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damateba 1. damxmare masala funqcionaluri 

analizidan 

gansazRvra 1.M simravles namdvil ricxvTa simravleze 

lineali (an wrfivi, an veqtoruli sivrce, an wrfivi 
sistema, an wrfivi garsi) ewodeba, Tu 

a) Mu  v, -sTvis gansazRvrulia Mu  v  da a

R -sTvis (R namdvil ricxvTa simravlea) gansazRvrulia 

au M ;  

b) sruldeba veqtoruli algebris Semdegi aqsiomebi: 

;,)v()v(;vv Mzzuzuuu       

;,)(;v)v( Rbbuauubaaauua       

 

g) M  iseTi, rom u u u M    -sTvis, mas 

linealis nulovani elementi ewodeba; 

d)  u M -sTvis, Mv iseTi, rom  vu . aseT v 

elements u-s Sebrunebuli ewodeba. (is aRiniSneba (–u)-Ti, 

xolo u+(–v) aRiniSneba (u–v)-Ti). 

cxadia, 0 1 1     u u u u( )  . 

gansazRvra 2.M simravles (ara aucileblad lineals) 

metrikuli sivrce ewodeba, Tu Mu  v, -sTvis gansaz-

Rvrulia )v,(u ricxvi, romelsac ewodeba manZili (met-

rika) u da v-s Soris, ise, rom Sesruldes metrikis Sem-

degi aqsiomebi: 

,0)v,( u  

),(v)(0)v,( xxuu   

),,v()v,( uu    

a bu ab u u u( ) ( ) ; ;  1
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),v()v,(),( zuzu    (samkuTxedis aqsioma), 

z M . 

gansazRvra 3.M lineals ewodeba normirebuli, Tu 

 u M -sTvis gansazRvrulia u  ricxvi, romelsac u 

elementis norma ewodeba, ise, rom Sesruldes Semdegi Tvi-

sebebi: 

u  0, 

u u x  0 ( ) ,  

 

vv  uu  (samkuTxedis utoloba), Mv . 

SeniSvna 1. yoveli normirebuli lineali metrikuli 

sivrcea metrikiT v)v,(  uu . marTlac,  zu

zuzu  vvvv . metrikis danarCeni Tvise-

bebi cxadia. 

SeniSvna 2. metrikuli sivrce SeiZleba gavxadoT normi-

rebuli, Tu is linealia da metrika isea SemoRebuli, rom 

),v,()v,( uzzu   )v,()v,( uaaau   . 

aseT SemTxvevaSi norma SeiZleba ganvsazRvroT 

u u  ( , )  tolobiT. marTlac, pirveli Tviseba cxadia; 

meore Tvisebis damtkiceba:  0    x x x ( , )  ; 

mesame Tvisebis damtkiceba:   

ax ax ax a a x a x      ( , ) ( , ) ( , )   ; 

meoTxe Tvisebis damtkiceba:  

),(),(),(  yyyxyxyx 

),(),(  yyyx  yxyx  ),(),(  . 

au a u a R  , ,
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gansazRvra 4.M linealze gansazRvrulia skalaruli 
namravli, Tu nebismier wyvils Mu v,  raime wesiT eTa-

nadeba namdvili ricxvi 

,)v,( Ru   

ise, rom mas hqondes Semdegi Tvisebebi: 

1. ( , ) ,u u  0  

2. ( , )u u u M  0  -ze; 

3. );,v()v,( uu   

4. ;,),v,()v,()v,( 2122112211 Raauauauaua     

SeniSvna 3. vTqvaT, M linealze gansazRvrulia skala-

ruli namravli, maSin 

 u u u: ,  

tolobiT SeiZleba SemoviRoT u M  elementis norma, 

xolo 

v:)v,(  uu  

tolobiT SeiZleba ganvsazRvroT Mu v,  elementebs So-

ris manZili (metrika). 

hiolderis utoloba*): v)v,( uu  . 

damtkiceba. skalaruli namravlis pirveli Tvisebis 

Tanaxmad,   R -saTvis 

.0)v,v(   uu  

saidanac, skalaruli namravlis meoTxe da mesame Tvisebebis 

Tanaxmad 

.0)v,v()v,(2),(

)v,v(),v()v,(),(

2

2









uuu

uuuu
 

                                                           
*) mas uwodeben agreTve koSis utolobas. 
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es ukanaskneli samarTliania nebismieri namdvili  -saTvis, 

rac mxolod maSin SeiZleba, roca  -s mimarT kvadratuli 

samwevris diskriminanti 

.0)v,v(),()v,( 2  uuu  

e.i. 
222 v)v,v(),()v,( uuuu  . 

SeniSvna 4. normirebul linealze SeiZleba SemoviRoT 

skalaruli namravli. amisaTvis aucilebeli da sakmarisia, 

rom norma ise iyos ganmartebuli, rom sruldebodes e.w. 

paralelogramis piroba (Tviseba) 

 2222
v2vv  uuu .        (1) 

am SemTxvevaSi skalaruli namravli SeiZleba SemoviRoT 

   22222
vv

4

1
vv

2

1
:)v,(  uuuuu  (2) 

tolobiT. marTlac, (ix. [47], gv. 152), Tu SemoviRebT aR-

niSvnas 

)],,v(),(),v[(4:),v,( wwuwuwu      (3) 

maSin (2) da (3) tolobebidan gamomdinareobs, rom 

.vv

vv),v,(

2222

22

wwwuwu

wuwuwu




      (4) 

(1)-dan cxadia, rom 
2222

v22vv  wuwuwu .  (5) 

(5)-is gaTvaliswinebiT, (4)-dan vRebulobT, rom 
2222

vv22v),v,(  wuwuwuwu  

222222
vvv22 wwwuwuwu   
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.vv

vv

222

222

wwwu

wuwuwu





  

(6) 

(4) da (6) tolobebis wevr-wevra naxevarjami gvaZlevs, 

rom 

 

 22

22

vv
2

1

vv
2

1
),v,(

uwuw

uwuwwu





    (7) 

22
vv ww  . 

(7) gamosaxulebidan (1)-is gaTvaliswinebiT gveqneba, rom 

.0vv

vv),v,(

222

222





wwu

wuwwu
      (8) 

(3) da (8)-is Sedarebis Semdeg vaskvniT, rom 

).,v(),(),v( wwuwu             (9) 

axla ganvixiloT 

).v,()v,(:)( uccuc              (10) 

(9) da (2)-dan gamomdinareobs, rom 

  0vv
4

1
)v,0()0(

22
            (11) 

da 

 

  ,0vv
4

1

vv
4

1
)v,()v,()1(

22

22





uu

uuuu

 



 

e.i. 

).v,()v,( uu                  (12) 
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 n Z , sadac Z mTel ricxvTa simravlea, (12) da (9)-is 

gaTvaliswinebiT vaskvniT, rom 

)v,...( nv), n ( n)v, n n()v,(

n


jer

 uusignusignusignnu  

).v,()v,(n)v,(...)v,(n ununsignuusign

n




















 

jer

  
 

amdenad, nebismieri racionaluri 
p

q
 ricxvisaTvis gveqneba, 

rom 

).v,(v,v,
1

v,
1

v, u
q

p
u

q

q

q

p
u

qq

q
pu

q
pu

q

p




































 

e.i.  ( )c  0 nebismieri racionaluri c ricxvisTvis. 

ramdenadac   funqcia uwyvetia, amitom Tu 
p

q
ck

k

 , 

maSin  ( ) limc
p

qk

k

k










 


0  da  ( )c c R  0 . 

amrigad, (10)-dan vaskvniT, rom 

).v,()v,( uccu                  (13) 

(9), (13)-dan gamomdinareobs, rom skalaruli namravlis 

me-4 Tviseba sruldeba. sxva Tvisebebis samarTlianoba cxa-

dia. 

gansazRvra 5. lineals (aRvniSnoT is S2
-iT), romelzec 

gansazRvrulia skalaruli namravli da amdenad _ SeniSvna 

3-Si miTiTebuli metrika da norma, ewodeba winarehilber-
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tis an unitaruli sivrce, an sivrce skalaruli namrav-
liT, an sivrce kvadratuli metrikiT, an evklides*)sivrce. 

gansazRvra 6. Tu lim ( , )
n

nu u


 0 , sadac u u Sn,  2
, 

maSin amboben, rom un
 krebadia u -saken S2

-Si 

2lim Suun
n

  


-Si  uu S

n  2 . 

Teorema 1. Tu 
2v,,v, Suu nn   da u un

S 2  , 

vv 2
S

n , maSin  

)v,()v,( , uu nn  . 

Ddamtkiceba gamomdinareobs hiolderis utolobis gaT-

valiswinebiT miRebuli Semdegi utolobidan 

),v()vv,()vv,()v,()v,( uuuuuuu nnnnnn   

     uuuuu nnnn  ,vvv,vv,  

uuuuu nnnn  vvvvv . 

Sedegi 1. Tu 
2,v, Suu n   da u un

S 2  , maSin 

  ).v,(v, uun   

Sedegi 2. Tu u u Sn,  2
 da u un

S 2  , maSin u un 

, e.i. u un   0. 

gansazRvra 7. u Sn  2
-s ewodeba fundamenturi mimdevro-

ba S2
-Si, Tu 

.0),(lim 




nm

n
m

uu  

                                                           
*)evklide (daax. 340-daax. 287 Cv. w. aR.-mde). 
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gansazRvra 8. S2
 sivrces ewodeba sruli, Tu misi yove-

li fundamenturi mimdevroba masSi krebadia. 

gansazRvra 9. srul winarehilbertis sivrces hilber-
tis*)(H)sivrce ewodeba, xolo srul normirebul sivrces 

_  banaxis**)sivrce. 

gansazRvra 10.M simravles ewodeba mkvrivi S2
-Si, Tu 

 u S2
-saTvis M-Si moiZebneba misken S2

-Si krebadi 

mimdevroba. 

gansazRvra 11. Hu v, -s ewodeba orTogonaluri, Tu 

0)v,( u . 

Teorema 2. Tu u H  orTogonaluria H-Si mkvrivi M-

is yvela elementisadmi, maSin is H-is nulovani elementia. 

damtkiceba cxadia, radgan ( , )u un  0  da u un

H
   

damokidebulebebidan, Sedegi 1-is Tanaxmad, gamomdinareobs, 

rom ( , )u u  0 , e.i. u   . 

gansazRvra 12. Tu mocemulia X da Y raime simravleebi 

da wesi, romelic yovel x X  elements uTanadebs cal-

saxad gansazRvrul garkveul y Y  elements, maSin vam-

bobT, rom mocemulia A operatori ( )y Ax X gansazRvrisa 

da Y-Si mniSvnelobaTa simravleebiT. 

im kerZo SemTxvevaSi, roca operatori iRebs ricxviT 

mniSvnelobebs, mas funqcionali ewodeba. 

gansazRvra 13. operators ewodeba wrfivi, Tu misi gan-
sazRvris DA are linealia da 

                                                           
*)d. hilberti (1862-1943). 
**)s. banaxi (1892-1945). 
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a) A au aAu u DA( )     da  a R ; 

b) A u u Au Au u u DA( ) ,1 2 1 2 1 2     . 

gansazRvra 14. ),(2),(: ufuAuFu   funqcionals, sa-

dac A dadebiTi operatoria DA
 linealze, romelic 

mkvrivia H hilbertis sivrceSi da f H , ewodeba kvad-

ratuli funqcionali, ramdenadac  a R  adgili aqvs 

 A au au a Au u( ), ( , ) 2
 

tolobas da amdenad ( , )Au u  warmoadgens F funqcionalis 

kvadratul wevrs. 

Teorema 3. Tu sivrceSi v:)v,(  uu  metrikiT 

u un
n



0 , e.i. u un
n

 


0 0 , maSin lim
n

nu u


 0 . 

Teorema 4. Tu  uu fundamenturi mimdevrobaa sivrceSi 

v:)v,(  uu  metrikiT, maSin is SemosazRvrulia, e.i. 

  k const 0 iseTi, rom  

u k nn   . 

gansazRvra 15.P metrikul sivrces ewodeba separabelu-
ri, Tu arsebobs mis elementTa qvesimravle araumetes 

Tvladisa, romelic mkvrivia am sivrceSi. 

Teorema 5. Tu A dadebiTi operatoria (ix. gansazRvra 

29), HA  energetikuli sivrcis (ix. [54], gv. 117) separa-

belurobisTvis sakmarisia H sivrcis separabeluroba. 

gansazRvra 16.H sivrcis  1 ,..., ,...n  elementTa mimdev-

robas ewodeba sruli, Tu misi wrfivi kombinaciebis sim-
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ravle mkvrivia am sivrceSi, e.i.    const 0 da u H -

sTvis  n da iseTi a an

n

n

1

( ) ( ),...,  ricxvebi, rom 

 










u

k

k

n

kau
1

)(, . 

gansazRvra 17. u u Sk1 2,...,   elementebs ewodebaT wrfi-

vad damokidebuli, Tu erTi maTTagani mainc aris danar-

Cenebis wrfivi kombinacia. winaaRmdeg SemTxvevaSi maT 

wrfivad damoukidebeli ewodebaT. 

Teorema 6. u u Sk1 2,...,   elementebis simravle wrfivad 

damoukidebelia maSin da mxolod maSin, roca maTi gramis*) 
determinanti 

( , ),..., ( , )

...........................

...........................

...........................

( , ),..., ( , )

u u u u

u u u u

k

k k k

1 1 1

1

0 . 

gansazRvra 18. Tu  i S i 2 12, , ,... , sistemis nebis-

mieri ori elementi orTogonaluria  ( , ) , i j i j 0 , 

maSin mas S2
-Si orTogonaluri sistema ewodeba, xolo Tu 

amis garda is normirebulicaa   i i 1 1 2, , ,... , maSin 

_ orTonormirebuli. 

gansazRvra 19. i S i 2 12, , ,...sistemas ewodeba wrfi-

vad damoukidebeli S2 -Si, Tu misi elementebis nebismieri 

                                                           
*)i.h. grami (1850-1916). 
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sasruli raodenobisgan Semdgari sistema wrfivad damou-

kidebelia. 

Teorema 7. yoveli orTonormirebuli sistema wrfivad 

damoukidebelia. 

gansazRvra 20.H sivrceSi srul da wrfivad damoukide-

bel sistemas misi bazisi ewodeba. 

gansazRvra 21. k H k , , ,...12 , mimdevrobas ewodeba 

H-is bazisiSauderis*)azriT, Tu  u H  SeiZleba warmod-

genili iqnas calsaxad 

u a a Rk k k

k

 




  ,
1

, 

saxiT. 

SeniSvna 5. Tu  k H k , , ,...12 , sistema orTonor-

mirebulia, maSin bazisis gansazRvra 20 da gansazRvra 21 

erTmaneTs emTxvevian. 

gansazRvra 22. bazisis elementTa n ricxvs ewodeba H 

sivrcis ganzomileba da aRiniSneba Hn dim:  simboloTi. 

gansazRvra 23. Tu  k S k 2 12, . ,... , orTonormire-

buli sistemaa S2
-Si, u S 2

 da  k ku: ( , ) , k  1 2, ,... , 

maSin  k k

k




1

 mwkrivs ewodeba u-s Sesabamisi furies 

mwkrivi, xolo  k -s _ furies koeficientebi. 

Teorema 8. Tu  k H k , , ,...12 , masSi orTonormi-

rebuli sistemaa, maSin u H  elementis Sesabamisi furies 

                                                           
*)i.p. Sauderi (1896-1943). 
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mwkrivi H-Si krebadia da samarTliania beselis*)

 k

k

u2

1

2





  utoloba. amasTan aucilebeli da sakmarisi 

piroba misi u-sken krebadobisaTvis mdgomareobs parseva-
lis**) 

 k

k

u2

1

2





   

tolobis SesrulebaSi. 

gansazRvra 24. orTonormirebul sistemas ewodeba H-Si 

Caketili, Tu sistemis yvela elementisadmi orTogonalu-

ri elementi mxolod nulovani elementia. 

gansazRvra 25. orTonormirebul sistemas ewodeba sru-
liH-Si, Tu yoveli u H -sTvis Sesabamisi furies mwkri-

vi H-Si krebadia u-sken, e.i. Tu sruldeba parsevalis to-

loba. 

SeniSvna 6. orTonormirebuli sistemis SemTxvevaSi sis-

rulis gansazRvra 16 da gansazRvra 25 erTmaneTs emTxveva. 

Teorema 9. orTonormirebuli sistema srulia H-Si ma-

Sin da mxolod maSin, roca is Caketilia masSi. 

Teorema 10. yovel separabelur H sivrceSi arsebobs 

orTonormirebuli bazisi, romlis Sesabamisi furies 

mwkri-vi u H  elementisTvis u-sken krebadia H-Si (cxa-

dia, Tu H separabeluria, masSi bazisi arsebobs da piri-

qiT, Tu bazisi arsebobs, is separabeluria, radgan bazisi 

H-Si mkvrivi sistemaa, romelic Tvladze meti araa). Tu 

                                                           
*) f.v. beseli (1784-1846). 
**)m.a. parsevali (1755-1836). 
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M mkvrivia separabelur H-Si, maSin bazisi SeiZleba aigos 

M-is elementebisgan. 

gansazRvra 26.B banaxis sivrceSi gansazRvrul funqcio-

nals ewodeba SemosazRvruli, Tu  

Lu C u C const u B    , ,0 . 

umciress C mudmivebs Soris ewodeba Lfunqcionalis norma 

da aRiniSneba L  simboloTi. 

Teorema 11 (risis*) Teorema). H hilbertis sivrceSi 

yoveli SemosazRvruli wrfivi l funqcionali SeiZleba 

warmovadginoT 

Huulu    )v,( , 

skalaruli namravlis saxiT, sadac Hv  fiqsirebuli 

elementi calsaxadaa gansazRvruli, amasTan vl . 

Teorema 12 (han**)-banaxis Teorema). B banaxis sivrcis 

raime M wrfiv mravalsaxeobaze (magaliTad, linealze) 

gansazRvruli yoveli wrfivi SemosazRvruli l funqciona-

li SeiZleba normis SenarCunebiT ganvavrcoT mTel B siv-

rceze, e.i. SeiZleba avagoT iseTi L funqcionali, rom 

1) L x l x x M( ) ( )   ;   2) L l
B M
 . 

gansazRvra 27. wrfiv normirebul E sivrceze gansaz-

Rvruli f x f x( ) ,  funqcionalebi qmnian banaxis E* 

sivrces, romelsac ewodeba E sivrcis SeuRlebuli (dua-
luri) sivrce. 

                                                           
*)f. risi (1880-1956). 
**)h. hani (1879-1954). 
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gansazRvra 28. vTqvaT, y Ax  operatori asaxavs E x
 

wrfiv normirebul sivrces E y
 wrfiv normirebul siv-

rceSi, xolo  ( ) ,y y E y
-ze gansazRvruli wrfivi 

funqcionalia, maSin  ( ) ( ) ( )y Ax f x  , sadac f x( )  

wrfivi funqcionali E x
-zea gansazRvruli. amrigad, am 

tolobiT avageT raRac A * operatori 

f A * , 

romelic gansazRvrulia E y
-is SeuRlebul Ey * 

sivrceze da am ukanaskneli sivcis   elementebs 

uTanadebs E x
-is SeuRlebuli Ex * sivrcis elementebs. 

A* operators A operatoris SeuRlebuli operatori 
ewodeba. 

Tu E E Hx y   hilbertis sivrcea, maSin risis Teo-

remis Tanaxmad moiZebneba iseTi x y H*, *  elementebi, 

rom 

f x x x( ) ( *, ) ,     ( ) ( *, )y y y , 

e.i. 

( *, ) ( *, )y y x x  da ( *, ) ( *, )y Ax x x  

toloba yovel y*-s uTanadebs erTaderT x* elements, e.i. 

x A y* * * . 

amdenad, H hilbertis sivrceSi SeuRlebuli operatori 

SeiZleba ganimartos ukanasknelis wina tolobiT. 

kerZod, Tu A operatori gansazRvrulia H-Si mkvriv 

DA linealze da  x y H*, *  iseTi, rom  

( *, ) ( *, ),y Ax x x x DA  , 

maSin vambobT, rom y*-is simravle qmnis SeuRlebuli A* 

operatoris *AD  gansazRvris ares da TviT operatori 

ganisazRvreba tolobiT 
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A y x* * * . 

*AD  linealia, xolo A* _ wrfivi operatori. *AD , 

radgan mas yovelTvis ekuTvnis nulovani elementi. 

gansazRvra 29.H sivrceSi mkvriv DA
 linealze gansaz-

Rvrul A operators ewodeba simetriuli DA
-ze, Tu is 

wrfivia da ADu  v,  sruldeba 

)v,()v,( AuAu   

toloba. simetriul operators ewodeba dadebiTi opera-
tori, Tu 

Si,      



ADuuAu

uAu

0),(

,0),(
 

xolo Tu ,0 constC  rom 
2

),( uCuAu  , 

maSin mas AD -Si dadebiTad gansazRvruli operatoriewo-

deba. 

gansazRvra 30. Tu A simetriuli operatoria, cxadia, 

D DA A * da amdenad  A* operatori Aoperatoris gafar-

Toebaa. Tu D DA A * , maSin A*=A da mas TviTSeuRlebu-

li operatori ewodeba. 

SeniSvna 7. SemosazRvruli operatorebisTvis simetriu-

lobisa da TviTSeuRlebulobis ganmartebebi erTmaneTs 

emTxveva. 
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Teorema 13. yoveli dadebiTad gansazRvruli 

operatori SeiZleba gavafarTooT TviTSeuRlebul 

operatorobamde (e.w. fridrixsis*)gafarToeba). 

gansazRvra 31. or A da B dadebiTad gansazRvrul ope-

rators ewodeba kongruentuli, Tu BA DD  . 

gansazRvra 32. or kongruentul operators ewodeba 

monaTesave, Tu   c k const, 0 iseTebi, rom 

 Au B kI u c Au u D DA B, ( )    
2

, 

sadac I erTeulovani operatoria. 

gansazRvra 33.A operators ewodeba SemosazRvruli, Tu 

Ax M x x E
E E x

y x

   .          (14) 

gansazRvra 34.A operators ewodeba uwyveti, Tu 

00 
yx EnEn AxAxxx     . 

Teorema 14. imisTvis, rom wrfivi operatori iyos uw-

yveti, aucilebeli da sakmarisia, rom igi iyos Semosaz-

Rvruli. 

gansazRvra 35. umciress M-ebs Soris (14)-Si ewodeba A 

operatoris norma: A . 

gansazRvra 36. )(2 kW -Ti aRiniSneba iseTi hilbertis 

sivrce, romlis elementebi ekuTvnis )(2 L -s da aqvT k 

rigamde CaTvliT ganzogadebuli warmoebulebi   areSi, 

romlebic agreTve ekuTvnis )(2 L -s, da sadac skalaruli 

namravli mocemulia 

                                                           
*)k.o. fridrixsi (1901-1982). 
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
 




ki

ii

W
vdxuDDu k )(2

)v,(  

tolobiT. 

gansazRvra 37. )(0 C -Ti aRiniSneba iseT finitur fun-

qciaTa (e.i.  -Si kompaqturi sayrdenis mqone) simravle, 

romelTac aqvT   areze uwyveti yvela rigis 

warmoebuli. funqciis sayrdeni ewodeba funqciis 

gansazRvris wertilTa im simravlis Caketvas, sadac  

funqcia nulis toli araa. 

Teorema 15. vTqvaT, wrfivi operatori A D RA A:  , 

sadac  misi mniSvnelobaTa area. maSin Sebrunebuli 

operatori arsebobs maSin da mxolod maSin, roca iqidan, 

rom Au   , sadac  uRAu A    , , sadac u DA . 

Teorema 16. wrfivi operatoris Sebrunebuli operato-

ri wrfivia. 

gansazRvra 38. vTqvaT, N H  linealia. masSi Semovi-

RoT H-is metrika, Tu N amasTan srulia, maSin mas ewode-

ba H sivrcis wrfivi qvesivrce. 

gansazRvra 39. amboben, rom u H  elementi  hil-

bertis sivrcis  qvesivrcis orTogonaluria u N , Tu 

-is yvela elementis orTogonaluria. 

Teorema 17. vTqvaT,  sivrce -is wrfivi 

qvesivrcea. maSin nebismieri u H  calsaxad SeiZleba 

warmovadginoT wu  v  saxiT, sadac Nv  da w N . 

v-s ewodeba u-s orTogonaluri proeqciaN-ze. 

RA

H

N
u N

N H
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SeniSvna 8. cxadia, Tu N H , arsebobs erTi mainc 

w N  iseTi, rom w   . winaaRmdeg SemTxvevaSi 

HNu  vv . 

gansazRvra 40. amboben, rom   R N
 ares aqvs lipSi-

cis*) sazRvari, Tu: 

1.)   SemosazRvrulia (dasaSvebia mravladbmuloba); 

2.)    , const 0, mcali x x r mr

N

r

1 1( ) ( ),..., , , , 

koordinatTa sistema da ( )N 1 -ganzomilebian K r( )
 ku-

bebze 

x i Ni

r( ) , ,   1 1 , 

uwyveti a x x r mr

r

N

r( ,..., ), ,( ) ( )

1 1 1  , iseTi funqciebi, rom 

a.) yovel x   wertili SeiZleba warmodgenili iq-

nes erT-erTi zemoxsenebul koordinatTa sistemaSi mainc 

 x x x x x a x xr

N

r r

N

r

r

r

N

r   ( ,..., ) ,..., , ( ,..., )( ) ( ) ( ) ( ) ( ) ( )

1 1 1 1 1  

saxiT; 

b.) x wertilebi, romelTaTvisac sruldeba 

x i Ni

r( ) , ,   1 1 , 

da 

a x x x a x xr

r

N

r

N

r

r

r

N

r( ,..., ) ( ,..., )( ) ( ) ( ) ( ) ( )

1 1 1 1      

an 

a x x x a x xr

r

N

r

N

r

r

r

N

r( ,..., ) ( ,..., )( ) ( ) ( ) ( ) ( )

1 1 1 1     

pirobebi, Sesabamisad mdebareoben  -Si an  -s gareT; 

                                                           
*)r.o.s. lipSici (1832-1903). 
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g.) yoveli a x xr

r

N

r( ,..., )( ) ( )

1 1 , r m 1, , funqcia K r( )
 

kubze akmayofilebs lipSicis pirobas, e.i.   k const 0 , 

rom 

  .)()(

),...,(),...,(

2/12)(

1

)(

1

2)(

1

)(

1

)(

1

)(

1

)(

1

)(

1

 r

N

r

N

rr

r

N

r

r

r

N

r

r

yxyxK

xxayya








 

ganvixiloT ramdenime magaliTi. nax. 1-ze mocemul Sem-

TxvevaSi 

nax. 1 

x2
RerZis yvela SesaZlo mimarTulebisaTvis darRveulia 

b.) piroba, e.i. sazRvari ar aris lipSicis. 

nax. 2-ze mocemul SemTxvevaSi, O-s midamoSi x x2 1 , 

amitom x x x x1 1 1 1** * ** *    da sruldeba yvela pi-

roba, e.i. lipSicis sazRvaria. 

nax. 2 
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nax. 3-ze mocemul  kuTxovani wertilis orive SemTxve-

vaSi dasaSvebia mxolod miTiTebuli koordinatTa sistema. 

winaaRmdeg SemTxvevaSi dairRveva b.). magram aseTi sistemis 

SemTxvevaSi aRniSnul wertilebSi 
dx

dx
tg

x

2

1 01

2
 

  


, 

e.i. dairRveva g.), radgan ar iarsebebs K   . amrigad 

sazRvari lipSicis araa. 

nax. 3 

gansazRvra41. )()( Cxu (miT ufro, Tu )()(  Cxu ) 

funqciis )(yu , y  mniSvnelobebi -ze calsaxadaa 

gansazRvruli. )(yu funqcias ewodeba u(x)funqciiskvali

-ze. 

Teorema 18. Tu   lipSicis sazRvris mqone area, maSin 

arsebobs erTaderTi SemosazRvruli wrfivi T operatori, 

romelic )(1

2 W  sivrces asaxavs L2 ( )  sivrceze:  

)()( 1
22 


WL

uTTu


. 

 

 
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Tu u C  ( ) , maSin )()( yuxTu  . 

gansazRvra 42. wina TeoremidanTu -s ewodebau(x) fun-

qciis kvali -ze, T -s ki kvalis operatori. 

SeniSvna 9. ramdenadac )(C  mkvrivia )(1

2 W -Si, Tu 

u  ekuTvnis )(1

2 W -s, magram arekuTvnis )(C -s,Tu -s 

kvali SeiZleba ganvixiloT, rogorc iseTu x Cn ( ) ( )     

funqciaTa yyun   ),( , kvalebis zRvari L2 ( )  -Si, 

romelTaTvisac 

0)(
)(1

2

  



n

Wn uxu . 

SeniSvna 10. Tu )(1

2 Wu funqcia uwyvetia  -Si, ma-

Sin misi kvali   -ze emTxveva mis SezRudvas  -ze. 

SeniSvna 11. Tu u x u xn L n
( ) ( )

( )
  


2

0


, magram ar 

aris krebadi )(1

2 W -Si, maSin  u Sn ( )  mimdevroba 

SeiZleba ar iyos krebadi L2 ( )  -Si (agebulia 

magaliTebi (ix. [54], gv. 341)). 

fridrixsis utoloba. Tu 
mR  area lipSicis sazRvriT, 

maSin arseboben iseTi ,0, 21  constcc  damokidebulni 

mxolod areze, rom 

 
  


S

m

k

k CudSucdxucdxxu )()()( 12

2

1

2

,1

2   . 

 
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puankares utoloba. Tu 
mR  area lipSicis saz-

RvriT, maSin arseboben iseTi ,0, 43  constcc  damokide-

bulni mxolod areze, rom 

 
  









 )()()()( 1

2

4

1

2

,3

2 Cudxxucdxucdxxu
m

k

k   . 

fridrixsis utoloba. Tu 
mR  area lipSicis sazRvriT, 

maSin arseboben iseTi 0, 21  constKK  damokidebulni 

mxolod areze, rom 

)(  )( 1

2
1

22

,1

2

)(1
2









  

 


WudSudxuKu
m

j S

jW
, 

)(  )( 2

2

2

22

2

2

)(2
2









  

 


WudSudxuDKu
i S

i

W
. 

pirveli utoloba ZalaSi rCeba, Tu S -s SevcvliT 1S

-iT, romelic S -s Ria nawilia lebegis*) dadebiTi zomiT 

(am SemTxvevaSi K1
 mudmivi 1S -zecaa damokidebuli). 

kerZod, 

)()( 1

2

1

2

,1

2

)(1
2

 
 



om

j

j
W

WudxuKu o     

da 

)()( 2

2

2

2

2

2

)(2
2

  
 

o

i

WudxuDKu
o

W

    
, 

sadac  

  mjZjm ,1},,2,1,0{:,,,: 1       , 

                                                           
*)a.l. lebegi (1875-1941). 
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multiindeqsia, 

  :   1 m , 





       

j

j

m m
x

x x xm m: , : , :      1 1
1 1 ; 

 


k

da 
k

simboloebi aRniSnaven ajamvas yvela iseTi 

-saTvis, romlebic Sesabamisad akmayofileben   k  da 

  k  pirobebs. 

puankares utoloba. Tu   area lipSicis sazRvriT (am 

pirobis Sesusteba SesaZlebelia, ix. [30]), maSin arsebobs 

iseTi 03  constK  damokidebuli mxolod areze, rom 

).(

)(

2

2

2

3

2

)(
2

























   

  


k

ki ki

ii

Wu

udxDdxuDKu
kW  

gansazRvra 43.    C Rm
 kompleqsuri mniSvnelobis 

mqone funqciaTa simravles ewodeba Svarcis*)  S Rm sivrce, 

Tu nebismieri mTeli arauaryofiTi k ricxvisaTvis 

 sup ( )
x R

k

k
m

x x
 













 1  



, 

sadac 

   x x x R x x xm

m

m: ,..., , :      1 1

2 2
1

2 , 

                                                           
*)l. Svarci (1915-2002). 
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),...,(: 1 m   multiindeqsia. 

gansazRvra 44.f funqcionals (formas) ewodeba anti-
wrfivi (semiwrfivi) raime linealze, Tu am simravlis ne-

bismieri   da   elementebisaTvis 

f f f( ) ( ) ( )       da )()(  ff  , 

sadac  nebismieri kompleqsuri ricxvia. 

gansazRvra 45. B( , )   funqcionals (formas) ewodeba 

sesqviwrfivi raime linealze, Tu am simravlis nebismieri 

 , 1
,  2

,  ,  1
,  2

 elementebisaTvis da nebismieri

  kompleqsuri ricxvisaTvis sruldeba Semdegi tolobebi: 

     B B B      1 2 1 2  , , , , 

     B B B      , , ,1 2 1 2   , 

B B( , ) ( , )     , 

B B( , ) ( , )     . 

amdenad,    B( , )  asaxva fiqsirebuli -saTvis aris 

wrfivi funqcionali(forma), xolo    B( , )  asaxva 

fiqsirebuli -saTvis aris antiwrfivi. Tu ses-

qviwrfivi forma namdvilmniSvelobiani formaa, maSin mas 

oradwrfiviforma ewodeba. 

gansazRvra 46. Tu   Rm
 raime area, maSin S( )  

aris yvela iseTi  S Rm( )  elementebis qvesivrce, ro-

melTaTvisac supp   , supp   aRniSnavs elementis say-

rdens, e.i. -is im qvesimravlis Caketvas, sadac  gan-

sxvavebulia nulisagan (ix. agreTve gansazRvra 37). 

Teorema 19.C0

 ( )  sivrce mkvrivia S( ) -Si. 





 B( , ) 

R m 
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gansazRvra 47. )(S –ze gansazRvrul SemosazRvrul 

antiwrfiv f funqcionals ewodeba ganawileba -ze.  f gana-

wilebis mniSvnelobas  S( )  elementze ( , )f   simbo-

loTi aRvniSnavT, xolo ganawilebaTa simravles _ S' ( ) -

Ti. vityviT, rom  f n n



1
 mimdevroba S' ( ) -Si krebadia 

f S ' ( )  elementebisaken, Tu 

 lim , ( , ) ( )
n

nf f S


      . 

gansazRvra 48. vTqvaT, f S ' ( )  da   raime mul-

tiindeqsia. f  ganisazRvreba 

    )(,)1(:,  Sff       

 

tolobiT. 

SeniSvna 12.gansazRvra 48-Si S( )  SeiZleba Seicvalos 

C0

 ( ) -Ti. 

gansazRvra 49.   S Rm
-is furies gardaqmna Semdegi 

tolobiT ganisazRvreba 

~ ( ): ( )( ): ( )( , )      F e x dxi x

R m

, 

sadac 

( , ):x x xm m      1 1 . 

gansazRvra 50.   S Rm
-isa da   S Rm

-is naxvevi 

ganimarteba 

( )( ): ( ) ( )     x x y y dy

R m

 

tolobiT. 


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Teorema 20.F homeomorfizmia -dan -Si; 

misi Sebrunebuli F 1
 gardaqmna ganisazRvreba 

 

  
 

mR

xim dexF   )()2(:)( ),(1
  

tolobiT. 

Teorema 21. yoveli   , S Rm
 akmayofilebs 

~ ( ) ~( ) ( ) ( ) ( )       d x x dx

R

m

Rm m

  2  

parsevalistolobas. 

Teorema 22. yoveli   , S Rm
-saTvis 

F( )( ) ~( ) ~( )        . 

Teorema 23. yoveli   S Rm
-is da   multiindeqsi-

saTvis 

 F i       ( ) ( ) ~ ( )  , 

 F x i      ( ) ( ) ~ ( )  . 

gansazRvra 51.  f S Rm ' ganawilebas ewodeba regula-

ruli, Tu arsebobs iseTi lokalurad jamebadi (e.i. 

 L Rloc

m1
-dan) funqcia, romelsac simartivisaTvis aRvniS-

navT f x( ) -iT, rom 

 ( , ) ( ) ( )f f x x dx S R

R

m

m

     . 

 S Rm  S Rm
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regularul ganawilebaTa simravles aRvniSnavT  m

reg RS  -

iT. ganawilebas ewodeba singularuli, Tu is regularuli 

ar aris. 

gansazRvra 52.  u S Rm '  ganawilebaTa simravles, ro-

melTa furies gardaqmna  ~ 'u S Rreg

m  da 

   u u d
H R

s

R

s m

m

: ~( )    1
2 2

   , 

sadac Rs  (R namdvil ricxvTa simravlea), ewodeba bese-

lispotencialTa sivrce, roca Rs . Tu amasTan 0s  

mas sobolev-slobodeckis sivrce, xolo Tu s  naturalu-

ria sobolevissivrceewodeba da aRiniSneba  H Rs m
 simbo-

loTi. 

gansazRvra 53.
~

( )H s   aris  H Rs m
-is qvesivrce, ro-

melic Sedgeba yvela iseTi  u H Rs m -sagan, rom supp

u   . 

gansazRvra 54. H s ( )  aris yvela iseT u S ' ( )  ele-

mentTa sivrce, romlebic SeiZleba -dan gafarTovdnen 

 u H Rs m -mde, an piriqiT  H Rs m
-is elementebis -ze 

SezRudvebis sivrce. u H s ( ) -s norma ganisazRvreba 

     u u
H

u H R u u
H Rs

s m
s m



: inf 
 : 


 

 




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tolobiT, sadac u

 aRniSnavs u -s mniSvnelobebs  -ze. 

Tu u u

 , maSinu-s ewodeba u -s SezRudva -ze, xolo 

u -s _ u-s gafarToeba -dan R m
-ze. 

SeniSvna 13. Tu s k , sadac k arauaryofiTi mTeli 

ricxvia, maSin )()( 2  kk WH  (ix. gansazRvra 36). 

Teorema 24. )( ms RH  da )( ms RH   dualuri (SeuRle-

buli) sivrceebia. )(sH  sivrcis SeuRlebuli sivrcea 

)(sH . 

gansazRvra 55. vTqvaT,   aris C 
 klasis Caketili 

zedapiri, romelic R m
-s yofs Siga da gare 


 da 


 

areebad; n x( )  erTeulovani gare normalia  -s mimarT 

x  wertilSi. maSin (ix. [13], gv. 143 da [11], gv. 212): 

1. arsebobs -is iseTi Ria areebis  Oi i

N

1
 simravle, 

rom 

_  Oi i

N

1
 faravs  -s, e.i.  



Oi

i

N

1

 ; 

– )(xn  normalebi ar ikveTebian 
N

i

iO
1

 gaerTianebaSi; 

_ yoveli i N  { , , }1 -saTvis arsebobs  yx i
~ C 

 

_ difeomorfizmi  1:1

1   yRyB m
-dan 

Oi  -Si; mis Sebrunebuls aRvniSnavT  y xi' ~

-iT; 

_ Tu O Oi j    , maSin arsebobs  

R m
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  
1

~:~ BOOxx jii
  

simravlidan  

  
1

~:~ BOOxx jij
  

simravleSi hij
C 

 _ difeomorfizmi dadebiTi iako-

bianiT, amasTan iseTi, rom     i ij jx h x~ ~ . 

(difeomorfizmi aris diferencirebadi homeomorfizmi, xo-
lo homeomorfizmi aris uwyveti bieqciuri, e.i. urTier-
Tcalsaxa asaxva). 

2. arsebobs  erTeulis iseTi regularuli  e xi i

N
( )

1
 

dayofa  -ze, rom 

_  e x C O i Ni i( ) , , ,   

0 1 ; 

_ 0 1 1    e x x R i Ni

m( ) , , , , ; 

_ e x xi

i

N

( ) ,


  
1

1  . 

 -ze gansazRvruli yoveli, magaliTad, u L 2 ( )  fun-

qciisaTvis samarTliania 

    


xxuxexu
N

i

i
~,~)~(~

1

   , 

gaSla. yoveli i N  { , , }1 -saTvis movaxdinoT cvladTa 

Semdegi gardaqmna 

                u y e u y e y u y e x u xi i i i i i i' : ' ' ' ~ ~      

da ganvavrcoT (gavafarTovoT)  u yi '  nuliT B1
-is gareT 

mTel Ry

m

'

1
 sivrceze. axla ganvsazRvroT H s ( ) , s R , 

Semdegnairad 

  NiRHuLuH m

y

s

i

s ,,1   ,:)(:)( 1

'2  
. 



 299 

am sivrceSi norma SeiZleba SemoviRoT 

 
u u

H i H R
i

N

s s
y
m( )

:

















 1

2

1

1

2

 

tolobiT. erTeulis sxvadasxva dayofas Seesabameba ekviva-

lenturi normebi. H s ( )  hilbertis sivrcea. 

Teorema 25. Tu )v(L  aris SemosazRvruli antiwrfivi 

funqcionali, gansazRvruli H hilbertis sivrceze, xolo 

)v,(ua  _ sesqviwrfivi forma, romelic akmayofilebs Se-

mosazRvrulobis 

HuuMua  v,v)v,(    

da koercitiulobis 

Huuua    
2

)v,(Re   

pirobebs, sadac M da   dadebiTi mudmivebia da   aris 

normaHsivrceSi, maSin 

HLua  v)v()v,(    

amocanas aqvs erTaderTi amonaxsni  iseTi, rom 

u c L

, 

sadac 

 aris norma H-is dualur H   sivrceSi, xolo c 

dadebiTi mudmivia. kerZod, SeiZleba aviRoT 


M
c  . 

SevniSnoT, rom am damatebaSi gadmocemuli masalis Sed-

genisas ZiriTadad gamoyenebuli iyo [54], [13] da [11]. 
 

u H
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damateba 2. leJandris polinomebi 

1. leJandris polinomebis warmomqmneli funqcia 

klasikur orTogonalur polinomTa Soris yvelaze 

adrindelia leJandris polinomebi, romelTa warmoSoba da-

kavSirebulia maTematikuri fizikis amocanebTan, kerZod, 

potencialis TeoriasTan. sivrcis ori A da B wertilis 

mizidulobis velis potenciali gamoisaxeba maT Soris man-

Zilis Sebrunebuli (ix. nax. 1) 

1

22 2r r   cos
 

sididiT. 

nax. 1 

Tu aq x:cos  , maSin gveqneba, rom 

1

1 2 2r tx t 
, 

sadac t
r



. rogorc qvemoT davinaxavT, Tu  

1

1 2 2 tx t
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wilads gavSliT xarisxovan mwkrivad t-s mimarT saTavis 

midamoSi, maSin mwkrivis koeficientebi x-is polinomebia, 

romelTac leJandris polinomebi ewodebaT (ix. qvemoT (1) 
da (2)). 

gavixsenoT binomialuri mwkrivi 

 ,1,
2!

!)!12(

2!2

31

2

1
1)1( 2

2
2

1










uu
n

n
uuu n

n
  

sadac )12(531:!)!12(  nn  da 1:!)!1(  .  

Tu u tx t 2 2
, maSin gveqneba, rom 

    

    .2
2!2

31
2

2

1
1

2121

22

2

2

2

1
2

2

1
2









ttxttx

ttxttx
 

es mwkrivi absoluturad krebadi iqneba, Tu 2 12tx t  . 

am garemoebis gamo ufleba gvaqvs, frCxilebis gaxsnis Sem-

deg mwkrivi davalagoT t-s xarisxebad: 

1
1

2
2

1 3

2 2
4

1

22

2 2








 












    x t x t

!
. 

rogorc vxedavT, pirveli sami koeficienti warmoadgens 

Sesabamisad nulovani, pirveli da meore xarisxis poli-

noms. danarCenic rom polinomebia, amaSi davrwmundebiT, 

rodesac davadgenT rekurentul formulas, romelic er-

TmaneTTan akavSirebs yovel urTierTmomdevno sam poli-

noms. aqve unda SevniSnoT, rom leJandris polinomebis wa-

rmodgena bevrnairad SeiZleba, razedac saubari qvemoT 

gveqneba. axla ki davubrundeT 
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n

n

n

n

n

txP

txPtxPtxPxP
ttx

)(

)()()()(
21

1

0

2

210
2











  (1) 

tolobas, sadac, rogorc ukve aRvniSneT, P xn ( )  warmoad-

gens leJandris n-uri rigis polinoms. tolobis marcxena 

mxareSi mdgom gamosaxulebas ewodeba leJandris polinom-
Ta warmomqmneli funqcia, ramdenadac igi warmoSobs zemo-

xsenebuli xarisxovani mwkrivis koeficientTa  P xn ( )  

mimdevrobas. rogorc vxedavT, 

P x P x x P x x0 1 2

21
3

2

1

2
( ) , ( ) , ( )    .   (2) 

(1) mwkrividan advili dasadgenia, rom 

P Pn n

n( ) , ( ) ( )1 1 1 1    . 

marTlac, Tu CavsvamT x  1, maSin, radganac roca t  1, 

marcxena mxareSi gveqneba usasrulod klebadi geometriu-

li progresiis jami da miviRebT, rom 

1

1
1 12

0
            






t

t t t P tn

n

n

n

( ) . 

aqedan uSualod Cans, rom Pn ( )1 1 . analogiurad, Tu 

x  1, maSin 

1

1
1 1 12

0
             






t

t t t P tn n

n

n

n

( ) ( ) , 

rac niSnavs, rom Pn

n( ) ( )  1 1 . warmomqmneli funqciis 

(1) warmodgenidan gamomdinareobs, rom Tu x  0 , maSin 

kenti xarisxis leJandris polinomi nulis tolia, e.i., 
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P k2 1 0 0 ( ) . marTlac, Tu x  0 , warmomqmneli funqcia 

binomialuri mwkrivis saxiT ase warmoidgineba 

 

1

1

1
2 1

22
1

2

2

0


 







t

k

k
tk

k

k

k

( )
( )!!

!
, 

saidanac (1) warmodgenasTan Sedarebis Semdeg davaskvniT, 

rom 
!2

!)!12(
)1()0(2

k

k
P

k

k

k


 , P kk2 1 0 0 012  ( ) ( , , ,...) . 

2. rekurentuli formulebi 

pirvel rigSi davamtkicoT, rom leJandris polinomebi-

saTvis samarTliania Semdegi rekurentuli formula 

( ) ( ) ( ) ( ) ( ),n P x n xP x nP x nn n n     1 2 1 11 1
.  (3) 

amisaTvis gavawarmooT (1) toloba t-s mimarT: 

 











 





0

1

1

1

2

3
2

)()1()(

21 n

n

n

n

n

n txPnxPnt

ttx

tx
. 

Tu orive mxares gavamravlebT  1 2 2 tx t -ze, miviRebT, 

rom 

 
x t

tx t
tx t n P x tn

n

n



 
    






1 2

1 2 1
2

2

1

0

( ) ( ) , 

an, (1)-is Tanaxmad, 

 ( ) ( ) ( ) ( )x t P x t tx t n P x tn

n

n

n

n

n

    










 1 2 12

0

1

0

. 

Tu orive mxareSi gamravlebas SevasrulebT da t n
 

xarisxTan mdgom koeficientebs erTmaneTs gavutolebT, 

miviRebT, rom 
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,1

),()1()(2)()1()()( 111



 

n

xPnxnxPxPnxPxxP nnnnn
 

saidanac gamomdinareobs saZiebeli (3) toloba. misi arsi 

isaa, rom SegviZlia TanmimdevrobiT avagoT gansaxilavi 

polinomebi. radgan ukve dadgenilia, rom P x0 1( )  , 

P x x1( )  , amis Semdeg (3) tolobis gamoyenebiT avagebT 

danarCenebsac. ase, magaliTad, 

P x x2

23

2

1

2
( )   , P x x x3

35

2

3

2
( )   , 

P x x x4

4 235

8

30

8

3

8
( )    . 

(2)-is gaTvaliswinebiT, (3) rekurentuli formulebidan, 

cxadia, rom luwi rigis polinomi luwi funqciaa, xolo 

kenti rigis ki kenti funqciaa. garda (3) formulisa, 

arsebobs kidev ramdenime rekurentuli Tanafardoba, rom-

lebic polinomebis warmoebulebsac Seicaven. advili gamo-

sayvania Semdegi formula 

1),(')('2)(')( 11   nxPxxPxPxP nnnn    .   (4) 

marTlac, gavawarmooT (1) toloba x-iT: 

  







1

2

3
2 )('21

n

n

n txPttxt ,           (5) 

saidanac 

  





 1

2

2
)('21

21 n

n

n txPttx
ttx

t
. 

Tu marcxena mxareSi CavsvamT (1) mwkrivs, xolo marjvena 

mxareze SevasrulebT gamravlebas da amis Semdeg ,1nt

,1n  xarisxebis win mdgom koeficientebs erTmaneTs gavu-

tolebT, miviRebT (4)-s. 
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davubrundeT isev 

 ( ) ( )x t tx t P x ntn

n

n

   








1 2 2
3

2 1

1

 

tolobas.gavamravloTorivemxare t-zedaSevadaroT(5)-s, 

miviRebT, rom 

( ) ' ( ) ( )x t P x t P x ntn

n

n

n

n

n

 








 
1 1

, 

an sxvanairad 
















11

1

1

)()(')('
n

n

n

n

n

n

n

n

n txnPtxPtxPx . 

gavutoloT orive mxareSi t n
 xarisxebis win mdgom koefi-

cientebi  

xP x P x nP x nn n n' ( ) ' ( ) ( ),  1 1 .        (6) 

axla am tolobidan ganvsazRvroT xP xn' ( )  da SevitanoT 

(4) tolobaSi, e.i. (4) da (6) tolobidan gamovricxoT 

xP xn' ( ) . es mogvcems kidev erT rekurentul formulas 

( ) ( ) ' ( ) ' ( ),2 1 11 1n P x P x P x nn n n    
.    (7) 

Tu (7) tolobas gamovaklebT (6)-s, miviRebT, rom 

P x xP x n P xn n n' ( ) ' ( ) ( ) ( )   1 1 .        (8) 

marTalia (8) davamtkiceT, roca 1n , magram is samar-

Tliania maSinac, roca 0n , radgan Tu 0n -s, cxadia, 

is sruldeba, rac uSualod mowmdeba. da bolos, davamtki-

coT 

 x P x nxP x nP x nn n n

2

11 0 1    ' ( ) ( ) ( ) , ,  (9) 

formula. CavsvaT (8)-Si n-is nacvlad n 1, maSin 

P x xP x nP x nn n n' ( ) ' ( ) ( ),   1 1 1 . 

am ukanasknelidan da (6)-dan gamovricxoT P xn' ( )1 , ris 

Sedegad swored (9)-s miviRebT. 
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(5)-dan gamomdinareobs, rom 

   







1

2
2

1
2 )('2121

n

n

n txPttxttxt . 

marcxena mxareSi CavsvaT (1), maSin 

.)(')('2)(')(
1

2

1

1

10

1 


















 
n

n

n

n

n

n

n

n

n

n

n

n txPtxxPtxPtxP

 

gavutoloT t n
, n  2 , xarisxebis koeficientebi 

P x P x xP x P x nn n n n     1 1 22 2( ) ' ( ) ' ( ) ' ( ), .  (10) 

(10) da (6)-dan gamovricxoT xP xn' ( )1
 (amisaTvis (6)-Si n 

SevcvaloT ( )n 1 -iT, gavamravloT 2-ze da miRebul gamo-

saxulebas wevr-wevrad davamatoT (10)) 

P x n P x P x nn n n' ( ) ( ) ( ) ' ( ),    2 1 21 2
.    (11) 

Tu (11) formulis marjvena mxareSi CavsvamT (11) formu-

lidan n–is (n–2)–iT SecvliT miRebul )(2 xPn
 –is gamosa-

xulebas da aseT operaciebs gavagrZelebT vidre marjvena 

mxareSi gveqneba leJandris polinomis warmoebulis Semcve-

li wevri, miviRebT, rom 

P x n P x n P x P xn n n n' ( ) ( ) ( ) ( ) ( ) ' ( )      2 1 2 51 3 4
 

       ( ) ( ) ( ) ( ) ( )2 1 2 5 2 91 3 5n P n P x n P xn n n   (12) 

 

  .2  ,)(
2

)1(1
1'22

)(1'22

1
2

1
2

1'
'

'

1
2

1
2

1'
'

'(  


















 










 




nxPqn

xPqn

n

q
qn

q

n

q
qn

q               kentia)  

induqciiT davamtkicoT (12) formulis samarTlianoba. 

roca n  2 3, , (12) formula samarTliania. davuSvaT, rom 
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igi samarTliania ( )n  2 -sTvis da davamtkicoT n-sTvis. 

(11)-isa  da Cveni daSvebis Tanaxmad, 

 

kentia) '(                                            

1
2

3
2

1'
'21 )(1'2)2(2)()12()('

q

n

q
qnnn xPqnxPnxP 







 


   

kenti) 

kentia) 

(  

 

q

q

n

q
qn

n

q
qnn

xPqn

xPqnxPn

,)()122(

(                        

)()122()()12(

1
2

3
2

1

1
2

1
2

3
1











 









 








 

sadac ukanasknelis wina jamSi q q: ' 2 . 

(6)-Si SevitanoT (12), miviRebT, rom 

 

luwi) 

kentia) 

q

q

n

q
qnn

n

q
qn

nnnn

xPqnxnP

xPqn

xnPxPxnPxxP

(                

,)()122()(

 

)(1)1'(22  

)()(')()('

2
2

2
2

2

1
2

2
2

1'
)1'(

1

'( 











 










 












            (13) 

sadac q q: ' 1 . 

Tu (12)-Si CavsvamT q n q: '   da gaviTvaliswinebT, rom 
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2
1

2
1

1

n n n

n n









  







,

,

roca  kentia,

roca  luwia,
 

miviRebT, rom 

,)(
2

)1(1
)12(

)(
2

)1(1
)12()('

0

1

0





















n

q

q

qn

n

q

q

qn

n

xPq

xPqxP

     (14) 

radgan q n -is Sesabamisi wevri yovelTvis nulia, xolo 

roca q  0  da n luwia, maSin q  0 -is Sesabamisi wevric 

nulia. 

(14)-is gamoyenebiT (13) SeiZleba Semdegnairad 

gadavweroT 

.1),(
2

)1(1
)12()(

)(
2

)1(1
)12()()('

1

0

2

0

























n

q

q

qn

n

n

q

q

qn

nn

nxPqxnP

xPqxnPxxP

   

     (15) 

SeniSvna. cxadia (ix. $2.6 da $3.2), 

  

   

 

     .'
~

'

'

'
1

'

3

1

,33

1

,

33,,

33,

,3,3

baxPhhbaxPbaxhh

baxPba
a

b

baxPbaxa
a

bxabaxP

nn

n

n

n

























 

 (16) 
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SevcvaloT x (15)-sa da (14)-Si  ax b3  -Ti da miRebuli 

gamosaxulebebi CavsvaT (16)-Si, maSin martivi gardaqmnebis 

Semdeg miviRebT, rom 

    

 baxPhnh

baxP
h

hh
q

baxPhnhbxabaxP

n

q

n

q

qn

nn

























3

1

,

3

1

0

,

)(

,

)(

3

1

,,3,3

)(
2

)1(
)12(

'





 

 

)(
2

)1(
)1'22( 3'

1'

,

)(
'

,

)(

baxP
h

hh
qn qn

n

q

q




 








, 

sadac q n q':  . 

3. diferencialuri gantoleba, romelsac akmayofilebs P xn ( )  

polinomi 

wina paragrafSi miRebuli rekurentuli formulebis ga-

moyenebiT advilad davadgenT, rom leJandris polinomebi 

akmayofileben Semdeg meore rigis wrfiv erTgvarovan di-

ferencialur gantolebas, romelic leJandris gantolebis 
saxels atarebs 

 1 2 1 02    x y xy n n y" ' ( ) .          (17) 

amisaTvis gadavweroT (9) formula 

0)()()(')1( 1

2   xnPxnxPxPx nnn  

saxiT. am ukanasknelis gawarmoeba mogvcems, rom 

 
.0)(')('

)()('2)("1

1

2





 xnPxnxP

xnPxxPxPx

nn

nnn
         (18) 
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(6) tolobis n-ze gamravlebis Semdeg yvela wevri tolo-

bis marcxena mxareSi gadavitanoT 

nxP x nP x n P xn n n' ( ) ' ( ) ( )  1

2 0 . 

Tu (18) tolobas am ukanasknels gamovaklebT, miviRebT, 

rom 

 1 2 1 02    x P x xP x n n P xn n n" ( ) ' ( ) ( ) ( ) . 

es ki swored imas niSnavs, rom P xn ( )  polinomi akmayofi-

lebs (17) gantolebas. 

4. rodrigis*) formula 

davamtkicoT, rom leJandris P xn ( )  polinomi warmoid-

gineba Semdegi saxiT 

 P x
n

d

dx
xn n

n

n

n

( )
!





1

2
12

,         (19) 

romelsac rodrigis formula ewodeba. sxvaTa Soris, aqe-
dan Cans, rom Tu n luwia, P xn ( )  Seicavs x-is mxolod 

luw xarisxebs, xolo Tu n kentia, _ kent xarisxebs. (19) 

tolobissamarTlianoba davamtkicoT (17) gantolebis gaT-

valiswinebiT. saxeldobr, pirvel rigSi vaCvenoT, rom 

 
d

dx
x

n

n

n
2 1                   (20) 

funqcia, sadac   mudmivia, akmayofilebs (17) gantolebas. 

marTlac, Tu 

 u x
n

 2 1 , 

maSin gawarmoebis Semdeg miviRebT, rom 

                                                           
*)b.o. rodrigi (1794-1851). 
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 x u nxu2 1 2 ' . 

es toloba Tavis mxriv n 1-jer gavawarmooT. laibnicis 

formulis gamoyenebiT gveqneba, rom 

  )()1(

0

)(2)2(
1

0

)(
1

21
1

kkn
n

k

kkn
n

k

xu
k

n
nxu

k

n









 






 








 
  . 

rogorc vxedavT, marcxena mxareSi mxolod sami wevris ja-

mi dagvrCeba, radgan x 2 1 -is 2-ze maRali rigis yvela 

warmoebuli nulis tolia, xolo marjvena mxareSi ori 

wevris jami gveqneba, vinaidan x-is erTze maRali rigis yve-

la warmoebuli nulia. amdenad miviRebT, rom 

  )()1(2)2( 2
2

)1(
2)1(1 nnn u

nn
xunxu 


 

 

 )()1( )1(2 nn unxun  
. 

Tu SemoviRebT  

 n
n

n
n x

dx

d
xuy 1)(: 2)(   

aRniSvnas, maSin wina toloba miiRebs 

 1 2 1 02    x y xy n n y" ' ( )  

saxes. radgan es gantoleba erTgvarovania, amitom masve ak-

mayofilebs (20) gamosaxuleba, rogoric ar unda iyos   

mudmivi. vinaidan (20) gamosaxuleba warmoadgens n xaris-

xis polinoms, romelic imave (17) gantolebas akmayofi-

lebs, romelsac akmayofilebs leJandris P xn ( )  polinomi, 

amitom (20) funqcia P xn ( ) -sgan SeiZleba gansxvavdebodes 

mxolod mudmivi*) mamravliT. maSasadame, Cven dagvrCa  -s 

                                                           
*) radgan leJandris (17) gantolebis zogad amonaxsns aqvs (ix [45], gv. 

472)  
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ise SerCeva, rom (19) toloba samarTliani iyos. amisaTvis 

jer gavarkvioT, rogoria P xn ( )  polinomis ufrosi koefi-

cienti. rogorc es ZiriTadi rekurentuli (3) formuli-

dan Cans, Tu An
 aRniSnavs P xn ( )  polinomis ufros koe-

ficients da mxedvelobaSi miviRebT, rom (3) tolobaSi Se-

mavali mxolod Semdegi ori wevri ( ) ( )n P xn 1 1
 da 

( ) ( )2 1n xP xn  Seicavs x n1
-s, maSin am wevrebis ufrosi 

koeficientebi toli unda iyos. amgvarad, gveqneba 

( ) ( )n A n An n  1 2 11
, 

saidanac 

A
n

n
An n 




1

2 1

1
, e.i., 1

12



 nn A

n

n
A .      (21) 

(2)-dan, cxadia, rom A0 1 , A1 1 . maSasadame, (21) to-

lobis gamoyenebiT miviRebT, rom 

A
n

n

n

n
n    





1

3

2

5

3

7

4

2 1 2 1


( )!!

!
.      (22) 

Tu davubrundebiT (20) gamosaxulebas, davinaxavT, rom nx
-is koeficienti iqneba )1()12(2  nnn . amgvarad, 

rodrigis (19) formulis dasadgenad saWiroa, rom 

( )!!

!
( ) ( )

2 1
2 2 1 1

n

n
n n n


      , 

saidanac 

,)!2(!)!12( nn    

aqedan ki 

                                                                                                                        

 

saxe, sadac  aris leJandris mikavSirebuli funqcia, romelic ar 

aris polinomi. 

)()( 21 xQCxPC nn 

nQ
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 
  

    




1 3 5 2 1

1 2 3 4 2 1 2

1

2





( )

( ) !

n

n n nn
. 

amiT (19) tolobis samarTlianoba damtkicebulia. 

5. leJandris polinomTa sistemis orTogonaloba [ , ]11  

segmentze 

rogorc (17) diferencialuri gantolebidan Cans, mas 

SeiZleba Semdegi saxe mieces 

  
d

dx
x y n n y1 1 02   ' ( ) .          (23) 

advili dasamtkicebelia, rom 

P x P x dx m nn m( ) ( ) ,


  
1

1

0 .          (24) 

marTlac, erTis mxriv, (23)-dan gvaqvs, rom 

  
d

dx
x P x n n P xn n1 1 02   ' ( ) ( ) ( ) . 

Tu am ukanasknels gavamravlebT P xm( ) -ze, miviRebT, rom 

  P x
d

dx
x P x n n P x P xm n n m( ) ' ( ) ( ) ( ) ( )1 1 02    . 

saidanac 

  

.0)()()1(

)('1)(

1

1

1

1

2













dxxPxPnn

dxxPx
dx

d
xP

mn

nm  

            (25) 

meores mxriv, Tu m-isa da n-is urTierTSenacvlebas 

movaxdenT, miviRebT, rom 
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  

.0)()()1(

)('1)(

1

1

1

1

2













dxxPxPmm

dxxPx
dx

d
xP

nm

mn  

        (26) 

nawilobiTi integreba mogvcems, rom 

  

    













1

1

21

1

2

1

1

2

)(')('1)('1)(

)('1)(

dxxPxPxxPxxP

dxxPx
dx

d
xP

mnnm

nm

 

 

 

   


 1 2

1

1

x P x P x dxm n' ( ) ' ( ) . 

analogiurad(an m-isa da n-isurTierTSenacvlebiT) davad-

genT, rom 

    P x
d

dx
x P x dx x P x P x dxn m n m( ) ' ( ) ' ( ) ' ( )1 12

1

1

2

1

1

   
 

  . 

Tu am integralebis mniSvnelobebs SevitanT (25)-sa da 

(26)-Si, miviRebT, rom 

     
 

 1 1 02

1

1

1

1

x P x P x dx n n P x P x dxm n n m' ( ) ' ( ) ( ) ( ) ( ) , 

     
 

 1 1 02

1

1

1

1

x P x P x dx m m P x P x dxn m m n' ( ) ' ( ) ( ) ( ) ( ) . 

maTi sxvaoba ki mogvcems, rom 

 n n m m P x P x dxn m( ) ( ) ( ) ( )   


1 1 0
1

1
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da radgan n m , amitom integrali iqneba nulis toli, 

riTac damtkicda (24). 

axladavadginoT,romnxarisxis P xn ( ) polinomi or-

Togonaluria nebismieri polinomis, romlis xarisxi n-ze 

naklebia. amisTvis gaviTvaliswinoT, rom x k
 warmoidgineba 

rogorc Semdegi wrfivi kombinacia 

x a P x a P x a P xk

k k   0 0 1 1( ) ( ) ( )  

da, maSasadame, yoveli n-ze dabali xarisxis )(xP  poli-

nomi, cxadia, warmoadgens P0
, P1

,..., ,kP ,1 nk  polino-

mebis wrfiv kombinacias mudmivi koeficientebiT. amitom, 

(24)-is Tanaxmad, vaskvniT, rom 

P x P x dxn( ) ( ) 


 0
1

1

. 

imisaTvis, rom leJandris polinomTa sistema normire-

buli gavxadoT, saWiroa gamovTvaloT 

h P x dxn n



2

1

1

( ) . 

zemoT An
-iT gvqonda aRniSnuli P xn ( )  polinomis ufro-

sikoeficienti.amis Sesabamisad An1
 aRniSnavs P xn1( ) -is 

saTanado koeficients. advili Sesamowmebelia, rom 

q x P x
A

A
xP xn

n

n

n( ): ( ) ( ) 




1

1  

gamosaxuleba warmoadgens n-ze naklebi xarisxis polinoms. 

marTlac,igiarSeicavs x n
xarisxs, radgan

xP x

A

n

n





1

1

( )
iwyeba x n

wevriTda An -zemisigamravlebamogvcemsswored P xn ( )  

polinomis ufros wevrs A xn

n
-s. gansaxilav sxvaobaSi 
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A xn

n wevri gaqreba da amgvarad q x( )  iqneba araumetes 

n 1 xarisxis polinomi. 

rogorcukvenaCvenebiiyo, P xn ( ) orTogonaluriaq x( ) -is da 

amgvarad 

q x P x dxn( ) ( ) 


 0
1

1

. 

am ukanasknelis da Semdegi tolobis 

P x
A

A
xP x q xn

n

n

n( ) ( ) ( ) 




1

1 , 

gaTvaliswinebiT gveqneba, rom 

.)()(

)()()()(

1

1

1

1

1

1

1

1

1

1

2





























dxxPxxP
A

A

dxxqxxP
A

A
xPdxxPh

nn

n

n

n

n

n
nnn

 

magram, rekurentuli (3) formulis Tanaxmad, 

xP x
n

n
P x

n

n
P xn n n( ) ( ) ( )







 

1

2 1 2 1
1 1 . 

Tu am gamosaxulebas SevitanT wina integralis qveS da ga-

viTvaliswinebT imas, rom P xn1( )  aris P xn1( ) -is orTo-

gonaluri, miviRebT, rom 

h
n

n

A

A
P x dx

n

n

A

A
hn

n

n

n
n

n

n







 

2 1 2 11

1

2

1

1

1

1( ) . 

Tu aq gamoviyenebT (21) tolobas, romelic An
 da 1nA  

koeficientebs akavSirebs, miviRebT, rom 

h
n

n
hn n






2 1

2 1
1 .                (27) 
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TuamtolobaSiCavsvamT n  1 ,gamovTvliT h1
-s, amis Semdeg 

gamovTvliT h2
-s, h3

-s da, sazogadod, hn
 manormirebel 

mamravls, TanmimdevrobiT gveqneba, rom Tu n  1 , 

h h P x dx1 0 0

2

1

1
1

3

1

3

2

3
  



 ( ) . 

Tu n  2 , 

5

2

3

2

5

3

5

3
12  hh , 

da a.S., zogad SemTxvevaSi 

.
12

2

3

2

5

3

12

32

12

12
)(

1

1

2












 


nn

n

n

n
dxxPh nn   

amrigad, ,...2,1,0),(
2

12



nxP

n
n  , sistema warmoadgens 

orTonormirebul sistemas. 
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6. Smidtis orTogonalizaciis meTodi 

ganvixiloT   n n



0
 wrfivad damoukidebel funqciaTa 

mimdevroba,  n L 2 ( ) , n  0, , sadac   nebismieri 

SemosazRvruli simravlea R n
-dan. avagoT Semdegi sistema: 
































.

,:

,:

,:

,:

0011

02012122

01011

00























nnnnnn CC

CC

C

    (28) 

SevarCioT Ckj  mudmivebi ise, rom  
0n  sistema orTogo-

naluri iyos. amisaTvis (28)-is meore toloba skalarulad 

gavamravloT  0
-ze da, orTogonalobis pirobis Tanaxmad, 

gavutoloT 0-s: 

          1 0 1 0 10 0 0 0, , ,  C . 

aqedan 

 
 

C10

1 0

0 0

 
 

 

,

,
. 
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analogiurad (28)-is mesame toloba gavamravloT  0
-ze 

da, orTogonalobis pirobis Tanaxmad, gavutoloT nuls: 

              2 0 2 0 21 1 0 20 0 0, , , ,  C C  

        2 0 20 0 0 0, ,C . 

aqedan 
 
 

C20

2 0

0 0

 
 

 

,

,
 da a.S. davadgineT, rom 

 
 

Ck

k

0

0

0 0

 
 

 

,

,
. 

axla (28)-is mesame toloba gavamravloT 1
-ze, gamovi-

yenoT orTogonalobis piroba da a.S. CavataroT analogiu-

ri operaciebi, Semdeg igive procesi CavataroT  2
-ze gam-

ravlebiT da a.S.  j
-ze gamravlebiT, maSin miviRebT, rom 

1,0,
),(

),(
 kjC

jj

jk

kj       



.      (29) 

e.i. Tu (28)-Si kjC koeficientebi gansazRvrulia (29) to-

lobiT, maSin  
0n  sistema orTogonaluria. 

cxadia, orTonormirebisaTvis sakmarisia, TiToeuli maT-

gani gavyoT Tavis normaze. maSasadame, miviRebT Semdeg or-

Tonormirebul sistemas: 





n

n

n

n  , ,0 .             (30) 

Teorema 1. polinomTa 

 i

ix i , , ,01.              (31) 
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sistemis Smidtis meTodiT orTonormireba gvaZlevs 

 n

n

n

P

P
 , n  0 1, , sistemas, sadac Pn

 leJandris po-

linomebia. 

damtkiceba. sakmarisia, vaCvenoT, rom (31) sistemisTvis 
(28) sistemas aqvs 

 n n nP n  0, ,               (32) 

saxe, sadac ,1,00  nn     . marTlac, maSin miviReb-

diT, rom 













n

n

n

n n

n n

n n

n n

n

n

P

P

P

P

P

P
    . 

cxadia, n  0-sTvis (32) samarTliania, radgan  

 0 0 0 1  P . 

davuSvaT, rom (32) samarTliania  k n0,  da vaCvenoT, 

rom igi samarTliania k n  1-sTvis. e.i. vuSvebT, rom 

 k k kP ,  k  0 ,  k n0,  da unda davamtkicoT, rom 

 n n nP  1 1 1
,  n 1 0 . 

ganvixiloT (ix. (28)) 

 n

n

n k k

k

n

x C







 1

1

1

0

,          (33) 

sadac 

 
 

 
 

 
 

 
 

,
,

,

,

,

,

,

,

,

1

2

1

1

1

1

kkk

k

n

kkk

k

n

k

kkkk

kk

n

kk

kn
kn

PP

Px

PP

Px

PP

Px
C

























 

e.i. 
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 
 

 
 

.
,

,

,

,

0

1

1

0

1

1

1

k

n

k kk

k

n

n

k

n

k

k

kkk

k

n
n

n

P
PP

Px
x

P
PP

Px
x





















 




        (34) 

x n1
 warmovadginoT Semdegi saxiT: 

x a Pn

k k

k

n






1

0

1

,                (35) 

sadac ak
 koeficientebi Sesabamisadaa SerCeuli. 

am
, m n 0 1,  koeficientebis sapovnelad (35) to-

lobis orive mxare skalarulad gavamravloT Pm
-ze, mivi-

RebT, rom 

    1,0,,,1  nmPPaPx mmmm

n   ,        (36) 

radgan  Pm  polinomTa sistema orTogonaluria. 

(36)-dan gamomdinareobs, rom 

 
 

a
x P

P P
m nm

n

m

m m

  

1

0 1
,

,
, , .          (37) 

(35)-dan gamovTvaloT a Pn n 1 1
: 

a P x a Pn n

n

k k

k

n

 





 1 1

1

0

, 

anu, (37)-is gaTvaliswinebiT, 

 
 






 
n

k

k

kk

k

n
n

nn P
PP

Px
xPa

0

1
1

11
,

,
. 

Tu am ukanasknels SevadarebT (34)-s, davaskvniT, rom 

 n n na P  1 1 1 .                 (38) 
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radgan, rogorc ukve vaCveneT, Pn1
 aris x k

-s, nk ,0 ,  

orTogonaluri, (37)-is Tanaxmad, cxadia, rom 

 
 

 
 

 
 

,
1

,

,1

,

,1

,

,

111

11

1

11

1

1

1

111

1

1

1



























nnn

nn

n

nn

n

n

n

nnn

n

n

n

APP

PP

A

PP

PxA

APP

Px
a

 

sadac An1
  leJandris Pn1

 polinomis ufrosi koefi-

cientia, romelic (22)-is Tanaxmad dadebiTia, e.i. an 1 0 . 

amiT Teorema damtkicebulia. 

7. furie-leJandris mwkrivebi 

gansazRvra 1. a f t P t dtk k




 ( ) ( )
1

1

 

ricxvebs ewodebaT f t( )  funqciis furie-leJandris koefi-

cientebi, xolo 
















0

)(
2

1

k

kk tPka  

mwkrivs ewodeba f t( )  funqciis Sesabamiisi furie-leJan-

dris mwkrivi, rac ase Caiwereba  
















0

)(
2

1
~)(

k

kk tPkatf . 

Teorema 2. Tu [ , ] 1 1  segmentze uwyveti f t( )  funqcia 

akmayofilebs hiolderis pirobas  
1

2
maCvenebliT (e.i. 
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    
"" ttconsttftf   ),maSinfurie-leJandrismwkrivi

f t( ) -skenkrebadiaTanabrad mTel [ , ] 1 1  segmentze (es 

krebadobis erT-erTi sakmarisi pirobaa). 

Teorema 3*). vTqvaT, f x( )  uwyvetia [ , ] 1 1  segmentze 

garda, SesaZlebelia, wyvetis wertilTa sasruli raodeno-

bisa, sadac funqcias sasruli naxtomi gaaCnia, da f x( )  

funqcias yovel wertilSi aqvs rogorc marcxena, ise  

marjvena warmoebuli (cxadia, sadac isini tolia, f x( )  

warmoebadia). maSin Sesabamisi 

a P x a P x a P xn n0 0 1 1( ) ( ) ( )     

furie-leJandris mwkrivi krebadia f x( ) -sken uwyvetobis 

yovel Siga wertilze, xolo wyvetis yovel Siga wertil-

ze krebadia 
f x f x( ) ( )  0 0

2
-sken. 

jeksonis Teorema. vTqvaT, F  aris funqcia sasruli va-

riaciiT [ , ] 1 1  segmentze, romlis Sesabamis furie-leJan-

dris mwkrivs aqvs 




0

)(~)(
n

nn xPaxF  

saxe, sadac 







1

1

)()(
2

12
dxxPxF

n
a nn

. 

                                                           

*) saSualod krebadobisTvis (e.i. -Si) warmoebulze piroba saWiro 

ar  aris (ix. Teorema 4 da [37], gv. 502). ufro metic, Tu 

, Sesabamisi furie-leJandris mwkrivi krebadia f–sken, 

-is normiT. 

L2

)1,1(2  Lf

)1,1(2 L
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Tu F( )x M  da V aRniSnavs F( )x -is srul variacias, 

roca x  1, maSin 

a P x
M V

n
xn n ( )

( )
,




 

4 2

1
1

2
 roca , 

a P x
M V

n
xn n ( )

( )
,




8
1


 roca . 

Teorema 4. leJandris P xn ( ) , n  01, ,... , polinomebis 

sistema srulia L2 11( , ) -Si. 

lema. vTqvaT, G R n  da D Rm  areebi SemosazRvru-

lia;  j y( ) , j  0 1 2, , ,..., funqciebis sistema orTonormi-

rebuli da srulia L D2 ( ) -Si da yoveli j-sTvis, 

j  0 1 2, , ,...,  kj x( ) , k  0 1 2, , ,... , sistema orTonormirebu-

li da srulia L G2 ( ) -Si.  maSin 

,...2,1,0,),()(),(  jkyxyx jkjkj     , 

funqciaTasistema orTonormirebuli da srulia DG -Si. 

am lemidan da Teorema 4-dan gamomdinareobs 

Teorema 5. P x P yk j( ) ( ) , k j, , , ,... 012 , funqciaTa siste-

ma orTonormirebuli da srulia  L2 11 11[ , ] [ , ]   -Si. 

am damatebasTan dakavSirebiT ix. agreTve [4] da [41]. 
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damateba 3. moZrav moculobaze ganxiluli 

integralis drois mimarT gawarmoebis 

formula*) 
 

vTqvaT, Dt
 aris moZravi moculoba (e. i. droze 

damokidebuli) sakmarisad gluvi (ix. qvemoT damtkiceba) 

St
 sazRvriT;  


n n n n: , , 1 2 3  zedapiris gare normalia, 

 

v v v v: , , 1 2 3  aris  x x x x St: , , 1 2 3  wertilis siCqare; 

 nvvn


,: . maSin samarTliania Semdegi formula: 

 

ttt S

n

DD

dStxfvdxtxf
t

dxtxf
t

),(),(),(







. 

damtkiceba. SemoviRoT Semdegi aRniSvna: 



tD

dxtxftF ),(:)(
~

. 

 
nax. 1 

 

cxadia (ix. nax. 1), 

 

 

0

)0,(),()0(
~

)(
~

DD

dxxfdxtxfFtF

t

 

                                                           

*) damtkiceba mogvawoda d. natroSvilma. 
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   

00

),(),()0,(),(
DDD

dxtxfdxtxfdxxftxf

t

       (1)               

da 

  )(
1)0,(),(

)0(
~

)(
~1

0

t
t

dx
t

xftxf
FtF

t
D




  ,        (2) 

sadac 

 

ttt DDDDDD

dxtxfdxtxfdxtxfdxtxft
\\ 000

),(),(),(),()( , 

ganvixiloT Dt
-sa da 

0D -is simetriuli 

   tt DDDD \\ 00   sxvaobis (ix. gamuqebuli are, nax. 1) 

erTi elementaruli 


tD  nawili, amoWrili cilindruli 

zedapiriT, romlis normalia  n z0 , 
000 : DSz   (ix. 

nax. 2), da aviRoT lokaluri orTogonaluri 

sakoordinato sistema ise, rom  3  RerZi daemTxves  n z0 -

s, xolo 1 ,  2  RerZebi moxvdes mxeb sibrtyeSi. vTqvaT, 

tt DS :  zedapiris gantolebaa 

F x t( , )  0 . 

maSin 0S  zedapiris gantoleba iqneba 

0)0,( xF . 

vgulisxmobT, romF Fsakmaod gluvi funqciaa. igi 

gansazRvrulia   ,0R -ze ( R -is magier unda iyos R  

kubSi). maSin, cxadia, lokalur sistemaSi S0


-isa da St


-s 

gantolebebi iqneba 

 S0 3 1 2 0    : , , ,  S tt

    : , ,3 1 2 . 
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
00 :

~
SSDD tt 

 geggeggeg , 

}0:),,{(: 3
3

321   R  

 

 
nax. 2 

 ( F x t( , )  0 , cxadia, garkveul pirobebSi gansazRvravs x3
 

aracxad funqcias, anu lokalur sistemaSi calsaxa 

),.( 213 t   funqcias  tz ,0  wertilis midamoSi). jer 

vixilavT im SemTxvevas, roca )( 0zn -is mimarTulebiT jer 

gvxvdeba S0
 da mere St

. sxva SemTxvevaSi SeiZleba 

piriqiTac iyos (ix. nax. 1). 

ganvixiloT  






tD

dtft ),(*)(  

integrali, sadac 

   ),(,),(* 00 txftzazftf   . 
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aq a  orTogonaluri matricaa, romlis bolo sveti 

emTxveva  

n n n n: , , 1 2 3  normals.  

 x a z z 0 0 gardaqmnas, gadavyavarT lokalur siste-

maze moculobiTi elementis Seucvlelad, e.i., dx d  . 

cxadia, 

 
 

 

  






 

0

21

21
~

,,

0,,

332121 ,,,*),(*)(

D

t

D

dtfdddtft

t

 

    
 

 

  .0,,,*

0,,,*,,,*

3321

,,

0,,

321321

~
21

21

21

0













df

ftf

dd

t

D

















(3) 

amasTan 

    
 
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iqneboda St
, xolo mere S0

 (ix. nax. 1), maSin (3)-Si gveq-
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da t -ze gayofis Semdeg miviRebdiT, rom es gamosaxuleba 

miiswrafis 
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ase, rom (4) tipis formulaSi simetriuli sxvaobis im 

wevrebSi, romelSic integrali Dt -s nawilze aiReba, 

gveqneba niSani “+”, xolo simetriuli sxvaobis im wevreb-
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Si, sadac integreba D0
-is nawilze xdeba, gveqneba niSani 

“-”, amitom sabolood yvela Sesakrebs eqneba niSani “+” 

(ix. (2)) da gveqneba 
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    (5) 

ajamva xdeba yvela aseTi tipis elementaruli nawilebis 

mimarT. 

gardavqmnaT (5)-Si zedapiruli integrali. radgan t  

aris dro, amitom  321 ,,:    wertilis droiTi 

warmoebuli iqneba   wertilis siCqare.     3 1 2 , , t -s 
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sadac ),( tv    wertilis siCqarea. radgan 

  ),(),(),,( tvtntv n    

siCqaris normaluri mdgeneli ar aris damokidebuli 

orTogonalur gardaqmnaze (ori veqtoris skalaruli nam-

ravli invariantia orTogonaluri gardaqmnis mimarT), 

gveqneba 
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aris x  wertilis normaluri siCqare, n  gare normalia 

St -s mimarT (ix. nax. 3). 
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nax. 3 
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damateba 4. ori sasargeblo formula 

sibrtyeze 
 

moviyvanoT sibrtyeze amocanebis gamokvlevisas 

sasargeblo ori formula. ganvixiloT Oxy sibrtyeze 

gluvi wiriT SemosazRvruli   are. sazRvris gaswvriv 

moZraobisas dadebiT mimarTulebad miviRoT is 

mimarTuleba, romelic ares marcxena mxares tovebs. n gare 

normalia, t mxebis dadebiTi miamrTulebaa. 

 
nax. 1 

 

Teorema 1. samarTliania Semdegi formulebi: 

ds

dy
ytxn 


),cos(),cos( , 
ds

dx
xtyn 


),cos(),cos( . 

damtkiceba. kuTxeebi n-sa da x-s, t-sa da y-s Soris 

aRvniSnoT Sesabamisad ),(


xn -iT da ),(


yt -iT. rogorc es 

naxazidan (ix. nax. 1) Cans:  

1. radgan  
AB

lim , amitom 
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damateba 5. prizmuli garsebi  

 

1. i. vekuas ierarqiuli modelebis ZiriTadi idea 

 
drekadobis wrfivi samganzomilebiani Teoriis ZiriTadi 

damokidebulebebi Sedgeba “moZraobis” gantolebebisgan 

 txxxuX iijij ,,, 321,
 , 3Rx  , 

0tt  , 3,2,1i ;            

(1) 

hukis ganzogadebuli kanonisgan (izotropuli SemTxveva) 

ijijij eX  2 , 3,2,1, ji ;          (2)                

kinematikuri damokidebulebebisgan 

 
ijjiij uue ,,

2

1
 , 3,2,1, ji ,           (3) 

sadac 

iie .                      (4) 

SevniSnoT, rom nakrebi (mTavari) fizikuri momentis 

nulTan tolobis pirobidan gamomdinareobs Zabvis 

tenzoris simetriuloba: 

jiij XX  , 3,2,1, ji .               (5) 

yvela sidide, garda koeficientebisa, damokidebulia oTx 

cvladze (sam sivrciTze 1x , 2x , 3x  da t droze). 

sxeuls, romelic zemodan da qvemodan SemosazRvrulia  

 21

)(

3 , xxhx


  da  21

)(

3 , xxhx


  

zedapirebiT, xolo gverdidan cilindruli zedapiriT 3x  

RerZis paraleluri msaxveliT, prizmuli garsi ewodeba. 
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2 
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 337 

polinomebs, kerZod, 

1)(0 P ,  )(1P , 
2

13
)(

2

2





P , 

leJandris polinomebi ewodeba. leJandris polinomTa 

sistema orTogonaluria ]1,1[  segmentze: 
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)(n
, ,2,1,0n , ],,[ dc  

orTonormirebuli sistemis mimarT furies mwkrivs aqvs 


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
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)()(
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nncf   

saxe, sadac 


d
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nn dfc  )()( , ,1,0n , 

furies koeficientebia. 

Tu davuSvebT, rom 
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da (10)-is marjvena mxare Tanabrad krebadia 

   

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,,, xxhxxh  segmentze. 

ierarqiuli modelebis agebis i. vekuas meTodi mdgomareobs 

(1)_(3) damokidebulebebis  baxPr 3 -ze gamravlebiT da 

)(

h -dan 
)(

h -mde 3x -is mimarT integrebiT ijrX , ijre , iru
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maTematikur momentebze gadasvlaSi. (2)-dan uSualod 

gamomdinareobs, rom 

  ijrijkkrijr eetxxX  2,, 21  , 

xolo momentebis mimarT (1) da (3) damokidebulebebidan 

gamomdinare damokidebulebebis misaRebad gamoiyeneba 
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1   nnn PnPP , 
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'    nnn PPnP , ]1,1[  , 

damokidebulebebi, romlebic unda Caiweros 
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



  )()(

, hh  segmen-

tisTvis (8) damokidebulebebis gaTvaliswinebiT. Semdgom, 

Tu vimoqmedebT ise, rogorc drekadobis TeoriaSi, 

miviRebT lames sistemis ekvivalentur usasrulo sistemas 
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amis Semdeg, N-uri miaxloebis (ierarqiuli modelis) 

misaRebad N-ze meti rigis moments ukuvagdebT (CavTvliT 

nulis tolad) da gantolebaTa usasrulo sistemidan 

ganvixilavT mxolod im gantolebebs, romelTa mTavari (e.i. 

meore rigis warmoebulebis Semcveli wevrebisgan Semdgari) 

nawilebi Seicaven N  rigamde CaTvliT momentebs. 
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2. 0N miaxloeba. ori modeli 
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
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
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)(

,

)(

21

)(

,
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21,0
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ithxxuthxxu
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hthxxuu

utxxe ii
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

 
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
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




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
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








 )(

,

)(

21

)(

,

)(

21 ,,,,,,  hthxxuhthxxu ii  

      
,2,1;3,2,1

,
2

1

2

1
,0,0,0,0









i

hvhvuu iiiiii
  (26)    
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     (27)              

sadac 

2  
)(

,

)(

21

)(

,

)(

2121 ,,,,,,,,



















  hthxxuhthxxutxx iii  























































.3,,,,,,,

,,,,,,,,

)(

21

)(

21

)(

,

)(

21

)(

,

)(

21

ithxxuthxxu

ihthxxuhthxxu

roca

roca



 

 

Tu (26)-sa da (27)-s CavsvamT (18)-Si, miviRebT 

 
 

,2,1;3,2,1

),,,(2),(),(

),,(),(),,(

2100

210210

















i

txxhvhv

txxhvtxxX

iii

kkii

        (28) 

).,,()2(),,(),(

),,()2(),,(),,(

2133210

213321021330

txxtxxhv

txxtxxetxxX












 

axla (28) CavsvaT (25)-Si, miviRebT Semdeg saZiebel siste-

mas: 

 

   (29) 

 

),,,(:

,,,,,,,,

2133

)(

213

)(

21321330

txx

thxxuthxxutxxe
























   
  

 
.3,2,1,),,(

),,(2),,()(ln

),,(),,(2

),(),()()(ln

),(),(),(

0210

2121,

21,21,

00,0,

,0,00











ivhtxx

txxtxxh

txxtxx

hvhvhvh

hvhvhv

ii

ikki

kkii

iii

iii


















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kerZod, roca i ,  

   

  

 
.2,1,),,(

),,(2),,()(ln

),,(),,(2

),(),()()(ln

),(),(),(

0210

2121,

21,21,

00,0,

,0,00































vhtxx

txxtxxh

txxtxx

hvhvhvh

hvhvhv

kk

kk



 

xolo, roca 3i , 

302130213

21,33030

),,(),,(),(ln2

),,(2),(),(ln),(

vhtxxtxxh

txxhvhhv












 (30) 

 

 

3. prizmuli garsi xarisxovani wamaxvilebiT 

 
axla ganvixiloT 


202 xhh  , 0const,0 h ,   (31) 

sisqis mqone wamaxvilebuli prizmuli garsi. statikis 

SemTxvevaSi, Tu moculobiT Zalebs da zeda da qveda 

zedapirebze moqmed zedapirul Zalebs nulis tolad 

CavTvliT, (24)-dan miviRebT, rom 

  0
,,30 
hv . 

aqedan, Tu CavTvliT, rom 30v  mxolod 2x -zea 

damokidebuli (e. i., ganvixilavT cilindrul 

deformacias), miviRebT Semdeg gantolebas 

02,3022,302  vvx  .       (32) 

mis zogad amonaxsns aqvs 
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










,1,ln

,1,

221

2

1

21

30




cxc

cxc
v const, 21 cc ,      (33) 

saxe. saidanac advilad davaskvniT, rom 02 x  sazRvarze, 

gadaadgilebis SemosazRvrulobis pirobebSi, gadaadgilebis 

dasaxeleba SeiZleba mxolod maSin, roca 1  (am 

SemTxvevaSi vambobT, rom gvaqvs blagvi wamaxvileba), e. i., 

roca 1  (am SemTxvevaSi vambobT, rom gvaqvs maxvili 

wamaxvileba), 02 x  sazRvari sasazRvro pirobisgan 

Tavisufldeba. wamaxvilebuli prizmuli garsebis (23), 

(24) sistemisa da N-uri miaxloebis zogadi sistemisaTvis 

sasazRvro da sawyis-sasazRvro amocanebi sakmarisad 

kargadaa Seswavlili (ix. $4.4)*). wamaxvilebuli prizmuli 

garsebisaTvis (29), (30) sistema jer-jerobiT ar aris 

Seswavlili. Tu ganvixilavT (31) SemTxvevas (30) 

gantolebis magaliTze advilad davrwmundebiT, rom (23), 

(24) da (29), (30) sistemebi Tvisobrivad gansxvavdeba 

erTmaneTisagan. 

Tu ,03  
**) ,2,1  da ,030   maSin statikur 

SemTxvevaSi (30)-dan, cxadia, 

                                                           
*)Jaiani G. Cusped Shell-like Structures, Springer, Heidelberg 

-Dordrecht-London-New York, 2011 
**)e.ი .  

 

kerZod, esukanaskneli sruldeba, Tu 

.0,,,,

,,,,
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,

)()(

213,

)()(
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







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hxxuhxxu
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,         (34) 

 e.i. 

.0)()(ln2 30,,30,30,,30,,30  vhhvhvhvhhv   

aqedan 

  .0)(ln 30,,,,30,,30  vhhhvhhv     (35) 

Tu CavTvliT, rom 
30v  mxolod 2x –zea damokidebuli, 

gaviTvaliswinebT (31)-s da gavyofT 2

2

x , (35)-dan 

miviRebT 

.0302,30222,30

2

2  vvxvx           (36) 

es ukanaskneli eileris gantolebis, romlis amoxsnis 

meTodi cnobilia, kerZo SemTxvevaa da mis zogad amonaxsns 

aqvs  
 222130 xcxcv               (37) 

                                                                                                                        

an 

da , roca

.  es ukanaskneli, ki Sesruldeba, Tu 

, roca . Tu -

smivaswrafebT nulisken (e.i. wamaxvilebuli napirisken), miviRebT 

, rac mxolod maSin Sesruldeba, 

roca , radgan . 

0),(),(ln),( 3030    hvhhv

,3,2,1,0),,(
)(

21 


ihxxui ,2,1,0),,(
)(

21 


 hxxu

0),,(),,( 1
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)()(

213

1

20

)()(

213  





  xhhxxuxhhxxu

02 x

),,(),,(
)(

213

0

)(

0

)(
)(

213








 hxxu

h

h
hxxu 02 x 2x

)0,0,()0,0,( 13
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13 xu

h

h
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



0)0,0,( 13 xu 0
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)( 
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saxe, sadac 1c da 2c  nebismieri mudmivebia. 

igive Sedegamde mivalT, Tu (34)-s CavwerT 
30u –is 

mimarT da gaviTvaliswinebT (31)-s, 

miviRebT  

,02,30

2

22,30  u
x

u


 

mis zogad amonaxsns aqvs  

,,, 212

1

2130 constdddxdu  
 

saxe. aqedan, cxadia (ix. (19)), 





 2

0

2
2

0

1

2
0

30
30

22

2

x
h

d
x

h

d

x
h

u
v  

da 1d -sa da 2d -is nebismierobis gamo miviReT igive (37) 

gamosaxuleba 
30v –isTvis. 

30v  amonaxsnis zogadi warmodgenis gamoyenebiT 

gavaanalizoT ],0[ L  intervalze 
30

2

1
v

 CaRunvisaTvis 

amocanebis dasmis sakiTxi. Tu CavTvliT, rom piriT 

zedapirebze gadaadgilebebi nulis tolia, bunebrivia 

02 x  napirze daisvas 

0)0(30 v                                      (38) 

sasazRvro piroba. 

(38) sasazRvro pirobis dakmayofilebisaTvis, roca 

0 aucilebelia 02 c . Lx 2  napirze SeiZleba 

constvLv L )(30              (39) 

sasazRvro pirobis dakmayofileba. marTlac, 
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. 

saidanac 

L

v
c L1 . 

amdenad, (36), (38), (39) sasazRvro amocanis erTaderTi 

amonaxsnia 

.)( 2230 x
L

v
xv L  

es amonaxsni mdgradia (39) sasazRvro pirobis mimarT, 

magram aramdgradia (38) sasazRvro pirobis mimarT, 

ramdenadac sasazRvro amocana araerTgvarovani (38) 

sasazRvro pirobiT araa amoxsnadi. Tu uars vityviT 

02 x  wamaxvilebul napirze sasazRvro pirobis 

dakmayofilebaze da sasazRvro pirobas amonaxsnis 

SemosazRvrulobiT SevcvliT, sasazRvro amocana erTi 

(39) sasazRvro pirobiT koreqtuli gaxdeba. analogiurad 

amoixsneba CaRunvisaTvis amocana (38), (39) sasazRvro 

pirobebSi, roca piriT zedapirebze mocemulia aranulovani 

3u gadaadgilebebi, romlebic nuli xdeba wamaxvilebul 

napirze. sasazRvro amocana ar iqneba amoxsnadi, Tu 

wamaxvilebul napirze, piriT zedapirebze mocemuli 

gadaadgilebebi nuli ar xdeba, radgan SemosazRvrulobis 

pirobiT zogadi amonaxsni nuli xdeba, roca 02 x . magram 

kvlav koreqtuli iqneba sasazRvro amocana erTi (39) 

sasazRvro pirobiT. amrigad, im modelisaTvis, roca piriT 

zedapirze gadaadgilebebia mocemuli nebismieri 0 –

sTvis koreqtulia amocana, roca wamaxvilebuli napiri 

ganTavisuflebulia sasazRvro pirobisagan (is icvleba 

amonaxsnis SemosazRvrulobis pirobiT), xolo 

LvLcLv  130 )(
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arawamaxvilebul napirze gadaaadgilebebia mocemuli. 

CaRunvisaTvis analogiuri amocana (32) gantolebisaTvis 

(modeli, roca piriT zedapirebze Zabvebia mocemuli), 

rogorc es misi zogadi (33) amonaxsnidan gamomdinareobs, 

Tu ,10   calsaxad amoxsnadia maSinac, roca wamax-

vilebul napirze, araerTgvarovani (38) sasazRvro pirobaa 

mocemuli, amasTan amonaxsni mdgradia orive sasazRvro 

monacemis mimarT (e.i., uwyvetadaa damokidebuli maTze), 

gansxvavebiT wina [ix. (36)] modelisagan. roca 1 , 

SemosazRvrulobis pirobiT 
30v –s mxolod erTi sasazRvro 

pirobis dakmayofileba SeuZlia.  

axla orive modelisaTvis gavaanalizoT sazRvarze 

(prizmuli garsis napirze) Zabvis nulovani momentis, e.i. 

Zalvis dasaxelebis sakiTxi.  

(36) gantolebisaTvis (38) sasazRvro pirobasTan erTad 

davsvaT 

constXLX L )(320
               (40)                                

sasazRvro piroba, e.i. Lx 2  napirze davasaxeloT Zalva. 

maSin, (37)-is da (28)-is Tanaxmad, gveqneba 

  ,,)(
2

230320 LLx
XhvLX 


  

saidanac, (37)-is gaTvaliswinebiT, miviRebT 

  ,,
2

1

2

2

1

210 L

Lx

Xxch 


  

e.i. 

 
da 

LXLch   )1(
2

1
10
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. 

amdenad, (36), (38), (40) sasazRvro amocanis erTaderTi 

amonaxsnia  

2

0

230
)1(

2
)( x

Lh

X
xv L

 
 . 

SevniSnoT, rom ganxiluli sasazRvro amocana kvlav 

aramdgradia (38) sasazRvro pirobis monacemis mimarT da 

amocana koreqtuli gaxdeba, Tu (38) sasazRvro piroba 30v
 

amonaxsnis SemosazRvrulobiT SevcvliT. (37) amonaxsniT 

mxolod erTgvarovani woniani 

0)(
2

1
lim 3020

0
320

2




vxhX
x


 

sasazRvro pirobis dakmayofileba SeiZleba wamaxvilebul 

napirze. amrigad, am modelSi wamaxvilebul napirze arc 

gadaadgilebis da arc Zalvis nebismierad dasaxeleba ar 

SeiZleba. rac, faqtiurad, imas niSnavs, rom wamaxvilebuli 

napiri unda ganTavisufldes sasazRvro pirobisagan. (33)-

dan advilad davaskvniT, rom analogiuri sasazRvro 

amocana orive napirze, sazogadod araerTgvarovani, (38) da 

(40) sasazRvro pirobebiT koreqtulia (32) modelis 

SemTxvevaSic, mxolod kvlav aucilebelia 10   

pirobis Sesruleba. SemousazRvrav funqciaTa klasSi 

mudmivi Sesakrebis sizustiT ganisazRvreba 30v
  erTi: an 

(40) an wamaxvilebul napirze woniani 

030
0

320
2

lim)0( XhvX
x





 
sasazRvro pirobiT. am SemTxvevaSi mxolod erT napirze 

sasazRvro pirobis dakmayofilebis SesaZlebloba 

 Lh

X
c L

)1(

2

0

1



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gamowveulia am modelSi cilindruli deformaciis 

specifikiT da ara wamaxvilebiT. 

 

4. Zabvis funqcia. Tavsebadobis gantoleba 

 
ganvixiloT statikuri mdgomareoba. ugulebelvyoT 

moculobiTi Zalebi da vigulisxmoT, rom piriT 

zedapirebze moqmedi zedapiruli Zalebi nulis tolia. 

maSin wonasworobis (17) gantolebebi gaSlili saxiT 

Caiwereba Semdegi saxiT 

1,1201,110 XX  ,                  (41) 

2,2201,210 XX  .                  (42) 

(41) da (42) pirobebidan Sesabamisad gamomdinareobs, rom 

arseboben iseTi A da B funqciebi, rom  

2110112022,11, dxXdxXdxAdxAdA      (43) 

da 

2120122022,11, dxXdxXdxBdxBdB  ,    (44) 

ramdenadac (41) da (42) imis aucilebel da sakmaris 

pirobas warmoadgenen, rom Sesabamisad (43) da (44) 

tolobebis marjvena mxareebi A da B funqciebis srul 

diferencialebs warmoadgendnen. amdenad 

1201, XA  , , 2201, XB  , 1202, XB  , (45) 

aqedan 

2,1, BA   

es ukanaskneli ki imis aucilebeli da sakmarisi pirobaa, 

rom arsebobdes iseTi   funqcia, rom 

2122,11, AdxBdxdxdxd   , 

saidanac 

1102, XA 
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B1, , A2, .             (46) 

(45) da (46)-dan pirdapir gamomdinareobs, rom 

22,110 X , , 11,220 X .        (47) 

hukis ganzogadebuli 

000 2   eX            (48) 

kanonidan, sadac 

  ,,0 uuhe  ,  ,0 hu , 
h

u
u

2
: 0

  ,    (49) 

gveqneba 

. 

maSin (48)-dan, (49)-is gaTvaliswinebiT, gamomdinareobs 

,            (50) 

2,20220 4
)(2

huXX 



 


 ,            (51) 

 1,22,1120 2 uuhX   .                     (52) 

(50) da (51)-dan cxadia, 

, 

h

X

h

X
u

22
2 0220

2,2

  , 

saidanac integrebiT 

12,120 X

)(2

0
0


 




X

1,10110 4
)(2

huXX 



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


h

X

h

X
u

22
2 0110

1,1

 
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211
0110

1

2

0
2

1

0
1

xgdx
h

X

h

X
u

xgdx
h

X

h

X
u

x

x

x

x

































       (53) 

(53) CavsvaT (52)-Si, 

   1221

2

1,

0220
1

2,

0110120

2

0
2

`1

0
1

2222

xgxg

dx
h

X

h

X
dx

h

X

h

X

h

X
x

x

x

x




















 

 
. 

aqedan 1x -iTa da 2x -iT gawarmoebis Semdeg miviRebT 

Tavsebadobis 

0
1

2 0

12,

120

11,

220

22,

110 


































 X

hh

X

h

X

h

X
(54)    

gantolebas. 

(54)-dan, (47)-is Tanaxmad gamomdinareobs Semdegi 

gantoleba Zabvis funqciisTvis 

        02 1

12,12,

1

11,11,

1

22,22,

1    hhhh . 

 

 

5. 0N  miaxloebis Sedareba brtyel 

deformaciasTan, brtyel daZabul da ganzogadebul 

brtyel daZabul mdgomareobasTan 

 
a) brtyeli deformacia. 

hipoTezebi: 

  0,, 3213 xxxu ,    21321 ,,, xxuxxxu   , 2,1 . 

ZiriTadi damokidebulebebi: 
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, 2,1,  , 

03 ie , 3,2,1i , 

  euX 2,  , 

03 X , 2,1 , XX 33
, 

  0, 21,  xxX  , 2,1 , 03  , 

  0,    uu , 2,1 .      (55) 

 

b) brtyeli daZabuli mdgomareoba. 

hipoTezebi: 

03 iX . 

ZiriTadi damokidebulebebi: 

    0,,,,
321321,
 xxxxxxX


, 2,1 , 03  , 

      
321,321,321

,,,,
2

1
,, xxxuxxxuxxxe


 , 2,1,  , 

03 e , 2,1 , 0
2

,33









ue ,  

   321,

*

321 ,,2,, xxxeuxxxX    , 2,1,  , 

2,1 ,   (56) 

sadac 3x  parametris rols asrulebs. 

 

g) ganzogadebulibrtyeli daZabuli mdgomareoba. 

hipoTezebi: 

h2  Zalze mcirea fuZeebis ganzomilebebTan SedarebiT. 

firfitis fuZeebi Tavisufalia gare Zabvebisgan, xolo 

      21,21,321 ,,
2

1
,, xxuxxuxxxe  

        0,,,,,, 321321,

*

321  xxxxxxuxxxu  
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gverdiT zedapirebze moqmedeben fuZeebis paraleluri da 

Sua sibrtyisadmi simetriulad ganawilebuli gare Zabvebi: 

0
3

3 
 hxiX , 3,2,1i ,   

0
3


n
X

. 

garda amisa, 

  0,, 32133 xxxX ,   0,, 3213 xxxu ,   0,, 3213,3 xxxu .*) 

yvela fizikuri da geometriuli sidide icvleba maTi 

integraluri saSualoTi 
3x -is mimarT: 

    *

00000000
,,,

2

1
:

~
,~,~,

~
iiijijiiijij

ueX
h

ueX  , 3,2,1, ji , 

     
 

 





21

21

,

,

3321210000
,,,,,:,,,,

xxh

xxh

iiijijiiijij
dxxxxueXxxueX , 

3,2,1, ji . 

ZiriTadi damokidebulebebi: 

0
~~

0,0



X , 2,1 , 

0,0

*

0
~2~~
  euX  , 2,1,  , 

,0
~~)(),(~

0,0

*

210



 uxxu  2,1 . (57) 

 

d) 0N . mudmivi sisqis SemTxveva. 

ZiriTadi hipoTezebi: 

     
210000321

,,,,
2

1
,,,,, xxueX

h
xxxueX

iiijijiiijij
  

                                                           

*) am modelSi  iTvleba, rom misi simciris gamo  (Tumca 

vTvliT, rom ), , , , kenti 

funqciebia (amdenad, , ). 

03 u

03,3 u 03  3X 2,1

003 X 2,1
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da samganzomilebiani drekadobis Teoriis damokidebulebe-

bis 
3x -is mimarT integrebiT h -dan h -mde gadavdivarT 

nulovani momentis mimarT Semdeg damokidebulebebze: 

  0,000210 22,, ijijkkijijkkij eueetxxX   , 

3,2,1, ji , 

 
 ,0,00

2

1
uue  ,  ,3030

2

1
ue  , 0330 e , 2,1,  , 

,
0330 

XX   

0
0

,0  ii XX  , 3,2,1i , 

sadac 
0

iX  damokidebulia piriT zedapirze mocemul 

Zalebze da moculobiTi Zalis nulovan momentze, 

  0
0

1

,00
 


 Xhvv , 2,1 ,    (58) 

0
0

3

1

,30   Xhv  , 

h

u
v i

i
0

0  . 

daskvna. Tu 030 v , rogorc vxedavT (Seadare (55)-

(58)-s), erTi mxriv, maTematikurad yvela modeli erTma-

neTs emTxveva (  da 
* –is sizustiT), Tumca a) da b) 

SemTxvevaSi gansaxilveli sidideebi samganzomilebiani 

modelis kerZo SemTxvevebia, xolo g) da d) SemTxvevebSi 

samganzomilebiani modelis sidideebi Secvlilia 

Sesabamisad maTi integraluri saSualoebiT da maTi 

integrirebuli mniSvnelobebiT 3x -is mimarT. meore mxriv, 

masalis fizikuri Tvisebebidan gamomdinare, a) da d) 

modelebi emTxveva erTmaneTs (orive SemTxvevaSi 
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figurirebs  ) da b) da g) modelebi emTxveva erTmaneTs 

(orive SemTxvevaSi  -s nacvlad * figurirebs). saerTod 

ki, maTematikurad da fizikuradac (radgan, rogorc 

vxedavT, axloa sxva modelebTan) ufro gamarTulad i. ve-

kuas  modeli unda CaiTvalos. 

 
 

0N
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damateba 6. kolosov-musxeliSvilis 

formulebi 

 

1. Zabvis funqcia 

 

Tu ugulvebelvyofT moculobiT Zalebs, brtyeli 

drekadobis Teoriis wonasworobis gantolebebi miiReben 

(ix. nawili II, Tavi I) 

00 222112212111  ,,,, XX,XX
  

 (1) 

saxes. (1)1-dan gamomdinareobs, rom arsebobs iseTi*), rom 

112121 XB,XB ,,  ,       (2) 

xolo (1)2-dan gamomdinareobs, rom arsebobs iseTi**), rom 

122221 XA,XA ,,  .   (3) 

(2)1  da (3)2-dan miviRebT, rom 

12 ,, BA  . 

amdenad, arsebobs iseTi***), rom 

21 ,, UB,UA  .          (4) 

(2)2, (3)2, (3)1-dan advilad davaskvniT, rom 

11,2212,1222,11 ,, UXUXUX  .      (5) 

sen-venanis pirobas moculobiTi Zalebis ugulvebelyo-

fis SemTxvevaSi aqvs Semdegi saxe: 

                                                           

*) 2111122211 dxXdxXdxBdxBdB ,,   

B  funqciis ageba xdeba meore gvaris wiriTi integraliT, 

romlis gzisgan damoukideblobis aucilebeli da sakmarisi 

piroba, rogorc es analizidanaa cnobili, aris (1)1. 
**) 2121222211 dxXdxXdxAdxAdA ,,   

***) 212211
,, BdxAdxdxUdxUdU   
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0)( 2211  XX .                (6) 

(5)1 da (5)3-dan gveqneba 

UXX  2211 ,                    (7) 

xolo (6) da (7)-dan 

0U  

an gaSlili saxiT 

02 2222,1122,1111,  UUU .    (8) 

 

 

2. biharmoniuli funqciis kompleqsuri warmodgena 

 

ganvixiloT 

0U      (9) 

biharmoniuli gantoleba da Semdegi kompleqsuri operato-
rebi 

).,.,:,:(

2

1
:,

2

1
:

21 yxxxiyxziyxz

y
i

xzy
i

xz
















































     (10) 

Tu x –sa da y –s mivcemT kompleqsur mniSvnelobebsac (e.i. 

maTze damokidebul funqciebs gavagrZelebT kompleqsur sib-
rtyeze), (10) tolobebiT SemoRebuli operatorebi SeiZ-
leba gavigoT rogorc kompleqsuri cvladebis mimarT ker-
Zowarmoebulebi. (10)–dan, erTi mxriv, cxadia, 














































zz
i

yzzx
, ),( 21 yxxx  , (11) 

xolo meore mxriv, 


































4

1

4

1
2

222

2

22

yxy
i

yx
i

xzz
.  (12) 
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(9)da (12)-dan gamomdinareobs 

0
),(

22

4






zz

zzU
,      (13) 

xolo (13)-dan z -is mimarT integrebiT miviRebT 

)(12

3

z
zz

U





 

aqedan z -iT kidev erTxel integrebiT gveqneba 

)(~)( 112

2

zzz
z

U
 




, 

saidanac  z-iT integrirebis Semdeg jer miviRebT, rom 

)()(
~

)(~
211 zzzz

z

U
 




, 

xolo Semdeg 

)()()()(),( 2211 zzzzzzzzU   .   (14) 

imisTvis, rom ),( zzU  namdvili funqcia iyos, unda 

davuSvaT, rom 

)(:)()(,)(:)()( 1212 zzzzzz     (15) 

(14)-dan, (15)-is gaTvaliswinebiT, gamomdinareobs 

)()()()(),( zzzzzzzzU   ,     (16) 

sadac )(z  da )(z  nebismieri analizuri funqciebia. 
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3. kolosov-musxeliSvilis formulebi 

 

cxadia, Tu (16)-s 2-ze gavamravlebT da 2 -is  -Ti, 

xolo 2 -is  -Ti aRvniSnavT, rac maTi nebismierobis ga-

mo dasaSvebia, miviRebT: 

,)()()()(2 zzzzzzU          (17) 

sadac )(z  da )(z  nebismieri analizuri funqciebia. 

(11)–is gaTvaliswinebiT, (17)-dan gveqneba 

)(')(')(')()(')(2 zzzzzzzz
x

U
 




,  (18) 

])(')(')(')()(')([2 zzzzzzzzi
y

U
 




. (19) 

(18) da (19)-dan miviRebT 

,)()(')(:),( zzzz
y

U
i

x

U
yxf  









   (20) 

sadac 

)(':)( zz   . 

hukis ganzogadebuli kanonidan gamomdinareobs, rom 

(ix. [52], gv. 107, formula (12)) 

).(Im
)2(2

2

),(Re
)2(2

2

z
y

U
v

z
x

U
u

































      

(21) 

Tu (21)1-s mivumatebT i -ze gamravlebul (21)2-s da mxedve-
lobaSi miviRebT (20)-s, gveqneba 

.
3

,)()(')()(2








 zzzzivu

  

(22) 
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koSis (2.2.2) formulebidan, (5)-is Tanaxmad, gamomdina-

reobs, rom ),( 21 yxxx   

),,cos(),cos(

),cos(),cos(:

2

2

2

12111

yn
yx

U
xn

y

U

ynXxnXXX nn













   (23) 

).,cos(),cos(

),cos(),cos(:

2

2

2

22212

xn
yx

U
yn

x

U

ynXxnXXY nn













   (24) 

magram, Tu t  mxebis dadebiTi mimarTulebaa (ix. damateba 4), 

.),cos(),cos(,),cos(),cos(
ds

dx
xtyn

ds

dy
ytxn  (25) 

(23) da (24)-dan, (25)-is gaTvaliswinebiT, miviRebT 

., 


























x

U

ds

d
Y

y

U

ds

d
X nn          (26) 

(26)1-s mivumatoT i -ze gamravlebuli (26)2: 

.




































y

U
i

x

U

ds

d
i

x

U
i

y

U

ds

d
iYX nn    (27) 

aqedan 

  


















y

U
i

x

U
iddsiYX nn .           (28) 

magram (ix. (20)) 

.)()(')( zzzz
y

U
i

x

U
 










   

     (29) 

amitom 

  ].)()()([ zzzziddsiYX nn  
  

   (30) 
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Tu ds elements ordinataTa RerZis mimarTuleba aqvs, 

maSin 

1211,,,,0, XYXXidyzdidydzdxdyds nn 
  
(31) 

(30)-dan, misi marjvena mxaris diferencirebiT, (31)-is 

mxedvelobaSi miRebiT da dy –ze Sekvecis Semdeg gveqneba 

)(')(")(')('1211 zzzzziXX   .  (32) 

Tu ds elements abscisTa RerZis mimarTuleba aqvs, 

maSin 

;,,,0, 2221 XYXXdxzddzdydxds nn  (33) 

gavamravloT (30)  i -ze, mis marjvena mxareSi movaxdinoT 

diferencireba, gaviTvaliswinoT (33) da SevkvecoT dx–ze: 

)(')(")(')('2122 zzzzziXX   .           (34) 

SevkriboT (32) da (34): 

])()([2])(')('[22211 zzzzXX   ;       (35) 

(34)–s gamovakloT (32) da i  SevcvaloT  - i –Ti (e.i. 

miRebul tolobaSi gadavideT SeuRlebulze da 

gaviTvaliswinoT is, rom Zabvis tenzori namdvili 

funqciebisgan Sedgeba): 

)]()([2)]()([22 121122 zzzzzziXXX   ,(36) 

sadac 

).(:)(),(:)( zzzz    

(22)-s, (35)-s da (36)-s ewodeba kolosov-musxeliSvi-

lis formulebi. maTi daxmarebiT brtyeli drekadobis 

Teoriis sasazRvro amocanebi daiyvaneba analizur 

funqciaTa Teoriis sasazRvro amocanebis gamokvlevaze. 
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damateba 7. uwyvet garemoTa  

momenturi Teoria 

 

1. moculobiTi (masobrivi) momenti 

da momenturi Zabva 

 
gansxvavebiT uwyvet garemoTa klasikuri Teoriisagan 

(ixileT nawili I) moculobiTi (masobrivi) [volume (body) 

force] da zedapirul Zalebis (surface force) da gadaadgile-
bis veqtoris (displacement vector) cnebebTan (ixileT §1.1) 

erTad momentur TeoriaSi SemoRebulia moculobiTi 
(masobrivi) momentis [volume (body) couple], momenturi 
Zabvis veqtoris (couple stress vector) da Sinagani brunvis 
(microrotation) cneba [48, 53].*) am TeoriaSi igulisxmeba, 

rom moculobis dV  usasrulod mcire elementze 

(nawilakze) moqmedi Zalebi statikurad ekvivalenturia 

nawilakis masis centrSi modebul dV moculobiTi Zalis 

da dV  moculobiTi momentis, romelic wyvilZalas war-

moadgens. am sidideebis dV -ze gayofiTa da dV moculobis 
                                                           
*)ix. agreTve 
1. Cosserat E., Cosserat. F., Sur leséquations de lathéorie de I’élasticité, 

C.R. Acad. Sci.Paris 126 (1898), 1129-1132 

2. Cosserat E., Cosserat. F., Théorie des corps déformable, Hermann, 

Paris, 1909 

3. Voigt W., Theoretische Studien über die Elastizitätsverhältnisse der 

Kristalle, Abh. Der Königl. Ges. Wiss., Göttingen, 34, 1887 

4. Eringen A. C., Microcontinuum Field Theories I. Foundation and 

Solids, Springer-Verlag, New York-Berlin-Heidelberg, 1999 

5. Dyszlewicz J., Micropolar Theory of Elasticity, Lecture Notes in 

Applied and Computational Mechanics,  vol. 15, Springer-Verlag Berlin 

Heidelberg GmbH, 2004 

6. Ieşan D., Classical and Generalized Models of Elastic Rods, CRC 

Press, A Chapman and Hall Book, 2009 (Chapters 5 and 6) 
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nulisken miswrafebis Semdeg miviRebT ),( tx  da ),( tx  

veqtorebs, romlebic Sesabamisad warmoadgenen moculobis 

erTeulebze gaTvlil moculobiT Zalas da moculobiT 

moments, romlebic damokidebulia ),,(: 321 xxxx   wertil-

ze da dinamikur SemTxvevaSi, t  drozec. analogiurad, mi-

Rebulia, rom zedapiris usasrulod mcire dS elementze 

moqmedi Zalebi statikurad ekvivalenturia dSX n  zedapi-

ruli Zalis da dSn


 zedapiruli momentis (wyvilZalis). 

dS -ze gayofisa da dS -is farTis nulisken miswrafebis 

Semdeg miviRebT ),( txX n  da ),( txn


 veqtorebs, romle-

bic, Sesabamisad, warmoadgenen zedapiris farTis erTeulze 

gansazRvrul Zalur Zabvis veqtors an, ubralod, Zabvis 
veqtors (traction, stress vector) da momentur Zabvis veqtors, 
romlebic damokidebulia x  wertilze da dinamikur Sem-

TxvevaSi t  drozec. Zaluri da momenturi Zabvis veqtoris 

komponentebs, Sesabamisad, Zaluri da momenturi Zabvebi 
ewodeba. 

 

 

2. momenturi Zabvis veqtoris damokidebuleba 

zedapiris orientaciaze 

 
Tu ganvixilavT §1.2-Si ganxilul tetraedrs (ix. nax. 

1.2.1) da nuls gavutolebT, erTi mxriv, masze moqmedi ze-

dapiruli Zalebis (e.i. Zaluri Zabvebis) da moculobiTi 

Zalebis nakrebi veqtorebis jams, xolo meore mxriv, masze 

moqmedi momentebis: moculobiT da zedapiruli Zalebis 

nakrebi momentebis, moculobiTi momentebisa da momenturi 

Zabvebis nakrebi veqtorebis jams, Sesabamisad, miviRebT 

(1.2.1) da (ix. [48], gv. 14) 
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,3,2,1,  in jjini               (1) 

formulebs (ix. [48], gv. 14), sadac ni  aris gansaxilvel 

wertilSi n  normalis mqone zedapiris usasrulod mcire 

elementze (amasTan mniSvneloba ara aqvs zedapiris formas, 

mTavaria yvela am zedapirs, romelic gansazRvrul wer-

tilze gadis, am wertilSi erTi da igive n  normali 

hqondes) moqmedi momenturi Zabvis veqtoris komponenti i -

ur RerZze, xolo ,3,2,1,, jiji  momenturi Zabvis ten-

zoria. pirveli formulis damtkiceba sityva-sityviT emT-

xveva (1.2.1)-is gamoyvanas §1.2-Si, xolo meore formulis 

damtkiceba, pirveli formulis analogiuria, im gansxvave-

biT, rom amjerad mxolod momentebTan gveqneba saqme. mar-

Tlac, V  tetraedrze (misi zedapiris farTi aRvniSnoT 

S –iT) moqmedi gare Zalebis nakrebi (mTavari) momentis 

e.i., moculobiTi Zalebis da Zaluri Zabvebis veqtorebis 

nakrebi momentebis da moculobiTi momentebisa da momentu-

ri Zabvebis veqtorebis nakrebi veqtoris jamis nulTan ga-

tolebiT miviRebT: 

VSXxVx nn  )(],[],[ 


 
0)(  Snn 


, 

saidanac 

])(,[])(,[],[
3

1
ijjijiinini eXxeXxhx


   

.0)()()(
3

1
 ijjijiinini eeh


  

am ukanasknelis  -ze gayofisa da h -is nulisken 

miswrafebis Semdeg, radgan 

,3,2,1,  jn jj   

(1.2.1)-is gaTvaliswinebiT, miviRebT (1)-s. 
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3. wonasworobis gantolebebi 

 

wonasworobis gantolebebis gamosayvanad §1.3-is analo-

giurad nuls unda gavutoloT, erTi mxriv, garemodan 

(sxeulidan) azrobrivad gamoyofil nebismier V

moculobis sxeulis S  sazRvarze moqmedi gare Zaluri 

Zabvebis veqtorebis da V -ze moqmedi moculobiTi Zalebis 

nakrebi veqtorebis jami, xolo meore mxriv, S  sazRvarze 

moqmedi Zaluri Zabvebis veqtorebis nakrebi momentis da 

momenturi Zabvebis veqtorebis nakrebi veqtoris  da V -ze 

moqmedi moculobiTi Zalebis nakrebi momentis da moculo-

biTi momentebis nakrebi veqtoris jami. pirvel SemTxvevaSi 

§1.3-is msjelobis sityva-sityviT gameorebiT miviRebT 

(1.3.5) formulebs, xolo meore SemTxvevaSi, analogiuri 

msjelobiT miviRebT Semdeg formulebs (ix. [48], gv. 20): 

,3,2,1,0,  iX ijkijkjji        (2) 

sadac 

))()((
2

1
ikkjjiijk   

levi-Civatas*) simbolo  (+1)-is  ((-1)-is) tolia, Tu 

indeqsebis kji ,,  mimdevroba miiReba 1, 2, 3 mimdevrobebidan 

luwi (kenti) raodenobis transpoziciiT da nulis tolia, 

Tu ori mainc indeqsi erTmaneTs emTxveva.  Tu CavTvliT, 

rom momenturi Zabvis ji  da moculobiTi momentis i   

komponentebi nulis tolia, maSin gveqneba 

,3,2,1,0  iX jkijk               (3) 

saidanac gamomdinareobs, rom 

,3,2,1,,  jiXX ijji  

                                                           
*) tulio levi-Civita (Tullio Levi-Civita, 29.3.1873-29.12.1941) 
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da miviRebT Zaluri Zabvis tenzoris simetriulobas, rac 

(1.3.5) da (1.2.1) formulebTan erTad migviyvans klasikuri 

Zabvis Teoriis ZiriTad damokidebulebebTan. SevniSnoT, 

rom Zabvis momentur TeoriaSi, Zaluri Zabvis tenzori ar 

aris simetriuli. davamtkicoT (2). cxadia, 

,0],[],[  
S

n

S

n

VV

dSdSXxdVdVx 


 

 
V

ijij

V

ii

V

ii dVeXedVedVex ],[],[


 

V

ijji

V

ijji dVedVeXx


,, ],[   

 
V

ijjiiijji

V

iijji dVeeXedVeXx ]},[){(])(,[ ,,




0)( ,  
V

iijkijkjji dVeX


  

{vinaidan 
ijkijkimkljlmijkikmjllmijkmllm eXeXeeeXeeX


 )()(],[

რadgan 

,],[ ikjijk eBABA


  

xolo le

 ortis jx  RerZze gegmili 

;)( ljjle 


 

(1)-is da gaus-ostogradskis formulis ZaliT ki, 

.,





 
V

ijji

S

jiji

S

ini

S

n dVedSnedSedS


  

saidanac V -s nebismierobis, integralqveSa gamosaxulebis 

uwyvetobisa da 321 ,, eee

 veqtorTa sistemis wrfivad 

damoukideblobis gamo gamomdinareobs (2). 
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4. gadaadgilebis da Sinagani brunvis veqtorebi 

 

uwyvet garemoTa meqanikis momentur TeoriaSi gadaad-

gilebis veqtoris cneba Semodis uwyvet garemoTa meqanikis 

klasikuri Teoriis msgavsad (ix. §1.6), sadac garemo 

ganxilulia, rogorc uwyveti garemo Sedgenili 

maTematikuri wertilebis simravlisagan (erTobliobisagan). 

Tu mas warmovidgenT, rogorc materialuri nawilakebis 

erTobliobas, suraTi ramdenadme Seicvleba. ganvixiloT 

garemos nebismieri nawilaki. vTqvaT, mosvenebul mdgoma-

reobaSi misi simZimis centri x  wertilSi mdebareobs. 

SemoviRoT am nawilakze xistad mimagrebuli dekartis 

marTkuTxa koordinatTa sistema saTaviT x  wertilSi da 

Tavidan aRebuli uZravi dekartis marTkuTxa koordinatTa 

sistemis sakoordinato RerZebis paraleluri 

sakoordinato RerZebiT. nawilaki CavTvaloT absoluturad 

myar sxeulad. maSin misi moZraoba daxasiaTdeba 

Tavisuflebis eqvsi xarisxiT, eqvsi skalaruli sididiT: 

x  wertilis gadaadgilebiT, romelic ganisazRvreba 

uZravi sistemis mimarT gadaadgilebis veqtoris sami 

komponentiT da nawilakis brunviT simZimis centris 

garSemo,  romelic ganisazRvreba aseve sami skalaruli 

sididiT: moZravi sistemis Semobrunebis kuTxeebiT uZravi 

sistemis sakoordinato RerZebis mimarT, magaliTad, 

eileris kuTxeebiT.  erTi wonasworobis mdgomareobidan 

meore wonasworobis mdgomareobaSi gadasvlisas moZravi 

sistema daikavebs axal mdebareobas uZravi sistemis mimarT; 

saxeldobr, Semobrundeba. mobrunebis kuTxeebi avRniSnoT 

321 ,,  -iT da SemoviRoT Sinagani brunvis 

),,(:)( 321  x  

veqtori. axla Tu garemos kvlav warmovadgenT, rogorc uw-

yvets, Sedgenils maTematikuri wertilebisagan, misi moZ-
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raoba (gadasvla erTi wonasworobis mdgomareobidan meore 

wonasworobis mdgomareobaSi) daxasiaTdeba eqvsi skalaru-

li sididiT, saxeldobr, gadaadgilebis veqtoris ),(xui  
,3,2,1i  da Sinagani brunvis veqtoris ),(xi  ,3,2,1i  

komponentebiT. 

uwyvet garemoTa klasikur TeoriaSi nawilakis Tavi-

suflebis xarisxi samia – x  wertilis gadaadgilebebi, 

xolo brunvis veqtori ar ganixileba, rogorc damoukide-

beli gadaadgilebebisgan, aramed maTTan dakavSirebulia (ix. 

[48], gv. 16) 

,
2

1
)(

2

1
:)( , jkijkiii urotux   ,3,2,1i *) 

formulebiT, sadac ),,(: 321    xisti brunvis veqto-

ria, irotu)(  aris rotu veqtoris i -uri komponenti. mar-

Tlac, ganvixiloT aradeformirebuli garemos x wertilis 

usasrulod mcire midamo da am midamos nebismieri x  

wertili (ix. §1.10). ganvixiloT usasrulod mcire 

),,(: 321    veqtoris cvlileba deformaciis dros. am 

veqtoris sawyisi wertilia ,x  xolo bolo wertilia 

 ,x  veqtoris   cvlileba 

)()(),( xuxutx    

gamovTvaloT teiloris formuliT   usasrulod mcire 

sididis mimarT maRali rigis sidideebis sizustiT, mivi-

RebT:  

,3,2,1,,  iu jjii             (4) 

sadac  ,3,2,1, ii  veqtoris komponentebia. 

                                                           

*) radgan 
jkiijkkjiijk

ueueuurot
,

 . 
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cxadia (ix. agreTve (1.10.3)-(1.10.5)),  

,)(
2

1
)(

2

1
,,,,, ijijijjiijjiji peuuuuu     (5) 

,: kkjiijp  *)          ,3,2,1, ji     (6) 

da, (4) da (5)-is ZaliT, 

.)( jkkjijijjijiji epe    

Tu 0ije , deformacia ar gvaqvs da rCeba mxolod 

xisti brunva. 
amrigad, yoveli wertilis midamoSi deformacia SeiZ-

leba ganvixiloT,  rogorc usasrulod mcire veqtoris 

komponentebis wrfivi da erTgvarovani funqcia. 

                                                           
*) cxadia, 

,332211  jijijiijp   

aqedan 

,, 123133232223112332   pp  

analogiurad, 

.,,, 312321231213   pppp  

aseve cxadia, ,
2

1

2

1
ijkjiijjikk

pp  radgan, (6)-is Tanaxmad,  

 

,22 klkllljikjiijkji p    

vinaidan 

;2)1)(1(113213212312311  jiji  

,0,0 3121  jijijiji  e.i. ;2 11 lljiji   

analogiurad, 

,2,2 3322 lljijilljiji    

da, sabolood, 

.2 klljikji            (6*) 
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5. moZraobis gantolebebi, deformaciis 

da grexa-Runvis komponentebi momentur TeoriaSi, 

deformaciis energia 

 

vTqvaT, sawyis 0tt  momentSi garemo imyofeba arade-

formirebul mdgomareobaSi. ganvixiloT deformirebuli 

mdgomareoba t  momentSi da gamovTvaloT misi gamomwvevi 

gare zemoqmedebebis muSaoba. aseT zemoqmedebebs warmoadge-

nen gare Zaluri da momenturi Zabvis veqtorebi da mocu-

lobiTi Zalebi da moculobiTi momentebi (ix. [48], gv. 29). 

ramdenadac momenturi Zabvebis da moculobiTi momen-

tebis SemoReba dakavSirebulia Sinagan brunvasTan, amitom 

bunebrivia CavTvaloT, rom momenturi Zabvebi da moculo-

biTi momentebi muSaoben mxolod Sinagan brunvaze, xolo 

Zaluri Zabvebi da moculobiTi Zalebi mxolod gadaadgi-

lebaze. 

)(tR -Ti aRvniSnoT aRniSnuli Zalebis mier Sesrule-

buli muSaoba drois ),( 0 tt  SualedSi, xolo )(tdR -Ti  

 ),( dttt   SualedSi. 

Zaluri Zabvebisa da moculobiTi Zalebis mier Sesru-

lebuli muSaoba gamovTvaleT paragrafSi 1.18 (ix. (1.18.6) 

da (1.18.13)). axla gamovTvaloT momenturi Zabvebisa da 

moculobiTi momentebis mier Sesrulebuli muSaoba.  ganvi-

xiloT garemos x  wertili mosvenebul mdgomareobaSi ( 0t  

momentSi). t  momentSi misi mdgomareoba xasiaTdeba ),( txu  

gadaadgilebis da ),( tx  Sinagani brunvis veqtoriT. 

),( dttt   drois SualedSi ),( tx -s nazrdi aRvniSnoT 

),( txd -Ti: 

dttxtxdttxtxd ),(),(),(),(    
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dt -s mimarT maRali rigis usasrulod mcire sidideebis 

sizustiT. 

gare momenturi Zabvebis, romlebic zedapiris dS

usasrulod mcire elementze moqmedeben, muSaoba ),( dttt   

SualedSi 

dttydStyn ),(),(   -s 

tolia, aq n aris S  zedapiris y  wertilSi erTeulovani 

normali (gare V  aris mimarT, romelic garemos ukavia), 

amasTan y  wertili dS  usasrulod mcire elementis 

simZimis centria. 

formula (1)-is Tanaxmad, ),( dttt   drois SualedSi 

gare momenturi Zabvebis mier Sesrulebuli muSaoba 

.)( ,, dtdVdtdSn
V

jijiijji

S

ijji         (8) 

V -ze moqmedi moculobiTi momentebis mier ),( dttt   

SualedSi Sesrulebuli muSaoba 

dtdV
V

ii   -s                    (9) 

tolia. 

amdenad, Tu gaviTvaliswinebT (1.18.6) tolobebSi 

bolos wina gamosaxulebas, (8)-s da (9)-s gveqneba, rom 

 
V

iijji

V

iijji dVdVuX
dt

d
  )()( ,,

R
 

.)( ,, 
V

jijijiji dVuX                 (10) 

moZraobis gantolebebis misaRebad, dalamberis 

principis Tanaxmad, moculobiT Zalas (1.3.5)-Si unda 

daematos inerciis Zala 

,u  
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xolo moculobiT moments (2)-Si - ”spinuri” momenti*) 

,I  

romelic Seesabameba Sinagan brunvas. aq I aris specialu-

ri dinamikuri dadebiTi maxasiaTebeli (ix. [48], gv. 20) 

romelic masis (inerciis zomis) brunviTi analogia e.w. 

"brunviTi masa" (wriuli moZraobis dros 2rI , sadac 

r  wrewiris radiusia). amdenad, (1.3.5)-dan gamomdinareobs 
(1.18.1), xolo (2)-dan 

.3,2,1,Ψ  iωXχ iijkijkji,j
I    (11) 

erTad es ori sistema aRwers mikropolaruli uwyveti 

garemos moZraobas. 

Tu (10)-is pirvel or integralSi, Sesabamisad, 

gaviTvaliswinebT (1.18.1)-s da (11)-s, (10) miiRebs 

 
V

jijijijiijkijkiii dVuXXuu
dt

(t)d
])([ ,,   I

R  

 
V

jijikkjijiji dVuX
dt

d
])([ ,,  

T
    (12)

 
saxes, sadac 

.)(
2

1
:)(  

V

iiii dVuut   IT           (13) 

                                                           
*) aq simartivisaTvis elementarul moculobad aRebulia birTvi 

Tanabrad ganawilebuli masebiT (simetriuli bzriala). zogad 

SemTxvevaSi ,I   icvleba  Y0  veqtoriT, sadac 0  

deformaciamdel mdgomareobaSi simkvrivea, xolo ijYY :  

inerciis matrici. ijY -is ewodeba inerciis koeficientebi. 

inerciis “spinuri” momenti I  da Y0  matrici masis brunviTi 

analogebia. 
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kinetikuri energiaa. Tu ,3,2,1,0  ii  (13)-dan 

miviRebT klasikuri Teoriis )(tT  kinetikuri energiis 

(1.18.8) gamosaxulebas. 

dt -s mimarT maRali rigis usasrulod mcire 

sidideebis sizustiT 

,3,2,1,),,(),(),(),( ,,,,  jitxdutxudttxudttxu jijijiji

,3,2,1),,(),(),(),(  ktxdtxdttxdttx kkkk   

,3,2,1,),,(),(),(),( ,,,,  jitxdtxdttxdttx jijijiji 

sadac )(d  zemoaRniSnuli sizustiT fiqsirebuli x -sTvis 

)(  funqciis t -s mimarT nazrdis tolia. e.i., amave sizus-

tiT, qvemoT moyvanil tolobebSi marcxena mxareebis dt -ze 

gamravlebiT da gayofiT, gveqneba: 

,
11

,,, jijijijijiji duX
dt

dtuX
dt

uX    

,
11

kkjijikkjijikkjiji dX
dt

dtX
dt

X   

.
11

,,, jijijijijiji d
dt

dt
dt

    

am ukanaskneli tolobebis gaTvaliswinebiT, (12)-Si integ-

ralqveSa gamosaxuleba miiRebs 

 dVdduX
dt

jijijiji 
1

          (14) 

saxes, sadac (5)-is da (6)-is Tanaxmad,  

),(: , kkkjijikkjijiji euu   *)

  
3,2,1, ji  (15) 

(am sidideebs ewodeba momenturi Teoriis deformaciis 

komponentebi), xolo 

                                                           

*) cxadia ijji ee  , magram, sazogadod, .ijji uu   
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,3,2,1,,: ,  jijiji   

(am sidideebs grexa-Runvis komponentebi ewodeba). 

(12) da (14)-dan gamomdinareobs, rom 

,
)(

dt

d

dt

d

dt

td UTR
                 (16) 

sadac 

.)( 
V

jijijiji dVdduXd U           (17) 

ramdenadac garemos )(tT  kinetikuri energia ar aris 

damokidebuli garemos deformirebul mdgomareobaze drois 

t  momentSi, amitom Td  warmoadgens kinetikuri energiis 

nazrds drois ),( dttt   SualedSi. maSin rodesac Ud  

damokidebulia mxolod deformirebul mdgomareobaze. mar-

Tlac, Tu garemo bunebrivi mosvenebuli mdgomareobidan  

gamoyvanilia nebismieri deformirebiT (momenturi Teoriis 

TvalsazrisiT) da Semdeg ( t  momentSi) gadavida axal 

mosvenebul mdgomareobaSi, maSin 0)( tT  da aqedan 

gamomdinare .UR dd   amdenad, Ud  warmoadgens defor-

maciis Sesabamis muSaobas drois ),( dttt   SualedSi, an rac 

igivea,  

),()()( tdtttd UUU   

sadac )(tU  im muSaobis tolia, rac unda Seasrulos 

gare zemoqmedebebma (Zalurma da momenturma Zabvebma,  

moculobiTma Zalebma da moculobiTma momentebma), rom 

gamoiwvion is deformirebuli mdgomareoba, romelic 

Seesabameba drois t  moments.  
amrigad, (16) warmoadgens energiis Senaxvis kanons: 

dt

dR
 simZlavre kinetikuri da potenciuri energiebis 

cvlilebis siCqareTa jamis tolia.  
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deformaciis W  xvedriTi energia ewodeba deformi-
rebis muSaobas, an rac igivea, deformaciis potenciur 
energias, gaTvlils moculobis erTeulze x  wertilSi, 

drois t  momentSi.  
e.i. mTeli V moculobis potenciuri energiaa 

.),(
V

dVtxWU  

(17)-dan, cxadia, rom ),( txW -s nazrdi drois 

),( dttt   SualedSi   

 .jijijiji dduXd W              (18) 

gavSaloT W  xarisxovan mwkrivad iju -is da ij -is mi-

marT mosvenebuli mdgomareobis )0,0(  ijiju   midamoSi 

da vixilavT ra mcire deformaciebs, ugulvebelvyoT iju -

is da ij -is xarisxebi dawyebuli mesame rigidan:  

lkijijlkijijijij uuccucc
2

1
0  W  

.
2

1

2

1
lkijijlklkijijlk ucc               (19) 

roca 0iju  da ,3,2,1,,0  jiij  maSin ,0W  amitom 

.00 c  

(18)-dan, cxadia, 

.3,2,1,,, 








jiX

u
ij

ij

ij

ij




WW
      (20) 

magram, (20)-is marcxena mxareSi miTiTebuli kerZo 

warmoebulebi SeiZleba gamovTvaloT (19)-is gawarmoebiT; 

miRebuli gavutoloT (20)-is marjvena mxares: 
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,3,2,1,,
2

1

2

1

2

1
 jicucuccX lkijlklklkijlkijlkijij  (21)  

.3,2,1,,
2

1

2

1

2

1
 jiucccc lklkijlklkijlkijlkijij   (22) 

roca 0iju  da 0ij , maSin 0ijX  da 0ij , amitom 

(21) da (22)-dan miviRebT, rom 

.3,2,1,,0,0  jicc ijij          (23) 

amdenad, (19)-dan gamomdinareobs, rom 

).(
2

1
lkijijlklkijijlklkijijlk uccuuc  W    (24) 

 
6. konstituciuri damokidebulebebi.  

mmarTveli gantolebebi gadaadgilebebSi da Sinagan 

brunvebSi. mikropolaruli siTxeebis hidromeqanikis 

ZiriTadi damokidebulebebi 

 

aqamde moyvanili yvela formula samarTliania 

nebismieri uwyveti garemosTvis. ganvixiloT drekadi 
deformadi myari sxeuli simetriis centriT. mas 

axasiaTebs drekadi mudmivebis invariantoba sakoordinato 

RerZebis mimarTulebis maTi sawinaaRmdegoTi Secvlis 

dros. am dros iju -ebi ar icvleba, xolo ij -ebi niSans 

icvlian*) da (24)-dan miviRebT, rom 

                                                           
*) radgan RerZebis mimarTulebis sawinaaRmdegoTi Secvlisas gadaa-

dgilebebi da warmoebulebi niSans icvlian, xolo brunvis kuTxe 

niSans ar icvlis, vinaidan sistemis marjvena orientacia marcxe-

naTi icvleba da kuTxis aTvlis dadebiTi mimarTuleba saaTis is-

ris moZraobis sawinaaRmdego mimarTulebidan icvleba saaTis is-

ris moZraobis mimarTulebiT. SevniSnoT, rom sibrtyeze RerZebis 
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0ijlkc                   (25) 

da, amdenad,  

).(
2

1
lkijijlklkijijlk cuuc W         (26) 

radgan lkijuu  da lkij  ar icvleba ),( ji  da ),( kl  

indeqsebis gadasmis dros, zogadobis SeuzRudavad*), 

SegviZlia CavTvaloT, rom 

lkijijlk cc     da  .lkijijlk cc            (27) 

(23), (25) da (27)–is Tanaxmad, (21) da (22)-dan, 

drekadobis momenturi TeoriisaTvis miviRebT hukis Semdeg 

ganzogadebul kanons 

,3,2,1,,,  jicucX lkijlkijlkijlkij      (28) 

sadac ,3,2,1,,,,,  lkjicc ijlkijlk  drekadi mudmivebia, rom-

lebic eqsperimentulad dgindeba. drekadobis klasikur 

TeoriaSi isini dadgenilia, xolo momentur TeoriaSi jer-

jerobiT ar aris dadgenili. 

cxadia, es formulebi mxolod myari drekadi sxeule-

bisTvisaa samarTliani. izotropuli (simetriis centriT) 

sxeulisTvis hukis ganzogadebul kanons aqvs (ix. [48], gv. 

33): 

                                                                                                                        

mimarTulebis Secvla sistemis orientaciis Secvlas ar iwvevs. 
*) radgan, magaliTad, Tu ,, kjli   maSin 

kljilkijijlkjikllkijkljiijlk uuccuucuuc )( 

 ,~~
jikllkijkljiijlk uucuuc   

sadac 

.
2

:~~ lkijijlk

lkijijlk

cc
cc


  
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,)~()~( jiijkkijij uuuX        (29) 

,3,2,1,,)
~

()
~

(  jijiijkkijij   (30) 

saxe, sadac  ,,,,
~

,~  drekadi mudmivebia. Tu Cav-

TvliT, rom Sinagani brunvis veqtori nulis tolia, dre-

kadobis momenturi Teoriis hukis ganzogadebuli kanonidan 

miviRebT klasikuri drekadobis Teoriis hukis ganzogade-

bul kanons. 

gansaxilvel SemTxvevaSi deformaciis xvedriT ener-

gias aqvs (ix. [48], gv. 34) 

jiijijijkkii

jiijijijkkii uuuuuu





)
~

()
~

(

)~()~(2



W

 

saxe. am kvadratuli formis dadebiTad gansazRvrulobi-

saTvis aucilebeli da sakmarisia Sesruldes Semdegi piro-

bebi: 

.0
~

,023,0,0~,023,0    

mis misaRebad (29) da (30) unda CavsvaT (SeadareT (18)-s) 

ijijijijuX W2  

formulaSi. 

SevniSnoT, rom iqidan, rom (ix. [48], gv. 110) 

0W  

gamomdinareobs 

,],,[ bxbau    

sadac a  da b  nebismieri mudmivi veqtorebia, rac Seesaba-

meba xist moZraobas (xist gadaadgilebas), e.i. xist mob-

runebas da xist gadatanas RerZebis paralelurad. rogorc 

mosalodneli iyo deformaciis (xvedriTi) energiis nul-

Tan tolobis SemTxvevaSi gvrCeba mxolod xisti gadaadgi-

leba, amasTan Sinagani brunva mudmivia da emTxveva xist 

mobrunebas. 
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Tu (15)-s CavsvamT (29)-Si da miRebuls (30)-Tan 

erTad CavsvamT (1.18.1)-sa da (11)-Si, miviRebT drekadobis 

momenturi Teoriis mmarTvel gantolobebs gadaadgilebebSi 

da Sinagan brunvebSi (ix. [48], gv. 44): 

,~2)~()~( urotgraddivuu    (31) 

 graddiv)
~

()
~

(   

.~4~2  I rotu           (32) 

marTlac, (15)-is Casma (29)-Si gvaZlevs 

))(~( ,, kkijijkkijij uuX  
 

).)(~( , kkjijiu    

gadavsvaT i  da j : 

))(~( ,, kkjijikkijji uuX  
      (33)

 ).)(~( , kkijiju    

es ukanaskneli CavsvaT (1.18.1)-Si: 

))(~( ,,, jkkjijjijkkij uu  

 .3,2,1,))(~( ,,  iuu iijkkijijj
  

aqedan 

kiki uu ,)~()~(  

 .3,2,1,~2 ,  iuiijkkij   

ie

-ze gamravlebis da i -s mimarT ajamvis Semdeg miviRebT 

ikikii eueu


,)~()()~(  

 ,3,2,1,~2 ,  ieuee iiiiijkkij





  

saidanac gamomdinareobs (31). 

(30)-is da (33)-is (11)-Si Casma da (15)-is gaTvaliswi-

neba gvaZlevs 
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jijjjijkkij ,,, )
~

()
~

(    

))(~( ,, llk jkjijklljkijk uu    

.3,2,1,))(~( ,  iu iilljkjkijk  I

 
aqedan 

))(~()
~

()
~

( ,,,, lljkjkikjijjjjiikk u  

.3,2,1,))(~( ,  iu iilljkjkikj  I  

e.i., 

jkikjkiki u ,,
~2)

~
()

~
(  

    (34)
 ,3,2,1,~2  iiilljkikj  I  

radgan, Tu gaviTvaliswinebT (6*)-s, 

.3,2,1,22  iilillljkijklljkikj   (35) 

(34) igivea rac  

jkijkkiki u ,,
~2)

~
()

~
(  

 .3,2,1,~4  iiii  I  

ie

-ze gamravlebis da i -s mimarT ajamvis Semdeg miviRebT 

(32)-s. 

samecniero literaturaSi drekadobis momenturi Teo-

ria gvxvdeba sxvadasxva saxelwodebiT: asimetriuli dreka-

dobis Teoria, koserebis (Cosserats’) Teoria, drekadobis 

Teoria nawilakebis brunviTi zemoqmedebiT, mikropolaru-
li drekadobis Teoria, aralokaluri drekadobis Teoria, 

meore klasis garemoTa drekadobis Teoria. 

drekadobis momenturi Teoria ar warmoadgens kla-

sikuri drekadobis Teoriis maTematikur ganzogadebas 

Teoriuli interesidan gamomdinare. mis Seqmnas biZgi misca,  

magaliTad, iman, rom mokle akustikuri talRebis 
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gavrceleba maRali rigis polimerebSi*) da sxva msxvil -

marcvlovan sxeulebSi aradamakmayofileblad aRiwereba 

klasikuri drekadobis Teoriis farglebSi. 

aseve uZluria navie-stoqsis klasikuri Teoria axsnas 

is efeqti, rom arsebobs minarevis saxiT polimeruli nawi-

lakebis Semcveli iseTi siTxe, romliTac myari sxeulis 

garsdenisas warmoSobili zedapiruli xaxuni 30-35%-iT 

naklebia, vidre iseTi siTxiT garsdenisas, romelic ar 

Seicavs aseT polimerul minarevs. es da sxva magaliTebi 

gaxda siTxeebis momenturi Teoriis Seqmnis safuZveli. am 

Teorias ewodeba mikropolaruli siTxeebis hidromeqanika. 
blanti arakumSvadi mikropolaruli siTxis arasta-

cionaluri dinebis ZiriTad gantolebaTa sistema miiReba 

(1.18.1),  (11) sistemidan da mas aqvs 

),,(),(),(),( ,, txvvtxvtxtxX kikiijji       (36) 

),(),(),(, txtxXtx ijkijkjji    

,3,2,1),(),(  i,txνtx i,kki  II          (37) 

saxe, sadac ),,(: 321 vvvv   da ),,,(: 321    Sesabami-

sad, warmoadgenen mikropolaruli siTxis yoveli werti-

lis moZraobis damaxasiaTebel siCqarisa da misgan damouki-

debel Sinagani mikrobrunvis 
 
siCqaris veqtorebs, I

aris inerciis momenti. 

                                                           
*) polimerebi warmoadgens maRali molekuluri masis (ramdenime 

aTasidan ramdenime milionamde) qimiur naerTebs, romelTa mole-

kulebi (makromolekulebi) Sedgeba ganmeorebadi mravalricxovani 

dajgufebebisagan (monomeruli rgolebisagan). ganasxvaveben buneb-

riv (magaliTad, cilebi) da sinTezur (magaliTad, polieTileni, 

poliamidi, epoqsiduri fisebi). 
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(36), (37) gantolebebs unda daematos uwyvetobis 

gantolebac (ix. 1.23.11), romelsac arakumSvadi siTxis 

)( const  SemTxvevaSi aqvs 

0),(:),( ,  txvtxvdiv ii              (38) 

saxe. 

blanti, erTgvarovani, izotropuli, arakumSvadi*) 

mikropolaruli siTxis SemTxvevaSi konstituciur damoki-

debulebebs – niutonis ganzogadebul kanons aqvs 

,3,2,1,,)~()~(  jivvpX jiijijij       (39) 

,3,2,1,,)
~

()
~

(  jijiijkkijij     (40) 

saxe, sadac p  aris wneva,  ,,~,  da 
~
 mudmivebi 

axasiaTeben siTxis fizikur Tvisebebs, xolo 

.3,2,1,,:,: ,,  jivv jijikjikjiji     (41) 

SevniSnoT, rom Tu 

,0
~

,023,0,0~,0    

maSin dadebiTad gansazRvrulia deformaciis 

jjiijiijijij vvvv 


22

~

2

~






W  

jiijijij 





2

~

2





            (42) 

xvedriTi energia**). 

                                                           

*) radgan am SemTxvevaSi (ix. (41)), (38)-is da 0iik -s gamo,
  

,0,  kiikiiii vv   

amitom (39)-Si ijkkv   (Seadare (1.13.7)-s) Sesakrebi ar gveqneba. 

**) (42)-s miviRebT, Tu ijijijijvX W2  formulaSi 

CavsvamT (39) da (40) gamosaxulebebs  
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Tu (41)-s CavsvamT (39)-sa da (40)-Si, xolo Semdeg 

miRebul gamosaxulebebs, Sesabamisad, (36)-sa da (37)-Si – 
miviRebT blanti arakumSvadi, erTgvarovani, izotropuli 

mikropolaruli siTxis arastacionaluri dinebis mmar-

Tvel  

),(),(),(~2),()~( txtxpgradtxrottxv    

)],,(),(),([ , txvtxvtxv kk              (43) 

),(~2),()
~

(),()
~

( txrotvtxgraddivtx    

)],,(),(),([),(),(~4 , txtxvtxtxtx kk   I  (44) 

0),( txvdiv                   (45) 

sistemas.  

marTlac, Tu (41)-dan pirvels CavsvamT (39)-Si, xolo 

miRebuls – (36)-Si, gveqneba 

))(~())(~( ,,,,, jkijkijjjkjikjjiijj vvp    

.3,2,1),,(),(),( ,  itxvvtxvtx kikii    

aqedan, Tu gaviTvaliswinebT (38)-s, miviRebT 

),(~2)~( ,,, txpv iijkijkjji    

.3,2,1),,(),( ,  itxvvtxv kiki   

saidanac, ie

-ze gamravlebisa da i -s mimarT ajamvis Semdeg, 

gamomdinareobs (43). 

Tu (41)-dan pirvels da meores CavsvamT, Sesabamisad, 

(39)-sa da (40)-Si, xolo miRebul gamosaxulebebs – (37)-

Si, gveqneba 

ijjjjik jkij ,,, )
~

()
~

(    

))(~([ , ljkljkjkijk vp    

),()])(~( , txv ilkjlkj    
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.3,2,1),,(),( ,  itxvtx kiki  II   

aqedan 

jkijkkikjji v ,,, )~()
~

()
~

(    

jkikjljklijk v ,)~()~(    

),()~( txiljklijk    

,3,2,1),,(),( ,  itxtx kiki  II   

e.i., Tu mxedvelobaSi miviRebT (35)-s, 

ijkijkkikjji v  ~4~2)
~

()
~

( ,,,   

.3,2,1),,(),(),( ,  itxtxtx kikii  II   

saidanac, ie

-ze gamravlebisa da i -s mimarT ajamvis Semdeg, 

gamomdinareobs (44). 

 
 

7. drekadobis momenturi Teoriis ZiriTadi amocanebi 

 
3R  sivrce gluvi Sekruli S  zedapiriT davyoT or 

SemosazuRvrul 
  da SemousazRvrav 

  ared. 

dinamikis amocanebi. 
  areSi ganvsazRvroT mocemuli 

moculobiTi Zalisa da moculobiTi momentis Sesabamisi 

drekad-dinamikuri mdgomareoba drois ],[ 10 tt  SualedSi 

Semdegi sawyisi pirobebisa 

),(
),(

),(),( 0
0 x

t

txu
xtxu  






 

,),(
),(

),(),( 0
0





 xx

t

tx
xtx 


  

da erT-erTis saSualebiT Semdegi sasazRvro pirobebidan 
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),,(),(),,(),( txgtxtxftxu     

(amocana )(I ) an 

),,(),(),,(),( txgtxtxftxX nn     

(amocana )(II ) roca ],,[, 10 tttSx   sadac “+” da “-” 

Seesabameba 
  da 

  areebidan zRvrul mniSvnelobebs, 

xolo f,,,,   da g  mocemuli veqtor-funqciebia. 

drekad-dinamikuri mdgomareobis gansazRvra maTematiku-

rad gulisxmobs (31), (32) sistemis amonaxsnis povnas veq-

tor-funqciaTa garkveuli klasidan, romlebic akmayofile-

ben zemoT miTiTebul sawyis da sasazRvro pirobebs    

aris SemTxvevaSi usasrulobaSi garkveul damatebiT piro-

bebsac). 

sasazRvro pirobebi SeiZleba Seicvalos Sereuli sa-

sazRvro pirobebiTac (ix [48], gv. 57). 

statikis SemTxvevaSi ganixileba drekadi wonasworo-

bis gansazRvris amocanebi mxolod zemoT miTiTebuli 

sasazRvro pirobebiT sawyisi pirobebis gareSe, radgan amo-

naxsni t  droze ar aris damokidebuli, amasTan (31), (32) 

sistemis marjvena mxareSi miTiTebuli sidideebi nulebiT 

icvleba. 

amocanebis amonaxsnebis erTaderTobis sakiTxis gamok-

vleva klasikuri drekadobis Teoriis SemTxvevis analogiu-

ria da Sedegic emTxveva (ix. [48], gv. 110). dinamikis amoca-

nebs erTaderTi amonaxsni aqvs, xolo statikis SemTxveva-

Si, amocana 
)(I -s aqvs erTaderTi amonaxsni, amocana 

)(II

-is amonaxsni ki ganisazRvreba xisti gadaadgilebis sizus-

tiT, Tu S  sakmarisad gluvia da )(, 2 Cu  . amocana 
)(I -s da amocana

)(II -s aqvs erTaderTi amonaxsni, Tu S
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sakmarisad gluvia; )(, 2 Cu   da usasrulobis mida-

moSi sruldeba 

)O 1|(|  xu ;   x|o(|,,,, 1),xu ii  ,

,||;3,2,1 2

3

2

2

2

1

2 xxxxi   

pirobebi. amonaxsnebis arsebobis Taobaze ix. [48], gv. 351. 

 

8. mikropolaruli siTxeebis Teoriis ZiriTadi 

amocanebi 

 

wina paragrafSi gansazRvruli 
  da 

  areebSi ve-

ZebT (43)-(45) sistemis p,,  amonaxsnebs garkveuli 

klasidan, romlebic akmayofileben 

,),(),(),(),( 00
 xxtxxtx   

sawyis da S  sazRvarze an 

],,[),,(),(),,(),( 10 ttttxgtxtxftx 
 

 
an  

     


 











 nn vgrad

n

v
txX  ~~),(  

  ),,(),(,2 txftxpnn   
 *) 

                                                           
*) radgan, (1.2.1)-is, (39)-is da (41)-is gaTvaliswinebiT, 

    

       ,,2,,~~),(

2~~

),(),(

,,





nevn
n

v
txpn

envv

txpnenXtxX

ii

ijkijkijji

ijjin

















 

xolo   niinii vgradevevn 


,,, , aq nv  aris v –s normaluri 

mdgeneli. 
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],,[),,(),( 10 ttttxgtxn 
 

sasazRvro pirobebs, sadac gf ,,,  mocemuli veqtor-

funqciebia (
 aris SemTxvevaSi moiTxoveba damatebiTi pi-

robebi usasrulobaSic)*).
 

                                                           
*) Teoria da gamoyenebebi ix. wignSi Lukaszewicz Gz., Micropolar 

Fluids - Theory and Application, Birkhaüser, 1999. 


