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3.8. maRali rigis Cveulebrivi diferencialuri gantolebebi 

3.8.1. n-uri rigis arawrfivi diferencialuri gantoleba. arsebobis 

Teorema 

gansazRvra 3.8.1. n-uri rigis arawrfivi diferencialuri gantoleba ewodeba 

  0,,,",',, )()1(  nn yyyyyxF   

saxis gantolebas. kerZod, Tu is ucnobi funqciis umaRlesi rigis warmoebulis 

mimarTaa amoxsnili, mas aqvs 

 )1()( ,,",',,  nn yyyyxfy                        (3.8.1) 

saxe. 

F da f funqciebi SeiZleba x, y, 'y , , )1( ny  argumentTagan romelimeze (erTze an 

metze) ar iyos damokidebuli. 

Teorema 3.8.2. Tu  )1(,,',, nyyyxf   funqcia uwyvetia raime 1 nR  areSi Tavisi 

argumentebis erTobliobis mimarT; y, 'y , , )1( ny  argumentebis mimarT akmayofilebs 

lipSicis  
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      1111
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~~,

~~,,~,,~,~,   const, nn yyyxyyyxK  , 

pirobas, maSin (3.8.1) gantolebas 

  00 yxy  ,   '

00' yxy  , ,    1

00

)1(   nn yxy               (3.8.2) 

sawyis pirobebSi [e. i. (3.8.1), (3.8.2) koSis amocanas], sadac  1

0

'

000 ,,,, nyyyx   aris   

aris raime fiqsirebuli Siga wertili, eqneba erTaderTi amonaxsni  hxhx  00 ,  

segmentze, sadac 

0const h  

sakmarisad mcirea. 

damtkiceba gamomdinareobs Teorema 3.7.5-dan, ramdenadac axali saZiebeli 1y , , 

ny  funqciebis 

)(:1 xyy  , 
dx

dy
y 1

2 : , 
dx

dy
y 2

3 : , , 
dx

dy
y n

n
1:   

tolobebiT SemoRebiT (3.8.1) gantoleba pirveli rigis normaluri saxis 

2
1 y

dx

dy
 , 3

2 y
dx

dy
 , , n

n y
dx

dy
1 ,  n

n yyyxf
dx

dy
,,,, 21   

sistemaze daiyvaneba.                                           

fiqsirebuli 0xx  -sTvis ricxviTi 0y , 
'

0y , , 
1

0

ny  sawyisi monacemebis nebismierad 

cvlilebiT miviRebT (3.8.1) gantolebis 1C , 2C , , nC  parametrebze damokidebul 

 nCCCxy ,,,, 21                           (3.8.3) 

amonaxsns. 

gansazRvra 3.8.3. (3.8.3) amonaxsns ewodeba (3.8.3) gantolebis zogadi amonaxsni, Tu 

1C , 2C , , nC  parametrebis sxvadasxva mniSvnelobebis SerCeviT SeiZleba miviRoT 

(3.8.1) gantolebis nebismieri amonaxsni, romelic n-jer uwyvetad warmoebadia, e. i. 
nC  klasidanaa. 
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3.8.2. n-uri rigis wrfivi diferencialuri gantoleba  

n-uri rigis wrfiv diferencialur gantolebas aqvs 

  )()(')()(:)( 01

)1(

1

)( xqyxpyxpyxpyxyL n

n

n  

         (3.8.4) 

saxe. 

moviTxovoT )(xpi
, 1,,1,0  ni  , da )(xq  funqciebis uwyvetoba raime [,] ba  in-

tervalze. )()( xy n -is garda wevrebis marcxena mxridan marjvenaSi gadatanis Semdeg 

(3.8.4) gantoleba miiRebs (3.8.1) saxes, amasTan gantolebis marjvena mxares eqneba 

SemosazRvruli warmoebulebi y, 'y  da )1( ny -is mimarT [,] ba  intervalSi Semaval ne-

bismier segmentze. e. i. gantolebis marjvena mxare akmayofilebs lipSicis pirobas. 

amrigad, sruldeba 3.8.2 Teoremis yvela piroba, sadac 

).()(')()(),...,',,( 01
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)1( xqyxpyxpyxpyyyxf n

n

n  



  

amitom (3.8.4), (3.8.2) koSis amocanas gaaCnia erTaderTi amonaxsni. 

gansazRvra 3.8.4. nebismier L operators, romelic akmayofilebs Semdeg pirobebs: 

   )()( xyCLxCyL  , constC , 

da 

     )()()()( 2121 xyLxyLxyxyL  , 

ewodeba wrfivi operatori. 

Teorema 3.8.5. (3.8.4) gantolebis marcxena mxariT gansazRvruli L diferencialuri 

operatori wrfivia. 

damtkiceba cxadia. 

jer ganvixiloT (3.8.4) gantolebis Sesabamisi 

  0)( xyL                             
0(3.8.4)  

erTgvarovani gantoleba. 

Teorema 3.8.6. 0(3.8.4)  gantolebis amonaxsnebis nebismieri wrfivi kombinacia aseve 

warmoadgens 0(3.8.4)  gantolebis amonaxsns. 

damtkiceba. Tu )(xyi , ki ,1 , funqciebi 0(3.8.4)  gantolebis amonaxsnebia, maSin 

  0)( xyL i , ki ,1 . 

aqedan gamomdinare, L operatoris wrfivobis gamo cxadia, rom 

    0)()()(
111
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ii xyLCxyCLxyCL . 

gansazRvra 3.8.7. raime intervalze gansazRvrul 

)(xi , ni ,1 ,                          (3.8.5) 

funqciebs wrfivad damokidebuli ewodeba, Tu moiZebneba iseTi iC , ni ,1 , mudmivebi, 

romelTa Soris aris nulisagan gansxvavebulebic da maTi wrfivi kombinacia mTel 

intervalze nulis tolia: 

0)()()( 2211  xCxCxC nn  .          (3.8.6) 

Tu aseTi mudmivebis moZebna SeuZlebelia, e. i. (3.8.6) sruldeba mxolod maSin, roca 

yvela 0iC , ni ,1 , maSin maT wrfivad damoukidebeli ewodeba. 

gansazRvra 3.8.8. Tu (3.8.5) funqciebs aqvs )1( n  rigamde (CaTvliT) warmoebulebi, 

maSin 
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determinants ewoda vronskis*) determinanti. 
Teorema 3.8.9. Tu (3.8.5) funqciebi wrfivad damokidebulia, maSin maTi vronskis 

determinanti nulis tolia. 

damtkiceba. radgan (3.8.5) funqciebi wrfivad damokidebulia, moiZebneba erTdro-

ulad nulis aratoli 0iC , ni ,1 , iseTi mudmivebi, rom Sesruldeba (3.8.6). (3.8.6) 

tolobis )1( n  rigamde gawarmoebiT miviRebT, rom 
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

       (3.8.7) 

(3.8.6), (3.8.7) sistema fiqsirebuli x-sTvis 
iC -ebis mimarT warmoadgens erTgvarovan 

wrfiv algebrul gantolebaTa sistemas, romelsac aratrivialuri amonaxsni aqvs. 

amisTvis ki aucilebelia sistemis determinanti, romelic swored vronskis de-

terminantia, nulis toli iyos. 

Teorema 3.8.10. Tu 
0(3.8.4)  gantolebis )(xyi

, ni ,1 , amonaxsnebi wrfivad damouki-

debelia, maSin maTi vronskis determinanti amonaxsnebis gansazRvris mTel intervalze 

nulisgan gansxvavebulia. 

damtkiceba. davuSvaT sawinaaRmdego, e. i. intervalis raime 0x  wertilSi 
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       (3.8.8) 

davweroT wrfiv erTgvarovan gantolebaTa sistema, romlis determinantic (3.8.8) 

vronskis determinants emTxveva: 
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     (3.8.9) 

                                                 
*) i. m. vronski (namdvili gvari _ hione; cnobilia agreTve rogorc hione-vronski, 

1776 _ 1853) _ poloneli maTematikosi da filosofosi-mistikosi. 
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radgan erTgvarovani (3.8.9) sistemis (3.8.8) determinanti nulis tolia, amitom mas 

aratrivialuri amonaxsnic aqvs: 

iiz  , ni ,1  (yvela 
i  ar aris nulis toli). 

SevadginoT 





n

i

ii xyxy
1

)()(~   

funqcia. rogorc 
0(3.8.4)  gantolebis amonaxsnebis wrfivi kombinacia, is TviT iqneba 

0(3.8.4)  gantolebis amonaxsni, romelic, (3.8.9)-is gamo, daakmayofilebs 

  0~
0

)( xy i , )1(,,1,0  ni  , 

sawyis pirobebs. magram, erTi mxriv, am sawyis pirobebs akmayofilebs 0Y  amonax-

snic; xolo meore mxriv, 
0(3.8.4)  gantolebisTvis koSis amocanas (ix. Teorema 3.8.2) 

erTaderTi amonaxsni aqvs, amitom 0)(~ xy , rac imas niSnavs, rom 

0)(
1




n

i

ii xy . 

amdenad, )(xyi
, ni ,1 , funqciebi wrfivad damokidebulia, rac Cvens daSvebas ewinaaR-

mdegeba da, amdenad, Teorema damtkicebulia.        

gansazRvra 3.8.11. 
0(3.8.4)  gantolebis n wrfivad damoukidebel amonaxsnTa sistemas 

amonaxsnTa fundamenturi sistema ewodeba. 

Sedegi 3.8.12. imisTvis, rom 
0(3.8.4)  gantolebis n amonaxsni fundamentur amonax-

snTa sistemas Seadgendes, aucilebeli da sakmarisia maTi vronskis determinanti 

nulisgan gansxvavdebodes. 

damtkiceba. aucilebloba Teorema 3.8.10-dan gamomdinareobs. vaCvenoT sakmarisoba. 

vTqvaT, amonaxsnTa Sesabamisi vronskis determinanti nulisgan gansxvavebulia. Tu 

davuSvebT sawinaaRmdegos, e. i. imas, rom amonaxsnebi wrfivad damokidebulia, maSin, 

Teorema 3.8.9-is Tanaxmad, vronskis determinanti nulis toli iqneba. miRebuli 

winaaRmdegoba amtkicebs sakmarisobas.  

Teorema 3.8.13. 0(3.8.4)  gantolebis yoveli amonaxsni SeiZleba mis fundamentur 

amonaxsnTa wrfivi kombinaciis saxiT warmovadginoT. 

damtkiceba. vTqvaT, )(xy   0(3.8.4)  gantolebis raime amonaxsnia. ganvixiloT al-

gebrul gantolebaTa sistema, romlis determinantia amonaxsnTa fundamenturi sis-

temis vronskis determinanti 0x  wertilSi, xolo marjvena mxareebi )(x  funqciis 

da misi warmoebulebis mniSvnelobebia 0x  wertilSi: 
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(3.8.10) 

radgan (3.8.10) sistemis determinanti nulisgan gansxvavebulia, amitom mas aqvs er-

TaderTi aratrivialuri amonaxsni: 

iiz  , ni ,1 . 

maSin 
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



n

i

ii xyxy
1

)()(~   

iqneba 
0(3.8.4)  gantolebis iseTi amonaxsni, romelic, (3.8.10)-is Tanaxmad, akmayofi-

lebs koSis imave sawyis pirobebs, rasac )(x  amonaxsni. koSis amocanis amonaxsnis 

erTaderTobis Tanaxmad 





n

i

ii xyxyx
1

)()(~)(  . 

SeniSvna 3.8.14. Tu )(1 xy , )(2 xy , , )(xyn
 n-uri rigis 

0(3.8.4)  erTgvarovani gan-

tolebis fundamentur amonaxsnTa sistemaa, maSin 





n

i

ii xyCxy
1

0 )()( , 

sadac [,] iC  nebismieri mudmivebia (parametrebia), warmoadgens 
0(3.8.4)  ganto-

lebis zogad amonaxsns. advili misaxvedria, rom (3.8.4) gantolebis zogad amonaxsns 

aqvs 

)(*)()( 0 xyxyxy   

saxe, sadac )(* xy  (3.8.4) araerTgvarovani gantolebis raime kerZo amonaxsnia. 

araerTgvarovani (3.8.4) gantolebis zogadi amonaxsni igeba erTgvarovani 
0(3.8.4)  

gantolebis zogad amonaxsnSi Semavali nebismieri mudmivebis variaciiT msgavsad imisa, 

rogorc es pirveli rigis wrfivi araerTgvarovani gantolebis SemTxvevaSi gavakeTeT 

[ix. (3.1.11)]. 

cxadia, rom 

L )()(][ 21 xfxfyL   

gantolebis amonaxsni SeiZleba miviRoT, rogorc 

)(][ 1 xfyL   da )(][ 2 xfyL   

gantolebebis amonaxsnebis jami. 

3.8.3. gantolebis rigis daweva 

0(3.8.4)  gantolebis rigi erTiT daiwevs, Tu movaxdenT 

)(' xyuy   

Casmas, Tumca )(xu -isTvis miRebuli gantoleba ukve, sazogadod, wrfivi ar iqneba. 

Tu cnobilia 0(3.8.4)  gantolebis raime 0)( x  amonaxsni, maSin 

 dxxuxy )()(  

CasmiT 0(3.8.4)  gantoleba )(xu -is mimarT )1( n  rigis gantolebaze daiyvaneba. 

 


