
 1 

 

 

u S a n g i  g o g i n a v a  
 
 
 
 
 
 
 

m a T e m a t i k u r i  a n a l i z i   I I  
 
 

programa Maple-is gamoyenebiT 
 
 
 
 
 
 
 

saleqcio kursi 
 
 
 
 
 
 
 

 
 

T b i l i s i  2 0 0 7  
 
 



 2 

 
 

T a v i  I  
 

funqciaTa mimdevrobebi da mwkrivebi 
 
 

1.1. funqciaTa mimdevrobebis wertilovani da 
Tanabari krebadoba  

 

gansazRvreba 1.1.1.  vTqvaT X nebismieri obieqtTa simravlea da fn:      

X  , n=1,2,... X simravleze gansazRruli funqciaTa mimdevrobaa. vityviT, 

rom {fn: n1} funqciaTa mimdevroba krebadia xX wertilSi, Tu ricxviTi 

mimdevroba {fn(x): n1} aris krebadi. 

 

gansazRvreba 1.1.2. yvela im xEX simravles, romelSic {fn: n1} 
funqciaTa mi-mdevroba aris krebadi krebadobis simravles uwodeben. 

 
 

gansazRvreba 1.1.3. xE-Tvis f(x)= lim
n

 fn(x) uwodeben {fn(x): n1} funq-

ciaTa mimdevrobis zRvariT funqcias. 

 
magaliTi 1.1.1. vTqvaT fn(x):=x

n
, x[0,1], n=1,2,..., maSin cxadia, rom 

 
0, [0,1),

1, 1.

x
f x

x


 



Tu 

Tu  
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magaliTi 1.1.2.  fn(x)=
sin nx

n
, n=1,2,..., funqciaTa mimdevroba krebadia     

f (x)0 funqciisaken. 
  

 
 

 
 
maSasadame, funqciaTa mimdevrobis wertilovani krebadobis cneba SeiZ-

leba Camoyalibdes Semdegnairad: 

 

ganmarteba 1.1.3. (fnf, xE):=(>0, xE, N=N(,x), n: n>N(,x),  | fn (x)- 

f (x)|< ). 
 

ganmarteba 1.1.4. (fn  f, xE):=(>0, N=N(), n: n>N(), | fn (x)- f (x)| <,  
xE).  

 

funqciaTa ojaxi {fn(x): n1} ar aris Tanabrad krebadi niSnavs, rom   

0 >0, nN, xnE, | fn (xn) - f (xn)|0. 
 
advili dasanaxia, rom Tu funqciaTa mimdevroba Tanabrad krebadia  

raRac simravleze, maSin is krebadia am simravlis yovel wertilSi. piri-
qiT sazogadod samarTliani ar aris - arsebobs funqciaTa mimdevroba, 
romelic (0,1) intervalis yvela werilSi krebadia, magram Tanabrad kre-
badi ar aris. 

 

magaliTi 1.1.3. fn (x)=1/(nx+1). 
 

advili dasanaxia, rom fn (x)0, 0<x<1. meore mxriv, funqciaTa es mimdev-

roba Tanabrad krebadi ar aris. marTlac, vTqvaT 0=1/2, xn=1/n;  maSin       

| fn (xn)|  =1/2=0. 
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aRvniSnoT  

n(x):=|f(x)- fn(x)|, n:= sup
x E

|f(x)- fn(x)|. 

cxadia, rom 

n(x) n.  
davamtkicoT, rom {fn: n1} funqciaTa mimdevrobis Tanabrad krebadoba eq-

vivalenturia n ricxviTi mimdevrobis nulisken krebadobis. marTlac, 

vTqvaT, fn  f E simravleze, maSin >0, xE, N=N(), n: n>N(), n . es imas 
niSnavs, rom  

n0, n.  

piriqiT, vTqvaT n0, n. maSin >0, xE, N=N(), n: n>N(), n<da 

>0, N=N(), n: n>N(), |f(x)- fn(x)|<,  xE. es ki niSnavs, rom fn  f  E sim-
ravleze. 

Teorema 1.1.1. (koSis kriteriumi) imisaTvis rom funqciaTa {fn: n1} 

mimdevroba {fn: n1} iyos Tanabrad krebadi E-ze aucilebeli da sakmari-

sia, rom >0, N=N(), n,m: n,m>N(),xE,  

| fn (x)- fm(x)|<.                                                  (1.1.1) 

   damtkiceba. jer davamtkicoTAucilebloba. vTqvaT fn  f E simravleze, 

maSin >0,  N(), n: n>N(), |fn(x)- f (x)|</2,  xE; saidanac n,m: n,m>N(),xE, 
miviRebT 

| fn (x)- fm(x)| | fn (x)- f (x)|+ | f (x)- fm(x)|<. 
sakmarisoba. dafiqsirebuli xE-Tvis, {fn(x): n1} mimdevroba warmoad-

gens ricxviT mimdevrobas, romelic krebadia Teoremis pirobis ZaliT. 

maSasadame Cven davamtkiceT, rom {fn: n1} funqciaTa mimdevroba krebadia 

yovel xE wertilSi. Cveni mizania davamtkicoT, rom fn  f E simravleze. 

Tu (1.1.1)-Si gadavalT zRvarze, roca m, miviRebT rom >0,  N(), n: 

n>N(), |fn(x)- f (x)|,  xE. 

maSasadame fn  f E simravleze.                                          
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1.2. funqciaTa mwkrivis Tanabari krebadoba 
 
 

vTqvaT un(x): X, n=1,2,... funqciaTa mimdevrobaa. ganvixiloT Semdegi  

mwkrivi 

 
1

n

n

u x




 .                               (1.2.1) 

ganmarteba 1.2.1. vityviT, rom mocemuli funqciaTa mwkrivi aris wer-
tilovnad an Tanabrad krebadi, Tu (1.2.1) mwkrivis Sesabamisi kerZo jame-
bisgan  

Sm(x)=  
1

m

n

n

u x


 , m=1,2,.... 

Sedgenili funqciaTa mimdevroba aris, Sesabamisad, werilovnad an Tanab-
rad krebadi.  

 

Teorema 1.2.1. (koSis kriteriumi). imisaTvis, rom   1



 nn
u x  mwkrivi 

iyos Tanabrad krebadi Esimravleze aucilebeli da sakmarisia, rom >0, 

 N(), n,m >N(),xE  

|un+1(x)+...+ um(x)|<. 

Ddamtkiceba. Teorema 1.1.1–is ZaliT imisaTvis, rom {Sn(x): 1} mimdevroba 

iyos Tanabrad krebadi aucilebeli da sakmarisia, rom >0, N(), n,m 

>N() 

| Sn(x)- Sm(x)|=  
1

m

k

k n

u x
 

 <.                          

ganmarteba 1.2.2. vityviT, rom mwkrivi  
1



 kk
u x  aris absoluturad 

krebadi EX simravleze, Tu xE wertilisTvis  
1 |



 kk
| u x  mwkrivi kre-

badia. 

 

Teorema 1.2.2. vTqvaT un(x), n(x) : X, n=1,2,... da cnobilia, rom |un(x)| 

n(x), xEX, n=1,2,.... maSin  
1



 kk
x mwkrivis Tanabari krebadobidan E 

simravleze gamomdinareobs  
1 |



 kk
| u x  mwkrivis Tanabari krebadoba. 

damtkiceba. radganac 

|un+1(x)+...+ um(x)|  |un+1(x)|+...+|um(x)|n+1(x)+...+m(x),            (1.2.2) 

amitom koSis kriteriumis ZaliT >0,  N(), n,m >N()  

n+1(x)+...+m(x)<, xE. 
 
(1.2.2) utolobisa da koSis kriteriumis ZaliT miviRebT Teoremis damtki-

cebas.                                                                             

Sedegi 1.2.1 (vaierStrasis niSani). vTqvaT sup ( )


k
x E

u x Mk, 

x E  ,
1



 kk
M <. ma-Sin (1.2.1) funqciaTa mwkrivi Tanabrad krebadia E 

simravleze. 
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1.3.Aabelisa da dirixles niSani 

 

ganmarteba 1.3.1. vityviT, rom funqciaTa ojaxi F aris erTobliv 

SemosazRruli EX simravleze, Tu M>0, iseTi, rom fF funqciisTvis 

sup
x E

|f(x)|M<. 

ganmarteba 1.3.2. vityviT, rom funqciaTa mimdevroba bn : X  , n= 1, 2, 

... araklebadia (arazrdadia) EX simravleze, Tu nebismieri dafiqsire-

buli xE-Tvis ricxviTi mimdevroba {bn(x): n1} aris araklebadi (ara-
zrdadi). 

 
lema 1.3.1. (abelis gardaqmna) nebismieri a1,...,am, b1,...,bm, namdvili ric-

xvebisaTvis samarTliania toloba 

 
1

1 1
( - )

m m

k k m m n- n k k k+

k n k n

a b A b A b A b b


 

   , 

sadac ak= Ak- Ak-1, k= n,...,m. 

 Ddamtkiceba. advili dasanaxia, rom 

D

 

 

1 1

1 1 1

1 1 1

1

1 1 .

m m m m

k k k k k k k k k

k n k n k n k n

m m m m

k k k k k k m m k k n n

k n k n k n k n

m

m m n n k k k

k n

a b A A b A b A b

A b A b A b A b A b A b

A b A b A b b

 

   

  

  

    

 



    

      

   

   

   



 

lema 1.3.2. vTqvaT b1,...,bm monotonuri namdvili ricxvebia, xolo a1,..., 

am nabismieri namdvili ricxvebia. maSin 

.
1

4 max | | max{| |,| |}
m

k k k n m
n k m

k n

a b A b b
  



  

 damtkiceba. Aabelis gardaqmnis ZaliT 

 

 

1

1 1

1
1

1

max | | | | | |

max | | | | | |

m m

k k m m n n k k k

k n k n

m

k n m k k
n k m

k n

k n m n m
n k m

a b A b A b A b b

A b b b b

A b b b b



 

 


  



  

   

 
    

 

   

 

  

                                
1

4 max | | max{| |,| |}.k n m
n k m

A b b
  

                                

 

Teorema 1.3.1. (abelisa da dirixles niSani). vTqvaT an,bn: X , n=1, 

2,... mocemuli funqciaTa mimdevrobaa. imisaTvis, rom mwkrivi 


1

( ) ( )
n n

n

a x b x




 

iyos Tanabrad krebadi EX sakmarisia, rom 
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a)1 kerZo jamebi iyos erTobliv SemosazRruli E-ze, 
      

   b)1 mimdevroba {bn: n1} iyos monotonuri da bn0, n, E-ze;  
an  

a)2  =1
( )

nn
a x


iyos Tanabrad krebadi E simravleze, 

b)2 {bn: n1} mimdevroba iyos monotunuri da erTobliv SemosazRruli 
E  

    simravleze. 
damtkiceba. jer dauSvaT, rom sruldeba a)1 da b)1 pirobebi. radganac 

{bn: n1} monotonuria, amitom lema 1.3.2-is ZaliT gvaqvs 
 

          
1

4 max | | max | |,| | ,
m

k k k n m
n k m

k n

a x b x A x b x b x
  



  

sadac      1:k k nA x S x S x  . 

a)1 pirobis ZaliT  0,| | , , 1,2,....kM A x M x E k        

b)1 pirobis ZaliT         0, , , ,max | |,| | .
4

n mN n m N b x b x
M


         maSin 

 ,n m N   , 

    4
4

m

k k

k n

a x b x M
M






   

Tanabrad x E . koSis kriteriumis ZaliT mwkrivi    
1

n n

n

a x b x




  Tanabrad 

krebadia E -ze. 
vTqvaT sruldeba a)2 da b)2 pirobebi.  
b)2 pirobis ZaliT  

    max | |,| | .n mb x b x M   

   a)2 pirobis ZaliT,    0, , ,N n k N         

     1| | | | ;
4

k k nA x S x S x
M


    

Tanabrad x E  mimarT 

    4
4

m

n n

n n

a x b x M
M






  . 

koSis kriteriumis ZaliT mwkrivi 

   
1

n n

n

a x b x




  

Tanabrad krebadia.                                                          
 
 

 

 

1. 4. zRvariTi funqciis Tvisebebi 
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Teorema 1.4.1 (ZiriTadi)  vTqvaT {Fn: n1}, Xn simravleze gansaz-

Rruli funqciaTa mimdevrobaa, romelic Tanabrad krebadia F(x) funqci-

isaken, nN,  
0

lim
x x

 Fn(x):=An. maSin arsebobs 


lim
n

 An=
0

lim
x x

F (x).  

anu, rac igivea, 


lim
n

[
0

lim
x x

Fn(x)]= 
0

lim
x x

[


lim
n

Fn(x)].  

yovelive zemoTqmuli diagramis saxiT SeiZleba Caiweros Semdegnairad: 

 
damtkiceba. radganac Fn(x)F (x), n, amitom >0,  N(), n,m >N(), xX  

| Fn(x)-Fm(x)|<.                                                        (1.4.1) 

Tu am ukanasknel utolobaze gadavalT zRvarze, roca 0x x , miviRebT 

| |n mA A   .                              (1.4.2) 

koSis kriteriumis ZaliT davaskvniT, rom lim : .n
n

A A


   

davamtkicoT, rom F (x)A,Fxx0. marTlac, radganac Fm(x)Am,Fxx0, 

amitom arsebobs iseTi  0XU x


 midamo, rom 

    0 ,| |X m mx U x F x A 


                         (1.4.3) 

Tu gadavalT zRvarze (1.4.1)-Si, roca n , miviRebT 

   | |mF x F x   .                        (1.4.4) 

amis garda, sakmarisad didi m-Tvis 

| |mA A   .                                          (1.4.5) 

amrigad, (1.4.3)–(1.4.5)-dan miviRebT 

         
.

0| | | | | | | | 3 , Xm m m mF x A F x F x F x A A A x U x          . 

maSasadame,  00, XU x


   , iseTi rom  0Xx U x


  ,  | | 3F x A   , rac imas 

niSnavs, rom 

 
0

lim .
x x

F x A


                                   

 

Teorema 1.4.2. (zRvariTi funqciis uwyvetobis Sesaxeb). vTqvaT moce-

mulia fn: X, X m
, n= 1,2,... funqciaTa mimdevroba, romlisTvisac Sesru-

lebulia Semdegi pirobebi: 

a) yoveli fiqsirebuli n-Tvis fn(x) funqcia uwyvetia x0X wertilSi,  

b) fnf , n. 
maSin f funqcia uwyvetia x0X wertilSi. 

0x x  0x x  

nA  
n  

 nF x   F x  
n  

A 
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Ddamtkiceba. Teoremis samarTlianoba gamomdinareobs Teorema 1.4.1-dan. 
marTlac,  

 
 

Sedegi 1.4.1. vTqvaT mocemulia u(x) funqciisken Tanabrad kreba-

di  
1



 kk
u x funqciaTa mwkrivi, sadac uk(x), k=1,2,..., funqciebi uwyvetia x0 

wertilSi. maSin u(x) funqcia uwyvetia x0 wertilSi. 

Teorema 1.4.3. (dini) vTqvaT {fn: n1} funqciaTa mimdevroba gansaz-

Rvrulia Km kompaqtze, monotonuria da wertilovnad krebadia f C(K) 

funqciisaken, maSin fnf , n, K -ze. 
damtkiceba. zogadobis SeuzRudavad vigulisxmoT, rom fn mimdevroba 

araklebadia. maSin Teoremis pirobis ZaliT >0,  xK, nx(), iseTi rom 

   0
xnf x f x    . 

radganac 
xnf  da f  funqciebi uwyvetia K -ze, amitom  u x  midamo, iseTi 

rom 

     0 , .
xn Kf f u x         

radganac K  kompaqtia da  x KK u x . amitom arsebobs    1 ,..., ku x u x  sas-

ruli qvedafarva, e.i.  
1

.
k

jj
K u x


  aRvniSnoT    

1
: max ,...,

kx xn n n  . Tu ga-

viTvaliswinebT nf  funqciaTa mimdevrobis araklebadobas davaskvniT, rom 

 n n    samarTliania 

   0 , .nf f K                                  

Sedegi 1.4.2. vTqvaT un: K, K m kompaqturi simravlea da un(x) 0, 

xK, unC(K). Tu mwkrivi  
1



 kk
u x krebadia uwyveti u(x) funqciisken, ma-

Sin es krebadoba Tanabaricaa.  

Teorema 1.4.4. (zRvariTi funqciis integrebadobis Sesaxeb) vTqvaT 

{fn: n1} [a,b] segmentze gansazRruli  funqciaTa mimdevrobaa da Sesru-
lebulia Semdegi pirobebi: 

1) fnR([a,b]); 

2) fnf, n.  

maSin fnR([a,b]) da samarTliania toloba 

 lim ( ) ( )

b b

n
n

a a

f x dx f x dx


 . 

0x x  0x x  

 0nf x  
n  

 nf x   f x  
n  

 0f x  
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damtkiceba. vTqvaT P  aris [ , ]a b  segmentis nebismieri danawileba    

=  1,..., n  SerCeuli wertilebiT. ganvixiloT jami 

   
1

:
n

n n i i

i

F P f x


   

da 

   
1

:
n

i i

i

F P f x


  . 

radganac ,nf f n  , amitom    0, , : , [ , ]N n n N x a b          gvaqvs: 

   | |nf x f x
b a


 


, 

        
1

| | | |
n

n i n i i

i

F P F P f f x 


      

     
1

| | , : ,
n

i n i i

i

f f x n n N   


       

Tanabrad P -s mimarT. maSasadame, 

 
 

Sedegi 1.4.3. vTqvaT mocemulia u(x) funqciisken Tanabrad krebadi  


1

( )k

k

u x




 

funqciaTa mwkrivi, sadac uk(x)R([a,b]), k=1,2,... .. maSin u(x)R([a,b]) da 

.
 
 
 
  

1 1

( ) ( )

b b

k k

k= k=a a

u x dx u x dx
 

  

 
Teorema 1.4.5. (zRvariTi funqciis diferencirebadobis Sesaxeb) 

vTqvaT {fn: n1} [a,b] segmentze gansazRruli, warmoebad  funqciaTa mimdev-
robaa, romelTaTvisac Sesrulebulia Semdegi pirobebi: 

1) ,'

n
f  [a,b] segmentze , roca n; 

2) {fn: n1} funqciaTa mimdevroba krebadia [a,b] segmentis erT wertil-   
Si mainc.   

maSin ,  nf f n    da .f  '   

Ddamtkiceba. pirvel rigSi vaCvenoT, rom {fn: n1} funqciaTa mimdevroba 
Tanabrad krebadia. marTlac, Tu gamoviyenebT Teoremas sasruli nazrdis 
Sesaxeb, miviRebT 

  0P   

 
b

n

a

f x dx  n   

 nF P   F P  
n  

( )

b

a

f x dx  
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                0 0 0 0| | | | | |n m n m n m n mf x f x f x f x f x f x f x f x        

       
0

0 0 0
[ , ]

sup | ' ' || | | |n m n m
x x

f f x x f x f x


 


       .                       (1.4.6) 

 
radganac  

'

nf   

amitom   0, N'    , iseTi rom 

   
 

' '| |
2

n mf f
b a


  


                      (1.4.7) 

 , : , , [ , ].n m n m N a b      radganac  0nf x  krebadia, roca n , amitom 

koSis kriteriumis ZaliT    '' , , : , ''N n m n m N     

   0 0| |
2

n mf x f x


  .                      (1.4.8) 

Tu (1.4.8) da (1.4.7) gaviTvaliswinebT (1.4.6)-Si    , : , : max{ ' ,n m n m N N     

 '' }N   miviRebT 

   | | , [ , ]n mf x f x x a b    . 

maSasadame, koSis kriteriumis ZaliT {fn: n1} funqciaTa mimdevroba Tanab-
rad krebadia [a,b] segmentze.  

SemoviRoT aRniSvna 

 
     '

:
n n n

n

f x h f x f x h
F h

h

  
 . 

sasruli nazrdis formulis gamoyenebiT miviRebT 
 

   

            

         

       

       

' '

| |

'

' '

' '

n m

n n n m m m

n m n m n m

n m n m

n m n m

F h F h

f x h f x f x h f x h f x f x h

h

f f x h f f x f f x h

h

f f x h h f f x h

h

f f x h f f x







      


     


   


    

 

 

radganac '

nf  roca n, amitom    0, , , : , ,N n m n m N       x [a,b]  

   ' / 2n mf f x   . 

maSasadame, 

     | | , , : ,n mF h F h n m n m N      

Tanabrad h -is mimarT, roca [ , ].x h a b   
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maSasadame     ' .f x x   

                                                  

Sedegi 1.4.4. vTqvaT mocemuli funqciaTa mwkrivisaTvis 


1

( )k

k

u x




 

Sesrulebulia Semdegi pirobebi: 

a) krebadia x0[a,b] werilSi; 
b) formaluri gawarmoebis Sedegad miRebuli  


1

( )
'

k

k

u x




 

      mwkrivi Tanabrad krebadia. 
maSin mocemuli mwkrivi Tanabrad krebadia da adgili aqvs tolobas 

 
 
 


1

( )

'

k

k

u x




= .
1

( )
'

k

k

u x




 

 
 

$ 1.5. xarisxovani mwkrivebi 
 

 
Semdegi saxis mwkrivs 

0

0

( )n

n

n

a x x




                               (1.5.1) 

xarisxovani mwkrivi ewodeba, sadac x,x0 da an, n=0,1,... namdvili ricxve-

bia. 
CvenTvnis cnobilia koSisa da adamaris Teorema imis Sesaxeb, rom Tu 

mocemulia xarisxovani mwkrivi 

 0

0

( )
n

n

n

a x x




  

da  

lim | |n
n

n
a


  

maSin 

1) mwkrivi krebadia absoluturad, Tu <1; 

2) mwkrivi ganSladia, Tu >1; 

3) saeWvo SemTxvevaa, roca =1. 

0h  0h  

0  
n  

 nF h  
 

     f x h f x x h
F h

h

  
  

n  

0 
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Tu mwkrivis krebadobis koSis niSans gamoviyenebT (1.5.1) xarisxovani 
mwkrivisTvis, miviRebT 

0 0lim ( ) limn nn
n n

n n
a x x x x a

 
    , 

da, maSasadame, (1.5.1) mwkrivi krebadia im x -ebisTvis, romelTaTvisac  

0| | lim 1n
n

n
x x a


  , 

an, rac igivea, 

0| | 1/ lim n
n

n
x x a


  ; 

ganSladia, roca 

0| | 1/ lim n
n

n
x x a


  . 

Tu SemoviRebT aRvniSnas 

1/ lim n
n

n
R a


 ,                               (1.5.2) 

maSin Cven miviRebT, rom samarTliania Semdegi debuleba.  

Teorema 1.5.1. nebismieri xarisovani mwkrivisaTvis arsebobs arauar-
yofiTi namdvili ricxvi R, romelic gamoiTvleba (1.5.2)  formuliT da 
romelsac is Tvisaba aqvs, rom mwkrivi krebadia im x-ebisTvis, romelTa-
Tvisac |x-x0|<R  da ganSladi iq, sadac |x-x0|>R. 

R-s uwodeben xarisxovani mwkrivis krebadobis radiuss.    

im SemTxvevaSi, roca xarisxovani mwkrivi krebadia namdvil ricxvTa  

simravlis yovel wertilSi, maSin amboben, rom xarisxovani mwkrivis kre-

badobis radiusi aris +.  
cxadia, nebismieri xarisxovani mwkrivi krebadia x=x0 wertilSi. Tu xa-

risxovani mwkrivi krebadia mxolod x=x0 wertilSi, maSin amboben, xaris-
xovani mwkrivis krebadobis radiusi aris 0.  

 

SeniSvna. Tu |x-x0|=R, maSin x wertilSi mwkrivi SeiZleba krebadi iyos, 
SeiZleba – ganSladi. 

 

magaliTi 1.5.1.  
1

/n

n
x n



  mwkrivis krebadobis radiusia R=1, magram 

roca 1x   mwkrivi ganSladia, xolo roca 1x    - krebadia. 

 
 

magaliTi 1.5.2.  2

1
/n

n
x n



  mwkrivis krebadobis radiusia R=1, xolo 

1x    wertilSi mwkrivi krebadia. 

 
 

magaliTi 1.5.3. 
1

n

n
x



  mwkrivis krebadobis radiusia R=1, magram ro-

ca 1x  da aseve roca 1x    mwkrivi ganSladia. 

 

 
 
\ 
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Teorema 1.5.2. (abelis I Teorema). Tu xarisxoxvani mwkrivi 

 0( - )
n

na x x  

krebadia xx0 wertilSi, maSin is absoluturad krebadia im x-ebisTvis, 

romelTaTvisac |x-x0|<|x

-x0|. 

damtkiceba. radganac mwkrivi 

0

1

( ' )n

n

n

a x x




  

krebadia, amitom 
0| ( ' ) | 0,n

na x x   roca n ; e.i. mimdevroba 
0( ' )n

na x x , n=1, 

2,... SemosazRvrulia, amitom 0M   iseTi, rom 

0| ( ' ) |n

na x x M    . 

amrigad,  
 

Tu axla gamoviyenebT mwkrivis krebadobis Sedarebis niSans da gaviTva-
liswinebT utolobas 

0

0

: 1
'

x x
q

x x


 


, 

davaskvniT, rom Teorema 1.5.2 damtkicebulia.                              
 

Sedegi 1.5.1. Tu (1.5.1) mwkrivi ganSladia x wertilSi, maSin is gan-

Sladia im x-ebisaTvis, romelTaTvisac 

|x-x0|>| x0-x|. 
 

Teorema 1.5.3. (xarisxovani mwkrivis Tanabari krebadoba). Tu xaris-
xovani mwkrivis krebadobis radiusi R>0, maSin xarisxovani mwkrivi Tana-
brad krebadia simravleze 

r={x: |x-x0|r}, 
sadac r<R. 

damtkiceba. radganac r R , e.i. xarisxovani mwkrivi absoluturad kre-

badia 0x x r   wertilSi; e.i. krebadia mwkrivi 

0

| | n

n

n

a r




 . 

radgan rx   samarTliania utoloba 0| |x x r  , amitom  

0| ( ) | | |n n

n na x x a r  . 

funqciaTa mwkrivis Tanabrad krebadobis vaierStrasis niSnis ZaliT Teo-

rema 1.5.3-is samarTlianoba damtkicebulia.                                 

Teorema 1.5.4.  (abelis II Teorema). Tu xarisxovani mwkrivi 

 0( - )
n

na x x  

krebadia x0+R (x0-R) wertilSi, maSin is Tanabrad krebadia [x0, x0+R] ([x0-R, 
x0]) segmentze. 

damtkiceba. cxadia, rom 

 0 0 0[ , ] : 0 1x x R x x tR t      . 

maSin 

0 0
0 0

1 1 10 0

| ( ) | | || ( ' ) | .
' '

n n

n n

n n

n n n

x x x x
a x x a x x M

x x x x

  

  

 
     

 
  



 15 

0

0 0

( )n n n

n n

n n

a x x a R t
 

 

   . 

Teoremis pirobis ZaliT ricxviTi mwkrivi 

0

n

n

n

a R




  

krebadia, xolo nt  funqciaTa mimdevroba monotonuria da SemosazRvru-
lia [0,1] segmentze. maSin abelisa da dirixles niSnis Tanaxmad mwkrivi 

0

n n

n

n

a R t




  

Tanabrad krebadia.                                                          

magaliTi 1.5.4.  xarisxovani mwkrivi 

0

n

n

x

n





  

Teorema 1.5.3-is ZaliT Tanabrad krebadia [ , ] ( 1,1)a l   , xolo abelis II 

Teoremis ZaliT is Tanabrad krebadia [-1, l ] segmentze, sadac 1l  . xolo 
[ a ,1) simravleze, sadac 1a   , mocemuli mwkrivi ar aris Tanabrad kre-

badi. marTlac, nx  funqciis uwyvetobis ZaliT x  1-Tan “axlos” iseTi, 
rom 

2 1 1 1 1

2 2 2 4

n nx x

n n n n
      . 

vTqvaT, mocemulia xarisxovani mwkrivi 

0

0

( )n

n

n

a x x




 .                            (1.5.3) 

ganvixiloT mocemuli mwkrivis formalurad gawarmoebis da integrebis 
Sedegad miRebuli mwkrivebi 

1

0

1

( )n

n

n

na x x






 ,                           (1.5.4) 

1

0

0

( )
1

nn

n

a
x x

n









                           (1.5.5) 

da davamtkicoT, rom (1.5.3)-(1.5.5) mwkrivebis krebadobis radiusebi erTmane-
Ts emTxveva. marTlac vTqvaT, (1.5.3) mwkrivis krebadobis radiusi aris R , 

1/ lim | |n
n

n
R a


 ; 

(1.5.4) mwkrivis krebadobis radiusi aRvniSnoT 'R -iT. maSin 
1' 1/ lim | |n

n
n

R n a


 . 

davamtkicoT, rom 'R R .  

rogorc viciT  : 1kn k   mimdevroba iseTi, rom 

11lim | | lim | | lim | |k k

k k

n nn
n k n n

n k k
n a n a a

  
  ; 

e.i. 
1lim | | lim | |n n

n n
n n

n a a

 
 , 

an, rac igivea, 
11/ lim | | 1/ lim | | 'n n

n n
n n

R a n a R

 
   .                      (1.5.6) 

analogiurad damtkicdeba, rom 
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'R R .                                 (1.5.7) 
(1.5.6), (1.5.7)-dan gamomdinareobs, rom 'R R . analogiurad damtkicdeba, rom 

''R R .                                                                       

Teorema 1.5.5. (xarisxovani mwkrivis gawarmoeba da integreba). 

vTqvaT, R>0 xarisxovani mwkrivis krebadobis radiusia da  

f(x)= 0

=0

( - )
n

n

n

a x x


. 

maSin 

1) maSin f funqcias x(x0-R, x0+R) wertilSi gaaCnia nebismieri rigis  
warmobuli da is gamoiTvleba formuliT 

f
(k)

(x)=  0

=

( 1) ( ) ( - ) ;
n-k

n

n k

n n - ... n - k + 1 a x x


 

2) x (x0-R, x0-R) wertilisTvis samarTliania toloba 


0

+1

0

0

( - )
( )

+1

x n

n

n=x

x x
f t dt = a

n



. 

ganmarteba 1.5.1. vityviT, rom f funqcia analizuria x wertilSi, 

Tu arsebobs R>0 iseTi, rom adgili aqvs warmodgenas 

f(x)= 0

=0

( - )
n

n

n

a x x


,  x(x0-R, x0+R).  

Teorema 1.5.6. Tu funqcia f analizuria x0 wertilSi maSin adgili 
aqvs tolobas  

( ) ( )

!
 0

0

0

( ) ( )
n

n

n

f x
f x x x

n





 . 

damtkiceba. marTlac, 
( )

0( ) ( 1) 1 !k

kf x n n n a   , 

saidanac 
( )

0( )

!

k

k

f x
a

k
 .                              

Cven davamtkiceT, rom Tu funqcia analizuria, maSin is usasrulod 
diferencirebadia. piriqiT, sazogadod, swori ar aris - arsebobs iseTi 
usasrulod diferencirebadi funqcia, romelic analizuri ar aris. 
marTlac, ganvixiloT Semdegi  

magaliTi 1.5.5. 
21/ , 0,

( )
0, 0.

xe x
f x

x

 
 



Tu

Tu
 

advili dasanaxia, rom 

2

1

( ) 1
( )n x

nf x P e
x

 
  

 
, 

sadac nP  n -uri xarisxis polinomia. maSin 
( ) ( ) 0, 0nf x x  . 

maSasadame,  
( ) (0) 0nf  , xolo 

21/ 0xe  , 

rac imas niSnavs, rom f  funqcia ar aris analizuri 0 wertilSi. 
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maSin ismis kiTxva: ra pirobebSia usasrulod diferencirebadi funq-
cia analizuri? 

samarTliania Semdegi 

Teorema 1.5.7. vTqvaT, f usasrulod diferecnirebadi funqciaa. arse-

bobs iseTi dadebiTi M ricxvi , rom 

|f
(n)

(x)|M, n=0,1,2,..., x(x0-h, x0+h). 

maSin x(x0-h, x0+h) adgili aqvs warmodgenas 
( ) ( )

!
 0

0

0

( ) ( )
n

n

n

f x
f x x x

n





 ; 

e.i. f funqcia analizuria x0 wertilSi. 
damtkiceba. teiloris formulis ZaliT 

( )

0
0

0

( )
( ) ( ) ( )

!

kn
k

n

k

f x
f x x x r x

k

   , 

sadac 
( 1)

1

0 0

( )
( ) ( ) , ( , )

( 1)!

n
n

n

f
r x x x x x

n





  


. 

Teoremis pirobis ZaliT 
1( 1)

1 0
0

| |( )
| ( ) | ( ) 0

( 1)! ( 1)!

nn
n

n

x xf
r x x x M

n n

 
 

   
 

, 

roca n .                                                                 
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T a v i  2  

 

 

m r a v a l g a n z o m i l e b i a n i  
s i v r c i s  z o g i e r T i  s a k i T x i  

 

 

2. 1. 
nR sivrce 

 

ganmarteba 2. 1. 1. vTqvaT 1 2, ,..., nx x x  namdvili ricxvebia. dalagebul n -

euls  1 2, ,..., nx x x  uwodeben n -ganzomilebian wertils an veqtors da 

aRiniSnema Semdegnairad 

   1 2 1 2: , ,..., , : , ,..., ,....n nx x x x y y y y   

kx -s uwodeben x  veqtoris k -ur koordinats. n -ganzomilebiani 

wertilebis simravles aRniSnaven nR -iT, e. i.  

  1 2: , ,..., : , 1,2,...,n

n iR x x x x R i n    

 

magaliTi 2. 1. 1. roca 2n  ,   2

1 2 1 2: , : ,R x x x x R  warmoadgens 2-

ganzomilebian sibrtyes. 

 
 
 
 
 
 
 
 
 
 
 

2x  

1x  

 

2x  

 1 2,x x x  

1x  
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magaliTi 2. 1. 2. roca 3n  ,   3

1 2 3 1 2 3: , , : , ,R x x x x x x R  warmoadgens 3-

ganzomilebian sivrces. 

 
 

ganmarteba 2. 1. 2. vTqvaT    1 2 1 2: , ,..., , : , ,..., .n

n nx x x x y y y y R    gansazRvroT 

1) toloba 

x y  maSin da mxolod maSin, roca , 1,2,..., ;i ix y i n   

2) jami 

 1 1: ,..., ;n nx y x y x y     

3) skalarze namravli 

 1: ,..., , ;nx x x R      

4) sxvaoba  : 1 ;x y x y     

5) nulovani veqtori 

 0 : 0,...,0 .  

 

magaliTi 2. 1. 3. vTqvaT  : 2, 3,1x    da  : 4,1, 2y     aris ori veqtori 
3R -is. maSin 

 2, 2, 1x y     , 

 6, 4,3x y   , 

 6,4, 3y x    , 

 3 6, 9,3x   , 

da 

 2 8, 2,4y   . 

am operaciebis momarT nR  warmoadgens wrfiv sivrces 
 

2x  

1x  

 

2x  

 1 2,x x x  

1x  

3x  

3x  
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ganmarteba 2. 1. 3. vTqvaT X  nebismier obieqtTa simravlea. vityviT, 
rom X  aris wrfivi anu veqtoruli sivrce Tu masSi gansazRvrulia 
Sekrebisa da skalarze namravlis operacia ise, rom Sesrulebulia 
Semdegi pirobebi: 
 
I. Sekrebis operaciis mimarT 

    
   1) , , ;x y y x x y X      

   2)     , , , ;x y z x y z x y z X        

   3) 0 X   iseTi, rom 0 ;x X x x     

   4) x X x X     iseTia, rom   0.x x    

 
   II. skalarze namravlis operaciis mimarT 
 

   1)     1, , ,x x R x X          ; 

   2) 1 ,x x x X    ; 

   3)   1, , ,x x x R x X            ; 

   4)   1, , ,x y x y R x y X          . 

 
 
 
 

2. 2. geometria nR -Si 
 

SegaxsenebT, rom Tu  1 2,x x x  da  1 2,y y y  aris 2R -is ori veqtori maSin 

piTagoris Teoremis Tanaxmad x  da y  veqtorebs Soris manZili 

gamoiTvleba formuliT 

     
2 2

1 1 2 2, :d x y y x y x    . 

es formula martivad SeiZleba ganzogaddes 3R -is SemTxvevaSi. marTlac, 

vTqvaT  1 2 3, ,x x x x  da  1 2 3, ,y y y y  aris 3R -is ori veqtoria da 

 1 2 3, ,z y y x ,  

 

 
 

 1 2 3, ,y y y  

 1 2 3, ,y y x  

 1 2 3, ,x x x  
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maSin piTagoris Teoremis gamoyenebiT advili dasanaxia rom manZili x  
da y  veqtorebs Soris aris  

           
2

2 2 2 22

1 1 2 2 3 3 1 1 2 2 3 3, :d x y y x y x y x y x y x y x             
 

. 

kerZod, Tu aRvniSnavT x -iT manZils  1 2 3, ,x x x x -dan koordinatTa 

saTavemde  0,0,0  3R -Si maSin  

2 2 2

1 2 3x x x x   . 

maSasadame gvaqvs  ,d x y x y  . 

magaliTi 2. 2. 1. Tu  1,2, 3x    da  3, 2,1y   , maSin manZili x -dan 

koordinatTa saTavemde aris 

 
22 21 2 3 14x       

da manZili x -dan y -mde aris  2, 4,4 4 16 16 6y x       . 

ganmarteba 2. 2. 1. vTqvaT  1 2, ,..., n

nx x x x R  . x  veqtoris sigrZe (norma) 

aRiniSneba x  da ganimarteba Semdegnairad 

2 2 2

1 2 nx x x x   , 

xolo nx R  da ny R veqtorebs Soris manZili aRiniSneba  ,d x y -iT da 

ganimarteba Semdegnairad  ,d x y y x  . 

advili dasanaxia, rom  

 ,0x d x . 

magaliTi 2. 2. 2. Tu  2,3, 1,5x    aris wertili nR -Si, maSin manZili x -dan 

koordinatTa saTavemde aris  

4 9 1 25 39x      . 

Tu  3,2,1,4y   maSin manZili x -sa da y -s Soris aris  

   , 1, 1,2, 1 7d x y y x      . 

ganmarteba 2. 2. 2. standartuli bazisi nR -Si ewodeba Semdeg veqtorebs 

 

 

 

1

2

: 1,0,0...,0

: 0,1,0,...,0

: 0,0,0,...,1 .n

e

e

e







 

 
 

magaliTi 2. 2. 3. 2R -Si veqtorebi     1 21,0 , 0,1e e   warmoadgens 

standartul bazis. Tu  1 2: ,x x x , maSin 

       1 2 1 2 1 1 2 2,0 0, 1,0 0,1x x x x x x e x e      , 

sazogadod, nx R -Tvis , gvaqvs 

1 1 .n nx x e x e    
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2. 3. or veqtors Soris kuTxe da skalaruli namravli 
 

 

vTqvaT,  1 2,x x x  da  1 2,y y y  aris 2R -is ori veqtori. ,   aRvniSnoT 

Sesabanisad kuTxeebi am veqtorebsa da 1 2,ox ox  RerZebis dadebiT 

mimarTulebebs Soris. vTqvaT, , : .        

 

 
 
advili dasanaxia, rom 

 

 

 

 

1

1

2

2

cos ,

cos ,

sin ,

sin .

x

x

y

y

x

x

y

y

















 

radganac  

           cos cos cos cos sin sin          , 

gvaqvs, 

  1 1 2 2 1 1 2 2cos .
x y x y x y x y

x y x y x y



    

 
 
 
 
 
 
 

x 

y 

  
  

  
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magaliTi 2. 3. 1. vTqvaT   aris umeklesi kuTxe (2,1)x   da  1,3y   

veqtorebs Sorebs. MmaSin, 

 
2 1 1 3 1

cos ,
5 10 2

.
4






  
 



 

 

analogiurad, 3R -is SemTxvevaSi damtkicdeba, rom 

  1 1 2 2 3 3cos .
x y x y x y

x y


 
  

 

ganmarteba 2. 3. 1. vTqvaT    1 2 1, ,..., , ,..., n

n nx x x x y y y R   . maSin x  da y  

veqtorebs skalaruli namravli aRiniSneba ,x y  -iT da ganimarteba 
Semdegnairad 

1 1, : .n nx y x y x y     

 

magaliTi 2. 3. 2. vTqvaT,    1, 4,3, 2 , 3,5,6,1x y     , maSin 

, 3 20 18 2 7.x y         

 
 
Tvisebebi: 

2

, , ;

, , , ;

, , ;

0, 0;

, 0;

, 0 0;

, .

x y y x

x y z x y x z

x y x y

x

x x

x x x

x x x

 

  

      

   

 

 

   

 

 

koSi-Svarcis utoloba. vTqvaT, , ,nx y R maSin 

| , | .x y x y   

damtkiceba. aRvniSnoT, 

  : , .f t x ty x ty     

zemoT moyvanili Tvisebebis ZaliT gvaqvs 

2

2

( ) , , , ,

, , , ,

, 2 , , 0.

f t x x x ty ty x ty ty

x x t x y t y x t y y

x x t x y t y y

          

          

       

 

meores mxriv, imisaTvis rom es utoloba Sesrulde nebismieri t -Tvis 
aucilebeli da sakmarisia, rom  

2, , , 0.D x y x x y y       

radanac 
2 2

, , , ,x x x y y y    miviRebT utolobis damtkicebas. 

 
koSi-Svarcis utolobidan gamomdinareobs, rom 
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,
1 1.

x y

x y

 
    

ganmarteba 2. 3. 2. vTqvaT, , ,nx y R maSin koTxe x  da y  veqtorebs Soris 

ganimarteba semdegnairad 

,
: cos .

x y
ar

x y


  
   

 

 

 

magaliTi 2. 3. 3. vTqvaT, nx R  da ke  aris standartuli bazisi, xolo k  

iyos kuTxe x  veqtorsa da k -ur RerZs Soris, maSin gvaqvs 

 
,

cos .k k
k

k

x e x

x e x


 
   

Tu x  aris erTeulovani veqtori  1x   maSin,  cosk kx   da 

    1cos ,...,cos .kx    

 

ganmarteba 2. 3. 3. vTqvaT, , ,nx y R maSin x  da y  veqtorebs ewodeba 

orTogonaluri (perpendikularuli) Tu , 0x y   da vwerT .x y  

 
nolovani veqtori nebismieri veqtoris orTogonaluria, amasTan aseTi 
Tviseba gaaCnia mxolod 0  veqtors. 
 

magaliTi 2. 3. 4. veqtorebi  1, 2x     da  1,2y   orTogonaluria 

 2, 1z    veqtoris. 

 

 

ganmarteba 2. 3. 4. vTqvaT, , ,nx y R maSin x  da y  veqtorebs ewodeba 
paraleluri Tu x y . 

 

advili dasanaxia, rom Tu , nx y R  paraleluria, maSin 

 
2

2

,
cos 1,

xx x

x x x

 


 

 
      

maSasadame 0   an .   
 

magaliTi 2. 3. 4. veqtorebi  1, 2x     da  3,6y   paraleluria 
1

3
y x   

wrfis. 
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samkuTxedis utoloba. vTqvaT, , ,nx y R maSin 

.x y x y    

damtkiceba.  
 

2 2 2
, , 2 , , 2 , .x y x y x y x x x y y y x x y y               

 

radganac ,x y x y   miviRebT, 

 

 
22 2 2

2 .x y x x y y x y       

 
advili dasanaxia, rom  

2 2 2
x y x y    

maSin da mxolod maSin .x y  

 
maSasadame Cven viRebT Semdeg cnobil debulebas 
  

piTagoras Teorema. imisaTvis rom x  da y  veqtorebi nR -dan iyvnen 
orTogonalurebi aucilebeli da sakmarisia rom  
 

2 2 2
x y x y   . 

 
 
 

2.4. Ria birTvi. Caketili da Ria simravleebi nR -Si 
 

 

vTqvaT, na R  da r  dadebiTi namdvili ricxvia, maSin simravles  

 :x x a r   

uwodeben Ria birTvs nR -Si centriT a wertilSi da radiusiT r , is 

aRiniSneba  ;B a r -iT. 

 

SeniSvna 2. 4. 1. roca 1n   es simravle emTxveva a  wertilis r  midamos, 
roca 2n   - maSin wres centriT a  wertilSi da radiusiT r . 

 ;B a r  simravles zogjer uwodeben a  wertilis r  midamos nR -Si. 

 

ganmarteba 2. 4. 1. vTqvaT nS R  da a S . a -s uwodeben S -s Siga wertils, 

Tu  ;B a r S  . 

 
 
S  simravlis Siga wertilTa simravles aRniSnaven int S -iT. 
 

ganmarteba 2. 4. 2. nS R  uwodeben Rias Tu is Sedgeba mxolod Siga 
wertilebisagan, e.i. intS S  
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magaliTi 2. 4. 1. nR  Ria simravlea. 

 

magaliTi 2. 4. 2. miRebulia, rom carieli  simravle Ria simravlea. 

 

magaliTi 2. 4. 3.  ;B a r  Ria simravlea, marTlac  

 ;x B a r x a r     . 

davafiqsiroT  0;r x a     da davamtkicoT, rom    ; ;B x B a r  . 

    ;y B x x y       

 y a x y x a x a r x a x a r              . 

 

magaliTi 2. 4. 4. simravle  nG x R x a r     aris Ria.  

 

amocana. davamtkicoT, rom simravle     1 1, , n

n na b a b R    Riaa nR -Si. 

 

ganmarteba 2. 4. 3. na R  werilis Semcvel nebismier Ria simravles 
uwodeben a -s midamos. 

 

Teorema 2. 4. 1. Ria simravleebis nebismieri gaerTianeba Riaa. e.i.  iG Ria, 

i  ( i

i

G


 Riaa). 

damtkiceba.  
0 00 , ( )i i i i

i i

x G i x G B x G G
 

   
            
   

. 

Teorema 2. 4. 2. Ria simravleebis sasruli TanakveTa Riaa, e.i. ( , 1,...,iG i p  

Riaa)
1

(
p

i

i

G


 Riaa). 

damtkiceba.  

  
1

; , 1,...,
p

i i i

i

x G B x G i p


 
      
 

 

    
1

1

; , 1,..., , min ;
p

i i i
i p

i

B x G i p B x G   
 



 
      

 
. 

SeniSvna. 2. 4. 2. Teorema 2.3.2 ar aris samarTliani Tu pirobaSi sasrul 

SevcvliT usasrulo simravliT. marTlac, vTqvaT, 
1 1

,nG
n n

 
  
 

 Ria 

simravlea, magram 
1

{0}n

n

G




 , rac ar aris Ria. 

 

ganmarteba 2. 4. 4. nF R  uwodeben Caketils Tu misi damateba \nR F  aris 
Ria. 
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Teorema 2. 4. 3. a) Caketil simravleTa nebismieri TanakveTa Caketilia; 
              b) Caketil simravleTa sasruli gaerTianeba Caketilia. 
 
damtkiceba. Teoremis samarTlianoba gamomdinareobs Teorema 2. 4. 1, 
Teorema 2. 4. 2, Caketili simravlis ganmartebisa da oradobis Semdegi 
principebidan: 

 \ \n n

i i

i i

R F R F
 

 
 

 
; 

 
1 1

\ \
p p

n n

i i

i i

R F R F
 

 
 

 
. 

magaliTi 2. 4. 5. simravle    1 1, ,n na b a b   Caketilia nR -Si. simravle 

 :x x a r   aris Caketili, marTlac 

      : \ : :nx x a r R x x a r x x a r        . 

 
Teorema 2 4. 4. G Ria simravlea F  Caketilia, maSin \G F  Riaa da \F G  
Caketilia. 
 

damtkiceba.  \ \nG F G R F  ,  \ \nF G F R G  . 

 

ganmarteba 2 4. 5. vTqvaT nS R  da  nx R . x -s uwodeben S -is dagrovebis 

wertils, Tu x -is nebismieri  B x  birTvi Seicavs S -is erT wertils 

mainc gansxvavebuls x -gan. 

 

ganmarteba 2 4. 6. vTqvaT nS R  da  nx R .  x -s uwodeben S -is Sexebis 

wertils, Tu x -is nebismieri  B x  birTvi Seicavs S -is erT wertils 

mainc. 

 

ganmarteba 2 4. 7. Tu Sexebis wertili x  ar aris S -is dagrovebis 
wertili, maSin mas uwodeben izolirebul wertils. 
 

 

SeniSvna. 2 4. 3. dagrovebis wertili SeiZleba ekuTvnodes S -s, SeiZleba 
ara. 

 

SeniSvna. 2 4. 4. Sexebis wertili Sedgeba a) dagrovebis wertilebisagan; 
b) izolirebuli wertilebisagan.  

 
Teorema 2. 4. 5. Tu x  aris S -is dagrovebis wertili, maSin ( )B x  birTvi 

Seicavs S -is usasrulo wertils.  
 
damtkiceba. davuSvaT sawinaaRmdego: ( )B x  birTvi, romelic Seicavs S -is 

sasrul raodenoba 1,..., px x  wertilebs. vTqvaT  
1
min i

i p
r x x

 
  . 
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advili dasanaxia, rom ;
2

r
B x S
 

  
 

 rac ewinaaRmdegeba Teoremis 

pirobas.  

Teorema 2. 4. 6. imisaTvis, rom nF R  iyos Caketili aucilebelia da 
sakmarisii, rom is Seicavdes yvela Tavis dagrovebis wertils. 
 
damtkiceba. vTqvaT F  Caketilia da x  aris F -is dagrovebis wertili. 
unda davamtkicoT, rom x F . davuSvaT sawinaaRmdego. vTqvaT, x F . maSin 

\nx R F . vinaidan \nR F  aris Ria, amitom ( ) \nB x R F  , e.i. ( )B x F  , 

rac ewinaaRmdegeba im faqts, rom x  aris F -is dagrovebis wertili. 
piriqiT, vTqvaT, F  Seicavs yvela Tavis dagrovebis wertils. unda 

vaCvenoT, rom F  Caketilia, anu rac igivea davamtkicoT, rom \nR F  Riaa. 

aviRoT \nx R F  , maSin x F , amitom ( )B x , romelic ar Seicavs F -is 

arc erT wertils. e.i. ( ) \nB x R F . 
 

ganmarteba 2. 4. 8. nS R  simravleze misi dagrovebis wertilebis 

mierTebis operacias uwodeben simravlis Caketvas da mas aRniSnaven S -iT. 
Teorema 2.4.6 SeiZleba Camoyalibdes Semdegnairad: 

 
Teorema 2. 4. 7. imisaTvis, rom S  iyos Caketili aucilebelia da 

sakmarisia, rom S S . 
 

ganmarteba 2. 4. 9. S  simravlis dagrovebis wertilTa simravles 
uwodeben S -is warmoebuls da aRniSnaven 'S -iT. 

maSasadame, 'S S S  . 

 

ganmarteba 2. 4. 10. nx R  uwodeben S -is gare wertils Tu is aris \nR S -
is Siga wertili. 

 

ganmarteba 2. 4. 11. Tu nx R  ar aris S -is arc Siga da arc gare wertili, 
maSin x -s uwodeben S -is sazRvris wertilebs. 
S -is sazRvris wertilTa simravle aRiniSneba S -iT. 

 

amocana 2. 4. 1. daamtkiceT, rom adgili aqvs Cadgmebs 

 1 2 1 2S S S S     ; 

 1 2 1 2S S S S     ; 

 1 2 1 2\S S S S     

 

amocana 2. 4. 2. daamtkiceT, rom S  Caketili simravlea. 
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2. 5. bolcano-veierStrasis Teorema 
 

 

ganmarteba 2. 5. 1. nS R  simravles uwodeben SemosazRruls Tu arsebobs 

birTvi   nB x R , iseTi, rom  S B x . 

 

Teorema 2. 5. 1. (bolcano-veierStrasi) Tu ns R  usasrulo da 
SemosazRruli simravlea, maSin mas gaaCnia erTi dagrovebis wertili 
mainc, e. i. ' .S   
 

damtkiceba. 1n   SemTxvevaSi, Teoremis samarTlianoba CvenTvis cnobilia. 
ganvixiloT SemTxveva, roca 2.n   

vinaidan s  simravle SemosazRrulia, amitom arsebobs  B x S  da 

maSasadame  1 : : , 1,2,...,n

kJ x R a x a k n       iseTi, rom  1 .J B x S   

TiToeuli [ , ]a a  davyoT or tol nawilad, e. i.  

[ , ] [ ,0] [0, ].a a a a     

mocemuli n  ganzomilebiani marTkuTxedi daiyofa 2n  tol n  
ganzomilebiani marTkuTxedebad, romelTa gaerTianeba mogvcems mocemul 
marTkuTxeds. vinaidan mocemuli marTkuTxedi Seicavs s  usasrulo 

wertils, amitom 2n  marTkuTxedebidan arsebobs erTi mainc marTkuTxedi, 
romelic Seicavs s  usasrulo wertils da es marTkuTxedi aRvniSnoT 

2J -iT. Tu am proces gavagrZelebT usasruloT miviRebT erTmaneTSi 

Cadgmul  

1 2 mJ J J     

marTkuTxedebs, romlebsac is Tviseba aqvT, rom , 1,2,...ms J m   vTqvaT, 
   
1:

m m

m nJ I I    

sadac 
     

: [ , ], 1,2,..., , 1,2,....
m m m

k k kI a b k n m    

advili dasanaxia, rom 

     
22

m m m

k k k m

a
I b a


    

da 
   

:sup inf
m m

k k k
mm

a b t   (daamtkiceT). 

 
aRvniSnoT 

 1 2: , ,..., nt t t t  

da davamtkicoT, rom t  aris S -is dagrovebis wertili. ganvixiloT  ,B t r  

da vaCvenoT, rom  ,B t r S  aris usasrulo simravle, marTlac 

dafiqcirebuli r -Tvis arsebobs  m r  ricxvi iseTi, rom 

2
.

2m

a r

n

  

maSin aseTi m -ebisaTvis samarTliania Cadgma 
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 ,mJ B t r  (daamtkiceT!) 

vinaidan 
mS J  usasrulo simravlea, amitom advili dasanaxia, rom 

 ,S B t r  iqneba usasrulo simravle. Teorema damtkicebulia. 

 
2. 6. kantoris Teorema 

 
bolcano-veierStrasis Teoremis gamoyenebiT mtkicdeba Semdegi Teoremis 
samarTlianoba 
 

Teorema 2. 6. 1. (kantori) vTqvaT mocemulia nR -is aracariel simravleTa 

 1 2, ,...Q Q  Tvladi sistema, romelTaTvisac  

 

1) 1k kQ Q  , 1,2,...k  ; 

 

2) TiToeuli kQ  Caketilia da 1Q  SemosazRvrulia. 

maSin 
1

k

k

Q




  . 

 

damtkiceba. Tu romelime kQ  aris sasruli simravle maSin Teoremis 

damtkiceba trivialuria (davasabuToT!), amitom vigulisxmoT, rom 

TiToeuli kQ  usasruloa. 

vTqvaT  1 2: , ,...A x x  iseTi, rom , , , 1,2,...i j i ix x i j x Q i    , maSin advili 

dasanaxia, rom 1A Q . da bolcano-veierStrasis ZaliT mas gaaCnia erTi 

dagrovebis wertili mainc da is aRvniSnoT x -iT. advili dasanaxia, rom 

x  aris TiToeuli kQ -s dagrovebis wertili, meores mxriv, vinaidan kQ  

Caketilia amitom , 1,2,...kx Q k   da maSasadame 
1

k

k

x Q




 . Teorema 

damtkicebulia. 
 
 

2. 7. lindelofisa da haine-borelis Teoremebi 
 

ganmarteba 2. 7. 1. simravleTa ojaxs  ,iG i  uwodeben S  simravlis 

dafarvas Tu i

i

S G


 . Tu TiToeuli iG  Ria simravlea, maSin amboben, rom 

gvaqvs Ria dafarva.  

 

Teorema 2. 7. 1. vTqvaT  1 2, ,...B B B  nR -Si iseTi birTvebis simravlea, 

romelTa radiusi da centris koordinatebi racionaluri ricxvebia. 

maSin nx S R    , sadac S  Ria simravlea, kB B   iseTi, rom kx B S  . 

 

damtkiceba. radganac S  Ria simravlea, arsebobs birTvi  ,B x r S . 

vTqvaT  1,..., nx x x  da ky  aris iseTi racionaluri ricxvi, romlisTvisac  
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4
k k

r
y x

n
  . 

maSin advili dasanaxia, rom  
 

4

r
x y  . 

vTqvaT qracionaluri ricxvia ,
4 2

r r 
 
 

 intervalidan. advili 

Sesamowmebelia, rom    , ,x B y q B x r S   . (SeamowmeT!) 

 

Teorema 2. 7. 2. (lindelofi). vTqvaT nA R  da  : ,iG G i   Ria dafarvaa 

A -si. maSin G -dan gamoiyofa A -s Tvladi qvedafarva. 
 

damtkiceba. vTqfaT  1 2, ,...B B B  Teorema 2. 7. 1-Si naxsenebi birTvTa 

simravlea, romelic cxadia, rom Tvladia. vTqvaT x A . maSin iG  iseTi, 

rom ix G . Teorema 2. 7. 1 –is ZaliT, kB B   iseTi, rom .k ix B G   aseTi 

kB -ebi SeiZleba iyos usasrulo bevri, maSin avirCioT is birTvi, romlis 

indeqsi aris umciresi da is aRvniSnoT 
 k x

B -iT. Tu am process 

CavatarebT x A  , maSin miviRebT, rom A  daifareba Tvladi raodenoba 

birTvebiT, meores mxriv, TiToeuli birTvi Sedis romeliRac iG  

simravleSi, maSin miTumetes aseTi iG -ebis gaerTianeba dafaravs A -s. 

Teorema damtkicebulia. 
 
Teorema 2. 7. 3. (haine-boreli) vTqvaT A  SemosazRruli da Caketili 
simravlea. MmaSin misi nebismieri Ria dafarvidan gamoiyofa sasruli 
qvedafarva. 
 
damtkiceba. Teorema 2. 7. 4 –is ZaliT, mocemuli dafarvidan gamoiyofa 

Tvladi qvedafarva  1 2, ,...I I . nabismieri 1m  , ganvixiloT 

1

: .
m

m k

k

S I


  

cxadia, rom mS  Ria simravlea. vTqvaT \n

mR S , romelic Caketili 

simravlea. ganvixilod Tvlad simravleTa sistema 

 1 2, ,...Q Q  

sadac 1Q A  da nabismieri 1m   

 : \ .n

m mQ A R S  

pirvel rigSi SevniSnoT, rom 1m mQ Q  . Tu davamtkicebT, rom 0m  iseTi, 

rom 
0mQ  , maSin 

0mS  dafaravs A (daamtkiceT!). dauSvaT sawinaamRdego, 

vTqvaT .mQ m   maSin kantoris Teoremis ZaliT 
1

m

m

Q




   saidanac 

gamomdinareobs, rom sistema  1 2, ,...I I  ar Yyofila A -s dafarva. miRebuli 

winaamRdegoba amtkicebs Teoremis samarTlianobas. 
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2. 8. kompaqturi simravleebi 
 

ganmarteba. 2. 8. 1. nS R -Si simravles uwodeben kompaqturs, Tu misi 
nebismieri Ria dafarvidan gamoiyofa sruli qvedafarva. 

 

SeniSvna 2. 8. 1. haine-borelis Teoremidan gamomdinareobs, rom nebismieri 

Caketili da SemosazRvruli simravle nR -Si kompaqturia. 

 

Teorema 2. 8. 1.  vTqvaT nS R . maSin Semdegi sami winadadeba 
eqvivalentulia: 
1) S  aris kompaqturi; 
2) S  aris SemosazRvruli da Caketili; 
3) S -is nebismieri usasrulo qvesimravle Seicavs dagrovebis wertils, 
romelic ekuTvnis S -s. 
 
damtkiceba. SeniSvna 2. 8. 1-is ZaliT 2) 1). Tu davamtkicebT, rom 1) 2) 
3) 2) maSin Teorema damtkicebuli iqneba. 
vTqvaT 1) Sesrulebulia. davamtkicoT, rom S  SemosazRvrulia. 

ganvixiloT  0, , 1,2,...B k k   birTvebi. maSin cxadia, rom  

 
1

0,
k

S B k




 . 

radganac S  kompaqturia, amitom mocemuli Ria dafarvidan gamoiyofa 
sasruli qvedafarva. rac imas niSnavs, rom S  SemosazRvrulia. 
axla davamtkicoT, rom S  Caketilia . vTqvaT, S  ar aris Caketili. maSin 
arsebobs y S  da aris S -is dagrovebis wertili. vTqvaT, x S  da 

SemoviRoT aRniSvna 
2

x

x y
r


 . vinaidan y S  amitom TiToeuli 0xr  , 

meores mxriv,   , :xB x r x S  aris S -is Ria dafrva. vinaidan S  

kompaqturia, amitom am dafarvidan gamoiyofa sasruli qvedafarva. 

 
1

,
p

k k

k

S B x r


 . 

vTqvaT, 
1
min k

k p
r r

 
 . davamtkicoT, rom    , , , 1,2,...,k kB y r B x r k p   , 

marTlac, Tu  ,x B y r , maSin  kx y r r   . samkuTxedis utolobidan 

miviRebT 

k ky x y x x x     , 

saidanac  

2k k k k kx x y x y x r r r        . 

e.i.  , , 1,2,...,k kx B x r k p  . maSasadame y  ar yofila S -is dagrovebis 

wertili. 
axla davamtkicoT, rom 2) 3). es uSualod gamomdinareobs bolcano-
vaierStrasis Teoremidan da im faqtidan, rom S  Caketilia.  
dasamtkicebeli darCa, rom 3)  2). vTqvaT S  ar aris SemosazRvruli. 

maSin nebismieri 0m  -Tvis arsebobs mx S  iseTi, rom mx m . vTqvaT 
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 1 2, ,...T x x  

usasrulo simravlea. 3) –is ZaliT arsebobs y S , romelic warmoadgens 

T -s dagrovebis wertils. magram nebismieri 1m y  -Tvis gvaqvs: 

1 1m mx y x y m m       . 

miRebuli winaaRmdegoba amtkicebs, rom S  yofila SemosazRvruli.  
axla davamtkicoT, rom S  Caketilia. vTqvaT 'x S , maSin nebismieri 

1 1
, , ,kB x x B x S
k k

   
    

   
. 

ganvixiloT simravle  1 2, ,...T x x , x aris agreTve T -s dagrovebis 

wertili, meores mxriv, 3) pirobis ZaliT T -s gaaCnia dagrovebis 
wertili, romelic ekuTvnis S -s. Teorema iqneba damtkicebuli, Tu 
vaCvenebT, rom x  aris T -s erTaderTi dagrovebis wertili. davuSvaT 
sawinaaRmdego: vTqvaT , 'y x y T S   . samkuTxedis utolobis ZaliT 

gvaqvas 
1

k k ky x y x x x y x
k

        . 

vTqvaT 0k  aris iseTi naturaluri ricxvi, rom nebismieri 0k k -Tvis 

1 1

2
y x

k
  . maSin  

1

2
ky x y x y x     , 

rac imas niSnavs, rom  

0

1
0 ,

2
ky x y x k k      , 

e.i. y  ar yofila T -s dagrovebis wertili. Teorema damtkicebulia. 
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T a v i  3  

 

 

mravali cvladis funqciis zRvari da 
uwyvetoba 

 
 

3. 1. mimdevrobebi nR -Si 
 
 

 

vTqvaT mocemulia nR -Si veqtorTa Semdegi mimdevroba 
     1,..., : 1 .

p p

p nx x x p   

vityviT, rom mocemuli mimdevroba krebadia  1,..., nA A A  veqtorisken, Tu 

lim 0,p
p

x A


   

anu sxva sityvebiT, rom vTqvaT    0, , : , .nN n n N x A           

 

Teorema 3. 1. 1 Tu  : 1px p   mimdevrobas gaaCnia zRvari, maSin is 

erTaderTia. 

damtkiceba. dauSvaT winaamRdebi, vTqvaT,    lim : lim :p p
p p

x A x B
 

     , maSin 

samkuTxedis utolobis ZaliT 

 0 0p pA B A x x B p        , 

rac imis niSnavs, rom .A B  
 
Teorema 3. 1. 2. yoveli krebadi mimdevroba SemosazRrulia.  
 
damtkiceba.  

   lim 1, , : , 1p p
p

x A N p p N x A


          

 1max ,..., , 1Nr x x A  , 

maSin :p p N   samkuTxedis utolobis ZliT gvaqvs 

1 ,p px x A A A r p N       ,                  (3.1.1) 

roca 1,2,...,p N , gvaqvas 

px r .                                    (3.1.2) 

(3.1.1) da (3.1.2)-dan gamomdinareobs dasamtkicebeli. 

Teorema 3. 1. 3.  imisaTvis, rom  : 1px p   mimdevroba iyos krebadi 

aucilebelia da sakmarisi, rom nebismieri qvemimdevroba  : 1
kpx p   iyos 

krebadi. 

damtkiceba.    lim : 0, ( ), : ( ),p p
p

x A N p p N x A   


          . 
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radganac  : 1
kpx k   aris  : 1px p   mimdevrobis qvemimdevroba, amitom 

0k  

iseTi, rom  0: , kk k k p N    , saidanac vRebulobT, rom 

0, :
kpx A k k k    . 

ganmarteba 3. 1. 1. vityviT, rom  : 1px p   mimdevroba aris koSis 

mimdevroba, Tu  0, N    , iseTi, rom  ,p q N    

p qx x   . 

Teorema 3. 1. 4.  imisaTvis, rom  : 1px p   mimdevroba iyos krebadi 

aucilebelia da sakmarisi, rom is iyos koSis mimdevroba. 
 

damtkiceba. vTqvaT, lim p
p

x A


  , maSin  

0      , :
2

pN p p N x A


      . 

samkuTxedis utolobis gamoyenebiT  ,p q N   -Tvis gvaqvas 

p q p qx x x A x A       . 

piriqiT, vTqvaT  : 1px p   mimdevrobaa nR -Si da aRvniSnoT  1 2, ,...T x x . 

pirvel rogSi davamtkicoT, rom koSis mimdevroba SemosazRvrulia. 
marTlac  

1  ,   , , , 1p qN p q N x x     , 

maSasadame 1p Nx x  .  

aRvniSnoT  1max ,..., Nr x x , maSin gvaqvs 

1 , :p p N Nx x x x r p p N       , 

da 

, 1,2,...,px r p N  . 

maSasadame, T  simravle aris usasrulo da SemosazRvruli simravle , 
bolcano-vaierStrasis Teoremis ZaliT mas aqvs erTi mainc dagrovebis 
wertili da is aRvniSnoT A -iT. 
davamtkicoT, rom  

lim p
p

x A


 . 

   0, , ,
2

p qN p q N x x


         . radganac A  aris dagrovebis wertili, 

amitom arsebobs   , 1,2,3,...kq N k   naturalur ricxvTa mimdevroba, 

romlisTvisac ,
2kqx B A
 

  
 

. maSin  :p p N    da samkuTxedis utolobis 

gamoyenebiT miviRebT 
 
 

2 2k kp p q qx x x x x A
 

        . 
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SeniSvna 3. 1. 1. radganac  
     

1 1

p p p

k k p n nA x A x A x A x        , 

amitom cxadia, rom  

    lim lim , 1,2,...,
p

p k k
p p

x A x A k n
 

     . 

 

 

   

 

 
 

 

 
3. 2 mravali cvladis funqciis zRvari 

 

 

 

vTqvaT mocemulia nR  da mR  wrfivi sivrceebi da  wesi, romelic nR -is 

yovel elements x -s uTanadebs mR -is erdaderT elements y . maSin am wess 
uwodeben funqcias da es faqti ase Caiwereba 

: n mf R R . 

y -s uwodeben x -is anasaxs da is ase aRiniSneba  y f x . SeiZleba moxdes, 

rom f  funqcia (anu wesi) gansazRvruli ara mTlian mR -ze, aramed mis 

raRac A  qvesimravleze, maSin es funqcia Caiwereba 

: ,m nf A R A R  . 

 A -s uwodeben f  funqciis gansazRvris ares dam as aRniSnaven  D f -iT. 

vTqvaT, B A , maSin  f B -s qveS gvesmis simravle im  f x -ebisa, sadac 

x B , e.i. 

    :f B f x x B  . 

 f B -s uwodeben B  simravlis anasaxs f  funqciiT. A  gansazRvris area, 

maSin  f A -s uwodeben mniSvnelobis ares da aRniSnaven  E f -iT 

vTqvaT mC R  

    1 : :f C x A f x C     

vTqvaT,  

, : ,m nf g A R A R  , 
maSin am funqciebis jami, skalarze namravli da skalaruli namravli 
ganimarteba Semdegnairad 

                ( ) , , , ,f g x f x g x f x f x f g x f x g x         . 

vTqvaT mocemulia : ,m nf A R A R   da  : ,k ng B R B f A R   , maSin g  da 

f  funqciaTa kompozicia aRiniSneba g f  da ganimarteba Semdegnairad 
 

     g f x g f x . 
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  nu a a R   wertilis midamo 

  nu a a R


   wertilis daCxvletili midamo      \u a u a a


  

   :Au a u a A , 

   :Au a u a A
 

 . 

 
 
ganmarteba 3. 2. 1. vTqvaT mocemulia funqcia 

: ,m nf A R A R   

a  aris A - dagrovebis wertili da mb R . vityviT, rom f  funqcias a  

wertilSi gaaCnia zRvari da is aris b  Tu  

 0, 0, , 0 ,x A x a f x b               

da es faqti ase Caiwereba 

 lim
A x a

f x b
 

  , 

an kidev es ganmarteba eqvivalenturia Semdegi ganmartebebeis: 

        lim : 0, , ,A A
A x a

f x b u a x u a f x b 
 

 

 
          

 
 

          lim : , ,A A
A x a

f x b u b u a f u a u b
 

 

  
       

  
. 

Teorema 3. 2. 1. vTqvaT a  aris A -s dagrovebis wertili  'a A  da mb R . 

maSin  

 lim
A x a

f x b
 

                                  (3.2.1)      

maSin da mxolod maSin, roca  

 lim s
s

f x b


                                  (3.2.2) 

nebismieri  : 1sx s   mimdevrobisaTvis  \A a -dan, romelic krebadia a -ken. 

damtkiceba. vTqvaT sruldeba (3.2.1), maSin  

 0, 0, , 0 ,x A x a f x b              . 

vTqvaT  : 1sx s   a -ken krebadi nebismeire mimdevrobaa  \A a -dan. 

dafiqsirebuli  -Tvis    , , sN s N x a        da maSasadame 

 sf x b   , rac niSnavs (3.2.2)-s. 

piriqiT, vTqvaT (3.2.1) mcdaria, maSin   

 0, 0, , 0 ,x A x a f x b                . 

vTqvaT, 1/s s  , maSin ,0 1/s sx A x a s     , amasTan  sf x b   , rac 

ewinaaRmegeba (3.2.2)-s. 
 
Teorema 3. 2. 2. vTqvaT 'p A  da 

     lim lim
A x p A x p

f x a g x b
   

     ,  

maSin 
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1)    lim
A x p

f x g x a b
 

      

2)  lim
A x p

f x a 
 

  

3)    lim , ,
A x p

f x g x a b
 

    

4)  lim
A x p

f x a
 

  

 
damtkiceba. 1) da 2)-is damtkiceba martivia. 
davamtkicoT 3) da 4). SevniSnoT, rom  

           , , , , ,f x g x a b f x a g x b a g x b b f x a               

. 
koSi-Svarcisa da samkuTxedis utolobebidan miviRebT 

           0 , ,f x g x a b f x a g x b a g x b b f x a                . 

am utolobis marjvena mxare miiswrafvis nulisaken, roca x p , rac 

amtkicebs 3)-is samarTlianobas. 
4)-is samarTlianoba gamomdinareobs uSualod Semdegi utolobidan 

   f x a f x a   . 

 

SeniSvna 3. 2. 1. : ,m nf A R A R   SeiZleba Caiweros Semdegnairad 

      1 ,..., nf x f x f x , 

sadac 
1: , 1,...,if A R i m  , funqciebs uwodeben f  funqciis komponentebs.  

Tu  1,..., mb b b , maSin gvaqvs 

     
1

m

s s s s

s

f x b f x b f x b


     , 

saidanac gamomdinareobs, rom  

     lim lim , 1,2,...,i i
A x a A x a

f x b f x b i m
   

      . 

 

vTqvaT 2 1:f R R  da   2,a b R . ganvixiloT zRvrebi 

   
 

 

 

, ,
lim , (3.2.3)

lim[lim , ] (3.2.4)

lim[lim , ] (3.2.5)

x y a b

x a y b

y b x a

f x y

f x y

f x y



 

 

 

 
(3.2.3)-s uwodeben ormag zRvars, xolo (2.2.4) da (2.2.5) ganmeorebiT zRvrebs. 
 
 
 
magaliTi 3. 2. 1 arsebobs funqcia, romlisTvisac (2.2.4) da (2.2.5) zRvrebi 
erTmaneTs ar emTxveva. 
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 

2 2
2 2

2 2

2 2

, 0,
, :

0, 0

x y
x y

x yf x y

x y

 
  

 


 

 

advili dasanaxia, rom  

 

 

0 0

0 0

lim[lim , ] 1

lim[lim , ] 1

x y

y x

f x y

f x y

 

 

 


 

 
 
 
sazogadod (3.2.4) da (3.2.5) zRvrebis toloba ar uzrunvelyofs (3.2.3) 
zRvris arsebobas. 
 
magaliTi 2. 2. 2  

 
2 2

2 2

2 2

, 0,
, :

0, 0

x y
x y

x yf x y

x y


  

 


 

 

 
advili dasanaxia, rom  

 

 

0 0

0 0

lim[lim , ] 0

lim[lim , ] 0

x y

y x

f x y

f x y

 

 




 

meores mxriv, 

 
0

1
lim , .

2x
f x x


  

 
  
arseboben funqciebi, romelsac yvela wrfis ,x t y t    gaswvriv gaaCnia 
zRvari, magram ormagi (3.2.3) zRvari ar arsebobs. 
 
magaliTi 3. 2. 3  

 

2
2 2

4 2

2 2

, 0,
, :

0, 0

x y
x y

x yf x y

x y


  

 


 

 

 
advili dasanaxia, rom 

 
2 3 2

4 4 2 2 4 2 20 0 0
lim , lim lim 0,
t t t

t t
f t t

t t t

   
 

     
  

 
 

meores mxriv, 

 2

0

1
lim , ,

2x
f x x


  

e. i. ormagi zRvari ar arsebobs. 
 
sazogadod (3.2.3) zRvris arsebobidan ar 
gamomdinareobs ganmeorebiTi zRvrebis 
arseboba, marTlac 
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magaliTi 3. 2. 4.  

 
 sin 1/ , 0

, : ,
0 , 0

x y x x
f x y

x

  
 


 

 
cxadia, rom  

   
 

 

, 0,0

0 0

lim , 0,

lim[lim , ] 0,

x y

x y

f x y

f x y



 




 

amasTan, 

 
0

lim ,
x

f x y


 

ar arsebobs. 
 
 
 

 
samarTliania Semdegi, 
 

Teorema 3. 2. 3.  vTqvaT  ,f x y  funqcia gansazRrulia  ,a b  wertilis  

Semcvel    1 1 2 2, ,a a b b         marTkuTxedSi, garda SesaZlebelia x a   

da y b  wrfeebze. vTqvaT 

 

 

   

 

   

   

2 2

1 1

, ,

1) , ,

lim , : (3.2.6)

2) , ,

lim , : (3.2.7)

3) lim : (3.2.8)

x a

y b

x y a b

y b b y b

f x y y

x a a x a

f x y x

L

 



 









    

 

    

 

 

 

 
maSin 

   lim lim
y b x a

y x L 
 

    

 
damtkiceba. (3.2.8)-dan gamomdinareobs, rom 
 

1 2 1 1 2 20, , : 0 ,0              

iseTi, rom 

 

1 20 , 0

, / 2 (3.2.9)

x a y b

f x y L

 



     

 
 

 

davafiqsiroT 2:0y y b     da (3.2.9)-Si gadavideT zRvarze, roca x a , 

maSin (3.2.6)-dan miviRebT 

  / 2 ,y L      

maSasadame  

 2 20, 0, : 0y y b y L               
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rac imas niSnavs, rom  

 lim
y b

y L


 
 

analogiurad damtkicdeba, rom 
 

 lim
x a

x L


  . 

 
Teorema damtkicebulia. 
 
 
 

  3. 3. mravali cvladis uwyveti funqciebi 
 

 

vTqvaT, : ,m nf A R A R   gansazRvruli funqciaa a A . 
 

ganmarteba 3. 3. 1. vityviT, rim f  funqcia uwyvetia a A  wertilSi Tu 

  V f a midamosTvis  Au a  iseTi, rom ( ( )) ( ( ))Af u a V f a , e.i. 

( : mf A R  uwyvetia a A -Si) : 

           , ,A AV f a U a f u a V f a   . 

 
es ganmarteba eqvivalenturia Semdegi ganmartebis 
 

ganmarteba 3. 3. 2. 

( : mf A R  uwyvetia a A -Si) : 

    0 0, ,x A x a f x f a              . 

 
 

SeniSvna 3. 3. 1. Tu 'a A  maSin zRvris ganmartebis ZaliT zemoT 
moyvanili uwyvetobis ganmarteba eqvivalenturia Semdegis  

( : mf A R  uwyvetia a A -Si) : 

    lim
A x a

f x f a
 

 . 

 

SeniSvna 3. 3. 2. Tu a  izolirebuli wertilia, maSin ganmartebis ZaliT 
f  funqcia yovelTvis uwyvetia, marTlac radganac a  izolirebuli 

wertilia, amitom arsebobs  u a  iseTi, rom    Au a a  da maSasadame 

  V f a -Tvis        Af U a f a V f a  . 

 
  

 

3. 4. uwyvet funqciaTa lokaluri Tvisebebi 
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Teorema 3. 4. 1. (ori uwyveti funqciis kompoziciis uwyvetobis Sesaxeb) 

vTqvaT, : ,m nf A R A R  ,  : kg f A R  gansazRvruli funqciebia. Tu f  

uwyveti funqciaa a A  wertilSi da g  uwyvetia  b f a  wertilSi, maSin 

h g f  

uwyvetia a A  wertilSi. 

damtkiceba. vinaidan g  uwyvetia  b f a  wertilSi, amitom 

      ,
f A

V g b U b  , iseTi, rom        f A
g U b V g b . Mmeores mxriv, f  

uwyvetia a  werilSi, amitom  U b -Tvis,  AW a  iseTi, rom 

      A f a
f W a U b . maSasadame     , AV h a W a   iseTi, rom  

                     A A f A
h W a g f W a g U b V g b V g f a V h a     . 

Teorema damtkicebulia.  
 
 
 
 

Teorema 3. 4. 2. vTqvaT asaxva : ,m nf A R A R   uwyvetia a A  wertilSi. 

maSin f  SemosazRvrulia a -s romeliRac midamoSi. 

damtkiceba gamomdinareobs uSualod uwyvetobis ganmartebidan. 

 
 

Teorema 3. 4. 3. vTqvaT asaxva 1: , nf A R A R   uwyvetia a A  wertilSi da 

  0f a  , maSin  AU a  midamo, romlisTvisac         

 

   0, Af x x U a   . 

damtkiceba. mocemuli
 
2

f a
  -Tvis arsebobs  AU a   midamo, iseTi, rom  

   
 

 ,
2

A

f a
f x f a x U a    . 

saidanac gamomdinareobs, rom  

 
   0 ,

2
A

f a
f x x U a   . 

Teorema 3. 4. 4. vTqvaT 1, : , nf g A R A R   uwyvetia a A  wertilSi, maSin 

uwyvetia ,f g f g   da Tu   0,g x x A  , maSin Sefardeba 
 

 

f x

g x
 

gansazRvrulia A -ze da uwyvetia. 
 

SeniSvna 3. 4. 1. Tu  ,...,i nf f f  maSin imisaTvis, rom f  iyos uwyveti a A -

ze aucilebelia da sakmarisi if  iyos uwyveti a A . 
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3.5 uwyveti funqciis globaluri Tvisebebi 
 
 

ganmarteba 3. 5. 1. nS R  simravles uwodeben bmuls Tu ,a b S  , arsebobs 

uwyveti funqcia [0,1]f S   iseTi, rom    0 , 1f a f b  . 

 

ganmarteba 3. 5. 2. Ria da bmul simravles ares uwodeben. 

 

magaliTi. 3. 5. 1. davamtkicoT, rom  ; , 0, nB x r r R -Si area. is, rom  ;B x r  

Riaa Cven ukve davamtkiceT. sakmarisia davamtkicoT, rom birTvi bmulia. 

vTqvaT,      1 1,..., , ,..., ;n na a a b b b B x r   . ganvixiloT asaxva :[0,1] nf R , 

romelic mocemulia wesiT 

      1: ,..., nf t f t f t  

sadac 

   : 1i i if t tb t a   . 

maSin cxadia, rom 

   0 , 1f a f b  . 

davamtkicoT, rom    [0,1] ;f B x r , marTlac 

    

     

      

     

 

 

1/ 2
2

1

1/ 2
2

1

1/ 2 1/ 2
2 2

1 1

1/ 2 1/ 2

2 2

1 1

1

1

1

1

1 .

n

i i

i

n

i i i i

i

n n

i i i i

i i

n n

i i i i
i i

f t x f t x

t b x t a x

t b x t a x

t b x t a x

t x b t x a

tr t r r





 

 

 
   

 

 
     
 

   
       
   

   
       

   

    

   





 

 

 

 

ganmarteba 3. 5. 3. asaxvas : ,m nf A R A R   uwodeben Tanabrad uwyvets, Tu 

   0, 0, , , .x y A x y f x f y               

 

Teorema 3. 5. 1. nR   kompaqtze uwyvet : mf R  funqcia Tanabrad 
uwyvetia. 
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Ddamtkiceba. radganac f  asaxva uwyvetia   kompaqtze, amitom 

 , 0, ;a B a r       birTvi, iseTi rom  

     , ; , (3.3.1)
2

f x f a x B a r


     

sadac r  damokidebulia a -ze. Aadvili dasanaxia, rom  

;
2

r
B a

 
   

 
. 

radganac   kompaqtia, amitom mocemuli Ria dafarvidan gamoiyofa 
sasruli qvedafarva e. i.  

1

; .
2

p

k
k

k

r
B a



 
   

 
 

vTqvaT 1: min ,...,
2 2

prr


 
  

 
.  vTqvaT, ,x y  iseTi, rom x y   . maSin 

;
2

k
k

r
B a

 
  

 
, romlisTvisac ;

2

k
k

r
x B a

 
  

 
 da    

2
kf x f a


  . samkuTxedis 

utolobis ZaliT gvaqvs 

2 2 2

k k k
k k k

r r r
y a y x x a r          .  

maSasadame  ,k ky B a r  da agreTve     .
2

kf y f a


   samkuTxedis 

utolobis ZaliT gvaqvs 
 

           
2 2

k kf x f y f x f a f x f a
 

        , 

maSasadame       0, , , , .x y x y f x f y               

 

ganmarteba 3. 5. 4. vityviT, rom : ,m nf A R A R   funqcia aris 

SemosazRuli A -ze Tu 0M  , iseTi rom  

  .f x M x A    

 

Teorema 3. 5. 2. nR   kompaqtze uwyveti f  funqcia SemosazRrulia. 

Ddamtkiceba. radganac f  funqcia uwyvetia K -ze amitom  ,a U a   , 

aM  iseTi, rom 

   a Kf x M x U a   , 

meores mxriv  U a  . radganac   kompaqtia, amitom mocemuli 

dafarvidan gamoiyofa sasruli qvedafarva e. i.  
1

p

i

i

U a



  , maSin 

   ,
ia if x M x U a   . 

vTqvaT 

1

: max ia
i p

M M
 

 . 

maSin cxadia, rom 

  ,f x M x   . 
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Teorema 3. 5. 3 Tu :f R  uwyvetia nR   kompaqtze, maSin is aRwevs  -
ze udides da umcires mniSvnelobebs. 
 

Ddamtkiceba. vTqvaT  : sup
x

M f x


 . dauSvaT winaamRdegi   ,f x M x   . 

maSin uwyvetia  M f x  funqcia da amasTan arsad ar xdeba nulis tolia 

 -ze, e. i. funqcia 
 

1

M f x
 uwyvetia. Mmeores mxriv supremumis 

ganmartebis ZaliT  M f x  SeiZleba gavxadoT ragind gvinda mcire. 

maSin funqcia 
 

1

M f x
 SemousazRvrelia   kompaqtze rac ewinaamRdeba 

wina Teoremas. 
 

Teorema 3. 5. 4. vTqvaT f  funqcia uwyvetia mE R  bmul simravleze da 

 f a A  da   , ,f b B a b E  , maSin  , ,C A B c E    , iseTi, rom   .f c C  

Ddamtkiceba. vTqvaT :[0,1] E   uwyveti asaxvaa iseTi, rom    0 , 1 .a b     

ganvixiloT funqcia 
:[0,1]f R  . 

Tu gamoviyenebT Teoremas uwyvet funqciaTa kompoziciis uwyvetobis 

Sesaxeb davaskvniT, rom  [0,1]f C . radganac 

       

       

0 0

1 1

f f f a A

f f f b B

    

    
 

amitom    , , 0,1C A B      iseTi, rom 

   .f C   

Tu aRvniSnavT   -s c -Ti miviRebT Teoremis damtkicebas. 
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Tavi 4 
 

 

mravali cvladis funqciis diferencialuri 
aRricxva 

 
 

 
4. 1. mimarTuli warmoebuli 

 
 

 

vTqvaT : nf E R  gansazRruli funqciaa, sadac mE R . dauSvaT, rom 

0 intx E . 

 

Gganmarteba 4. 1. 1.  f  funqciis mimarTuli warmoebuli u  veqtoris 

gaswvriv aRiniSneba  0' ;f x u -Ti da ganimarteba Semdegnairad 

 
   0 0

0
0

' ; : lim
t

f x ut f x
f x u

t

 
 . 

 

vTqvaT,  1: ,..., nf f f . maSin advili dasanaxia, rom  0' ;f x u  arsebobisaTvis 

aucilebeli da sakmarisi  '

0; , 1,2,...,kf x u k n  arseboba.  

 

vTqvaT 1n   da  : 0,...,0,1,0,...,0ku e  , maSin gvaqvs 

 
   

               

0 0

0
0

0 0 0 0 0 0 0

1 1 1 1

0

' ; : lim

,..., , , ,..., ,...,
lim

k

k
t

k k k n n

t

f x te f x
f x e

t

f x x t x x x f x x

t



 



 


 


. 

 

Gganmarteba 4. 1. 2.   0' ; kf x e -s ewodeba f  funqciis kerZo warmoebuli k -

uri cvladis mimarT da AaRiniSneba  0

k

f
x

x




-iT. kerZo warmoebulis 

aRsaRniSnavad gamoiyeneba agreTve  0kD f x  an  '

0kxf x . 
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magaliTi 4. 1. 1. vTqvaT    0F t f x tu  . maSin cxadia rom    0' 0 ' ;F f x u . 

 

magaliTi 4. 1. 2. vTqvaT  
2

f x x , maSin 

   
2 2 22

0 0 0 0 0 0, 2 ,F t f x tu x tu x tu x tu x t x u t u             

maSasadame 

   
   

 

0
0

2 2 22

0 0 0

0

2

0 0
0

0
' ; ' 0 lim

2 ,
lim

lim 2 , 2 , .

t

t

t

F t F
f x u F

t

x t x u t u x

t

x u t u x u








 

    


      

 

 

magaliTi 4. 1. 3. arsebobs 2:f R R  funqcia, romelsac gaaCniaT kerZo 
warmoebulebi, xolo yvela danarCeni mimarTulebiT warmoebulebi ar 
arseboben, marTlac 

 
, 0 0

, :
1,

x y x y
f x y

sxvagan

   
 


 

maSin  

 
   

 
   

0

0

,0 0,0
0,0 lim 1

, 0,0
0,0 lim 1

x

x

f x ff

x x

f y ff

y y






 




 



 

 

meores mxriv, Tu  1 2 1 2, , 0, 0,u a a a a    maSin 

       1 2

0 0 0 0

0 0 , 1
lim lim lim lim .
t t t t

f tu f f tu f ta ta

t t t t   

 
      

 

erTi cvladis SemTxvevaSi CvenTvis kargadaa cnobili, rom Tu funqcia 
warmoebadia wertilSi, maSin is uwyvetia, mravali cvladebis SemTxvevaSi 
arsebobs funqcia, romelsac yvela mimarTulebiT gaaCnia warmoebuli, 
magram funqcia wyvetilia am wertilSi, marTlac 
 

 

2

4 2
, 0,

, :

0, 0

x y
y

f x y x y

y




 
 

 

 

vTqvaT  1 2,u a a . maSin gvaqvs 

      2 2
1 2 1 2 1

2 4 20 0 0
1 2 2

0 0 ,
lim lim lim
t t t

f tu f f ta ta a a a

t t t a a a  

 
  


 

e. i. arsebobs warmoebuli yvela mimarTulebiT, meores mxriv, es funqcia 
wyvetilia, marTlac 

 2

0

1
lim , ,

2x
f x x


  
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amasTan  0,0 0.f   

 
 
 

 
 

 
4. 2. funqciis diferenciali (sruli warmoebuli) 

 

 

 

Gganmarteba 4. 2. 1.  vTqvaT 
0: , , intn mf E R E R x E   . vityviT, rom f  

funqcia deferencirebadia 0x  wertilSi, Tu arsebobs wrfivi asaxva 

0
: m n

xL R R  iseTi, rom  

       
0 00 0 (4.2.1)x xf x h f x L h h E h     

sadac  
0

0, 0.xE h h   

 
(4. 2. 1) tolobas pirveli rigis teiloris formulas uwodeben. 

0
: m n

xL R R  wrfiv asaxvas f  funqciis diferencials uwodeben 0x  

wertilSi. f  funqciis diferenciali 0x  wertilSi aRiniSneba  0df x -iT. 

 

SeniSvna 4. 2. 1. advili dasanaxia, rom     
0 0 0

1
: ,...,

n

x x xL L L  asaxva iyos wrfivi 

aucilebeli da sakmarisia, rom TiToeuli  

0
, 1,...,

i

xL i n  iyos wrfivi, 

amasTan  

       
0 0

0, 0 0, 0, 1,...,
i

x xE h h E h h i n      , 

saidanac davaskvniT, rom f  funqciis diferencirebadobisaTvis 

aucilebeli da sakmarisia ToToeuli if  komponentis diferencirebadoba. 

 
Semdegi Teorema amyarebs kavSirs funqciis diferencialsa da kerZo 
warmoebulebs Soris.  

 

Teorema 4. 2. 1. vTqvaT f  funqcia diferencirebadia 0x  wertilSi. maSin 

nebismieri mh R  veqtoris gaswvriv arsebobs  0' ;f x h  warmoebuli da 

samarTliania Semdegi toloba 

   0 0' ;df x h f x h . 

Ddamtkiceba. diferencialis ganmartebis ZaliT vwerT 

       

   
0 0

0 0

0 0

| |

x x

x x

f x th f x L th th E th

tL h t h E th

   

 
, 

maSasadame 

 
   

     
0 0 0

0 0

0
0 0

| |
' ; lim limx x x

t t

f x th f x t
f x h L h h E th L h

t t 

 
    . 
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Teorema 4. 2. 2 vTqvaT f  funqcia diferencirebadia 0x  wertilSi da 

1 1: m mh h e h e   , maSin adgili aqvs tolobas 

     0 0 1 0

1

. (4.2.2)m

m

f f
df x h x h x h

x x

 
  
 

 

 

Ddamtkiceba. radganac  0df x  wrfivi asaxvaa gvaqvs 

      

   

0 0 1 1 0

1

0 0

1 1

' ;

m

n n k k

k

m m

k k k

k k k

df x h df x h e h e h df x e

f
h f x e h x

x



 

   


 





 
. 

 

SeniSvna 4. 2. 2. ganvixiloT funqcia 1: m

i R R   gansazRruli tolobiT 

  .i ix x   maSin    i i ix h x h    , meores mxriv,  

       i i i xx h x d x h h E h       

e. i.  

 i i idx h d x h h  . 

maSin (4.2.2) toloba miiRebs Semdeg saxes 

     1

1

m

m

f f
df x h x dx h x dx h

x x

 
  
 

 

an rac igivea 

     1

1

m

m

f f
df x x dx x dx

x x

 
  
 

. 

 
 

SeniSvna 4. 2. 3.  vTqvaT 1h  . radganac cos( )k kh  , sadac k  aris kuTxe 

h  veqtorsa da k -ur RerZs Soris Teorema 4.2.1 da (4.3.2)-dan miviRebT 
 
 

 

     0 0 1 0

1

' ; cos( ) cos( ). (4.2.3)k

m

f f
f x h x x

x x
 

 
  
 

 

 

G 
 
 
 
 
 

ganmarteba 4. 2. 2. veqtors 

   0 0

1

,...,
m

f f
x x

x x

  
 
  
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uwodeben f  funqciis gradients 0x  wertilSi da aRiniSneba  0gradf x -iT. 

maSin (4.2.2) formula Caiwereba Semdegnairad 

     0 0 0' ; ,f x h df x h gradf x h   . 

 
samarTliania Semdegi 
 
 

Teorema 4. 2. 4. Tu : , mf E R E R   funqcia diferencirebadia 
0x E  

wertilSi, maSin is uwyvetia 
0x -Si. 

D 

damtkiceba. vTqvaT 1 1 ,m mh h e h e   maSin 

             
0 0 0 00 0

1

0 0
m

x x k x k x

k

f x h f x L h h E h h L e h E h h


        . 

 

 
SeniSvna 4. 2. 4. arsebobs funqcia, romelsac gaaCnia warmoebuli 
wertilSi yvela mimarTulebiT, magram diferencirebadi ar aris. 

 

 

magaliTi 4. 1. 4  vTqvaT   3 2 2 3

1 2 2 1 2 1, 3 4f x x x x x x   . vipovoT mocemuli 

funqciis mimarTuli warmoebuli 2u j i   veqtoris gaswvriv  1,2  

wertilSi. 
amoxsna:  

        
1 2

' 1,2 ; 2,1 2 1,2 1,2
f f

f
x x

 
      

 
 

da  
 

  2 2

1 2 1 2 1

1

, 6 12
f

x x x x x
x


 


, 

  2 2

1 2 2 2 1

2

, 6 6
f

x x x x x
x


 


, 

 

 
1

1,2
f

x


 


 

 

4. 3.  wrfivi asaxvis matrica 
 

 

vTqvaT : m nT R R  wrfivi asaxvaa e. i.  

      , , , , mT x y T x T y R x y R             

da 1,..., me e  bazisia mR -Si, xolo 1,..., ne e  ki bazisia nR -Si. mx R   gvaqvs 

1 1 m mx x e x e   , maSin T -s wrfivobis ZaliT gvaqvs 

   
1

(4.3.1)
m

k k

k

T x x T e


  
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vinaidan   n

kT e R  da 1,..., ne e  bazisia nR -Si, amitom vwerT 

 
1

(4.3.2)
n

ik ik

i

T e t e


  

Tu (4.3.2)-s gaviTvaliswinebT (4.3.1)-Si miviRebT 

 
1 1 1 1

11 1 1

1

1 1

1

,..., (4.3.3)

m n n m

i ik ik ik k

k i i k

mm m

k k nk k

k k

n nm m

T x x t e t x e

t t x

t x t x

t t x

   

 

 
   

 

   
     

       
     

   

   

 

 

 
aRvniSnoT 

 
11 1

1

:

m

n nm

t t

m T

t t

 
 

  
 
 

 

maSin (4.3.3) – dan miviRebT 
 

   T x m T x  . 

Cven davamtkiceT, rom nebismieri : m nT R R  wrfiv asaxvas calsaxad 
eTanadeba n m  matrici da piriqiT, nebismier n m  matrics eTanadeba 
erTaderTi wrfivi asaxva. maSasadame, n m  matricTa simravlesa da 

: m nT R R  wrfiv asaxvaTa simravles Soris arsebobs urTierTcalsaxa 
asaxva. 
 

Teorema 4. 3. 1. vTqvaT : , :m n n pT R R S R R   wrfivi asaxvebia. maSin 

     m S T m S m T  . 

 
Ddamtkiceba.  

    

             

,

,

S T x m S T x

S T x S T x m s T x m s m T x

 

     
 

maSasadame 

     m S T m S m T   

 

Teorema 4. 3. 2. vTqvaT : , :m n m nT R R S R R   wrfivi asaxvebia. maSin 

     m S T m S m T   . 

 
Ddamtkiceba.  

    

               

,

,

S T x m S T x

S T x S x T x m s x m T x m s m T x

   

         
 

maSasadame 

     m S T m S m T   . 
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4. 4. iakobis matrica 
 

 

vTqvaT : ,n mf E R E R   diferencirebadia x E  wertilSi. Teorema 4. 2. 1-
is ZaliT 
 

           1

1

' ; ,...,
n

n i
k k i

ik k k k

f fff
df x e f x e x x x x e

x x x x

  
    

    
 , 

meores mxriv 

     

   

   

   

1 1

1 1 1 1

1

1 1

1 1

1 1

1

,...,

(4.4.1)

m m

k k k k

k k

m n n m
i i

k i k i

k i i kk k

m m
n

k k

k kk k

m

n n m

m

df x h df x h e h df x e

f f
h x e h x e

x x

ff
h h

x x

f f
x x

x x h

f f h
x x

x x

 

   

 

 
  

 

  
   

  

 
  

  

  
     

 
  

 
       
   

 

   

   

 
matricas 

   

   

1 1

1

1

m

n n

m

f f
x x

x x

f f
x x

x x

  
  
 
 
 
  

   

 

uwodeben f  funqciis iakobis matricas da aRniSnaven  'f x -iT. Ee. i.  

   'df x h f x h  . 

 
 

4. 5. jamis, namravlis, Sefardebis da kompoziciis 
diferenciali 
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Teorema 4. 5. 1. vTqvaT , : ,n mf g E R E R   diferencirebadia x E  

wertilSi, maSin maTi wrfivi kombinacia   :f g E R    

diferencirebadia da samarTliania toloba 

        d f g x d f x d g x      . 

 
D 
damtkiceba.  
 

     

         

             

             

1 2

1 2

x x

x x

f g x h f g x

f x h f x g x h g x

df x h E h h dg x h E h h

df x dg x h E h E h h

   

 

 

 

   

     

   

   

 

 

radganac        1 2
0x xE h E h   da asaxva    df x dg x   aris wrfivi 

diferencialis ganmartebis ZaliT miviRebT Teoremis damtkicebas. 
 
radganac 

      

       

'

' , '

d f dg x h f g x h

df x h f x h dg x h g x h

     

   
 

miviRebT, rom 

       ' ' 'f g x f x g x       

e.i. 

 
 

 
 

 
 

 
 

   

   

   

   

     

1 1 1 1

1

1

1 1 1 1

1 1

1 1

1 1 1

1 1

m

n n n n

m

m m

n n n n

m m

m

f g f g
x x

x x

f g f g
x x

x x

f f g g
x x x x

x x x x

f f g g
x x x x

x x x x

f g f
x x x

x x x

   

   

 

   

    
 

  
 
 
    

   

      
      
   
    
   
      

         

  
 

  



 

       

1

1 1

m

n n n n

m m

g
x

x

f g f g
x x x x

x x x x
   

 
 
 
 
 

            
maSasadame 

 
 

      , 1,..., , 1,...,
k k k k

i i i

f g f g
x x x k n i m

x x x

 
 

   
   

  
.  
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iseve, rogorc erTi cvladis SemTxvevaSi analogiurad damtkicdeba, rom 
samarTliania Semdegi 
 

Teorema 4. 5. 2. vTqvaT , : , mf g E R E R   diferencirebadia x E  
wertilSi, maSin  
 
1) diferencirebadia maTi namravli da adgili aqvs Semdeg tolobas 

          ;d fg x g x df x f x dg x  . 

 

2) Tu   0, ,g x x E   maSin diferencirebadia /f g  da adgili aqvs 

tolobas 

  
 

        2

1
/d f g x g x df x f x dg x

g x
  . 

 
Teorema 4. 5. 2- dan miviRebT, rom samarTliania Semdegi 

 
         

 
 

 
       2

,

/ 1

i i i

i i i

fg g f
x f x x g x x

x x x

f g f g
x g x x f x x

x g x x x

  
 

  

   
  

   

 

 
 
 

 Teorema 4. 5. 2. (funqciaTa kompoziciis Sesaxeb) vTqvaT 

: , , , :m n kf X Y X R Y R g Y R    . f  diferencirebadia x X  wertilSi, 

xolo g  ki  y f x -Si. maSin : : kg f X R    diferencirebadia x -Si da 

adgili aqvs tolobas 

      .d g f x dg y df x  

damtkiceba. Tu gamoviyenebT ,f g  funqciaTa diferencirebadobas miviRebT 

                

         (4.5.1)y

x h x g f x h g f x dg y f x h f x

f x h f x E f x h f x

        

    
 

sadac  

        0, 0yE f x h f x f x h f x      . 

vinaidan 

         , 0, 0x xf x h f x df x h h E h E h h       

(4.5.1)-dan miviRebT 

                   

                  

        ,

x y

x y

x h x dg y df x h h E h f x h f x E f x h f x

dg y df x h dg y h E h f x h f x E f x h f x

dg y df x h h E h

         

      

 

 

 
sadac 
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               

      
   

    

x y

x y

h E h h dg y E h f x h f x E f x h f x

f x h f x
E h dg y E h E f x h f x

h

     

 
   

 

vinaidan 

   0 0xE h h   

da 

      x xdg y E h M E h  

miviRebT, rom  E h -is pirveli wevri miiswrafi nulisken. meores mxriv 

 

M

   
    

   
    

   
    

        0, 0

x

y y

x

y

x y

df x h h E hf x h f x
E f x h f x E f x h f x

h h

df x h E h h
E f x h f x

h h

M E h E f x h f x h

 
    

 
    
 
 

     

 

 
maSasadame Cven davamtkiceT, rom 

   0 0E h h   

Teorema damtkicebulia. 
 
 

 
 
 

4. 6. mravali cvladis rTuli funqciis gawarmoebis 
wesi 

 

 

vTqvaT 

     1 1 1,..., , ,..., , ,...,k n kf f f g g g      

da 

 

 

1 1 1

1

,...,

,...,

m

n n m

y f x x

y f x x





 

vinaidan 

       m d m dg df m dg m df     

miviRebT 

   

   

   

   

   

   

1 1 1 1 1 1

1 1 1

1 1 1

m n m

k k k k n n

m n m

g g f f
x x y y x x

x x y y x x

g g f f
x x y y x x

x x y y x x

 

 

          
          
     
      
     
          

               

, 
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vTqvaT        1 11, : ,k g y g y x x     maSin miviRebT 

 
 

       

   

   

1 1

1

1 1

1

m

m n

n n

m

f f
x x

x x
g g

x x y y
x x y y

f f
x x

x x

 

  
  
      
     

           
   

 

   
1 11

,..., ,
n n

i i

i ii i m

f fg g
y y

y x y x 

   
  

    
   

 

     
1

n
i

is i s

fg
x y x

x y x





 


  
  

am ukanasknels uwodeben rTuli funqciis gawarmoebis wesi. 
 

 
 

 
4. 7. Seqceuli asaxvis diferenciali 

 
 

 

erTi cvladis SemTxvevaSi cnobilia, rom Tu :f X Y  da 1 :f Y X   

funqciebi uwyvetia Sesabamisad 0x X  da  0 0y f x  wertilebSi, amasTan 

f  diferencirebadia 0x  wertilSi da  0' 0f x   maSin 1f   

diferencirebadia 0y  wertilSi da adgili aqvs tolobas 

     
11

0 0' 'f y f x
  . 

Cvens mizans warmoadgens analogiuri sakiTxis Seswavlas mravali 
cvladebis SemTxvevaSi. samarTliania Semdegi 
 

Teorema 4. 7. 1. vTqvaT    :f U x V y  asaxvaa   mU x R  midamodan  y f x  

wertilis   mV y R  midamoSi. f  uwyvetia x  wertilSi da arsebobs 

Seqceuli asaxva    1 :f V y U x  , romelic uwyvetia  y f x  wertilSi. 

Tu f  diferencirebadia x  wertilSi da asaxva   : m mdf x R R  Seqcevadia, 

maSin misi Seqceuli asaxva diferencirebadia y  wertilSi da adgili 
aqvs tolobas 

     
11df y df x
  . 

 
D 
damtkiceba. vTqvaT 

       , ,f x y f x h y t t f x h f x         
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maSin 

       1 1 1 1, .f y x f y t x h h f y t f y            

aq igulisxmeba, rom    , .x h U x y t V y     

f  da 1f   funqciebi, Sesabamisad uwyvetia x  da y  wertilebSi, amitom 
gvaqvs 

     

     1 1

0 (4.7.1)

0 (4.7.2)

t f x h f x h

h f y t f y t 

   

   
 

 
f  funqciis x  wertilSi diferencirebadobis ZaliT gvaqvs 

           , 0 0 (4.7.3)x xt f x h f x df x h h E h E h h       . 

vinaidan 

 df x h M h  

miviRebT 

        (4.7.4)x xt df x h h E h M h h E h O h     . 

Eexla davamtkicoT, rom 

  (4.7.5)h O t  

(4.7.3) –dan gvaqvs 

         

         

1 1 1

1

[ ] [ ( )] [ ]

[ ] (4.7.6)

x

x x

df x t df x df x h df x h E h

h h df x E h h h O E h h o h

  



 

     
 

 
maSasadame 

   1[ ] (4.7.7)df x t h o h    

Tu gaviTvaliswinebT im faqts, rom 

   1[ ] ,df x t O t   

(4.7.7)- dan miviRebT 

 h O t  

rac amtkicebs (4.7.5)-s. 
 
(4.7.4) da (4.7.5)-dan gamomdinareobs, rom 

   .O h O t  

 (4.7.6)–dan miviRebT 

   1[ ]h df x t o t   

da maSasadame (4.71) da (4.7.7) gaTvaliswinebiT miviRebT 

       1 1 1[ ]f y t f y df x t o t       

rac amtkicebs Teoremis samarTlianobas. 
 

SeniSvna 4. 7. 1. algebridan cnobilia, rom wrfivi asaxvis : m mL R R  

SeqcevadobisaTvis aucilebeli da sakmarisia, rom  m L  matrica iyos 

Sebrunebadi. roca 1m  , maSin   :df x R R  asaxvis Sesabamisi iakobiani f  

funqciis warmoebulis  'f x -is tolia da , amasTan imisaTvis, rom  'f x h  
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wrfivi funqcia iyos Sebrunebadi aucilebeli da sakmarisia, rom 

 ' 0.f x    

 

4.8. saSualo mniSvnelobis Teorema 
 

 

ganmarteba 4. 8. 1. vTqvaT, , mx y R , maSin am wertilebis SemaerTebeli Ria 
da Caketili monakveTi ganimarteba Semdegnairad 

 ] , [ (1 ) : 0 1x y ty t x t      

 [ , ] (1 ) : 0 1x y ty t x t      

Teorema 4. 8. 1. vTqvaT, 1:f G R , mG R  areSi gansazRruli funqciaa da 

[ , ]x x h G  . Tu f  diferencirebadia ] , [x x h  da uwyvetia [ , ]x x h , maSin 

] , [x x h    iseTi, rom adgili aqvs tolobas 

( ) ( ) ( )f x h f x df h    
damtkiceba. ganvixiloT funqcia 

( ) ( )F t f x th   

advili dasanaxia, rom 1:[0,1]F R , F  funqcia uwyvetia [0,1] da 

warmoebadia ]0,1[-Si, maSin ]0,1[   iseTi, rom 

(1) (0) '( )F F F   ,                       (4.8.1) 

meores mxriv 
(1) ( ), (0) ( )F f x h F f x    

da  

 '( ) ' ; ( )F t f x th h df x th h    , 

Tu yovelive amas gaviTvaliswinebT (4.8.1)-Si da SemovitanT aRvniSnas 
: x th    miviRebT 

 ( ) ( ) ( )f x h f x df h   .                        (4.8.2) 
Teorema damtkicebulia. 
Tu gaviTvaliswinebT im faqtebs, rom 

1

1

( ) '( ), ( ) ( ) m

m

f f
df h f h h h

x x
   

 
   

 
 

(4.8.2) toloba miiRebs Semdeg saxes 

1 1 1( ,..., ) ( ,..., )m m mf x h x h f x x     

1

1

( ) ( ) m

m

f f
h h

x x
 

 
  
 

. 

Teorema 4. 8. 2. vTqvaT A 1:f G R  funqcia diferencirebadia G  areSi da 

( ) 0,df x x G   , maSin ( )f x const . 

damtkiceba. Ppirvel rigSi SevniSnoT, rom 

   
1

( ) 0,..., 0
m

f f
df x x x

x x

 
  

 
. 

x G  da radganac G  Ria simravlea, amitom ( ; )B x r G  . Teorema 4.8.1-is 
ZaliT vRebulobT 

( ) ( ) ( )( ) 0f x h f x df h    , 

roca ( ; ) ([ , ] ( ; )x h B x r x x h B x r    , vinaidan birTvi bmuli simravlea da 

] , [x x h   , maSasadame ( )f a const , ( ; )a B x r  . 
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vTqvaT, 
0 1,x x G . radganac G  bmulia, amitom :[0,1] mx R   uwyvetia asaxvaa 

iseTi, rom 0 1(0) , (1) , ([0,1])x x x x x G   . 

vTqvaT, 0( ; )B x r G . vinaidan ( )x t  uwyvetia amitom 00, ( ) ( , )x t B x r   , roca 

0 t    

 
ukve damtkicebulis ZaliT 0( ( )) ( )f x t f x , roca 0 t   . aRvniSnoT l -iT im 

 -ebs Soris sup , romelTaTvisac 0( ( )) ( ), 0f x t f x t    , maSin  

0( ( )) ( ), 0f x t f x t l   . 

zeda toloba Sesruldeba maSinac, roca t l , marTlac vTqvaT  : 1nt n   

mimdevroba miiswrafvis l -ken da nt l , maSin vinaidan ( ( )) ( )nf x t f x  da 

gamoviyenebT im faqts, rom f x funqcia, rogorc uwyvet funqciaTa 

kompozicia uwyvetia da gadavalT zRvarze, roca n , miviRebT 

0( ( )) ( )f x l f x . 

davamtkicoT, rom 1l  . davuSvaT winaaRmdegoba, vTqvaT, 1l  , maSin 
( ( ); )B x l r G  . ukve damtkicebulis ZaliT 

0( ( )) ( )f x t f x , roca ( ) ( ( ); )x t B x l r . 

( )x t -s uwyvetobis ZaliT 0   iseTi, rom 

( ) ( ( ); )x t B x l r l t l     

Dda maSasadame miviRebT, rom sup l  . miRebuli winaaRmdegoba amtkicebs, 

rom 1l  , rac imas niSnavs, rom 

1 0( ( )) ( ) ( )f x l f x f x   

Dda e.i. ( ) ,f x const x G   . 
 

4. 9. funqciis diferencirebadobisaTvis sakmarisi 
piroba 

 

rogorc Cven vnaxeT Tu funqcias wertilSi gaaCnia kerZo warmoebulebi 
aqedan sazogadod ar gamomdinareobs funqciis uwyvetoba am wertilSi da 
miT umetes diferencirebadoba. am paragrafSi Cvens mizans warmoadgens 
funqciis kerZo warmoebulebze im sakmarisi pirobis povnas, romelic 
uzrunvelyofs mocemuli funqciis diferencirebadobas. samarTliania 
Semdegi 
 

0x  

1x  

x(l) 

  

  

  
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Teorema 4. 9. 1. vTqvaT    0 0: , mf U x R U x R   da   0U x -ze  f  funqcias 

gaaCnia  kerZo warmebulebi   , 1,2,...,
i

f
x i m

x





 da es warmoebulebi uwyvetia 

0x -Si. maSin f  funqcia diferencirebadia 0x -Si . 

 
 
damtkiceba. SemoviRoT aRniSvna 
 

0 1 1 1 2 1 1 2 2 1 1 2 20, , ,..., m m ms s h e s h e h e s h e h e h e h         . 

maSin advili dasanaxia, rom 

        0 0 0 0 1

1

m

k k

k

f x h f x f x s f x s 



       

    0 1 0 1

1

m

k k k k

k

f x s h e f x s 



     . 

lagranJis Teoremis ZaliT arsebobs  0,1k   iseTi, rom 

     0 0 0 1

1

m

k k k k k k

k

f x h f x D f x s h e h



     . 

radganac   , 1,2,...,kD f x k m  kerZo warmoebulebi uwyvetia 0x x  wertilSi, 

amitom  

   0 1 0k k k k kD f x s h e D f x    roca 0h , 

 

       0 1 0 , 0, 0k k k k k k k kD f x s h e D f x h h h        . 

maSasadame 
 

       0 0 0

1

{ }
m

k k k k

k

f x h f x D f x h h h


     

   0

1 1

m m

k k k k

k k

D f x h h h
 

   

   
00 , || || xgradf x h h E h   . 

Teorema damtkicebuli iqneba, Tu davamtkicebT, rom 

 
0

0, 0xE h h  . 

marTlac, radganac  

  0, 0k h h    

da 
| |

1
|| ||

kh

h
  

 
miviRebT 

   
0

1

|| ||
m

x k k

k

h E h h h


  

 

     
0

1 1

| |
| | | | | | 0, 0

|| ||

m m
k

x k k

k k

h
E h h h h

h
 

 

     . 
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Teorema damtkicebulia 
 

Sedegi  vTqvaT   1

0:f B x R ,  0

mB x R  arsebobs kerZo warmoebulebi 

   01,2,..., ,
j

f
x j m x B x

x


  


. 

Tu es kerZo warmoebulebi uwyvetia 0x  wertilSi maSin f  funqcias 0x  

wertilSi gaaCnia mimarTuli warmoebuli nebismieri h  veqtoris gaswvriv 
da samarTliania Semdegi formula 

   0 0' ; ,f x h gradf x h  . 

 
 
 

 

 
4.10 maRali rigis warmoebulebi 

 
 

 

 

 

 

vTqvaT 1:f G R  gansazRvruli funqciaa, xolo mG R  area da am 

funqcias gaaCnia kerZo wamoebuli romeliRac ix  cvladis mimarT, e.i. 

arsebobs  

( ) ( )i

i

f
D f x x

x





. 

gawarmoebis Sedegad miRebuli axali funqcia isev aris G  areze 
gansazRvruli e.i. 

1:iD f G R . 

vTqvaT iD f  funqcias Tavis mxriv gaaCnia kerZo warmoebuli j -uri 

cvladis mimarT. funqcias  
1( ) :j iD D f G R  

uwodeben f  funqciis meore rigis warmoebuls jer i -uri, xolo Semdeg 

j -uri cvladebis mimarT da is ase aRiniSneba 

( )jiD f x  an 
2

( )
j i

f
x

x x



 
. 

Tu gansazRvrulia kerZo warmoebuli 

1

1

,..., ( ) ( )
k

k

k

i i

i i

h
D f x x

x x



 

, 

maSin 1k   rigis kerZo warmoebuli ganimarteba Semdegnairad 

1 1

1 1 1 1

1

, ,...,( ) ( ).
k k

k k k k

k k

i i i

i i i i i i

f h
x D x

x x x x x x 

 

    
  

       
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Tu 2 1:f R R  funqcias x  wertilSi gaaCnia 
2

( )
f

x
x y



 
 da 

2 f

y x



 
, maSin isini 

sazogadod erTmaneTis toli ar arian. amis sailustraciod moviyvanoT 
Semdegi magaliTi 
 

 
 
 
 
 
magaliTi 4. 10. 1. vTqvaT 

2 2
2 2

2 2

( )
, 0

( , )

0, 0

xy x y
x y

f x y x y

x y

 
 

 
  

 

2 2 2 2 2 2 2 2

2 2 2

( ( ) 2 )( ) 2 ( )
( , )

( )

f y x y x y x y x y x y
x y

x x y

     
 

 
 

2 2 2 2 4 2 2

2 2 2

[(3 )( ) 2 2 ]

( )

y x y x y x x y

x y

   
 


 

4 2 2 4

2 2 2

( 4 )
, ( , ) 0

( )

y x x y y
x y

x y

 
 


 

 
   

0

,0 0,0
0,0 lim 0

x

f x ff

x x


 


 

maSin 

 
   2

0

0, 0,0

0,0 lim 1
y

f f
y

f x x

y x y

 


    
 

. 

meores mxriv, 

 
 

 

 

 
   

4 2 2 4

2
2 2

2

0

4
,

0,0 0,

,0 0,0

0,0 lim 1
x

x x x y yf
x y

y x y

f

y

f f
x

f y y

x y x

 


 






 


  
 

 

 

e. i.  

   
2 2

0,0 0,0
f f

x y y x

 


   
. 
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maSin ismis kiTxva Tu ra SemTxvevaSi eqneba adgili tolobas. am kiTxvaze 
pasuxs iZleva Semdegi Teorema. 
 

 
 

Teorema 4. 10. 1. vTqvaT :f G R  , sadac mG R  area da x G   arsebobs 
kerZo warmoebulebi  

 
2

i j

f
x

x x



 
   da    

2

j i

f
x

x x



 
. 

maSin iq sadac es warmoebulebi uwyvetia adgili aqvs tolobas 
 

   
2 2

i j j i

f f
x x

x x x x

 


   
. 

 
damtkiceba. zogadobis SeuzRudavad vigulisxmoT, rom G  aris birTvi 

 B x  da f  aris ori cvladis funqcia  1 2,f x x . maSin unda davamtkicoT, 

rom samarTliania toloba 

   
2 2

1 2 1 2

1 2 2 1

, ,
f f

x x x x
x x x x

 


   
. 

ganvixiloT damxmare funqcia 

         1 2 1 1 2 2 1 1 2 1 2 2 1 2, : , , , ,F h h f x h x h f x h x f x x h f x x        , 

aq igulisxmeba, rom  1 2,h h h  aRebulia ise, rom  ;x h B x r  . 

 
advili dasanaxia, rom  

     1 2, 1 0 (4.10.1)F h h     

sadac 

     1 1 2 2 1 1 2, ,t f x th x h f x th x      , 

maSin lagranJis Teoremis ZaliT gvaqvs 

       1 11 0 ' , 0,1       . 

meores mxriv, rTuli funqciis gawarmoebis wesis Tanaxmad 
 

     1 1 1 2 2 1 1 1 1 2 1' , ,t D f x th x h h D f x th x h       
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maSin (4.10.1)-dan gamomdinareobs, rom 
 

      

 

1 2 1 1 1 1 2 2 1 1 1 1 2 1

21 1 1 1 2 2 2 1 2

, , ,

, (4.10.2)

F h h D f x h x h D f x h x h

D f x h x h h h

 

 

    

  
. 

 
Tu ganvixilavT funqcias 

 

     1 1 2 2 1 2 2, ,t f x h x th f x x th       

da gaviTvaliswinebT im faqts, rom 

     1 2, 1 0F h h     

analogiuri msjelobis Sedegad miviRebT 

   1 2 12 1 1 1 2 2 2 1 2, , (4.10.3)F h h D x h x h h h     

(4.10.2) da (4.10.3)-dan miviRebT 

   21 1 1 1 2 2 2 12 1 1 1 2 2 2, ,D f x h x h D f x h x h         

Tu am tolobis orive mxares gadavalT zRvarze, roca 1 2, 0h h   da 

gaviTvaliswinebT im faqts, rom meore rigis warmoebulebi uwyvetia 

miviRebT dasamtkicebels.  
 

aRvniSnoT    k
C G -iT G -ze gansazRvruli f  funqciebis simravle, 

romlebsac G  simravleze gaaCniaT  k -rigamde kerZo warmoebulebi da 
uwyvetebi arian. 
samarTliania Semdegi  

Teorema 4.10.3. vTqvaT, ( ) ( )kf C G . maSin 
1

( )

k

k

i i

f
x

x x



 
 funqcia ar aris 

damokidebuli gawarmoebis rigze x G  . 
damtkiceba. davamtkicoT maTematikuri induqciis gamoyenebiT. roca 2k   
es debuleba damtkicebulia. davuSvaT samarTliania n -Tvis da 
davamtkicoT misi samarTlianoba 1n -Tvis. radaganac  

 
1 1 1 1

1

( )

n n n n

n n

i i i i i i

f f
x x

x x x x x x
 

    
  

       

, 

induqciis daSvebis ZaliT 
1n

n

i i

f

x x



 
 ar aris damokudebuli gawarmoebis 

rigze. Teoremis dasamtkiceblad sakmarisia vaCvenoT, rom SeiZleba 
1ni

x

 

da 
ni

x  cvladebis gadanacvleba. marTlac  

1 1 1 1 1

2 1

n n n n n

n n

i i i i i i i

f f

x x x x x x x
  

      
   

            

. 

vinaidan 

1 1

1
(2) ( )

n

n

i i

f
C G

x x





 
, 

amitom Teorema 4.10.1-is gamoyenebiT vwerT 
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1 1 1 1 1 1

2 1 2 1

n n n n n n

n n

i i i i i i i i

f f

x x x x x x x x
   

       
    

             

 

1 1 1n n n

n

i i i i

f

x x x x
 

  
  

     

. 

rac unda dagvemtkicebina. 
 

4.11 teiloris formula 
 

vTqvaT (1) ( ( ))f C U x , maSin rogorc viciT adgili aqvs tolobas 

1

'( , ) ( )
n

i

i i

f
f x h x h

x





  

Tu (2) ( ( ))f C U x , maSin ganvsazRroT 
2

1 1

''( , )
m m

i j

i j i j

g
f x h h h

x x 




 
 , 

analogiurad ,  Tu ( ) ( )kf C G  maSin 

1

1

( )

1 1

( , ) ( )
k

i k k

km m
k

i i

i i i i

f
f x h x h h

x x 




 
  . 

Teorema 4.11.1. vTqvaT, ( ) ( )sf C G  da [ , ]x x h G  , maSin ] , [x x h    iseTi, 
rom adgili aqvs tolobas 

1
( ) ( )

1

1 1
( ) ( ) ( ; ) ( , )

! !

s
k s

k

f x h f x f x h f h
k s






    . 

damtkiceba. ganvixiloT funqcia 
( ) ( )g t f x th  , 

maSin 
( ) ( ) (1) (0)f x h f x g g    .                       (4.11.1) 

radanac ( ) ([0,1])sg C , amitom erTi cvladis SemTxvevaSi teiloris 
formulis ZaliT gvaqvs 

( )1
( )

1

(0) 1
(1) (0) ( ),

! !

ks
s

k

g
g g g

k s






    sadac (0,1)   

rogorc viciT 

1

'( ) '( ; ) ( )
s

j j

j

g t f x th h D f x th h


    , 

rTuli funqciis gawarmoebis wesis Tanaxmad 

1 1

''( ) ( ) ''( ; )
s S

ij i j

i j

g t D f x th h h f x th h
 

    , 

analogiurad 

 
1 1

1

( ) ( )

,...,

1 1

( ) ( ; )
k k

k

m m
k k

i i i i

i i

g t D f x th h h f x th h
 

         (4.11.2) 

(4.11.1), (4.11.2)-dan gamomdinareobs Teoremis damtkiceba. 
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4.12 mravali cvladis funqciis eqstremumebi 
 

 

 

 

ganmatreba 4. 12. 1. vTqvaT 1: , mf E R E R   gansazRvruli funqciaa da 

a  E -s Siga wertilia. vityviT, rom f  funqcias a  wertilSi gaaCnia 

lokaluri maqsimumi (lokaluri minimumi) Tu ( )U a E   iseTi, rom 

( ) ( )f x f a  ( ( ) ( )f x f a ) ( )x U a  . 

Tu ( ) ( )f x f a  ( ( ) ( )f x f a ) ( )x U a  , maSin a -s uwodeben lokalur mkacr 

maqsimums (minimums). 
ganmatreba 4. 12. 2. funqciis lokalur maqsimumebs da lokalur 

minimumebs lokaluri eqstremumebi ewodeba. 

Teorema 4. 12. 1. vTqvaT, : ( ) , ( ) mf U a R U a R   a  wertilSi gaaCnia yvela 

kerZo warmoebuli ( )
j

f
a

x




 1,2,...,j m . 

imisaTvis, rom a  iyos lokaluri eqstremumis wertili aucilebelia 

   
1

0
m

f f
a a

x x

 
  

 
. 

damtkiceba. ganvixiloT funqcia 

1 1 2( ) ( , ,..., )mx f x a a   

maSin 1( )x  funqciis 1 1x a  wertili aris eqstremumis wertili da ukve 

cnobili faqtis ZaliT 1'( ) 0a   an rac igivea 

1

( ) 0
f

a
x





. 

analogiurad damtkicdeba, rom 
2

( ) ( ) 0
m

f f
a a

x x

 
  

 
 

SeniSvna 4. 12. 1. a -s uwodeben f  funqciis kritikul wertils Tu  

1

( ) ( ) 0
m

f f
a a

x x

 
  

 
. 

 

SeniSvna 4. 12. 2. warmoebulis nulTan toloba aris mxolod 
aucilebeli, magram ara sakmarisi piroba. 

 

Teorema 4. 12. 2. vTqvaT  (2) ( )f C U a , a  kritkuli wertilia da  
2

1 1

1 1
( ) ''( ; ) ( )

2 2

m m

i j

i j i j

f
Q t f a t a t t

x x 


 

 
 , 

maSin 

1) Tu ( ) 0, , 0mQ t t R t     maSin a  lokaluri minimumis wertilia; 

2) Tu ( ) 0, , 0mQ t t R t    , maSin a  lokaluri maqsimumis wertilia; 

3) Tu ( )Q t  Rebulobs rogorc dadebiT aseve uaryofiT niSvnelobebs, 
maSin a  eqstremumis wertili ar aris. 
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damtkiceba. radganac     2
f C U a  teiloris formulis ZaliT 

         
1

1
'' ; , ,

2

m

i

i i

f
f a t f a a t f t a a t

x
 




     


 . 

vinaidan  

  0, 1,2,...,
i

f
a i m

x


 


 

miviRebT 
 

         
21 1

'' ; '' ; ,
2 2

f a t f a f t f a t t E t      

sadac 

     
2 1 1

'' ; '' ;
2 2

t E t f t f a t  . 

radganac 

   
2

1 1

1
'' ;

2

m m

i j

i j i j

f
f a t a t t

x x 




 
  , 

miviRebT 

         
2 2

1 1

| || |
1 , 0 (4.12.1)

m m
ji

i j i j i j

ttf f
E t a o t

x x x x t t


 

 
   

   
   

aRvniSnoT 

 : : 1S t t  . 

vTqvaT   0, , 0mQ t t R t   . vinaidan S  kompaqtia, xolo  Q t  uwyvetia, 

amitom is aRwevs udides da umcires mniSvnelobebs S . vTqvT m –iT 
aRvniSnoT umciresi mniSvneloba, maSin m >0. radganac 

   2 ,Q ct c Q t c R    

da 
1

, , 0,mt R c t ct S
t

      

miviRebT 

   2 0.c Q t Q ct m    

maSasadame 
 

 
2

0.Q t m t   

 
saidanac viRebT 

         
2 2 2

f a t f a Q t t E t m t t E t                          (4.12.2) 

 
(4.12.1)-is ZaliT 0   iseTi, rom 

 
1

0
2

E t m t     

Tu am faqts gaviTvaliswinebT (4.12.2)-Si miviRebT 
 

     
2 2 2 2 2

| | 0, : .
2 2

m m
f a t f a m t t E t m t t t t t            
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maSasadame a  aris f  funqciis lokaluri minimumis wertili. 

analogiurad damtkicdeba, rom Tu   0Q t   maSin a  aris f  funqciis 

lokaluri maqimumis wertili. 
 

bolos davamtkicoT, Tu  Q t  ar aris gansazRruli, maSin a  ar aris 

eqstremumis wertili. 0   ricxvisaTvis gvaqvs 

       

        

22

2 22 2 2

f a t f a Q t t E t

Q t t E t Q t t E t

   

    

   

   
. 

daSvebis ZaliT ', ''t t  iseTi, rom    ' 0, '' 0Q t Q t  . vinaidan 

  0, 0E y y   amitom ', ''   iseTi, rom 

   

   

2

2

1
' ' ' 0 '

2

1
'' '' '' 0 ''

2

t E t Q t

t E t Q t

  

  

  

   

 

maSasadame gvaqvs 

          

          

2
22

2
22

' ' ' ' ' 0
2

'' '' '' '' '' 0
2

f a t f a Q t t E t Q t

f a t f a Q t t E t Q t


  


  

     

     

 

Cven davamtkiceT, rom    f a t f a   sxvaoba a  wertilis nebismier 

midamoSi iRebs rogorc dadebiT, aseve uaryofiT mniSvnelobebs, rac 
imas niSnavs, rom f  funqcias a  wertilSi ar gaaCnia eqstremumis 
wertili. 
 
 
SeniSvna 4. 12. 2. eqstremumis amocanis Seswavla daiyvaneba Semdegi 

kvadratuli formis  

 
2

1 1

: ,
m m

ij i j ij ji

i j i j

f
A t a t t a a

x x 


  

 
   

 
niSnis dadgenaze. amisaTvis algebridan CvenTvis cnobilia silvestris 
Semdegi Teorema 

 
Teorema A. vTqvaT mocemulia forma 
 

 
1 1

: ,
n m

ij i j ij ji

i j

A t a t t a a
 

    

da AaRvniSnoT 
 

11 1

11 12

1 11 2

21 22

1

: , : det ,..., : det

m

m

m mm

a a
a a

a
a a

a a

 
   

        
   

 

. 

 
maSin 
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1) roca 1 20, 0,..., 0m       kvadratuli forma dadebiTadaa 

gansazRruli; 

2) roca  1 20, 0,..., 1 0
m

m        kvadratuli forma uaryofidadaa 

gansazRruli; 
 

3) roca 1 20, 0,..., 0m        an  1 20, 0,..., 1 0
m

m        da arsebobs 

, 1,...,j j m  iseTi, rom 0j  , maSin forma mkacrad ar aris 

gansazRruli , rac imas niSnavs, rom   0A t   an   0A t   Sesabamisad 

da  , 0, 0;mt R t A t     

 

4) yvela sxva SemTxvevaSi forma gansazRruli ar aris, anu ', '' mt t R   

iseTi, rom    ' 0, '' 0.A t A t   

 
 
SeniSvna 4. 12. 3. im SemTxvevaSi, roca forma naxevrad gansazRrulia a  

werilSi, maSin a  wertili SeiZleba iyos eqstremumis wertili 
SeiZleba ara. amis sailustracioT moviyvanoT Semdegi magaliTi. 

2:f R R  funqcia gansazRrulia tolobiT   4 4 2, : 2 .f x y x y x    

 
 

 

 

3

3

, 4 4 0

, 4 0

f
x y x x

x

f
x y y

y


  




  


 

romlis amonaxsni aris      1,0 , 0,0 , 1,0 . radganac 

 
 
 
 
 
 

     
2 2 2

2 2

2 2
, 12 4, , 0, , 12

f f f
x y x x y x y y

x y y x

  
   

   
 

 
amitom kvadratuli forma iRebs semdeg saxes 
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       
2 2 2

2 2 2

1 1 2 2 12 2
1,0 2 1,0 1,0 8

f f f
A t t t t t t

x x y y

  
      
   

 

analogiurad 
 

       
2 2 2

2 2 2

1 1 2 2 12 2
0,0 2 0,0 0,0 4

f f f
A t t t t t t

x x y y

  
    
   

 

da 
 

       
2 2 2

2 2 2

1 1 2 2 12 2
1,0 2 1,0 1,0 8

f f f
A t t t t t t

x x y y

  
   
   

 

 
e. i. samive SemTxvevaSi forma naxevrad gansazRrulia. pirvel rigSi 

SevniSnoT, rom    
2

2 4, 1 1f x y x y    , amitom cxadia, rom    1,0 , 1,0  

wertilebi warmoadgens mkacri lokaluri minimumis wertilebs. xolo 

rac Seexeba  0,0  wertilSi funqcias  gaaCnia eqstremumis wertili, 

marTlac  

   4 4 20, 0, ,0 2 0f y y f x x x      

nulis midamoSi. 
 
 
exla ganvixiloT kerZo SemTxveva. vTqvaT ganzomileba 2-is tolia. 
aRvniSnoT 
 

     
2 2 2

2 2

1 1 2 2

: , : , :
f f f

A a B a C a
x x x x

  
  
   

 

maSin kvadratuli forma miiRebs saxes 

  2 2

1 1 2 2: 2Q t At Bt t Ct   . 

 

silivestris Teoremis ZaliT,  Q t  dadebiTadaa gansazRruli, Tu 

20, det 0
A B

A AC B
B C

 
      

 
. 

maSin a  f  funqciis lokaluri minimumis wertilia. Tu 0, 0,A    maSin 

a  f  funqciis lokaluri maqimumis wertilia.  Tu 2 0AC B  , maSin a  f  

funqciis eqstremumis  wertili ar aris. Tu 2 0AC B   maSin adgili aqvs 
saeWvo SemTxvevas, maSasadame samarTliania Semdeg 
 
 
 

Teorema 4. 12. 3.   
 
1) Tu >0, maSin a  f  funqciis eqstremumis  wertilia , amasTan 

a) lokaluri manimumis wertilia, roca 0;A  

b) lokaluri minimumis wertilia, roca 0;A   
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2) roca 0  , maSin a  f  funqciis eqstremumis  wertili ar aris; 

3) Tu 0   maSin adgili aqvs saeWvo SemTxvevas, e. i. SeiZleba iyos 
eqstremumis wertili, SeiZleba ara. 

 

 
 
 

4. 13. Teorema aracxadi funqciis Sesaxeb 
 

 

 

vTqvaT mocemulia wrewiris gantoleba 
 

                             2 2 1 0 (4.13.1)x y    
 

Tu davafiqsirebT x -s, maSin moiZebneba y -is ori mniSvneloba, romlebic 

daakmayofilebs (4. 13. 1) tolobas, 21 .y x    
 
 

amocana mdgomareobs SemdegSi: vTqvaT  0 0,x y  wertili akmayofilebs (4. 

13. 1) tolobas, vipovoT am wertilis  0 0,U x y  midamo, iseTi, rom 

nebismieri dafiqsirebuli  0 0,x U x y  arsebobdes erTaderTi y , romelic 

daakmayofilebs (4. 13. 1) tolobas. advili dasanaxia, rom es yovelTvis 

SeiZleba garda SemTxvevebisa    1,0 , 1,0 . maSasadame, Tu  0 0,x y  ar udris 

   1,0 , 1,0 , maSin yovelTvis arsebobs  0 0,U x y midamo da erTaderTi 

funqcia  y y x , iseTi rom (4. 13. 1) eqvivalenturia  y y x -is.  

 
samarTliania Semdegi 
 

Teorema 4. 13. 1. vTqvaT  0 0: ,F U x y R  akmayofilebs Semdeg pirobebs 

 

1)      0 0, ; 1;
p

F C U x y p   

2)   0 0, 0;F x y   

3)  '

0 0, 0,yF x y   

 

maSin arsebobs organzomilebiani : x yI I I   (sadac 

   0 0: :| | , : :| |x yI x R x x I y R y y         ) intervali da funqcia 

   ,
p

x yf C I I  iseTi, rom  , x yx y I I    

   , 0F x y y f x   , 

amasTan xx I   adgili aqvs tolobas 

 

 
  
  

'

'

,
'

,

x

y

F x f x
f x

F x f x
  . 
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damtkiceba. zogadobis SeuzRudavad vigulisxmoT, rom  '

0 0, 0.yF x y   

radganac    1
;F C U R , amitom  ' , 0yF x y   sruldeba  0 0,x y wertilis 

raRac midamoSi. zogadobis SeuzRudavad vigulisxmoT, rom es midamo 

aris  0 0,U x y , ufro metic, SeiZleba vigulisxmoT, rom es midamo aris 

birTvi centriT  0 0,x y -Si da radiusiT 2r  . radganac 

   ' , 0, ,yF x y x y U   ,  0 ,F x y  funqcia monotonurad zrdadia, roca 

0 0y y y      da maSasadame 

     0 0 0 0 0 0, , ,F x y F x y F x y     . 

F  funqciis uwyvetobis ZaliT    , iseTi rom 

   0 0 0, 0 , , :| |F x y F x y x x x         . 

ganvixiloT marTkuTxedi : x yI I I  , sadac  

   0 0: :| | , : :| |x yI x R x x I y R y y         . 

Cven davamtkiceT, rom xx I  ,  ,F x y  zrdadia roca  0 0,y y y     da  

   0 0, 0 ,F x y F x y     . 

maSin moiZebneba erTaderTi  0 0,y y y     iseTi, rom  , 0F x y  . 

 

Ppirvel rigSi davamtkicoT  , rom  ;x yf C I I . nebismieri dafiqsirebuli 

0     Tu gavimeorebT zemoT moyvanil msjelobas, maSin arsebobs 

,0     da : x yI I I  , sadac    0 0: :| | , : :| |x yI x x x I y y y        da 
~

: x yf I I  iseTi, rom 

      
~

, 0, , , xF x y x y I y f x x I
 

     
 

 

radganac ,x yx yI I I I   , amitom davaskvniT, rom    
~

f x f x  da maSasadame 

     0 0 0| | | | , | |f x f x f x y x x       . 

rac imas niSnavs, rom f  funqcia uwyvetia 0x  wertilSi. Tu xx I   

CavTliT sawyis wertilad da gavimeorebT igive msjelobas, rac vqonda 

0x  wertilis SemTxvevaSi, miviRebT rom f  funqcia uwyvetia xx I   

wertilSi. 
 

exla davamtkicoT, rom    1
,x yf C I I . x  aviRoT iseTi, rom xx x I  . 

vTqvaT,    ,y f x y y f x x    . maSin saSualo mniSvnelobis Teoremis 

gamoyenebiT miviRebT 

     

   

   ' '

0 , ,

, ,

, , ,x y

F x x f x x F x f x

F x x y y F x y

F x x y y x F x x y y y   

    

    

           

 

 
saidanac viRebT 
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 

 

'

'

,
(4.13.2)

,

x

y

F x x y yy

x F x x y y

 

 

   
 

    
 

 

radganac  ; ,x yf C I I amitom 0y   roca 0x  . Tu gamoviyenebT im 

faqts, rom    1
;F C U R  da (4. 13. 2)-Si orive mxareze gadavalT zRvarze, 

roca 0x  , miviRebT 

 
 

 

'

'

,
'

,

x

y

F x y
f x

F x y
  . 

vTqvaT    2
;F C U R , maSin miviRebT 

 
   

 

'' '' ' '' '' '

2
'

''
xx xy y yy xy x

y

F F F F F F
f x

F

  
   

e. i.    2
,x yf C I I . analogiurad damtkicdeba 2p   SemTxvevaSic. 

 
Teorema 4. 13. 1-s msgavsad damtkicdeba, rom samarTliania Semdegi 
 

Teorema 4. 13. 2. vTqvaT  0 0: ,F U x y R ,       0 0 1

0 0 1 0, ,..., , m

mx y x x y R    

wertilis midamoSi gansazRruli funqciaa, iseTi rom 
 

1)      0 0, ; 1;
p

F C U x y p   

2)   0 0, 0;F x y   

3)  '

0 0, 0,yF x y   

 

maSin arsebobs 1m  ganzomilebiani : m

x yI I I   (sadac 

    0

0: :| | , 1,..., , : :| |m m

x i i i yI x R x x i m I y R y y          ) Ria maRTkuTxedi  da 

funqcia    ,
p m

x x yf C I I  iseTi, rom  , m

x yx y I I    

   1 1..., , 0 ...,n nF x x y y f x x   , 

amasTan misi kerZo warmoebulebi gamoiTvlebian formuliT 
 

 
  

  '

,

,

i

i y

F
x f x

xf
x

x F x f x




 


. 

 
ganvixiloT Semdeg funqciaTa sistema 

         

 

 

1 1 1

1 1

,..., ; ,..., 0

(4.13.3)

,..., ; ,..., 0

m n

n m n

F x x y y

F x x y y




 

 

 

Cveni mizans warmoadgens (4. 13. 3) tolobaTa sistemidan 1,..., ny y -ebis 

gamosaxva 1,..., mx x -ebis meSveobiT, sxva sityvebiT, rom vTqvaT veZebT Semdeg 

funqcionalur damokidebulebas 
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 

 

 
1 1 1

1

,...,

4.13.4

,...,

m

n n m

y f x x

y f x x




 

 

 

simartivisaTvis (4. 13. 3) tolobaTa sistema AaRvniSnoT  , 0F x y  , xolo 

(4. 13. 4) ki  y f x .  vTqvaT 

             0 0 0 0

0 1 0 1 1 1,..., , ,..., , ,..., , ,...,m m m nx x x y y y           

maSin 0 0| | ,| |x x y y      Canawerebis qveS Cven gavigebT Semdegs 
   0 0

| | , 1,..., , | | , 1,...,i i i i i ix x i m y y i n       . 

gavixsenoT, rom 

                 

1 1

1

1

' (4.13.5)

m

n n

m

f f

x x

f x x

f f

x x

  
  
 
 
 
  

   

 

 
 

                      

1 1

1

'

1

, , (4.13.6)

m

x

n n

m

F F

x x

F x y x y

F F

x x

  
  
 
 
 
  

   

 

                    

                       

1 1

1

'

1

, , (4.13.7)

n

y

n n

n

F F

y y

F x y x y

F F

y y

  
  
 
 
 
  

   

 

 ' ,yF x y  matrices Sebrunebuli matrica aRvniSnoT  ' 1[ , ]yF x y  -iT.  

 
 
samarTliania Semdegi 
 

Teorema 4. 13. 3. vTqvaT    0 0 0 0: , , ,n m nF U x y R x y R    wertilis  0 0,U x y  

midamoSi gansazRruli funqciaa da  akmayofilebs Semdeg pirobebs 
 

1)      0 0, ; ; 1;
p nF C U x y R p   

2)   0 0, 0;F x y   

3)  '

0 0, ,yF x y  Sebrunebadi matricaa 
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maSin arsebobs n m -ganzomilebiani : m n

x yI I I   (sadac 

   0 0: :| | , : :| |m m n n

x yI x R x x I y R y y         ) Ria marTkuTxedi da funqcia 

   ,
p m n

x yf C I I  iseTi, rom  , m n

x yx y I I    samarTliania 

   , 0F x y y f x   , 

amasTan 
xx I   adgili aqvs tolobas 

 

       ' 1 '' [ , ] [ , ]y xf x F x f x F x f x  . 

damtkiceba.  Teorema davamtkicoT maTematikuri induqciiT. roca 1n  , 
Teoremis samarTlianoba gamomdinareobs Teorema 4. 13. 2-dan. vTqvaT 
samarTliania 1n -Tvis da davamtkicoT misi samarTlianoba n -Tvis. 
 

radganac  'det , 0yF x y  , amitom  ' ,yF x y  bolo striqonSi erTi elementi 

mainc aris gansxvavebuli nulisagan, zogadobis SeuzRudavad 

vigulisxmoT, rom e saris n

n

F

y




. maSin Teorema 4. 13. 2-is ZaliT arsebobs 

   
1 1

0 0,
n m m n

x y yI I I I U x y
 

     

Ria marTkuTxedi da funqcia    
~ 1 1;

m np
x y yf C I I I



   iseTi, rom 

        
~ 1

1 1 1 1 1 1 1,..., ; ,..., 0, ,..., ; ,..., , ,..., , ,...,
n m m n

x yn m n n m n m nF x x y y I y f x x y y x x I y y I
 



 
     

 

 

                           
~

0 0 0 0 0

1 1 1,..., ; ,..., (4.13.8)n m ny f x x y y   

Tu ny -is am mniSvnelobas SevitanT (4. 13. 3) –is pirvel 1n  tolobaSi 

miviRebT 
 

   

   

~

1 1 1 1 1 1 1 1 1 1 1

~

1 1 1 1 1 1 1 1 1 1 1

,..., ; ,..., ,..., ; ,..., , ,..., ; ,..., 0

(4.13.9)

,..., ; ,..., ,..., ; ,..., , ,..., ; ,..., 0

m n m n m n

n m n n m n m n

x x y y F x x y y f x x y y

x x y y F x x y y f x x y y

  

    

  
   

 




    
  

 

 

cxadia, rom    1

; , 1,..., 1,
m np
x yi C I I R i n



      amasTan 

        0 0 0 0

1 1 1 1,..., ; ,..., 0m nx x y y   . 

rTuli funqciis gawarmoebis ZaliT 

 

~

, , 1,..., 1 (4.13.10)k k k

i i n i

F F f
i k n

y y y y

   
   

   
 

cxadia, rom  

 

   
~

1 1 1 1 1 1 1 1 1,..., ; ,..., ,..., ; ,..., , ,..., ; ,..., 0n m n n m n m nx x y y F x x y y f x x y y  

 
   

 
 

amitom 
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~

, (4.13.11)n n n

i i n i

F F f

y y y y

   
 

   
 

 
(4. 13. 10) da (4. 13. 11)-dan miviRebT 
 

1 1 1

1 1

1 1

,

det

,

n n

n n n

n n

F F F

y y y

F F F

y y y





   
   
 
 
 
   

    

 

~ ~

1 1 1 1 1

1 1 1 1

~ ~

1

1 1 1 1

,

det

,

n n n n n

n n n n n

n n n n n

F F F F Ff f

y y y y y y y

F F F F Ff f

y y y y y y y

 



 

 
       

       
 

  
 
               

 

1 1 1

1 1

1

1

1

1

,

det 0

,

0,0

n n

n n

n

n n

n

n

F

y y y

F

y y
y

F

y









 
 
 
   
 

  
 
  
 

  
  

 
 

  

 

saidanac gamomdinareobs, rom 

                         

1 1

1 1

11

11

det 0 (4.13.12)

n

nn

n

y y

yy







 
 
 

 
  

 
 

 
 

 
 
 

 

 
induqciis daSvebis ZaliT, arsebobs 

11 1 m nm n m n
x yx yI I I I I

       

Ria marTkuTxedi, romelic Seicavs         0 0 0 0 1

1 1 1,..., , ,..., n m

m nx x y x R  

   wertils da 

asaxva    1,
p m n

x yf C I I   iseTi, rom m

xx I   adgili a 
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 

 

 
1 1 1

1 1 1

,...,

4.13.13

,...,

m

n n m

y f x x

y f x x 




 

 

 

radganac 
11 ,

n mn m
y xy xI I I I
   , amitom Tu CavsvamT 

1 1,..., ny y 
-is mniSvnelobebs         

 
~

1 1 1,..., , ,...,n m ny f x x y y  -Si  (4. 13. 13)-dan miviRebT  1 1,..., ; ,...,n m ny f x x y y  

funqcias. 
 
advili dasanaxia, rom  Semdeg funqciaTa  

                

 

 

 
1 1 1

1

,...,

4.13.14

,...,

m

n n m

y f x x

y f x x




 

 

akmayofilebs (4. 13. 4) gantolebaTa sistemas.  
bolos davamtkicoT, rom 

       ' 1 '' [ , ] [ , ]y xf x F x f x F x f x  , 

rac igivea, rom 

       ' ', ' , 0y xF x f x f x F x f x  , 

marTlac 

       ' ', ' ,y xF x f x f x F x f x  

     

1 1 1 1 1 1

1 1 1

1 1 1

, ,

m m m

n n n n n n

m m m

F F f f F F

x x x x x x

x y x x y

F F f f F F

x x x x x x

          
          
     
       
     
          

               

 

=  

1 1 1 1

1 11 1

1 11 1

, 0

n n
i i

i ii m i m

n n
n n i n n i

i ii m i m

f fF F F F

x y x x y x

x y

F F f F F f

x y x x y x

 

 

     
  

     
 
  
 
              

 

 

. 

 
Teorema damtkicebulia. 
 
 

4. 14. pirobiTi eqstremumebi 
 
 

 

 

 

vTqvaT mocemulia m n  cvladis  1 1,..., ; ,...,m nf x x y y  funqciaa da es 

cvledebi erTmaneTan dakavSirebulia damokidebulebebiT  , 0F x y  , an 

rac igivea 
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 

 

1 1 1

1 1

,..., ; ,..., 0

(4.14.1)

,..., ; ,..., 0

m n

n m n

F x x y y

F x x y y




 

 

 
aRvniSnoT, 

    : , : , 0 .n mA x y R F x y    

 

ganmarteba 4. 14. 1. vityviT rom  0 0,x y A  wertilSi f  funqcias 

gaaCnia pirobiTi maqsimumis (minimumis) wertili, Tu arsebobs  0 0,B x y  

birTvi, iseTi rom  

            0 0 0 0 0 0, , , , , , ,f x y f x y f x y f x y x y A B x y     . 

 

vTqvaT          1 1

0 0 0 0, ; , , ; nf C U x y R F C U x y R   da  

   

1 1

1

'

0 0

1

det , det , 0

n

y

n n

n

F F

y y

F x y x y

F F

y y

  
  
 
  
 
  

   

. 

maSin Teorema 4. 13. 3-is ZaliT  

 

 

1 1 1

1 1

,..., ; ,..., 0

,..., ; ,..., 0

m n

n m n

F x x y y

F x x y y




 

 

eqvivalenturia 

 

 

1 1 1

1

,...,

,...,

m

n n m

y f x x

y f x x




 

 

 0 0,x y  wertilis midamoSi, saidanac davaskvniT, rom  

 

 0 0,x y  wertili aris 

 

 1 1,..., , ,...,m nf x x y y  

 
funqciis pirobiTi eqstremumis wertili maSin da mxolod maSin, roca 

0x  wertili aris 

 

        1 1 1 1 1: ,..., : ,..., , ,..., ,..., ,...,n m m n mx x x f x x f x x f x x    

 
funqciis upirobo eqstremumis wertili. 
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Teorema 4. 14. 1. vTqvaT          1 1

0 0 0 0, ; , , ; nf C U x y R F C U x y R   da  

   

1 1

1

'

0 0

1

det , det , 0

n

y

n n

n

F F

y y

F x y x y

F F

y y

  
  
 
  
 
  

   

. 

 

Tu  0 0,x y  aris f  funqciis pirobiTi eqstremumis wertli, maSin 

arsebobs 1,..., n   namdvili ricxvebi, iseTi rom 

 

                    

   

   

   

   

0 0 0 0

11 1

0 0 0 0

1

0 0 0 0

11 1

0 0 0 0

1

, , 0

, , 0

(4.14.2)

, , 0

, , 0

n
k

k

k

n
k

k

km m

n
k

k

k

n
k

k

kn n

Ff
x y x y

x x

Ff
x y x y

x x

Ff
x y x y

y y

Ff
x y x y

y y


















  





  
 


  
 


 
  
 









 

 
damtkiceba. Tu aRvniSnavT 
 

     
1

, : , ,
n

k k

k

L x y f x y F x y


  , 

maSin (4. 14. 2) tolobaTa sistema Caiwereba Semdegnairad 
 

 

 

0 0

0 0

, 0, 1,...,

, 0, 1,...,

i

j

L
x y i m

x

L
x y j n

y


 


  



 

an kidev (4. 14. 2) SeiZleba Caiweros Semdegnairad 
 

     0 0 1 1 0 0 0 0, , , 0n ngradf x y gradF x y gradF x y     . 

 
ganvixiloT gantolebaTa sistema 
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   

   

0 0 0 0

1 1 1

0 0 0 0

1

, ,

(4.14.3)

, ,

n
k

k

k

n
k

k

k n n

F f
x y x y

y y

F f
x y x y

y y









 
   



  
  

 





 

 

radganac   '

0 0det , 0yF x y  , amitom (4.14.3) gantolebaTa sistema 

amoxsnadia 1,..., n  -is mimarT da is erTaderTia. maSasadame (4. 14. 2) 

gantolebaTa sistemis ukanaskneli n  tolobaTa sistema amoxsnadia. 

Cven unda davamtkicoT, rom es 1,..., n  -ebi ariam (4. 14. 2)-is pirveli m  

tolobis amonaxsnebic. pirvel rigSi SevniSnoT, rom 
 

                     1)      1

0 0, ; ;nF C U x y R  

                     2)   0 0, 0;F x y   

                     3)  '

0 0det( , ) 0,yF x y   

 
amitom SeiZleba gamoviyenoT (4. 14. 2) sistemasaTvis Teorema aracxadi 

funqciis Sesaxeb. am Teoremis ZaliT arsebobs  
0 0 0 0: ,m n n m

x yI I I U x y R      

Ria marTkuTxedi da    
0 0

1
;m n

x yg C I I  funqcia, iseTi rom 

 

        

      

      

1 1 1 1 1 1 1

1 1 1 1 1

,..., : ,..., , ,..., ,..., ,...,

(4.14.4)

,..., : ,..., , ,..., ,..., ,...,

n m m n m

n n n m m n m

x x F x x g x x g x x

x x F x x g x x g x x

 



 

 

roca  
01,..., .m

m xx x I  

 

vinaidan (4. 14. 4) tololobaTa sistema igiurad nulis tolia 
0

m

xI -Si, 

amitom maTi warmoebulebi nulis toil iqneba. e. i.  
 

       0 0 0 0 0 0 0

1

0 , , , , 1,2,..., (4.14.5)
n

p p p k

kr r k r

F F g
x y x y x y x p n

x x y x

   
   
   

  

 
aRvniSnoT 

        1 1 1 1 1: ,..., : ,..., , ,..., ,..., ,...,n m m n mx x x f x x g x x g x x   . 

zemoT damtkicebulis ZaliT 0x  aris  x  funqciis upirobo eqstremumis 

wertili da maSasadame, eqstremumis arsebobis aucilebeli pirobis 
ZaliT 

   0 0

1

0
m

x x
x x

 
  

 
. 

Tu gamoviyenebT rTuli funqciis gawarmoebis wess, miviRebT 
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       0 0 0 0 0

1

, 0, 1,..., (4.14.6)
n

k

kr r k r

gf f
x x x y x r n

x x y x

  
   

   
  

Tu (3. 14. 5) –s gavamravlebT 
p -ze, avjamavT p -s mimarT da daumatebT (4. 

14. 6) tolobas miviRebT 
 

   

   

     

   

0 0 0

1

0 0 0 0 0

1 1

0 0 0 0

1

,

, ,

, , 0, (4.14.7)

n
p

p

p r r

n n
p k

p

k p k k r

n
p

p

pr r

x y x
x x

F gf
x y x y x

y y x

Ff
x y x y

x x









 



 


 

  
 

   


  
 



 



 

 
vinaidan 

   0 0 0 0

1

, , 0, 1,2,...,
n

p

p

pk k

Ff
x y x y k n

y y





  

 
  

(4.14.7)-dan miviRebT, rom 

 

   0 0 0 0

1

, , 0, 1,...,
n

p

p

pr r

Ff
x y x y r m

x x





  

 
 .   (4.14.8) 

(4. 14. 3) da (4. 14. 8) gaTvaliswinebiT miviRebT (4. 14. 2)-s da maSasadame 
Teoremis damtkicebas. 
 
pirobiTi eqstremumis moZebnis am meTods uwodeben lagranJis meTods, 
kidev erTxel, is mdgomareobs SemdegSi. vadgenT funqcias 

     
1

, : , ,
n

j j

j

L x y f x y F x y


  , 

am funqcias uwodeben lagranJis funqcias. 1 1 1,..., , ,..., , ,...,m n nx x y y    

ricxvebis sapovnelad vxsniT Semdeg gantolebaTa sistemas 

0, 1,...,

0, 1,...,

0, 1,...,

i

j

k

L
i m

x

L
j n

y

L
k n




 




 


 
  





. 

 
 

 

Teorema 4. 14. 2. vTqvaT          2 2

0 0 0 0, ; , , ; nf C U x y R F C U x y R   , 

 '

0 0det , 0yF x y  . 

 

da  0 0,x y  aris f  funqciis savaraudo pirobiTi eqstremumis wertli. 

ganvixiloT jami 
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     
2 2 2

0 0 0 0 0 0

1 1 1 1 1 1

, 2 , , , (4.14.9)
m m m n n n

i j i l s l

i j i l s li j i l s l

L L L
x y h h x y h x y

x x x y y y
  

     

  
 

     
     

sadac  1: ,..., , 1,...,k k mh h k n    warmoadgens Semdegi sistemis amonaxns 

 

       

       

1 0 0 1 0 0 1 0 0 1 0 0

1 1

1 1

0 0 0 0 0 0 0 0

1 1

1 1

, , , ,

(4.14.10)

, , , ,

n m

n m

n n n n

n m

n m

F x y F x y F x y F x y
h h

y y x x

F x y F x y F x y F x y
h h

y y x x

 

 

    
       

    



           

     

 

 

Tu (4. 14. 19) kvadratuli forma dadebiTadaa gansazRruli, maSin  0 0,x y  

warmoadgens pirobiTi lokaluri minimumis wertils, Tu (4. 14. 9) 

kvadratuli forma uaryofiTadaa gansazRruli, maSin  0 0,x y  warmoadgens 

pirobiT lokalur maqsimumis wertils. Tu (4. 14. 9) forma gansazRruli 

ar aris, maSin  0 0,x y  ar aris eqstremumis wertili. 

 

damtkiceba. Teoremis pirobis ZaliT  , 0F x y   tolobaTa sistema 

amoxsnadia, e. i. arsebobs  y g x  funqcia, romlisTvisac 

    : , 0,x F x g x     

 0 0,x y  wertilis midamoSi. maSin 

 

             
1

, : , , ,
n

j j

j

L x g x f x g x F x g x f x g x x


    . 

 

meores mxriv, rogorc viciT imisaTvis, rom  0 0,x y  wertili iyos f  

funqciis pirobiTi eqstremumis wertili aucilebeli da sakmarisia, rom 

0x  iyos     ,x L x g x   funqciis upirobo eqstremumis wertili. 

maSasadame Cveni amocana daiyvaneba Semdegi kvadratuli formis 
Seswavlaze 
 

                 

2

1 1

(4.14.11)
m m

i j

i j i j

h h
x x 

 

 
   

advili dasanaxia, rom 
 

1

2 2 2 2 2

1 1 1

2

1

,

, (4.14.12)

n
k

ki i k i

n n n
k s k

k k si j i j k i j j k s k j i

n
k

k k i j

gL L

x x y x

g g gL L L L

x x x x y x x x y y y x x

gL

y x x



  



  
 

   

        
                  




  



  


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Teoremis pirobis ZaliT  , 0.
k

L
x y

y





 maSasadame 

2 2 2 2 2

1 1 1 1

(4.14.13)
n n n n

k k s k

k k k si j i j k i i j k i s k j i

g g g gL L L L

x x x x y x x x y x y y x x   

        
   

             
   

 

(4. 14. 11) da (4. 14. 13)-da gamomdinareobs 
2

1 1

m m

i j

i j i j

h h
x x 

 

 
   

2 2

1 1 1 1 1

2

1 1 1

2

1 1 1 1

m m m n m
k

i j i j

i j i k ji j k i j

m n m
k

j i

j k ij k i

n n m m
s k

j i

k s j is k j i

gL L
h h h h

x x y x x

gL
h h

x y x

g gL
h h

y y x x

    

  

   

  
         

 
 

   

  
       

    

  

   

 

2 2

1 1 1 1

2 2

1 1 1 1

2
m m m n

i j i k

i j i ki j k i

m n n n

j k k s

j k k sj k s k

L L
h h h

x x y x

L L
h

x y y y



  

   

   

 
 

   

 


   

   

   

, 

sadac 

 1

1

: ,..., , 1,...,
m

k
k k m j

j j

g
h h h k n

x
 




  


 . 

bolos davamtkicoT, rom 1,..., n   aris (4. 14. 10)-is amoxsna. pirvel rigSi 

SevniSnoT, rom 

      

      

1 1 1 1

1

,..., : ; 0

,..., : ; 0

n

n n n n

x x x F x g x

x x x F x g x

    



    

, 

saidanac vRebulobT 
 

1 1 1

11 1 1

1 1 1

1

11 1 1

1

0

0

0

0

n
k

k k

n
k

km m k m

n
n n n k

k k

n
n n n k

km m k m

gF F

x x y x

gF F

x x y x

F F g

x x y x

F F g

x x y x









  
  
   

  
  
   

   
  
   

   
  
   









, 
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1 1 1 1 1
1

1 11 1

1 1

1 1 1

m m
n

n j j

j jn j n j

m n m
k

j i

j k ik j i

gF F F g F
h h

y y y x y x

gF F
h h

y x x

 
 

  

    
    

     

 
  

  

 

  
, 

analogiurad damtkicdeba, rom 

1 1

n m
n n

i i

i ii i

F F
h

y x


 

 
 

 
  . 

Teorema damtkicebulia. 
 

magaliTi 4. 14. 1. vTqvaT    2 2, , , 2 3 0f x y x y F x y x y      . ganvixiloT 

lagranJis funqcia 

   2 2, 2 3L x y x y x y     . 

davweroT pirobiTi eqstremumis arsebobisaTvis aucilebeli pirobebi 

2 2 0

2 0

2 3 0

L
x

x

L
y

y

L
x y








  





   



   



 

saidanac miviRebT, rom 2, 2, 1.x y      ganvixiloT forma 

 
2 2 2

2 2

2 2
2 : ,

L L L
h h A h

x x y y
  

  
  

   
, 

meores mxriv 
2 2 2

2 2
2, 0, 2

L L L

x x y y

  
   

   
 

da maSasadame 

  2 2, 2 2A h h   . 

Tu gaviTvaliswinebT im faqts, rom 

, 2
F F

h h
y x
 

 
  

 
 

miviRebT 

  2 2 2, 2 8 6 0.A h h h h       

rac imas niSnavs, rom (2,1) wertili pirobiTi maqsimumis wertilia. 
 

 

magaliTi 4. 14. 2. vipovoT 2 2 22u x y z    funqciis pirobiTi eqstremumebi 

1x y z    pirobiT. 

> L:=x^2+y^2+2*z^2+lambda*(x-y+z-1); 

 := L   x2 y2 2 z2  ( )  x y z 1  

> l1:=diff(L,x); 
 := l1 2 x   

> l2:=diff(L,y); 
 := l2 2 y   
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> l3:=diff(L,z); 
 := l3 4 z   

> l4:=diff(L,lambda); 
 := l4   x y z 1  

> 
det:=diff(L,x,x)*dx^2+diff(L,y,y)*dy^2+diff(L,z,z)*dz^2+2*diff(L

,x,y)*dx*dy+2*diff(L,x,z)*dx*dz+2*diff(L,y,z)*dy*dz; 

 := det  2 dx2 2 dy2 4 dz2
 

> solve({l1,l2,l3,l4},{x,y,z,lambda}); 

{ }, , ,z
1

5
x

2

5
y

-2

5


-4

5
 

> det; 

 2 dx2 2 dy2 4 dz2
 

radganac forma dadebiTad aris gansazRruli, amitom 
2 2 1

, ,
5 5 5

 
 
 

 pirobiTi 

minimumis eqstremumis wertilia. 

 
 
 
 

magaliTi 4. 14. 3. vipovoT 3 2 3 5u x y z     funqciis pirobiTi eqstremumebi 

1x y z    pirobiT. 

 

> L:=x^3+y^2-z^3+3+lambda*(x+y-z); 

 := L    x3 y2 z3 3  ( ) x y z  

> l1:=diff(L,x); 

 := l1 3 x2   

> l2:=diff(L,y); 
 := l2 2 y   

> l3:=diff(L,z); 

 := l3  3 z2   

> l4:=diff(L,lambda); 
 := l4  x y z  

> 
A:=diff(L,x,x)*dx^2+diff(L,y,y)*dy^2+diff(L,z,z)*dz^2+2*diff(L,x

,y)*dx*dy+2*diff(L,x,z)*dx*dz+2*diff(L,y,z)*dy*dz; 

 := A  6 x dx2 2 dy2 6 z dz2
 

> B:=diff(l4,x)*dx+diff(l4,y)*dy+diff(l4,z)*dz; 
 := B  dx dy dz  

> dz:=solve(%,dz); 
 := dz dx dy  

> A; 
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 6 x dx2 2 dy2 6 z ( )dx dy 2
 

> simplify(%); 

   6 x dx2 2 dy2 6 z dx2 12 z dx dy 6 z dy2
 

> A:=(%); 

 := A    6 x dx2 2 dy2 6 z dx2 12 z dx dy 6 z dy2
 

 

> A11:=6*x-6*z; 
 := A11 6 x 6 z  

> A22:=2-6*z; 
 := A22 2 6 z  

> A12:=-6*z; 
 := A12 6 z  

> determ:=A11*A22-A12^2; 

 := determ ( )6 x 6 z ( )2 6 z 36 z2
 

> simplify(%); 
 12 x 36 x z 12 z  

> solve({l1,l2,l3,l4},{x,y,z,lambda}); 
{ }, , ,z 0  0 y 0 x 0 { }, , ,z 0  0 y 0 x 0 { }, , ,z 0  0 y 0 x 0, , ,

{ }, , ,z
4

3


-16

3
y

8

3
x

-4

3

 

> x:=-4/3; 

 := x
-4

3
 

> y:=8/3; 

 := y
8

3
 

> z:=4/3; 

 := z
4

3
 

> determ; 
32  

> A11; 
-16  

  

e. i. 
4 8 4

, ,
3 3 3

x y z


    wertili warmoadgens lokaluri maqimumis wertils 

da 

> u[max]:=x^3+y^2-z^3+3; 

 := u
max

145

27
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> x:=0; 
 := x 0  

> y:=0; 
 := y 0  

> z:=0; 
 := z 0  

> determ; 
0  

 
e. i. adgili aqvs saeWvo SemTxvevas. 
 

 
 

 

 

 

 

 

 

 

magaliTi 4. 14. 4. vipovoT 2 3u xy z  funqciis pirobiTi eqstremumebi 

2 3 6 ( 0, 0, 0)x y z x y z       pirobiT. 

 

> L:=x*y^2*z^3+lambda*(x+2*y+3*z-6); 

 := L x y2 z3  ( )  x 2 y 3 z 6  

> l1:=diff(L,x); 

 := l1 y2 z3   

> l2:=diff(L,y); 

 := l2 2 x y z3 2   

> l3:=diff(L,z); 

 := l3 3 x y2 z2 3   

> l4:=diff(L,lambda); 
 := l4   x 2 y 3 z 6  

> 
A:=diff(L,x,x)*dx^2+diff(L,y,y)*dy^2+diff(L,z,z)*dz^2+2*diff(L,x

,y)*dx*dy+2*diff(L,x,z)*dx*dz+2*diff(L,y,z)*dy*dz; 

 := A    2 x z3 dy2 6 x y2 z dz2 4 y z3 dx dy 6 y2 z2 dx dz 12 x y z2 dy dz  

> B:=diff(l4,x)*dx+diff(l4,y)*dy+diff(l4,z)*dz; 
 := B  dx 2 dy 3 dz  

> dz:=solve(%,dz); 

 := dz  
dx

3

2 dy

3
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> A; 

2 x z3 dy2 6 x y2 z 







 

dx

3

2 dy

3

2

4 y z3 dx dy 6 y2 z2 dx 







 

dx

3

2 dy

3
  

12 x y z2 dy 







 

dx

3

2 dy

3


 

> simplify(%); 

2 x z3 dy2 2 x y2 z dx2

3

8 x y2 z dx dy

3

8 x y2 z dy2

3
4 y z3 dx dy 2 y2 z2 dx2    

4 y2 z2 dx dy 4 x y z2 dy dx 8 x y z2 dy2  

 

> A:=(%); 

A 2 x z3 dy2 2 x y2 z dx2

3

8 x y2 z dx dy

3

8 x y2 z dy2

3
4 y z3 dx dy 2 y2 z2 dx2     := 

4 y2 z2 dx dy 4 x y z2 dy dx 8 x y z2 dy2  

 

> collect(%,dx^2); 











2

3
x y2 z 2 y2 z2 dx2 







  

8 x y2 z dy

3
4 y2 z2 dy 4 x y z2 dy 4 y z3 dy dx

2 x z3 dy2 8 x y2 z dy2

3
8 x y z2 dy2  

 

> collect(%,dy^2); 









 2 x z3 8

3
x y2 z 8 x y z2 dy2 







  

8

3
x y2 z 4 y2 z2 4 x y z2 4 y z3 dx dy











2

3
x y2 z 2 y2 z2 dx2

 

> R:=op(%); 

R 







 2 x z3 8

3
x y2 z 8 x y z2 dy2 







  

8

3
x y2 z 4 y2 z2 4 x y z2 4 y z3 dx dy, , := 











2

3
x y2 z 2 y2 z2 dx2

 

> R[1]; 









 2 x z3 8

3
x y2 z 8 x y z2 dy2

 

> A22:=R[1]/dy^2; 

 := A22  2 x z3 8

3
x y2 z 8 x y z2

 

> R[2]; 









  

8

3
x y2 z 4 y2 z2 4 x y z2 4 y z3 dx dy  

> A12:=R[2]/(dx*dy); 

 := A12   
8

3
x y2 z 4 y2 z2 4 x y z2 4 y z3

 

> R[3]; 
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









2

3
x y2 z 2 y2 z2 dx2

 

> A11:=R[3]/dx^2; 

 := A11 
2

3
x y2 z 2 y2 z2

 

> determ:=A11*A22-A12^2; 

determ 









2

3
x y2 z 2 y2 z2 







 2 x z3 8

3
x y2 z 8 x y z2 := 









  

8

3
x y2 z 4 y2 z2 4 x y z2 4 y z3

2


 

> solve({l1,l2,l3,l4},{x,y,z,lambda}); 
{ }, , ,z z y 0  0 x 6 3 z { }, , ,z z y 0  0 x 6 3 z, ,

{ }, , ,y y  0 z 0 x  2 y 6 { }, , ,y y  0 z 0 x  2 y 6, ,

{ }, , ,y 1  -1 x 1 z 1

 

> x:=1; 
 := x 1  

> y:=1; 
 := y 1  

> z:=1; 
 := z 1  

> lambda:=-1; 
 :=  -1  

> determ; 
8

3
 

> A11; 
-4

3
 

> u[max]:=x*y^2*z^3; 
 := u

max
1  

 

 

 

 

 

 

magaliTi 4. 14. 5. vipovoT 2 2u x y z    funqciis pirobiTi eqstremumebi 
2 2 2 1x y z    pirobiT. 

 

 

> L:=x-2*y+2*z+lambda*(x^2+y^2+z^2-1); 

 := L   x 2 y 2 z  ( )  x2 y2 z2 1  
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> l1:=diff(L,x); 
 := l1 1 2  x  

> l2:=diff(L,y); 
 := l2  2 2  y  

> l3:=diff(L,z); 
 := l3 2 2  z  

> l4:=diff(L,lambda); 

 := l4   x2 y2 z2 1  

> 
A:=diff(L,x,x)*dx^2+diff(L,y,y)*dy^2+diff(L,z,z)*dz^2+2*diff(L,x

,y)*dx*dy+2*diff(L,x,z)*dx*dz+2*diff(L,y,z)*dy*dz; 

 := A  2  dx2 2  dy2 2  dz2
 

> B:=diff(l4,x)*dx+diff(l4,y)*dy+diff(l4,z)*dz; 
 := B  2 x dx 2 y dy 2 z dz  

> dz:=solve(%,dz); 

 := dz 
x dx y dy

z
 

> A; 

 2  dx2 2  dy2 2  ( )x dx y dy 2

z2
 

> simplify(%); 

2  ( )   dx2 z2 dy2 z2 x2 dx2 2 x dx y dy y2 dy2

z2
 

> A:=(%); 

 := A
2  ( )   dx2 z2 dy2 z2 x2 dx2 2 x dx y dy y2 dy2

z2
 

> collect(%,dx^2); 

 
2  ( )x2 z2 dx2

z2

4  x y dy dx

z2

2  ( )y2 dy2 dy2 z2

z2
 

> collect(%,dy^2); 

 
2  ( )y2 z2 dy2

z2

4  x y dy dx

z2

2  ( )x2 z2 dx2

z2
 

> R:=op(%); 

 := R , ,
2  ( )y2 z2 dy2

z2

4  x y dy dx

z2

2  ( )x2 z2 dx2

z2
 

> R[1]; 

2  ( )y2 z2 dy2

z2
 

> A22:=R[1]/dy^2; 
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 := A22
2  ( )y2 z2

z2
 

> R[2]; 
4  x y dy dx

z2
 

> A12:=R[2]/(dx*dy); 

 := A12
4  x y

z2
 

> R[3]; 

2  ( )x2 z2 dx2

z2
 

> A11:=R[3]/dx^2; 

 := A11
2  ( )x2 z2

z2
 

> determ:=A11*A22-A12^2; 

 := determ 
4 2 ( )x2 z2 ( )y2 z2

z4

16 2 x2 y2

z4
 

> J:=solve({l1,l2,l3,l4},{x,y,z,lambda}); 

 := J ,{ }, , ,
3

2
z

-2

3
x

-1

3
y

2

3
{ }, , ,

-3

2
z

2

3
x

1

3
y

-2

3
 

> K:=J[1]; 

 := K { }, , ,
3

2
z

-2

3
x

-1

3
y

2

3
 

> lambda1:=rhs(op(K)[1]); 

 := 
3

2
 

> z1:=rhs(op(K)[2]); 

 := z1
-2

3
 

> x1:=rhs(op(K)[3]); 

 := x1
-1

3
 

> y1:=rhs(op(K)[4]); 

 := y1
2

3
 

>  

 

> x:=x1; 

 := x
-1

3
 

> y:=y1; 
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 := y
2

3
 

> z:=z1; 

 := z
-2

3
 

> lambda:=lambda1; 

 := 
3

2
 

> determ; 
27

2
 

> A11; 
15

4
 

> u[min]:=x-2*y+2*z; 
 := u

min
-3  

> G:=J[2]; 

 := G { }, , ,
3

2

-3

2


-2

3

2

3


-1

3

1

3


2

3

-2

3
 

> lambda2:=rhs(op(G)[1]); 

 := 
-3

2
 

> z2:=rhs(op(G)[2]); 

 := z2
2

3
 

> x2:=rhs(op(G)[3]); 

 := x2
1

3
 

> y2:=rhs(op(G)[4]); 

 := y2
-2

3
 

 

> x:=x2; 

 := x
1

3
 

> y:=y2; 

 := y
-2

3
 

> z:=z2; 

 := z
2

3
 

> lambda:=lambda2; 



 93 

 := 
-3

2
 

> determ; 
27

2
 

> A11; 
-15

4
 

> u[max]:=x-2*y+2*z; 
 := u

max
3  

 

 

 

 

 

 

 

 

 

 

 

 

magaliTi 4. 14. 6. vipovoT 
2 2 2

2 2 2

x y z
u

a b c
    funqciis pirobiTi eqstremumebi 

2 2 2 1 ( 0)x y z a b c       pirobiT. 

 

 

> L:=x^2/a^2+y^2/b^2+z^2/c^2+lambda*(x^2+y^2+z^2-1); 

 := L   
x2

a2

y2

b2

z2

c2
 ( )  x2 y2 z2 1  

> 0<c; 
0 c  

> c<b; 
c b  

> b<a; 
b a  

> l1:=diff(L,x); 

 := l1 
2 x

a2
2  x  

> l2:=diff(L,y); 

 := l2 
2 y

b2
2  y  

> l3:=diff(L,z); 
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 := l3 
2 z

c2
2  z  

> l4:=diff(L,lambda); 

 := l4   x2 y2 z2 1  

>  

> 
A:=diff(L,x,x)*dx^2+diff(L,y,y)*dy^2+diff(L,z,z)*dz^2+2*diff(L,x

,y)*dx*dy+2*diff(L,x,z)*dx*dz+2*diff(L,y,z)*dy*dz; 

 := A  










2

a2
2  dx2 










2

b2
2  dy2 










2

c2
2  dz2  

> B:=diff(l4,x)*dx+diff(l4,y)*dy+diff(l4,z)*dz; 
 := B  2 x dx 2 y dy 2 z dz  

> J:=solve({l1,l2,l3,l4},{x,y,z,lambda}); 

J { }, , ,z 0 y 0  
1

a2
x 1 { }, , ,z 0 y 0  

1

a2
x -1, , := 

{ }, , ,z 0 x 0  
1

b2
y 1 { }, , ,z 0 x 0  

1

b2
y -1, ,

{ }, , ,y 0 x 0  
1

c2
z 1 { }, , ,y 0 x 0  

1

c2
z -1,

 

> x:=0; 
 := x 0  

> y:=1; 
 := y 1  

> z:=0; 
 := z 0  

> lambda:=-1/(b^2); 

 :=  
1

b2
 

> A; 












2

a2

2

b2
dx2 










2

c2

2

b2
dz2  

> T:=op(%); 

 := T ,










2

a2

2

b2
dx2 










2

c2

2

b2
dz2  

> A11:=T[1]/dx^2; 

>  

 := A11 
2

a2

2

b2
 

> A22:=T[2]/dz^2; 

 := A22 
2

c2

2

b2
 

> A12:=0; 
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 := A12 0  

> determ:=A11*A22-A12^2; 

 := determ 










2

a2

2

b2












2

c2

2

b2
 

> sign(%); 
-1  

> x:=0; 
 := x 0  

> y:=-1; 
 := y -1  

> z:=0; 
 := z 0  

> lambda:=-1/(b^2); 

 :=  
1

b2
 

> A; 












2

a2

2

b2
dx2 










2

c2

2

b2
dz2  

> T:=op(%); 

 := T ,










2

a2

2

b2
dx2 










2

c2

2

b2
dz2  

> A11:=T[1]/dx^2; 

>  

 := A11 
2

a2

2

b2
 

> A22:=T[2]/dz^2; 

 := A22 
2

c2

2

b2
 

> A12:=0; 
 := A12 0  

> determ:=A11*A22-A12^2; 

 := determ 










2

a2

2

b2












2

c2

2

b2
 

> sign(%); 
-1  

 

> x:=0; 
 := x 0  

> y:=0; 
 := y 0  

> z:=1; 
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 := z 1  

> lambda:=-1/(c^2); 

 :=  
1

c2
 

> A; 












2

a2

2

c2
dx2 










2

b2

2

c2
dy2  

> T:=op(%); 

 := T ,










2

a2

2

c2
dx2 










2

b2

2

c2
dy2  

> A11:=T[1]/dx^2; 

>  

 := A11 
2

a2

2

c2
 

> A22:=T[2]/dy^2; 

 := A22 
2

b2

2

c2
 

> A12:=0; 
 := A12 0  

> determ:=A11*A22-A12^2; 

 := determ 










2

a2

2

c2












2

b2

2

c2
 

> sign(%); 
1  

> A11; 


2

a2

2

c2
 

> sign(%); 
-1  

> u[max]:=x^2/a^2+y^2/b^2+z^2/c^2; 

 := u
max

1

c2
 

> x:=0; 
 := x 0  

> y:=0; 
 := y 0  

> z:=-1; 
 := z -1  

> lambda:=-1/(c^2); 

 :=  
1

c2
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> A; 












2

a2

2

c2
dx2 










2

b2

2

c2
dy2  

> T:=op(%); 

 := T ,










2

a2

2

c2
dx2 










2

b2

2

c2
dy2  

> A11:=T[1]/dx^2; 

>  

 := A11 
2

a2

2

c2
 

> A22:=T[2]/dy^2; 

 := A22 
2

b2

2

c2
 

> A12:=0; 
 := A12 0  

> determ:=A11*A22-A12^2; 

 := determ 










2

a2

2

c2












2

b2

2

c2
 

> sign(%); 
1  

> A11; 


2

a2

2

c2
 

> sign(%); 
-1  

> u[max]:=x^2/a^2+y^2/b^2+z^2/c^2; 

 := u
max

1

c2
 

 

> x:=1; 
 := x 1  

> y:=0; 
 := y 0  

> z:=0; 
 := z 0  

> lambda:=-1/(a^2); 

 :=  
1

a2
 

> A; 












2

b2

2

a2
dy2 










2

c2

2

a2
dz2  
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> T:=op(%); 

 := T ,










2

b2

2

a2
dy2 










2

c2

2

a2
dz2  

> A11:=T[1]/dy^2; 

>  

 := A11 
2

b2

2

a2
 

> A22:=T[2]/dz^2; 

 := A22 
2

c2

2

a2
 

> A12:=0; 
 := A12 0  

> determ:=A11*A22-A12^2; 

 := determ 










2

b2

2

a2












2

c2

2

a2
 

> sign(%); 
1  

> A11; 


2

b2

2

a2
 

> sign(%); 
1  

> u[min]:=x^2/a^2+y^2/b^2+z^2/c^2; 

 := u
min

1

a2
 

 

> x:=-1; 
 := x -1  

> y:=0; 
 := y 0  

> z:=0; 
 := z 0  

> lambda:=-1/(a^2); 

 :=  
1

a2
 

> A; 












2

b2

2

a2
dy2 










2

c2

2

a2
dz2  

> T:=op(%); 

 := T ,










2

b2

2

a2
dy2 










2

c2

2

a2
dz2  
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> A11:=T[1]/dy^2; 

>  

 := A11 
2

b2

2

a2
 

> A22:=T[2]/dz^2; 

 := A22 
2

c2

2

a2
 

> A12:=0; 
 := A12 0  

> determ:=A11*A22-A12^2; 

 := determ 










2

b2

2

a2












2

c2

2

a2
 

> sign(%); 
1  

> A11; 


2

b2

2

a2
 

> sign(%); 
1  

> u[min]:=x^2/a^2+y^2/b^2+z^2/c^2; 

 := u
min

1

a2
 

 

 

 

 

 

magaliTi 4. 14. 7. vipovoT  ,z f x y  funqciis eqstremumis wertilebi, Tu 
3 2 16z xyz y   . 

> Eq:=z^3-x*y*z+y^2-16=0; 

 := Eq   z3 x y z y2 16 0  

> implicitdiff(Eq,z,x); 
y z

3 z2 x y
 

> implicitdiff(Eq,z,y); 


 x z 2 y

3 z2 x y
 

> solve({%=0,%%=0},{x,y}); 
{ },x 0 y 0  

> A11:=implicitdiff(Eq,z,x$2); 

 := A11 
2 y3 z x

  27 z6 27 z4 x y 9 z2 x2 y2 x3 y3
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> A12:=implicitdiff(Eq,z,x,y); 

 := A12 
   6 z3 y x 6 z2 y2 9 z5 z x2 y2 2 x y3

  27 z6 27 z4 x y 9 z2 x2 y2 x3 y3
 

> A22:=implicitdiff(Eq,z,y$2); 

 := A22 
    24 z2 x y 24 y2 z 2 x3 z y 2 x2 y2 18 z4

  27 z6 27 z4 x y 9 z2 x2 y2 x3 y3
 

>  

 

> x:=0; 
 := x 0  

> y:=0; 
 := y 0  

> Eq; 

z3 16 0  

> solve(Eq,z); 

, ,2 2
( )/1 3

 2
( )/1 3

3 2
( )/1 3

I  2
( )/1 3

3 2
( )/1 3

I  

> z:=2*2^(1/3); 

 := z 2 2
( )/1 3

 

> A11; 
0  

> A12; 

2
( )/2 3

12  

> A22; 


2

( )/1 3

12  

> Determ:=A11*A22-A12^2; 

 := Determ 
2

( )/1 3

72  

e. i. eqstremumis wertili ara aqvs.
 

 

 

 

 

magaliTi 4. 14. 7. vipovoT  ,z f x y  funqciis eqstremumis wertilebi, Tu 
3 2 24 16z xyz y x    . 

> Eq:=z^3-x*y*z+y^2+4*x^2=16; 

 := Eq   z3 x y z y2 4 x2 16  

> implicitdiff(Eq,z,x); 
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 y z 8 x

 3 z2 x y
 

> implicitdiff(Eq,z,y); 


x z 2 y

 3 z2 x y
 

> solve({%=0,%%=0},{x,y}); 
{ },y 0 x 0  

> A11:=implicitdiff(Eq,z,x$2); 

 := A11 
2 ( )   48 y z2 x 192 z x2 y3 z x 4 x2 y2 36 z4

   27 z6 27 z4 y x 9 z2 x2 y2 x3 y3
 

> A22:=implicitdiff(Eq,z,y$2); 

 := A22
2 ( )    12 y z2 x 12 z y2 x3 z y x2 y2 9 z4

   27 z6 27 z4 y x 9 z2 x2 y2 x3 y3
 

> A12:=implicitdiff(Eq,z,x,y); 

 := A12 
       6 y z3 x 6 y2 z2 24 x2 z2 96 x y z 9 z5 z x2 y2 2 x y3 8 x3 y

   27 z6 27 z4 y x 9 z2 x2 y2 x3 y3
 

> Determ:=A11*A22-A12^2; 

Determ 4 ( )   48 y z2 x 192 z x2 y3 z x 4 x2 y2 36 z4 := 

( )    12 y z2 x 12 z y2 x3 z y x2 y2 9 z4

( )   27 z6 27 z4 y x 9 z2 x2 y2 x3 y3
2

( )       6 y z3 x 6 y2 z2 24 x2 z2 96 x y z 9 z5 z x2 y2 2 x y3 8 x3 y
2

( )   27 z6 27 z4 y x 9 z2 x2 y2 x3 y3
2



 

>  

> x:=0; 
 := x 0  

> y:=0; 
 := y 0  

> Eq; 

z3 16  

> solve(Eq,z); 

, ,2 2
( )/1 3

 2
( )/1 3

3 2
( )/1 3

I  2
( )/1 3

3 2
( )/1 3

I  

> z:=2*2^(1/3); 

 := z 2 2
( )/1 3

 

> A22; 


2

( )/1 3

12  

> simplify(%); 


2

( )/1 3

12  
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> A11; 


2

( )/1 3

3  

> A12; 

2
( )/2 3

12  

> Determ; 


2

( )/2 3

36

2
( )/1 3

72  

> simplify(%); 


2

( )/2 3

36

2
( )/1 3

72  

> combine(%); 


2

( )/2 3

36

2
( )/1 3

72  

> evalf(%); 
0.02659557020  

> sign(%); 
1  

> e. i. (0,0)  wertili lokaluri maqimumis wertilia. 

 

 

 

 

 

 

magaliTi 4. 14. 8. vipovoT  ,z f x y  funqciis eqstremumis wertilebi, Tu 
2 2 2 2 2 2 2x y z xz yz x y z        . 

 

> Eq:=x^2+y^2+z^2-x*z-y*z+2*x+2*y+2*z-2=0; 

 := Eq        x2 y2 z2 x z y z 2 x 2 y 2 z 2 0  

> implicitdiff(Eq,z,x); 


 2 x z 2

  2 z x y 2
 

> implicitdiff(Eq,z,y); 


 2 y z 2

  2 z x y 2
 

> solve({%=0,%%=0},{x,y}); 

{ },x 
z

2
1 y 

z

2
1  

> A11:=implicitdiff(Eq,z,x$2); 
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A11        24 12 x 12 y 6 x2 2 y2 6 x z 6 y z 12 z 6 z2 12 z x y 24 x z( ) ( := 

3 x2 y 3 x y2 12 x y 8 24 z 12 x 12 y x3 6 x2 y3 6 y2 12 z2 x           

12 z2 y 6 z x2 6 z y2 24 y z 8 z3 24 z2      )

 

> A22:=implicitdiff(Eq,z,y$2); 

A22        24 12 x 12 y 2 x2 6 y2 6 x z 6 y z 12 z 6 z2 12 z x y 24 x z( ) ( := 

3 x2 y 3 x y2 12 x y 8 24 z 12 x 12 y x3 6 x2 y3 6 y2 12 z2 x           

12 z2 y 6 z x2 6 z y2 24 y z 8 z3 24 z2      )

 

> A12:=implicitdiff(Eq,z,x,y); 

A12         16 8 x 8 y 2 x2 2 y2 2 x z 2 y z 4 z 2 z2 4 x y 12 z x y( ) ( := 

24 x z 3 x2 y 3 x y2 12 x y 8 24 z 12 x 12 y x3 6 x2 y3 6 y2           

12 z2 x 12 z2 y 6 z x2 6 z y2 24 y z 8 z3 24 z2       )

 

> Determ:=A11*A22-A12^2; 

Determ ( )       24 12 x 12 y 6 x2 2 y2 6 x z 6 y z 12 z 6 z2 := 

( )       24 12 x 12 y 2 x2 6 y2 6 x z 6 y z 12 z 6 z2 12 z x y 24 x z(

3 x2 y 3 x y2 12 x y 8 24 z 12 x 12 y x3 6 x2 y3 6 y2 12 z2 x           

12 z2 y 6 z x2 6 z y2 24 y z 8 z3 24 z2      )
2



( )        16 8 x 8 y 2 x2 2 y2 2 x z 2 y z 4 z 2 z2 4 x y
2

12 z x y 24 x z(

3 x2 y 3 x y2 12 x y 8 24 z 12 x 12 y x3 6 x2 y3 6 y2 12 z2 x           

12 z2 y 6 z x2 6 z y2 24 y z 8 z3 24 z2      )
2

 

>  

> x:=z/2-1; 

 := x 
z

2
1  

>  

> y:=z/2-1; 

 := y 
z

2
1  

> solve(Eq,z); 

, 4 2 6  4 2 6  

> z:=-4+2*6^(1/2); 

 := z  4 2 6  

> x; 

 3 6  

> y; 

 3 6  

> A11; 
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    24 24 6 8 ( ) 3 6 2 12 ( ) 3 6 ( ) 4 2 6 6 ( ) 4 2 6 2( ) (

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )

 

> A22; 

    24 24 6 8 ( ) 3 6 2 12 ( ) 3 6 ( ) 4 2 6 6 ( ) 4 2 6 2( ) (

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )

 

> A12; 

   16 8 6 4 ( ) 3 6 ( ) 4 2 6 2 ( ) 4 2 6 2( ) (

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )

 

> Determ; 

( )    24 24 6 8 ( ) 3 6 2 12 ( ) 3 6 ( ) 4 2 6 6 ( ) 4 2 6 2
2

(

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )
2

( )   16 8 6 4 ( ) 3 6 ( ) 4 2 6 2 ( ) 4 2 6 2
2



24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 (

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )
2

 

> simplify(%); 
1

6
 

> sign(%); 
1  

> A11; 

    24 24 6 8 ( ) 3 6 2 12 ( ) 3 6 ( ) 4 2 6 6 ( ) 4 2 6 2( ) (

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )

 

> simplify(%); 


6

6
 

> z:=-4-2*6^(1/2); 

 := z  4 2 6  

> A12; 
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   16 8 6 4 ( ) 3 6 ( ) 4 2 6 2 ( ) 4 2 6 2( ) (

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )

 

> simplify(%); 
0  

> A22; 

    24 24 6 8 ( ) 3 6 2 12 ( ) 3 6 ( ) 4 2 6 6 ( ) 4 2 6 2( ) (

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )

 

> simplify(%); 

6

6
 

> Determ; 

( )    24 24 6 8 ( ) 3 6 2 12 ( ) 3 6 ( ) 4 2 6 6 ( ) 4 2 6 2
2

(

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )
2

( )   16 8 6 4 ( ) 3 6 ( ) 4 2 6 2 ( ) 4 2 6 2
2



24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 (

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )
2

 

> simplify(%); 
1

6
 

> A11; 

    24 24 6 8 ( ) 3 6 2 12 ( ) 3 6 ( ) 4 2 6 6 ( ) 4 2 6 2( ) (

24 ( ) 4 2 6 ( ) 3 6 2 48 ( ) 3 6 ( ) 4 2 6 8 ( ) 3 6 3 

24 ( ) 3 6 2 16 24 6 24 ( ) 4 2 6 2 ( ) 3 6 8 ( ) 4 2 6 3    

24 ( ) 4 2 6 2 )

 

> simplify(%); 

6

6
 

> cat("in point x=-3+6^(1/2),y=-3+6^(1/2),z=-4+2*6^(1/2),min"); 
"in point x=-3+6^(1/2),y=-3+6^(1/2),z=-4+2*6^(1/2),min" 

>  

> cat("in point x=-3+6^(1/2),y=-3+6^(1/2),z=-4-2*6^(1/2),max"); 
"in point x=-3+6^(1/2),y=-3+6^(1/2),z=-4-2*6^(1/2),max"  
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>  

 

 

 

 

 

 

 

magaliTi 4. 14. 9. vipovoT  ,z f x y  funqciis eqstremumis wertilebi, Tu 

   
2

2 2 2 2 2 2 2x y z a x y z     . 

 

> Eq:=(x^2+y^2-z^2)^2=a^2*(x^2+y^2+z^2); 

 := Eq ( ) x2 y2 z2
2

a2 ( ) x2 y2 z2
 

> implicitdiff(Eq,z,x); 


  2 x3 2 y2 x 2 z2 x a2 x

   2 x2 z 2 y2 z 2 z3 a2 z
 

> implicitdiff(Eq,z,y); 


  2 x2 y 2 y3 2 z2 y a2 y

   2 x2 z 2 y2 z 2 z3 a2 z
 

> solve({%=0,%%=0},{x,y}); 

{ },y 0 x 0 { },y 0 x ( )RootOf , 2 _Z2 2 z2 a2 label _L1, ,

{ },x 0 y ( )RootOf , 2 _Z2 2 z2 a2 label _L2 ,

{ },y y x ( )RootOf   2 _Z2 2 y2 2 z2 a2

 

> A11:=implicitdiff(Eq,z,x$2); 

A11 4 x2 z4 a2 72 x2 z4 y2 8 y2 z4 a2 72 x4 z2 y2 4 z2 x4 a2 48 x2 z2 y4     ( := 

4 y4 z2 a2 2 y2 z2 a4 2 y2 x2 a4 4 y4 x2 a2 8 x4 y2 a2 24 y2 z6 24 y4 z4      

4 z6 a2 2 z4 a4 a6 z2 32 x2 z6 32 x6 z2 48 x4 z4 8 y6 z2 12 x2 z2 a4       

8 y6 x2 a6 x2 24 x6 y2 4 x6 a2 24 x4 y4 2 x4 a4 8 x8 8 z8        24 x2 z5 a2) (

8 x6 z3 a6 z3 24 x2 z3 y2 a2 12 x4 z3 a2 6 y2 z3 a4 24 x2 z7 24 x4 z5      

24 y2 z7 24 y4 z5 8 y6 z3 12 z7 a2 6 z5 a4 48 x2 z5 y2 24 x2 z3 y4      

6 x2 z3 a4 24 x4 z3 y2 12 y4 z3 a2 24 y2 z5 a2 8 z9     )

 

> simplify(%); 

4 x2 z4 a2 72 x2 z4 y2 8 y2 z4 a2 72 x4 z2 y2 4 z2 x4 a2 48 x2 z2 y4 4 y4 z2 a2     (

2 y2 z2 a4 2 y2 x2 a4 4 y4 x2 a2 8 x4 y2 a2 24 y2 z6 24 y4 z4 4 z6 a2      

2 z4 a4 a6 z2 32 x2 z6 32 x6 z2 48 x4 z4 8 y6 z2 12 x2 z2 a4 8 y6 x2       

a6 x2 24 x6 y2 4 x6 a2 24 x4 y4 2 x4 a4 8 x8 8 z8       z3 24 x2 z2 a2() (

8 x6 a6 24 x2 y2 a2 12 x4 a2 6 y2 a4 24 x2 z4 24 x4 z2 24 y2 z4       

24 y4 z2 8 y6 12 z4 a2 6 z2 a4 48 x2 z2 y2 24 x2 y4 6 x2 a4 24 x4 y2       

12 y4 a2 24 y2 z2 a2 8 z6   ) )

 

> A22:=implicitdiff(Eq,z,y$2); 



 107 

A22 8 x2 z4 a2 72 x2 z4 y2 4 y2 z4 a2 8 y8 48 x4 z2 y2 4 z2 x4 a2     ( := 

72 x2 z2 y4 4 y4 z2 a2 12 y2 z2 a4 2 y2 x2 a4 8 y4 x2 a2 4 x4 y2 a2 32 y2 z6      

48 y4 z4 4 z6 a2 2 z4 a4 a6 z2 24 x2 z6 8 x6 z2 24 x4 z4 32 y6 z2       

2 x2 z2 a4 24 y6 x2 2 a4 y4 a6 y2 4 a2 y6 8 x6 y2 24 x4 y4 8 z8        ) (

24 x2 z5 a2 8 x6 z3 a6 z3 24 x2 z3 y2 a2 12 x4 z3 a2 6 y2 z3 a4 24 x2 z7     

24 x4 z5 24 y2 z7 24 y4 z5 8 y6 z3 12 z7 a2 6 z5 a4 48 x2 z5 y2      

24 x2 z3 y4 6 x2 z3 a4 24 x4 z3 y2 12 y4 z3 a2 24 y2 z5 a2 8 z9      )

 

> A12:=implicitdiff(Eq,z,x,y); 

A12 8 x7 y 24 x5 y3 24 x3 y5 8 y7 x 4 x5 a2 y 8 x3 y3 a2 2 x3 y a4      ( := 

4 y5 x a2 2 y3 x a4 a6 x y 4 z4 x y a2 8 x3 y z2 a2 8 y3 x z2 a2 14 y z2 a4 x      

24 x5 y z2 48 x3 y3 z2 24 x3 z4 y 24 y5 x z2 24 y3 x z4 8 z6 x y      ) (

24 x2 z5 a2 8 x6 z3 a6 z3 24 x2 z3 y2 a2 12 x4 z3 a2 6 y2 z3 a4 24 x2 z7     

24 x4 z5 24 y2 z7 24 y4 z5 8 y6 z3 12 z7 a2 6 z5 a4 48 x2 z5 y2      

24 x2 z3 y4 6 x2 z3 a4 24 x4 z3 y2 12 y4 z3 a2 24 y2 z5 a2 8 z9      )

 

> x:=0; 
 := x 0  

> y:=0; 
 := y 0  

 

> solve(Eq,z); 
, , ,0 0 a a  

> A11; 


  4 z6 a2 2 z4 a4 a6 z2 8 z8

   a6 z3 12 z7 a2 6 z5 a4 8 z9
 

> simplify(%); 

2 z2 a2

z ( )2 z2 a2
 

> A12; 
0  

> A22; 


  4 z6 a2 2 z4 a4 a6 z2 8 z8

   a6 z3 12 z7 a2 6 z5 a4 8 z9
 

> simplify(%); 

2 z2 a2

z ( )2 z2 a2
 

> Determ:=A11*A22-A12^2; 

 := Determ
( )  4 z6 a2 2 z4 a4 a6 z2 8 z8

2

( )   a6 z3 12 z7 a2 6 z5 a4 8 z9
2

 

> simplify(%); 
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( )2 z2 a2
2

z2 ( )2 z2 a2
2

 

> z:=-a; 
 := z a  

> A11; 


3

a
 

> A12; 
0  

> A22; 


3

a
 

> Determ; 
9

a2
 

>  

> cat("in point x=0,y=0,z=-a,max"); 
"in point x=0,y=0,z=-a,max"  

> z:=a; 
 := z a  

> A11; 
3

a
 

> A12; 
0  

> A22; 
3

a
 

> Determ; 
9

a2
 

> cat("in point x=0,y=0,z=a,min"); 
"in point x=0,y=0,z=a,min"  

 

  

 

 


