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leqcia 1 

1. funqciebi da maTi grafikebis agebis diferencialuri 

meTodi 

1.1. zogierTi cneba da Teorema kalkulusidan 

gavixsenoT Semdegi cnebebi da Teoremebi kalkulusidan: 

gansazRvra 1.1.1. vTqvaT, Rx , sadac R namdvil ricxvTa simravlea, x cvladis f 

funqcia ewodeba wess, romelic x cvladis raime mniSvnelobas uTanadebs Ry  

cvladis erTaderT mniSvnelobas. RX   simravles, saidanac mniSvnelobebs iRebs x 

cvladi, funqciis gansazRvris are ewodeba. RY   simravles, saidanac mniSvnelobebs 

iRebs f funqcia, mniSvnelobaTa are ewodeba. 

gansazRvra 1.1.2. f funqcias, romlis  gansazRvris X  are simetriulia ricxviTi 

RerZis saTavis mimarT, ewodeba luwi funqcia, Tu nebismieri Xx -sTvis sruldeba 

Semdegi toloba 

)()( xfxf  , 

xolo Tu nebismieri Xx -sTvis sruldeba 

)()( xfxf   

toloba, maSin funqcias ewodeba kenti funqcia. 

gansazRvra 1.1.3. R simravleze gansazRvrul f funqcias ewodeba perioduli funqcia 
0l  periodiT, Tu nebismieri Rx -sTvis marTebulia 

)()( xflxf   

toloba. 

cxadia, Tu l aris )(xfy   funqciis periodi, maSin am funqciis periodi iqneba ag-

reTve 2l, 3l, , kl, Nk  (N naturalur ricxvTa simravlea). davamtkicoT es, maga-

liTad, 2l-sTvis 

  )()()()2( xflxfllxflxf  . 

Tu l aris )(xfy   funqciis periodi, maSin )( l -ic aris am funqciis periodi. mar-

Tlac, 

  )()()())(( xfllxflxflxf  . 

e. i. miviReT, rom 

  )()( xflxf  , 

rac imas niSnavs, rom )( l  funqciis periodia. 

funqciis gamokvlevis dros mniSvnelovania am funqciis minimaluri dadebiTi perio-
dis moZebna. 

gansazRvra 1.1.4. vityviT, rom f  funqciis zRvari 0x  wertilSi aris A, Tu is 

gansazRvrulia 0x  wertilis raime midamoSi, garda, SesaZlebelia, TviT am werti-

lisa, da nebismieri ragind mcire dadebiTi   ricxvisTvis moiZebneba  -ze damo-
kidebuli   dadebiTi ricxvi, iseTi, rom 

 Axf )( , roca  00 xx . 

am faqts Semdegnairad CavwerT: 

Axf
xx




)(lim
0

. 

Tu funqcia gansazRvrulia raime SualedSi, maSin SeiZleba laparaki funqciis 

zRvarze Sualedis yvela wertilSi, garda Sualedis bolo wertilebisa, radgan 

Sualedis bolo wertilebisTvis ar arsebobs ormxrivi midamo, sadac funqcia gansa-

zRvruli iqneba. aseT SemTxvevaSi ganixilaven e. w. calmxriv zRvrebs. 
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gansazRvra 1.1.5. A ricxvs ewodeba )(xf  funqciis marcxena zRvari a wertilSi, 

Tu is gansazRvrulia a wertilis raime marcxena midamoSi, garda, SesaZlebelia, 

TviT am wertilisa, da nebismieri 0  ricxvisTvis moiZebneba iseTi 0  ricxvi, 

rom, roca 

 xa0 , 

sruldeba 

 Axf )(  

utoloba. am SemTxvevaSi vwerT 

Axf
ax




)(lim . 

gansazRvra 1.1.6. A ricxvs ewodeba )(xf  funqciis marjvena zRvari a wertilSi, 

Tu is gansazRvrulia a wertilis raime marjvena midamoSi, garda, SesaZlebelia, 

TviT am wertilisa, da nebismieri 0  ricxvisTvis moiZebneba iseTi 0  ricxvi, 

rom, roca 

 ax0 , 

sruldeba 

 Axf )(  

utoloba. am SemTxvevaSi vwerT 

Axf
ax




)(lim . 

gansazRvra 1.1.7. A ricxvs ewodeba )(xf  funqciis zRvari, roca x , Tu is 

gansazRvrulia nebismieri ragind didi dadebiTi x -sTvis da nebismieri 0  ri-

cxvisTvis moiZebneba iseTi 0c  ricxvi, rom, roca cx  , sruldeba utoloba 

 Axf )(  

da vwerT 

Axf
x




)(lim . 

gansazRvra 1.1.8. vityviT, rom Axf
x




)(lim , Tu is gansazRvrulia nebismieri ragind 

mcire uaryofiTi x -sTvis da nebismieri 0  ricxvisTvis moiZebneba iseTi 0c  

ricxvi, rom, roca cx  , sruldeba 

 Axf )(  

utoloba. 

gansazRvra 1.1.9. vityviT, rom 




)(lim xf
ax

, 

Tu )(xf  funqcia gansazRvrulia a wertilis raime midamoSi, garda a  wertilisa, 

da nebismieri ragind didi dadebiTi B-sTvis moiZebneba iseTi 0  damokidebuli B-

ze, rom 

Bxf )( , 

roca 

 ax0 .  

gansazRvra 1.1.10. vityviT, rom 




)(lim xf
x

  


)(lim xf
x

, 

Tu )(xf  funqcia gansazRvrulia nebismieri ragind didi dadebiTi  x -sTvis da  ne-

bismieri ragind didi dadebiTi B-sTvis moiZebneba iseTi sakmarisad didi dadebiTi A 

damokidebuli B-ze, rom 

Bxf )(   Bxf )( , 
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roca 

Ax  . 

gansazRvra 1.1.11. vityviT, rom 




)(lim xf
x

  


)(lim xf
x

, 

Tu )(xf  funqcia gansazRvrulia nebismieri ragind mcire uaryofiTi x -sTvis da ne-

bismieri ragind didi dadebiTi B-sTvis moiZebneba iseTi sakmarisad didi dadebiTi A 

damokidebuli B-ze, rom 

Bxf )(   Bxf )( , 

roca 

Ax  . 

gansazRvra 1.1.12. )(xfy   funqciis warmoebuli 
0x  wertilSi ganimarteba 

   
 

 

0

0

0
0

0
0

00

00

lim
)(

lim:'
x

y

xx

xfxf
xf

dx

xdf

dx

xdy

xxx 










 

tolobiT, Tu )(xf  funqcia gansazRvrulia 
0x  wertilis raime midamoSi da arsebobs 

marjvena mxareSi miTiTebuli zRvari, sadac 

 00 )(: xfxfy   

funqciis nazrdia, xolo 

00 : xxx   

_ argumentis nazrdi. sxva sityvebiT: 

Tu arsebobs 
0x  wertilSi )(xf  funqciis nazrdis argumentis nazrdTan Sefardo-

bis zRvari, roca argumentis nazrdi nulisken miiswrafis, mas am wertilSi funqciis 

warmoebuli ewodeba. 

moviyvanoT funqciaTa jamis, sxvaobis, namravlisa da fardobis warmoebulis for-

mulebi:  

 v ' v 'u u   ,   v ' v 'u u   ,  v 'v v 'u u u   , 
2

'v v '

v v

u u u  
 

 
, 

amasTan bolo tolobaSi igulisxmeba, rom v 0 . 

qvemoT moyvanilia zogierTi funqciis warmoebulisa da integralebis cxrili 
(damtkicebis gareSe): 

 

1( ) '
n

n ndx
x nx

dx

   
1

, 1
1

n
n x

x dx c n
n



   


  

( ) '
x

x xde
e e

dx
   

,x xe dx e c   

( ) ' ln
x

x xda
a a a

dx
   ,

ln

x
x a

a dx c
a

   

ln 1
(ln ) ' , 0

d x
x x

dx x
    

1
ln , 0dx x c x

x
    

sin
(sin ) ' cos

d x
x x

dx
   cos sin ,xdx x c   

cos
(cos ) ' sin

d x
x x

dx
    sin cos ,xdx x c    

2

1
( ) '

cos

dtgx
tgx

dx x
   

2
,

cos

dx
tgx c

x
   

2

1
( ) '

sin

dctgx
ctgx

dx x
    

2
,

sin

dx
ctgx c

x
    
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21

1arcsin

xdx

xd


  

cxcx
x

dx



 arccosarcsin

1 2
 

21

1arccos

xdx

xd


  

21

1

xdx

arctgxd


  

carcctgcarctgx
x

dx


 21
 

21

1

xdx

arcctgxd


  

 
1,

1

1
ln

2

1

1 2








xc

x

x

x

dx
 

 

gansazRvra 1.1.13. )(xfy   funqcias ewodeba zrdadi raime intervalze, Tu am in-

tervalis nebismieri 21 xx   wertilebisTvis marTebulia 

   21 xfxf   

utoloba. 

gansazRvra 1.1.14. )(xfy   funqcias ewodeba klebadi raime intervalze, Tu am in-

tervalis nebismieri 21 xx   wertilebisTvis marTebulia 

   21 xfxf   

utoloba. 

gansazRvra 1.1.15. )(xfy   funqcias ewodeba araklebadi (arazrdadi) raime inter-

valze, Tu am intervalis nebismieri 21 xx   wertilebisTvis marTebulia 

   21 xfxf       21 xfxf   

utoloba. 

Teorema 1.1.16. Tu )(xfy   funqciis warmoebuli raime intervalis yovel wer-

tilSi dadebiTia (arauaryofiTia), maSin f funqcia zrdadia (araklebadia) am inter-

valze. 

Teorema 1.1.17. Tu )(xfy   funqciis warmoebuli raime intervalis yovel wer-

tilSi uaryofiTia (aradadebiTia), maSin funqcia klebadia (arazrdadia) am 

intervalze. 

gansazRvra 1.1.18. vTqvaT, f funqciis gansazRvris area X  da Xx 0  wertils 

ewodeba am funqciis lokaluri maqsimumis wertili, Tu moiZebneba 0x  wertilis 

iseTi   midamo [,] 00   xx , rom am midamos yoveli x wertilisTvis sruldeba 

 0)( xfxf   

utoloba. 

gansazRvra 1.1.19. )(xf  funqciis gansazRvris aris 0x  wertils ewodeba am fun-

qciis lokaluri minimumis wertili, Tu moiZebneba 0x  wertilis iseTi   midamo 

[,] 00   xx , rom am midamos yoveli x wertiliaTvis sruldeba 

 0)( xfxf   

utoloba. 

Teorema 1.1.20*). Tu 0x  wertili )(xf  funqciis eqstremumis wertilia (e. i. 

iseTi wertili, romelSic funqcia aRwevs lokalur minimums an maqsimums) da am wer-

tilSi arsebobs warmoebuli, maSin es warmoebuli 0-is tolia: 

                                                 
*) am Teoremas fermas Teorema ewodeba. p. ferma (1601-1665) frangi maTematikosi. 
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  0' 0 xf . 

Teorema 1.1.21. Tu )(xfy   funqcias 
0x  wertilSi gaaCnia meore rigamde CaTvliT 

warmoebuli da sruldeba 

  0' 0 xf ,   0" 0 xf , 

pirobebi, maSin 
0x  wertili funqciis maqsimumis wertilia. 

Teorema 1.1.22. Tu )(xfy   funqcias 
0x  wertilSi gaaCnia meore rigamde CaTvliT 

warmoebuli da sruldeba 

  0' 0 xf ,   0" 0 xf  

pirobebi, maSin 
0x  wertili funqciis minimumis wertilia. 

ganvixiloT ori amocana qimiidan. 

naxSirbadoqsidis daJangvis maqsimaluri siCqaris gansazRvra. vTqvaT, saWiroa, da-

vadginoT Jangbadis optimaluri koncentracia*), romlis drosac airTa narevSi (nax-

SirJangi da Jangbadi) Semavali naxSirbadis (II) oqsidis daJangvis siCqare maqsi-

maluria. Sesabamisi reaqciis gantoleba ase iwereba: 

22 2COO2CO  .                        (1.1.1) 

CavTvaloT, rom mocemul pirobebSi procesi Seuqcevadia. maSin, cnobilia, rom 

moqmed masaTa kanonis Tanaxmad, (1.1.1) reaqciis siCqare aRiwereba 

ykxv 2                               (1.1.2) 

formuliT, sadac x CO-s koncentraciaa, y _ 2O -is, xolo k>0 reaqciis siCqaris 

mudmivaa (igi damokidebuli araa moreagire komponentTa koncentraciaze). 

gamovsaxoT reaqciis komponentebis koncentracia moculobiT procentebSi. maSin 

SegviZlia vTqvaT, rom 

xy 100 . 

y-is am mniSvnelobis (1.1.2) formulaSi SetaniT miviRebT: 

 322 100)100( xxkxkxv  . 

eqstremumis SesaZlo wertilebis povnis mizniT (ix. Teorema 1.1.20), am funqciis 

pirveli rigis warmoebuli nuls gavutoloT: 

  03200 2  xxk
dx

dv
.                       (1.1.3) 

amovxsnaT 

  03200 2  xxk  

gantoleba. Tu gaviTvaliswinebT, rom 0k , miviRebT x-is or mniSvnelobas: 01 x , 

%7,66
3

200
2 x . amocanis qimiuri Sinaarsidan gamomdinare, sainteresoa meore 

mniSvneloba. amis mkacrad dasasabuTeblad gavixsenoT, rom funqciis maqsimums Seesaba-

meba piroba 0
2

2


dx

vd
, minimums _ 0

2

2


dx

vd
. (1.1.3)-is gawarmoebiT miviRebT 

                                                 
*) raime nivTierebis masobrivi (Sesabamisad moculobiTi) koncentracia narevSi ewodeba 
nivTierebis masis (Sesabamisad moculobis) Sefardebas naerTis masasTan (Sesabamisad 

moculobasTan). koncentracia moculobiT procentebSi ewodeba nivTierebis 

moculobis procentul Sefardebas naerTis moculobasTan, e. i. is gvaZlevs pasuxs 

kiTxvaze: aRebuli nivTierebis moculoba mTeli naerTis moculobis ramden procents 

Seadgens? 
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)6200(
2

2

xk
dx

vd
 . 

cxadia, roca 01  xx , maSin 

0
2

2


dx

vd
, 

e. i. am dros siCqare minimaluria, Tu %7,662  xx , maSin 

0
2

2


dx

vd
, 

e. i. am dros siCqare maqsimaluria. 

Tu %7,66x , maSin Jangbadis koncentracia 

%3,337,66100 y . 

amgvarad, naxSirbadis (II) oqsidis daJangvis siCqare maqsimaluria, roca Jangbadis Sem-

cveloba airTa narevis 33,3%-s Seadgens. 

fotoqimiuri procesebisTvis maqsimaluri ganaTebulobis dadgena. mTeli rigi qi-

miuri reaqciebis warmarTvisTvis iyeneben sinaTles (fotoqimia). xSirad dRis wes-

rigSi dgeba amocana _ ra x simaRleze unda moTavsdes sareaqcio sistemidan 

(WurWlidan) sinaTlis wyaro, rom misi ganaTebuloba maqsimaluri iyos. 

nax. 1.1.1-ze moyvanilia amocanis pirobis Sesabamisi sqema (igulisxmeba, rom gana-

Tebis are (zedapiri) sxivebis perpendikularuli araa). cnobilia formula, romlis 

mixedviTac ganaTebuloba 

cos
2r

k
J  ,                             (1.1.4) 

sadac 0k  proporciulobis koeficientia, r manZili sinaTlis wyarosa da obieqts, 

romelic raime zedapirze devs, Soris,   _ sinaTlis sxivis dacemis kuTxe. 

nax. 1.1.1-dan cxadia, rom 
222 xar   

da 

22
cos

xa

x


 . 

a 

  

  

sinaTlis wyaro 

zedapiri 

x 

r 

nax. 1.1.1 
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Tu SevitanT am mniSvnelobebs (1.1.4) formulaSi, gveqneba: 

  2

3
22

2222








 xakx

xa

x

xa

k
J .                (1.1.5) 

davafiqsiroT a )0( a  da x vcvaloT 0-dan  -mde. x-is mniSvnelobaTa Soris unda 

vipovoT iseTi, romlisTvisac )(xJ  udidesia. maqsimumis wertilis sapovnelad, 

Teorema 1.1.21-is Tanaxmad, unda ganvixiloT 

0
)(


dx

xdJ
, 

e. i. 

    03
)(

2

5
222

2

3
22 











xaxxak

dx

xdJ
 

gantoleba. radgan 0k  da 022  xa , amitom  2
5

22 xa  -ze gamravlebis Semdeg mivi-

RebT 

03 222  xxa , e. i. 222 ax   

kvadratul gantolebas, romlis dadebiTi fesvia: 

a
aaa

x 707,0
414,122

2

0  .                     (1.1.6) 

SevniSnoT, rom, rogorc es (1.1.5)-dan gamomdinareobs, 

0)0( J  da 0)(lim 


xJ
x

, 

xolo [,0]   intervalze )(xJ  dadebiTia. 

vinaidan (1.1.6) formuliT gansazRvruli 0x  aris x-is erTaderTi mniSvneloba, 

sadac warmoebuli 0-is tolia, cxadia, rom 0x  maqsimumis wertilia (ix. nax. 1.1.2). 

rodesac 

0xx  , 

rogorc es (1.1.6)-dan gamomdinareobs, 

2tg
0


x

a
 . 

maSasadame, ganaTebuloba udidesia, rodesac dacemis kuTxis tangensi 2 -is tolia. 

es ki maSin xdeba, roca 
552arctg  . 

J 

 nax. 1.1.2 

x 0x  
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gansazRvra 1.1.23. funqcias ewodeba qvemoT amozneqili (zemoT amozneqili) raime 
intervalze, Tu am intervalidan aRebul nebismieri abscisis mqone wertilSi funqci-

is grafikisadmi gavlebuli mxebi funqciis grafikis qvemoT (zemoT) aris 

moTavsebuli (ix. nax. 1.1.3). 

Teorema 1.1.24. Tu mocemul intervalze (Sualedze) f funqcias gaaCnia meore rigis 

warmoebuli da es warmoebuli dadebiTia (uaryofiTia) am intervalze, maSin funqcia 

qvemoT amozneqilia (zemoT amozneqilia) am Sualedze. 

gansazRvra 1.1.25. funqciis gadaRunvis wertili ewodeba wertils, romelic 

funqciis amozneqilobisa da Cazneqilobis Sualedebs ganacalkevebs (ix. nax. 1.1.4). 

Teorema 1.1.26. Tu f funqcias gaaCnia meore rigis warmoebuli 
0x  wertilis 

maxloblobaSi, amasTan 

  0" 0 xf  

da "f -s 0x  wertilis marcxena da marjvena midamoSi sxvadasxva niSani aqvs, maSin 

  00 , xfx  wertili funqciis grafikis gadaRunvis wertilia. 

gansazRvra 1.1.27. raime wiris asimptota ewodeba iseT wrfes, romelic am wirs 

usazRvrodod uaxlovdeba, magram mas ar kveTs, roca wiris wertili 

usasrulobisaken miiswafis. 

nax. 1.1.3 

x  

y    

O O x  

y   

y  

nax. 1.1.4 

 

O 
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asimptota SeiZleba iyos horizontaluri, vertikaluri da daxrili (ix. nax. 1.1.5). 

maTematikurad mkacria Semdegi gansazRvreba: )(xfy   wiris, romelsac usasrulo 

Sto aqvs, asimptota ewodeba bkxy   wrfes, Tu manZili ))(,( xfx  wertilsa da 

bkxy   wrfes Soris miiswrafis nulisken, roca ))(,( xfx  wertili wiris gaswvriv 

usasrulobisken miiswrfis. manZili wertilidan wrfemde ewodeba am wertilidan 

wrfeze daSvebuli perpendikularis sigrZes. 

gansazRvra 1.1.28. Tu 




)(lim xf
ax

 an 


)(lim xf
ax

, 

maSin ax   wrfes )(xfy   funqciis vertikaluri asimptota ewodeba. 

gansazRvra 1.1.29. bkxy   wrfes ewodeba )(xfy   funqciis daxrili )0( k  an 

horizontaluri )0( k  asimptota, Tu )(xfy   funqcia, roca x  (e. i.  -is 

an  -is, Sesabamisad, marcxena an marjvena midamoSi) SeiZleba warmovadginoT 

)()( xbkxxf   

saxiT, sadac )(x  raime funqciaa iseTi, rom 

0)(lim 


x
x

 . 

daxrili da horizontaluri asimptotis mosaZebnad unda ganvixiloT Semdegi na-

bijebi 

1) k
x

xf

x




)(
lim , 2)   bkxxf

x



)(lim . 

Teorema 1.1.30.  Tu arsebobs sasruli k  da b , maSin arsebobs bkxy   asimpto-

ta. 

gansazRvra 1.1.31 )(xfy   funqcias ewodeba usasrulod mcire funqcia (sidide), 

roca ax  (a SeiZleba iyos usasrulod daSorebuli wertili), Tu 

0)(lim 


xf
ax

. 

x  

y  

 O 

nax. 1.1.5 

 

x  

y  

O  
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)(xfy   funqcias ewodeba usasrulod didi funqcia (sidide), roca ax , Tu 




)(lim xf
ax

. 

Teorema 1.1.32 (lopitalis*) wesi). ori usasrulod mcire funqciis Sefardebis 

zRvari tolia am funqciebis warmoebulebis Sefardebis zRvris, Tu es ukanaskneli 

arsebobs, e. i. 

)('

)('
lim

)(

)(
lim

xg

xf

xg

xf

axax 
 , roca 0)(lim 


xf

ax
 da 0)(lim 


xg

ax
. 

SeniSvna 1.1.33. miuxedavad imisa, )(lim xf
ax

 sasrulia Tu usasrulo, lopitalis wesi 

samarTliania maSinac, roca 




)(lim xg
ax

 an 


)(lim xg
ax

. 

xSirad lopitalis wesis gamoyeneba moxerxebulia  , 00 , 1 , 0  saxis 

ganuzRvrelobebis gasaxsnelad. 

 

                                                 
*) g. f. a.  lopitali (1661-1704) _ frangi maTematikosi. 


