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Sesavali. ZiriTadi hipoTezebi 

Cven ganvixilavT materialur obieqtebs, romelTa qveS 
gvesmis yovelgvari sxeuli, romelsac Seswavlis procesSi 
SeuZlia nebismierad icvalos forma da mdebareoba sivrce-
Si. aseTebs ganekuTvnebian gazebi, siTxeebi an myari sxeu-
lebi, romelTac sivrceSi garkveuli moculoba ukaviaT. 
dakvirvebebidan cnobilia, rom materialur obieqtebs mo-
lekuluri agebuleba aqvT. meore mxriv, ragind mcire ar 
unda aviRoT sxeulis moculobis elementi, is uamrav mo-
lekulas Seicavs. magaliTad, haeris kubi, romlis wibo 

0,001 mm-ia, Seicavs 2 7 107,   molekulas. Tu vigulisxmebT, 

rom sxeuli dayofilia amgvar elementebad, isini SeiZleba 
praqtikulad usasrulo mcireebad CavTvaloT da davaxa-
siaToT siCqaris, aCqarebis da molekulebze moqmedi Zale-
bis saSualo mniSvnelobebiT. amgvarad SeiZleba miviRoT 
warmodgena uwyvet garemoze, rogoradac Cven qvemoT gan-
vixilavT sxeulebs. materialuri obieqtebis uwyvet gare-
mod miReba gvaZlevs saSualebas, gamoviyenoT maTematikuri 
analizis meTodebi. 

meqanika aris mecniereba, romelic Seiswavlis materia-
luri obieqtebis moZraobasa da wonasworobas sivrcesa da 
droSi. meqanikis is nawili, romelic cnobilia Teoriuli 
meqanikis saxeliT, moicavs materialuri obieqtebis meqani-
kuri moZraobis maTematikuri aRweris meTodebs. meqanikuri 
moZraoba ki ewodeba sxeulebis fardobiT gadaadgilebas.                     

materialuri obieqtebis meqanikuri moZraobis ZiriTadi 
kanonebia niutonis*) kanonebi: 

1. inerciis kanoni. sxeuli imyofeba mosvenebul (uZrav) 
mdgomareobaSi an moZraobs Tanabrad da wrfivad, Tu gare 

                                                           
*) i. niutoni (1643-1727). 
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Zalebis moqmedebis Sedegad igi  ar icvlis Tavis mdgoma-

reobas, e.i. misi siCqare (erTeuli sm / m/wm)*) mudmivia 

.constv


 

2. Zalisa da aCqarebis proporciulobis kanoni. moZrav 

sxeulze moqmedi F


 Zala (erTeuli N  niutoni)**) misi 

m masisa (erTeuli kg  kg)***) da a


 aCqarebis (erTeuli  

m s/ 2
=m/wm

2
) namravlis tolia:  

F ma . 
3. qmedebisa da ukuqmedebis kanoni. ori sxeulis erTma-

neTze zemoqmedebis Zalebi sididiT tolia da urTierTsa-
winaaRmdegod arian mimarTuli. 

raime wertilis mimarT Zalis momenti ewodeba veqtors, 
romelic am wertilis Zalis modebis wertilTan SemaerTe-
beli veqtoris (mis sawyis wertilad miRebulia wertili, 
romlis mimarTac iTvleba momenti) da Zalis veqtoris 
veqtoruli namravlis tolia. 

                                                           
*)  metri aris sinaTlis mier vakuumSi 1/299 792 458 wamSi gavlili 

manZili. wami aris ceziumis (
133 Cs ) atomis ZiriTadi mdgomareobis or 

zenaz dones Soris gadasvlis Sesabamisi gamosxivebis 9 192 631 770 pe-

riodis toli dro. aq da SemdgomSi miTiTebulia erTeulebi saerTaSo-

riso erTeulTa SI sistemaSi. am sistemaSi ZiriTad sidideebad (erTeu-

lebad) miRebulia sigrZe (L), dro (T), masa, Termodinamikuri tem-

peratura, nivTierebis raodenoba, eleqtruli denis Zala da sinaTlis 

Zala. warmoebuli erTeuli (magaliTad, siCqaris erTeuli) gamoisaxeba 

ZiriTadi erTeulebis saSualebiT Sesabamisi maTematikuri formuliT. 

fizikuri sidideebis ZiriTad sidideebad miRebul sidideebze damoki-

debulebis formas ganzomileba ewodeba (magaliTad, 1:vdim  LT


 ). 
**)  1 niutoni aris is Zala, romelic 1 kg masis mqone sxeuls aniWebs 1 

m/wm
2
 aCqarebas. 

***) 1 kg masa kilogramis saerTaSoriso prototipis masis tolia.  
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sxeulze moqmedi Zalebis, rogorc veqtorebis, 
geometriul jams ewodeba sxeulze moqmed ZalTa nakrebi 
(mTavari) veqtori, xolo maTi momentebis, rogorc 
veqtorebis, geometriul jams - nakrebi (mTavari) momen-
ti.Qnakrebi momenti, sazogadod, damokidebulia im 
wertilze, romlis mimarTac viRebT momentebs, xolo 
nakrebi veqtori ar aris damokidebuli imaze, Tu romel 
wertils aviRebT mis sawyis wertilad. is Tavisufali 
veqtoria (ix. $1.1). 

amboben, rom absoluturad myari (e.i. iseTi myari 
sxeulebi,BromelTa nebismier or wertils Soris manZili 
ucvlelia, miuxedavad imisa, Tu rogori Zalebi moqmedeben 
maTze) sxeuli wonasworobis mdgomareobaSia, Tu masze 
moqmedi Zalebia wonasworobaSi, xolo ZalTa sistema wo-
nasworobaSia,ETu misi nakrebi veqtori da nakrebi momenti 
nulis tolia. 

amdenad, wonasworobaSi myof sxeulze moqmedi yvela ga-
re Zalis nakrebi veqtori da nakrebi momenti nulis to-
lia. 

dalamberis*) principis Tanaxmad moZrav sxeulze moqmedi 
gare Zalebi wonaswordeba inerciis ZaliT. 

inerciis Zala fiqtiuri Zalaa, romelic niutonis meo-

re kanonis TanaxmadQ ( )ma


-s tolia. 

Teoriuli meqanikis gantolebebi srulad aRweren mate-
rialur wertilTa sistemebisa da absoluturad myari 
sxeulebis moZraobas. Tu myari sxeulis ganxilvis 
procesSi masze modebuli gare Zalebis moqmedebis Sedegad 
mis wertilebs Soris manZili droebiT an mudmivad icvle-
ba, maSin maT deformad myar sxeulebs, xolo sxeulis 
wertilTa mdebareobis (sxeulis mdgomareobis) aseT cvli-
lebas deformacias vuwodebT. deformadi myari sxeulebis 

                                                           
*) J.l. dalamberi (1717-1783). 
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an gazebis da siTxeebis moZraobis dasaxasiaTeblad Teoriu-
li meqanikis gantolebebi ukve aRar gamodgeba. meqanikis im 
dargs, romelic deformad myar sxeulebs, gazebs da siT-
xeebs Seiswavlis, ewodeba uwyvet garemoTa (sxeulTa) 
meqanika. 

uwyvet garemoTa meqanikaSi miRebulia e.w. gamyarebis 
principi, romelic SemdegSi mdgomareobs: 

deformadi sxeulis wonasworobisaTvis masze moqmedma 
gare Zalebma unda daakmayofilon imave formis absolutu-
rad myari sxeulis wonasworobis pirobebi. 

gamyarebis principis Tanaxmad, deformadi sxeulis wo-
nasworobis qveS Cven gvesmis is mdgomareoba, roca misi da 
misgan azrobrivad gamoyofili nebismieri nawilis formis 
mqone absoluturad myari sxeuli wonasworobaSia defor-
mad sxeulze da Sesabamisad mis nebismier nawilze modebu-
li gare Zalebis moqmedebis pirobebSi. 

uwyvet garemoTa meqanika iyofa hidroaeromeqanikad an, 
rac igivea, gazebis da siTxeebis meqanikad da deformadi 
myari sxeulebis meqanikad. 

sxeulis Tvisebas, masze modebuli gare Zalebis moxsnis 
Semdeg daibrunos Tavisi pirvandeli mdgomareoba, dreka-
doba ewodeba. 

sxeulis Tvisebas, gare Zalebis moqmedebis Sedegad gani-
cados didi plastikuri deformacia, e.i. deformacia, ro-
melic gare Zalebis moxsnis Semdeg rCeba, plastikuroba 
ewodeba. 

zemoT CamoTvlili Tvisebebis Sesabamisad deformadi 
myari sxeulebis meqanika iyofa drekadobis da plastikuro-
bis Teoriebad. Cven  ZiriTadad SeviswavliT  drekadobis 
Teoriis elementebs (firfitebisa da Reroebis Teoriebis 
CaTvliT), Tumca ganvixilavT agreTve plastikurobis Teo-
riis, siTxis moZraobisa da drekadi sxeulisa da siTxis 
urTierTqmedebis modelebsac. 
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zemoTqmulidan gamomdinare, drekadobis Teoria meqanikis 
is dargia, romelic Seiswavlis moZrav an wonasworobis 
mdgomareobaSi myof deformad myar sxeulSi deformaciebs 
da amasTan dakavSirebiT warmoqmnil Sinagan Zalebs, rom-
lebic gareSe fizikuri zemoqmedebis Sedegad warmoiSvebian 
da romlebic cdiloben, daabrunon sxeuli pirvandel 
mdgomarebaSi. 

aseTive amocanebi Seiswavleba meqanikis sxva dargSic _ 
masalaTa gamZleobaSic, magram misi uxeSi meTodebi, rom-
lebic misaRebia calkeuli Reroebisagan Sedgenili sxvada-
sxva konstruqciebis Sesaswavlad, gamousadegaria firfite-
bisa da garsebis Seswavlis dros, saerTod rom araferi 
vTqvaT zogad samganzomilebian amocanebze. 

drekadobis Teoria mWidrod aris dakavSirebuli samSe-
neblo meqanikasTan, rac warmoadgens meqanikis im dargs, 
romelic Seiswavlis Reroebisagan Semdgariü sistemebis _ 
brtyeli da sivrculi fermebis, TaRebis, sayrdeni kedle-
bisa da sxvaTa simtkicis, sixistisa da mdgradobis gaTvlis 
Teorias. 

pirveli cda im tipis amocanebis amoxsnisa, romelTac 
drekadobis Teoria Seiswavlis, ekuTvnis italiel mecniers 
galileo galileis (1564-1642), romelic Seecada, amoexsna 
amocana Reros Runvisa da gaWimvis Sesaxeb. 

ingliselma mecnierma robert hukma (1635-1702) 1678 
wels gamoqveynebuli naSromiT, romelic exeboda mis mier 
eqsperimentulad aRmoCenil kanons gaWimvis dros garkveul 
sazRvrebSi datvirTvasa da deformacias Soris wrfivi 
damokidebulebis Sesaxeb, faqtobrivad safuZveli daudo 
drekadi sxeulebis meqanikas (ix. $1.12). 

ingliselma Tomas iungma (1773-1829) XIXüsaukunis da-
sawyisSi SemoiRo drekadobis modulis cneba. man daadgina 
agreTve gansxvavebaügaWimva-SekumSvisa da Zvris deforma-
ciebs Soris. am droisaTvis J. lagranJis (1736-1813), sofi 
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Jermenis (1776-1831), s. puasonis (1781-1840) da l.m. navies 
(1785-1836) SromebiT faqtobrivad Seiqmna firfitebis Teo-
riis safuZvlebi. 

amdenad, XVIII-XIX saukuneebis mijnaze safuZveli 
Caeyara drekadobis Teorias, romelmac Semdgomi arsebiTi 
ganviTareba hpova frangi mecnieris o. koSis (1789-1857) 
SromebSi. man SemoiRo deformaciisa da Zabvis cnebebi da 
sagrZnoblad gaamartiva ZiriTadi gantolebebis gamoyvana. 

1828 wels g. lamesa (1795-1870) da b. klapeironis 
(1799-1864) SromebiT faqtobrivad dasrulda drekadobis 
maTematikuri Teoriis ZiriTadi aparatis Seqmna. 

drekadobiis Teoriis ganviTarebaSi Tvisobrivad axali 
nabiji iqna gadadgmuli b. sen-venanis (1797-1886) mier mi-
sive saxeliT cnobil principis CamoyalibebiT (ix. $ 1.20). 

drekadobis Tanamedrove Teoriis SeqmnaSi ucxoel 
mecnierebTan erTad aRsaniSnavia qarTveli mecnierebis 
n. musxeliSvilis (1891-1976), i. vekuas (1907-1977), v. kup-
raZis (1903-1985) da maTi mowafeebis Rvawlic. 

hidroaeromeqanikaSi hukis eqsperimentuli kanonis rols 
TamaSobs niutonis eqsperimentuli kanoni (ix. $1.13). 
ganixilaven siTxis or models: idealursa da blants. 
idealuri siTxis gantolebebi gamoiyvana l. eilerma (1707-
1783), xolo blanti siTxisa ki l.m. naviem da j.g. stoqsma 
(1819-1903) (ix. $1.23). hidromeqanikis amocanebis 
SeswavlaSi didi roli Seasrules n.e. Jukovskisa (1847-
1921) da s.a. Capliginis (1869-1942) Sromebma. aRsaniSnavia 
l. prandtlis (1875-1953), T. karmanis (1881-1963) da o. 
reinoldsis (1842-1912) damsaxureba blanti siTxis 
moZraobis Seswavlis saqmeSi. gasuli saukunis 30-ian 
wlebSi giotingenis hidromeqanikis institutis l. pran-
dtlis laboratoriaSi unikaluri eqsperimentebi Caatara 
i. nikuraZem (1894-1979). TbilisSi moRvawe qarTvelma mec-
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nierebma (d. doliZe (1908-1960) da misi mowafeebi) gar-
kveuli wvlili Seitanes hidroaeromeqanikis ganviTarebaSi.  
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nawili I. samganzomilebiani modelebi 

Tavi I.  Zabvebis Teoria 

$1.1. moculobiTi da zedapiruli Zalebi 

meqanikaSi arCeven ori saxis Zalebs: moculobiTs da ze-
dapiruls, imisda mixedviT, Tu raze moqmedeben isini: mo-
culobiT Tu zedapirul elementze (ix. mag., [2], [36], 
[53]). moculobiTi Zalis tipuri magaliTia simZimis da 
inerciis Zalebi, xolo zedapiruli Zalisa ki wneva. 

moculobiTi Zalebi moqmedeben garemos sxvadasxva ele-
mentis moculobaze, ufro sworad, masaze. miRebulia, rom 

moculobis dV usasrulod mcire elementze (ix. nax. 1.1.1) 

moqmed moculobiT Zalas aqvs 

dV  saxe, sadac 


  raime 

sasruli veqtoria*), romlis modebis wertilad SeiZleba 

miRebul iqnes dV elementis nebismieri Siga 

x x x x ( , , )1 2 3
**) wertili. 


 -s ewodeba moculobis er-

Teulze gaTvlili moculobiTi Zala. e.i. misi erTeulebia  

N m/ 3  niutoni/m
3
=((kg.m)/wm

2
)/m

3
= 

((kg• m)/s
2

)/m
3
=kg/m

2
s

2
.  

                                                           
*) Zala, rogorc veqtori, xasiaTdeba Semdegi sami elementiT: modebis 

wertiliT, sigrZiTa da geziT. aseT veqtors bmuli veqtori ewodeba. 

absoluturad myar sxeulze moqmedi Zala sriala veqtoria, romelic 

xasiaTdeba Semdegi sami elementiT: sigrZiT, geziT da fuZiT (veqtoris 
fuZe ewodeba wrfes, romelzedac veqtoria moTavsebuli). 
**) qvemoT, Tu sawinaaRmdego ar iqneba Tqmuli, Cven ganvixilavT 

dekartis marTkuTxa koordinatTa marjvena x x x1 2 3  sistemas, romlis 

bazisia  
  
e e e1 2 310 0 010 0 01  ( , , ), ( , , ), ( , , ). G 
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Tu   aRniSnavs garemos simkvrives, e.i. moculobis er-

TeulSi moTavsebul masas, maSin masis erTeulze gaTvlili 
moculobiTi Zala, romelsac masobriv Zalas uwodeben, 

 /   –s tolia. 


  damokidebulia elementis mdebareo-

baze garemoSi e.i. x wertilis koordinatebze, xolo dina-

mikur SemTxvevaSi _ drozec. mTel V moculobaze moqmedi 
moculobiTi Zalebis mTavari (nakrebi) veqtori gamoisaxeba 
Semdegi samjeradi integraliTà(misi erTeulia Nïniutoni) 


V

dV , 

xolo amave moculobiTi Zalebis mTavari (nakrebi) 
momenti _ integraliT (misi erTeulia N m  niutoni  m) 

).,,(],[ 321 xxxxdVxM
V

 


   ,  

( 


 ,x da [ , ]
 
x  *) veqtorebi qmnian marjvena sameuls). am 

ukanasknelis gegmilebi sakoordinato RerZebze mogvcemen 
mTavar momentebs maT mimarT. 

                                                           

*) x

 da 


veqtorebis veqtoruli namravli ganisazRvreba, rogorc veq-

tori aRniSnuli  


,x  simboloTi, romlis moduli (sigrZe) gamoiT-

vleba  

   





,sin, xxx  

formuliT, sadac  





,x  umciresi kuTxea x

 da 


 veqtorebs Soris, 

amasTan 


 ,x da [ , ]
 
x   veqtorebi qmnian marjvena sameuls da  


,x  

orTogonaluria, rogorc x

, aseve 


veqtoris mimarT. formalurad, 
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SeniSvna.  
 
x,  momenti gansazRvrulia koordinatTa 

sistemis O saTavis mimarT. Tu moments aviRebT sivrcis 

raime sxva 'O  wertilis mimarT, maSin (ix. nax. 1.1.1) 

     


,',,' OOxx ,           (1.1.1) 

radgan 

'' OOxx 


. 
amdenad, axali centris mimarT veqtoris momenti udris 
Zveli centris mimarT moments gamoklebuli axal centrze 
modebuli amave veqtoris momenti Zveli centris mimarT. 

 

                                                                                                                        

Tu ),,(: 321 xxxx 


 da ),,(: 321 


 veqtorebi mocemulia 

dekartis marTkuTxa koordinatebiT, maSin veqtoruli namravli SeiZleba 

Caiweros Semdegi “determinantis” saxiT: 

 
321

321

321

,



 xxx

eee

x




. 

x

 da 


 veqtorebis skalaruli namravli ganimarteba 

  .),cos(:,
3

1







i

iixxxx


 

tolobiT.  
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nax 1.1.1 
 

veqtoris momenti raime A RerZis mimarT ewodeba am 
RerZis nebismieri wertilis mimarT veqtoris momentis 
gegmils amave RerZze. advili misaxvedria, rom RerZis mi-
marT momenti ar aris damokidebuli RerZze zemoaRniSnuli 
wertilis SerCevaze. marTlac (ix. nax. 1.1.2), vinaidan, 

veqtoruli namravlis ganmartebis Tanaxmad,  ,'OO  mar-

Tobulia OO' -is, radgan is 'OO  da 'O  wertilSi 

modebul 

  veqtorebze gamavali sibrtyis marTobulia, 

amitom 
 

 
 
 
 
 
 

nax.1.1.2 

  0,' 


OOAgeg . 

aqedan gamomdinare (1.1.1)-dan miviRebT, rom 

 


,'x

'x


 

x


 




 

A 

'O
O’ 

O  

 


,'x

1x
 

2x
 

3x
 

 


,x  

O 

'x


 
x


 




 

'O  

 


,'x
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   geg gegA Ax x
   
' , ,  . 

veqtorebis geometriul jams am veqtorTa sistemis 
nakrebi (mTavari) veqtori ewodeba. 

Tavmoyril veqtorTa sistema ewodeba veqtorTa iseT 
sistemas, romelTa fuZeebi erT wertilSi ikveTeba. am 
wertils Tavmoyris wertili ewodeba. 

Tavmoyril veqtorebis raime wertilis mimarT 
momentebis geometriul jams ewodeba Tavmoyril veqtorTa 
am sistemis nakrebi (mTavari) momenti. 

(1.1.1) formulis ZaliT advilad davaskvniT, rom axali 

'O  centris mimarT nakrebi 'L

 momenti udris Zveli O 

centris mimarT nakreb 

L  moments gamoklebuli axal cen-

trze modebuli nakrebi R veqtoris momenti Zveli 
centris mimarT: 

 ROOLL


,''  . 

aqedan cxadia, rom nakrebi momenti ar aris damokidebuli 
centris SerCevaze, maSin da mxolod maSin, roca nakrebi 
veqtori nulis tolia. 

varinionis*) debuleba. Tavmoyril veqtorTa sistemis 
nakrebi momenti raime wertilis mimarT udris am sistemis 
nakrebi veqtoris moments amave wertilis mimarT, Tu 
vigulisxmebT, rom nakrebi veqtori Tavmoyris wertilSia 
modebuli. 

miRebulia, rom 

n  normalis mqone zedapiris dS usas-

rulod mcire elementze (ix. nax. 1.1.3) moqmed zedapirul 

Zalas aqvs 

X dSn  saxe, sadac 


X n  raime sasruli veqtoria, 

romlis modebis wertilad SeiZleba miRebul iqnes dS 

                                                           
*) p. varinioni (1654 _ 1722) 
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elementis nebismieri x Siga wertili. 

X n

-s ewodeba far-

Tis erTeulze gaTvlili zedapiruli Zala (misi erTeulia 

Pa N m / 2
paskali). mTel S zedapirze moqmedi zedapi-

ruli Zala (misi erTeulia NmPa  2  niutoni) gamoisa-
xeba Semdegi zedapiruli integraliT  


S

ndSXF ,  

xolo mTavari momenti (misi erTeulia mNmPam  2 ) 
_ integraliT 


S

n dSXxX .],[  

nax. 1.1.3 

aradeformirebul sxeulSi nawilakebis ganlageba Seesaba-
meba sxeulis siTbur wonasworobas. Tu sxeulidan azrob-
rivad gamovyofT raime moculobas, maSin yvela Zala, rome-
lic masze moqmedebs sxeulis sxva nawilebis mxridan, ga-
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wonasworebuli iqneba; gare Zalebis moqmedebis Sedegad ki 
nawilakebis ganlageba sxeulSi icvleba, e.i. sxeuli ganic-
dis deformacias, ris Sedegadac warmoiSoba Sinagani Za-
lebi, romlebic cdiloben daubrunon sxeuli pirvandel 
mdgomareobas. maTi  gansazRvrisaTvis gamoiyeneba e.w. kveTis 
meTodi. vTqvaT, gare Zalebis moqmedebiT deformirebuli 
sxeuli wonasworobaSia. azrobrivad gavkveToT is raime 

zedapiriT  (ix. nax. 1.1.4) or A da B nawilebad. azrob-

rivad CamovaSoroT B nawili da misi moqmedeba A nawilze 
SevcvaloT kveTis gaswvriv modebuli iseTi Zalebis moq-

medebiT, romlebic ar gamoiwveven A nawilis deformire-
buli mdgomareobis Secvlas. es ukanaskneli Zalebi axla 

SeiZleba gavigoT, rogorc A nawilze modebuli gare zeda-
piruli Zalebi. 

nax. 1.1.4 

Tu vigulisxmebT, rom nax. 1.1.3-ze gamosaxuli sxeuli 
raime sxva sxeulebidan azrobrivad gamoyofili nawilia, 

maSin 

X dSn -s uwodeben daZabulobis Zalas an Zabvas, xo-
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lo 

X n

-s _ farTis erTeulze gaangariSebul Zabvas an Zab-

vis veqtors. e.i. misi erTeulia Pa N m / .2
 

Cven vigulisxmebT, rom 

X dSn

 gamoxatavs im zedapi-

rul Zalas, romliTac dS-is saSualebiT S zedapiris ga-
reT mdebare garemos nawili moqmedebs mis SigniT mdebare 
nawilze. maSin, niutonis mesame kanonis Tanaxmad, Siga nawi-

li dS-is saSualebiT gare nawilze imoqmedebs  
X dS X dSn n    zedapiruli ZaliT. indeqsi n aRniSnavs, 

rom 

X X X Xn n n n ( , , )1 2 3

 Zabvis veqtori moqmedebs 

),,( 321 nnnn 


 normalis mqone farTze. mis gegmils 

n  no-

rmalis mimarTulebaze ewodeba Zabvis veqtoris  n  norma-

luri mdgeneli, xolo modebis wertilSi gamaval mxeb sib-

rtyeze gegmils _  n mxebi mdgeneli. 

Zabvis tenzoris komponentebis aRsaniSnavad gamoiyeneba 
sxvadasxva aRniSvna, romlebzec naTel warmodgenas gvaZle-
ven Semdegi matriculi tolobebi:  

X X X

X X X

X X X

X Y Z

X Y Z

X Y Z

x x x

y y y

z z z

x xy xz

yx y yz

zx zy z

11 12 13

21 22 23

31 32 33



















































  

  

  

. 

$1.2. Zabvis veqtoris damokidebuleba farTis 
orientaciaze 

X i j -T, i j, , , , 1 2 3  aRvniSnoT xi  normalis mqone far-

Tze moqmedi Zabvis veqtoris gegmili x j  RerZze. 
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vaCvenoT, rom adgili aqvs koSis Semdeg formulebs (ix., 
magaliTad, [2], [36], [53]) 

X X nn i ji j *).             (1.2.1) 

es formulebi gviCveneben, rom, Tu cnobilia mocemul 
wertilze gamaval sam urTierTmarTob farTze moqmedi Zab-
vebi aRniSnul wertilSi, maSin SeiZleba gamovTvaloT am 
wertilze gamaval nebismierad orientirebul farTze moq-
medi Zabvis veqtori amave wertilSi: 

  
X X e X n en n i i j i j i           (1.2.2) 

matrics, romlis elementebia ,3,2,1,, jiX ij  uwode-

ben Zabvis tenzors (ix. $1.4). 

                                                           
*)  Tu raime indeqsi erTwevrSi mxolod orjer gvxvdeba, Cven yovelTvis 

vigulisxmebT, rom xdeba ajamva mis mimarT indeqsis cvlilebis simrav-

leze (SemdegSi vigulisxmebT, rom laTinuri aramTavruli indeqsebi iRe-

ben mniSvnelobebs 1,2,3, xolo berZnuli ki 1,2). im SemTxvevaSi, roca 

aseT faqts adgili aqvs, magram ajamva ar unda moxdes, erT-erT indeqss 

qvemodan an zemodan gavusvamT xazs. magaliTad, 



3

1

:
i

iiii aa , 





3

1

:
i

i

i

i

i aa , magram a aii ii
  aRniSnavs sam elements: a11 , a22 , a33 -

s imisda mixedviT, Tu ra mniSvnelobas iRebs i. 
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nax. 1.2.1 

gavavloT sxeulis raime D wertilSi sakoordinato 

sibrtyeebis paraleluri sibrtyeebi da misgan h usasru-

lod mcire manZiliT daSorebuli 

n  normalis mqone sib-

rtye. miviRebT ABCD tetraedrs (ix. nax. 1.2.1). vigulis-
xmoT, rom moculobiTi da zedapiruli Zalebi garemos 
wertilis mimarT uwyveti funqciebia. Tu davuSvebT, rom 
sxeuli wonasworobaSia, maSin tetraedrze moqmedi gare 
Zalebis nakrebi veqtori da nakrebi momenti nulis toli 
unda iyos. 

Tu tetraedris moculobas aRvniSnavT V -Ti, masze 

moqmedi moculobiTi Zalis xi  RerZze gegmili iqneba 

Vii  )(  ,  

radgan i -is mniSvnelobas viRebT D wertilSi, xolo 

iii DP  )()( , sadac P tetraedris raime Siga wer-

1x
2x

3x

O
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tilia da 

 -is uwyvetobis gamo 

i øusasrulod mcire 

sididea, roca h  0. 
analogiurad, ABCäzedapirze moqmedi zedapiruli Zalis 

xi
 RerZze gegmili iqneba 

 )( iinX  , 

sadac  Êaris ABC samkuTxedis farTi, xolo 
i  usasru-

lod mcire sididea, rocaâ h  0.øû óêß ÿóÛø    

cxadia, ACD, BCD da ABD zedapirebze, romelTa gare 

normalebia Sesabamisad x2
, x1

 da x3
, moqmedi zedapi-

ruli Zalebis xiÊRerZze gegmilebis jami iqneba 

jjijiX  )(  , 

sadac  1
,  2 ,  3

 Sesabamisad BCD, ACD da ABD samkuT-

xedebis farTobebs aRniSnaven,ù ji , 3,2,1, ij , usasrulod 

mcire sidideebia, roca h  0 . magram 

V h nj j 
1

3
  , . 

ukanaskneli cxadia sami perpendikularis Teoremis Tanaxmad 
(ix. nax. 1.2.1). 

amrigad, 

.0)()(
3

)(  jjijiiniii nXX
h

 


  

am ukanasknelis  -ze gayofisa da h-is nulisaken mis-
wrafebis Semdeg miviRebT (1.2.1)-s. 

$1.3. wonasworobis gantolebebi 

davuSvaT, rom Zabvis veqtors, romlis uwyvetobac Cven 
wina paragrafSi moviTxoveT, sxeulis nebismier wertilSi 
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aqvs uwyveti warmoebulebi. 
vigulisxmoT, rom gansaxilveli sxeuli wonasworobis 

mdgomareobaSia da, gamyarebis principis Tanaxmad, davweroT 
sxeulidan azrobrivad gamoyofili nebismieri V moculo-

bis, romlis S sazRvari ar exeba sxeulis sazRvars, wonas-
worobis 

 
dV X dS

V

n

S

   0 ,           (1.3.1) 

   
   
x dV x X dS

V

n

S

, ,   0        (1.3.2) 

pirobebi. 
Tu CavsvamT (1.3.1)-is meore SesakrebSi (1.2.2)-s, gaus-os-

trogradskis formulis Tanaxmad (vigulisxmoT, rom S ze-

dapirisTvis igi samarTliania. magaliTad, S zedapiri lip-
Sicisaa (ix. damateba 1). gansaxilveli sxeulis sazRvari ki 
SeiZleba iyos aralipSicuric, radgan wonasworobis ganto-
lebebi gamogvyavs areSi da ara aris Caketvaze, romelic 
sxeuls ukavia, da amdenad yovelTvis moiZebneba sxeulis 
nebismieri Siga wertilis Semcveli zemoxsenebuli V are 

lipSicis sazRvriT), Tu n

 gare normalia miviRebT, rom 

.)( ,, 







V

ijji

V

jiji

S

jiji

S

n

dVeXdVeX

dSneXdSX





*)
  (1.3.3) 

(1.3.1) da (1.3.3)-dan cxadia, rom 
                                                           
*),i-Ti aRvniSnavT warmoebuls xi  cvladis mimarT, xolo ,ij-Ti _ meore 

rigis warmoebuls xi  da x j  cvladebis mimarT. magaliTad, 





u

x
u

i

i , , 


 

2 u

x x
u

i j

ij , . 
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  .0, 
V

ijjii dVeX


  

integralqveSa gamosaxulebis uwyvetobisa da V aris nebis-
mierobis gamo 

  0,  ijjii eX


 .          (1.3.4) 

radgan 
ie

, 3,2,1i , wrfivad damoukidebel veqtorTa sis-

temaa, amitom 

.3,2,1  ,0,  iX jjii            (1.3.5) 

am gantolebaTa sistemas wonasworobis gantolebebs uwo-
deben. 

analogiurad gardavqmnaT (1.3.2)-is meore Sesakrebi 

      

V
j,ijij

S

iji

S

n dVeX,xdSneX,xdS X,x  


  

  

   

   







V

ij,jiijij

V

jiji

V

ijij,

V

.dVeX,xdVeX,e

dV ),eX(,xdVeX,x

  

  

 




 

CavsvaT es ukanaskneli (1.3.2)-Si 

    
   
x X e dV e X e dVi ji j i

V

j ji i

V

, ,,     0 . 

pirveli Sesakrebi (1.3.4)-is ZaliT nulis tolia, xolo 
meore Sesakrebidan integralqveSa gamosaxulebis uwyveto-
bisa da V-s nebismierobis gamo viRebT, rom 

   
   
e X e X e ej ji i ji j i, ,  0 . 

CavweroT es ukanaskneli cxadi jamis saxiT da 

gaviTvaliswinoT, rom  
 
e ei j,  0 , Tu i j , da 

   
   
e e e ei j j i, ,  , Tu ji  , maSin 
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     
     233213313223

122131132112

,,,

,,,

eeXeeXeeX

eeXeeXeeX







 

             X X e e X X e e X X e e12 21 1 2 23 32 2 3 31 13 3 1

     
, , ,

           X X e X X e X X e12 21 3 23 32 1 31 13 2 0
  

, 

e.i. 

X X i jij ji , .             (1.3.6) 

amrigad, Zabvis tenzori simetriulia. 
Tu garemos raime wertilSi aviRebT masze gamaval or 

farTiT elements Sesabamisad  321 ',','' nnnn 


 da 

 321 ",","" nnnn 


 normalebiT, maSin erT farTiT element-

ze moqmedi 

X n ' Zabvis veqtoris gegmili meoris normalze 

udris meoreze moqmedi 

X n "  Zabvis veqtoris gegmils pir-

velze: 

geg n nX" '


  geg n nX' "


.            (1.3.7) 

marTlac, (1.2.1)-is da (1.3.6)-is Tanaxmad, 

geg  n n n n i i ij j iX X n X n X n n" ' ' ', " " ' "
 

   .    (1.3.8) 

analogiurad, 

geg n n ij j iX X n n' " " '


 . 

am gamosaxulebis marjvena mxareSi Tu ajamvis indeqsebs 
adgilebs SevucvliT da gaviTvaliswinebT (1.3.6)-s, mivi-
RebT, rom 

geg n n ij i jX X n n' " " '


 .           (1.3.9) 

(1.3.8) da (1.3.9) tolobebis SedarebiT, radgan maTi mar-
jvena mxareebi tolia, vrwmundebiT (1.3.7)-is samarTliano-
baSi. 
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$1.4. koordinatTa sistemis Secvla. invariantuli 
kvadratuli forma 

vTqvaT, axali 321' xxxO  dekartis marTkuTxa koordi-

natTa sistemis RerZebis ( ,3,2,1, ie i
 ortebiT) 

mimmarTveli kosinusebi Zveli 
321 xxOx  dekartis 

marTkuTxa koordinatTa sistemis ( ,3,2,1, je j


 ortebiT) 

mimarT (da piriqiT), mocemulia 

 j

i

j

ii

jij xxee ,cos),(: 


 *) 

tolobebiT. 

axal koordinatTa sistemaSi Zabvebi aRvniSnoT 
~
X k l -iT, 

maSin, (1.3.8)-is Tanaxmad, 

 :
~

kl

kl XX geg kl xx
X

~

geg
l

i

k

jijee
XX kl 


~

.   (1.4.1) 

es tolobebi gvaZleven kavSirs Zabvebs Soris Zvel da 
axal koordinatTa sistemaSi. 

Tu mocemulia raime wesi, romlis mixedviTac yovel 
koordinatTa sistemas (sazogadod mrudwiruls) eTanadeba, 
sazogadod, wertilze damokidebuli 

p

q

ii

jjA
...

...

1

1
 

sidide, maSin am sidides ewodeba qp   rangis ( , )p q tipis 

tenzori*) (ix., mag., [1]), Tu Zveli sistemidan axal 

                                                           

*) ,),cos( j

i

jjj

ii eeeee


  

.),cos(),cos( jj

i

j

i

jjj

ii eeeeeeee


  

*) ori 
m

n

ii

jjAA
...

...
1

1
:  da p

q

kk

llBB
...

...
1

1
:  tenzoris pirdapiri 

namravli ewodeba 
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sistemaze gadasvlis dros is gardaiqmneba Semdegi 
formulebiT: 

q

q

p

p

p

q

p

q l

j

l

j

i

k

i

k
ii

jj

kk

ll
x

x

x

x

x

x

x

x
AA
















......

~
1

1

1

1

1

1

1

1

...

...

...

...  . 

( , )0 q **) tipis tenzors ewodeba kovariantuli, xolo 

( ,p 0 ) tipis tenzors _ kontravariantuli. radganac 

;:,:
~

1

1

1

1

1

1

1

1

11

i

i

i

k
i

i

i

k
kk

dxA
x

x
Adx

x

x
dxA 









  

da 

,:,:
~

1

11

1

11

1

1

11

j

jl

j

jl

j

j

ll
x

f
A

x

x
A

x

x

x

f

x

f
A























  

sadac, f skalaruli sididea, cxadia, rom yoveli kontrava-
riantuli indeqsis mimarT gardaqmna xdeba koordinatebis 
diferencialebis gardaqmnis formulebis Sesabamisad, xolo 
yoveli kovariantuli indeqsis mimarT – skalaris war-
moebulebis gardaqmnis Sesabamisad. 

SevniSnoT, rom dekartis marTkuTxa koordinatebis Sem-
TxvevaSi 

1,2,3,k xx1,2,3;l xx l

k

ll

k

l

k

l

kk

ll  ,,   (1.4.1)* 

sadac '),,( 321 OO . amitom 

                                                                                                                        

p

q

m

n

pm

qn

kk

ll

ii

jj

kkii

lljj BACC
...

...

...

...

......

......
1

1

1

1

11

11
::   

tenzors. mokled is Semdegnairad Caiwereba 

.BAC   
**) p  0  da q  0 niSnavs, rom Sesabamisi indeqsebi ar gvaqvs. 
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k

ljl

k

j

l

jk

j

l

k

x

x

x

x










 ,  

k
ljk

j
lk

l

x

x





 . 

aq 

 jk

j k

j k










0

1

, ;

, ,
 

kronekeris*) simboloa. amdenad, 

k

l

l

k
k

l
x

x

x

x








  .            (1.4.2) 

amitom am SemTxvevaSi kovariantuli da kontravariantuli 
tenzorebi erTmaneTs emTxveva. 

(1.4.2)-is Tanaxmad, cxadia, (1.4.1) SeiZleba ase CavweroT 

l

i

k

j

ij

i

l

j

k

ijlk

kl

x

x

x

x
X

x

x

x

x
XXX


















~
. 

es ki tenzoris ganmartebis Tanaxmad imas niSnavs, rom X ij  

meore rangis tenzoria. 
sazogadod, dekartis marTkuTxa koordinatTa sistemaSi,  

.,,;,, 1

11

11

1

1

1

q

qq

qp

p

p

l

jl

jl

jl

jk

ip

i

k

k

i

i

k

x

x

x

x

x

x

x

x




















   

kerZod, 

,
~

,
~

kl

j

l

i

kij

ij

j

i

ji

i AAAAAA    

,
~

lmn

k

n

j

m

i

lijk

ijk AAA   

Sesabamisad, pirveli, meore da mesame rangis tenzoris 

                                                           
*) l. kronekeri (1823-1891). 



 28 

SemTxvevaSi. 
zedapiris n normalis mqone usasrulod mcire 

elementis farTis erTeulze moqmedi Zabvis nX


 veqtoris 

normaluri  n
 mdgeneli, (1.3.8)-is Tanaxmad, 

 n nn ij j iX X n n:  .            (1.4.3) 

SemoviRoT aRniSvna 

2 1 2 3( , , ):     X ij i j .          (1.4.4) 

( , , )  1 2 3  meore rigis mTeli racionaluri funqciaa 

,3,2,1ii   ,  cvladebis mimarT, e.i. ,3,2,1i  ,i  

cvladebis kvadratul formas warmoadgens. 
vTqvaT, 

P  ( , , )  1 2 3
 

zedapiris gansaxilveli usasrulod mcire elementis 
normalis dadebiTi mimarTulebis mqone veqtoria. maSin 

,
P

P
n   e.i., ,3,2,1 i  ,

P
n i

i


         (1.4.5) 

sadac P aris 

P  veqtoris sigrZe. 

(1.4.3)-(1.4.5)-is Tanaxmad, cxadia, 

   n P 2

1 2 32( , , ) .           (1.4.6) 

 n  sidide, misi ganmartebidan gamomdinare, fizikuri 

sididea da amitom ar aris damokidebuli koordinatTa sis-

temis SerCevaze. aseve veqtoris sigrZis kvadrati P 2
 ar 

aris damokidebuli koordinatTa sistemis SerCevaze. amde-

nad,  n P 2
 namravli ar iqneba damokidebuli koordinat-

Ta sistemis SerCevaze da aqedan gamomdinare 2 1 2 3( , , )    

kvadratuli forma invariantulia koordinatTa sistemis 
gardaqmnis mimarT. saerTod, gamosaxulebas (formas, 
integrals da sxv.), romelic Sedgeba iseTi sidideebisgan, 
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romlebic damokidebulia koordinatTa sistemis SerCevaze, 
magram ar icvlis Tavis mniSvnelobas da struqturas 
koordinatTa erTi sistemis meoreTi Secvlis dros, 
ewodeba invariantuli (invariantuli forma, invariantuli 
integrali da sxv.). 

marTlac, Tu ,3,2,1
~

ii    

P  veqtoris komponentebia 

axal koordinatTa sistemaSi da 
~

(
~

,
~

,
~

)   1 2 3 -iT aRvniS-

navT axal koordinatTa sistemaSi (1.4.4) wesiT agebul 
kvadratul formas, maSin 

~
(
~

,
~

,
~

) ( , , )      1 2 3 1 2 3 ,        (1.4.7) 

radgan erTi mxriv adgili aqvs (1.4.6) tolobas, xolo 
meore mxriv 

   n P 2

1 2 32
~

(
~

,
~

,
~

) . 

Tu (1.4.7)-s gadmovwerT cxadi saxiT: 

jiijlkkl XX  
~~~

                        (1.4.8) 

da am ukanasknelSi CavsvamT analizuri geometriidan cno-
bil axal da Zvel koordinatebSi veqtoris komponentebs 
Soris kavSiris 

k

k

lllkk

k

llll xxxx 
~

)~~( 00  , 

e.i., 

k

k

jjl

l

ii 
~

,
~

 *)            (1.4.9) 

formulebs, kvlav miviRebT (1.4.1)-s. 

                                                           
*) es formulebi, cxadia, gamomdinareobs (1.4.1)*-dan. 
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$1.5. mTavari Zabvebi. Zabvis mTavari mimarTulebebi.    
Zabvis zedapiri 

mimarTulebas, romlis perpendikularul zedapiris 
usasrulod mcire elementze mxolod normaluri Zabva 
moqmedebs, gansaxilvel wertilSi Zabvis mTavari mimarTu-
leba ewodeba, xolo Sesabamis normalur Zabvas _ mTavari 
Zabva. e.i. mTavari Zabvis veqtori zedapiris usasrulod 
mcire elementis normalis paraleluria. amdenad 

,nX n


   e.i.,  ,3,2,1,  jnnXX jkjknj    (1.5.1) 

sadac   skalaruli sididea. 
(1.5.1) gadmovweroT Semdegi saxiT 

( )X njk jk k   0 .           (1.5.2) 

imisaTvis, rom 
kn -s, ,3,2,1k  mimarT erTgvarovan 

algebrul gantolebaTa (1.5.2) sistemas hqondes aratrivia-
luri amonaxsni, aucilebeli da sakmarisia 

det X jk jk   0 .           (1.5.3) 

vaCvenoT, rom am ukanasknels mxolod namdvili  l
 fes-

vebi aqvs. davuSvaT sawinaaRmdego. vTqvaT,  

,0,  llll i              (1.5.4) 

da Sesabamisad amisa 

.l

k

l

k

l

k iqpn                (1.5.5) 

Tu (1.5.4)-s da (1.5.5)-s CavsvamT (1.5.2)-Si: 

0)]()([  l

k

l

kjk

ll

jk qipiX   

da gamovyofT namdvil da warmosaxviT nawilebs, miviRebT, 
rom 

,3,2,1,0)(  jqpX l

kjk

ll

kjk

l

jk     
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3,2,1,0)(  jpqX l

kjk

ll

kjk

l

jk    . 

pirveli toloba gavamravloT q j

l
-ze, meore _ p j

l
-ze da 

avjamoT 1-dan 3-mde j-is mimarT; pirvelis pirvel jamSi 

gadavsvaT j da k, gamoviyenoT X jk
-s da  jk

-s 

simetriuloba*) da miRebuls gamovakloT meore, maSin 

0)(  l

k

l

jjk

l

k

l

jjk

l qqpp  ,  

e.i.  

3,2,1,0)(  lqqpp l

k

l

k

l

k

l

k

l    .        (1.5.6) 

radganac frCxilebSi moTavsebuli gamosaxuleba arauaryo-

fiTia da amasTan pk

l , qk

l  yvela erTdroulad ar xdeba nu-

li (ramdenadac Cven davuSviT, rom (1.5.2)-s aqvs aratrivia-
luri amonaxsni), amitom 

 l 0 . 

e.i. miviReT winaaRmdegoba da, amdenad,  l
 namdvilia. 

amitom nk

l
, rogorc namdvilkoeficientebian wrfiv 

gantolebaTa sistemis amonaxsni, aseve namdvili iqneba*). 

                                                           

*) 0)(  l

j

l

kjk

ll

j

l

kjk

l

jk qqqpX  , 

0)(  l

j

l

kjk

ll

j

l

kjk

l

jk pppqX  ; 

0)(  l

j

l

kjk

ll

k

l

jkj

l

kj qqqpX  , 

0)(  l

j

l

kjk

ll

k

l

jjk

l

jk qqqpX  . 

*) Tu sistemis rangi 2-is tolia, maSin normalis 1l

k

l

k nn  

Tvisebidan gamomdinare is calsaxad ganisazRvreba (ix. Gould Ph. 

L., Introduction to Linear Elasticity, Springer, 2013, gv. 32, 33). 
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 l -ebs ewodebaT Zabvis tenzoris mTavari komponentebi, 

xolo nk

l -ebi maTi mimmarTveli kosinusebia. 

vTqvaT,  l  da  p  (1.5.3) gantolebis ori erTmaneTis 

aratoli fesvia, xolo nk

l  da nk

p  ki nk
-s Sesabamisi mniS-

vnelobebia. maSin, (1.5.2)-is Tanaxmad, 

,3,2,1,0)(  jnX l

kjk

l

jk     

.3,2,1,0)(  jnX p

kjk

p

jk     

pirveli gavamravloT n j

p
-ze, xolo meore _ n j

l
-ze, pir-

velSi gadavsvaT j da k, gamoviyenoT X jk
-s da  jk

-s simet-

riuloba da miRebuls gamovakloT meore: 

.0)(  p

k

l

jjk

lp
nn  

aqedan, radgan  p l , gamomdinareobs, rom 

0),(  plp

j

l

j nnnn , 

e.i. Zabvis mTavari mimarTulebebi orTogonaluria. Tu 
samive fesvi erTmaneTisgan gansxvavebulia, maSin gveqneba 
sami calsaxad gansazRvruli urTierTmarTobi mTavari mi-
marTuleba. Tu ori fesvi erTmaneTis tolia 

  1 2 3  , maSin  3 -is Sesabamisi 

n 3

 mTavari mimarTu-

leba 

n 1

-is da 

n 2

-is veqtorebze gamavali sibrtyis orTo-
gonaluri iqneba. amdenad, am sibrtyeSi aRebuli nebismieri 
ori urTierTmarTobi mimarTuleba Sesabamis mTavar mimar-

Tulebad SeiZleba iqnes aRebuli. Tu   1 2 3  , maSin 

nebismieri sami urTierTmarTobi mimarTuleba SeiZleba mi-
Rebul iqnes mTavar mimarTulebad. 

(1.5.3) kuburi gantoleba SeiZleba CavweroT Semdegi sa-
xiT 
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  3

1

2

2 3 0   I I I ,           (1.5.7) 

sadac 

,3322111 XXXI   

2221

1211

3331

1311

3332

2322

2
XX

XX

XX

XX

XX

XX
I  , 

333231

232221

131211

3

XXX

XXX

XXX

I  . 

 

rogorc cnobilia, (1.5.7) kuburi gantolebis fesvebsa 
da koeficientebs Soris kavSirs aqvs Semdegi saxe*): 

,3211  I  

,  
 0

0 

  0

0 

  0

0 
213132

2

1

3

1

3

2

2 











I      

(1.5.8) 
 

.

00

00

00

321

3

2

1

3 









     

    

    

I  

kuburi gantolebis fesvebi, rogorc normaluri Zabvebi, 
damokidebuli ar arian koordinatTa sistemis Secvlaze, 
amitom (1.5.8) tolobebis Tanaxmad, maTi saSualebiT gamosa-

xuli I1 , I2  da I3  sidideebi araa damokidebuli koordi-

                                                           

*) ,0))()(( 321    saidanac 

.0)()( 321213132

2

321

3    



 34 

natTa sistemis Secvlaze. maT Zabvis tenzoris invariantebi 
ewodebaT. 

$4-Si SemoRebuli ( , , )  1 2 3  kvadratuli forma sa-

Sualebas gvaZlevs, miviRoT sxeulis raime garkveul wer-
tilSi gatarebuli zedapiris usasrulod mcire elementis 
orientaciaze Zabvis veqtoris damokidebulebis metad 
martivi da TvalsaCino geometriuli suraTi. 

zogadobis SeuzRudavad SeiZleba vigulisxmoT, rom 
sxeulis wertili mdebareobs koordinatTa sistemis saTa-
veSi. 

SemdgomSi Cven gamovricxavT, rom 

( , , )  1 2 3 0 , 

radgan am ukanasknel SemTxvevaSi (1.4.4)-is gamo 

X ij ( , , )0 0 0 0 , 

da amdenad gansaxilvel (0,0,0) wertilSi Zabvebi saerTod 
ar gveqneba. 

ramdenadac (1.4.6) tolobaSi veqtoris sigrZe nebismie-

ria, Cven SegviZlia, igi ise SevarCioT, rom nebismieri 

n  

normalis SemTxvevaSi 

 n P c  2 2
,             (1.5.9) 

sadac c nulisgan gansxvavebuli nebismieri fiqsirebuli 

mudmivia. im SemTxvevaSi, roca  n  0 , vigulisxmebT, rom 

P   . maSasadame, 

P
c c

Pn

n



2 2

2
, , 

amasTan c 2
-is win niSani ise unda SevarCioT, rom c2

 da 

 n an orive dadebiTi unda iyos, an orive uaryofiTi. 

Tu ganvixilavT koordinatTa sistemis saTaveSi sawyisi 

wertilis mqone 

P  veqtorebis bolo wertilebis wer-
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tilTa geometriul adgils, (1.5.9), (1.4.6) da (1.4.4)-is Ta-
naxmad, miviRebT meore rigis centrian zedapirs centriT 
koordinatTa sistemis saTaveSi, romlis gantolebaa 

X cij i j    2
.              (1.5.10) 

miRebul zedapirs ewodeba mocemuli wertilis (Cvens Sem-
TxvevaSi saTavis) Zabvis zedapiri. 

 
nax. 1.5.1 

 

Tu mocemulia Zabvis zedapiri, Zabvis veqtoris ageba 
did siZneles ar warmoadgens. marTlac, koSis (1.2.1) for-
mulis da (1.4.5), (1.4.4)-is Tanaxmad 

X X n
P

X
P

nk jk j jk j

k

  
1 1




 


,     (1.5.11) 

radgan  

.2

2

jjkjjkjjkiikjjk

jkiijjikij

k

jiij

k

XXXXX

XX
X
















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(1.5.11) niSnavs, rom 

X n

 paraleluria grad -si, e.i. 

(1.5.10) zedapiris v

 normalis (ix. nax. 1.5.1), romelic gav-

lebulia 

P  veqtorisa da Zabvis zedapiris TanakveTis A 

wertilSi. ramdenadac Zabvis veqtoris normaluri 
mdgeneli 

2

2

OA

c
OBn


 ,            (1.5.12) 

amitom 

n  da 


v  normalebze gamaval sibrtyeSi B werti-

lidan 

n -is perpendikularulad da O wertilidan 


v -is 

paralelurad gavlebuli wrfeebis TanakveTa mogvcems 

X OGn 



 Zabvis veqtoris bolo wertils. 

X n

 veqtori farTis normalis gaswvriv mimarTuli iq-

neba mxolod im SemTxvevaSi, roca OA


 veqtori A wer-
tilSi gavlebuli mxebi sibrtyis perpendikularulia. mag-
ram aseT mimarTulebas, rogorc analizuri geometriidanaa 
cnobili, ewodeba zedapiris mTavari RerZi. am SemTxvevaSi 

n  normalis mqone farTze, cxadia, moqmedebs mxolod 
normaluri Zabvis veqtori da mis Sesabamis mimarTulebas, 
rogorc zemoT aRvniSneT, meore mxriv ewodeba Zabvis mTa-
vari mimarTuleba. aseTi mimarTuleba zogad SemTxvevaSi, 
rogorc zemoT vnaxeT, aRmoCnda sami urTierTmarTobi 
mimarTuleba. 

Tu koordinatTa RerZebs davamTxvevT Zabvis mTavar mima-
rTulebebs, e. i. zedapiris mTavar RerZebs, maSin cxadia, 

X ij  0 , i j , da dagvrCeba mxolod normaluri Zabvebi. 

 i iiX  

da Zabvis zedapiris (1.5.10) gantoleba miiRebs Semdeg saxes: 

 i i c2 2  .                             (1.5.13) 
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imisda mixedviT, Tu ra niSnebi aqvs  i
 mTavar Zabvebs, 

gveqneba sxvadasxva SemTxveva. 
vTqvaT, 

 i i 0 12 3, , , , 

maSin cxadia, (1.5.13) miiRebs Semdeg saxes 

 i i c2 2 , 

rac elifsoidis gantolebaa. 
(1.5.12)-dan gveqneba, rom 

 n

c

OA


2

2
, 

e.i. (0,0,0) wertilze gamaval nebismierad orientirebul 
farTze moqmedi Zabvis veqtoris normaluri mdgeneli gam-
Wimavia. 

Tu 

 i i 0 12 3, , , , 

maSin 

 i i c2 2  , e. i.  i i c
2 2  

da Zabvis zedapiri kvlav elifsoidia, xolo Zabvis veqto-
ris normaluri mdgeneli gamoiTvleba 

 n

c

OA
 

2

2
 

formuliT da igi mkumSavi iqneba. 
Tu 

     0 1 2 03, , ; , 

maSin (1.5.13)-s eqneba 
22

33

2
c                         (1.5.14) 

an 
22

33

2
c                         (1.5.15) 
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saxe. 
(1.5.14) gantolebiT mocemuli zedapiri calkalTa hiper-

boloidia (ix. nax. 1.5.2), xolo (1.5.15) gantolebiT mo-
cemuli zedapiri orkalTa hiperboloidia. aRniSnuli zeda-
pirebi erTmaneTisgan gamoyofilia asimptoturi konusiT: 

0
2

33

2
   , 

romelic naxazze wyvetili xaziT aris mocemuli. 

nax. 1.5.2 
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Tu farTis normali asimptoturi konusis gareTaa mi-
marTuli, maSin is kveTs calkalTa hiperboloids da nor-
maluri Zabva gamWimavia: 

 n

c

OA


2

2
, 

xolo Tu normali asimptoturi konusis SigniTaa mimarTu-
li, maSin is kveTs orkalTa hiperboloids da Zabva mkumSa-
via: 

 n

c

OA
 

2

2
. 

Tu farTis normali asimptotur konusze mdebareobs, 

maSin igi Zabvis zedapirs ar hkveTs, OA    da  n  0 , 

e.i. Sesabamisad orientirebul farTze mxolod mxebi Zabve-
bi moqmedeben. 

SemTxveva 

     0 1 2 03, , ,  

wina SemTxvevisgan mxolod imiT gansxvavdeba, rom adgilebs 
icvlian gaWimvisa da kumSvis zonebi. 

niSnebis ganawilebis sxva SemTxvevebSi ganxiluli wina 
ori SemTxvevisgan gansxvavebiT mxolod sakoordinato Rer-
Zebi icvlian rolebs. 

Tu erT-erTi mTavari Zabva nulis tolia, xolo danar-

Ceni ori _ nulisgan gansxvavebuli, magaliTad,  3 0  da 

   0 1 2, , , maSin Zabvis zedapirebi iqnebian x3 Rer-

Zis paraleluri msaxvelebis mqone cilindruli zedapirebi. 
am SemTxvevaSi amboben, rom gvaqvs brtyeli daZabuli mdgo-
mareoba (ix. $2.2) mocemul wertilSi (ix. nax. 1.5.3 da nax. 

1.5.4). x3 RerZis perpendikularuli sibrtyiT kveTaSi vi-

RebT an elifss, an or hiperbolas. 
Tu erTi mTavari Zabva nulisgan gansxvavebulia, xolo 
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danarCeni ori _ nulis toli, magaliTad, 

  1 3 20 0  , , maSin gvaqvs ori paraleluri sib-

rtye (ix. nax. 1.5.5). aseT daZabul mdgomareobas SeiZleba 
vuwodoT wrfivi daZabuli 
mdgomareoba mocemul 
wertilSi. 

         0 1 2 1 1

2

2 1

2 2, , ; c  

an 

           0 1 2 1 1

2

2 1

2 2, , ; c  

nax. 1.5.3 

 

22

22

2

1121 ;0,0 c      
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an 

     1 2 1 1

2

2 2

2 20 0     , ; c  

nax. 1.5.4 

 
 

 2
2 2 c  

nax. 1.5.5 
 
moris wreebi. davsvaT amocana garemos mocemul 

wertilSi zedapiris im usasrulod mcire elementis n 
normalis moZebnis Taobaze, romel usasrulod mcire 

elementzec moqmedi Zabvis veqtoris  n  normaluri da  n  

mxebi mdgenelebi*) iReben winaswar dasaxelebul 

                                                           
*) cxadia [,0[[,,]  nn  (ix. nax. 1.5.6)  
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mniSvnelobebs (ix. [50]). Tu sakoordinato RerZebad 
aviRebT Zabvis mTavar RerZebs, maSin 

X ij  0 , roca i j  da X ii i .**) 

amdenad, erTis mxriv, (1.2.1)-dan gamomdinareobs, rom 

;3,2,1,  innXX iijjini          (1.5.16) 

 

 

nax. 1.5.6 

 
xolo meores mxriv, (1.4.3)-is ZaliT, 

22
333

2
222

2
111 iijiijnnn nnXnXnXnnXX   .(1.5.17) 

radgan 




nnn nX  , 

                                                           

**) vTvliT, rom ,3,2,1, ii mTavari Zabvebi viciT da isini 

erTmaneTisgan gansxvavebulia. 
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sadac 

  aris 


X n

 da 

n  veqtorebze gamaval sibrtyeSi 

mdebare mxebis orti. amitom, (1.5.16)-is Tanaxmad, 

22
3

1

222

ii

i

iiiinininnn nnnXXX   


.    (1.5.18) 

cxadia, dasmuli amocana dadis sami n ii

2 12 3, , , , uc-

nobis gansazRvraze (1.5.17) da (1.5.18) gantolebebidan, imis 

gaTvaliswinebiT, rom, radganac 

n  erTeulovani veqtoria, 

amitom 

ni

i

2

1

3

1


  .               (1.5.19) 

(1.5.19), (1.5.17), (1.5.18) gantolebaTa sistema n n n1

2

2

2

3

2, , -

is mimarT warmoadgens wrfiv gantolebaTa sistemas  

    0

111

231312

2

3

2

2

2

1

321  



 , Tu 

 i j , roca i j , 

sistemis determinantiT, romelic vandermondis*) determi-
nantia, da 

 1
2 2

, ,  n n n

T

  

marjvena mxariT (T niSnaki aRniSnavs transponirebuls). 
amasTan 

                                                           
*) S.o. vandermondi (1735-1796). 



 44 

2

3

2

2

2

32

2

3

2

2

2

32

2

3

2

2

22

32
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nn
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

        

 

                  2 3 3 2

2

3 2n n n  

                 3 2

2

2 3 2 3

2

n n n  

   

 














 




42

2

32

32

2

32

32

22

23






 nnn  

 

    








 























   
   

3 2

2 2 3

2

2 3

2

2 2
n n . 

analogiurad, 

 

,
22

111

2

13

2

132

31

2

3

222

1

31



















 








 















nn

nn

n

               

 

 12

222

2

2

1

21

111





 

 nn

n  
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.
22

2

21

2

212



















 








 



 nn

*) 

amitom saZiebel amonaxsns aqvs Semdegi saxe: 

 
   

 
   

 
   

(1.5.20)                  
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,

,
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2313

32

3

2312

22

2

1312

12
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


















nn

nnnn

f
n

f
n

f
n

  

sadac 

 

 

  .
22

:,

,
22

:,

,
22

:,

2

21

2

212

3

2

13

2

132

2

2

32

2

322

1








 








 









 








 









 








 











nnnn

nnnn

nnnn

f

f

f

 

(1.5.21) 

garkveulobisaTvis davuSvaT, rom   1 2 3  . cxadia, 

ganxorcielebadia, e.i. dasaSvebia, mxolod iseTi  n ,  n , 

romelTaTvisac n ii

2 0 12 3 , , , . winaaRmdeg SemTxvevaSi 

(1.5.20), (1.5.21)-dan naTelia, rom maTi ( n is da n is) 

winaswar erTmaneTisgan damoukideblad dasaxeleba (roca 

                                                           
*) am ori formulis marjvena mxares mimdevrobiT miviRebT 
damtkicebuli formulis marjvena mxridan, Tu movaxdenT 

indeqsebis wriul Secvlas 13,32,21   
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ni  0 -s, i-s mxolod erTi mniSvnelobisaTvis)*) an, 

saerTod, dasaxeleba (roca ni  0 -s, i-s ori 

mniSvnelobisaTvis**) (samives nulTan toloba 

gamoricxulia, radgan 1n


)) SeuZlebelia. amitom 

(1.5.20)-dan gamomdinareobs, rom 

f f f1 2 30 0 0  , , .       (1.5.22) 

C kk , , , 1 2 3 , wirebi, romlebzec f kk  0 12 3, , , , 

 n  0 sibrtyeSi warmoadgenen Semdeg naxevarwrewirebs 

(ix. nax. 1.5.6): 

C1
 aris naxevarwrewiri centriT O1

2 3

2
0

 







,  wer-

tilSi da 
 2 3

2


-is toli radiusiT; 

C2  aris naxevarwrewiri centriT O2
3 1

2
0

 







,  wer-

tilSi da 
 1 3

2


-is toli radiusiT*); 

                                                           

*) radgan miviRebT, rom   0, nnif  gantoleba mogvcems 

erT-erTis meoriT gansazRvris saSualebas. 
**) radgan gveqneba ori gantoleba   0, nnif   

da   ,0, nnjf   ,ji    ori ucnobis gansasazRvravad. 

 

*) naxevarwrewirebis 0n  RerZTan TanakveTis wertilebis 

abscisebis misaRebad (1.5.21), roca ,0n  unda gavutoloT 0-s 

da amovxsnaT n is mimarT. amdenad 2C  naxevarwrewiris 
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C3
 aris naxevarwrewiri centriT 







 
0,

2

21

3


O  wer-

tilSi da 
2

21  
-is toli radiusiT. 

SevniSnoT, rom radgan ,321    amitom 2C is 

radiusi 
22

3231  



 da 

22

2131  



, e.i. metia 

1C  da 2C  naxevarwrewirebis radiusebze. 

naxevarwrewirebis centrebSi ,3,2,1,0  kfk  radgan iq 

(1.5.21)-is marjvena mxareebSi dagvrCeba mxolod bolo 

uaryofiTi wevrebi. amitom 3,2,1,0  kfk  , 

naxevarsibrtyis im nawilSi, romelic 
kC -s, k=1,2,3, gareT 

mdebareoben. (1.5.22)-dan naTelia, rom  nn  , -is 

ganxorcielebadi mniSvnelobebis Sesabamisi afiqsebi 

mdebareoben nax 1.5.7-ze miTiTebul daStrixul areSi. 
kC , 

                                                                                                                        

n RerZTan TanakveTis wertilebis abscisebs miviRebT, Tu misi 

centris 
2

13  
 abscisas davamatebT da gamovaklebT 2C is 

2

31  
 radiuss. Sesabamisad, miviRebT 1

3113

22









 

da 3
3113

22









. analogiurad, vaCvenebT, rom 1C is 

TanakveTis wertilebia 2  da 3  , xolo 3C is  1  da .2  
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k=1,2,3, wrewirebis Sesabamis wreebs moris*) wreebi ewode-
ba. 

C2
 naxevarwris S2

 wvero Seesabameba maqsimalur mxeb 

Zabvas, romelic 

 
2

31

max





n -is    (1.5.23) 

tolia. misi realizeba xdeba 

  

2

1
,0

,
2

12
,

2

32

2/1

3121

3131

1

1
































 



nn

f

n

  





 

komponentebian normalis mqone zedapiris usasrulod 
mcire elementze. marTlac, es gamomdinareobs (1.5.20), 
(1.5.21)-dan, Tu gaviTvaliswinebT, rom 

2

32

2

3231

2

313131
1

222

22
,

2








 








 












 








 




f

 

4

2222

4

2

4

2

4

2

322131

2

1

2

332

2

2

2

221

2

1

2

331

2

1

















 

                                                           
*) q.o. mori (1835-1918). 
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      
22

2131213211  



 . 

analogiurad, 

0
2

,
2

3131

2 






  
f , 

  
22

,
2

23133131

3

 








 
f . 

 

nax. 1.5.7 

Tavi II. deformaciaTa Teoria 

$1.6. deformaciis cneba 

rogorc SesavalSi aRvniSneT, Tu uwyveti garemos gan-
xilvis procesSi masze gare Zalebis moqmedebis Sedegad mis 
wertilebs Soris manZilebi icvleba, sxeulis wertilTa 
mdebareobis aseT cvlilebas deformacia ewodeba. 
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aRvniSnoT ( , , )x x x1 2 3
-iT sxeulis raime wertilis 

koordinatebi deformaciamde, xolo ( , , )* * *x x x1 2 3
-iT _ misi-

ve koordinatebi deformaciis Semdeg. 

vTqvaT, V aRniSnavs im ares, romelic sxeuls ukavia de-
formaciamde. sxeulis yoveli wertili, romelsac defor-
maciamde ekava sivrcis wertili koordinatebiT 

( , , )x x x V1 2 3   ikavebs sivrcis garkveul wertils koor-

dinatebiT ( , , )* * *x x x1 2 3
, e.i. xi

*
-ebi unda iyvnen xi

-ebis gar-

kveuli funqciebi: 

x x x xi i

* ( , , )  1 2 3
.             (1.6.1) 

Cven vuSvebT, rom  i  funqciebi uwyvetia V areSi (e. i. 

deformacias Tan ar sdevs sxeulis rRveva). ( , , )* * *x x x1 2 3
 

wertilebi, romlebic Seesabamebian ( , , )x x x V1 2 3   werti-

lebs, Seavseben garkveul V *
 ares. es iqneba is are, ro-

melsac sxeuli daikavebs deformaciis Semdeg. Cven aseve 

vuSvebT, rom (1.6.1) sistema ixsneba xi -s mimarT da rom 

isini 
*

ix  cvladebis uwyveti funqciebia. SemoviRoT aRniS-

vna x x ii i

 : , , ,*  12 3 (ix., mag., [12]). 

(1.6.1) geometriuli TvalsazrisiT warmoadgens V aris 

asaxvas V V  *
 areze, magram unda SevniSnoT, rom (1.6.1) 

saxis yovelgvari asaxva ar gvaZlevs deformacias. marTlac, 
Tu sxeuls gadavitanT sivrceSi, misi wertilebis 
koordinatebi Seicvleba, magram mis arc erT or wertils 
Soris manZili ar Seicvleba. sxeulis wertilebis koor-
dinatebis iseT cvlilebas, roca ar xdeba deformacia, 
ewodeba xisti gadaadgileba. 

rogorc es nax. 1.6.1-dan gamomdinareobs, 

x x x x x u ii i i i

    ( , , ) , , ,1 2 3 12 3 .    (1.6.2) 
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
u u u u: ( , , ) 1 2 3

 veqtors gadaadgilebis veqtori, xolo 

u ii , , , 12 3, komponentebs gadaadgilebis veqtoris kompo-

nentebi, an ubralod gadaadgilebebi ewodeba x ii , , , 1 2 3 , 

RerZebis gaswvriv. vTqvaT, u C V 1( ) . V areSi usasrulod 

mcire wrfivi elementis sigrZe aRvniSnoT dl-iT, xolo 

V 
 areSi misi Sesabamisi usasrulod mcire wrfivi elemen-

tis sigrZe aRvniSnoT dl -Ti. sxva sityvebiT, dl-iT 
aRniSnulia deformaciamde usasrulod mcire manZiliT 
erTmaneTisagan daSorebul or wertils Soris manZili, 

xolo dl -iT aRniSnulia amave wertilebs Soris manZili 
deformaciis Semdeg. 

nax. 1.6.1 

cxadia (ix. nax. 1.6.2), 

dl dx dxi i

2   

da, (1.6.2)-is gaTvaliswinebiT, 
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 

kjkiikjiijkkijji

k

j

i
j

j

i
ii

dxdxuudxdx

dx
x

x
dx

x

x
dxdxdl

))(( ,,,,

2

















 

   ( ), , , ,   ij ik ij i k ik i j i j i k j ku u u u dx dx  

   ( ), , , , jk j k k j i j i k j ku u u u dx dx . 

sigrZis kvadratis cvlilebis gasagebad meore tolobas 
wevr-wevrad gamovakloT pirveli toloba 

 dl dl e dx dxjk j k

 2
2 2  , 

sadac 

 e u u u u j kjk j k k j i j i k: , , , ,, , , ,   
1

2
1 2 3 . 

 
nax. 1.6.2 
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Tu erTi mainc e jk  0 , maSin sigrZis kvadrati da amdenad 

TviT sigrZe icvleba, e.i. adgili aqvs deformacias da ami-

tom e jk
-s ewodeba deformaciis tenzori, romelic, cxadia, 

simetriulia. deformaciis tenzoris es gamosaxuleba See-
sabameba geometriulad arawrfiv Teorias. Tu kvadratebs 
da namravlebs ugulebelvyofT TviT am sidideebTan Seda-
rebiT, maSin miviRebT geometriulad wrfivi Teoriis Se-
sabamis Semdeg gamosaxulebas: 

 e u u j kjk j k k j  
1

2
1 2 3, , , , , , .      (1.6.3) 

orive SemTxvevaSi e j kjk  0 12 3, , , , , tolobebi Seesaba-

meba xist gadaadgilebas. 
advili sanaxavia, rom wrfiv SemTxvevaSi, Tu 

u C Vi 
2 ( ) , maSin 

 

(1.6.4)                                 .3,2,1,,

,
2

1
,,,,,,,,,,





kji

uuuuuuueee jkijikkijkjiijkikjjkiijkjkikij

  
vTqvaT, axla 

eij  0 ,    (1.6.5) 

maSin (1.6.4)-dan, erTi mxriv, 

ui jk,  0 , 

e.i.  

u x a b x i a const b consti i ij j i ij( ) , , , , ,    12 3 . 

meore mxriv, (1.6.5)-dan 

u ui j j i, ,  .   (1.6.6) 

amdenad, radganac 

 u a b x b bi j i ik k j ik kj ij, ,
,     
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 u a b x b bj i j jk k i jk ki ji, ,
    , 

(1.6.6)-dan miviRebT, rom 

b bij ji  , 

saidanac 

.:,:

,:,3,2,1,0

3113212213

23321

bbbbbb

bbbib ii





  

    
 

amrigad, xisti gadaadgilebis SemTxvevaSi gveqneba, rom  

u x a b x b x1 1 3 2 2 3( )    , 

u x a b x b x2 2 3 1 1 3( )    , 

u x a b x b x3 3 2 1 1 2( )    , 

an veqtoruli formiT 

u a b x 
  

[ , ],  

sadac  

   
  
a a a a b b b b x x x x: , , , : , , , : ( , , )  1 2 3 1 2 3 1 2 3 . (1.6.7) 

deformaciis zogad (arawrfiv) SemTxvevaSi xist gadaad-
gilebas, e.i. `gamyarebuli~ sxeulis gadatanasa da brunvas 
Seesabameba 

VxxQax       )(


           (1.6.8) 

asaxva, sadac 

   : ( , , ) 1 2 3 , 


a  mudmivi veqtoria, rome-

lic koordinatTa sistemis, kerZod, V aris gadatanas ga-

moxatavs, xolo Q mesame rigis orTogonaluri matricaa 
+1-is toli determinantiT, romelic koordinatTa siste-
mis saTavis garSemo Semobrunebas gamoxatavs (ix. [12], gv. 
43). 

rogorc cnobilia, (ix. [36], gv. 49), nebismieri orTo-

gonaluri Q matrica (e.i. IQQT  , sadac I erTeulovani 

matricaa) SeiZleba warmodgenili iqnes, rogorc Semdegi 
namravli 
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,

cossin0

sincos0

001

cos0sin

010

sin0cos

100

0cossin

0sincos

11

11

22

22

33

33

   

bb

bb

bb

bb

bb

bb

Q 





  

sadac matricebi Seesabamebian `gamyarebul~ sxeulTan uZra-

vad dakavSirebul x3
, x2

 da x1
 RerZebis garSemo Sesabami-

sad b3
, b2

 da b1
 kuTxiT mobrunebas. marjvena sistemaSi 

brunvis dadebiT mimarTulebebad miRebulia Sesabamisad x1
-

dan x2
-sken, x3

-dan x1
-sken da x2

-dan x3
-sken mobruneba. 

moZraobis fardobiTobidan gamomdinare, Tu sxeuls Cav-
TvliT uZravad, xolo koordinatTa sistemas moZravad, ma-
Sin koordinatTa sistema mobrundeba sawinaaRmdego mimar-

TulebiT 21 xx   ,  da 3x  RerZebis garSemo Sesabamisad 

,1b  2b  da 3b  kuTxiT.    , Dda   kuT-

xeebs eileris kuTxeebi ewodeba (ix. [14], gv. 556). cxadia, 

. 

coscossincossin

sincoscossinsincoscossinsinsincossin

sinsincossincoscossinsinsincoscoscos

(1.6.9)                                                                                                                   

12122

131231312323

131231312323

bbbbb

bbbbbbbbbbbb

bbbbbbbbbbbb

Q









 

geometriulad wrfiv TeoriaSi brunvis ),,(: 321 bbbb   veq-

tori usasrulod mcirea. amitom, Tu maRali rigis usas-
rulod mcire sidideebs ugulebelvyofT da gaviTvalis-

winebT imas, rom sinb bi i  da 1ibcos , i  1 2 3, , , (1.6.9)-

dan miviRebT, rom geometriulad wrfiv SemTxvevaSi 

Q

b b

b b

b b









1

1

1

3 2

3 1

2 1

.            (1.6.10) 

(1.6.2)-isa da (1.6.8)-is Tanaxmad gveqneba 
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xQauxx


)( . 

saidanac, vinaidan (1.6.10)-is gamo 

 xbx

bb

bb

bb

xIQ


,)( 









0

0

0

12

13

23

, 

miviRebT, rom 

],[)( xbaxIQau


 . 

es ki, rogorc mosalodneli iyo, (1.6.7)-s emTxveva. 

$1.7. afinuri asaxva 

Tu (1.6.1) asaxvaSi  i  funqciebi wrfivia, maSin mas afi-

nuri asaxva ewodeba, e.i. afinuri asaxvis dros 

 x a x ai ij ij j i

*    ,            (1.7.1) 

sadac a aij i,  mudmivebia. ramdenadac Cven moviTxoveT, rom 

(1.7.1) amoxsnadi unda iyos xi -s mimarT, amitom 

det  ij ija  0 . 

afinur asaxvas axasiaTebs Semdegi Tvisebebi: 
1) (1.7.1)-is Sebrunebuli asaxva afinuria. marTlac, Tu 

amovxsniT (1.7.1)-s, miviRebT 

 x b x ai ij ij j i   * 1
,        (1.7.2) 

sadac b aij i, 1
 garkveuli mudmivebia. 

2) raime   sibrtyeze mdebare wertilebi afinuri asax-

vis Semdeg garkveul 
*
 sibrtyeze ganlagdebian. marTlac, 

Tu A x Bi i   0  aris   sibrtyis gantoleba, maSin masSi 
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(1.7.2) gamosaxulebebis CasmiT miviRebT 0***
 BxA ii

, 

sadac Ai

*
 da 

*B
 
garkveuli mudmivebia. 

3) raime   wrfeze mdebare wertilebi afinuri asaxvis 

Semdeg garkveul *  wrfeze ganlagdebian. marTlac,   

wrfes Tu warmovidgenT, rogorc raime ori 1
 da  2

 

sibrtyeebis TanakveTas, maSin wina Tvisebis Tanaxmad  -s 

wertilebi, romlebic erTdroulad miekuTvnebian 1
 da 

 2
 sibrtyeebs, gadavlen wertilebSi, romlebic erT-

droulad miekuTvnebian garkveul 1

*
 da 2

*
 sibrtyeebs, 

romelTa TanakveTa gansazRvravs 
*
 wrfes. 

4) ori afinuri asaxvis kompozicia kvlav afinuri asax-

vaa. marTlac, Tu (1.7.1) asaxviT miRebul xi

*
 wertilebs 

avsaxavT 

 x a x ai ij ij j i

** * * *
                          (1.7.3) 

asaxviT, e.i. (1.7.1)-s CavsvamT (1.7.3)-Si, miviRebT 

 x a x ai ij ij j i

** ** **
                          (1.7.4) 

asaxvas, sadac aij

**
 da ai

*
 garkveuli mudmivebia. 

afinuri asaxvis uwyvetobidan da misi mesame Tvisebidan 
cxadia, rom wrfivi monakveTi wrfiv monakveTSi aisaxeba, 
xolo veqtori _ veqtorSi. 

vTqvaT,  

 

P    1 2 3, ,  

veqtori aisaxa  

 

P* * * *

, ,   1 2 3  

veqtorSi. aRvniSnoT 

P  veqtoris sawyisi da bolo werti-
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lebis koordinatebi Sesabamisad x i

0

-T da xi
-T, maSin 

iii xx
0

 , 

xolo 

P *

-is komponentebi 
0

***

iii xx  , 

sadac 

ijijijiijijiji axaxaxax 
00

* )(,)(   .   

Tu ganvixilavT  ukanaskneli ori sididis sxvaobas, mivi-
RebT 

jijijijijijiii axxaxx  )())((
00

 
. (1.7.5) 

(1.7.5)-dan cxadia, rom ori toli veqtori (e.i. maTi Sesaba-
misi komponentebi tolia) aisaxeba or tol veqtorSi, xo-
lo ori paraleluri veqtori _ or paralelur veqtorSi, 
amasTan maTi sigrZeebis Sefardeba ar icvleba. amitom 
advili misaxvedria, rom ori erTnairi da erTnairad 
orientirebuli figura (ganlagebuli sivrcis sxvadasxva 
nawilSi) Sedgenili wrfivi monakveTebisagan aisaxeba or 
erTnair da erTnairad orientirebul figuraSi (ix. nax. 
1.7.1). magram ramdenadac yoveli geometriuli figura SeiZ-
leba ganvixiloT rogorc zRvari wrfivi monakveTebisagan 
Sedgenili figurisa, amitom aRniSnuli Tviseba vrceldeba  
nebismier figuraze. es ki imas niSnavs, rom sxeulis sxva-
dasxva nawili miuxedavad misi geometriuli mdebareobisa 
erTnair deformacias ganicdis. amitom afinuri asaxvis Se-
sabamis deformacias ewodeba erTgvarovani deformacia.  
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nax. 1.7.1 

cxadia, (1.7.1)-is da (1.7.5)-is afinuroba ar dairRveva, 
Tu koordinatTa erTi wrfivi sistemidan gadavalT meore-
ze. es gamomdinareobs koordinatTa gardaqmnis formulis 
wrfivobidan (ix. (1.4.8)).  

Tu (1.7.1) asaxvaSi iij aa  , , sidideebi imdenad mcirea, rom 

SeiZleba maTi kvadratebisa da namravlebis ugulvebelyofa 
TviT am sidideebTan SedarebiT, maSin mas usasrulod mcire 
asaxva ewodeba. (1.7.1) gadavweroT Semdegi saxiT 

ijijji axaxx 
 , 

saidanac, ija -is da 
ia -s simciris gamo naTelia, rom usas-

rulod mcire afinuri asaxvis dros wertilis koordina-
tebis cvlileba usasrulod mcirea.  

ori usasrulod mcire afinuri asaxvis mimdevrobiT 
moxdenis dros (ix. meoTxe Tviseba) 

iiijiijij aaaaaa     ,  , 

amasTan Sedegi ar aris damokidebuli imaze, Tu ra mimdev-
robiT movaxdenT asaxvebs. aseT SemTxvevaSi Cven vambobT, 
rom gvaqvs ori mocemuli asaxvis zeddeba. cxadia, aRniSnu-
li SeiZleba ganzogaddes zeddebaTa nebismieri ricxvisaT-
vis. 

$1.8. usasrulod mcire afinuri asaxvis daSla sakuTriv 

deformaciad da xist gadaadgilebad 

ramdenadac Cven gvainteresebs sxeulis deformacia, Sem-
degSi ganvixilavT veqtoris gardaqmnis (1.7.5) formulebs. 

marTalia, am SemTxvevaSi wertilis koordinatebs ai  mud-

mivi Sesakrebebis sizustiT ganvsazRvravT, magram es arsebi-
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Ti ar aris, radganac isini mxolod sxeulis xist gadata-
nas axasiaTeben. (1.7.5) gadavweroT Semdegi saxiT 

jiji a   ,                (1.8.1) 

sadac 

iii   :  

aRniSnavs 


 PPP *:   veqtoruli sxvaobis komponentebs.  

davsvaT Semdegi sakiTxi: ra pirobebs unda akmayofileb-

des aij
 mudmivebi, rom (1.8.1) asaxvas Tan ar sdevdes raime 

deformacia, e.i. gvaZlevdes mxolod xist gadaadgilebas? 
xisti gadaadgilebis gansazRvris Tanaxmad es moxdeba ma-

Sin da mxolod maSin, roca sxeulis nebismieri ori wer-
tilis SemaerTebeli veqtoris sigrZe ar icvleba, e.i. ar 
icvleba misi kvadrati 

ii
2P  .                 (1.8.2) 

aRvniSnoT P -s nazrdi P -Ti. Tu ugulvebelvyofT maRali 
rigis usasrulod mcire sidideebs, diferencialis ganmar-
tebis Tanaxmad,  

PPd    da  iid   . 

(1.8.2)-dan cxadia, rom 

2 2PdP di i    . 

e.i. 

P P i i    

da (1.8.1)-is Tanaxmad 

.)(
2

1

2

1

2

1

jijiij

jijijijijiji

aa

aaaPP









    

       (1.8.3) 

imisaTvis, rom Sesruldes P  0  toloba nebismieri  i -
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saTvis, aucilebeli da sakmarisia 

a aij ji  0 .                (1.8.4) 

maSasadame, am ukanasknel SemTxvevaSi, (1.8.1) miiRebs Semdeg 
saxes 

jjii p   ,                                 (1.8.5) 

sadac 

jijiji aap : *).                            (1.8.6) 

(1.8.4)-is gamo, cxadia, pi j
cxra sidide xasiaTdeba sami da-

moukidebeli pi
sididiT 

.,

,,0

1221331132

23321

pppppp

pppp ii





  

  
         (1.8.7) 

amdenad, (1.8.5) gaSlili saxiT ase Caiwereba: 

d p p  1 3 2 2 3   ,  

d p p  2 3 1 1 3  ,  

d p p  3 2 1 1 2   ,  

xolo veqtorulad ki ase  

 


,pd  , 

rac, rogorc es Teoriuli meqanikidanaa cnobili, axasia-

Tebs usasrulod mcire xist brunvas. kerZod, pi aRniSnavs 

xi  RerZis garSemo Semobrunebis usasrulod mcire kuTxes. 

(1.8.6) formulebiT mocemuli pi j simravle warmoadgens 

e.w. antisimetriul tenzors. 
rom miviRoT sxeulis im wertilis  koordinatebis 

asaxvis formula, romelsac gadaadgilebamde ekava 

                                                           
*)  xazi unda gaesvas imas, rom  (1.8.6) aRniSvna SemoRebulia mxolod im 

SemTxvevaSi, roca sruldeba (1.8.4). 
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M x x x( , , )1 2 3
 mdgomareoba, sakmarisia formula (1.8.5) ga-

moviyenoT ),,(
0

33

0

22

0

110 xxxxxxMM   veqtoris mi-

marT, sadac  












 0

3

0

2

0

10 ,, xxxM  raime fiqsirebuli wertilia: 

ijjiji axxpx  )(
0

  , 

sadac  

0

ii xa  . 

zemoTqmulidan gamomdinare sakuTriv deformacias axasia-
Teben 

a a a a a a aii , , ,32 23 13 31 21 12    

sidideebi. SemoviRoT Semdegi aRniSvna 

e e a ai j ji j i i j  : ( )
1

2
.                  (1.8.8) 

maT deformaciis komponentebi ewodeba da warmoadgenen e.w. 
deformaciis simetriul tenzors. 

SemoviRoT kidev erTi aRniSvna 

p a ai j ji i j: ( ) 
1

2
.*)          (1.8.9) 

am aRniSvnebSi 

a e pi j i j i j   .                           (1.8.10) 

amrigad (1.8.1) miiRebs saxes 

  i i j j i j je p   .                       (1.8.11) 

                                                           
*)  es aRniSvna, Tu sruldeba (1.8.4), emTxveva (1.8.6)-s. 



 63 

es ukanaskneli formulebi migviTiTeben imaze, rom afinuri 
asaxva SeiZleba  daiSalos sakuTriv deformaciis Sesabamis 

 i i j je                                (1.8.12) 

asaxvad da xist gadaadgilebad, romelic moicema (1.8.5) 

asaxviT, sadac pi j
 gansazRvrulia (1.8.9)-iT. 

deformaciis ei j
 komponentebs martivi geometriuli Si-

naarsi aqvT. 

vaCvenoT, rom eii
 warmoadgens xi

 RerZis paraleluri 

veqtoris fardobiT wagrZelebas. garkveulobisaTvis ganvi-

xiloT e11
. 

marTlac, (1.8.8)-is Tanaxmad (1.8.3) miiRebs Semdeg saxes: 

P P ei j i j   .               (1.8.13) 

Tu ganvixilavT )0,0,( 1P


 veqtors, maSin  

P P e  11 1

2
. 

magram  1

2 2 P  , e.i. 

e
P

P
11 


 . 

es sidide uganzomileboa, rogorc L·L-1 ganzomilebis mqo-
ne. 

Tu deformaciis yvela komponenti, garda e11 -isa, nulis 

tolia da vixilavT sakuTriv deformacias, e.i. pi j  0 , ma-

Sin (1.8.12)-dan vRebulobT, rom 

   1 11 1 2 30 0  e , ,  . 

amrigad, x1  RerZis paraleluri veqtori yvela erTnairad 

wagrZeldeba ( )e11 0  an SeikumSeba ( )e11 0 , xolo misi 

perpendikularuli veqtorebi ar icvlian arc mimarTu-
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lebas da arc sidides. e.i. Cven gvaqvs x1
 RerZis gaswvriv 

martivi gaWimva ( )e11 0  an kumSva ( )e11 0 . 

e23
 -is geometriuli Sinaarsis gasarkvevad gamovTvaloT 


P1 20 0 ( , , ) , 2 0 , da 


P2 30 0 ( , , ) ,  3 0 , veq-

torebs Soris deformaciamde arsebuli marTi kuTxis 
cvlileba. deformaciis Semdeg isini aisaxebian Sesabamisad  

 

P1 1 2 2 3

      , ,   

da 

 

P2 1 2 3 3

  ( , , )     

veqtorebSi. aRvniSnoT maT Soris kuTxe 



2

23








 -iT (Tu 

 23 0 , maSin kuTxe deformaciis Semdeg mcirdeba, xolo 

Tu  23 0 , maSin kuTxe izrdeba). ori veqtoris skalaru-

li namravlis cnobili formulidan cxadia, rom 

.
)()()()()()(

)()(

2
cos

2

33

2

2

2

1

2

3

2

22

2

1

3332221

23

1






















saidanac, maRali rigis usasrulo mcireTa sizustiT, 
gvaqvs Semdegi miaxloebiTi toloba 

cos sin


  
   

 2
23 23 23

2 2 3 3

2 3










   


,    (1.8.14) 

radgan  2

2
-Tan da  3

2
-Tan SedarebiT SeiZleba Sesabamisad 

 2 2 -isa da  3 3 -is ugulvebelyofa (an rac igivea 

2 –Tan da 3 –Tan SedarebiT SeiZleba 2 –isa da 3 –is 

ugulvebelyofa). (1.8.11)-is gamo  
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  3 32 2 1 2 e p , 

  2 23 3 1 3 e p . 

Tu am ukanasknelT CavsvamT (1.8.14)-Si, (1.8.8)-is Tanaxmad, 
miviRebT, rom 

 23 32 23 232  e e e  . 

amrigad, 2 23e  aris 2x  da 
3x  RerZebis paralelur veqto-

rebs Soris deformaciamde arsebuli marTi kuTxis cvli-
leba. 

ganvixiloT wminda deformacia, roca nulisagan gansxva-

vebulia mxolod e23
, xolo deformaciis danarCeni kompo-

nentebi da brunvis komponentebi nulis tolia. vTqvaT, 

,OB  OC veqtorebi gavlebulia koordinatTa sistemis sa-

Tavidan (simartivisaTvis) Sesabamisad x2  da x3 RerZebis 

paralelurad, xolo OBKC maTze agebuli marTkuTxedia 
(ix. nax. 1.8.1). deformaciis Semdeg aRniSnuli marTkuTxedi 
OB K C' ' '  paralelogramad iqceva. zogadobis SeuzRudavad 
SegviZlia vigulisxmoT, rom O  wertili ar gadaadgilebu-
la, radgan winaaRmdeg SemTxvevaSi xisti gadataniT is 

    nax.1.8.1                       nax.1.8.2 

SeiZleba kvlav pirvandel mdgomareobas davubrunoT. 
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(1.8.12)-is Tanaxmad, B wertilSi mdebare materialuri wer-

tili gadava BK wrfeze mdebare B'  wertilSi, xolo C 

wertilSi mdebare materialuri wertili ki CK wrfeze 
mdebare C' wertilSi, amasTan 

BB e OB    3 32 , CC e OC    2 23 .  (1.8.15) 

radganac maRali rigis usasrulo mcireTa sizustiT 

BB

OB
tg BOB BOB


     ,  

CC

OC
tg COC COC


      , 

amitom, (1.8.15)-is Tanaxmad, 

     BOB COC e23  

da kidev erTxel viRebT, rom 

 23 232     BOB COC e . 

Tu OB K C    paralelograms saaTis isris mimarTulebiT 

e23 -is toli kuTxiT xistad SemovabrunebT O wertilis 

garSemo, maSin, maRali rigis usasrulo mcire sidideebis 

sizustiT, OB   daemTxveva OB-s, radgan  

OB
OB

e

OB

e e
OB  

  


cos

! !

23 23

2

23

4

1
2 4



. 

amave mizeziT, maRali rigis usasrulo mcire sidideebis 

sizustiT, SeiZleba CavTvaloT, rom OC OC OC     da 

C  mdebareobs CK wrfeze. Aamdenad, OB K C    daikavebs 

OBK C   mdebareobas (ix. nax. 1.8.2). 

amrigad, ganxiluli deformacia warmoadgens Ox x1 2  sib-

rtyis paraleluri sibrtyeebis Zvras Ox2  mimarTulebiT. 

amasTan sibrtyis gadaadgileba Ox x1 2  sibrtyemde manZilis 

proporciulia. CC   sidides ewodeba `absoluturi Zvra~, 
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xolo 

CC

OC
tg COC tg e


      23 23 232  

sidides _ `fardobiTi Zvra~ an Zvris kuTxe. ganxilul de-
formacias ewodeba martivi, erTgvarovani Zvra. 

$1.9. deformaciis invariantuli kvadratuli forma, koordinatTa 

sistemis Secvla. deformaciis mTavari mimarTulebebi. 

deformaciis zedapiri  

 (1.8.13)  SeiZleba CavweroT Semdegi saxiT 

P P F    2 1 2 3( , , ),           (1.9.1) 

sadac 

2 1 2 3F ei j i j( , , )               (1.9.2) 

321 ,,  cvladebis kvadratuli formaa. radganac (1.9.1)-is 

marcxena mxareSi mdgom P P  gamosaxulebas aqvs 
koordinatTa sistemis RerZebis SerCevisagan damoukidebeli 
azri, amitom (1.9.1)-is marjvena mxare, e.i., (1.9.2) kvadra-
tuli forma invariantuli unda iyos koordinatTa siste-

mis Secvlis mimarT.þe.i., Tu e ij'  da  ' i -iT aRvniSnavT axal 

koordinatTa sistemaSi deformaciis tenzoris da 

P  veq-

toris komponentebs, maSin  

.)',','(2,'''

),,(2

321

321





Fe

eFPP

jiji

jiji





    
 

aqedan, iseve rogorc Zabvebis TeoriaSi, viRebT deforma-
ciis tenzoris Zvel da axal komponentebs Soris igive kav-
Sirs, rac Zabvebis SemTxvevaSi gvqonda: 

e ekl i j i

k

j

l' .    
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
n n n n ( , , )1 2 3

 mimarTulebis mqone mimarTulebas ewodeba 

deformaciis mTavari mimarTuleba, Tu 

e n eni j j i ,                (1.9.3) 

sadac e  skalaruli sididea. 
kronekeris simbolos gamoyenebiT (1.9.3) SeiZleba Semde-

gi saxiT gadavweroT 

( )e e ni j i j j  0 .              (1.9.4) 

radgan yvela n j
 erTdroulad nuli ar xdeba, amitom: 

0||||det  ijji ee  .              (1.9.5) 

deformaciis tenzoris mTavari mniSvnelobebi ewodeba 
(1.9.5) gantolebis fesvebs. maT agreTve mTavar fardobiT 
wagrZelebebs uwodeben. (1.9.5) gantoleba Cvens mier ganxi-
luli iyo 1.5 paragrafSi. Zabvis Teoriis analogiurad Seg-
viZlia gavakeToT Semdegi daskvnebi: mTavari fardobiTi wag-
rZelebebis Sesabamisi mimarTulebebi urTierTmarTobia; Tu 
(1.9.5) gantolebis fesvebi martivia, maSin gvaqvs urTier-
TmarTobi mimarTulebebis erTi sameuli; Tu (1.9.5) gan-
tolebis ori fesvi erTmaneTis tolia, maSin maTi Sesaba-
misi mimarTulebebi Zevs sibrtyeSi, romelic mesame martivi 
fesvis Sesabamisi mTavari mimarTulebis perpendikularulia; 
am SemTxvevaSi nebismieri ori urTierTmarTobi mimar-
Tuleba am sibrtyidan SeiZleba miRebul iqnes mTavari mi-
marTulebad; Tu samive fesvi tolia, maSin nebismieri sami 
urTierTmarTobi mimarTuleba  SeiZleba miRebul iqnes 
mTavar mimarTulebad. 

gadavweroT (1.9.5) kuburi gantoleba Semdegi saxiT: 

e e e3

1

2

2 3 0      , 

sadac 

 1: eii  , 
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 2

22 23

32 33

11 13

31 33

11 12

21 22

:  
e e

e e

e e

e e

e e

e e
,    (1.9.6) 

 3

11 12 13

21 22 23

31 32 33

:

e e e

e e e

e e e

. 

kuburi gantolebis fesvebsa da koeficientebs Soris damo-
kidebulebebis Tanaxmad: 







1 1 2 3

2 1 2 1 3 3 2

3 1 2 3

  

  



e e e

e e e e e e

e e e

,

,

.

                  (1.9.7) 

rogorc mTavari fardobiTi wagrZelebebi, ei -ebi ar arian 

damokidebulni koordinatTa sistemis RerZebis SerCevaze. 

amitom  i -ebi invariantebia koordinatTa sistemis RerZebis 

Secvlis mimarT. 
iseve rogorc 1.5 paragrafSi, Zabvis zedapiris msgavsad 

SeiZleba SemoviRoT deformaciis zedapiris cnebac. 
marTlac, (1.9.1) gadavweroT Semdegi saxiT: 

P
P

P
P e F2 2

1 2 32


    ( , , ), 

sadac e
P

P



 gamoxatavs 

P  ( , , )  1 2 3  veqtoris far-

dobiT wagrZelebas. igi ar aris damokidebuli veqtoris 
sigrZeze, damokidebulia mxolod veqtoris mimarTulebaze. 
amitom yoveli mimarTulebisaTvis ise SeiZleba SevarCioT 
veqtoris sigrZe, rom  

P e c2 2  , 
sadac c  nebismieri, nulisagan gansxvavebuli fiqsirebuli 
mudmivia. mas sigrZis ganzomileba aqvs.  
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Tu 

P -s sawyis wertils aviRebT koordinatTa siste-

mis saTaveSi, maSin misi bolo A wertili aRmoCndeba 

2 1 2 3

2F c( , , )      

an, rac igivea,  

e ci j i j    2
              (1.9.8) 

zedapirze, romelsac deformaciis zedapiri ewodeba. 
Tu deformaciis zedapiri agebulia, maSin advilad SeiZ-

leba gamovTvaloT nebismieri veqtoris mimarTulebiT e  
fardobiTi wagrZeleba. amisaTvis sakmarisia, saTavidan gavav-

loT misi paraleluriOA zedapiris A wertilSi gadak-
veTamde. amasTan imisaTvis, rom yovelTvis arsebobdes ga-

dakveTis A wertili, saWiroa, garkveulnairad SevarCioT 

c 2
-is win niSani. gansaxilveli veqtoris e  fardobiTi 

wagrZeleba Semdegnairad gamoisaxeba 

e
c

OA
 

2

2
. 

Tu sakoordinato RerZebad miviRebT deformaciis mTavar 
mimarTulebebs, e.i. (1.9.8) gantolebiT mocemul zedapiris 
mTavar RerZebs, maSin deformaciis zedapiris (1.9.8) ganto-
leba daiyvaneba  

22
ce ii   

kanonikur saxeze. amdenad axal koordinatTa sistemaSi 

e i j'  0 , roca i j , e ei i i'  . 

amrigad, Tu sakoordinato RerZebad miviRebT mTavar mi-
marTulebebs, maSin maT Soris marTi kuTxeebi deformaciis 
Semdegac marTi darCeba. deformaciis zedapirebs iseTive sa-
xe aqvT, rogorc Zabvis zedapirebs da amitom maTze ar 
SevCerdebiT. 

321: eeee ii              (1.9.9) 
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sidides martivi geometriuli Sinaarsi aqvs. Tu ganvixi-
lavT marTkuTxa paralelepipeds, romlis wiboebi deforma-
ciis mTavari mimarTulebebis paralelur sakoordinato 

RerZebze mdebareoben da maTi sigrZeebi l1
, l2

 da l3
-is to-

lia, maSin deformaciis Semdeg paralelepipedis wiboebi 
kvlav RerZebis paraleluri iqnebian, xolo maTi sigrZeebi 
Sesabamisad 

l e l e l e1 1 2 2 3 31 1 1( ), ( ), ( )   -s 

gautoldeba. amdenad, gansaxilveli paralelepipedis mocu-
loba deformaciamde iyo 

V l l l  1 2 3
, 

xolo deformaciis Semdeg, maRali rigis usasrulo mcire-
Ta sizustiT, aris 

).1(

)1)(1)(1(*

321

321321

eeeV

eeelllV





 

aqedan, Tu gaviTvaliswinebT (1.9.9)-s, 

V V

V
e e e

*
   1 2 3  . 

amrigad,   warmoadgens moculobis fardobiT gafarToebas, 
e.i., deformaciis dros moculobis erTeulis cvlilebis 
tolia. 
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$110. zogadi saxis deformacia 

vTqvaT, deformaciis Sedegad uwyveti tanis M wertili 

( , , )x x x1 2 3
 koordinatebiT ikavebs sivrcis M *  wer-

tils ( , , )x x x1 2 3

    koordinatebiT. 

SemoviRoT Semdegi aRniSvna 

u x xi i i: 
 .  

cxadia, ui
 aris *MM   veqtoris komponentebi, romlebic 

gamoxataven deformaciis Sedegad wertilis gadaadgilebas. 

u u u u: ( , , ) 1 2 3  veqtors ewodeba gadaadgilebis veqtori, 

xolo mis komponentebs _ gadaadgilebis veqtoris kompo-
nentebi. radgan garemos sxvadasxva wertili sxvadasxvagva-
rad gadaadgildeba, amitom gadaadgilebis veqtori sazoga-
dod wertilis koordinatebis funqciaa: 

u u x x xi i ( , , )1 2 3 . 

SemdgomSi, Tu sxva ram ar iqneba Tqmuli, Cven vigulis-

xmebT, rom ui  calsaxa, uwyveti funqciebia, romlebsac 

aqvT mesame rigamde CaTvliT uwyveti warmoebulebi.  
wertilis midamoSi garemosgan gamovyoT misi usasru-

lod mcire nawili da davakvirdeT, Tu rogor icvleba igi 
deformaciis Sedegad. amisaTvis sakmarisia vnaxoT, Tu ro-

gor icvlebian M wertilSi sawyisi wertilis mqone usas-

rulod mcire veqtorebi. vTqvaT, ),,(PMN 321   erT-

erTi aseTi veqtoria (ix. nax. 1.10.1) da deformaciis Semdeg 

M wertili gadadis M * -Si,  N ki _ N * -Si, xolo 

P  

gardaiqmneba *N*M*P 


 veqtorad. gamovTvaloT 

PPP  *  veqtoruli nazrdis  komponentebi. 
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nax.1.10.1 

cxadia, M *   wertilis koordinatebia  

x u x x xi i ( , , )1 2 3
, 

xolo N *-is, romlis deformaciamdeli koordinatebi iyo 

xi i  ,  

koordinatebia  

),,( 332211   xxxux iii
. 

amitom *P  veqtoris komponentebia  

),,(),,( 321332211 xxxuxxxu iii   , 

xolo P    veqtoris komponentebia 

),,(),,( 321332211 xxxuxxxu iii   . 

diferencialuri aRricxvidan cnobili teiloris formu-
lis Tanaxmad, 

  jjiii uxxxuxxxu ,),,(),,( 321332211  , 

sadac   aris  i -is mimarT maRali rigis usasrulod mci-

re sidide. Tu maT ugulvebelvyofT miviRebT, rom 

  i i j ju , .                                    (1.10.1) 

aq ui j,  sidideebi damokidebulni arian ( , , )x x x1 2 3  wer-

tilze da ar arian damokidebulni  i -ze. 

(1.10.1)-dan naTelia, rom gansaxilveli elementis wrfiv 
ganzomilebebTan SedarebiT maRali rigis usasrulod mcire 
sidideebis sizustiT, elementis deformacia xasiaTdeba 
afinuri gardaqmniT, romlis koeficientebia 

a ui j i j , .                                    (1.10.2) 

SemdgomSi Cven vigulisxmebT, rom gadaadgilebis veqtoris 
komponentebi da maTi warmoebulebi iseTi usasrulod mci-
re sidideebia, romelTa namravlebisa da kvadratebis ugul-
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vebelyofa dasaSvebia TviT am sidideebTan SedarebiT. am 
pirobebSi (1.10.1) iqneba usasrulod mcire afinuri gar-
daqmna da mis mimarT SeiZleba gamoviyenoT $1.8-sa da $1.9-Si 
miRebuli Sedegebi.  

(1.8.11)-is, (1.8.8)-is, (1.8.9)-is da (1.10.2)-is Tanaxmad, 

 i ij ij je p ( ) ,              (1.10.3) 

sadac 

)(
2

1
,, jiijij uue  ,                              (1.10.4) 

p u uij j i i j 
1

2
( ), , .                             (1.10.5) 

sxeulis mdgomareobis Secvlis sruli suraTis misaRe-
bad (1.10.3)-iT gamoxatul sakuTriv  deformaciasa da usas-
rulod mcire xist mobrunebas unda daematos elementis 

xisti gadatana, romelic TviT M x x x( , , )1 2 3  wertilis 

gadaadgilebis tolia, e.i. am xisti gadatanis komponentebia 

u x x xi ( , , )1 2 3 . 

$1.7-Si ganxilul erTgvarovan deformaciasa da am parag-
rafSi ganxilul deformacias Soris gansxvaveba isaa, rom 
aq deformaciis komponentebi damokidebulia gansaxilveli 

elementis mdebareobaze garemoSi, e.i. ( , , )x x x1 2 3  

koordinatebze. kerZod, wertilidan wertilze gadasvlis 
dros icvleba deformaciis mTavari mimarTulebebi. igive 
unda iTqvas brunvis komponentebze da moculobis fardo-
biT gafarToebaze. 

$1.11. gadaadgilebis gansazRvra deformaciis komponentebis 

saSualebiT. Cezaros formulebi. Tavsebadobis sen-venanis 

pirobebi 
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am paragrafis amocanaa (1.10.4) sistemis amoxsna. e.i. sami 
ucnobi sididis gansasazRvravad gvaqvs eqvsi gantoleba, 
rac imaze miuTiTebs, rom saWiroa garkveuli damatebiTi 
pirobebi daedos deformaciis komponentebs. 

vTqvaT V are, romelic garemos ekava deformaciamde, ca-

ladbmulia; 






 0

3

0

2

0

10 ,, xxxM  raime wertilia V areSi, 
0

ix  

gadaadgilebis veqtoris komponentebia, xolo p
ij

0

 brunvis 

komponentebia aRniSnul wertilSi; 






 1

3

1

2

1

11 ,, xxxM  raime 

sxva wertilia areSi. am ukanasknel wertilSi vipovoT ga-
daadgilebis veqtoris komponentebis gamosaxuleba defor-

maciis komponentebis saSualebiT. M M0 1 -iT aRvniSnoT M0  

da M1  wertilebis SemaerTebeli raime wiri, romelic V 

areSi mdebareobs.  
(1.10.4) da (1.10.5)-dan cxadia, rom  

u e pi j ij ij,   . 

e.i. 

du u dx e p dxk k l l k l k l l  , ( ) . 

aqedan 

 

10 10

0

MM MM

lkllklkk dxpdxeuu
 

.      (1.11.1) 

gamovTvaloT meore integrali: 

.)()(

)(

10

1010

1010

1









MM

klllllkl

MM

llkl

MM

lkl

dpxxxxp

xxdpdxp

  

 

         

  (1.11.2) 
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Tu (1.10.5)-s gavawarmoebT, 
1

2
ui kl, -is damatebisa da gamokle-

bis Semdeg miviRebT, rom 

.)(
2

1
)(

2

1

)(
2

1

,,,,,,,,

,,,,

likklilikkikliil

ilkklikl

eeuuuu

uup





    

 

e.i.   

dp p dx e e dxkl kl i i li k ik l i  , , ,( ) . 

CavsvaT es ukanaskneli (1.11.2)-Si, xolo miRebuli 
gamosaxuleba – (1.11.1)-Si: 

  .

10

..

1

0000

 




























MM

ilikklillki

llklkk

dxeexxe

xxpuu

 

     

   

    (1.11.3) 

ramdenadac uk  damokidebuli unda iyos 
1

ix -ze, magram ar 

unda iyos damokidebuli wiris SerCevaze, wiriTi integra-
lis integrebis wirisagan damoukideblobis aucilebeli da 
sakmarisi pirobebis Tanaxmad, unda Sesruldes Semdegi to-
lobebi: 

 

 ,1,21,2

1

1,2,121,2

2,12,1

1

2,1,212,1

lkklllkkk

lkklllkkk

eexxeee

eexxeee




















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 

 ,1,31,3

1

1,3,131,3

3,13,1

1

3,1,313,1

lkklllkkk

lkklllkkk

eexxeee

eexxeee





















 

 

    

 

 

  .2,32,3

1

2,3,232,3

3,23,2

1

3,2,323,2

lkklllkkk

lkklllkkk

eexxeee

eexxeee





















 

 

    

 

saidanac 

   1,21,2

1

2,12,1

1

lkkllllkklll eexxeexx 






















 , 

   1,31,3

1

3,13,1

1

lkkllllkklll eexxeexx 
















 , 

   2,32,3

1

3,23,2

1

lkkllllkklll eexxeexx 
















 . 

aqedan, radganac ukanaskneli tolobebi V-dan nebismieri 

xl -isa da 
1

lx -sTvis unda Sesruldes, viRebT Semdeg 6 pi-

robas: 

e e e el i k j ik l j l j k i j k l i, , , ,   ,         (1.11.4) 

sadac  

l i k j  1122, 1133, 2233, 1123, 2132, 2133. 

am ukanasknel pirobebs ewodebaT Tavsebadobis sen-venanis 
pirobebi. 

radgan (1.11.3) gamosaxulebaSi wiriTi integrali figu-
rirebs, Tu are mravladbmulia, gadaadgilebis veqtoris 
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komponentebi sazogadod mravalsaxa funqciebi iqnebian. Tu 
gavatarebT saWiro raodenobis Wrilebs ise, rom are ca-
ladbmulad iqces, maTi calsaxobisaTvis aucilebelia da 
sakmarisi, rom funqciebis mniSvnelobebi Wrilebis sxvadas-
xva mxridan toli iyos. (1.11.3) formulebs Cezaros*) for-
mulebi ewodebaT. 

                                                           
*)  e. Cezaro (1859-1906). 
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Tavi III. konstitutivuri 

damokidebulebebi 

$1.12. drekadobis Teoriis ZiriTadi kanoni _ hukis 

ganzogadebuli kanoni 

1.1-1.11 paragrafebSi Tqmuli marTebulia, rogorc es 
ukve aRniSnuli iyo, nebismieri uwyveti garemosTvis. imi-
saTvis, rom drekadi sxeulis damaxasiaTebeli gantolebebi 
miviRoT, damatebiT saWiroa Zabvisa da deformaciis tenzo-
rebis komponentebis damakavSirebeli kanoni, romelic eqspe-
rimentulad dgindeba. 

vidre uSualod ZiriTad kanons SevexebodeT, SevniSnoT 
Semdegi. radganac, sazogadod, Zabvebi da deformaciebi 
sxeulis sxvadasxva wertilSi sxvadasxvaa, amitom maT vixi-
lavT mocemul wertilSi. aqamdec Cven es ase gvesmoda, mag-
ram roca vixilavdiT gadaadgilebis veqtoris da defor-
maciis tenzoris komponenetebs `mocemuli wertilis~ qveS, 
Cven gvesmoda wertili deformaciamde (e.i. wertili lag-
ranJis cvladebSi (ix. qvemoT $ 1.22)), xolo Zabvebis gan-
xilvis dros ki wertili deformaciis Semdeg (e.i. werti-
li eileris cvladebSi (ix. qvemoT $ 1.22)). 

magram mcire deformaciebis ganxilvis dros (drekadobis 
wrfivi Teoria emyareba mcire SeSfoTebaTa hipoTezas, rac 
deformaciebis simcires da amdenad, xisti gadaadgilebis 
sizustiT, gadaadgilebis simcires gulisxmobs) es sxvaoba 

araarsebiTia. magaliTad, X ij -is mniSvneloba 







321

***

,, xxx  

da  x x x1 2 3, ,  wertilebSi, sadac 







321

***

,, xxx wertili 
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aris sxeulis deformaciamde  x x x1 2 3, ,  wertilSi mdebare 

`sxeulis wertilis~ mdebareoba deformaciis Semdeg, 

erTmaneTisgan gansxvavdeba X ij
-sTan SedarebiT mcire 

sididiT, ramdenadac X ij
 sivrciTi wertilis uwyveti 

funqciebia. amdenad dasaSvebia, X ij
-is mniSvneloba 









321

***

,, xxx  wertilSi am sizustiT SevcvaloT misi 

mniSvnelobiT  x x x1 2 3, ,  wertilSi. es msjeloba misaRebia 

im pirobiT, Tu 







321

***

,, xxx  da  x x x1 2 3, ,  wertilebi 

ekuTvnian ares, romlis Caketvac ukavia sxeuls de-
formaciis Semdeg. 

amis Sesabamisad, SemdegSi, gveqneba ra laparaki areze, 
romelic sxeuls ukavia, yovelTvis mxedvelobaSi gveqneba 
are, romelic sxeuls ukavia deformaciamde, e.i. yvela si-
dides ganvixilavT lagranJis cvladebSi. 

hukis mier Catarebuli, SesavalSi naxsenebi eqsperimen-
tis ilustrireba movaxdinoT e.w. rbili foladis Reros 
(ix. qvemoT $ 3.1) gaWimvaze Catarebuli eqsperimentis Sede-

gebiT. P Zalis (e.i. Reros boloze moqmedi datvirTvis 

tolqmedis) zrdis paralelurad izrdeba Reros  l  wag-

rZelebac.  l f P ( )  damokidebulebis naxazze (ix. nax. 

1.12.1) mocemul grafiks gaWimvis an hukis diagrama ewodeba 
(ix. [3], gv 35). datvirTvis intensiobis gazrdisas masala 
erTi mdgomareobidan meoreSi gadadis, rasac diagramaze 

ramdenime ubani Seesabameba. wrfivi OA ubani hukis kanons 

gamosaxavs. A wertilis Sesabamis 
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F

Pp
p   

Zabvas, sadac F nimuSis kveTis sawyisi farTobia, masalis 
proporciulobis zRvari ewodeba. proporciulobis zRvari 
aris is maqsimaluri Zabva, romlis farglebSi deformacia 

Zalis proporciulia. rbili foladisaTvis p  

2sm

niutoni
2000 . B wertilis qvemoT xdeba sufTa drekadi 

wagrZeleba, zemoT ki Cndeba narCeni wagrZelebac. 

nax. 1.12.1 

F

Pdr

dr   

Zabvas masalis drekadobis zRvari ewodeba. AC ubanSi diag-

ramis daxra mcirdeba, CD ubanSi ki is TiTqmis horizon-



 82 

taluri xdeba, rac imas niSnavs, rom masalis sixiste Tan-
daTanobiT klebulobs da bolos TiTqmis ispoba. diagramis 
horozontaluri ubani masalis saerTo denadobis mdgo-

mareobas gamosaxavs, roca P Zala ar izrdeba, magram de-
formacia grZeldeba. saTanado 

F

Pd

d   

Zabvas masalis denadobis zRvari ewodeba. 
masalis denadoba aixsneba narCeni Zvrebis masiuri gan-

viTarebiT. pirvelad narCeni Zvrebi Cndeba aqa-iq, calkeul 
kristalur marcvlebSi, romlebic araxelsayrelad arian 
orientirebulni gamWimavi Zalis mimarT. maTi ricxvi da 

ganfeniloba P Zalis zrdasTan erTad izrdeba da bolos 
movlena masobriv xasiaTs iRebs. didi moculobis krista-
luri Sreebi erTimeoreze dacocebas ganicdian, ris gareg-
nul gamovlinebasac didi plastikuri (ix. Tavi VI) wagrZe-
leba warmoadgens. didi narCeni wagrZelebis miRebis Semdeg 
masala kvlav iZens winaaRmdegobis unars, rac imas niSnavs, 

rom wagrZelebis zrda P Zalis zrdas moiTxovs. masalis 

ganmtkicebis mdgomareobas diagramaze aRmavali DE ubani 

eTanadeba. maqsimalur P Zalamde wagrZeleba Reros sig-
rZeze Tanabaria, Semdeg ki lokalur xasiaTs iRebs, e.i. 
grZeldeba Reros mxolod patara adgili, sadac Cndeba ye-
li da xdeba saboloo rRveva. yelis ganivi kveTi imdenad 
swrafad viwrovdeba, rom, Tumca iq realuri Zabva zrdas 
bolomde ganagrZobs, mTlianad Zalva (Zabvis integrali ga-
nivi kveTis farTze) mcirdeba. diagrama mTavrdeba daRmava-

li EH ubniT. es ubani masalis adgilobriv denadobas eTa-
nadeba. maqsimaluri P Zalis Sesabamis 

F

Ps
s   
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Zabvas masalis simtkicis zRvari ewodeba. 
SevniSnoT, rom P Zalidan Zabvebze gadasvlas sawyis F 

farTobze gayofiT vaxdenT, Tumca sinamdvileSi Reros ga-
Wimvisas ganivi kveTis farTobi mcirdeba. amdenad naangari-
Sebi Zabvebi realurad SedarebiT pirobiT xasiaTs atareben. 
rbili foladisaTvis 

2d
sm

niutoni
2400 , 

2s
sm

niutoni
4000 . 

SevniSnoT agreTve, rom  
P

F
 Zabvasa da  

 l

l
 (l Re-

ros sigrZea) farTobiT wagrZelebas Soris damokidebule-
bis grafiki nax. 1.12.1-ze mocemuli digramis msgavsia, ami-
tom iqve mivuTiTeT Sesabamisi sidideebi frCxilebSi. 

zemoTqmulidan gamomdinare, eqsperimentulad damtkice-
bulad vTvliT, rom mcire deformaciebis SemTxvevaSi adgi-
li aqvs hukis Semdeg ganzogadebul kanons: sxeulis moce-
mul wertilSi Zabvis tenzoris komponentebi deformaciis 
tenzoris komponentebis wrfivi da erTgvarovani funqcie-
bia da piriqiT, e.i. 

X C e i jij kl

ij

kl , , , , ,1 2 3                    (1.12.1) 

da 

det .Ckl

ij  0  

(1.12.1) tolobebs ewodebaT konstitutivuri damokidebule-
bebi. 

Zabvisa da deformaciis tenzorebis simetriulobis gamo 

X C e C e C eij kl

ij

kl lk

ij

lk lk

ij

kl   ,   e.i.    C C ekl

ij

lk

ij

kl  0 , 

da, (1.12.1)-is Tanaxmad, 

C e X X C ekl

ij

kl ij ji kl

ji

kl   ,      e.i.    C C ekl

ji

kl

ij

kl  0 . 
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radganac tolobebs adgili unda hqondeT nebismieri ekl
-

isTvis, amitom 

C C C Clk

ij

kl

ij

kl

ji

lk

ji   . 

bolo toloba gamomdinareobs wina ori tolobidan. 

am ukanaskneli tolobebis Tanaxmad, Ckl

ij -ebis raodenoba 

Seadgens 36-s (marTlac,  card aij  32
;  

Tu a aij ji , maSin  

 card aij   3 3 62
;  card aijkl   3 3 32 2 4

; 

Tu a a aijkl jikl ijlk  , maSin  

     card aijkl       3 3 3 3 6 6 362 2
, 

sadac card aRniSnavs gansxvavebul elementTa ricxvs). Ckl

ij  

koeficientebs drekadi mudmivebi ewodebaT im Tvalsazri-
siT, rom isini sazogadod damokidebulni arian wertilis 
koordinatebze, magram ar arian damokidebulni mocemul 
wertilSi deformaciis da Zabvis tenzoris komponenetebze. 
energiis Senaxvis kanonze dayrdnobiT mtkicdeba, rom 
drekadi mudmivebis ricxvi zogad SemTxvevaSi SeiZleba 21-
ze iqnes dayvanili (ix. [2], [51]).  

sxeuls ewodeba izotropuli raime Tvisebis mimarT, 
Tu aRniSnuli Tviseba mocemul wertilSi yvela mimarTu-
lebiT erTnairia. sxvanairad rom vTqvaT, Tu izotropuli 
sxeulidan raime adgilas amovWriT raime formis moculo-
biT elements, magaliTad, kubs, maSin es elementi ar iqneba 
raime Tvisebis TvalsazrisiT gansxvavebuli sxeulis imave 
adgilas amoWrili imave formis, magram sxvagvarad orien-
tirebuli elementisgan. magaliTad, xe ar aris izotropu-
li, radgan is e.w. boWkoebisgan Sedgeba, xolo liToni da-
saSvebi sizustiT izotropulia. 
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sxeuls ewodeba erTgvarovani raime Tvisebis mimarT, Tu 
aRniSnuli Tviseba sxeulis sxvadasxva wertilSi erTnairia. 
sxvanairad rom vTqvaT, am Tvisebis mimarT erTnairia sxeu-
lis sxvadasxva adgilas amoWrili erTnairad orientire-
buli elementi. 

cxadia, sxeuli SeiZleba iyos erTgvarovani izotropu-
li, araerTgvarovani izotropuli, erTgvarovani anizot-
ropuli (ara izotropuli) da araerTgvarovani anizotro-
puli. 

maTematikurad erTgvarovneba drekadobis TvalsazrisiT 
imaSi gamoixateba, rom drekadi mudmivebi ar arian damoki-
debulni sivrciT wertilze, xolo izotropuloba _ ima-
Si, rom drekadi mudmivebi ar arian damokidebulni koor-
dinatTa sistemis orientaciaze sxeulis mimarT, e.i. (1.12.1) 
formulebi ar unda Seicvalon koordinatTa sistemis ne-
bismieri gardaqmnis dros. 

vaCvenoT, rom izotropuli sxeulis nebismier wertil-
Si deformaciis mTavari mimarTulebebi emTxveva Zabvis mTa-
var mimarTulebebs. marTlac, Tu deformaciis mTavari mi-
marTulebebs sakoordinato RerZebad miviRebT, maSin 

e i jij  0, , 

e.i. hukis kanonis Tanaxmad, kerZod, 

X A e A e A e32 1 11 2 22 3 33   ,              (1.12.2) 

sadac Ai  drekadi mudmivebia. gadavideT axal Ox x x1 2 3' ' ' 

koordinatTa sistemaze, romelic x3 RerZis garSemo Zve-

li sistemis 180
-iT SemobrunebiT miiReba. x3 '  RerZi 

daemTxveva x3 -s, xolo x '  RerZebs x -s sawinaaRmdego 

mimarTulebebi eqnebaT. erTi mxriv sxeulis izotropulo-
bis gamo 

X A e A e A e' ' ' '32 1 11 2 22 3 33   .        (1.12.3) 

meore mxriv, cxadia, 
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X X e eii ii' , '32 32   .           (1.12.4) 

(1.12.4)-is gaTvaliswinebiT, (1.12.2) da (1.12.3)-dan vaskvniT, 
rom 

 A e A e A e A e A e A e1 11 2 22 3 33 1 11 2 22 3 33      . 

aqedan 

A e A e A e1 11 2 22 3 33 0                         (1.12.5) 

da 

Ai  0 ,    i = 1,2,3, 

radganac (1.12.5)-s adgili aqvs deformaciis tenzoris ne-

bismieri sakmarisad mcire komponentebisTvis, e.i. X32 0 . 

analogiurad damtkicdeba, rom X X31 12 0  . 

ramdenadac izotropuli sxeulis SemTxvevaSi Zabvis da 
deformaciis mTavari mimarTulebebi erTmaneTs emTxveva, 
maT ubralod mTavar RerZebs vuwodebT. 

hukis kanonis Tanaxmad 

X a e a e a e11 1 11 2 22 3 33   ,        (1.12.6) 

sadac ai  drekadi mudmivebia. 

vTqvaT, Ox x x1 2 3' ' ' axali koordinatTa sistemaa, rome-

lic Zvelisgan x1  RerZis garSemo 90
-iT SemobrunebiT 

miiReba. axal koordinatTa sistemaSi 

X a e a e a e' ' ' '11 1 11 2 22 3 33   . 

magram 

X X e e e e e e' , ' , ' , '11 11 11 11 22 33 33 22    . 

amitom 

X a e a e a e11 1 11 2 33 3 22   .          (1.12.7) 

(1.12.6) da (1.12.7)-dan vaskvniT, rom a a2 3 . amdenad, 

   X a e a e e a a a e11 1 11 2 22 33 2 1 2 11      . 

SemoviRoT aRniSvna a2   , a a1 2 2   , maSin 
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X e11 112    . 

izotropulobis gamo, cxadia, 

iiiiii eeXN  22:  .     (1.12.8) 

Tu gadavalT axal koordinatTa Ox x x1 2 3' ' ' sistemaze, Se-

sabamisi formebis invariantobis gamo miviRebT, rom 

N X e ei i ij i j i i ij i j     2 2 ' ' ' , ' ' ' , 

magram 

      i i i i i j ij ' ' ' '  

da (1.12.8),  i

2 -ze gamravlebis Semdeg, axal koordinatTa 

sistemaSi miiRebs 

X eij i j i j ij ij i j' ' ' ' ' ' ' '          2  

saxes. saidanac  i ' -ebis nebismierobis gamo nebismier koor-

dinatTa sistemaSi 

X eij ij ij' '   2 .           (1.12.9) 

amrigad, izotropuli sxeulis SemTxvevaSi hukis ganzoga-
debuli kanoni iRebs (1.12.9) saxes da gvaqvs mxolod 2 

drekadi mudmivi   da  . drekadi simetriis sxva SemTxve-

vebi moyvanilia [2]-Si (ix. gv. 76-80). 
(1.12.9)-is gamo, imis gaTvaliswinebiT, rom 

  ij ij ii  3 , 

:     X X eii ij ij ij ij ij ij         2 3 2  

aqedan, Tu 3 2 0   , 


 




1

3 2
 .             (1.12.10) 

e.i. 

X eij ij ij





 
 

3 2
2                    (1.12.11) 
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da Tu   0 , 

e Xij ij ij 


1

2 2 3 2



  


( )
 .      (1.12.12) 

ganvixiloT iseTi drekadi wonasworoba, roca 

11X ≢0,  03331231222  XXXXX *), 

maSin (1.12.9) miiRebs Semdeg saxes: 

,0,02

,02,2

23211333

221111





eeee

eXe

   

  




         (1.12.14) 

xolo (1.12.10) _ Semdeg saxes: 


 




1

3 2
11X .            (1.12.15) 

SevitanoT (1.12.15) (1.12.14)-is pirvel tolobaSi da gan-

vsazRvroT X11 : 

X e11 11

3 2






  

 

( )
.         (1.12.16) 

(1.12.15) da (1.12.16)-dan cxadia: 




 



e11 . 

CavsvaT es ukanaskneli (1.12.14)-is meore da mesame tolobaSi: 

e e e22 33 11
2

  




 ( )
.          (1.12.17) 

SemoviRoT Semdegi aRniSvnebi: 

                                                           
*) Tu es pirobebi sruldeba sxeulis yovel wertilSi (an mocemul 

wertilSi), maSin amboben, rom sxeulSi (an mocemul wertilSi) gvaqvs 

1x  RerZis paraleluri wrfivi daZabuli mdgomareoba. 
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E:
( )






  

 

3 2
,   

)(2
:







 .     (1.12.18) 

E-s ewodeba drekadobis an iungis moduli, xolo  -s _ 
puasonis koeficienti. maSin (1.12.16) da (1.12.17) Caiwereba 
Semdegi saxiT: 

X Ee11 11 ,               (1.12.19) 

e e e22 33 11   .            (1.12.20) 

vTqvaT, gansaxilveli sxeuli x1
 RerZis paraleluri msax-

velis mqone prizma an cilindria. koSis formulebis Ta-
naxmad gverdiT zedapirze 

X ni  0 , 

xolo x1  RerZis dadebiTi da uaryofiTi mimarTulebebiT 

mdebare fuZeebze Sesabamisad 

111133122 ,0,0 XXXXXX nnn      ≢0, 

da 

111133122 ,0,0 XXXXXX nnn      ≢0. 

amdenad cilindrze moqmedi gare Zalebi warmoadgenen mis 

fuZeebze modebul Tanabradganawilebul gamWimav ( X11 0 ) 

an mkumSav ( X11 0 ) Zabvebs. Cven CavTvliT eqsperimentu-

lad damtkicebulad, rom roca X11 0 , cilindri grZivi 

mimarTulebiT wagrZeldeba ( e11 0 ), xolo ganivi mimar-

TulebiT SeikumSeba ( e e22 33 0,  ). am SeniSvnis safuZvelze 

(1.12.19) da (1.12.20)-dan naTelia, rom 
E  0 0,  .           (1.12.21) 

vTqvaT, axla 

23X ≢0,  02113332211  XXXXX . 

maSin (1.12.12)-is Tanaxmad: 
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e X e e e e e23 23 11 22 33 13 21

1

2
0     


, . 

e.i. am SemTxvevaSi gvaqvs martivi Zvra, X23 23   .  -s 

Zvris moduli ewodeba. 
davuSvaT, rom izotropuli sxeuli yovelmxriv Tanab-

rad ikumSeba, maSin 

X X X p X X X11 22 33 12 23 31 0      , . 

(1.12.9)-is Tanaxmad: 

3,2,1,2  ipe ii     ,        (1.12.22) 

Tu (1.12.22) tolobebs wevr-wevrad SevkrebT, miviRebT, 
rom 
 

(3    2 3) p . 

aqedan 

p k   , 

sadac 

k 
3 2

3

 
                            (1.12.23) 

sidides ewodeba yovelmxriv SekumSvis moduli. eqsperimen-
tulad damtkicebulad vTvliT, rom roca p  0 , sxeuli 

marTla ikumSeba, e.i. mcirdeba misi moculoba, amdenad 

k  0 . 
(1.12.18)-is da (1.12.23)-is Tanaxmad, 




 


 


 







E E
k

E

( )( )
,

( )
,

( )1 1 2 2 1 3 1 2
. (1.12.24) 

radganac k  0 , (1.12.21) da (1.12.24)-dan cxadia, rom 

0
1

2
  ,              (1.12.25) 

e.i.   0 0, . 
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(1.12.12) formulebi, (1.12.24)-is gamo, SeiZleba CavweroT 
Semdegi saxiT: 

e
E

X
E

ij ij ij



1  

 .        (1.12.26) 

SeniSvna 1.12.1. uwyvet garemoSi Zabvebis warmoqmnis 
erT-erT mizezs warmoadgens araTanabari gaTboba. 
temperaturis zrdasTan erTad farTovdebian garemos 
elementebic. Cveulebriv aseTi gafarToeba ar SeiZleba 
Tavisuflad moxdes, amdenad gaTbobis Sedegad 
warmoiSvebian Zabvebi, romelTac, maTi warmoSobis bunebidan 
gamomdinare, temperaturuli Zabvebi ewodebaT (ix. [35], gv. 
73). CavTvaloT, rom temperatura iseT farglebSi icvleba, 
rom gavlenas ar axdens e.w. drekad mudmivebze. maSin, 

rogorc es dakvirvebebidanaa cnobili, wagrZelebebi T  
temperaturis proporciulia da erTnairia yvela 
mimarTulebiT (e.i. temperaturis cvlilebis mizeziT Zvris 
deformacias adgili ar aqvs). amdenad, hukis (1.12.26) 
kanonis nacvlad gveqneba 

e
E

X
E

T i jij ij ij ij


  
1

1 2 3
 

   , , , , , (1.12.27) 

damokidebulebebi, sadac   wrfivi gafarToebis tempera-
turuli koeficientia, romelic TiToeuli masalisaTvis 
eqsperimentulad dgindeba, xolo  T  fardobiTi tempera-

turuli gafarToebaa. (1.12.27) damokidebulebebs diuha-
mel*)-neimanis**) kanoni ewodeba. 

Tu amovxsniT (1.12.27) gantolebebs X ij -s mimarT da ga-

viTvaliswinebT (1.12.24)-s, miviRebT, rom 

                                                           
*) J.m.k. diuhameli (1797-1872). 
**) k.g. neimani (1832-1925). 
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X e
E

T i jij ij ij ij  


   



2

1 2
1 2 3, , , , .  (1.12.28) 

$1.13. idealuri da blanti siTxeebi. hidromeqanikis ZiriTadi 

kanoni _ niutonis ganzogadebuli kanoni 

rogorc es ukve SesavalSi iyo aRniSnuli, hidromeqanika 
ewodeba meqanikis im nawils, romelic Seiswavlis bunebaSi 
arsebuli siTxeebisa da gazebis moZraobas (ix., magaliTad, 
[43]). SemdgomSi saerTo terminis qveS `siTxeebi~ vigulis-
xmebT rogorc sakuTriv siTxeebs, aseve gazebsac. Tu siTxe 
iseTia, rom ar ewinaaRmdegeba Tavisi erTi fenis meoreze 
srials, mas idealuri siTxe ewodeba. cxadia, idealuri 
siTxis cneba iseTive abstraqtulia, rogorc absoluturad 
myari sxeulis cneba. Tumca garkveuli azriT wyali da hae-
ri SeiZleba ganxilul iqnen rogorc idealuri siTxeebi. 
idealuri siTxis ganmartebidan gamomdinareobs, rom siTxis 
nawilebi erTmaneTze mxolod normaluri ZabviT (wneviT) 
moqmedeben, e.i. mxebi Zabvebi nulis tolia: 

nnn nX    ,


 ≢ 0,0 n   .         (1.13.1) 

kerZod, 

X i j i jij   0 12 3, , , , , .         (1.13.2) 

(1.13.2)-is gaTvaliswinebiT koSis (1.2.1) formulebidan ga-
momdinareobs, rom erTi mxriv, 

X X n ini ii i , , ,12 3 .           (1.13.3) 

meore mxriv, (1.13.1)-is xi -ze dagegmilebiT miviRebT, rom 

X n ini n i  , , ,12 3 .            (1.13.4) 

Tu SevadarebT (1.13.3)-sa da (1.13.4)-s, davaskvniT, rom 

3,2,1,:  ipX nii     .           (1.13.5) 
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p-s idealur siTxeSi wneva ewodeba da, rogorc vxedavT, 
is farTis orientaciaze, e.i. normalze damokidebuli ar 

aris. p mxolod wertilzea damokidebuli. amrigad, idea-
lur siTxeSi  

X pnn   . 

pn

 veqtors hidrodinamikuri wnevis veqtors uwodeben. 

minusi p-s win ganpirobebulia surviliT wneva SemoviRoT, 
rogorc dadebiTi sidide, ramdenadac  iseT siTxeebze Cata-
rebuli eqsperimenti, romelTaTvisac misaRebia idealuri 
siTxis modeli, gviCvenebs rom tipur SemTxvevaSi siTxe Se-

kumSul mdgomareobaSia, e.i. 0p  da nX


 mimarTulia mo-

culobis SigniT, e.i. moculobis gare normalis sawinaaR-
mdego mimarTulebiT. 

realur siTxeebSi misi erTi fenis meore fenis mimarT 
fardobiTi moZraobisas fenebs Soris warmoiSoba Zalebi, 
romlebic am moZraobas ewinaaRmdegebian. aseT Zalebs xaxu-
nis Zalebs uwodeben da isini mxeb Zabvebs warmoadgenen. Tu 
xaxunis Zalebis sidide umniSvneloa, maSin isini SeiZleba 
ugulebelvyoT da miviRebT idealuri siTxis SemTxvevas. 
magram xSir SemTxvevaSi xaxunis Zalebis ugulebelyofa ar 
SeiZleba. Tu siTxis moZraobisas gaTvaliswinebulia xaxu-
nis Zalebi, mas blanti siTxe ewodeba. 

niutonis eqsperimentuli kanonis Tanaxmad, blanti siT-

xis x1  RerZis gaswvriv moZraobis dros x1  normalis mqo-

ne farTiT elementze momqmedi X12  mxebi Zabva ganisaz-

Rvreba 

2,112 vX               (1.13.6) 

tolobiT, sadac  -s ewodeba siblantis koeficienti, 

romelic eqsperimentulad dgindeba. is mudmivi mniSvnelo-
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bis mqonea garkveuli siTxisTvis garkveuli temperaturis 
dros. 

davuSvaT, rom siTxe izotropulia da zRvrul Sem-
TxvevaSi, roca siblante ar gvaqvs, sruldeba idealuri 
siTxis damaxasiaTebeli (1.13.5) da (1.13.2) pirobebi. maSin, 
(1.13.6)-is Tanaxmad, samarTliania niutonis Semdegi ganzoga-
debuli kanoni: 

3,2,1,,2  jieepX ijijkkijij     ,   (1.13.7) 

sadac wertili zemodan aRniSnavs droiT warmoebuls, 

   '
2

3
, 

 ' -s ewodeba siblantis meore koeficienti. (1.13.7) to-

lobebs ewodebaT hidrodinamikis konstitutivuri damoki-

debulebebi. cxadia, ije  warmoadgens deformaciis siCqaris 

tenzors da misi argumentebia deformaciamde wertilis 
koordinatebi. 

siTxeebs, romelTaTvisac samarTliania (1.13.7), ewodebaT 
niutoniseuli fluidebi (siTxeebi). 

konstitutivur damokidebulebebs arakumSvadi arawrfivi 
blanti siTxisTvis aqvs 

    vv2:)v,(





ijijij eIpp    ,  ,3,2,1, ji  

saxe, sadac   aris siblantis funqcia, 

     vv:v








ijij eeI   . 

aseT siTxeebs araniutoniseuli fluidebi (siTxeebi) ewo-
deba. 
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Tavi IV. drekadobis Teoriis statikisa 

da dinamikis amocanebi 

$1.14. betis*) igiveoba 

vTqvaT, raime drekadi sxeulis or sxvadasxva daZabul 

mdgomareobas axasiaTeben jiij eX  ,  da jiji eX  ,  sidideebi. 

maSin hukis ganzogadebuli kanonis Tanaxmad: 

kl

ji

lkij eCX  ,                (1.14.1) 

kl

ji

lkij eCX  .                (1.14.2) 

 

 CavsvaT ijijeX  -Si (1.14.1), gaviTvaliswinoT C Ckl

ij

ij

kl  da 

(1.14.2), maSin 

klklklij

kl

ijijkl

ij

klijij eXeeCeeCeX  .    (1.14.3) 

am ukanasknel tolobas betis igiveoba ewodeba. igi gamo-
xatavs imas, rom erTi daZabuli mdgomareobis muSaoba meo-
re daZabuli mdgomareobis deformaciaze, meore daZabuli 
mdgomareobis pirveli daZabuli mdgomareobis deformacia-
ze muSaobis tolia. 

$1.15. drekadi sxeulis statikis ZiriTadi sasazRvro amocanebi 

amrigad, drekadi wonasworobis gansasazRvravad Cven mi-
viReT Semdegi damokidebulebani: 

3,2,1,0,  iX ijij    ,       (1.15.1) 

 X u u u i jij k k ij i j j i     , , , , , , ,1 2 3 .  (1.15.2) 

                                                           
*) e. beti (1823_1892). 



 96 

(1.15.1)-sa da  (1.15.2)-Si damoukidebel gantolebaTa ricxvi 
Seadgens 9-s. Zabvis tenzoris simetriulobis gamo, 
amdenivea 

u X i ji ij, , , ,12 3 ,            (1.15.3) 

ucnobTa ricxvic. 
(1.15.1),  (1.15.2) gantolebaTa sistemas ewodeba drekado-

bis Teoriis ZiriTadi gantolebaTa sistema, ramdenadac is 
iZleva sxeulis drekadi wonasworobis gansazRvris saSua-
lebas. drekadi wonasworobis gansazRvra gulisxmobs sxeu-
lis yovel wertilSi gadaadgilebis veqtoris, Zabvisa da 
deformaciis tenzorebis mniSvnelobaTa povnas. 

SevniSnoT, rom (1.15.1),  (1.15.2) gantolebebi wrfivia 

X ij
  da ui  ucnobebis mimarT. 

aqedan gamomdinareobs, rom Tu  

iu , ijX   da 
iu  , ijX   

funqciebi (1.15.1), (1.15.2) sistemis amonaxsnebia Sesabamisad 

i  da i    moculobiTi Zalebis SemTxvevaSi, maSin 

ijijijii XXXuuu     ,          (1.15.4) 

 iqneba aRniSnuli sistemis amonaxsni 

iii    

 moculobiTi Zalis SemTxvevaSi. 
(1.15.4)-s ewodeba ori amonaxsnis zeddebis Sedegad miRe-

buli amonaxsni. 
am SemTxvevaSi, (1.2.1) formulebis Tanaxmad, (1.15.4) amo-

naxsnis Sesabamisi zedapiruli Zalebi ganisazRvreba mocemu-
li amonaxsnebis Sesabamisi zedapiruli Zalebis jamis saxiT. 

vigulisxmoT, rom moculobiTi Zalebi cnobilia da gan-
vixiloT  Semdegi sasazRvro amocanebi: 

I. drekadobis Teoriis pirveli ZiriTadi sasazRvro amocana: 
ganvsazRvroT sxeulis drekadi wonasworoba, Tu mo-
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cemulia sxeulis zedapirze moqmedi gare Zabvebi, e.i. unda 

vipovoT iseTi ui
, X ij

 funqciebi, romlebic akmayofileben 

(1.15.1), (1.15.2) gantolebaTa sistemas V  areSi, romelic 
sxeuls ukavia deformaciamde da 

X f i S Vn i S i| , , , ,  12 3  *),     (1.15.5) 

sasazRvro pirobebs, sadac n  gare normalia, xolo f i
  

zedapirze mocemuli funqciebia.  

II. drekadobis Teoriis meore ZiriTadi sasazRvro amocana: 

ganvsazRvroT sxeulis drekadi wonasworoba, Tu 
mocemulia misi sazRvris wertilebis gadaadgilebebi. fizi-
kurad zemoTqmuli aRniSnavs imas, rom zedapirze modebu-
li garkveuli Zalebis moqmedebis Sedegad misi wertilebi 
iReben mocemul gadaadgilebebs, ris Semdegac xdeba saz-

Rvris Camagreba. e.i. unda vipovoT iseTi ui , X ij
 funqciebi, 

romlebic akmayofileben (1.15.1),  (1.15.2) gantole-baTa 
sistemas V  areSi, da 

u gi S i|  ,  i  1 2 3, , ,                          (1.15.6) 

sasazRvro pirobebs, sadac gi  zedapirze mocemuli fun-

qciebia. 

III. drekadobis Teoriis mesame ZiriTadi sasazRvro amocana: 

ganvsazRvroT sxeulis drekadi wonasworoba, Tu misi 
sazRvris wertilebSi mocemulia Zabvis veqtoris nor-
maluri mdgeneli da gadaadgilebis veqtoris mxebi mdge-
nelebi. 

IV. drekadobis Teoriis meoTxe ZiriTadi sasazRvro amocana: 
ganvsazRvroT sxeulis drekadi wonasworoba, Tu misi 
sazRvris wertilebSi mocemulia gadaadgilebis veqtoris 
normaluri mdgeneli da Zabvis veqtoris mxebi mdgenelebi. 

                                                           
*)  vgulisxmobT, rom S gluvi zedapiria. 
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ZiriTadi Sereuli sasazRvro amocana mdgomareobs sxeulis 
drekadi wonasworobis ganvsazRvraSi, roca misi sazRvris 
sxvadasxva nawilSi sxvadasxva sasazRvro pirobebia mo-
cemuli. 

rogorc adre aRvniSneT (ix. $1.10), Tu sawinaaRmdego ar 

iqna Tqmuli, vigulisxmebT, rom ui
 calsaxa funqciebia, 

romlebsac aris SigniT aqvT mesame rigamde uwyveti war-
moebulebi. am pirobebSi Zabvisa da deformaciis tenzoris 
komponentebi iqnebian calsaxa funqciebi, romelTa warmoe-
bulebi meore rigamde CaTvliT aris SigniT uwyveti iqneba. 

$1.16. ZiriTadi gantolebebi gadaadgilebebSi 

CavsvaT  (1.15.2) gamosaxuleba (1.15.1)-Si, miviRebT: 

3,2,1,0,,,  iu iijjiijj     , 

aqedan 

    u ii i i    ( ) , , , ,0 12 3,  (1.16.1) 

sadac  

      
, jj
. 

(1.16.1) sistemas ewodeba lames gantolebebi. im SemTxvevaSi, 

roca   , is miRebuli iyo navies mier.  

vTqvaT, sxeulze moculobiTi Zalebi ar moqmedeben. ma-

Sin (1.16.1)-is xi -is mimarT gawarmoebis da i -s mimarT ajam-

vis Semdeg gveqneba, rom 

( )   2 0 , e.i.   0 ,                   (1.16.2) 

radgan 

  2 0 . 

Tu axla davuSvebT, rom gadaadgilebis veqtoris kom-
ponentebs meoTxe rigamde CaTvliT uwyveti warmoebulebi 
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aqvT da (1.16.1)-ze vimoqmedebT   operatoriT, (1.16.2)-is 
gaTvaliswinebis Semdeg miviRebT, rom 

      u ui i i   ( )( ) , 0 . 

amrigad, Tu sxeulze mxolod zedapiruli Zalebi moqme-

deben, maSin moculobiTi gafarToeba   harmoniuli fun-

qciaa, xolo gadaadgilebis veqtoris ui
  komponentebi bi-

harmoniuli funqciebia. 

$1.17. ZiriTadi gantolebebi ZabvebSi 

ZabvebSi ZiriTadi gantolebebis misaRebad saWiroa, wo-
nasworobis (1.15.1) gantolebebs davumatoT ZabvebSi Caweri-
li sen-venanis (1.11.4) pirobebi. amisaTvis (1.12.26) unda Cav-
svaT (1.11.4)-Si. vigulisxmoT, rom sxeuli izotropuli da 

erTgvarovania. maSin 1123  ,2233likj  SemTxvevebSi, mar-

tivi gardaqmnebis Semdeg Sesabamisad miviRebT, rom 

2323332222333322 ,2),,(
1

,, XXX 






   (1.17.1) 

X X X X11 23 23 32 1 13 2 21 3 1
1

, , ( , , , ),


   



   (1.17.2) 

da kidev oTx msgavs tolobas. 
(1.17.1) da (1.17.2) formulebi ramdenadme gamartivdeba, 

Tu gamoviyenebT (1.15.1)-s. am ukanasknelSi meore gantoleba 

gavawarmooT x2 -iT, xolo mesame _ x3 -iT da miRebuli Se-

degebi SevkriboT: 

).,,(

),,,(,,,2

3322

1331221333322222332



 XXXXX
   (1.17.3) 

magram (1.15.1)-is pirveli gantolebis Tanaxmad, Tu mas x1 -

iT gavawarmoebT  
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( , , ), , ,X X X21 2 31 3 1 1 1 11 11     

da SevitanT (1.17.3)-Si, miviRebT: 

.,2),,,(,,,,2 113322113333222211112332  XXXX

am ukanasknelis (1.17.1)-Si Setana martivi gardaqmnebis Sem-
deg mogvcems:  

     

.,2,

,,,,,
1

11

11112233223333223322








ii

XXXXX




 

aqedan, Tu gaviTvaliswinebT imas, rom 

X X X22 33 11   ,á 

martivad davaskvniT, rom 

111111 ,2,,
1

1

1

1






iiX


.  (1.17.4) 

Tu mas davumatebT ori msgavsi  

,3,2,,2,,
1

1

1

1






jX jjiijjjj    


 

tolobis jams, miviRebT, rom 










1

1
,ii .              (1.17.5) 

(1.17.5)-is (1.17.4)-Si Setanis Semdeg ki gveqneba: 

111111 ,2,
1

,
1

1






 iiX






.      (1.17.6) 

analogiurad miviRebT kidev or gantolebas: 

   X i i22 22 2 2

1

1 1
2


 









, , , ,   (1.17.7)  

   X i i33 33 3 3

1

1 1
2


 









, , , .    (1.17.8) 
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Tu (1.15.1)-Si meore gantolebas gavawarmoebT x3
-iT, 

mesames _ x2
-iT da Sedegebs SevkrebT, miviRebT, rom 

 .,,

,,,,,,

3223

233322231213333223221312



 XXXXXX
 

es ukanaskneli wevr-wevrad davumatoT (1.17.2)-s, maSin 

    X 32 23 3 2 2 3

1

1



  


, , , .     (1.17.9) 

analogiurad davamtkicebT, rom 

    

   

X

X

13 31 1 3 3 1

21 12 2 1 1 2

1

1

1

1




  




  





, , , ,

, ( , , ).

     (1.17.10) 

(1.17.6)_(1.17.10) gantolebebs ewodebaT beltrami-miCe-
lis*) Tavsebadobis pirobebi. mokled isini SeiZleba Semde-
gi saxiT CavweroT 

  .3,2,1,,
1

1

1

,,,

,











ji

X

ijjiijkk

ijij

  





 

$1.18. dinamikis amocanebi. dinamikisa da statikis ZiriTadi 

amocanebis amonaxsnis erTaderToba 

dalamberis principis Tanaxmad, dinamikis ZiriTadi gan-
tolebebis misaRebad saWiroa, statikis ZiriTad gantole-
bebSi moculobiT Zalebs davamatoT inerciis Zalebi. amas-
Tan gadaadgilebis veqtoris, Zabvisa da deformaciis ten-

                                                           
*) e.  beltrami (1835_1900), j.h. miCeli (1863_1940). 
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zorebis komponentebi ukve, garda sivrciTi wertilis 
koordinatebisa, damokidebuli iqnebian agreTve droze. 

deformaciamde  x x x1 2 3, ,  sivrciT wertilSi myofi ma-

terialuri wertilis aCqarebis veqtoris komponentebia 

 
 

3,2,1,
,,,

,,,
2

321

2

321  i
t

txxxu
txxxa i

i



. 

dV moculobaSi moTavsebul dm masaze moqmedi inerciis Za-
lis komponentebia 

  a dm
u

t
d mi

i



2

2
. 

magram, radganac  d m x x x d V  1 2 3, , , moculobis 

erTeulze moqmedi inerciis Zalis komponentebia 

2

2

t

u
a i

i



  . 

Tu mas davamatebT moculobiT Zalas (1.15.1)-Si, miviRebT, 
rom 

X
u

t
iij j i

i

, , , ,   




2

2
1 2 3 .    (1.18.1) 

cxadia, (1.18.1) samarTliania nebismieri uwyveti garemosaT-
vis. 

am gantolebebs unda daematos hukis ganzogadoebuli ka-
noni, romelic ucvleli rCeba, radgan igi ar Seicavs mo-
culobiT Zalebs.  

lames (1.16.1) gantolebebi Semdeg saxes miiReben: 

2

2

,)(
t

u
u i

iii



  .      (1.18.2) 

myari deformadi garemosaTvis, iseve rogorc nebismieri 
uwyveti garemosaTvis, masis Senaxvis kanonidan gamomdinare, 
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adgili aqvs uwyvetobis Semdeg gantolebas (ix. qvemoT 
$1.23, formula (1.23.10)): 

0)(di
t

 vv






. 

misi gawrfivebisa (   vv~v 00


  , 

0:~   , 

0
~   ) da t0

-dan t-mde integrebis Semdeg, miviRebT, rom 

0

0

0 ,uv ttxdi 


    





,     (1.18.3) 

sadac   da  0
 Sesabamisad aRniSnaven simkvrives deformi-

rebul da aradeformirebul (
0tt  ) mdgomareobaSi; amas-

Tan vgulisxmobT, rom aradeformirebul mdgomareobaSi ga-

daadgilebi nulis tolia.  0  principSi cnobilia da uka-

naskneli toloba gamoiyeneba mxolod drois nebismier t 

momentSi simkvrivis gamosaTvlelad, roca gadaadgilebis u


 

veqtori gansazRvrulia sxva damokidebulebebidan. faq-
tobrivad, mcire SeSfoTebaTa hipoTezidan gamomdinare, 

udi


 v  mcirea erTeulTan SedarebiT, aqedan gamomdinare Se-

degiT   0 . am mizeziT mcire SeSfoTebaTa hipoTezis 

pirobebSi (1.18.3) damokidebuleba ar aris CarTuli dreka-
dobis Teoriis gantolebaTa srul sistemaSi. 

dinamikis pirveli ZiriTadi amocana. vipovoT 

 u x x x ti 1 2 3, , ,  funqciebi, romlebic akmayofileben (1.18.2) 

gantolebebs (an ui   da X ij  funqciebi, romlebic akmayofi-

leben (1.18.1) gantolebebs da hukis kanons) V  areSi, ro-
melic sxeuls ukavia deformaciamde, 

X f i S Vn i S i| , , , ,  12 3  ,*)    (1.18.4) 

                                                           
*)  vgulisxmobT, rom S gluvi zedapiria. 
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sasazRvro pirobebs drois yovel t t 0
 momentSi da 

3,2,1,,
00

 iu
t

u
uu i

i
ii




, 

sawyis pirobebs V  areSi, drois t t 0
 momentSi. aq f i  

funqciebi S zedapirze mocemuli funqciebia, romlebic sa-

zogadod t -ze arian damokidebulni, xolo iu
0

, 
0

iu   fun-

qciebi  x x x1 2 3, ,  sivrciTi wertilis funqciebia. 

dinamikis sxva amocanebi pirveli amocanebisagan imiT gan-
sxvavdebian, rom (1.18.4) sasazRvro pirobebi Secvlilia 
statikis Sesabamisi sasazRvro pirobebiT, sadac mocemuli 
funqciebi sazogadod drozea damokidebuli. 

ganvixiloT drekadi sxeulis raime konkretuli moZrao-

ba da sawyis t0 momentad miviRoT is momenti, roca sxeu-

li `bunebriv~ wonasworobis mdgomareobaSia, e.i. masze ar 
moqmedeben arc moculobiTi da arc zedapiruli Zalebi da 
deformaciasac ar ganicdis. R t( ) -Ti aRvniSnoT muSaoba, 

romelsac asruleben gare Zalebi drois  t t0 ,  SualedSi. 

gamovTvaloT aRniSnuli Zalebis dR muSaoba drois 

( , )t t dt  SualedSi, roca dt  usasrulod mcirea.  

deformaciamde sivrciT  x x x1 2 3, ,  wertilSi mdebare 

materialuri wertili t momentSi imyofeba sivrcis wer-

tilSi  x u x x x ti i 1 2 3, , ,  koordinatebiT. ( , )t t dt  Sua-

ledSi am wertilis gadaadgilebis komponentebia 

.:

)],,,([),,,( 321321

dtudt
t

u

txxxuxdttxxxux

i
i

iiii







  
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dS elementze modebuli gare X dSni
 zedapiruli Zale-

bis muSaoba ( , )t t dt  SualedSi 

X u dt dSni i
  _is 

tolia, xolo dV moculobaze modebuli i dV  moculo-

biTi Zalebis muSaoba ki  

 i iu dt dV -s 

 tolia. 
amrigad, 

dR X u dS u dV dtni i

S

i i

V

 








   .    (1.18.5) 

aqedan, (1.2.1)-is da (1.18.1)_is Tanaxmad, 

  







V

ii

V
jiij

V

ii

S

ijij

dVudVuX

dVudSunX
dt

dR





,

 

 

,

,,









V

ijij

V

ii

V

jiij

V

iijij

dVeXdVuu

dVuXdVuX







 

    
(1.18.6)

 

radganac  

X u X u X u X uij i j ij i j ij i j ij i j, , , ,  
1

2

1

2

1

2
ijjiuX ,

2

1
  

   X u u X e Wij i j j i ij ij

1

2
2( ) :, , .       (1.18.7) 

magram 

 



 

 
u u dV

u u

t
dV

dT

dt
i i

V

i i

V

 



1

2
,                     
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sadac 

0
2

1
 

V

ii dVuuT  ,           (1.18.8) 

gansaxilveli sxeulis kinetikuri energiaa, e.i. misi cal-
keuli elementebis cocxali Zalebis jamia. marTlac, dm 
masis cocxali Zala ganmartebis Tanaxmad 

1

2

1

2
dm u u u u dVi i i i

     -s 

tolia. 
Tu sxeuli izotropulia ((1.18.6) formulis misaRebad 

izotropulobis moTxovna ar iyo saWiro), maSin (1.18.7) 
miiRebs Semdeg saxes: 

.0222 2  ijijijijijijijij eeeeeeXW  (1.18.9) 

SemoviRoT Semdegi aRniSvnebi: 

jieeee ijijiiii  ,2;
**

.                    (1.18.10) 

maSin, (1.18.9)-is Tanaxmad, cxadia, 

ij

ij

e

W
X

*




  

da 

  










V

ii

i
iiV

ij

ijV

ijij
t

e

e

W
dVe

e

W
dVeX











 3

1
**

  

,

*
3

1,
*  












 VV

ij

ji
ji

ij

WdV
dt

d
dV

t

W
dV

t

e

e

W












 

 
 (1.18.11) 

radganac, (1.18.10)-is gamo,  
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t

e

e

W
e

e

W ii

ii

ii

ii














**

 , 

ji
t

e

e

W
e

e

W
e

e

W
e

e

W ij

ji

ij

ji

ij

ij

ij

ji





  ,2
**** 


















 . 

maSasadame, (1.18.8)-isa da (1.18.11)-is Tanaxmad, (1.18.6) 
miiRebs Semdeg saxes: 

dR

dt

dT

dt

d

dt
W dV

V

   .          (1.18.12) 

vaintegroT (1.18.12)-is orive mxare t0 -dan t -mde da ga-

viTvaliswinoT, rom sawyis momentSi T W  0 ; maSin mi-
viRebT gare zedapiruli Zalebisa da moculobiTi Zalebis 

muSaobas drois ( , )t t0 , SualedSi: 

R T U  ,                 (1.18.13) 
sadac 

0 
V

dVWU .              (1.18.14) 

(1.18.9) formula gviCvenebs, rom W damokidebulia mxo-
lod mocemul momentSi, mocemul wertilSi deformire-

bul mdgomareobaze. amdenad, U damokidebulia sxeulis 

deformirebul mdgomareobaze drois mocemul t momentSi. 

U-s  ewodeba sxeulis deformaciis potencialuri energia, 
igi im muSaobis tolia, romelic unda Seasrulon mocu-
lobiTma Zalebma da gare zedapirulma Zalebma, rom ga-
moiwvion deformirebuli (mocemuli) mdgomareoba. mar-
Tlac, Tu sxeuli am ZalebiT zemoqmedebis Sedegad `buneb-
rivi~ uZravi (mosvenebuli) mdgomareobidan gadava axal de-
formirebul uZrav (mosvenebul) mdgomareobaSi, maSin, 
(1.18.13) formulis Tanaxmad, 
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R U ,               (1.18.15) 

radganac uZrav (mosvenebul) mdgomareobaSi T  0 . 

(1.18.13) formula gamoxatavs energiis Senaxvis kanons: 
moculobiTi Zalebisa da gare zedapiruli Zalebis muSaoba 
ixarjeba T kinetikuri energiisa da U deformaciis po-
tencialuri energiis Seqmnaze. 

(1.18.9) formuliT gansazRvruli sidide moculobis er-
Teulze gaTvlili deformaciis potencialuri energiaa. 
marTlac, (1.18.14) formulidan cxadia, rom dV moculoba-

ze gaangariSebuli potencialuri energia WdV-s tolia da 
aqedan zemoTqmuli cxadia. (1.18.9)-dan naTelia, rom is ara-

gadagvarebuli kvadratuli formaa, radgan   0 da   0 

(ix. $1.12). 
axla ganvixiloT dinamikis ZiriTadi amocanebis amoxsnisa 

da erTaderTobis sakiTxi. vTqvaT, romelime maTgani uSvebs 
or amonaxsns erTi da imave moculobiTi Zalebis, sawyis da 
sasazRvro pirobebSi. maSin, Tu ganvixilavT maT sxvaobas 
ZiriTad gantolebaTa siwrfivisa da erTgvarovnebis gamo 

ui , X ij  funqciebis mimarT, igi daakmayofilebs imave 

gantolebebs moculobiTi Zalebis gare da erTgvarovan 
sawyis da sasazRvro pirobebs, e.i. 

u
u

t
i t t

i
t to

| ,  
0

0 0



         (1.18.16) 

da 

0| Siin uX  ,  roca  t t 0 ,          (1.18.17) 

ramdenadac sazRvris wertilebSi an 

ui  0,  roca  t t 0  

an 

0inX ,  roca  t t 0 . 

aqedan gamomdinare  pirvel SemTxvevaSi 
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0| Siu , 

da orive SemTxvevaSi 

X un i i S
 |  0 ,  roca  t t 0

.               (1.18.18) 

radganac amonaxsnTa sxvaobisaTvis moculobiTi Zalebi da 
(1.18.18) namravlebi nulis tolia, amitom moculobiTi Za-
lebisa da gare zedapiruli Zalebis mier Sesrulebuli mu-
Saoba 

R  0 , 

radgan (1.18.5)-is Tanaxmad, 
dR

dt
 0  da aqedan 

R const  0 ,  vinaidan R t t|  
0

0 , ramdenadac `bunebrivi~ 

wonasworobis mdgomareobaSi sxeulze arc moculobiTi da 
arc zedapiruli Zalebi ar moqmedeben. amitom, (1.18.13) to-
lobis Tanaxmad, 

T U  0 . 
es ukanaskneli ki, (1.18.8)-isa da (1.18.14)-is gamo, sruldeba 
maSin da mxolod maSin, roca  

T U 0 0, . 

e.i. (1.18.8)-is, (1.18.14)-isa da (1.18.9)-is ZaliT drois yo-

vel t t 0  momentSi 

 ,u ei i j 0 0 . 

tolobaTa pirveli jgufi gviCvenebs, rom gadaadgilebis 
veqtori droze ar aris damokidebuli, e.i. unda gvqondes 
statikuri SemTxveva. tolobaTa meore jgufi ki gviCvenebs, 
rom sxeuli SeiZleba mxolod xistad gadaadgildes. radgan 
misi zogadi amonaxsnia (ix. $1.6)  

122133

311322233211 ,,

xbxbau

xbxbauxbxbau



   
 

an mokled, veqtorulad _ 
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 
    
u a b x x x x x  [ , ], : , ,1 2 3 , 

sadac  

a a a a 1 2 3, ,  xisti gadatanis veqtoria, xolo 

 

b b b b 1 2 3, ,  ki usasrulod mcire brunvis veqtoria ( bi

 

aris xi
 RerZis garSemo Semobrunebis usasrulod mcire 

kuTxe). magram radganac sawyis momentSi gadaadgileba ar 
gvaqvs, amitom arc xist gadaadgilebas eqneba adgili. 

amrigad, dinamikis ZiriTad amocanebs ar gaaCniaT erTze 
meti amonaxsni. 

radganac statikis amocanebis SemTxvevaSi adgili aqvs 

(1.18.15) tolobas, gveqneba, rom mxolod eij  0 . cxadia, 

Tu sasazRvro pirobebSi monawileoben gadaadgilebebi, e.i. 
meore, mesame*), meoTxe da Sereul amocanebs eqneba erTa-
derTi amonaxsni, xolo pirveli ZiriTadi sasazRvro amoca-
nis amonaxsni ganisazRvreba xisti gadaadgilebis sizustiT.  

SeniSvna 1.18.1. advili sanaxavia, rom temperaturuli 
Zabvebis gaTvaliswinebiT, SeniSvna 1.12.1-is Tanaxmad, lames 
(1.18.2) gantolebebi Seicvlebian 

,3,2,1

,
21

)(
2

2

,,








i

t

u
T

E
u i

iiii










  (1.18.19) 

gantolebebiT, romelTac diuhamel-neimanis Termogantole-
bebi ewodebaT. 

(1.18.19) gantolebebs unda daematos siTbogamtarobis 
(romelic miiReba siTbos nakadis gantolebebidan de-
formaciis tenzoris droiT warmoebulis SemTxvevaSi wev-
ris ukugdebiT, rac xSir SemTxvevaSi dasaSvebia, rogorc 
amas eqsperimenti gviCvenebs (ix. [53], gv. 92; [35], gv. 79)) 

                                                           
*) Tu S brunviTi zedapiri araa. Tu S brunviTi zedapiria, mesame amoca-

nas gaaCnia aratrivialuri amonaxsnebi (ix. [48], gv. 88). 
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
t

T




æ

c

W
T

~

                               (1.18.20) 

gantoleba, sadac æ
c

k
  temperaturuli gamtarobis 

koeficientia, k _ maqsvelis siTbogamtarobis koeficienti 
(e.i. siTbos is raodenoba, romelic drois erTeulSi ga-
tardeba erTeulis tol sisqis fenaSi, roca zedapirebze 

temperaturebs Soris sxvaoba 1
-is, xolo zedapiris far-

Tobi erTeulis tolia), c _ xvedriTi siTbotevadoba (e.i. 
siTbos is raodenoba, romelic saWiroa masis erTeulis 

temperaturis 1
-iT gazrdisaTvis),   _ simkvrive, W

~
_ 

dV elementarul moculobaSi moTavsebuli siTburi wyaros 
mier drois erTeulSi moculobis erTeulSi gamoyofili 
siTbos raodenoba. 

(1.18.20) gantoleba ganixileba sxeulis sazRvarze sxva-
dasxva damatebiT pirobebSi. kerZod, samecniero literatu-
raSi ZiriTadad Semdegi saxis sasazRvro pirobebi gvxvdeba: 
_ drois yovel momentSi mocemulia temperatura, 
_ drois yovel momentSi mocemulia siTburi nakadi, ker-

Zod, siTburi nakadi nulis tolia: 





T

n
 0 ; 

_ zedapirze gamavali siTburi nakadi sxeulis T tempera-

turisa da (gare) garemos T0  temperaturis sxvaobis 

proporciulia, e.i. 

  00  TTH
n

T
k

 


, 

sadac H siTbos gacemis koeficientia (aseT SemTxveva-
Si amboben, rom xdeba zedapiridan gamosxiveba); 
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_ Tu sxeulis zedapiri ori sxvadasxva siTbogamtarobis 

( k1
 da k2

) da temperaturis ( 1T  da 2T ) fenis 

saerTo zedapiria, maSin 

n

T
k

n

T
k







 2
2

1
1  . 

garda amisa, Tu sxeulis sazRvarze mocemulia Zabvebi, 
maSin (1.18.19) sistemisaTvis, (1.12.28)-is Tanaxmad, gveqneba 
Semdegi sasazRvro pirobebi: 

 

,3,2,1

,
21

:)( ,,,















i

fnT
E

uuuuX ijijijjiijkkni 





 

sadac f i  sxeulis zedapirze drois nebismier momentSi mo-

cemuli funqciebia. 
sasazRvro pirobebs unda daematos agreTve 

     xxxxtxxxT   ,,,,,, 3210321  , 

da 

   

 
  ,,3,2,1,,,

,,,

,,,,,,

321
0321

3210321





xixxx
t

txxxu

xxxtxxxu

i
i

ii

    






 

sawyisi pirobebi, sadac i  ,  da i  mocemuli funqciebia. 

rogorc vxedavT, izotropuli sxeulis SemTxvevaSi 

sawyis-sasazRvro amocanebi T temperaturisa da ui  gadaad-

gilebisaTvis ixliCeba or damoukidebel amocanad im Tval-

sazrisiT, rom jer damoukideblad vpoulobT T-s Sesabami-
si sawyis-sasazRvro amocanis amoxsniT, xolo Semdeg cno-

bili T-s saSualebiT vpoulobT ui -s im tipis sawyis-sa-

sazRvro amocanis amoxsniT, romelsac im SemTxvevaSi 
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vikvlevT, roca temperaturul Zabvebs (an rac igivea, tem-
peraturas) ar viTvaliswinebT. 

drekadobis Teoriis  ZiriTadi amocanebis amonaxsnis ar-
sebobis Teoremebi damtkicebulia, magaliTad, [12], [48], 
[59]-Si (ix. agreTve $ 1.21). 

$1.19. klapeironis Teorema 

vTqvaT, drekadi sxeuli moculobiTi Zalebisa da gare  
zedapiruli Zalebis moqmedebis Sedegad imyofeba wonaswo-
robis mdgomareobaSi. maSin aRniSnuli Zalebis A muSaoba 

ui  gadaadgilebaze  

A X u dS X u dVni i i i

VS

    

  X u n dS X u dVij i j

S

i i

V

 

    ( ), ,X X u dV X u dVij j i i ij i j

VV

 

.22 
VV

ijij UWdVdVeX     (1.19.1) 

es ukanaskneli toloba gamoxatavs klapeironis Teore-
mas: deformirebuli sxeulis potencialuri energia sxeu-
lze statikurad modebuli moculobiTi da gare zedapi-
ruli Zalebis gadaadgilebebze muSaobis naxevris tolia, 
im pirobiT, rom maT Tavidanve hqonodaT is mniSvnelobebi, 
rasac isini faqtobrivad iReben drekadi wonasworobis dam-
yarebis momentisaTvis (sinamdvileSi maTi sawyisi mniSvne-
lobebi nulis tolia). 
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$1.20. sen-venanis principi 

drekadobis Teoriis amocanebis praqtikulad amoxsnas 
amartivebs sen-venanis principi, romelic SemdegSi mdgoma-
reobs: Tu zedapiris mcire ubanze moqmedi Zalebi statiku-
rad nulis eqvivalenturia (statikurad nulis eqviva-
lentur sistemis qveS gvesmis absoluturad myari sxeulis 
statikis TvalsazrisiT nulis ekvivalenturi sistema), 
maSin es sistema mniSvnelovan gavlenas ar axdens sxeulis 
im nawilis deformirebul (daZabul) mdgomareobaze, 
romelic aRniSnul ubanTan axlosûar mdebareobs. 

sen-venanis principi SeiZleba sxvagvaradac Camovayali-
boT: Tu sxeulis zedapiris mcire ubanze moqmedi zedapi-
ruli Zalebis sistemas SevcvliT misi ekvivalenturi sxva 
sistemiT, es garemoeba gavlenas ar moaxdens sxeulis im 
nawilis deformirebul (daZabul) mdgomareobaze, romelic 
aRniSnul ubanTan axlos ar mdebareobs.  

cxadia, orive formulireba erTmaneTis ekvivalenturia. 

$1.21. drekadobis Teoriis amocanebis amoxsnis meTodebi. 

amonaxsnis arsebobis Teoremebi 

drekadobis Teoriis amocanebis amoxsnis sam ZiriTad me-
Tods ganasxvaveben: 

1. pirdapiri meTodi gulisxmobs sasazRvro amocanebis 
amoxsnas uSualo integrebiT; 

2. Sebrunebuli meTodis SemTxvevaSiôwinaswar mocemulia 
gadaadgilebebi da Zabvebi, romlebic akmayofileben ZiriTad 
gantolebebs da maTi saSualebiT xdeba Sesabamisi gare Za-
lebis gansazRvra; 
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3. sen-venanis naxevradSebrunebuli meTodiT amocanebis 
amoxsnisas winaswar uSveben, rom gadaadgilebis veqtorisa 
da Zabvis tenzoris zogierTi komponentis saxe cnobilia, 
rac danarCeni komponentebis gansazRvrisas amartivebs Zi-
riTad gantolebaTa sistemas. 

samganzomilebiani drekadobis Teoriis konkretuli amo-
canebis amoxsnebi mocemulia, magaliTad, [50], [48]-Si. 

ûôvTqvaT, drekad sxeuls ukavia R 3
-is raime   are, rom-

lis    sazRvari lipSicuria [54] (ix. agreTve damateba 1, 

gansazRvra 40). amasTan davuSvaT, rom     aris dade-

biTi zomis da S: \    . 

ganvixiloT Semdegi sasazRvro amocana (ix. $ 1.16): 




udigraduuA  v)(:     -Si,   (1.21.1) 

guT


   S-ze,                 (1.21.2) 

0u


   -ze,                 (1.21.3) 

sadac  321 ,,: 


;  321 )(,)(,)(: uTuTuTuT


 , 

jkjk nuXuT )(:)(


 , k  1 2 3, , . 

Cven veZebT (1.21.1)-(1.21.3) sasazRvro amocanis amonaxsns 

sobolevis  H 1
3

( )  sivrceSi (ix. damateba 1, gansazRvre-

bebi 53-55 da SeniSvna 13). davuSvaT, rom 

 k H ~
( )1

 da g H Sk 


1

2 ( ) , k  1 2 3, , .   (1.21.4) 

(1.21.1) gantoleba gvesmis ganawilebis azriT. (1.21.3) pi-

roba gvesmis kvalis azriT. (1.21.2) piroba gvesmis H S


1

2 ( )  

azriT, radgan Tu   31 )(
 

 Hu


 da   31 )(
~  

 HuA


, maSin 

)(2

1

SHuT





 funqcionali ganimarteba  
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)(**,*)()(:*, 1 




  HuudxueuXuuT ijij


  


 

grinis igiveobiT, sadac . , .
 

 aRniSnavs L2
-dualobas 

H










1

2

3

( )  -sa da H

1

2

3

( ) 








 -s Soris, xolo . , .


 ki 

_ L2
-dualobas  ~

( )H 1
3

 -sa  H 1
3

( ) -s Soris (ix. da-

mateba 1, Teorema 23). 
SemoviRoT 

H H1 1 0( , ): ( ) :       -ze} 

aRniSvna. 
(1.21.1)-(1.21.3) sasazRvro amocana ekvivalenturia Semdegi 

variaciuli amocanis: 

vipovoT   31 ),(
 

 Hu


 iseTi, rom 

  31 ),(**)(*),(
 

    HuuFuuB


,   (1.21.5) 

sadac 




 dxueuuuB ijij *)()(:*),(


 , 

S
uguuF *,*,:*)(





, 

aq . , .
M
 aris dualoba  H Mr ( )

3

 da  ~
( )H Mr

3

 siv-

rceebs Soris, sadac r  1, Tu M    da r 
1

2
, Tu 

M S . 
orive zemoxsenebuli amocana ekvivalenturia minimiza-

ciis Semdegi amocanis: 

vipovoT   31 ),(
 

 Hu


 iseTi, rom 
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  31 ),(*)(*)(
 

    HuuEuE


,     (1.21.6) 

sadac 

*)(*),(
2

1
:*)( uFuuBuE


 .         (1.21.7) 

samarTliania arsebobisa da erTaderTobis Semdegi (ix., 
magaliTad, [59], [27]) 

Teorema 1.21.1. Tu   aris are lipSicis sazRvriT, 

   da sruldeba (1.21.4) pirobebi, maSin (1.21.1)-(1.21.3) 
sasazRvro amocanas da amdenad (1.21.5) amocanasa da (1.21.6), 
(1.21.7) minimizaciis amocanas aqvs erTaderTi 

  31 ),(
 

 Hu


 amonaxsni da 

      



   

32/131
31 )(),(

~),(
 

 
  

SHHH
gCu


, 

sadac C aris dadebiTi mudmivi, romelic ar aris damoki-

debuli u

, 


 da g


-ze. 

Teoremis damtkiceba emyareba laqs*) – milgramis**) Teo-
remas (ix. damateba 1 Teorema 25), ramdenadac 
_ F wrfivi SemosazRvruli funqcionalia; 
_ B(. , .)  oradwrfivi forma, kornis***) utolobis Tanax-

mad, koercitiulia 

  ),(),( 12

),(2
31 


HuuuuB

H


     

da SemosazRvruli 

   3131 ),(

2

),(1 *),(   




HH
uuuuB


 , 

sadac  1 da  2  dadebiTi mudmivebia. 

                                                           
*) p. laqsi (1926). 
**) a.n. milgrami (1911-1961). 
***) a. korni (1870-1945). 
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SeniSvna 1.21.1. Tu 

3

2

1

)( 











SHg
r

,   3
)(

 

 rH


, 

1,1,  rCS , sadac r  0 mTeli ricxvia, maSin 

  32 *)(
 

 rHu


, 

sadac  * aris  -s iseTi nebismieri qvesimravle, rom 

 )(* SU . ufro metic, arsebobs iseTi 

C C ( *) 0 mudmivi, rom 

      



 

  32/1332 *)(*)(*)(
 

 
 rrr HHH

gCu


. 

Tu damatebiT, g

[C1,æ(S)]3, 


[C0,æ(S)]3, SC2,æ maSin  

u

[C2,æ( * )]3, sadac 0<æ<1 aris hiolderis*) maCvenebeli. 

Tavi V. hidrodinamikis stacionaruli 

da arastacionaruli amocanebi 

$1.22. lagranJis da eileris cvladebi 

uwyveti garemos moZraobis Seswavlis dros arsebobs 
ori midgoma. Tu uwyveti garemos nawilaks ganvixilavT, 
rogorc moZrav materialur wertils, maSin mTeli sxeu-
lis moZraobis dasaxasiaTeblad aucilebelia SemoviRoT 
garkveuli parametrebi, romlebic sxeulis ama Tu im wer-
tils daaxasiaTeben. 

vTqvaT, aseTi parametrebi iyos materialuri wertilis 

 i , i 12 3, , , koordinatebi drois raRac (vTqvaT, sawyis) 

                                                           
*) o.l. hiolderi (1859–1937). 
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momentSi. maSin sxeulis moZraobis gantolebebi Semdegi sa-
xiT Caiwereba: 

 x x t ii i   1 2 3 1 2 3, , , , , , ,    (1.22.1) 

sadac  x x ti i   1 2 3, , , , i 12 3, , , aris  drois t momen-

tSi im materialuri   wertilis koordinatebi, romlis 

koordinatebic sawyis momentSi iyo  i , i 12 3, , . cxadia, 

siCqaris  da aCqarebis komponentebs eqnebaT  

 

,3,2,1,
),,,(

),,,(
,,,v

321

321
321





i
t

tu

t

tx
tx

i

i
ii

   









      (1.22.2) 

da 

 
 

 
3,2,1,

,,,

,,,
,,,v

2

321

2

2

321

2

321





i
t

tu

t

tx
txa

i

i

iii

   









   (1.22.3) 

saxe, Tu gaviTvaliswinebT (1.6.2)-s, sadac xi -s da xi


-s 

SevcvliT Sesabamisad  i -T da xi -T. aseT midgomas ewodeba 

lagranJis meTodi, xolo 1 ,  2 ,  3  parametrebs _ lag-

ranJis cvladebi.Gamrigad, sxeulis moZraobis lagranJis 
cvladebSi Seswavla gulisxmobs misi calkeuli materia-
luri wertilebis moZraobis Seswavlas da aqedan gamomdi-
nare mTeli sxeulis (uwyveti garemos) moZraobis Seswav-
las. 

arsebobs meore midgomac, roca sxeulis moZraobis Ses-
wavla xdeba sakoordinato sistemis sxvadasxva wertilSi 
sxeulis nawilakebis moZraobis maxasiaTeblebis (siCqare, 
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aCqareba, Zabvebi da sxv.) drois ganmavlobaSi  cvlilebebis 
ganxilviT. sxva sityvebiT, damkvirvebeli sivrcis mocemul 
wertilSi Seiswavlis drois sxvadasxva momentSi myof, 
sazogadod sxvadasxva, nawilakis moZraobis maxasiaTeblebs 
da amdenad, axdens ra dakvirvebas uwyveti garemos mier 
dakavebul yvela wertilSi, Seiswavlis mTeli uwyveti 
garemos moZraobas. aseT midgomas ewodeba eileris meTodi. 
eileris meTodis gamoyenebisas dro, siCqare, aCqareba, Zab-

vebi da sxva sidideebi ganixileba, rogorc x1
, x2

, x3
, t 

cvladebis, romelTac eileris cvladebi  ewodeba, fun-
qciebi. SevniSnoT, rom sxeulis calkeuli nawilakebis ga-
daadgileba SeiZleba Seswavlil iqnes mxolod lagranJis 
cvladebSi. am SemTxvevaSi eileris cvladebis gamoyeneba 
SeuZlebelia da maTze gadasvla mxolod formaluri xasia-
Tis mqone operaciaa, romelic ar cvlis midgomis Tvalsaz-

riss. Tu siCqare ),,,(v 321 txxx


, i 12 3, , , mocemulia ei-

leris cvladebSi, maSin aCqarebis gamosaTvlelad imave 
wertilSi saWiroa gadavideT lagranJis cvladebzeNNNNNNN 

NNN
 

      ttxtxtx

txxx

i

i

,,,,,,,,,,,,v

,,,v

321332123211

321


 

da gamoviyenoT rTuli funqciis gawarmoebis wesi: 

 

.3,2,1,
v

v
v

vvv
,,, 321





i
xt

t

x

xtdt

d
txxxa

k

i
k

i

k

k

iii
i

  

  

  

 





















    (1.22.4) 

Tu gadaadgilebebi mcire sidideebia da gamovricxavT 
fluqtuaciebs, maSin sxeulis calkeuli wertilebis siC-
qareebic mcire sidideebi iqneba. Tu davuSvebT, rom maTi 



 121 

k

i

x

 v 
 warmoebulebic imave rigis mcire sidideebia, maSin 

k

i
k

x

 v
v

 

  sidideebi iqneba meore rigis mcire sidideebi. ma-

Ti ugulvebelyofis Semdeg (1.22.4)-dan miviRebT, rom 

t
a i

ii





v
v

 

  . 

es ukanaskneli ki emTxveva (1.22.3)-s. saerTod, es SemTxveva 
metad mniSvnelovania, radgan mcire gadaadgilebebi damaxa-
siaTebelia drekadi sxeulebisaTvis. vipovoT kavSiri  
 

   

 

u ti

k

( , , , )1 2 3     da   
   



u t

x

i

k

( , , , )1 2 3 ,   

i k, , , , 1 2 3  

sidideebs Soris. cxadia, 
                                          

   





 

 



u t

x

u

x

i i

k

k( , , , )1 2 3

1 1

 ,  i  12 3, , . 

magram 

 i i ix u  ,                 (1.22.5) 

amitom   

 







1

1

1

1

1
x

u

x
   , 

 







2

1

2

1x

u

x
  ,  

 







3

1

3

1x

u

x
   

da 
 







 



 





u

x

u u u

x

i i i

k

k

1 1 1

  ,    i  12 3, , . 
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meore rigis mcire sidideebis ugulvebelyofiT miviRebT, 
rom 

11 





 ii u

x

u
 . 

analogiurad damtkicdeba, rom  







 

u

x

ui i

2 2

    da   






 

u

x

ui i

3 3

  . 

$1.23. navie-stoqsis gantolebebi. stoqsis da ozeenis modelebi. 

eileris gantolebebi 

Tu sawinaaRmdego ar iqneba Tqmuli, CavTvaloT, rom 

( )t  are, romelic ukavia siTxes drois t momentSi, ar 

aris droze damokidebuli (magaliTad, wyali miedineba ar-

xSi ise, rom wylis done ar icvleba), e.i.  ( )t R  3
 

(ix. [32]). 
rogorc viciT, (1.18.1) gantolebebi samarTliania nebis-

mieri (gazi, siTxe, deformadi myari sxeuli) uwyveti gare-
mosaTvis. mas, (1.22.4)-is Tanaxmad, eileris cvladebSi eq-
neba Semdegi saxe: 

 







 kik

ii
ijij

tdt

d
X ,, vv

vv




 .     (1.23.1) 

blanti siTxis moZraobis gantolebebis misaRebad 
(1.23.1)-Si SevitanoT niutonis ganzogadebuli (1.13.7) kano-

niT gansazRvruli X ij : 

 
.3,2,1

,v)(vvvv ,,,





i

p iikikikiki  
  (1.23.2) 
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Tu    0 , e.i. siTxe ar aris blanti, (1.23.2)-dan 

miviRebT idealuri siTxis moZraobis Semdeg gantolebebs: 

3,2,1,)vvv( ,,  ip iikiki    ,       (1.23.3) 

romelic eileris gantolebebis saxels atarebs. 
navie-stoqsis (1.23.2) gantolebebi da, kerZod, eileris 

(1.23.3) gantolebebi, rogorc vxedavT, arawrfivi gantole-
bebia. unda SevniSnoT, rom maTi arawrfivoba gamomdina-
reobs ara fizikuri modelirebidan, aramed maTematikuri 
mosazrebebidan (ix. (1.22.4)-is gamoyvana). 

Tu, simciris mosazrebidan gamomdinare, (1.23.2) ganto-

lebebSi kik ,vv  sidideebs ugulebelvyofT, moxdeba navie-

stoqsis gantolebebis gawrfiveba da miviRebT stoqsis sa-
xeliT cnobil Semdeg gantolebebs: 

3,2,1,v)(vv ,,  ip iikikii     .  (1.23.4) 

ozeenis*) saxiT gawrfivebis SemTxvevaSi uSveben, rom 
siTxis dineba mcired gansxvavdeba raime mimarTulebis mud-

miv 
0

iv  siCqarian dinebisgan, e.i. 

3,2,1,vvv 0   iiii   , 

da Semdeg (1.23.2) gantolebebSi, simciris mosazrebidan 
gamomdinare, ukuagdeben arawrfiv wevrebs: 

    
 

.3,2,1

,v)(vvvv ,,,

0



 

i

p iikikikiki  
 (1.23.5) 

hidromeqanikaSi moZraobas ewodeba stacionaruli (dam-
dgari), Tu moZraobis damaxasiaTebeli sidideebi (siCqare, 
wneva da sxv.), damokidebulni arian eileris cvladebze 
(romlebic, sazogadod, drois funqciebia), xolo uSualod 

                                                           
*) k.v. ozeeni (1879-1944). 
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droze damokidebulni ar arian. amis Sesabamisad (2.23.4) 
gantolebebi miiReben 

3,2,1,0v)(v ,,  ip iikiki    ,  (1.23.6) 

saxes. 
niutonis meqanikis fundamentur kanons warmoadgens ma-

sis Senaxvis kanoni. is samarTliania nebismieri uwyveti ga-
remosaTvis da mdgomareobs imaSi, rom sxeulidan azrobri-

vad gamoyofil nebismier droSi cvalebad ( )t  moculoba-

Si, romelic garemos erTi da imave nawilakebisagan Sedgeba, 
moTavsebuli masa ar icvleba droTa ganmavlobaSi. es kano-
ni eqsperimentulad dadgenilad unda CaiTvalos (ix., ma-
galiTad, [57]). maTematikurad es imas niSnavs, rom 

 
d

dt
x x x t d

t

 1 2 3 0, , ,
( )

  .         (1.23.7) 

warmoebulis ganmartebis Tanaxmad, 

 

   

t

dtxxxdttxxx

dtxxx
dt

d

tt t

t

t









 



 





)( )(

321321

0

)(

321

,,,,,,

lim

,,,

  

 





 

 



















 t

dttxxx
ttt

t

)()(

321

0

,,,

lim

 
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    



















t

dtxxxttxxx
t )(

321321 ,,,,,,  

   

 
,

,,,

,,,v,,,

)(

321

)(

321321

dV
t

txxx

dStxxxtxxx

t

t

n













 

 








           (1.23.8) 

radgan   ( ) ( )t t t   moculoba Sedgeba elementaruli 

tdSd n  v  

cilindrebisagan (ix. nax. 1.23.1) da, roca  t  0 , 

  ( )t t zedapiri miiswrafis  ( )t  zedapirisaken, xo-

lo   x x x t t1 2 3, , ,    simkvrive _   x x x t1 2 3, , , -sken. 

t+t 
t+t–t 

dS t 
vnt 

tv




 126 

nax. 1.23.1 

magram, gaus-ostrogradskis formulis Tanaxmad, 

 



)(

,

)()(

vvv
t

ii

t

ii

t

n ddSndS   


.   (1.23.9) 

(1.23.7)-(1.23.9)-dan, rogorc mTeli moZravi garemosaTvis, 
aseve misgan azrobrivad gamoyofili nebismieri nawilisaT-
vis, gamomdinareobs, rom 

 












)(

,
0v

t

ii d
t

 



. 

amdenad, 

0,0)v(v ttxdi
t

   roca     







, (1.23.10) 

sadac iidi ,v:vv   


. (1.23.10) gantolebas ewodeba uwyvetobis 

gantoleba eileris cvladebSi. cxadia, radgan  

  iiiiiiiiii xdi 
,,,,,

vvvv)v(v        , 

amotom (1.23.10) SeiZleba Caiweros Semdegi saxiTac 

0vv 


 di
dt

d



.             (1.23.11) 

gantolebaTa sruli sistemis misaRebad (1.23.2)-s unda 
daematos uwyvetobis (1.23.10) da mdgomareobis (barotro-
puli siTxis SemTxvevaSi) 

p f ( )                (1.23.12) 

gantoleba, sadac f garkveuli funqciaa. 
(1.23.2), (1.23.10) da (1.23.12) gantolebaTa sistema Sei-

cavs  xuT 1v , 2v , 3v , p da   ucnobs, romlebsac veZebT 

 xxtx    ),(v),(v 00


,          (1.23.13) 
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sawyis*) da 

),(v txg


    -ze, 
0tt  ,        (1.23.14) 

sasazRvro pirobebSi, sadac )(v0 x


 da ),( txg


 mocemuli 

veqtor-funqciebia. 

roca 0g


,    sazRvari uZravi da myaria da Seesaba-

meba im SemTxvevas, roca sazRvarze siTxe ar srialebs da 

ekvris mas; xolo roca 0g


, sazRvari moZraobs dasaxe-

lebuli g

 siCqariT. 

(2.23.14) sasazRvro piroba SeiZleba Seicvalos 

     0,0v),v(:v  niin Xnn    


   -ze   (1.23.15) 

sasazRvro pirobebiT, sadac X n  aris 

X n

-is mxebi kompo-

nenti. (1.23.15) Seesabameba im SemTxvevas, roca sazRvarze 

siCqaris 
nv  normaluri mdgeneli da Zabvis veqtoris X n  

mxebi mdgeneli nulia (e.i. siTxes sazRvris gaswvriv sria-
li SeuZlia). cxadia, (1.23.15) pirobebi SeiZleba araerTgva-
rovanic iyos. 

siTxes ewodeba arakumSvadi, Tu misi nebismieri nawilis 
moculoba ucvleli rCeba (mudmivia) moZraobis dros, e.i., 
moculobiTi gafarToebis (ix. (1.9.9)) droiT warmoebuli 

0vv 


 di .               (1.23.16) 

amdenad, Tu siTxe arakumSvadia, masis Senaxvis (1.23.11) ka-
nonidan miviRebT, rom 

,0
dt

d
 

e.i., ρ mudmivia siTxis moZraobis traeqtoriebis gaswvriv. 
aqedan gamomdinare, roca siTxe erTgvarovania, rac imas 

                                                           
*) stacionaruli moZraobis SemTxvevaSi (1.23.13) pirobebi zedmetia, rad-

gan gantolebebSi ar gveqneba droiT kerZo warmoebulebi. 
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niSnavs, rom ρ ar aris sivrcis wertilis funqcia, davas-

kvniT, rom ρ = const. 

vTqvaT, ρ = const, maSin (1.23.11)-is Tanaxmad, sruldeba 

(1.23.16). 

gavawarmooT (1.23.2) xi
-is mimarT, avjamoT i-s mimarT 

1-dan 3-mde, gamoviyenoT Svarcis Teorema da gaviTvaliswi-
noT (1.23.16); maSin gveqneba, rom 

k,ii,k dip vvv  


.           (1.23.17) 

v

 da p ucnobi sidideebi sxvadasxva rols TamaSoben. 

drois yovel t momentSi, sawyisi momentis CaTvliT, p wne-
va SeiZleba gansazRvruli iqnes, rogorc (1.23.17) ganto-
lebisaTvis neimanis amocanis amonaxsni. marTlac, (1.23.16)-is 
ZaliT, (1.23.2) miiRebs 

    3,2,1,vvvv ,,  ip iiikiki      , (1.23.18) 

saxes. Tu axla (1.23.18)-s gavamravlebT ni -ze, avjamavT i-s 

mimarT da gaviTvaliswinebT erTgvarovan (1.23.14) pirobas 
(e.i.  

0v 


   -ze, roca 
0tt  ), (1.23.19) 

miviRebT 

iiii nn
n

p
 v




   -ze 

neimanis pirobas. 
dasmuli amocanebi gamokvleulia, magaliTad, [32]-Si (ix. 

agreTve [15]). navie-stoqsis gantolebebis susti (variaciu-
li) formulireba SemoRebuli iyo J. leres*) mier. 
(1.23.18) gantoleba CavweroT veqtoruli formiT: 

                                                           
*) J. lere (1906-1998). 
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  










 11
vvv

v
p

t 

 
,     (1.23.20) 

sadac 

i

i
xxxx     

    















v:v,,,:

321














, 

H0

1( ) -Ti aRvniSnoT C0

 ( ) -s Caketva H1( ) -s nor-

miT. (1.23.20) gantoleba gavamravloT satesto 

  0*vv,)(*v:*v
31

0 


 

 

  diHV ,    (1.23.21) 

veqtorze da miRebuli gamosaxuleba   areze vaintegroT. 
nawilobiTi integrebis Semdeg miviRebT, rom 

     

 ,*v,
1

v,vv*,v),(v*v),(v *

,,














jijijj tt

dt

d

    (1.23.22) 

radgan  L2

3
( ) -Si skalaruli 

  


 dxtxt ii )(v),(v:*v),(v *
 

namravli sivrciT cvladebze ar aris damokidebuli da, 
(1.23.21)-is gamo, 

   
  




0*v vv *v * ddipdSnpdp ii


. 

SemoviRoT zogierTi cneba. vTqvaT,     a b  da 

X raime banaxis sivrcea. mocemuli s-sTvis, 1  s , 

 L a b Xs ] , [;  aRniSnavs ] , [a b -ze gansazRvrul Ls  integre-
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bad funqciaTa simravles mniSvnelobebiT X-Si, romelic ba-
naxis sivrcea 

f t dt
X

s

a

b s

( )










1

 

normiT.  L a b X ] , [;  aRniSnavs ] , [a b -ze gansazRvrul 

arsebiTad SemosazRvrul funqciebs 

ess f t
a b

X
sup ( )

] , [

 

normiT, sadac esssup  (arsebiTi zeda zRvari) aRniSnavs 

nuli zomis simravlemde sizustiT sup -s ] , [a b -ze. sxva 

sityvebiT, f t( ) -s ewodeba arsebiTad SemosazRvruli, Tu 

arsebobs iseTi c const , rom TiTqmis yvelgan ] , [a b -ze 

ctf
X
)( . 

aseTi c ricxvebis qveda zRvars f t
X

( ) -is arsebiTi zeda 

zRvari ewodeba. 

Cven veZebT iseT Vt )(v


 veqtor-funqcias TiTqmis yve-

la t  0 -sTvis, romlisTvisac (1.23.22), (1.23.13) sruldeba 
ganawilebis azriT. SevniSnoT, rom  (1.23.19) sasazRvro pi-

roba gaTvaliswinebulia   31

0 )()(v
 

 Ht


 moTxovnaSi. 

L2 -TeoriaSi  (1.23.21), (1.23.13) variaciuli amocanis 

(ix. [32], gv. 343) sust amonaxsns vuwodebT amonaxsns, ro-

melic ekuTvnis  V; T,L2 [0 ] -s da  H; T,L [0 ] -s 

 T 0 , xolo Zlier amonaxsns ki iseTs, romelic 
ekuTvnis  

  32

2 )(;[,0 ]
 

  HVTL  da  V; T,L  [0 ] -s   T 0 , 

sadac 
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  0v,0v v,)(v:
3

2 
 

    
 


ndiLH


. 

 R 2
-isTvis formulirebebi analogiuria. 

dRevandlamde miRebuli Sedegebis SejamebiT SeiZleba 
davaskvnaT Semdegi (ix. [32], gv. 344): 

vTqvaT,  R 2
, maSin amocana koreqtulia adamaris*) 

azriT: susti da Zlieri amonaxsnebi arseboben da erTader-
Tni arian, Tu monacemebi sakmarisad regularulia, da Sesa-
bamis sivrceebSi uwyvetad arian damokidebulni monacemebze. 

vTqvaT,  R 3
, maSin Zlieri amonaxsni arsebobs da 

erTaderTia raime [0 ]  *T,  intervalze, sadac T * damoki-

debulia monacemebze (faqtobrivad Sedegi lokaluria); 
susti amonaxsni arsebobs ] , [0   intervalze. susti 

amonaxsnis erTaderTobis sakiTxi Ria problemaa, iseve, 
rogorc Zlieri amonaxsnis arsebobis sakiTxi drois 
nebismieri intervalisTvis (e.i. globaluri amonaxsnis). 

cxadia, iseve, rogorc R 2
-Si, roca Zlieri amonaxsni 

arsebobs, is imdenad gluvia, ramdenadac amis saSualebas 

monacemebi da aris geometria iZleva, C 
 regularobisa da 

analizurobis CaTvliT. 

Tavi VI. plastikurobis Teoria 

$1.24. drekad-plastikuri da plastikuri sxeulebi 

drekadobis Teoriisagan gansxvavebiT plastikurobis 
Teoria Seiswavlis iseT sxeulebs, romlebic TavianTi bu-
nebiT ar eqvemdebarebian drekadobis kanonebs. saxeldobr, 
Tu sxeuls mTlianad movxsniT gare datvirTvas, is ar 
                                                           
*) J. adamari (1865-1963). 
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daibrunebs Tavis sawyis formas, e.i. eqneba narCeni defor-
macia (ix. $12 da agreTve [55]). 

Tu sxeuls Tavidanve ar aqvs drekadi Tvisebebi (ix. nax. 
1.24.1), maSin mas plastikuri sxeuli ewodeba. Tu sxeuls 
datvirTvis pirvel stadiaze aqvs drekadi Tvisebebi (ix. 
nax. 1.24.2), xolo datvirTvis Semdeg stadiaze mas uCndeba 
narCeni deformaciebi, maSin sxeuls drekad-plastikuri 
sxeuli ewodeba. 

plastikurobis maTematikuri Teoria Seiswavlis sxeu-
lis deformirebis mTel process, xolo plastikurobis 
gamoyenebiTi Teoria Seiswavlis sxeulis mxolod zRvrul 
mdgomareobas deformaciis saSualedo etapebis gamokvlevis 
gareSe. 

   nax. 1.24.1        nax. 1.24.2 

O O 

X11 

e
11

 e
11

 

X11 

d 

d 
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$1.25. Zabvebisa da deformaciis intensiuroba 

iseve rogorc drekadobis TeoriaSi, plastikurobis 

TeoriaSic Φi, i  1 2 3, , , moculobiTi Zalebisa da Xni, 

i  1 2 3, , , zedapiruli Zalebis moqmedebis Sedegad gamowveu-

li daZabuli mdgomareoba xasiaTdeba Zabvis Xij simetriuli 
tenzoriT. isini erTmaneTTan arian dakavSirebulni wonas-
worobis (statikis amocanebis ganxilvis dros) (1.3.5) gan-
tolebebiT, xolo sxeulis zedapirze (1.2.1) damokidebu-
lebebiT. daZabuli mdgomareobis dasaxasiaTeblad (1.5.7) an 
(1.5.8) invariantebTan erTad plastikurobis TeoriaSi ga-
moiyeneba agreTve Semdegi invariantuli sidide 

   

     ,6

3

1
:

2

1
2

31

2

23

2

12

2

1133

2

3322

2

2211

 

 

 

XXXXX

XXXX




i


     (1.25.1) 

romelsac mxebi Zabvebis intensiuroba ewodeba. 
(1.25.1)-is nacvlad xSirad iyeneben mis eqvivalentur 

ii


2

3
                (1.25.2) 

sidides, romelsac Zabvebis intensiuroba ewodeba. (1.25.1)-
Si koeficienti isea SerCeuli, rom martivi gaWimvis dros 
(ix. $ 1.12) Zabvebis intensiuroba daemTxves gamWimav Zabvas. 

marTlac, x1  mimarTulebiT martivi gaWimvis dros 

X11≥ 0,  X11≢0,  X22=X33=0;  Xij=0,  Tu i j . 

Tu am sidideebs CavsvamT (1.25.1)-Si, xolo miRebuls 
(1.25.2)-Si, miviRebT, rom 

11

2

11

2

11
2

1
XXX 

i
 . 
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plastikurobis TeoriaSi ZalaSia agreTve drekadobis 
Teoriis geometriuli damokidebulebebi. daZabuli sxeulis 

deformirebul mdgomareobas axasiaTebs deformaciis eij
, 

i j, , , 1 2 3 , tenzori, romelic geometriulad wrfiv Sem-

TxvevaSi ui
, i  1 2 3, , , gadaadgilebebTan dakavSirebulia 

(1.6.3) formulebiT. eij
, i j, , , 1 2 3 , unda akmayofilebdnen 

sen-venanis Tavsebadobis (1.11.4) pirobebs. 
(1.9.6) an (1.9.7) invariantebTan erTad plastikurobis 

TeoriaSi gamoiyeneba agreTve Semdegi invariantuli sidide: 

   

     ,6

3

2
:

2

1
2

31

2

23

2

12

2

1133

2

3322

2

2211
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


i


       (1.25.3) 

romelsac deformaciis intensiuroba ewodeba. (1.25.3)-Si 
koeficienti isea SerCeuli, rom martivi gaWimvis dros 
deformaciis intensiuroba daemTxves fardobiT wagrZele-
bas gaWimvis mimarTulebiT. marTlac, Tu puasonis koefi-

cienti  
1

2
, maSin x1  mimarTulebiT martivi gaWimvis 

dros 

e11 ≥ 0,   e11≢0,  e22 = e33 = ;
2

1
11e   eij=0,  Tu i j . 

Tu am sidideebs CavsvamT (1.25.3)-Si, miviRebT, rom 

11

2

1111

2

1111
2

1

2

1

3

2
eeeee 



















i
 . 

plastikuri deformaciis kanonebi imazea damokidebuli, 
izrdeba Tu mcirdeba datvirTva. amis Sesabamisad arsebobs 
ori saxis deformacia: aqtiuri da pasiuri. 
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martivi gaWimvis an sufTa Zvris SemTxvevaSi es cnebebi 
advili gansasxvavebelia. aqtiuri ewodeba deformacias, ro-
ca Zabvis absoluturi sidide izrdeba, xolo pasiuri _ 
roca Zabvis absoluturi sidide mcirdeba. 

rTuli daZabuli mdgomareobis dros plastikuri de-
formacia SeiZleba moxdes Zabvebis sxvadasxva Tanafardobis 
dros. aseT SemTxvevaSi sxeulis elementis deformacias 

drois mocemul momentSi ewodeba aqtiuri, Tu Zabvebis 
i

  

intensiurobis mniSvneloba metia yvela mis wina mniSvnelo-

baze, xolo pasiuri _ Tu Zabvebis 
i

  intensiurobis mniS-

vneloba naklebia erTze mainc mis wina mniSvnelobebs So-
ris. aqtiuri deformaciis dros plastikuri (e.i. narCeni) 
deformacia izrdeba, xolo pasiuri deformaciis dros _ 
mcirdeba. aqtiur deformacias ewodeba datvirTvis proce-
si, xolo pasiurs _ gantvirTvis procesi. 

plastikuri deformaciis kanonebze arsebiT gavlenas ax-
dens sxeulis datvirTvis xasiaTic. amis Sesabamisad ansxva-
veben datvirTvis or saxes: martivs da rTuls. martivi 
datvirTva ewodeba datvirTvis iseT process, roca gare 
Zalebi maTi modebis sawyisi momentidanve ise izrdebian, 
rom inarCuneben mudmiv Tanafardobas erTmaneTs Soris, e.i. 
icvlebian saerTo parametris proporciulad. datvirTvis 
aseTi cvlileba uzrunvelyofs nebismieri formis mqone 
sxeulis nebismier wertilSi mTavari Zabvebisa da mTavari 
deformaciebis RerZebis ucvlelobas nebismieri sididisa 
da mimarTulebis datvirTvebis pirobebSi. rTuli datvir-
Tva ewodeba datvirTvis iseT process, roca Tundac erTi 
gare Zalis zrdis dros danarCeni Zalebi am Zalis 
proporciulad ar izrdebian. 
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$1.26. hukis gardaqmnili kanoni 

hukis (1.12.9) kanonSi X ii
-s Semcveli 

X eii ii  2              (1.26.1) 

tolobebis orive mxares gamovakloT  

 0
3

:
X ii                  (1.26.2) 

saSualo mniSvneloba. maSin 

X e iii ii       0 02 12 3, , , .    (1.26.3) 

SemoviRoT aRniSvna 




0
3 3

: 
eii .               (1.26.4) 

(1.26.1) avjamoT i-s mimarT 1-dan 3-mde, miRebuli Sedegi 
gavyoT 3-ze da gaviTvaliswinoT (1.26.2), (1.12.23), (1.12.24) 
da (1.26.4): 

 






 


0 0 0

3 1 2 1 2

2 1

1 2
 










k

E E

( )

( )
.  (1.26.5) 

(1.12.24)-is Tanaxmad 









2

1 2
.              (1.26.6) 

CavsvaT (1.26.3)-is marjvena mxareSi (1.26.5) da (1.26.6) 
gamosaxulebebi da gaviTvaliswinoT (1.26.4): 

,
21

24
2

21

)1(2
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21
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
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
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
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
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
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iiii

e

eX

 

saidanac 
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 X e iii ii     0 02 1 2 3, , , .      (1.26.7) 

am sam damokidebulebas davamatoT darCenili sami damokide-
buleba hukis (1.12.9) kanonidan: 

X e i j i jij ij  2 12 3 , , , , , .        (1.26.8) 

(1.26.7), (1.26.8) formulebi erTmaneTTan akavSireben Zabvis 

X X X X i j i jii ii ij ij' : , ' , , , , ,     0 12 3 , (1.26.9) 

tenzorsa da deformaciis 

e e e e i j i jii ii ij ij' : , ' , , , , ,     0 12 3 ,   (1.26.10) 

tenzors, romelic Seesabameba (1.26.9) formulebiT moce-

mul Zabvis X ij'  tenzoris moqmedebiT gamowveul sxeulis 

formis cvlilebas. (1.26.10)-isa da (1.26.4)-is Tanaxmad, 

 ' : '   e eii ii 3 00 . 

amdenad, (1.26.7), (1.26.8) damokidebulebebiT aRwerili de-
formacia xdeba moculobis cvlilebis gareSe. 

Tu (1.26.7) tolobebs i-s sxvadasxva mniSvnelobebisaTvis 
wyvil-wyvilad erTmaneTs gamovaklebT, miviRebT, rom 

 

 

 .2
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       (1.26.11) 

(1.26.8) da (1.26.11)-dan cxadia, rom 
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     (1.26.12) 

Tu sakoordinato RerZebad mTavar mimarTulebebs aviRebT, 
maSin (1.26.12) miiRebs 
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     
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e e e e e e
     (1.26.13) 

saxes. 
Tu (1.25.3)-Si CavsvamT deformaciebis mniSvnelobebs, gan-

sazRvruls (1.26.12)-dan da gaviTvaliswinebT (1.25.1), 
(1.25.2)-s, maSin miviRebT, rom 






3

i

i
 , e.i., 

i

i






3
 .        (1.26.14) 

 (1.26.7), (1.26.8) da (1.26.13) damokidebulebebSi (1.26.14)-is 
Casmis Semdeg gveqneba, rom 

 

,3,2,1,

,,
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 (1.26.15) 

i
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eeeeee
.     (1.26.16) 

$1.27. plastikurobis pirobebi 

plastikurobis Teoriis amocanebis amoxsnis dros xSi-
rad aucilebelia imis codna, Tu ra pirobebSi gadadis 
sxeuli gansaxilvel wertilSi drekadi mdgomareobidan 
plastikur mdgomareobaSi. am pirobebs plastikurobis pi-
robebi ewodebaT. 

wrfivi daZabuli mdgomareobis dros (ix. $ 1.12) plas-
tikurobis piroba eqsperimentis saSualebiT dgindeba. am 

SemTxvevaSi, magaliTad,  1 mTavari Zabva gansxvavebulia nu-

lisagan, xolo danarCeni ori  2 3 0   da plastikuri 

deformaciebi maSin warmoiSveba, roca (ix. nax. 1.24.2) 
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d
 1 ,                  (1.27.1) 

sadac 
d

  aris denadobis zRvari, romelic masalazea da-

mokidebuli da mudmivi sididea TiToeuli masalisaTvis. 
sufTa Zvris dros (ix. $ 1.12) plastikurobis piroba 

kvlav eqsperimentis saSualebiT dgindeba da 

d
23X , 

sadac 
d
  denadobis zRvaria sufTa Zvris dros. es sidi-

dec masalazea damokidebuli da mudmivi sididea TiToeuli 
masalisaTvis. 

brtyeli (ix. qvemoT $2.2) da moculobiTi (e.i., roca 
Zabvis tenzoris arcerTi komponenti ar aris igivurad nu-
lis toli) daZabuli mdgomareobis zogad SemTxvevaSi 
plastikurobis pirobebis dadgena eqsperimentis saSualebiT 
SeuZlebelia. amitom es pirobebi dgindeba hipoTeturad, 
Semdgomi eqsperimentuli SemowmebiT. 

sen-venanis plastikurobis pirobis Tanaxmad, sxeulSi 
plastikuri deformacia warmoiSoba maSin, roca maqsimalu-
ri mxebi Zabva miaRwevs sufTa Zvris dros denadobis 
zRvars, e.i. roca (ix. (1.5.23)) 

d




 



2

31

max .            (1.27.2) 

Tu (1.27.1)-s (aq imasac viTvaliswinebT, rom am SemTxvevaSi 

 3 0 ) CavsvamT (1.27.2)-Si, maSin 

d

d 


 
2

max .              (1.27.3) 

(1.27.2) da (1.27.3)-dan gamomdinareobs, rom 

d
  31 .               (1.27.4) 

(1.27.4) gaxlavT swored sen-venanis plastikurobis piroba, 
romelsac masalaTa gamZleobaSi simtkicis mesame Teoriasac 
uwodeben. 
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huber*)-mizes**)-henkis***) plastikurobis pirobis Tanax-
mad sxeulSi plastikuri deformacia aRiZvreba maSin, roca 
mxebi Zabvebis intensiuroba miaRwevs raRac mniSvnelobas, 
romelic sxeulis gvarobazea damokidebuli da mudmivia 
TiToeuli masalisaTvis: 

C
i
 .                  (1.27.5) 

ganvsazRvroT es mudmivi martivi gaWimvis eqsperimentze 
dayrdnobiT. (1.27.1)-is Tanaxmad 

0, 321  
d

. 

Tu am mniSvnelobebs CavsvamT (1.25.1)-Si, miviRebT mxebi da-
Zabulobebis intensiurobis Semdeg mniSvnelobas gaWimvisas 
plastikuri deformaciebis aRZvris momentSi: 

dddi


3

2

3

1 22  .         (1.27.6) 

(1.27.5)-isa da (1.27.6)-is SedarebiT vaskvniT, rom 

d


3

2
C .                  (1.27.7) 

(1.25.1)-isa da (1.27.7)-is (1.27.5)-Si Casmis Semdeg miviRebT 
huber-mizes-henkis plastikurobis pirobas Semdegi saxiT: 

   

     .6

2

1

2

1
2
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2
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2
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d

 

 

 





XXXXX

XXXX

   (1.27.8) 

(1.27.8), Tu gaviTvaliswinebT (1.25.2)-s, SeiZleba CavweroT  

di
   

saxiTac. 

                                                           
*) m. t. huberi (1872-1950). 
**) r. mizesi (1883-1953). 
***) h. henki (1885-1951). 
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masalaTa gamZleobaSi (1.27.8) plastikurobis pirobas 
simtkicis meoTxe Teoriasac uwodeben. 

plastikurobis orive es piroba daaxloebiT erTnair Se-
degs gvaZlevs. 

$1.28. mcire drekad-plastikuri deformaciebis Teoria 

dReisaTvis arsebobs sxvadasxva avtoris mier sxvadasxva 
dros SemoTavazebuli plastikurobis mravali Teoria. es 
Teoriebi SeiZleba or jgufad daiyos. 

pirvel jgufs ganekuTvnebian drekad-plastikuri Teo-
riebi, romlebic efuZnebian Zabvebisa da deformaciebis da-
makavSirebel gantolebebs. 

meore jgufs ganekuTvnebian plastikuri dinebis Teorie-
bi, romlebic efuZnebian Zabvebisa da deformaciis siCqaree-
bis damakavSirebel gantolebebs. 

martivi datvirTvisa da mcire deformaciebis pirobebSi 
plastikurobis yvela cnobili Teoria warmoadgens plas-
tikurobis erTi zogadi Teoriis _ mcire drekad-plasti-
kuri deformaciebis Teoriis kerZo SemTxvevas. aRniSnuli 
zogadi Teoria emyareba eqsperimentebis Sedegebis ganzoga-
debiT miRebul Semdeg sam kanons. 

pirveli kanoni _ moculobis cvlilebis kanoni. myari 
sxeulis, rogorc aqtiuri, ise pasiuri drekad-plastikuri 
deformaciebis dros moculobiTi deformacia yovelTvis 
drekadia da eqvemdebareba hukis (ix. (1.26.5)) 

 0  k                    (1.28.1) 

kanons. 
plastikurobis TeoriaSi amocanebis gamartivebis mizniT 

uSveben, rom masala arakumSvadia, e.i.   0 -s. radgan sa-
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Sualo Zabva  0
 ar aris nuli, amitom (1.28.1)-Si unda da-

vuSvaT, rom 

k
E




 
3 1 2( )

. 

aqedan ki gamomdinareobs, rom arakumSvadi masalisaTvis 

 
1

2
.                (1.28.2) 

Tu (1.28.2)-s CavsvamT (1.12.24)-is meoreSi, maSin 

 
E

3
. 

meore kanoni _ formis cvlilebis kanoni. martivi dat-
virTvis pirobebSi aRZruli drekad-plastikuri deforma-
ciebis dros Zabvisa da deformaciis mTavari RerZebi 
erTmaneTs emTxvevian da samarTliania (1.26.16) Tanafardo-
bebi. aseve samarTliania (1.26.15) damokidebulebebi. marTa-
lia, es eqvsi formula srulad damoukidebelni ar arian. 
marTlac, Tu maTgan pirvel sams wevr-wevrad SevkrebT da 
gaviTvaliswinebT (1.26.2)-sa da (1.26.4)-s, miviRebT, rom 

00  -s. amdenad, gvaqvs xuTi gantolebisgan Semdgari sis-
tema eqvsi ucnobiT. 

mesame kanoni _ aqtiuri deformaciis pirobebSi Zabvebis 

i
  intensiuroba mocemuli masalisaTvis aris deformaciis 

i
  intensiurobis savsebiT garkveuli 

 
ii
                   (1.28.3) 

funqcia. 
martivi datvirTvis pirobebSi Catarebuli mravalricxo-

vani eqsperimentis Sedegebis damuSavebam gviCvena, rom 
i

 -

sa da 
i

 -s Soris damokidebulebebis diagramebi msgavsia. 

(1.28.3)-is Tanaxmad es imas niSnavs, rom 
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 X e11 11  .                 (1.28.4) 

amrigad, (1.28.4) damokidebuleba nebismieri (wrfivi, brtye-
li an moculobiTi) daZabuli mdgomareobisaTvis SeiZleba 
dadgindes martivi gaWimvisaTvis Catarebuli cdebiT. 

$1.29. iliuSinis Teorema gantvirTvis Sesaxeb 

vTqvaT, raime sxeulisaTvis, romelzec moculobiTi da 
gare zedapiruli Zalebi moqmedeben, plastikurobis amocana 
amoxsnilia. es imas niSnavs, rom sxeulis yovel wertilSi 
napovnia Zabvebi, deformaciebi da gadaadgilebebi. drekado-
bis zRvars miRma sxeulis deformaciis mniSvnelovan Tavi-
seburebas warmoadgens gantvirTvis xasiaTi. 

mTeli sxeulis gantvirTva ewodeba gare Zalebis cvli-
lebis iseT process, roca sxeulis yvela im nawilSi, sa-

dac plastikuri deformacia moxda, Zabvis 
i

  intensiuro-

ba erTdroulad iwyebs Semcirebas. es imas niSnavs, rom 
sxeuli aqtiuri deformaciis stadiidan gadadis pasiuri 
deformaciis stadiaSi. 

iliuSinis*) Teorema gantvirTvis Sesaxeb. sxeulis wer-
tilis gadaadgilebebi gantvirTvis stadiis raime momentSi 
gansxvavdebian maTi mniSvnelobebisagan gantvirTvis dawyebis 
momentSi im drekadi gadaaadgilebebis sididiT, romlebic 
aRiZvrebodnen sxeulSi, Tu bunebriv mdgomareobaSi masze 
modebuli iqneboda aRniSnul momentebSi sxeulze moqmedi 
gare Zalebis sxvaobis toli gareSe Zalebi. igive samar-
Tliania Zabvebisa da deformaciebisaTvis. 

aqedan rogorc Sedegi gamomdinareobs narCeni Zabvebis, 
deformaciebis da gadaadgilebebis Sesaxeb Teorema: Tu 

                                                           
*) a. a. iliuSini (1911-1998). 
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sxeulisaTvis amoxsnilia plastikurobis amocana da gare 
Zalebis mocemul mniSvnelobebs Seesabameba WeSmariti 
wonasworobis mdgomareoba da, garda amisa, amoxsnilia dre-
kadobis Teoriis amocana, e.i. imave gare Zalebs Seesabameba 
drekadi wonasworobis fiqtiuri mdgomareoba, maSin sxeu-
lis sruli gantvirTvis Semdeg masSi darCebian Zabvebi, 
deformaciebi da gadaadgilebebi, romlebic WeSmarit da 
fiqtiur mdgomareobebSi maTi mniSvnelobebis sxvaobebis 
tolia. amasTan igulisxmeba, rom gantvirTvis Semdeg narCe-
ni Zabvebi ar gadian drekadobis farglebidan. 

am Teoremidan gamomdinareobs gantvirTvis dros Zabve-
bis, deformaciebisa da gadaadgilebebis gansazRvris Semdegi 
sqema: 

1. plastikurobis Teoriis gantolebebidan vsazRvravT 
Zabvebs, deformaciebsa da gadaadgilebebs, romlebic gan-
tvirTvis dawyebamde udidesi datvirTviT aRiZvrebian. 

2. drekadobis Teoriis gantolebebis saSualebiT vsaz-
RvravT Zabvebs, deformaciebsa da gadaadgilebebs, romlebic 
gantvirTvamde udides datvirTvasa da gantvirTvis Semdeg 
darCenil datvirTvas Soris sxvaobis toli datvirTviT 
aRiZvrebian. 

3. udidesi datvirTvis pirobebSi miRebul Zabvebs, defo-
rmaciebsa da gadaadgilebebs vaklebT gantvirTvis sididis 
tol (e.i. ra sididiTac Semcirda datvirTva) datvirTvis 
Sesabamis Zabvebs, deformaciebsa da gadaadgilebebs. swored 
es sxvaobebi iqnebian Zabvebis, deformaciebisa da ga-
daadgilebebis mniSvnelobebi gantvirTvis gansaxilvel mo-
mentSi. 

 

$1.30. plastikurobis Teoriis amocanebis dasma 
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plastikurobis TeoriaSi veZebT sam x1
, x2

, x3
 cvlad-

ze damokidebul Semdeg 17 ucnob sidides: X11
, X 22

, X 33
, 

X12
, X 23

, X 31
 Zabvebs, e11

, e22
, e33

, e12
, e23

, e31
 de-

formaciebs, u1
, u2

, u3
 gadaadgilebebs da Zabvis 

i
  da 

deformaciis 
i

  intensiurobebs. isini unda ganisazRvron 

17 gantolebidan. esenia wonasworobis sami (1.3.5) gantole-
ba; Zabvebisa da deformaciebis damakavSirebeli eqvsi 
(1.26.15) fizikuri gantoleba, romelTagan xuTia damouki-
debeli da amitom meeqvse gantolebad viRebT (1.28.1)-s; ko-
Sis eqvsi (1.6.3) geometriuli formula; (1.28.3) damokide-
buleba Zabvisa da deformaciis intensiurobebs Soris da 
deformaciis intensiurobis (1.25.3) gamosaxuleba. 

garda amisa, unda dakmayofildes (1.2.1) pirobebi sxeu-

lis zedapirze, sadac Xni , i  1 2 3, , , sidideebia mocemuli. 

plastikurobis Teoriis amocanebis amoxsnis dros gamoi-
yeneba igive xerxebi, rac drekadobis TeoriaSi: amoxsna Zab-
vebSi, gadaadgilebebSi da Sereuli xerxi. 

drekadobis Teoriis msgavsad plastikurobis Teoriis 
amocanebis amosaxsnelad gamoiyeneba pirdapiri, Sebrunebuli 
da naxevradSebrunebuli meTodebi. 
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A 

absoluturad myari sxeuli, 10 

absoluturi Zvra, 65 

adgilobrivi denadoba, 80 

afinuri asaxva, 54 

anizotropuli, 83 

aqtiuri deformacia, 133 

araerTgvarovani anizotropuli, 83 

arakumSvadi siTxe, 126 

araniutoniseuli fluidebi 
(siTxeebi), 92 

arsebiTad SemosazRvruli, 128 

arsebiTi zeda zRvari, 129 

B 

barotropuli siTxe, 125 

beltrami–miCelis Tavsebadobis 
pirobebi, 99 

betis igiveoba, 93 

blanti siTxe, 91 

brtyeli daZabuli mdgomareoba, 38 

C 

Cezaros formulebi, 76 

D 

dalamberis principi, 10 

datvirTvis procesi, 134 

deformacia, 10, 47 

deformaciis intensiuroba, 133 

deformaciis komponentebi, 60 

deformaciis potencialuri 
energia, 106 

deformaciis tenzori, 60, 66 

deformaciis zedapiri, 68 

deformadi myari sxeulebis 
meqanika, 11 

deformadi myari sxeuli, 10 

deformirebuli (mocemuli) 
mdgomareoba, 106 

denadobis zRvari, 80, 137 

dinamikis pirveli ZiriTadi 
amocana, 102 

diuhamel-neimanis kanoni, 89 

diuhamel-neimanis 
Termogantolebebi, 109 

drekadi mudmivebi, 82 

drekadoba ewodeba, 11 

drekadobis moduli, 87 

drekadobis Teoria, 11 

drekadobis Teoriis amocanebis 

amoxsnis meTodebi, 113 

drekadobis Teoriis sasazRvro 

amocanebi, 96 

drekadobis Teoriis ZiriTadi 

sasazRvro amocanebi, 95 

drekadobis zRvari, 79 

drekad-plastikuri sxeuli, 130 

E 

eileris cvladebi, 119 

eileris gantolebebi, 121 

eileris kuTxeebi, 53 

eileris meTodi, 118 

energiis Senaxvis kanoni, 106 

erTgvarovani, 83 

erTgvarovani deformacia, 56 

erTgvarovani Zvra, 65 
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F 

fardobiT wagrZeleba, 66 

fardobiTi temperaturuli 
gafarToeba, 89 

fardobiTi Zvra, 65 

formis cvlilebis kanoni, 141 

G 

gadaadgilebis veqtori, 48, 70 

gamyarebis principi, 11 

ganmtkicebis mdgomareoba, 80 

gantvirTvis procesi, 134 

H 

hidroaeromeqanika, 11 

hidrodinamikuri wnevis veqtori , 91 

hiolderis maCvenebeli., 117 

huber-mizes-henkis 
plastikurobis piroba, 138 

hukis diagrama, 78 

I 

idealuri siTxe, 90 

iliuSinis Teorema gantvirTvis 
Sesaxeb, 142 

inerciis kanoni, 9 

inerciis Zala, 10 

invariantuli forma, 28 

invariantuli integrali, 28 

iungis moduli, 87 

izotropuli sxeuli, 82 

K 

kinetikuri energiaa, 104 

klapeironis Teorema, 112 

konstitutivuri 
damokidebulebebi, 81 

kontravariantuli tenzori, 26 

kovariantuli tenzori, 26 

kronekeris simbolo, 27 

kveTis meTodi, 17 

L 

lagranJis cvladebi, 78, 118 

lagranJis meTodi, 118 

lames gantolebebi, 96 

laqs – milgramis Teorema, 116 

M 

maqsvelis siTbogamtarobis 
koeficienti, 109 

martivi datvirTva, 134 

martivi Zvra, 65 

masalaTa gamZleoba, 12 

masobrivi Zala, 15 

materialur obieqti, 8 

mcire drekad-plastikuri 

deformaciebis Teoria, 140 

meqanika, 8 

meqanikuri moZraoba, 8 

moculobis cvlilebis kanoni, 

140 

moculobis fardobiTi 
gafarToeba, 69 

moculobiTi Zala, 15 

moris wreebi, 45 

mTavari momenti, 16 

mTavari RerZebi, 84 

mTavari Zabva, 29 

mTeli sxeulis gantvirTva, 142 

muSaoba, 103 
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mxebi mdgeneli, 19 

mxebi Zabvebis intensiuroba, 132 

N 

nakrebi momenti, 10 

nakrebi veqtori, 10 

narCeni deformacia, 130 

narCeni Zabvebi, 142 

narCeni Zabvebis, deformaciebis 
da gadaadgilebebis Sesaxeb 
Teorema, 142 

navie-stoqsis gantolebebi, 121 

navie-stoqsis gantolebebis 

susti (variaciuli) 
formulireba, 127 

niutonis kanonebi, 8 

niutoniseuli fluidebi 
(siTxeebi), 92 

normaluri mdgeneli, 19 

O 

ozeenis gantolebebi, 122 

P 

pasiuri deformacia, 133 

plastikuri deformacia, 11 

plastikuri sxeuli, 130 

plastikuroba, 11 

plastikurobis gamoyenebiTi 
Teoria, 130 

plastikurobis pirobebi, 137 

plastikurobis Teoria, 11, 130 

proporciulobis zRvari, 79 

puasonis koeficienti, 87 

Q 

qmedebisa da ukuqmedebis kanoni, 

9 

R 

rTuli datvirTva, 134 

S 

samSeneblo meqanika, 12 

sen-venanis plastikurobis 
pirobis, 138 

sen-venanis principi, 112 

siblantis funqcia, 92 

siblantis koeficienti, 92 

simkvrive, 15 

simtkicis meoTxe Teoria, 139 

simtkicis zRvari, 81 

siTbogamtarobis gantoleba, 109 

sobolevis sivrce, 114 

stoqsis gantolebebi, 122 

susti amonaxsni, 129 

sxeulis deformaciis 
potencialuri energia, 106 

sxeulis drekadi wonasworoba, 
95 

T 

Tavsebadobis sen-venanis 
pirobebi, 76 

temperaturuli gamtarobis 
koeficienti, 109 

temperaturuli Zabvebi, 89 

Teoriuli meqanika, 8 
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U 

usasrulod mcire asaxva, 57 

uwyvet garemoTa (sxeulTa) 
meqanika, 11 

uwyveti garemo, 8 

uwyvetobis gantoleba eileris 

cvladebSi, 125 

V 

vandermondis determinanti, 42 

W 

wneva, 90, 91 

wonasworobis gantolebebi, 23 

wonasworobis mdgomareoba, 10 

wrfivi daZabuli mdgomareoba, 39 

wrfivi gafarToebis 
temperaturuli koeficienti, 

89 

X 

xaxunis Zala, 91 

xisti gadaadgileba, 48 

xvedriTi siTbotevadoba, 109 

Y 

yovelmxriv SekumSvis moduli, 

88 

Z 

Zabvis mTavari mimarTuleba, 29 

Zabvis tenzori, 20, 24 

Zabvis tenzoris invariantebi, 32 

Zabvis tenzoris mTavari 
komponentebi, 30 

Zabvis zedapiri, 33 

Zalis momenti, 9 

Zalisa da aCqarebis 
proporciulobis kanoni, 9 

zedapiris mTavari RerZi, 35 

zedapiruli Zala, 15, 16 

ZiriTadi Sereuli sasazRvro 

amocana, 96 

Zlieri amonaxsni, 129 

Zvris kuTxe, 65 

Zvris moduli, 88 
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