+n,  (n, =ln;.n, <m;); xors B 31OM



O o o H. Hokvauea

!
cIy4ac pa3MEpHOCTH BEKTOPOB "‘l(,) OCTAXOTCA MPEKHUMH (T.€. HCH3MECHHBIMH), HCCJIEIOBATE/b

NOMY4aeT JONMONHHMTENbHYI0 MHGOPMALMIO O (YHKUMSX pErpecCHM 33 CYET MOABICHHA

JONOJIHHTCIIBHBIX ClIaraéMbIX B KaOXKIOM H3 115-') .

[IpoBoas MOBTOPHEIC HAOMIOACHUSA, NMOMCK HAWIYYINEH (PYHKUMH PErpecCHH MPEKPAIAcM Ha

TOM CNyyae Bapuanta 6, A KOTOpOro MHMOpMAlmoHMEIM xpurepuit maxJ(p : s).

cooTHomieHu (12), naer €TMHCTBEHHOE PELICHHE IS n(f) .
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A MUTI-PLAN AND MULTI-ALTERNATIVE LINEAR REGRESSION

MODEL OF AN EXPERIMENT

N.Bokuchava
The problem laboratory of Physical Cybernetics

Proceeding from extreme principles of entropy and informational measures, the informational
criteria are formulated for estimating the parameters and choosing the best linear regression
function for a multi-plan and multi-alternative generalized linear regression model of an
experiment.
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CHHTE3 KPUIITOI'PA®HUYECKOI'O METOJIA IOCPEACTBOM
MATPHIl HAJL KOHEYHBIMH INIOJIAMH

P. I1. Mezpenuwmeunu, /. 3. Eynaspumeunu, T.B. 'nonuoze, M. T. Maxamadose, B. A.

Tozonuoze, I K. Xyyuweunu
Hlpobnemnan nabopamopuz Qusuueckoii kubepremuxn

A6crpakT. Hccnenyercs otmunblii ot Metona Bikenepa [1] MaTpuuHbiii IOAXOA K NOCTPOSHUIO CHMMETPHYHBLIX
KPHNITOrpadHuecKHX CHCTEM 3aLIHTh! HHPOPMaUUH.

BBEJEHUE

Kpumrorpageyeckye MeTonpl, OCHOBAaHHEIC HA CIELMANBHBIX MATPHYHBIX CTPYKTypax.
o0pasyloT OTHMYHYI0 OT METoJOB DBibkeHepa CHCTEMy, KOTOpasd MeEHee pacrpoCTpaHeHa H
myuena [1,2]. O6wryHo, B ofemx cucremax, cnopa, mnoylexaome mHppoOBaHHIO,
NPEACTABILIOTCA B BHIE BEKTOPOB A€V, - n-MEpHOr0 BEKTOPHOIO NPOCTPAHCTBA Hal IOJEM
GF(2) wm MHOTOWICHOM a(x) u3 aireOpsl KJIACCOB BFYETOB MHOTOYJICHOB A, MO MOXYIO f(x)
HAJ TEM 1K€ KOHECYHBIM IOJIEM.

KpunirorpaMMa noay4aercs yMHOKEHHMEM BEKTOPAa d Ha CICLHAIBLHYIO MaTpHuy A nopsaka
n, a nemudpamma 3anm@ppOBaHHOH HH(POPMAIMH b OCYIIECTBIIAETCA YMHOMXKEHUEM BEKTOpa b Ha
A" - obparHyio nna A mMatpHmy, T.€.

aA=b; bA'=a. ()

Ilpn TakoM nomxoze, kKak U COOCTBEHHO MIA MOOBIX CHMMETPHYHBIX CHCTEM, OCHOBHYIO
npoleMy COCTaBILIIOT BOMPOCH! (POPMUPOBAHHA MHOKECTBA KIIOYEH — MHOXKECTBA MaTtpHil (HE
noagaronmxcs nepebopy B peampHOM Macmrabe BpeMEHM, YTO ONPEACHACT KPHUITOCTOMKOCTDH
CHCTEMBI), a TAIOKE — CKOPOCTh OCYIIECTBICHHUA M(ppaupu-aemupauH 1 1p.

OcHOBHas LeIb HACTOAMICH paboOTH — CHHTE3 METOAOB, OCYHIECTBILTIOIHMX &JIrOPHTMMYECKH
HECIOXKHOEe QOPMHPOBAHHE H NPEACTABJICHHE KIACCOB CNELMAJBHBIX HEBRIPOXKICHHBIX MaTPHLI

nopsAaKka 7 (1 06paTHHIX ANA HUX MaTPHL), YAOBIETBOPSIOMMX TPEOOBAHMAM KPHITTOCTOHKOCTH.

1. OBIIIHE METOAB! ®OPMHPOBAHUS KPHUITTOIPA®HUYECKHX MATPUUYHBIX KJIFOYE
VI3BECTHEI METOME! HAXOXICHH oOpaTHEIX ang A Matpuu A™ [3]. Iloctpoerwe obpatHoit mia
A=(a;,;);" (€CTIi OHA HECHHTYIIAPHA) MATPHIBI A” BO3MOXKHO, HATIDUMED B BHIE:
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[ 1

n
A

All
A|
Al2
A
1n
|4

S
N

A
N

™
I
S
[N

ok
.

A

rne A;j - arreGpanteckoe JONOTHEHUE 3IEMEHTA dij MATPHIBI A.

x
S

b -

HecMoTps Ha OTHOCHTENBHYIO MPOCTOTY NMPOBEACHMA onepaumii Hax nomwmMH GF(2), Meron,
CBA3AHHBIH C peammaumeii (2), HC MOXET OKAa3aThCA MPHEMIIEMBIM JUIA KPMITTOrpad)Hyeckoro
NONL30BaTEIA TIABHBIM 00pa3oM H3-32 HEBO3MOXKHOCTH HPEACTABJICHHA OOPAaTHBIX Marpuil B
SBHOM BHJE 6€3 BRINOJMHEHUA JOCTATOYHO CNIOKHBIX BHIMHCICHHUIH.

HeobxomiMoe perieHne He JaeTCH H NOCPEACTBOM IPOU3BEACHHS MATPHLL
EvE.; ...E/A=1
EcE.; ...E=A",

roe A - nesas obparnas MaTpuua mia Marpuiml A; Ej,... Er - 37M€MeHTapHBIE MAaTPHLBI, C

(3)

MOMONIBI0 KOTOPHIX MAaTpULy A MOXXHO NMPHBECTH K KAHOHHYECKOMY BMIY H, CJIEJOBATENbHO, K
€ IUHUMHOMY BHY.
JI/11 BHIYMCIICHHA 3NIEMEHTOB X; , ... , X, i-TO CTONOLA MAaTpHUBI A, HcXoad U3 paBeHcTBa A

A" = I, MCOMB3YIOT TAKKE PEIICHHE CHCTEME! YPABHEHHH:

,

0, ecru k#i;
A Xy + Ay Xy +oo+ 0, X, = 4
, ecu k=i

S

rae k=1, ... ,n, u, kax u npexae, lAl # 0.

W3 anreOpauyeckoii TEOpHM KOJMPOBAHHMA HM3BECTHO [4], 410 B anredpe A, MHOTOWIEHOB HAaX
noneM GF(q) no MOAYyMO MHOTOWIEHA f{x) Moryr OBITh 3amaHBl Knacchl GasHCHEIX marpuu G
(pasmeprocTH (k X 1)) u H (pasmepHOCTH ((n-k) X n)), KOTOPHIE YAOBIECTBOPSAIOT YCIOBHIO:

GH =0, )

rae H' - TpaHcrioHMpOBaHHAs MaTpuua H.
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IIpoctpancTea cTpok Marpul G H H aBismoTca uaeanaMu B A,. JUia Takux Marpui 3a0ar0Tcsa
MPOM3BOAANIHE MHOTOYJCHHI COOTBETCTBEHHO g(x) u  h(x) (g(x)-h(x)=f(x)), xoTOpBIC
¢opMupyroT CTpOKM MaTpHu G 1 H.

AHaNOTHYHO BHIMIECKA3AHHOMY, KBAaJPATHBIC MAaTpHLBl NopsAnka n (M oOpaTHeIC AN HHX)

BO3MO>KXHO 3armMCaTbh B BHAC.

(a, a, a, .. a,, a, ]
0O a9 a, .. a,, a,,
4= O 0 a .. a,, a,, ©
O 0 O a a,
0 0 O 0 a |

rae crpoxs Marpuu (6), aHANOTMYHO HMACANaM MHOTOYJICHOB, O0Opas’ylOT KOMITOHEHTHI
HEKOTOpPOro Bekropa a€V,, T1.c. mpeimonaraercd, 4to MatpHua A mpeoGpasyerca BEKTOpOM
a=(ay,...,a,), a MAaTpHLIA A COCTaBIIETCA OTIHUHBIM OT a ONpPENENECHHBIM BeKTOPOM b=(b;,...,b,).

Jina (HMKCHPOBAHHOTO BEKTOPa a U MATPHUB! (6) C MOMOILIO H3BECTHOrO (Hampumep (4))
METOAAa HETPYAHO ONpENe/HTh 3HAYCHHA KOMIIOHCHTOB BEKTOPA b A4 MPOU3BOJNBLHOTO 3HAYCHHS
n. Hanpumep, npuOeras K MaTcMarHyeCKOH MHIAYKUMM MOXHO I[I0KasaTh, 4TO IDH

OPOM3BOIBHOM 72> 1 MaTpHiia Bua

1 1 0 0 O
0 1 1 0 O
0 0 1 0 O

4 = ’ 7
0 0 0 ... 11
0O 0 0 .. 01

L -

C MPOM3BOIALAM BEKTOPOM a=(aj,...,a) (rae a;=1, ecmu i<2 u a;=1, ecnu i>2) B Ka4eCTBe cBOCH

obpaTHOi MMEET MATPHLLY:

1 1 1 1 11

0 1 1 1 1 (8)
A“—OOI 1 1

0 0 0 1 1

0 0 0 0 1
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rae b=(b,...,.b,), bi=1 (1 £i < n).
AHaNOTHYHO UM TIPOM3BOJAILHX BEKTOPOB a=(d;,dy,...,a,) (ai=1, i<3; a;=0, i>3) u b=(b,,b,,....by)

(ai=1, i=3k+1, i=3k+2; a;=0, i=3k), COOTBETCTBEHHO NONYYaEM:

1 1 1 0 0 0
0 1 1 0 0
0 0 1 1 0 0
A=l0 0 0 1 0 0}
0 0 O 1 1
0 1
0 0 0 0 1] ©)
T 1. 0 1 1 0 1 1 0]
0O 1 1 0 1 1 0 1 1
o 011 0 1 1 0 1
A’=0 0 0 1 1 O 1 1 0
O 0 0 0 0 0 - 0 1 1
0 0 0 0 0 0 - 0 O 1]

(3aMeTHM, 4TO B 3armcH (9) n=3k, u k 2 0 - uenoe yucno).

I'naBHOH 3amaved mpu nocTpocHuMM MaTtpull BHAA (8), (9) aBmgeTCa HE CO3ZaHHE METOJA
MOCTPOCHHA OOpaTHOM MaTpHLBI, OCHOBAHHOH HA ONEpaLMIX BBIYMCICHHA, a BbIABJICHHE
IPOCTOro MeToAa (WM (YHKIMH) COOTBETCTBHA MIA HAXOXKACHHA MAaTpHLBI, OOpaTHOH M
matpuisi (6).

Bricokas KPHIITOCTOHKOCTh TPeOyeT NMOCTPOEHHS MHOMNECTBA KIMIOYEH BBICOKOH MOLIHOCTH
(uwanpumep, N=10") m3 xoroporo BbIOHPAETCA KOHKPETHBIH KIIHOY, T.€. - KOHKPETHAS MaTPHLA.
Ecmu B MaTpHue (6) MPEeACTaBHTH CTPOKH B ONMPEACICHHOM NOPAJKE, TO M B 00paTHOH A Hee
MaTpHLEC HEOOXOOHMMO B TOM JKE MOPAAKE NEPECTABIATH CTONOLBI, T.€. M3 3aJaHHOH MaTPHIL(KI
MOXEM NOJY4YHTh 7! KIFOYEBBLIX MAaTpHML. AHAJOTHYHO MOXKHO B MAarpHile A NEPECTaBiiTh
CTONOLBI, YTO B LCJIOM U OJHOM NMEPBHYHOK MaTPHIK! (IPH (PUXCHPOBAHHBIX MPOH3BOMALIHX d
¥ b) COCTaBHTL MHOKECTBO KIIOUCH mopsaxa (n!).

WpeamsHbie  xpurrrorpa@uyeckHe CHCTEMBI, K COMKAJCHHIO, IIOCTPOHTb HEBO3MOXHO.
Beiurpeim B KPHIITOCTOMKOCTH 4Yami€ BCEr0 NPHBOAUT K IOTEpe OBLICTPOACHCTBHA HIM

NOHHKCHHIO SHaYHUMOCTH  OPYIrHX XapaKTCPHCTHK, XoT4 H3BCCTHBIC pasimiHna B
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KPHITTOCHCTEMAX,  HECOMHEHHO,  ONpaBIBIBAIOTCA  HEOAMHAKOBBIMM  YCNOBHAMH  MX
IPAKTHYECKOTO IMPUMEHEHHSI.

TpenMymecTBO MaTPHUHBIX METOJOB NEpea METOAAMH BrpkeHepa B MPHHUMNE MPOSBIACTCS
B TOM, YTO Pa30BOE BCKPBITHE KPMITTOTPAMMBI HE BLIShIBAET BCKPHITHA CaMOTO KIIOYAa CHCTEMB.
OTO M[OCTHTaeTcs 3a CYET MOHIKEHMA ObicTpomeiicTBHa. OHAKO MMEHHO MNOTEPH B
ObICTPOJCHCTBHH OKYNAKOTCA KAYCCTBEHHO OTIMYHOM M MOBBIIUEHHOH KPHIITOCTOHKOCTBHIO

JaHHbIX CHCTEM.

2. CUHTE3 KPUIITOTPA®PUUYECKHX MATPHI] HA OCHOBE AJITEBPAHYECKHUX CTPYKTYP
KOJHWPOBAHUS

[TocTpoeHHe BHIIIEPACCMOTPEHHBIX MaTPHI{ NMpHHHMMAaeT Oolice LICICHANPABICHHEIH Xapakrep
C TPHBICYCHHEM K DCHICHHIO 3aJAaYH HEKOTOPHIX CHELMANbHBIX CTPYKTYp amreOpauueckoit
TeopuH koaupoBanus [4]. Kak yxe Os110 yka3aHo, 31EMEHTH a=(ay,...,as)€Vn 1

alx)= f_‘(,)a,.x" €A
i=

NOAPa3yMEBAlOTCA 3KBHBAJCHTHEIMM OOBEKTaMu. M3BeCTHO Taioke, 410 B amrebpe A, mis
moboro Hacana ! CymieCTBYET €IHHCTBEHHbIH HOPMMPOBAHHBIH MHOTOYJICH g(Xx) HauMEHbIUCH
CTENEHM, TAKOM, YTO KJIACC BEMMETOB {g(x)} mpHHamnexur upeany / W, HaoOOpOT, KaxIsIi
HOPMHDOBAHHBIH MHOTOMJICH g(x), KOTOpBIH nemdt f(x), obpadyer onpeaeneHHelH uacan /. B
KOTOpPOM g(x) €CThb HOPMHPOBAHHBIi MHOTOYJICH MHUHHMAJILHOH CTENMEHH TaKOH, 4TO KIacC
BHIYETOB {g(x)} € I.

HssectHa cneayromas Teopema.
TEOPEMA 1. ITycmy, f{x) - MHozoynen cmenenu n, f(x)=g(x)h(x), a h(x) - MHoz0uEeH cmeneHu
k. Toz20a 6 arzebpe MHo2041€H08 N0 MOOYIO f{X) KAacc bivemos {g(x)} umeem pasmeprocms K.
CaedoeamensvHo, cmenenb MHO204AeHa g(x) pasHa

r=n-k. (10)

CrpaseymBa Taioke cnenyromasn TeopeMa.
TEOPEMA 2. llpeononoxcum, umo f{x), g(x) u h(x) HopmuposarHvie MHO20HUIEHbI U
flx)=g(x)h(x). Tozoa wnacc evivemoe f{a(x)} npunadrexcum HynEBOMY KPOCMPAHCMEY,
nopooicoenHoMy h(x) moz0a u moabko mozoa, k0204 OH NPUHAOREAHCUM UOeQNLY, NOPOICOEHHOMY
MHO204NIEHOM Z(X).

W3 BRIICIPHUBE ACHHOTO CHEAYET:
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CIENCTBHUYE 1. Ilycms, f{x)=g(x)h(x), 20e f{x) - cmenenu n, a g(x) - cmenenu r MHOZOWIeNbL,

mozoa
GH =0,
20e G u H nopooicoaiomes coomeemcmeeHHo MHozounenamu g(x) u h(x).

Irconrgeckuil CABHI KOMIIOHEHTOB BEKTOPA g(X) HAa | MO3HLMI mpeAcTaBisieT coGoM BEKTOD
gli)=(g;....g, ), Te i-mii cmpur MHOrowtema g(x)=I+ xgi+..+x"'g.; mpuBomHT X
muorouneny g(X")=x g(x) mod (x"-1).

[IpeanonoxuM, uto g(x)h(x)=x"-1, a g(x) u h(x) NOPOKAAOT COOTBETCTBEHHO Hacamsi | u I’.
Torma

—go g - & 0 .. 0 .. 0]

0 g . &4 . 0 .. 0
G= 0 1 8¢ (”)

(0 0 .. 0 0 .. g - &)
hy B b 0 .. 0 .. 0]

g0 & o Mo Ao 00 (12)
0 0 0 0 LK

¥ A porsBoibHBIX g(X”) 1 h(x") cipaseymBO paseHCTRO:
g(x") (") =0 mod (x'-1),

rae i, j € {1l,..,n}). C yyerom Toro, yro Hax mosnem GF(2) nmpoM3BEeACHHS MHOTQYICHOB H

(13)

BEKTOPOB HE COBNAAAIOT, Wi juoboro gel

gH' =0, (14)
roe H wmatpuma oGpa3syercs BeKTOPOM h', COACPKANMM KOMIIOHGHTH /i, 3aIHMCAHHBIE B
0o6paTHOM MOPAAKE CIICAOBAHMUA.

Crneayer nomyepkHyTh (4TO B@KHO I NOCHCAYIOMIMX BBIBOJOB) crpaseHBOCTL (13) M
(14), ucxomMmelk M3 3aMKHYTOCTH HueamoB | M [ OTHOCHTENIBHO BEKTOPHBIX ITHIJTHYECKMX
CIOABHUIOB.

PaccMoTpuM cooTBeTCTBYIONME MaTpuue (6) xBagpaTHsie (IOPAOKA n) MATPHLBI, KOTODBIE
MOPOMIAAIOTCA MHOrouJeHaMu g(x) W h(x) (T.. MHOrO4NEeHaMH, ¢ MOMOIBIO kooddHumeHTOB

KOTOpBIX 0OpasyroTca matpuuml (11) u (12)):
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(g, & - g 0 .. 0]
4 = 0 g g 8. 0 ,
|0 O 0 O go |
] ) (15)
h, h, h, 0 0

0 0 .. 0 0 .. K

rae j-sii cronben MaTpuil A; mpeacrasmaeT cobod BexTop k'(j) B anrebpe MHOrO4JICHOB MO

mogymo x" —1, i-Thle KOMIIOHEHTEI KOTOPOTO CYTh KOMIIOHEHTH Bektopa h (x) X, npu i <'j
uh’;=0,ecmi>].

Hcxond u3 peimensnoxkesHoro (yuurbssa yeuosue (10)) cneayer, uro

-

0, ecau i+ ], (16)
8N (j) =5

1, ecu i=j;

\

rae h' T - BexTOp-cTONGEL, T.€. TPAHCTIOHHPOBAHHbIH BEXTOP /1.

CrenoBaTeabHO AOKA3aHA TEOpeMa:
TEOPEMA 3. ITycms g(x) u h(x) - MHO204NeHbl COOMBEMCMEEHHO cmeneHy r U k Hao nonem
GF{(2) e anzebpe mHozounenoe no mooymo x'-1 maxue, ymo g(x)h(x)=x"-1, a A; u A, - mampuys!
nopadka n, Komopbvle NOPONHCOAIOMCS MHozOuNenamu g(x) u h(x) (15), moz0a A u A;
e3aumoobpammuvle, m.e.

AlA=l, AA =]

20e I - eounuunas mampuya.

3amerM, 4YTO pa3paboTaHbl M H3BECTHBl KOHCTPYKTMBHBIE METORBI  NOCTPOCHMA
MHOFOWIEHOB g(Xx) H h(x) B anreGpe MHOFOWICHOB O MOAYMO X'-1 C yCnoBHEM g(x)h(x)=x"-1,
KOTOPBIC CO3NAIOT HEOOXOMMMBIC MPEMNIOCBUIKM AL KOHCIPYKTHBHOH peayM3alHM MSTOAa.

HCXOIALIETO U3 TEOPEMBI 3.
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SYNTHESIS OF A CRYPTOGRAPHIC METHOD WITH MATRICES DEFINED OVER
THE FINITE FIELDS

R. Megrelishvili, D. Bulavrishvili, T.Gnolidze, M.Maxatadze, B. Togonidze, G. Xutsishvili
Problem Laboratory of Physical Cybernetics

An information security matrix method for symmetrical systems is developed based
algebraic structures of coding theory. The synthesis of matrices opposite to n-dimensioml

matrices defined over finite fields.
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NEW TECHNOLOGIES OF DESIGN OF SOME BOUNDARY VALUE
PROBLEMS FOR ORDINARY DIFFERENTIAL EQUATIONS
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Abstract. The technology of design of two-point boundary value problems for ordinary differential equations,
containing also boundary layer effects is elaborated, using [19,23,25,26]. The proposed methods essentially rcfine
and enlarge a class of algorithms for solving aforesaid problems. From these methods there follow also classical
methods, including methods of Collatz, Henrici, Marchuk, SchrOder, Tikhonov-Samarskij, finite elements and
exponential fitted methods. Then the program part is realized in the form of package of applied programs consisting
of control program and modules. For fulfilling this work we followed the manual [2.12] with its software that was
kindly given to us by Gilbert. Some parts of this technology are systematically inculcated in teaching processes and
not only in the basic courses and also in student’s course and diploma works at Iv. Javakhishvili Tbilisi State
University, Vekua Institute of Applied Mathematics, University of Delaware. Is created the program package on
Turbo Pascal7.0 for solving the boundary value problems for the second order ordinary linear differential equations
(fourth issue), {25].

The contents of the report besides the scientific side present an effective manual, realizing purposes, which are
stipulated in teaching processes for high school and in practice.
INTRODUCTION

A purpose of the present paper is to suggest a new technology of design of a class of
boundary value problems (BVPs) for the second order ordinary differential equations, introduced
in educational processes of a number of universities. We will present here also the manuscript-
manual as the enlarged version of this report, using essentially the structure of the books
[2,6,12].

We note also, that a class of studied BVPs, presented below is chosen for an illustration of the
methodology, however, a more general case is considered in [22,24,25].

Let us consider BVPs for the second order non-linear ordinary differential equations

(k(x)y'(x)) = f(x.9(x).y'(x)), k(x)>0, 0<x<1, M

with the boundary conditions
y0)-ky(0)=qa, k 20,
W) +k,y'(1)=B, k,20.

The problems connected with our technology of design are studied for the following
subclasses of BVPs (1)-(2):

1. Picard-Banach type conditions are satisfied; 2 The maxiroum pronciple is fulfilled.

These subclasses of BVPs, having uniqueness solutions, are important for practice also. This
problem of solvability is studied, in particular, in [3,16,17,19,20] and [1,3,5,6,10,11]
correspondingly.

We note, that for constructiong Tikhonov-Samarskii schemes [18] it is necessary to compute
multiply integrals while by the works of Volkov [28] for getting p-th order (p>2) of

(2)

exactness with respect to 4 of three-point schemes it is necessary to compute the derivatives of
P — 2 order from the given data of BVP (1)-(2).
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1. BVPS OF THE PICARD-BANACH TYPE

For this class the numerical methods, presented, for instance, in the works [3,17], are usually
supported on a construction of a difference analogue of the Green function and the solution is
found using the fixed-point theorem. The corresponding iterative scheme has the form:

m) _ N (m-1) .
i —kZ_lgfkfi +1(o,B), i=12,..,N, 3)

where A=1/N is a step of the mesh, g, are values of the discrete Green function, /,(a,[3)
are corresponding functionals, satisfying the boundary conditions (2), y,-( ™ are values of te

unknown function y in Xx;-mesh point on the m -th iteration. An exactness if schemes
according to [3,17] have second order, if the iteration process (3) is convergent and of

ye C*[0]]. From the expression (3) it evidently follows that for constucting approximate

solution it is necessary to do = N?/nN arithmetical operations (as is well known that
*= In N operations is the number of iterations).

In the works of Vashakmadze [19,20] there are considered problems of numerical solutions
of the Picard-Banach type subclasses of BVPs. The remainder terms of the corresponding

schemes are O(N P ), if ye C?[01],(p=4). For =4 the result with respect to an
order of convergence is similar to those of classical methods [3,17], but the order of an

arithmetic operations is minimal *= N In N . This order for an estimate of arithmetical formulae
are presented in details in [19,20,23] or in the aforesaid manuscript.

2. BVPS SATISFYING THE MAXIMUM PRINCIPLE

The constructions of an approximate solution of this subclass by the finite-difference or
varational-difference (i.e., Finite Elemet) methods represents classical part of numerical analysis
and are studied, for example, in [1,3,5,6,7,10,11,13,14,16,28, etc]. If for the most of these works
the coresspondingly schemes have the second order of accuracy, in the monographs having the
fourth order of approximation are also investigated.

We remind that for this subclass satisfying the maximum principle the following conditions

are true: the function f is independent of y' and f, =df /dy 2 0 are fulfiled.
In the most well known manuals referenced above this case is investigated, when the left hand

side is approximated by the three-point scheme or the veriational difference method, giving the
three point template. As is known these schemes have the second order of exactness on A, if

ye C*(01)or the fourth order with respect to A, if the unknown function y(x) is
continuously differentiable up to the sixth order. For the linear BVPs, when k{x)=1, are

investigated in [18,28] the three-point schemes of the high degree of exactness for this subclass.
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In the works of Vashakmadze [19-21,22], when initial BVPs are linear and the weight k(x)
is a positive differentiable function on (0,1), the corresponding schemes are constructed by the
special class of spline-finctions named as (P) and (Q) formulae, different from the
correspoinding systems of the coordinate functions constructed in [4,9,13,15,etc]. (P) and (Q)
formulae have also an arbitrary order of exactness depending on the smoothness of y(x) and

requiring neither calculating the multiply integrals, nor computing derivatives from the given

data of initial BVPs (1)-(2) unlike works [18,28]. For non-linear problems in case f’ y S n’ —¢

the Belman-Kalaba iterative scheme [1,25] is applied. The suggested schemes for p =2

coincide with the results of Henrichi [10].

In [26], when BVPs (1)-(2) is linear with & = const small positive parameter, using (P) and
(Q) formulae, we investigated this problem. At first we considered this problem with a view of
the theory of differential equations, according to the work of Viskik and Lusternik [27]. Then we
constructed high accuracy multi-point schemes, created the corresponding software and did the
numerical experiments. The process of comparision with methods from the monograph of
Doolan, Miller and Schilders [7] had been done. The scheme of [26] is also true in a more

general case, when k£~ (x) non-negative function is integrable with (2) boundary conditions.
using data of [21,25].

3. DESCRIPTION OF PROGRAMM COMPLEXES

There is created the programm package, written in the programming language Turbo Pascal
7.0 for the resolution of the second order ordinary differential equations.

The programm modules are written on the base of new, high accuracy algorithms developed
in [19], [21], [23] or [25] and are intended to solve the following problems:

Y'(x)= f(x.y(x)) @

Y'(x)=a(x)y(x)= f(x), 0<x<l, b

Y'(x)=f(x.y(x)y'(x)), 0<x<l, ()

&"(x)-q(x)y(x)=f(x). 0<x<l], )
with boundary comditions (2) when K, =0,

Y'(x)-q(x)y(x)=f(x), 0<x<}] (e)

with  boundary conditions (2), where }(x) is unknown function and

q(x), f(x), f(x.y(x)), f(x,y(x).y (x))satisfy conditiones given in [25], € is a small

positive parameter.
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Package consists of five units, each of them separately solving (a), (b), (c), (d) and (e)

problems and one main program, called MAIN.PAS, which enables choice of which problem is
to be solved.

Each module uses the program, written by T. Zarqua, for reading the function from screen
and counting its value in requested value of arguments. Thus, it is possible to enter the

prescribed g(x), f(x), f(x,y(x)), and f(x,y(x),y (x)) functionsfrom the screen using the
keyboard. The unit is caleed GAMOTVLA.TPU.

The first module PROGRAMI.TPU is soving problem (a) usinf (P) formulae from [25].
Procedure PROI1 is executing its numerical resolution.

The second module is PROGRAM2.TPU. It is counting approximate solution of the problem
(b) by means of algorithms elaborated in [25]. The main procedure is PRO2.

The third one is solving problem (c), PROGRAMS3.TPU, containing procedure PRO3.

The fourth is for the resolution (d) is named PROGRAM4.TPU, procedure is PRO4.
All these units require input data: boundary conditions y0 and y11 values; s numbers for the
calculation of boundary knots, & ,7 - number of points, ## number of knots for the calculation of

approximate value of integrals in formula for b; and ¢, coefficients ([25]); Output is value of
approximate solution y/i], i =12, .2ks.

The fifth program module PROGRAMS.TPU is solving (€) problem, the main procedure is
MP_MET MP-Met calls the procedures LIJ, BIJ, FUN_Q_F, AlJ, SOLSYST, GRAPHIC. LlJ

computes the Lagrange polynomials. BIJ computes coefficients b, as b[i,j]. FUN_QF
computes g(x) and f(x). AlJ forms the matrice of coefficients a,; of the multi-point method

from [25] which has a tape structure. The matrix a,, i, j = 2..n, is written to memory of the

b
computer in the rectangle form as afiJ*[j] j=2,.25+3,i=2,..,n. Beginning with row
s +3 the elements of the matrix are stored in memory of the computer beginning with the first
column, i.. a,, ., i=s+3,.,n=s+1and q,, ,.,,, i=n—5+2,.,n will be stored it the first
column. SOLSYS solves the obtained algebraic system by the Gauss exception method. As a
consequence values fO[i],i=2,.,n are obtained. GRAPHIC constructs graphics of the
obtained solution y[i /,i = 2..n with the boundary conditions y0 and y1.

The corresponding programm package represents complete, independent product ready for
users.
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