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dinamikuri modelebi 

dinamikur modelebSi, romlebic aRweren ekonomikur 

sistemebs droSi, Tavidanve saWiroa ganvasxvavoT 

egzogenuri cvladebi(marTvebi) da endogenuri 

cvladebi, romlebic sistemis mimdinare mdgomareobas 

axasiaTeben. Sesaswavli ekonomikuri sistemis 

mdgomareoba t momentSi aRiwereba sasrul 

ganzomilebiani veqtoriT nEtx )( , xolo marTva drois 

imave momentSi -  sasrul ganzomilebiani rEtu )(  

veqtoriT, kerZod 2)( Etu  . dinamikuri modelebi iyofa or 

jgufad: uwyveti an diskretuli droiT.  

jer ganvixiloT uwyveti dinamikuri modelebi. vTqvaT 

sistemis Seswavla xdeba drois ],[ 10 ttt  SualedSi. 

uwyveti drois SemTxvevaSi sistemis mdgomareobis 

cvlileba aRiwereba diferencialuri gantolebis 

saSualebiT: 

),,,()( uxtftx                                           (0.1) 

sadac ),,( uxtf  aris sistemis mdgomareobis nEtx )(  

veqtoris, samarTi rEtu )( parametris da ],[ 10 ttt  drois 

raime mocemuli funqcia. garda am monacemebisa saWiroa 

agreTve mocemuli iyos sistemis sawyisi mdgomareoba 

anu diferencialuri gantolebisTvis sawyisi 

mniSvneloba 

00 )( xtx  ,                                        (0.2) 

raTa yoveli rEtu )(  marTvisTvis (magaliTad ubnobriv 

uwyvet funqciaTa klasidan) calsaxad ganisazRvros 
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],[),( 10 ttttx  , (0.1) diferencialuri gantolebis amonaxsni. 

garda (0.1) da (0.2) SezRudvebisa, SezRudvebi edeba 

agreTve samarT cvladebs da aseTi marTvebis simravles 

vuwodebT dasaSveb marTvaTa simravles )(tU : 

],[),()( 10 ttttUtu  .                                (0.3) 

rogorc statikuri modelebis SemTxvevaSi, aqac martivi 

modelebi aRiwerebian wrfivi diferencialuri 

gantolebebis saSualebiT: 

],,[),()()()()()( 1021 ttttatutAtxtAtx                     (0.4) 

,)( 00 xtx                                          (0.5) 

)()()()()( 21 tbtutCtxtC                                 (0.6)   

sadac )(),(),(),( 2121 tCtCtAtA  winaswar mocemuli matricebia, 

romelTa elementebic damokidebuli arian droze, )(ta  

da )(tb  mocemuli veqtorebia. ekonomikur sistemebSi 

xSirad gvxvdeba sirTuleebi gamowveuli dagvianebiT. 

magaliTad, romelime sawarmoo procesis SemTxvevaSi 

damatebiTi produqciis miReba xdeba mxolod garkveuli 

drois Sualedis Semdeg. drois aseT Sualeds 

dagvianebas uwodeben da misi gaTvaliswinebiT 

ekonomikuri sistema aRiwereba dagvianebul 

argumentiani diferencialuri gantolebis saSualebiT. 

dagvianeba SesaZlebelia monawileobdes rogorc samarT 

cvladebSi, aseve sistemis mdgomareobis aRmwer 

cvladSi an oriveSi erTad. kerZod, 
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)),(),(,()(   tutxtftx                                (0.7) 

sadac   da   dagvianebebia. 

 

 

ganvixiloT dinamikuri ekonomikuri modelebi 

diskretuli droiT 

diskretul modelebs anu mravalbijian modelebs 

ekonomikaSi uWiravT gansakuTrebuli adgili. aseT 

modelebSi dro Tavis mniSvnelobebs Rebulobs 0t  

sawyisi momentidan T  momentamde garkveuli   bijiT. 

ZiriTadad iReben, rom 1,00  t . am dros gantoleba (0.1) 

–is magier gamoiyeneba Semdegi gantoleba: 

1.,..,1,0)),(),(,()()1(  Tttutxtftxtx .               (0.8) 

sawyisi pirobiT ,)( 00 xtx   da SezRudvebiT 

  1.,..,1,0),()(),(  TttYtutx                          (0.9) 

aseve SezRudviT sistemis bolo mdgomareobaze 

)()( TXTx                                             (0.10) 

diskretuli modelebis umartives SemTxvevas 

warmoadgens wrfivi diskretuli modelebi, sadac (0.4) 

diferencialuri gantolebis nacvlad gvaqvs Semdegi 

diskretuli (sxvaobiani) gantoleba: 

1.,..,1,0),()()()()()()1( 21  TttatutAtxtAtxtx        (0.11) 
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amasTan sawyisi piroba igive rCeba, piroba (0.6)-s adgili 

aqvs drois diskretuli momentebisTvis da daemateba 

(0.10) piroba, romlis ZaliTac )(TX simravle unda iyos 

mravalwaxnaga. 

zogadad ekonomikuri procesis maTematikuri modeli 

SesaZlebelia ase CavweroT: 

ZGz z                                               (0.12) 

sadac Z  - cvladebis sivrcea, z  - modelis cvladebia, 

zG  - cvladebis dasaSveb mniSvnelobaTa simravlea.  

ekonomikuri procesebis dagegmarebis amocanebSi 

maTematikuri meTodebi gamoiyeneba imisaTvis, raTa 

vipovoT racionaluri gadawyvetileba. racionaluri 

gadawyvetilebis misaRebad ki saWiroa mivuTiToT im 

sidideebze an sidideTa sistemaze, romelic axasiaTebs 

modelis amonaxsnis xarisxs. 

vTqvaT modeli aRwerilia Semdegi saxiT ZGz z  , xolo 

Zz  warmoadgens modelis amonaxsns. aseT SemTxvevaSi 

modelis xarisxis maCveneblebi warmoadgenen z -is 

funqciebs da ase aRvniSnavT: 

..,..,2,1),( rizf i   

..,..,2,1),( rizf i  funqciebis mniSvnelobebi gansazRvraven Tu 

romeli amonaxsni ufro ukeTesia anu optimaluria. 

zogjer optimaluri amonaxsni ar aris erTaderTi, aseT 

SemTxvevaSi vaxdenT ramodenime amonaxsnisgan erTi 

amonaxsnis agebas. am process amonaxsnTa Sexveva 

ewodeba. arsebobs amonaxsnTa Sexvevis ramodenime xerxi. 
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1) ekonomikuri meTodi. unda aviRoT raime dadebiTi 
..,..,2,1, rii   sidideebi, romelTa saSualebiTac vagebT 

axal kriteriums 
  





r

i

ii zfzU
1

)()(                                        (0.13) 

i ricxvebi warmoadgenen TviToeuli maCveneblis fass. 

2) maCvenebelTa struqturis SerCeva. rogorc wina 
SemTxvevaSi, aqac viRebT dadebiT ..,..,2,1, rii   
ricxvebs da axal kriteriums vagebT Semdegi saxiT 

)/)((min)(
,...,1

ii
ri

zfzU 


                                   (0.14) 

3) SezRudvebis SemoReba da maCveneblebidan wamyvani 
maCveneblis gamoyofa.  vTqvaT mocemulia ..,..,2,1, rii   
sidideebi. SemoviRoT SezRudvebi  ..,..,2,1,)( rizf ii    

     kriteriumad viRebT erT-erT maCvenebels, vTqvaT 

)()(
*

zfzU i                                          (0.15) 

garda CamoTvlili kriteriumebisa gamoiyeneba sxva 

kriteriumebic da maTi kombinaciiT agebuli axali 

kriteriumebi.   

 ganvixiloT dinamikuri modeli, romelic aRiwereba 

(0.1) diferencialuri gantolebis saSualebiT. aseTi 

modelebis Sefaseba rogorc wesi xdeba raime ))(),(,(0 tutxtf  

funqciis mniSvnelobebis saSualebiT drois yoveli 

momentisTvis ],0[ Tt   mocemuli Sualedidan. radgan 

drois yovel moments Tt 0  Sualedidan Seesabameba 

))(),(,(0 tutxtf  funqciis usasrulo raodenoba mniSvnelobebi, 
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amitom ricxviTi kriteriumi aigeba integralis 

saSualebiT: 


T

dttutxtftU
0

0 ))(),(,()( ,                              (0.15) 

sadac xSirad uSveben, rom tet  )( ,  - arauaryofiTi 

ricxviTi parametria. 

Tu dinamikuri modeli aRwerilia (0.8) diskretuli anu 

mravalbijiani sistemis saSualebiT, maSin (0.15) miiRebs 

Semdeg saxes: 





T

i

tutxtftU
1

0 ))(),(,()( ,                             (0.16) 

xolo am SemTxvevaSi tt )1()(   . 

aseTi saxis amocanebs uwodeben optimizaciis amocanebs, 

xolo Sesabamis wyvils ],0[)),(),(( Tttxtu   - optimalur 

amonaxsns. 

 

ganvixiloT optimizaciis klasikuri amocanebi 

1. upirobo optimizaciis amocana. saWiroa vipovoT iseTi 
nEx *  veqtori, romelzedac miiRweva )(xU  funqciis 

maqsimumi. vTqvaT x skalaria, maSin am amocanas SeiZleba 

ar hqondes amoxsna, magaliTad Tu axxU )( , an 3)( axxU  . 

davuSvaT arsebobs iseTi *x , romlisTvisac )()( * xUxU   

nebismieri xx * . es niSnavs, rom *x  maqsimumis wertilia. 

klasikuri optimizaciis amocanebSi yovelTvis 

gulisxmoben, rom )(xU  funqcias aqvs saWiro raodenobis 
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warmoebulebi, anu igi sakmarisad gluvi funqciaa. aseT 

SemTxvevaSi )(xU  SegviZlia gavSalod teiloris mwkrivSi 
*x  wertilis maxloblobaSi. gveqneba  

2*** ))((
2

1
)()()( xxxUxxUxUxU   ,            (0.17) 

sadac *xxx  ,   iseT ricxvia , rom 10   . 

aqedan gveqneba eqstremumis aucilebeli piroba 

0)( *  xU                                             (0.18) 

magram es piroba ar aris sakmarisi. magaliTad SeiZleba 

funqciis warmoebuli raime wertilSi iyos nuli, magram 

am wertilSi ar gvqondes eqstremumi, aramed es wertili 

iyos gadaRunvis wertili. imisaTvis rom eqstremumze ar 

ganvixiloT gadaRunvis wertilebi, saWiroa kritikul 

wertilebSi davTvaloT am funqciis meore rigis 

warmoebulis niSani: Tu  

0)( *  xU , maSin gvaqvs maqsimumi, xolo Tu 0)( *  xU , maSin 

gvaqvs minimumi. globaluri eqstremumis wertilis 

gamosavlenad saWiroa erTmaneTs SevadaroT funqciis 

mniSvnelobebi yvela eqstremalur wertilSi. 

aRniSnuli meTodebi SegviZlia gavavrceloT 

mravalganzomilebian veqtorzec. vTqvaT nEx , maSin 

kritikulobis aucilebel pirobas eqneba Semdegi saxe: 

ni
x

U

i

...,,1,0 


                                          (0.19) 

xolo meore rigis pirobas eqneba Semdegi saxe: 
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 




ji

ji

ji xx

U

,

2

0                                          (0.20) 

es niSnavs Semdegi matricis dadebiTad 

gansazRvrulobas: 

 







































nnn

n

xx

U

xx

U

xx

U

xx

U

2

1

2

1

2

11

2







 

 

ekonomikur gamokvlevebSi iSviaTad gvxvdeba amocanebi 

upirobo eqstremumze, magram arsebobs iseTi meTodebi 

romelTa saSualebiTac pirobiTi eqstremumis amocanebi 

daiyvaneba upirobo eqstremumis amocanaze. erT-erTi 

aseTi meTodia lagranJis mamravlTa meTodi. lagranJis 

mamravlTa meTodi gamoiyeneba Semdegi pirobiTi 

eqstremumis amocanis amosaxsnelad: 

vipovoT ),( 21 xxU  funqciis maqsimumi, Tu 21, xx  skalaruli 

cvladebi akmayofileben pirobas: bxxg ),( 21 . 

lagranJis mamravlTa meTodis idea SemdgomSi 

gadatanil iqna aseT amocanebze, sadac SezRudvebi 

mocemulia ara tolobebis aramed utolobebis saxiT: 

vipovoT )(xU  funqciis maqsimumi im pirobiT, rom nEx  da 

SezRudvebi mocemulia Semdegi utolobebis saxiT: 
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.0

,,...,2,1,)(





x

mjbxg jj  

aseTi tipis amocanebis amoxsnisTvis gamoiyeneba kuni-

takeris Teorema, romelic warmoadgens lagranJis 

mamravlTa meTodis ganzogadoebas. 

lagranJis mamravlTa meTodis gamoyenebiT SegviZlia 

amovxsnaT iseTi optimizaciis amocanebi, romlebSic 

SezRudvebi arc ise bevria da aseve movaxdinoT 

maTematikur-ekonomikuri modelis zogadi Tvisebebis 

analizi. 

Semdegi win gadadgmuli nabiji iyo wrfivi 

programirebis meTodis gamoyeneba maTematikur-

ekonomikuri modelebis amosaxsnelad da analizis 

Casatareblad. aRniSnuli meTodis gamoyeneba daiwyes 

1930 wlidan. 1939 wels l.kantoroviCma gamoaqveyna wigni: 

“maTematikuri meTodebi warmoebis organizaciasa da 

dagegmvaSi”, romelSic pirvelad iqna SemoTavazebuli 

wrfivi SezRudvebiT da wrfivi kriteriumiT mocemuli 

optimizaciis amocanis amoxsnis efeqturi meTodebi. 

wrfivi programirebis amocana zogadad ase Caiwereba: 

.,...,2,1,0

,,...,2,1,

max)(

1

1

nix

mjbxa

xcxU

i

j

n

i

iij

n

i

ii















 

aqamde ganxiluli meTodebi exeboda optimizaciis 

statikuri amocanebis amoxsnas. 
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dinamikuri optimizaciis amocanebis amoxsnis meTodebi 

SemuSavebul iqna ufro mogvianebiT 1950-1960 wlebSi 

l.pontriaginis da misi mowafeebis r.gamyreliZis, 

v.boltianskis da e.miSCenkos mier. maTi avtorobiT 1961 

wels gamoqveynda am dargis fundamenturi naSromi 

“optimaluri procesebis maTematikuri Teoria”. aseTi 

amocanebis zogadi saxea: 

vipovoT ,* nEZz   iseTi, rom )(max zU
Zz

.  

Tu optimizaciis amocana warmodgenilia diskretuli 

anu mravalbijiani modelis saxiT, maSin viyenebT 

r.belmanis optimalurobis princips, romelic mis mier 

SemoTavazebul iqna aseve 1950-1960 wlebSi, misi wigni 

“dinamikuri programireba”, romelic gamoqveynda 1957 

wels pristonis universitetSi, aseve warmoadgens 

fundamentalur naSroms am dargSi.     
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Tavi I 

maTematikuri programirebis amocana. 

 

maTematikuri programirebis amocana mdgomareobs 

cvladebis(faqtorebis) iseTi mniSvnelobebis moZebnaSi, 

romlebic maqsimalur mniSvnelobas aniWeben mocemul 

miznis funqcias da amave dros akmayofileben 

SezRudvebis sistemas. aseT amocanas uwodeben 

maTematikuri programirebis statikur amocanas.  

 

1.1. amocanis formaluri Camoyalibeba. 

 

amocanis formaluri Camoyalibebis dros saWiroa jer 

ganvmartoT “instrumentaluri”, anu samarTi cvladebi, 

dasaSveb mniSvnelobaTa simravle da miznis finqcia.   

  Tn

n

xxx

x

x

x

x ,...,,

.

. 21

2

1

























   veqtor svets vuwodoT 

instrumentaluri cvladebis veqtori.  

cxadia nEx  , sadac nE - evklides n–ganzomilebiani 

sivrcea. 
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SeniSvna 1.1. 1E -evklides erTganzomilebiani sivrce aris 

igive ricxviTi wrfe, romelzedac SemoRebulia metrika, 

anu ganmartebulia manZili nebismier or elements, anu 

or namdvil ricxvs Soris. amasTan gvaqvs nulovani 

elementi 0. manZili nebismier or ricxvs Soris 

ganimarteba rogorc  yxyx  2)( . am sivrceSi 

ganimarteba agreTve ariTmetikuri operaciebi.  

2E -evklides organzomilebiani sivrcea, romelSic 

nulovani elementi  0,00   aris koordinatTa saTave, 

xolo manZili nebismier or wertils Soris 

gamoiTvleba formuliT:  

   2

22

2

11 yxyxyx  ; sadac    .,;, 2121 yyyxxx   

analogiurad ganimarteba nE  sivrce, romelSic manZilis 

cnebis ganzogadebas warmoadgens: 

                 ;....
22

22

2

11 nn yxyxyxyx        (1.1) 

sadac    .,...,,;,...,, 2121 nn yyyyxxxx   

Tu nEx  veqtori akmayofilebs amocanis SezRudvebs mas 

uwodeben dasaSvebs, xolo yvela dasaSvebi veqtori 

hqmnis dasaSveb veqtorTa X  simravles, nEX  . cxadia, 

rom nebismieri aratrivialuri amocanisTvis X .  

miznis funqcia – aris mocemuli amocanis miznis mokle 

maTematikuri formuliT warmodgenili gamosaxuleba. 

rogorc wesi es aris instrumentuli cvladebis 

namdvili da uwyvetad diferencirebadi funqcia: 

   nxxxFxFF ,...,, 21                     (1.2) 
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“namdvili funqcia” – niSnavs, rom es funqcia 

gansazRvrulia namdvil ricxvTa RerZze 

damniSvnelobaTa simravlec mdebareobs namdvil 

ricxvTaRerZze. 

 

1.2. maTematikuri programirebis zogadi amocana.  

 

maTematikuri programirebis zogadi amocana 

mdgomareobs SemdegSi: 

vipovoT  Tnxxxx ,...,, 21 instrumentuli cvladebis iseTi 

veqtori, romelic maqsimalur mniSvnelobas aniWebs 

miznis finqcias 

                 

                 )(max xF
x

               (1.3) 

im pirobiT, rom        Xx            (1.4) 

cxadia, rom  xF -is maqsimizacia eqvivalenturia 

  0,  bxbFa  funqciis maqsimizaciis, an   0,  bxbFa  

minimizaciis. 

maTematikuri programirebis zogadi amocana iyofa sam 

jgufad: 

a) maTematikuri programirebis klasikuri amocana; 
b) arawrfivi programirebis amocana; 
g) wrfivi programirebis amocana. 
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1.3. maTematikuri programirebis klasikuri amocana. 

maTematikuri programirebis klasikuri amocanis dros 

SezRudvebi moicema tolobebiT: 

   

   

   

















mnmm

n

n

bxxxgxg

bxxxgxg

bxxxgxg

,..,,

..........................................

,,..,,

,,..,,

21

22122

12111

               (1.5) 

 

     xgxgxg m,...,, 21  - cnobili uwyvetad diferencirebadi 

funqciebia, romelTac SezRudvebis funqciebs uwodeben; 

mbbb ,...,, 21  - mocemuli namdvili ricxvebia, romelTac 

SezRudvebis mudmivebs ewodeben. veqtoruli formiT es 

SezRudvebi ase Caiwereba. 

                  bxg                 (1.6) 

 

sadac 

                

 

 

  















































mm b

b

b

b

xg

xg

xg

xg

.

.;

.

.

2

1

2

1

 

 

klasikuri programirebis amocana veqtorulad ase 

Caiwereba  
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                  )(max xF
x

             (1.7) 

 

                       bxg         (1.8) 

 

1.4. arawrfivi programirebis amocana.  

am dros SezRudvaTa sistema Sedgeba moTxovnebis ori 

nawilisgan: 

a) cvladebis arauaryofiTobis moTxovna  0,...,0,0 21  nxxx     

(1.9) 

b) cvladebis damakavSirebeli SezRudvebi mocemuli 

utolobebiT: 

 

   

   

   

















mnmm

n

n

bxxxgxg

bxxxgxg

bxxxgxg

,...,,

.............................................

,...,,

,...,,

21

22122

12111

            (1.10) 

 

anu veqtorulad, arawrfivi programirebis amocana ase 

Camoyalibdeba: 

                  )(max xF
x

                     (1.11) 

im pirobiT, rom  

                      
 

;0

;





x

bxg
          T0,...,0,00         (1.12) 
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1.5. wrfivi programirebis amocana. A 

am SemTxvevaSi: 

  cxxcxcxcxF nn  ...2211 ,      (1.13) 

0,....,0,0

,...

................................................

...

,...

21

2211

;22222121

11212111





















n

mnmnmm

nn

nn

xxx

bxaxaxa

bxaxaxa

bxaxaxa

          (1.14) 

veqtoruli formiT es amocana ase Caiwereba: 

                         ,max cx
x

        (1.15) 

im pirobiT, rom       

                   A
,0

,





x

bAx
         (1.16) 

 

sadac      

              























mnmm

n

n

aaa

aaa

aaa

A

,...,,

.....................

,...,,

,...,,

21

22221

11211

,      ncccc ,...,, 21 . 

                 

e.i. wrfivi programirebis amocana warmoadgens 

arawrfivi programirebis amocanis kerZo SemTxvevas, 

rodesac  xg  da  xF  funqciebi wrfivebia. 
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1.6. maqsimumis tipebi. veierStrasis Teorema. Teorema 

globaluri eqstremumis sakmarisi pirobebis Sesaxeb. 

 

maTematikuri programirebis zogad amocanaSi 

instrumentul *x cvlads ewodeba globaluri maqsimumis 

wertili (an amonaxsni), Tu Xx * - dasaSveb simravles da 

miznis funqcia *x  veqtorze Rebulobs aranakleb 

mniSvnelobas vidre nebismier sxva dasaSveb wertilSi: 

     xFxF *   Xx                       (1.17) 

globalur maqsimums ewodeba mkacri (Zlieri), Tu *x  

wertilSi miznis funqciis mniSvneloba mkacrad metia 

miznis funqciis mniSvnelobaze nebismier sxva wertilSi 

dasaSvebi simravlidan, e.i. 

      xFxF   *, xxXx   (1.18) 

cxadia, rom mkacri globaluri maqsimumis wertili 

yovelTvis erTaderTia. marTlac, vTqvaT gvaqvs ori 

*** xx   mkacri globaluri maqsimumis wertili, maSin 

erTdroulad sruldeba Semdegi ori utoloba:  

   **xFxF   da    *** xFxF                         (1.19) 

es ki erTdroulad SeuZlebelia Sesruldes, e.i. *** xx  . 

 

veierStrasis Teorema. (globaluri maqsimumis arsebobis 

Sesaxeb). 
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Tu dasaSvebi simravle X  aracarielia, maSin uwyveti  xF  

miznis funqcia, gansazRvruli X  simravleze, aRwevs 

globalur maqsimums X -is Siga wertilSi an X -is 

sazRvris wertilze. 

damtkiceba. am Teoremis damtkiceba gamomdinareobs im 

faqtidan, rom kompaqtze gansazRvruli uwyveti funqciis 

saxe (anu mniSvnelobaTa simravle) aseve kompaqturia. 

maSin gvaqvs namdvil ricxvTa simravle, romelic 

akmayofilebs pirobas: 

   XxxFzEzXF  ),(                            (1.20) 

 amasTan erTad  xF  kompaqturi simravlea. namdvil 

ricxvTa nebismier kompaqtur simravles aqvs zusti 

rogorc zeda aseve qveda sazRvari. amrigad, Tu *F  aris 

 xF -is zeda sazRvari, maSin arsebobs Xx * , romelic 

akmayofilebs pirobas   ** FxF  da radgan     ,,* XxxFxF   

maSin *x  wertili aris globaluri maqsimumis wertili. 

moviyvanoT veierStrasis Teoremis geometriuli 

ilustracia, rodesac gvaqvs 1E  erTganzomilebiani 

sivrce. anu namdvil ricxvTa RerZi. 
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                       nax. 1.1      

 

an  SesaZlebelia amonaxsni imyofebodes sazRvarze:   

   

                      nax. 1.2 

 

orive naxazze X simravle aris Caketili intervali da 

Sesabamisad  

 XF -ic Caketili intervalia.  

X 
x*** 

F(X) 

0 

F(X) 

x 

sazRvarze amonaxsni 

SigniTa amonaxsni 

F(X) 

x** 0 x* 

X 

x 

F*=F(x*)  



21 
 

pirvel naxazze *x  aris ara mkacri globaluri 

maqsimumis wertili da *x  aris X -is Siga wertili. meore 

naxazze ***x  aris X -is sasazRvro wertili da 

warmoadgens mkacri globaluri maqsimumis wertils. 

Tu ganvixilavT   2xxF   miznis funqcias, sadac 0x  

(namdvil ricxvTa RerZze) da gvinda miznis funqciis 

maqsimumis povna, maSin am amocanas amoxsna ar eqneba, 

radgan dasaSveb mniSvnelobaTa X  simravle ar aris 

SemosazRvruli marjvnidan. 

kidev erTi magaliTi, rodesac amocanas amoxsna ara aqvs, 

radgan dasaSveb mniSvnelobaTa X  simravle ar aris 

kompaqti:   xxF 10  im pirobiT, rom 10  x . am SemTxvevaSic 

x10 -is maqsimumi ar arsebobs, radgan 1x  

wertili ar ekuTvnis dasaSveb mniSvnelobaTa 10  x  

simravles. 

aqve SevniSnoT, rom veierStrasis Teoremis pirobebi 

warmoadgens sakmaris da ara aucilebel pirobebs. 

magaliTad:   max3  xxF  im pirobiT, rom 10  x . miuxedavad 

imisa, rom 10  x  ar aris kompaqti, magram 1x  aris 

maqsimumis wertili da radgan is ekuTvnis dasaSveb 

mniSvnelobaTa simravles amitom es amocana amoxsnadia,.  

samarTi (instrumentuli) cvladebis *x  wertili aris 

lokaluri maqsimumis wertili, Tu igi ekuTvnis dasaSveb 

mniSvnelobaTa simravles da masSi miznis funqciis 

mniSvneloba metia an toli am wertilis raime mcire 

Sualedis nebismieri wertilSi gamoTvlil 

mniSvnelobaze. 
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Xx   aris lokaluri maqsimumis wertili Tu  

       )(,   xNXxxFxF          (1.21)  

sadac  *xN  aris *x  veqtoris   midamo, romelic nE

evklides n -ganzomilebian sivrceSi ase ganimarteba: 

      


n

i

ii xxxx
1

2
**          (1.22) 

  -ragind mcire dadebiTi ricxvia. 

lokaluri maqsimumis *x  wertils ewodeba mkacri, Tu 

sruldeba Semdegi piroba:   

    )123(,),(,   xxxNXxxFxF   

cxadia, rom yoveli globaluri maqsimumis wertili 

warmoadgens agreTve lokaluri maqsimumis wertils, 

xolo piriqiT ar aris samarTliani. 

meore ZiriTadi (lokalur-globaluri) Teorema. Ees 

Teorema gvaZlevs sakmaris pirobebs imisa, rom lokaluri 

maqsimumis wertili aris agreTve globaluri maqsimumis 

wertili. 

 Teorema.   vTqvaT dasaSvebi simravle X  aracarielia, 

kompaqturia da amozneqilia, xolo miznis funqcia  xF  

aris uwyveti da amozneqili X -ze. maSin: 

1) lokaluri maqsimumi aris globaluric; 
2) im wertilebis simravle, romelzedac miiRweva 

maqsimumi amozneqilia; 
Tu davuSvebT, rom  xF  mkacrad amozneqilia, maSin 

amonaxsni erTaderTia, e.i. arsebobs erTaderTi 
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globaluri maqsimumi, amis sailustraciod moviyvanoT 

Semdegi naxazi: 

 

                      nax. 1.3 

 

*x -is marjvniv mdebare arcerTi wertili ar SeiZleba 

iyos globaluri maqsimumis wertili, radgan Tu 

SevaerTebT *x  da 2x  wertilebs, maSin maT Soris 

arsebobs iseTi 1x  wertili, rom    21 xFxF   

1.7. geometriuli komentarebi 

1n  SemTxvevaSi geometriuli ilustraciebi mocemulia 

pirvel da meore naxazze. 

ganvixiloT 2n  SemTveva. am SemTxvevaSi ganisazRvreba 

dasaSveb mniSvnelobaTa simravle, xolo  xF  miznis 

funqcia ganisazRvreba rogorc doneTa xazebi da 

mieTiTeba uswrafesi zrdis mimarTuleba. 

miznis funqciis doneTa zedapirebi (xazebi) ewodeba nE  

sivrcis iseT wertilebs, romelTaTvisac  xF funqciis 

mniSvnelobebi erTi da igivea e.i. 

F(x) 

x*    x1      x2 0 

F(x) 

x 



24 
 

          ConstxFEx n  |     (1.24) 

ra Tqma unda sxvadasxva mudmivebi warmoqmnian 

sxvadasxva zedapirebs. Tu vcvliT mudmivebis 

mniSvnelobebs miviRebT zedapirTa doneebis simravles 

anu zedapirTa doneebis ruqas: 

 

 

               nax. 1.4 

 

naxaz 1.4-ze OAB  are warmoadgens dasaSveb 

mniSvnelobaTa ares. rac Seexeba uswrafesi zrdis 

mimarTulebas is gamoiTvleba Semdegi formuliT: 

            

























x

x

F
x

x

F
x

x

F
x

x

F

n

,....,,
21

    (1.25) 

am veqtors uwodeben gradientis veqtors da gviCvenebs 

 xF -is miznis funqciis uswrafesi zrdis mimarTulebas. 

1x  

2x  

A 

C3 

C4 

C2 

0 

x

F





 

C1 



2x  



1x  

B
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N                 nax.1.5 

 

am SemTxvevaSi maqsimumi miiRweva X-is sazRvarze 

 

      

          nax. 1.6 

 

 am SemTxvevaSi maqsimumi miiRweva  X-is Siga wertilSi. 

 wrfivi programirebis SemTxvevaSi gveqneba Semdegi 

ilustraciebi:  

X 

 

 

 

 

 

0 

miznis funqciis doneebi 

 



1x  



2x  

1x  

 
x

F




 

X 

 

0 

2x
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            nax. 1.7   

aq maqsimumi miiRweva erT ),( 21

 xx  werilSi. 

 

                             

                             nax. 1.8 

aq maqsimumi miiRweva BF mTliani monakveTis nebismier 

wertilSi. 

 

 

 

F 

B 

0 

X 

1x

2x

3c

x

F





1c

2c

3c  

1c  

x

F




 

V 

       


1x    



2x  

1x  

 

0 

X 

2x
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1.8. maTematikuri programirebis klasikuri amocana 

 

saWiroa vipovoT  

                     )(max xF
x

            (1.26) 

im pirobiT, rom  

                      bxg             (1.27) 

an gaSlili saxiT: 

               ),...,,(max 21
,...,, 21

n
xxx

xxxF
n

     (1.28) 

 

 

 

 

















mnm

n

n

bxxxg

bxxxg

bxxxg

,...,

.............................

,...,

,...,

21

2212

1211

                  (1.29) 

 

 Tnxxxx ,...,, 21 -warmoadgenen samarT anu instrumentalur 

cvladebs.  

 F -miznis funqciaa,       Tmgggg .,...,.,. 21  - SezRudvebis 

funqciebia;  Tmbbbb ,...,, 21 -SezRudvebis mudmivebia. 

vTqvaT n da m sasruli ricxvebia da mn  . mn  sxvaobas 

uwodeben amocanis Tavisuflebis xarisxs. davuSvaT, rom 

       .,...,.,.,. 21 mgggF  funqciebi mocemuli uwyveti funqciebia, 

ar Seicaven SemTxveviT wevrs da akmayofileben 
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Sesabamis SezRudvebs. x -veqtoris komponentebi 

nebismieri namdvili ricxebia. 

cxadia, rom   ini bxxxg ,...,, 21 , mi ,1  gantolebiT, n -

ganzomilebian evklides sivrceSi, ganisazRvreba raime 

m cali sxvadasxva simravle, romelTa TanakveTiT 

miiReba dasaSvebi simravle 

       bxgExX n  |                     (1.30) 

)(F  funqciebis saSualebiT ganisazRvrebian doneTa 

zedapirebi n ganzomilebian evklides sivrceSi da maTi 

swrafi zrdis mimarTulebebi.  

saWiroa dasaSveb simravleSi moiZebnos iseTi wertili 

an wertilTa simravle, romelic  F  funqcionals 

mianiWebs maqsimalur mniSvnelobas anu doneTa zedapirs 

eqneba yvelaze didi mniSvneloba. es amocana amoxsnadia, 

radgan  F -uwyvetia, dasaSvebi simravle kompaqtia da 

veierStrasis Teoremis Tanaxmad arsebobs amonaxsni. 

 

1.9. optimizaciis amocanebi SezRudvebis gareSe 

 

vTqvaT 1m  da 1n , maSin gvaqvs erTi argumentis 

skalaruli funqcia  xF , romlis maqsimumic 

gvainteresebs. Tu aseT amocanaSi Sida lokaluri 

maqsimumi miiRweva *x  wertilSi, maSin ganmartebis 

Tanaxmad nebismieri x  ragind mcire nazrdisTvis *x  

wertilis maxloblobaSi sruldeba utoloba: 



29 
 

      xxFxF                                 (1.31) 

vTqvaT,  xF -s gaaCnia uwyveti da sasruli pirveli da 

meore rigis warmoebulebi, maSin *x  wertilis midamoSi 

 xxF *  SegviZlia gavSaloT teiloris mwkrivSi: 

         )32.1(,10,
!2

1 2

2

2

  xxx
dx

Fd
xx

dx

dF
xFxxF  

  Tu miRebul gaSlas CavsvavT wina utolobaSi 

miviRebT: 

      0
!2

1 2

2

2

  xxx
dx

Fd
xx

dx

dF                     (1.33) 

es unda sruldebodes nebismieri ragind mcire x -Tvis. 

Tu 0x , maSin miRebuli utolobis orive mxares 

gavyofT x -ze da gadavalT ra zRvarze, rodesac 0x , 

miviRebT: 

      0x
dx

dF                                   (1.34) 

analogiuri msjeloba im SemTxvevaSi, rodesac 0x , 

gvaZlevs Semdeg utolobas: 

       0x
dx

dF                                 (1.35) 

am ori utolobidan ki vRebulobT eqstremumis (am 

SemTxvevaSi maqsimumis) arsebobis pirveli rigis 

aucilebel pirobas: 

       0x
dx

dF                                (1.36) 
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Tu Sesrulebulia pirveli rigis piroba, maSin ZiriTadi 

utolobidan vRebulobT   0
2
x : 

     0)(
2

2

 xx
dx

Fd                           (1.37) 

 

radgan es utoloba sruldeba nebismieri x -Tvis da 

radgan F -is meore rigis warmoebuli uwyvetia, gveqneba: 

          0
2

2

x
dx

Fd                            (1.38) 

e.i. lokaluri maqsimumis wertilSi meore rigis 

warmoebuli uaryofiTia an nulia. 

amrigad, miviReT *x  wertilSi lokaluri maqsimumis 

arsebobis pirveli da meore rigis aucilebeli 

pirobebi.  

*x  wertilSi mkacri lokaluri maqsimumis arsebobis 

sakmaris pirobas warmoadgens Semdegi: 

   0x
dx

dF  da 0
2

2


dx

Fd                         (1.39) 

davamtkicoT am pirobis sakmarisoba.  es niSnavs, rom am 

ori pirobidan unda miviRoT  

    xxFxF                                  (1.40) 

marTlac saSualo mniSvnelobis Teoremis Tanaxmad 

      xxx
dx

dF
xFxxF   ,                     (1.41) 

sadac 10  . 



31 
 

 xF  funqcia uwyvetad diferencirebadia, xolo misi 

pirveli rigis warmoebuli tolia nulis. Tu 0x , maSin 

      0 xx
dx

dF                       (1.42) 

xolo Tu 0x , maSin  

     0 xx
dx

dF                       (1.43) 

nebismier x -is SemTxvevaSi 

     0  xx
dx

dF
x                      (1.44) 

maSin (2.15) tolobidan vRebulobT, rom  

      xFxxF                          (1.45) 

   r.d.g. 

moviyvanoT sailustracio magaliTebi naxazebis saxiT: 

 

         nax. 1.9 

 

F(x) 

0 

gadaRuvnis wertili 

lokaluri minimumi 

x** x x**** x*** x* 

lokaluri maqsimumi 

lokaluri maqsimumi 
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 x
dx

dF  

 

        nax. 1.10 

 x
dx

Fd
2

2

 

 

         nax. 1.11  

 

vTqvaT 0m , 1n , maSin gvaqvs mravali cvladis funqcia. 

gvinda vipovoT miznis funqciis maqsimumi SezRudvebis 

gareSe: 

 

 

0 x** x x**** x*** 

x* 

1 rigis warmoebuli =0 

 

0 
x** x 

x**** 

x*** 

x* 

meore rigis warmoebulebis niSani 
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    )(max xF
x

                             (1.46) 

anu  

),...,,(max 21
,...,, 21

n
xxx

xxxF
n

                    (1.47) 

vTqvaT lokaluri maqsimumi miiRweva   nxxxx ,...,,* 21  

wertilSi e.i. 

         xhxFxF                     (1.48) 

anu  

    nnn xhxxhxxhxFxxxF   ,...,,,...,, 221121   (1.49) 

sadac 0h  nebismieri mcire ricxvia,  Tnxxxx  ,...,, 21 . 

gavSaloT  xhxF *  funqcia teiloris mwkrivSi 0h  

wertilSi (am SemTxvevaSi F -is ganvixilavT, rogorc h -

is funqcias. 

gvaqvs: 

        xxxhx
x

F
hxx

x

F
hxFxhxF 









  '

!2

1
2

2
2

      (1.50) 

sadac 10  .  
x

F



  aris F  funqciis gradienti da ase 

gamoiTvleba:  

       

























x

x

F
x

x

F
x

x

F
x

x

F

n

,...,,
21

                           (1.51) 

xolo 
2

2

x

F



  matrica, romelsac hesis matrica ewodeba ase 

gamoiTvleba: 
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 

     

     

    




































































2

2

2

2

1

2

2

2

2

2

2

12

2

2

2

2

2

2

2

1

2

2

2

,...,,

...................................................

,...,,

,...,,

nnn

n

n

x

F
x

xx

F
x

xx

F

x
xx

F
x

x

F
x

xx

F

x
x

F
x

x

F
x

x

F

x
x

F              (1.52) 

 

amovweroT (1.50) gaSlili saxiT: 

 

     

)53.1(,),...,,(
2

1

,...,,,...,,,...,,

2211

1 1

2
2

21

1

212211

kjnn

n

j

n

k kj

jn

n

j j

nnn

xxxhxxhxxhx
xx

F
h

xxxx
x

F
hxxxFxhxxhxxhxF















 










  

Tu (1.50)-s CavsvavT (1.48)-Si, miviRebT: 

       0'
2

1
2

2
2 








  xxhx
x

F
xhxx

x

F
h   (1.54) 

utoloba (1.54) unda Sesruldes nebismieri 0h  ragind 

mcire ricxvisTvis da x -is yvela mimarTulebiT. Tu 

(1.54)-is orive mxares gavyofT h -ze da gadavalT zRvarze 

rodesac 0h  miviRebT: 

       0


 x
x

F                          (1.55) 

im wertils, romelSic yvela pirveli rigis warmoebuli 

nulis tolia, ewodeba stacionaluri wertili. e.i. 

lokaluri maqsimumis wertili yovelTvis aris 

stacionaluri wertili. Tu Sesrulebulia pirveli 
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rigis piroba, maSin (1.54)-dan miiReba maqsimumis 

arsebobis meore rigis aucilebeli piroba: 

         0
2

2





  xx

x

F
x

T      (1.56)     

(1.56) sruldeba yvela x -Tvis. amrigad, imisaTvis rom 
x  iyos  xF  funqciis mkacri lokaluri maqsimumi 

aucilebeli da sakmarisia, rom  

       0


 x
x

F                                  (1.57) 

        0
2

2





  xx

x

F
x

T                             (1.58) 

da Sesruldeba piroba 

       xxFxF                                (1.59) 

ganvixiloT kerZo SemTxveva, rodesac 0m , 2n . gvaqvs 

        ),(max 21
, 21

xxF
xx

;         21 , xxx         (1.60) 

jer moviTxovoT stacionarobis pirobis Sesruleba 

     ,0)(,0
21









  x
x

F
x

x

F                     (1.61)     

rac Seexeba meore rigis pirobas, (hesis matricis 

uaryofiTad gansazRvrulobas) is aseT saxes 

Rebulobs: 

      ,0
2

1

2




 x
x

F                        (1.62)   

 da 
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   

   
0

2

2

2

12

2
21

2

2

1

2























x
x

F
x

xx

F

x
xx

F
x

x

F

                    (1.63)    

SevniSnoT, rom Tu x  stacionalur wertilSi 

sruldeba piroba 

      ,0
2

1

2




 x
x

F                   (1.64)           

da amasTan erTad sruldeba (1.63), maSin x  aris 

lokaluri minimumis wertili. Tu 

 
 

 

 

 
0

2

2

2

21

2

12

2

2

1

2



























x
x

F

x
xx

F

x
xx

F

x
x

F

   

maSin  21, xxF   funqcias ara aqvs eqstremumi, xolo Tu 

 
 

 

 

 
0

2

2

2

21

2

12

2

2

1

2



























x
x

F

x
xx

F

x
xx

F

x
x

F

 

maSin gvaqvs saeWvo SemTxveva da saWiroa damatebiTi 

gamokvlevebi. moviyvanoT samive tipis stacionaluri 

wertilis geometriuli warmodgena: 
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 ),( 21

 xx  aris maqsimumis wertili.                        

 

 

),( 21

 xx  aris minimumis wertili.  

 

),( 21 xxF

1x

2x

)( xF

0



2x



1x

 21, xxF  



2x  

2x  

0 

1x  

F(x*) 



1x

 21, xxF  

0   

1x  

F(x*) 



1x

2x



2x
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Aam naxazze gvaqvs is SemTxveva, rodesac funqcias 
1x -is 

mimarT aqvs minimumi, xolo 
2x -is mimarT aqvs maqsimumi. 

 

 

 

1.10. pirobiTi eqstremumis amocana. lagranJis 

mamravlTa meTodi. 

dasawyisSi ganvixiloT martivi SemTxveva, rodesac 2n

, 1m : 

vipovoT   

      ),(max 21
, 21

xxF
xx

             (1.65) 

im pirobiT, rom  

  bxxg 21, . 

davuSvaT, rom    21 , xxx  wertilSi arsebobs amocanis 

lokaluri amonaxsni da am wertilSi erT-erTi 

cvladis mimarT g -funqciis kerZo warmoebuli 0 . 

davuSvaT 

       0
2




 x
x

g
                 (1.66) 

 

0  

x* 

 

0  

x* 

 

0 
1x  

x* 

2x
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maSin sruli diferencialis gamosaxuleba iqneba: 

02

2

1

1










 dx

x

g
dx

x

g
dg  ; radgan 0db       (1.67) 

es gamosaxuleba x  wertilis midamoSi SegviZlia ase 

CavweroT: 

   

2

1

1

2

x

g

x

g

dx

dx









                                 (1.68) 

Tu amovxsniT miRebul diferencialur gantolebas, 

miviRebT: 

)( 12 xhx  , sadac 

2

1

1

1)(

x

g

x

g

dx

xdh









                    (1.69) 

Tu 2x -is am gamosaxulebas CavsvavT (1.65)-Si, miviReT 

upirobo eqstremumis amocanas: 

       ))(,(max)(max 111
11

xhxFxH
xx

            (1.70) 

rogorc viciT am funqciis lokaluri maqsimumis 

arsebobis pirveli rigis pirobaa 

0
)(

1

1

211












dx

xdh

x

F

x

F

dx

dH
                     (1.71) 

Tu gamoviyenebT (1.69) tolobas, miviRebT: 
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0

2

1

211








































x

g

x

g

x

F

x

F

dx

dH  ; 

Anu  

0
1

2

2

11




















x

g

x

g

x

F

x

F

dx

dH                           (1.72) 

msgavsi msjelobiT miviRebT, rom  

0
2

1

1

22




















x

g

x

g

x

F

x

F

dx

dH ;                         (1.73) 

SemoviRoT aRniSvna     

  

1

1

2

2

x

g

x

F

x

g

x

F



















  ;                            (1.74) 

miviRebT lokaluri maqsimumis aucilebel pirobas: 

     0









jj x

g

x

F
  , 2.1j ;                  (1.75) 

(1.74) tolobidan gvaqvs:     

 

2

1

2

1

x

g

x

g

x

F

x

F



















                                 (1.76) 
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moviyvanoT miRebuli Sedegis geometriuli 

interpretacia: 

  ConstxxF 21,  aris miznis funqciis doneebis 

ganmsazRvreli funqcia. cxadia 

    02

2

1

1










 dx

x

F
dx

x

F
dF                      (1.77) 

anu donis xazis mimarT  

  

2

1

1

2

x

F

x

F

dx

dx









                                (1.78) 

meores mxriv (1.68) SezRudvidan gvaqvs: 

   

2

1

1

2

x

g

x

g

dx

dx









                             (1.79) 

amrigad pirveli rigis pirobidan gamomdinareobs, rom 

maqsimumi miiRweva  donis xazis da SezRudvis mrudis 

Sexebis wertilSi. anu iq sadac kuTxuri koeficientebi 

am mrudeebis mxebi wrfeebisa erTmaneTis tolia: 

    
1

2

dx

dx |donis xazis =
1

2

dx

dx |SezRudvis mrudi  (1.80) 
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SevniSnoT, rom (1.71) aucilebeli piroba (eqstremumis) 

da sawyisi SezRudva SegveZlo migveRo, rogorc Semdegi 

funqciis stacionarobis piroba: 

        212121 ,,,, xxgbxxFxxL                    (1.81) 

L  funqciisTvis stacionarobis piroba niSnavs: 











































0

0

222

111

x

g

x

F

x

L

x

g

x

F

x

L





                            (1.82) 

 

amocanis amonaxsni 

SezRudvebis gareSe 

 

0 

F 

 

donis xazi 

funqcionadis 

zrdis 

mimarTuleba 

dasaSvebi simravlis proeqcia 

miznis funqciiT mocemul 

zedapirze 

dasaSvebi simravle 

 

amonaxsni SezRudvebis 

pirobebSi 

zedapiri, romelic miiReba  

miznis funqciiT 
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  0, 21 



xxgb

L


                         (1.83) 

  cvlads uwodeben lagranJis Tanamamravls, xolo 

 ,, 21 xxL  funqcias – lagranJis funqcias (lagranJians). 

ganvixiloT zogadi SemTxveva ),...,,( 21 nxxxx  : 

vipovoT    

 ),...,,(max 21
,...,, 21

n
xxx

xxxF
n

                       (1.84) 

im pirobiT, rom  

  bxxxg n ,...,, 21 . sadac ),...,,( 21 mgggg   

vTqvaT amocanis lokaluri amonaxsnia ),...,,( 21

  nxxxx  

wertilSi da SezRudvebis funqciebi akmayofileben 

iakobis pirobas, e.i. x  wertilSi  nxxxg ,...,, 21  funqciis 

kerZo warmoebulebisagan Sedgenili matricis (iakobis 

matricis anu iakobianis) rangi tolia m -is anu emTxveva 

matricis striqonebis raodenobas: 

      

     

     

     

m

x
x

g
x

x

g
x

x

g

x
x

g
x

x

g
x

x

g

x
x

g
x

x

g
x

x

g

rankx
x

g
rank

n

mmm

n

n






















































































...

............

...

...

21

2

2

2

1

2

1

2

1

1

1

     (1.85) 

zogadobis SeuzRudavad  nxxxx ,...,, 21  veqtori davalagoT 

ise, rom  21, xxx  , sadac 1x  aris mn  cali cvladebis 

veqtori, xolo 2x  - m cvladebis veqtori, es 



44 
 

SesaZlebelia radgan mn  . amasTan ),...,,( 21 mgggg   funqciebi 

akmayofileben iakobis pirobas e.i.   mx
x

g
rank 











  , amitom               

         12 xhx                           (1.86)    

sadac h -aris veqtor-sveti, Sedgenili m raodenoba 

funqciisgan. Sesabamisad       1121 ,, xhxFxxFxF   da miviRebT 

optimizaciis amocanas SezRudvebis gareSe: 

 

      ))(,(max)(max 111

11
xhxFxH

xx
        (1.87) 

 gvaqvs:  

      0
1211




















x

h

x

F

x

F

x

H                  (1.88) 

sadac 

     mn
x

H





1    raodenoba elementebiani veqtor-

striqonia; 

     mnm
x

h





1     ganzomilebis matrica. 

SezRudvebi SegviZlia CavweroT Semdegi saxiT: 

                bxhxg 11,                 (1.89) 

am gamosaxulebis diferencireba mogvcems: 

              0
121















x

h

x

g

x

g               (1.90) 
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2x

g



  aris mm  ganzomilebis gadaugvarebeli matrica, 

amitom gveqneba: 

   
1

1

21 x

g

x

g

x

h























                       (1.91) 

Tu (1.91)-s gaviTvaliswinebT (1.88)-Si, miviRebT: 

   0
1

1

221












































x

g

x

g

x

F

x

F                  (1.92) 

cxadia, rom simetriulobis gamo: 

    0
2

1

222












































x

g

x

g

x

F

x

F                 (1.93) 

SemoviRoT aRniSvnebi:    

  
1

2221 ,...,,





























x

g

x

F
m                 (1.94) 

maSin (1.93) da (1.94) ase SegviZlia CavweroT: 

       0









x

g

x

F
                       (1.95) 

es aris maqsimumis arsebobis aucilebeli piroba. 

 Tu SevadgenT lagranJis funqcias  

      xgbxFxL  ,                       (1.96) 

an gaSlili saxiT:        

      nii

m

i

inmn xxxgbxxxFxxxL ,...,,,...,,,...,,;,...,, 21

1

212121  


 ;  (1.97) 

 m ,...,, 21 -uwodeben lagranJis Tanamamravlebs, xolo 

 mnxxxL  ,...,,;,...,, 2121 -lagranJis funqcias. (1.97)-is 
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gawarmoebiT da nulTan gatolebiT miviRebT 

eqstremumis aucilebel pirobebs: 

     

    0,

0,

























xgbx
L

x
x

g
x

x

F
x

x

L






                  (1.98) 

miRebuli sistemis pirveli n gantoleba gviCvenebs, 

rom miznis funqciis gradienti tolia lagranJis 

Tanamamravlebisagan Sedgenil veqtors gamravlebuls 

SezRudvebis iakobianze e.i.  

         















  x
x

g
x

x

F
                 (1.99) 

anu gaSlili saxiT: 

 

    ,,...,2,1,,...,,,...,,
1

2121 njxxx
x

g
xxx

x

F m

i

n

j

i
in

j













           (1.200)       

(1.98)-is meore gantoleba aris m raodenoba 

SezRudvebi: 

        bxg                                (1.201) 

Tu amovxsniT (1.98)  gantolebaTa sistemas, sadac 

gvaqvs nm   raodenobis gantoleba da amdenive ucnobi, 

miviRebT: 

      ),...,,( 21

  nxxxx    da      m ,...,, 21 . 

gamoviyvanoT lokaluri maqsimumis arsebobis sakmarisi 

piroba:  
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gvaqvs nm   raodenobis (aucilebeli) pirveli rigis 

pirobebi: 

 

   












x
x

g
x

x

F

bxg


                         (1.202) 

SezRudvebidan aviRoT romelime i -uri mrudi: 

         ii

n bxgEx  |                   (1.202) 

maSin am mrudis gradient-veqtori iqneba: 

    



























n

iiii

x

g

x

g

x

g

x

g
,...,,

21

                (1.203) 

romelic warmoadgens iakobis matricis i -ur striqons. 

es gradient-veqtori iqneba am mrudis mxebis 

orTogonaluri. 

         0



 dxx

x

g
xdg i

i ,      mi ,...,2,1   (1.204) 

amrigad (1.201) gviCvenebs, rom Xx   mdebareobs dasaSveb 

X simravleSi da miznis funqciis zrdis mimarTuleba x  

wertilSi (anu miznis funqciis gradient veqtori) 

warmoadgens lagranJis Tanamamravlebisa da 

SezRudvebis mrudTa normalebis wrfiv kombinacias. am 

SemTxvevaSi lagranJis Tanamamravlebs uwodeben wonis 

koeficientebs. 

lokaluri maqsimumis meore rigis aucilebeli pirobaa 

hesis matricis: 
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


































































2

2

2

2

1

2

2

2

2

2

2

12

2

1

2

21

2

2

1

2

2

2

...

............

...

...

nnn

n

n

x

L

xx

L

xx

L

xx

L

x

L

xx

L

xx

L

xx

L

x

L

x

L              (1.205) 

uaryofiTad gansazRvruloba an naxevrad 

gansazRvruloba   ,x  wertilSi, amasTan erTad  

           0



  dxx

x

g
dg                         (1.206) 

Tu hesis matrica uaryofiTad gansazRvrulia, maSin 

(1.201) piroba warmoadgens agreTve sakmaris pirobasac. 

(1.204)-iT mocemuli hesis matricis uaryofiTad 

gansazRvruloba (1.205) SezRudvebiT, SeiZleba 

warmovadginoT mn  raodenobis pirobiT, romelic 

daedeba    nmnm   Semdegi matricis zogierT minorebs. 

aseTi ganzomilebis matricis bolo  mn  mTavari 

minorebis niSani unda icvlebodes TanmimdevrobiT, 

amasTan pirveli minoris niSani emTxveva   1
1




m  

gamosaxulebis niSans. rac Seexeba    nmnm   

ganzomilebian matricas aqvs Semdegi saxe: 
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      (1.207) 

1.11. lagranJis Tanamamravlebis ekonomikuri 

interpretacia. 

lokaluri maqsimumis aucilebeli (1.201) pirobidan anu 

pirveli rigis pirobidan amonaxsnis saxiT miviRebT x  

instrumenuli cvladebis optimalur mniSvnelobebs da 

agreTve   - lagranJis Tanamamravlebis optimalur 

mniSvnelobebs. lagranJis Tanamamravlebi, romlebic 

Seesabamebian amocanis amoxsnas, zomaven    xFF  miznis 

funqciis optimaluri mniSvnelobis mgZnobiarobas 

SezRudvaTa b mudmivebis cvlilebebis mimarT: 

      
b

F







                                (1.208) 

Aanu 

   ;,...,2,1, mi
b

F

i

i 








                           (1.209) 

marTlac ganvixiloT (1.201) gantolebaTa sistema, 

rogorc nm   raodenoba gantolebebisa nm2  raodenoba 

),,( xb   ucnobebiT  njxmimib jii ,1,;,1,;,1,   . Tu CavTvliT, rom 
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 Tmbbbb ,...,, 21  cvladebia, maSin Semdeg gantolebaTa 

sistemidan gamovsaxoT  m ,...,, 21  da  Tnxxxx ,...,, 21  

rogorc  Tmbbbb ,...,, 21  cvladebis funqciebi. gvaqvs: 

      
   

      0,,

0,,

2

1














x
x

g
x

x

F
xb

xgbxb





                (1.210) 

CavweroT (1.210) sistemis iakobis matrica: 

      

















































2

2

0

0

x

L

x

g

x

g
I

T                     (1.211) 

 

I  aris m ganzomilebiani erTeulovani matrica. iakobis 

matricis rangi aris m , Tu (1.207) hesis matrica 

akmayofilebs Sesabamis pirobebs (sakmarisobis 

pirobebs), maSin SegviZlia (1.210) sistemidan   da x 

gamovsaxoT bcvladis saSualebiT: 

          
 
 bxx

b



 
                          (1.212) 

es mniSvnelobebi CavsvaT lagranJis funqciaSi da 

ganvixiloT lagranJis funqcia, rogorc erTi b 

cvladis funqcia: 

            bxgbbbxFbL                      (1.213) 

 bL -s diferencireba  b -Ti gvaZlevs: 
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  

   
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
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




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
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T
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T
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b
xgb

b

x

x

g

x

F

b
xgb

b

x

x

g

b

x

x

F

b

L

                (1.214) 

miRebuli gamosaxulebis pirveli ori wevri  ,x  

mniSvnelobebisTvis toli arian nulis da gvaqvs: 

        


 










b

F
x

b

L
,  

es niSnavs, rom Tu romelime 0 , maSin misi Sesabamisi 

ib  mudmivis mcire cvlileba ar gamoiwvevs miznis 

funqciis optimalur mniSvnelobis cvlilebas. 

ekonomikur amocanebSi, rogoricaa resursebis 

ganawilebis amocana, miznis funqcia izomeba fasebSi anu 

fulad erTeulebSi e.i. fasebi gamravlebuli 

produqciis moculobaze, xolo SezRudvebis 

saSualebiT Cawerilia fasebi, magaliTad nedleulze 

da a.S. radgan aseT amocanebSi lagranJis mamravlebi 

zomaven iseTi sididis mgrZnobelobas, romelsac aqvs 

fasis ganzomileba, amitom  -sac aqvs fasis 

ganzomileba. amis gamo lagranJis mamravlebs xSirad 

uwodeben Crdilovan fasebs (mocemuli 

danaxarjebisTvis). 
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1.12. arawrfivi programirebis amocana. 

saWiroa vipovoT 

                            )(max xF
x

  

Semdeg pirobebSi    

                           
 

0



x

bxg
 

anu  

      ),...,,(max 21
,...,, 21

n
xxx

xxxF
n

                (1.215) 

Semdeg pirobebSi: 

          

 

 

 























0,...0,0

,....,,

.................................

,....,,

,....,,

21

21

2212

1211

n

mnm

n

n

xxx

bxxxg

bxxxg

bxxxg

         (1.216) 

davuSvaT m da n sasruli ricxvebia, xolo       mggF ,...,, 1  

uwyvetad diferencirebadi mocemuli funqciebia, 

romlebic ar Seicaven SemTxveviT wevrs. 

SeniSvna: 

1) Tu amocanis (1.216) pirobaSi gvaqvs  saxis utoloba, 
maSin is SegviZlia gadavaqcioT iseT pirobad sadac 
gveqneba  utoloba. magaliTad, Tu gvaqvs 72 21  xx  
da am utolobas gavamravlebT  1 -ze miviRebT 

72 21  xx ; 
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2) Tu amocanaSi gvaqvs tolobis saxis SezRudva, maSin 
is SeiZleba SevcvaloT ori utolobis saxis 
SezRudviT. magaliTad, Tu gvaqvs 128 73  xx , maSin is 
SeiZleba SevcvaloT ori erTdrouli utolobiT 

128 73  xx  da 128 73  xx ; 

3) Tu romelime ,,1, nixi   cvladze ar gvaqs 0  saxis 
SezRudva anu is SeiZleba iyos nebismieri, maSin 
aseT cvlads warmovadgenT ori axali cvladis 
sxvaobis saxiT, romelTagan TviToeuls ukve eqneba 

0  saxis SezRudva. magaliTad: vTqvaT 9x  Rebulobs 
nebismier mniSvnelobas: uaryofiTs, 0-s an dadebiTs, 
maSin 999 xxx  , sadac 09 x da 09 x . 

 

1.13. arawrfivi programirebis amocana, rodesac gvaqvs 

“instrumentaluri” anu samarT cvladebze 

arauaryofiTobis SezRudva. 

vTqvaT dasmul amocanaSi 0m  e.i. gvaqvs: 

         )(max xF
x

                    (1.217) 

im pirobiT, rom 0x . 

vTqvaT, x  aris (1.217) amocanis lokaluri maqsimumis 

wertili, maSin x -is maxloblobaSi sruldeba 

utoloba: 

              xhxFxF            (1.218) 

 sadac x -gviCvenebs nE -Si mimarTulebas, xolo h -

ragind mcire dadebiTi ricxvia. vTqvaT  xF  orjer 

uwyvetad warmoebadi funqciaa, maSin  xhxF   funqcia 
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SegviZlia gavSaloT teiloris mwkrivSi x  wertilis 

maxloblobaSi: 

          )219.1(,10,
!2

1
2

2
2 









  xxhx

x

F
xhxx

x

F
hxFxhxF

T ,  

Tu miRebul gaSlas CavsvavT (1.218)-Si, miviRebT: 

      ,0
!2

1
2

2
2 








  xxhx
x

F
xhxx

x

F
h            (1.220) 

miRebuli utoloba (1.220) aris lokaluri maqsimumis 

aucilebeli piroba x  wertilSi.  

Tu 0x  anu x  aris dasaSvebi Sua wertili, maSin (4.6) 

utoloba sruldeba x -is yvela mimarTulebiT, amitom 

aseT wertilSi maqsimumis aucilebeli piroba iqneba 

pirveli warmoebulis nulTan toloba.  

Tu x  veqtoris romelime koordinati nulis tolia, 

vTqvaT 0

jx  e.i. x  sazRvris wertilia, maSin 0 jx xolo 

yvela danarCeni koordinatebisTvis sruldeba 

jinixi  ,,...,2,1,0 , maSin ZiriTadi utolobidan 

gamomdinareobs, rom  

                   0


 

jxx
x

F            (1.221) 

aqedan ki vRebulobT maqsimumis aucilebel pirobas: 

                    0


 x
x

F , Tu 0

jx ,         (1.222) 

maSasadame, nebismier SemTxvevaSi x  iqneba Siga 

wertili Tu sazRvris wertili, Semdegi namravli 

iqneba nulis toli: 
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                   0


 

j

j

xx
x

F              (1.223) 

da cxadia, rom am namravlebis jamic nulis toli 

iqneba: 

             0
1









 



  j

n

j j

xx
x

F
xx

x

F ,            (1.224) 

amrigad x  wertilisTvis miviReT lokaluri maqsimumis 

pirveli rigis piroba, romelic Sedgeba 12 n  

pirobisagan da aqvs Semdegi saxe: 

     

 

 



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
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                          (1.225) 

 

 

  0x
dx

dF
 

0 

F 

0x x

  0x
dx

dF
 

F(x) 

0 

F 

0x
x

  0x
dx

dF
 

F(x) 

0 

F 

0x
x
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e.i.  

 

  
 

 
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;,...,2,1,0,0

njxx
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j

        (1.226) 

 

1.14. kuni-Takeris pirobebi. 

 

mocemuli gvaqvs amocana 

                   

0

)(max





x

bxg

xF
x

              (1.227) 

imisaTvis, rom utolobis tipis SezRudvebi 

gadavaqcioT tolobis saxis pirobebad, SemoviRoT m 

cali damxmare  cvladebi Semdegi saxiT: 

               TmSSSxgbS ,...,, 21         (1.228) 

 

miviRebT Semdeg amocanas: 

                      

 

 

0

0

max
,







S

x

bSxg

xF
Sx

 

   miRebul amocanaSi, rom ar gvqondes 0x  da 0S  

SezRudvebi gamoviyenebdiT lagranJis funqcias 
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               SxgbxFL   ,            (1.229) 

sadac  m ,...,, 21 . rogorc cnobilia  lagranJis 

funqciis maqsimumis aucilebeli pirobaa x -iT,  -Ti da 

S -iT Lfunqciis pirveli rigis warmoebulebis nulTan 

toloba. magram radgan gvaqvs kidev SezRudvebi 

,0,0  Sx  amitom L  funqciisTvis unda gamoviyenoT (1.225) 

pirobebi, romlebic Semdeg saxes miiReben: 

   

 

 













































































.0,0

,0

,0

,0)(

,0

,0

Sx

SS
S

L

S

L

Sxgb
L

x
x

xg

x

F
x

x

L

x

xg

x

F

x

L











                   (1.230) 

 Tu davuSvebT, rom ),,(  Sx   lagranJis funqciis 

maqsimumis wertilia, maSin (1.230) aseT saxes miiRebs: 

 

 

 






























































































.0,0

,0

,0

,0)(

,0

,0

Sx

SS
S

L

S

L

Sxgb
L

x
x

xg

x

F
x

x

L

x

xg

x

F

x

L











                     (1.231) 
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Tu (1.231)-Si S -s SevcvliT  xgb  -iT miviRebT kuni-

Takeris pirobebs: 

 
  



































































,0

,0

,0

,0

,0

,0









xgb

xgb

x

x
x

g

x

F

x

g

x

F

                       (1.232) 

Tu sawyisi (1.227) amocanisTvis SevadgenT lagranJis 

funqcias  

               xgbxFxL  , ,                (1.233) 

 maSin kuni-Takeris pirobebi ase Caiwereba: 

     

     

   

    




















































































0

0,

0,

0

0,

0,















xgbx
L

xgbx
L

x

xx
x

g
x

x

F
xx

x

L

x
x

g
x

x

F
x

x

L

               (1.234) 

es pirobebi warmoadgenen lokaluri (mkacri) 

maqsimumis arsebobis aucilebel da sakmaris pirobebs, 

Tuki miznis funqcia (mkacrad) Cazneqilia, SezRudvaTa 

funqciebi amozneqilebia da amasTan erTad sruldeba 
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garkveuli regularobis pirobebi SezRudvebis 

funqciebze.  

(1.234) gaSlili saxiT warmoadgens 222  nm  raodenobis 

pirobas: 

  )235.1(,,...,2,1,0
1

nj
x

g

x

F

x

L m

i j

i

jj


















  

  )236.1(,0
1 11





























 
 

j

n

j j

i
m

i

i

j

j

n

j j

x
x

g

x

F
x

x

L
  

    )237.1(,...,2,1,0 njx j   

    )238.1(,,...,2,1,0 migb
L

ii

i







 

     )239.1(,0
11








ii

m

i

i

i

m

i

i gb
L




      

    )240.1(,,...,2,1,0 mii    

 

Yyvelgan (1.235)-(1.240) gantolebebSi igulisxmeba rom 

   ,),( xx . 

SeniSvna 1: (1.236) pirobaSi igulisxmeba, rom:  

 an   ,,1,0
1

nj
x

g

x

F m

i j

i
i

j













    an    ,,1,0 njx j  ,  

an orive erTdroulad udris nuls 

,,1,0
1

nj
x

g

x

F m

i j

i
i

j













   da ,,1,0 njx j   
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SeniSvna 2: analogiurad (1.239) pirobaSi igulisxmeba, 

rom: 

   an ,,1,0 mii  ,  an   ,,1,0 mixgb ii                

 an orive erTdroulad udris nuls 

    ,,1,0 mii   da   ,,1,0 mixgb ii    ;               

Aamrigad 

 
,,...,2,1

;0

,
mi

bxg

i

ij

















                          

magram 

ii bxg  )( , Tu  ,,...,2,1,0 mii                        

an  

0

i , Tu ,,...,2,1,)( mibxg ii                           

aseve 



























,0

,0
1

j

m

i j

i
i

j

x

x

g

x

F


                                       

magram 

,0
1












 m

i j

i
i

j x

g

x

F
  Tu    ,0

jx                           

an 

,0

jx  Tu  










 m

i j

i
i

j x

g

x

F

1

,0                             
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miviReT pirobebi, romlebic warmoadgenen kuni-Takeris 

pirobebis sxvagvar interpretacias. maT uwodeben 

damatebiTi arasixistis pirobebs anu damatebiTi 

arasimkacris pirobebs. cxadia 

             xFxgbxFxL ,                       

moviyvanoT kuni-Takeris pirobebis geometriuli 

interpretacia: ganvixiloT kuni-Takeris pirobebi. 

SemoviRoT damatebiTi cvladebis meore veqtori: 

          nrrr
x

F

x

g
r ,...,, 21









                           

maSin kuni-Takeris pirobebi aseT saxes miiRebs:  

     
 





































0;0

0

0

0;0

0

0







S

S

SSgb

xr

rx

r
x

g

x

F

                                    

yvela cvladebi da funqciebi gamoiTvlebian  rx ,,

da S  wertilebSi. pirveli n cali piroba ase Caiwereba: 

          Irx
x

g
x

x

F









                              

geometriulad es niSnavs, rom x  wertilSi miznis 

funqciis gradienti 
x

F



  warmoadgens SemomsazRvreli 

hipersibrtyeebis gradientebis wrfiv kombinacias. 

SemomsazRvreli hipersibrtyeebis gradientebs 

warmoadgenen   ,,1, mixgi    funqciebis kerZo 
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warmoebulebisagan Sedgenili 
x

g



  iakobis matricis 

striqonebi, xolo arauaryofiTobis pirobiT mocemuli 

sazRvris gradientebs warmoadgenen  I  matricis 

striqonebi, koeficientebs am gaSlaSi warmoadgenen   

da r . e.i. Tu amonaxsni mdebareobs sazRvarze, maSin 

uswrafesi zrdis mimarTulebas warmoadgens zedapiris 

normal-veqtorebis wrfivi kombinacia, aRebuli 

arauaryofiTi koeficientebiT. 

magaliTi: 

 2121

2

2

2

1
,

21
,

805012108max),(max
2121

xxxxxxFxxF
xxxx

  

Semdeg pirobebSi    

        














0;0

28

1

21

2

2

2

1

21

xx

xx

xx

                                      

avagoT lagranJis funqcia: 

     2

2

2

122112121

2

2

2

12121 821805012108,,, xxxxxxxxxxxxL     

kuni-Takeris pirobebidan miviRebT: 
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 

 

   



















































































0

0

0821

082

01

0

0

02801220

16501216

02801220

016501216

2

1

2

2

2

12211

2

2

1

1

2

2

2

1

2

21

1

2

1

222112

1121212

2

1

1

22112

2

12121

1

























xxxx
LL

xx
L

xx
L

x

x

xxxx

xxxxx
x

L
x

x

L

xxx
x

L

xxx
x

L

           

praqtikuli TvalsazrisiT am pirobebis gamoyeneba 

aramosaxerxebelia. 

 

SevamowmoT sazRvriTi wertilebi optimalurobaze: 

P 
N 

N 

(1,0) 

 (0,0) 
 

(0,1) 
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   0,0, 21 xx  ar iqneba optimaluri, radgan am wertilSi 

0,0 21   ,  da 080
2






x

L  arada unda iyos 0 . 

  







 0,

2

1
, 21 xx  aseve ar akmayofilebs pirobebs, radgan 01   

da 086
2






x

L  magram unda iyos 0 . 

ganvixiloT    1,0, 21 xx  wertili. gvaqvs: 

   1,0, 21   xxx . gveqneba: 

     

   







































,0

,0

,01082101

,01082

,0101

,60,1;0

,060,028020

,00260,028020

,05012,05012

2

1

2

21

2

121

121

121

11















xx

 

 

.0,010 221     e.i.    0;60, 21    

     0;986060;605012, 


  x
x

L  

     Tx
L

1;012;11, 


  


 

  708010180050101211008 xF  

         60;38801220;501216, 1221

21





















  xxxxx
x

F
x

x

F
x

x

f ; 

kuni-Takeris Semdegi pirobebidan: 
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  0, 


  x
x

L ;     ;0, 


  


x
L  

  ;0, 


  xx
x

L
   ;0),( 




  


 x
L  

      ;0,0   x      

sadac 

               xgbxFxL  , . 

aqedan gamomdinareobs, rom   ,x  wertili warmoadgens 

 ,xL  lagranJis funqciis unagira wertils. anu   ,xL -

aris maqsimumi x cvladis mimarT, xolo minimumi  -s 

mimarT: 

     .0,0),,(),(),(    xxLxLxL  
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Tavi II 

 dinamikuri programireba 

 

2.1. dinamikuri programirebis arsi. belmanis 
optimalobis principi. 

 

Ddinamikuri programireba warmoadgens operaciaTa 

kvlevis erT-erT mniSvnelovan gamoyenebiT dargs. misi 

fuZemdebelia amerikeli mecnieri riCard belmani, 

romelic moRvaweobda XX saukunis 50-ian wlebSi. 

  Ddinamikuri amocanebisaTvis gadamwyveti 

mniSvneloba aqvs drois faqtors, ris gamoc aseTi 

amocanebis amoxsna xdeba etapobrivad. dinamikuri 

programirebis saSualebiT SeiZleba efeqturad 

amovxsnaT maTematikuri programirebis zogierTi 

amocana, romelTa daSla SeiZleba SedarebiT mcire da 

martiv qveamocanebad. dinamikuri programirebis 

saSualebiT amocanis amoxsnisas amocanas vyofT 

etapebad, sadac TviToeul etaps Seesabameba Tavisi 

samarTi cvladi. 

vTqvaT gvaqvs n etapiani procesi. sakvlevi sistemis 

mdgomareoba nii ,...,2,1,   etapis dasawyisisaTvis aRvniSnoT 

iS -iT. davuSvaT, rom yoveli i etapisaTvis arsebobs 

gadawyvetilebaTa raime iU  simravle da yovel i etapze 

xdeba iseTi iu  gadawyvetilebis miReba, 

gadawyvetilebaTa iU  simravlidan ii Uu  , romlis 
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realizacia iwvevs sistemis gadayvanas iS  

mdgomareobidan 1iS  mdgomareobaSi, ni ,...,2,1 . sqematurad 

es SeiZleba ase gamoisaxos:  

n

UuUu

i

Uu

i

UuUuUu

SSSSS
nniiiiii 1111112211

121

 





  .  

mmarTvel gadawyvetilebaTa ),,,( 21 nuuuu   veqtors, 

amocanis gegma anu marTvis strategia (politika) 

ewodeba. vityviT, rom Tu cnobilia sistemis sawyisi 

mdgomareoba 
1S  da marTvis strategia ),,,( 21 nuuuu  , maSin 

sakvlevi obieqtis qceva ganisazRvreba calsaxad.  

Tu yovel i etapze SesaZlo gadawyvetilebaTa iU

simravle sasrulia, maSin yvela SesaZlo marTvis 

ganxilvis gziT, saSualeba gveqneboda SegverCia 

saukeTeso marTva, mocemuli miznis funqciis mixedviT. 

magram, miuxedavad gadawyvetilebaTa simravleebis 

sasrulobisa, saWiro xdeba iseTi didi moculobis 

gamoTvliT samuSaoTa Sesruleba, romelTa realizacia 

rTulia Tanamedrove kompiuterebisTvisac ki.  

amitom, aRniSnuli saxis amocanebis amosaxsnelad, 

r.belmanis mier, SemuSavebul iqna martivi principi, 

romelic saSualebas gvaZlevs optimaluri marTvis 

SerCevisas ar ganvixiloT “uvargisi” marTvebi. 

belmanis optimalobis principi, anu dinamikuri 

programirebis ZiriTadi principi, mdgomareobs imaSi, 

rom optimaluri marTvis strategia unda 

akmayofilebdes Semdeg Tvisebas: rogoric ar unda iyos 

sistemis iS  mdgomareoba nebismier mocemul i–ur etapze 
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da am etapisaTvis SerCeuli iu  strategia 1,...,2,1  ni , 

Semdgomi marTva (mmarTveli gadawyvetileba) 1iu  ise 

unda SeirCes, rom wina etapebze aRebul marTvebTan 

erTianobaSi iyos optimaluri. es ki niSnavs, rom Tu 

pirvel etapze yoveli SesaZlo gadawyvetilebisaTvis 

cnobilia optimaluri gagrZeleba, maSin am etapze 

gadawyvetileba ise unda SeirCes, rom man Tavis 

gagrZelebasTan erTad mogvces saukeTeso Sedegi. sxva 

sityvebiT rom vTqvaT, optimaluri strategiis yoveli 

qvestrategia aseve optimaluri unda iyos.  

vuwodoT niuSF iii ,,2,1),;(   funqcias miznis funqcia da misi 

optimaluri mniSvneloba aRvniSnoT )( ii Sf –iT: 

 );()( iii
Uu

ii uSFoptSf
ii

 , 

maSin )( ii Sf  funqcia unda akmayofilebdes Semdeg 

rekurentul damokidebulebebs: 

 );()( 11111

11

uSFoptSf
Uu 

 ,                       (1.1) 

 ))(;();()( 121122222

22

uuSfuSFoptSf
Uu




, 

 ))(;();()( 111 


 iiiiiii
Uu

ii uuSfuSFoptSf
ii

,            (1.2) 

sadac ni ,,2,1  , 0);( 000 uSf  da yovel Semdgom etapze 

gaiTvaliswineba wina etapebze gamoyenebuli mmarTveli 

gadawyvetilebis mniSvnelobebi. 

es damokidebuleba saSualebas gvaZlevs vipovoT )( ii Sf

funqciebis mniSvnelobebi, Tu viciT sawyisi piroba, 

romelic moicema (1.1) tolobiT. 
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zogierT SemTxvevaSi gamoiyeneba egreTwodebuli uku 

gaTvlis sqema, romlis Sesabamis rekurentul 

damokidebulebebs aqvT Semdegi saxe: 

 );()( nnn
Uu

nn uSFoptSf
nn

 ,                        (1.3) 

 ))(;();()( 111111

11

nnnnnnn
Uu

nn uuSfuSFoptSf
nn




 


, 

 ))(;();()( 111 


 iiiiiii
Uu

ii uuSfuSFoptSf
ii

,                           (1.4) 

aseT SemTxvevaSi sawyis etapad viRebT bolo n–ur etaps 

da optimalur marTvaTa arCeviT CavdivarT pirvel 

etapamde. 

ganvixiloT zogierTi tipiuri dinamikuri 

programirebis amocanebi da maTTan dakavSirebuli 

SedarebiT martivi maTi ricxviTi magaliTebi. 

 

warmoebis saSualebaTa Secvlis amocana 

  warmoebis saSualebaTa ganaxlebis amocanebi 

gvxvdeba yvela im sawarmoebSi, sadac produqciis 

warmoebis teqnologiuri procesi iTvaliswinebs 

garkveuli saxis manqana-danadgarebis gamoyenebas. 

cxadia, rom TviToeuli danadgari droTa ganmavlobaSi 

xdeba naklebad rentabeluri, amitom xSirad saWiroa 

davadginoT ra ufro xelsayrelia: vimuSavoT Zveli 

danadgarebiT, Tu SevcvaloT isini axlebiT. rogorc 
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cnobilia, axali danadgaris SeZena dakavSirebulia 

garkveul danaxarjebTan, meores mxriv Zveli 

danadgarebiT warmoebuli produqciis realizaciiT 

warmoeba Rebulobs sul ufro nakleb mogebas, radgan 

izrdeba wundebuli produqciis gamoSvebis procenti. 

garda amisa, sul ufro izrdeba danadgarebis 

SekeTebisTvis saWiro xarjebi. dasmuli amocanisTvis 

amonaxsnis mosaZebnad, simartivisaTvis vigulisxmoT, 

rom sawarmos gaaCnia erTi danadgari. saWiroa 

dadgindes is maqsimaluri sargebeli, romelic SeuZlia 

miiRos sawarmom drois raime n periodis, vTqvaT n

etapis (drois Sualedis) ganmavlobaSi, Tu is Tavis 

strategias optimalurad warmarTavs. SemoviRoT 

aRniSvnebi: 

)(tr - t xnovanebis danadgarisgan miRebuli sargebeli 

drois erTi erTeulis ganmavlobaSi; 

)(tq - t xnovanebis danadgarze gaweuli danaxarjebi 

(SekeTeba, profilaqtika)  drois erTi erTeulis 

ganmavlobaSi; 

p - aRniSnuli saxis axali danadgaris fasi (mudmivia 

drois mocemuli periodisTvis); 
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)(ts - t xnovanebis danadgaris gasayidi fasi; 

cxadia, rom )(tr  da )(ts  arian klebadi funqciebi, xolo 

)(tq ki zrdadi funqciaa t–s mimarT. 

SemoviRoT Semdegi funqciebi: 

)(tfi -Ti aRvniSnoT is maqsimaluri sargebeli, romelic 

SeuZlia miiRos sawarmom im SemTxvevaSi, rodesac 

etapebis raodenoba ganisazRvreba nebismieri i ricxviT 

ni ,,2,1  ; 

vTqvaT, procesis dasawyisSi sawarmos gaaCnda t 

xnovanebis danadgari da yvela i etapze procesi 

warmarTa optimalurad. vgulisxmobT, rom etapis 

nomeri Seesabameba gadawyvetilebis miRebis periods. 

Cveni mizania )(tfn  funqciis mniSvnelobis dadgena. 

gamoviyenoT rekurentuli damokidebulebebi. cxadia, 

rom pirvel etapze gvaqvs 

 ptsqrtqtrtf
U

 )()0()0();()(max)(
1

1             (2.1) 

sadac 1U  aris gadawyvetilebaTa simravle da Sesdgeba 

ori elementisagan:     a) Tu ptsqrtqtr  )()0()0()()(   , maSin 

ar gavyidoT arsebuli danadgari da vimuSaoT ZveliT;  
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b) Tu ptsqrtqtr  )()0()0()()(   , maSin gavyidoT arsebuli 

danadgari, viyidoT axali da vimuSaoT axliT.  

Tu ptsqrtqtr  )()0()0()()( , maSin sulerTia romel 

gadawyvetilebas avirCevT. cxadia 
1U simravle yovel 

etapze erTi da imave elementebisagan Sesdgeba.  

meore etapze gveqneba: 

 )1()()0()0();1()()(max)( 112
1

fptsqrtftqtrtf
U

 , 

i -ur etapze gvaqvs: 

 )1()()0()0();1()()(max)( 11
1

  ii
U

i fptsqrtftqtrtf .               (2.2) 

(2.2) gamosaxulebis marjvena mxaris pirveli wevri 

gansazRvravs sawarmos mier miRebul sargebels im 

SemTxvevaSi, Tu pirvel etapze ar gavyideT t xnovanebis 

danadgari da darCenili 1i  etapiani procesi 1t  

xnovanebis danadgariT warvmarTeT optimalurad, xolo 

meore wevri gansazRvravs sawarmos sargebels im 

SemTxvevaSi, Tu pirvel etapze gavyidiT danadgars da 

darCenil 1i  etapian process warvmarTavT erTi 

erTeuli xnovanebis danadgariT optimalurad.   

miRebuli rekurentuli formulebis gamoyeneba 

ganvixiloT Semdeg konkretul magaliTze: ganvixiloT 
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warmoebis procesi 5n  drois erTeulis ganmavlobaSi. 

vTqvaT produqciis sawarmoeblad gamoyenebulia erTi 

danadgari Semdegi maxasiaTeblebiT:  

 









;4,3,0

,2,1,0,3
)(

t

tt
tr  














;4,3,

2

,2,1,0,0

)(
t

t

t

tq  










;4,0

,3,2,1,0,24
)(

t

tt
ts  

.4,5)(  ttpp  

saWiroa davadginoT optimaluri strategia. amoxsna: 

(2.1) da (2.2) gantolebebi miiReben Semdeg saxes: 

 )();()(max)(
1

1 tstqtrtf
U

 , 

  .10,,2,1,)1()();1()()(max)( 11
1

  iftstftqtrtf ii
U

i  

gansaxilvel magaliTSi 0)0(,7)0(  qrp , amitom 

formulebSi es sidideebi gafaTilda. Tu gamoviyenebT 

miRebul formulebs SegviZlia, etapebis mixedviT, 

SevadginoT Semdegi cxrilebi da vipovoT Sesabamisi 

strategiebi:  
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I etapi.    ptsqrtqtrtf
U

 )()0()0();()(max)(
1

1  am formulis 

Sesabamisi cxrilia: 

𝑡 𝑟(𝑡) 𝑞(𝑡) 𝑟(𝑡) − 𝑞(𝑡) 𝑠(𝑡) 𝑟(0) − 𝑞(0) + 𝑠(𝑡) − 𝑝 𝑓1(𝑡) gadawyv.-eba 

0 3 0 3-0=3 4 3-0+4-5=2 3 ar gavyidiT 

1 2 0 2-0=2 2 3-0+2-5=0 2 ar gavyidiT 

2 1 0 1-0=1 0 3-0+0-5=-2 1 ar gavyidiT 

3 0 1,5 0-1,5=-1,5 0 3-0+0-5=-2 -1,5 ar gavyidiT 

4 0 2 -2 0 3-0+0-5=-2 -2  sulerTia 

 

II etapi.    )1()()0()0();1()()(max)( 112
1

fptsqrtftqtrtf
U

  

𝑡 𝑟(𝑡) 𝑞(𝑡) 𝑟(𝑡) − 𝑞(𝑡) + 𝑓1(𝑡) 𝑠(𝑡) 𝑟(0) − 𝑞(0) + 𝑠(𝑡) − 𝑝 + 𝑓1(𝑡) 𝑓2(𝑡) Ggadaw.-eba 

0 3 0 3-0+2=5 4 3-0+4-5+2=4 5 ar gavy. 

1 2 0 2-0+1=3 2 3-0+2-5+2=2 3 ar gavy. 

2 1 0 1-0-1,5=-0,5 0 3-0+0-5+2=0 0 Ggavy. 

3 0 1,5 0-1,5-2=-3,5 0 3-0+0-5+2=0 0  Ggavy. 

 

 

III etapi.    )1()()0()0();1()()(max)( 223
1

fptsqrtftqtrtf
U

  
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𝑡 𝑟(𝑡) 𝑞(𝑡) 𝑟(𝑡) − 𝑞(𝑡)

+ 𝑓2(𝑡) 

𝑠(𝑡) 𝑟(0) − 𝑞(0) + 𝑠(𝑡) − 𝑝

+ 𝑓2(𝑡) 

𝑓3(𝑡) Ggadaw.-eba 

0 3 0 3-0+3=6 4 3-0+4-5+3=5 6 ar gavy. 

1 2 0 2-0+0=2 2 3-0+2-5+3=3 3  Ggavy. 

2 1 0 1-0+0=1 0 3-0+0-5+3=1 1 sulerTia 

 

IV etapi.    )1()()0()0();1()()(max)( 334
1

fptsqrtftqtrtf
U

  

𝑡 𝑟(𝑡) 𝑞(𝑡) 𝑟(𝑡) − 𝑞(𝑡)

+ 𝑓3(𝑡) 

𝑠(𝑡) 𝑟(0) − 𝑞(0) + 𝑠(𝑡)

− 𝑝

+ 𝑓3(𝑡) 

𝑓4(𝑡) Ggadaw.-eba 

0 3 0 3-0+3=6 4 3-0+4-5+3=5 6 ar gavyidiT 

1 2 0 2-0+1=3 2 3-0+2-5+3=3 3 sulerTia  

 

V etapi.    )1()()0()0();1()()(max)( 445
1

fptsqrtftqtrtf
U

  

𝑡 𝑟(𝑡) 𝑞(𝑡) 𝑟(𝑡) − 𝑞(𝑡)

+ 𝑓4(𝑡) 

𝑠(𝑡) 𝑟(0) − 𝑞(0) + 𝑠(𝑡) − 𝑝

+ 𝑓4(𝑡) 

𝑓5(𝑡) Ggadaw.-eba 

0 3 0 3-0+3=6 4 3-0+4-5+3=5 6 ar gavyidiT 

 

aqedan gamomdinare miviReT Semdegi optimaluri 
gadawyvetileba:  

𝐼 არ გავყ. → 𝐼𝐼არ გავყ. → 𝐼𝐼𝐼გავყ.და ვიყიდით ახალს → 𝐼𝑉სულერთია → 𝑉არ გავყ. 
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2.3. resursebis ganawilebis amocana (statikuri modeli) 

 

vTqvaT n sxvadasxva sawarmo produqciis 
dasamzadeblad iyenebs garkveuli erTi saxis 
nedleuls(resurss), romelic mTlianobaSi aris raime 
R  raodenobiT. vTqvaT TiToeuli sawarmos mier 
miRebuli mogeba iangariSeba Sesabamisi ,,,2,1),( nixgi    
funqciebis saSualebiT, sadac ,,,2,1),( nixgi   funqciebis 
mniSvnelobebi gviCveneben im mogebas, romelsac 
mogvcemda i–uri sawarmo, im SemTxvevaSi Tu mas 
gamoeyofoda x raodenobis resursi, sadac Rx  . 

resursebis ganawilebis amocanis mizania movaxdinoT 
arsebuli R  raodenobis resursis danawileba n

mocemuli raodenobis sawarmoebze ise, rom maTgan 
miRebuli jamuri mogeba iyos maqsimaluri. zemoT 
miRebuli aRniSvnebis gaTvaliswinebiT nraodenoba 
sawarmos mier miRebuli mTliani mogeba gamoisaxeba 
Semdegi jamiT: 

)()()( 2211 nn rgrgrg   , 

amasTan erTad aq igulisxmeba, rom 1r  aris resursis is 
raodenoba, romelic gamoeyo pirvel sawarmos, 2r - meore 
sawarmos da a.S. cxadia gamoyofili resursebis jami ar 
unda aRematebodes resursis saerTo arsebul 
raodenobas. e.i. 

Rrrr n  21 . 

sabolood miviReT Semdegi amocana: 

vipovoT 


n

i

ii rg
1

)(  miznis funqciis maqsimumi 

Semdeg SezRudvebSi: 

0,
1




i

n

i

i rRr . 

unda SevniSnoT, rom am amocanis amoxsnis sirTule 
damokidebulia ,,,2,1),( nixgi   funqciebis saxeze, amitom 
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mis amosaxsnelad unda gamoviyenoT wrfivi an arawrfivi 
programirebis meTodebi.( ,,,2,1),( nixgi  funqciebis 
arawrfivobis SemTxvevaSi). 

amovxsnaT dasmuli amocana belmanis optimalobis 
principiT. amasTan vigulisxmoT, rom resursebi 
sawarmoebs gamoeyofaT rigrigobiT. 

SemoviRoT belmanis funqciebi: 

)(xfi -iT aRvniSnoT is jamuri mogeba, romelsac 
mogvcemda pirveli i sawarmo, Tu maT x raodenobis 
resursi gaunawildebodaT optimalurad. 

cxadia gveqneba Semdegi rekurentuli 
damokidebulebebi: 

.,,3,2)},()({max)(

),(max)(

1
0

11
0

1
1

nirxfrgxf

rgxf

iiii
xr

i

xr

i








  

romelTa gamoTvla unda moxdes yoveli ],0[ Rx . 

Cveni mizania mocemuli rekurentuli 
damokidebulebebiT daviTvaloT )(Rfn  funqciis 
mniSvnelobebi. moyvanili rekurentuli 
damokidebulebebi Seesabameba pirdapiri gaTvlis sqemas, 
rodesac 1f –is saSualebiT viTvliT 

2f –s, 2f -is 
saSualebiT 3f -s da a.S. 1nf –is saSualebiT nf –s.  

zogjer ufro meti praqtikuli gamoyeneba aqvs 
ukugaTvlis sqemas, rodesac nf –dan vRebulobT 1nf –s da 
a.S. 2f –dan 1f –s. am SemTxvevaSi icvleba belmanis 
funqciebis Sinaarsi. vigulisxmoT, rom )(yfi  warmoadgens 
jamur Semosavals bolo )1(  in  sawarmodan im 
SemTxvevaSi, Tu )1(  in sawarmoebs y  raodenobis resursi 
gaunawildaT optimalurad. ukugaTvlis sqemisaTvis 
rekurentuli damokidebulebebi Rebuloben Semdeg 
saxes:  

.1,2,,2,1)},()({max)(

),(max)(

1
0

0










nniryfrgxf

rgyf

iiii
yr

i

nn
yr

n

i

n
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azri aqvs dasmuli amocanis ganzogadebas ori, sami da 
ufro meti saxis resursis SemTxvevaSi. aseTi saxis 
amocanebis amoxsna belmanis optimalobis principis 
gamoyenebiTac ki Zalzed Sromatevadia, magram didi 
praqtikuli Rirebuleba aqvs. 

vTqvaT saWiroa n raodenobis sawarmos gaunawildes 
ori saxis resursi, romelTa raodenobebia R  da Q . 
resursebis ganawileba sawarmoebze unda moxdes ise, 
rom sawarmoebidan miRebuli jamuri Semosavali ),( QRfn  
iyos maqsimaluri. 

vigulisxmoT, rom TviToeuli sawarmos mogeba 
iangariSeba Semdegi ,,,2,1),,( niyxgi  funqciebis 
saSualebiT, romlebic gviCveneben i–uri sawarmosagan 
miRebul mogeba, Tu mas gamoeyo x raodenobis pirveli 
saxis resursi da y  raodenobis meore saxis resursi. 

rekurentul damokidebulebebs pirdapiri gaTvlis 
sqemisaTvis eqnebaT Semdegi saxe: 

 

,0,0

,,,3,2),(),(max),(

),,(max),(

1

0
0

111

0
0

1

1

1

QyRx

niqyrxfqrgyxf

qrgyxf

iiiiii

yq
xr

i

yq
xr

i

i
















 

sadac ),( yxfi  warmoadgens pirveli i raodenobis 
sawarmosgan miRebul maqsimalur mogebas, Tu maT 
pirveli saxis x raodenobis da meore saxi y raodenobis 
resursi gaunawildaT optimalurad. 

aRniSnuli rekurentuli damokidebulebebis 
gamoyenebisas pirvelad unda daviTvaloT ),(1 yxf  
funqciis mniSvnelobebi, x da y yoveli SesaZlo 
mniSvnelobisaTvis, ,0,0 QyRx   Semdeg ),(2 yxf –is 
mniSvnelobebi da a.S. sabolood miviRebT funqciis 
saZiebel ),( QRfn  mniSvnelobas.  
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resursebis ganawilebis dinamikuri modeli 

 

vTqvaT gvaqvs erTi sawarmo, erTi saxis R  raodenobis 
resursi da gvainteresebs n weliwadis ganmavlobaSi 
movaxdinoT Rresursis ganawileba sawarmoze ise, rom 
sawarmosagan miRebuli jamuri mogeba nwlis 
ganmavlobaSi iyos maqsimaluri. pirveli weliwadi iyos 
pirveli etapi, meore weliwadi – meore weliwadi da a.S. 
yovel weliwads davukavSiroT etapis nomeri. maSasadame 
gvinda etapebis mixedviT optimalurad gavanawiloT 
sawarmosaTvis gamoyofili R  raodenobis resursi. 
SemoviRoT aRniSvnebi:  

)(xgi  - iyos mogeba, romelic miiReba i–ur etapze, 
sawarmos mier gamoyenebuli x raodenobis resursidan.  

)(yhi  - iyos mogeba, romelic miiReba i–ur etapze, 
sawarmos mier gamouyenebeli y  raodenobis resursidan. 
cxadia, )(yhi SeiZleba iyos igivurad nuli an zog 
SemTxvevaSi uaryofiTic.  

SemoviRoT belmanis funqciebi. vTqvaT, )(xfi - aRniSnavs 
pirvel i etapze sawarmos mier miRebul jamur mogebas, 
Tu yvela wina i etapze ganawilebuli resursis saerTo 
raodenobaa x .  

am SemTxvevaSi rekurentul damokidebulebebs eqnebaT 
Semdegi saxe: 

 

 

.0

,,,3,2)()()(max)(

,)()(max)(

1
0

1111
0

1
1

Rx

nirxfrxhrgxf

rxhrgxf

iiiii
xr

i

xr

i












  
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resursebis ganawilebis albaTuri modeli 

 

albaTur modelTan maSin gvaqvs saqme, rodesac 

mogebis dasaTvleli funqciebi srulad ar arian 

gansazRvrulni. 

vTqvaT sawarmos mier 𝑘-ur etapze miRebuli 

Semosavali gamoyofili 𝑥 raodenobis resursis mixedviT 

gamoiTvleba 𝑔𝑘
′ (𝑥)  funqciis saSualebiT albaTobiT 𝑝 an 

𝑔𝑘
′′(𝑥) – funqciiT albaTobiT 𝑞. analogiurad, 

gamouyenebeli 𝑦 raodenobis resursidan miRebuli 

Semosavali 𝑘-ur etapze SeiZleba iyos ℎ𝑘
′ (𝑦)  albaTobiT 

𝑝 an ℎ𝑘
′′(𝑦) – albaTobiT 𝑞 , 𝑘 = 1,2,⋯ ,𝑁.  simartivisaTvis 

vigulisxmoT, rom sxva SemTxvevas ar SeiZleba hqondes 

adgili e.i. 𝑝 + 𝑞 = 1.   

maSin pirvel etapze sawarmos mier miRebuli 

Semosavali iqneba maTematikuri lodini, romelic 

ganisazRvreba aRniSnuli diskretuli SemTxveviTi 

sididis mixedviT 

[𝑔1
′ (𝑟1) + ℎ1

′ (𝑥 − 𝑟1)]𝑝 + [𝑔1
′′(𝑟1) + ℎ1

′′(𝑥 − 𝑟1)]𝑞. 

belmanis optimalobis principis Tanaxmad gveqneba 

Semdegi saxis rekurentuli damokidebulebebi: 
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𝑓1(𝑥) = max
0≤𝑥1≤𝑋

{[𝑔1
′ (𝑟1) + ℎ1

′ (𝑥 − 𝑟1)]𝑝 + [𝑔1
′′(𝑟1) + ℎ1

′′(𝑥 − 𝑟1)](1

− 𝑝)} 

𝑓𝑘(𝑥) = max
0≤𝑥𝑘≤𝑋

{[𝑔𝑘
′ (𝑟1) + ℎ𝑘

′ (𝑥 − 𝑟𝑘)]𝑝

+ [𝑔𝑘
′′(𝑟1) + ℎ𝑘

′′(𝑥 − 𝑟𝑘)](1 − 𝑝) + 𝑓𝑘−1(𝑋 − 𝑟𝑘)} , 𝑘
= 2,3,⋯ , 𝑁; 0 ≤ 𝑋 ≤ 𝑅. 

 

magaliTi, vTqvaT, firmas aqvs sami saxis sawarmo. 

firmis direqtorTa sabWom gadawyvita moaxdinos 

sawarmoTa rekonstruqcia, raTa momavalSi miiRos 

maqsimaluri mogeba. sabWom am saqmisaTvis gamoyo 5 mln, 

lari. yovel sawarmos gansaxilvelad Semoaqvs 

rekonstruqciis proeqtis Tavisi varianti (cxadia 

Tavisi sawarmosaTvis). SemoviRoT aRniSvnebi: 

𝐶𝑖  – 𝑖 ( 𝑖 = 1,2,3)-ur sawarmoze gamoyofili 

kapitaldabandeba. 

𝑅𝑖  – 𝑖 ( 𝑖 = 1,2,3)-ur sawarmodan miRebuli mogeba 𝐶𝑖 

kapitaldabandebis SemTxvevaSi. 

𝐶 – jamuri danaxarjebi, 𝑅  – jamuri mogeba. 

nulovani etapi Seesabamebodes iseT situacias, 

rodesac arcerT sawarmoSi rekonstruqcia ar xdeba, 

pirveli etapi Seesabmebodes pirvel sawarmos, II etapi _ 

meore sawarmos, III etapi _ mesame sawaros.  
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vTqvaT sawyisi sidideebi mocemulia Semdegi 

cxrilis saSualebiT: 

Pproeq.          

  # 

 I sawar. II sawar. III sawar. 

 𝐶1  𝑅1  𝐶2   𝑅2 𝐶3 𝑅3 

  1 

  2 

  3 

  4 

 0 

 1 

 2 

 _ 

 0 

 5 

 6 

 _ 

 0 

 2 

 3 

 4 

 0 

 8 

 9 

 12 

 0 

 1 

 _ 

 _ 

 0 

 3 

 _ 

 _ 

 

𝑥0 = 0Seesabamebodes situacias, rodesac 

ganawilebuli resursebis raodenoba nulis tolia, e,i, 

ar xdeba kapitaldabandeba. 

𝑥1 aris resursebis moculoba ganawilebuli 

pirvel etapze. 

𝑥2  - resursebis moculoba ganawilebuli pirvel da 

meore etapze erTad. 

𝑥3 - resursebis moculoba ganawilebuli pirvel, 

meore da mesame etapze erTad. 

cxadia  0 ≤ 𝑥1 ≤ 5, 0 ≤ 𝑥2 ≤ 5  ,  [jkj 𝑥3 = 5. 
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𝑓𝑗(𝑥𝑗), (𝑗 = 1,2,3) iyos 𝑗-ur etapze miRebuli mogeba 𝑥𝑗 

raodenobis ganawilebuli resursebis saSualebiT, 

amitom 𝑓0(𝑥0) = 𝑓0(0) = 0 . 

belmanis optimalobis princips am SemTxvevaSi aqvs 

Semdegi saxe: 

𝑓0(𝑥0) = 0, 

𝑓𝑗(𝑥𝑗) = max
𝐶𝑗(𝑘𝑗)≤𝑋𝑗

{𝑅𝑗(𝑘𝑗) + 𝑓𝑗−1(𝑥𝑗 − 𝐶𝑗(𝑘𝑗))} , 𝑗 = 1,2,3 , 

sadac 𝑘𝑗 – proeqtis nomeria. 𝐶𝑗(𝑘𝑗) – 𝑘𝑗 -ur proeqtebze 

daxarjuli Tanxaa e.i. 𝐶𝑗(𝑘𝑗) = 𝐶𝑗 = 𝑥𝑗 − 𝑥𝑗−1, 𝑗 = 1,2,3. anu  

𝑥𝑗−1 = 𝑥𝑗 − 𝐶𝑗(𝑘𝑗),  radgan 𝑥𝑗−1 ≥ 0, amitom 𝑥𝑗 ≥ 𝐶𝑗(𝑘𝑗).  

SevudgeT gamoTvlebs Semdegi cxrilebis 

saSualebiT: 

I etapi: 

𝑓1(𝑥1) = max
𝐶1(𝑘1)≤𝑋1

{𝑅1(𝑘1) + 𝑓0(0)} , 𝑘1 = 1,2,3. 

 

 

 

 



84 
 

𝑥1    𝑅1(𝑘1)  Ooptim. amonaxsni 

𝑘1 = 1 𝑘1 = 2 𝑘1 = 3 𝑓1(𝑥1)  𝑘1
∗ 

 0 

 1 

 2 

 3 

 4 

 5 

 0 

 0 

 0 

 0 

 0 

 0  

 _ 

 5 

 5 

 5 

 5 

 5 

 _ 

 _ 

 6 

 6 

 6 

 6 

 0 

 5 

 6 

 6 

 6 

 6 

 1 

 2 

 3 

 3 

 3 

 3 

 

   II etapi: 

𝑓2(𝑥2) = max
𝐶2(𝑘2)≤𝑋2

{𝑅2(𝑘2) + 𝑓1(𝑥2 − 𝐶2(𝑘2))} , 𝑘2 = 1,2,3,4. 

                                                     

 

 

 𝑥2  𝑅2(𝑘2) + 𝑓1(𝑥2 − 𝐶2(𝑘2))      Ooptim. amonaxsni 

  𝑘2 = 1   𝑘2 = 2 𝑘2 = 3            𝑘2 = 4          𝑓2(𝑥2)  𝑘2
∗ 

 0 

 1 

 2 

 3 

 4 

 5 

0+0=0 

0+5=5 

0+6=6 

0+6=6 

0+6=6 

0+6=6       

      -      

      - 

8+0=8 

8+5=13 

8+6=14 

8+6=14 

     -              

      - 

       - 

9+0=9           

9+5=14   

9+6=15    

- 
 
- 
 
- 
- 
 
 12+0=12 

 12+5=17 

    0 

    5 

    8 

  13 

  14 

  17 

   1 

   1 

   2 

   2 

2 an 3 

   4 
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III etapi: 

𝑓3(𝑥3) = max
𝐶3(𝑘3)≤𝑋3

{𝑅3(𝑘3) + 𝑓2(𝑥3 − 𝐶3(𝑘3))} , 𝑘3 = 1,2. 

                                                           

 𝑥3   𝑅3(𝑘3) + 𝑓2(𝑥3 − 𝐶3(𝑘3))    optimaluri  amonaxsni 

  𝑘3 = 1   𝑘3 = 2 𝑓3(𝑥3)  𝑘3
∗ 

      

 5 

 

0+17=17 

  

  3+14=17 

   

  17   

  

1 an 2 

 

movZebnoT optimaluri amoxsna: 

𝑥3 𝑘3
∗ 𝑥2 𝑘2

∗ 𝑥1 𝑘1
∗ (𝑘1∗, 𝑘2∗ , 𝑘3∗) 

 

5 

1 5-0=5 4 5-4=1 2 (2;4;1) 

 

2 

 

5-1=4 

2 4-2=2 3 (3;2;2) 

3 4-3=1 2 (2;3;2) 

  

samive proeqti: (2,4,1); (3,2,2) an (2,3,2)  optimaluria. 

 igive amocana amovxsnaT Sebrunebuli algoriTmiT, anu 

uku gaTvlis sqemis saSualebiT: 𝑓3 → 𝑓2 → 𝑓1. 

 SemoviRoT aRniSvnebi: 
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 𝑌1  _ resursebis raodenoba ganawilebuli samive etapze 

erTad, 

  𝑌2 _ resursebis raodenoba ganawilebuli meore da 

mesame  etapze erTad,  

  𝑌3 _ resursebis raodenoba ganawilebuli mesame etapze, 

 cxadia, rom 𝑌1 = 5, 0 ≤ 𝑌2 ≤ 5 ,0 ≤ 𝑌3 ≤ 5 .  

 belmanis optimalobis princips am SemTxvevaSi aqvs 

aseTi saxe: 

𝑓4(𝑥4) = 0, ნებისმიერი 𝑌4-თვის, 

𝑓𝑗(𝑌𝑗) = max
𝐶𝑗(𝑘𝑗)≤𝑌𝑗

{𝑅𝑗(𝑘𝑗) + 𝑓𝑗+1(𝑌𝑗 − 𝐶𝑗(𝑘𝑗))} , 𝑗 = 3,2,1, 

gamoTvlebs viwyebT mesame etapiT, 

 

III etapi,  

𝑓3(𝑌3) = max
𝐶3(𝑘3)≤𝑌3

{𝑅3(𝑘3) + 𝑓4(𝑌3 − 𝐶3(𝑘3))} ,  𝑘3 = 1,2.  
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𝑌3 𝑅3(𝑘3) ოპტიმალ. ამონახსნი 

𝑘3 = 1 𝑘3 = 2 𝑓3(𝑌3) 𝑘3
∗ 

0 0 - 0 1 

1 0 3 3 2 

2 0 3 3 2 

3 0 3 3 2 

4 0 3 3 2 

5 0 3 3 2 

 

    II etapi: 

𝑓2(𝑌2) = max
𝐶2(𝑘2)≤𝑌2

{𝑅2(𝑘2) + 𝑓3(𝑌2 − 𝐶2(𝑘2))} ,  𝑘2 = 1,2,3,4. 

             

𝑌2 𝑅2(𝑘2) + 𝑓3(𝑌2 − 𝐶2(𝑘2)) ოპტიმალ. ამონახსნი 

𝑘2 = 1 𝑘2 = 2 𝑘2 = 3 𝑘2 = 4 𝑓2(𝑌2) 𝑘2
∗ 

0 0+0=0 - - - 0 1 

1 0+3=3 - - - 3 1 

2 0+3=3 8+0=8 - - 8 2 

3 0+3=3 8+3=11 9+0=9 - 11 2 

4 0+3=3 8+3=11 9+3=12 12+0=12 12 3 ან 4 
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5 0+3=3 8+3=11 9+3=12 12+3=15 15 4 

       

 

 

 

I etapi: 

𝑓1(𝑌1) = max
𝐶1(𝑘1)≤𝑌1

{𝑅1(𝑘1) + 𝑓2(𝑌1 − 𝐶1(𝑘1))} ,  𝑘1 = 1,2,3. 

 

𝑌1 𝑅1(𝑘1) + 𝑓2(𝑌1 − 𝐶1(𝑘1)) ოპტიმალ. ამონახსნი 

𝑘1 = 1 𝑘1 = 2 𝑘1 = 3 𝑓1(𝑌1) 𝑘1
∗ 

5 0+15=15 5+12=17 6+11=17 17 2 ან 3 

 

ოპტიმალური ამონახსნები ასე ამოვწეროთ: 

𝑌1 𝑘1
∗ 𝑌2 𝑘2

∗ 𝑌3 𝑘3
∗ (𝑘1

∗, 𝑘2
∗ , 𝑘3

∗) 

 

5 

2 

 

5-1=4 3 4-3=1 2 (2;3;2) 

4 4-4=0 1 (2;4;1) 

3 5-2=3 2 3-2=1 2 (3;2;2) 
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1.6. datvirTvis amocana (zurgCanTis amocana) 

 

vTqvaT^ gvaqvs raime satransporto saSualeba^ 

romlis tvirTamweobaa 𝑊 da masze unda davtvirToT 

garkveuli saxis sxvadasxva saqoneli ise^ rom maTma 

wonam ar gadaaWarbos tvirTamweobas^ xolo saqonlis 

jamuri Rirebuleba iyos maqsimaluri. 

davuSvaT gvaqvs 𝑖 = 1,2,⋯ , 𝑁 sxvadasxva tipis 

saqoneli, 𝑃𝑖 iyos 𝑖 -uri saqonlis wona, 𝑉𝑖,𝑖 -uri saqonlis 

Rirebuleba, 𝑋𝑖, 𝑖 - uri saqonlis moculoba 𝑖 = 1,2,⋯ ,𝑁. 

Cveni mizania ise SevarCioT 𝑋1, 𝑋2,⋯ , 𝑋𝑁  moculobebi, rom 

maqsimaluri mniSvneloba miiRos jamma  

𝑉1𝑋1 + 𝑉2𝑋2 +⋯+ 𝑉𝑁𝑋𝑁  → 𝑚𝑎𝑥 

Semdeg SezRudvebSi 
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𝑃1𝑋1 + 𝑃2𝑋2 +⋯+ 𝑃𝑁𝑋𝑁 ≤ 𝑊 , 

            𝑋1 ≥ 0, 𝑋2 ≥ 0,⋯ , 𝑋𝑁 ≥ 0,   

𝑋𝑖 , (𝑖 = 1,2,⋯ ,𝑁)  mTeli ricxvebia. 

Tu ar moviTxovT 𝑋1, 𝑋2, ⋯ , 𝑋𝑁 cvladebis mTelobas, 

maSin am amocanis amoxsna SeiZleba simpleqsuri meTodis 

saSualebiT. marTlac, am SemTxvevaSi gvrCeba erTi 

SezRudva, sabaziso iqneba erTi cvladi, kerZod is 

cvladi, romlisTvisac 𝑉𝑖 ∙
𝑊

𝑃𝑖
 gamosaxuleba Rebulobs 

maqsimalur mniSvnelobas. maSasadame, Tu 

𝑚𝑎𝑥 (𝑉𝑖 ∙
𝑊

𝑃𝑖
) = 𝑉𝑖0 ∙

𝑊

𝑃𝑖0
 , 

maSin transportis datvirTva unda moxdes mxolod 𝑖0 
saxis saqonliT. 
dasmuli amocanis amosaxsnelad Cven gamoviyenoT 
dinamikuri programirebis meTodi. amisaTvis 
vigulisxmoT, rom saqonlis datvirTva xdeba 
etapobrivad: yovel 𝑗 , (𝑖 = 1,2,⋯ ,𝑁) -ur etapze  itvirTeba 
𝑗 -uri tipis saqoneli. gamoviyenoT belmanis 
optimalobis principis uku gaTvlis sqema, 𝑌𝑖 -iT 
avRniSnoT im saqonlis saerTo wona, romelTa datvirTva 
xdeba 𝑗, 𝑗 + 1,⋯ ,𝑁 etapebze.𝑓𝑖(𝑌𝑗)-iT aRvniSnoT saqonlis 
is maqsimaluri jamuri Rirebuleba, romelTa 
optimaluri datvirTva moxda 𝑗, 𝑗 + 1,⋯ ,𝑁 etapebze, 
amasTan vigulisxmoT, rom 𝑌1 = 𝑊 , 𝑌𝑖 = 0,1,2,⋯ ,𝑊 ; 𝑗 =
2,3,⋯ , 𝑁.   

cxadia, yoveli 𝑗-uri tipis saqonlis dasatvirTavi 

raodenoba 𝑋𝑗SeiZleba Rebulobdes Semdeg 

mniSvnelobebs: 
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0,1,2,⋯ , [
𝑊

𝑃𝑗
] 

e,i, yovel 𝑗-ur etapze 𝑋𝑗 variantebis raodenoba 

moTavsebulia 0 ≤ 𝑋𝑗 ≤ [
𝑊

𝑃𝑗
] SualedSi. uku gaTvlis sqemis 

Sesabamisad gveqneba Semdegi rekurentuli 

damokidebulebebi: 

𝑓𝑁(𝑌𝑁) = max
𝑋𝑁=0,1,⋯,[

𝑊

𝑃𝑁
]

{𝑋𝑁𝑉𝑁} , 

𝑓𝑖(𝑌𝑖) = max
𝑋𝑖=0,1,⋯,[

𝑊
𝑃𝑖
]

{𝑋𝑖𝑉𝑖 + 𝑓𝑖+1(𝑌𝑖 − 𝑋𝑖𝑃𝑖)} 

    
magaliTi: vTqvaT gvaqvs Semdegi monacemebi: 𝑊 = 5, 

𝑖 𝑃𝑖 𝑉𝑖 

1 2 65 

2 3 80 

3 1 30 

 

 
III etapi:  
 

𝑓3(𝑌3) = max
𝑋3=0,1,⋯,[

5
1]

{𝑋3𝑉3}, შევნიშნოთ,რომ   [
5

1
] = 5;  

 
ე.ი.  𝑋3 = 0,1,2,3,4,5. 

 
 
𝑌3 30𝑋3 ოპტ. ამონახსნი 

𝑋3 = 0 𝑋3 = 1 𝑋3 = 2 𝑋3 = 3 𝑋3 = 4 𝑋3 = 5 
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𝑋3𝑉3 = 0 30 60 90 120 150 𝑓3(𝑋3) 𝑋3
∗ 

0 0 - - - - - 0 0 
1 0 30 - - - - 30 1 
2 0 30 60 - - - 60 2 
3 0 30 60 90 - - 90 3 
4 0 30 60 90 120 - 120 4 
5 0 30 60 90 120 150 150 5 

                                                                                               
 

 
 
 
 
 
 
II etapi:  
 

𝑓2(𝑌2) = max
𝑋2=0,1,⋯,[

5
3]

{80𝑋2 + 𝑓3(𝑌2 − 3𝑋2)},  ე. ი.  𝑋2 = 0,1. 

 

   
𝑌2 80𝑋2 + 𝑓3(𝑌2 − 3𝑋2 ოპტ. ამონახსნი 

𝑋2 = 0 𝑋2 = 1 
𝑋2𝑉2 = 0 𝑋2𝑉2 = 80 𝑓2(𝑋2) 𝑋2

∗ 
0 0+0=0 - 0 0 
1 0+30=30 - 30 0 
2 0+60=60 - 60 0 
3 0+90=90 80+0=80 90 0 
4 0+120=120 80+30=110 120 0 
5 0+150=150 80+60=140 150 0 
 

  
   I etapi:  

𝑓1(𝑌1) = max
𝑋1=0,1,⋯,[

5
2]

{65𝑋1 + 𝑓2(𝑌1 − 2𝑋1)},  ე.ი.  𝑋1 = 0,1,2. 

 
 
  

𝑌1 65𝑋1 + 𝑓2(𝑌1 − 2𝑋1 ოპტ. ამონახსნი 
𝑋1 = 0 𝑋1 = 1 𝑋1 = 2 
𝑋1𝑉1 = 0 𝑋1𝑉1 = 65 𝑋1𝑉1 = 130 𝑓1(𝑋1) 𝑋1

∗ 

0 0+0=0 - - 0 0 

1 0+30=30 - - 30 0 
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2 0+60=60 65+0=65 - 60 0 

3 0+90=90 65+30=95 - 90 0 

4 0+120=120 65+60=125 130+0=130 120 0 

5 0+150=150 65+90=155 130+30=160 150 0 

 
 

optimaluri strategia anu amonaxsnebi iqneba: 

 
(𝑋1

∗;  𝑋2
∗;  𝑋3

∗) = (2; 0; 1) 
 
  

1.7. SromiTi resursebis gamoyenebis kalendaruli 

dagegmva 

 

vTqvaT, raime organizacias dasaxuli samuSaos 

Sesasruleblad sxvadasxva dros esaWiroeba sxvadasxva 

raodenobis muSaxeli. am samuSaos Sesrulebis periodi 

davyoT etapebad:𝑘 = 1,2,⋯ ,𝑁 vigulisxmoT, rom winaswar 

cnobilia TiToeul etapze saWiro muSaxelis 

minimaluri raodenoba: pirvel etapze saWiroa 𝑏1 

raodenobis muSaxeli, meore etapze 𝑏2 raodenobis 

muSaxeli da a,S, me_𝑁–e etapze _ 𝑏𝑛 raodenobis 

muSaxeli. SemoviRoT aRniSvnebi:  

𝐶1(𝑋) iyos danakargebi, gamowveuli romelime etapze 

𝑋 raodenobis muSaxelis siWarbis gamo,  
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𝐶2(𝑋) iyos danakargebi, gamowveuli romelime etapze 

𝑋 raodenobis muSaxelis daqiravebiT.  

vTqvaT, muSis daTxovna ar iwvevs danakargebs da 

mxedvelobaSi miviRoT, rom sawarmos mdgomareobas 

mocemul etapze gansazRvravs muSaxelis raodenoba wina 

etapis bolos, 𝑌𝑘 -Ti aRvniSnoT muSaxelis raodenoba 𝑘 

-ur etapze, radgan 𝑘 -ur etapze saWiro muSaxelis 

minimaluri raode_ nobaa 𝑏𝑘 , amitom gveqneba Semdegi 

Tanafardobebi: 

1. 𝑌𝑘 − 𝑏𝑘 > 0 niSnavs, rom gvyavs imaze meti muSaxeli,  

vidre gvWirdeba da xarji, muSaxelis siWarbis gamo, 

toli iqneba 𝐶1(𝑌𝑘 − 𝑏𝑘) .  

2. 𝑌𝑘 > 𝑌𝑘−1 niSnavs, rom 𝑘 etapze gviwevs muSaxelis 

daqiraveba da xarji, muSaxelis daqiravebis gamo, toli 

iqneba 𝐶2(𝑌𝑘 − 𝑌𝑘−1). 

 SemoviRoT belmanis funqcia: 𝑓𝑘(𝑦𝑘−1) - danakargebis 

jamuri raodenoba 𝑘 etapze da mis wina etapebze erTad, 

gamowveuli imiT, rom 𝑘 − 1 etapis bolos gvyavda 𝑦𝑘−1 

raodenobis muSaxeli, gamoviyenoT uku gaTvlis sqema da 

CavweroT Sesabamisi rekurentuli damokidebulebebi: 

𝑓𝑁(𝑌𝑁−1) = min
𝑌𝑁=𝑏𝑁

{𝐶1(𝑌𝑁 − 𝑏𝑁) + 𝐶2(𝑌𝑁 − 𝑌𝑁−1)} 

𝑓𝑘(𝑌𝑘−1) = min
𝑌𝑘≥𝑏𝑘

{𝐶1(𝑌𝑘 − 𝑏𝑘) + 𝐶2(𝑌𝑘 − 𝑌𝑘−1) + 𝑓𝑘+1(𝑌𝑘)} , 
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𝑘 = 1,2,⋯ ,𝑁 − 1; 

 

Aaq saWiroa ganvsazRvroT 𝑌1, 𝑌2, ⋯ , 𝑌𝑁−1, 𝑌𝑁 

cvladebis mniSvnelobaTa  sazRvrebi 𝑏1, 𝑏2,⋯ , 𝑏𝑁−1, 𝑏𝑁 

mocemuli mniSvnelobebis saSualebiT. 

Cxadia 𝑌𝑁 = 𝑏𝑁. Tu 𝑌𝑁−1 > 𝑏𝑁, maSin 𝑌𝑁−1 = 𝑏𝑁−1, ⋯ , 𝑏𝑁, 

xolo Tu 𝑏𝑁−1 > 𝑏𝑁, maSin 𝑌𝑁−1 = 𝑏𝑁 da a.S. 

magaliTi: vTqvaT, romelime organizacias sWirdeba 

muSaxeli 5 Tvis ganmavlobaSi da yovel Tve mas 

sWirdeba sxvadasxva raodenobis muSaxeli. saWiroa 

organizaciam SeimuSaos optimaluri gegma imisa, Tu 

yovel Tve ramdeni muSa amuSaos. amisaTvis is adgens 

yovel TveSi saWiro muSebis minimalur raodenobas. 

vTqvaT pirvel TveSi saWiroa 𝑏1 = 5 raodenobis 

muSaxeli, meore TveSi _ 𝑏2 = 7, mesame TveSi _ 𝑏3 = 8, 

meoTxe TveSi - 𝑏4 = 4 da mexuTe TveSi - 𝑏5 = 6. Amocana 

davyoT etapebad ise, rom yovel Tves SevusabamoT etapis 

nomeri. vTqvaT gvaqvs Semdegi monacemebi: 

𝐶1(𝑌𝑘 − 𝑏𝑘) = 3(𝑌𝑘 − 𝑏𝑘), 𝑘 = 1,2,3,4,5. 

 

𝐶2(𝑌𝑘 − 𝑌𝑘−1) = {
4 + 2(𝑌𝑘 − 𝑌𝑘−1),   თუ 𝑌𝑘 > 𝑌𝑘−1 ,

0 ,                              თუ 𝑌𝑘 ≤ 𝑌𝑘−1 .
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ganvsazRvroT ra farglebSi icvlebian 𝑌1, 𝑌2, 𝑌3, 𝑌4 

da 𝑌5 cvladebi. Cxadia 𝑌5 = 𝑏5 = 6. mocemulobis 

Tanaxmad: 

𝑏4 = 4 < 6 = 𝑏5 , ამიტომ 𝑌4 = 4,5,6 ; 

𝑏3 = 8 > 6 = 𝑌4 , ამიტომ 𝑌3 = 8 ; 

𝑏2 = 7 < 8 = 𝑌3 , ამიტომ 𝑌2 = 7,8 ; 

𝑏1 = 5 < 8 = 𝑌2 , ამიტომ 𝑌1 = 5,6,7,8 ; 

𝑌0 = 5 – muSebis sawyisi raodenobaa. 

 

 

V etapi: 𝑏5 = 6, 

 

𝑌4 𝐶1(𝑌5 − 6) + 𝐶2(𝑌5 − 𝑌4) ოპტიმალ. ამონახსნი 

𝑌5 = 6 𝑓5(𝑌4) 𝑌5
∗ 

4 3 ∙ 0 + 4 + 2 ∙ 2 = 8 8 6 

5 3 ∙ 0 + 4 + 2 ∙ 1 = 6 6 6 

6 3 ∙ 0 + 0 = 0 0 6 

 

 

 

 

IV etapi: 𝑏4 = 4, 
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𝑌3 𝐶1(𝑌4 − 4) + 𝐶2(𝑌4 − 𝑌3) + 𝑓5(𝑦4) ოპტიმალ. 

ამონახსნი 

𝑌4 = 4 𝑌4 = 5 𝑌4 = 6 𝑓5(𝑌4) 𝑌5
∗ 

8 3 ∙ 0 + 0 + 8

= 8 

3 ∙ 1 + 0 + 6

= 9 

3 ∙ 2 + 0 + 0 = 6 6 6 

 
 
 
 
 
III etapi: 𝑏3 = 8, 

 

𝑌2 𝐶1(𝑌3 − 8) + 𝐶2(𝑌3 − 𝑌2) + 𝑓4(𝑦3) ოპტიმალ. ამონახსნი 

𝑌3 = 8 𝑓3(𝑌2) 𝑌3
∗ 

7 3 ∙ 0 + 4 + 2 ∙ 1 + 6 = 12 12 8 

8 3 ∙ 0 + 0 + 6 = 6 6 8 

 
 

 
 
 
 
 
 
 
II etapi: 𝑏2 = 7, 

 

𝑌1 𝐶1(𝑌2 − 7) + 𝐶2(𝑌2 − 𝑌1) + 𝑓3(𝑦2) ოპტიმალ. 

ამონახსნი 

𝑌2 = 7 𝑌2 = 8 𝑓2(𝑌1) 𝑌2
∗ 
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5 3 ∙ 0 + 4 + 2 ∙ 2 + 12 = 20 3 ∙ 1 + 4 + 2 ∙ 3 + 6

= 19 

19 8 

6 3 ∙ 0 + 4 + 2 ∙ 1 + 12 = 18 3 ∙ 1 + 4 + 2 ∙ 2 + 6

= 17 

17 8 

7 3 ∙ 0 + 0 + 12 = 12 3 ∙ 1 + 4 + 2 ∙ 1 + 6

= 15 

12 7 

8 3 ∙ 0 + 0 + 12 = 12 3 ∙ 10 + 0 + 6 = 9 9 8 

 
 
 
 
I etapi: b1 = 5, 
 

  

y0 

     C1(y1-5)+ C2(y1-y0)+ f2(y1) Optimal. 

amonaxsni 

    y1=5    y1=6     y1=7 y1=8  f1(y0)   y1
* 

    

5 

 

30+0+1

9=19 

 

31+4+2

1+17=26 

 

32+4+2

2+12=26 

 

33+4+2

3+9=28 

 

   19 

 

   5 

 

 
 
 

Aamocanis optimaluri amonaxsnia: 

 

y0=5   y1
*=5   y2

*=8   y3
*=8   y4

*=6   y5
*=6 
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e.i. pirvel TveSi daiqiravebs 5 muSas, Semdeg TveSi 

daiqiravebs kidev 3 muSas da eyoleba 8 muSa, mesame 

TveSi daitovebs 8 muSas, meoTxe TveSi daiTxovs 2 muSas 

da daitovebs 6 muSas da bolos mexuTe TveSi eyoleba 

6 muSa. Jamuri danaxarjebi am SemTxvevaSi toil iqneba 

19 erTeulis. 

 

 

2.4. saimedoobis amocana 

vTqvaT, unda avawyoT raime xelsawyo, romelic 

Sedgeba 𝑁 ZiriTadi komponentisagan. TiToeuli maTgani 

erTmaneTTan SeerTebulia mimdevrobiT, amitom 

romelime komponentis mwyobridan gamosvla iwvevs 

xelsawyos mwyobridan gamosvlas. Xelsawyos 

saimedooba SegviZlia gavzardoT TiToeuli 

komponentis dublirebiT. Xelsawyos konstruqcia 

saSualebas iZleva yovel components hqondes sam 

blokamde, romlebic SeerTebuli iqneba paralelurad: 

 

 

 

 

I კომპონენტი  

 

IIკომპონენტი  

 

IIIკომპონენტი  

 I ბლოკი I ბლოკი 
 

I ბლოკი 
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→ 

 
 

 

 

→ 

 

 

→ 

 

 

→ 

II ბლოკი 

 
 

II ბლოკი 
 

II ბლოკი 
 

III ბლოკი 
 

III ბლოკი 
 

III ბლოკი 
 

 

 

 

vTqvaT, xelsawyos Rirebulebam ar unda gadaaWarbos 𝐶 

raodenobis Tanxas. SemoviRoT aRniSvnebi: 𝑅𝑗(𝑘𝑗) iyos 

TiToeuli komponentis saimedooba. 𝐶𝑗(𝑘𝑗) TiToeuli 

komponentis asagebad gaweuli danaxarjebi. 𝑘𝑗 blokebis 

raodenoba. Romlebic komponentebSi SeerTebulni arian 

paralelurad -𝑗 = 1,2,⋯ ,𝑁.  

Aamocana mdgomareobs SemdegSi: ganvsazRvroT 𝑘𝑗 

blokebis raodenoba TiToeul 𝑗 = 1,2,⋯ , 𝑁  komponentSi 

ise, rom xelsawyos saimedooba iyos maqsimaluri, xolo 

masze gaweulma danaxarjebma ar gadaaWarbos 

gansazRvrul Tanxas. 

Gganmartebis Tanaxmad, Tu xelsawyo Sedgeba 𝑁 

cali mimdevrobiT CarTuli komponentisagan, sadac 

TiToeuli komponenti Seicavs 𝑘𝑗 raodenobis 𝑗 = 1,2,⋯ , 𝑁 
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paralelurad SeerTebul bloks, xelsawyos saimedooba 

𝑅 tolia TiToeuli komponentis saimedoobis namravlis, 

amrigad gvaqvs: 

𝑅 =∏𝑅𝑗(𝑘𝑗)

𝑁

𝑗=1

 → max  

∑𝐶𝑗(𝑘𝑗)

𝑁

𝑗=1

≤ 𝐶, 

 

𝐶 –  xelsawyos maqsimaluri Rirebulebaa. 

SevniSnoT, rom am amocanaSi  𝑘𝑗 = 0 variants azri 

ara aqvs. 

Ddinamikuri programirebis modelis elementebi: 

etapi, mdgomareoba da variantebi ganvsazRvroT 

Semdegnairad: 

1) 𝑗ZiriTad components davukavSiroT 𝑗-uri etapi 

𝑗 = 1,2,⋯ , 𝑁. 

2) 𝑌𝑗 mdgomareoba gviCvenebs im jamur danaxarjebs, 

romlebic dasWirda 𝑗, 𝑗 + 1,⋯ ,𝑁 komponentebis 

Seqmnas. 

3) amoxsnaTa 𝑘𝑗, 𝑗 = 1,2,⋯ , 𝑁 variantebi gviCveneben 𝑗 

–ur komponentSi paralelurad SeerTebuli 

blokebis raodenobas. 
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4) 𝑓𝑗(𝑌𝑗)_iT aRvniSnoT saimedoobis maqsimaluri 

mniSvneloba, im SemTxvevaSi, rodesac 𝑗, 𝑗 + 1,⋯ ,𝑁 

komponentebis ageba dajda 𝑌𝑗 Tanxa. 

Gveqneba Semdegi rekurentuli Tanafardobani: 

𝑓𝑁(𝑌𝑁) = max
𝐶𝑁(𝑘𝑁)≤𝑌𝑁

{𝑅𝑁(𝑘𝑁)} , 

 
𝑓𝑗(𝑌𝑗) = max

𝐶𝑗(𝑘𝑗)≤𝑌𝑗
{𝑅𝑗(𝑘𝑗) ∙ 𝑓𝑗+1(𝑌𝑗 − 𝐶𝑗(𝑘𝑗))} , 𝑗 = 1,2,⋯ ,𝑁 − 1; 

 
 
ganvixiloT kerZo magaliTi, rodesac xelsawyo 

Sedgeba sami ZiriTadi komponentisagan, e.i. 𝑗 = 1,2,3. 

vTqvaT 𝐶 = 10000$ da sawyisi monacemebi mocemulia 

Semdegi cxrilis saSualebiT: 

𝑘𝑗 𝑗 = 1 𝑗 = 2 𝑗 = 3 

𝑅1 𝐶1 𝑅2 𝐶2 𝑅3 𝐶3 

1 0,6 1 0,7 3 0,5 2 

2 0,8 2 0,8 5 0,7 4 

3 0,9 3 0,9 6 0,9 5 

 

gavigoT 𝑌1, 𝑌2, 𝑌3 cvladebis dasaSveb mniSvnelobaTa 

simravleebi: 

radgan mesame ZiriTadi komponenti ar SeiZleba 

Seicavdes erTze nakleb bloks, amitom 𝑌3-is umciresi 
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mniSvnelobaa 𝐶3(1) = 2, meores mxriv 𝑌3-is mniSvneloba 

ar SeiZleba meti iyos vidre 10 − 𝐶2(1) − 𝐶1(1) = 10 − 3 −

1 = 6, winaaRmdeg SemTxvevaSi darCenili Tanxa ar eyofa 

pirvel da meore ZiriTad komponentebSi TiTo blokis 

CarTvasac ki, maSasadame 𝑌3 = 2,3,4,5,6. Analogiurad 

gavarkvioT 𝑌2 da 𝑌1 cvladebis dasaSvebi mniSvnelobebi, 

𝑌2_is minimaluri mniSvneloba tolia 𝐶2(1) + 𝐶3(1) = 3 +

2 = 5, xolo maqsimaluri mniSvneloba tolia 10 −

𝐶1(1) = 10 − 1 = 9, e.i. 𝑌2 = 5,6,7,8,9.  

𝑌1-isminimalurimniSvnelobatolia𝐶1(1) + 𝐶2(1) +

𝐶3(1) = 1 + 3 + 2 = 6, xolo𝑌1_is maqsimaluri mniSvneloba 

tolia 10_is, e.i. 𝑌1 = 6,7,8,9,10.  

daTvlis dros gamoviyenoT ukugaTvlis sqema: 

 
III etapi: 

𝑓3(𝑌3) = max
𝑘3=1,2,3

{𝑅3(𝑘3)} , 

 
 

𝑌3 𝑅3(𝑘3) ოპტიმალური 
ამონახსნი 

𝑘3 = 1 𝑘3 = 2 𝑘3 = 3 𝑓3(𝑌3) 𝑘3
∗ 

𝑅 = 0,5; 𝐶 = 2 𝑅 = 0,7; 𝐶 = 4 𝑅 = 0,9; 𝐶 = 5 
2 0,5 - - 0,5 1 
3 0,5 - - 0,5 1 
4 0,5 0,7 - 0,7 2 
5 0,5 0,7 0,9 0,9 3 
6 0,5 0,7 0,9 0,9 3 

 
 

II etapi:𝑓2(𝑌2) = max
𝑘2=1,2,3

{𝑅2(𝑘2) ∙ 𝑓3(𝑌2 − 𝐶2(𝑘2))} 
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𝑌2 𝑅2(𝑘2) ∙ 𝑓3(𝑌2 − 𝐶2(𝑘2)) ოპტიმალური 
ამონახსნი 

𝑘2 = 1 𝑘2 = 2 𝑘2 = 3 𝑓2(𝑌2) 𝑘2
∗ 

𝑅 = 0,7; 𝐶 = 3 𝑅 = 0,8; 𝐶 = 5 𝑅 = 0,9; 𝐶 = 6 
5 0,7 ∙ 0,5 = 0,35 - - 0,35 1 
6 0,7 ∙ 0,5 = 0,35 - - 0,35 1 
7 0,7 ∙ 0,7 = 0,49 0,8 ∙ 0,5 = 0,40 - 0,49 1 
8 0,7 ∙ 0,9 = 0,63 0,8 ∙ 0,5 = 0,40 0,9 ∙ 0,5 = 0,45 0,63 1 
9 0,7 ∙ 0,9 = 0,63 0,8 ∙ 0,7 = 0,56 0,9 ∙ 0,5 = 0,45 0,63 1 

 
I etapi:𝑓1(𝑌1) = max

𝑘1=1,2,3
{𝑅1(𝑘1) ∙ 𝑓2(𝑌1 − 𝐶1(𝑘1))} 

 
 
 
 
𝑌1 𝑅1(𝑘1) ∙ 𝑓2(𝑌1 − 𝐶1(𝑘1)) ოპტიმალური 

ამონახსნი 
𝑘1 = 1 𝑘1 = 2 𝑘1 = 3 𝑓1(𝑌1) 𝑘1

∗ 
𝑅 = 0,6; 𝐶 = 1 𝑅 = 0,8; 𝐶 = 2 𝑅 = 0,9; 𝐶 = 3 

6 0,6 ∙ 0,35 = 0,21 - - 0,21 1 
7 0,6 ∙ 0,35 = 0,21 0,8 ∙ 0,35 = 0,28 - 0,28 2 
8 0,6 ∙ 0,49 = 0,294 0,8 ∙ 0,35 = 0,28 0,9 ∙ 0,35 = 0,315 0,315 3 
9 0,6 ∙ 0,63 = 0,378 0,8 ∙ 0,49 = 0,392 0,9 ∙ 0,35 = 0,315 0,392 2 
10 0,6 ∙ 0,63 = 0,378 0,8 ∙ 0,63 = 0,504 0,9 ∙ 0,49 = 0,441 0,504 2 

 
 
Mocemuli 𝐶 = 10000 dolarisaTvis da cxrilSi 

mocemuli sawyisi monacemebis SemTxvevaSi optimaluri 

amonaxsni iqneba:(𝑘1
∗; 𝑘2

∗; 𝑘3
∗) = (2; 1; 3)(k1*,k2*,k3*)=(2,1,3), 

saimedooba ki 𝑅 = 0,50, es niSnavs, rom xelsawyos 

pirvel komponentSi eqneba ori bloki, meore 

komponentSi erTi bloke da mesame komponentSi sami 

bloki. 
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Tavi III 

maragTa optimaluri marTvis Teoria 

   

3.1. Sesavali 

operaciaTa kvlevis erT_erT yvelaze 

umniSvnelovanes dargs praqtikuli TvalsazrisiT 

warmoadgens maragTa optimaluri marTvis Teoria. 

maragebi da maTi Seqmnisa da gamoyenebis sakiTxebi 

xSirad gvxvdeba mrewvelobaSi, ekonomikaSi da 

yoveldRiur cxovrebaSi. 

maragebis arseboba erTis mxriv gamowveulia 

aucileblobiT, xolo meores mxriv maTi arseboba 

dakavSirebulia garkveul danaxarjebTan. maragebis 

Seqmnis aucilebloba ganpirobebulia imiT, rom rogorc 

wesi momarageba xdeba gacilebiT didi moculobebiT, 
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vidre saqonlis gasaReba. SeiZleba maragis uqonlobis 

gamo ver davakmayofiloT moTxovnileba garkveul 

saqonelze, rac faqtiurad dagvakarginebda garkveul 

Semosavals. Ee.i. deficitis SemTxvevaSi SegviZlia 

vifiqroT, rom adgili aqvs wagebas. aRniSnuli saxis 

danakargebs xSirad sadeficito jarimas uwodeben. 

maragebis Seqmna dakavSirebulia agreTve garkveul 

danaxarjebTan: saWiroa sawyobebis aSeneba, saqonlis 

SenaxvisasSesaZlebelia misi didi raodenoba nawilo-

briv an mTlianad daziandes an moxdes saqonlis Cawola 

masze moTxovnilebis uqonlobis gamo, amitom saWiroa am 

dadebiTi da uaryofiTi mxareebis gaTvaliswinebiT 

ganvsazRvroT maragebis Seqmnis optimaluri raodenoba 

yovel konkretul situaciaSi. saerTod momarageba _ 

gasaRebis procesi SeiZleba sqematurad ase warmovidgi-

noT: 

მომხმარებელი  

→ 

შეკვეთის 

პუნქტი 

 

→ 

საწყობი  

→ 

რეალიზაციის 

პუნქტი 

 

SekveTisas gaweuli danaxarjebi Semdegi saxisaa: 
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1. saqonlis Sesyidvaze gaweuli danaxarjebi, romelic 

SekveTili saqonlis raodenobis proporciulia. 

2. zednadebi xarjebi, romelic SekveTili saqonlis 

moculobaze ar aris damokidebuli. 

danaxarjebi saqonlis Senaxvaze aris: 

1. sawyobebis aSenebasTan dakavSirebuli danaxarjebi. 

2. saqonlis SenaxvasTan dakavSirebuli danaxarjebi. 

3. sadeficito jarima. 

ganvixiloT momarageba_gasaRebis procesis sxvadasxva 

SemTxvevebi: 

1. statikur_determinirebuli SemTxveva. am 

SemTxvevaSi vgulisxmobT, rom zustadaa cnobili 

moTxovnileba garkveuli saxis saqonelze da SekveTili 

saqonlis saerTo raodenoba emTxveva saqonelze 

moTxovnilebis raodenobas, 

2. maragTa marTvis stoqasturi anu albaTuri modeli. 

ganvixiloT SemTxveva, rodesac moTxovnileba saqonelze 

ucnobia da davuSvaT, rom viciT mxolod 

moTxovnilebebis albaTuri ganawileba, e.i. vTvliT, rom 

viciT albaTobebi imisa, rom moTxovnili saqonlis 

raodenoba iqneba: 1,2,3,⋯ . albaToba imisa rom moTxovnaa 
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1 aris 𝑝1  - albaToba imisa rom moTxovnaa 2 aris 𝑝2  da 

a.S. davuSvaT, rom saqonlis erTeulis realizaciisas 

miRebuli Semosavali aris 𝑀, xolo erTeuli saqonlis 

gausaReblobiT miRebuli zarali aris 𝐸. Cveni mizania 

movZebnoT SesakveTi saqonlis optimaluri moculoba. 

Cven SemTxvevaSi cxadia, rom 𝑝1, 𝑝2, ⋯ , 𝑝𝑁 albaTobebis 

mimdevroba warmoadgens klebad mimdevrobas, radgan 𝑁 

raodenoba saqonlis gayidvis albaToba aris 𝑝𝑁 , amitom 

𝑝𝑁 faqtiurad iqneba agreTve me_ 𝑁 -e saqonlis gayidvis 

albaToba. me_ 𝑁 -e saqonlis gayidviT miRebuli 

Semosavali iqneba 𝑀𝑝𝑁, xolo me- 𝑁-e saqonlis ar 

gayidviT miRebuli zarali iqneba 𝐸(1 − 𝑝𝑁) radgan 1 − 𝑝𝑁 

warmoadgens saqonlis argayidvis albaTobas. 

cxadia 𝑁 ise unda SeirCes, rom sruldebodes utoloba 

             𝑀𝑝𝑁 − 𝐸(1 − 𝑝𝑁) > 0 ,                                 ( 3.1)  
da es gamosaxuleba Rebulobdes maqsimalur 

mniSvnelobas. 

(3.1) utolobidan gamomdinareobs, rom 

𝑝𝑁 >
𝐸

𝐸 +𝑀
 ,                                                 (3.2) 

   e.i. 𝑁 unda SeirCes ise, rom igi iyos maqsimaluri da 

daakmayofilos (3.2) utoloba. daviTvaloT 
𝐸

𝐸+𝑀
  sidide, 
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romelic yovelTvis erTze naklebia. Semdeg, mocemul 

albaTobaTa 𝑝1, 𝑝2,⋯ , 𝑝𝑁 , ⋯ mimdevrobaSi marcxnidan 

marjvniv veZebT iseT wevrs, romelic akmayofilebs (3.24) 

utolobas da boloa aseT wevrebs Soris. 

cxadia, rom rac ufro mcire iqneba 
𝐸

𝐸+𝑀
  

gamosaxulebis mniSvneloba, miT ufro marjvniv iqneba 

Sesabamisi 𝑝𝑁 albaTobaTa mimdevrobaSi e.i. miT ufro 

didi moculobis SekveTa unda gakeTdes. 

(3.2) utolobas aqvs martivi ekonomikuri azri. 

kerZod, im SemTxvevaSi, rodesac 𝑀 ≫ 𝐸, maSin 
𝐸

𝐸+𝑀
 nulTan 

axlosaa. es ki Seesabameba imas, rom am SemTxvevaSi 

saqonlis realizaciiT miRebuli mogeba 𝑀  gacilebiT 

metia, vidre saqonlis Senaxvaze gaweuli danaxarjebi. 

e.i. saqonelze unda gakeTdes didi moculobis moTxovna, 

xolo Tu piriqiT 𝐸 ≫ 𝑀, maSin 
𝐸

𝐸+𝑀
 axlos aris erTTan, 

rac niSnavs, rom saqoneli unda SevukveToT mcire 

moculobiT. 

nebismieri sawarmos an organizaciis uwyveti 

moqmedebisaTvis aucilebelia garkveuli saxis saqonlis 

maragis Seqmna. maragis Seqmna ki yovelTvis 

dakavSirebulia danaxarjebTan. 
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maragis Seqmna SeiZleba moxdes sawarmos 

funqcionirebis mTeli droisaTvis an SeiZleba maragis 

Sevseba xdebodes garkveuli mcire periodis Semdeg. 

pirvel SemTxvevaSi saqme gvaqvs did danaxarjebTan, rac 

gamowveulia zedmeti saqonlis SenaxvasTan drois didi 

Sualedis ganmavlobaSi, samagierod adgili ara aqvs 

deficits da mcirea zednadebi xarjebic. meore 

SemTxvevaSi ki didia zednadebi xarjebi, mcirdeba 

Senaxvis xarjebi da SesaZlebelia adgili hqondes 

saqonlis deficits. maSasadame saWiroa am or midgomas 

Soris SeirCes Sualeduri optimaluri midgoma. 

maragTa marTvis nebismieri modelis agebisas 

pasuxi unda gavceT Semdeg or kiTxvas: 

1. ra moculobis SekveTa unda moxdes saqonelze? 

2. drois romel momentSi unda moxdes SekveTa? 

pirvel kiTxvaze pasuxs gvaZlevs danaxarjebis 

minimizaciis amocana, xolo meore kiTxvaze rom pasuxi 

gavceT, saWiroa vicodeT rogor xdeba kontroli 

arsebuli maragis odenobaze. Tu kontroli 

xorcieldeba etapobrivad, drois garkveuli 

Sualedebis Semdeg, maSin saqonelze SekveTis momentebi 

emTxveva axali periodis dasawyiss, xolo Tu kontroli 

xorcieldeba uwyvetad, maSin SekveTis momenti 
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ganisazRvreba arsebuli maragis garkveuli kritikuli 

raodenobiT. 

maragTa marTvis jamuri danaxarjebi Sedgebian 

Semdegi komponentebisagan: 

a) danaxarjebi saqonlis SeZenaze; b) zednadebi 

xarjebi; g) Senaxvis xarjebi; d) sadeficito jarima. 

saqonlis SeZenaze gaweuli danaxarjebi 

mniSvnelovania gansakuTrebiT maSin, rodesac erTeuli 

saqonlis fasi damokidebulia SekveTis moculobaze. 

zednadebi xarjebi gamowveulia SekveTis gaformebiT da 

gadazidviT. sadeficito jarima gamowveulia saWiro 

saqonlis maragis uqonlobiT e.i. faqtiurad igi tolia 

im mogebisa, romelsac miviRebdiT im SemTxvevaSi, 

rodesac saqonelze moTxovnas yovelTvis 

davakmayofilebdiT srulad.  

Cveni mizania SevarCioT SekveTis is optimaluri 

moculoba 𝑌∗, romlis drosac jamuri danaxarjebi 

iqneba minimaluri.    

maragTa optimaluri marTvis modelebis Sedgenisas 

arsebiTi mniSvneloba aqvs saqonelze moTxovnis xasiaTs. 

Tu saqonelze moTxovna sarwmunoa, maSin gvaqvs maragTa 

marTvis determinirebuli modeli, xolo Tu moTxovna 

saqonelze atarebs albaTur xasiaTs, maSin iyeneben 
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albaTur modelebs. Tavis mxriv, determinirebuli 

modelebi iyofa or jgufad: dinamikuri modelebi da 

statikuri modelebi, imis mixedviT moTxovnileba 

saqonelze cvalebadia droSi Tu ara. albaTuri 

modelebic iyofa or jgufad: Tu moTxovnis albaTuri 

ganawilebis simkvrive droSi ar icvleba, maSin gvaqvs 

stacionaluri modeli, xolo Tu moTxovnis albaTuri 

ganawilebis simkvrive droSi icvleba, maSin gvaqvs 

arastacionaluri modeli. 

 

 

maragTa optimaluri marTvis maTematikuri 

modelebis Sedgenisas garda moTxovnilebis Sesaxeb 

informaciisa unda gaviTvaliswinoT Semdegi 

faqtorebic: 

მოთხოვნა

ალბათური

არასტაციონალუ
რი

სტაციონალური

დეტერმინირებუ
ლი

დინამიკური

სტატიკური
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a) rogor xdeba SekveTis miReba, momentalurad Tu 

adgili aqvs dayovnebas SekveTis gaformebidan mis 

miRebamde. 

b) maragis Sevseba xdeba erTdroulad Tu 

TandaTanobiT. 

g) maragis dasagrovebeli punqtebi erTia Tu erTze 

meti.  

d) vagrovebT erTi saxis saqonels Tu sxvadasxva 

saxisas. 

 

 

3.2. maragTa marTvis erTproduqtiani statikuri modeli 

 

maragTa marTvis erTproduqtiani statikuri modeli 

aigeba im SemTxvevaSi, rodesac moTxovna mudmivia droSi, 

maragis Sevseba xdeba myisierad da adgili ara aqvs 

saqonelze deficits. SemoviRoT Semdegi aRniSvnebi: 

𝛽 _ moTxovnis intensivoba, anu aRniSnul saqonelze 

moTxovnileba drois erTeulSi.  

𝑌 _ SekveTili saqonlis moculoba. 

𝐾_ zednadebi xarjebi, anu SekveTis gaformebaze da 

gadazidvaze gaweuli danaxarjebi. 
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ℎ _ erTeuli saqonlis drois erTeulSi Senaxvis 

xarjebi. 

davuSvaT, maragi Tavis maqsimalur mniSvnelobas 

Rebulobs, rodesac vukveTavT 𝑌 moculobis saqonels, 

xolo maragi xdeba 0 _is toli 
𝑌

𝛽
 drois Semdeg. 

𝑄(𝑌)_iT avRniSnoT jamuri danaxarjebi drois 

erTeulSi, 𝑌  moculobis maragis Seqmnisas. 

𝑌მარაგის მოცულობა 

 

 

 

 

 

      0                            𝑡0 =
𝑌
𝛽⁄                                                                              𝑡 დრო 

 
 
naxazidan Cans, rom ciklis xangrZlivoba e.i. drois 

Sualedi SekveTidan Semdeg SekveTamde aris 𝑡0 =
𝑌
𝛽⁄ , 

xolo maragis saSualo donea 𝑌 2⁄ , cxadia gveqneba: 

𝑄(𝑌) =
𝐾
𝑌

𝛽

+
ℎ𝑌

2
=

𝐾𝛽

𝑌
+
ℎ𝑌

2
 , 

SesakveTi saqonlis optimaluri moculobis 

dasadgenad vipovoT 𝑄(𝑌) funqciis minimaluri 
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mniSvneloba. amisaTvis 𝑄(𝑌) funqcia gavawarooT 𝑌_is 

mimarT da gavutoloT nuls. miviRebT: 

 
𝑑𝑄(𝑌)

𝑑𝑌
= −

𝐾𝛽

𝑌2
+
ℎ

2
= 0 ,    

aqedan ki miviRebT, rom  

𝑌∗ = √
2𝐾𝛽

ℎ
 . 

miRebul formulas uwodeben uilsonis formulas. 

SekveTa saqonelze unda moxdes yoveli 𝑡0
∗ =

𝑌∗

𝛽
  

drois gasvlis Semdeg 

𝑡∗ =
√2𝐾𝛽

ℎ

𝛽
= √

2𝐾

ℎ𝛽
 . 

daviTvaloT jamuri danaxarjebis optimaluri 

raodenoba: 

𝑄(𝑌∗) =
𝐾𝛽√ℎ

√2𝐾𝛽
+ ℎ ∙

√2𝐾𝛽

2√ℎ
= √2𝐾𝛽ℎ . 

uilsonis formulis martivi ekonomikuri azri 

Semdegia: SekveTis optimaluri moculoba 

pirdapirproporciulia kvadratuli fesvi zednadebi 

xarjisa da moTxovnis intensivobis namravlidan da 

ukuproporciulia kvadratuli fesvi saqonlis 

erTeulis Senaxvaze gaweuli xarjebisa drois 

erTeulSi. 
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3.3. erTproduqtiani statikuri modeli uwyveti 

momaragebiT 

 

ganvixiloT SemTxveva, rodesac moTxovnileba da 

momarageba uwyveti sidideebia. aseTi situacia 

warmoiqmneba maSin, rodesac momaragebis da gasaRebis 

punqtebi erTadaa Tavmoyrili, SemoviRoT aRniSvnebi: 

𝛽 aris moTxovnilebis intensivoba. 

𝛼 _ warmoebis intensivoba (gviCvenebs drois 

erTeulSi sawarmos mier gamoSvebuli produqciis 

moculobas).  

𝑌 _ SekveTis moculoba. 

𝐾 _ SekveTiT gamowveuli zednadebi xarjebi. 

𝐶 _ erTeuli produqciis Sesasyidi Rirebuleba.  

ℎ_ erTeuli produqciis Senaxvaze gaweuli 

danaxarjebi drois erTeulSi. 

𝑌 moculobis produqciis sawarmoeblad saWiro 

dro tolia 𝑡 =
𝑌

𝛼
 sididis, xolo amave moculobis 

produqciis sarealizaciod saWiro dro tolia 𝜏 =
𝑌

𝛽
 

sididis, grafikulad maragis dagrovebis procesi 

Semdegnairad SeiZleba gamovsaxoT: 

𝑌 
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0       𝜏                                        𝑡 

 
 
Cxadia 𝛼 − 𝛽 warmoadgens produqciis dagrovebis 

intensivobas, anu drois erTeulSi dagrovili saqonlis 

raodenobas. im SemTxvevaSi, rodesac erTdroulad xdeba 

rogorc saqonlis warmoeba, ise misi realizacia, maSin 

dagrovebuli saqonlis raodenoba 𝑡 drois 

ganmavlobaSi aris 

(𝛼 − 𝛽)𝑡 =
(𝛼−𝛽)𝑌

𝛼
 . 

imis gamo, rom maragis minimaluri raodenoba nolia, 

amitom maragis saSualo doned SegviZlia miviCnioT 

Semdegi sidide: 

(𝛼−𝛽)𝑡

2
=

(𝛼−𝛽)𝑌

2𝛼
 . 
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𝑌 moculobis saqonlis Sesyidvaze gaweuli danaxarjebi 

drois erTeulSi tolia 𝐶𝛽, xolo zednadebi xarjebi ki 

_ 
𝐾𝛽

𝑌
 , jamuri danaxarjebi avRniSnoT 𝑄(𝑌)_iT, gveqneba: 

𝑄(𝑌) = 𝐶𝛽 +
𝐾𝛽

𝑌
+
(𝛼 − 𝛽)𝑌ℎ

2𝛼
, 

Sadac 
(𝛼−𝛽)𝑌ℎ

2𝛼
 warmoadgens 𝑌 moculobis saqonlis 

Senaxvaze gaweul danaxarjebs drois erTeulSi. 

SekveTis optimaluri moculobis dasadgenad 𝑄(𝑌) 

funqcia gavawarmooT 𝑌_iT da gavutoloT nuls, 

gveqneba: 

𝑑𝑄(𝑌)

𝑑𝑌
= −

𝐾𝛽

𝑌2
+
(𝛼 − 𝛽)ℎ

2𝛼
= 0 , 

aqedan ki miviRebT: 

𝑌∗ = √
2𝐾𝛼𝛽

(𝛼 − 𝛽)ℎ
 , 

e.i.  

     𝑌∗ = √
2𝛽𝐾

(1−
𝛽

𝛼
)ℎ
 

miviReT uilsonis formulis ganzogadebuli formula, 

romelic gviCvenebs SekveTis moculobis zrdas im 

SemTxvevaSi, rodesac moTxovnilebisa da warmoebis 

intensivobani erTi da igive rigisani arian. es situacia 
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warmoadgens ganuwyveteli warmoebis Sesabamis 

situacias.  

Tu 𝛼 gacilebiT aRemateba 𝛽_s e.i. 𝛼 ≫ 𝛽, maSin 

uilsonis ganzogadoebuli formula emTxveva uilsonis  

formulas. 

sawarmos muSaobis optimaluri dro gamoiTvleba 

formuliT: 

𝑡∗ =
𝑌∗

𝛼
=
1

𝛼
√

2𝛼𝛽𝐾

(𝛼 − 𝛽)ℎ
= √

2𝛽𝐾

𝛼(𝛼 − 𝛽)ℎ
 , 

xolo 𝑌∗ moculobis saqonlis sarealizaciod 

saWiro dro Semdegi formuliT: 

𝜏∗ =
𝑌∗

𝛽
=
1

𝛽
√

2𝛼𝛽𝐾

(𝛼 − 𝛽)ℎ
= √

2𝛼𝐾

𝛽(𝛼 − 𝛽)ℎ
 . 

 

 

 

 

 

 

3.4. maragTa marTvis erTproduqtiani statikuri modeli 

cvladi Sesasyidi fasebiT 
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ganvixiloT SemTxveva, rodesac saqonlis Sesasyidi 

fasi damokidebulia SekveTis moculobaze. vTqvaT, 

erTeuli saqonlis Sesasyidi fasi tolia 𝐶1 -is, Tu 

SekveTili saqonlis moculoba 𝑌 < 𝑞, xolo erTeuli 

saqonlis Sesasyidi fasi tolia 𝐶2 _is, Tu SekveTili 

saqonlis moculoba 𝑌 ≥ 𝑞 y  q , cxadia 𝐶1 > 𝐶2.   vTqvaT 

deficits ara aqvs adgili. 

am SemTxvevaSi jamuri danaxarjebi gamovsaxoT 

Semdegnairad: 

𝑄1(𝑌) = 𝐶1𝛽 +
𝐾𝛽

𝑌
+
𝑌ℎ

2𝛼
 , თუ  𝑌 < 𝑞 , 

𝑄2(𝑌) = 𝐶2𝛽 +
𝐾𝛽

𝑌
+
𝑌ℎ

2𝛼
 , თუ     𝑌 ≥ 𝑞 . 

 

 SekveTis optimaluri moculobis 𝑌∗-is sapovnelad 

mivmarToT grafikul xerxs, risTvisac avagoT 𝑄1(𝑌) da 

𝑄2(𝑌) funqciebis Sesabamisi grafikebi: 

 

 

 

𝑄1(𝑌), 𝑄2(𝑌)  
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    0              𝑌𝑚   𝑞1               𝑌 
      

 

TiToeuli 𝑄1(𝑌) da 𝑄2(𝑌) funqciis minimumi miiRweva  

𝑌𝑚 = √
2𝐾𝛽

ℎ
 wertilSi, SekveTis optimaluri 𝑌∗ moculobis 

gasagebad arsebiTi mniSvneloba aqvs imas, Tu fasebis 

@wyvetis` Sesabamisi 𝑞 sidide ra damokidebulebaSia 

Semdeg SualedebTan: 

1) 0 ≤ 𝑞 < 𝑌𝑚  ; 2) 𝑌𝑚 ≤ 𝑞 < 𝑞1 ; 3) 𝑞 ≥ 𝑞1 . 

sadac 𝑞1 (𝑞1 > 𝑌𝑚) aris Semdegi gantolebis 

amonaxsni: 

𝑄1(𝑌𝑚) = 𝑄2(𝑞1) 

anu 

𝐶1𝛽 +
𝐾𝛽

𝑌𝑚
+
𝑌𝑚ℎ

2
= 𝐶2𝛽 +

𝐾𝛽

𝑞1
+
𝑞1ℎ

2
 

  

1) ganvixiloT 0 ≤ 𝑞 < 𝑌𝑚 SemTxveva 

𝑄1, 𝑄2 
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0        𝑞   𝑌𝑚   𝑞1               𝑌 

 
 

 

naxazze mocemuli wyvetili funqciis minimumi miiRweva 

𝑌𝑚 wertilSi. es ki niSnavs, rom am SemTxvevaSi 𝑌∗ = 𝑌𝑚, 

radgan mocemuli gamoyofili grafikebis nawilebi 

gansazRvraven jamur danaxarjebs 𝑌 moculobis 

saqonlis SekveTisaTvis. 

 

 

2) ganvixiloT 𝑌𝑚 ≤ 𝑞 < 𝑞1 SemTxveva 

 

 

 

𝑄1, 𝑄2 
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0              𝑌𝑚 𝑞  𝑞1                    𝑌 

 

am naxazze mocemuli wyvetili funqciis minimumi 

miiRweva 𝑌 = 𝑞 wertilSi, rac imas niSnavs, rom am 

SemTxvevaSi 𝑌∗ = 𝑞.   

3) ganvixiloT 𝑞 ≥ 𝑞1 SemTxveva, 

𝑄1, 𝑄2 

 

 

 

 

 

 

 

0              𝑌𝑚   𝑞1  𝑞                  𝑌 
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cxadia, am SemTxvevaSi naxazze gamoyofili 

wyvetili funqciis minimumi miiRweva 𝑌 = 𝑌𝑚 wertilSi. 

e.i. 𝑌∗ = 𝑌𝑚. Amrigad, gvaqvs: 

Y𝑌∗ = {

𝑌𝑚 ,      0 ≤ 𝑞 ≤ 𝑌𝑚 ,
𝑞 ,          𝑌𝑚 ≤ 𝑞 ≤ 𝑞1 ,
𝑌𝑚 ,                𝑞 ≥ 𝑞1.

 

 

sadac 

𝑌𝑚 = √
2𝐾𝛽

ℎ
 . 

𝑌∗ sididis moZebnis algoriTmi SegviZlia 

Semdegnairad warmovadginoT: 

 

a) gamoviTvliT 𝑌𝑚 = √
2𝐾𝛽

ℎ
    sidides, Tu 𝑞 < 𝑌𝑚 , maSin 

𝑌∗ = 𝑌𝑚 da algoriTmi damTavrebulia, winaaRmdeg 

SemTxvevaSi gadavdivarT b) bijze, 

b) gamoviTvliT 𝑞1  sidides  

𝐶1𝛽 +
𝐾𝛽

𝑌𝑚
+
𝑌𝑚ℎ

2
= 𝐶2𝛽 +

𝐾𝛽

𝑞1
+
𝑞1ℎ

2
 

gantolebidan da 𝑞1_is miRebul mniSvnelobas 

SevadarebT 𝑌𝑚  da 𝑞 sidideebs.  

1) Tu 𝑌𝑚 ≤ 𝑞 < 𝑞1, maSin 𝑌
∗ = 𝑞 . 
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2) Tu 𝑞 ≥ 𝑞1, maSin 𝑌
∗ = 𝑌𝑚 .   

 

3.5. mravalproduqtiani statikuri modeli sawyobis 

tevadobaze SezRudviT 

 

ganvixiloT SemTxveva, rodesac gvaqvs 𝐴 farTobis 

sawyobi gaTvaliswinebuli𝑛sxvadasxva saxis saqonli-

saTvis. vTqvaT 

𝛽𝑖  , (𝑖 = 1,2,⋯ , 𝑛) aris 𝑖_uri saxis saqonelze 

moTxovnilebis intensivoba e.i. gviCvenebs drois 

erTeulSi realizebuli 𝑖_uri saxis saqonlis 

moculobas; 

𝐾𝑖  , (𝑖 = 1,2,⋯ , 𝑛) aris 𝑖_uri saxis saqonelze 

gaweuli zednadebi xarjebi; 

𝑎𝑖  , (𝑖 = 1,2,⋯ , 𝑛) aris 𝑖_uri saxis erTeuli saqonlis 

SenaxvisaTvis saWiro farTobi; 

ℎ𝑖  , (𝑖 = 1,2,⋯ , 𝑛) aris 𝑖_uri saxis erTeuli saqonlis 

Senaxvaze gaweuli danaxarjebi drois erTeulSi; 

𝑌𝑖  , (𝑖 = 1,2,⋯ , 𝑛) aris 𝑖_uri saxis saqonelze SekveTis 

moculoba. 

davuSvaT, rom saqonlis miReba xdeba SekveTisTa-

nave da adgili ara aqvs deficits. 
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cxadia𝑎𝑖𝑌𝑖  , (𝑖 = 1,2,⋯ , 𝑛) warmoadgens 𝑌𝑖 raodenobis 

𝑖_uri saxis saqonlisaTvis saWiro farTobs sawyobSi, 

amrigad𝑌𝑖 , (𝑖 = 1,2,⋯ , 𝑛) sidideebi ise unda SevarCioT, 

rom dakmayofildes Semdegi SezRudva: 

∑𝑎𝑖𝑌𝑖

𝑛

𝑖=1

≤ 𝐴 ,                                         (3.5) 

davuSvaT, rom yoveli𝑖 , (𝑖 = 1,2,⋯ , 𝑛) saxis erTeuli 

saqonlis Sesasyidi fasi ar aris damokidebuli 

aRniSnuli saqonlis SekveTis moculobaze.  Am 

SemTxvevaSi yvela saxis saqonelze gaweuli jamuri 

danaxarjebi toil iqneba Semdegi sididis: 

∑(
𝐾𝑖𝛽𝑖
𝑌𝑖

+
ℎ𝑖𝑌𝑖
2
)

𝑛

𝑖=1

 , 

am gamosaxulebaSi ar aris gaTvaliswinebuli 

saqonlis Sesyidvaze gaweuli danaxarjebi, radgan es 

danaxarjebi ver moaxdenen gavlenas mTliani 

danaxarjebis minimizaciaze. Aamrigad, gvaqvs Semdegi 

saxis amocana: movZebnoT, yoveli𝑖 , (𝑖 = 1,2,⋯ , 𝑛) saxis 

saqonlisaTvis, SekveTis iseTi optimaluri 

moculobebi, romlebic aniWeben minimums Semdeg 

gamosaxulebas: 
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∑(
𝐾𝑖𝛽𝑖
𝑌𝑖

+
ℎ𝑖𝑌𝑖
2
)

𝑛

𝑖=1

 , 

Semdegi SezRudvebis pirobebSi: 

∑𝑎𝑖𝑌𝑖

𝑛

𝑖=1

≤ 𝐴 , 

 

SekveTis optimaluri moculobis gansazRvrisaTvis 

ganvixiloT ori SemTxveva: 

1) Yoveli 𝑖_uri saxis saqonlisaTvis SekveTis 

optimaluri moculoba ganvsazRvroT uilsonis 

formuliT 

𝑌𝑖
∗ = √

2𝐾𝑖𝛽𝑖
ℎ𝑖

 , 𝑖 = 1,2,⋯ , 𝑛; 

Dda SevamowmoT sruldeba Tu ara Semdegi piroba 

∑𝑎𝑖𝑌𝑖
∗

𝑛

𝑖=1

≤ 𝐴 . 

Tu es piroba Sesrulda, maSin sawyobs hqonia saWiro 

farTobi da aseTi𝑌𝑖
∗, , 𝑖 = 1,2,⋯ , 𝑛.  Sidideebi iqneba 

mocemuli amocanis saZiebeli amoxsnebi. 

2) Tu uilsonis formuliT moZiebuli𝑌𝑖
∗, , 𝑖 =

1,2,⋯ , 𝑛.  sidideebisTvis ar sruldeba (3.5) piroba, maSin 

SekveTis optimaluri moculobis gansazRvrisaTvis 
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viyenebT lagranJis damatebiTi mamravlebis meTods. 

SemoviRoT lagranJis funqcia: 

𝐿(𝜆, 𝑌1, 𝑌2, ⋯ , 𝑌𝑛) =∑(
𝐾𝑖𝛽𝑖
𝑌𝑖

+
ℎ𝑖𝑌𝑖
2
)

𝑛

𝑖=1

− 𝜆 (∑𝑎𝑖𝑌𝑖

𝑛

𝑖=1

− 𝐴 ) 

sadac 𝜆 < 0 raime parametria. 

movZebnoT 𝐿(𝜆, 𝑌1, 𝑌2, ⋯ , 𝑌𝑛) funqciis pirveli rigis 

warmoebulebi yvela cvladiT da gavutoloT nuls. 

miviRebT 𝜆, 𝑌1, 𝑌2, ⋯ , 𝑌𝑛 ucnobebis mimarT Semdeg 

algebrul gantolebaTa sistemas: 

{
 
 

 
 
𝜕𝐿

𝜕𝑌𝑖
= −

𝐾𝑖𝛽𝑖

𝑌𝑖
2 +

ℎ𝑖
2
− 𝜆𝑎𝑖 = 0,

𝜕𝐿

𝜕𝜆
= −∑𝑎𝑖𝑌𝑖

𝑛

𝑖=1

+ 𝐴 = 0,

 𝑖 = 1,2,⋯ , 𝑛.                    (3.6) 

 

(2.5) toloba da (2.6) sistemis pirveli gantoleba 

gviCveneben, rom sawyobis tevadoba mTlianad unda iqnas 

dakavebuli saqonliT. (2.6) sistemis danarCeni 

gantolebebidan miviRebT uilsonis ganzogadoebul 

formulas: 

𝑌𝑖
∗ = √

2𝐾𝑖𝛽𝑖
ℎ𝑖 − 2𝜆𝑎𝑖

 , 𝑖 = 1,2,⋯ , 𝑛 . 
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miRebuli formulis 𝜆 parametris SerCeva xdeba 

mosinjvis gziT. Tavdapirvelad unda ganisazRvros 𝜆 

parametris optimaluri mniSvneloba. Semdeg unda 

moxdes 𝑌𝑖
∗ , ( 𝑖 = 1,2,⋯ , 𝑛) sidideebis gansazRvra. 

 

 

3.6. maragTa marTvis erTproduqtiani dinamikuri modeli 

 

vigulisxmoT, rom gvaqvs 𝑁 etapiani procesi, erTi 

saxis raime produqti da CavTvaloT, rom saqonelze 

SekveTidan mis miRebamde dayovnebas adgili ara aqvs, 

adgili ara aqvs agreTve deficits. 

saWiroa es 𝑁 etapiani procesi wavmarToT ise, rom 

saerTo danaxarjebi mTeli procesis ganmavlobaSi iyos 

minimaluri. SemoviRoT aRniSvnebi: 

𝑍𝑖iyos SekveTili saqonlis moculoba𝑖 , (𝑖 = 1,2,⋯ ,𝑁) 

etapze;  

𝛽𝑖iyos saqonelze moTxovnis intensivoba𝑖 , (𝑖 = 1,2,⋯ , 𝑁) 

etapze; 

𝑋𝑖iyos saqonlis raodenoba sawyobSi𝑖 , (𝑖 = 1,2,⋯ , 𝑁) 

etapis dasawyisisaTvis; 

𝐾𝑖 iyos zednadebi xarjebi  𝑖 , (𝑖 = 1,2,⋯ ,𝑁) etapze; 
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ℎ𝑖 iyos saqonlis erTeulis Senaxvaze gaweuli 

danaxarjebi, im SemTxvevaSi Tu is ver gaiyida 𝑖 , (𝑖 =

1,2,⋯ , 𝑁) etapze da amis gamo gadavida𝑖 + 1 , (𝑖 = 1,2,⋯ ,𝑁) 

etapze; 

𝐶𝑖(𝑍𝑖)iyos𝑍𝑖 , (𝑖 = 1,2,⋯ ,𝑁) raodenobis saqonlis 

SesyidvisaTvis gaweuli danaxarjebi𝑖 , (𝑖 = 1,2,⋯ ,𝑁) 

etapze. 

sqematurad es procesi SeiZleba ase gamovsaxoT: 

 𝑍1

↓ 

 𝑍2 ↓  ⋯ 𝑍𝑖

↓ 

 ⋯ 𝑍𝑁

↓ 

 

𝑋1

→ 

    →  𝑋2 → 𝑋3 ⋯ → 𝑋𝑖+1 ⋯  𝑋𝑁+1

= 0 

𝛽1 ↓  𝛽2 ↓  ⋯ 𝛽𝑖 

↓ 

 ⋯ 𝛽𝑁

↓ 

 

 

 

 
 
mocemul aRniSvnebSi gveqneba 

𝑋𝑖+1 = 𝑋𝑖 + 𝑍𝑖 − 𝛽𝑖  , 𝑖 = 1,2,⋯ , 𝑁. 

miRebuli toloba gviCvenebs, rom𝑖 + 1 etapis 

dasawyisisaTvis sawyobSi myofi 𝑋𝑖+1 saqonlis 

raodenoba tolia saqonlis im raodenobisa, romelic 
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dagvrCa 𝑖 etapis bolos, mas damatebuli 𝑖 etapze 

Sesyiduli saqonlis 𝑍𝑖 raodenoba da gamoklebuli 𝑖 

etapze realizebuli saqonlis 𝛽𝑖 raodenoba. 

Nebismier 𝑖 etapze saqonlis Senaxvaze gaweuli 

danaxarjebi gamoiTvleba Semdegi formuliT: 

ℎ𝑖(𝑋𝑖 + 𝑍𝑖 − 𝛽𝑖) = ℎ𝑖𝑋𝑖+1 , 𝑖 = 1,2,⋯ ,𝑁. 

vTqvaT 𝑓𝑖(𝑋𝑖+1) aris saerTo danaxarjebis minimaluri 

raodenoba TiToeul 𝑖  (𝑖 = 1,2,⋯ , 𝑁) etapze. 

gamoviyenoT belmanis optimalobis principi, maSin 

pirdapiri gaTvlis sqemis Tanaxmad gveqneba Semdegi 

rekurentuli damokidebulebebi: 

𝑓1(𝑋2) = min
0≤𝑍1≤𝛽1+𝑋2

{𝐶1(𝑍1) + 𝐾1 + ℎ1𝑋2} 

 

𝑓𝑖(𝑋𝑖+1) = min
0≤𝑍𝑖≤𝛽𝑖+𝑋𝑖+1

{𝐶𝑖(𝑍𝑖) + 𝐾𝑖 + ℎ𝑖𝑋𝑖+1 + 𝑓𝑖−1(𝑋𝑖 + 𝑍𝑖 − 𝛽𝑖)} ,

𝑖 = 1,2,⋯ ,𝑁. 

 

Ppiroba𝑋𝑁+1 = 0 e.i. 𝑋𝑁 + 𝑍𝑁 = 𝛽𝑁 aucilebelia sul 

bolo etapze, radgan Cven vcdilobT gvqondes 

minimaluri danaxarjebi da amitom bolo etapze cxadia 

araviTari azri ara aqvs sawyobSi saqonlis datovebas. 

Tu gamoviyenebT ukugaTvlis sqemas, maSin  

gveqneba: 
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𝑓𝑁(𝑋𝑁) = min
𝑍𝑁+𝑋𝑁=𝛽𝑁

{𝐶𝑁(𝑍𝑁1)} 

 

𝑓𝑖(𝑋𝑖) = min
𝛽𝑖≤𝑋𝑖+𝑍𝑖≤𝛽𝑖+𝛽𝑖+1+⋯+𝛽𝑁

{𝐶𝑖(𝑍𝑖) + ℎ𝑖(𝑋𝑖 + 𝑍𝑖 + 𝛽𝑖) + 𝐾𝑖

+ 𝑓𝑖+1(𝑋𝑖 + 𝑍𝑖 − 𝛽𝑖)} , 𝑖 = 𝑁 − 1,𝑁 − 2,⋯ ,2,1. 

 

𝑓𝑖(𝑋𝑖)funqcia yoveli 𝑖_Tvis warmoadgens belmanis 

funqcias da gviCvnebs im jamur danaxarjebs, romlebic 

gveqneboda𝑖, 𝑖 + 1,⋯ ,𝑁 etapebze im SemTxvevaSi, Tu 

saqonlis sawyisi raodenoba 𝑖 etapze iyo 𝑋𝑖 da 

darCenili procesi warimarTa optimalurad. 

 

 

 

3.7. erTproduqtiani umartivesi albaTuri modeli 

maragis odenobaze uwyveti kontroliT 

 

ganvixiloT SemTxveva, rodesac saqonelze 

moTxovnileba cnobilia, magram saqonelze SekveTis 

gaformebidan mis realizaciamde dro SemTxveviT 
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sidides warmoadgens. აm dros vuwodoT SekveTis 

realizaciis dro. 

SekveTis micemis momenti ganisazRvreba maragis 

raRac kritikuli 𝑅 raodenobiT. igulisxmeba, rom 

rogorc ki maragis raodenoba miaRwevs 𝑅–s,  im momentSi 

xdeba SekveTis gaformeba, xolo SekveTis miRebamde 

dro albaTuri xasiaTisaa. Drois erTeulad CavTvaloT 

erTi weliwadi. Cveni mizania ganvsazRvroT SekveTis 

optimaluri moculoba 𝑌∗ da SekveTis warmodgenis 

kritikuli done sawyobSi 𝑅∗. 

vigulisxmoT, rom yovel etapze daukmayofile-

beli moTxovnebi gadadian Semdeg etapze da drois 

bolo momentSi SeiZleba gvqondes ara umetes erTi 

daukmayofilebeli moTxovna, SemoviRoT aRniSvnebi: 

𝑋_moTxovnili saqonlis moculoba. 

𝑓(𝑋)–𝑋 raodenoba saqonelze moTxovnilebis 

albaTuri ganawilebis simkvrive. 

𝑌_SekveTili saqonlis moculoba. 

𝐷_saqonelze moTxovnilebis mosalodneli wliuri 

moculoba. 

𝐾_erTeuli saqonlis SekveTis gaformebiT 

gamowveuli zednadebi danaxarjebi. 
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ℎ_erTeuli saqonlis Senaxvaze gaweuli 

danaxarjebi erTi wlis ganmavlobaSi. 

𝑃_erTeuli saqonlis deficitiT gamowveuli 

danakargebi erTi wlis ganmavlobaSi. 

grafikulad saqonlis dagrovebisa da realizaciis 

procesi SeiZleba Semdegi saxiT warmovadginoT: 

 

 

 𝑅 

 𝑌                        𝑌             𝑌 

                                                                                                                                                   
   0      შეკვ. შესრ.დრო               შეკვ. შესრ.დრო                            𝑡 

      𝐼ეტაპი                                                                                𝐼𝐼ეტაპი 

                          

maragis saSualo donis gansazRvrisaTvis saWiroa 

maragis minimaluri da maqsimaluri raodenobebi 

SevkriboT da jami gavyoT Suaze, etapis 

dasasrulisaTvis maragis mosalodneli raodenoba 

tolia𝐸(𝑅 − 𝑋) gamosaxulebis, sadac (𝐸maTematikuri 

lodinia), xolo etapis dasawyisisaTvis, roca ukve 

moxda SekveTili saqonlis miReba saqonlis 

mosalodneli raodenoba toil iqneba𝑌 + 𝐸(𝑅 − 𝑋) 
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sididis. amrigad, maragis mosalodneli saSualo 

raodenoba tolia 

𝐸(𝑅 − 𝑋) + 𝑌 + 𝐸(𝑅 − 𝑋)

2
=
𝑌

2
+ 𝐸(𝑅 − 𝑋). 

Tu gaviTvaliswinebT, rom 

𝐸(𝑅 − 𝑋) = ∫ 𝐸(𝑅 − 𝑋)𝑓(𝑋)𝑑𝑋

∞

0

= 𝑅 − 𝐸(𝑋) 

miviRebT 

𝑌

2
+ 𝐸(𝑅 − 𝑋) =

𝑌

2
+ 𝑅 − 𝐸(𝑋). 

aqedan gamomdinare, Senaxvaze gaweuli danaxarjebi 

mTeli wlis ganmavlobaSi toli iqneba Semdegi sididis: 

ℎ (
𝑌

2
+ 𝑅 − 𝐸(𝑋)).  

Cxadia etapebis raodenoba erTi wlis ganmavlobaSi 

toli iqneba saqonelze moTxovnilebis mosalodneli 

wliuri moculoba gayofili saqonelze SekveTis 

moculobaze 𝐷 𝑌⁄ , xolo zednadebi xarjebi mTeli wlis 

ganmavlobaSi iqneba 𝐷𝐾 𝑌⁄ . 

Saqonlis deficitis zomad SemoviRoT Semdegi 

funqcia 





0

E(x)Rx)f(x)dx(Rx)E(R
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𝑆(𝑋) = {
0,                 𝑋 ≤ 𝑅,
𝑋 − 𝑅,        𝑋 > 𝑅.

 

 

maSin deficitis mosalodneli raodenoba erT 

etapze toli iqneba Semdegi sididis 

𝐸(𝑆(𝑅)) = ∫ 𝑆(𝑋)𝑓(𝑋)𝑑𝑋

∞

0

= ∫(𝑋 − 𝑅)𝑓(𝑋)𝑑𝑋

∞

𝑅

 

Xolo deficitiT gamowveuli danakargebi yvela 

etapze erTad gamoiTvleba Semdegi formuliT: 

𝐷 ∙
𝐸(𝑆(𝑅))𝑃

𝑌
 , 

sadac 

𝐷

𝑌
  - etapebis raodenobaa, 𝑃_erTeuli saqonlis 

deficitiT gamowveuli danakargebi, 𝐸(𝑆(𝑅))_erT etapze 

mosalodneli deficitis raodenoba. Jamuri 

danaxarjebi avRniSnoT 𝑄(𝑌, 𝑅)_iT. gveqneba: 

𝑄(𝑌, 𝑅) =
𝐷𝐾

𝑌
+ ℎ (

𝑌

2
+ 𝑅 − 𝐸(𝑋)) + 𝐷 ∙

𝐸(𝑆(𝑅))𝑃

𝑌
 ,          (3.7) 

𝑌∗ da 𝑅∗ sidideebis gamosaTvlelad (3.7) gamosaxuleba 

gavawarmooT 𝑌_iT, 𝑅_iT da gavutoloT nuls: 

𝜕𝑄(𝑌, 𝑅)

𝜕𝑌
= −

𝐷𝐾

𝑌2
+
ℎ

2
−
𝐷𝑃𝐸(𝑆(𝑅))

𝑌2
= 0 
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𝜕𝑄(𝑌, 𝑅)

𝜕𝑌
= ℎ +

𝐷𝑃

𝑌

𝜕𝐸(𝑆(𝑅))

𝜕𝑅
= ℎ +

𝐷𝑃

𝑌

𝜕

𝜕𝑅
∫(𝑋 − 𝑅)𝑓(𝑋)𝑑𝑋

∞

𝑅

= ℎ −
𝐷𝑃

𝑌
∫ 𝑓(𝑋)𝑑𝑋

∞

𝑅

= 0 

 

miviReT Semdegi gantolebaTa sistema: 

 

{
 
 

 
 −

𝐷𝐾

𝑌2
+
ℎ

2
−
𝐷𝑃𝐸(𝑆(𝑅))

𝑌2
= 0,

ℎ −
𝐷𝑃

𝑌
∫ 𝑓(𝑋)𝑑𝑋

∞

𝑅

= 0.

                         (3.8) 

(3.8) sistemis amoxsna gvaZlevs: 

𝑌∗ = √
2𝐷(𝐾 + 𝑃𝐸(𝑆(𝑅))

ℎ
 .                                  (3.9) 

∫ 𝑓(𝑋)𝑑𝑋

∞

𝑅∗

=
ℎ𝑌∗

𝐷𝑃
 .                                         (3.10) 

 

(2.9) da (2.10) formulebi ar gvaZleven 𝑌∗ da 𝑅∗ sidideebs 

cxadi saxiT, magram arseboben miaxloebiTi meTodebi, 

romelTa saSualebiTac SeiZleba 𝑌∗ da 𝑅∗ sidideebis 

moZebna. 
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kerZod (2.9) formulidan miiReba 𝑌1 = √
2𝐷𝐾

ℎ
 sawyisi 

mniSvneloba. Semdeg (2.10) formulidan ganvsazRvravT 𝑅1 

-s, Semdeg (2.9) formulidan 𝑌2-s, Semdeg (2.10) 

formulidan 𝑅2-s da a.S. process SevwyvetavT maSin, 

rodesac or momdevno 𝑅 sidideebs Soris sxvaoba 

mocemul raime mcire sidideze naklebi gaxdeba. 

 

 

 

 

 

 

 

 

 

3.8. erTetapiani albaTuri modelebi 

 

a) moTxovna atarebs myisier xasiaTs e.i. mTeli 

gansaxilveli periodis ganmavlobaSi 

produqciaze moTxovna xdeba mxolod erTxel da 

vigulisxmoT, rom moTxovnis warmodgenis momenti 

emTxveva etapis dasawyiss. Gvaqvs erT etapiani 
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procesi da SekveTis Sesrulebis dro nulis 

tolia. SemoviRoT aRniSvnebi: 

 ℎ_produqciis erTeulis Senaxvaze gaweuli 

danaxarjebi; 

 𝑃_produqciis deficitiT gamowveuli danakargebi 

erT erTeulze; 

 𝐶_produqciis erTeulis Sesasyidi Rirebuleba an 

mis warmoebaze daxarjuli Tanxa. 

 davuSvaT, rom zednadebi xarjebi ara gvaqvs. 

moTxovna 𝜉 uwyveti SemTxveviTi sididea da 𝜑(𝜉) aris 

moTxovnis albaTuri ganawilebis simkvrive. 

 vTqvaT 𝑋 produqciis maragis sawyisi raodenobaa, 𝑌 

SekveTili produqciis moculobaa, xolo 𝐻(𝑌)  ki 

maragis saSualo done mTeli etapis ganmavlobaSi. Cveni 

mizania ganvsazRvroT saqonlis maragis optimaluri 

done e.i. is done, romlisTvisac danaxarjebi iqneba 

minimaluri. 

 მaragis saSualo done mTeli etapis ganmavlobaSi 

iqneba: 
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𝐻(𝑌) = {
𝑌 − 𝜉 ,       𝜉 < 𝑌,
0,             𝜉 ≥ 𝑌.

 

 

 



𝑌 

y – 

01𝑡 

 

rac Seexeba produqciis saSualo dones, misTvis 
analogiurad gveqneba: 

 

𝐺(𝑌) = {
𝜉 − 𝑌 ,       𝜉 > 𝑌,
0,             𝜉 ≤ 𝑌.

 

 

 

 

      𝑌 

                                                                                                        

𝜉 

      

    𝑌 
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𝜉 − 𝑌 

     0                         1                         𝑡 

 

 

Jamuri danaxarjebis mosalodneli sidide aRvniSnoT 

𝐸(𝑄(𝑌))_iT. 𝐸(𝑄(𝑌) aris 𝑄(𝑌) sididis maTematikuri 

lodini). gvaqvs: 

𝐸(𝑄(𝑌)) = 𝐶(𝑌 − 𝑋) + 𝐸(𝐻(𝑌)) + 𝐸(𝐺(𝑌))

= 𝐶(𝑌 − 𝑋) + ℎ∫ 𝐻(𝑌)𝜑(𝜉)𝑑𝜉

∞

0

+ 𝑃∫ 𝐺(𝑌)𝜑(𝜉)𝑑𝜉

∞

0

 ,        ( 3.15) 

Pirveli Sesakrebi warmoadgens danaxarjebs 

gamowveuls(𝑌 − 𝑋) raodenobis prduqciis SesyidviT, 

meore Sesakrebia mosalodneli danaxarjebi gamowveuli 

Warbi produqciis SenaxviT, mesame Sesakrebi aris 

produqciis deficitiT gamowveuli mosalodneli 

danakargebi. 

 Tu (3.15) tolobaSi gaviTvaliswinebT 𝐻(𝑌) da 𝐺(𝑌) 

funqciebis mniSvnelobebs, gveqneba: 
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𝐸(𝑄(𝑌)) = 𝐶(𝑌 − 𝑋) + ℎ∫(𝑌 − 𝜉)𝜑(𝜉)𝑑𝜉

𝑌

0

+ 𝑃∫(𝜉 − 𝑌)𝜑(𝜉)𝑑𝜉

∞

𝑌

 ,        ( 3.16) 

SekveTili produqciis optimaluri 𝑌∗ moculobis 

dasadgenad (3.16) toloba gavawarmooT 𝑌_iT da 

gavutoloT nols: 

 

𝜕𝐸(𝑄(𝑌))

𝜕𝑌
= 𝐶 + ℎ∫𝜑(𝜉)𝑑𝜉

𝑌

0

− 𝑃∫ 𝜑(𝜉)𝑑𝜉

∞

𝑌

 ,        ( 3.17) 

 

Radgan 𝜑(𝜉) funqcia aris moTxovnis albaTuri 

ganawilebis simkvrive, amitom adgili aqvs Semdeg 

tolobas: 

∫ 𝜑(𝜉)𝑑𝜉

∞

𝑌

= ∫ 𝜑(𝜉)𝑑𝜉

∞

0

−∫𝜑(𝜉)𝑑𝜉

𝑌

0

= 1 −∫𝜑(𝜉)𝑑𝜉

𝑌

0

 ,        ( 3.18) 

Tu gaviTvaliswinebT (3.18) _s, maSin (3.17) miiRebs Semdeg 

saxes: 
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𝐶 + ℎ∫𝜑(𝜉)𝑑𝜉

𝑌

0

− 𝑃 + 𝑃∫𝜑(𝜉)𝑑𝜉

𝑌

0

= 0 . 

Aqedan ki miviRebT, rom 

∫ 𝜑(𝜉)𝑑𝜉

𝑌∗

0

=
𝑃 − 𝐶

ℎ + 𝑃
  . 

cxadia, rom 𝑌∗ gansazRvrulia mxolod maSin, rodesac 

𝑃 ≥ 𝐶.  

Tu𝑃 < 𝐶, maSin maragTa marTvis aseTi Sistema ar 

gamodgeba. 𝑌∗ sidide ise unda SevarCioT, rom 

𝑝{𝜉 < 𝑌∗} =
𝑃 − 𝐶

ℎ + 𝑃
  ,   თუ     𝑃 ≥ 𝐶 . 

Mmas Semdeg rac უკვე SerCeulia 𝑌∗,  mocemuli 𝑋 maragis 

sawyisi raodenobisTvis SekveTis optimaluri strategia 

ase ganisazRvreba: 

Tu 𝑌∗ > 𝑋, maSin saWiroa SevukveToT 𝑌∗ − 𝑋 

moculobis produqcia, xolo Tu 𝑌∗ ≤ 𝑋,  maSin 

produqciaze SekveTas ar ganvaxorcielebT. 
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vTqvaT moTxovna aRiwereba ara uwyveti, aramed 

diskretuli funqciiT, maSin SekveTis moculobis 

maTematikur lodins aqvs Semdegi saxe 

𝐸(𝑄(𝑌)) = 𝐶(𝑌 − 𝑋) + ℎ∑ (𝑌 − 𝜉)𝜑(𝜉)𝑌
𝜉=0 + 𝑃 ∑ (𝜉 − 𝑌)𝜑(𝜉)∞

𝜉=𝑌+1 , 

Xolo funqciis minimumis aucilebel pirobebs 

warmoadgenen Semdegi utolobebi: 

𝐸{𝑄(𝑌 − 1)} ≥ 𝐸{𝑄(𝑌)} , 𝐸{𝑄(𝑌 + 1)} ≥ 𝐸{𝑄(𝑌)} 

amrigad gvaqvs:𝐸(𝑄(𝑌 − 1)) = 𝐶(𝑌 − 1 − 𝑋) + ℎ∑ (𝑌 − 1 −𝑌
𝜉=0

𝜉)𝜑(𝜉) + 𝑃 ∑ (𝜉 − 𝑌 + 1)𝜑(𝜉)∞
𝜉=𝑌+1 = 𝐶(𝑌 − 𝑋) + ℎ∑ (𝑌 −𝑌−1

𝜉=0

𝜉)𝜑(𝜉) + 𝑃 ∑ (𝜉 − 𝑌)𝜑(𝜉)∞
𝜉=𝑌 − ℎ∑ 𝜑(𝜉)𝑌−1

𝜉=0 + 𝑃 ∑ 𝜑(𝜉)∞
𝜉=𝑌 − 𝐶 =

𝐸(𝑄(𝑌)) + 𝑃 − 𝐶 − (ℎ + 𝑃)∑ 𝜑(𝜉)𝑌−1
𝜉=0  

miviReT Semdegi utoloba: 

𝐸{𝑄(𝑌 − 1)} − 𝐸{𝑄(𝑌)} = 𝑃 − 𝐶 − (ℎ + 𝑃)𝑝{𝜉 ≤ 𝑌 − 1} ≥ 0 

e.i. 

𝑝{𝜉 ≤ 𝑌 − 1} ≤
𝑃 − 𝐶

𝑃 + ℎ
 . 

აnalogiurad SegviZlia vaCvenoT, rom 

𝐸{𝑄(𝑌 + 1)} ≥ 𝐸{𝑄(𝑌)} 
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xolo am pirobidan gamomdinareobs Semdegi utoloba: 

𝑝{𝜉 ≤ 𝑌} ≥
𝑃 − 𝐶

𝑃 + ℎ
 . 

Aamitom miviRebT, rom diskretul SemTxvevaSi 𝑌∗ 

akmayofilebs Semdeg utolobas: 

𝑝{𝜉 ≤ 𝑌∗ − 1} ≤
𝑃 − 𝐶

𝑃 + ℎ
≤  𝑝{𝜉 ≤ 𝑌∗}. 

 

 

b) SemTxveva: moTxovna saqonelze Tanabaria mTeli 

etapis ganmavlobaSi, xolo zednadebi xarjebi 

ara gvaqvs. Am SemTxvevaSi maragis da deficitis 

saSualo mniSvnelobebi grafikulad SeiZleba ase 

gamovsaxoT: 

                         

 

 

 

 

მარაგის მოცულობა 
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     𝐴 

 

    𝜉                     𝑌 > 𝜉 

 𝑌 

 

                                            𝐵      

𝑌 − 𝜉                                       𝐷 

     0                                   1                       𝑡   

 

 

     𝐴1 

 

                   𝜉 ≥ 𝑌 

     𝑌 

 𝜉 

                 𝑚             𝐵1  𝑛 1  𝐶1 

       0                                                         𝑡   

                                           𝐷1 

 

 Tu deficits ara aqvs adgili, maSin 𝑌 > 𝜉  da   

maragis raodenoba tolia 𝑂𝐴𝐵𝐷 trapeciis farTobisa, 
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xolo Tu gvaqvs deficiti, maSin 𝜉 ≥ 𝑌  da maragis 

raodenoba tolia 𝑂𝐴1𝐵1 samkuTxedis farTobis. am 

SemTxvevaSi deficitis raodenoba tolი iqneba 𝐵1𝐶1𝐷1 

samkuTxedis farTobisa. gvaqvs: 

𝐻(𝑌) = {

𝑂𝐴 + 𝐵𝐷

2
∙ 𝑂𝐷 ,    თუ           𝑌 > 𝜉 ,   

𝑂𝐴1 ∙ 𝑂𝐵1
2

 ,         თუ            𝑌 ≤ 𝜉 .     

 

 

𝐺(𝑌) = {

0 ,                        თუ             𝑌 > 𝜉 ,   

𝐵1𝐶1 ∙ 𝐶1𝐷1
2

 ,         თუ            𝑌 ≤ 𝜉 .     
 

 

 

radgan∆𝐷𝐴1𝐵1~∆𝐵1𝐶1𝐷1, fvbnjv𝑚:𝑛 = 𝑂𝐴1: 𝐶1𝐷1. Ufhlf fvbcf 

𝑚 + 𝑛 = 1. miviRebT: 

𝐻(𝑌) =

{
 

 
𝑌 − 𝜉

2
 ,    თუ         𝑌 > 𝜉 ,   

𝑌2

2𝜉
 ,         თუ           𝑌 ≤ 𝜉 .     
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𝐺(𝑌) = {

0 ,                        თუ           𝑌 > 𝜉 ,   

(𝜉 − 𝑌)2

2𝜉
 ,         თუ           𝑌 ≤ 𝜉 .     

 

Mosalodneli saerTo danaxarjebis maTematikuri lodini 

gamoiTvleba formuliT: 

𝐸(𝑄(𝑌)) = 𝐶(𝑌 − 𝑋) + ℎ∫ 𝐻(𝑌)𝜑(𝜉)𝑑𝜉

∞

0

+ 𝑃∫ 𝐺(𝑌)𝜑(𝜉)𝑑𝜉

∞

0

= 𝐶(𝑌 − 𝑋) + ℎ∫(𝑌 −
𝜉

2
)𝜑(𝜉)𝑑𝜉

𝑌

0

+ ℎ∫
𝑌2

2𝜉
𝜑(𝜉)𝑑𝜉

∞

𝑌

+ 𝑃∫
(𝜉 − 𝑌)2

2𝜉
𝜑(𝜉)𝑑𝜉

∞

𝑌

 ,        ( 3.19) 

Optimaluri 𝑌∗_is mosaZebnad (3.19) gavawarmooT 𝑌_iT da 

gavutoloT nols. miviRebT: 

𝜕𝐸(𝑄(𝑌))

𝜕𝑌
= 𝐶 + ℎ∫𝜑(𝜉)𝑑𝜉

𝑌

0

+ ℎ∫
𝑌

𝜉
𝜑(𝜉)𝑑𝜉

∞

𝑌

− 𝑃∫
𝜉 − 𝑌

𝜉
𝜑(𝜉)𝑑𝜉 ,    (3.20)

∞

𝑌

 

gaviTvaliswinoT, rom: 

∫ 𝜑(𝜉)𝑑𝜉

∞

0

= 1,  
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da Sesabamisad 

∫ 𝜑(𝜉)𝑑𝜉

∞

𝑌

= 1 −∫𝜑(𝜉)𝑑𝜉

𝑌

0

 ,            (3.21) 

Tu (3.21) _s SevitanT (3.20) _Si miviRebT: 

ℎ (∫ 𝜑(𝜉)𝑑𝜉

𝑌∗

0

+ 𝑌∗ ∫
𝜑(𝜉)

𝜉
𝑑𝜉

∞

𝑌∗

) − 𝑃

+ 𝑃∫ 𝜑(𝜉)𝑑𝜉 + 𝑃𝑌∗ ∫
𝜑(𝜉)

𝜉
𝑑𝜉

∞

𝑌∗

= −𝐶 .

𝑌∗

0

 

aqedan ki gveqneba: 

∫ 𝜑(𝜉)𝑑𝜉

𝑌∗

0

+ 𝑌∗ ∫
𝜑(𝜉)

𝜉
𝑑𝜉

∞

𝑌∗

=
𝑃 − 𝐶

𝑃 + ℎ
 . 

 

 g) SemTxveva: ganvixiloT a) SemTxvevis analogiuri 

situacia, im gansxvavebiT, rom gvaqvs agreTve saqonlis 

SekveTiT gamowveuli zednadebi xarjebi. 

 mosalodneli jamuri danaxarjebi aRvniSnoT 

𝐸(𝑄∗(𝑌)) _iT. gvaqvs: 
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 𝐸(𝑄∗(𝑌)) = 𝐾 + 𝐶(𝑌 − 𝑋) + ℎ ∫ 𝐻(𝑌)𝜑(𝜉)𝑑𝜉
∞

0
+

+∫ 𝐺(𝑌)𝜑(𝜉)𝑑𝜉
∞

0
= 𝐾 + 𝐸(𝑄(𝑌)), 

sadac 𝐸(𝑄(𝑌)) aris mosalodneli jamuri danaxarjebi a) 

SemTxvevaSi. Radgan 𝐸(𝑄(𝑌)) _is minimumi miiRweva iseT 

𝑌∗ _ze, romelic ganisazRvreba pirobidan 

∫ 𝜑(𝜉)𝑑𝜉

𝑌∗

0

=
𝑃 − 𝐶

𝑃 + ℎ
 

amitom, cxadia 𝐸(𝑄∗(𝑌)) _is minimumic miiRweva imave 

𝑌∗_ze, radgan 𝐾 mudmivi sididea.  Grafikulad 𝐸(𝑄(𝑌)) 

da 𝐸(𝑄∗(𝑌)) funqciebi ase gamoisaxeba: 

          𝐸(𝑄(𝑌))                               𝐸(𝑄∗(𝑌))                                                                                                                                                        

 

               𝐸(𝑄(𝑌))                           

 

                                   𝐾 

                    

 

          0             𝑞         𝑌∗       𝑞1                 𝑌 
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𝑞 da 𝑞1 mniSvnelobebi ganisazRvrebian Semdegi 

gantolebidan: 

𝐸(𝑄(𝑞)) = 𝐸(𝑄∗(𝑌∗)) = 𝐸(𝑄(𝑌∗)) + 𝐾 , 

𝑞 < 𝑌∗ pirobiT. amitom 𝑞1 mniSvneloba SegviZlia ar 

ganvixiloT. saZiebeli 𝑌∗-is mosaZebnad arsebiTi 

mniSvneloba aqvs imas, Tu rogor kavSirSia maragis 𝑋 

sawyisi raodenoba 𝑞 da 𝑌∗ sidideebTan. ganvixiloT 

Semdegi sami SemTxveva:  

1) 0 ≤ 𝑋 ≤ 𝑞- maSin miviRebT, rom 𝑋 raodenobis 

saqonlis Senaxvaze gaweuli danaxarjebi tolia 

𝐸(𝑄(𝑋))-is.  

                                     𝐸(𝑄∗(𝑌)) 

                                              𝐸(𝑄(𝑌)) 

 

 

 

 

 

 

       0             𝑋   𝑞    𝑌∗                           𝑌 
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Tu SevukveTavT 𝑌 raodenobis saqonels (𝑌 > 𝑋), maSin 

masze gaweuli jamuri danaxarjebi iqneba 𝐸(𝑄∗(𝑌)) da 

naxazidan cxadad Cans, rom 

𝐸(𝑄∗(𝑌∗)) = min
𝑌>𝑋

𝐸(𝑄∗(𝑌)) < 𝐸(𝑄(𝑋)) 

Ees ki niSnavs, rom am SEmTxvevaSi unda SevukveToT 

𝑌∗ − 𝑋 raodenobis saqoneli. 

 

2) 𝑞 < 𝑋 < 𝑌∗ 

 

 

 

 

 

 

 

 

 

       0               𝑞   𝑋   𝑌∗                           𝑌 

 

am SemTxvevaSi gvaqvs: 

 

𝐸(𝑄∗(𝑌∗)) = min
𝑌>𝑋

𝐸(𝑄∗(𝑌)) > 𝐸(𝑄(𝑋)) 
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e.i. 𝑌∗ = 𝑋 da es niSnavs, rom ar vaxdenT SekveTas 

saqonelze. 

 
3) 𝑋 > 𝑌∗, maSin 

𝐸(𝑄∗(𝑌∗)) = min
𝑌>𝑋

𝐸(𝑄∗(𝑌)) > 𝐸(𝑄(𝑋) 

e.i. 𝑌∗ = 𝑋 da es niSnavs, rom ar vaxdenT SekveTas 

saqonelze. 

 

 

 

 

 

 

 

         0                𝑞      𝑌∗   𝑋                𝑌 

 

daskvna: aRniSnuli tipis amocanis amoxsnisas 

pirvel rigSi unda ganisazRvros 𝑌∗ da 𝑞 sidideebi. 

Semdeg vnaxoT zemoT CamoTvlili sami pirobidan maragis 

sawyisi 𝑋 raodenoba romel pirobas akmayofilebs. 

pirveli pirobis Sesrulebis SemTxvevaSi vukveTavT 𝑌∗ −
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𝑋 raodenobis produqcias, xolo meore da mesame 

pirobebis Sesrulebisas ar vaxdenT SekveTas. 

  

3.9. maragTa marTvis dinamiuri amocana uwyveti  

    moTxovnilebis SemTxvevaSi 

 

 davuSvaT, saqonelze moTxovna mcirea momaragebis 

moculobasTan SedarebiT. vigulisxmoT agreTve, rom 

SekveTaze moTxovna sruldeba myisierad (momentalu-

rad). aseT SemTxvevaSi, drois garkveuli periodebis 

Semdeg unda moxdes SekveTa saqonelze. grafikulad 

gveqneba aseTi suraTi: 

          

    𝑄 

 

        𝑄0 

 

0𝜏𝜏𝜏𝜏𝑡 

 

Sadac 𝑄 - SekveTis moculobaa, 𝜏 - SekveTebs Soris 

Sualedi. 
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 cxadia, rom SekveTis myisieri Sesrulebis gamo, 

SekveTaze moTxovna unda ganxorcieldes saqonlis 

ganTavsebisas. SemoviRoT garkveuli aRniSvnebi procesis 

dasaxasiaTeblad. 

 davuSvaT, rom 𝑆 warmoadgens moTxovnilebis 

intensivobas, rac gviCvenebs drois erTeulSi 

realizebuli saqonlis raodenobas, 𝐾 _erTeuli 

saqonlis Senaxvaze gaweul danaxarjebs drois 

erTeulSi, 𝐶_erTeuli saqonlis Sesasyid Rirebulebas.

 maSin 𝑄 raodenobis Sesasyidi saqonlis Rirebuleba 

iqneba 𝑄𝐶. 

 𝐶0_iT avRniSnoT saqonlis Sesyidvisas gaweuli 

zednadebi xarjebi. imis gamo, rom 𝑆 aris moTxovnilebis 

intensivoba, amitom 𝑄 raodenobis saqonlis 

realizaciisaTvis saWiro drois Sualedi iqneba 𝜏 =
𝑄

𝑆
 .  

 viangariSoT saqonlis Sesyidvaze da Senaxvaze 

gaweuli danaxarjebi drois erTeulSi da SevecadoT am 

danaxarjebis minimizaciis gziT ganvsazRvroT SekveTis 

optimaluri moculoba. 

 𝑄 raodenobis saqonlis Sesyidvaze gaweuli 

danaxarjebia 
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𝐸(𝑄) = {
0 ,                     𝑄 = 0,
𝐶0 + 𝐶𝑄,           𝑄 > 0.

 

 𝑄 raodenobis saqonlis Sesyidvaze gaweuli 

danaxarjebi drois erTeulSi 
𝐶0+𝐶𝑄

𝜏
=

(𝐶0+𝐶𝑄)𝑆

𝑄
 .

imis gamo, rom maragis maqsimaluri raodenoba 𝑄-s 

tolia, xolo minimaluri raodenoba nulis, amitom 

maragis saSualo doned SegviZlia CavTvaloT 
𝑄

2
   sidide. 

am raodenobis saqonlis Senaxvaze gaweuli danaxarjebi 

drois erTeulSi iqneba 
𝑄𝐾

2
 . saqonlis Sesyidvasa da 

Senaxvaze gaweuli saerTo danaxarjebi drois erTeulSi 

iqneba: 

𝑓(𝑄) =
(𝐶0 + 𝐶𝑄)𝑆

𝑄
+
𝑄𝐾

2
 ,                   (3.22) 

 Cveni mizania vipovoT 𝑄-s iseTi mniSvneloba, rom (3.22)  

gamosaxulebam miiRos minimaluri mniSvneloba. e.i. 

movZebnoT SekveTis is moculoba, romlisTvisac 

saqonlis Sesyidvaze da Senaxvaze gaweuli danaxarjebi 

drois erTeulSi iqneba minimaluri. amisaTvis (3.22) 

toloba gavawarmooT da warmoebuli gavutoloT nols. 
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𝑓′(𝑄) = (
(𝐶0 + 𝐶𝑄)𝑆

𝑄
+
𝑄𝐾

2
)
′

=
(𝐶0𝑆 + 𝐶𝑆𝑄)

′𝑄 − (𝐶0𝑆 + 𝐶𝑆𝑄)𝑄
′

𝑄2
+
𝐾

2

=
𝐶𝑆𝑄 − 𝐶0𝑆 − 𝐶𝑆𝑄

𝑄2
+
𝐾

2
=
𝐾

2
−
𝐶0𝑆

𝑄2
= 0 . 

e.i. 

𝐾𝑄2 − 2𝐶0𝑆

2𝑄2
= 0 . 

miRebuli gamosaxulebidan ki gvaqvs: 

𝑄 = √
2𝐶0𝑆

𝐾
   ,                     (3.23) 

(3.23) tolobas uwodeben uilsonis formulas. (3.23) 

formula gviCvenebs, rom SekveTili saqonlis moculoba 

pirdapir proporciulia kvadratuli fesvisa zednadebi 

xarjebisa da moxmarebis intensivobis gaorkecebuli 

namravlidan da ukuproporciulia kvadratuli fesvisa 

drois erTeulSi erTeuli saqonlis Senaxvaze gaweuli 

danaxarjebisa. 

 es yovelive imis maCvenebelia, rom SekveTis 

moculoba miT ufro didi unda iyos, rac ufro metia 
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zednadebi xarjebi da moxmarebis intensivoba, da miT 

ufro naklebi rac metia saqonlis Senaxvaze gaweuli 

danaxarjebi. 

 

3.10. maragTa marTvis mravalproduqtiani amocana 

zemoT ganxiluli dinamikuri modelis SemTxvevaSi 

vgulisxmobdiT, rom saqme gvqonda erTi saxis produq_ 

ciasTan. praqtikaSi, rogorc wesi momarageba_gasaRebis 

amocanebis ganxilvisas saqme gvaqvs mravali saxis 

produqtTan. aseT SemTxvevaSi amocana mdgomareobs 

SemdegSi: 

 ganvsazRvroT TiToeuli saxis produqtze 

optimaluri SekveTebi ise, rom saerTo danaxarjebi maT 

Sesyidvaze da Senaxvaze iyos minimaluri da srulad 

dakmayofildes momxmarebelTa moTxovnilebani. cxadia, 

rom Tu aseTi amocanebis ganxilvisas arafriT ara varT 

SezRudulebi: arc TanxiT, arc sawyobis moculobiT, 

maSin TiToeuli produqciisaTvis gamoviyenebT 

uilsonis formulas da miviRebT TiToeuli 

saqonlisaTvis optimaluri SekveTis moculobas. 
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 ganvixiloT SemTxveva, rodesac SezRuduli varT 

produqciis SesyidvisaTvis gankuTvnili TanxiT. e.i. 

vuSvebT, rom gvaqvs Tanxis garkveuli 𝑅 raodenoba, 

gvaqvs 𝑁 sxvadasxva saxis produqcia, xolo TviToeuli 

saxis produqtze moTxovnilebaTa intensivobebi 

aRvniSnoT 𝑆1, 𝑆2, ⋯ , 𝑆𝑁 Sesabamisad. 𝐾1, 𝐾2, ⋯ , 𝐾𝑁 iyos 

Sesabamisi saxis erTeuli produqtis Senaxvaze gaweuli 

danaxarjebi drois erTeulSi, xolo 𝑄1, 𝑄2, ⋯ , 𝑄𝑁 – 

SekveTebis moculoba Sesabamisi saxis produqciaze. 

 aseTi aRniSvnebis SemTxvevaSi 𝑖-uri saxis 

produqciis 𝑄𝑖 , (𝑖 = 1,2,⋯ ,𝑁) raodenobis Sesyidvisas 

gaweuli danaxarjebi iqneba: 

𝑓𝑖(𝑄𝑖) = {
𝐶𝑖
0 + 𝐶𝑖𝑄𝑖  ,           𝑄𝑖 > 0, 𝑖 = 1,2,⋯ ,𝑁;
0 ,                           𝑄𝑖 = 0 .                        

 

sadac 𝐶𝑖
0, (𝑖 = 1,2,⋯ ,𝑁) 𝑖_uri saxis produqciis zednadebi 

xarjebia, 𝐶𝑖  , (𝑖 = 1,2,⋯ , 𝑁) 𝑖_uri saxis erTeuli 

produqciis Sesasyidi Rirebulebaa. 

 saSualo danaxarjebi 𝑖_uri saxis erTeuli 

produqciis Senaxvaze drois erTeulSi toli iqneba 
𝐾𝑖
2⁄  

sididis. 
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 saerTo danaxarjebi 𝑖_uri saxis produqciis 

Sesyidvasa da drois erTeulSi Senaxvaze toli iqneba 

Semdegi gamosaxulebis:  

𝐶𝑖
0 + 𝐶𝑖𝑄𝑖
𝜏𝑖

+
𝐾𝑖𝑄𝑖
2

=
(𝐶𝑖

0 + 𝐶𝑖𝑄𝑖)𝑆𝑖
𝑄𝑖

+
𝐾𝑖𝑄𝑖
2
  , 

  radgan 𝜏𝑖
𝑄𝑖

𝑆𝑖
 . 

 saerTo danaxarjebi yvela saxis produqtis 

Sesyidvasa da drois erTeulSi Senaxvaze toli iqneba: 

∑(
(𝐶𝑖

0 + 𝐶𝑖𝑄𝑖)𝑆𝑖
𝑄𝑖

+
𝐾𝑖𝑄𝑖
2
)

𝑁

𝑖=1

 

 Cveni mizania movZebnoT iseTi 𝑄1, 𝑄2, ⋯ , 𝑄𝑁 sidideebi, 

rom ukanasknelma jamma miiRos minimaluri mniSvneloba, 

SeZlebisdagvarad dakmayofildes momxmarebelTa 

moTxovnilebebi da CavetioT im 𝑅 TanxaSi, romelic 

Tavidan gvqonda gamoyofili produqciis SesaZenad. 

ukanaskneli SezRudvis maTematikurad gamosaxatavad 

SemoviRoT aseTi aRniSvna: 

 𝑎𝑖 , (𝑖 = 1,2,⋯ ,𝑁) iyos 𝑖_uri  saxis erTeuli 

produqciis Sesyidvaze gaweuli xarji, maSin produqciis 
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SesaZenad gamoyofil Tanxaze SezRudvas eqneba aseTi 

saxe: 

∑𝑎𝑖𝑄𝑖

𝑁

𝑖=1

≤ 𝑅 . 

  amrigad miviReT maTematikuri programirebis Semdegi 

arawrfivi amocana: 

∑(
(𝐶𝑖

0 + 𝐶𝑖𝑄𝑖)𝑆𝑖
𝑄𝑖

+
𝐾𝑖𝑄𝑖
2
)

𝑁

𝑖=1

→ 𝑚𝑖𝑛 

∑𝑎𝑖𝑄𝑖

𝑁

𝑖=1

≤ 𝑅 . 

aRniSnuli amocana arawrfivobis gamo sakmaod 

rTuli amosaxsnelia, mis amosaxsnelad Cven gamoviyenebT 

lagranJis mamravlTa meTods, rac saSualebas mogvcems 

aRniSnuli pirobiTi eqstremumis amocana SevcvaloT 

upirobo eqstremumis amocaniT. 

ganvixiloT Semdegi 𝑁 + 1 ucnobiani 𝐿(𝑄1, 𝑄2,⋯ , 𝑄𝑁 , 𝜆) 

funqcia, romelsac aqvs Semdegi saxe: 

𝐿(𝑄1, 𝑄2,⋯ , 𝑄𝑁 , 𝜆) =∑(
(𝐶𝑖

0 + 𝐶𝑖𝑄𝑖)𝑆𝑖
𝑄𝑖

+
𝐾𝑖𝑄𝑖
2
)

𝑁

𝑖=1

− 𝜆(𝑅 −∑𝑎𝑖𝑄𝑖

𝑁

𝑖=1

) 
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   zemoT aRniSnuli upirobo eqstremumis amocana 

mdgomareobs SemdegSi: movZebnoT 𝐿(𝑄1, 𝑄2, ⋯ , 𝑄𝑁 , 𝜆)  

funqciis minimaluri mniSvneloba 𝑄1, 𝑄2, ⋯ , 𝑄𝑁 , 𝜆  

ucnobebis SerCevis xarjze. 𝑄1, 𝑄2,⋯ , 𝑄𝑁 , 𝜆  ucnobebis 

mosaZebnad vipovoT 𝐿(𝑄1, 𝑄2, ⋯ , 𝑄𝑁 , 𝜆) funqciis kerZo 

warmoebulebi TiToeuli cvladis mimarT da isini 

gavutoloT nols. miviRebT 𝑁 + 1 ucnobian gantolebaTa 

sistemas amdenive gantolebiT: 

{
 
 
 
 
 

 
 
 
 
 
𝜕𝐿

𝜕𝑄1
=
𝐾1
2
−
𝐶1
0𝑆1

𝑄1
2 + 𝜆𝑎1 = 0,

𝜕𝐿

𝜕𝑄2
=
𝐾2
2
−
𝐶2
0𝑆2

𝑄2
2 + 𝜆𝑎2 = 0,

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯
𝜕𝐿

𝜕𝑄𝑁
=
𝐾𝑁
2
−
𝐶𝑁
0𝑆𝑁

𝑄𝑁
2 + 𝜆𝑎𝑁 = 0,

𝑅 −∑𝑎𝑖𝑄𝑖

𝑁

𝑖=1

= 0.

 

 

 

miRebuli sistemis amoxsnac sakmao sirTulesTan 

aris dakavSirebuli, magram imis gaTvaliswinebiT, rom 

arseboben 𝜆 gfhfvtnhbc moZebnis miaxloebiTi meTodebi, 
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advilad SeiZleba vipovoT 𝑄1, 𝑄2,⋯ , 𝑄𝑁 SekveTaTa 

optimaluri mniSvnelobebi. amrigad miviRebT: 

𝑄𝑖 = √
2𝐶𝑖

0𝑆𝑖
𝐾𝑖 + 2𝜆𝑎𝑖

 , 𝑖 = 1,2,⋯ , 𝑁. 

aRniSnuli toloba warmoadgens uilsonis ganzogade-
bul formulas da gviCvenebs SekveTis moculobis 
optimalur mniSvnelobas Tanxis SezRudvis pirobebSi. 
 

3.11. maragTa marTvis dinamikuri modeli uwyveti 

momaragebis SemTxvevaSi 

 

aqamde ganxilul maragTa marTvis amocanebSi Cven 

vgulisxmobdiT, rom momarageba xdeboda didi partiebiT, 

e.i. atarebda diskretul xasiaTs, xolo moxmareba ki 

iTvleboda uwyvetad. exla ganvixiloT SemTxveva, 

rodesac momarageba xdeba mcire partiebiT, ris gamoc 

SegviZlia CavTvaloT, rom momaragebac atarebs uwyvet 

xasiaTs. aseTi saxis situaciebTan Cven saqme gvaqvs maSin, 

rodesac momaragebisa da gasaRebis punqtebi erTadaa 

Tavmoyrili. magaliTad puris sacxobi. 
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 vigulisxmoT, rom 𝐷 aris warmoebis intensivoba, 

rac gviCvenebs drois erTeulSi sawarmos mier 

gamoSvebuli produqciis raodenobas. 

 𝑆 aris moTxovnilebis intensivoba, igi warmoadgens 

drois erTeulSi moxmarebuli saqonlis raodenobas. 

 𝐾 aris erTeuli produqciis Senaxvaze gaweuli 

danaxarjebi drois erTeulSi. 

 𝑄 aris SekveTis moculoba. aseTi aRniSvnebis 

pirobebSi 𝑄 raodenobis produqciis sawarmoeblad 

saWiro dro toli iqneba Semdegi gamosaxulebis: 𝑇 =
𝑄

𝐷
 . 

 𝑄 raodenobis produqciis gasayidi dro toli iqneba 

𝜏 =
𝑄

𝑆
 sididis. cxadia azri aqvs mxolod 𝐷 > 𝑆  SemTxvevis 

ganxilvas, radgan winaaRmdeg SemTxvevaSi yovelgvari 

gamoTvlebis gareSe davadgenT, rom saWiroa sawarmos 

SeuCerebeli muSaoba. amitom 𝐷 < 𝑆 situacias ar 

ganvixilavT. 

 grafikulad maragis cvlileba Semdegnairad 

SeiZleba gamovsaxoT: 

        𝑄 
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      𝑄0 

 

        0        𝜏             𝑡                              𝑇 

  

sawarmos muSaobisas drois erTeulSi dagrovebuli 

produqciis raodenoba toli iqneba 𝐷 − 𝑆 sididis. igi 

warmoadgens saqonlis dagrovebis intensivobas sawarmos 

muSaobisas. 

 𝑇 drois ganmavlobaSi dagrovebuli produqciis 

maqsimaluri raodenoba tolia Semdegi sididis: 

(𝐷 − 𝑆)𝑇 =
(𝐷 − 𝑆)𝑄

𝐷
 . 

 imis gamo, rom maragis minimaluri raodenobaa 0 , 

xolo maqsimaluri raodenobaa 
(𝐷−𝑆)𝑄

𝐷
 , amitom   maragis 

saSualo doned SegviZlia CavTvaloT 
(𝐷−𝑆)𝑄

2𝐷
 sidide. 

 aRniSnuli raodenobis produqciis Senaxvaze 

gaweuli danaxarjebi drois erTeulSi toil iqneba 

Semdegi sididis: 
(𝐷−𝑆)𝑄

2𝐷
𝐾. 

 𝑄 raodenobis produqciis Sesyidvaze gaweuli 

danaxarjebi toli iqneba 𝐶0 + 𝐶𝑄 sididis. maSin imave 
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raodenobis produqciis Sesyidvaze gaweuli danaxarjebi 

drois erTeulSi toli iqneba  

𝐶0 + 𝐶𝑄 

𝜏
=
(𝐶0 + 𝐶𝑄)𝑆 

𝑄
 . 

 𝑄 raodenobis saqonlis Sesyidvasa da Senaxvaze 

gaweuli saerTo danaxarjebi toli iqneba Semdegi 

sididis: 

𝐶0 + 𝐶𝑄 

𝜏
=
(𝐶0 + 𝐶𝑄)𝑆 

𝑄
+
(𝐷 − 𝑆)𝑄𝐾

2𝐷
 ,                          (3.24) 

Cveni mizania SevarCioT  SekveTis moculobis iseTi 𝑄∗ 

mniSvneloba,  rom mis Sesyidvasa da Senaxvaze gaweuli 

danaxarjebi iyos minimaluri. 

 amisaTvis (3.24) gamosaxuleba gavawarmooT 𝑄 

cvladiT da gavutoloT nols. miviRebT: 

−
𝐶0𝑆 

𝑄2
+
(𝐷 − 𝑆)𝐾

2𝐷
= 0 , 

  Anu 

𝑄2(𝐷 − 𝑆)𝐾 = 2𝐷𝐶0𝑆 . 

aqedan ki gveqneba: 
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𝑄∗ = √
2𝐷𝐶0𝑆

(𝐷 − 𝑆)𝐾
= √

2𝑆𝐶0

(1 −
𝑆
𝐷
)𝐾

 ,                  (3.25) 

  es formula warmoadgens uilsonis formulis kidev 

erT ganzogadebas. kerZod is gviCvenebs saqonelze 

SekveTis moculobis zrdas, roca 𝑆 da 𝐷 erTi da igive 

rigis sidideebi arian. kerZod, Tu 𝑆 = 𝐷, maSin (3.25) 

formula gviCvenebs, rom warmoeba unda mimdinareobdes 

uwyvetad. Rodesac 𝑆 ≫ 𝐷, maSin (3.25) formula emTxveva 

uilsonis formulas. 

 daviTvaloT 𝑄∗moculobis produqciis 

sawarmoeblad saWiro 𝑇 dro. Gvaqvs 

𝑇 =
𝑄∗

𝐷
= √

2𝐶0𝑆

(𝐷 − 𝑆)𝐾𝐷
 . 

  miRebuli formula gviCvenebs, Tu yoveli etapis 

ganmavlobaSi drois ra SualedebSi unda imuSaos 

sawarmom. 

 

 

3.12. mravaletapiani stacionaluri albaTuri modelebi 
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ganvixiloT maragTa marTvis mravaletapiani 

amocanebi stacionaluri moTxovnebiT, sasruli da 

usasrulo periodebis SemTxvevaSi. aseTi modelebis 

ganxilvisas ZiriTadad mxedvelobaSi miviRebT Semdeg 

or arsebiT ganmasxvavebel faqtors: 

 1, yovel etapze daukmayofilebeli moTxovnebi 

gadadian Tu ara Semdeg etapze. 

 2, SekveTis realizaciis dro nolia Tu nulze meti 

dadebiTi sidide. 

 yvela modelSi vigulisxmoT, rom zednadebi 

xarjebi nolis tolia, xolo produqciaze moTxovna 

atarebs stacionalur xasiaTs. es ki niSnavs, rom yvela 

etapze moTxovnebis raodenoba ganawilebulia erTi da 

imave kanoniT. 

 

a) SemTxveva: SekveTis realizaciis dro nolis tolia da 

yovel etapze daukmayofilebeli moTxovnebi ematebian 

Semdegi etapis moTxovnebs. SemoviRoT aRniSvnebi: 

 𝐶 aris produqciis erTeulis Sesasyidi Rirebuleba; 



169 
 

 ℎ aris produqciis erTeulis Senaxvaze gaweuli 

danaxarjebi erTi etapis ganmavlobaSi; 

 𝑃 aris produqciis erTeulis deficitiT 

gamowveuli danaxarjebi erTi etapis ganmavlobaSi; 

 𝑋𝑖 aris 𝑖_ur etapze produqciis sawyisi raodenoba. 

igi SeiZleba iyos uaryofiTic Tu wina etapze gvqonda 

produqciis deficiti. 

 𝑌𝑖 aris 𝑖_ur etapze produqciis maragis raodenoba; 

 𝜏aris produqciis erTulis realizaciiT miRebuli 

mogeba. 

 wina modelebisagan gansxvavebiT, sadac optimaluri 

strategiis kriteriumad miviCnevdiT danaxarjebis 

minimizacias. mravaletapian modelebSi optimalobis 

kriteriumad aviRoT mogebis maqsimizacia. 

 modelebis agebisas gamoviyenebT belmanis 

optimalobis princips sasruli periodisaTvis, xolo 

usasrulo etapiani modelebisaTvis movaxdenT 

Sesabamisi sasrul etapiani modelebis zRvruli 

situaciebis ganxilvas, rodesac etapebis raodenoba 

miiswrafvis usasrulobisaken. 
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 davuSvaT, rom moTxovnis ganawilebis kanoni yovel 

etapze mocemulia erTi da imave 𝜑(𝜉) funqciiT. 

SemoviRoT belmanis funqciebi: 

 𝑓𝑖(𝑋𝑖)_ gviCvenebs jamuri Semosavlis mosalodnel  

sidideebs 𝑖, 𝑖 + 1,⋯ ,𝑁 etapebze erTad, Tu yovel wina 

etapze procesi CavatareT optimalurad da 𝑖_uri 

etapisTvis maragis sawyisi raodenoba iyo 𝑋𝑖. 

 gamoviyenoT belmanis optimalobis principi da misi 

Sesabamisi algoriTmi ukugaTvlis sqemiT. gveqneba Semdegi 

rekurentuli damokidebulebebi: 

𝑓𝑖(𝑋𝑖) = max
𝑌𝑖≥𝑋𝑖

{−𝐶(𝑌𝑖 − 𝑋𝑖) + ∫[𝑟𝜉 − ℎ(𝑌𝑖 − 𝜉)]𝜑(𝜉)𝑑𝜉

𝑌𝑖

0

+ ∫[𝑟𝜉 − 𝑃(𝜉 − 𝑌𝑖)]𝜑(𝜉)𝑑𝜉

∞

𝑌𝑖

+∫ 𝑓𝑖+1(𝑌𝑖 − 𝜉)𝜑(𝜉)𝑑𝜉

∞

0

}  ,    𝑖 = 1,2,⋯ , 𝑁 ;   𝑓𝑁+1(𝑌𝑁 − 𝜉)

= 0  ,                             (3.26) 

  

 Cveni mizania vipovoT 𝑓1(𝑋1)_is mniSvneloba.  
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 (3.26) gamosaxulebaSi pirveli Sesakrebi warmoadgens 

(𝑌𝑖 − 𝑋𝑖) raodenobis produqciis Sesyidvaze gaweul 

danaxarjebs, meore Sesakrebi warmoadgens 𝑖 _ur etapze 

mosalodneli mogebis maTematikur lodins, Tu am etapze 

gveqneba produqciis siWarbe. mesame Sesakrebi 

warmoadgens 𝑖_ur etapze mosalodneli mogebis 

maTematikur lodins, Tu am etapze gveqneboda 

produqciis deficitი. meoTxe Sesakrebi gviCvenebs 

jamuri Semosavlis maTematikur lodins 𝑖, 𝑖 + 1,⋯ ,𝑁 

etapebze erTad, Tu produqciis sawyisi raodenoba 𝑖 + 1 

etapisTvis iyo (𝑌𝑖 − 𝜉) (es sidide SeiZleba uaryofiTic 

iyos) da procesi wavmarTeT optimalurad. 

 Tu movaxdenT aRniSnuli rekurentuli damokide-

bulebis ganzogadebas usasrulo procesisaTvis da 

CavTvliT, rom  

lim
𝑁→∞

𝑓𝑁 = 𝑓 ,      

miviRebT Semdeg rekurentul integralur gantolebas: 
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𝑓(𝑋) = max
𝑌≥𝑋

{−𝐶(𝑌 − 𝑋) + ∫[𝑟𝜉 − ℎ(𝑌 − 𝜉)]𝜑(𝜉)𝑑𝜉

𝑌

0

+ ∫[𝑟𝜉 − 𝑃(𝜉 − 𝑌)]𝜑(𝜉)𝑑𝜉

∞

𝑌

+∫ 𝑓(𝑌 − 𝜉)𝜑(𝜉)𝑑𝜉

∞

0

} , 

 

miRebuli gamosaxuleba gavawarmooT 𝑌_iT da 

gavutoloT nols: 

𝜕𝑓(𝑋)

𝜕𝑌
= −𝐶 − ℎ∫𝜑(𝜉)𝑑𝜉

𝑌

0

+ 𝑃∫ 𝜑(𝜉)𝑑𝜉

∞

𝑌

+∫
𝜕𝑓(𝑌 − 𝜉)

𝜕𝑌
𝜑(𝜉)𝑑𝜉

∞

0

= 0 , 

magram 

𝜕𝑓(𝑌 − 𝜉)

𝜕𝑌
=
𝜕𝐶(𝑌 − 𝜉)

𝜕𝑌
= 𝐶 , 

radgan Tu Semdegi etapi iwyeba (𝑌 − 𝜉) raodenobis  

produqciiT, es faqtiurad gvaTavisuflebs 𝐶(𝑌 − 𝜉) 

raodenobis xarjebisagan, ris gamoc aRniSnuli Tanxa 

Semdeg etapze SeiZleba CaiTvalos mogebis sidided. am 

pirobis gaTvaliswinebiT gveqneba: 
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−𝐶 − ℎ∫𝜑(𝜉)𝑑𝜉

𝑌

0

+ 𝑃 − 𝑃∫𝜑(𝜉)𝑑𝜉

𝑌

0

+ 𝐶 = 0,               (3.27) 

(3.27)-dan ki miviRebT: 

∫ 𝜑(𝜉)𝑑𝜉

𝑌∗

0

=
𝑃

ℎ + 𝑃
,                                         (3.28) 

(3.28) formulidan ganisazRvreba 𝑌∗_is mniSvneloba.  

𝑌∗_is miRebul mniSvnelobas vadarebT mocemul etapze 

produqciis sawyis 𝑋𝑖 raodenobas. Tu 𝑌∗ > 𝑋𝑖,  maSin 

saWiroa SevukveToT 𝑌∗ − 𝑋𝑖 moculobis produqcia, xolo 

Tu 𝑌∗ ≤ 𝑋𝑖,   maSin ar movaxdenT SekveTas. 

b) SemTxveva: ganvixiloT SemTxveva, rodesac yovel 

etapze daukmayofilebeli moTxovna ar gadadis Semdeg 

etapze e.i. Tu sawyis etapze gvqonda produqciis 

deficitი, maSin maragis raodenoba Semdeg etapze nulis 

tolia. aseve vigulisxmoT, rom produqciaze SekveTis 

realizaciis dro nolis tolia. 

 Tu gamoviyenebT belmanis optimalobis princips, 

maSin a) SemTxvevis analogiurad gveqneba Semdegi 

rekurentuli damokidebuleba: 



174 
 

 

𝑓𝑖(𝑋𝑖) = max
𝑌𝑖≥𝑋𝑖

{−𝐶(𝑌𝑖 − 𝑋𝑖) + ∫[𝑟𝜉 − ℎ(𝑌𝑖 − 𝜉)]𝜑(𝜉)𝑑𝜉

𝑌𝑖

0

+ ∫[𝑟𝜉 − 𝑃(𝜉 − 𝑌𝑖)]𝜑(𝜉)𝑑𝜉

∞

𝑌𝑖

+∫ 𝑓𝑖+1(𝑌𝑖 − 𝜉)𝜑(𝜉)𝑑𝜉

𝑌𝑖

0

+ ∫ 𝑓𝑖+1(0)𝜑(𝜉)𝑑𝜉

∞

𝑌𝑖

}  ,    𝑖 = 1,2,⋯ , 𝑁 ;   𝑓𝑁+1(𝑌𝑁 − 𝜉)

= 0  ,                             (3.29) 

 

Cveni mizania vipovoT 𝑓1(𝑋1) _is saukeTeso mniSvneloba.  

 (3.29) gamosaxulebaSi piveli Sesakrebi gviCvenebs 

(𝑌𝑖 − 𝑋𝑖) raodenobis produqciis SekveTiT miRebul 

danaxarjebs, meore Sesakrebi gviCvenebs 𝑖_ur etapze 

mosalodneli mogebis maTematikur lodins, Tu am etapze 

gvqonda produqciis siWarbe. mesame Sesakrebi gviCvenebs 

𝑖_ur etapze mosalodneli mogebis maTematikur lodins, 

Tu am etapze gvqonda produqciis deficitი. meoTxe 

Sesakrebi gviCvenebs mosalodneli jamuri mogebis 

maTematikur lodins 𝑖, 𝑖 + 1,⋯ ,𝑁 etapebze erTad, Tu 𝑖_ur 
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etapze gvqonda produqciis siWarbe da darCenili etapebi 

wavrmarTeT optimalurad. mexuTe Sesakrebi gviCvenebs 

jamuri mogebis maTematikur lodins 𝑖, 𝑖 + 1,⋯ ,𝑁 etapebze 

erTad, Tu 𝑖_ur etapze gvqonda produqciis deficiti. 

 usasrulo raodenoba periodebis SemTxvevaSi unda 

gadavideT zRvarze, rodesac 𝑁 → ∞. miviRebT Semdeg 

rekurentul integralur damokidebulebas: 

𝑓(𝑋) = max
𝑌≥𝑋

{−𝐶(𝑌 − 𝑋) + ∫[𝑟𝜉 − ℎ(𝑌 − 𝜉)]𝜑(𝜉)𝑑𝜉

𝑌

0

+ ∫[𝑟𝜉 − 𝑃(𝜉 − 𝑌)]𝜑(𝜉)𝑑𝜉

∞

𝑌

+∫𝑓(𝑌 − 𝜉)𝜑(𝜉)𝑑𝜉

𝑌

0

+ ∫ 𝑓(0)𝜑(𝜉)𝑑𝜉

∞

𝑌

} , 

𝑌∗sididis gansazRvrisaTvis miRebuli integraluri 

damokidebuleba gavawarmooT 𝑌_iT da gavutoloT nols. 

miviRebT: 

𝜕𝑓(𝑋)

𝜕𝑌
= −𝐶 − ℎ∫𝜑(𝜉)𝑑𝜉

𝑌

0

+ (𝑟 + 𝑃)∫ 𝜑(𝜉)𝑑𝜉

∞

𝑌

+ 𝐶∫𝜑(𝜉)𝑑𝜉

𝑌

0

+ 0

= 0 , 
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 radgan  

𝜕𝑓(𝑌 − 𝜉)

𝜕𝑌
= 𝐶 . 

Tu gaviTvaliswinebT, rom 

∫ 𝜑(𝜉)𝑑𝜉

∞

0

= 1 , 

 miviRebT: 

−ℎ∫𝜑(𝜉)𝑑𝜉

𝑌

0

− (𝑟 + 𝑃)∫𝜑(𝜉)𝑑𝜉

𝑌

0

+ 𝐶∫𝜑(𝜉)𝑑𝜉

𝑌

0

= 𝐶 − 𝑟 − 𝑃 , 

 saidanac gveqneba: 

∫ 𝜑(𝜉)𝑑𝜉

𝑌∗

0

=
𝑟 + 𝑃 − 𝐶

𝑟 + 𝑃 + ℎ − 𝐶
    . 

  

g) SemTxveva: ganvixiloT situacia, rodesac yovel 

etapze daukmayofilebeli moTxovnebi ematebian Semdegi 

etapis moTxovnebs, xolo SekveTis realizaciis dro 

igvianebs 𝑘 periodiT. es niSnavs, rom mocemul etapze 

SekveTili produqcia miiReba 𝑘 etapis Semdeg. 
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 gamoviyenoT belmanis optimalobis principi da 

ukugaTvlis sqema. davuSvaT, rom 𝑖-ური ეტაპის  dasawyisSi 

gvaqvs 𝑋 raodenobis produqcia, xolo wina etapebze 

ganxorcielebuli SekveTebis Sedegad        𝑖, 𝑖 + 1,⋯ , 𝑖 +

𝑘 − 1 etapebze miRebuli SekveTebis sidideebia 

𝑍0, 𝑍1,⋯ , 𝑍𝑘−1. 

 𝑖_ur etapze ZiriTad SesarCev parametrs warmoadgens 

SekveTis 𝑍𝑘 moculoba, romlis miReba moxdeba 𝑘 etapis 

Semdeg anu 𝑖 + 𝑘 etapze. 

 𝑖_ur etapze maragis raodenoba iqneba 𝑌 = 𝑋 + 𝑧0, 

xolo am etapis bolos moTxovnaTa dakmayofilebis 

Semdeg, 𝑖 + 1 etapis dasawyisSi maragis sawyisi raodenoba 

toli iqneba 𝑌 − 𝜉 = 𝑋 + 𝑧0 − 𝜉, xolo maragis maqsimaluri 

done 𝑖 + 1 etapze iqneba 𝑌 − 𝜉 + 𝑧1. 

 SemoviRoT belmanis funqcia 𝑓𝑖(𝑌, 𝑍1, 𝑍2, ⋯ , 𝑍𝑘−1),  

romelic gviCvenebs mosalodneli jamuri mogebis 

maTematikur lodins 𝑖, 𝑖 + 1,⋯ ,𝑁 etapebze erTad, Tu 

maragis maqsimaluri done 𝑖-ur etapze iyo 𝑌, wina etapebze 

SekveTis moculobebi ki _  𝑍1, ⋯ , 𝑍𝑘−1. 

            SekveTis miRebis dagvianeba tolia k etapis 

𝑌 = 𝑋 + 𝑍0                                                                                                                                𝑍𝑘 
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         𝑍1     𝑍2              𝑍𝑘−3       𝑍𝑘−2        𝑍𝑘−1   

            𝑖           𝑖 + 1        𝑖 + 2                             𝑖 + 𝑘 − 3       𝑖 + 𝑘 − 2             𝑖 + 𝑘 − 1               

𝑋                                                                           

      𝜉           𝜉1                           𝜉𝑘−3         𝜉𝑘−2           𝜉𝑘−1       𝜉𝑘 

  

   gveqneba Semdegi rekurenturi damokidebulebebi: 

𝑓𝑖(𝑌, 𝑍1, 𝑍2, ⋯ , 𝑍𝑘−1)

= max
𝑍𝑘≥0

{−𝐶𝑍𝑘 +∫[𝑟𝜉 − ℎ(𝑌 − 𝜉)]𝜑(𝜉)𝑑𝜉

𝑌

0

+ ∫[𝑟𝑌 − 𝑃(𝜉 − 𝑌)]𝜑(𝜉)𝑑𝜉

∞

𝑌

+∫ 𝑓𝑖+1(𝑌 + 𝑍1 − 𝜉, 𝑍2, ⋯ , 𝑍𝑘)𝜑(𝜉)𝑑𝜉

∞

0

} , 

𝑖 = 1,2,⋯ , 𝑁; 𝑓𝑁+1 = 0 .   

 

 

 

3.13. maragTa marTvis zogadi amocana 
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 zemoT ganxilul amocanebSi yovelTvis vTvlidiT, 

rom cnobili iyo moTxovnis intensivoba mocemul 

produqciaze. axla ganvixiloT SemTxveva, rodesac 

moTxovnis intensivoba ucnobia da ar aris damokidebuli 

droze e.i. SegviZlia vigulisxmoT, rom albaToba imisa, 

rom moTxovnilebis intensivoba moTavsebuli iqneba 

(𝑆, 𝑆 + 𝑑𝑆) intervalSi tolia Φ(𝑆)𝑑𝑆sididis, sadac Φ(𝑆) 

warmoadgens moTxovnilebis intensivobis ganawilebis 

simkvrives. 

 davuSvaT, rom 𝑟(𝑋) aris 𝑋 raodenobis produqciis 

Sesyidvaze gaweuli danaxarjebi, 𝑃(𝑋) warmoadgens 

danakargebs 𝑋 raodenobis produqciaze deficitis 

SemTxvevaSi.Ffaqtiurad 𝑃(𝑋) warmoadgens im mogebas, 

romelsac miviRebdiT 𝑋 raodenobis produqciidan Tu 

masze iqneboda saTanado moTxovna. 𝐾(𝑋) -iT aRvniSnoT 𝑋 

raodenobis produqciis Senaxvaze gaweuli danaxarjebi 

drois erTeulSi. CavTvaloT, rom gvaqvs 𝑁 etapiani 

procesi da 𝐹𝑁(𝑌) -iT aRvniSnoT belmanis funqcia, 

romelic gamosaxavs danaxarjebs 𝑁 etapiani procesis 

dros, Tu sawyis etapze gvqonda 𝑌 raodenobis produqcia 

da procesi wavmarTeT optimalurad. 
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 davuSvaT, rom sawyis etapze gvqonda 𝐴 raodenobis 

produqcia. viangariSoT 𝑓1(𝐴), romelic warmoadgens 

danaxarjebs pirvel etapze, rodesac etapis 

dasawyisisaTvis gvaqvs 𝐴 raodenobis produqcia da am 

etaps warvmarTavT optimalurad. 

 cxadia, rom 

𝑓1(𝐴) = min
𝑄
{𝑟(𝑄) + ∫ 𝑃(𝑆 − (𝐴 + 𝑄))Φ(𝑆)𝑑𝑆

∞

𝐴+𝑄

+ ∫ 𝐾(𝐴 + 𝑄 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴+𝑄

0

} 

  

 sadac pirveli Sesakrebi warmoadgens 𝑄 raodenobis 

produqciis Sesyidvaze gaweul danaxarjebs. 

(vgulisxmobT, rom produqciaze SekveTa sruldeba 

momentalurad). 

 meore Sesakrebi warmoadgens produqciaze 

deficitis SemTxvevaSi mosalodnel danaxarjebs, am 

SemTxvevaSi produqciaze moTxovna metia vidre sawyis 

etapze arsebuli produqciis raodenobas damatebuli 

SekveTili produqciis raodenoba. Ee.i. 𝑆 > 𝑄 + 𝐴. 
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 mesame Sesakrebi warmoadgens mosalodnel 

danakargebs im SemTxvevaSi, rodesac gvaqvs produqciis 

Warbi raodenoba. es aris danaxarjebi produqciis 

Senaxvaze, maSin belmanis optimalobis principis 

gamoyenebiT gveqneba Semdegi rekurenturi 

damokidebulebebi: 

𝑓𝑁(𝐴) = min
𝑄
{𝑟(𝑄) + ∫ 𝑃(𝑆 − (𝐴 + 𝑄))Φ(𝑆)𝑑𝑆

∞

𝐴+𝑄

+ ∫ 𝐾(𝐴 + 𝑄 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴+𝑄

0

+ 𝑓𝑁−1(0) ∫ Φ(𝑆)𝑑𝑆

∞

𝐴+𝑄

+ ∫ 𝑓𝑁−1(𝐴 + 𝑄 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴+𝑄

0

},                               (3.30) 

 

 

sadac meoTxe Sesakrebi warmoadgens mosalodnel 

danaxarjebs darCenil 𝑁 − 1 etapze im SemTxvevaSi, 

rodesac pirvel etapze gvqonda produqciis deficiti da 

𝑁 − 1 etapze miviReT optimaluri gadawyvetileba. 

swored amis gamo gvaqvs meoTxe integralis win 𝑓𝑁−1(0). 

pirvel etapze deficitis gamo, 𝑁 − 1 etapi unda 
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warimarTos sawyisi produqciis gareSe. igi ar aris 

damokidebuli 𝑆 _ze, amitom gamovitaneT integralis 

niSnis gareT. mexuTe Sesakrebi warmoadgens 

mosalodnel danaxarjebs darCenil 𝑁 − 1 etapze, 

rodesac pirvel etapze gvqonda produqciis siWarbe, 

xolo darCenili 𝑁 − 1 etapi warvmarTeT optimalurad. 

zogierT SemTxvevaSi 𝑓𝑁−1(𝑌) da 𝑓𝑁(𝑌) Soris faqtiurad 

ar aris gansxvaveba (Tu 𝑁 sakmaod didi ricxvia). am 

SemTxvevaSi (3.30) rekurentuli damokidebulebebis 

nacvlad, romelTa gamoyeneba Zalian Sromatevadia, 

ganixilaven Semdegi saxis integralur gantolebas, 

romelic SedarebiT iolad ixsneba miaxlovebiTi 

meTodebis gamoyenebiT. Tu SemoviRebT aRniSvnas 

𝑓𝑁−1(𝑌) = 𝑓𝑁(𝑌) = 𝑓(𝑌), maSin rekurenturi 

damokidebulebebis nacvlad gveqneba Semdegi 

integraluri damokidebuleba: 
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𝑓(𝐴) = min
𝑄
{𝑟(𝑄) + ∫ 𝑃(𝑆 − (𝐴 + 𝑄))Φ(𝑆)𝑑𝑆

∞

𝐴+𝑄

+ ∫ 𝐾(𝐴 + 𝑄 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴+𝑄

0

+ 𝑓(0) ∫ Φ(𝑆)𝑑𝑆

∞

𝐴+𝑄

+ ∫ 𝑓(𝐴 + 𝑄 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴+𝑄

0

} 

 

 

3.14. maragTa marTvis zogadi amocana SekveTis 

dagvianebiT 

 davuSvaT gvaqvs momarageba_gasaRebis 𝑁 etapiani 

procesi da wina amocanebisagan gansxvavebiT 

vigulisxmoT, rom produqciaze SekveTa igvianebs erTi 

etapiT. es imas niSnavs, rom Tu romelime etapis 

dasawyisSi ganvaxorcielebT SekveTas, maSin aRniSnuli 

raodenobis produqcias miviRebT am etapis bolos 

Semdegi etapis dasawyisisaTvis. ra Tqma unda SegveZlo 

gangvexila ufro rTuli SemTxvevebi, rodesac 

dagvianebas eqneboda adgili ufro meti etapis gan_ 

mavlobaSi. wina paragrafebSi SemoRebuli aRniSvnebis da 
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belmanis optimalobis principis gamoyenebiT gveqneba 

Semdegi saxis rekurenturi damokidebuleba: 

𝑓𝑁(𝐴) = min
𝑄
{𝑟(𝑄) + ∫ 𝑃(𝑆 − 𝐴)Φ(𝑆)𝑑𝑆

∞

𝐴

+∫𝐾(𝐴 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴

0

+ 𝑓𝑁−1(𝑄)∫ Φ(𝑆)𝑑𝑆

∞

𝐴

+∫𝑓𝑁−1(𝐴 + 𝑄 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴

0

},  

sadac pirveli Sesakrebi 𝑟(𝑄) warmoadgens 𝑄 moculobis 

produqciis SekveTisaTvis saWiro danaxarjebs, meore 

Sesakrebi warmoadgens danakargebs pirvel etapze 

produqciaze deficitis SemTxvevaSi da imis gamo, rom 

produqciaze SekveTa igvianebs erTi etapiT. integrali 

aiReba 𝐴_dan da ara 𝐴 + 𝑄_dan, radgan pirveli etapis 

dasawyisSi ganxorcielebuli SekveTa mxolod meore 

etapisaTvis miiReba. 

mesame Sesakrebi warmoadgens danaxarjebs pirvel 

etapze, gamowveuls im SemTxvevaSi Tu gvqonda produq 

ciis Warbi raodenoba. aqac integrebis sazRvrebi 

Secvlilia. 

meoTxe Sesakrebi warmoadgens danaxarjebs im 

SemTxvevaSi Tu pirvel etapze gvqonda produqciis 
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deficiti da darCenili 𝑁 − 1 etapi warvmarTeT 

optimalurad. aq igulisxmeba, rom pirvel etapze 

ganxorcielebuli SekveTa 𝑄 moculobis produqciaze 

miRebuli iqna meore etapis dasawyisisaTvis da amitom 

𝑓𝑁−1(0)-is magivrad gvaqvs 𝑓𝑁−1(𝑄).  mexuTe Sesakrebi 

warmoadgens danakargebs darCenil 𝑁 − 1 etapze im 

SemTxvevaSi, Tu pirvel etapze gvqonda produqciis Warbi 

raodenoba, xolo darCenili 𝑁 − 1 etapi warvmarTeT 

optimalurad. rodesac 𝑁 sakmaod didi ricxvia, maSin 

gansxvaveba 𝑓𝑁−1 da 𝑓𝑁_s Soris faqtiurad ara gvaqvs da 

maT magier yvelgan vigulisxmoT 𝑓-s. aseT SemTxvevaSi 

rekurentuli damokidebulebis nacvlad gveqneba Semdegi  

integraluri damokidebuleba: 

𝑓(𝐴) = min
𝑄
{𝑟(𝑄) + ∫ 𝑃(𝑆 − 𝐴)Φ(𝑆)𝑑𝑆

∞

𝐴

+∫𝐾(𝐴 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴

0

+ 𝑓(𝑄)∫ Φ(𝑆)𝑑𝑆

∞

𝐴

+∫𝑓(𝐴 + 𝑄 − 𝑆)Φ(𝑆)𝑑𝑆

𝐴

0

} 
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rekurenturi damokidebulebis Secvlas aseTi 
integraluri gantolebiT azri aqvs imdenad, ramdenadac 
aRniSnuli integraluri gantolebis miaxloebiTi 
amoxsna gacilebiT iolia, vidre rekurentuli 
damokidebulebis gamoyeneba. 

 
 
 
 
 

3.15. daniSvnis amocana 

 

 vigulisxmoT, rom gvaqvs 𝑁 raodenobis manqana da 

muSebis raodenobac 𝑁_is tolia. igulisxmeba, rom 

yovel muSas SeuZlia muSaoba nebismier danadgarze. 

vgulisxmobT agreTve, rom mocemulia 𝐶𝑖𝑗  , (𝑖, 𝑗 = 1,2,⋯ ,𝑁), 

romlebic gviCveneben muSebis Sromis nayofierebas 

danadgarebze. Uufro zustad,  𝐶𝑖𝑗 aris 𝑖_uri muSis 

Sromis nayofiereba 𝑗_ur danadgarze muSaobisas 

(fiqsirebuli 𝑖 da 𝑗-Tvis). 

 vigulisxmoT, rom yovel danadgarze iniSneba 

mxolod erTi muSa, da aseve yovel muSas gamoeyofa 

mxolod erTi danadgari. SemoviRoT funqcia: 
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𝑍𝑖𝑗 = {
1 ,თუ     i − ურ   მუშას   გამოეყო    j −ური  დანადგარი,

0 ,                                                  წინააღმდეგ       შემთხვევაში.
 

 Cveni amocanis pirobebSi cxadia, rom adgili 

eqneba Semdeg tolobebs: 

∑𝑍𝑖𝑗

𝑁

𝑗=1

= 1, (𝑖 = 1,2,⋯ , 𝑁); 

∑𝑍𝑖𝑗

𝑁

𝑖=1

= 1, (𝑗 = 1,2,⋯ , 𝑁) 

pirveli jami niSnavs, rom𝑖_uri muSa𝑖 = 1,2,⋯ , 𝑁 mxolod 

erT danadgarze imuSavebs. Meore jami niSnavs, rom𝑗_ur 

danadgarze𝑗 = 1,2,⋯ ,𝑁 imuSavebs mxolod erTi muSa. 

 Cveni mizania movaxdinoT iseTi daniSvna, rom 

saerTo Sromis nayofiereba iyos maqsimaluri e.i. 

∑∑𝐶𝑖𝑗𝑍𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

 → 𝑚𝑎𝑥 

 sabolood miviReT mTelricxva programirebis 

Semdegi amocana: 
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∑∑𝐶𝑖𝑗𝑍𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

 → 𝑚𝑎𝑥 

{
 
 

 
 ∑𝑍𝑖𝑗

𝑁

𝑗=1

= 1, (𝑖 = 1,2,⋯ ,𝑁);

∑𝑍𝑖𝑗

𝑁

𝑖=1

= 1, (𝑗 = 1,2,⋯ , 𝑁)

 

 

 rogorc cnobilia mTelricxva programirebis 

amocanebis amoxsna sakmaod problematuria. maTi Secvla 

Cveulebrivi programirebis amocanebiT, mTelobis 

SezRudvis moxsnis gareSe, xSir SemTxvevaSi ar gvaZlevs 

saSualebas miviRoT optimaluri amoxsnebi.Ee.i. Tu 𝑍𝑖𝑗   

cvladebis mTelobis moTxovnas SevcvliT 

moTxovniT𝑍𝑖𝑗 ≥ 0 da amovxsniT miRebul amocanas, xolo 

Semdeg amoxsnebs davamrgvalebT uaxloes mTel 

ricxvebamde, araviTari garantia ar gveqneba imisa, rom 

aseTi gziT miRebuli amoxsnebi iqneba optimaluri. 

 

 

3.16. teqnologiuri procesis gamarTvis amocana 
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aseTi amocana faqtiurad warmoadgens sawarmos 

muSaobis dagegmvis amocanas. Igi gvaZlevs saSualebas 

ganvsazRvroT sawarmos muSaobis reJimi. aRniSnul 

reJimSi sawarmos muSaobis simZlavreebi ise SevarCioT, 

rom dakmayofilebuli iqnes saqonelze moTxovnebi da 

danaxarjebi iyos minimaluri. vigulisxmoT, rom 

sawarmos muSaoba SeuZlia or reJimSi: ZiriTad da 

damatebiT reJimSi. Aseve davuSvaT, rom gvaqvs 𝑁 etapiani 

gegmuri periodi. vTqvaT ZiriTad reJimSi sawarmos 

muSaobis simZlavreebia 𝑄1, 𝑄2,⋯ , 𝑄𝑁 etapebis mixedviT. 

Yoveli 𝑖_Tvis 𝑄𝑖_uri gviCvenebs produqciis im 

raodenobas, romlis gamoSvebac SeuZlia sawarmos 𝑖_ur 

etapze. davuSvaT, rom produqciis erTeulis warmoebis 

Rirebuleba ZiriTad reJimSi aris 𝐶$. SemovitanoT 

Semdegi aRniSvnebi:  𝑆1, 𝑆2, ⋯ , 𝑆𝑁 iyos produqciaze 

moTxovnebi etapebis mixedviT;  𝐿1, 𝐿2, ⋯ , 𝐿𝑁  -sawarmos 

simZlavreebi damatebiT reJimSi da davuSvaT, rom 

damatebiT reJimSi produqciis erTeulis warmoebis 

Rirebulebaa 𝐶′$. SevniSnoT, rom 𝐶′ > 𝐶. Rogorc wesi, es 

ganpirobebulia imiT, rom damatebiT reJimSi 

produqciis gamoSveba dakavSirebulia an ZiriTadi 

samuSao drois gazrdasTan, an meore cvlis 



190 
 

SemoRebasTan, an damatebiTi muSaxelis daqiravebasTan. 

𝐾-Ti aRvniSnoT produqciis erTeulis Senaxvaze 

gaweuli danaxarjebi erT etapze. teqnologiuri 

procesis aRsaniSnavad SevadginoT Semdegi cxrili: 

Ee
t
ap
eb

is
 

no
mr

eb
i
 

Eetapebis 

nomrebi 
1 2 ⋯ 𝑁 − 1 𝑁 

moTxovnilebebi 𝑆1 𝑆2 ⋯ 𝑆𝑁−1 𝑆𝑁 

simZlavreebi 

1 𝑄1 𝐶 𝐶 + 𝐾 ⋯ 𝐶 + (𝑁 − 2)𝐾 𝐶 + (𝑁 − 1)𝐾 

𝐿1 𝐶′ 𝐶′ + 𝐾 ⋯ 𝐶′ + (𝑁 − 2)𝐾 𝐶′ + (𝑁 − 1)𝐾 

2 𝑄2  𝐶 ⋯ 𝐶 + (𝑁 − 3)𝐾 𝐶 + (𝑁 − 2)𝐾 

𝐿2  𝐶′ ⋯ 𝐶′ + (𝑁 − 3)𝐾 𝐶′ + (𝑁 − 2)𝐾 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

𝑁 − 1 𝑄𝑛−1   ⋯ 𝐶 𝐶 + 𝐾 

𝐿𝑛−1   ⋯ 𝐶′ 𝐶′ + 𝐾 

𝑁 𝑄𝑛   ⋯  𝐶 

𝐿𝑛   ⋯  𝐶′ 

 

mocemuli cxrilis 𝑖_uri striqonisa da 𝑗_uri svetis 

gadakveTaze mdgomi elementi gviCvenebs danaxarjebs 

produqciis erTeulze im SemTxvevaSi, Tu igi 

warmoebuli iyo 𝑖_ur etapze da moxmarebuli 𝑗_ur 

etapze, reJimebis Sesabamisad. 



191 
 

 aRniSnuli midgomis gamo cxrilis is ujrebi, 

romelTaTvisac𝑖 > 𝑗,   ar aris Sevsebuli, radgan 

SeuZlebelia produqcia warmoebuli iyos ufro gvian 

vidre mas moixmaren. 𝑞𝑖𝑗_iT avRniSnoT produqciis is 

raodenoba, romelic warmoebuli iqneba 𝑖_ur etapze da 

moxmarebuli 𝑗_ur etapze ZiriTadi reJimis dros.

 analogiurad,𝑙𝑖𝑗_iT aRvniSnoT damatebiT reJimSi 

muSaobisas 𝑖_ur etapze warmoebuli produqciis is 

raodenoba, romelic realizebuli iqna 𝑗_ur etapze. 

cxadia, rom 𝑞𝑖𝑗 = 0 da 𝑙𝑖𝑗 = 0, Tu 𝑖 > 𝑗. 

 𝐶𝑖𝑗_iT aRvniSnoT danaxarjebi produqciis 

erTeulze, Tu igi warmoebulia ZiriTad reJimSi 𝑖_ur 

etapze da realizebuli 𝑗_ur etapze. analogiurad 

𝐶𝑖𝑗
′ _iT aRvniSnoT danaxarjebi produqciis erTeulze 

damatebiT reJimSi muSaobisas. 

 cxadia, rom Tu 𝑗 > 𝑖, maSin 

𝐶𝑖𝑗 = 𝐶 + (𝑗 − 𝑖)𝐾 , xolo  𝐶𝑖𝑗
′ = 𝐶′ + (𝑗 − 𝑖)𝐾. 

aseve cxadia, rom adgili unda hqondes Semdeg 

utolobebs: 
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∑𝑞𝑖𝑗

𝑁

𝑗=1

≤ 𝑄𝑖   ,                                              (3.31) 

∑𝑙𝑖𝑗

𝑁

𝑗=1

≤ 𝐿𝑖   ,                                              (3.32) 

∑(𝑞𝑖𝑗 + 𝑙𝑖𝑗)

𝑁

𝑖=1

= 𝑆𝑗   ,                                              (3.33) 

(3.31) SezRudva gviCvenebs, rom 𝑖_ur etapze warmoebuli 

da yvela𝑗 > 𝑖 etapze moxmarebuli produqciis 

raodenoba ar unda aRematebodes 𝑖_ur etapze sawarmos 

simZlavres ZiriTad reJimSi muSaobisas. (3.32) SezRudva 

analogiuria (3.31) _is, oRond damatebiTi reJimisaTvis. 

(3.33) piroba Seesabameba 𝑖_ur etapze produqciaze 

moTxovnis dakmayofilebis aucileblobas. cxadia, Cveni 

mizania ise SevarCioT 𝑞𝑖𝑗 da 𝑙𝑖𝑗 sidideebi, rom 

dakmayofildes (3.31),(3.32),(3.33) pirobebi da minimaluri 

mniSvneloba miiRos Semdegma jamma: 

∑∑(𝐶𝑖𝑗𝑞𝑖𝑗 + 𝐶𝑖𝑗
′ 𝑙𝑖𝑗)

𝑁

𝑗=1

𝑁

𝑖=1

→ min                    (3.34) 
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(3.34) warmoadgens saerTo danaxarjebs, gamowveuls 

produqciis warmoebiTa da SenaxviT, momarageba 

gasaRebis 𝑁 etapian procesSi. 

(3.31) _ (3.34) erTad warmoadgens Cveulebriv transportis 

amocanas da misi amoxsna xdeba transportis amocanis 

msgavsad. 

 

 

 

 


