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nawili II. organzomilebiani modelebi 

Tavi I. drekadobis organzomilebiani 

Teoria 

drekadobis samganzomilebiani Teoriis amocanebis amox-
sna did sirTuleebTan aris dakavSirebuli, amitom arsebiTi 
mniSvneloba eniWeba sasazRvro amocanebis kerZo klasebi-
saTvis amoxsnis meTodebis SemuSavebas. 

$2.1. brtyeli deformacia 

vityviT, rom sxeuli ganicdis Ox x1 2
 sibrtyis parale-

lur brtyel deformacias, Tu u3 0 , xolo u1
 da u2

 

damokidebulni arian mxolod x1  da x2 -ze, e.i., (1.6.3), 

(1.9.9) da (1.12.9)-dan miviRebT, rom 
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( )
:

( )
X  .      (2.1.4) 

am ukanasknelis (2.1.3) tolobebs Soris bolo tolobaSi 
Casmis Semdeg miviRebT, rom 

X X X33 2
2




 


 
  

( )
 .    (2.1.5) 

wonasworobis (1.15.1) gantolebebidan pirveli ori mii-
Rebs Semdeg saxes 

X   , , ,   0 12 ,          (2.1.6) 

xolo mesamedan gamomdinareobs, rom 

3 0 . 

e.i., brtyeli deformaciis SemTxvevaSi sxeulze moqmedi 
moculobiTi Zalis gegmili deformaciis sibrtyis perpen-
dikularul mimarTulebaze nulis tolia. 

(2.1.1)-(2.1.6)-is Tanaxmad deformaciis da Zabvis tenzo-

rebis komponentebi da moculobiTi Zalis   komponente-

bi damokidebulni arian mxolod x1  da x2 -ze. amrigad, arc 

erTi gansaxilveli sidide x3 -ze ar aris damokidebuli. 

lames (1.16.1) gantolebebi miiRebs Semdeg saxes 

       2

2

0 12u     ( ) , ,
,

, 

sadac 

2 11 22( ): ( ) ( ), ,     *). 

es ukanaskneli, cxadia, (2.1.3)-is (2.1.6)-Si CasmiTac miiReba. 
sen-venanis (1.11.4) pirobebidan xuTi, (2.1.1)-is Tanaxmad, 

igivurad kmayofildeba da gvrCeba mxolod erTi  

                                                           
*) radgan am nawilSi (nawili II) Cven mxolod laplasis organzomile-

bian 2 operatorTan gveqneba saqme, simartivisaTvis mas indeqsad 2-s ar 

mivuwerT. 
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e e e11 22 22 11 12 122, , ,  .             (2.1.7) 

piroba. izotropuli erTgvarovani sxeulisaTvis (2.1.7) 
SeiZleba Semdegi saxiTac CavweroT 

 X  

 

 
 





2

2

( )
, .           (2.1.8) 

marTlac, (2.1.3)-is pirvel tolobaSi (2.1.4)-is Casmisa da 

e -s mimarT amoxsnis Semdeg miviRebT, rom 

e X X    




 
   









 

1

2
12

2( + )
, , . .   (2.1.9) 

CavsvaT es ukanaskneli (2.1.7)-Si, maSin miviRebT, rom 

X X X X11 22 22 11 12 122 0, , ,   


 


2( + )
       (2.1.10) 

Tu (2.1.6)-dan pirvels gavawarmoebT x1 -iT, xolo meores 

_ x2 -iT da miRebul Sedegebs SevkrebT, gveqneba 

   2 12 12 11 11 22 22X X X, , , ,  . 

Tu am ukanasknels SevitanT (2.1.10)-Si, sabolood moviRebT 
(2.1.8)-s, romelsac levis gantoleba ewodeba. 

brtyeli deformaciis ganmartebidan cxadia, rom is 
gveqneba usasrulod grZeli wrfivi RerZis mqone prizmu-
li (cilindruli) sxeulis SemTxvevaSi, roca masze moqme-
di gare zedapiruli Zalebi da moculobiTi Zalebi defor-
maciis sibrtyis (e.i., ganivi kveTis) paraleluria*). Tu 
prizmuli sxeuli sasrulia, maSin masSi brtyeli de-
formacia aRiZvreba garkveuli miaxloebiT. amasTan, rac 
ufro grZelia prizma (cilindri), miT ufro axloa sxeu-
lis deformacia brtyel deformaciasTan. 

                                                           
*) e.i. 0 3 3 X X nn j j , rac, (2.1.3)-is Tanaxmad, igivurad sruldeba, 

radgan n gverdiTi zedapiris normalia. 
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Tu u X ,  akmayofileben (2.1.1), (2.1.3), (2.1.6) ganto-

lebebs da 

2,1,      nXnX ,           (2.1.11) 

sasazRvro pirobebs*), sadac ,nX  2,1 , gare Zabvis veq-

toris mocemuli komponentebia, maSin (2.1.5)-is Tanaxmad 

prizmis (cilindris) boloebze moqmedeben Sesabamisad X 33
 

da X 33
-is toli Zabvebi (ix. nax. 2.1.1)**). am Zabvebis mo-

deba aucilebelia imisaTvis, rom gvqondes brtyeli defor-
macia. 

$2.2. brtyeli daZabuli mdgomareoba 

daZabul mdgomareobas ewodeba Ox x1 2
 sibrtyis parale-

luri brtyeli daZabuli mdgomareoba, Tu sxeulis yovel 
wertilSi 

X ii 3 0 12 3 , , , .            (2.2.1) 

am SemTxvevaSi, sazogadod, nulisagan gansxvavebulia Zab-
vis tenzoris Semdegi sami komponenti 

X , , 12 . 

Tu (2.2.1) damokidebulebas adgili aqvs mxolod moce-
mul wertilSi, maSin amboben, rom mocemul wertilSi 
gvaqvs brtyeli daZabuli mdgomareoba. 

am SemTxvevaSi (1.2.1) formulebidan gamomdinareobs, rom 
nax. 2.1.1 

                                                           
*) aq gaTvaliswinebulia wina gverdis *). 

**)   ,,cos 33333333
XxxXX x   

    3333333 ,cos
3

XxxXX x  . 



 149 

 

X X n Xn n     , , ;12 03 .      (2.2.2) 

es ukanaskneli imaze migviTiTebs, rom nebismierad orienti-

rebul farTze moqmedi Zabvis veqtori Ox x1 2  sibrtyis pa-

raleluria. 
(2.2.1)-is Tanaxmad, wonasworobis gantolebebs (2.1.6) sa-

xe eqnebaT, mxolod gansaxilvel SemTxvevaSi Zabvebi, sazo-

gadod, x3 -zec arian damokidebulni. 

x3 

x2 

x1 

X33 

Xn2
 

Xn1
 

-X33 
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radgan X33 0 , izotropuli sxeulisaTvis 

X u ui i33 3 32 0   , ,
. 

aqedan gansazRvrul u3 3,
-s 

u e u3 3 33

2

2 2
, ,  


 





 



 
                  (2.2.3) 

Tu CavsvamT hukis (1.15.2) kanonSi, miviRebT, rom 

 X u u             *

, , , , ,
2

1 2 ,  (2.2.4) 

sadac 


 

 

* 


2

2
. 

hukis kanonSi X 3 0 -is (ix. 2.2.1) Casma ki gvaZlevs, rom 

2 0 2 023 2 3 3 2 13 1 3 3 1e u u e u u     , , , ,, ,  (2.2.5) 

rogorc vxedavT, (2.2.4) imiT gansxvavdeba (2.1.3)-sagan, rom 

  Secvlilia *
-iT. 

Tu (2.2.4)-s CavsvamT wonasworobis (2.1.6) gantolebebSi, 
romlebic, rogorc ukve aRvniSneT, samarTliania brtyeli 
daZabuli mdgomareobis SemTxvevaSic, miviRebT, rom 

  2,1,0
2

*       u .    (2.2.6) 

xolo wonasworobis (1.15.1) gantolebaTa sistemis mesame 
gantolebidan, (2.2.1)-is Tanaxmad gveqneba, rom 

3 0 . 

e.i., moculobiTi Zalac Ox x1 2  sibrtyis paraleluria. 

unda SevniSnoT, rom brtyeli daZabuli mdgomareoba, 
miuxedavad arsebiTi gamartivebisa da imisa, rom hukis ka-
nonsa da lames gantolebebs Sesabamisad (2.2.4) da (2.2.6) 
saxe aqvT, rCeba samganzomilebian amocanad, ramdenadac, ro-
gorc ukve avRniSneT, gansaxilveli sidideebi, sazogadod, 
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x3
-ze arian damokidebulni. marTalia, (2.2.4)-sa da (2.2.6)-

Si 
3x  mxolod parametris rols TamaSobs. 

$2.3. ganzogadebuli brtyeli daZabuli mdgomareoba 

fuZeebis zomebTan SedarebiT mcire simaRlis mqone 

prizmas (cilindrs) firfita ewodeba, xolo mis 2h simaR-
les (ix. nax. 2.3.1) _ firfitis sisqe. vigulisxmoT, rom 
firfitis Sua sibrtye (e.i. fuZeebis paraleluri da maTgan 

Tanabrad daSorebuli sibrtye) emTxveva Ox x1 2
-s. 

nax. 2.3.1 
 

vTqvaT, firfitis fuZeebi Tavisufalia gare Zabvebisagan, 
xolo gverdiT zedapirze moqmedeben fuZeebis paraleluri 
da Sua sibrtyisadmi simetriulad ganawilebuli gare 
Zabvebi. aseve vgulisxmobT, rom firfitaze moqmedi mo-
culobiTi Zalebi fuZeebis paraleluri da Sua sibrtyisad-
mi simetriulad ganawilebulni arian, e.i., 

X i
i x h3 3

0 1 2 3


 , , , ,             (2.3.1) 
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Xn3 =0 gverdiT zedapirze da 3 0 .      (2.3.2) 

sen-venanis principis Tanaxmad, or msaxvels Soris mo-
Tavsebul mcire ubanze moqmed zedapirul ZalTa sistema 
SeiZleba Seicvalos statikurad misi ekvivalenturi ZaliT, 
romelic aRniSnul ubanze moqmedebs da firfitis Sua 
sibrtyeSi mdebareobs. 

moculobiTi da gare zedapiruli Zalebis Sua sibrtyi-
sadmi simetriuli ganawilebis gamo, cxadia, rom Sua sib-
rtyis wertilebi deformaciis Semdegac Sua sibrtyeze 

darCebian, e.i. gadaadgilebis u3
 komponenti Sua sibrtyeze 

nulia da firfitis sisqis simciris gamo, roca x3 0 , is 

Zalze mcirea. amdenad  u x x x3 1 2 3, ,  saerTod nulis to-

lad SeiZleba CavTvaloT (magram ara misi warmoebuli 

u3 3,
), xolo u -s cvlileba sisqis gaswvriv umniSvneloa. 

aqedan gamomdinare, cxadia, rom firfitis drekad wonaswo-

robaze warmodgena SeiZleba SeviqmnaT u  sidideebis sisqis 

mimarT gasaSualebuli u 0  mniSvnelobebiT: 

   u x x
h

u x x x dx
h

h

  0 1 2 1 2 3 3

1

2
1 2, , , , , 





 .   (2.3.3) 

(2.3.2)-is Tanaxmad, wonasworobis (1.15.1) gantolebaTa 
sistemis mesame gantolebidan 

X j j3 0,  .                (2.3.4) 

aqedan, Tu gaviTvaliswinebT (2.3.1)-s, cxadia, 

0|
33,33  hxX , 

radgan 

0||
33 2,321,31   hxhx XX . 
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amrigad, firfitis fuZeebze X 33
 da misi warmoebuli 

sisqis gaswvriv nulis tolia. sisqis simciris gamo didi 
sizustiT SeiZleba CavTvaloT, rom yvelgan sxeulSi 

 X x x x33 1 2 3 0, ,  .           (2.3.5) 

daZabul mdgomareobas, roca sruldeba (2.3.1), (2.3.2), 
(2.3.5) pirobebi da gare Zalebi firfitis Sua sibrtyis pa-
raleluri da simetriulia, ewodeba ganzogadebuli brtye-
li daZabuli mdgomareoba. 

wonasworobis (1.15.1) gantolebaTa sistemis pirveli 

ori gantolebis x3
-is mimarT h -dan h -mde integrebisa 

da misi 2h-ze gayofis Semdeg, radgan, (2.3.1)-is Tanaxmad, 

0
2

1
,

2

1
3

33333 









hx

hx

h

h

X
h

dxX
h

 , 

miviRebT, rom 

2,1,0, 00  X ,        (2.3.6) 

sadac 

    ;2,1,
2

1
3321210  





   ,dx,x,xxX
h

,xxX

h

h

αβ  

    2,1,,,
2

1
, 3321210  





   
h

h

dxxxxX
h

xx . 

 
rac Seexeba wonasworobis (2.3.4) gantolebas, igi gasa-

Sualoebis Semdeg igivurad kmayofildeba, radgan ganzoga-
debuli daZabuli mdgomareobis fizikuri Sinaarsidan ga-

momdinare u , X ,  , , 12 , sidideebi luwi, xolo 

X 3 ,   1 2, , sidideebi kenti funqciebia x3 cvladis mi-

marT, e.i. am ukanasknelTa saSualo mniSvnelobebi nulis 
tolia. 
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brtyeli daZabuli mdgomareobis analogiurad, (2.3.5)-is 
Tanaxmad, Cvens SemTxvevaSic eqneba adgili (2.2.4) tolobas, 
romelic gasaSualoebis Semdeg gvaZlevs, rom 

  2,1,,,0,0

2

0

*

0        uuX . (2.3.7) 

Tu (2.3.7)-s CavsvamT (2.3.6)-Si, miviRebT, rom 

  2,1,,00,0

2
*

0       u . 

vTqvaT, ds wiriTi elementia Ox x1 2
 sibrtyeze. ganvixi-

loT Sua sibrtyisadmi perpendikularuli 2h simaRlis 
mqone marTkuTxa farTi, romelic firfitas ekuTvnis da 

romlis kveTa Sua sibrtyesTan gvaZlevs ds elements. aRni-
Snul farTze moqmedi Zabvis veqtoris gegmilis saSualo 
mniSvneloba 

X X nn   0 0 -s,   1 2, ,                  (2.3.8) 

tolia, sadac n farTis dadebiTi normalia, romelic, cxa-

dia, Sua sibrtyis paraleluria (e.i. n3 0 ). mTel farTze 

moqmedi zedapiruli Zalaa 

2 0hX dsn  ,   1 2, , 

xolo sisqis erTeulze gaangariSebuli ds elementze n 

normalis mxridan moqmedi Zala X dsn 0 -is,   1 2, , to-

lia. 
brtyeli deformaciisa da ganzogadebuli brtyeli daZa-

buli mdgomareobis ZiriTad damokidebulebaTa Sedareba 
advilad dagvarwmunebs imaSi, rom yvela formula erTnai-
ria im gansxvavebiT, rom iq, sadac brtyeli deformaciis 

dros gvaqvs  , ganzogadebuli daZabuli mdgomareobis 

dros gvaqvs *
. amrigad, SeiZleba davaskvnaT, rom brtyeli 

deformaciis mdgomareobisa da ganzogadebuli btyeli daZa-
buli mdgomareobis SemTxvevaSi drekadobis Teoriis amo-
canebi maTematikurad identuria. 
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drekadobis Teoriis brtyeli sasazRvro amocanebi dais-
meba samganzomilebianis analogiurad. konkretuli amocane-
bis amoxsnis meTodebi SeiZleba vnaxoT, magaliTad, [52]-sa 
da [50]-Si. 

Tavi II. firfitebis da garsebis Teoria 

$2.4. Txeli firfitebis Runvis klasikuri Teoria. kirxhof-liavis 

modeli 

Cvens mier adre ganxiluli ganzogadoebuli brtyeli 
daZabuli mdgomareoba (ix. $2.3) iqmneba firfitebis gaWimva-
kumSvaze muSaobis dros. maSin rogorc moculobiTi, aseve 
gare zedapiruli Zalebis gegmilebi Sua sibrtyis per-
pendikularul mimarTulebaze Cvens mier nulis tolad iq-
na miRebuli. amdenad im SemTxvevis gansaxilvelad, roca 
firfitaze swored mxolod zemo aRniSnuli mdgenelebi 
moqmedeben, ganzogadoebuli brtyeli daZabulobis mdgoma-
reobis modeli ar gamodgeba. am moTxovnas pasuxobs Txeli 
firfitebis Runvis klasikuri Teoria, romelic eyrdnoba 
kirxhof*)-liavis**) Semdeg sam ZiriTad hipoTezas: 

1. wrfivi normalebis hipoTeza: deformaciamde firfi-
tis Sua sibrtyisadmi normaluri wrfivi elementi ar 
icvlis sigrZes da wrfivi da Sua zedapiris marTobuli 
rCeba deformaciis Semdegac (ix. nax. 2.4.1).  

maTematikurad es imas niSnavs, rom e33 0  da e 3 0 , 

 = 1,2. 

                                                           
*) g.r. kirxhofi (1824-1887). 
**) o.e.h. liavi (1863-1940). 
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2. Sua sibrtyis gauWimvadobis hipoTeza: Sua sibrtye ar 
muSaobs gaWimva-kumSvaze, igi mxolod iRuneba, e.i., Sua sib-
rtyeSi ar gvaqvs gaWimvis, kumSvis da Zvris deformaciebi. 

maTematikurad es ase Caiwereba: 

 u x x 1 2 0 0, ,  ,   = 1,2. 

am Tvisebis gamo aRniSnul sibrtyes neitralurs uwodeben. 
3. Sua sibrtyisadmi paralelur fenebs Soris wnevis 

ararsebobis hipoTeza: aRniSnuli wnevis simciris gamo 
firfitis fenebi erTmaneTze gavlenas ar axdenen. 

maTematikurad es imas niSnavs, rom 

X X X X X33 11 12 22 33 0 , , , . 

es hipoTezebi misaRebia e.w. Txeli firfitebisaTvis. 
firfitas ewodeba Txeli, Tu misi CaRunva 

 
4

2
,, 3213

h
xxxu   

da 

1

80

2 1

5
 

h

b
, 

sadac 2h firfitis sisqea, xolo b aris firfitis Ox1x2 
sibrtyeze gegmilis umciresi maxasiaTebeli zoma. 

x3 

x1 

u3 

u3,1 

u3,1 
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nax. 2.4.1 

SevniSnoT, rom Txeli firfitebis Teoria gamodgeba ma-
Sinac ki, roca 

1

5

2 1

3
 

h

b
. 

Tu 
2 1

3

h

b
 , maSin firfita gaiTvleba sqeli firfitebis 

Teoriis safuZvelze. Tu CaRunva u
h

3

2

4
 , firfita gaiT-

vleba moqnili firfitebis Teoriis safuZvelze. sqeli da 
moqnili (an rac igivea, didi CaRunvebis mqone) firfitebis 
Teoriebs (ix. mag., [58]) Cven ar SevexebiT. 

2.4.1. gadaadgilebebi da deformaciebi firfitebSi 

kirxhof-liavis pirveli hipoTezis Tanaxmad, (1.6.3)-is 

gaTvaliswinebiT gveqneba, rom e u33 3 3 0 , . Tu vainteg-

rebT am tolobas, miviRebT, rom  u u x x3 3 1 2 , . garda ami-

sa, imave hipoTezis Tanaxmad: 

 e u u  3 3 3

1

2
0  , , , 

saidanac 

u u , ,3 3  .                                   (2.4.1) 

Tu vaintegrebT mas x3 -is mimarT, miviRebT, rom 

 u x u f x x      3 3 1 2 1 2, , , , . 

magram meore hipoTezis Tanaxmad Sua sibrtyeze am tolo-
bebis marcxena mxare nulis tolia. marjvena mxareSi ki 
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pirveli Sesakrebi, roca x3 0 , cxadia, nulis tolia. 

amdenad, 

 f x x 1 2 0 1 2, , ,  . 

amrigad, 

 u x x x x u  1 2 3 3 3 1 2, , , ,,   ,     (2.4.2) 

xolo 

   

,2,1

,
22

1
,33,3,3

3
,,







 uxuu
x

uue
   (2.4.3) 

da isini ganisazRvrebian u3
-is saSualebiT. 

2.4.2. Zabvebi firfitaSi 

kirxhof-liavis mesame hipoTezis Tanaxmad, hukis 
(1.12.26) kanonidan viRebT, rom 

e
v

E
X

v

E
    


 

1
1 22 , , , ,    (2.4.4) 

sadac 

2 11 22: X X . 

aqedan 

e e
v

E

v

E
   




1 2
2 2  , 

e.i., (2.4.3)-is gaTvaliswinebiT miviRebT, rom 

,
1

332 ux
v

E


 . 

am ukanasknelis (2.4.4)-Si Casma gvaZlevs, rom 

e
v

E
X

v

v
x u   






1

1
3 3, , 
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kerZod, Tu   -s, 

e
v

E
X

v

v
x u  






1

1
3 3, . 

saidanac, radgan u u u3 3 3, , , ( )       , (2.4.3)-is 

Tanaxmad, 

 
,2,1,,

)1(
1

11

,3,3,332

,332,33
























                  

vuvuuvx
v

E

ux
v

E
ux

v

E
X

, 

da 

 X
Ex

v
u vu       


  3

2 3 3
1

1 2, , , , , , . (2.4.5) 

(2.4.4) da (2.4.3)-dan cxadia, rom 

X
Ex

v
u12

3

3 12
1

 


, .                           (2.4.6) 

pirveli hipoTezis gamo, hukis (1.12.26) kanonidan gamomdi-
nareobs agreTve, rom 

X
E

v
e 3 3

1
0


 .               (2.4.7) 

mesame pipoTezis Tanaxmad ki Cven davuSviT, rom 

X33 0 .                      (2.4.8) 

ugulebelvyoT moculobiTi Zalebi. maSin wonasworobis 
(1.15.1) gantolebebi miiReben 

X iij j, , , , 0 12 3 , 

saxes. (2.4.7) da (2.4.8), erTis mxriv, ewinaaRmdegeba wonas-
worobis am gantolebebs, ramdenadac Tu TviT wonasworo-
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bis gantolebebs amovxsniT X i 3
-is, i=1,2,3 mimarT, gaviTva-

liswinebT (2.4.5)-s, (2.4.6)-s da imas, rom 
)(

333
33

,0



 qXX

hxhx , 

miviRebT, rom (ix. [55], gv. 116-118) 

 
  X

E

v
h x u 

3 2

2

3

2

3
2 1

1 2 


 
,

, , ,  (2.4.9) 

xolo 

 
X

q q E

v
h x

x
u33 2

2

3

3

3

2

3
2 2 1 3


















 ( ) ( )

 ,          (2.4.10) 

sadac q
( )

 da q
( )

 Sesabamisad firfitis zeda da qveda zeda-

pirebze modebul Zalebs aRniSnavs; Tumca, meore mxriv, 

(2.4.9) da (2.4.10)-dan gamomdinareobs, rom X 3 1 2, , , 

meore rigis mcire sididea h-is mimarT, xolo X 33  ki ga-

nivi datvirTvis intensiurobis rigisaa da Seadgens X , 

  1 2, , Zabvebis umniSvnelo nawils (ix. 2.4.3 qveparagra-

fi), Tu Sesabamisad u3 -is mesame da meoTxe rigis warmoe-

bulebi x1  da x2 -is mimarT SemosazRvrulia. 

2.4.3. Zalvebi firfitebSi 

ganvixiloT 

2,1,3  




   
h

h

dxXN . 

radganac (2.4.5) x3 -is mimarT kenti funqciaa, amitom 

N  0 . 
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imave (2.4.5)-is Tanaxmad mRunavi momenti 

 

,2,1,,

,: ,3,333



 








  

vuuDdxxXMM

h

h
 (2.4.11) 

sadac 

 
D

Eh

v




2

3 1

3

2
 

e.w. cilindruli sixistea. 
Tu gaviTvaliswinebT (2.4.9)-s, miviRebT e.w. gadamWreli 

Q  Zalvebis Semdeg gamosaxulebas: 

 Q X dx D u
h

h

  
: , ,

,
   





 3 3 3 1 2 .    (2.4.12) 

radganac (2.4.6) x3 -is mimarT kenti funqciaa, amitom 

S X dx
h

h

: 




 12 3 0  

da e.w. mgrexavi momenti: 

H M M x X dx D v u
h

h

: ( ) ,     




21 12 3 12 3 3 121 .        (2.4.13) 

Q , M  da H sidideebi gaTvlilia Sua sibrtyisa da 

misi perpendikularuli sibrtyis TanakveTis sigrZis erTe-
ulze. cxadia, maTi saSualebiT advilad miviRebT Zabvis 
tenzoris komponentebis gamosaxulebebs. marTlac, (2.4.5)-
is da (2.4.11)-is SedarebiT davaskvniT, rom 

X
M x

h


  
3

2
1 23

3
, , , 
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xolo (2.4.6)-is (2.4.13)-Tan, (2.4.9)-isa da (2.4.10)-is 
(2.4.12)-Tan SedarebiT ki Sesabamisad davaskvniT, rom 

 

.
34

3

2

,
4

3
,

2

3

3

3
3

2

3

,

)()(

33

2

3

2

333

3
12




















x
xh

h

Qqq
X

xh
h

Q
X

h

Hx
X




    

 

Tu firfitis Sua sibrtyeSi mdebare wiris gare norma-

li n -ia, xolo t  mxebi, maSin, analogiurad, (1.4.3), 
(1.2.1), (2.4.11)-(2.4.13)_is Tanaxmad, 

M X x dx X n n x dx X n n x dxn nn

h

h

ij i j

h

h

h

h

:  












  3 3 3 3 3 3    

  M n Hn n M n1 1

2

1 2 2 2

22 ,
 
















h

h

h

h

jiij

h

h

ntnt dxxtnXdxxtnXdxxXM 333333:   

    M n t H n t n t M n t1 1 1 1 2 2 1 2 2 2 , 

Q X dx X n dx X n dx Q nn n

h

h

i i

h

h

h

h

:   












  3 3 3 3 3 3    , 

sadac 

   n n x t t x ii i i i  cos , , cos , , , ,1 2 3 , 

da, cxadia, n3 0 , t3 0 . 

2.4.4. gaRunuli Sua zedapiris gantoleba 

azrobrivad amovWraT Sua sibrtyidan usasrulod mcire 

elementi dx1 da dx2  (ix. nax 2.4.2) gverdebiT. masze moq-
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medi Zalvebi mocemulia naxazze. amasTan im wiriT elemen-
tebTan, romelTa normalebis mimarTuleba emTxveva sa-
koordinato RerZebis mimarTulebebs, miTiTebulia Zalvebis 
(sakuTriv gadamWreli Zalebisa da momentebis moqmedebiT 
gamowveuli mobrunebis kuTxeebis) dadebiTi mimarTulebebi, 
e.i. is mimarTulebebi, ra mimarTulebebiTac Sesabamisi 
sidideebi dadebiT mniSvnelobebs iReben. momentebisa da maT 
mier gamowveuli brunvis dadebiTi mimarTulebebis gasar-
kvevad gavixsenoT momentis ganmarteba. marjvena sistemaSi 

raime O1
 wertilis mimarT O2

 wertilSi modebuli 

P  

Zalis momenti ganimarteba, rogorc 21OO  da 

P  

veqtorebis iseTi veqtoruli namravli, rom OO1 , 

P  da 

][ ,
1

POO


O  veqtorebma Seqmnan marjvena sistema. amasTan mo-

mentis dadebiTi mimarTulebis garSemo mis mier gamow-
veuli brunvis dadebiT mimarTulebad (e.i. mobrunebis  
kuTxis dadebiT mimarTulebad) miRebulia saaTis isris sa-

winaaRmdego mimarTuleba. amrigad,  1113 ,, MXx  sameulis 

dadebiTi mniSvnelobebis Sesabamisma mimarTulebebma unda 

Seqmnan marjvena sistema. aqedan gamomdinare M1 momentis 

dadebiTi mimarTulebis garSemo mis mier gamowveuli brun-
vis dadebiTi mimarTuleba (e.i. mobrunebis kuTxis dadebiTi 
mimarTuleba) emTxveva nax. 2.4.2-ze miTiTebuls. analogiu-

rad,  2223 ,, MXx  sameulidan vaskvniT, rom M2 -is dadebi-

Ti mimarTuleba emTxveva x1 RerZis  uaryofiT mimarTule-

bas;  x X H3 12, ,  sameulidan vaskvniT, rom H-is dadebiTi 

mimarTuleba emTxveva x1 RerZis  uaryofiT mimarTulebas; 

 x X H3 21, ,  sameulidan vaskvniT, rom H-is dadebiTi mi-

marTuleba emTxveva x2  RerZis  dadebiT mimarTulebas; xo-
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lo maT dadebiT mimarTulebaTa garSemo maT mierve gamow-
veul brunvaTa dadebiTi mimarTulebebi emTxveva naxazze 
miTiTebuls. elementi wonasworobaSia, amitom masze moq-

medi Zalebis x3
 RerZze gegmilebis algebruli jamis nul-

Tan tolobis pirobidan miviRebT, rom 

,02121

1

1
1

12

2

2
21221





















dxqdxdxdx
x

Q
Q

dxdx
x

Q
QdxQdxQ









 

sadac q q q:
( ) ( )

 
 

 (ix. 2.4.2 qveparagrafi) Sua sibrtyeze 

normalurad moqmedi zedapiruli datvirTvis intensiuro-

baa. aqedan msgavsi wevrebis SeerTebisa da dx dx1 2 -ze gayo-

fis Semdeg miviRebT, rom 

Q q ,   .               (2.4.14) 

Tu axla x ,  1 2, , RerZebis mimarT momentebs nuls 

gavutolebT, miviRebT, rom 



















dxdx

x

H
HdxMdxdx

x

M
M

























  

 ,0
22

2





















































dx
dxqdx

xd
dxdx

x

Q
Q

dx
dxQdxdxdx

x

Q
QHdx

 

2,1,,     . 

saidanac mesame rigis usasrulo mcireebis (isini xazgas-
mulia) ugulebelyofiT analogiurad gamomdinareobs, rom 
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M H Q       , , , , , ,    12 .  (2.4.15) 

Tu (2.4.15)-s CavsvamT (2.4.14)-Si, miviRebT, rom 

   M H M H q11 2 1 2 2 1 2. , , , , ,
     .    (2.4.16) 

xolo am ukanasknelSi M -sa da H-is (2.4.11) da (2.4.13) 

mniSvnelobebis Casma gvaZlevs 

u
q

D
3                                        (2.4.17) 

gantolebas, romelsac sofi Jermen-lagranJis gantoleba 
ewodeba. 

nax. 2.4.2 

SevniSnoT, rom (2.4.14) da (2.4.15) formulebi SeiZleba 
miviRoT wonasworobis (1.15.1) gantolebebis integrebiTac 
(ix. qvemoT (2.5.3) da (2.5.4)). 

1

1

dx
x

H
H






2

2

dx
x

H
H






1

1

1
1 dx

x

M
M






2

2

2
2 dx

x

M
M






1

1

1
1 dx

x

Q
Q






2

2

2
2 dx

x

Q
Q






Q2 

M2 

H 

H 

Q1 

M1 

x2 

x3 

x1 

q 

dx1 dx2 
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(2.4.16) gantoleba gamoiyeneba cvladi sisqis firfitis, 
romelic simetriul prizmul garss warmoadgens (ix. qve-

moT $2.6.), SemTxvevaSic, Tu sisqe 2h mkveTrad ar icvleba 
(ix. [58], gv. 199). 

Tu (2.4.11)-sa da (2.4.13)-s, romlebic aseve samarTliania 

aramkveTrad cvladi sisqis firfitebisaTvis (e.i.  D x x1 2,  

funqciaa) CavsvamT (2.4.16)-Si, miviRebT cvladi sixistis, 
romelic SeiZleba drekadi mudmivebis cvalebadobiTac iyos 
gamowveuli, SemTxvevaSi Runvis Semdeg gantolebas: 

     

    .)1(2
12,12,322,11,3

11,22,322,22,311,11,3

qDuvDuv

DuvDuDu




   (2.4.18) 

Runvis dinamikis gantolebis misaRebad, dalamberis prin-
cipis Tanaxmad, q  datvirTvas unda daematos inerciis Za-

lis gegmili 
3x  RerZze. es imiT aixsneba, rom erTi mxriv, 

moculobiTi Zalis 
3x  RerZze gegmili rom ar ugulvebel-

gveyo, is swored q –s daemateboda, xolo meore mxriv, 

inerciis Zala moculobiT Zalebs ganekuTvneba (ix. agreTve 
qvemoT (2.6.4)). 

2.4.5. ZiriTadi amocanebi firfitisaTvis 

firfitebis TeoriaSi Cven veZebT (2.4.18) (kerZod 2.4.17) 

gantolebis amonaxsns (e.i. u C3

4 ), romelic Semdegi sami 

ZiriTadi sasazRvro pirobidan erT-erTs akmayofilebs: 

1. sazRvarze mocemulia u3  CaRunva da Sua sibrtyis Se-

mobrunebis kuTxe (dirixles amocana). es aris geometriu-
li sasazRvro piroba. roca sasazRvro pirobebi erTgva-
rovania (nulovania), sazRvars Camagrebuls uwodeben. 
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2. sazRvarze mocemulia CaRunva da mRunavi momenti. es 
aris fizikuri sasazRvro piroba. roca sasazRvro pirobebi 
erTgvarovania, amboben, rom sazRvari saxsruladaa day-
rdnobili. 

3. sazRvarze mocemulia gadamWreli Zala, mRunavi da 
mgrexavi momentebi (neimanis amocana). es sasazRvro pirobac 
fizikuria. roca sasazRvro pirobebi erTgvarovania, ambo-
ben, rom sazRvari Tavisufalia. 

Tu sicxadisaTvis vigulisxmebT, rom sazRvris normali 

x2
 RerZs emTxveva, zemoT CamoTvlili erTgvarovani sasaz-

Rvro pirobebi maTematikurad Sesabamisad ase Caiwereba: 

1. 0,    ,0 233  uu  (am SemTxvevaSi, (2.4.13)-is ZaliT 

H  0 ); 

2. u M3 20 0 , ; 

3. Q M H2 20 0 0  , , . 

samganzomilebian modelSi maT (erTgvarovani pirobebis 
SemTxvevaSi) Sesabamisad eTanadeba Semdegi sasazRvro piro-
bebi: 

1. u ii  0 12 3, , , ; 

2. u u X1 3 220 0 0  , , ; 

3. 0,0,0 212223  XXX   . 

mesame amocanis SemTxvevaSi meoTxe rigis (2.4.18) (ker-
Zod, 2.4.17) elifsuri gantolebisaTvis gvaqvs sami sasaz-
Rvro piroba, rac sasazRvro amocanas arakoreqtuls xdis. 
amitom garkveul mosazrebebze dayrdnobiT (ix. nax. 2.4.3), 

Q2 -sa da H-is nacvlad sazRvarze saxeldeba e.w. ganzoga-

debuli gadamWreli Zala 

~
:Q Q

H

x
2 2

1
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da am ukanasknel SemTxvevaSi gveqneba ori sasazRvro piro-
ba. 

dasasruls SevniSnavT, rom firfitebis Runvis klasi-

kur TeoriaSi ar sruldeba hukis kanoni x3
 RerZis gas-

wvriv da sasazRvro pirobebi kmayofildeba integralurad. 
marTlac, Cvens SemTxvevaSi pirveli hipoTezis  Tanaxmad 

e33 0  da amdenad x3
 RerZis gaswvriv hukis kanoni iRebs 

0,, 2211 uu  saxes. saidanac, (2.4.1)-is Tanaxmad gamomdina-

reobs, rom 032  u , rac, sazogadod, ar sruldeba, rad-

gan u3
 akmayofilebs (2.4.17) gantolebas da amdenad, sazo-

gadod, is harmoniuli funqcia araa. 
ufro detalurad firfitebis Runvis klasikur Teo-

rias SeiZleba gavecnoT [55]-sa da [58]-Si. 

zogad SemTxvevaSi, roca sazRvris normali 

n -ia, kir-

xhof-liavis modelis erTgvarovan sasazRvro pirobebs 
aqvT Semdegi saxe: 

0   ,0  .1 3
3 

n

u
u




; 

0   ,0   .2 3  nMu ; 

3 0. ,
~

:M Q Q
M

t
n n n

nt  



, 

romelTac samganzomilebiani modelis Semdegi sasazRvro 
pirobebi Seesabameba: 

1 0 1 2 3. , , ,u ii   ;  

2 0 0 03. , ,X u unn t   ; 

0,0,0.3 3  nntnn XXX       . 
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nax. 2.4.3 

kirxhof-liavis modelSi ganixilaven agreTve e.w. sriala 
Camagrebis  

,0
~

   ,0   .4 3  nQ
n

u




 

1

1

dx
x

H
H






1

1

dx
x

H
H






1

1

dx
x

H





dx1 

dx1 dx1 

dx1 

x
1
 

H

H
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sasazRvro pirobebs, romlebsac samganzomilebian modelSi 
Seesabameba 

0   ,0   ,0  .4 3  nntn XXu  

sasazRvro pirobebi. 

ganvixiloT pirveli sasazRvro pirobebi. vTqvaT, ui  0 , 

i  1 2 3, , ,  x x1 2,  , x h3  , maSin Tu gavixsenebT imas, 

rom un
-iT da ut

-Ti aRniSnulia gadaadgilebis veqtoris 

mdgenelebi (komponentebi)  -ze gamavali cilindruli 

zedapirisadmi (sazRvrisadmi) 

n  normalisa da Ox x1 2

 

sibrtyis paraleluri 

t  mxebis mimarTulebebiT, da-

vaskvniT, rom erTi mxriv, (2.4.2)-is Tanaxmad, 

n

u
xnuxnuun






3
333 ,  , 

,, 3
333

t

u
xtuxtuut




   

da, amdenad, 

un  0 , ut  0 da 03
3 

n

u
x




, x

u

t
3

3 0



 , roca 

 x x1 2,  , x h3  . 

saidanac imis gaTvaliswinebiT, rom kirxhof-liavis mo-

delSi u3  ar aris damokidebuli x3 -ze, miviRebT, rom 

03 




n

u
. 

meore mxriv ki 

u3 0


 . 

meore, mesame da meoTxe sasazRvro pirobebis SemTxveva na-
Telia, radgan iqidan, rom 
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X nn  0 , X nt  0 da X n3 0 , roca  x x1 2,  , 

x h3  , 

Sesabamisad gamomdinareobs, rom 

Mn  0 , M nt  0 da Qn  0 , roca  x x1 2,  , 

xolo, rogorc zemoT vaCveneT, 

un  0 , roca  x x1 2,  , x h3  , 

tolobidan gamomdinareobs, rom 

03 
n

u




, roca  x x1 2,  . 

dinamikis amocanebis ganxilvisas, sasazRvro pirobebs 
sawyisi pirobebic unda daematos. 

2.4.6. firfitis Runva drekad fuZeze 

drekadi fuZe ewodeba drekad deformirebad sxeuls, 
romelsac mTeli Tavisi qveda piriTi zedapiriT eyrdnoba 
firfita an Rero (ix. qvemoT naw. III). 

vinkleris*) eqsperimentuli hipoTezis Tanaxmad drekad 
fuZeze firfitis an Reros dawoliT gamowveuli drekadi 
fuZis reaqciis R intensiuroba qveda fuZis CaRunvis (e.i. 

kirxhof-liavis modelis SemTxvevaSi Sua sibrtyis u3  Ca-

Runvis, radgan is x3 -ze ar aris damokidebuli) propor-

ciulia 

R ku 3 , 

sadac k drekadi fuZis modulia, gaTvlili farTis er-

Teulze, roca CaRunva sigrZis erTeulis tolia. k , rom-

                                                           
*) e. vinkleri (1835-1888). 
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lis erTeulia 
3sm

niutoni
, drekadi fuZis masalazea damo-

kidebuli da dgindeba eqsperimentiT (ix. [58], gv. 290). 

Tu q firfitis datvirTvis intensiurobaa, maSin, cxadia, 
drekadi fuZis reaqciis gaTvaliswinebiT firfitaze moq-
medi mTliani datvirTvis intensiuroba 

 q ku 3 -is                (2.4.19) 

tolia. amdenad drekad fuZeze mdebare firfitis Runvis 

gantolebis misaRebad (2.4.17) da (2.4.18) gantolebebSi q 
unda SevcvaloT (2.4.19)-iT: 

u
q ku

D
3

3


 

da 

       

  .)1(2 312,12,3

11,22,322,11,322,22,311,11,3

kuqDu

DuDuDuDu








 

$2.5. raisner-mindlinis modeli 

mokled SevexoT raisner*)-mindlinis models [11], [29], 
[31]. kirxhof-liavis modelisgan gansxvavebiT es modeli sa-
Sualebas iZleva, firfitis sazRvarze dasaxeldes samive 

fizikuri sidide: Qn  gadamWreli Zala, Mn  mRunavi momen-

ti da Mnt  mgrexavi momenti. raisner-mindlinis modeli 

emyareba Semdeg sam ZiriTad hipoTezas: 
1. wrfivi normalebis hipoTeza: deformaciamde firfi-

tis Sua sibrtyisadmi normaluri wrfivi elementi ar ic-
vlis sigrZes da wrfivi rCeba (ix. nax. 2.5.1). 

                                                           
*) e. raisneri (1913-1996). 
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maTematikurad es imas niSnavs, rom e33 0 . 

nax. 2.5.1 

2. Sua sibrtyis gauWimvadobis hipoTeza: Sua sibrtye ar 
muSaobs gaWimva-kumSvaze, igi mxolod iRuneba, e.i. Sua sib-
rtyeSi ar gvaqvs gaWimvis, kumSvis da Zvris deformaciebi. 

maTematikurad es ase Caiwereba: 

 u x x 1 2 0 0 1 2, , , ,  . 

3. Sua sibrtyisadmi paralelur fenebs Soris wnevis 
ararsebobis hipoTeza: aRniSnuli wnevis simciris gamo 
firfitis fenebs Soris wneva ugulebelyofilia.  

maTematikurad es imas niSnavs, rom X 33 0 . 

x1 

x3 

u3 

u3,1 

1 
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rogorc vxedavT, gansxvaveba raisner-mindlinisa da kir-
xhof-liavis hipoTezebs Soris mxolod pirvel hipoTezeb-
Sia da imaSi gamoixateba, rom Tu kirxhof-liavis modelis 
SemTxvevaSi deformaciamde Sua sibrtyisadmi normaluri 
elementi deformaciis Semdeg Sua zedapirisadmi normalu-
ri rCeba, raisner-mindlinis modelSi es sazogadod ase 
araa, e.i. es ukanaskneli modeli uSvebs ganivi Zvris de-
formacias. amitom zogjer raisner-mindlinis models uwo-
deben firfitas ganivi Zvris deformaciiT. 

axla ise moviqceT, rogorc (2.4.2) formulis gamoyvanis 
dros, imis gaTvaliswinebiT, rom axla 

   21333 ,
2

1
,,

2

1
xxuue   ≢0,  ,2,1  

sadac    ucnobi funqciebia, romlebic Zvris kuTxeebis 

tolia (ix. $1.8-is bolo nawili). maSin miviRebT, rom 

 u x x x    3 1 2 1 2, , , ,        (2.5.1) 

sadac 

    2,1   ,,,, 21321    xxuxx , 

warmoadgens 2,1,3    xOx , sibrtyeSi Semobrunebis kuT-

xes (rotacias), romelic firfitis RunviTaa gamowveuli 

(ix. nax. 2.5.1). raisner-mindlinis modelSi  T21 ,:    

rotacia, sazogadod, ar aris damokidebuli u3  CaRunvaze. 

kirxhof-liavis modelSi ki (Seadare (2.4.2)-s)   0  da, 

amdenad, 

   u3 12, , , . 

(1.6.3) kinematikuri formulebi, (2.5.1)-is ZaliT, miiRe-
ben Semdeg saxes: 
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e x e u

e
x

e

       

 

     

   

3 3 3

12

3

1 2 2 1 33

1

2
1 2

2
0

, ,

, ,

, , , ,

, .

 (2.5.2) 

(2.5.2) formulebs raisner-mindlinis kinematikuri formu-
lebi ewodebaT. 

(1.15.1) gantolebebidan pirveli ori gavamravloT x3
-ze, 

vaintegroT samive gantoleba –h-dan +h-mde x3
-is mimarT, 

gamoviyenoT nawilobiTi integreba da gaviTvaliswinoT 
(2.4.11)-(2.4.13) aRniSvnebi, maSin miviRebT, rom 

M Q q    , , ,   0 12 ,         (2.5.3) 

Q q ,  3 0 ,                (2.5.4) 

sadac 

     ,2,1,,,,,: 21321333  




   hxxXhxxXhdxxq

h

h

 

   q dx X x x h X x x h
h

h

3 3 3 33 1 2 33 1 2: , , , ,   




 . 

rogorc ukve aRvniSneT, advili misaxvedria, rom amave 
gziT SeiZleboda migveRo (2.4.15) da (2.4.14). marTlac, Tu 

  0  da q  0 ,  12, , isini gamomdinareoben Sesaba-

misad (2.5.3) da (2.5.4)-dan. piriqiT, zemoaRniSnul pirobeb-
Si (2.5.3) da (2.5.4) SeiZleba miviRoT ise rogorc (2.4.15) 
da (2.4.14) miviReT $2.4-Si. 

Tu (2.5.3)-dan ganvsazRvravT Q -s da CavsvamT (2.5.4)-Si, 

miviRebT, rom 

M q q   , ,  3 0 . 
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Tu 2h sisqe mkveTrad ar icvleba, ukanaskneli gantoleba 

da (2.5.1)-(2.5.4) damokidebulebebi, roca   0  da 

q  0 , gamoyvanili $2.4-Si gamoyenebuli meTodiT, gamod-

geba cvladi sisqis firfitebisTvisac. SevniSnoT, rom 
cvladi sisqis firfitis SemTxvevaSi (1.15.1) wonasworobis 
gantolebebidan integrebis meTodiT (2.5.3), (2.5.4) ar 
miiReba, rac cxadia i.vekuas meTodiT cvladi  sisqis fir-
fitebisTvis agebuli ierarqiuli modelebidan (ix. qvemoT 
$2.6), romlebic samarTliania nebismierad cvladi sisqis 
mqone firfitebisTvis. 

ramdenadac kirxhof-liavisa da raisner-mindlinis mesame 
hipoTezebi erTmaneTs emTxveva, amitom raisner-mindlinis 
modelis SemTxvevaSic samarTliania (2.4.4). Tu (2.4.4)-Si 
SevitanT (2.5.1)-s, miviRebT, rom 
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aqedan, radganac          , , , ( )   , (2.5.1)-is gaT-

valiswinebiT miviRebT, rom 
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(2.4.4) da (2.5.2)-dan cxadia, rom 

 X
E

x12 3 1 2 2 1
2 1

 



( )

, ,


  .       (2.5.6) 

hukis (1.12.26) kanonidan da (2.5.2)-dan ki gamomdina-
reobs, rom 

 X
E

u  


 3 3
2 1

1 2


  
( )

, ,, .  (2.5.7) 

Tu (2.4.11)-(2.4.13)-is ukanasknelis wina tolobebSi Sesa-
bamisad CavsvamT (2.5.5), (2.5.7), (2.5.6)-s, miviRebT, rom 

 M M D              , , , , ,1 2 , (2.5.8) 

 Q
Eh

u  


 


  
1

1 23, , , ,      (2.5.9) 

 H M M D     12 21 1 2 2 1

1

2
1( ) , ,   . (2.5.10) 

zogjer (2.5.9)-is marjvena mxare gamravlebulia e.w.  

Zvris koreqturis k
~
 mamravlze. k

~
-s Zvris koeficientsac 

uwodeben. am SemTxvevaSi ZiriTadad Tvlian, rom 
6

5~
k  an 

12

~ 2
k . 
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amovxsnaT (2.5.9)   -s mimarT 
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miRebuli sidide CavsvaT (2.5.8)-Si da (2.5.10)-Si, maSin   
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          (2.5.12) 

vigulisxmoT, rom D, E,   da h mudmivebia. (2.5.3)-Si 
CavsvaT (2.5.11), (2.5.12) da miRebuli gamosaxulebidan,  

(2.5.4)-isa da 
1

1
1

1
 






-s gaTvaliswinebiT, ganvsaz-

RvroT 1Q    areSi: 
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analogiurad, 
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 .  (2.5.14) 

(2.5.13)-is da (2.5.14)-is (2.5.4)-Si Casmis Semdeg miviRebT, 
rom 
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saidanac, (1.12.18)-is Tanaxmad, 
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aqedan, Tu davuSvebT, rom firfitaze moqmedebs mxolod 

normaluri, amasTan harmoniuli datvirTva, e.i. q  0 , 

 12, , da q3 0 , miviRebT s. Jermen-lagranJis (2.4.17) 

gantolebas. 
(2.5.3), (2.5.4), (2.5.8)-(2.5.10) damokidebulebebi Seicaven 

Semdeg rva ucnob sidides: u3 ,   , Q ,   1 2, ; M , 

2 ,1 ,  . CavsvaT (2.5.8)-(2.5.10) gamosaxulebebi (2.5.3), 

(2.5.4)-Si: 
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.        (2.5.16) 

(2.5.15), (2.5.16) warmoadgenen   areSi meeqvse rigis*) 

elifsur sitemas  1
,  2  da u3

 ucnobebis mimarT. 

SevniSnoT, rom (2.5.3), (2.5.4), (2.5.8)-(2.5.10) da (2.5.15), 
(2.5.16) damokidebulebebi gamoyvanilia, sazogadod, cvladi, 

e.i.  x x1 2, -ze damokidebuli D, E,   da h-sTvis. 

(1.12.9) hukis kanonis orive mxare, roca i   , j   , 

gavamravloT x3 -ze, miRebuli tolobebi da (1.12.9), roca 

i   , j  3 , vaintegroT –h-dan +h-mde x3 -is mimarT da 

gaviTvaliswinoT (2.5.2), miviRebT Semdeg konstitutivur 
damokidebulebebs: 

  

  .2,1,2

,2,1,,
3

2

,3

,,,
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uhQ

hM
 (2.5.17) 

(2.5.17)-is (2.5.3)-sa da (2.5.4)-Si Casmis Semdeg miviRebT, 
rom 

                                                           
*) e.i. meore rigis sami gantolebisagan Semdgar elifsur sistemas. 
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h u q,
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(1.12.18)-is ZaliT, es sistema emTxveva (2.5.15), (2.5.16) sis-

temas. Tu  ,   da h mudmivebia, maSin es sistema SeiZleba 

Semdegi saxiT Caiweros (ix. [11], gv. 3): 

     ( ) , , , ,Av x x q x x x x1 2 1 2 1 2  ,     (2.5.18) 

sadac   firfitis proeqciaa x3 0  sibrtyeze, A matri-

culi diferencialuri operatoria Semdegi elementebiT 
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T T

: , , , : , ,  1 2 3 1 2 3 . 

kirxhof-liavis modelisagan gansxvavebiT ukve ar aris 
saWiro ganzogadebuli gadamWreli Zalis xelovnuri cnebis 
SemoReba da sazRvarze SeiZleba sami bunebrivi pirobis 
dasma, ramdenadac (2.5.18) elifsuri sistema me-6 rigisaa. 

1. xistad Camagrebuli napiri anu dirixles amocana. am 
napirs arc gadaadgileba da arc mobruneba ar SeuZlia: 

u n t3 0 0 0  , ,  .         (2.5.19) 
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samganzomilebian modelSi (2.5.19) Seesabameba erTgvarovan 
(1.15.6) pirobebs. 

2. rbilad Camagrebuli napiri. xistad Camagrebuli napi-
risagan gansxvavebiT napirs SeuZlia tangencialuri (mxebi) 
mimarTulebiT (e.i. normalis garSemo) mobruneba. amdenad, 
mgrexavi momenti unda iRebdes nulovan mniSvnelobebs: 

u Mn nt3 0 0 0  , , .          (2.5.20) 

samganzomilebian modelSi (2.5.20) pirobebi Seesabameba 

,0,0,03  ntn Xuu      

sasazRvro pirobebs. 
3. xistad dayrdnobili napiri. am napirs SeuZlia norma-

luri mimarTulebiT (e.i. mxebis garSemo) mobruneba. made-
nad mRunavi momenti unda iRebdes nulovan mniSvnelobebs: 

u Mn t3 0 0 0  , ,  .        (2.5.21) 

samganzomilebian modelSi (2.5.21) pirobebi Seesabameba 

,0,0,03  tnn uXu      

sasazRvro pirobebs. 
4. rbilad dayrdnobili napiri. am napirs SeuZlia nebis-

mierad mobruneba, magram ar SeuZlia gadaadgileba (radgan 

am modelSi u  0,    1 2, , yovelTvis): 

u M Mn nt3 0 0 0  , , .         (2.5.22) 

samganzomilebian modelSi (2.5.22) pirobebi Seesabameba 

u X Xnn nt3 0 0 0  , , , 

sasazRvro pirobebs. 
5. Tavisufali napiri anu neimanis amocana: 

M M Qn nt n  0 0 0, , .       (2.5.23) 

samganzomilebian modelSi (2.5.23) pirobebi Seesabameba 

X X Xnn nt n  0 0 03, , , 

sasazRvro pirobebs. 
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ise, rogorc es vaCveneT qveparagraf 2.4.5-Si, cxadia me-
4 da me-5 sasazRvro pirobebis Sesabamisoba miTiTebul sam-
ganzomilebian sasazRvro pirobebTan. 

iqidan, rom ut  0 da u3 0  firfitis gverdiT cilin-

drul zedapirze, gamomdinareobs, rom cilindruli 
zedapiris mxeb sibrtyeSi Semobrunebas adgili ar eqneba, 

radgan cilindrul zedapirze  arc vertikalurad ( x3
-is 

paralelurad) da arc mxebi mimarTulebiT cilindruli 

zedapiris wertilebi ar gadaadgildeba, e.i.  t  0 . aqedan 

gamomdinareobs me-3 sasazRvro pirobebis Sesabamisoba miTi-
Tebul samganzomilebian sasazRvro pirobebTan. analogiu-

rad, me-2 sasazRvro pirobebis SemTxvevaSi un  0  da 

u3 0  pirobebis firfitis gverdiT cilindrul zedapir-

ze Sesrulebidan gamomdinareobs, rom 

n  normalze da x3  

RerZze gamavali sibrtyiT cilindruli zedapiris kveTaze 
mdebare wertilebi ar gadaadgildebian aRniSnul sibrtye-
Si. amitom am sibrtyeSi  sazRvari ver mobrundeba, e.i. 

 n  0 . 

pirveli sasazRvro pirobebis SemTxvevaSi (1.15.6) sasaz-
Rvro pirobebidan gamomdinareobs (ix. qveparagrafi 2.4.5), 

rom un  0 da ut  0 sruldeba firfitis  cilindrul 

sazRvarze. es ki, imis gaTvaliswinebiT, rom u3 0  cilin-

drul sazRvarze, gvaZlevs imis saSualebas, rom me-2 da 
me-3 sasazRvro pirobebis SemTxvevis msgavsad davaskvnaT, 

rom  n  0 da  t  0 . 

cxadia, SeiZleba ganxilul iqnes araerTgvarovani 
(2.5.19)-(2.5.23) sasazRvro pirobebic (e.i. sasazRvro piro-
bebSi Semavali sidideebi winaswar dasaxelebul, sazogadod, 
araigivurad nulovani funqciebis mniSvnelobebs emTxve-
vian). 
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dinamikis gantolebebis misaRebad, statikis gantolebebSi 

iq –is, 3,2,1i , unda daematos inerciis Zalis Sesabamisi 

komponentebi, xolo dinamikis amocanebis ganxilvisas sa-
sazRvro pirobebs sawyisi pirobebic unda daematos. 

$2.6. prizmuli garsebis i.vekuas ierarqiuli modelebi 

kirxhof-liavis hipoTezebze dafuZnebul firfitebis 
Teorias, rogorc es $2.4-Si vnaxeT, aqvs is Sinagani winaaR-
mdegoba, rom ZiriTad gantolebaTa sistema ar aris Tav-
sebadi fizikur sasazRvro pirobebTan. am winaaRmdegobis 
Tavidan acilebis erTi varianti wina paragrafSi ganvixi-
leT. axla gavecnobiT kidev erT variants, romelic Semog-
vTavaza i.vekuam [34], [38-40]. amasTan ganvixilavT prizmul 
garsebs, romlebic cvladi sisqis firfitebs, rogorc ker-
Zo SemTxvevas, moicaven.  

sxeuls, romelic zemodan da qvemodan SemosazRvrulia 

 z h x x
( )

,1 2
 da  z h x x

( )

,1 2
 zedapirebiT, xolo gver-

didan _   cilindruli zedapiriT (ix. nax. 2.6.1), romlis 

msaxveli vertikaluri Ox3 RerZis paraleluria, ewodeba 

prizmuli garsi. simetriul SemTxvevaSi, e.i. roca 

),(),( 21

)(

21

)(

xxhxxh


  prizmuli garsi warmoadgens cvla-

di sisqis firfitas.      2 01 2 1 2 1 2h x x h x x h x x, , ,
( ) ( )

  
 

 

sidides ewodeba prizmuli garsis sisqe. 
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nax. 2.6.1 

prizmuli garsis gegmili Ox x1 2  sibrtyeze aRvniSnoT 

 -Ti, mis sazRvars garsis sazRvari ewodeba. 
jer kidev koSim gamoiyena firfitebis Seswavlis dros 

gadaadgilebis, deformaciebis da Zabvebis xarisxovan mwkri-
vad gaSlis meTodi. es midgoma aqvT sxva avtorebsac. erT-
erTi varianti, romelic leJandris polinomebis mimarT 
mwkrivad gaSlas eyrdnoba da romelzec Cven SevCerdebiT, 
i. vekuas ekuTvnis. 

cnobilia, rom nebismieri  f x C( ) [ , ]  2 1 1  funqcia 

SeiZleba gaiSalos mwkrivad leJandris polinomebis mimarT 
(ix. damateba 2): 

 

),( 21

)(

3 xxhx
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3 xxhx
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leJandris polinomia, xolo 

f f x P x dxr r: ( ) ( )
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da mas ewodeba f-is r-uri momenti leJandris polinomebis 
mimarT. 

roca [-1,+1]-is nacvlad gvaqvs h h
( ) ( )
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 da  f x x x1 2 3, , -s 

fiqsirebuli  x x1 2, -sTvis x3 -is mimarT aqvs meore rigam-

de uwyveti warmoebulebi, e.i. f C h hx
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 187 

Tu veqtori  u X e C h hi ij ij x, , ,
( ) ( )
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 segmentze Tanabrad krebad Semdeg mwkrivad 

gavSaloT 
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vaierStrasis*) Teoremis Tanaxmad 
3x -is nebismier 

uwyvet funqcias SeiZleba nebismieri sizustiT mivuaxlov-

deT 
3x -is mimarT polinomebiT. amitom N-is SerCeviT 

 u X ei ij ij, , -s SeiZleba nebismieri sizustiT mivuaxlovdeT 

3x -is mimarT leJandris polinomebis Semdegi jamiT: 

     u X e a r u X e P ax bi ij ij

r

N

ir ijr ijr r, , , , 








 




0

3
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2
. (2.6.2) 

Tu (1.12.9) damokidebulebebis orive mxares gavamrav-

lebT  P ax br 3  -ze da vaintegrebT h
( )

-dan h
( )

-mde x3 -is 

mimarT, miviRebT, rom 

      ,...1,0,,2,, 212121  rxxexxxxX ijrijrijr   , (2.6.3) 

rac warmoadgens hukis kanons, gadawerils momentebisaTvis. 
analogiurad SeiZleba miviRoT wonasworobis Semdegi 

gantolebebi momentebisaTvis (ix. [38]) 

,3,2,1,...,1,0

,
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2
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          (2.6.4) 

                                                           
*) k.T.v. vaierStrasi (1815-1897). 
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Q )(  Sesabamisad zeda da qveda piriT zedapirebze 

moqmedi zedapiruli Zalebia. 
)(

n  da 
)(

n  Sesabamisad zeda da 
qveda piriTi zedapirebis gare (garsis mimarT) normalebia. 

 jr  moculobiTi Zalis komponentebis r-uri momentebia. 

deformaciis tenzoris r-uri momentebi ase Caiwereba: 

,3,2,1,,...,2,1,0
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sadac 
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(2.6.5) CavsvaT (2.6.3)-Si, xolo miRebuli _ (2.6.4)-Si. ma-
Sin miviRebT, rom 
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, sadac  

r  01, ,... , i  1 2 3, , ,           (2.6.6) 

ii

rr

EE 
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j

r

M
   

 wrfivi operatorebi damokidebulia firfitis sisqeze 

da Seicaven mxolod pirveli rigis warmoebulebs. 
(2.6.6) faqtobrivad warmoadgens lames gantolebebs, Ca-

werils momentebisaTvis. 
vigulisxmoT, rom 

uir  0 , roca r N           (2.6.7) 

da (2.6.6) sistemaSi davtovoT mxolod pirveli N+1 gan-

toleba. miRebul gantolebaTa sistemaSi u jr , sazogadod, 

ukve ar warmoadgens ju -s r-ur moments, gansazRvruls 

(2.6.1) tolobiT. miRebuli sistema Seesabameba N-ur miax-
loebas. 

Tu garsis gverdiT zedapirze mocemulia an X fni i  

Zabvebi an u fni i  gadaadgilebebi, cxadia, maTi 

 P ax br 3  -ze gamravlebiTa da  h
( )

-dan h
( )

-mde integrebiT 

advilad vipoviT Sesabamis momentebs: 
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X fnir r , i 1 2 3, , , r N 0, ,            (2.6.8) 

u fir r  i 1 2 3, , , r N 0, ,            (2.6.9) 

sadac n gverdiTi zedapiris gare normalia. 
dinamikis ZiriTadi sasazRvro amocanebi Semdegnairad 

daismis: vipovoT u C r N jjr   2 0 1 2 3( ), ,..., , , , , rom-

lebic akmayofileben (2.6.6) gantolebas  -Si, drois 

nebismier 
0tt   momentSi (2.6.8) an (2.6.9) pirobebs garsis 

sazRvarze da 
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2121 00
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sawyis pirobebs. 
am gziT miRebuli sistemis RirsSesaniSnavi Tviseba imaSi 

mdgomareobs, rom igi gantolebaTa or jgufad iyofa. erTi 
jgufis mTavari wevrebi emTxveva brtyeli drekadobis 
Teoriis ZiriTad gantolebaTa sistemis operators, xolo 
meore jgufis mTavari wevrebi _ laplasis operators. es 
imis saSualebas iZleva, rom prizmuli garsebis gaTvli-
saTvis gamoviyenoT drekadobis brtyeli TeoriisaTvis da 
laplasis operatorisaTvis arsebuli maTematikuri aparati. 

cxadia, amonaxsnis sizuste izrdeba N-is zrdasTan erTad. 
Tumca amasTan erTad izrdeba sistemaSi Semaval gan-
tolebaTa ricxvic, rac arTulebs mis amoxsnas, magram 
praqtikuli mosazrebidan gamomdinare SeiZleba davkmayo-

fildeT nulovani (N =0) da pirveli (N =1) miaxloebiT. 
damtkicebulia ZiriTadi amocanebis amonaxsnis erTader-

Toba da garkveul pirobebSi arsebobac [34], [38-40], [16], 

[17], [33], [28], [5], [6], roca 2h>0. SemTxveva, roca 2h 
garsis sazRvarze an mis nawilze SeiZleba nuli gaxdes, 
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aseT garsebs wamaxvilebuli garsebi ewodeba, ganxilulia 
[44], [19-25]-Si. i.vekuas zemoaRwerili reduqciis meTodi 
ganzogadebulia anizotropuli firfitebisa [33] da geo-
metriulad da fizikurad arawrfivi aradamreci garsebi-
saTvis [28]. 

SeniSvna 2.6.1. N -uri miaxloebis sasazRvro pirobebSi 
mocemuli gvaqvs Zabvis veqtoris an gadaadgilebis veqto-
ris momentebi. saZiebeli sidideebis aRsaniSnavad viyenebT 
gadaadgilebis veqtoris momentebis aRniSvnebs, Tumca es sa-
Ziebeli sidideebi, sazogadod, rogorc ukve aRvniSneT, ar 
arian gadaadgilebis veqtoris momentebi, magram maTken miis-

wrafvian, roca N . amas imasac Tu davumatebT, rom 

regularul (arawamaxvilebul) SemTxvevaSi N –ur miax-
loebaSi dasmuli amocanebis amonaxsnebi miiswrafvian Sesa-
bamisi samganzomilebiani amocanebis zusti amonaxsnebisaken 

[16], [17], [5], [6], naTeli gaxdeba, rom N –ur miaxloebaSi 
aseTi dasma savsebiT misaRebia. wamaxvilebuli garsebis 
SemTxvevaSi saZiebeli funqciebis viwro klasebisaTvis igive 
faqts aqvs adgili [25], xolo amocanebis bunebriv wonian 

sivrceebSi ganxilvisas N  dros Sesabamisi 
samganzomilebiani amocanebis dasma scildeba klasikuris 
farglebs, radgan an are ar aris lipSicis, an wertilebSi 
da an wirebis gaswvriv Seyursuli Zalebi iCens Tavs [22], 
[24]. 

nulovan miaxloebaSi (2.6.6) sistema miiRebs Semdeg sa-
xes [38] 
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SevniSnoT, rom am SemTxvevaSi gadaadgilebis veqtori 
(ix. [39]) 
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am miaxloebaSi (2.6.6) sistema statikis SemTxvevaSi miiRebs 
Semdeg saxes [39] 
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X 
da X  damokidebulia moculobiTi Zalebis nulovan 

momentebze da piriT zedapirze moqmed gare zedapirul 

Zalebze, xolo Y  da Y  _ moculobiTi Zalebis pirvel 

momentebze da piriT zedapirze moqmed gare zedapiruli 
Zalebze. 

(2.6.10)-(2.6.13) gantolebaTa sistema or jgufad iyofa: 

(2.6.10) da (2.6.13) damokidebulia mxolod u
-ze da v-ze 

da amdenad axasiaTebs garsis gaWimva-kumSvas, xolo (2.6.11) 

da (2.6.12) damokidebulia mxolod u-ze da v -ze da 

amdenad axasiaTebs garsis Runvas. 

SeniSvna 2.6.2. simetriuli 

   h x x h x x
( ) ( )

, ,
 

  








1 2 1 2 0  prizmuli garsis formis 

mqone samganzomilebiani sxeulis 

 u x x x ii 1 2 3 1 2 3, , , , , , 

gadaadgilebebi SeiZleba davSaloT or-or Sesakrebad 

     u x x x t u x x x t u x x x t ii i
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1 2 3 1 2 3 1 2 3 1 2 3, , , , , , , , , , , ,   , 
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romelic x3 -is mimarT luwi funqciaa da 
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romelic x3 -is mimarT kenti funqciaa, Seesabameba gaWimva-

kumSvas (marTlac, Sua sibrtye iWimeba an ikumSeba, radgan 
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   txxutxxu c ,0,,,0,, 2121   ≢0,  ),( 21 xx , 

da ar iRuneba, radgan 

   u x x t x x3 1 2 1 20 0, , , , ,  ), 
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maSin, imis gaTvaliswinebiT, rom x3 -is mimarT Pr  kenti 

funqciaa kenti r-saTvis da luwi funqciaa luwi r  0 -
saTvis, davaskvniT, rom 

u r , r luwia;  u r3 , r kentia,          (2.6.14) 

Seesabameba gaWimva-kumSvas. marTlac, 
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ki kentia. xolo 

u r , r kentia;  u r3
, r luwia,       (2.6.15) 

Seesabameba Runvas. marTlac, 
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ki luwia. 
 (2.6.6) sistema SeiZleba gadavweroT divergentuli 

formiT cxadi saxiT amowerili umcrosi koeficientebiT 

[20]. N-ur miaxloebaSi mas Semdegi saxe aqvs: 
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 ,  (2.6.16) 
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N niSnaki aRniSnavs N-ur miaxloebas. 
 N

irv -s ewodeba woniTi 

momenti N-ur miaxloebaSi. SevniSnoT, rom (2.6.6) sistemis 
Sesabamis usasrulo sistemas igive (2.6.16) saxe aqvs, 

mxolod jamebSi N usasrulobiT unda SevcvaloT da 

ucnob sidideebs N niSnaki movaSoroT; e.i. miviRebT 

sistemas 
irv -ebis, an, rac igivea, uir -ebis, i  12 3, , , 

r  01, , , mimarT, romlebic ui -s furie-leJandris 

koeficientebia. 
radgan simetriul prizmul garss vixilavT, amitom 

     h x x h x x x x
( ) ( )

, , , ,
 

  1 2 1 2 1 20  .   (2.6.17) 

(2.6.17)-is Tanaxmad, advili sanaxavia, rom 
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(2.6.27) 
Tu gaviTvaliswinebT (2.6.18)-(2.6.27)-s, advili 

misaxvedria, rom (2.6.16) sistema daiSleba or 
damoukidebel sistemad (2.6.14) da (2.6.15) ucnobi 
funqciebis mimarT. marTlac, Tu r  0 2 4, , , , r N , 

j   ,   1 2, , maSin 
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               (2.6.28) 

Tu r  0 2 4, , ..., r N , j  3 , maSin 
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 ,         (2.6.29) 

Tu r  1 3, ,..., r N , j   ,   12, , maSin 
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 ,              (2.6.30) 

Tu r  1 3, ,..., r N , j  3 , maSin 
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 ,           (2.6.31) 

amrigad, (2.6.28), (2.6.31) sistema, romelic mxolod 
(2.6.14) ucnobebs Seicavs, gaWimva-kumSvas Seesabameba, xolo 
(2.6.30), (2.6.29) sistema, romelic mxolod (2.6.15) 
ucnobebs Seicavs, Runvas Seesabameba. 

ZiriTadi sistemis aseT gaxleCas adgili ar aqvs arasi-
metriuli prizmuli garsebis SemTxvevaSi, iseve rogorc 
zogadi garsebis SemTxvevaSi, Tundac es ukanasknelni si-
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metriulebi iyvnen. 
(2.6.19)-(2.6.21), (2.6.24), (2.6.25)-is gaTvaliswinebiT, 

(2.6.28) da (2.6.30) SeiZleba CavweroT Sesabamisad 
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(2.6.33)

 

saxiT. 
(2.6.19), (2.6.22), (2.6.23), (2.6.26), (2.6.27)-is gaTvalis-

winebiT, (2.6.29) da (2.6.31) SeiZleba CavweroT Sesabamisad 
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    (2.6.34) 

da 

)()(

1 2 ,

3,

,

,

,3

12

v)12(v)12(

v

kentia              luwia 

    

ss

N

rs

N

rs

s

N
sr

s

N
sr

N

r

r

hhshs

h

 
 

















































 

)(

,3

1

1

, v)12(

kentia s

s

N
sr

r

s

hhs 



 





  
 



 208 

)()(

2

3

1

,

1

1 v)12(v)12(

kentia             luwia 

 

ll

N

sl

l

N
lr

N

sl

l

N
lr hhlhl 




 









 
 

)()(

)(

1

3

1

2

1

,

1

0 ,

v)2)(12(v)12(

v)12(

kentia                luwia 

luwia 

 

ll

s

N

sl

l

N
lr

N

sl

l

N
lr

r

s s

sr

hlhhl

hs







































 

      
 

,,,3,1,
v

2

3

12

3 Nrr
t

h
hXh

r

N
r

r
r

r 






   (2.6.35) 

saxiT. 
vTqvaT, N  1 . 
Tu r  0 , maSin (2.6.32) da (2.6.34)-dan cxadia, rom Se-

sabamisad 
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.  (2.6.37) 

Tu r  1, maSin (2.6.33) da (2.6.35)-dan gamomdinareobs, 
rom Sesabamisad 
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   (2.6.39) 

martivi gardaqmnebiT davrwmundebiT, rom (2.6.10)-
(2.6.13) emTxveva Sesabamisad (2.6.36)-(2.6.39)-s statikur 
SemTxvevaSi, Tu gaviTvaliswinebT imas, rom (2.6.10)-(2.6.13)-
Si 
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kidev erTxel xazi gavusvaT imas, rom (2.6.36), (2.6.39) 
sistema Seesabameba gaWimva-kumSvas, xolo (2.6.37), (2.6.38) 
sistema _ Runvas. 

vTqvaT, axla firfita mudmivi sisqisaa, e.i.  
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    (2.6.42) 

(2.6.41) da (2.6.42) gavawarmooT Sesabamisad x1
-iT da 

x2
-iT da SevkriboT: 
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  (2.6.43) 

(2.6.40)-dan ganvsazRvroT 
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aqedan, Tu q datvirTva harmoniulia, e.i. q  0 , miviRebT, 

rom 

u
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,               (2.6.44) 

sadac 
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.       (2.6.45) 

rogorc vxedavT, (2.6.44) daemTxva s. Jermen-lagranJis 

(2.6.17) gantolebas, Tu D' -s SevcvliT D cilindruli 

sixistiT. D'  da D, (2.6.45)-is Tanaxmad erTmaneTisgan 

( )1
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mamravliT gansxvavdebian. amrigad, mudmivi sisqis firfitis 
SemTxvevaSi N  1 miaxloebaSi Runvis (2.6.44) gantoleba 
da misi Sesabamisi maTematikuri modeli Tvisobrivad ar 
gansxvavdeba s. Jermen-lagranJis (2.6.17) gantolebisa da Se-
sabamisad Runvis klasikuri Teoriisagan. maT Soris gansxva-
veba mxolod raodenobrivia, amasTan, garkveuli azriT, es 
sxvaoba mcirea. marTlac, Tu   0 3, , maSin D D' , 1 2 , rac 

meores mxriv imas niSnavs, rom N  1 modeliT gaTvlili 
firfitebi ufro xistia, vidre kirxhof-liavis modeliT, 
e.i. klasikuri Runvis TeoriiT gaTvlili firfitebi. 
cxadia, igive mimarTebaSia N  1 miaxloebis Runvis mo-
deli raisner-mindlinis modelTan, radgan es ukanaskneli 
kerZo SemTxvevaSi zustad  emTxveva kirxhof-liavis mo-
dels (ix. $2.5). 
 


