RJIOGIdS 1. RSFBINGHI AdLHLS B'I6ICNMBHIH0
S6S20HBOKRS6

gansazRvra 1.M Lod6sgmgls 653300 Gogbgms Lodésgemgbyg
obgseo (36 [oo30, 6 398mGocro  bogégg, b [fHgoz0
bobiggds, sb [Hrgozo gsclbo) ofjmegds, o

s) VU,VeM -lngol asblbsbogéramos U+V e M ©3 Vae
R -bogol (R 6s3mzorm  Gogbzms boddsgmgs)  gsbleboadmmos
au e M;

3) Lermemegds 39ddmermmo smmagddol dgdmgao sJlomdgdo:
u+v=v+u, u+(\V+z)=U+Vv)+z, zeM,

a(lu+v)=au+av;, (a+bu=au+bu, beR;
a(bu) = (ab)u; 1l-u=uy;
a) e M obgoo, Gm3d U+®@=U VYU e M -bngol, sk
abgoamols bmenmgsbo gemgdgbdo 9feegds;
Q) YueM —BmBOL,HV eM olsamo, GodlU+V=0. .ﬂsam Y

9099968 U-b 8985 96989cm0 ofeowgds. (ol sm0b60d6gds (—U)-ma,
bergoe U+H(—V) 5006086735 (U-V)-000).
Gboggoo, O'U:(l—l)U:U—U:®.

gansazRvra 2.M Tod®sgemgl (568 sm30emgdemse  emabgeeols)
H(yélv/)odg@o 1103('/76(7 agmggabo, o0 Yu,veM —hm301§ 636]50%—
03608 pu,v) oibz0, G@dgmlsg gfmegds dsbdoemo (dye-
©039) U @5 V-l doméol, olyg, G0d Jgbermmegl d98@o0z0l 99d-
©ga0 sJbomdgdo:
p(u,v) >0,
pUu,Vv) =0<u(x) =Vv(x),

pU,v) = p(v,u),
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pU,2) < p(u,v) + p(v,2) (L33 gmnbgools sglomds),

zeM.
gansazera 3.M Q)OG{).&QB gvmggabo 5(*716(70{*/)(7(327@0, o0

YueM “borgols  gsbbabmgBemas ”U” Go;3b30, GmIgemlsy U
9999630l bmds gfferaegds, olg, ™3 Bgbergmegls d9dmgao mgo-
Bgdgd0:

Jul =0,

lul=0<u(x) =©,

ol =l Ju} 2 <R,

”U + V” < ”U” + ”V” (L3330 bgeols 9B memds), V E M.

SeniSvna 1. gmggemo 6e@dotrgdmmo  mobgsmmo 398037000
bogdige 9B e0z0m p(u,v) = ”U - V|| dsrongms(s, ”U - Z” =
=[u-v+v—z|<|u-v|+|v-17|. s93605 wbs6hEe nz0ly-
3980 (3bswos.

SeniSvna 2. 35 Gogmmo boghg 8godmgds aegbsemn b do-
Ggdaea, oy ol abgsgmos s dgBMogs obgs gdmmadamoa, Ged
p(U+12,v+12) = p(u,v), p(au,av) =ap(u,v).
sbgo 399 b393590 66 ds dg0deagds 263b3Bm3OMN
”U” =p(U,®) Bomdon. sBommss, SoMzgmo mzolgds (3bewoas;
gy ogobgdol @sdhgogpss:  0=||X|=p(X,0) & x=0;

dqbsdy 0z0lgdols ©sdd) jo3g0s:

x| = p(a0) — o(@6,20) = (x,0) = - |
dgmoby m30lgdol 83830390
[x+ ¥l = p(x+y,0) < p(x+y,y) + p(y.0)

= p(x+Y,0+Y)+p(y,0) = p(x,0) + p(y,0) = | +[y]
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gansazRvra 4.M mobgsemby  gsbbsbmgtmmos  bsems@aemo
639533000, o 6gdoldog® Fyzoml U, VEM  Gs0dg Ggloo goe-
baegds bsdwgamo Goizbgo
(u,v) e R,

olg, ®m3 sl 3Jmbrgls Bgdregan mgoligdgdo:

1. (u,u) >0,

2. (Lu)=0 < u=0 M-vy

3. (u,v) =(v,u);

4. (au, +a,u,,v)=a,(u;,v)+a,(Uu,,v), a,a,eR;

SeniSvna 3. 304350, M mobgsemby asblebmg@rnmos 1sgoms-

= )

@)mgmmbom "aaodgmgbo 'agamaoggmm ueM 3;:73836(?_3)015 b3y,

Ao bsdGsgmo, ds3ab

begom

pu,v) =|u-v|
émgmbom "830(];236& 3303bsbmgOmn U,V e M 3@3836@)361} Io-
®ols dsbdogmo (IgB©0gs).

hiolderis utoloba™:

(V)] < ullv]

@ 400988.  Lgsmstrnmo  bsdMsgmals  SoMggmo  mgolgdols
036563, VA eR “Lsongols
(u+Av,u+Av) >0.
booabsg, bisematrnmo 6s3Msgmols dgmoby s dgLsdyg mzgobgdgdols
03bsbdse
(u,u) + A(u, v) + A(v,u) + 12(v, V)

= (u,u) +2(u, V)1 + (v, v)A*> 0.

M b 709896 33903 3ol MBmmmdsh.
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9L 939653690 bsdsmenasbos 6980Ld0gc0 bsdwgaro ﬂ,—’lsomgo’b,
6o dbmmme 35806 Jgodmgds, Gregs A - 303560 339G memo
bsdf 9360l alige0dobsbd o

(u,v)? —(u,u) - (v,v) <0.
3.0.
(u,v)* < (u,u)-(v,v) = ||u||2||v||2 .

SeniSvna 4. 6o&dotgdme  obgeembyg Fg0dmgds  Fgdmzommo
baomatrnmo bsdesgmo. sdobsmgol smizomgdgmo ©s s gdstrolbos,
Amd beadds oby agml gsbdsdrBgdamo, ™I bammegdmegl 9.§.
35613gmema®sdol 306mds (mgolgds)

Ju-+ v +u =i = 2{u] + v ). m
RY: ) '8330013333530 Bdon(‘)ﬁQo 6o36¢3q>0 ananbo '3380')30Qmm
1 1
e R YRR R "RRY o TR DR

Bommdoo. dstromsg, (ob. [47], a3. 152), o 3gdmgomgde so-
609365l

DU, v,w) =4[(u+v,w)—(u,w) —(v,w)], 3)
35306 (2) s (3) Fommdgdowsh gsdcmdeobsgmdl, Gmd

®(u, v, w) =||u+v+vv||2 —||u+v—W||2

[+ W+ u =W = v+ W + v
(1) -0s6 (3bs00s, G®3
Jlu£w+ v||2 =Jutw- v||2 +2Ju+ vv||2 + 2||v||2 . (5

(4)

(5) -0l gsmzgsmaliffobgdom, (4)-h zmgdnmmdo, G™3
DU, v, W) =—u+w- v||2 +2u+ vv||2 + 2||v||2 +u—w- v||2

= 2u—wf" = 2" —fu - W]+ Ju = W [+l v -
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= w= v - w— v Ju o+ w

~Ju—w" v W v - w
(4) @ (6) Boemmdgdal §936-Fg360s bebgzstrxsdo  g3sdmasl,
6d

(6)

d(u, v, W) = %Q|v+w+ u||2 +||v+w—u||2)
(7
-l +y-w-uf?)

~ v+ o+ v v

(7) a88mbsbrmadost (1)-ols asmzsmolfobgdomn 3394693, 3
2 2 2
®(u, v, w) =[v+w]" +uf” ~v-w

2 2 2 (8)
=[ul” = v+ Wi + v -wi" =0.
(3) s (8) -ols BaQoﬁ)a&ﬂs ‘838‘336 3.51553600), 6md
(u+v,w) = (u,w)+(v,w). 9)
OBQO 6&680’[’)0;:’(")0)
o(c)=(cu,Vv)—c(u,v). (10)
(9) 8 (2)-sb 333m3Eobsrgmdls, ed
1
00)=0 =, (v -*)-0 v
Qo

o(=1) = (=u,v) + (u,Vv) :%m—u +v||2 —[~u —v||2)
1 2 2
e 2(ju v ~Ju-v*)-o,

8'0' (—u,v) =—(u,v). (12)
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VN elZ, bowsy Z dogm Gogbgms bodédsgemgs, (12) ws (9)-ob
asm3sealifobgdoo 38133600, ™3

(nu,v) = (signn|n|u,v) = signn (|nu,v) =signn (U+...+u,V)
[ —

Inl-xa0

=signn -| (U, v) +...+ (u,v) | = signn|n|(u, v) = n(u, v).

Inl-xa

38gbs, 6980LdogMo Asombagrm@o B Go3bgobsmgals 3394693,
q
“™a

(EU,VJ: p(lu,vj: pﬂ(iu,vjzﬁﬁﬂu,vJ:E(u,v).
q q a\q a\q q

90. p(c)=0 bg60ldogMo  Goombsemndo € Goibgologol.

G3dpgbssy @ gbiios  9F939B0s, SdoBmd o &—)C,
k

3s306 @ (C) = Eimgo(g—kj =0 © ¢@(c)=0 VceR.
—o v
33603500, (10)-@s6 3533600, G™I
(cu,Vv) =c(u,Vv). (13)

(9), (13)-sb gs3m3absergmdls, Bm3 bzsemstramo bs3Gsgmols
3g-4 ogolgds Lermemegds. Lbgs 030L98580L Lsdstrmmoasbmds (3bs-

QOO.

gansazRvra 5. mobgsels (s@3b0dbmo ol 52 -00), Gedgembgs
230Lsbmgemos b gsmmadmemo bs3Gsgmo ©s sdpgbse — Tgbodgbs
3“80 800)00')86‘3@0 88(?)606& QO 6(")&)8&, avaabé EDHJ&J}D@&J&'
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Bob b gbostrzmemo  bogig, 6 bogdg  byserstrmemo  bsdhsg-

oo, 6 bogiipy agaead g dydcagem, & g3maegb) bogsy

gansazRvra 6. o rILrpop(un,u):O, Loy U,U, €S,
35806 s3dmdg6, Gmd U gOgds0s U -Lsggh S, -8o
limu, =u S, (u,—2>u).

n—o

So

Teorema 1. oy UV,U,V, €S, ©s U —2>U,

n
V, —>25V, 35306
u,,v,) = u,v).
,(0&(7(50'00(730 Boamagol;.sﬁ){]miﬂs SOMQ)Q{]F)OB ﬂ@m@m&ﬂs 3o0-
3omoliabgdoo domgdamo dgdegao B memdnwsb
Uy, v,) = (U, v) =], —u,v, =v)+ (U, v, —Vv)+(v,u, —u)
<|(u, —u,v, =v)+|(u,v, —v)+|(v,u, —u)
<Jun = vl vy = v+ [ul]- [ve = vi|+ M- u, =] -
Sedegi 1. om UV,U €S, @ U, —2>U, 35306
(u,,v)— u,v).
Sedegi 2. g U,U, €S, @ U, —2>U, 3536 |u,|—> |u
» 90. ”Un - U” — 0.
gansazera 7. u, ESZ -l gvmggbo ggb'godébb'@g({m Hoﬂgoggﬁ/)m-
ds Sz -do, oy
lim p(u,,u,)=0.
m—-+o0

N—-+x0

*)D&iQ’OQU (306, 340-pssb. 287 B3. §. o0.-3g).
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gansazRvra 8.S, lLogdgl gfmegds bemero, oy dobo gmgg-
™0 gubEsdgbdn®o dodegztmds dskdo 3Mgdsmas.

gansazRvra 9. Lo {obstgdomdgddol Logdigl  Jocrdgm-
éob*)(H) bogdg ofeoegds, bome bemem bo@datgdgm Loghzgb
— dobsbol™) bogdyy.

gansazRvra 10.M 1od&sgegl  gffmegds  d;39030S, -do, oy
Yu ESZ “Loogols M-38o dc0dgdbq06s  dals 306 Sz -do 3690300
d0dg3610d0.

gansazRvra 11.u,v e H -t gvaabo mﬁmmamﬁog:vaﬁ)o, o0
(u,v)=0.

Teorema 2. o U eH oGnmgmbsrm®os H-80 3330030 M-
ol g3gms 9emgdgbobaedo, 35906 ol H-ob 6emmazsbo gewgdgbBos.

@98 490988  (3boos, o (U,Un) =0 s U, —Hsu
330 3ogdnegdqdoresb, Bggao 1-ob @msbsbds, asdmdabsmgmals,
&0d (u,u) =0, go. U =0.

gansazera 12. 09 8(*)(333'3@&5 X ©s Y 6&033 15035).53;:)3360
s Fqbo, GmIgmoig gmggm X € X 993968 osbsgdl (3eem-
Lobo  gsblsbmgdmgm astrsggnee Y €Y gmgdgbdl, 85806 3e0-
3erdon, G0 dmzgdnemos A mJJ{*/w(ﬁmﬁo(y = AX) X 256bsbma@als

s Y- 3603369mmdsms lod@sgemaggdoo.
03 3960dm Bgd;nbzg3sd0, Gz M3gEsEMEA0 omgdls Gozbzom

36033690mdgdls, dsb b fombsemo gffercegds.

gansazRvra 13. m3gms@mel gfowgds [Hgazo, o dobo as6-
Lobeamol D, 69 mobgsmos s

*)gg. 3oeodgtigo (1862-1943).
N, dsbobo (1892-1945).
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s) A(au)=aAu VYueD, o VaeR;

3) A(u, +u,)=Au +Au, Vu,u, eD,.

gansazRvra 14.Fu = (Au,u) —2(f,u) gg6Jgombsml, Ls-
3 A ©sgdomo  m3gMsBmcos DA mobgem by,  GmIgmoag
93300308 H 3oemdgdBol Loge(3980 o f eH, 9T o©gds 3500

60(527@0 tg)vzjby()mmb'agm, 6&3(336&;30(3 Ya eR 3OA0MO od3ls
(A(au),au) = a*(Au,u)

BoOeemdst ©s sdegbse (AU, U)  Fokhdmswmagbl F o3m6J30mbagmols
335082 Fozob.
Teorema 3. o9 Lozdgdo p(U, V) = ”U - V” 393 0g00

U, = Uy, go. [u, —Ug|| = 0, 85306 lim|u, || =u,|-
n—oo n—o0 n—oo

Teorema 4. ory {U, } gbesdgbaco dodrgatmdss bogtgdo
pU,V) =[u—V]| 8gG0z0m, 85806 ol BgBelsbpgbrmos, geo.
Jk =const >0 olgoo, G0d

Jlu.[ <k wn.
gansazRvra 15.P 3g8®ognm Logdgl gfmegds  bydsmsdgers-

Go, oy 3lgdmdl  dol  gemgdgbBms  J3gboddsgmg  seemdgdgl
0gmseals, Gemdgmag dz3togos 33 Logmzgdo.

Teorema 5. oy A @sgdomo ®3g@sgmeos (ob. gsblsbmams
29), H, 96963980490 Logdol (ob. [54], ag. 117) Lgdstrs-
39 mOmdolimgals Lsgdstrobos H Lagdzol lgds®rsdgmmmmds.

gansazRvra 16.H Log®ol @q,...,0,,... g9d96@ms d0dwg3-
sl gfmegds  bememo, o dobo Fegogzo  3m3dobsogéols Lod-
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Gsgemg 93360308 83 Logk3gda, g.0. Ye=const >0 s Ue H -
bogob 3N s oligmo al(“),...,ar(]"’ 60363900, Gd

p(u,zaé”)cokj <e.
k=1

gansazRvra 17.u,,...,U, €S, gmgdg6@3gdl gfmegdser  [Heo-
Fo@ @m0 dacro, o7 gfmo dsmosasbo  dsoby oMol sbse-
686860h %‘6%030 dmabOGOGOQ. VOGOAQaQOB ‘888(7)’6388‘5‘80 8‘)0)
forgogse @sderggoegdyeo ofjoegdse.

Teorema 6.U,,...,U, €S, gmgdgbBgdol Lod®sgmg FHR03s0
©sdm)300989mas ds8ab s Fbmmme 3530b, Gezs dsmo 3(500701;*)

93 ®dabsbo
(up,uy), (Ug, 0, )

........................... #0.

(U, U)o (U, Uy)
gansazRvra 18. oy ¢, €S,, 1=12,..., Lolggdol 6g30k-

40960 o0 gmgdgbBo mEmmambsmn®os (((ol ,(oj) =0,i= j) ,
dsdob dsls SZ -80 mGomgmbseraio bolidgds gfmogds, beogom oy

sdols 6.56@3 ols Gmﬁ)aoﬁ)gbﬂ@oeao (”(DI”:]., i:1,2,...>, dsdob
- mﬁmmﬁmﬁﬁnﬁgéa@a

gansazRvra 19.¢, €S,,1=12,...Lol#)93sk gfmwgds [Hgo-
Jo@ Qoﬂmzydogogdggmsz -do, 09 dobo 3@3836@3601} 63601)80360

Mo.3. a6sdo (1850-1916).
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Lolirgemo  Mamegbmdaligsb gdmasto bolggds (oxogzse ©sdmy-
30959005

Teorema 7. Ymageo mﬁ)mmSmﬁ)aoﬁabUQ’o 1501}(5_3)380 %’6%030;3
©83m+) 300098900,

gansazRvra 20.H Togz®(3980 Lerme s §HR0g00 0s3m 00q-
63@ 15015(53&515 dolbo dsBolo aﬁmg\)g&s.

gansazRvra 21.¢, €H, k=12,..., 30993685l gfmegds
H-ol da%nbngbggogﬁnb*)aﬁﬁnm, o) YueH Bgodegds §s63me-
agbogmo 0dbsls (3omlsbag

u=> a0, a cR,

k=1
Lsboo.
SeniSvna 5. o @, eH, k=12,..., Lolggds mOnmbome-
3098 m0s, 335806 dsBolol asblebmg®s 20 @s 36bsbmges 21
960dsbgmls 9dmbggzash.

gansazRvra 22. 3s%olol gemgdgbgos N Goibsl gfemwgds H
Bog® ol asbbmdomgds ©s s@abadbgds N = dimH boddmenemma.

gansazRvra 23. 0 @y ESZ, k=12,..., mﬁ)mmeﬁ)aoﬁa—
dnmo Lob@gdss 82 -3o, U 682 s ak::(u,gok), k=12,...,
d5dob ZQK(DK 3G 36030 avaabo u-b 'thoboaoho R0l

k=1

dpyag0, b & -b — ucogl ymge0309608930.

Teorema 8. o+ @, eH, k=12,..., 3130 otombm&do-
G9dgmo Loliggdss, ds80b U € H 999680l dglisdsdolo ogdogl

Do.3. Bsmegdo (1896-1943).
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9§ 30030 H-30 3690s0s s Ludsroeoasbos 3y Z}gggml;*)

Zai S”U”2 Ahermds. s3skmsb  somgdgmo s Lsgds®olo
k=1

306mbs  dobo  U-bggb 36gdspmdobsmgol  drgmdstigmdl  Jumlgzs-
0 - )
2o =|ul
k=1

@mgomdob '3315(4)'3;:)36&80.

gansazRvra 24. o6onmbncdodgdae Lol@ggdsl gfmogds H-8o
Bsg9t50em0, oy Loliggdol gggems gemgdgb@obsedo mGmmgmbsgn-
6o 3@3336@0 815(*)@(");3 6'3;3(*)3‘550 3Q3336(2_3)0¢.

gansazRvra 25. o®ombnédogdam Lolggdsl gfmegds  bbo-
oH-8o0, oy geoggemo U eH -borgols dglisdsdolo ogmtogl 3 360~
30 H-80 30gds0s U-l396, g0. o Lermmegds 3s6lgzsemols @m-
omda.

SeniSvna 6. EONMbm®docgdamo Loliggdol dgdmbggzsdo Lols-
Aol asblsbma@s 16 s asblsbmads 25 gmmdsbgols gdmbzgzs.

Teorema 9. (')14)0)(*)6(')«.4)30636'3;:)0 1501}(?)38& 15(4)‘3;'\*)0‘5 H-30 3ds-
Fob s Ibmemee 35306, s ol RsggBomos dslsdo.

Teorema 10. gmgge Lgdsesdgeoné H lLogdgdo s lgdemdls
OOOmbn®dodgdgmo  ssbolo,  Gmdmol  Fglbsdsdolo  ggmagls
G 3o0-30 U eH 9093968 0bmgols U-bggb 36gdsos H-3o ((3be-
05, o7 H Lgdstsdgemamos, 3sk8o dsBobo s6lgdmdl ©s 3o6o-
Joo, org dsBabo s6bgdmoL, ol Lgds@sdgmn@os, Gawash dsbalio
H-30 8(536030 Boh(ibaaoo, (4)(')88;:)0(3 m3Q’°Q%U 33(5_5)0 36133). o0

*) 3.3 dgbgemo (1784-1846).
*9.5. 3s6bg3smo (1755-1836).

281



M 33360308 Lg3sesdgeon® H-8o, 35806 dsBolo Bgademgds sogmls
M-ols 9em99968)90013.56.
gansazera 26.B 36560l 15036(33'80 aoGBA%QBE'UQ (3'36;](30(')—

bogols gGmegds  dgderbs g memo, oy
|Lu < C|u|, C=const>0, VueB.

19069l C 9030390L dedr0ls gferegds ngb'jjomb:),(oolx b3
s s0bodbyds ”L” Boddmemno.

Teorema 11 (60[}0[1*) mgmﬁ)gao). H 30;@636(55015 15036(38'30
gm3gmo  Bgdmbsbogemmo  Fohgozo | gmbiiombsmo  Fgodmgds
{963 350030600

lu=(u,v) YueH,

baomsrmmo  baddsgmols  bobom, s veH goJlotgdgemo
909996830 (3eembsboess asblsbmghama, sdslmasb |||||=||V||
Teorema 12 (ds6™-ds60b0l ogmérgds). B dsbsbols Logd(zol
®s0dy M {ogog 3035 lsbgmdaty  (dsgemomse,  mmabgseby)
26Lsbgemmo gmggmo GoHxgogo Fgdmlsbogtnmo | gmbdiombs-
o Bgadmgds 6emGdols Fgbsebmbgdoo 36353030 dmgen B Log-
63969, 90. Bgodemgds sgsgmm olgmo L gubdiombsemo, Ged

DLE)=1(x) vxeM; D, =[],
gansazRvra 27. (&gog be®dotdgdnm E Logdigby asblsb-
03670 f(X)=<f,X> BbJ0mbsemgdo  dbash  dsbsbols E*

Logegl, G@dgembsg gfmegds E Logdol  dhmoegdmemo (os-
@760) og®(39.

*)13. 6olo (1880-1956).
3. 360 (1879-1954).
282



gansazRvra 28. smgzsm, Y = AX o3gdeoto skebsgl E,
J6xg03  berédodgdgen  Logezgl Ey J6Oxg03 beédodgdge  Log-

6gdo, bowe @ (y)=(pY) E, by a6bsbmgénmo Gégogo
396J(30mbsgmas,  ds5B0b (D(y) = (D(AX) =f (X) , Losgs f (X)
JOxg030  ggbd0mbamo EX—%go 336 Lsbmzergmo.  sdG0gse, o0
ém@mbom 939390 5)0Qo(3 A* m336o(8)m60
f=A*p,

Gmdgmog 236LsB@g@emas Ey -ols Fgmmemgdagen Ey *
bogdsgbg s 83 g36slgbgmo  Logzolb @ gemgdgbdgdl
T03bagdls EX—OB Fggmengdamo Ex * bogdzols  gemgdgbdgdl.
A* (")336‘)(5500613 A (*)3357&@0’)5)013 3(727()@(7&27@0 mJJ{*/w(ﬁmﬁn
9T oegds.

o0 Ex = Ey =H domdgtdol Loghgs, 35906 Gobol mgem-
930l msbsbds  dmodgdbgds olgmo  X*,Y*¥ € H  gmqdg68gdo,
md

fO)=(x*%x),  o)=(*Y),
90.
(5 y) = (x,%) s (y* AX) = (X*X)
Boremds gmggem y*-l M03bagdls gOmsEgHo X* 93968, g.o.
X*= AXy*.
s3egbs, H  3omdgdm@ol Logdgdo Bgnmmadnmo  m3g@sgmeo
Fg0dmgds 336035 Bml 1336836900l Fabs Bemeamdoon.

3960dme, org A 3963860 3sblsbmagemoas H-30 333603

DA Q’OGSQQ’%{] © E|X*, y* eH ohgmo, 6md

(y*5 AX) = (x*,x), xeD,,
35306 3333300, O3 Y*-0ls Lodesgmy 4960l Bgmmmadnma A*
m336o(§mﬁ)cﬂs DA* 6‘561"5%Q3(4’01’ oﬁah ©5 0300 m335)o(?_3)mt4)0

6.5601s¢(bg()3636o @m@mbom
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A*y*=x*.

DA* @abgemos, bogom A* — (Ogoz0 m3g@sgmo. DA* *=J,
A3y 3sb gmggmogols g3mmgbols boymamgsbo gemgdgbdo.

gansazRvra 29.H log®(3980 333003 D, obgemby goblisb-
03079m A 03960586l gfowgds  bodyd@omemo DA—‘BU, o ol
J6xg0300 s Yu,Vv e DA bergeoegds

(Au, V) = (u, Av)

Boromds. LodgBGonm  m3g@sBmal  gfmegds w@segdomo  m3g6s-

(ﬁm(ﬁo, o0
(Au,u) >0,

(Au,u)=0 = u=0© D, —79o,
bowe o 3AC =const >0, &md
(Au,u) > C|ul

2
>

35306 s D A-00 @s@gdomse  3sbbsBrgtiogemo  m39Gsgmogfio-
©40s.

gansazRvra 30. o A LodgBeongmo ®3gGoBméos, (sbswos,
DA C DA * S .>8Q35.3Q A* mSaﬁ)o(i_f)mF)o A(")Saﬁ)o(ibmﬁ)oh 3‘)5‘5(6-
0mgdss. 01 DA = DA*’ 35806 A*=A ©s b 0300 dymmemyda-
0 3953860 9fmpgds.

SeniSvna 7. B8 bsbroghnmo m3gdsmegdobogols Lodgdeos-
@mdols  ©s  03003)g0madmgmeadol  3s6dstBgdqé0  gOmdsbgnls
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Teorema 13. gm3gemo sgd0m© 336LsBegAmma

39658mG0 Bgodergds 3935330MM0 0300 3 7memgdme
3965800359 (9.7 gﬁogvﬁo[jbob*)aagoﬁmmgda).

gansazRvra 31. o® A ©s B wswgdomse gsblsbmgtrnm m3g-
F)o({?)mﬁ)h 36’(*);33&5 dmbbﬁggb}'ﬁﬂ(ﬂn, o0 DA = DB .
gansazRvra 32. o6& 0b36gbdgm  3gesgmel  gfmegds
Hmb'om(ﬂ;o&j, o0y E|C,k =const >0 01)307360, 6md
(Au, (B +kI)u)| > c|Au|* VueD, =D,
bos | gomgpemmgsbo m3g@sgmeas.
gansazRvra 33.A m3g6sgmal gfmegds dydmbs omz@memo, o
|AXle < Mx|. ~ vxeE,. (14)

EX

gansazRvra 34.A 3g6s8mal gfmwegds gfyz9050, o
[t X, 0 = [A%,~Ad, 0

Teorema 14. 0301)0)3015, 6nd vﬁ)cgoz}o m386o(5_3)m5>0 03(')13 'Zﬁ—
93980, $9Gomgdgmo s bs3dstolos, Gmd ogo ogmb dgdmbsb-

36
gansazRvra 35. ﬂaeoﬁ)alﬂs M—abl} Aol (14)-3o 3%‘00;336& A
0396mtol bocds: A

gansazRvra 36.W2k () -m0  s00603693s  olgmo  JoewdgHdols
bog®ig, Omdmol  gemgdgbdgdo  g3mmabols LZ(Q) L ©s sfgo K
603599  Bsmgmon  gsbbmaswgdamo  Fadmgdgmgdo Q 361930,
Oodmado 503y 9330360l Lo () b, s bamsg bgsmstremo
653¢rsgmo  dm(39demas

*)d.m. BGopGoblo (1901-1982).
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U V) = ZI D'uD'vdx

\i\gk Q
Boromdoo.

gansazRvra 37. CSO (Q) 00 30bodbgds oligm gobodné@ ogmb-
Joosos (g0 Q-8o 3033530 LaygHgbol 3Jmbg) Lod®sges,

Godgmosy  ofge 2 égby  afigaado  gaome  Gogob
Foedmgdgemo.  ggbz00ls bsgmgbo  gfmwgds b iools
236LsBmaol  FgoBomms  0d  Loddsgmol  Bszgdasl,  bswsg
3964300 b0l Bmmo sGss.

Teorema 15. 3mj3om, %’6(3030 m3(ff)o(§mﬁm A:DA—)RA,
Bogoss RA dobo  d60936gmmdsms  s¢rgs.  dsdab  Bgdcrmbgdeemo
M39058Hmc0  sOlgdmdls dsob s bmememe 3s80b, Gm3s 0fowsb,
6md AU=0, Los(y Au e RA, = UuU=0, Loy U EDA.

Teorema 16. (6030 @3g@smtols 9936rmbagdmemo m3g@sgm-
o {OHg030s.

gansazRvra 38. gmgzsm, N €H mobgeemos. 3sk8o Fgdmgo-
omo H-ol 3g8Gozs, o N s3sbosb bommos, 35806 sl gfmey-
3 H Logools fomgazo Jagbazdsy.

gansazRvra 39. s3cmdg6, ¢md U€H gmgdbgo H  3om-
39680l Logezols N Jagbogerol mGmmambsema®aos ULN, o
U N -ob g3gees 9egdgbdol mdmmambsgrn®os.

Teorema 17. gzojsso, N Bogtzg H -ob 030
Jagbogégs. 38806 bgdolidogmo U € H Gobsbse  dgadegds

5dm3sa0bmmn U =V+W lbsbon, Lowsy VEN s WLN .
3°R3 Q3 Q
V-b gfmegds Ul exGoregebsemado J(ﬁm(ngnaN—%a.
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SeniSvna 8. gbowos, o N=H, 36 gdmdls  gemo  dsabyy
wLlN obgmo,  G™3 W=0. Jobssmdgy  8gdmbzgzedo
U=v+O=v=N=H.

gansazRvra 40. s33mdg6, Gmd QC RY 569l o3t mo3do-
Gob*) bobegsto, ory:

L) Q 338mbsbmaemmos (wsbsdggdos 86a3g:>og3683ggmbo);_

2)  3Ja,B=const>0, meswox” ., xP, r=1m,
dmmﬁ)ggn&)@mo 15015(5_3)380 ©5 (N —1) —6o6%m30g:>360o5 K(r) 39
3909

\ﬂ”<a,i=LN—L

afgaote & (X", x(h), r=1m, olgeo gubigogbe, G
8) ymgzgem X €9Q [gdBomo Fg0dmgds [etdmeggbommo of-
bals gOm-ghmo Bgdmbligbgdyem mmGEabsgos Lalggdsdo dsob(s
x=(x{",...xP) = ( XM xO e (x 1X(erl)
Lsboo;
3.) X F9oBomagdo, Hmdgmosmngolss bemmogds
xOl<a, i=1LN-1,

5

6
a,(x",.. xP))-p<x( <a, (x,..,x{)

3060025360, '8315&5.5301}.5;3 3;336.563(*)636 Q 3o 6 g_l—ls aoﬁ)gm;

... 038oigo (1832-1903).
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6') gmggemo  a, (Xl(r) ey Xf\lr{l) , r=1m, 316Ji0s K(r)
d'l']b%{] odaoam%oggabls QOSBOGOB 306mdsls, 9:0- 3k =const >0,
6d

3, (¥ YD) — 2 (47 X0,

1/2
< K[ =y 02 o (- y 02

a3630bogmmm  MsdEgbody  dsgsmoma. bsb. 1—%3 dm(390mem  9gd-
0bgg3580

— T

-1

bob. 1

X, @96dols  gggems  Bglsdmem  dodsormmgdobsmgol  sd@agnmos
3.) 306mds, g.0. Labmzso 36 Mol moddogiols.
6sb. 2-By dm(3gdme Bgdmbggzsdo, O-l dopsdmBo X, =|X1|,

oaoémﬁ HXl **1 - |Xl *” < |X1 *x_ X, *I ©5 Bﬁ)g(mggaba 939620 3o0-

e
6™ds, 9.0. maddoiol babmgstos.
6ob. 2
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6sb. 3-by dmgdnee  gnobmgsbo Foodomol m®ozy dgdmbzg-
3980 slsdzgd0s dbmmme domomgdgmo  gmmGeabsgos Loldgds.
(obssmdrga 89dmnbgg3s80 ©satmzgas 3.). dsg@sd sbgmo Loliggdols

dx T
390mb393980  smbodbyem  Fgo@omgddo d_z =1g E =00,
Xy X, =0%

9:0. ©30603935 3.), Eab O 05 ligdgdl K#w. 396103500
babmgatio maddozols s@ss.

6ob. 3

gansazRvra4l. u(x) € C(Q) (Boo <56, omu(X) € C*(Q))
39673000 U(y), y e oQ 3603369mrmdgdo é’Q-%a 3o babass
3%BbsbgBgmo.  U(Y) gabpost  ofeorgds UK ggbdponbigsero
5Q %y,

Teorema 18. 0 Q 033030l bobmgmol 3Jmby ségs, 35d0b
30gomdl  gomsEg®mo Bgdmlsbma@rmmo (Ogogo T ®3gdsgmeo,
Ge3ge0(3 W;(Q) Bogerzgl sbsbagl L2 (ﬁg) boger39by:

[Tl ooy <IT Il

w3 (Q)
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o U eC*(Q), 85306 Tu(x) =u(y).

gansazRv ra 42. vOGO maméaaogol; Tu -\ SVMQ{]&oU (X) (3"35—
Jioob dgd@f)ﬁ Q -%y, T -4 30 J33emol m396shmcio.

SeniSvna 9. Gr309b5005(3 (Ohe (ﬁ) 43360300 WZ:L (Q) -do, org
u 9310360l W21 (Q) -, dsg@sd 8@ 3mmabols c” (.(._2) 1, Tu v
3390 dg0demgds  asbgobommm, Gemam®i obgo U, (X) ECOO(Q)
g9bJgosms U, (y), ye oQ, 339qdal bmgsto L2 (5 Q) -do,

Ae3gemsmzgolisgg

n—oo
W, (Q) >0.

lu, (x) —u

SeniSvna 10. o U EW21(Q) 396400 9Fy39808 5-'30, do-
b oo ggomo I Q-By gdobggzs dob Fgbonwzsl & Q -Bg.

SeniSvna 11. o ||un(x)—u(x)||L2(Q)v>O, 35608 o6

stol gogdsmo W, (Q) 8o, 85806 {U,(S)}  dodrgzeimds
Fgodmgds o6 oyl 3Agdsm0 L, () -30 (s3987m0s
dsaamomgdo (ob. [54], a3. 341)).

fridrixsis utoloba. 09 QeR" 36195 moaddoizol Labmg@om,
35306 56 bgdmdgb  oligmo €y, C, = const > 0, 390 gogdmebo
dbmmme s09bg, G0d

juz(x)dxs Clij-(u’k)zdx—k czjuzds VueCY(Q).

k=10 S
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puankares utoloba. oy QeR™ shgs maddogol  Lsb-
03600, 35306 sOLgdmdgb olgmo Cg,C, =const >0, ©sdcmoeg-
dmmbo Ibmmee sHgby, ™I

ju (x)dx<c32j(uk) dx+¢ Uu(x)dx} VueCHQ).

k=10

fridrixsis utoloba. 09 QeR" 36195 maddozol LebmgGom,
ds30b 05)1582)0')636 oligomo Kl’ KZ =const >0 QQHNJOQ{JB"JQGO
dbmmme s09bg, G0d

| Wi < 1{2I(u’j)2dx+_“u2d8} Yu eWzl(Q),
10 3

Jull 2y < K{ I(D‘u)zdx+ju2ds} YueW2(Q).
’ 20 s

306390 RBHmEmds dsemsBo BRgds, o S -t 93330000 Sl
-0m, GmIgmog S - mos bsfoemas @(75(75015*) sgdomo Bemdon
(33 8gobggzedo K, 370dogo S, -bg(308 @330 3oEgd o).

396dme,

[ zm:j( )2dx VUGV\721(Q)
W, (Q) =1 o
Qo
juf <K, > [(Du)’dx  wu eV\7;(Q),
WOZZ(Q) lil=2
Bagos(s

a=(o,a,) @ €z, ={012-} j=1Lm,

*)o.Q. gdgao (1875-1941).
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e i§oobeoy fbos,
la|i=a,++a,,
a:ﬁ ﬁa'zﬁfl,__aam Xa.:Xfl"'Xam'
i , : o : o
X,
Z s z Boddergomgdo smbodbsggb sxedzsl gggms obgmo &
|er|<k |a|=k

-bomgol, H™Imgda Fglbsdsdobage s3dsgmazamgdab |Ol| <k Qo
|0l| =k 306mdgdLs.

puankares utoloba. o+« Q s6gs m03Bogol Lsbmadoon (s3
30630l Bl Bgds Bqlsdmagdgemos, ob. [30]), 35806 s61sg3cdLs

oligmo K3 =const >0 sdm gogdamo dbmmee Oy, Ged
2
||u||2k <K, Zj(Diu)zdx+ZUDiudxj
wh @ = \&

Yu eW, (Q).
gansazRvra 43.¢ €C”(R")  jodmyfbéo  3odghomedols

3Jmby o3bdizosms Lod@sgmagls gfmegds ﬁgoﬁ(job*) S(Rm) Loz,
oy 6900Ld0g60 dngmo sB8MYgMRomo k Go3bgobsmgals
sup {(1+ |x|)k Z‘ﬁ“(p(x)‘:l < 400,
xeR ™ |er|<k
Bagos(s
1
X:=(X,....X, ) €R™, |x|::(x12 +~-~+xri)5,

gm. B350 (1915-2002).
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o= (Oll,..., Olm) e oobegbos.
gansazRvra 44.f g96gomboml  (gm®dsl) gfmegds  sbo-
fego30 (bgdofergago) Gs0dy mobgsenby, org o3 Lod®sgemols 6g-
d0bdogho @ ©s W gmmadgb@Bgdobsmgols
flo+y)=f(@)+ () o T(lp)=11(p),
Lswss A 6930L30gM0 4033mgdlgdo Gozbgos.
gansazRvra 45. B(@,y) o946J300bsml (gmédsl)  gFemwogds
bybifhroffo030 o0y mobgsemby, orm 83 LodGsgmols 69doldog®o
Py P15 Py Vs Vi W,y gm0d3batobsogol s bjdoldogdo
A 3m3I3emgdlim@o Gozbzolbsmzgol Lermmegds dqdwgao Bmmmdgdo:
B(¢, +9,.v)=B(g,,v)+B(g,,v).
B(g.w, +w,)=B(g.y,)+B(e.v,),
B(1p,y) =1B(p,y),

B(p, Aw) = AB(p,y).
sdgbs, @ = B(@, ) sbsbgs goflodgdnmoe ¥ -Lsmgol ol

FOxg030  Bubombsmo(gm®ds), bowme W —> B(p,w)  sbsbgs
BoJbodgdamo @ bsogol ol bEoFégoge. o B(@, ) tqb-
J30G65030 Be6ds  6sdwz0mdbodzgmmdosbo  Bm@dss, 35806 sk
mG3E[FHR0305060ds 9fmwgds.

gansazRvra 46. o QC R™ @s0dy sthgs, 35806 S(Q)
a6l gggros olgmo @ €S(R™)  geogdgbiygdel Jggloghisy, G-
dgosm30baz SUPP @ C 2, SUPP @ smb0B6agl emgdnbidol bug-
Gogbl, go. R™ -0 03 J30b0dGsgmol Boggdael, bsmsy @ as6-
bbgeggdmemos bgmolisgsh (ob. sg@gmgy asblsbog®s 37).

Teorema 19.C;° () Loghgg 33360305 S(€2) -Bo.
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gansazRvra 47.S(2)—%y 356bsbmghm  Fgdmlsboghrmm

bofergag f B96J(30mb6500 T gFmegds gobsfoemgds  -by. f a0bs-
Gogdols 36033690memdsl @ € S(Q)  geogdgbyyby (,@) 1odde-
@moo 3036086530, Beagmer gsbsfomgdsms Lodéregmagls — S'(Q)-

omo. gogyzom, €mdI {fn}:zl 30909361093 S'(Q) -do  gegdaas
f €S'(Q) 9e099963)900Ls 396, o
Iim(fn ,(p) =(f,p) Ve eS(Q).
gansazRvra 48. godsso, f €S'(Q) s a oody dnm-
Boobgdlos. o°f 3960bsbm3M9ds
(6°F,0)=(D"(f,0%) Voes(Q)

Boreomdoo.
SeniSvna 12.ys6bsbmaes 48-8o S(QY) dg0demgds Bgo3zemmls

C2(Q) 0o,
gansazRvra 49.¢ € S(Rm )—ols 3c0gl  aseesddbs  Bg9dwgao
Bommdon asbolsbma@gds

P (£):=(Fp)(&):= [ 2p (x)x,
o
Bagos(s
(X, &)i=X &+ + X, &,y
gansazera 50. Q@ ES(Rm )—olm ©s Ve S(Rm )-oh 5&[5&7(30
3&608&6@360
(@ *w)(X):= [ (x=y)w(y)dy
o

Boemdon.
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Teorema 20.F 3m3gm3meg0b30s S(Rm ) -6 S(Rm ) -do;

dolo F9d6rbgdmemo F! 3561054365 3 360lsbmzMgds
(F i )(0) = (22) ™ [ Oy (&)de
Rm

BoEmdoo.
Teorema 21. goggmwo @,y € S(R”‘ ) 5338gma0mg3ls
[7©)($)de=@n)" [ 9 (97(x)x
Joﬁbggognb;mgzmddb. R
Teorema 22. gogymo @,y € S(Rm ) Lsogols
Fp*y)(E)=p(£)p(€).

Teorema 23. goggmo goeS(Rm)-oh ©s O dneoBoobogito-
Laogols
F(o“p)(&)=(-1)"&“p (&),
F(x“ )& )= ()"0 (&).
gansazRvra 51. f eS'(Rm ) 39b3F0cm9dsb gFmmads  Gggmems-
G, oy sGlgdmdl  olgmo  megsmmGae  xedgdaeo  (go.
Lie(R™ ) 0s6) ggbisos. Gmdgembog bodsthgogolisgol aczgbod-

6¢3m f (X) -00, 6d
(f.9)= [f(0@()dx Vo eS(R").

Rm
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93 6T 6¢6¢$0Q36omo Bodesgemgl  sm3603bsg30 S;eg (Rm)—
0o, 6&6090mabdh 8%‘(*7;38&5 606327@‘){'/)27@0’ m‘a 015 6)86'3;20(4)1’]@0
56 sé0bs.

gansazRvra 52.uU € S'(Rm ) asbsfomgdems  Loddegemgl, Gm-

Bmos gGogl goteegds T €S (R™) wo
2\%|~ 2
o= [ (L+[E]7) ) dE < oo
Rm
Loy S € R (R 6s3z0em Gozbgms Loddsgmas), gfmegds d9b9-
olbde@dgbzoscrms  bogdg, Goas S E R. oy 8dskosb S >0

$0s  berderemzolblbagisgfoegds ©s smobodgbs HS(R'“) B0ddeo-

Q’(")O’)O.
gansazRvra 53. H*(Q) sl HS(Rm )-ols J3gbogog, G-

dymos Bymaghs gaams obgoo U €H(R™)ogsh, Gd supp
uc Q.

gansazRvra 54. H®(Q) stol gzgms obgem U eS'(Q) gemg-
360 bogeay, Godmgdog Bgodmgds Q1o gegshongebb
G € H*(R™ ) -dgg, 56 3oogoon H*(R™) ol gemgdgbiyghals €2 by
Bgbommagols ogepg. U € HS(Q) -k 6odds gobobsbrghgds

= inf ||q]
GeH?® (R m):ﬂ ‘Q:u

”u”H ‘(@) HE(R™)
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Boremdom, Lo 0|Q 3mb0dbagls g -y 3603369mmdgdls Q-‘bg.
o O|Q =U, 8s30bU-l gfmogds g -\ 39 bom0350 -9, boregnm
d-t — u-b 3&50(50){*)(75&9 -sb Rm—%a.

SeniSvna 13. o0 S=k, hoggoG k oﬁ)oﬂoéﬁm%omo 8003;20
co(3bg0s, 3>3ab Hk(Q) EW2k (Q) (ob. gsblsbmg®s 36).

Teorema 24.HS(Rm) Y H_S(Rm) Egsernco  (Bgnmeg-
dmeo) 1503(4)(33860¢.H5(Q) bog® ol Bggmegdamo  Log@sgs
H™(Q).

gansazera 55. 3md3.§m, I' s C~ dg:)olmls ﬁodg(ﬁ)ogo
Bgesdomo, G™Igmo( R™-y gzl dogs s 3oty of Qo Q-
36199050; n(x) JONgYemasbo  gsg  be@dsgmos I 3odstron
Xel §GgoBomBo. 35806 (ob. [13], a3. 143 s [11], ag. 212):

1 s6lgodt R™-ob obgmo wos sGggool 10,1 Lodérageoy,
60d
N N
— {Oi}i:1 3563k T -, 9:0. T CUOi ;

i=1

N
- n(x) berdsemado o6 0339093086 UOI 35961005693590;
i=1

— ye39meo i E{l,' N N}-homaol& 36 gdemdls X = o, (y’) c”
- oggmdmegobdo B = {y’ eR™: |y’| < 1} -6
Oi NI -Bo; 3ol 3936176989l s3608653m y'= g ()7)

-0}

- o0 Oi mOj NI # @, dsdob aﬁ)habm&h
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{l//i(i): Xe€0,NO, mF}c B,
bod@sgmmogesb

{l//j(i): Xe0,NO; mF}c B,
15086)689’\“8‘80 hIJ COO - QO(BDMam&)‘BO%aO QOQD&OO’)O Oéd(")_
dosbom, sdsbmsb olgmo, Gmd I/, ()-Z) = hij Vi ()‘Z)

(©0029093m 30800 560 ©00396196(306098300 39 IGrR0bdo, bm-
QIZg %} ROPBINJ°(3OMJOR J 3

@ Imdgmdmegobdo sdob qfyzgdo doggondo, go0. goHmagh-
03 lsbs slisbgs).

2. s6lgpedl  gboggmob obgoo Ggammsmo 1€ (X))
osymgs [ -bg, Ged
- & (x) eCy (O, NT), i=L-,N;
- 0<e(x)<1, xeR™, i=1--,N;

- ZN:ei (x)=1, xel.

F-‘Ba 336bsbogtnmo  gmggmo, dsgsmomse, U ELz(r) 36~
Joobsmgols Lsdstrmenasbos

N
u(®)=>le(X)u(X) Xel,

i=1
a09ms.  gmggmo ie{l - N}-Bomgols degebrobmo  (33msmms
399930 3ot©sgdbs

u ()= (ei U)(¢’i (y)) =8 (¢’i (y'))u(("i (y)) =& (X)u(X)
©5 36353030 (gogzsx5s0mmzmm) U, (y') bgmon B/ -0l getrgm
doge R;nfl bogé3gbg. sbms asbglsbmgtmm Hs(l“) , SeR,
39993650650
H (M) ={ueL,(T):y e H*(R™*) i=1.--N}.
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33 LogM(3980 bm®ds Bgadmgds Bgdmgommo

b= S|
Bommdon. gomggmols bbgemslbzs osgmegsl Fgqlsdadgds 933038-
b0 bercdgdo. HS(F) dogadgdols bogdzge.

Teorema 25. o L(Vv) s60b B9 babmgPrmo  sbBofergazo
BbJ300650m0, asblsbezdnmo H 3omdg@dol Logdgby, bomemm
a(u,v) — Bybgofergogo gmmds, GmIgma sgdsgmegorgdls dg-
I b bgermemedols

la(u,v)| < M|ullv] vu,veH

©s gmghgedogmmdel
Rea(u, V) > ;/||u||2 YueH
306038, ooz M ©s 7 gomgdomo dedoggdos oo || séol
ber®3sHbogé 3980, 35806
a(u,v)=L(v) VvveH
333065l 3J3b 9OmsEgOmo $dmbsblbo U € H oligmo, G»3d

Bogoss ””* 360l 6m&ds H-0b rseman® H' Bogé 3990, bergme C

M
((\)AQ{]&OO)O 8"(‘]Q8030‘5. d{]ﬁ)d(’)({), ‘88065:)860 QSOQ(")O’) C =

, .
3936036mm, (@3 83 EsdsBgdsdo gsdm(3gdnmo dsbsemols g -
29605l doMomsse gsdmygbgdmmo oge [54], [13] cs [11].
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Q33VGIdS 2. LIIS6LRAHOL 37206013350
1. leJandris polinomebis warmomgmpneli funqgcia

3sbogn®  mOOmambsmn®  Seamobmdms  Fecols  gggmasty

3M0bEgmos mggsbeMals 3eemobmdgdo, GmIgmmns FsedmBmds ©s-

39390690 mmos  Jsmgdaogndo  gobozol  sdm(3690msb,  g@dme,

3 96(300e0b MgerE0skonsh. Logdzol méo A s B {g@Eomols

dobomemmdol 39mols 3m@nbiosmo asdmobebgds dso dmEol dsb-
dogmols Bgderabgdmmo (ob. bsb. 1)
1

\/rz —2rpcosg + p

2

Bopopoo.

bob. 1

o0 od COS@ =. X, 3s30b 333363&), md
1

rV1-2tx +t2

héQOG t= g (4)0')60')(4)0 ('18380')0) (1\)0806‘)%)‘53(]), CY)‘:J
1

V1 2tx +t2
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Fomsel  as3dmon  bsmolbmgsb df300zs0 t-l dodsrn  Lsmsgols
dosdmBo, dsBab I 30030l 3mgg03096@a00 X-0ob  Seagmabmdgdos,
O@3gns  mggsbemol 3merobemdgdo gfforwgdso (0b. J3gdmor (1)
s (2)).
30308L96mm  dabmdoser®o 3 30ag0
1
- 1 1-3 2n=-ni
l-u) 2 =1+Zu+——u’ +---+#
2 212 ni2
L@y (2n-1)I=1-3-5---(2n-1) s ph=1.

oy U= 2tx — t2 , dodob 333363&), “d

(- 2tx+1?)2 =fi— (20—t

u" +--, (u <2)

L
2

=l+%(2tx—t2)+ > (otx—t? ) +-o.

212
gb 3G 36030 Bl admese 3Ogdswo ofogds, o 2|tX|+t2 <1.
33 g369dmgdol gedm mgmgds a3sdal, g@Rbomadols asblbols 39d-
g3 37360030 ©agamsama T Bamolibgdsc:
1 13 2 1 2
1+| =2x|t+ S AXT =t 4
2 212 2

Gmaméi  gbgosge, 3ofggmo  bsdo  gmaggoogbdo  §etdmawagbls
FqLsdsdols  bmemmzsbo, 306390 ©s Igmey  badolbol  3meo-

6L,  ©3bsBgboi3 B3 Seraemabmdgdos, 83830 ©age§dbrgdom,
OoRqbsg  ©sgsRagho G359000G 9w  FoGdgmst, Gmdjmog 9o -
03369mnsb  93353806090L  gmzgem  O®0gONImdegzber bsd  3memo-
6cdls. 5439 bs B936086mm, MM ggsbeGol Smmobmdgdals G-
Adcaqbs  8g3@bsotise  Fgodmads,  Msbgesy  Lamdsdo  J3gdmm

330698 sbems go ©o3ndeIbege
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1

N1-2tx+t?

=P, (X) + P,(X)t + P,(X)t> +---+ P (X)t"
. (D
s =Y P (Ot
n=0

Boremdsl, bswsis, Gmamés 9339 903608690, Pn (x) Fo63mac-
276L g6l N-n&0 Gogol 3meobmdl. Gmeemdols dsé3bgbs
dbom980 damd asdmlebamgdsl gFmegds cmggsbemols dmemoberd-
05 [odmddbgemo  gabipos, Gsdpgbsoss 0go §s3mdmdl bgdm-
blgbgd o bakolbmgsbo 3 360030k 3mggoogb@os {Pn (X)}
3030930mdsls. Bmames 3bgoszm,

3 1
P,(x)=1 P(x)=Xx, Pz(x):Exz—E. (2)

(1) 3G 360300086 spz0em0 @sbswagbos, Gmd
P.O=1 REH=CD"
dstrongasis, o) Rsglgsdm X=1, 3306, Goasb53 Om(3s |t|<1,

3ser3bgbs Ibsndo 33946988 PLlGrmmmE  Jmgdso  ggmdgd Gom-
o 36mamglools xsdo ©s dogomgdm, G™3

1-t
3Jgesb @ dnsme Rsbls, Hnd Pn (1) =1. Sbagnmaon®se, o
X =-1, 35306

SN —etk (D" =) R (=D,
n=0

i=1+t+t2 +ott" =) R(DE"
n=0

1+t
6 60dbogl, md Pn(—l):(—l)n. 06334960 g3b 300l
(1) Godmpagbowsh  gs3mdabstrgmdls, ™3 oy X=0, 35306
39680 badolbol mgagebemol 3mmobmdo  bygmol  Gmmos, g.0.,
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P2k+1(0) =0. dstrongnsi, oy X = 0, (0633060 ggmbcsos
d0bmdosgrm@o 3 5603015 Lsboo slsg %’aﬁamoggaoﬁaba

Sy @D,
P 24k! ’
(1+t )
bsopsbsy (1) Go63mpgnbslimsb  Bgostrgdols F9dmgy  sgslizgboom,
2k —pn
boi P, (0= B B @=0 (k=012..).

2. rekurentuli formulebi

30688@ 6)06’80 QQBQB@JOG(‘)U), 6)(')8 Qaﬂds;{’ﬁ)ol} 3(")(:’06(')8860_
Loogols Lsdsoemasbos gdmgao (1939096890 gm@dmms
(n+DYHP.,(X)=2n+DxP,(X)—nP,_,(x), n=1. (3)
sdobsmzols 3o3avo€)8mmm €] @QObo t-l dodsro:

X_
X Shhetie () 2(n+1) P, OOt
(1 2tx+t2)2 n=t
o oog) Fbstglh gegdtagmgber (1—2tX +1°) By, Bogoczgbon,
6 d

L (-2t )Z(n+1) LO0t"

V1-2tx +t2 -

36, (1)-ob 0sbsbdse,
(X=1)> P, (0" = (1-2tx+t )Z(n+1) (Ot"
n=0

o obogg  dbs@gdo  gsdMegmgdsl  Fgzeltrmgde s t"
bstrolbosb  dpgmd  3mggo(3096B390L  gAmdsbgols  gegmBmemgdo,
dogomgdm, G™3
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XB, (X) = Py (X) = (n+ P, (X) = 2nxR, (X) + (=D P, (%),

n>1,
Loo@sbsy  g9dm3absrgmdls Ladogdgemo (3) Beoremds. dolo selo

n+1

obss, Gmd  gazodmos  03630dwg3imdon  sgsamo  gsbbsboemsgo
3ermobedgdo.  GoEash 7337 @smagboras,  G™3 PO(X):l,
Pl(X)=X, sdol Bgdregy (3)  Femmmdol asdmygbgdom 3353900
3650hBg698 (5. by, aaaogﬁ\oomog,

P(x)— X ——, P()— X —gx
35 30 3
P()——4 8X2+§.

(2)-0l  gemzsmolfjobgdom, (3) 930909680 geednmmgdowsd,
3bowos, Amd oaffo Gogol 3mmabmda o gubioss, beoem
39680 Gogol 30 3960 gubioss. asts (3)  gmEInmals,
3Olgomdl 3oy Gsdmgbody Gg3m@gbd Mo MsbsgsEMds, G™A-
mgdoi3 3meobmdgdol Fomdmgdamagdlsg gozegab. sgogmo gsdm-
baggsbos dgdgan gm®dnms

PX)=P ,(X)-2xP", (X)+P', ,(x), n=1. (4)

30033, 39397 3Mdmmo (1) Fmeeds X-oo:
3 0
tl-2t+t2)2 =3P o0t (5)
n=1

Boopsbay
t

2 ' n
—— (- 2tx+t );Pn(x)t
oy dsé3bgbs Fbsrgdo Bagligsdm (1) F303l, bemwe dstrxzgbs
dbomgbg  Ig3obrmmgde  3sd@sgmmgdsls s sdols  Igdega tn+l,
N=1 bsmolbgdol §ob damd 3095030968900 9O0dsbgmls 3o3-
Bowgdo, dogowgdo (4)-L.
304



3379066, olig3
3 0
(x-t)(1-2tx—t*) 2 = > P, (x)nt"*
n=1

Be0dsl.as3996s3mmnm©0gzgdbscg -bgosdgzsstmn(S) b,
dogomgdm, G™3

(x —t)i P (X)t" = Zw: P.(x)nt",

36 Lbgebsodae
XY P OOt = P (0)t™ = nP, (x)t" .
n=1 n=1 n=1

239398 mmmn  ofogg dbségdo t" baﬁ)ohhgboh ob deamd gmgego-

Gogbhgte
XP' (X)—P' ;(X)=nP,(x), n>1. (6)
ol‘)qm k%) (8)(')@0)2500\).56 6&531}0%Q36mm XP'n (X) ©s '3330(8).560')0)
(4) Boemdsdo, g.o. (4) Qo (6) Bormmdopsb  gsdmgdoibomn
XP*, (X) . gb 303303090 3003 960 G33006H I GG sl
@Cn+Y)P,(x) =P ., (X)—-P' (X)), n=1. (7)
o (7) Howmdsl gsdmzgsgmgdo (6)-b, dogomgdm, G®I
P’ () =xP", () =(n+1) P, (x) . (8)
sOmsmos  (8) 03353830390, O3 n>1, R YORY N R MO B
omasbos 3580653, Gegs n>0, G356 o n=0-y, boos,
ols beeoegds, G q3mgsmmne dnfdrgds. ©s dnmnl, ©s3s98)30-

GO0
(x2 —1)P‘n (X)=nxP,(X) +nP,,(x)=0, n>1, (9)
Qoedgms. Bsglzso (8)-do N-ob bs33emse N—1, 35306
P, (X)—xP" ,(X)=nP,_,(x), n>1.
33 306513690006 ©s (6)-wsb gsdmzGoiboo P, (X), ol

Fgegaee L{mege (9)-1 dogomgdo.
305



(5) b 353m3abstrgmdls, G™3
1 0
tll—2tx+t2) 2 = (1— 26+ t2 )5 P (0t"
n=1
ds6r(3bgbs Fbstrgdo Rsgligem (1), dsTab

SRt = S (0t - S 2xP!, ()t + 3P ().
n=0 n=1 n=1 n=1

39373 O@oOn t", n>2, bstrolbgdols 3mge0(30968)900
P.(X)=P, (X)—2xP'" ., (X)+P',,(xX), n=2. (10)
(10) s (6)-sh6 asdmzdoibon XP'  (X) (s30lsmgol (6)-3o N
B93(335 D (n—1) -om, 29389603mmo 2-bg s domgdmen 3sdm-
Lobmgdsls Fq36-(9360 ©sgsdsBmo (10))
P,(X)=@n-D)P_,(X)+ P, ,(x), n=2. (11
o (11) geo@dnmol dstrxggbs dbsrgdo hsglzsdm (11) ggeacrd«-
Q’OQQB n—-ob (N-2)—om '3803@000 300\1325'3;:) PnI—Z (X) —ols 6a8mlm—
bmgdsl s slgm m39Gs;3090L  gegsa@dgmado  goeg  dstrikggbs
dbs980 33946905 99l dmemabmdol §sdmgdmmols 9d(339-
mo {g360, dogomagdo, G™3
Pln (X) = (2n _1) Pn—l(X) + (2n _5) Pn—3 (X) + I:)|n—4 (X)
=@2n-D)P, ,+(2n-5P, ;(X)+(2n-9)P, (x)--- (12)
2[”7_1:|+1

= > (2n-29+1)P, . (x)

q=1
(9" 396600)
2[“7‘1}1 (e
= > (2n- 2q'+1)T P_o(X), n>2.

q'=1
0b7do0n  ©s339B 30gmm  (12)  gmemdnmols bsdstrmenasbmds.
OO n=23, (12) gm@dnms  Lsdstromosbos. ©s31835m, G™3
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030 bsdstromosbos (N —2) -bmgol s @389 303w  N-bogob.
(11)-0bs s B3gbo 583980l Mmsbsbsw,
2{"7;3}1

P, (x)=@n-DP () + D [2(n-2)-2¢+1]P, , ,.(X)

q'=l
(' 3968H0)
2[“7‘1}1

=(2n-DP_,(x)+ > (2n-2q+1)P, ,(x)

(9 3609)

2[”7’3}1
= (2n-2q+1)R,_,(x),
g=1

(9 g96&0)
bos(y 93308ls36gemols Gabs %330 (= q'+2.
(6)-80 Bg308s6mo (12), dogowgdm, G™I
xP', (x) =nk,(x)+ P’ (x) =nPR, (x)
2[”;22}1
+ [2n—2(q'+D) +1]P, (g1 (X)
q=1
(A" 396%09) (13)
2["—;2}2

=nR,(X)+ Y. (2n—-2q+1)P,_,(X),

(A cgfo)
bosy O:=Qq'+1.
o0 (12)-80 hagligsdo (.= n—qI s 3330033emolfobgdm, GmI
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n-1 N, m@Es N 396300,
5 1o 6> N 3oddo

n-1, Go@is N eoyfos,
8080Q86m, ‘.4)("78

P (X)= Z(2q+l)

1 ( ) n+q

S

(14)
= Z(2q +)———

Gogsb [ =N-ols '331»6080150 %’33(‘)0 gm3gemngols beos, beee
Oogs =0 ©s N wafos, 35806 = 0 -0l Fglbsdedolbo {93600

6eemas.
(14) -0l a9dmyggbgdom (13) 3godemgds 3999absotse

390837 g0mm
n-2
xP' (X) =nP, (x) + Z(zq +1)

=nP, (x)+Z(2q+1)

SeniSvna. Glso;gm (ob. §2.6 s §3.2),
Pln (a'X3 - b)(a,a X3 — b,a)

Py (%),

1+ (-p" P (X)

(15)

1+ l)mq P,(0), n>1

~2a,(ax, ~b)P", (a%, ~b)

+(9 a,a - b,ajpln (aXS _bS)

a

(16)

= —h_h*(ax, =b)P", (ax, —b)—h h*P', (ax, —b)
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Bg3agmom X (15)-bs @ (14)-80 (aX; —b)-mo ©s domgdmo
293 lsbymgdgdo hagligsm (16)-8o, 3s8ab dstrogo gocwsgdbgdols
P (ax, -b)(a,x, —b, )=-nh_h*P, (ax, —b)

- (Fl) 7y ([_])
->(29+1) «= (D7 h,
& 2h

=-nh,h™P,(ax, —b)

=P, (ax; —b)

(+
- (2n-2q'+1) h
q'=1l

bosy Q' i=N-—Q.

) ()
(D) h .
2h S

(ax; —Db),

3. diferencialuri gantoleba, romelsac akmayofilebs P, (x)
polinomi

[obs 35653139380 domgdmmo Gg3m@96dMmo Bm@Ifegdols as-
dmygbgdom  sEz0msE  ©s350396m, O™ bl Seemabemdgdo

3305gmgomgdgb  Bgdrgy dgmeg Gogol FOgag geOmazecmgeb  o-

396963086 3bBmemgdsls, Gmdgmay  mggsbetols gsbigmengdols
hol‘)amh o(iboﬁ)abls

(1— xz)y"—ny'+n(n +1)y=0. (17)
33obsmzgols assg(admo (9) gem@ddnms
L-x?*)P', (X)+nxP,(x)—nP,,(x) =0
Lobom. 83 13068L36gmals asGs®dmgds dmgg3gdls, Hed
(L= %2 )P, (x)— 2xP', (X) + NP, (X)

(18)
+nxP', (x)—nP',_, (x)=0.
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(6) Boadal N-Bg gsdcagemgdols Bqdwgy y3gems (3o Fmenm-
dals dutr(3bgbs Fbocrndo as@sgoBebmom

nxP'. (x) —nP' _ (X)—n*P,(x) =0.

md

(1=x*)P", ()= 2xP", (X) + n(n + )P, (x) = 0.
gt 30 Lfmege 0dsl 6036s3L, GmI Pn (X) 3ergmobmdo s3dsgmazo-
Q)abls 17 305({3)0)@36015.

4. rodrigis” formula

053598 Jom®, M ggebemols Pn (x) 3ergmobmdo §e®dmoage-
206985 dgdega0o Lsboo
p)=—t 9 (x*-1)". (19)
" 2" .ntdx"
A3900bsy  AmEmogol gmmdgems gfowgds. Lbgsms Bméob, sdg-

b Bsbl, G0md oy N @yfos, Pn (X) dq0303L  X-0l Fbmeme
@ bs®olbgdl, beormm o N 396800, — 396¢8 badolbgsl. (19)
Bemdollsdstrnmasbmds ©s3s3@ gogma (17)  asbgmemgdols goso-
390l abgdom. babgmemd®, JoMggm Gogdo 3shzgbmm, Gmd

n
) n

~ (x —1) (20)

306309, bssy K d7edagos, s3dsgmazamadls (17) asb@emegdsh.

o3, 09

K

u= (x2 - 1)“,
35306 30{3dmg00ls F9dega dogowgdm, G

.. Gowpéogo (1794-1851).
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(x2 —1)u'= 2nXu.

9k Bowmmds msgzol Ibeog n+1—?¢36 35390 303mmm.  msadbozols
gmedgmol gsdmygbgdoo g39469ds, Hd

wtin+1 k n(n+l
Z( ] u(n+2_k)(xz _1)( ) _ 2”2( j u(n+l—k) (X)(k) ‘
k=0 k k=0 k
Omgme3 3bgosgm, dsé3bgbs dbsendo Fbmmme Lsdo (93¢0l ¥o-
do 3308 gds, G386 x2 =1 -0l 2-%g dsmsemo  Gogols ygggems
Jo®3mgdmemo  bmemols Fomos, bome  dstrxgghs dbsegdo  meo
0 Sdo S, 20050050 X-0 o0 d@agmo ©oao -
Fa3@0l xs30 335609, 3obsoesb X-0b gOmby dsmseo Gogol g3y
s Godmgdamo bymos. sdegbse dogowmgdm, GmI

U2 (x2 —1)+ (N +Du™ - 2x + w -2-u®

= Zn[u("“) X+ (n +1)u("’] :

d" n
=u(x)= —(x? -1
()= S -

0Q60'33601), dsdob 906& @mc\nmbo 300;3361)
(1— xz)y"—2xy'+n(n +Dy=0

hol‘)ah. F)oggaaﬁ 31} 6&6({5)0);'\*)360 360)&3060)3&50.5, .580(8)(*)8 8&1}33 54~
359m30mgdls (20) asdmbsbaymgds, Gmgmdoi o gbos ogmls K
3103030 306500036 (20) asdmlsboemgds Goedmsmangbl N bamol-
bols  3mobmdl, Gmdgmo 0dsgg (17)  geb@mmagdsl s 3dsgmago-
@gdls, A@Igmlsi 93dsgmgomgdl mgasbeaoals Pn (X) 3meobmdo,

sdomd (20) gmbgsos P, (x) -basb  Fgadmgds  asblb3s3098m@aL
dbmmme 3‘30\)3030*) 3596153000, dsdsbsesdy, Bgnb wsaz@bs K -ls

") 6300356 9796060L (17) 396@megdols bmgee s3mbsblbL szl (ob [45], as.
472)
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oly 99ebgzs, ™3 (19) Bmmmds Lsdstrmemasbo agml. sdobsmzgols
XIO 393561330000, OG0 Pn (X) 30bemdols O mlo gmagego-
o96B0. Geameg gl doGomseo G93nObEnmo (3) FeGInmo-
©sb BB, o An 3badbagls Pn (X) 3ergmabmdols eels 3mg-
3030968 s Ibge3z9emmds8o dogomgdm, G@d (3) Berrmdsdo dg-
dsgomo  dbmmme  Fgdegze méo  ozd0  (N+1) Pn+1(X) o
(2N +DXP,(X) Bgogsgh X" b, 85806 3 §g3e900l gmGmbo
399580096700 Bmmo gbes ogml. 33335650, 339J690s
(n+DA,., =@n+DA,,

Boosbas(y

2n+1 2n-1
A = A go, A= Al (21)

n+1 n
(2)—;306, gbswos, G AO =1, A1 =1. 35358y, (21) Bm-

@mdals gedmygbgdoo dogomgdm, Ged

=1.—.=.—... 22
2 34 n n! (22)

07 3700 7begd0m (20) as8mbsbyegdsls, @sgobsbsgm, Ged X"
-ols dmg(gooo(f][;(?)o 0(-]63250 K- 2n(2n —1) <. (n +1) . oaaaoﬁ)ogg,
OoEA0gol (19) gmednmol ©sbspggbse bego®ms, Gm3

%:K.zn-(zn—nm(nﬂ),

Boopsbay
2n-Dl=x-(2n)!,

3dgesb 3o

C,P,(x)+C,Q,(x)

kdba, BAQOG Qn .)6]013 QUﬂéEQ&)Ol} 80633806)88‘8@0 03"36’:](30.5, 6)(")83;200 Aﬁ)

360l 3memobedo.
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. 1.35-@2n-1) 1
1-2-3-4---(2n-1)-2n  2".n!’
sdoo (19) @mg)mbols Boaaﬁ)mg)oosmbo Qaa(fbdoegbgg)oa.

5. leJandris polinomTa sistemis orTogonaloba [-1,1]
segmentze

Omgmoig (17)  ogg@gbosmn®o  gsbBmemgdowst  Bsbl, dsks
dg0dmgds 9gdegao Lebg doggl

d N\, 3

&[(1—x )y]+n(n+l)y_0. (23)
3030000 Qoh&a@doqabawoa, 6 d

_[ P, (X)P,(x)dx=0, m=n. (24)

dsromys, gomol dbéog, (23) -6 335d3b, G™d
d 2 1 _
&[(1—x )Pn(x)]+n(n+1)Pn(x)_O.
0 83 7133685 36gels 983536530 gd0m Pm (X) -bg, dogomgdo, G™J
Pm(x)i[(l- X*)P', ()] +n(n+1)P, ()P, (x) = 0.
dx
boosbagy
jP (x)—[1 X2 )P, (x)]dx
(25)
+ j n(n+1)P, (X)P_(x)dx = 0.
dgmégls Ibtog, o M-obs s N-0b OHM0gOnBgbs33egdsls

8m3o]5;336m , 8030Q36m , 6
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jP (x)—[1 X2 P'. (x)] dx
(26)
+ jm(m +1)P_ ()P, (x)dx =0.

bsfoemmdomo 05(5_?')36632)0 d0133(399L, G

jP (x)—[1 X2 P, (x)] dx

=[P, (0a-x? )P, ()] - j (L-x2)P', ()P, (x)dx

- _j(l_ X? )P, ()P, (X)dX.

3Boermgon®ae(s6 M-obs s N-olnMmo0gModgbs33mgdon)  ©s380-
2960, Gd

jlpn (x)j—x[(l— X )P, () ]dx = —jl(l— X?)P', (X)P',, (X)dx.

o o3 obBgacemgdols  3608369emmdgdl  dgzofsbor  (25)-Ls s
(26)-3o, dogomgdm, G

—j(l— X* )P, (X)P', (x)dx+n(n +1)j P (x)P,(x)dx =0,

—f(1— X2 )P, (X) P, (x)dx +m(m + 1)} P_(X)P,(x)dx =0.
800)(_)1 1}1’)3‘)0')60 dO 80’)688381}, 14)(")8 N
[n(n+1) —m(m+1)][ P, (x) P, (x)dx = 0
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©s Gopash N#EM, sdogmd obBgadsmo obgds bymols Beagmo,

ooy I gopes (24).
b 83503 0bmm ,HdNbacobols Pn (X) 3eemobmdo m6-

0mambsgr@as  6930b30gM0  3eaemabmdol, GmImol badolbo N-By
bsgemagdas. sdobogols asgomgsemalifobmm, ed xk Fodmapanbgds
Gmamé 9gdeaao FOgaz0 3mddabsos
x* =a,P,(x) +a,P,(x)+-—+a, P (X)

s, 353sbosdy, gmzggmo N-bg @sdsemo  bsdobbols P(x) 3ereo-
6do, Gonoo, %’oﬁ)amoggaams PO’ Pl""’ Pk' k < n-1, 3(*);:)06(*)—
3930l GOag0g  3mddabszosls  dedago  3mgioi0gbdgdem.  sdoBmd,
(24) -0 »sbsbdse, 35133600, B3I

j P(x)P,(x)dx=0.

0dolsmngol, Gmd ggsbeaal 3mmobmdns Lobggds 6o dotg-
dmmo aegbspmm, Lsgodms asdmgmgsmmn

1
h, = [ P?(x)dx.
-1

bgdmo A, 000 33Jmbos smbadbmmo P, (x) 3oemobmdols iGm-
bogmggoogbio.sdol  Fglsdsdolsg An_1 3b0dbsgls Pn_l(X) -ols
Loosbaeem  gmgnaiogb@l. segoemo gledmdgdgmoas, Gmd

q(x):= P, (%) —Anixpnl(x)

-1
300 bsbymgds Focdmsegabl N-by bsgemgdo bakolbol Semerobmdls.

XP (X
35r03(3,00056 390353 X" botrolibls, A6 ,nb‘n—l() offggds X "
1

T 9360m@s An -b990L0g096153em96593,3(39b LT g0 Pn (X)
3@0bemdols  qgeel g3l A1Xn . aebbsbogmsg 155300060'80
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ijn %‘3360 aodﬁ){]&o ©5 aaagoﬁogg Q(X) 0j636o aéogﬁa@)"ﬂs
Nn—1 Basmolbol 3eremabemdo.

He3063933965B39698004c, P, (X) erhonmgebagnméos §(X) -ob s
3033561500

jq@OR&@dx=0.

33 356513690l s Fgdegao Bmemmdols

P.(x) = Anixpn_l(x) +q(x).

-1
3903500 0bgdom 3394693, G

h, = j P2 (x)dx = j P, (x){Ani XP, ,(X)+ q(x)}dx

_ A j XP_ (X)P. (x)dx.

a5
353653, M9390968 Mo (3) gm@Inmols moﬁobaog\),
n+1
XP()_— n+1() nl()

oy 0 aoamlsol‘)'z]ggboh 3330@)0600 {obos 06@)3&%&@01} J399 s go-
300035001 0bgde  0dsls, H™d Pml(X) 560l Pnil(X) -0l mEom-

ambsgnmo, dogomgdo, 6(‘18

n n A
" 2n+1A11J‘ - (0dx 1An1h

o 3 asdmzgoygbgde (21) Bommdsl, Gmdgmoai A, ©s An—l
379%50(30968)90L 3383806198k, dogowgdm, G0d

2n-1
h, = 2n+1h”*1' (27)

316



019598 mdsdohsgligsedo N = 1,3030‘»30)3@000 h1 -, sdols  Fgdwgy
293030300000 h2 -, h3 b @, Lsbmgspm, hn 336c630tr9dgem
35365300ls, ms6dodegztmdon 33946908, G™d o N =1,

1 1t 2
hl=§h0=§_[lP0(x)dx=§.
o0 n=2,
h—op-3.2_2
5' 53 5

s 3.9, bmgase 39dmbzg3s30
n-12n-3 32 2

1
h, = [PZ(x)dx =
-1

2n+1

396103500, Pn (X), n=012,., Lolggds  Goerdmawaqgbls

O0mbo®dotgdmem Lolbdgdsk.
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6. Smidtis orTogonalizaciis meTodi

3sb30bommmnr Y, §égogse wedogorgbe gabigosms
Bodggbeds, W, €L2(Q), n=0,0, sy Q 6gooldogso
398 lsbo3eramo Lodtogmgs R 6. s303mm Bgdrgan Loligds:
Po =Wos
@1 =y, +Cpq,
P, =W, +Cpup +Cypy,

(28)

Bg3o0Bomn Cy dnedoggbo olig, @md {0, |5 Lolggds memmae-
60@1’](4)0 08(')15. 6801}4}0’)801} (28) '015 aamﬁ)g (?)(")Q’mb.) hdéwééﬁme
39339653mmm P, -By ©, MONMIEb™dol  S0MHmdol ;msbsbds,
33398 Omen 0-L:
(1,00) = (¥1,00) + Cio(#0,95) = 0.
3Jq0sb
o __ e
10 — .
((00!(00)
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sbagmmgondse  (28)-0l Igbsdy FHmemds  gegsdtsgmmn @ -by
f‘\)«), mémm&msbg’mboh 306(‘)60’[} mdsbbaOQ, 303‘8({‘)(‘)@(’)0’) 6:‘];21}:
(¢2 ' (Do) = (‘//2 ) (00) + C21((P11 (00) + Czo((Po ) ¢0)
= (l//21¢0)+ Czo(¢o’¢o) =0.

Vo, @
3dq0036 C20 = —ﬁ s s.0. 0335030090, 6 d
0'70
C., = _(Wk ’(po) ‘
(¢o'¢o)

sbes (28) -0l Igbsdy Beommds gsgsdcrsgmmn @, -by, 3sdmgo-
949berm  mGImambarmadol 306mds s 8.8. Rsgzepetmo  sbsgamao-
0 0390330900, d9dega 03037 3OMglo BsgeBdmn @, -by gsd-
63mmgdon s .9 ?; -by 3996193emad0m, 35306 dogomgdor, Gnd
(o))

(@, 9;)
90. o0 (28)—'30ij 3795030968980  asblsboazdnmos (29) @m-

N =

j>0, k=>1. (29)

mmdoo, 35306 {Q)n }: Loliggds eermmambsgnn®os.

Gbsos, mOOmbn@dotgdobsmgols Lsgdstrolos, mommgnmo dsm-
3360 a339mm magols beedaby. dsBsbasds, dogomgdm Fqdrgy e -
00bmA3ogome Loliadsl:

w, =" n=0,0. (30)
|al
Teorema 1. 3em@obmdos
w, =X, i=01-. (31)
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Lol@gdol  oe@ol  dgomeon  ®EMmbn®dodgds  g3sdemgals

n

o, :—”P , h=01--- Boliggdsols, Lasgs Pn 9sbemols 3m-
n

0bmdgdos.
;\vaﬁédoagdo. Lo 3dstobos, 3shggbmom, €md (31) Loligndolmgals
(28) Loligygdsl og3ls

p,=a,P, n=0,0, (32)
haba, BoQoG a, > 0 vn= 0,1, cee aoﬁ)mQ’oG, 35dob 8030Q86—

©om, G™3I
a)zq)n:anpn:anpnzpn‘
" el ekl @Rl IR
3boos, N =O—1sm3015 (32) Lsdstrongmoasbos, Grawash
Po=Y¥o=hR =1

©33793500, 3 (32) Lsdstroemasbos vk =O,_n s 3ohggbmm,

Gmd  ogo  Lsdsroemoasbos k =l+ 1—15003015. 9:0. 3793900, Gd
QO =, Pk , Oy >0, Vk=0,n s by 033598 0300, B3
(Pn+l = an+1 I:)n+l’ an+1 > 0

asbz0bogmmn (ob. (28))

Pn1 = X"+ zcmlk("k ) (33)
k=0
b
R0 ( ) (Xn+1 a P)
Cop=— Vo ) _ 1y Py
(¢k’¢k) (akpk’akpk)
_ ak(XM,Pk):_ (Xn+l1pk)
aE(Pkak) ak(kaPk)
8.0.
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_ yhtl L (Xn+l’Pk)
Ppa =X Z_(;ak (Pk1pk)ak P

0 (R, P) (34)

PG

n+l (o6dmgsanbmm 3gdwgao Lsboo:

n+1

=>aP, (35)
k=0

boss A, 3098030968980 Fglisdsdolsess dg@bgmmo.

a,, m= 0O,N+1 3098030968980 Lademzbgmsw (35) -
@®dals mMogg Ibsdyg bismas@mmase  gs3390183ememm Pm -bg, dogo-
©5dm, G®I

(x™,p.)=a,(P,.P,) m=0n+1, (36)

500356 {Pm} 3mmobmdms Lob@gds mEmmambsen@os.
(36) -6 393c3abstrgcmdl, Gd

()

On = (PR,

m=0,n+1. (37)

(35) -6 gsdmgmgsmmn a,,, P

n+1 n+1
n
1
i Pn+1 X"~ Zak I:>k >
k_
364, (37)-0l gsmgsemalsffobgdom,

. P 1_Zn:(xn+l1pk)P
k=

1 l k *
n+1" n+ —~ (Pk,Pk)
o 33 3068L 369 Bgz0s01900 (34)-b, g5l 33600, G0
¢n+1 a'n+1 Pn+l (38)
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Gogsh, GopmoE 30 39830600, P ek x -, k=0,n,
OONmgmbsera@o, (37)-0l 0sbsbdsw, (3bsos, Gm3
(XI’H—l P ) 1 (An+lxn+l P )

' n+l) ' n+l

" (Pn+1' Pn+1) - An+l (Pn+1’ Pn+1)
1 (PP, 1

n+l? " n+l

- An+1 (Pn+17 I:)n+1) - An+l ,

Bagos(s An+1 943b@0ls Pn+1 3mmobmdols m@mbo  3mggo-
>0.

(399605, G™Igmo(s (22)-0b 0365bdse ggoo\)g%omoo, g0. a
3800 0getrgds a8 3oc3gdeas.

n+1

7. furie-leJandris mwkrivebi

+1
gansazRvral.a, = I f(t)P, (t)dt

-1
60363900 9Fmegdsm f(t) 39643000 BuA0g-mggbemals 3mgso-

(30968900, Beome
Zak(k +3)Pk ®)
k=0 2

3G 30036 9Fmwogds f(t) 39643008 FgLsdsdoobo  g3mE0g-emaeeb-
emols 3730030, G55 by Bsofgmgds

f(t)~iak(k+%ij(t).

Teorema 2. 0 [—1,+1] B9adg6® by 9Fy39830 f(t) 36308

1
33989mxz0mgdls  Jocmreg@ol  oGmdsls a>§3oﬁ33636qom (g0.
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| f (t’)— f(t"l < const |t' —t"|a ) ,8580693:909-em 97960603 30030
f (1) -Ug965090000508bsd0s  dogee  [-1,+1]  Ugadgb by (gL
30988mdols gem-9Gmo s3ds®molo 3oMmmdss).

Teorema 39. godgsm, f(X) 9Fysades [-1+1] Ugads68 by
3565, Fgbadmgdgmos, 93980l Faddomas Lsbegmo Gsmegbm-
dobs, Loz gbioslt Lsbermmo BsbBmdo  geshbos, s f(X)
3964300l gmgge  FogOBomdo 83l Gmamez  dedzbgbs, olg
363968 [odmgdnmo  ((3bsmas, Lswsg olobo  Gmeos, f (x)
§o3mgdswas). 35806 Fglsdsdolo

a, P, (x) +a, P, (X)+-+a,P, (X)+--
B9A0g-ega0beaals  3F 3M0z0  3Ogdsmas f(X) 396 G939 ™0l
g3 dogs Faddomby, bowme Gyzadol gogoe dogs oo G-
f(x+0)+ f(x—0)

2

jEkSOI’liS Teorema. 3md3¢m, F o0l (31']6(](30‘5 hahﬁ)‘ago 39-
053000 [-1,+1] b933968 By, G@Imol Fgledsdol ggr@og-gngesb-
emols 3730030 szl

%8 66360130‘) '1)(586

F(x) - Y a,P, (%)

Lobg, Lo
2n +1

jF()P(mdx

) bsBnemep  30gdsemdologol (g.0. L2 -80) Go®Bdmgdmemby 306mds  Lsode
56 360l (ab. ogmégds 4 s [37], a3 502). gg6e gdog. o
feLl, (1)), ajudsdolo gyog-mmbetol 6030 sOmpscos Uz,
L, (—11) -ob 6ebdoo.
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oy |F(X)| <M s V 5060863k F(X) -0b Lo gséos303L,
Gogs [X <1, 85306

42 (M +V)
a,P,(X)| < ————>, 6mogs [X[<5<1,
V1-67%n
8(M +V
|anPn(X)|<%, 64)(")(3-5 |X|Sl

Teorema 4. ogaebeeols P, (x), n =01,..., 3ergmabmdgdols
Lolggds Lermemos L, (-1,1) -3o.

lema. 300,:]3000-, GcR" s DcR" 3619960 3gdmbsbroghrg-
0, l//J(y), J=0,1,2,..., 03‘;:]6[](303601} 1}01}(?)380 mGOmbm&ddo-

Ggdnmo s Lemmos L, (D) -30 s goggmo  J-bogol,
j =012,..., Py (X) , k=012,..., Loliggds mGnembm®datigdsg-

mo s Lormmos L2 (G) -do. dsdab
ij (X’ y):qokj (X)Wl(y)’ kv J :0’112!'"’
R96J0s0sboliggds mBmmbm&domgdamo s Lermgmos G x D -3o.
83 m9doesh ©s mymegds 4-sb 33dm3absMgmdls
Teorema 5. B (X)P;(y), K,j=012,..., gabgosms Loliy-

3 oBombeGlohgamo s bemmos L, ([-11] x [-1,1]) -o.
03 8358588 Lmsb s 39330Mg30m 0b. satgmag [4] s [41].

324



R530B TS 3. 3 d@d3 IMBINMdOHI 356LOKR IR0
0683005R0L KOMOL 308560 35VS@3MIBOL
BOEHIIRNSY

30350, Dt 360l dmdésgo  Imgpmemds (9. 0. @OmDBy
330 3ogdnmo)  Lsgdsdolse  aemzo (ob. J3gdmor 838 3003909)
St babmgtom; ﬁ::(nl,nz,ns) Bgsdotols  astg  bem@dsmos,
Vi=(V3,V,,V3) stob Xi= (X, X, X3) €S, Godomols Lobdstry;
vV, = (\7, ﬁ) 35306 Lsdstroemoasbos Jgdegan gm@dne.s:

o 0
[ foatydx==-[ f(x,t)ydx— [v, f(x,t)dS.
ot oty :

Dy

338 30(3909. Fgdcmgommm dgdwgao smbodgbs:
F(t)= [ f(xt)dx.

Dy

gbowas (ob. bsb. 1),

F(t)-F(0) = j f(x,t)dx— j f (x,0)dx

Dy

*) 3830398 Iemazefmms . B6s@)Gmdz0mds.
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= j [£(x,t) — (x,0)]ox+ j f (x,t)dx— j f (x,t)dx (1)

Dy D, Dy
Qo

17~ ~ f(x,t)- f(x,0

[Fo-Fol- | CD=10D gy Loy, @
Bogos(s
cp(t)_jf(xt)dx jf(xt)dx_ _[f(xt)dx— jf(xt)dx

D,\Dy Do \Dy

60630‘60;"\"(‘)0) Dt —150 (26 DO -Ol} 1)088(?)&)0"(‘];:’0

(D, \Dy)U(D, \D,) bgscmdols (ob. zednigdamo sbg, 6sb. 1)
96m0  gemgdgbBetgmo Dtg bsfommo, sdmgGomo  (3ommab®mo
Bgsdotom, Gmdmals be®dsmos n(zo), Z, ESO = aDO (ob.
bob. 2), s 330000 M S0 OO0 gmbsgn®o
bsgmmtgobsto bolgds obg, Gmd &3 mghdo msdobzg N(Z,) -
b, Bergom gl’ fz 096dgdo dmbgegl dbgd LodéBggdo. godzem,
St = GDI Bgesdomol gsbBmemgdss

F(x,t)=0.
d5dob So Bgsdotol gbBmemagds 0d6gds

F(x,0)=0.
33:7eolbdmdo, &ed F bogdeme 230 3963009 00
asBlsboghamos R x[0,400[ by (R -0l 853096 bs ogol R
31880). 35806, (3bo®os, mgsm® LoliBgdsdo SS -0bs s Stg -
236 meadgdo obgds

Sgiés = (9(51152 !O)’ Siids = ¢(§1’§2!t)-
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Ds =a0a ;D =283 ;S =393n50 >
M={(&,£,83) eR3: &3 =0}

AL,

A8 7060800

.y

/E.vs =¢(,,5,,0)

.

&
6ob. 2

(F(X,t) =0, bsos, 396 3390m 30603960 gsbLsbgMagl X,
sésisbo  gbdosl, by mmgsend  Lob@Bgdsdo  (geembsbe
& =p(&6:620t) gabdaost (20,1) Goodomol doaderdo). g6
30bogmagm 0d BgdmbBzgzels, Gmss n(ZO)—oh dodsoyemgbon ¥ ge
agbgogds S, s 396y  S,. Lbzs Bmbgg3s80  Fgademgds
3oéodonsy ogmls (ob. 6sb. 1).

as630b0gnmn

()= [ f*(&1de

obBgateemo, bsosg

f*(&1)=f(z, +a(z,)Et) = F(x1).
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3] A oBomgmbsmndo  dsdoigss, O@dmol  dmeer ggdo
99mb3g30 ﬁ::(nl,nz,ns) berdses.

X = a(zo )§+ Z, 35654363k, 3500539435600 om gagnnd Loldg-

dsby dmgmgemdomo gmgdnbdol Bgoigemamee, go., dx = df
(3600,
p(&.5 1)

CD(t)—If*(ft)df jd::ldcfz [1*(&.& &0

p(&.,5.0)

= J‘dégldégz

p(&.6, 1)

x| (% (&8 80— F%(8,6,5.0)10)

9(&.£,.0)

*(&,6,,8,0)d&,]

533 sb
p(&.6 1)

[{f (&80 1%(5.6,.4,0)0d8 =0(). t—o0,

9(&.£,.0)

30336 LaobBgatm Mg ©s 0bdaademdzgds  ogbdios O(t)
Gogolss, O3 t—>0. sdoghmd t—%a 3%gmgzols  ©s t—0

bgemby 3erebzmob Fgdray ogo bymse of3age- sdrgbs,
1

lim=®_(t

t—0 ¢ g( )

- lLrg% Jdede, f *(2,6,8,0)lp(&. &) - 9(&,£,0)]
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o &0
- .[f *(§1'§2’¢(§1'§210))¢)(§?T§)

- [17(66 5,0 P20 gs

dg,ds, (4)

30336, Lsdnsmm 360336qmmdol mgm@gdols msbsbdsg,
p(&.5 1)

[1*(&.8.8,0)1¢,
9(&.5.0)
*6.6,.8.0)l0(6. &0 - 0(8,£, 0))

Bogos(s

061 £,.0)< & <pl&1.8,01).
3d3g 9936036mm, @™  ory n(zo) b doemals  goliadog  xge
of6gdemms S, bomm gy Sy (ob. bsb. 1), 35806 (3)-80 g394-
69dmes

9(&.5.0

jdeadr:z | - (&80 tHE,

p(&.8 1)

~ [dedé, *(6.6,.5.0)plé. & 0)- (6. £,.1)]

s t—%a 3090l 99deaa  dogomgdeom, Gmd gl gedmlbsbamads

Boolfsg0l
162 10
[ 17680 A5 g

Bmgdoliggb, Gmgs t—0.

sbg, ®md (4) BFodob gm®dnmsdo Lodgdeonmo  Lbgsmdols od

(93609880, GmIgmBoz  obBHgatsmo D, -t bsfoembg  somgds,

2396988 608sbo “+7, beryme Lodg@Gonmo bbgsmdol od (93¢190-
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o, Loz abBnatgds Do—ols 6sFormby brgds, 3946908 60dsbo

cc

, $doBmd Lsdmmemme  gzgms  Jgbszgol g46qds 608sbo  “+7
(0b. (2)) s a3gdogos

JF A (x,t)
ot

dx
U B Ao t) (5)
3 [ (6 0050 ngs,.
S t=0

sx8d35 brgds gggms sbgmo Bodol gemgdgbdecramo bsfomgdols
d0ds6r0.
296005343650 (5)-80  bgsdotrmmo  0bBgatismo. Gspgsb T

360l O,  sdogmd g = (51’4:2753) F9oBomol  @Amono
Fo6dmgdgemo adbgds § FTooBomols Lok dsery. 53 = (0((:1,52,0 -b
t-oo aofs63mgdoo dozomgdo:

O5s 005  Op 5 O

o PE ot GE St ot
3dgcesb

o2z (6)
ot ot oE ot or o

S, Bgesdemty dogdsdg & FamdomBo S, bywosdomols n(é,t)
B daols gmetriabsdgdos

o grad(&; — (&, 5,.)
V(& - (&, 82.1))

_ L (1_ % _ ﬁcoJ.
? AR
B

¢ 95,
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300doe,
1

(58
oe) o,

35306, (6)-0l gscmgsemali§fobgdom, (3bsos, G™3

n, =

%
&) | o
ot 3 2 2
S
05) \o&) |,
_ 1 (_@@_5¢5§2+ﬁ§3
2 2\ o0& ot oE St ot
) =T
&) 06,

o
=[§,nj V(& ON(E D),
t=0
Losy V(E,T) € FaoBomol LoBsdgs. Gapash
(V(&,1),n(E 1) =V (£Y)
LoRdstrol  beor@dsemydo  dggbgemo o6 oMol sdm opgdmmo

OONMZMbsrn@®  3s0sJdbsby (60 39dEme0l lgsmsdmmo 6s3-
G330 063503608 MBOmambsrrn®o  astEsgdbols  dodstrm),

339dbg0s
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[0 5 gs, - [ +(copeoks,

—I (x,0)v, (x,0)d

dmeer  Boeemdsdo 303m33635‘3q>0o 39356008J3bs ™ gomrnGo
Lobgdoesb). sdpgbse, Gsoash Sg—gboh 39960086985 0deagzs
SO -, (5) QéG 8030Q36m'

J‘ X t
t=0 Do
61500936 t=0-0L basgemae dga39dmme sy39mm 69d0ldag@o t=t0

R 080@)(*)3 239J6900:
—jf(xt)d _Jafﬁ(?t)d +jf(xt)v (x,1)dS,

D,

dx + I f(x,0\v,(x,0)dS

t=0

364y

0 af(xt) OX
E[J;f(x,t)dx=j ~ dx+§|:(5 njf(xt)dSt,

Dy

Bagos(s

Q . é’Xl é’XZ §X3
ot ot ot ot
s60l X ESt T960@0mob 39d@megmo bohdsdg, bmeem

v, (X,t) = (%,n(x,t)}

sl X FgdBomols beddsenn@o Lobdsrg, N ao6g beaddsemos
St -l 303sh0 (ob. 6sb. 3).
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n(x,t)
bsb. 3

333



Rd535B B 4. MA0 LSLOGITIR() BMHIINRS
LOBdBOBIILI

dcr309g39600m Lodérdgg by s (3869001 3990 330093001
Lobsagdemm 6o goéddgms.  asbzobormma  OXYy  Lodégygbyg
aconzo Godoo  Jgdmbsbogdmmo Q 369, Labmgmol  asl{acog
ImdOsmdolisls 9500 dodstror e gdae dogommom ols
30dsrormemads, Gmdgmog gl dser3bgbs dbsegl Bemggdl. N gscg
ber@dsemas, T 3bgdols @sendomo dosdGromegdss.

6ob. 1

mamﬁ)aa.s 1 1)08.)(4)0')@00600 '838;3360 cﬁmﬁ)aﬂgabo:

dy

A AN
cos(n, x) = cos(t,y) = — %
ds

AN AN
, cos(n,y) =—cos(t,x)=—
ds
Q.ﬁ&dnaabo. dﬂmbgabo N-bs s X-b, t-ls ©s Y-l Tméals

oQBGOBBmm 'aglso&sﬁolmQ (n,X) -00) (t, y) -00. 14)0')60')6(3 815
bobsbowsb (ob. bsb. 1) Bsbl:
L Gswysb liMma = f, sdoBmd
B—>A
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A
cos(n,x) = cos,B_IlmCOSa_IlmCOSa_Ilm y _dy

A0 Al ds’
cos(n,y):cos(§+ﬂ]:—sinﬁ —Ilmsma_—ng)sma
_lim Ax _ dx
AI»O A| ds’

2. Goash (n,Ax) = (t,y), s3ogd cos(n,Ax) :cos(t,Ay);

3. Gowysh (t,Ax) :%— (n,Ax) ©s cos(n,Ay) =-sing,

sdogymd
cos(t,Ax) = cos(% - ﬂ] =sinf = —cos(njyj .
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RdOBIBS 5. 300BIIRV0O 350L3IdO

1. a. 39478 0gBeGJonemo 3mmgmgdol doMomswo owpgs

©6A9350mdol FHg030 Lsdasbbmdomagdasbo mgmeaols domooswo
0330 30@9dnegd9d0 Bgrgqds “dnd@omdol” asb@megdgdoliash

X +@; = ol (%, %, X, 1), xeQcR?, t>t,, i=123;

(D
3130L asbbmasegdnmo 306mbolash (obm@Om™3nmo Bgdmbggss)
Xij = lgéij +2/'£ij , 1, )J=123; (2)
396935803960 ©83m gogdnmagdgdalysh
1 .
& =§(Ui,j +uj,i)’ I, ]=123, (3)
Bogos(s
0=¢g;. (4)

993608600, G@d  bsgtgdo  (Bmszsdo)  gobogn@o  ImdghBol
bgmosh  Fowedol  306mdopsh  3s3m3Eobsgmdls  dsdgals
B9bBec0l LodgB@onmmds:

X, =X, i,j=123. (5)
g3gms ooy, 3smms  3mgn03096@8)g00ls, ©sdm jopgdnmos mnb
G3oeby (bsd Logdooby X, Xy, X; 8 t e6mby).

bbggeol, Gdmdgmoi Bgdmesb ©s J3gdmesb dgdmlsboggemoas

(+) )
X3 = h(X1’X2) Qs X3 = h(xl’XZ)

Bgs30619000, b 3396000  (30mabepGmmo  bgosdoton X,
©g6dols 3sérsemgemmedo dbsbzgmon, 3G0bdnmo asebo gfmmgds.
1 d”(r2 -

. nﬂ , h=01..., (6)
2"'nl  dr

P(7)=
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3eremobmdgdls, 3gedme,

2_
R =1 R@O=7. RH)=T"1,

@ggebe@ol  dmmobmdgdo  gfmegds.  mggsbe®ol  dmmobmdms
Lolggds monmambsemados [-11] bgadgbd by:

" 0, nxm,
[P@P.@dr=1 2 %)
’ ,m=n.

2n+1

(7) 6 (3bsw0s, B0 3meobmdms

1)2
(n+§j P(z), n=01...,

LoliBgds mGOnmbm®datgdnmos.
(7)-80 dmzgsbobmo (33emsms

T=ax,—b (8)
2560054365, Loy
a= 1 b= E
h h
+ &) ~ (+) )
2hi=h-nh 360Bdgmo g5 kol Lolggs, 2h=h+h. boros,
(+) )
2 h+ h
o olkTH O
h—h h—h
s
(Jt:)(xl,xz) 0, n=m,
j P, (ax3 - b)Pm (ax3 - b)adxs = 2 )
_ ,Mm=n.
(h)(xl,xz) 2n+1
Labmgspme,
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p,(r), n=012,..., 7 €[c,d],
O0mbe®dotgdnmo bolggdol dodstra ggn®agl 3F 3¢03b o3l

f(2)=> c,0,(7)
n=0
boby, Lo

d
¢, = [ f(@p()dz, n=01...,

39609l 3mg0(30968)9000s.
o) ©337993900, O3 Xy (330l dodsero X

) ()
U €C? ool [h(xl,x2 ), h(x,, X, )} o968 by, 35306

(xij’eij’uixxl’ X X3,t)

- i(n + %ja(xl, X, )(X iJ.n,eijn,uin)(xl, X,,t)P.(ax, —b),  (10)

ij ’ e” ’

(X ijn? eijn ' l"lin XXl, Xz ' t)
(ﬁ)(xlvxz)

= I(Xi,—,ei,—,ui)(xl,xz,x3,t)Pn(ax3—b)dx3 (11)
(H)(lexz)
©s (10)-ols 3561%.396 dbscrg 01563850 39880008

(-) (+)
{ h (Xl’ X, )1 h (Xl’ X, )} Lgadgbid) by

0gfs@ Jonmo dmegeadols s3980l 0. 393150 gomeo dgmdsdgmal
(D=(3) @3 gowgdnegdgdals Pr (ax3 —b) -by  a006s3emadom s
(=) (+)

h 036 h -0y X3-0l 30dsero  abBgacgdom X
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335093580376 ImdgbBgdby  aesligmsdo.  (2)-sb  dnsmeme
399093abstrgmdl, G™d
Xijr(X11 X, ’t): A8y O + 218,
borewe 33963580l dodstrn (1) s (3)  ©sdm gorgdaegdqdoosh
3900930bsMy  ©sdm gogdnmagdgdol dolsmgdse asdmaygbgds
z B,(z) =nR,(7)+PF4(2),

P.(x)=(@2n-1)P _,(r)+P,,(z), re[-1+]],
) ()
©330 30gd 93980, Grdmagdai bes BsofgHhel [h, h} 923956-

&obogol (8)  ©sdm oegdnmagdgdol  asmasmolffobgdom. Bgdmamd,
o 30dmJdgegde  oly,  GAmgme  EAg3emdl  mgmeoesdo,
dogomgde msdgl Loliggdols 933035abB e qlsldmmm Lob@gdsl

(ﬁ)(xlvxz)
U (6,00t = [ (0%, %6, )P (8 ~b)dx,
(H)(lexz)

33568900l d0dstron. 335Lnsh
Ui (%, X2, X3, t)

=y a(r+%juir(x1,x2,t)Pr(ax3—b), i,j=123. (12)
r=0

330l Igdga, N-m0  dosbramgdols  (ag@sd Jonemo  dmegmols)
dolbopgdse N-bg 3980 Gogol g6l 9313930930  (Bsgmgemon
beals @mg{\nagg) ©s 6.56@(*);:)36&000 bsbenmen  Loliggdowsb
a630b0emsgm dbmmme 03 3sbEmmgdgdl, Gmdgmos dmsgzsdo (g.0.
Igmery Gogols Feddmgdnemgdols F9d;39mo §93¢1900L336 Bqdegsco)
6sGoemgdo Bgo3396 N G033y Rsmgmom 3cmdg6id)gdL.
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2. N =080sbgomgds. @G0 depgeo

dcmgsbobmo  Igmmeals  agrlgGocgds
030L. (1)-s6 (3bsos,
) )
h(xlxxz)

N =0 dosbemegdol-

h(xlvxz)
Xiﬁ,,{a’(X1’X27X31t)dX3+ jxis,s(X1'X21X3’t)dX3
(H)(xl,xz) (F\)(prz)
(ﬁ)(xlvxz) 62 <F1)(x1,x2)
+ 00000600 = o Uik %t (13)
(H)(X1,x2) (H)(prz)
i=123,
353653, (11)-0ls dsemoon,
(ﬁ)(xmxz)
J.ui(X17X27X3't)dX3 = uio(xl’XZ’t)’
(F‘)(thz)
(ﬁ)(xlvxz) (+)
J.X,33(X X2,X3,t)dX3=Xi ( 1 Xgs (X1 Xz) ]
(F‘)(thz) (14)
(=)
Xig[xl,xz, h(xl,xz),t],
(ﬁ)(x X,) M (xg,%
J’Xw’ﬂ(xl,xz,xy J.X X, X, )X, (15)
(H)(xl,xz) h(x1 X2)

(+) (+) ( ()
x(xl h(xl,xz),t} hx[xl (5. %,) j "

od 6°8m303868m 3&6&83@)(‘)%3 Qoamdogab‘amo 06@866‘)@01’
3483900 gsfsMdmgdol Fqbo:
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o d($) d(r:)af(é:’n)
— | f(&,n)dy =
6§ C(J;’) § Lo c(¢) aég

H1(E d(&))%— f@,c«:»g—; |

o a0 Bgesdodmol gsbBemgdsl o3
F(X1’X2’X3):o
Boba, dsdob Smﬁ)aogmoh Vv, dm83m635(§361§, F)mamﬁ)o 315

3omgamgbols 39ebowsbss (36mdogma, sz dgdwgao Lsby:

I:i .
Vi:+ , 1=123.

CJFF T R

dn

(*)
F(Xl’X21X3): X3 — h(Xsz)’

oao@ma
™
v = Ny
B s
®Y  (®)?
(hij + hzj +1
(€3] 1
v, =+

sdols 600)30;:)01}%‘063600)
(+)

h (x1,x2)

[ x
=)

h (x.,%)

iB.8 (Xl' X2 Xs’t)dxs = Xiﬂo,ﬁ (le X, ,t)
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(+) RIS

+ Xiﬁ(xll)(z’ h(xllxz)ltj (hl + h,2 +1'Vﬂ

©) BN ()Y o
+Xw(xl,x2,h(xl,x2),tj (h,l) +(h’2J +1-v, . (16)

F).)Qaaﬁ
) ® N\ ()
Vil hy |+ h, | +1=41,

oy hoglgsdm (14) — (16) godmlsbyemgdgdls (13)-do, dogomgdo,
63

Xiﬂo,ﬂ(xl’ Xz’t)

(+) (+) +) +)
+[ Xy X, X, h(X, X, )t Vy+ Xig X, X, N (X, X, )t |- Vg

® N\ ()
X [h‘lj J{h,zJ +1
)

=) =) )
+ Xiﬂ(xl,xz, h(Xl,XZ),tJvﬁ+ Xi{xl,xz, h(xl,xz),t]. v,

OV (O
xlhy | +] hy| +1

+®jg (¥, X2, t) = Alijo (¥, X2, 1), 1=1,2,3
3536133 3ol @I Eadals msbsbdse
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=) ) ) ()
Xip Xl’XZ’h(Xl’XZ)'t Vp+ Xig Xl'XZ'h(XI'XZ) Vs

=Q., (X, %,,t), =123,

©) “) ) “)
Xis X, Xy, N (X, X, )t Vy+ X X, Xy, (X, %, ) |V,

=Q(*)_(X11X21t)y i =1,2,3
33603500, N=0 dosbeomgdsdo

CRYNIORY N2 (O
XiﬁOﬁJrQ‘Q)i (ha} +(h12) +1+Q(;)i (h‘lj +(h’2) +1

+ Do = lig (%, %, 1), (17)
W)
D, (X, X,,t) = J.d)i(xl,xz,xg,,t)dxs,
(B)(xl,xz)
xijo(xl’XZ’t)zﬂ’ekkOé‘ij +21.; (18)

(12) -6 3304600
ui(xl,xz,xs,t);%uio(xl,xz,t)::%vio(xl,xz,t). (19)
(19) -0l gs8c7, (3) Boogdl Bgdeoga Labglh
€0 (X, X, 1) = g(vio,j Vy5). (20)
3Jq03b

h
€50 (Xl’ X, ’t) = E(Vao,ﬂ V500 )’
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. h
€350 =0 ), €a30 :Evso,a’ a,f=12.

o3,
(+)
h (X1vxz)
€is0 (X1 1 X2 t) = Ieiﬁ (Xl 1 Xg1 X3 ’t)dxs
(=)
h (x,%)

[ (+) (+)
h (x,%,) h (x4, %)

% juiyﬂ(xl,xz,xs,t)dxs + Iuﬁyi(xl,xz,xs,t)dx3
W) )

B (+)
h (x,%;)

— Iui(xl,xz,xs,t)dx3

)sd 13963 369emols 33035001 abgdom, (18)-wsb, (3bswos,
X330(X1’ Xzit) = ;ieaao()ﬁ’ Xz’t)
©s
A
X330 =57 N Xaa
2(A+ )

Loy V' 3gsbmbols 3mge3o30968)0s.
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(+)
h (x.%,)

. Iuﬂ(xl,xz,xs,t)dx?,

a (5)
h (%.%)

+) (+)
_uﬂ(xl, X, h (X, xz),tj h,(X,%,)

5 +up(x1,xz,(h)(xl,xz),t](ﬁl (%), i=a, D

)
uﬂ(xl,xz, h (xl,xz),tj

)
—uﬁ(xl,xz, h (xl,xz),tj, i=3.

3J90s6, oy 3bgzgermdsdo dogomgde (19)-L,

€is0

1

2h

Boopsba

(Xl’ X21t)

(+) )
B

1 1 1
= E uiO,ﬂ(Xl’ Xz’t)_ETﬁuio(Xv XZ’t)+ETuiO(X11 X21t)

(+) (=)

1h, 1h, .
1 uﬂo,a(xlvxzvt)_§+uﬂo(x1'X2'1t)+ETuﬂo(leX2't)’ I=q,

h

1 ;
U0 (X X 1) = = U (X, %5, 1) = 0,1 =3,

2h
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1 h, "
€p0 = E Ugo,5 T Upoo _Tuao — 7 Upgo
1
:E[(hva ) (hvﬂo)’a —h, sV =hy, Vﬁo]

= g(vao,ﬂ V50,0 ) :

3Bama0G,
e =—V .
30 2 30,8
(36000,
(E)(XIYXZ)
e330(X1’X2vt): J-833(X1,X2,X3,'[)dx3
(H)(Xlxxz)
(ﬁ)(xlvxz) (+)
= Iu3,3(X1’X2'X3't)dX3 = u3(X1’X2’ h (vaz)’tj
(H)(lexz)
(=)
— Uy X, Xy, N (%, %)t | (22)

3J9sb, o7 asg0mzsmalffobgde (19)-L, g394690s,6:03
1 1
e330(X1’ Xz’t) = %Uao(xp X, 't)_ﬁuso(xu Xz’t) =0.

o7y (20)-b Bsglzsdo (18)-80 s domgdneml — (17)-do,
33adbade

H [(hvio,ﬂ )yﬂ /}0 i ]+ ﬂ’é‘ hv;/O y)
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RO ORI ORY
+Q(+)_ (h'lj +(hv2j +1+Q(—)_ (h’lj +[h,2) +1

+®,, = phv,, i=123.

396dmE, Gmgs i=a,
H [(hvaoﬁ ),ﬂ + (hVﬂO,a )ﬁ ]'F A8, (hV70,7 )ﬁ

CRVNIORY; ON O
+Q., (h’lj +[h12j +1+Q,, (hl} +(hy2j +1,
+@, = phv a=12, (23)
boogom, Gogs 1=3,

CRENIOR
,Ll(thO,ﬂ ),ﬂ + Q(+)3 h71 + h’2 +1
Vv

N (O
+Q(,)3 \/(h‘lj +(h’2j +1+ Dy = phvy, (24)
v
dnEgemdo, GAm@Es  3oMoo  bgosdatgdby  dsdgzols  39ddmeols

Bo(33mo  assseanmgdol  39ddmeos  dmzgdmeo, 35306 (15)
Qm&dnmsdo JoMon Bgs3o@gdby dsdzgdols 3609369mmmdgdse dsmo

N =0 8osbmmgdol Bgbsdsdolo
1 ..
Xij(xl,xz,xs,t);Exijo(xl,xz,t), i,j=123,

36033b9mmdgdo mbes Bsgligsm, 9. o.,
(F‘)(Xbxz)

1
I Xi3,3(X1’ Xy, X3,t)dX3 = % XiSO(Xl’ Xz’t)
“)
h(xvxz)
347



1 :
—EHXBJMJ@¢)=0, i=12,3
(F')(prz )

Ixiﬁ,ﬂ (X1’ X5, X3,t)dX3 = Xiﬁo,ﬂ —(In h),ﬂ Xiﬁo (X1' X, ’t)’
©) )

h(X1vX2)

1=123.

Bogligem gl s (14) gsdmbsbmmagdgdo (13)-8o, dogomgdem, Ged
Xigo,s —(IND) 5 Xig0 + @5 = plizy = phVp,  1=123. (25)

sbems  333m3033mmn  EgBm@ds300l  Babbemeols  bmemmzsbo
33680  0dol  asmzsemolfobgdom, ®m3  Sotom  bgosdotgdby
aos3030m9dols 39ddmeos dmigdnmo [ob. (21), (22)]

(+) (+)
Ugow —Ug| X, %, hit [h,
1 G\
eiﬂO(Xl’Xz’t)ZE uio,ﬂ+ +u,8 X5 Xz, h:t hﬂ,l:a,

) IR
uﬁ(xl,xz, h ,tj—uﬂ(xl,xz, h,t], =3

(=) (=) (+) +)
+Ui£X11X2’ h ,tj h'ﬁ—ui(xl,xz, h ,tj h,ﬂ

1 1
_ E(uio‘ﬁ U )+ Y, = E[(hvio)’ﬁ + (hvﬂO )’i ]+ Y, 26)
i-123 [=12,
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) “)
€330 (X, X5, 1) = Ug| X, X,, W\t |—uy] X, %,, h,t o
= Wy, (X, X,, 1),

Bogoss
(=) (=) (+) (+)
2\Plﬂ(x1’ XZ’t): ui(xl’XZ’ h ’tj h,ﬁ_ui(xla X21 h atj h,ﬂ

@ G O .
—Ugl X, X, Nyt ih, +Ug X, %, hitih,, éogs i=a,

uﬂ[xl,xz,(ﬁ),tj—uﬂ(xl,xz,(ﬁ),tj , Gogs 1=3.
o (26)-bs s (27)-b Baglgedor (18)-Bo, Bogomgdor
X 50 (X0, X, 1) = 283, [(V )., + Wy (%, %5, 1)]
+,u[(hvi0),ﬂ+(hvﬂ0),i]+ 2u W, (X, %5, 1), (28)
i=123;, =12,
Xiao (%11 X5, 1) = A8 o (X;, X, 1) + (A + 2) Wga (X1, %5, 1)
=A(hv 4),, +AY, (X}, X, 1) + (4 +2) W35 (X, X5, 1).

sbems (28) Bogligsm (25)-8o, dogomgde Bq3rqa Ladogdgem Lold)g-
dsls:

wl(0i). s +(Vg0).i ] +28,[(0v,0),, ] s

—(Inh) , 445, (v, o), + al(hvig),p+(hvs0),, ]}
+2u Wi 5 (X1, %5, 1) + A6 Wiy 5 (X1, X01)  (29)

—(Inh) , [26,, Wy (%%, 1)+ 20 P, (%, 5, 1))

+ D, (X, X,,t) = phv, i=123.
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39Mdme, Gmgs i=a,
ul(O,0) 5+ (50)., ], + 2L(000)., ]

~(Inh) 4115, (hv,o) , + o)., +(hv,),, ] |
+2uY 5 5 (%, %, 1) + A Wy (X, %, 1)
= (IN0) (28,5 Wiy (4, %, ) + 24 ¥, , (%, %, 1))
+ D (X, X,,t) = phvi ,, a=12.
bormm, Gogs 1=3,
lu(hv30)!ﬁﬂ_/u(|n h)iﬁ (hvso)’ﬁ+2/‘ \PSﬂ,ﬂ(Xi’ X,,t)

. (30)
—2u(Inh), 5 Wy, (%, %, 1) + Dy (X, X, 1) = PV

3. 3Gobdnmo asébo bstolbmgsbo Fedsbzomadom

sbms g sbzobommo
2h=hyx;, h,,x =const>0, (31)
15015[]015 8;](*)68 goaob(gognabﬂ(:m 360%3'3;:)0 goého. B@)Q@)odoh

B90nbgg3edo, o dmgmmmdon  doemgdl s bgos @ J3ges
Bgs306gdby  dmgdge  Bgosdotgen  dsemgdl  byemol  Beese
Rogongemom, (24)-sb dogomgdm, G®3

v, ), =0.
3dgesh, o hagmgmom, 6 d Vi dbereome X, -Bgo

sdm joEgdmmo (9- 0., asbgobogmsgm (300 ob e
©q5mEIs30ls), dozomgdo F9dmgy 3sbBMemgdsls
XoV30220 T KV30, = 0. (32)

dol Bmgse 33mbsblLbl 53l
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c,,C, = const, (33)

C, X * +C,y, K#£1,
Vg =

c,Inx, +c¢,, k=1,
Lobg. Lsopsbsy segomse ©sgslizgbom, Gmd X, =0 Lobegee by,
2935030950l J9dm bzt nmmdols 306396d0, gswssmgoemgdols
Esbsbgmgds  Fgadegds  Fbmeame  3s8ab,  Gea(ge K<l (3
390006393500 3933mdm, O3 33543k demsgzo edsbzomagds), g. o,
Oogs K21 (83 9990bgg3e80 3033mdm, Gmd 33343k dsbzomo
Godsbgomads), X, =0 bobegso  LobsbmgdHer  306mdaligsb

0s30bgmEgds.  Fsdsbzomgdnmo  3Gobdnmo  gedligdol  (23),
(24) VLolggdolbs s N-m60 dosbemmgdol beogswo Lol gdolbsmgols

Lolisbmg®m s Lofgol-Labsbomgtm  s8m3sbgo0  Lagdstrobag
36388 g sgmomo (ob. §4.4)*). Fodsbgomgdmmo  3Gobdgmo
350Lgdobsmgols (29), (30) Lobpgds x9e-xgemdon o6  sc0b
FLFogemomo. o asbgzoboemsge  (31)  Bgdmbggzsl  (30)
2368930l sgemonby  sezomse  ©s3ddnbogdon, Gmd (23),
(24) o (29), (30) Volpgdgso ogzolmdcogse  as6Lb3sgogds
960 d3bgmolbsgsb.

07 \Il3ﬂ50,**)ﬁ=1,2, s (1)3050, 35306 Lo ogn®

d99mbgg35d0 (30) -6, (3bswos,

“Jaiani G. Cusped Shell-like Structures, Springer, Heidelberg
-Dordrecht-London-New York, 2011

5.0 .
ONS (SN
Ug| Xy Xp, N[ h s=Ug| X, X, h [ hg

) )
+uﬂ(x1,x2, hj—uﬂ(xl,xzo, hjzo.

30600, glim 3068360 Ltrmemegds, ory
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:u(hVSO)’ﬂﬂ —u(In h)’ﬁ (hv30)’ﬁ =0, (34)
8.0.
hv30’ﬂﬁ + 2h,ﬁv30ﬁ + hvﬂﬂv30 —(In h)ﬁ (hvsoﬂ + h,ﬁv3o) =0.

angoﬁ
MWy g + 0 Ve 5 +[N = (INN) ] vy =0, 35)

o Bsgogmom, Gmd Vi dbomeoe X, —bgs  ©sdm joegdnmo,
asz0m3smolifobgder  (31)-l s asggmegm Xg_z ,  (35)-sb
dogoegdm

X3V 25 + K Vg , — K Vgg = 0. (36)

gl 3968l 3bgmo  gogmg@ols  asbBmengdols, Hmdmol  sdmbLbols
dgomEo (36m30mos, 3960dm dgdmbggges s dol bmase sdmbsblbl

3d3b
V3 =C X, +C, Xz_K (37)

(£) . (£)
Ui (X, %, h) =0, 1=123,s u,(X,X,h)=0, B=12,
= ) o +
s Uy(Xy, Xy, N ho X3 ™ —uy (X, X,, Nk hoX; =0, eoge
X, > 0. 9L 139651 3690, 30 Fglergmeegds, ory

(+)
=) (+)

h
Us (X1, Xz, ) = 57 Us (X, X5, D) dogs X%, >0 o X, -
0
L3ogsLfers3980m Gyemolizge (g.0. Fedsbgomgdmemo 6s3060l306), dozomgdm
(+)
u (X]_IO 0) (Xl,o 0) s Iboame  3sBob  Bqlicrmemegds,
h 0

(+) =)
G Usg (Xl,0,0) =0, 6500956 ho# ho.
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boby, basg Cies C, 6980Ldogho dnwdoggdos.

03039 99093939  dogemom, oy (34)-L Bsgfa®o  Ugy —ob
30350 s 3300330l obgdo (31)-L,
dogomgdm

Usg o = Uz, = 0,
2
3ol Borga $8BBLEL sd3b

Uy, =d, ;™ +d,, d,,d,=const,
Lobg. sdgesb, bowas (ob. (19)),
u 2d 2d
V30 — 30 — 1 X2 + 2
hO K ho
2

Qo dl-ho © dz—ols 69001309630l a8dm dogomgo ogozg (37)

399 bsbmgds Vg —obmgol.

Vi 3dmbsblibols Beagaeo Fo6dmegabols 339mygbgd00m
1

—V
393886 3emoBmm [O,L] abgtzemby 2 » Bambgolsmgols
3dm(396980L  sbdol  Logombo. o Rsgmgmom,  Hmd  oGom
Bgs306gdby  aemssaomgdgdo  bygmol  Bmmos,  dmbgdeagos
X, =0 65306%g solgsl
v, (0) =0 (38)
Lolisbmam 3omds.
(38)  Lobsbomadm  3ommdol s 3dsgmgaemgdolsmgols,  Gerso
K> Ooggogabamoa C, = 0. X, = L 6s306Bg Bgodergds
V4 (L) =V, =const (39)
Lolisbmgm 300Hmdols sgdegmagogngds. dserneas(s,
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Boosba(y

sdqbse, (36), (38), (39) Lslsbmgtm sdm3sbols  gHmsg@mo
5dmbsblbos

v
Vg (X;) = Tsz-

gL sdmbsblbo dwadsos (39) Lslsbmztm  3ommdol  0dsro,
333433 sM83aMsos  (38)  Lelsbmazde 30630l dodstron,
Gsdgbsesy  Lobsbmgtim  sdmgsbs  sGegBmagzemasbo  (38)
Lolisbmg®m  3omdom  sdss  sdmblbswo. o el 308 gz0m

X; = 0 Fodsbgoemgdagen ba3ocrby Lolsbegem 306rmdols

05 3959gmaz0mgdsby s Lalisbegem 306mdsls 3dmbsblbols
F93mbsbog@rgemmdon  Bg3i33mom,  Lsbsbma®em  sdmzsbs  gMmo
(39) Lsbsboghe 3o6mdoon oégddmmo asbogds. bsmmaon®ae
3dm0blbgds  Bsbzolsmgol  sdmgsbs  (38), (39)  Lsbebogdm
30639670, Gm3s 30600 ByEs300g8bg dm(39dmmas sObMEmasbo
U; 380830300m98960,  Gmdmgdoi  bymo  brgds  Fsdsbgoemgdam
633060%g.  LobsbmgMe  sdmgsbs o6 0fogds  sdmblbsro, oy
Godsbgomadgem  6s30mbg,  SoMom  Bgosdodgdby  dm(zgdymo
ao5030em9d980  byemo o6 brgds, Gsash gdmbsbmz@mmmdols
306mbon bemgseo sdmbstlbo bymo brgds, Gmgs X, = 0. dsg 108

3393 3@Ogddmmo  ofogds  Lsbsbmgtm  sdmzsbs  gemo  (39)
Lolisbmgm  3omdom. sd0gse, 0d dmegmobsmgal, GmEs doMom

Bgsdorby  aemsseaomgdgdos  dmzgdnmo  bgdalidog®o Kk>0_
bogol  3mGgddmemos  sdmebs, Gmis  Fedsbgomgdmmo  bsdoto
asbosgzolnnmgdnmos  Lebsbmazdm  3ommdalsash (ol oigemgds
3dmbsbLbols 3930 b bz mmdals 306H0d0m), beagoem
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3615 sdsbgommgdmem bs3ocrby aosssaamgdgdos  dm(3gdnmo.
Rombgolsmgols  sbagmmaon®o  sdm3sbs  (32)  gsbBmemgdolsmzals

(BNQUQO, 6)(")8‘5 306)00') %{]Qé;goégbcba 6‘568860‘5 amoaa‘ag:)()) N
Omamei gl dolo bmgso (33) s3mbsblbowsh  333cmdobstrgmdls,
o 0<Kk <l @owbsbse s3mblbswos 3sBobsz, Gmgs §odsb-

3098 63306bg, sM8gPmg3e6m3360 (38) Lslsbmadmm Jotmdss
(3990,  83skmsb  sdmbsblbo  daMswos ™Moz LsbebmgHem

30653930 d0dsro (9.0, NFTY39B00R  ©dmoEgdnmo  dsmby),
396Lbgogg800  Gobs  [0b. (36)] dmpgmolsgsh. Geogs K =1,
393 LBz gmmdol 306Hmdoon  Vii—1 dbmmme gomo Lsbsbmgam
306mbols sgdsgmagaemgds dgndmos.

sbms  mAozg  Imegmobsmgol  gegesbsmobmo  Labmget by
(3®0bdnemo 356 bol 65306Bg) dsdz0l bmememzsbo  dmgbBol, g.0.

doemgols sbabgemgdals bs jombo.
(36) 3sbBmemgdolsmzol (38) Lslsbmztm 306Hm3sbosh gHmse

s3b35m
X0 (L) = X =const (40)

LolisbmgOm 3omds, go. X, = L 6s306by sgslsbgmma  dsgmgs.
35906, (37)-0b s (28)-0l msbsbdoe, 33946739
Xan(L) = ﬂ(hvso) 12|X2:|_ =X,
bsosbss, (37)-0b gsmgsemolifobgdom, dogowgdm
1 K+1
Eﬁ‘hocl(xz+)’2‘ =X,
Xp=L
8.0.
1 .
SHhG DL =X,

Qo
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C_ 2%
Youhy(k+1)LS

s3gbs, (36), (38), (40) Lslsbmgmm s3m(3360l gomsgBmo
3dbsblibos

2 X,

—— L x,.
phy (x +1)L

d93608mm, Amd  gsbbogommo  Lsbobmg®e  s3m3sbs  ggmsg
3653acseos  (38) Lsbsboazdm 306mdols dmbs3gdol dodstron @s

V3o (Xz) =

333368 3Gy nmo gebegds, o (38) Lsbsbmgtm Jommds Vao
3306560l Fgdmbsbmzernemmdon  dg3i3emom. (37)  sdmbsblbom
dbeorome 9OmazsmHmzsbo Fmbosbo

.1 .
X = XIELLE/U ho (X2Vg) =0

Lsbsbmgtm  3o6mdols  ©s3dsgmazamads  dgodemgds  Fadsbgomadaen
65306%. sIG0a00, 83 ImEgmdo  [adsbgomadnm  ba30mbg oMy
aossanmgbol s 86 dsgol 6gdoldoghse  Esbebgmads oM
Fqgodmgds. A3, Baddondse, odsl 60d6sgl, Gmd Fedsbgomgdammo
633060 qbs  asbmegolingmeEgls Lalsbmztm  3o6mdolsgsb. (33)-
b spgomse  ©sgsliggbom, G™I  sbsmmaogdo  Lebsbmg®m
333368 mM039 633067, Labmaswme sGsg@mazs0mzsbo, (38) s
(40)  Lolebogdm  3ommdgdon  3mGgddmmos  (32)  dempgmols

390nbgg3edog, dbmmme  ggmeg  s0mgdgemas 0<xk<l
306mbols  Bglrmemgds.  Bgdmqgleboghsg  gubJposms  3emsldo

dnedogo  Iglsghgdol Lobyloo gsbolsbomgegds Vao gémo: b
(40) o6 Gedsbgoemgdmem 63306%y Ferbosbo
X3 (0) = lim g hvy, = X,
Xo =0+

Lobabmgdm 306mdom. 89 dgdmbggazedo dbmmme gho  bsdod by
Lobsbmgom 3ocrmdols s 3dsgmgamgdols Fgladegdmmmds
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300 3ggmos 83 dmEgedo  (3omobnmo  gemadsigool
B39(30530400 8 8O %‘aﬁol’mogabom.

4. dsdgzol o3bg(308. ms3bgdsmdals 3sbBmemads

asbg0bomman  bgoBogndo  degmdstgmds.  mamgdgmgymm
doggmmdomo  dsgmgdo s goggmolbdme,  Gmd  3oGom

Bgs3069dbg  ImJdgoo  bgwsdotrmemo  dsgmgdo  bemols  Bmemos.
33906 Gmbsbfmemdols  (17)  asbmengdgdo  gsdmoaemo  Lsboo

Rsoffg®gds Bgdegan boboo
X110,1 = _X120,1’ (41)
- X210,1 = Xzzo,z- (42)
(41) s (42) 3063900056 Bglsdsdobsm  gsdmdobsergmdls, ®md
36193396 obgmo A s B gubii0g80, G»d
dA= A dx, + A,dx, =—X,,dx + X,,,0x, (43)
©s
dB = B,dx, + B ,dx, = —X,,,dx, — X ,,dX,, (44)

Gsdgbsesy  (41) s (42) o0dol  syomgdger s bsgdséols
30635 (o3 0696, O3 Bglsdsdobse  (43) s (44)
Boremdgdols dstrgggbs  dbstrggdo A s B 3964309008 Lermem

0539696300090 Fo1dmawagbobab. sdmgbso

A, =X, Ar =Xy, Bi=Xzo, By =—Xpy, (45)
3Jqcsb

A,l = B,z
81} UJGSOBJSSQO JO 0801} O‘UGOQ’(‘]&UQO Qé 15&680(4)0150 30&)(")2)00,
do = @,dx, +¢,dx, = Bdx, + Adx,,
Boopsbay
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¢, =B, ¢, =A. (46)
(45) s (46)-sh 306306 353c306sMGML, ™I
X0 =P Xizo ==P1» Xppo = P (47)
3130L 36bmasegdmmo

X po = A8,,0, + 24 (48)

af0
390mbosb, Laws(y

€0 = h(uaﬁ +uM), 6, =hu u = Uao (49)

3306902
X
60 — aal )
2(A+ )
35306 (48)-s6, (49)-0l gomzgsmolffobgdom, asdmdeabsrgmdls
A
X0 = m X a0 + 4/UhU1,1’ (50)
A
xzzo = m xaaO + 4/Uhuz,z ’ (5D
Xigo = Zﬂh(ul,z +U2,1)‘ (52)
(50) s (51)-sb (3bswos,
X X
2 u — 110 —v a0 ,
S TR
X X
2 — 220 a0 ,
Mz =507V on

boopsbsy 0b@gadgdom
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X X
2, = j(ﬁ - VzLﬁojd)ﬁ + gl(XZ )’

0
X1

241, = f(ﬂ _VdeXz + gz(xl)'

(53)

2h 2h

X3

(53) Boglgeor (52)-3o,

XlZO T X 110 X 0 't X 220 X 0
— + _ ao d + _ 1y taal dX
h I(Zh " on ylex[zh "Ton ),

= —91'()(2)_ g;(xl)
3gest  Xj-oms @ X, oo a8fsddmgdol  d5dgy  dogomgdo

X

0353b9ds0md0ls

(ij +(ﬁj _z(hj _vA(ExWOJZO(M)
h ), h ), h ) h

236 mEagdsl.
(54)-ws6, (47)-0b  osbsbdse  339mdEobsrgmdl  Bgdgan

6;56@(");2860 602)301) %‘36[](3001}0)801}
(h _lg0’22 ),22 + (h _1¢,11 )’11 + Z(h "1(0’12 )'12 - vA(h _1A§0) =0.

5. N=0 d0sbemmgdals grsdgds 3GBgge

©95MAdS308b0sb, dOBggm ©sdsdnm s 3bbegsEgdnm
3B ggem ©sdsdm 3amdAsGgmdslosb

3) 3OBggmo EgRmMGIs300.
303(')0)3%860:

ug(Xl,XZ,X3)EO, ua(xl’XZ’XB)zua(Xl’XZ)’ a=12.

dofr0msEo sdm jowgdmmgdgdo:
359



1
eaﬂ(xl7x2’x3):E[ua,ﬂ(xl’XZ)_'_uﬂ,a(Xl’XZ)]’ a,,B:l,Z,
e, =0, i=123,
Xop =AU, 6,5 +218,,,
X,3=0, a=12, X;;=vX_, ,
Xops+ @, (%, %,)=0, =12, ®,=0,
pAU, +(A+p, , +®, =0, a=12. (55)

3) 38ggmo 3o IpamBsBmds.
303mmgbgdo:

doGomseo sdm gorEgdemagdgda.
X s (6%, %)+ @, (%, %,,%)=0, a=12, ®; =0,

e, (%%, %) [ua,, (%, %)+ U, (%, %, %), @ B=12,

A
ea3 ZO, a=12, egsz—mquf_O,
Xaﬁ(xl’XZ’X3)=/1uy7§aﬁ+2ﬂeaﬂ(xl7x27x3)’ a,p=12,
ﬂAua(Xsz’Xs)"'(i +ﬂ) ;/,;/a(xl’X27X3)+(Da(xl’x2'x3):O

a=12, (56)
Loy X3 350839800l Oeels sbegmgdl.

3) 396bmgsgdnmad®Bygmo sdsdmo dpamdsmgmds.
303mmgbgdo:

2h dsemby  d30690  gydggdol  gsbBmdoemgdgdmsb  Bgrstigoom.
godgodol  gndggdo  osgzolmgamos  3stg  dsd3900Lash,  beragnem
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a3960©0n  Bgs3ocgdby dmddgwgdab  ggdggdol  Sssergerondo  ©s
310 baddrBgolsedo LodgdGommse asbsfomadnma astyg dsdggda:

~0, i=123, Xe=0

) | n3
i3]x;=+h

2565 sdols,
X33(X1’X2’X3)EO’ u3(x1,x2,x3)50, U3’3(X1,X2,X3)$0.*)

g43gms  gobogneo ©s  ggmdgddonmo  bororg  opamgds  dsmo
0b@gacsenn®o Lsdnseomoo X5 -0ls 30dstron:

S o~ o~ = 1 ..
(xijo’eijo’uio’q)uo) Zh(xuo’euo’ulo’q) ) , 1,]=123,
h(x
(XijO!eijo'uio’(DioXXvXz):: (I(i(lj’elj’ul’q)xxl Xy Xy X3’
—h(x,x;
i j=123.
doGomseo sdm goradmmgdgdo.

XopostP,0=0, a=12,

X 4p0 :/Iuyoy aﬂ+2,u€ﬂ0, a, =12,
AT (%, %) + (L + )0, + D, =0, a=12. (57)

©) N=0. d7dogo Lolgolb Bgdmbgggs.
doGomseo  Jodmmgbgdo:

(le'eu'ul’q) Xxl Xz’ 3 1 (Xijo’eijO'uiO'CDioXXsz)

" 2h

R dmegmdo  0ogmmgds, Gmd dolo bodiocol gedm Uy = 0 (orgdze
30)3@00), 6)(”)8 u3’3 * 0), ®3 EO ’ x30! ’ a:l,z ’ 536(50

g76dogdos (sBmgbsc, X3a0 =0, o =12 ).
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s LadasbbBmdogmgdasbo ©Ag350md0l mgm@ool ©sdm jowgdyemgdy-

dols X5 -0l dodsero 0b@)ga®gdom —h—QQG +h—3;33 23033000350

bymmgsbo dmdgbBol dodstrer Fgdmaa ©sdm oegdmmgdgdba):
XijO(Xl’ X;,t)= A8y o0 + 2180 = Ao 5y + 21850,

1,]=123,
1 1
€50 :E(uao,ﬁ +uﬁ0,a)’ €az0 = Euso,a’ €330 = 0, a, =12,
X...=vX

330

0
Xipos + %, =0, =123,

aal?

0
Bagos(s X. sdm goEgdmmos  doMom  Bgesdamby  dmgdne

0
lllAVa0+(/1+lLl)vy0,ya+h4 Xa =O’ a::LZ’ (58)

0
I +h™ X, =0,

Yio
h
aligabs. o VSOEO’ Omgme  3bgesgm  (dgestrg  (55)-

Vip =

(58)-1), g6mo  dbMog, dsmgdsBogndse yzgms dmegmo  gemds-
6gol gdmbggzs (A4 s A —ob Loblgom), omdps o) ©s d)
390mnbggzedo  geblsbogmggmo  Loowggdo  bsdysbbmdamgdasbo
IEgmols 39®dm  Bgdmbggzgdos, bomem 3) ©s ©) Fgdmbzgzgddo
Lsdas6Bemdogmgdosbo Icrqmols bowoggdo 933000608
Fgbodsdolse  dsmo  abBgadem®o  Ledgsmmgdon s dsmo

06(5})866014)86"3;::0 860’8363;:)(‘063600) X3 -0k dodstron. 33(*)5)3 3136)03,
dsbamol  gobogn®o  030l985800s6  gsdm3Eabsdry, 8)  ©s  ©)
8mQ3Q360 9dmbgzgzs 96033690 s (mL4)033 3900b3935d0
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30370658l A1) ©s 8) ©s a) dmpEgmgdo gdobzgzs 9GMdsbgols
(6039 Bgdmnbgg3zs80 Y b33m0 1*9303'35)05)3615). bsgrome
39 33093sBogneee @  gobogndsmsy  (Gemash,  Gmame
3bgszm, sbems bbgs dmegmgdmsb) mBem 3sdsHomse 0. 39-
3L N=0 dmEgeo qbes Rsomgsmmls.
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Rd530BTdS 6. IMIRMLMB-3ILLIKOT30RO0L
BMAHIINRISBO

1. dsd30l 376300

oY 33VW3IIIINBY  ImEpmmdon  dawgdl,  dGEggmo
93500808 0gme0ol  Fmbsb{meOmbols g6 mmadndo  doomgdgb

(ob. 6sFoemo II, msgo 1)

X1+ X2 =0, X3+ X5, =0 (1)
Lobgl. (1)1-es6 3530306569mdl, Gm3 sOlgdmdls olgmo™), Gmd
boreme (1)2-006 368m30bs61gmdl, ™3 361933l olsamo**), md
(2)1 ©s (3)2-s6 dogomgdo, B
03650, sGlgmdl olbgmo’ ), Gmd
(2)2, (3)2, (3)1H sz0msE ©s3sl33600, H™A

X11:U,22’ X12=—U’12, X22:U,11- (5)

l96-396560L  3060dsls Ier(37eemdomo  dsgmgdols Mamemggdgen gm-
5ol 399mb393530 43k Fgdeagao Laby:

B }bJool  sggds  brgds  Igmey  agzetolb  Fotomo  0bggatsmon,

A@dmol  abolgsh  Esdm 0gdmmdal  sqiomgdgmo s Lsgdsdolo
30600s, Gmams gl sbsmobowsbss (36mdagmo, séol (1)1,

=1 dU =U, dx +U,,dx, = Adx, + Bdx,
364



A(X11+X22):O. (6)
(5)1 s (5)3-036 3394690

X11+X22 =AU, (7)
b (6) s (7)-0sb
AAU =0
36 a08momo bsboo
U,1111 + 2U,1122 + U,2222 =0. (8)

2. 303s63mbogeo oggnbizeol 3ma3emgdlnéo Fo63meagbs

a3b30bommn
AAU =0 9)
6030(4)80060“3@0 6«56(?_3)00(;'»360 ©d '333;3360 deSQOdhﬂﬁ)o m33(4)¢(§m—
6960
0. .10 ;0) 0. 10 ;0
oz 2\ox oy) oz 2lox oy (10)

(z=x+1y, Z=x—-1y,, X=X X, =Y).
oy X=bs @s Y-l dogzgdn 3m33emgdliné 3603369emmdgdlss (9.0
donbg ©adm gogdnem gb309dl asg3sadgmmade 3md3mgdbn® Lod-
OB8y9b9), (10) Fomedgdon Bgdmegdnmo ®3gGsgmegdo  dgod-
™gds 3930300 GeamG(3 3M33gdlnGo (33meegdols dodstron 396
ders3mgdnemgdo. (10)—wshb, gomo dbGog, (3boros,

i—(g+gj g—_|(i_gj( =X X = ) (11)
ox \oz o) oy oz a) TN Re=Y
borgme dgemdyg dbéog,
o> 1(e* .o .0° o*) 1
— == > +1 +—|==A. (12)
ozoz 4\ ox OXoy  oyox oy

4
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(9) s (12) -6 gs3m3abstrgmdls
o0'U(z,z
% -0, (13)
0z°0z
bormer (13)-s6 Z -0l 303000 0bga3693000 dogzomgdo
o%U
oz07°
3306 Z 000 oy gOobye oboa@gdom a39J69ds
0°U
oz*
BQOQOBOG %'Om 06&86606)360’[} B(‘]aQaa .‘ang) BOSOQOBU), 6(")8

& @+ ED+ 1),
borme Gydeaz—
U(2,2) = n(@)Z+ o (D) + 1,(D)2+,(2). (14)

0801}0)3015, (4)(")8 U (Z, Z) BQBQBOQO (3‘36"](300 08(‘)1}, ‘2]6(90

=y,(2)

=y (DZ+¢y(2),

8393350, (d
0, (D) =p,(2)=0(2), 2,(2)=x0(@)=x(2) 15
(14) 036, (15)-0b goomzgsemaliffobgdom, gsdmdabstrgmdls
U(z,2) =Zx(2) + 2x(2) + 9(2) + 9(2) (16)
Bogoss q)(Z) (Y }((Z) 6960ldogMo  sbagmoby®o ggnbdizogdas.
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3. 30 bemg-3nbbgmadzomol gmmdnmgdo

GBQQOO, o0y (16)—15 2—%3 603&3603;{)3600 (O 2/{ -ols @ -oo,
boogoe 20 -0 ¥ -oo s@36086530m, G dsmo 69doliBogHmdols ge-
do sbsdzgd0s, dogomgdm:

U =79(2) +29(2) + x(2) + 2(2), a7
hoggoG ¢(Z) ©s /’L’(Z) 636015803(4)0 oﬁogo%géo %'3630036()&.

(11)—ol gemgsmolfobgdom, (17)-s6 33946939

2% =(2)+2¢0'(2) +p(2) + 20" (D) + 7' (D) + 1'(2) . (18)

Z%:-[_¢(z)+z¢(z)+ﬁ—zﬁ+x'(@—ﬁ]. 19)

(18) s (19)-esb dogomgdor
£(x,y) :=%+i%=¢(z)+z(p'(z)+m, 20)

Bagos(s
w(z)=2'(2).
3730L  a3bBmasmgdamo  ebmborsb  3sdmdabstgmdl, Gmd
(0b.[52], a3- 107, ge&dnms (12))
U |, 2(A+2p)

2.0 = — Re o(2),

=== P »(2) .
U 2(A+2u)

2 = —— + 22T Imp(2).

o o + P »(2)

09 2D)1-b Bogﬂaoéabm i—‘ba 3086o3Q863Q (21)2-y © BBGQBU—
meo'ao 8030;33600 (20)-V, 633(]636‘5

) _ A+3
2u(u+iV) = kp(2) — 200" (2) —  (2), K=+T;‘. (22)
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30l (2.2.2) goedgmgdopsd, (5)-ob 0sbsbdse, asdmdeobs-
Ggodl, 6ed (X =X, X, =)
X, =X, =X cos(n,x)+ X,,cos(n,y)

2 2 23
a Y >-cos(n, x)—g U cos(n,y), (23)
X

Y, = X,, = X, €08(n, X) + X,, cos(n, y)
_oU U 24
—-cos(n, y) — cos(n, X).
X oxoy

3536133, orey T Ibgdol Esgdoma dodstrormmgdss (0b. ©sdsBgds 4),

cos(n,x) =cos(,y) = % cos(n,y) =—cos(t,x) = —%. (25)

(23) © (24)—Qo5 (25)-ols aomBoQoB%’oG{]bom, HOBOQO&D

X, = [ Yn=—i(a—u} (26)
ds ay ds\ ox

(26)1-b dozmdsBmo I—%U as3Gs3mgdmemo (26)2:
o, S8,
X

dsl oy  ox dsl ox oy
3990086
(X, +iY, )ds__ld(é_UH@_Uj (28)
OX oy
33343 (ob. (20))
86_3+|%_¢)(Z)+Zgo D+ () (29)

030@(‘03
(X, +iY, )ds = —id[p(z) + 20'(2) +w(2)].  (30)
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0 ds 993968 mOEabsBems mgedols dodstrormmads sq3b,
35306
ds=dy, dx=0,dz=idy, dZ=—idy, X, =X,;, Y, =X, (3D
(30) -6, oo dstrgggbs  Ibseol  @ogg@gb30Mgd0m, (31)-0ls
Ibe30mBs8o domgdoo s dy —By Bgg3930L Fgday 330600
Xy +iXy, =¢'(2) + ¢'(2) - 2¢"(2) -y (2) - (32)
0 ds 93968 $Bligobms @g@dols dodstrorgemgds 3d3L,
35306

ds=dx, dy=0, dz=dz=dx, X, =X, Y, =—X,,;(33)
39393¢33emmar  (30) i -bg, dol dserggbs Iborgdo dmgsbrabmm

053996306903, 3s30m35malfjobmm (33) @s Fq3339300 dX—‘b(r]:

Xy =Xy =9 (2) + ¢ (2) + 20" (1) +y'(2). (34)
F933000ma (32) s (34):

Xy + X =2¢'(2) + ¢'(2)] = 2AD(2) + O(2)]; (35)

(34)-t  gedmgsgmmn (32) ©s 1 Bgggsmmn -i—o0  (g0.

doogdgm  Hommdsdo  geesgorge  Ygomgdgmby o
39300350 Gobmo  ob,  Amd  dsdzol  Bgbbmeo  bsdwgamo
3 6J30900bas6 Bgoaqds):
Xy = Xy +2iXy, = 279" (2) +y'(2)] = 2[2®'(2) + ¥ (2)].(36)
Bogos(s

O(2) =¢'(2),¥(2) =y'(2).

(22)-%, (35)-b s (36)-b gfmwgds gmeelimg-dnlbymadso-
ol gm@dgmgdo.  dsmo  sbdsgdom  dGBggmo Mg smdols
0gmc0ols Lalisbegem 33396900 08094356985 3bsgab®
(B'Z]SJGOOU)O (7)3(")6001) ’L‘QBO%QBQF)M 030')(3063601) 608(‘)68;:)88‘5%8.
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Ro35BJdd 7. IVI3IB 35®I3M0)S
8M336BIH0 MIM®H0S

1. 8ergmemmdomo (Isbedtrogo) 3mBgbido
©s 3m3bBymGo dsdgs

a56Lb3sgq000 9398 asgdmms  gemsbogmnto  mge®onlsgsh
(0150;@300 6.5%’0;:)0 D Hm(jsgg?mdomo (ﬂa[;mdﬁ/mgo) [volume (body)
force] oo Fgosdodmen dscmgdol (surface force) s gowsswgoemy-
dob 39780l (displacement vector) (36g898msb  (obogmge  §1.1)
96Omse  3mdgbdme  mgm®0sdo  Fgdmegdnmos  degsermdomo
(Fsberdra30)  ddgbsol  [volume (body) couple],  dmdgb o
dsd30l 39950l (couple stress vector) s dnbsgsbo dB5630b
(microrotation) 67ds [48, 5317 83 0ge@0sdo  ogmmolbdgds,
603 dogmemmdol AV alslemmee 3oy gmgdgbd by
(6sFomsgbg)  dmddgoo  dsemgdo  bbsdagmmse  ga30959b¢) 0s
bsfoems ol dsbols (39630 dmegdmem ddV derg geamdoono dsemols

o "_I’;dv dergpemdomo dmdgbdol, GmIgma (yzommdamsl Foo-
dcr50996L. 83 Lowowggdols dv -bg gogmzzoms ©s dv I (37emdols

ob. 33619039

1. Cosserat E., Cosserat. F., Sur leséquations de lathéorie de I’élasticité,
C.R. Acad. Sci.Paris 126 (1898), 1129-1132

2. Cosserat E., Cosserat. F., Théorie des corps déformable, Hermann,
Paris, 1909

3. Voigt W., Theoretische Studien iiber die Elastizititsverhiltnisse der
Kristalle, Abh. Der Konigl. Ges. Wiss., Gottingen, 34, 1887

4. Eringen A. C., Microcontinuum Field Theories I. Foundation and
Solids, Springer-Verlag, New York-Berlin-Heidelberg, 1999

5. Dyszlewicz J., Micropolar Theory of Elasticity, Lecture Notes in
Applied and Computational Mechanics, vol. 15, Springer-Verlag Berlin
Heidelberg GmbH, 2004

6. Iesan D., Classical and Generalized Models of Elastic Rods, CRC
Press, A Chapman and Hall Book, 2009 (Chapters 5 and 6)
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bemoliggb  dobfeseggdol Bgdwgy  dogomgdm c_I)>(X,t) s @(X,t)
39JB098L, G@demgdo Fgbsdsdolse  Fedmamgqbgb dmsmemmdals
960gnmgdbg  gemgmoam  derenmdon  dsepsl s deygyopemerdoo
Imdgbd b, G@mgdoy ©dm gogdnmoas X = (X11X2’X3) T96O&0m-
by s ©ibsdogned Bgdobzgzedo, 1 OBy, Bosmmaonmse, do-
9dnmos, O3 Bgesdamol lsbrgmeo dotmg  dS gegdbyby
3 Jdgeo dogmgdo  bBsdasma® 95903529608 08 Ynds Bgsdo-
Grgemo dsgmols o ;anS Bgesdotrgeo dmdgbdol (Fyzomdsemals).
dS -y gsgmmgobs ©s S -0l gsdmol bmmolgh dobFseggdols

Ogdgy dogoggbor Xn(X,t) @ Zh(Xt) 39d§o6gl, Godwmy-
d0(3, IgLsdsdols, Fedmawgnbgb Bgwsdodol gedmols gemgnm by
236Lsbmatram s dsdgols g9 A5Gl b, G,  dsdgols
3975 (traction, stress Vector) s dmdgblae dsdzob 39050,
14)(')8Q360(3 Qoamdoggb‘amoo X VUF)@)OQCB{] ©s Qoﬁoaod"‘jﬁ "838—
0b3g3980 1 eOdmbys. dsemg®o s 3mdgbdyneo dsdzol ggd@meols
393mbgp%9dls,  Fglsdsedobor, dsemmmo ©s  dmdgbg o dsdggdo

Uvagbé.

2. 30396 Go dsd30L 39JBdols sdem jorgdnmads
Bges30m0l mGagbBe30sty

o) as630boemsgn §1.2-80 as6bogrnm BB Gegedl (ob. bsb.
121) ©s 6ol gogndmmgdo, gooo dbeog, dskby dmJdgeo bg-
330670 dsggdol (g.0. dsgrmo dsdggdol) s dmmenmdooo
doemadols 6sgtgdo 39ddmegdol xsdl, bmmm dgmeg dbéog, dsbby
dnJdgeo  dmdgbgdol:  dmzmmmdon s Bgosdodrmmo  dsgmgdols
6‘556360 3(*)835(?536015, 3(*)0'3@0060000 80’)886(5_5)36015& ©5 8(*)836(5_3)'35)0
dsdgaools  bsgdgdo  39ddmegdol  xsdl,  Fgbsdsdolse,  dagomgdm
(L21) s (ob. [48], a3- 14)
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Zu=2uN, =123, (1)

Boednmgdls (ob. [48], a3. 14), beesg Fni ool gsblsbogaggm
T9080mdo N beay@domol by Bgosdodmols qlslrgmeme (3069
9099968 (83sbmsb 360T3bgmmds s@s 33l Bgosdomols gm@dsls,
dmsg9M08  gggms 83 Bgsdodl, Gmdgmo  abbsbmgdnm  Fogé-
Bomby  aoal, 83 FaddomBo ghmo ©s ogozg N bem&dsemo
Ejmﬁggah) 8m(]83Q0 30')835(?_3)'360 6063013 33[]@(*)601} dm83m535(3)0 i-
a6 @gedbg, bomeme Xii 1,j=123, 93963 G0 dedgol  Bgb-
Boe0s. Joggmo gm@dnmols ©sddgogds Logdygzs-loggzom gdm-
bggzs (12.1)-ob gsdmyzsbsl §1.2-8o, beogwe Igmery gm®dnemols
898 303909, 306390 gmEAI ol bsemgon®os, od 36 bgsgg-
d0m, A3 sdxgMee dbmeme ImIPpBgdmsb a39d6gds Lsgdy. dsér-
003, AV B9BO9eHbg (oo bgesdodols gsdmo sm360d6mm
AS —o0) I JBgo 3oty dsemgdals 633090 (dosgstn) demdghBols
90, do@Egmmdono  dsgmgdol s dag®o  dsdzgdols  39ddmegdols
Bodﬁ)gbo 8(*)836@360]5 ©5 307(3'3;:)01600)0 8m836(§36015o ©5 30')836(3)'3—
0 dsd3960l 39dBmE960l bsgMgdo 39J@meol xsdols bymmsb go-
Boegdoor dogomgdo:
[X,®+EJAV +[X, Xn + £, JAS + (¥ + £")AV
+(x, +&,)AS=0,
boosbagy

%[2,5 +elho +[X, (X +&5)€lo +[X, (=X +&})o €]

n
ni

11— _ _ ~
+ é(‘P +&ho+(y, +€5 )06 + (—x;+ 8}’{)ajei =0.
08 ‘UJOGO’L‘JGUQOB U —%8 608(")(30150 (30 h '015 6‘3;@015636
8015%‘&)6(386015 '3380\)83, F)QQabS
O-J :Onj, J:l;213!

(L2.1)-0ls gs0mzsmolfobgdom, dogomgde (1)-L.
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3. Gebslfordrmdols gsbmemgdgdo

FobslFoOrmdols gsbBmemgdgdols godmbsggsbse §1.3-0l sbsgoem-
23096 byeols  mbes  asgmBmmmn, ghmo dbeog, 3agdmesb
(Lbgmemowsh) sbOMIG0z50 399 gmgoen 6960L30g® V
doemmdol Lbgnmol S Lebmgzedby dmgdgoo gty dsgrméo
d333900L  394&™E980L s V -bg 3mJdgeo degmemmdomno dsegmgdols
6530900 39dEH™E1980L %880, berawe dgmcrg FbGoz, S Labmzsrby
dnJdgo  dsgrgdo  dsdggdol  39ddmegdol bsidgdo dmdgbBol o
30396860 dsd3900L  39JBGgdal bs3dgdo 39dEHme0l s V -by
3 J39e0 dm3pmmdomo dsemgdols 65360980 ImdgbBol s Ie(zmemem-
domo 3cm3dgbBgd0l bs3Mgdo 39dB el xsdo. dotgger Fgdmbzgzsdo
§L.3-0L  dbxgemmdol  Logyzs-Logyzom  asdgmegdoon  dogomgdom
(13.5) gocdnmgdl, bomm 3dgmeg 8gdmbzgzsedo,  sbsgemaono
Iy gemmdon dogomgdo Bgdrega BmEAInemadls (ob. [48], a3. 20):

Ziiit € X+ =0, 1=123, (2)

Bagos(s
1. ... .
eijk=§(l = DU -K)(k-i)
QQBO—ﬁogo@)oh*) Loddmeem (+1) -0l ((-I)-0l)  Beagmos, oy
06qdlgdol 1, J,K 308w9361mds doomgds 1, 2, 3 303wg3t:39800056

oo (3968)0) emEgbmdols B@BLImBooom ©s Brmols Bmeas,
o) ™G0 dsoby 0begdbo gOmdsbgols gdmbggzs. o Rsgmzmom,

o3 3mdgbhado dsdgol i @ dmggmemdomo  3mdghgol ¥
393mbgbBgd0 byemals Beagmas, 338ab 3394698

ik X =0, =123, (3)
boopabsy gedmdeabstigmdls, Hmd
in :Xij’ i,j:1,2,3,

) Bmmoe ggz0-Bogods (Tullio Levi-Civita, 29.3.1873-29.12.1941)
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©s dogoegdm  dsgr@o dsdzol Babbm@ol LodgdGonmmdst, g
(L335) s (12.1) go@dnmgdost gomse dogzogzesbls zmslbogn®o
dsd30l  mgmool  doomse  Esdm orgdmemgdgdmsb.  dg360dbmm,
A3 dsdzol dmIgbBne mgecosdo, dsgr@o dsdgol Bgbbmeo &

s@ols bodg@Gonmo. ©szs9@ 30300 (2). (3bswos,

[[[tx. @1av + [[[¥dv + [[[x, Xa1ds + [[ 7,d5 =0,
V jjj[x,cbiéi]dvv +mqfi;dv +j”[éj,>ijiéi]dv
e [ 2y v
= [[Jx. (x5, +cvpi)éi]dv +Hj{(;(j: +W,)8, + X ;[6;,6 T}V
V =m(;(ji,j+eijkvxjk+\Pi)éidvzo

{306o0g3a6
Ximl& €ml =€ijc Xim(&)j Emk& =i XimOjomk&i =€ij X jk;
Epg 36
[A B]=ejj AByE,
b 6 o6dol Xj mghdby agadomo
(§|)j =5Ij;
(1)-ob ©s gsb-obgmataelzol goodgmol dsmon 4o,

[ 2208 = [[ 2005 = [[ 746 = mmé—idv}.
S S S \Y
1500(‘\) 0600 V _1) 6360158086)(")6015, 06(5866)‘5;:)1']88'80 aéamho’b‘a(‘f\'}aboh

979398 ™abs s él, 62,63 39J®mGms  Lolggdol  FeOgogem
033017 300098e0mdols 433 g83m3obstgmdls (2).
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4. 30;20&;230@36015 s dobsgsbo 3Gbzals 39JBmegd0

979398 390g3mms dgdebozol 3mdgbned 0gmE0sdo  gsmsse-
a0l 39JBmc0l (36908 Fgdmeals Fy39d) godgdmms dgdsbozols
geosbogn®o  ogméool  asgloe  (ob.  §1.6), Lowsy getgdm
3bborogros,  Goaoey  gfggade 3o Gyeggborro
350935803760 [ Bomgdals Loddsgmolsgsh (gOmmdemamdolsgsh).
o 38l Goddmgoegabo, Gmam®ig  dedgGosm®o  bafoems jgdol
960mdmomdsl,  bm@smo  Hsdegbswdy  gozamgds.  gsbzobommo
356990l 6g30ldogeo  bsfommasga. gmdgem, dmbggbgdmem  dwamds-
693580 dolo  Loddodol (3960 X FgO@omBo  dpgdstrgmdls.
dgdmgommo 83 bsfoemsazby  bolgee  dodsgMgdmmo  g35680b
s 3nobs  gomEeobsBms Lol@gds Lsmsgom X 9@ omBo o
05300036 smgdamo dMsgo ©g390B3 0L dstmggabs MmO EbsBms
15015(?53301} hadmmﬁ)QOGo@)m Q{]ﬁda&ﬂs 3o6aggc\*rat4m
LogmmeeabsBe @g@dgdom. bsfomasgo Rsgmgsmmmo sdbmeondm@se
dgot bbggeasc. 35dob dobo  IdMscmds  sbsbosmegds
0s30lmgmgdol 943l bsobbom, 943bo  Lgsemsdrnmo  Lowogom:
X §9680mol  asesseaomgdom,  Gmdgmoi  asbobsbma@gds
mdész0  Lobgadol  dodstrnn  gossgomgbol  39@meols  Lsdo
3093mbgpdom s bsffommsgol  dAmbzom  Loddodol (3968 G0l
3561393, Gmdgmoi  gsbobsbma@gds sbggg Lsdo  Lgsmsérgemo
booon: dnddsgo Lobggdals Fqdmdcrbgdol  3gmbggdon nddsgo
LolBgdol  bsgmmdeabsem  @a®dgdol  dodstro,  dsgsemoms,
gomgéols gmobggdoo.  ghmo  Fmbslfm®mdol  dpamdstgmbowsd
dgmey  Ferbslfodmdols  depamdsmgmdsdo  gosligmobsls  dmdésgo
LolBgds s039390L sbaem 3rgdstrigmdsls gd@sgo Lolggdols dadstro;
bobgmemde, 89dmdcrmbonds. dmdembgdol  gmmbggdo  s306036mm

@y, W, W3-000 s Fgdmgommo Bobsgsbo dGrbgols
o(X) = (@, 0,,w,)

39J&™A0. sbems oy 306193l ggemeg §sedmgeagbo, Gmgmeys u§-
9398, dgeagboenl  demgdsogndo oo domagdalsgsb, dobo  demd-
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Aamds (gopsligms ghmo Fmbsbm®mdols dpgmdstgmdowst dgmey
Jobslformmdol dpgmdsmgmdsdn) sbsbosmwgds 9dgbo bgsemséry-

o Lopowon, Lsbymomda, aswsseaomadols  39J@meals Ui(X),
i:L2,3, s Tabsgsbo drmbzols  39J@meals a)l(x), i:1,2,3,
3293066898000

979398 390g0mms  3msbognd  mgm®osdo  bsfomszol  msgo-
bgggemgdol  Bamobbo bLsdos — X FgoO@omol  as@sseaomadsdo,

boreme 36630L 39JBmc0 6 gsbabommagds, Gmaméy My oey-
3gmo 3308803000989801396, 368390 Fsmmsb 839380 gdmmos (ob.
[48], a3. 16)

(()i(X) = QI = %(rOtU)i = % Sijk uk,j’ =123,

Qgoednmgdom, bswss 0= (61,92,93) bolgo drmbgzol  39ddm-
409, (rOtU)i a0l FOtU 3998 meols i—';jﬁ)o 393mbab@o. dstr-
0y, asbz0bommm  sGsEgRm@damgdgmo 3sdgdnl X Fgdomol
Tbsbegmee I3o0g dopsdm ©s o3 Joesdmlb  6ydabdagdo X+§
JooBomo  (ob.  §1.10). gsbgoborrmo  glsldrgmme  dz06y
& =(81,52,83) 30dd060b (gmomgds @gpeGIsgeel @b, 3
33[](5_3)075)015 hov‘tj(ﬂm %’36({5)0;:'0‘) X, Bmg:)m 25QO VUF)(?_?)OQ)(M
X+&, & 30Jdotob 05 (gmomgds
&, 1) =u(x+ &) —u(x)

3950093035mmn  Fgommeols gmedgmon |§| bsbermgmee 3oty
boools dodstron  dspsmo  Gogols Loowpggdol Lobyldoemn, dogo-
Qg&nl

o0& =U; &, =123, 4
Bagos(s 5;, i1=123, o¢ 39J&™Gal 3m33bgb8)5d00.
D espgeb FOtU=VxU=¢, eV u =¢,¢eu,.
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gbowas (ob. sg@gmgzg (1.10.3)-(110.5)),
1 1
Ui, j :E(ui,j +Uj,i)+5(ui,j —Uj;)=6j+pij, )

Pij =xji . " Lj=123,  (6)
©s, (4) ©s (5)-ol dsgmoom,
8& = (& + Pyj)Sj = &S+ i -
oy €j =0, ©ggmedszos o6 33l s GRgds Fbomme
bob@go d¢rbgo.
33603500, gmggmo FoeBomols dopsdmdo ©gum@dszos dg0d-
mgds  asbgobogmom, Gmameig  bsldmmne 3oty 39ddmeal
30330bpB 980l FOHRBoz0 ©s gOma3sM™m360 36 30s.

") gbewos,
Pij =€1ji A+ E€2ji ot €3ji b5,
ajggoﬁ
P3p =€123 A+ €3 Ort €303 5 =6, Pz =—0,
3bsgnmgon@sw,
Pi3=6h, Ps=—th, Pu=65 pp=—"0;.
1

1
sbggy gbswos, G = 5 Sii P, = > S Dyjr Goa6, (6)-0b orsbobia,

i Pij =<kjiSiji & = 2606 = 26,

30600;3.)5
€1ji €1ji=€123€123 + G E132=1+ () (-1) =2;
§;i€2iji=0, €;i%3ji=0 go. &jigji=20y;
3bsemgon@s,

€2i€ji=207, €3jiSi=2¢,
s, Lsdmmmmero,
€ €= 20y (6%)
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5. 3mdersemdol 3sbBmegdgdo, wogm®mdsiools
©s a6gbs-mubgol 3m33mbgbgdo 8mdgbBm® omgm®osdo,
©gBMAIS(300L  9bgMans

304350, LsFgol 1 =173md96830 gs693m 0dgmagds  ssg-
geoedodgdam  doamdstgmdsdo.  asbgzobommo  ggm®domgdaemo
dgmdstrgmds T 3mdgbBdo s asdmgmgsmme dobo  gsdmadf3g30
2569 b99mJagegdgdol Indscmds. sbgm  bBgdmJdgegdqol Feerdmswys-
696 3oty dsemmo s dmIgbdygto dsdzol 39dmeado s dmyy-
@@domo dsemgdo ©s Inmemdono dmdgpBgdo (ob. [48], as. 29).

9gbss3 dmIgbdndo dsdgzadol ©s degmmdono dmdgb-
3900l Fgdmmgds ©3383800gdmmos  Jabsgsb dermbgelimsb, sdoBmd
169660308 Bagmgsmmm, Gmd dmdgbdmdo dsdzgdo s dmzymem-
domo Imdgb@Bgdo InBscdgb Ibeamere Bobsgsh drbzeby, bBmenm
doemydo  dsdgzgdo s dmggmmdoma dsgmgdo dbmeome  gemssogo-
mqdsby.

(1) -00 30036036mn  s@bodbyeo degmgdol dog® Fgbermmg-
dgmo  dn3smds edmol  (fp,t)  Byemgedo, bowme dZZ(t) 0o
- (t,t+dt) g do.

dsemto dsdgadals s dmgmmdomno dsgmgdols dogé  Bgltry-
@agdmemo  3ndsmds  gsdmgmgsmgo  3ssacezdo 118 (ob. (1.18.6)
s (L1813)). sbems asdmgmgsenme  3mdgbdm®o  dsdggdols s
do3mmdomo ImdgbBgdol dogd Fglitrnmgdmmo dndsmds.  gsbgo-
bogomor as693ml X FgOdomo 3mlizgbgdnm dwgmdsmgmdsda (1
909968 3o) . t 3396330 dolo damIstrgmds  bslosmwgds U(X,t)
asssgomgdol s @(X,t)  Bobsgsbo 330l 39ddmG0m.
(t,t+dt) Ecmols  ermgedo o(X,t) -\ bobAo  smzb0dbmm
da)(X,t) -0o0:

do(6t) = o(x t+dt) - o (6 ) = (x Hdt
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dt-b 30dstro dsagmo  Gogol  lsldmmeme 3069 Lopowggdols
Lobqligom.

2569 dmdgbdmMo  dsdzgdal, Mmdmgdos  Bgosdomol dS
bsbergmee I3o6g gmgdgb@ by dmgdgregdgb, d7dsmds (t,t+dt)
Boemado

Zn(Y:)dS - a(y, t)dt -
Boeos, 3§ N 3ol S bgwedool Y [goEomBo gémgmemmgsbo
ber®dsmmo  (gtg V  s60l 30ds6ro, Godgmo 3s0g3mls 735300),
sdsbmsb Y FgoBomo  dS  qlsldmmme o6y gmgdbdol
Boddodol (306@G0s.

goedgems  (1)-ob  0sbsbds, (t,t-l-dt) eOmol  Fyamgedo

2569 dmIgbdm@o dsdgzgools dogd Fgbergmgdgmo ddamds
[[2im@,ds-dt=[[[Cry oot v, YAV -dt. (8)
S )

V-5 3048900 dmmmmdono  3mdgbdadol doge (Lt +dt)

Bnemgedo gberemgdamo d7dsmds
m\ﬂa')idv-dt-u )
Vv
Bemos.
sdeabse, o go30m35m0lfobgdo  (118.6)  BerewmdgdBo
dergmels (obs asdmbsbyemgdsl, (8)-b s (9)-b 33946988, ™3
4% . .
W = J.J.J.(in,j +@,)u;dV + _”J.(Zji,j +'¥)w,dV
\ '
+IJI(inui,j+Zjid’i,j)dV- (10)
Vv
ImdOemdols 3368 megdqd0ls dobsmgds, s sddgeals
360063030l 0sbsbdo, Imznmmdon  dsgmsls  (1.3.5)-80  bos
89353l 0bg@ 300l dogms
~ pli,
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borre doznmmdon 3m3gb@ls (2)-3o - L3oby®o” 3(*)336@0*)
-J 0,

Oedgmog F9gbedsdgds Fobsgsb 36basl. of < st0l bdg30om)-
6)0 QOS&BOJ‘U&)O ﬂ\)anbOmo abbdhobmgbamo (Ob. [48], 63. 20)
O@dgmo kol (0bg® 300l bmdol)  dermbgoma  sbagmaos 9.5
"66)'2]630(7)0 801)‘5" (véoﬂ;"\no 8("’)(]60("76015 Qﬁ)m’l} f:ﬂ-z, BOQQG
I gogiocol Gsonlbos). s3egbse, (1.3.5)-psb 3s3mdeabsmgmdls
(118.1), Begmer (2)-0sb

it S Xy +¥ =F @,  1=123. 11

gomse gl o Lobgds sofgel  dogemdmmstrgmo  9Fy3gd0
356930l derdramdasls.

oy (10)-0l 30639 @6 0bBgacemdo,  Iglsdsdolsw,
29300350 fobgde (1.18.1)-l s (11)-L, (10) doomgdls

d&z(t) N . ) . )
at =_U_[[P“i”i +(fa)i_eijk Xjk)a’i + Xl 5 +;(jia)iyj]dv

do” . ) X
:T+IV”[X"i(ui"'_ek"i @)+ 20,10V (12)
Lobgls, Logess
T(t) :=%”j(puiui + Fid) dV. (13)
\Y

") 3g LodsdBogolbsmgol gergdgb@etrnm  dmzmmdse smgdnmos domgo
0565063 gobsfomadnma  dsbgdoo  (LodgBGogmo  dbnsms).  beogse

Bpobggedo — S D, oggmpds —PYD  gadboteo, bsesg Py
Rageedgosdey  dggodegmbsde  lodgeogy,  bome Y =Y
0bgdool  BGogo. Yol gfergds  obgbeol  gogpaenbigdo.
0Bgh00l “Labydo” dmdgbdo & s PY dsgtogo kol dérmbzomo
3bsgaemagdas.
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3909B0gneo  gbgfgoss. oy = 0, 1=123, (13) s
dogomgde  gmsbogndo  mgmeaols T (t) 3909803960  9bgMzools
(118.8) a83cbsbrmemgdsls.

dt-t  30dstron domagmo  Gogols  qlslicgmmne 3oty
BOQOQOBESOB 150‘15"315(8)00)
ui,j (X,t)dt = Ui‘j(X,t + dt) _ui,j (X,t) = dUi,j (X,t), i, _] :1,2,3,

i (% 0dt = oy (.t +dt) — @ (1) =daa (%), k=123,
@ j(x,)dt =y (X, t+dt) - ;(X,t) =da, j(X,1), 1,]=123
hoggoG d() %38(\000\)60’86"3;@0 ho%‘als@om (Bodhoﬁ)abgg@o X—lsmaols
() 39600l t-b 30dstn BsbOEOL Fomos. g.0. 33339 Lobuyb-
Boo, 43990 dmggsboem Boemmdgddo dserzbgbs dbscggdols dt -Bg

3906153emad0m 8 gsgmgom, a39469ds:
. 1 . 1
inUi j :—inui jdtZ—indUi i
o dt ’ dt ’
) 1 ) 1
— Xiji &i O =~ Xii i «dt=—— Xji &i dax,
. 1 ) 1
X :aljiwl,jdt:aljida}l,j-
33 3963l gbgemo  Fmmmdgdols asmgsmolfjobgdom, (12)-8o ob@ga-
A3 d39ds gedmbabrmgds doomgdls

1
a(x,.ioluji + z,dw, )V (14)
Lsbgl, Lssg (5)-ob s (6)-0l msbsbdsw,
U, =U ,— €4 0 =€;+€; (6, —@),” 1,]=123 (15)

(03 Vooeggdls  gfmegds  dm3gbdn®o  mgmeaols  gRmEdszool
dm83m635(8)360), bergom

*) Gbowos eji =€, , 353699, Lobmgswme, uji * uij'

=€,
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a)ji :=Cl)|’j, i,j=1,2,3,
(3 Loroeggdls gegbs-mnbzol 3m33mbgbigdo gfmegds).
(12) s (14)-sb g33c30bscrgmdls, d
dZ()_d7 dz
dt dt dt

, (16)

Bagoss
d 2 = [[[(X;duj + z;de;)dV. (17)
\

A339bssy  3stgdmls 7(0 390980360 gbgégos o sGols
sdm jogdamo 3s073mls gRmEdomgdaem dramdstgmdsty edmmals
t 3:3968 380, sdoB™d d.7" Fomdmagnbl  jobgdogn®o 9bgdaoals
6oBOEL  EOH™als (t,t+dt) Fgomgedo. 35806 GmEgLs dz

©8dm jogdaeons dbmmme  ©RMAIoAGETE  dEamdsdgmdsty. ds6-
oy, 0 3sgdm  dbgddogo  dmbggbgdmmo  dpgmdstgmdoosb
asdmygsbomos 6580130960 ©gRM®datgdom  (3mgbEnGo mgmEoals
035mbsbGobom) ©s Fgdogy (I 3m3g68)80) gomsgos  sbagm
dcliggbgdem  dgmdstigmdsdo,  dsdob 7(‘:):0 s sfgosb
299c9d0bsérg dez=d 7. 39gbs, dv o6yt ogeme-
35300l Fgbsdadals dnBemdsls Amals (t,t+dt) Bnomgeda, b G
03930
d 2(t) =2/ (t + dt) - 2 (1),

Bogoss Z({t) od I79smdal  Bmeos, Moz gbes  Bgsldgmel
as®g  b99mJdgegdgdds  (dee@ds s Am3gbl®ds  dsd3qdds,
I3 domds  dogmgdds s dm(ymemdoods  3mdgbgdds), Gmd
a00m0ffgomb ol Eagm@domgdagmo  dpamdstigmds,  Gmdgmog
Bgahobaagbo Qﬁmols t 8m336(5§h.

s3G0as, (16)  Foerdmswagbls  9bgmgools  Fgbsbgzols 3866
d&?

T 15086;@‘)363 5063(5506'314)0 ©5 3m@3580360 35366036015

GBQOQU&O’[} hﬂﬁdéﬁ)amé xoﬁoh (?)(")QO‘).

382



@956 300 y/ 2 bagecomo 56963308 9fm@gds  ©gum®do-
980l 3nBscdsl, b Gy 030395, @IFOGI300L S0 9be;07965

gb963300b,  asmzgmoml  demyamemdol  gemgamdy X F96@om 3o,
©Omals T 3396 Bo.

9:0. dmgemo  V 3egmemmdols 3m@gbzon®o gbgdgoss
7 =|[[# (xtav.
\Y
(17) 6,  (boos, &3 %(X,t) b bsbOo Al
(t,t-l-dt) Bmeemgedo
d7"=X;du; + y;dw;. (18)
253850 v bscrobbemgeb 3G 30030 Uij -0l ©s ;] -0l do-
30 Imliggbgdmmo  damdstrgmdols (uij =0, @W;j =0) 303330
©s gobomsgo G 3306y ©IBmOIs3egdl, YyImaggmayre  Ujj -
ol @ ;] -ob badolbgdo ws{ygdmemo dgLsdy Gogowsb:

1
1A
Y =c,+ C;U; +Ciw; + Ec'jlkuijulk

1 ! 1 14
+Ecijlka}|jwlk +Ecijlkuija)lk- 19)
F)moo uij =0 ©s C()” IO, i,j=1,2,3, dodob %‘ZO, aaoéma
Co=0.
(18) w36, (3bs0s,
ow” o .
—:X..1 - = Xii» |, =1,2,3. 20
au, OV M . 0

ij

333439, (20)-ol  dserzbgbs  3bsrgdo  domomgdmemo  3g@de
o®dmgdmemgdo  Bgodmgds  asdmgmgsmmo  (19)-0b g s63dmgdom;
domgdmemo asgndmmmon (20)-0b dstrxzgbs dbscrgl:
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1 1 1, ..
Xij = Gjj * 5 Gtk + 5 Gkt + 5 Gtk @k 15 J =123, (21

! 2 2
QI uij =0 @ @ =0, 35306 Xij =0 © Xij =0, sdodmd
(21) s (22)-ws6 3ogomgde, ™3
cij =0, ci’j =0, 1,jJ=123. (23)
s3gbse, (19)-wsh 3sdmdabscrgmdls, Gm3

1, 1, 1.,
Zij = Gij *+ 5 Gtk + 3 Cikiik + 3 ki 1,1=123. (22)

1 [ 14
v = > (CijuUyUy + Ci@ 0 +ClyUy@, ). (24)

6. 306LBod oMo ©s3mJoegdnmadgdo.
ddsrmggmo 3sbBmemgdgdo aemsseanmgdgddo ws Bobsysb
3611639330. ogMcmdmmstramo Lombggdol Joeamdgdsbo ol

d0M0meEo  ©sdmJoegdmagdgdo

3dsdeg  dmygsbogmo  gggems  ge@dnems  badsdmeasbos
6980Ldogmo  qfy39d0  godgdmbogol.  asbzobomme @800
@Ie&Edso  dystro  bbgmemo  bodgd@ools  9bdGom. sk
3bsbosmgdls Mgz0  dgedaggdol  0bgzsc03bEms  Lsgmm®eabsgem
0963980l dodsromgdol  dsmo  Lsfobssmdpgammo  Bg3gemals

EOeb. 83 el uij =900 36 og33emgos, bereom @ =900 6036l
0(33Q>006*) ©s (24)-sb dogomgdm, G0d

") 630396 m9™dqdols d0dsGrormegdols Lsfobssmdwgammo Bgamobsls gs@ss-
30093980 @8 Foddmgdnemgdo 6036l 033106, beagne 3@mbzol gmby
60356l o6 o33mol, 306sosb Lol@Bgdol stk gabs mG0gbBsi0s dsézbg-
bsmo o3gmgds s gnobol smgmol segdomo dods@mgmgds besmol ol-
A0l dmdAemdol Lsfobssmdpgam dadstronmadoesb oigmgds besmol ols-
0l IdGemdols dodsrmgegdom. 9360dbmm, Gmd Lodtdygby wgedgdols
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Cﬂ”( =0 (25)
s, sdpgbsw,
1 ,
%:E(Cijlkuijulk +Cij|ka)ija)lk)' (26)

Goash Uil = @@, 36 opgmgds (1,]) o (1,k)
0begdlgdol  goslidol  OHML,  Bmgsemdals '33‘3%;{)*3;3030;3*),
F9a330dmas Rsgmzsemmm, Gmd

Cijik =Cikij 2> Cijik = Cikij- 27

(23), (25) s (27)—ob o0sbsbds, (21) s (22)-sb,
©M9350md0l  dmdgbdnmo ogmmoobsmgols dogomgdm IFnzols Bqdrga
2s6bemasgdnm  336¢61

Xij =CijiU,  Zij =Cijk@k, 1, J=123, (28)

Bagos(s Cijlk’ C{j|k’ i,j,k,l =123, 093500 8"3Q803360¢, nd-

mgdoi  9JL3gM0dnbd mer  gobegds.  ©Mgzsembals  gemslogn®

090530 0bobo syqbamos, bmmm dmIPE e mgmeosdo K 96-
XJOMom o6 S0l Esagbogo.

Gbswos, gl gm@adgmgdo Fbemme dgsdo gz bbgmgmg-

6015m3ohao badstrognasbo. obm@Gm3nmo (13033@5)0015 836(55600))

Lbgmemobogols 3730l 386bmgsgdnm  336mbl o3l (ob. [48], a3.
33):

303sG0rmadols ;33 LolBgdol me0gb@sools Fgzmsls o6 offggal.
") 650336, dsgsemoms, oy i # I, J * k, dodob

CijikU jU1k+CikijU 1 kUi j= (Cijik +Cikipui jUik

= Cij|ku !JU lE+ C|kiju lEU ijr
boas(y
~ ~ C"|k +C|k"
Cijik = Cyj ::%-
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Xy = A0 Uy + (u+a)uy + (u—a)uy, (29)
Kij = €850+ v+ Bay + (v - By, 1,j=123, (30)

Baba, Bago(j &, ﬁ, v, &, ﬂ,, M Qﬁ)gdoggo 8'3Q803360¢. 0 ﬁag—
0gmom, Gmd Gobsgsbo 3¢r630L 39JBme0 bymol  Beagmas, -
3oemdol dmdgb@ n®o mgmdool Inz0ls a4sbBmgsmgdnmo  3sbmbowsb
dog0098m  3mslogn®o M55m0l mgm®oals 330l 356bemgswg-
e 3bmbl.
a36Lsboemgge  B9dmbggzedo  gmm®dsigool  bgge®om  gbg® -
203l o3l (ob. [48], a3. 34)
2V = AUy + (u+a)uuy + (i —a)uu
+sw,wy + (Vv +,6’)a)ija)ij + (v—ﬁ)a)ijaoji
Loby. o3 3350688 mgmo  gm®dol  sgbomsr  gsblsbmgHmmdo-
Loogols s730emgdgemo s bagds®olos Bgleramegls 39dmgao 3ot -
3900z
u#>0,31+2u>0, a>0, v>0, 3¢+2v>0, B>0.
3ol dolbsmgdse (29) ws (30) u0bs Rsgligsm (Bgemstrigo (18)-L)
2V = Xiju.j + 205

gm&Inemsdo.
893608600, O3 ofowsh, B3 (ob. [48], g3. 110)
7" =0
293m30bsGrgmdls

u=a+[b,x], w=b,

bos3 A (o b 696030gMo dnedogo 39dBmGgd0s, B85 Bgglsds-
3905 ol dmd@smdsls (bolid) asmssgorgdsl), g.0. bol dmd-
969851 5 Bolig) aosBsbsls mgMdgdals 3s@semgem s, Mmgmes
I bagebgemo  oge  @gumEdszo0ls (bggetomo)  gbg@gools by -
030 @mmmboh '8380’)1‘)333&30 63663&5 abmgmmgg l‘)oh(fbo 38O 0-
@gds, 335kmsb  Fobsgsbo 3Grbgzs dqedagas s gdmbggzs  bolid
dcdGrmbgdals.
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o (15)-L Bsglgsdo  (29)-80 ©s  domgdpenl  (30)-os6
960se Rsglizsdm (LI8I)-ls s (11)-3o, dozomgdor ©Mg350m0ls
3368 M0 0gc00ls sz abBMEmdgdl aswsswaoemgdgddo
©5 dobsgsb 36rb396d0 (ob. [48], g3. 44):

(u+a)Au+(A+ u—a)graddivu+ 2arotw + @ = pli, (31)

(v + B)Aw+ (¢ +v — B)graddive
+2arotu—4aw+ ¥ = 7. (32)

3003, (15)-0l Bslds (29)-8o g3sdemag3ls
Xij =AUy +(u+a)U;;i— ey @)

+(,U_52)(Ui,j_€kji @)
aosgligem i Qo J :
X, = A0, +(u+a) j— €4 @) (33)
+(/u_&)(uj,i_ekij @, ).

9L 13651369000 Bsgligso (1.18.1) -Bo:
Ad Uy ; + (u+ a)(ui,jj_ €yi wk,j)

+(u-a)u; ;-4 o)+ P, =pl;, 1=123.

ajaQoS
(1 +a)Au; + (A + p—a)uy i

+2a €kij @, + @i = pui, 1=123.
éi -bg g99Ms3mgdols s i -l 30dstron 38930l 39y dogomgdo
(1 + @) A(UE) + (A + u — a)uy ki
+2a g ax & + DiE; = plii§, 1=123,

bsosbsy 39dm3mabstigmdls (31).
(30)-0l s (33)-0b (11)-3o Bslds s (15)-0b gomzgsmolfo-

690 g39demg3ls
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eijoxyj + (v + By j+ (v — By j
+€jj A Ui+ €ij (=) Ujx—€ij @)
+ey (u+a)u,—ey @)+, =76, =123
3dge0sb
ey i+ v+ B jj + (v — Boj i+ cikj (u—a) Uy j— € @)
—y (u+ &)(uk'j —gy o)+, =6, 1=123.
90,
(V+ﬁ)Aa}| +(‘9+V_ﬁ)a)k,ki_26ikj &uk,j (34)
+2e€ am +¥, =@, 1=123,
6500336, 07 3330035m0l{obgde (6%) -1,
€1 ik D =~ S S ®, = —20,0 =2, i=123. (39
(34) ogoggs G
v+ B)Aw; + (e +V — By ki + 2 €jjc AUy j
_4Gw + Y = G, =123,
éi -bg  3edcsgmgdol s i -l 30dstron 38930l 99dga  dogomagdm
(32)-L.
bodg360960  mogg@edn@sdo Mg semdol dmdgbd o mgm-
605 33630988 Lhgsmsbbgs LabgmGmegdom: sbadgdGommo ©Mg3e-
meoh mgmﬁmo, dmls{]ﬁ){]bols (Cosserats’) m{]mﬁ)oa, Qﬁ)adanboh
09605 bsforsggdols dGbgomo  Bgdm Jdgegdom, doHmmensd-
0 693080l 0908, SIS TG0 M9 mdl mgmeas,
Igmey gemslols 3sgdmms M9 semdols mgm 0.
©Mg300md0L  dImIgpBmto mgmcos 86 FoOdmsgabl  gems-
bognto  ©Mggsemdal  ogméool  dsmgdoBogn®  gsbbmaswgdsls
ogmeonmo obBgeglosb gsdmadrabadyg. dols dg4dbsl dadgo doliss,

dogamomse,  0dsb,  Omd  dmgmg  s3gbdogado  Beammgdol
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39363902988 dsmammo  Bogols 3(*)@083632)’80*) s Lbgs dbbgoem -
35613300336 Lbgmmgddo  s@s@eds gdsgmagamgdmse  smoffgtgds
33bogn®o Mg3semdol mgmeaol gemamgddo.

sbgzg dendos 6sgog-bmJlol gemsbognGo mgmEos sblbsl
ol 9539430, O3 s6lgdmdl dobstigzals Lsbom dmeadg@gmo bsffo-
masggd0l 9dsggmo obgmo  bomby, Gmdmoms dgsto Lbgmemols
230 lEqbolsl  FshdmBmdoemo  bgwsdotrgmo  bsbmbo  30-35%-0m
bogmagdos, goeég olbgmo lLomboo  as®legbolel, ®mdgmoi o6
Fqo303b  Sbgo  3meodg@rme  dabstiggl. gl s Lbgs dsgsemomgda
asbos Lombggdals dmdgbdyn®o ogméols 894d6ols bsggmdggmo. 3
0906055 9femgds  dogHmdmemsdmemo boobggdol Sop®mdyfsbazs.

dmsbgo  s37mdd3500  dogMmdmmetrgmo  bombol  s@slid)s-
GomSoQUFm Qoﬁgboh doﬁ)omogg 6&6@)(\0@36&00 15015(533.5 300Q36.5

(118.1), (11) LolBgdomsb s sl 543l
Xii, j(Xt) + @ (x,t) = o (X, 1) + oV (X, 1),  (36)
Zii, j (6 O+ € X (X,1) + F (X, 1)
= Fo () + Ay, (1), =123, 37)
bobg, Loy V= (Vl!VZ’V3) ©s QZZ(Q]_,C_OZ,Q3), Fqlsdsdo-
bse, §oBmamanby dogbmdmmstamo boobol gmggmo Gabdo-

ol dmd@smdols sdsbslosmgdgm boBJstols s dobash sdmez0-

©gdgem  Fobsgsbo  dogtrmddmbzol @  LoBJsol  39J@meRl,
360l 0bg™ (300l dcdgb)0.

*) 3ermodg@gdo  Fodmoeanbls dsmsemo  dmmgsmern@o  dsbols (Gsdwgbody
3003b0Esb  Msdg60dy doemombadwg) Jodom® B6sg@mgdl, Gmgmms dergmg-
3eegdo (35 36mBmeg gmmgdo) Bgogqds 3s63gm@gdsea  3dsgemtogs begsbo
©%37%9090015336  (3mbmdgermgmo Gamegdolsgsh). 3s6slibzsggdgs mbgd-
603 (3sg3emomsE, 30egdo) s Lobmgbn® (sgsmomse, 3mmogmomigbo,
3eagmosdowo, 93mJloen®o goligdo).
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(36), (37) 3bBHmmgdgdl gbs sgdsml  1Fyzgdmdols
a6 mmgdsy  (ob.  123.11), Gmdgmlsg  s6s39333500  Lombol

(p = Const) 3990393530 543l
divv(x,t) =v;;(x,t)=0 (38)
Loby.
dmsbBo, ghmazsmgsbo,  obmBGm3nmo, oﬁ)odga'aaoggo*)
dogem3mmatrgmo Lombols 39dmbggasedo 3mblbgodmion® ©sdmgo-
©qd7mgdqel — 60“3@006(3}5 6‘56%”’6‘@83'2]@ 6?60:)61; 343l
Zl]:gé}jc_{)kk+(V+ﬁ)£)lj+(v_ﬂ)£)]|l I’J:1’213l (40)

bobg, Loy P odob  (bgze, y,&,g,v Qo ﬂ d7dogqdo
3bsbosmgdgh Lombols gobogn® 0gzoligdgdls, bmem
Vji :=Vi,j_ejik Dy le ::Qi,j’ i,j=1,2,3. (41)
u>0, @>0, v>0, 3¢+2v>0, B>0,

35306 segdomse asblsbmgAnmos Egnm®dsisools

v = ,u-;a ViiVij +%Vijvji +gﬁ_0ii6_f)ji
+V-;ﬂQijQij +V_2ﬂ ;i @D i (42)

bggedomo 353(4)60&**).

") 6356 83 gdmbzg3s80 (ob. (41)), (38)-0b s Eiik:O-h 253,
Vii = Viit €iik & =0,

s3oped (39)-30 AV Oy (Bgersy (113.7)-1) Bgloghndo 36 a396g0s.

) (42)-) dogomgdm, o 2V = Xijv" +Zij ;

i RmEIesdo
Bogligedm (39) s (40) godmbsbymadgdls

J
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o (41)-L Bsglgsdo (39)-bs s (40)-3o, bememe 3q3mgy
domgdmem  3sdmbsbremgdgdl, Fgbsdsdobse, (36)-bs ©s (37)-80 —
d030m9000  demabBo 337303500, 9PMa33IM360, obMBOEMINmo
dogem3mmstrgmo  Lombol  s@slBsombsgmn®o  ©abgdol  ddstr-

0302
(u+a)Av(x,t) + 2a rotw(x,t) — grad p(x,t) + @(x,t)
= plV(X,t) + Vi (X, )V (X, 1)], (43)
v + B)Ao(x.1) + (¢ +v — B)graddiva(x,t) + 2& rotv(x,t)
—4qo(x,1)+ P (1) = A[o(x ) +V, (X @, (61, (44)
divv(x,t)=0 (45)
Loligdsbs.

sr0ms, 0 (4])-psh 3o6zgmb Rsglzsdm (39)-8o, bmee
80Q36"(']Q)15 — (36)-3o, 333d636o
= p,jSij + (e + )V ji—€jik @ j) + (=) Vjij— ik @)

+ @; (X, 1) = pV; (X, 1) + pvkvi,k(x,t), i=123.
OdaQés, (7)'3 60300)80;2015%‘06866) (38) '15, 8030Q36m
(u+a)V; j +2a €jj @ j— Pi +Di(x1)
= i (X,1) + oy  (X,1), 1=123.
Boowsbas, éi -9 g99csgmadalis o I - 30dstron sx8d30l I9dcna,
6.53(*)8;306&63(*)615 (43).

o (41)-psh 306390l ©s Igmergls Bsglizsdo, Bglsdsdobsw,
(39)-bs s (40)-80, beoragne domgdmen 3sdmbsbamengdqdls — (37)-
'80, 68856360

eGjoy j+ v+ Ba j + (v —Bajij
+ i [-pSy +(u+a) Wy j—€ji @)
+(u—a)Wj ki @)1+ F(x1)
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=S o, (X,1) + 2V, @, (X1), i1=123.
sdocsh
(V+:E)Qi,jj +(e+v —ﬁ)Qk,kfr Sij (1 +a)Vy
—(u+a) e @+ ikj (1 —a)Vy j
+(u—a) gigej @ + F(x1)
=S o,(x)+ v, o, (X1), 1=123,
90, ory bgeagmmdsdo dogomgder (35)-b,
(v +ﬂ~)6_0i,jj +(e+v—B)o i+ 24 Sijk Vk,j — 42 o
+¥ (x,t) =S o, (X)) + v, @, (X,1), 1=123.
booabay 6 by asdtrogengdols @s |-l dodstor sxsdzol Fgdga,
as80300Bsrgdls (44).

1. 6935030 3m396BynG0 0gm®ool domomswo s3em(336930

RS bogdig aegzo dggmmo S Bgs30600  ©I3gmm 0
393 Lo by germe o s dgdmlsbrogasg Q- sGr90.
©0bsdogols sdm(367%0. Qi 36980 a363LsbmzOmm dmzgdgmo
dn3emmdomo  dsemols s dmzmemmdomo  dmdgbdols  Bgbsdsdalio
©Mg3e-Ebsdogndo  doamdsdgmds  AMmals [tO’tl] By do
F99ga0 LaFgolo Sommdgdobs
ou(x,ty)
ot

o(x.t) = £(X), % -

(2«) aﬁ)m-aﬁ)moh 15.3‘3‘&5;:)3600) .8880\)860 1501)«)%(286(*) 306(*)6360;3&3

u(x,tp) = ¢(x), v (X),

n(x), vxeQF,
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ut(xt) = f(xt), o (xt)=g(xt),
(333869 (H*) 6

Xa(x)=f(x1),  zn(xt)=g(x1),
(83 (3865 (”)i) Go@Egs XES, te[to,tl], bosz “+7 s -7

399b3d5393s Qf s Q 3619960086 Begham  3609369mmmdgdl,
bowo @, 9,81, f @ 9 Boggdamo 39ddo6-g96ds00800.

67 350-©0bsd03nM0 drgmdstgmdals 3sblsbmads dsmgdsdogn-
e aneolbdmdls (31), (32) Lobggdol s3cbsblbols 3mgbsl 394-
Bo6-ggbosms asd339mmo  3msbowsb, mImagdog 8308gmazoemg-
396 B99mm domomgdme Lsfyol s Lsbsbmgdem 30Hmdgdl (€27
360l F9dmnbggzedo qlslergmmdsdo gat33gnee ©sdsBgdom 3ot -
3q0Ls(s) -

Labobmgdm 300mdgdo godmgds Bgozgemml Fgogmmo bs-
Lobmzem 3otmdgdomss (ob [48], a3. 57).

bodogol 9dmbggzedo  gsbobormgds ©Mgze00 FobslsGoem-
dols  asblsbmgdol  sdmigsbgdo  Fbmmeme  Bgdme  domomgdmo
Lolisbgm 3otmdgdomn befgolo 30603930l 35693y, Gy sdm-
boblbo T OBy o6 o0l ©sdm owgdmmo, sdsbmsb (31), (32)
Lolggdols 3ot 3968 dbs1gdo domomgdmmo  Lowowggdo  bammadom
03309

3dcr(306980L  83mbsblbgdol  gAmsEgOnmdol  Lsjomnbol  asdm3-
3930 gmsbognto ©Mg3s0mdols mgmeool 3gdmbzgggal sbsgmemgo-
05 s dgegaoi gdobggzs (ob. [48], a3. 110). ©0bs3oz0l sdmgs-
690L  gPmsEgmmo sdmbsblbo 83k, Beorewm Lgedogol Fgdombggge-
Bo, 83m3sbs (1)L 343l ghomsegdmo s3mbsblbo, sdmisbs (I1)°
-0l sdmbsblbo go gsbolsbrmgmgds bolgo asmsswaomgdol Lobol-
Boo, oy S bogdodolse aergzos o u,a)eCZ(§+). 33 (3960

(l)i—ls s oamgoﬁa(”)i—'ls 343l gPmswgBmo  s3mbsblbo, o S
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L gdstrolise  amm300; U,a)ECZ(ﬁi) s lslermgemmmdols dos-
dndo Lergmegds
u=(x"; o,u;,@,;=0(x|™),

X| = +0,
=123 |X[=x +X; + X2,
306m8780. $3mbsblbgdol seligdmdol msmdstby ob. [48], a3. 351

8. 3036m3mmstramo Lombggdol ogméools dofomswo
3dm(336930

[obs 3565308380 3sbbabmg@ o Qf Y Q 36199690 39-
dgdo  (43)-(45) Lolggdol V, @, P s3mbsblbgdl 35633970
JQO’L‘OQQG, 6)(")8;:)8606 odabﬂmgomaéas

vxto) =e(x),  @xt)=w(x), vxeQF,
Lofgol o S Lobmzstrby b

vix ) =f(xt), @ (xt)=g(xt), Vtelt,t]

56

+

X~ @) 2] (=) aradv,

+2a[f, o] —Ap*(x,t) = f(x,t),”

") Goegsb, (1.2.1)-0b, (39)-0l s (41)-0b gsmzgemalijobgdoon,
X, (X,t) = X n.€ =-np(x,t)

jiltjTi
+[(:u+&)vi,j +(/u_&)vj,i +2a Sijk Qk]njéi

= () + (u+ @) 2+ (= @) (7.0), & + 2.

—

bowe (V)6 =V, .6 =gradv,, sf V, seob V-l ool

3 9bgemo.
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X2 (k) =9(x1), Vtelt,t]
Lobsbmgmem 3060898, bsesy @, w7, T,0 dnggdnmo g9ddme-

3964309005 (Q 560b Fgmbz93380 dmocmbemggds sdsBgdomo 3o-
Amdgd0 NLsliernmemdsdogs) "),

D ogertros s 3sdmygbgdgdo ob. §oabBo Lukaszewicz Gz., Micropolar
Fluids - Theory and Application, Birkhatiser, 1999.
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