
Tema 1. maTematikuri fizikisa da kerZowarmoebulebiani 
diferencialuri gantolebebi

1.  n ganzomilebiani evklides sivrce - wrfivi an veqtoruli sivrce
sivrce  namdvil an komleqsur ricxvTa velze, sadac nebismieri n+1
veqtori wrfivad damokidebulia, anu

X1, X2,…, Xn , Xn+1   Rn ,      α1, α2,…, α n  R

Xn+1  = α1X1 + α2X2,+ αnXn

2. Def. - skalaruli namravli aris asaxva ( , ): LxL R (an C) ( L 
sivrcis elementebis nebismier wyvils (x,y) Seusabamebs nadvili R
(kompleqsuri C) ricxvs)  da es asaxva ermitulia, anu zogad 

SemTxvevaSi akmayofilebs Semdeg aqsiomas -    xyyx ,,  , sadac -  xy,
kompleqsurad SeuRlebuli ricxvia,  
SeniSvna:  - rodesac asaxva “namdvilia”–es piroba “komutaturobaa”!
- umeteswilad ganixileba SemTxveva – mkacrad dadebiTad 

gansazRvruloba, anu   0&0,  xLxxx , aseT SemTxvevaSi

skalaruli namravlis safuZvelze ganisazRvreba norma!
3. “manZili” – nebismier or x  da yveqtors Soris
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4. birTvi –  B(X0, r) = Qr(X0)º{XRn| : |X-X0| < r} , romlis centria 

wertili X0 da radiusi ricxvi r  R;  
5. sfero – S(X0, r) = Sr(X0)º{XRn | : |X-X0| = r},  romlis centria 

wertili X0  da radiusi ricxvi r  R ;
6. are –    bmuli Ria simravle Rn sivrceSi.

7. multiindexi  -  a = (a1, a2,…,a n) ,   a i  N  {0};                                       (0.1.2)
8. x elementis  xarisxi anu veqtoris xarisxi Rn  sivrceSi
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9.  multiindeqsis moduli - 
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10.  multiindeqsis faqtoriali - a! = a1! a2!…a n!                                 (0.1.5)
11. Cveulebrivi da kerZo-warmoebulebi:
a. Cveulebrivi warmoebuli funqciis nazrdisa da argumentis 
nazrdisa da argumentis nazrdis Sefardebis zRvari rodesac 
argumentis nazrdi usasrulod mcirdeba!
b. kerZo  warmoebuli (kerZo semTxveva) - ori cvladis funqciis 
f(x1,x2) kerZowarmoebuli x2    argumentis mimarT: “gavyinoT” pirveli 

argumenti x1=x
0
1, miviRebT erTi cvladis fuqcias x2    argumentis 



mimarT. am funqciis Cveulebrivi warmoebuli aris kerZowarmoebuli 
x2    argumentis mimarT! anu 
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12. analogiurad ganisazRvreba mravali cvladis funqciis kerZo 
warmoebuli i – uri argumentiT
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13.  - rigis kerZo warmoebuli -  nebismieri  multiindeqsis 
Sesabamisi rigis kerZo warmoebuli esaa am multiindeqsis 
modulis rigis kerZo warmoebuli, romlis  komponentebi 
gansazRvraven kerZo warmoebulis rigs Sesabamisi nomris 
arumetiT, anu 
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14. f  C k() – funqcias  areSi yoveli k naturaluri ricxvisaTvis 
(k-s CaTvliT) gaaCnia k-rigis gluvi yvela kerZo warmoebuli;

15. f Lp()  p1 - zomadi k-rigiT integrebadi funqciebi anu
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16. lokalurad integrebadoba , anu f Lloc()  funqcia integrebadia 
aris nebismier kompaqtze;

17.  gluvi sazRvaris mqone are, anu gluvi are,    - misi sazRvari 
(zedapiri, wiri) gluvia e.i. (aRmweri funqciebi gluvebia);

18. stoqsis Teorema: Tu  sakmarisad gluvi area da funqciebi
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sadac (1,. . . , n) mocemuli aris  sazRvris erTeulovani gare 

normalia da  ds – misi sazRvris elementia 

19. Tu U Lp() da V Lq(), sadac p-1 + q-1 =1, maSin adgili aqvs 
helderis utolobas
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20. C.B.S. – „koSi -Bbuniakovski – Svarcis“ utoloba: Tu U L2() da 

V L2(),  maSin adgili aqvs utolobas
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krebadobebi

21. { φn(X)} funqciaTa mimdevrobis wertilovani kebadoba: - φn  φ –

niSnavs, rom Tu X0,  maSin ricxviTi mimdevroba {φn (X0 ) } krebadia
φ (X0 ) - ricxvisaken, anu
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22. { φn(X)} funqciaTa mimdevrobis Tanabari kebadoba simravleze:  

φn  φ – niSnavs, rom nebismieri dadebiTi  > 0 ricxvisaTvis 

arsebobs iseTi nomeri N(), romelic araa damokidebuli X
elementze,  rom nebismieri n > N() nomrisaTvis  

| φn (X)  φ(X) |<!                                             (1.1.7)
23. { φn(X)} funqciaTa mimdevrobis susti kebadoba skalaruli 

namravlis mimarT:  φn φ – niSnavs, rom arsebobs iseTi elementi, 
rom skalaruli namravli, rogorc ricxviTi mimdevroba krebadia, 
anu 
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* Cveulebrivi diferencialuri gantolebebi

am Teoriam ganviTareba daiwro XVII saukuneSi rogorc ki 
gaCnda diferencialuri da integraluri aRricxva (niutoni, 
leibnici, bernuli, . . . )

am Teoriis ganviTarebas ukavSirdeba gamoyenebiTi xasiaTis 
amocanebis gamokvleva geometriasa da meqanikaSi. ciur meqanikaSi 
gamokvlevis srulyofis garda am Teoriis gamoyenebiT SesaZlebeli 
gaxda axali aRmoCenebis gakeTeba (magaliTad: neprtunis aRmoCena 
da orbitis dadgena), sami sxeulis amocanis “Seswavla”
da mravali sxv. (biologiaSi, qimiasa da . . . )

** kerZowarmoebulebiani diferencialuri gantolebebi

I. Teoria warmoiSva XVIII saukuneSi fizikis zogierTi 
konkretuli amocanis gamokvlevisas da uSualod daukavSirda 
gamoyenebiTi xasiaTis amocanebs, ZiriTadad fizikidan; Sesabamisad 
am Teoriis dasaxeleba – “maTematikuri fizika”!  eileris, 
lagranJis, dalamberis, laplasis, furies, monJis, amperisa da 
sxvaTa gamokvlevebma saTave daudo am Teorias da dResac 



aqtualuria maT mier damuSavebuli meTodebi, romelTa nawils Cven 
Semoklebuli saxiT warmovadgenT kursSi!

II. es Teoria Zalze mWidrodaa dakavSirebuli maTematikis 
yvela dargTan da mTeli sisruliT iyenebs am mimarTulebiT 
miRebul uaxless Sedegebs Tavisi amocanebis gamokvlevisas, xolo 
Tavis mxriv Zalze xSirad svams absoluturad axal amocanebs sxva
dargebisaTvis – algebra, topologia, kopleqsuri analizi da . . !

Def. 24. mocemulia mravali cvladis funqcia F(X0, X1 ,…, Xk,…), 
k=1,…,m.,  saZiebeli mravali cvladis funqcia u (x1, x2,…, xn)  da  
mirebuli aRnisvnebis Tanaxmad SesaZlebelia gakeTdes Canaweri

F(X
0
, X

1
,…, X

k
,…)  F(X

0
,u) = 0                  (1.2.1) 

sadac k=1,…,m

  {X0 = (x1, x2,…, xn) : xi  R, i=1,2,…,n};
{X1 = {Du}: |α | =1, i=1,2,…,n};
{X2 = {Du}: |α | =2, i=1,2,…,n};
    .    .   .    .     .      .    .     .     .    .
{Xk = {Du}: |α | =k, i=1,2,…,n}

Def. 25.  (1.2.1) tolobas ewodeba n cvladis kerZowarmobulebiani m 
rigis diferencialuri gantoleba ucnobi u funqciis mimarT !

Def. 26.  diferencialuri gantolebis klasikuri amonaxsni u -  
namdvili funqcia romelic: 

I.    uwyvetia, anu   u  C (); 
II.   misi, (1.2.1) gantolobaSi Semavali, yvela kerZo warmoebulic 

uwyvetia; e.i.  D C (); |α |  m;
III.  igiveobad aqcevs (1.2.1) gantolebas!

Def. 27. (1.2.1) erTgvarovani gantolebaa - Tu misi marcxena mxaris 
yoveli Sesakrebi (wevri) Seicavs mamravlis saxiT ucnob u funqcias 
an mis romelime warmoebuls!

Def. 28.  (1.2.1) gantolebis ”Tavisufali wvri” – marcxena mxaris is 
Sesakrebebi (wevrebi) romlebic ar Seicaven mamravlis saxiT ucnob 
u funqcias an mis warmoebuls!

Def. 29.  (1.2.1) gantoleba Zalze xSirad Caiwereba Semdegi saxiT: 

  F(X0, X1 ,…, Xk,…) = f(X0)                         (1.2.1*)



rodesac Tavisufali wevri f(X0) – anu “marjvena mxare” calkea 

gamoyofili da weriaa tolobis marjvniv; 

Def. 30.   “marjvena mxare” – “Tavisufali wevri”: 

a.   f(X0)  0 – gantoleba (1.2.1) erTgvarovania;

b.  f(X0)  0 – gantoleba (1.2.1)  araerTgvarovania ; 

Def. 31.   (1.2.1) wefivi gantolebaa – Tu u(X
0
) da v(X

0
) 

funqciebisaTvis samarTliania toloba 

F(X0,u+v) = F(X0,u) + F(X0,v) = 0                    (1.2.2)

Def. 32.   (1.2.1) gantolebis ”mTavari nawili” – marcxena mxaris is 
wevrebi (niSnis CaTvliT) romlebic Seicaven ucnob u funqciis 
umaRlesi |α | = m rigis warmoebulebs!

Def. 33.   (1.2.1) gantoleba kvaziwrfivia -  Tu mTavari nawili
wrfivia

magaliTebi:

***n cvladis, m rigis wrfivi kerZowarmoebulebiani 
diferencialuri gantolebebis zogadi saxe

34. (1.2.1*) da (1.2.2) – Tanaxmad SeuZlebelia gantolebis wevrebi
Seicavdnen ucnob u  funqciasa da mis warmoebulebis namravlebs
an amgvariGgamosaxulebebis meore an ufro maRal xarisxebs –
gantoleba veRar iqneba wrfivi!  Sesabamisad gantolebis zogadi 
saxea
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SeniSvna: 35. Aα (X) – “gantolebis koeficientebi” – mravali 
cvladis mocemuli funqciebia
SeniSvna: 36.  gantoleba (1.2.3) mudmiv koeficientebiania , rodesac 

yvela Aα (X)  const.
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sadac z  (z1 ,…, zn) da zi  R – “namdvili veqtoria”
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ori cvladis, meore rigis wrfivi kerZowarmoebulebi-ani 
diferencialuri gantolebebis zogadi saxe

34*. konkretulad rodesac n=2, m=2, X  (x1 , x2)  (x , y); 
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am SemTxvevaSi mocemuli gantolebis maxasiaTebeli formaa –
mravalwevri  

   



n

ji
jiij XAuF

1,
0 ,                                            (1.2.6)

sadac z “namdvili veqtoria”, anu z  (z1 , z2) da zi R – da am 

SemTxvevaSi maxasiaTebeli forma Zalze waagavs meore rigis
wirebis “mTavar nawils” analizuri geometriidan?!

kanonikur saxeze miyvana

    movaxdinoT cvladTa gardaqmna da simartivisaTvis SemoviRoT
aRniSvnebi: 

“Zveli cvladebi” – X  (x1 , x2)  (x,y);

    “axali cvladebi” -   (1 , 2)  ( , ) an (,  )

=(x,y);          =(x,y) ;                                       (1.2.7)
  SesaZlebelia Seqceuli gardaqmna - funqciebi Sebrunebadia 

rogori unda iyos  da  funqciebi?

CavataroT msjeloba konkretulad ori cvladis, meore rigis
wrfivi kerZowarmoebulebiani diferencialuri gantolebisaTvis, 
romelSic specialurad gamoyofilia mTavari nawili!
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rTuli funqciis warmoebulis ganmartebisa da aRniSvnebis Tanaxmad

kerZo warmoebulebi axal cvladebSi
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amgvarad gamoTvlili mniSvnelobebi CavsvaT (1.2.8) gantolebaSi da 
davajgufoT “erTi tipis” wevrebi  
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axali cvladebis amorCeva

vecadoT avarCioT axali cvladebi ise, rom (1.0.8*) gantolebis 
pirveli koeficienti gaxdes nuli!  
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anu mosaZebnia iseTi ori cvladis namdvili funqcia z=z(x,y)=  (x,y) 
romelic (1.2.12) gantolebas daakmayofilebs (romelime kerZo 
amonaxsni). Sesabamisad amgvari funqciis saSualebiT Catarebuli 
cvladTa gardaqmna (1.2.7) imis garantia, rom axal cvladebSi (1.2.8*) 
gantolebis pirveli koeficienti nulis toli iqneba!

lema 1.  Tu z = (x,y) aris (1.2.12) gantolebis kerZo amonaxsni, maSin 

wiri (x,y) = c  const.  warmoadgens

02 2
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11  dxAdxdyAdyA                                   (1.2.13)

Cveulebrivi diferencialuri gantolebis zogad amonaxsns. 

damtkiceba.  radgan z= (x,y) aris (1.2.12) gantolebis kerZo amonaxsni,
Sesabamisad samarTliania toloba
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meores mxriv aracxadi saxiT mocemuli  (x,y) =c  funqcia SesaZloa 

warmodges rogorc y = (x, c) Sesabamisad
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es ukanaskneli aCvenebs lema erTis samarTlianobas!

lema 2.  Tu (x,y) = c aris (1.2.13) Cveulebrivi diferencialuri 

gantolebis zogadi amonaxsni, maSin ori cvladis funqcia z=(x,y) 
warmoadgens (1.2.12) gantolebis kerZo amonaxsns. 

damtkiceba. (x0 , y0) wertilze gavataroT wiri  (x0 , y0) = c0 anu 

y0 = (x0, c0)
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dy
A








Sesabamisad yoveli (x0 , y0) wertilisaTvis samartliania toloba 

        0,,,2, 00
2
,2200,00,1200

2
,11  yxAyxyxAyxA yyxx 

es ukanaskneli aCvenebs lemis samarTlianobas!

Def. (1.2.13) – maxasiaTebeli gantolebaa;
Def. maxasiaTebeli gantolebis amonaxsnebi – maxasiaTeblebia!

maxasiaTeblebi

Tu vimsjelebT (1.2.12) gantolebis analogiurad A22Akoeficientis 
“ganulebacaa” SesaZlebeli. anu lemis Tanaxmad amovxsnaT (1.0.13). Tu 

A11  0 kvadratuli gantolebis fesvTa formulis Tanaxmad 
amosaxsnelia Semdegi gantolebebi da Sesabamisad napovni iqneba 
cvladTa maxasiaTebeli gardaqmnebi!  

11

1211
2

1212

A

AAAA

dx

dy 
                                       (1.2.14)

11

1211
2
1212

A

AAAA

dx

dy 
                                      (1.2.15)



ori cvladis, meore rigis wrfivi kerZowarmoebulebi-ani 
diferencialuri gantolebebis tipebi

(1.2.13) gantolebis diskriminanti gansazRvravs (1.2.5) 
gantolebis tips:

01211
2

12  AAA - hiperboluri tipis gantoleba!

01211
2

12  AAA - paraboluri tipis gantoleba !                  (1.2.16)

01211
2

12  AAA    - elifsuri tipis gantoleba!

SeniSvna- martivi saCvenebelia, rom cvladTa gardaqmnis 
miuxedavad (1.2.5) gantolebis tipi ar icvleba. es imis Sedegia, rom

  2
1211

2
121211

2
12 JAAAAAA                                     (1.2.17)

sadac

xyyxJ ,,,,                                            (1.2.18)

cvladTa gardaqmnis iakobiania da (1.2.7)–is Tanaxmad =(x,y), 
=(x,y).                                 

I. hiperboluri tipis gantoleba - 01211
2

12  AAA !

(1.2.13) gantolebas ori namdvili fesvi aqvs da Sesabamisad 
gantolebas ori namdvili sxvadasxva maxasiaTebeli gaaCnia anu 
(1.2.14) da (1.2.15) gantolebebis amonaxsnebi! aseTi cvladTa 
gardaqmnis Sedegad (1.2.5) gantolebis “axali” koeficientebi A11 , 

A22  nulebia da Sesabamisad (1.2.8*) gantolebas Semdegi kanonikuri 
(eileris forma) saxe aqvs

   ,,, ,,,, uuuu    sadac   
12

,, 2

~
,,,,

A

F
uuu         (1.2.8**)

kidev erTi konkretuli cvladTa gardaqmnis Sedegad (1.2.8*)

  ,
anu 

2
,

2

 





Sesabamisad axal cvladebsi funqciis warmoebulebi  

    ,,,,,, 2

1
,

2

1
uuuuuu 

  ,,, 4

1
uuu 



da  maTi Casma (1.2.18**) gamosaxulebaSi gvaZlevs (1.2.5) gantolebis 
kanonikur saxes (dalamberis forma)

   4,,  uu                                            (1.2.19)

II. paraboluri tipis gantoleba - 01211
2

12  AAA !

(1.2.13) gantolebas erTi namdvili fesvi aqvs da Sesabamisad 
gantolebas erTi namdvili sxvadasxva maxasiaTebeli gaaCnia! Amitom

  02
2

,22,11
2
,22,,12

2
,1111  yxyyxx AAAAAA 

da 221112 AAA  am tolobis gaTvaliswinebiT

   0,22,11,22,1112  yxyx AAAAA 

1.  Tu A22 nulia – maSin gantoleba pirveli rigis yofila;

metic Tu u,x–s koeficientic nulia, maSin (1.2.5) - Cveulebrivi 
diferencialuri gantolebaa!

2.  Cveulebrivad u,x–s koeficienti nuli araa da am 
SemTxvevaSi kanonikuri saxea  

 
22

,,,

~
,,,,

A

F
uuuu                                       (1.2.20)

an 

     xf
x

xu

x

xu









2
2

2

1

III. elifsuri tipis gantoleba - 01211
2

12  AAA

(1.2.13) gantolebas ori kompleqcurad SeuRlebuli fesvi aqvs. 
Sesabamisad cvladTa gardaqmna kompleqsuria da gantolebis saxe 
hiperbolurs hgavs! saqme rom kompleqsur cvladebTan ar
gvqondes kidev erTi gardaqmna CavataroT

 ii  ,

i2
,

2

 





Sesabamisad axal cvladebsi koeficientebi 
2
,22,,12

2
,1111 2 yyxx AAAA  



   
   02

22

,,22,,,,12,,11

2
,22,,12

2
,11

2
,,,12

2
,11





yyxyyxxx

yyxxyyxx

AAAi

AAAAA





am SemTxvevaSi kanonikuri saxea  

   ,,, ,,,, uuuu 
oRond am SemTxvevasi cvladebi kompleqsurebia da namdvil 
cvladebSi elifsuri gantolebis kanonikuri saxea 

   
22

,,,,

~
,,,,

A

F
uuuuu                                  (1.2.21)

analogiuri algoriTmiTaa SesaZlebeli meore rigis 
gantolebebis klasifikacia mravali cvladis SemTxvevaSi

hiperboluri tipis gantolebis kanonikuri saxe meore rigisa 
da n cvladis SemTvevSi:


nnxxxxxx uuu ,,, ...

2211
                                  (1.2.22)

Sesabamisi maxasiaTebeli gantoleba ki 

022
3

2
2

2
1  n 

ultrahiperboluri tipis gantolebis  kanonikuri saxe meore 
rigisa da n cvladis SemTvevaSi:

 


n

pi
xx

p

i
xx iiii

uu
1

,
1

,                                            (1.2.26)

Sesabamisi maxasiaTebeli gantoleba ki

0
1

2

1

2  


n

pi
i

p

i
i  ,                                             (1.2.27)

petrovskis azriT paraboluri tipis gantolebis kanonikuri 
saxe meore rigisa da n cvladis SemTvevaSi

  ,
2

,, 1




n

i
xxx ii

uu                                      (1.2.28)

Sesabamisi maxasiaTebeli gantoleba ki

  0
2

2
1 



n

i
i

pluriparaboluri tipis gantolebis kanonikuri saxe meore 
rigisa da cvladis SemTvevaSi

nqpuu
q
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i
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,
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,
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,                        (1.2.29)

Sesabamisi maxasiaTebeli gantoleba ki



nqp
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i
i  


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1
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1

2 

elifsuri tipis gantolebis kanonikuri saxe  meore rigisa da  
n cvladis SemTvevaSi


nnxxxxxx uuu ,,, ...

2211
                                  (1.2.30)

Sesabamisi maxasiaTebeli gantoleba ki 

022
3

2
2

2
1  n                                       (1.2.31)

kovalevskaias Teorema

koSis amocana
ganvixiloT gantoleba 

      XuDXuXF
x

Xu
m

m
,,

1





                                   (1.4.1)

sadac 

 X  (x1,…,xN ) - damoukidebeli cvladia;

 F – mocemuli mravali cvladis funqcia;

 u(X)  u(x1,…,xN ) – saZiebeli funqcia!

 m – “gamoyofili cvladiT” warmoebulis umaRlesi rigi!

 multiindeqsi   mmn  121 :,,...,, 

  nxxxX ,...,,ˆ
2

0
10  - “gamoyofili cvladis” garkveuli x1= a0  

mniSvneloba
“gamoyofili cvladis” garkveuli x1= a0  mniSvnelobisaTvis 
mocemulia funqciisa da misi warmoebulebis (umaRles rigamde) 
mniSvnelobebi – “sawyisi monacemebi” anu “koSis monacemebi”!

     0
1

ˆ
0
11

X
x

Xu k

xx

k

k








, k=0,1,…,m-1                                         (1.4.2)

Def. koSis amocana - vipovoT iseTi u(x) funqcia, romelic  

(1.4.1) gantolebasa da (1.4.2) “sawyisi monacemebs” akmayofilebs.

analizuroba

Def. n- kompleqsuri cvladis F (z1,…zn) funqcia analizuria    

Z0 = (z
0

1,… z
0

n) wertilis midamoSi, Tu is warmodgenadia krebadi 
mwkrivis saxiT sakmarisad mcire |Z-Z0| mniSvnelobebisaTvis



    



 0ZZBZF     , sadac        CzzzzZ in  ,,...,, 21                    (1.4.3)

SeniSvna - F (z1,…zn) funqcia analizuria Z0 = (z
0

1,… z
0
n) wertilis 

midamoSi niSnavs, rom am “wertilSi” mas nebismieri rigis kerZo 
warmoebuli gaaCnia da Sesabamisad 

  
0!

1
ZZZFDB  

 
                                            (1.4.4)

kovalevskaias  Teorema

Tu (1.4.1) gantolebaSi Semavali funqcia F  aris analizuri 

(x0
1,… x0

n, (0),…Da (0),… ) wertilis midamosa, da  (k) funqciebi 
analizurni arian (x0

2,… x0
n) wertilis midamoSi, maSin (1.4.1) - (1.4.2) 

koSis amocanis amonaxsni analizuria (x0
1,… x0

n) wertilis midamoSi, 
Tanac is erTaderTia analizur funqciaTa klasSi!

simis Tavisufali rxevis gantoleba

l sigrZis erTgvarovani izotropuli simis (usisqo, elastiuri 
Zafi) OX RerZze Zevs da asrulebs Tavisufal rxevas  XOU
sibrtyeSi;  u(x,t) aris x wertilis gadaxris sidide t momentSi, xolo
f(x,t) moqmedi gare Zala  

     xtf
x

xtu
a

t

xtu
,

,,
2

2
2

2

2










                                    (1.3.2)

l sigrZis arerTgvarovani izotropuli zambara (usisqo, 
elastiuri Zafi) OX RerZze Zevs da asrulebs Tavisufal rxevas  
OX RerZis gaswvriv;  u(x,t) aris x wertilis wagrZelebis sidide t
momentSi, xolo f(x,t) moqmedi gare Zala.  

        xtfxtuxA
x

xtu xtt ,,, ,, 



                                 (1.3.3)

erTgvarovani izotropuli afski (usisqo, elastiuri 
zedapiri) OXY sibrtyeSi Zevs da asrulebs Tavisufal rxevas 
sibrtyeSi;  u(x,y,t) aris t momentSi (x,y) wertilis gadaxris sidide, 
xolo f(x,y,t) moqmedi gare Zala.  

       yxtf
y

yxtu
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yxtu
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yxtu
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,,,,,,
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









                       (1.3.4)

difuziis gantoleba



erTgvarovani izotropuli zedapiri OXY sibrtyeSi Zevs da 
masze temperaturis ganawileba mocemulia. u(x,y,t) aris t momentSi 
(x,y) wertilSi temperaturis sidide, xolo f(x,y,t) garedan 
mowodebuli siTbos maCvenebelia.

fuau t  2
,                                                  (1.3.5)

araerTgvarovani izotropuli Rero (usisqo, Zafi) OX RerZze 
Zevs da masSi temperaturis sawyisi ganawilebaa mocemuli. u(x,t) aris  
t momentSi (x) wertilSi temperaturis sidide, xolo f(x,t) garedan 
mowodebuli siTbo!

        xtfxtuxA
x

xtu xt ,,, ,, 



                                   (1.3.7)



Tema 2
dalambris formula

simis Tavisufali da iZulebiTi rxevis  diferencialuri 
gantolebebi; hiperboluri tipis gantolebebi da rxevebi;

koSis amocana erTgvarovani simis iZulebiTi ganivi rxevis 
gantolebisaTvis
 Cveulebrivi diferencialuri gantolebebis kursSi 

(matematikuri fizikis gantolebebi I) klasikuri amocana 
pirveli rigis gantolebisaTvis JRerda ase: ipovneT 

   utf
dt

xdu
,                          (2.0.1)

gantolebis amonaxsni, romelic akmayofilebs mocemul 

  00 utu                             (2.0.2)

sawyis pirobas !?

 kerZowarmoebulebiani diferencialuri gantolebebis 
kursSi (matematikuri fizikis gantolebebi II) erTerTi 
klasikuri amocana (simis Tavisufali ganivi rxevis 
gantolebisaTvis) JRers ase: ipovneT 

    0,, 2  txuatxu xxtt      0,  tx       (2.1.1)

gantolebis amonaxsni u(x,t) (dalamberis forma), romelic 
akmayofilebs mocemul 

   xxu ,0       xxut ,0                         (2.1.2)

sawyis pirobebs (koSis monacemebi)!?

I. usasrulo simis Tavisufali rxeva, dalambris meTodi

    (2.1.1) gantolebis Sesabamisi maxasiaTebeli gantolebaa

0222  dtadx                              (2.1.3.)
anu 

0 adtdx      da   0 adtdx                      (2.1.4.)

kvadratuli gantolebis fesvTa formulis Tanaxmad amosaxsnelia 
Semdegi gantolebebi da Sesabamisad napovni iqneba cvladTa 
maxasiaTebeli gardaqmnebi!

maxasiaTeblebi    atxC 1         da    atxC 2                   (2.1.5.)

maxasiaTebeli cvladebi    atx          da    atx           (2.1.6.)

Sesabamisad hiperboluri gantolebisaTvis kanonikuri saxe 
maxasiaTebel cvladebSi aris  



0u        (eileris forma)           (2.1.7.)

kanonikuri gantolebis amoxsna. warmoebuli   argumentiT nulia, 
Sesabamisad pirvelyofili araa damokidebuli am argumentze! 

meores mxriv es niSnavs, rom pirvelyofili erTi   cvladis 
fuqciaa! 

    *, gu                              (2.1.8.)

“pivelyofilis pirvelyofili” SesaZlebelia Caiweros, rogorc!

      fdgu   *,

(es msjeloba SesaZlebelia Catardes Tavidan 
cvladisaTvis); amitom dalamberis gantolebis zogadi amonaxsni 
SesaZlebelia warmodges, rogorc ori erTi cvladis funqciis 
jami. 

      gfu ,                                                 (2.1.9)
anu zogadi amonaxsni “sawyis” cvladebSi!

     atxgatxftxu ,                                         (2.1.9*)
zogadi amonaxsnis saSualebiT CavweroT koSis monacemebi (2.1.2) anu 

       xxgxfxu ,0      da          xxgaxfaxu t ,0,        (2.1.2*)

Sesabamisad miviReT orucnobiani gantolebaTa sistema, sadac 

saZiebelia f da g fuqciebi , xolo  da   funqciebi mocemulia; 
anu 

     xxgxf              da               Cd
a

xgxf
x

x

  
0

1
                              

Sesabamisad sistemis amonaxsnebia
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xxf
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         da           
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xxg

x

x

        (2.1.10)

aqedan gamomdinare  sawyisi (2.1.1) - (2.1.2) amocanis amonaxnia

          
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
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x

dd
a

atxatxxtu
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1

2

1
, 

anu adgili aqvs dalamberis formulas

        
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
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atx
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2

1

2

1
,                       (2.1.11)

II. fizikuri arsi



l sigrZis erTgvarovani izotropuli simis (usisqo, elastiuri 
Zafi) OX RerZze Zevs da asrulebs Tavisufal rxevas  XOU
sibrtyeSi;  u(x,t) aris x wertilis gadaxris sidide t momentSi

u(x,t) – talRa (2.1.9*) aris f(x+at)  “marjvena” da g(x-at)  “marcxena” 
talRis superpozicia, romlebic a  “siCqariT” vrceldebian! 
anu 

a. g(x-at)  “marcxena” talRa mudmiv mniSvnelobas inarCunebs    
x-at = const. maxasiaTeblis gaswvriv! 

b. f(x+at)  “marjvena” talRa mudmiv mniSvnelobas inarCunebs  
x+at = const. maxasiaTeblis gaswvriv!
[x1x2] intervali aris aranulovani sawyisi monacemebis mzidi. am 
intervalis boloebze gavlebuli maxasiaTeblebi eqvs ubnad yofen 
zeda naxevar sibrtyes, da yovel maTgans fizikuri Sinaarsi gaaCnia!

I. – ubani  (x,t)  I  marcxena talRa jer ar misula  u(x,t)=0;
II. – ubani  (x,t)  II   amonaxsns mxolod marcxena talRa gansazRvravs; 



III. – ubani  (x,t)  III   marjvena da marcxena talRebi aq ukve aRar 

mova  u(x,t)=0;
IV. – ubani  (x,t)  IV  amonaxsns mxolod marjvena talRa gansazRvravs;

V. – ubani  (x,t)  V  marjvena talRa jer ar misula  u(x,t)=0;
VI. – ubani  (x,t)  VI  “maxasiaTebeli samkuTxedi” - amonaxsns orive -
marjvena da marcxena talRa gansazRvravs;

III. maxasiaTebeli samkuTxedi   MPQ
ganvixiloT fiqsirebuli wertili (x0,t0) da am wertilidan 
“gamouSvaT” ori sxvadasxva ojaxis warmomadgeneli maxasiaTebeli. 
isini 0X RerZs gadakveTen Sesabamisad P da Q wertilebSi da radgan 
g(x-at)  “marcxena” talRa mudmiv mniSvnelobas inarCunebs x-at = const.
maxasiaTeblis gaswvriv, xolo f(x+at)  “marjvena” talRa mudmiv 
mniSvnelobas inarCunebs x+at = const.

maxasiaTeblis gaswvriv! talRis sidides M(x0,t0) wertilSi 

gansazRvraven mxolod P da Q wertilebSi sawyisi gadaxrebi! 

        
PQ

d
a

QPMu 
2

1

2

1

PQ intervalis gareT mocemuli sawyisi monacemebi zegavlenas ar 
axdenen M wertilSi talRis sidideze.   

IV. araerTgvarovani gantoleba  iZulebiTi rxeva
ipovneT 

     txftxuatxu xxtt ,,, 2       0,  tx       (2.2.1)



gantolebis amonaxsni u(x,t) , romelic akmayofilebs mocemul 

   xxu ,0       xxut ,0                         (2.2.2)

sawyis pirobebs (koSis monacemebi)!?

damxmare amocana – funqcia  ;,txwf , romelic aris 

0,
2

,  xxfttf waw              tx ,                                 (2.2.3)

gantolebis amonaxsni Semdegi sawyisi pirobebiT 

  0;, xw f ,        txfx
t

w f ,;, 



 ,       tx , ,            (2.2.4)

dalamberis formulis Tanaxmad aris 

     
 

 






dftxwtx
tax

tax

ff 




 ,
2

1
;,;,

advili Sesamowmebelia, rom (2.1.9) dalamberis formula SesaZloa 
gadavweroT Semdegi saxiT  

     0;,0;,, txwtx
t

w
txu 

 



                                      (2.1.11*)

sadac

     d
a

txw
atx

atx






2

1
0;, ,  da          d

a
txw

atx

atx






2

1
0;,            (2.2.5) (2.2.6)

arian (2.2.3) - (2.2.4) amocaniebis amonaxsnebi, rodesac  = 0 da 

Sesabamisad f =   an f =  . 

lema. erTgvarovani (2.2.1) - (2.2.2) amocanis amonaxsnia  

     dtxwatxu
t

f
0

2 ;,,                                         (2.2.7)

damtkiceba. (2.2.7) gamosaxulebis gawarmoeba da (2.2.4) pirobebis 
gaTvaliswineba aCvenebs, rom: 

         dtx
t

w
adtx

t

w
attxwatxu

t
f

t
f

ft  









0

2

0

22
, ;,;,;,,

anu 

         txfadtx
t

w
adtx

t

w
attx

t

w
atxu

t
f

t
ff

tt ,;,;,;,, 2

0
2

2
2

0
2

2
22

, 













     (2.2.8)

       dtx
t

w
dtx

x

w
atxu

t
f

t
f

xx  









0
2

2

0
2

2
2

, ;,;,,

rac amtkicebs lemis debulebas!
Sesabamisad samarTliania Semdegi 



Teorema. araerTgvarovani (2.2.1) - (2.2.2) amocanis amonaxsnia

        
 dtxwatxwtx
t

w
txu

t

f





0

2 ;,0;,0;,,              (2.2.9)

anu 

          
 

 

 









t tax

tax

atx

atx

ddf
a

d
a

atxatxtxu
0

,
22

1

2

1
, 





      (2.2.10)

V. naxevradusasrulo simis Tavisufali rxeva
 ipovneT 

    0,, 2  txuatxu xxtt      0,0  tx       (2.3.1)

gantolebis amonaxsni u(x,t) (dalamberis forma), romelic 
akmayofilebs mocemul 

   xxu ,0       xxut ,0                         (2.3.2)

sawyis pirobebsa (koSis monacemebi) da erTerT sasazRvro pirobas!?

    0,0  tttu               (bolo marTvadia)            (2.3.3)

  00,0  ttu                   (bolo dabmulia)            (2.3.4)

  00,0  ttux          (bolo Tavisufalia)            (2.3.5)

damxmare lema 1: Tu (x) da (x) kenti funqciebia x0 wertilis 
mimarT, maSin dasmuli amocanis amonaxsni nulis tolia am 
wertilSi drois nebismier momentSi (es wertili uZravia!)

damtkiceba lema 1: zogadobis SenarCunebiT dauSvaT x0 �0! da am 

SemTxvevaSi (x) da (x)) kenti funqciebia saTavis mimarT, anu

   xx   ;               xx   ;
da Sesabamisad (2.1.11) formulaSi

         0
2

1

2

1
,0  



 d
a

atattu
at

at

.

damxmare lema 2: Tu (x) da (x) luwi funqciebia x0 wertilis 

mimarT, maSin dasmuli amocanis amonaxsnis warmoebuli x 
argumentiT nulis tolia am wertilSi (anu “bolo Tavisufalia”!)

damtkiceba lema 2: zogadobis SenarCunebiT dauSvaT x0 � 0! da am 

SemTxvevaSi (x) da (x) luwi funqciebia saTavis mimarT, anu

   xx  ;               xx  ;
da Sesabamisad (2.1.11) formulaSi

            0
2

1

2

1
,0,  atat

a
atattu x 



damxmare lemebis Sedegebi samarTliania nebismieri 
fuqciebisaTvis romelTa warmodgena SesaZlebelia dalamberis 
formulis saSualebiT, amitom SesaZlebelia Semdegi amocanebis 
Seswavla: 1. “amocana dabmuli boloTi”!

dasmuli (2.3.1), (2.3.2) , (2.3.4) amocanis magivrad  SegviZlia 
ganvixiloT “saxecvlili amocana” (2.1.1), (2.1.2) warmosaxviTi 
usasrulo simisaTvis da sawyisi monacemebi kenti funqciebi 
“aviRoT”. 

   
 








0,

0,

xx

xx
x




,               
 








0,

0,

xx

xx
x




Semdeg dalamberis formulis gamoyenebiT, damxmare lema 1-isa da 
gamoTvlebis Sedegad davinaxavT, rom sawyisi amocanis amonaxsns 
aqvs saxe 

 
      

      


























0,;
2

1

2

1

0,;
2

1

2

1

,

x
a

x
td

a
xatxat

x
a

x
td

a
atxatx

txu xat

xat

atx

atx




            (2.3.6)

2. “amocana Tavisufali boloTi”! dasmuli (2.3.1), (2.3.2) , (2.3.5) 
amocanis magivrad  SegviZlia ganvixiloT “saxecvlili amocana”
(2.1.1), (2.1.2) warmosaxviTi usasrulo simisaTvis da sawyisi 
monacemebi luwi funqciebi “aviRoT”.

   
 








0,

0,

xx

xx
x




,               
 








0,

0,

xx

xx
x




Semdeg dalamberis formulis gamoyenebiT, damxmare lema 2-isa da 
gamoTvlebis Sedegad davinaxavT, rom sawyisi amocanis amonaxsns 
aqvs saxe

 
      

        
























0,;
2

1

2

1

0,;
2

1

2

1

,

00

x
a

x
tdd

a
atxatx

x
a

x
td

a
atxatx

txu xatatx

atx

atx




       (2.3.7)



Tema 3

cvladTa gancaleba
furies meTodi

fizikuri amocana:  - sasruli sigrZis simis Tavisufali ganivi rxeva 
romlis boloebi uZravia

koSis amocana simis Tavisufali ganivi rxevis gantolebisaTvis

 txfuau xxtt ,,
2

,                                                  (2.4.1)

sawyisi pirobebi         xxu ,0         da           xxu t ,0,                              (2.4.2)

sasazRvro  pirobebi                0,0 tu         da           0, tlu                   (2.4.3) 

amonaxsni veZeboT cvladTa gancalebis meTodiT! 
anu (2.4.1) – (2.4.3) amocanis amonaxsni veZeboT rogorc:

1. ori erTi cvladis funqciis namravli 

     tTxXtxu ,                                              (2.4.4);   

2. amonaxsni igivurad nuli ar aris – anu   X(x)T(t) 0! 

a. Tavdapirvelad gamosaxuleba (2.4.4) CavsvaT (2.4.1) gantolebaSi 

      )(
1

2
tTxX

a
tTxX                                              (2.4.5)

radgan amonaxsni igivurad nuli araa 
   
   

   
   tTxX

tTxX

atTxX

tTxX 



2

1
  da Sesabamisad 

 
 

 
 tT

tT

axX

xX 



2

1
               (2.4.6)

(2.4.6) tolobis marjvena mxares mdgari funqcia mxolod droiT 
argumentzea damokidebuli, xolo marcxena sivrciT argumentze, 
gamodis, rom tolobis orive mxares mudmivi ricxvia! 

 
 

 
  .

1
2

const
tT

tT

axX

xX






                                             (2.4.6*)

warmodgenili toloba iSleba or Cveulebriv diferencialur 
gantolebad 

      0;0  xXxXxX      da            0;02  tTtTatT       (2.4.7)
(2.4.3) sasazRvro pirobebidan gamomdinare SesaZlebelia davweroT 

      00,0  tTXtu     da         0,  tTlXtlu
da radgan amonaxsni ar SeiZleba iyos igivurad nuli Sesabamisad 
agili aqvs Semdeg sawyisi  pirobebs

  00 X               da              0lX                              (2.4.8)
Sturmi – liuvilis amocana – vipovoT iseTi namdvili 

(kompleqsuri)  λ  rixvebi (sakuTrivi ricxvebi) romlisTvisac 

      0;0  xXxXxX          00 X               da              0lX               (2.4.9)



(2.4.9) amocanas aratrivialuri amonaxsnebi gaaCnia Sesabamisad 
amovweroT amonaxsnebi (sakuTrivi funqciebi). 

advili dasanaxia, rom cnobili  ricxvisaTvis amocana (2.4.9)
trivialuria da Sesabamisad gasarCevia 3 SemTxveva: 

SemTxveva rodesac λ=0 - Cveulebrivi diferencialur 
gantolebaTa kursidan cnobilia, rom 

    0;0  xXxX
gantolebis amonaxsnia 

  21 CxCxX                             (2.4.10)
funqcia da Sesabamisad (2.4.8) sawyisi pirobebis gaTvaliswinebiT 
miviRebT rom orive mudmivi C1 da C2  nulis tolia Sesabamisad 
amonaxni trivialuria es arc Sturmi-liuvilis amocanas ar Tavidan 
dasmul amocanas ar “gamoadgeba” – amonaxsni ar SeiZleba iyos 
igivurad nuli!

SemTxveva rodesac λ<0 - Cveulebrivi diferencialur 
gantolebaTa kursidan cnobilia, rom Tu maxasiaTebel gantolebas 
ori namdvili fesvi aqvs, maSin gantolebis amonaxsnia funqcia 

  xx eCeCxX    21                                             (2.4.11)
anu unda moiZebnos (2.4.11) gamosaxulebaSi C1 da C2  mudmivebis 
mniSvneloba (2.4.9) amocanis sawyisi mniSvnelobebis gaTvaliswinebiT?
(2.4.8) pirveli sawyisi pirobidan Cans, rom C1 = - C2  da Sesabamisad 
meore piroba 

    02121    eeCeCeCeCeClX ll

sruldeba mxolod maSin rodesac mudmivi C  nulis tolia, rac 
SeuZlebelia! anu sakuTrivi ricxvi ar SeiZleba iyos uaryofiTi!

SemTxveva rodesac λ>0 - Cveulebrivi diferencialur 
gantolebaTa kursidan cnobilia, rom Tu maxasiaTebel gantolebas 
kopleqsuri fesvi aqvs, maSin gantolebis amonaxsnia funqcia

  xCxCxX  sincos 21                                           (2.4.12)
moiZebnos (2.4.12) gamosaxulebaSi C1 da C2  mudmivebis mniSvneloba 
(2.4.9) amocanis sawyisi mniSvnelobebis gaTvaliswinebiT?
(2.4.8) pirveli sawyisi pirobidan Cans, rom

  0010 121  CCCX
da Sesabamisad meore piroba gvaZlevs

  0sin2  lClX 
radgan  mudmivi C2 0 (maSin amonaxsni trivialuri iqneba) rceba 
SemTxveva rodesac sakuTrivi ricxvebi Semdegi gantolebis 

amonaxsnebia  0sin l   anu  rodesac  
l

n  da Sesabamisad  davasvniT, 

rom 

sakuTrivi ricxvebia            
2









l

n
n

 ;                                            (2.4.13)

sakuTrivi funqciebia            x
l

n
CxX n


sin2                                         (2.4.14)



Sesabamisad (2.4.9) amocanis aratrivialuri (aranulovani) 

amonaxsni SesaZlebelia mxolod da mxolod maSin Tu sakuTrivi 
ricxvebi dadebiTni arian da metic maT gaaCniaT (2.4.13) saxe. Xn(x)
sakuTrivi funqciebi (2.4.14) arsebobs nebismieri naturaluri n
ricxvisaTvis! 

zogadi amonaxsni
(2.4.13) sakutrivi ricxvebis semTxvevaSi azri aqvs ganvixiloT 

(2.1.7) –is meore gantoleba (danarCen SemTxvevaSi saZiebeli amocanis 
amonaxsni trivialuria). am konkretul SemtxvevaSi amonaxsns gaaCnia 
semdegi saxe 

  at
l

n
Bat

l

n
AtT nnn


sincos                                        (2.4.15)

gantolebis sakuTrivi ricxvebisa da funqciebis usasrulo 
raodenobidan gmomdinare SegviZlia davaskvnmaT, rom nebismieri 
naturaluri n ricxvisTvisaTvis  funqcia

  x
l

n
at

l

n
Bat

l

n
Atxu nnn


sinsincos, 





 

(2.4.1) gantolebis amonaxsnia rodesac marjvena mxare nulis tolia! 
Tanac akmayofileba (2.4.3) sasazRvro pirobebs!
anu wrfivobidan gamomdinare (2.4.1)-(2.4.3) sawyis sasazRvro amocanis 
amonaxsni unda veZeboT 
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mwkrivis saxiT.

furies mwkrivebi

  
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                                             (2.4.17)

sadac  (koeficientebi)

 
l

n d
l

n
F

l
b

0

sin
2 

namdvili mocemul intervalze integrebadi F(x)  funqciis furies 
mwkrivi krebadia “misken”:

• Tanabrad, Tu is uwyvetia da SemosazRvruli variaciisaa yovel 
qveintervalze 

• 0,5[F(x+0)+F(x-0)]-sken yovel qveintervalze sadac funqcia da misi 
pirveli warmoebuli uban-uban uwyvetia, an akmayofilebs 

Jordanis pirobas (aqvs sasruli variacia)

Tu am pirobebs akmayofileben dasmuli amocanis koSis monacemebvi 
(2.4.2) maSin SesaZlebelia davweroT erTis mxriv rom 
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magram (2.4.2) sawyisi pirobebis Tanaxmad 
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Sesabamisad ori mwkrivis wevrwevrad Sedarebisas cxadia, rom 
Sesabamisi koeficientebi identuria anu 

  nnA                                                              (2.4.20) 

nn na

l
B 


                                                         (2.4.21) 

Sesabamisad (2.4.1)-(2.4.3) amocanis amonaxsni ganisazRvreba rogorc 
usasrulo mwkrivi – da Tu es mwkrivi ganSladia an Sesabamis 
funqcias ar gaaCnia warmoebuli maSin is mainc ver iqneba dasmuli 
amocanis amonaxsni!!!!! mwkrivis koeficientebi calsaxad ganisawRvreba 
sawyisi monacemebis furie koeficientebiT!

amonaxnis fizikuri interpretacia

mdgari talRa
(2.4.1)-(2.4.3) amocanis (2.4.16) amonaxsnis erTi SexedviT umartivesi 

gardaqmna, anu sxvanairad Cawera
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sadac 

n

n
n A

B
arctga

l

n


                                                  (2.5. 2)

      da   

             22
nnn BA                                                       (2.5. 3)

iZleva saSualebas vTqvaT, rom Sesaswavli simis yoveli fiqsirebuli 
x0   wertili  asrulebs   (2.5. 1)  harmoniul rxevas TavisaTvis 
damaxasiaTebeli amplitudiT
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  amplituda                  0sin x
l

n
n

                                                     (2.5. 4)

kvanZebi – amplituda nolia!          x = ml/n (m=1,2,. . ., n-1 )          (2.5. 4)

gadaxra maqsimaluria         x = (2m+1)l/2n (m=1,2,. . ., n-1 )               (2.5. 5)

SeniSvna: 1. drois im t momentSi rodesac coswn(t+n) = ±1 simis gadaxra 
maqsimaluria xolo misi myisieri siCqare nulis tolia;

2. drois im t momentSi rodesac coswn(t+n) = 0 simis gadaxra 
minimaluria, xolo misi myisieri siCqare maqsimaluri;
3. simis yvela wertilis rxevis sixSire erTnairia da maT simis rxevis 
n-uri sakuTrivi sixSireebi ewodebaT: 

wn= apn/l                                                     (2.5. 7)
3a. ganivi rxevis SemTxvevaSi n-uri sakuTrivi sixSireebis saxea


 T

l

n
n                                                   (2.5. 8)

rxeva – mdgari talRebis “jami”

Cveulebrivad simis rxeva aRiqmeba, rogorc im mdgari talRebis –
“mativi tonebi”-s  superpozicia – “zeddeba”, romlebic Sedian 
amonaxsnSi!
aseTi “daSla” ar aris mxolod abstraqtuli maTematikuri meTodis 
Sedegi!
  “mativi tonebi”-s miReba SesaZlebelia rezonatorebis saSualebiT! 



 “tonis simaRle”- damokidebulia misi ganmsazRvreli rxevis 
sixSireze;
 “tonis Zala”-s gansazRvravs misi Sesabamisi energia (amplituda);
  garkveuli fizikuri monacemebis mqone sims gaaCnia yvelaze 
“dabali toni” – “ZiriTadi toni” !
 danarCen tonebs “obertonebi” ewodeba!
 gamocemuli xmis “tembri” ganisazRvreba obertonebisa da maTi 
Sesabamisi harmonikebis energiebis ganawilebiT! 
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 Ziritadi toni da tembri ganisazRvreba rxevis gamomwvevi  
saSualebebiT anu (2.4.20) da (2.4.21)
  Tu rxevis procesSi myof sims SevexebiT zustad Sua wertilSi –
maSin misi xma mkveTrad Seicvleba (oqtavaSia tavis tonTan). es meTodi 
xSirad gamoiyeneba violinoze, gitaraze da sxva simebian sakravebze 
dakvrisas – mas “flaJoleti” ewodeba!
      mecnierulad es umartivesi gasagebia -  SevexeT ra Sua wertils 
“CavaqreT” yvela mdgari talra, romelsac am wertilSi ar gaaCnia 
kvanZi! anu rxevaSi ((2.4.16) amonaxsnSi) darCa mxolod luwi harmonikebi 
da maT Soris umdablesi axla w2  sixSirea! 

 Tu SevexebiT sims sigrZis “1/3 – ze” maSin Ziritadi toni gaizrdeba 
samjer! daCeba mxolod “samis jeradi” harmonikebi 

mersenis kanonebi
1. erTnairi simkvrivisa da erTnairi daWimulobis simis rxevis periodi 
misi sigrZis proporciulia!
2.  mocemuli sigrZis simebisaTvis rxevis periodi daWimulobidan 
kvadratuli fesvis ukuproporciulia!
3.  mocemuli sigrZisa da daWimulobis simebisaTvis rxevis periodi 
wrfivi simkvrivis kvadratuli fesvis proporciulia!

marTkuTxedis formis membranis Tavisufali rxeva

XOY sibrtyeSi Zevs marTkuTxedis formis membrana (Txeli usisqo 
drekadi masala) misi wonasworuli mdgomareobidan gadaxris 
maCvenebelia saZiebeli funqcia 
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                         (1.3. 4*)

u(t,0,y)= u(t,l,y)= u(t,x,0)= u(t,x,l)= 0                            (2.5. 10)
u(0,x,y) =  (x,y)    da   u,t(0,x,y) =  (x,y)                            (2.5. 11)

(1.3.4*),(2.5.10), (2.5.11) amocanis amonaxsni veZeboT rogorc: 
u(t,x,y)= X(x)Y(y)T(t)                                             (2.5.9)

1.  sami erTi cvladis funqciis namravli (2.5.9);

2.  amonaxsni igivurad nuli ar aris – X(x)Y(y)T(t)0



CavsvaT (2.5.9) gamosaxuleba gantolebaSi da Semdeg toloba 
gavyoT am gamosaxulebaze. Tu CavatarebT simis “analogiur” 
msjelobas

X''(x)+2X(x)= 0                  (2.5.12)                X(0)= X(l)=0                         (2.5.13)
               Y''(y)+  2Y(y)= 0                (2.5.12*)               Y(0)= Y(m)=0                     (2.5.13*)

T''(t)+a2(2+2)T(t) = 0                                        (2.5.12**)

sakuTrivi ricxvebi

k= (k/l)                   da                      n = (n/m)                             (2.5.14)

sakuTrivi funqciebi

Xk(x)=sin(kx/l)               da                   Yn(x)=sin(ny/m)                     (2.5.15)

membranis rxevis sakuTrivi sixSireebi

2
k,n= 2a2[(k/l)2+(n/m)2]                                        (2.5.16)

membranis sakuTrivi rxevebi

uk,n(x,y,t)= sin(kx/l) sin(ny/m) [ak,ncos (2
k,n t) + bk,nsin (2

k,n t)]             (2.5.17)

amonaxsni Tu krebadia mwkrivi

)
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k x
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0k 0n

2
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2
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
nknk

membranis yoveli (x,y) wertili asrulebs martiv harmoniul 
rxevas, romlis amplituda da sixSire (2.5.17) formuliT moicema! 
ZiriTadi tonia (2.5.16) Tu k=n=1
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u(0, r,) = (r)               da         u,t(0, r,) =  (r)               (2.5. 18)

u(t,x,y)|r = R = 0                                             (2.5. 19)

wriuli membranis SemTxvevaSi (1.3.4) gantolebis amonaxsni Camagrebuli 
kidiTa da mxolod radiusze damokidebuli sawyisi pirobebiT veZeboT 
rogorc:  

u(t,r,q)= R(r)Q()T(t)                                                    (2.5.20)

1.    ori erTi cvladis funqciis namravli (2.5.20);

2.    amonaxsni igivurad nuli ar aris – R(r) T(t)  0
3.    sakuTrivi ricxvebisa da sakuTrivi funqciebis povna dadis 
beselis funqciebis fesvebis povnaze anu 

R''(r)+r-1 R'(r)+ l2 R'(r) = 0

sakuTrivi ricxvebi


k= kR-1

sakuTrivi funqciebi

R(r)=J0(kr)

membranis sakuTrivi rxevebi

uk,n(x,y,t)= [akcos (k a t) + bksin (k a t)]J0(kr)



Tema 4
paraboluri tipis gantolebebi

sasruli sigrZis simisSi siTbos wrfivi gavrceleba

furies kanoni: Tu sxeulis temperatura araTanabaria,masSi 
warmoiqmneba siTburi nakadebi, romlebic mimarTulni arian ubnebidan 
sadac temperatura maRalia ubnebisaken sadac temperatura gabalia! 

fizikuri amocana:  - simSi siTbos wrfivi ganawileba (difuzia)!
saZiebeli funqcia u(x,t) – tempetarura simis  x wertilSi da t
momentSi;
marjvena mxare f(x,t) – simis x wertilSi da t momentSi garedan 
miwodebuli an warTmeuli temperatura!

 txfuau xxt ,,
2

,                                                  (3.1.1)

marjvena mxare  f(x,t)=0  -  sims garedan damatebiT temperatura arc 
miewodeba da arc akldeba!

sawyisi piroba (temperaturis sawyisi ganawileba)     xxu ,0     (3.1.2)
sasazRvro pirobebi  (temperatura boloebze)

            ttu ,0                da            ttlu ,                     (3.1.3) 
erTgvarovani sasazRvro pirobebi -  simis boloebze: x=0 da x=l
wrtilebSi drois yovel mocemul t momentSi uzrunvelyofilia 
Sesabamisad nulovani temperatura!?

amocana - erTgvarovani simisaTvis siTbos wrfivi gavrcelebis amocana
boloebze erTgvarovani sasazRvro pirobebia- !
anu 

0,
2

,  xxt uau                                                 (3.1.1*)

marjvena mxare  f(x,t)=0  -  sims garedan damatebiT temperatura arc 
miewodeba da arc akldeba!

sawyisi piroba (temperaturis sawyisi ganawileba)     xxu ,0      (3.1.2)

sasazRvro pirobebi  (temperatura boloebze)
            0,0 tu                da           0, tlu                     (3.1.3*)

amonaxsni veZeboT cvladTa gancalebis meTodiT!
anu (3.1.1*) – (3.1.3*) amocanis amonaxsni veZeboT rogorc:

1. ori erTi cvladis funqciis namravli 

     tTxXtxu ,                                              (3.1.4);   

2. amonaxsni igivurad nuli ar aris – anu   X(x)T(t) 0! 

a. Tavdapirvelad gamosaxuleba (3.1.4) CavsvaT (3.1.1*) gantolebaSi 

      )(
1

2
tTxX

a
tTxX                                              (3.1.5)

radgan amonaxsni igivurad nuli araa 
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   tTxX

tTxX

atTxX

tTxX 
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1
  da Sesabamisad 
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 
 tT

tT

axX

xX 



2

1
               (3.1.6)

(3.1.6) tolobis marjvena mxares mdgari funqcia mxolod droiT 
argumentzea damokidebuli, xolo marcxena sivrciT argumentze, 
gamodis, rom tolobis orive mxares mudmivi ricxvia! 

 
 

 
  .

1
2

const
tT

tT

axX

xX






                                             (3.1.6*)

warmodgenili toloba iSleba or Cveulebriv diferencialur 
gantolebad 

      0;0  xXxXxX      da            0;02  tTtTatT       (2.4.7)
(3.1.3*) sasazRvro pirobebidan gamomdinare SesaZlebelia davweroT 

      00,0  tTXtu     da         0,  tTlXtlu
da radgan amonaxsni ar SeiZleba iyos igivurad nuli Sesabamisad 
agili aqvs Semdeg sawyisi  pirobebs

  00 X               da              0lX                              (2.4.8)
(situacia analogiuria simis rxevis gantolebis SemTxvevisa Tema_2_2)

Sturmi – liuvilis amocana – vipovoT iseTi namdvili 
(kompleqsuri)  λ  rixvebi (sakuTrivi ricxvebi) romlisTvisac 

      0;0  xXxXxX          00 X               da              0lX               (2.4.9)
(2.4.9) amocanas aratrivialuri amonaxsnebi gaaCnia Sesabamisad 
amovweroT amonaxsnebi (sakuTrivi funqciebi). 

advili dasanaxia, rom cnobili  ricxvisaTvis amocana (2.4.9)
trivialuria da Sesabamisad gasarCevia 3 SemTxveva: 

SemTxveva rodesac λ=0 - Cveulebrivi diferencialur 
gantolebaTa kursidan cnobilia, rom 

    0;0  xXxX
gantolebis amonaxsnia 

  21 CxCxX                             (2.4.10)
funqcia da Sesabamisad (2.4.8) sawyisi pirobebis gaTvaliswinebiT 
miviRebT rom orive mudmivi C1 da C2  nulis tolia Sesabamisad 
amonaxni trivialuria es arc Sturmi-liuvilis amocanas ar Tavidan 
dasmul amocanas ar “gamoadgeba” – amonaxsni ar SeiZleba iyos 
igivurad nuli!

SemTxveva rodesac λ<0 - Cveulebrivi diferencialur 
gantolebaTa kursidan cnobilia, rom Tu maxasiaTebel gantolebas 
ori namdvili fesvi aqvs, maSin gantolebis amonaxsnia funqcia 

  xx eCeCxX    21                                             (2.4.11)
anu unda moiZebnos (2.4.11) gamosaxulebaSi C1 da C2  mudmivebis 
mniSvneloba (2.4.9) amocanis sawyisi mniSvnelobebis gaTvaliswinebiT?
(2.4.8) pirveli sawyisi pirobidan Cans, rom C1 = - C2  da Sesabamisad 
meore piroba 

    02121    eeCeCeCeCeClX ll

sruldeba mxolod maSin rodesac mudmivi C  nulis tolia, rac 
SeuZlebelia! anu sakuTrivi ricxvi ar SeiZleba iyos uaryofiTi!



SemTxveva rodesac λ>0 - Cveulebrivi diferencialur 
gantolebaTa kursidan cnobilia, rom Tu maxasiaTebel gantolebas 
kopleqsuri fesvi aqvs, maSin gantolebis amonaxsnia funqcia

  xCxCxX  sincos 21                                           (2.4.12)
moiZebnos (2.4.12) gamosaxulebaSi C1 da C2  mudmivebis mniSvneloba 
(2.4.9) amocanis sawyisi mniSvnelobebis gaTvaliswinebiT?
(2.4.8) pirveli sawyisi pirobidan Cans, rom

  0010 121  CCCX
da Sesabamisad meore piroba gvaZlevs

  0sin2  lClX 
radgan  mudmivi C2 0 (maSin amonaxsni trivialuri iqneba) rceba 
SemTxveva rodesac sakuTrivi ricxvebi Semdegi gantolebis 

amonaxsnebia  0sin l   anu  rodesac  
l

n  da Sesabamisad  davasvniT, 

rom 

sakuTrivi ricxvebia            
2









l

n
n

 ;                                            (2.4.13)

sakuTrivi funqciebia            x
l

n
CxX n


sin2                                         (2.4.14)

Sesabamisad (2.4.9) amocanis aratrivialuri (aranulovani) 

amonaxsni SesaZlebelia mxolod da mxolod maSin Tu sakuTrivi 
ricxvebi dadebiTni arian da metic maT gaaCniaT (2.4.13) saxe. Xn(x)
sakuTrivi funqciebi (2.4.14) arsebobs nebismieri naturaluri n
ricxvisaTvis! 

zogadi amonaxsni
(2.4.13) sakuTrivi ricxvebis semTxvevaSi azri aqvs ganvixiloT 

(2.1.7) –is meore gantoleba (danarCen SemTxvevaSi saZiebeli amocanis 
amonaxsni trivialuria). am konkretul SemtxvevaSi amonaxsns gaaCnia 
semdegi saxe 

  ta
nn

neCtT 2                                                (3.1.10)
gantolebis sakuTrivi ricxvebisa da funqciebis usasrulo 
raodenobidan gmomdinare SegviZlia davaskvnmaT, rom nebismieri 
naturaluri n ricxvisTvisaTvis  funqcia
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n
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 sin,
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(3.1.1*) gantolebis amonaxsnia rodesac marjvena mxare nulis tolia! 
Tanac akmayofileba (3.1.3*) sasazRvro pirobebs!
anu wrfivobidan gamomdinare (3.1.1*)-(3.1.3*) sawyis sasazRvro amocanis 
amonaxsni unda veZeboT 

    










11

sin,,
2

n

ta
n

n
n x

l

n
eCtxutxu n

                         (3.1.11)

mwkrivis saxiT.



furies mwkrivebi
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sadac  (koeficientebi)
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namdvili mocemul intervalze integrebadi F(x)  funqciis furies 
mwkrivi krebadia “misken”:

• Tanabrad, Tu is uwyvetia da SemosazRvruli variaciisaa yovel 
qveintervalze 

• 0,5[F(x+0)+F(x-0)]-sken yovel qveintervalze sadac funqcia da misi 
pirveli warmoebuli uban-uban uwyvetia, an akmayofilebs 

Jordanis pirobas (aqvs sasruli variacia)

Tu am pirobebs akmayofileben dasmuli amocanis koSis monacemebvi 
(2.4.2) maSin SesaZlebelia davweroT erTis mxriv rom 
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magram (2.4.2) sawyisi pirobebis Tanaxmad 
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Sesabamisad ori mwkrivis wevrwevrad Sedarebisas cxadia, rom 
Sesabamisi koeficientebi identuria anu 

  nnC                                                              (3.1.13) 
Sesabamisad (3.1.1*)-(3.1.3*) amocanis amonaxsni ganisazRvreba rogorc 
usasrulo mwkrivi – da Tu es mwkrivi ganSladia an Sesabamis 
funqcias ar gaaCnia warmoebuli maSin is mainc ver iqneba dasmuli 
amocanis amonaxsni!!!!! mwkrivis koeficientebi calsaxad ganisawRvreba 
sawyisi monacemebis furie koeficientebiT!
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(3.1.1*) - (3.1.3*) amocanis amonaxsni warmovadginoT “srulad” da 
SevcvaloT integrebisa da ajamvis  mimdevroba (es SesaZlevelia 
mwkrivis Tanabradkrebadobis gamo!). SemoviRoT aRniSvna: 

myisieri wertilovani wyaros funqcia
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Sesabamisad amonaxsni warmodgeba integraluri saxiT
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simSi siTbos wrfivi ganawileba (difuzia)
araerTgvarovani gantolebis SemTxveva
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,                                                  (3.1.1)

marjvena mxare  f(x,t)=0  -  sims garedan damatebiT temperatura arc 
miewodeba da arc akldeba!

sawyisi piroba (temperaturis sawyisi ganawileba)    0,0 xu      (3.1.2*)

sasazRvro pirobebi  (temperatura boloebze)
            0,0 tu                da           0, tlu                     (3.1.3*)

amonaxsni veZeboiT Semdegi saxiT 
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(3.2.4)  gamosaxuleba CavsvaT (3.1.1) gantolebaSi da gadavitanoT 
erT mxares
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(3.2.6) gamosaxuleba nulia Tu yvela koeficienti nulia!  anu 
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da (3.2.2.) pirobis Tanaxmad
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(3.2.7.) Cveulebrivi diferencialuri gantolebisa da (3.2.8) sawyisi 
pirobis Sesabamisi amonaxsni 
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(3.2.9) gamosaxuleba iZleva imis safuZvels, rom 



 
 

   























t l

n
n

ta
l

n

ddf
l

n
x

l

n
e

l
txu

0 0 1

,sinsin
2

,
2

2




                (3.2.10)

da (3.2.2.) pirobis Tanaxmad
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amonaxsni mwkrivis saxiT
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warmodgenili gantolebis amonaxsni SesaZlebelia CavweroT nwkrivis 
saxiT 
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rodesac t nebismieri usasrulod gluvi funqciaa da mwkrivi da misi 
wevrwevrad orjer xi (i=1,…,n-1) da erTxel xn argumentebiT 
gawarmoebiT mirebuli mwkrivebi Tanabradkrebadni arian, maSin funqcia 
(3.2.12) warmoadgens (1.2.28) gantolebis amonaxsns! 

maqsimumis principi

Tu u(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da uwyveti
funqciaa, romelic (3.1.1*) gantolebas akmayofilebs 0< x < l da 0 < t £  T 
wertilebSi, maSin is Tavis maqsimalur da minimalur mniSvnelobas 
aRwevs an sawyis momentSi (t=0) an sazRvris wertilebSi (x=0, x=l)

fizikuri arsi
Tu Reros SigniT ar arsebobs siTburi wyaro da sawyis momentSi an 
sazRvris wertilebSi tempereturis maCvenebeli ar aRemateba M  
sidides, maSin Reros SigniT SeuZlebelia warmoiqmnas M- ze 
temperatura. 
damtkiceba: dauSvaT romelime Siga (x0,t0) wertilSi miiRweva ufro 

didi mniSveloba u(x0,t0)=M+ Tu es asea da esaa maqsimaluri maSin 
droiT pirveli warmoebuli nulis tolia, xolo meore warmoebuli 
aradadebiTi, anu ver sruldeba toloba (3.1.1*). rCeba erTi SemTxveva 
rodesac yvelaferi nulia. SeiZleba moiZebnos wertili sadac toloba 
(3.1.1*) ar sruldeba! (ixile [4 T.III, $ 1, p.5 gv. 195])

erTaderTobis Teorema



Tu u1(x,t) da u2(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da 
uwyveti funqciebia, romlebic (3.1.1) gantolebas akmayofilebs 0< x < l da
0 < t   T wertilebSi, sawyis momentSi (t=0) (3.1.2) da sazRvris 
wertilebSi (x=0, x=l) (3.1.3) pirobebs akmayofileben maSin isini 
igivurad tolni arian! 

damtkiceba: ganvixiloT sxvaoba
v(x,t) = u1(x,t) - u2(x,t)

radgan orive fuqcia uwyvetia, maTi sxvaobac uwyvetia; gantoleba (3.1.1) 
wrfivia da Sesabamisad funqcia v(x,t) (3.1.1*) gantolebis amonaxsnia 
Tanac:

v(x,0) = 0;    v(0,t) = 0   da   v(l,t) = 0
maqsimumis principis Tanaxmad 

v(x,t) 0 
anu 

u1(x,t)   u2(x,t)

fizikuri arsi
erTnair pirobebSi siTbos ganawileba sxvadasxvanairad ver moxdeba!

Sedegi 1 maJoranta

Tu u1(x,t) da u2(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da 
uwyveti funqciebia, romlebic (3.1.1) gantolebas akmayofilebs 0< x < l da
0 < t  T wertilebSi, sawyis momentSi (t=0) (3.3.2) da sazRvris wertilebSi 
(x=0, x=l) (3.3.1) erTi metia meoreze, maSin es utoloba samarTliania 
mTel marTkuTxedSi! 
anu Tu 

u1(0,t)   u2(0,t)     da         u1(l,t)   u2(l,t)             (3.3.1)

u1(x,0)   u2(x,0)                                          (3.3.2)
maSin

u1(x,t)   u2(x,t)                                          (3.3.3)

damtkiceba: ganvixiloT sxvaoba
v(x,t) = u2(x,t) – u1(x,t).

gantoleba (3.1.1) wrfivia da Sesabamisad funqcia v(x,t) (3.1.1*) 
gantolebis amonaxsnia Tanac:

v(x,0)  0;    v(0,t)  0   da   v(l,t)  0
maqsimumis principis Tanaxmad 

v(x,t)  0 
anu mas ver eqneba uaryofiTi minimumi!

fizikuri arsi
erTnair pirobebSi ufro cxeli ufro nela gacivdeba!



Sedegi 2
Tu u1(x,t) , u2(x,t) da u3(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli 
da uwyveti funqciebia, romlebic (3.1.1) gantolebas akmayofilebs 0< x < l 
da 0 < t   T wertilebSi, sawyis momentSi (t=0) (3.3.2*) da sazRvris 
wertilebSi (x=0, x=l) (3.3.1*) erTi metia meoreze, maSin es utoloba 
samarTliania mTel marTkuTxedSi!

u1(x,t)    u2(x,t)   u3(x,t)                            (3.3.3*)

Teorema 3.  uwyveti damokidebuleba
Tu u1(x,t) , u2(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da 
uwyveti funqciebia, romlebic (3.1.1) gantolebas akmayofilebs 0< x < l da
0 < t £  T wertilebSi, sawyis momentSi (t=0) da sazRvris wertilebSi (x=0, 
x=l) adgili aqvs Semdeg utolobas

|u1(0,t)  - u2(0,t) |   ;   da    |u1(l,t)  - u2(l,t) |               (3.3.4)
|u1(x,0)  - u2(x,0) |                                     (3.3.4*)

maSin es utoloba mTel marTkutxedSi sruldeba

|u1(x,t)  - u2(x,t) |                                     (3.3.5)

fizikuri arsi
erTnair pirobebSi Tavidan mcire gansxvaveva merec mcirea!

maTematikuri arsi
  amonaxsni uwyvetadaa damokidebuli sawyis da sasazRvro pirobebze!
 sawyis da sasazRvro pirobebis mcire SeSfoTeba amonaxsnis mcire 
SeSfoTebas iwvevs!

erTaderTobis Teorema

Tu u1(x,t) da u2(x,t)  mTel naxevarsivrceSi (- < x <  da  0 < t <)  
wertilebSi gansazRvruli, uwyveti da SemosazRvruli funqciebia, 
romlebic (3.1.1*) gantolebas akmayofileben da sawyis momentSi (t=0) 
(3.3.6) tolni arian mTel RerZze, maSin isini igivurad tolni arian!

damtkiceba: ganvixiloT sxvaoba  v(x,t) = u1(x,t) - u2(x,t) – is (3.1.1*) 

gantolebis amonaxsnia, sawyisi piroba nulia  v(x,0) = 0 da Tanac mTel 
areSi SemosazRvrulia 

|v(x,t)| =| u1(x,t)| + | u2(x,t) | < 2M
avagoT damxmare funqcia        

  V(x,t) = 4M(at
2

+ x
2
/2) / L

2                                                   
  (3.3.7)

is uwyvetia, (3.1.1*) gantolebis amonaxsnia da Tanac

V(x,0)  |v(x,0)| = 0,
V(±L,t)  2M  |v(±L,t)|                                      (3.3.8)

SemosazRvrul areSi samarTliania maqsimumis principi:  



- 4M(at
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2   v(x,t)  4M(at
2

+ x
2
/2)

rodesac L maSin v(x,t) 0 !

erTgvarovani simisaTvis siTbos wrfivi gavrcelebis sxva amocanebi

II.   (3.1.1*), (3.1.2) da (3.1.3)a    da simis x=l  bolodan (t) wesiT 
“organizebuli siTburi nakadia”, anu gaedineba (Seedineba)

   t
x

tlu 


 ,
                        (3.4. 1)

III.   (3.1.1*), (3.1.2) da (3.1.3)a    da simis x=l  bolo da garemo niutonis 

kanonis Sesabamisad  (t) wesiT “awarmoebs siTbos gacvlas”!

      ttlu
x
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
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                   (3.4. 2)

IV.   (3.1.1*), (3.1.2) da (3.1.3)a    da simis x=l  bolodan  (t)  temperaturian 
garemoSi bolcmanis kanonis Sesabamisad “warmoebs siTbos 
gamosxiveba”!
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V. erTgvarovani simisaTvis siTbos wrfivi gavrcelebis amocana 
sasazRvro pirobis gareSe - (3.1.1*), (3.1.2) simi Zalze grZelia da 
Sesabamisad sasazRvro pirobebis gavlena amonaxsnze Zalze 
umniSvneloa! maTematikuri amocana - simis boloebi “usasrulobaSia”!

VI. erTgvarovani simisaTvis siTbos wrfivi gavrcelebis amocana 
sawyisi pirobis gareSe – (3.1.1), (3.1.3)
“procesi” Zalze didi xania mimdinareobs da Sesabamisad sasawyisi pirobis 
gavlena amonaxsnze Zalze umniSvneloa! maTematikuri amocana - simis 
boloebze sasazRvro mxolod pirobebiT  vipovnoT SemosazRvruli 
amonaxsni! (magaliTad (3.1.3))

magaliTi: simi naxevrad usasruloa da boloze   (t)=Acost=Aeit

amoxsna veZeboT rogorc 

u(x,t)=eax+bt                                                           (3.4.3)
a = b a-2   i w a-2
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am funqciis namdvili nawilia 
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mxolod minus niSniani amonaxsnia SemosazRvruli! 
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dedamiwa da siTburi perioduloba

dedamiwis zedapirze aSkarad gamokvetili perioduli, dReRamuri da 
wliuri perioduli siTburi zemoqmedeba daimzireba! 
amonaxsnis analizidan Cans, rom niadagSi:
1.  siRmis gazrdiT siTbos cvalebadobis amplituda eqsponencialurad 
mcirdeba, anu zedapiruli gavlena umniSvneloa! “Tu siRrme 
ariTmetikuli progresiiT  izrdeba – amplituda geometriuli 
progresiiT mcirdeba ” – furies pirveli kanoni!

2.   niadagSi temperaturuli cvlilebebi 



2a

x
 fazis ZvriT xdeba; 

anu “temperaturuli maqsimumebis (minimumebis) “dagvianeba” siRrmis 
proporciulia” –furies meore kanoni!
3.   niadagSi siTbos SeRwevis siRrme damokidebulia zedapirze 
temperaturis cvlilebis periodze. ori sxvadasxva T1 da T2 periods 
sxvadasxva siRrme x1 da x2 Seesabameba, romlebzec erTnairi Termuli 
fardobiTi cvlileba xdeba; “rac ufro mcirea periodi miT ufro 

mcirea siRrme”– furies mesame kanoni! anu  1
1

2
2 x

T

T
x  ! 

amoxsna veZeboT rogorc                u(x,t)=X(x) e
-i t              (3.4.7)
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                                                 (3.4.8)

X(0)=A,           X(l)=0                                                  (3.4.9)
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am funqciis namdvili nawilia 

u(x,t)=X1(x)cos w t +iX2(x) sin w t



Tema 4-1.

laplasis gantoleba

harmoniuli funqciebi
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laplasis operatori - laplasiani
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harmoniuli funqciebi - laplasis gantoleba amonaxsnebi

niuton-leibnicis formula
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stoqsis formula - nawilobiTi integraciis ganzogadeba nebismieri 
ganzomilebis mqone gluvi sazRvris mqone semosazRvruli arisaTvis 
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 n=1 - nawilobiTi integraciis formula; 

 n=2 – grinis  formula;

 n=3 – gaus-ostrogradskis formula.

ganvixiloT SemosazRvruli, gluvi  are da masze gansazRvruli ori 
u(x) da v(x) “sakmarisad” gluvi funqcia. maSin stoqsis Teoremis Tanaxmad 
samarTliania Tanadoba (4.1.2). 

           
 
  













dx

x

xv

x

xu
dxv

x

xu
dxxv

x

xu

ii
i

ii


2

2

                              (4.1.2)

Semdeg ganvixiloT u(x) funqciis meore rigis xi kerZo warmoebuli 

argumentiT (i=1,…,n) Sedegad toloba samarTliania nebismieri i–saTvis, 
amitom davweroT is yvela SesaZlo i nomrisaTvis da avjamoT, Semdeg 
SeucvaloT adgilebi u(x) da v(x) funqciebs da miviRebT
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grinis I formulis ori toloba (4.1.3) erTmaneTs gamovakloT  da 
miviRebT 

grinis II formulas
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naTelia Tu ratomaa aris  aris sigluve moTxovnili! winaaRmdeg 
SemTxvevaSi gaugebaria (ver ganisazRvreba) normaliT warmoebuli 
sazRvris nebismier wertilSi!

sferul da evklidur koordinatTa sistema
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n-ganzomilebian sivrceSicaa SesaZlebeli amgvari gadasvla da 
sainteresoa rom calkea SesaZlebeli gamoiyos operatoris nawili, 
romelic mxolod radiuszea damokidebuli!
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Zalze saintereso Tvisebebi gaaCnia laplasis gantolebis sferul-
simetriul amonaxsnebs! anu amonaxsnebs, romlebic mxolod radiusze anu 
manZilze arian damokidebulni! 

amgvari amonaxsnebi Cveulebrivi (4.1.5*)  diferencialuri 
gantolebis amonaxsnebs warmoadgenen. uSualo SemowmebiT SesaZlebelia 



davrwmundeT, rom warmodgenil Cveulebrivi diferencialuri gantolebis 
amonaxsnebs warmoadgenen Semdegi saxis funqciebi
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sadac     

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i
ii xxxx
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200 ;

fundamenturi amonaxsni

martivi SesamCnevia, rom (4.1.6) funqciebi yvelgan harmoniulni arian 

garda x = x
0
wertilisa. am wertilSi es funqcia “gansazRvrulic” ki ar 

aris.

funqcia  E3(x ,x
0

)  harmoniulia (3E3(x ,x
0

) = 0) yvelgan, garda x = x
0

wertilisa, sadac is xdeba usasruloba. mudmivi mamravlis sizustiT is 

emTxveva wertilovani e muxtis vels, rodesac es muxti x
0
wertilSia 

moTavsebuli. am velis potenciali e / r  e / |x- x
0

| -is tolia.

funqcia  E2(x ,x
0

)  harmoniulia (2E2(x ,x
0

) = 0) yvelgan garda x = x
0

wertilisa, sadac is xdeba usasruloba. mudmivi mamravlis sizustiT is 
emTxveva cilindris damuxtuli RerZis e  muxtis vels, romlis 

potenciali 2e ln (|x- x
0

|
-1

) -is tolia, sadac e – sigrZis erTeulze 
gadaTvlili muxtis simkvrivea! 

funqciis warmodgena potencialebis saSualebiT

dauSvaT u(x)C
2
().   aridan amovWraT Q (x

0
, ) birTvi (x

0
– centri, -

radiusi), Sesabamisad S (x
0, ) – sferoa.

 ,\ 0xQ areSi davweroT grinis meore formula (4.1.4), sadac erTi 

funqcia aris fundamenturi amonaxsni anu E3(x , x
0

) (gansakuTrebuloba 
mocilebulia) , xolo meore mocemuli u(x) funqciaa.

davweroT grinis meore formula, sadac v(x)   E3(x , x
0

) areSi (4.1.4) 
grinis meore formulis Tanaxmad samarTliania Semdegi toloba 

        

               










































0

0

0
0

0
0

\

00

,
,

,
,

,,

x

x

S

Q

d
xxE

xu
xu

xxEd
xxE

xu
xu

xxE

dxxxExuxuxxE











sadac  - aris erTeulovani gare normalia, xolo ’ – masSi efsilon 
radiusis mqone sferos Siga (zogadad arisaTvis gare) erTeulovani 
normalia! 
SevafasoT tolobis marjvena mxaris mesame wevri, anu 
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sadac C1 - ar aris damokidebuli  sidideze. 
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Sesabamisad es wevri “qreba”!

uSualo gamoTvlidan Cans, rom sferoze wertilebSi samarTliania 
toloba
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Sesabamisad Tu gaviTvaliseinebT imasac, rom E3(x , x
0

) harmoniulia da 

mivaswrafebT efsilons nulisaken miviRebT, rom nebismieri u(x)C
2
() 

funqciis mniSvneloba x
0
wertilSi SesaZlebelia warmovadginoT Semdegi 

saxiT 
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es  formula iZleva saSualebas warmovadginoT harmoniuli funqcia aris 

nebismier Siga x
0  wertilSi aris sazRvarze misi mniSvnelobisa da misi  

normaliT warmoebulis mniSvnelobis saSualebiT!
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Sesabamisad Tu cnobilia, rom mocemuli u(x)C
2
() funqcia puasonis 

gantolebis

 xfu 3

amonaxsnia, maSin  misi mniSvneloba x
0
wertilSi SesaZlebelia 

warmovadginoT Semdegi saxiT 
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es  formula iZleva saSualebas warmovadginoT funqcia aris nebismier 

Siga x
0  wertilSi aris sazRvarze misi mniSvnelobisa da misi  normaliT 

warmoebulis mniSvnelobisa da mocemuli f(x) funqciis  saSualebiT!

moculobiTi potenciali niutonis potenciali
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amgvari saxis gamosaxulebas moculobiTi potenciali an niutonis 
potenciali ewodeba!

A0(x) – potencialis simkvrivea!@
A0(x) simkvrivis mqone sivrceSi ganawilebuli masebis an muxtebis 

mier Seqmnili niutonis an kulonis potenciali!@

u0(x*) funqcia harmoniulia yvelgan x*R
n 

\ , yoveli x
0
R

n
\ , rodesac 

A0(x) C()

martivi fenis potenciali
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amgvari saxis gamosaxulebas martivi fenis potenciali ewodeba!
A1(x) – potencialis simkvrivea!@
A1(x) simkvrivis mqone zedapirze ganawilebuli masebis an muxtebis 

mier Seqmnili niutonis an kulonis potenciali!@

u1(x*) funqcia harmoniulia yvelgan x*Rn \  yoveli x0Rn \ ,
rodesac A1(x) C().

ormagi fenis potenciali
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amgvari saxis gamosaxulebas ormagi fenis potenciali ewodeba!
A2(x) – momentis simkvrivea!@

u2(x*) funqcia harmoniulia yvelgan x*Rn \  yoveli x0Rn \ , rodesac 

A2(x) C().



I sasazRvro amocana -  dirixles amocana
laplasis gantolebisaTvis

Johann Peter Gustav Lejeune Dirichlet (1805-1859)

ipoveT harmoniuli  areSi     CC 2 klasis funqcia Tu 

mocemulia misi mniSvneloba  sazRvarze;

sadac (x) uwyveti funqciaa  sazRvarze!

0u                                                             (4.1.1)
   xxu                                                       (4.2.1)

II sasazRvro amocana -  neimanis amocana
laplasis gantolebisaTvis

Carl Gottfried Neumann (1832 - 1925)

ipoveT harmoniuli  areSi     CC 2 klasis funqcia Tu 

mocemulia misi  sazRvaris yovel wertilSi normalis mimarTulebiT 
warmoebulis mniSvneloba?

sadac (x) uwyveti funqciaa -ze
0u                                                             (4.1.1)
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III sasazRvro amocana -  robenis amocana
laplasis gantolebisaTvis
Victor Gustave Robin (1855-1897)

ipoveT harmoniuli  areSi     CC 2 klasis funqcia Tu 

mocemulia misi sazRvaris yovel wertilSi gamosaxuleba (6.2. 3) sadac 
a(x) da b(x) mocemuli funqciebia. 

sadac (x) uwyveti funqciaa -ze

0u                                                             (4.1.1)

         x
xu

xxux 


 











                                  (4.2.3)

IIIa sasazRvro amocana  -  Sereuli amocana
kerZo SemTxveva

Vladimir Andreevich Steklov        1864 –1926

ipoveT harmoniuli  areSi     CC 2 klasis funqcia Tu 

mocemulia misi 1 sazRvaris nawilis yovel wertilSi funqciis, xolo 

2 nawilze mimarTulebiT warmoebulis mniSvnelobebi

sadac (x) uwyveti funqciaa -ze
0u                                                             (4.1.1)
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gausis Teorema siTburi nakadis Sesaxeb - Tu u(x) harmoniuli  areSi 

C2() klasis funqciaa da aris sazRvari  sakmarisad gluvia, maSin 
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                                                           (4.3.1)

damtkiceba - davweroT grinis meore formula (4.1.4), sadac u(x) mocemuli 

harmoniuli funqciaa, xolo v(x)1 maSin tolobaSi semavali oTxi 
wevrisagan rCeba erTi danarCenis nulia, Sesabamisad Teorema 
damtkicebulia!

Teoremis fizikuri arsi I
Tu u(x) harmoniulia - erTgvarovan izotropul garemoSi temperaturis 

stacionaruli ganawilebaa!  (4.3.1) - mudmivi mamravlis sizustiT 
sazRvarze  normalis mimarTulebiT gadadinebuli siTbos nakadis 
gamosaxulebaa

Teoremis fizikuri arsi imaSia, rom erTgvarovan izotropul 

garemoSi temperaturis stacionaruli ganawilebisas sazRvarze 
normalis mimarTulebiT gadadinebuliuli siTbos nakadi nulis tolia!

piriqiTa Teorema** -  aris yovel Caketil konturze (zedapirze) u(x) 
funqciisaTvis sruldeba (4.3.1) toloba, maSin u(x) harmoniulia!!! 

SeniSvna 1

Tu Q(x)  erTmaneTSi Calagebuli birTvebia  areSi, maSin (4.3.1)-is 

YTanaxmad E(x , x0) - funqciisaTvis Q(x) \ Q(x) – areSi
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es niSnavs, rom x
0
–SesaZlebelia ganxilul iqnes rogorc siTbos 

gamocemis wyaro erTgvarovan izotropul garemoSi E(x , x
0
)  temperaturis 

ganawilebiT, romlis jamurad gamoscemuli temperaturis raodenoba 
erTia anu 
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saSualo mniSvnelobis Teorema sferoze II

birTvSi harmoniuli funqcia Tu uwyvetia am birTvSi misi sazRvris 
CaTvliT. maSin centrSi misi mniSvneloba sferoze misi mniSvnelobebis 

saSualo ariTmetikulia (n-erTeulovani sferos zedapiris farTobia) ; 
anu 
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                                            (4.3.4)

damtkiceba: amonaxsnis warmodgenis formula (4.1.9) rodesac W birTvia R
radiusiTa da centiT x

0
–wertilSi!   



         
 

















0

0
0

0 ,
,

x
RS

d
xu

xxE
xxE

xuxu 


sferoze r radiusiTa da centiT x
0
–wertilSi, meore wevri
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meores mxriv SevniSnav ra , rom sferoze r radiusiTa da centiT x
0
–

wertilSi

 
n

nxxE











 10,

da 

   
0

1
0 1

xS

n
n

dxuxu






                                                (4.3.5)

piriqiTa Teorema** - Tu aris yoveli Siga wertilSi u(x) funqciisaTvis 
sruldeba (4.3.4) toloba, maSin u(x) harmoniulia!!!

saSualo mniSvnelobis Teorema birTvze III

birTvSi harmoniuli funqcia Tu uwyvetia am birTvSi misi sazRvris 
CaTvliT. maSin centrSi misi mniSvneloba sferoze misi mniSvnelobebis 
saSualo ariTmetikulia (kn-erTeulovani sferos moculobaa) ; anu 

   
0

10

x
RQ

n
n

dxxu
R

xu


                                                 (4.3.6)

damtkiceba: gavamravloT toloba (6.3.5) nr
n-1
-ze da vaintegroT nulidan 

R-mde, miviRebT rom

    


ddxudxu
R

S

R
n

n

x

  














00

10

0

                                   (4.3.7)

radgan

n
n

R
n

n Rd   

0

1

da 

     














000 xx Q

R

S

dxxuddxu





piriqiTa Teorema** - aris yoveli Siga wertilSi u(x) funqciisaTvis 
sruldeba (4.3.7) toloba, maSin u(x) harmoniulia!!! 



saSualo mniSvnelobis zogadi Teorema birTvze IV

birTvSi harmoniuli funqcia Tu uwyvetia am birTvSi misi sazRvris 

CaTvliT, xolo (r) uwyveti funqciaa 0   R  monakveTze da Tu 
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damtkiceba: (4.3.4) toloba gavamravloT n n-1(r) – ze da vaintegroT      

0   R    monakveTze.  
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SeniSvna II.  gasaSualoebis birTvi

Tu    da manZili  -is nebismieri wertilidan aris  sazRvramde 
. maSin  areSi am harmoniuli funqciis saSualo u

h
(x) funqcia rodesac 

h <  emTxveva anu samarTliania toloba 
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sadac:

1.   h(x) C(R
n
) , h > 0;

2.   h(x)=0,  |x|>h;

3.  h(x)  0, x  R
n
; 

4.   1
0

0  dxxxw
x
RQ

h

u
h
(x)  u(x),  rodesac  h0

harmoniuli funqcia nebismieri  aris Siga wertilSi usasrulod 
gluvia! anu mas nebismieri rigis warmoebuli gaaCnia! 

maqsimumis principi VI
areSi harmoniuli funqcia Tu uwyvetia am areSi misi sazRvris 

CaTvliT da Tu M  am funqciis maqsimumia; maSin Tu es mniSvneloba aris 

Sida wertilSi (u(x
0
)=M, x

0  ) miiRweva es funqcia igivurad mudmivia anu 
(u(x) M, x )! 

damtkiceba: x
0
- wertiliT centrSi aviRoT birTvi radiusiT R, ise rom is 

srulad moTavsdes areSi. am birTvSi avarCioT wertili x’-iseTi, rom 



u(x’)M (winaRmdeg SemTxvevaSi funqcia am birTvSi mudmivis da msjelobas 

sxva wertilidan gavagrZelebT! ). Sedegad gamodis, rom arsebobs  > 0

ricxvi da birTvi centriT x’-wertilSi radiusiT r>0 , romlis x
wertilebisaTvis elTaTvisac u(x)< u(x

0
)-  . maSin birTvSi saSualo 

mniSvnelobis Teoremis (4.3.6)-Tanaxmad
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miRebuli winaaRmdegoba gvaCvenebs, rom u(x’)=M! 
nebismieri x’- wertili SevaerToT raime texiliT x

0
wertilTan ise rom 

texilis yvela wertili iyos  aris Siga wertili. am texilis 
wveroebze avagoT birTvebi iseTi radiusebiT, rom isini aridan ar 

gavidnen. zemoT Tqmulidan gamodis, rom u(x’)=M ! radgan wertili 
nebismieri iyo , Sesabamisad  u(x)=M

Teorema. areSi harmoniuli funqcia Tu uwyvetia am areSi misi sazRvris 
CaTvliT da Tu m am funqciis minimumia; maSin Tu es mniSvneloba aris 

Sida wertilSi (u(x
0
)=m, x

0  )) miiRweva es funqcia igivurad mudmivia 
anu (u(x) m, x )!
damtkiceba: ganvixiloT -u(x) da gavimeoroT misTvis wina damtkiceba!

zogadi  Teorema VIII*

areSi harmoniuli funqcia Tu uwyvetia am areSi misi sazRvris 
CaTvliT da Tu is ar aris mudmivi; maSin nebismier aris Siga 
wertilisaTvis samarTliania, rom  

     xuxuxu


 maxmin                                                    (4.3.9)

damtkiceba: uSualod gamodis VI da VII Teoremebidan! 

SeniSvna III: laplasis gantolebisaTvis dirixles erTgvarovan amocanas 
erTaderTi (nulovani) amonaxsni aqvs !!!!!!!!!!!! anu Tu 

  0xu                                                      (4.2.1)

maSin TviT amonaxsni, maqsimumis principis Tanaxmad, igivurad nulia!

lema 1 -  Tu mocemulia  areSi     CC 2 klasis funqcia da 

  0 xu                                                               (4.3.10)
maSin 

   xuxu


 max                                                         (4.3.11)

anda  Tu 

  0 xu                                                               (4.3.10*)
maSin 



   xuxu 


min                                                         (4.3.11*)

(4.3.11)-is damtkiceba: dauSvaT rom u(x)>0 mTels areSi  (sawinaaRmdego 
SemTxvevaSi daumatoT “sakmarisad didi” mudmivi); u(x)+C>0 agreTve
akmayofilebs lemis pirobebs! dauSvaT

    2
1 xxvxu 

sadac  > 0 imdenad mcirea, rom mTel  areSi   01
2  x !

       
0241

1

2 



 


nv
x

xv
xxvxxu

n

j j
j                              (4.3.12)

Tu v(x) Rebulobs udides mniSvnelobas x
0   wertilSi maSin:

1.  
 

0



jx

xv
,        j= 1,...,n;

2.    
 

0
2

2





jx

xv
,     j= 1,...,n;

magram meores mxriv   -        
0241

1

2 



 


nv
x

xv
xxvx

n

j j
j  !!!!

es niSnavs, rom rac dauSvoiT swori araa! anu 

   xvxv


 max

rac igivea, rom nebismieri mcire efsilonisaTvis 

      



 





 1212
1max1 xxuxxu 

da Tu efsilons mivaswrafebT nulisaken mivirebT sasurvel Sedegs!

(4.3.11*)-is damtkiceba: ganvixiloT - u(x) da wina Sedegis gaTvaliswinebiT 
da gavixsenebT, rom 

    xuxu 


max

Tu am utolobas –1 –ze gavamravlebT,  maSin

      xuxuxu


 minmax

lema 2 -    0x
RQCxu  , dauSvaT sfros romelime x’ wertilSi miiRweva    

u(x)  const.  harmoniuli funqciis minimumi da  mimarTuleba maxvil kuTxes 

adgens  gare normalis veqtorTan, maSin am wertilSi 
 

0




xu

dirixles amocanis erTaderTobisa da sasazRvro pirobebze uwyvetad 
damokidebulebis  Teorema

SemosazRvrul areSi puasonis gantolebisaTvis dirixles amocanis 
klasikuri u(x) amonaxsni erTaderTia da is uwyvetadaa damokidebuli 
sasazRvro pirobebze! 

 xfu                                                              (4.1.1*)

   xxu                                                            (4.2.1)



damtkiceba: dauSvaT u1(x) da u2(x) amocanis ori amonaxsnia. ganvixiloT 
maTi sxvaoba 

v(x) = u1(x) - u2(x)
radgan orive fuqcia uwyvetia, maTi sxvaobac uwyvetia; gantoleba (4.1.1*) 
wrfivia da Sesabamisad funqcia v(x) harmoniulia (anu (4.1.1) gantolebis 
amonaxsnia Tanac is sazRvarze yvelgan nulis tolia, amitom maqsimumis 

principis Tanaxmad : v(x) 0 anu
u1(x)   u2(x)!

Tu SemosazRvruli aris  sazRvarze samarTliania utoloba 
|u1(x,t)  - u2(x,t) |                       (4.3.14) 

maSin es utoloba samarTliania mTels  areSi

   amonaxsni uwyvetadaa damokidebuli sawyis da sasazRvro pirobebze!
   sawyis da sasazRvro pirobebis mcire SeSfoTeba amonaxsnis mcire 
SeSfoTebas iwvevs

aprioruli Sefasebebi puasonis gantolebis amonaxsnisaTvis

SemosazRvrul areSi puasonis gantolebisaTvis dirixles amocanis 
klasikuri u(x) amonaxsnisaTvis samarTliania utoloba 

  fMuxufMu


 supmaxsupmin 11                             (4.3.15)

sadac M1 mxolod  arezea damokidebuli:

neimanis amocanis erTaderTobisa da uwyvetad damokidebulebis  Teorema

SemosazRvrul areSi puasonis gantolebisaTvis neimanis  amocanis 
klasikuri u(x) amonaxsni erTaderTia mudmivi Sesakrebis sizustiT da is 
uwyvetadaa damokidebuli sasazRvro pirobebze! 

 xfu                                                              (4.1.1*)

   x
xu 








                                                          (4.2.2)

damtkiceba: dauSvaT u1(x) da u2(x) amocanis ori amonaxsnia. ganvixiloT 
maTi sxvaoba 

v(x) = u1(x) - u2(x)
radgan orive fuqcia uwyvetia, maTi sxvaobac uwyvetia; gantoleba (4.1.1*) 
wrfivia da Sesabamisad funqcia v(x) harmoniulia (anu (4.1.1) gantolebis 
amonaxsnia Tanac is sazRvarze yvelgan mudmivis  tolia, amitom 

maqsimumis principis Tanaxmad : v(x)  const.  anu
u1(x)   u2(x) + const.

SemosazRvrul areSi puasonis gantolebisaTvis neimanis  amocanis 
klasikuri u(x) amonaxsnis arsebobis SemTxvevaSi, arsebobs iseTi mxolod 
areze damokidebuli mudmivebi C da  M , rom

  


 maxMCxu                                                (4.3.16)



robenis amocanis erTaderTobisa da uwyvetad damokidebulebis  Teorema
SemosazRvrul areSi Tu u(x) harmoniuli funqciaa robenis sasazRvro 
pirobiT, da Tu a(x)  a0=const. > 0  ,  maSin  areSi

  


 max
1

0a
xu                                                (4.3.17)

adamaris magaliTi - arakoreqtuli amocana

koSis amocana laplasis gantolebisaTvis arakoreqtulia!
0 vu                                                             (4.1.1)

u(x,0)=  (x)= 0                        v(x,0)=  (x)=0                                  (4.3.18)
uy(x,0)= (x)=sin(nx)/ n                     vy(x,0)= (x)=0                              (4.3.19)

     
sasazRvro pirobebs Soris sxvaoba, rodesac n didia Zalze  

mcirea, magram amonaxsnebs Soris sxvaoba ragind didi xdeba! 

u(x,y)= ch(ny)·sin(nx)/ n             da          v(x,y)=  0                                (4.3.20)

   amonaxsni calsaxad ganisazRvreba koSis monacemebiT!
   amonaxni uwyvetad ar aris damokidebuli koSis sawyis pirobebze! 



Tema 4 – 2

grinis funqcia
“dirixles amocana” 

ganvixiloT u(x) funqcia, romelic puasonis gantolebisaTvis 

dirixles amocanis gluvi amonaxsnia  areSi. (4.1.9)-is Tanaxmad 

samarTliania warmodgena, sadac E(x,x
0
) fundamenturi amonaxsnia 

(4.1.6)!

   xfxu         2Cu                                       (1.2.2)

   xxu                                                  (4.2.1)

 
 
















 

3,
2

2,ln
2

1

, 20

0

0

n
n

xx

nxx

xxE

n

n
n




                                 (4.1.6)

              


d
xu

xxE
xxE

xuxxExfxu 

















 0

0
00 ,

,
,               (4.1.19)

ganvixiloT g(x,x
0
) funqcia, romelic harmoniulia x

0
�

werTilisaTvis  areSi. (4.1.9*)-is Tanaxmad 

  0, 0  xxg                                                 (4.1.1)

   


 00 ,, xxExxg                    (4.4.0)

            


d
xu

xxg
xxg

xuxxgxf 

















 0

0
0 ,

,
,0             (4.1.19*)

SevkriboT (4.1.9) da (4.1.9*) da 

               


d
xxgxxE

xuxxgxxExfxu 



















00

000 ,,
,,        (4.4.1)

dirixles amocanis grinis funqcia laplasis gantolebisaTvis

     000 ,,, xxgxxExxG                                         (4.4.2)

1.    grinis funqcia harmoniulia x
0
� parametrisaTvis. 

  0, 0  xxG                                                      (4.4.3)



2.   grinis funqcia nulis tolia sazRvarze x
0
�

parametrisaTvis. 

   00 0, xandxxxG                                 (4.4.4) 

3.    grinis funqcis g(x,x
0
)  nawili calsaxad ganisazRvreba (4.4.0) 

sasazRvro pirobiT. 

damtkiceba: dauSvaT amonaxsni oria g1(x,x
0
) da g2(x,x

0
). maSin maTi 

sxvaoba harmoniuli funqciaa da sazRvarze is nulis tolia 
Sesabamisad (4.3.9)  “maqsimumis” principis Tanaxmad is igivurad 
nulia, Sesabamisad ori amonaxsni sinamdvileSi erTia!

     0,, 0
2

0
1  xxgxxg

     0,, 0
2

0
1  xxgxxg

dirixles amocanis grinis funqcia puasonis gantolebisaTvis

          


 d
xxG

xdxxxGxfxu 
 




0
00 ,

,                           (4.4.5)

mocemuli arisaTvis G(x,x
0
) grinis funqciis cxadi saxiT ageba 

saSualebas gvaZlevs cxadi saxiT CavweroT mocemul areSi 
dirixles amocanis amonaxsni puasonis (laplasis) gantolebisaTvis

grinis funqcia simetriulia

4.grinis funqcia simetriulia nebismieri x
0

, x
1
�wertilebisaTvis 

G(x
1
,x

0
) = G(x

0
,x

1
)                                               (4.4.6)


damtkiceba: � aridan amovagdoT ori -radiusis sfero (imdenad 
mcire, rom am radiusis birTvebi centrebiT x

1
da x

0
wertilebSi 

mTlianad Sedian � areSi); 

�= \(Q (x
0
)Q (x

1
)).

u(x) = G(x,x
1
) harmoniulia �areSi da v(x) = G(x,x

0
) harmoniulia  areSi

u(x) = v(x)=0  sazRvarze 
Sesabamisad grinis meore formulis Tanaxmad cxadia, rom 

                 
 














 


dxu
xv

xv
xu

dxxuxvxvxu             (4.4.7)



- sferoebis normalis erTeulovani veqtoria, Sesabamisad 
samarTliania warmodgenebi:

u(x) = E(x,x
1
) + g(x,x

1
)             da              v(x) = E(x,x

0
) + g(x,x

0
)


 - mivaswrafod nulisaken da miviRebT sasurvel tolobas! 

v(x
1
) = u(x

0
)    anu  G(x

1
,x

0
) = G(x

0
,x

1
).

grinis funqciis fizikuri arsi

grinis funqcia - G(x,x
0
) iZleva   areSi temperaturis 

satacionalur ganawilebas rodesac aris  sazRvarze 

temperatura nulis tolia da x
0
wertilSi moTavsebulia erTianis 

toli siTbos raodenobis gamomfrqvevi wyaro! 

4a.    grinis funqcia - G(x,x
0
) iZleva   areSi eleqtrostatikuri 

velis potencials romelic gaaCnia x
0
wertilSi moTavsebul  

eleqtrul muxts romlis potenciali aris  sazRvarze nulis 
tolia.

5.     areSi grinis funqciis povna niSnavs,   aris gareT muxtebis 

iseTi ganawilebis povnas, rom erToblivad am da x
0
wertilSi 

moTavsebulma  eleqtrulma muxtebma mogvces  iseTi 

eleqtrostatikuri veli,  romlis potenciali aris  sazRvarze 
nulis toli.

grinis funqcia “d” simetriulia

4.grinis funqcia simetriulia nebismieri x
0

, x
1
�wertilebisaTvis 

G(x
1
,x

0
) = G(x

0
,x

1
)                                               (4.4.6)


damtkiceba: � aridan amovagdoT ori -radiusis sfero (imdenad 
mcire, rom am radiusis birTvebi centrebiT x

1
da x

0
wertilebSi 

mTlianad Sedian � areSi); 

�= \(Q (x
0
)Q (x

1
)).

u(x) = G(x,x
1
) harmoniulia �areSi da v(x) = G(x,x

0
) harmoniulia  areSi

u(x) = v(x)=0  sazRvarze 
Sesabamisad grinis meore formulis Tanaxmad cxadia, rom 

                 
 


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

 


dxu
xv

xv
xu

dxxuxvxvxu             (4.4.7)



- sferoebis normalis erTeulovani veqtoria, Sesabamisad 
samarTliania warmodgenebi:

u(x) = E(x,x
1
) + g(x,x

1
)             da              v(x) = E(x,x

0
) + g(x,x

0
)


 - mivaswrafod nulisaken da miviRebT sasurvel tolobas! 

v(x
1
) = u(x

0
)    anu  G(x

1
,x

0
) = G(x

0
,x

1
).

grinis funqcia
“neimanis amocana” 

ganvixiloT u(x) funqcia, romelic puasonis gantolebisaTvis 

neimanis amocanis gluvi amonaxsnia  areSi. (4.1.9)-is Tanaxmad 

samarTliania warmodgena, sadac E(x,x
0
) fundamenturi amonaxsnia 

(4.1.6)!

   xfxu         2Cu                                       (1.2.2)

   x
xu 




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                                                 (4.2.2)
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d
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0
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,
,               (4.1.19)

ganvixiloT q(x,x
0
) funqcia, romelic harmoniulia x

0
�

werTilisaTvis  areSi. (4.1.9*)-is Tanaxmad 

  0, 0  xxq                                                 (4.1.1)

   
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


00 ,, xxExxq
                 (4.4.0*)

            


d
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xxq
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
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0
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,
,0             (4.1.19*)

SevkriboT (4.1.9) da (4.1.9*) da 

                


dxxqxxE
xu

xxqxxExfxu 






 00000 ,,,,        (4.4.1*)

neimanis amocanis grinis funqcia laplasis gantolebisaTvis

     000 ,,, xxqxxExxG                                         (4.4.2)



1.    grinis funqcia harmoniulia x
0
� parametrisaTvis. 

  0, 0  xxG                                                      (4.4.3)

2.   grinis funqcia nulis tolia sazRvarze x
0
�

parametrisaTvis. 

 



 0

0

0
,

xandx
xxG


                                (4.4.4*) 

3.    grinis funqcis q(x,x
0
)  nawili ganisazRvreba (4.4.0*) sasazRvro 

pirobiT mudmivi Sesakrebis sizustiT. 

damtkiceba: dauSvaT amonaxsni oria q1(x,x
0
) da q2(x,x

0
). maSin maTi 

sxvaoba harmoniuli funqciaa da sazRvarze misi normanit 
warmoebuli nulis tolia !

     0,, 0
2

0
1  xxqxxq

    
0

,, 0
2

0
1 







xxgxxg

neimanis amocanis grinis funqcia puasonis gantolebisaTvis

           dxxGxdxxxGxfxu 


 000 ,,                           (4.4.5*)

grinis funqcia “d” I birTvisaTvis n=3
arekvlis meTodi

am arisaTvis G(x,x
0
) grinis funqciis asagebad saWiroa SevarCioT 

birTvs gareT iseTi “damuxtuli wertili”, rom am muxtebiT 
Seqmnili eleqtrostatikuri velis potenciali nulis toli iyos 

am birTvis sferoze. x
0
wertilisaTvis aseTi wertilia x

1
egreT 

wodebuli inversiuli – (sferos mimarT simetriuli) wertili 
grinis funciis saxea

    





 100 ,,, x

R
x

R
ExxExxG





inversia da aRniSvnebi

1. manZili  x
0  wertilidan saTavemde - 0x ;

2. manZili  x
1x* inversiuli wertilidan saTavemde - ** x ;

3. manZili  x
0
da sazRvris  x wertilebs Soris - 0xxr  ;

4. manZili  x* da sazRvris  x  wertilebs Soris - ** xxr  ;

5. sazRvris  x  wertilidan centramde – R;
6. inversiulobis piroba  -

2
* R ;                                                          (4.4.8)

SevamowmoT, rom (4.4.9) aris grinis funqcia, anu harmoniuli yvelgan 

x x
0 
da x, x

0  QR da sazRvarze is nulis tolia (x
0  QR da x  SR)!

ganvixiloT ori samkuTxedi 0x
0
x da 0xx

1
, rodesac x  SR – da 

vaCvenoT, rom isini msgavsebia!?

2.1 maT saerTo kuTxe  x0x
0
aqvT

2.2 inversiulobis gamo (4.4.8)

anu |Ox
0
| / |Ox| = |Ox| / |Ox

1
|     e.i     

** r

rR

R





                       (4.4.10)

Sesabamisi gverdebi proporciulia
kerZoT am konkretul SemTxvevaSi :

 
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laplasis gantolebisaTvis dirixles amocanis amonaxsni grinis 
funqciis agebis Sedegad gamoisaxeba Semdegi saxiT 

      


dx
xxG

xu
RS
 



0

0
0 ,

                                     (4.4.11)

SevecadoT gamovTvaloT es integrali birTvisaTvis da amisaTvis 
gamovTvaloT gamosaxuleba
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             (4.4.12)

radgan  sferoze  *rR
r


 , amitom 
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Sesabamisad (4.4.12) – dan
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0

0

cos 





 xx
                     *

1

cos 





 xx
                  (4.4.14)

0x
0
x samkuTxedidan 0

222 cos2  RrrR  ;

0x
1
x samkuTxedidan **

2
*

22
* cos2  RrrR  ;

   
Rr

R
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xxG
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220

0

, 






                                          (4.4.15)

sadac                        n

n

rrE  11


                                                (4.4.16)

anu 
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nS
r

R

R

xxG

R

220 1,
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amgvarad  (4.4.11) SesaZle4belia CavweroT 

    
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anu 
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harnakis  utoloba
birTvSi harmoniuli u(x) funqcia uwyvetia birTvis Caketvaze da 

Tanac is arauaryofiTia. maSin birTvis nebismier Siga x
0
wertilSi 

samarTliania utoloba:

 
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                                  (4.4.19)

damtkiceba: dirixles amocanis amonaxsni erTaderTia, amitom da 

0x
0
x  samkuTxedidan   R - r   r   R + r

   n
n
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funqcia u(x) arauaryofiTia da
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grinis funqcia I naxvarsibrtyisaTvis x2 > 0

     xxxxxxG  ln
2

1
ln

2

1
, 0

0 
                        (4.5.1)

ageba da damtkicebis sruli versia ix leqciebis srul versiaSi 
(Tema_4_2);

grinis funqcia I naxvarsivrcisaTvis x3 > 0

 
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xxG
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 4
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4

1
,

00                                  (4.5.2)

ageba da damtkicebis sruli versia ix leqciebis srul versiaSi 
(Tema_4_2); 

grinis funqcia I meoTxedi sibrtyisaTvis
x1 > 0 , x2 > 0

         xxxxxxxxxxG  ln
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1
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1
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2

1
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1
, 0

0 
         (4.5.3)

ageba da damtkicebis sruli versia ix leqciebis srul versiaSi 
(Tema_4_2);

grinis funqcia I x2 > 0 , x3 > 0 orwaxnaga kuTxisaTvis
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ageba da damtkicebis sruli versia ix leqciebis srul versiaSi 
(Tema_4_2);

grinis funqcia naxevarsferosaTvis

 
 











xxx

R

xxxxx
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xx
xxG
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44

1
,


          (4.5.6)

damtkiceba: I. x* wertili x
0
wertilis sferos mimarT inversiulia, 

danarCeni ori maTi sibrtyis mimarT simetriuli. Sesabamisad  (4.5.6) 

gamosaxuleba nulis tolia rodesac x (x3>0)! radgan  
gamosaxulebis oTxive wevri damokidebulia manZilebze da 
Sesabamisad erTmaneTs gaabaTileben pirveli da mesame; meore da 
meoTxe wevrebi)

II. x* wertili x
0
wertilis sferos mimarT inversiulia, danarCeni 

ori maTi sibrtyis mimarT simetriuli. Sesabamisad  (4.5.6) 

gamosaxuleba nulis tolia rodesac x (x3=0)! radgan  
gamosaxulebis oTxive wevri damokidebulia manZilebze 

(samkuTxedebi x*x x * da x0 x x tolferdaa da Sesabamisad erTmaneTs 
gaabaTileben pirveli da meore; mesame da meoTxe wevrebi)



grinis funqcia II naxvarsivrcisaTvis x3 > 0

 
xxxx

xxG






 4

1

4

1
,

00                                 (4.5.7)

ageba da damtkicebis sruli versia ix leqciebis srul versiaSi 
(Tema_4_2).

cvladTa gancaleba

dasmulia dirixles amocana laplasis gantolebisaTvis wreSi; anu 
wris radiusia H da 

0u ;                     2Cu   wreSi   (4.2.1)

   xxu                                              (4.2.2)

gadavweroT laplasis operatori polarul koordinatebSi

0
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


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uu
u                   (4.6.1)

da veZeboT amonaxsni cvladTa gancalebiT anu rogorc namravli

                u(r,θ) = R(r)(θ)  0                   (4.6.0)

(4.6.1) gantolebaSi Casma da (4.6.0) – ze gayofa (nuli araa) gvaZlevs, 
rom samarTliania toloba 
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
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
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



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R

R
d
d

da Sesabamisad iwereba ori Cveulebrivi diferencialuri 
gantoleba 

²(θ) +  (θ)=0,           (θ) 0                         (4.6.2)

 2R²(r) +  2R'() - R()=0,    R()0                        (4.6.3)

SevniSnoT, rom (2.4.9) Sturmi liuvilis amocana saxecvlilia 
da intervalis boloebze nulovani pirobebi Seicvleba 
periodulobiT

2.4.9 (4.6.2)

      0;0  xXxXxX  ²(θ) +  (θ)=0,           (θ) 0                 
    00  lXX  (θ) = (2+ θ)

cxadia, rom (4.6.2) amonaxsnis perioduloba SesaZlebelia 

mxolod im SemTxvevaSi, rodesac sakuTrivi ricxvi = n
2
  (nN), anu 

sakuTrivi funqciebi

   sincos kkk BA                    anu

   kBkA kkk sincos                                              (4.6.4)

(4.6.3) amonaxsni R() veZeboT konkretulad R()  =  m
saxiT; Casma 

gadvarwmunebs, rom m
2
= n

2
, anu   m = ± n 

R() = C n  + D  - n                                          (4.6.5)

dasmuli amocanisaTvis cxadia amonaxsni unda veZeboT mxolod 
iseTi amonaxsnebi, rodesac D=0 , radgan winaaRmdeg SemTxvevaSi 
amonaxsns saTaveSi gansakuTrebuli wertili eqneba, anu  u(0,θ) = 

R(0)(θ) 0 da aq is ar aris harmoniuli! amonaxsns aqvs Semdegi 
saxe

    kBkAu kk
k

k sincos,
0






                                (4.6.6)

An da Bn  koeficientebis gansazRvrisaTvis gamoviyenoT sasazRvro 
funqciis furies mwkrivad warmodgena



      


0

sincos,
k

kk
k kBkAHHu                        (4.6.7)

mocemuli sasazRvro funqcia mxolod kuTxidanaa damokidebuli da 
Sesabamisad furies mwkrivad gaSlis Semdeg 
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 d
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 dkk sin
1

da Sesabamisad 
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0 sincos
2 k

kk kk
a                                  (4.6.8)

Sesabamisad amonaxsnis koeficientebi ganisazRvreba sasazRvro 
pirobis trigonometriuli mwkrivis koeficientebiT:

A0 = a0/2                Ak = k/H
k
                   Bk = k/H

k

amonaxsnis saxea: 

   

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
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
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1
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a
u                               (4.6.9)

holomorfuli funqcia

f(z)  f(x+iy) = u(x,y) +i v(x,y)                                      (4.6.10)

- Tu f(z)  holomorfulia, maSin u(x,y)  da v(x,y) imave areSi harmoniuli 
fuqciebia!
- Tu namdvili u(x,y) funqcia harmoniulia caladbmul areSi, maSin 
moiZebneba iseTi harmoniuli funqcia v(x,y) (SeuRlebuli),   rom 
u(x,y) +i v(x,y) amave areSi holomorfuli funqcia iqneba. 
- Tu are mravladbmulia, maSin sazogadod (4.6.9) jami mravalsaxa 
funqciaa!

- z
n
– holomorfuli funqciaa nebismieri naturaluri n-isaTvis 

nebismier SemosazRvrul (sasrul) areSi; 

magaliTad: Re (zn) da Im (zn); 
- xolo Tu n uarufiTi mTeli ricxvia maSin es funqcia nebismier 
iseT areSi holomorfuli funqciaa, romelic ar Seicavs 
koordinatTa saTavis ragind mcire midamos!

magaliTad:  Re (z-n) da Im (z-n);

- z = e
i - ( ,   ) polaruli koordinatebia polusiT saTaveSi.



Re (zn) = ncos  ,              Im (z
n
) =  nsin  ,                  n > 0         (4.6.11)

                     

Re (z
-n

) = 
-n

cos  ,              Im (z
-n

) = 
-n

sin  ,                  n < 0         (4.6.12)

- abelis Teoremis Tanaxmad cnobilia (4.6.9) mwkrivis krebadobis 
piroba (maTze Cven aq ar gavCerdebiT); 

magaliTisaTvis Tu sazRvarze mocemuli funqcia 2p-
periodulia, absoluturad uwyvetia da mas kvardatiT integrebadi 
pirveli rigis warmoebulebi gaaCnia! Sesabamisad (4.6.8) furies 
koeficientebisa da (4.6.11) mwkrivebis saxis gaTvaliswinebiT 
SesaZlebelia davweroT, rom amonaxsni 
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- mtkicdeba, rom es marTlac samarTliania rodesac  < R;

z = e
i;                    = R e 

i
;                 = |  – z |

maSin cxadia, rom 
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adgili aqvs Svarcis formulas
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damatebiT Tu SevniSnavT, rom

  
2
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2ReRe
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

davinaxavT, rom asec SesaZlebelia (4.4.17) an (4.4.18) puasonis 
integralis miReba!

cvladTa gancaleba gare amocana

dasmulia dirixles amocana laplasis gantolebisaTvis wris gare 
areSi; anu wris radiusia H da funqcia harmoniulia usasrulo 
areSi wris gareT?



An da Bn koeficientebis gansazRvrisaTvis analogiuri msjelobiTa 
da sasazRvro pirobis Tanaxmad 

    kBkAu kk
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k sincos,
0






              (zogadi saxe)               (4.6.15)
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esaa mxolod formaluri amonaxsnebi da saWiroa damtkiceba, 
rom mwkrivebi krebadi da wvrwevrad gawarmoebadni da sazRvris 
CaTvliT uwyvetni arian! 
saWiroa damatebiTi piroba 

u(x)  0,   rodesac  x                 (4.6.17)

-  (4.6.17) piroba (n > 2) aucilebelia, is amonaxsnis erTaderTobas 
uzrunvelyofs!

magaliTi:   wrea da wrewirze  = const.= 0  da ar sruldeba 
(4.6.17), maSin aris ori funqcia:

u1(x)= 0            da           u2(x)= 0 R/|x|
da nebismieri funqcia

 u (x)=u1(x) + u2(x),  sadac  +  = 1

yvela es funqcia (4.1.1), (4.2.1) amocanis amonaxsnia birTvis gare 
areSi , Sesabamisad amonaxsni araa ertaderTi!

erTaderTobis damtkiceba: ori sxvadasxva amonaxsnis sxvaoba u(x) = 
u1(x) - u2 (x) nulovan pirobebs akmayofilebs sazRvarze da nulisaken 

miiswarfis usasrulo wertilis midamoSi. (4.6.10)-dan gamodis, rom 

nebismieri mcire  > 0 ricxvisaTvis arsebobs iseTi R*- didi 
radiusi, rom 

|u (x)|< , rodesac |x|>R*

or sferos Soris moTavsebul areSi maqsimumis principis Tanaxmad 
|u (x)|< e , magram e nebismieria. amitom

u (x) 0


	Tema_1
	Tema_2
	Tema_3
	Tema_4
	Tema_4_11
	Tema_4_21


Tema 1. maTematikuri fizikisa da kerZowarmoebulebiani diferencialuri gantolebebi


1.  n ganzomilebiani evklides sivrce - wrfivi an veqtoruli sivrce sivrce  namdvil an komleqsur ricxvTa velze, sadac

 nebismieri n+1 veqtori wrfivad damokidebulia, anu


(X1, X2,…, Xn , Xn+1  ( Rn

 ,     ( α1, α2,…, α n ( R

Xn+1  = α1X1 + α2X2,+ αnXn

2. Def. - skalaruli namravli aris asaxva ( , ): LxL (R (an C) ( L sivrcis elementebis nebismier wyvils (x,y) Seusabamebs nadvili R (kompleqsuri C) ricxvs)  da es asaxva ermitulia, anu zogad SemTxvevaSi akmayofilebs Semdeg aqsiomas - 
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 kompleqsurad SeuRlebuli ricxvia,   

SeniSvna:  - rodesac asaxva “namdvilia”–es piroba “komutaturobaa”!

- umeteswilad ganixileba SemTxveva – mkacrad dadebiTad gansazRvruloba, anu 

[image: image3.wmf](


)


0


&


0


,


¹


Î


"


>


x


L


x


x


x


, 

aseT SemTxvevaSi skalaruli namravlis safuZvelze ganisazRvreba norma! 

2. “manZili” – nebismier or x  da yveqtors Soris
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3. birTvi –  B(X0, r) = Qr(X0)({X(Rn| : |X-X0| < r} , romlis centria wertili X0  da radiusi ricxvi r ( R;  

4. sfero  – S(X0, r) = Sr(X0)({X(Rn | : |X-X0| = r},  romlis centria wertili X0  da radiusi ricxvi r ( R ; 

5.  are  – (   bmuli Ria simravle Rn  sivrceSi.

6. multiindexi  -  ( = ((1, (2,…,( n) ,   ( i ( N ( {0};                                       (0.1.2)

7. x elementis ( xarisxi anu veqtoris xarisxi  Rn  sivrceSi
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9.  multiindeqsis moduli - 
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10.  multiindeqsis faqtoriali - (! = (1! (2!…( n!                                 

 (0.1.5)

8. Cveulebrivi da kerZo-warmoebulebi:


a. Cveulebrivi warmoebuli funqciis nazrdisa da argumentis nazrdisa da argumentis nazrdis Sefardebis zRvari rodesac argumentis nazrdi usasrulod mcirdeba!


b. kerZo  warmoebuli (kerZo semTxveva) - ori cvladis funqciis f(x1,x2) kerZowarmoebuli  x2    argumentis mimarT: “gavyinoT” pirveli argumenti x1=x01, miviRebT erTi cvladis fuqcias x2    argumentis mimarT. am funqciis Cveulebrivi warmoebuli aris kerZowarmoebuli  x2    argumentis mimarT! anu 
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             (0.1.6*)

nuan

9. analogiurad ganisazRvreba mravali cvladis funqciis kerZo warmoebuli i – uri argumentiT
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             (0.1.6)

10.  ( - rigis kerZo warmoebuli -  nebismieri ( multiindeqsis Sesabamisi rigis kerZo warmoebuli esaa am multiindeqsis modulis rigis kerZo warmoebuli, romlis  komponentebi gansazRvraven kerZo warmoebulis rigs Sesabamisi nomris arumetiT, anu 
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                 (0.1.7)

11.  f ( C k(() – funqcias ( areSi yoveli k naturaluri ricxvisaTvis (k-s CaTvliT) gaaCnia k-rigis gluvi yvela kerZo warmoebuli;

12.  f (Lp(()  p(1 - zomadi k-rigiT integrebadi funqciebi anu
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                                             (1.1.1)

13. lokalurad integrebadoba , anu f (Lloc(()  funqcia integrebadia aris nebismier kompaqtze;

14.   gluvi sazRvaris mqone are, anu gluvi are,  (   - misi sazRvari (zedapiri, wiri) gluvia e.i. (aRmweri funqciebi gluvebia);

15. stoqsis Teorema: Tu ( sakmarisad gluvi area da funqciebi
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sadac ((((1,. . . , (n) mocemuli aris (( sazRvris erTeulovani gare normalia da  ds – misi sazRvris elementia 

19. Tu  U( Lp(() da   V( Lq((), sadac p-1 + q-1 =1, maSin adgili aqvs helderis utolobas
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    !                      (1.1.4)


20. C.B.S. – „koSi -Bbuniakovski – Svarcis“ utoloba: Tu  U( L2(() da   V( L2((),  maSin adgili aqvs utolobas
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    !                      (1.1.5)


krebadobebi


21. { φn(X)} funqciaTa mimdevrobis wertilovani kebadoba: - φn  ( φ – niSnavs, rom Tu   X0((,  maSin ricxviTi mimdevroba {φn (X0 ) } krebadia φ (X0 ) - ricxvisaken, anu



[image: image15.wmf](


)


(


)


0


0


lim


X


X


k


k


j


j


=


¥


®


  !                                             (1.1.6)


22. { φn(X)} funqciaTa mimdevrobis Tanabari kebadoba simravleze:  φn (( φ – niSnavs, rom nebismieri dadebiTi ( > 0 ricxvisaTvis arsebobs iseTi nomeri N((), romelic araa damokidebuli X elementze,  rom nebismieri n > N(() nomrisaTvis  


| φn (X)  φ(X) |<(!                                             (1.1.7)


23. { φn(X)} funqciaTa mimdevrobis susti kebadoba skalaruli namravlis mimarT:  φn (φ – niSnavs, rom arsebobs iseTi elementi, rom skalaruli namravli, rogorc ricxviTi mimdevroba krebadia, anu    
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* Cveulebrivi diferencialuri gantolebebi

am Teoriam ganviTareba daiwro XVII saukuneSi rogorc ki gaCnda diferencialuri da integraluri aRricxva (niutoni, leibnici, bernuli, . . . )


 
am Teoriis ganviTarebas ukavSirdeba gamoyenebiTi xasiaTis amocanebis gamokvleva geometriasa da meqanikaSi. ciur meqanikaSi gamokvlevis srulyofis garda am Teoriis gamoyenebiT SesaZlebeli gaxda axali aRmoCenebis gakeTeba (magaliTad: neprtunis aRmoCena da orbitis dadgena), sami sxeulis amocanis “Seswavla”


da mravali sxv. (biologiaSi, qimiasa da . . . )

** kerZowarmoebulebiani diferencialuri gantolebebi

I. Teoria warmoiSva XVIII saukuneSi fizikis zogierTi konkretuli amocanis gamokvlevisas da uSualod daukavSirda gamoyenebiTi xasiaTis amocanebs, ZiriTadad fizikidan; Sesabamisad am Teoriis dasaxeleba – “maTematikuri fizika”!  eileris, lagranJis, dalamberis, laplasis, furies, monJis, amperisa da sxvaTa gamokvlevebma saTave daudo am Teorias da dResac aqtualuria maT mier damuSavebuli meTodebi, romelTa nawils Cven Semoklebuli saxiT warmovadgenT kursSi!

II. es Teoria Zalze mWidrodaa dakavSirebuli maTematikis yvela dargTan da mTeli sisruliT iyenebs am mimarTulebiT miRebul uaxless Sedegebs Tavisi amocanebis gamokvlevisas, xolo Tavis mxriv Zalze xSirad svams absoluturad axal amocanebs sxva


dargebisaTvis – algebra, topologia, kopleqsuri analizi da . . ! 

Def. 24. mocemulia mravali cvladis funqcia F(X0, X1 ,…, Xk,…), k=1,…,m.,  saZiebeli mravali cvladis funqcia u (x1, x2,…, xn)  da  mirebuli aRnisvnebis Tanaxmad SesaZlebelia gakeTdes Canaweri

F(X0, X1 ,…, Xk,…) ( F(X0,u) = 0                  (1.2.1) 

sadac k=1,…,m


  {X0 = (x1, x2,…, xn) : xi ( R, i=1,2,…,n};


{X1 = {D(u}: |α | =1, i=1,2,…,n};


{X2 = {D(u}: |α | =2, i=1,2,…,n};


    .    .   .    .     .      .    .     .     .    .


{Xk = {D(u}: |α | =k, i=1,2,…,n}


Def. 25.  (1.2.1) tolobas ewodeba n cvladis kerZowarmobulebiani m rigis diferencialuri gantoleba ucnobi u funqciis mimarT !


Def. 26.  diferencialuri gantolebis klasikuri amonaxsni u -  namdvili funqcia romelic: 


I.    uwyvetia, anu   u ( C ((); 


II.   misi, (1.2.1) gantolobaSi Semavali, yvela kerZo warmoebulic uwyvetia; e.i.  D(( C ((); |α | (m;


III.  igiveobad aqcevs (1.2.1) gantolebas!


Def. 27. (1.2.1) erTgvarovani gantolebaa - Tu misi marcxena mxaris yoveli Sesakrebi (wevri) Seicavs mamravlis saxiT ucnob u funqcias an mis romelime warmoebuls!


Def. 28.  (1.2.1) gantolebis ”Tavisufali wvri” – marcxena mxaris is Sesakrebebi (wevrebi) romlebic ar Seicaven mamravlis saxiT ucnob u funqcias an mis warmoebuls!

Def. 29.  (1.2.1) gantoleba Zalze xSirad Caiwereba Semdegi saxiT: 


  F(X0, X1 ,…, Xk,…) = f(X0)                         (1.2.1*)

rodesac Tavisufali wevri f(X0) – anu “marjvena mxare” calkea gamoyofili da weriaa tolobis marjvniv; 

Def. 30.   “marjvena mxare” – “Tavisufali wevri”: 


a.   f(X0) (0 – gantoleba (1.2.1) erTgvarovania;


b.  

f(X0) ( 0 – gantoleba (1.2.1)  araerTgvarovania ; 


Def. 31.   (1.2.1) wefivi gantolebaa – Tu u(X0) da  v(X0) funqciebisaTvis samarTliania toloba 


F(X0,u+v) = F(X0,u) + F(X0,v) = 0                    (1.2.2)

Def. 32.   (1.2.1) gantolebis ”mTavari nawili” – marcxena mxaris is wevrebi (niSnis CaTvliT) romlebic Seicaven ucnob u funqciis umaRlesi |α | = m rigis warmoebulebs!

Def. 33.   (1.2.1) gantoleba kvaziwrfivia -  Tu mTavari nawili


wrfivia

magaliTebi:
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***n cvladis, m rigis wrfivi kerZowarmoebulebiani diferencialuri gantolebebis zogadi saxe


34. (1.2.1*) da (1.2.2) – Tanaxmad SeuZlebelia gantolebis wevrebi


Seicavdnen ucnob u  funqciasa da mis warmoebulebis namravlebs


an amgvariGgamosaxulebebis meore an ufro maRal xarisxebs –


gantoleba veRar iqneba wrfivi!  Sesabamisad gantolebis zogadi saxea
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                                    (1.2.3)

SeniSvna:  


35. Aα (X) – “gantolebis koeficientebi” – mravali cvladis mocemuli funqciebia


SeniSvna: 36.  gantoleba (1.2.3) mudmiv koeficientebiania , rodesac yvela Aα (X) (const.
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sadac ( ( ((1 ,…, (n) da (i (R – “namdvili veqtoria”

ori cvladis, meore rigis wrfivi kerZowarmoebulebi-ani diferencialuri gantolebebis zogadi saxe

34*. konkretulad rodesac  n=2, m=2, X ( (x1 , x2) ( (x , y); 
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        (1.2.5)

am SemTxvevaSi mocemuli gantolebis maxasiaTebeli formaa – mravalwevri  
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sadac ( “namdvili veqtoria”, anu ( ( ((1 , (2) da (i (R – da am SemTxvevaSi maxasiaTebeli forma Zalze waagavs meore rigis


wirebis “mTavar nawils” analizuri geometriidan?!

kanonikur saxeze miyvana

    movaxdinoT cvladTa gardaqmna da simartivisaTvis SemoviRoT


aRniSvnebi: 


“Zveli cvladebi” – X ( (x1 , x2) ( (x,y);


    “axali cvladebi” -  ( ( ((1 , (2) ( (( , () an ((, ( ) 


(=((x,y);          (=((x,y) ;                                        (1.2.7)


  SesaZlebelia Seqceuli gardaqmna - funqciebi Sebrunebadia rogori unda iyos ( da ( funqciebi?

CavataroT msjeloba konkretulad ori cvladis, meore rigis


wrfivi kerZowarmoebulebiani diferencialuri gantolebisaTvis, 


romelSic specialurad gamoyofilia mTavari nawili! 
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rTuli funqciis warmoebulis ganmartebisa da aRniSvnebis Tanaxmad

kerZo warmoebulebi axal cvladebSi
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amgvarad gamoTvlili mniSvnelobebi CavsvaT (1.2.8) gantolebaSi da davajgufoT “erTi tipis” wevrebi  
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sadac 
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axali cvladebis amorCeva

vecadoT avarCioT axali cvladebi ise, rom (1.0.8*) gantolebis pirveli koeficienti gaxdes nuli!  
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anu mosaZebnia iseTi ori cvladis namdvili funqcia z=z(x,y)= ( (x,y) romelic (1.2.12) gantolebas daakmayofilebs (romelime kerZo amonaxsni). Sesabamisad amgvari funqciis saSualebiT Catarebuli cvladTa gardaqmna (1.2.7) imis garantia, rom axal cvladebSi (1.2.8*) gantolebis pirveli koeficienti nulis toli iqneba! 

lema 1.  Tu z = ((x,y) aris (1.2.12) gantolebis kerZo amonaxsni, maSin wiri ((x,y) = c (const.  warmoadgens
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Cveulebrivi diferencialuri gantolebis zogad amonaxsns. 

damtkiceba.  radgan z=( (x,y) aris (1.2.12) gantolebis kerZo amonaxsni, Sesabamisad samarTliania toloba
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meores mxriv aracxadi saxiT mocemuli ( (x,y) =c  funqcia SesaZloa warmodges rogorc y = ((x, c) Sesabamisad
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es ukanaskneli aCvenebs lema erTis samarTlianobas!

lema 2.  Tu ((x,y) = c aris (1.2.13) Cveulebrivi diferencialuri gantolebis zogadi amonaxsni, maSin ori cvladis funqcia z=((x,y) warmoadgens (1.2.12) gantolebis kerZo amonaxsns. 

damtkiceba. (x0 , y0) wertilze gavataroT wiri ( (x0 , y0) = c0 anu 


y0 = ((x0, c0)
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Sesabamisad yoveli (x0 , y0) wertilisaTvis samartliania toloba 
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es ukanaskneli aCvenebs lemis samarTlianobas!

Def. (1.2.13) – maxasiaTebeli gantolebaa;


Def. maxasiaTebeli gantolebis amonaxsnebi – maxasiaTeblebia!

maxasiaTeblebi


Tu vimsjelebT (1.2.12) gantolebis analogiurad A22Akoeficientis “ganulebacaa” SesaZlebeli. anu lemis Tanaxmad amovxsnaT (1.0.13). Tu A11 ( 0 kvadratuli gantolebis fesvTa formulis Tanaxmad amosaxsnelia Semdegi gantolebebi da Sesabamisad napovni iqneba cvladTa maxasiaTebeli gardaqmnebi!  
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ori cvladis, meore rigis wrfivi kerZowarmoebulebi-ani diferencialuri gantolebebis tipebi


(1.2.13) gantolebis diskriminanti gansazRvravs (1.2.5) gantolebis tips:
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 - hiperboluri tipis gantoleba!
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SeniSvna-  martivi saCvenebelia, rom cvladTa gardaqmnis miuxedavad (1.2.5) gantolebis tipi ar icvleba. es imis Sedegia, rom
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sadac 
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cvladTa gardaqmnis iakobiania 

da (1.2.7)–is Tanaxmad  (=((x,y), (=((x,y).                                  

I. hiperboluri tipis gantoleba - 
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(1.2.13) gantolebas ori namdvili fesvi aqvs da Sesabamisad gantolebas ori namdvili sxvadasxva maxasiaTebeli gaaCnia anu (1.2.14) da (1.2.15) gantolebebis amonaxsnebi! aseTi cvladTa gardaqmnis Sedegad (1.2.5) gantolebis “axali” koeficientebi A11 , A22  nulebia da Sesabamisad (1.2.8*) gantolebas Semdegi kanonikuri (eileris forma) saxe aqvs
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      (1.2.8**)

kidev erTi konkretuli cvladTa gardaqmnis Sedegad (1.2.8*)
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Sesabamisad axal cvladebsi funqciis warmoebulebi  
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da  maTi Casma (1.2.18**) gamosaxulebaSi gvaZlevs (1.2.5) gantolebis kanonikur saxes (dalamberis forma)
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II. paraboluri tipis gantoleba - 
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(1.2.13) gantolebas erTi namdvili fesvi aqvs da Sesabamisad gantolebas erTi namdvili sxvadasxva maxasiaTebeli gaaCnia! Amitom
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1.  Tu A22 nulia – maSin gantoleba pirveli rigis yofila;


metic Tu u,( –s koeficientic nulia, maSin (1.2.5) - Cveulebrivi diferencialuri gantolebaa! 


2.  Cveulebrivad u,( –s koeficienti nuli araa da am SemTxvevaSi kanonikuri saxea  
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an 
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III. elifsuri tipis gantoleba - 
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(1.2.13) gantolebas ori kompleqcurad SeuRlebuli fesvi aqvs. Sesabamisad cvladTa gardaqmna kompleqsuria da gantolebis saxe hiperbolurs hgavs! saqme rom kompleqsur cvladebTan ar


gvqondes kidev erTi gardaqmna CavataroT
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Sesabamisad axal cvladebsi koeficientebi 
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am SemTxvevaSi kanonikuri saxea  
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oRond am SemTxvevasi cvladebi kompleqsurebia da namdvil cvladebSi elifsuri gantolebis kanonikuri saxea 
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analogiuri algoriTmiTaa SesaZlebeli meore rigis gantolebebis klasifikacia mravali cvladis SemTxvevaSi


hiperboluri tipis gantolebis kanonikuri saxe meore rigisa da n cvladis SemTvevSi:
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Sesabamisi maxasiaTebeli gantoleba ki 
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ultrahiperboluri tipis gantolebis  kanonikuri saxe meore rigisa da n cvladis SemTvevaSi:
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Sesabamisi maxasiaTebeli gantoleba ki
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petrovskis azriT paraboluri tipis gantolebis kanonikuri saxe meore rigisa da n cvladis SemTvevaSi
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Sesabamisi maxasiaTebeli gantoleba ki
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pluriparaboluri tipis gantolebis kanonikuri saxe meore rigisa da cvladis SemTvevaSi
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Sesabamisi maxasiaTebeli gantoleba ki
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elifsuri tipis gantolebis kanonikuri saxe  meore rigisa da  n cvladis SemTvevaSi
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Sesabamisi maxasiaTebeli gantoleba ki 
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kovalevskaias Teorema


koSis amocana


ganvixiloT gantoleba 




[image: image77.wmf](


)


(


)


(


)


(


)


X


u


D


X


u


X


F


x


X


u


m


m


a


,


,


1


=


¶


¶


                                   (1.4.1)

sadac 


·  X ( (x1,…,xN ) - damoukidebeli cvladia;


·  F – mocemuli mravali cvladis funqcia;


·  u(X) ( u(x1,…,xN ) – saZiebeli funqcia!


·  m – “gamoyofili cvladiT” warmoebulis umaRlesi rigi! 


·  multiindeqsi 
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 - “gamoyofili cvladis” garkveuli x1= a0  mniSvneloba

“gamoyofili cvladis” garkveuli x1= a0  mniSvnelobisaTvis mocemulia funqciisa da misi warmoebulebis (umaRles rigamde) mniSvnelobebi – “sawyisi monacemebi” anu “koSis monacemebi”! 
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                                        (1.4.2)


Def. koSis amocana  - vipovoT iseTi u(x) funqcia, romelic  (1.4.1) gantolebasa da (1.4.2) “sawyisi monacemebs” akmayofilebs. 


analizuroba


Def. n- kompleqsuri cvladis F (z1,…zn) funqcia analizuria    Z0 = (z01,… z0n) wertilis midamoSi, Tu is warmodgenadia krebadi mwkrivis saxiT sakmarisad mcire |Z-Z0| mniSvnelobebisaTvis
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SeniSvna - F (z1,…zn) funqcia analizuria Z0 = (z01,… z0n) wertilis midamoSi niSnavs, rom am “wertilSi” mas nebismieri rigis kerZo warmoebuli gaaCnia da Sesabamisad 
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kovalevskaias  Teorema


Tu (1.4.1) gantolebaSi Semavali funqcia F  aris analizuri (x01,… x0n,( (0),…D(( (0),… ) wertilis midamosa, da ( (k) funqciebi analizurni arian (x02,… x0n) wertilis midamoSi, maSin (1.4.1) - (1.4.2) koSis amocanis amonaxsni analizuria (x01,… x0n) wertilis midamoSi, Tanac is erTaderTia analizur funqciaTa klasSi! 

simis Tavisufali rxevis gantoleba


l sigrZis erTgvarovani izotropuli simis (usisqo, elastiuri Zafi) OX RerZze Zevs da asrulebs Tavisufal rxevas  XOU sibrtyeSi;  u(x,t) aris x wertilis gadaxris sidide t momentSi, xolo f(x,t) moqmedi gare Zala  
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l sigrZis arerTgvarovani izotropuli zambara (usisqo, elastiuri Zafi) OX RerZze Zevs da asrulebs Tavisufal rxevas  OX RerZis gaswvriv;  u(x,t) aris x wertilis wagrZelebis sidide t momentSi, xolo f(x,t) moqmedi gare Zala.  
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erTgvarovani izotropuli afski (usisqo, elastiuri zedapiri) OXY sibrtyeSi Zevs da asrulebs Tavisufal rxevas sibrtyeSi;  u(x,y,t) aris t momentSi (x,y) wertilis gadaxris sidide, xolo f(x,y,t) moqmedi gare Zala.  
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difuziis gantoleba


erTgvarovani izotropuli zedapiri OXY sibrtyeSi Zevs da masze temperaturis ganawileba mocemulia. u(x,y,t) aris t momentSi (x,y) wertilSi temperaturis sidide, xolo f(x,y,t) garedan mowodebuli siTbos maCvenebelia.
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                                                 (1.3.5)


araerTgvarovani izotropuli Rero (usisqo, Zafi) OX RerZze Zevs da masSi temperaturis sawyisi ganawilebaa mocemuli. u(x,t) aris  t momentSi (x) wertilSi temperaturis sidide,  xolo f(x,t) garedan mowodebuli siTbo!
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� EMBED Equation.3  ���
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Tema 2


dalambris formula


simis Tavisufali da iZulebiTi rxevis  diferencialuri gantolebebi; hiperboluri tipis gantolebebi da rxevebi;


koSis amocana erTgvarovani simis iZulebiTi ganivi rxevis gantolebisaTvis


· Cveulebrivi diferencialuri gantolebebis kursSi (matematikuri fizikis gantolebebi I) klasikuri amocana pirveli rigis gantolebisaTvis JRerda ase: ipovneT 
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gantolebis amonaxsni, romelic akmayofilebs mocemul 
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sawyis pirobas !?


· kerZowarmoebulebiani diferencialuri gantolebebis kursSi (matematikuri fizikis gantolebebi II) erTerTi klasikuri amocana (simis Tavisufali ganivi rxevis gantolebisaTvis

· ) JRers ase: ipovneT 
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gantolebis amonaxsni u(x,t) (dalamberis forma), romelic akmayofilebs mocemul 
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sawyis pirobebs (koSis monacemebi)!?


I. usasrulo simis Tavisufali rxeva, 

dalambris meTodi


    (2.1.1) gantolebis Sesabamisi maxasiaTebeli gantolebaa
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anu 
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kvadratuli gantolebis fesvTa formulis Tanaxmad amosaxsnelia Semdegi gantolebebi da Sesabamisad napovni iqneba cvladTa maxasiaTebeli gardaqmnebi!


maxasiaTeblebi    
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maxasiaTebeli cvladebi     
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Sesabamisad hiperboluri gantolebisaTvis kanonikuri saxe maxasiaTebel cvladebSi aris  
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kanonikuri gantolebis amoxsna. warmoebuli  ( argumentiT nulia, Sesabamisad pirvelyofili araa damokidebuli am argumentze! meores mxriv es niSnavs, rom pirvelyofili erTi  ( cvladis fuqciaa! 
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“pivelyofilis pirvelyofili” SesaZlebelia Caiweros, rogorc!
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(es msjeloba SesaZlebelia Catardes Tavidan ( cvladisaTvis); amitom dalamberis gantolebis zogadi amonaxsni SesaZlebelia warmodges, rogorc ori erTi cvladis funqciis jami. 
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anu zogadi amonaxsni “sawyis” cvladebSi!
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zogadi amonaxsnis saSualebiT CavweroT koSis monacemebi (2.1.2) anu 
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Sesabamisad miviReT orucnobiani gantolebaTa sistema, sadac saZiebelia f da g fuqciebi , xolo ( da (  funqciebi mocemulia; anu 
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Sesabamisad sistemis amonaxsnebia
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aqedan gamomdinare  sawyisi (2.1.1) - (2.1.2) amocanis amonaxnia
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anu adgili aqvs dalamberis formulas 
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                      (2.1.11)

II. fizikuri arsi

l sigrZis erTgvarovani izotropuli simis (usisqo, elastiuri Zafi) OX RerZze Zevs da asrulebs Tavisufal rxevas  XOU sibrtyeSi;  u(x,t) aris x wertilis gadaxris sidide t momentSi
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u(x,t) – talRa (2.1.9*) aris  f(x+at)  “marjvena” da g(x-at)  “marcxena” talRis superpozicia, romlebic a  “siCqariT” vrceldebian! 


anu 


a. g(x-at)  “marcxena” talRa mudmiv mniSvnelobas inarCunebs    x-at = const. maxasiaTeblis gaswvriv! 


b. f(x+at)  “marjvena” talRa mudmiv mniSvnelobas inarCunebs  x+at = const. maxasiaTeblis gaswvriv!

 [x1x2] intervali aris aranulovani sawyisi monacemebis mzidi. am intervalis boloebze gavlebuli maxasiaTeblebi eqvs ubnad yofen zeda naxevar sibrtyes, da yovel maTgans fizikuri Sinaarsi gaaCnia!
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I. – ubani  (x,t) ( I  marcxena talRa jer ar misula ( u(x,t)=0;


II. – ubani  (x,t) ( II   amonaxsns mxolod marcxena talRa gansazRvravs; 


III. – ubani  (x,t) ( III   marjvena da marcxena talRebi aq ukve aRar mova ( u(x,t)=0;


IV. – ubani  (x,t) ( IV  amonaxsns mxolod marjvena talRa gansazRvravs;

V. – ubani  (x,t) ( V  marjvena talRa jer ar misula ( u(x,t)=0;


VI. – ubani  (x,t) ( VI  “maxasiaTebeli samkuTxedi” - amonaxsns orive - marjvena da marcxena talRa gansazRvravs;

III. maxasiaTebeli samkuTxedi   MPQ

ganvixiloT fiqsirebuli wertili (x0,t0) da am wertilidan “gamouSvaT” ori sxvadasxva ojaxis warmomadgeneli maxasiaTebeli. isini 0X RerZs gadakveTen Sesabamisad P da Q wertilebSi da radgan g(x-at)  “marcxena” talRa mudmiv mniSvnelobas inarCunebs x-at = const. maxasiaTeblis gaswvriv, xolo f(x+at)  “marjvena” talRa mudmiv mniSvnelobas inarCunebs x+at = const. 
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maxasiaTeblis gaswvriv! talRis sidides M(x0,t0) wertilSi gansazRvraven mxolod P da Q wertilebSi sawyisi gadaxrebi! 
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PQ intervalis gareT mocemuli sawyisi monacemebi zegavlenas ar axdenen M wertilSi talRis sidideze.   


IV. araerTgvarovani gantoleba  iZulebiTi rxeva

ipovneT 
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gantolebis amonaxsni u(x,t) , romelic akmayofilebs mocemul 
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sawyis pirobebs (koSis monacemebi)!?

damxmare amocana – funqcia 
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gantolebis amonaxsni Semdegi sawyisi pirobebiT 
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dalamberis formulis Tanaxmad aris 



[image: image41.wmf](


)


(


)


(


)


(


)


(


)


x


t


x


t


t


t


t


t


d


f


t


x


w


t


x


t


a


x


t


a


x


f


f


ò


-


+


-


-


=


-


=


,


2


1


;


,


;


,




advili Sesamowmebelia, rom (2.1.9) dalamberis formula SesaZloa gadavweroT Semdegi saxiT  
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sadac
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           (2.2.5) (2.2.6)

arian (2.2.3) - (2.2.4) amocaniebis amonaxsnebi, rodesac ( = 0 da Sesabamisad  f = (  an  f = ( . 


lema. erTgvarovani (2.2.1) - (2.2.2) amocanis amonaxsnia  
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damtkiceba. (2.2.7) gamosaxulebis gawarmoeba da (2.2.4) pirobebis gaTvaliswineba aCvenebs, rom: 
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rac amtkicebs lemis debulebas!


Sesabamisad samarTliania Semdegi 


Teorema. araerTgvarovani (2.2.1) - (2.2.2) amocanis amonaxsnia 
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anu 
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V. naxevradusasrulo simis Tavisufali rxeva


· ipovneT 
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gantolebis amonaxsni u(x,t) (dalamberis forma), romelic akmayofilebs mocemul 
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sawyis pirobebsa (koSis monacemebi) da erTerT sasazRvro pirobas!?



[image: image55.wmf](


)


(


)


0


,


0


>


=


t


t


t


u


m


             (bolo marTvadia)            (2.3.3)
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         (bolo Tavisufalia)            (2.3.5)


damxmare lema 1: Tu ((x) da ((x) kenti funqciebia x0  wertilis mimarT,  maSin dasmuli amocanis amonaxsni nulis tolia am wertilSi drois nebismier momentSi (es wertili uZravia!)


damtkiceba lema 1: zogadobis SenarCunebiT dauSvaT x0 0! da am SemTxvevaSi ((x) da ((x)) kenti funqciebia saTavis mimarT,  anu
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da Sesabamisad (2.1.11) formulaSi
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damxmare lema 2: Tu ((x) da ((x) luwi funqciebia x0  wertilis mimarT,  maSin dasmuli amocanis amonaxsnis warmoebuli x argumentiT nulis tolia am wertilSi (anu “bolo Tavisufalia”!)


damtkiceba lema 2: zogadobis SenarCunebiT dauSvaT x0  0! da am SemTxvevaSi ((x) da ((x) luwi funqciebia saTavis mimarT,  anu
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damxmare lemebis Sedegebi samarTliania nebismieri fuqciebisaTvis romelTa warmodgena SesaZlebelia dalamberis formulis saSualebiT, amitom SesaZlebelia Semdegi amocanebis Seswavla: 1. “amocana dabmuli boloTi”!


dasmuli (2.3.1), (2.3.2) , (2.3.4) amocanis magivrad  SegviZlia ganvixiloT “saxecvlili amocana” (2.1.1), (2.1.2) warmosaxviTi usasrulo simisaTvis da sawyisi monacemebi kenti funqciebi “aviRoT”. 
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Semdeg dalamberis formulis gamoyenebiT, damxmare lema 1-isa da gamoTvlebis Sedegad davinaxavT, rom sawyisi amocanis amonaxsns aqvs saxe 
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2. “amocana Tavisufali boloTi”! dasmuli (2.3.1), (2.3.2) , (2.3.5) amocanis magivrad  SegviZlia ganvixiloT “saxecvlili amocana” (2.1.1), (2.1.2) warmosaxviTi usasrulo simisaTvis da sawyisi monacemebi luwi funqciebi “aviRoT”.
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Semdeg dalamberis formulis gamoyenebiT, damxmare lema 2-isa da gamoTvlebis Sedegad davinaxavT, rom sawyisi amocanis amonaxsns aqvs saxe
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Tema 3


cvladTa gancaleba
furies meTodi

fizikuri amocana:  - sasruli sigrZis simis Tavisufali ganivi rxeva romlis boloebi uZravia 


koSis amocana simis Tavisufali ganivi rxevis gantolebisaTvis
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sawyisi pirobebi      
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sasazRvro  pirobebi              
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 amonaxsni veZeboT cvladTa gancalebis meTodiT! 


anu (2.4.1) – (2.4.3) amocanis amonaxsni veZeboT rogorc:

1. ori erTi cvladis funqciis namravli 
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2. amonaxsni igivurad nuli ar aris – anu   X(x)T(t)( 0! 

a. Tavdapirvelad gamosaxuleba (2.4.4) CavsvaT (2.4.1) gantolebaSi 



[image: image7.wmf](


)


(


)


(


)


)


(


1


2


t


T


x


X


a


t


T


x


X


¢


¢


=


¢


¢


                                            (2.4.5)


radgan amonaxsni igivurad nuli araa 
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  da Sesabamisad 
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(2.4.6) tolobis marjvena mxares mdgari funqcia mxolod droiT argumentzea damokidebuli, xolo marcxena sivrciT argumentze, gamodis, rom tolobis orive mxares mudmivi ricxvia! 
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warmodgenili toloba iSleba or Cveulebriv diferencialur gantolebad 
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(2.4.3) sasazRvro pirobebidan gamomdinare SesaZlebelia davweroT 
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da radgan amonaxsni ar SeiZleba iyos igivurad nuli Sesabamisad agili aqvs Semdeg sawyisi  pirobebs
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Sturmi – liuvilis amocana – vipovoT iseTi namdvili (kompleqsuri)  λ  rixvebi (sakuTrivi ricxvebi) romlisTvisac 
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(2.4.9) amocanas aratrivialuri amonaxsnebi gaaCnia Sesabamisad amovweroT amonaxsnebi (sakuTrivi funqciebi). 



advili dasanaxia, rom cnobili ( ricxvisaTvis amocana (2.4.9) trivialuria da Sesabamisad gasarCevia 3 SemTxveva: 



SemTxveva rodesac λ=0 -  Cveulebrivi diferencialur gantolebaTa kursidan cnobilia, rom 
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gantolebis amonaxsnia 
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funqcia da Sesabamisad (2.4.8) sawyisi pirobebis gaTvaliswinebiT miviRebT rom orive mudmivi C1 da C2  nulis tolia Sesabamisad amonaxni trivialuria es arc Sturmi-liuvilis amocanas ar Tavidan dasmul amocanas ar “gamoadgeba” – amonaxsni ar SeiZleba iyos igivurad nuli!



SemTxveva rodesac λ<0 -  Cveulebrivi diferencialur gantolebaTa kursidan cnobilia, rom Tu maxasiaTebel gantolebas ori namdvili fesvi aqvs, maSin gantolebis amonaxsnia funqcia 
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anu unda moiZebnos (2.4.11) gamosaxulebaSi C1 da C2  mudmivebis mniSvneloba (2.4.9) amocanis sawyisi mniSvnelobebis gaTvaliswinebiT? 

(2.4.8) pirveli sawyisi pirobidan Cans, rom C1 = - C2  da Sesabamisad meore piroba 
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sruldeba mxolod maSin rodesac mudmivi C  nulis tolia, rac SeuZlebelia! anu sakuTrivi ricxvi ar SeiZleba iyos uaryofiTi!



SemTxveva rodesac λ>0 -  Cveulebrivi diferencialur gantolebaTa kursidan cnobilia, rom Tu maxasiaTebel gantolebas kopleqsuri fesvi aqvs, maSin gantolebis amonaxsnia funqcia
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moiZebnos (2.4.12) gamosaxulebaSi C1 da C2  mudmivebis mniSvneloba (2.4.9) amocanis sawyisi mniSvnelobebis gaTvaliswinebiT? 

(2.4.8) pirveli sawyisi pirobidan Cans, rom
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da Sesabamisad meore piroba gvaZlevs
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radgan  mudmivi C2 (0 (maSin amonaxsni trivialuri iqneba) rceba SemTxveva rodesac sakuTrivi ricxvebi Semdegi gantolebis amonaxsnebia  
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sakuTrivi ricxvebia            
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sakuTrivi funqciebia          
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Sesabamisad (2.4.9) amocanis aratrivialuri (aranulovani) amonaxsni SesaZlebelia mxolod da mxolod maSin Tu sakuTrivi ( ricxvebi dadebiTni arian da metic maT gaaCniaT (2.4.13) saxe. Xn(x) sakuTrivi funqciebi (2.4.14) arsebobs nebismieri naturaluri n ricxvisaTvis! 


zogadi amonaxsni



(2.4.13) sakutrivi ricxvebis semTxvevaSi azri aqvs ganvixiloT (2.1.7) –is meore gantoleba (danarCen SemTxvevaSi saZiebeli amocanis amonaxsni trivialuria). am konkretul SemtxvevaSi amonaxsns gaaCnia semdegi saxe 
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gantolebis sakuTrivi ricxvebisa da funqciebis usasrulo raodenobidan gmomdinare SegviZlia davaskvnmaT, rom nebismieri naturaluri n ricxvisTvisaTvis  funqcia 
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(2.4.1) gantolebis amonaxsnia rodesac marjvena mxare nulis tolia! Tanac akmayofileba (2.4.3) sasazRvro pirobebs!


anu wrfivobidan gamomdinare (2.4.1)-(2.4.3) sawyis sasazRvro amocanis amonaxsni unda veZeboT 
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mwkrivis saxiT.


furies mwkrivebi
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sadac  (koeficientebi)
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namdvili mocemul intervalze integrebadi  F(x)  funqciis furies mwkrivi krebadia “misken”:


·  Tanabrad, Tu is uwyvetia da SemosazRvruli variaciisaa yovel qveintervalze 


·  0,5[F(x+0)+F(x-0)]-sken yovel qveintervalze sadac funqcia da misi pirveli warmoebuli uban-uban uwyvetia, an akmayofilebs Jordanis pirobas (aqvs sasruli variacia)


Tu am pirobebs akmayofileben dasmuli amocanis koSis monacemebvi (2.4.2) maSin SesaZlebelia davweroT erTis mxriv rom 
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magram (2.4.2) sawyisi pirobebis Tanaxmad 
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Sesabamisad ori mwkrivis wevrwevrad Sedarebisas cxadia, rom Sesabamisi koeficientebi identuria anu 
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Sesabamisad (2.4.1)-(2.4.3) amocanis amonaxsni ganisazRvreba rogorc usasrulo mwkrivi – da Tu es mwkrivi ganSladia an Sesabamis funqcias ar gaaCnia warmoebuli maSin is mainc ver iqneba dasmuli amocanis amonaxsni!!!!! mwkrivis koeficientebi calsaxad ganisawRvreba sawyisi monacemebis furie koeficientebiT!

amonaxnis fizikuri interpretacia


mdgari talRa

(2.4.1)-(2.4.3) amocanis (2.4.16) amonaxsnis erTi SexedviT umartivesi gardaqmna, anu sxvanairad Cawera
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      (2.5. 1)


sadac 
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      da   
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                                                     (2.5. 3)

iZleva saSualebas vTqvaT, rom Sesaswavli simis yoveli fiqsirebuli x0   wertili  asrulebs   (2.5. 1)  harmoniul rxevas TavisaTvis damaxasiaTebeli amplitudiT
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  amplituda                  
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                                                    (2.5. 4) 


kvanZebi – amplituda nolia!          x = ml/n (m=1,2,. . ., n-1 )          (2.5. 4)


gadaxra maqsimaluria         x = (2m+1)l/2n (m=1,2,. . ., n-1 )               (2.5. 5)


SeniSvna: 1. drois im t momentSi rodesac cos(n(t+(n) = (1 simis gadaxra maqsimaluria xolo misi myisieri siCqare nulis tolia;


2. drois im t momentSi rodesac cos(n(t+(n) = 0 simis gadaxra minimaluria, xolo misi myisieri siCqare maqsimaluri;


3. simis yvela wertilis rxevis sixSire erTnairia da maT simis rxevis n-uri sakuTrivi sixSireebi ewodebaT: 


(n= a(n/l                                                     (2.5. 7)

3a. ganivi rxevis SemTxvevaSi n-uri sakuTrivi sixSireebis saxea
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                                                 (2.5. 8)


rxeva – mdgari talRebis “jami”


Cveulebrivad simis rxeva aRiqmeba, rogorc im mdgari talRebis –“mativi tonebi”-s  superpozicia – “zeddeba”, romlebic Sedian amonaxsnSi!


aseTi “daSla” ar aris mxolod abstraqtuli maTematikuri meTodis Sedegi!


  “mativi tonebi”-s miReba SesaZlebelia rezonatorebis saSualebiT! 


 “tonis simaRle”- damokidebulia misi ganmsazRvreli rxevis sixSireze;


 “tonis Zala”-s gansazRvravs misi Sesabamisi energia (amplituda);


  garkveuli fizikuri monacemebis mqone sims gaaCnia yvelaze “dabali toni” – “ZiriTadi toni” !


 danarCen tonebs “obertonebi” ewodeba!


 gamocemuli xmis “tembri” ganisazRvreba obertonebisa da maTi Sesabamisi harmonikebis energiebis ganawilebiT! 
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 Ziritadi toni da tembri ganisazRvreba rxevis gamomwvevi  saSualebebiT anu (2.4.20) da (2.4.21)


  Tu rxevis procesSi myof sims SevexebiT zustad Sua wertilSi – maSin misi xma mkveTrad Seicvleba (oqtavaSia tavis tonTan). es meTodi xSirad gamoiyeneba violinoze, gitaraze da sxva simebian sakravebze dakvrisas – mas “flaJoleti” ewodeba!


      mecnierulad es umartivesi gasagebia -  SevexeT ra Sua wertils “CavaqreT” yvela mdgari talra, romelsac am wertilSi ar gaaCnia kvanZi! anu rxevaSi ((2.4.16) amonaxsnSi) darCa mxolod luwi harmonikebi da maT Soris umdablesi axla (2  sixSirea! 


 Tu SevexebiT sims sigrZis “1/3 – ze” maSin Ziritadi toni gaizrdeba samjer! daCeba mxolod “samis jeradi” harmonikebi 


mersenis kanonebi


1. erTnairi simkvrivisa da erTnairi daWimulobis simis rxevis periodi misi sigrZis proporciulia!


2.  mocemuli sigrZis simebisaTvis rxevis periodi daWimulobidan kvadratuli fesvis ukuproporciulia!


3.  mocemuli sigrZisa da daWimulobis simebisaTvis rxevis periodi wrfivi simkvrivis kvadratuli fesvis proporciulia!


marTkuTxedis formis membranis Tavisufali rxeva



XOY sibrtyeSi Zevs marTkuTxedis formis membrana (Txeli usisqo drekadi masala) misi wonasworuli mdgomareobidan gadaxris maCvenebelia saZiebeli funqcia 
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                         (1.3. 4*)


u(t,0,y)= u(t,l,y)= u(t,x,0)= u(t,x,l)= 0                            (2.5. 10)


u(0,x,y) = ( (x,y)

    da   u,t(0,x,y) = ( (x,y)

                            (2.5. 11)


(1.3.4*),(2.5.10), (2.5.11) amocanis amonaxsni veZeboT rogorc: 


u(t,x,y)= X(x)Y(y)T(t)                                             (2.5.9)

1.  sami erTi cvladis funqciis namravli (2.5.9);


2.  amonaxsni igivurad nuli ar aris – X(x)Y(y)T(t)(0
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CavsvaT (2.5.9) gamosaxuleba gantolebaSi da Semdeg toloba gavyoT am gamosaxulebaze. Tu CavatarebT simis “analogiur” msjelobas 


X''(x)+(2X(x)= 0                  (2.5.12)                 X(0)= X(l)=0                         (2.5.13)


Y''(y)+( 2Y(y)= 0                (2.5.12*)                Y(0)= Y(m)=0                     (2.5.13*)


T''(t)+a2((2+(2)T(t) = 0                                        (2.5.12**)


sakuTrivi ricxvebi

(k= (k(/l)                   da                      (n = (n(/m)                             (2.5.14)

sakuTrivi funqciebi


Xk(x)=sin(k(x/l)               da                   Yn(x)=sin(n(y/m)                     (2.5.15)


membranis rxevis sakuTrivi sixSireebi


(2k,n= (2a2[(k/l)2+(n/m)2]                                        (2.5.16)


membranis sakuTrivi rxevebi


uk,n(x,y,t)= sin(k(x/l) sin(n(y/m) [ak,ncos ((2k,n t) + bk,nsin ((2k,n t)] 

            (2.5.17)


amonaxsni Tu krebadia mwkrivi
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membranis yoveli (x,y) wertili asrulebs martiv harmoniul rxevas, romlis amplituda da sixSire (2.5.17) formuliT moicema! ZiriTadi tonia (2.5.16) Tu k=n=1
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                         (1.3. 4*)


u(0, r,() =( (r)               da          u,t(0, r,() = ( (r)

               (2.5. 18)

u(t,x,y)|r = R = 0                                             

 (2.5. 19)


wriuli membranis SemTxvevaSi (1.3.4) gantolebis amonaxsni Camagrebuli kidiTa da mxolod radiusze damokidebuli sawyisi pirobebiT veZeboT rogorc:  


u(t,r,()= R(r)((()T(t)                                                    (2.5.20)

1.    ori erTi cvladis funqciis namravli (2.5.20);


2.    amonaxsni igivurad nuli ar aris – R(r) T(t) (0


3.    sakuTrivi ricxvebisa da sakuTrivi funqciebis povna dadis beselis funqciebis fesvebis povnaze anu 


R''(r)+r-1 R'(r)+ (2 R'(r) = 0


sakuTrivi ricxvebi

(k= (kR-1


sakuTrivi funqciebi


R(r)=J0((kr)


membranis sakuTrivi rxevebi


uk,n(x,y,t)= [akcos ((k a t) + bksin ((k a t)]J0((kr)
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Tema 4


paraboluri tipis gantolebebi

sasruli sigrZis simisSi siTbos wrfivi gavrceleba

furies kanoni: Tu sxeulis temperatura araTanabaria,masSi warmoiqmneba siTburi nakadebi, romlebic mimarTulni arian ubnebidan sadac temperatura maRalia ubnebisaken sadac temperatura gabalia! 

fizikuri amocana:  - simSi siTbos wrfivi ganawileba (difuzia)!

saZiebeli funqcia u(x,t) – tempetarura simis  x wertilSi da t momentSi; 

marjvena mxare f(x,t) – simis x wertilSi da t momentSi garedan miwodebuli an warTmeuli temperatura!
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marjvena mxare  f(x,t)=0  -  sims garedan damatebiT temperatura arc miewodeba da arc akldeba!


sawyisi piroba (temperaturis sawyisi ganawileba)   
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sasazRvro pirobebi  (temperatura boloebze)
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erTgvarovani sasazRvro pirobebi -  simis boloebze: x=0 da x=l wrtilebSi drois yovel mocemul t momentSi uzrunvelyofilia Sesabamisad nulovani temperatura!? 


amocana - erTgvarovani simisaTvis siTbos wrfivi gavrcelebis amocana


boloebze erTgvarovani sasazRvro pirobebia- !


anu 
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                                                (3.1.1*)


marjvena mxare  f(x,t)=0  -  sims garedan damatebiT temperatura arc miewodeba da arc akldeba!


sawyisi piroba (temperaturis sawyisi ganawileba)   
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sasazRvro pirobebi  (temperatura boloebze)
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amonaxsni veZeboT cvladTa gancalebis meTodiT!


anu (3.1.1*) – (3.1.3*) amocanis amonaxsni veZeboT rogorc:

1. ori erTi cvladis funqciis namravli 
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                                             (3.1.4);   

2. amonaxsni igivurad nuli ar aris – anu   X(x)T(t)( 0! 

a. Tavdapirvelad gamosaxuleba (3.1.4) CavsvaT (3.1.1*) gantolebaSi 



[image: image10.wmf](


)


(


)


(


)


)


(


1


2


t


T


x


X


a


t


T


x


X


¢


=


¢


¢


                                            (3.1.5)


radgan amonaxsni igivurad nuli araa 
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  da Sesabamisad 
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(3.1.6) tolobis marjvena mxares mdgari funqcia mxolod droiT argumentzea damokidebuli, xolo marcxena sivrciT argumentze, gamodis, rom tolobis orive mxares mudmivi ricxvia! 
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warmodgenili toloba iSleba or Cveulebriv diferencialur gantolebad 
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(3.1.3*) sasazRvro pirobebidan gamomdinare SesaZlebelia davweroT 
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da radgan amonaxsni ar SeiZleba iyos igivurad nuli Sesabamisad agili aqvs Semdeg sawyisi  pirobebs
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(situacia analogiuria simis rxevis gantolebis SemTxvevisa Tema_2_2)


Sturmi – liuvilis amocana – vipovoT iseTi namdvili (kompleqsuri)  λ  rixvebi (sakuTrivi ricxvebi) romlisTvisac 
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(2.4.9) amocanas aratrivialuri amonaxsnebi gaaCnia Sesabamisad amovweroT amonaxsnebi (sakuTrivi funqciebi). 



advili dasanaxia, rom cnobili ( ricxvisaTvis amocana (2.4.9) trivialuria da Sesabamisad gasarCevia 3 SemTxveva: 



SemTxveva rodesac λ=0 -  Cveulebrivi diferencialur gantolebaTa kursidan cnobilia, rom 
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gantolebis amonaxsnia 
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funqcia da Sesabamisad (2.4.8) sawyisi pirobebis gaTvaliswinebiT miviRebT rom orive mudmivi C1 da C2  nulis tolia Sesabamisad amonaxni trivialuria es arc Sturmi-liuvilis amocanas ar Tavidan dasmul amocanas ar “gamoadgeba” – amonaxsni ar SeiZleba iyos igivurad nuli!



SemTxveva rodesac λ<0 -  Cveulebrivi diferencialur gantolebaTa kursidan cnobilia, rom Tu maxasiaTebel gantolebas ori namdvili fesvi aqvs, maSin gantolebis amonaxsnia funqcia 
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                                            (2.4.11)

anu unda moiZebnos (2.4.11) gamosaxulebaSi C1 da C2  mudmivebis mniSvneloba (2.4.9) amocanis sawyisi mniSvnelobebis gaTvaliswinebiT? 

(2.4.8) pirveli sawyisi pirobidan Cans, rom C1 = - C2  da Sesabamisad meore piroba 
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sruldeba mxolod maSin rodesac mudmivi C  nulis tolia, rac SeuZlebelia! anu sakuTrivi ricxvi ar SeiZleba iyos uaryofiTi!



SemTxveva rodesac λ>0 -  Cveulebrivi diferencialur gantolebaTa kursidan cnobilia, rom Tu maxasiaTebel gantolebas kopleqsuri fesvi aqvs, maSin gantolebis amonaxsnia funqcia
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moiZebnos (2.4.12) gamosaxulebaSi C1 da C2  mudmivebis mniSvneloba (2.4.9) amocanis sawyisi mniSvnelobebis gaTvaliswinebiT? 

(2.4.8) pirveli sawyisi pirobidan Cans, rom




[image: image28.wmf](


)


0


0


1


0


1


2


1


=


=


×


+


×


=


C


C


C


X




da Sesabamisad meore piroba gvaZlevs
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radgan  mudmivi C2 (0 (maSin amonaxsni trivialuri iqneba) rceba SemTxveva rodesac sakuTrivi ricxvebi Semdegi gantolebis amonaxsnebia  
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sakuTrivi ricxvebia            
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sakuTrivi funqciebia          
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Sesabamisad (2.4.9) amocanis aratrivialuri (aranulovani) amonaxsni SesaZlebelia mxolod da mxolod maSin Tu sakuTrivi ( ricxvebi dadebiTni arian da metic maT gaaCniaT (2.4.13) saxe. Xn(x) sakuTrivi funqciebi (2.4.14) arsebobs nebismieri naturaluri n ricxvisaTvis! 


zogadi amonaxsni



(2.4.13) sakuTrivi ricxvebis semTxvevaSi azri aqvs ganvixiloT (2.1.7) –is meore gantoleba (danarCen SemTxvevaSi saZiebeli amocanis amonaxsni trivialuria). am konkretul SemtxvevaSi amonaxsns gaaCnia semdegi saxe 
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gantolebis sakuTrivi ricxvebisa da funqciebis usasrulo raodenobidan gmomdinare SegviZlia davaskvnmaT, rom nebismieri naturaluri n ricxvisTvisaTvis  funqcia 
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(3.1.1*) gantolebis amonaxsnia rodesac marjvena mxare nulis tolia! Tanac akmayofileba (3.1.3*) sasazRvro pirobebs!


anu wrfivobidan gamomdinare (3.1.1*)-(3.1.3*) sawyis sasazRvro amocanis amonaxsni unda veZeboT 
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                         (3.1.11)


mwkrivis saxiT.


furies mwkrivebi
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sadac  (koeficientebi)
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namdvili mocemul intervalze integrebadi  F(x)  funqciis furies mwkrivi krebadia “misken”:


·  Tanabrad, Tu is uwyvetia da SemosazRvruli variaciisaa yovel qveintervalze 


·  0,5[F(x+0)+F(x-0)]-sken yovel qveintervalze sadac funqcia da misi pirveli warmoebuli uban-uban uwyvetia, an akmayofilebs Jordanis pirobas (aqvs sasruli variacia)


Tu am pirobebs akmayofileben dasmuli amocanis koSis monacemebvi (2.4.2) maSin SesaZlebelia davweroT erTis mxriv rom 
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magram (2.4.2) sawyisi pirobebis Tanaxmad 
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Sesabamisad ori mwkrivis wevrwevrad Sedarebisas cxadia, rom Sesabamisi koeficientebi identuria anu 
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Sesabamisad (3.1.1*)-(3.1.3*) amocanis amonaxsni ganisazRvreba rogorc usasrulo mwkrivi – da Tu es mwkrivi ganSladia an Sesabamis funqcias ar gaaCnia warmoebuli maSin is mainc ver iqneba dasmuli amocanis amonaxsni!!!!! mwkrivis koeficientebi calsaxad ganisawRvreba sawyisi monacemebis furie koeficientebiT!
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(3.1.1*) - (3.1.3*) amocanis amonaxsni warmovadginoT “srulad” da SevcvaloT integrebisa da ajamvis  mimdevroba (es SesaZlevelia mwkrivis Tanabradkrebadobis gamo!). SemoviRoT aRniSvna: 


myisieri wertilovani wyaros funqcia
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Sesabamisad amonaxsni warmodgeba integraluri saxiT
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simSi siTbos wrfivi ganawileba (difuzia)
araerTgvarovani gantolebis SemTxveva
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marjvena mxare  f(x,t)=0  -  sims garedan damatebiT temperatura arc miewodeba da arc akldeba!


sawyisi piroba (temperaturis sawyisi ganawileba)   
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     (3.1.2*)


sasazRvro pirobebi  (temperatura boloebze)
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amonaxsni veZeboiT Semdegi saxiT 
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(3.2.4)  gamosaxuleba CavsvaT (3.1.1) gantolebaSi da gadavitanoT erT mxares
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(3.2.6) gamosaxuleba nulia Tu yvela koeficienti nulia!  anu 
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da (3.2.2.) pirobis Tanaxmad



[image: image56.wmf](


)


(


)


0


sin


0


0


,


1


=


=


å


¥


=


x


l


n


u


x


u


n


n


p


 ,            sadac  

[image: image57.wmf](


)


0


0


=


n


u


              (3.2.8)


(3.2.7.) Cveulebrivi diferencialuri gantolebisa da (3.2.8) sawyisi pirobis Sesabamisi amonaxsni 
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(3.2.9) gamosaxuleba iZleva imis safuZvels, rom 
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da (3.2.2.) pirobis Tanaxmad
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amonaxsni mwkrivis saxiT
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warmodgenili gantolebis amonaxsni SesaZlebelia CavweroT nwkrivis saxiT 
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rodesac ( nebismieri usasrulod gluvi funqciaa da mwkrivi da misi wevrwevrad orjer xi (i=1,…,n-1) da erTxel xn argumentebiT gawarmoebiT mirebuli mwkrivebi Tanabradkrebadni arian, maSin funqcia (3.2.12) warmoadgens (1.2.28) gantolebis amonaxsns! 

maqsimumis principi

Tu u(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da uwyveti funqciaa, romelic (3.1.1*) gantolebas akmayofilebs 0< x < l da 0 < t (  T wertilebSi, maSin is Tavis maqsimalur da minimalur mniSvnelobas aRwevs an sawyis momentSi (t=0) an sazRvris wertilebSi (x=0, x=l) 

fizikuri arsi 


Tu Reros SigniT ar arsebobs siTburi wyaro da sawyis momentSi an sazRvris wertilebSi tempereturis maCvenebeli ar aRemateba M  sidides, maSin Reros SigniT SeuZlebelia warmoiqmnas M- ze temperatura. 


damtkiceba: dauSvaT romelime Siga (x0,t0) wertilSi miiRweva ufro didi mniSveloba u(x0,t0)=M+(

Tu es asea da esaa maqsimaluri maSin droiT pirveli warmoebuli nulis tolia, xolo meore warmoebuli aradadebiTi, anu ver sruldeba toloba (3.1.1*). rCeba erTi SemTxveva rodesac yvelaferi nulia. SeiZleba moiZebnos wertili sadac toloba (3.1.1*) ar sruldeba! (ixile [4 T.III, $ 1, p.5 gv. 195])


erTaderTobis Teorema


Tu u1(x,t) da u2(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da uwyveti funqciebia, romlebic (3.1.1) gantolebas akmayofilebs 0< x < l da 0 < t (  T wertilebSi, sawyis momentSi (t=0) (3.1.2) da sazRvris wertilebSi (x=0, x=l) (3.1.3) pirobebs akmayofileben maSin isini igivurad tolni arian! 


damtkiceba: ganvixiloT sxvaoba


v(x,t) = u1(x,t) - u2(x,t) 


radgan orive fuqcia uwyvetia, maTi sxvaobac uwyvetia; gantoleba (3.1.1) wrfivia da Sesabamisad funqcia v(x,t) (3.1.1*) gantolebis amonaxsnia Tanac:


v(x,0) = 0;    v(0,t) = 0   da   v(l,t) = 0


maqsimumis principis Tanaxmad 


v(x,t) (0 


anu 


u1(x,t)  ( u2(x,t)

fizikuri arsi 


erTnair pirobebSi siTbos ganawileba sxvadasxvanairad ver moxdeba! 


Sedegi 1 maJoranta

Tu u1(x,t) da u2(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da uwyveti funqciebia, romlebic (3.1.1) gantolebas akmayofilebs 0< x < l da 0 < t ( T wertilebSi, sawyis momentSi (t=0) (3.3.2) da sazRvris wertilebSi (x=0, x=l) (3.3.1) erTi metia meoreze, maSin es utoloba samarTliania mTel marTkuTxedSi! 

anu Tu 


u1(0,t)  ( u2(0,t)     da         u1(l,t)  ( u2(l,t)             (3.3.1)


u1(x,0)  ( u2(x,0)                                          (3.3.2)


maSin

u1(x,t)  ( u2(x,t)                                          (3.3.3)

damtkiceba: ganvixiloT sxvaoba


v(x,t) = u2(x,t) – u1(x,t). 


gantoleba (3.1.1) wrfivia da Sesabamisad funqcia v(x,t) (3.1.1*) gantolebis amonaxsnia Tanac:


v(x,0) ( 0;    v(0,t) ( 0   da   v(l,t) ( 0


maqsimumis principis Tanaxmad 


v(x,t) ( 0 


anu mas ver eqneba uaryofiTi minimumi!


fizikuri arsi 



erTnair pirobebSi ufro cxeli ufro nela gacivdeba!

Sedegi 2

Tu u1(x,t) , u2(x,t) da u3(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da uwyveti funqciebia, romlebic (3.1.1) gantolebas akmayofilebs 0< x < l da 0 < t (  T wertilebSi, sawyis momentSi (t=0) (3.3.2*) da sazRvris wertilebSi (x=0, x=l) (3.3.1*) erTi metia meoreze, maSin es utoloba samarTliania mTel marTkuTxedSi! 


u1(x,t)  (  u2(x,t) (  u3(x,t)                            (3.3.3*)


Teorema 3.  uwyveti damokidebuleba

Tu u1(x,t) , u2(x,t) Caketil [0,l]X[0,T] marTkuTxedSi gansazRvruli da uwyveti funqciebia, romlebic (3.1.1) gantolebas akmayofilebs 0< x < l da 0 < t (  T wertilebSi, sawyis momentSi (t=0) da sazRvris wertilebSi (x=0, x=l) adgili aqvs Semdeg utolobas


|u1(0,t)  - u2(0,t) | (  (;   da    |u1(l,t)  - u2(l,t) | (  (            (3.3.4)

|u1(x,0)  - u2(x,0) | (  (                                  (3.3.4*)

maSin es utoloba mTel marTkutxedSi sruldeba

|u1(x,t)  - u2(x,t) | (  (                                  (3.3.5)

fizikuri arsi 



erTnair pirobebSi Tavidan mcire gansxvaveva merec mcirea!


maTematikuri arsi 


  amonaxsni uwyvetadaa damokidebuli sawyis da sasazRvro pirobebze!


 sawyis da sasazRvro pirobebis mcire SeSfoTeba amonaxsnis mcire SeSfoTebas iwvevs!


erTaderTobis Teorema

Tu u1(x,t) da u2(x,t)  mTel naxevarsivrceSi (-( < x < ( da  0 < t <()  wertilebSi gansazRvruli, uwyveti da SemosazRvruli funqciebia, romlebic (3.1.1*) gantolebas akmayofileben da sawyis momentSi (t=0) (3.3.6) tolni arian mTel RerZze, maSin isini igivurad tolni arian! 


damtkiceba: ganvixiloT sxvaoba  v(x,t) = u1(x,t) - u2(x,t) – is  (3.1.1*) gantolebis amonaxsnia, sawyisi piroba nulia  v(x,0) = 0 da Tanac mTel areSi SemosazRvrulia 


|v(x,t)| =| u1(x,t)| + | u2(x,t) | < 2M 


avagoT damxmare funqcia        


  V(x,t) = 4M(at2 + x2/2) / L2                                                      (3.3.7)


is uwyvetia, (3.1.1*) gantolebis amonaxsnia da Tanac


V(x,0) ( |v(x,0)| = 0,


V((L,t) ( 2M ( |v((L,t)|                                      (3.3.8)


SemosazRvrul areSi samarTliania maqsimumis principi:  

- 4M(at2 + x2/2) / L2 (  v(x,t) ( 4M(at2 + x2/2)

rodesac L ((maSin v(x,t) (0 !

erTgvarovani simisaTvis siTbos wrfivi gavrcelebis sxva amocanebi

II.   (3.1.1*), (3.1.2) da (3.1.3)a    da simis x=l  bolodan ((t) wesiT “organizebuli siTburi nakadia”, anu gaedineba (Seedineba)
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III.   (3.1.1*), (3.1.2) da (3.1.3)a    da simis x=l  bolo da garemo niutonis kanonis Sesabamisad ( (t) wesiT “awarmoebs siTbos gacvlas”!
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IV.   (3.1.1*), (3.1.2) da (3.1.3)a    da simis x=l  bolodan ( (t)  temperaturian garemoSi  bolcmanis kanonis Sesabamisad “warmoebs siTbos gamosxiveba”!
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V. erTgvarovani simisaTvis siTbos wrfivi gavrcelebis amocana sasazRvro pirobis gareSe - (3.1.1*), (3.1.2) simi Zalze grZelia da Sesabamisad sasazRvro pirobebis gavlena amonaxsnze Zalze umniSvneloa! maTematikuri amocana - simis boloebi “usasrulobaSia”!


VI. erTgvarovani simisaTvis siTbos wrfivi gavrcelebis amocana sawyisi pirobis gareSe – (3.1.1), (3.1.3)

“procesi” Zalze didi xania mimdinareobs da Sesabamisad sasawyisi pirobis gavlena amonaxsnze Zalze umniSvneloa! maTematikuri amocana - simis boloebze sasazRvro mxolod pirobebiT  vipovnoT SemosazRvruli amonaxsni! (magaliTad (3.1.3))


magaliTi: simi naxevrad usasruloa da boloze  ( (t)=Acos(t=Aei(t

amoxsna veZeboT rogorc 

u(x,t)=e(x+(t                                                           (3.4.3)


( = ( a-2 (  i ( a-2 
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am funqciis namdvili nawilia 
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mxolod minus niSniani amonaxsnia SemosazRvruli! 
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dedamiwa da siTburi perioduloba


dedamiwis zedapirze aSkarad gamokvetili perioduli, dReRamuri da wliuri perioduli siTburi zemoqmedeba daimzireba! 


amonaxsnis analizidan Cans, rom niadagSi:


1.  siRmis gazrdiT siTbos cvalebadobis amplituda eqsponencialurad mcirdeba, anu zedapiruli gavlena umniSvneloa! “Tu siRrme ariTmetikuli progresiiT  izrdeba – amplituda geometriuli progresiiT mcirdeba ” – furies pirveli kanoni!


2.   niadagSi temperaturuli cvlilebebi 
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3.   niadagSi siTbos SeRwevis siRrme damokidebulia zedapirze temperaturis cvlilebis periodze. ori sxvadasxva T1 da T2 periods sxvadasxva siRrme x1 da x2 Seesabameba, romlebzec erTnairi Termuli fardobiTi cvlileba xdeba; “rac ufro mcirea periodi miT ufro mcirea siRrme”– furies mesame kanoni! anu  
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amoxsna veZeboT rogorc                u(x,t)=X(x) e-i( t              (3.4.7)



[image: image73.wmf]0


2


=


+


¢


¢


X


a


i


X


w


                                                 (3.4.8)

X(0)=A,           X(l)=0                                                  (3.4.9)
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am funqciis namdvili nawilia 


u(x,t)=X1(x)cos ( t +iX2(x) sin ( t
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Tema 4-1.


laplasis gantoleba


harmoniuli funqciebi
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laplasis operatori - laplasiani
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harmoniuli funqciebi - laplasis gantoleba amonaxsnebi

niuton-leibnicis formula
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da nawilobiTi integraciis formula Tu  f(x) = u(x)v(x)
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stoqsis formula - nawilobiTi integraciis ganzogadeba nebismieri ganzomilebis mqone gluvi sazRvris mqone semosazRvruli arisaTvis 
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· n=1 - nawilobiTi integraciis formula; 

· n=2 – grinis  formula;

· n=3 – gaus-ostrogradskis formula.

ganvixiloT SemosazRvruli, gluvi ( are da masze gansazRvruli ori u(x) da v(x) “sakmarisad” gluvi funqcia. maSin stoqsis Teoremis Tanaxmad samarTliania Tanadoba (4.1.2). 
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                              (4.1.2)


Semdeg ganvixiloT u(x) funqciis meore rigis xi kerZo warmoebuli argumentiT (i=1,…,n) Sedegad toloba samarTliania nebismieri i–saTvis, amitom davweroT is yvela SesaZlo i nomrisaTvis da avjamoT, Semdeg SeucvaloT adgilebi u(x) da v(x) funqciebs da miviRebT


grinis I formulas
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grinis I formulis ori toloba (4.1.3) erTmaneTs gamovakloT  da miviRebT 


grinis II formulas
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                     (4.1.4)

naTelia Tu ratomaa aris ( aris sigluve moTxovnili! winaaRmdeg SemTxvevaSi gaugebaria (ver ganisazRvreba) normaliT warmoebuli sazRvris nebismier wertilSi!


sferul da evklidur koordinatTa sistema
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laplasis operatori – sferul koordimnatTa sistemaSi
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                  (4.1.5)


n-ganzomilebian sivrceSicaa SesaZlebeli amgvari gadasvla da sainteresoa rom calkea SesaZlebeli gamoiyos operatoris nawili, romelic mxolod radiuszea damokidebuli!
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Zalze saintereso Tvisebebi gaaCnia laplasis gantolebis sferul-simetriul amonaxsnebs! anu amonaxsnebs, romlebic mxolod radiusze anu manZilze arian damokidebulni! 


amgvari amonaxsnebi Cveulebrivi (4.1.5*)  diferencialuri gantolebis amonaxsnebs warmoadgenen. uSualo SemowmebiT SesaZlebelia davrwmundeT, rom warmodgenil Cveulebrivi diferencialuri gantolebis amonaxsnebs warmoadgenen Semdegi saxis funqciebi
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sadac    
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fundamenturi amonaxsni


martivi SesamCnevia, rom (4.1.6) funqciebi yvelgan harmoniulni arian garda x = x0  wertilisa. am wertilSi es funqcia “gansazRvrulic” ki ar aris.


funqcia  E3(x ,x0 )  harmoniulia ((3E3(x ,x0 ) = 0) yvelgan, garda x = x0  wertilisa, sadac is xdeba usasruloba. mudmivi mamravlis sizustiT is emTxveva wertilovani e muxtis vels, rodesac es muxti x0  wertilSia moTavsebuli. am velis potenciali e / r ( e / |x- x0 | -is tolia.



funqcia  E2(x ,x0 )  harmoniulia ((2E2(x ,x0 ) = 0) yvelgan garda x = x0  wertilisa, sadac is xdeba usasruloba. mudmivi mamravlis sizustiT is emTxveva cilindris damuxtuli RerZis e  muxtis vels, romlis potenciali 2e ln (|x- x0 |-1) -is tolia, sadac e – sigrZis erTeulze gadaTvlili muxtis simkvrivea! 


funqciis warmodgena potencialebis saSualebiT


dauSvaT u(x)(C2(().  ( aridan amovWraT Q (x0, () birTvi (x0 – centri, (-radiusi), Sesabamisad S (x0, () – sferoa. 
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 areSi davweroT grinis meore formula (4.1.4), sadac erTi funqcia aris fundamenturi amonaxsni anu E3(x , x0 ) (gansakuTrebuloba mocilebulia) , xolo meore mocemuli u(x) funqciaa.  



davweroT grinis meore formula, sadac v(x)(  E3(x , x0 ) areSi (4.1.4) grinis meore formulis Tanaxmad samarTliania Semdegi toloba 
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sadac ( - aris erTeulovani gare normalia, xolo (’ – masSi efsilon radiusis mqone sferos Siga (zogadad arisaTvis gare) erTeulovani normalia! 


SevafasoT tolobis marjvena mxaris mesame wevri, anu 
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sadac C1 - ar aris damokidebuli ( sidideze. 
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Sesabamisad es wevri “qreba”!

uSualo gamoTvlidan Cans, rom sferoze wertilebSi samarTliania toloba
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saSualo mniSvnelobis Teoremis Tanaxmad 
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Sesabamisad efsilonisagan miuxedavad  
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Sesabamisad Tu gaviTvaliseinebT imasac, rom E3(x , x0 ) harmoniulia da mivaswrafebT efsilons nulisaken miviRebT, rom nebismieri u(x)(C2(() funqciis mniSvneloba x0 wertilSi SesaZlebelia warmovadginoT Semdegi saxiT  
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es  formula iZleva saSualebas warmovadginoT harmoniuli funqcia aris nebismier Siga x0  wertilSi aris sazRvarze misi mniSvnelobisa da misi  normaliT warmoebulis mniSvnelobis saSualebiT!  
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Sesabamisad Tu cnobilia, rom mocemuli u(x)(C2(() funqcia puasonis gantolebis
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amonaxsnia, maSin  misi mniSvneloba x0 wertilSi SesaZlebelia warmovadginoT Semdegi saxiT  
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es  formula iZleva saSualebas warmovadginoT funqcia aris nebismier Siga x0  wertilSi aris sazRvarze misi mniSvnelobisa da misi  normaliT warmoebulis mniSvnelobisa da mocemuli f(x) funqciis  saSualebiT! 

moculobiTi potenciali niutonis potenciali
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amgvari saxis gamosaxulebas moculobiTi potenciali an niutonis potenciali ewodeba! 


A0(x) – potencialis simkvrivea!@


A0(x) simkvrivis mqone sivrceSi ganawilebuli masebis an muxtebis mier Seqmnili  niutonis an kulonis potenciali!@

u0(x*) funqcia harmoniulia yvelgan x*(Rn \ (, yoveli x0(Rn \ (, rodesac A0(x) (C(() 

martivi fenis potenciali
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amgvari saxis gamosaxulebas martivi fenis potenciali ewodeba!


A1(x) – potencialis simkvrivea!@



A1(x) simkvrivis mqone zedapirze ganawilebuli masebis an muxtebis mier Seqmnili  niutonis an kulonis potenciali!@

u1(x*) funqcia harmoniulia yvelgan x*(Rn \ (( yoveli x0(Rn \ ((, rodesac A1(x) (C((().


ormagi fenis potenciali
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amgvari saxis gamosaxulebas ormagi fenis potenciali ewodeba! 


A2(x) – momentis simkvrivea!@


u2(x*) funqcia harmoniulia yvelgan x*(Rn \ (( yoveli x0(Rn \ ((, rodesac A2(x) (C((().

I sasazRvro amocana -  dirixles amocana
laplasis gantolebisaTvis 


Johann Peter Gustav Lejeune Dirichlet (1805-1859)

ipoveT harmoniuli ( areSi 
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 klasis funqcia Tu mocemulia misi mniSvneloba (( sazRvarze;

sadac ((x) uwyveti funqciaa (( sazRvarze!
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II sasazRvro amocana -  neimanis amocana
 laplasis gantolebisaTvis

Carl Gottfried Neumann (1832 - 1925)


ipoveT harmoniuli ( areSi 
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 klasis funqcia Tu mocemulia misi (( sazRvaris yovel wertilSi normalis mimarTulebiT warmoebulis mniSvneloba?

sadac ((x) uwyveti funqciaa ((-ze
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III sasazRvro amocana -  robenis amocana
 laplasis gantolebisaTvis


Victor Gustave Robin (1855-1897)

ipoveT harmoniuli ( areSi 
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 klasis funqcia Tu mocemulia misi ((sazRvaris yovel wertilSi gamosaxuleba (6.2. 3) sadac ((x) da ((x) mocemuli funqciebia. 

sadac ((x) uwyveti funqciaa ((-ze
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IIIa sasazRvro amocana  -  Sereuli amocana


kerZo SemTxveva

Vladimir Andreevich Steklov        1864 –1926


ipoveT harmoniuli ( areSi 
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 klasis funqcia Tu mocemulia misi ((1 sazRvaris nawilis yovel wertilSi funqciis, xolo ((2 nawilze mimarTulebiT warmoebulis mniSvnelobebi

 sadac ((x) uwyveti funqciaa (-ze
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gausis Teorema siTburi nakadis Sesaxeb - Tu u(x) harmoniuli ( areSi C2(() klasis funqciaa da aris sazRvari ( sakmarisad gluvia, maSin 
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damtkiceba - davweroT grinis meore formula (4.1.4), sadac u(x) mocemuli harmoniuli funqciaa, xolo v(x)(1 maSin tolobaSi semavali oTxi wevrisagan rCeba erTi danarCenis nulia, Sesabamisad Teorema damtkicebulia!


Teoremis fizikuri arsi I

 Tu u(x) harmoniulia - erTgvarovan izotropul garemoSi temperaturis stacionaruli ganawilebaa!  (4.3.1) - mudmivi mamravlis sizustiT (( sazRvarze ( normalis mimarTulebiT gadadinebuli siTbos nakadis gamosaxulebaa 

Teoremis fizikuri arsi imaSia, rom erTgvarovan izotropul garemoSi temperaturis stacionaruli ganawilebisas 

((sazRvarze ( normalis mimarTulebiT gadadinebuliuli siTbos nakadi nulis tolia!


piriqiTa Teorema** - (aris yovel Caketil konturze (zedapirze) u(x) funqciisaTvis sruldeba (4.3.1) toloba, maSin u(x) harmoniulia!!! 

SeniSvna 1


Tu Q(x)  erTmaneTSi Calagebuli birTvebia ( areSi, maSin (4.3.1)-is YTanaxmad E(x , x0) - funqciisaTvis Q(x) \ Q(x) – areSi
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                                            (4.3.2)

es niSnavs, rom x0 –SesaZlebelia ganxilul iqnes rogorc siTbos gamocemis wyaro erTgvarovan izotropul garemoSi E(x , x0)  temperaturis ganawilebiT, romlis jamurad gamoscemuli temperaturis raodenoba erTia anu 
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saSualo mniSvnelobis Teorema sferoze II


birTvSi harmoniuli funqcia Tu uwyvetia am birTvSi misi sazRvris CaTvliT. maSin centrSi misi mniSvneloba sferoze misi mniSvnelobebis saSualo ariTmetikulia ((n-erTeulovani sferos zedapiris farTobia) ; anu 
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damtkiceba: amonaxsnis warmodgenis formula (4.1.9) rodesac ( birTvia R radiusiTa da centiT x0 –wertilSi!   
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sferoze ( radiusiTa da centiT x0 –wertilSi, meore wevri
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meores mxriv SevniSnav ra , rom sferoze ( radiusiTa da centiT x0 –wertilSi



[image: image71.wmf](


)


n


n


x


x


E


w


r


n


-


=


¢


¶


¶


1


0


,




da 



[image: image72.wmf](


)


(


)


ò


-


=


0


1


0


1


x


S


n


n


d


x


u


x


u


r


s


r


w


                                                (4.3.5)

piriqiTa Teorema** - Tu aris yoveli Siga wertilSi u(x) funqciisaTvis sruldeba (4.3.4) toloba, maSin u(x) harmoniulia!!! 

saSualo mniSvnelobis Teorema birTvze III

birTvSi harmoniuli funqcia Tu uwyvetia am birTvSi misi sazRvris CaTvliT. maSin centrSi misi mniSvneloba sferoze misi mniSvnelobebis saSualo ariTmetikulia ((n-erTeulovani sferos moculobaa) ; anu 
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                                                 (4.3.6)

damtkiceba: gavamravloT toloba (6.3.5) (n(n-1-ze da vaintegroT nulidan R-mde, miviRebT rom
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radgan
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piriqiTa Teorema** - aris yoveli Siga wertilSi u(x) funqciisaTvis sruldeba (4.3.7) toloba, maSin u(x) harmoniulia!!! 

saSualo mniSvnelobis zogadi Teorema birTvze IV

birTvSi harmoniuli funqcia Tu uwyvetia am birTvSi misi sazRvris CaTvliT, xolo ((() uwyveti funqciaa  0 ((( R  monakveTze da Tu 
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damtkiceba: (4.3.4) toloba gavamravloT (n (n-1((() – ze da vaintegroT      0 ((( R    monakveTze.  
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SeniSvna II.  gasaSualoebis birTvi 

Tu (( ( ( da manZili (( -is nebismieri wertilidan aris (( sazRvramde (. maSin (( areSi am harmoniuli funqciis saSualo uh(x) funqcia rodesac h < ( emTxveva anu samarTliania toloba 
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sadac:

1.  ( h(x) (C((Rn) , h > 0;

2.  ( h(x)=0,  |x|>h;


3. ( h(x) (0, x ( Rn; 


4. 
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uh(x)  (u(x),  rodesac  h(0

harmoniuli funqcia nebismieri ( aris Siga wertilSi usasrulod gluvia! anu mas nebismieri rigis warmoebuli gaaCnia! 

maqsimumis principi VI

areSi harmoniuli funqcia Tu uwyvetia am areSi misi sazRvris CaTvliT da Tu M  am funqciis maqsimumia; maSin Tu es mniSvneloba aris Sida wertilSi (u(x0)=M, x0( (() miiRweva es funqcia igivurad mudmivia anu (u(x) (M, (x( ()! 

damtkiceba: x0- wertiliT centrSi aviRoT birTvi radiusiT R, ise rom is srulad moTavsdes areSi. am birTvSi avarCioT wertili x’-iseTi, rom u(x’)(M (winaRmdeg SemTxvevaSi funqcia am birTvSi mudmivis da msjelobas sxva wertilidan gavagrZelebT! ). Sedegad gamodis, rom arsebobs ( > 0 ricxvi da birTvi centriT x’-wertilSi radiusiT (>0 , romlis x wertilebisaTvis elTaTvisac u(x)< u(x0)- ( . maSin birTvSi saSualo mniSvnelobis Teoremis (4.3.6)-Tanaxmad
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Sesabamisad
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miRebuli winaaRmdegoba gvaCvenebs, rom u(x’)=M! 

nebismieri x’- wertili SevaerToT raime texiliT x0 wertilTan ise rom texilis yvela wertili iyos ( aris Siga wertili. am texilis wveroebze avagoT birTvebi iseTi radiusebiT, rom isini aridan ar gavidnen. zemoT Tqmulidan gamodis, rom u(x’)=M ! radgan wertili nebismieri iyo , Sesabamisad  u(x)=M

Teorema. areSi harmoniuli funqcia Tu uwyvetia am areSi misi sazRvris CaTvliT da Tu m am funqciis minimumia; maSin Tu es mniSvneloba aris Sida wertilSi (u(x0)=m, x0( (()) miiRweva es funqcia igivurad mudmivia anu (u(x)(m, (x( ()!

damtkiceba: ganvixiloT -u(x) da gavimeoroT misTvis wina damtkiceba!

zogadi  Teorema VIII*


areSi harmoniuli funqcia Tu uwyvetia am areSi misi sazRvris CaTvliT da Tu is ar aris mudmivi; maSin nebismier aris Siga wertilisaTvis samarTliania, rom  
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damtkiceba: uSualod gamodis VI da VII Teoremebidan! 

SeniSvna III: laplasis gantolebisaTvis dirixles erTgvarovan amocanas erTaderTi (nulovani) amonaxsni aqvs !!!!!!!!!!!! anu Tu 
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maSin TviT amonaxsni, maqsimumis principis Tanaxmad, igivurad nulia!


lema 1 -  Tu mocemulia ( areSi 
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maSin 
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anda  Tu 
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maSin 
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(4.3.11)-is damtkiceba: dauSvaT rom u(x)>0 mTels areSi  (sawinaaRmdego SemTxvevaSi daumatoT “sakmarisad didi” mudmivi); u(x)+C>0 agreTve akmayofilebs lemis pirobebs! dauSvaT 
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Tu v(x) Rebulobs udides mniSvnelobas x0( ( wertilSi maSin:


1.  
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es niSnavs, rom rac dauSvoiT swori araa! anu 
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rac igivea, rom nebismieri mcire efsilonisaTvis 
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da Tu efsilons mivaswrafebT nulisaken mivirebT sasurvel Sedegs!


(4.3.11*)-is damtkiceba: ganvixiloT - u(x) da wina Sedegis gaTvaliswinebiT da gavixsenebT, rom  
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Tu am utolobas –1 –ze gavamravlebT,  maSin
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lema 2 
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 , dauSvaT sfros romelime x’ wertilSi miiRweva    u(x) (const.  harmoniuli funqciis minimumi da ( mimarTuleba maxvil kuTxes adgens ( gare normalis veqtorTan, maSin am wertilSi 
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dirixles amocanis erTaderTobisa da sasazRvro pirobebze uwyvetad damokidebulebis  Teorema

SemosazRvrul areSi puasonis gantolebisaTvis dirixles amocanis klasikuri u(x) amonaxsni erTaderTia da is uwyvetadaa damokidebuli sasazRvro pirobebze! 



[image: image103.wmf](


)


x


f


u


=


D


                                                            (4.1.1*)



[image: image104.wmf](


)


(


)


x


x


u


j


=


W


¶


                                                          (4.2.1)


damtkiceba: dauSvaT u1(x) da u2(x) amocanis ori amonaxsnia. ganvixiloT maTi sxvaoba 

v(x) = u1(x) - u2(x) 


radgan orive fuqcia uwyvetia, maTi sxvaobac uwyvetia; gantoleba (4.1.1*) wrfivia da Sesabamisad funqcia v(x) harmoniulia (anu (4.1.1) gantolebis amonaxsnia Tanac is sazRvarze yvelgan nulis tolia, amitom maqsimumis principis Tanaxmad : v(x) (0 anu


u1(x)  (u2(x)!

Tu SemosazRvruli aris (( sazRvarze samarTliania utoloba 


|u1(x,t)  - u2(x,t) | ((                     

 (4.3.14) 


maSin es utoloba samarTliania mTels ( areSi

   amonaxsni uwyvetadaa damokidebuli sawyis da sasazRvro pirobebze!

   sawyis da sasazRvro pirobebis mcire SeSfoTeba amonaxsnis mcire SeSfoTebas iwvevs

aprioruli Sefasebebi puasonis gantolebis amonaxsnisaTvis

SemosazRvrul areSi puasonis gantolebisaTvis dirixles amocanis klasikuri u(x) amonaxsnisaTvis samarTliania utoloba 
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sadac M1 mxolod ( arezea damokidebuli:

neimanis amocanis erTaderTobisa da uwyvetad damokidebulebis  Teorema

SemosazRvrul areSi puasonis gantolebisaTvis neimanis  amocanis klasikuri u(x) amonaxsni erTaderTia mudmivi Sesakrebis sizustiT da is uwyvetadaa damokidebuli sasazRvro pirobebze! 
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damtkiceba: dauSvaT u1(x) da u2(x) amocanis ori amonaxsnia. ganvixiloT maTi sxvaoba 

v(x) = u1(x) - u2(x) 


radgan orive fuqcia uwyvetia, maTi sxvaobac uwyvetia; gantoleba (4.1.1*) wrfivia da Sesabamisad funqcia v(x) harmoniulia (anu (4.1.1) gantolebis amonaxsnia Tanac is sazRvarze yvelgan mudmivis  tolia, amitom maqsimumis principis Tanaxmad : v(x) ( const.  anu


u1(x)  ( u2(x) + const. 


SemosazRvrul areSi puasonis gantolebisaTvis neimanis  amocanis klasikuri u(x) amonaxsnis arsebobis SemTxvevaSi, arsebobs iseTi mxolod areze damokidebuli mudmivebi C da  M , rom
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robenis amocanis erTaderTobisa da uwyvetad damokidebulebis  Teorema


SemosazRvrul areSi Tu u(x) harmoniuli funqciaa robenis sasazRvro pirobiT, da Tu a(x) ( a0=const. > 0  ,  maSin ( areSi
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adamaris magaliTi - arakoreqtuli amocana

koSis amocana laplasis gantolebisaTvis arakoreqtulia! 
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u(x,0)= ( (x)= 0                        v(x,0)= ( (x)=0                                  (4.3.18)

uy(x,0)=( (x)=sin(nx)/ n                     vy(x,0)=( (x)=0                              (4.3.19)

sasazRvro pirobebs Soris sxvaoba, rodesac n didia Zalze  mcirea, magram amonaxsnebs Soris sxvaoba ragind didi xdeba! 


u(x,y)= ch(ny)·sin(nx)/ n             da          v(x,y)=  0                                (4.3.20)

   amonaxsni calsaxad ganisazRvreba koSis monacemebiT!


   amonaxni uwyvetad ar aris damokidebuli koSis sawyis pirobebze! 
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Tema 4 – 2


grinis funqcia


“dirixles amocana” 


ganvixiloT u(x) funqcia, romelic puasonis gantolebisaTvis dirixles amocanis gluvi amonaxsnia ( areSi. (4.1.9)-is Tanaxmad samarTliania warmodgena, sadac E(x,x0) fundamenturi amonaxsnia (4.1.6)!
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ganvixiloT g(x,x0) funqcia, romelic harmoniulia (x0(( werTilisaTvis ( areSi. (4.1.9*)-is Tanaxmad 
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SevkriboT (4.1.9) da (4.1.9*) da 
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dirixles amocanis grinis funqcia laplasis gantolebisaTvis  
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1.    grinis funqcia harmoniulia (x0(( parametrisaTvis. 
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2.   grinis funqcia nulis tolia sazRvarze (x0(( parametrisaTvis. 
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3.    grinis funqcis g(x,x0)  nawili calsaxad ganisazRvreba (4.4.0) sasazRvro pirobiT. 


damtkiceba: dauSvaT amonaxsni oria g1(x,x0) da g2(x,x0). maSin maTi sxvaoba harmoniuli funqciaa da sazRvarze is nulis tolia Sesabamisad (4.3.9)  “maqsimumis” principis Tanaxmad is igivurad nulia, Sesabamisad ori amonaxsni sinamdvileSi erTia!
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dirixles amocanis grinis funqcia puasonis gantolebisaTvis
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mocemuli arisaTvis G(x,x0) grinis funqciis cxadi saxiT ageba saSualebas gvaZlevs cxadi saxiT CavweroT mocemul areSi dirixles amocanis amonaxsni puasonis (laplasis) gantolebisaTvis


grinis funqcia simetriulia


4.grinis funqcia simetriulia nebismieri (x0 , x1((wertilebisaTvis 

G(x1,x0) = G(x0,x1)                                               (4.4.6)


damtkiceba: ( aridan amovagdoT ori (-radiusis sfero (imdenad mcire, rom am radiusis birTvebi centrebiT x1 da x0 wertilebSi mTlianad Sedian ( areSi); 


((= (\(Q( (x0)(Q( (x1)).


u(x) = G(x,x1) harmoniulia ((areSi da v(x) = G(x,x0) harmoniulia (( areSi


u(x) = v(x)=0  sazRvarze ((

Sesabamisad grinis meore formulis Tanaxmad cxadia, rom 
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(- sferoebis normalis erTeulovani veqtoria, Sesabamisad samarTliania warmodgenebi:


u(x) = E(x,x1) + g(x,x1)             da              v(x) = E(x,x0) + g(x,x0)


( - mivaswrafod nulisaken da miviRebT sasurvel tolobas! 


v(x1) = u(x0)    anu  G(x1,x0) = G(x0,x1).


grinis funqciis fizikuri arsi

grinis funqcia - G(x,x0) iZleva (  areSi temperaturis satacionalur ganawilebas rodesac aris ((  sazRvarze temperatura nulis tolia da x0 wertilSi moTavsebulia erTianis toli siTbos raodenobis gamomfrqvevi wyaro! 


4a.    grinis funqcia - G(x,x0) iZleva (  areSi eleqtrostatikuri velis potencials romelic gaaCnia x0 wertilSi moTavsebul  eleqtrul muxts romlis potenciali aris (( sazRvarze nulis tolia.


5.    (  areSi grinis funqciis povna niSnavs, (  aris gareT muxtebis iseTi ganawilebis povnas, rom erToblivad am da x0 wertilSi moTavsebulma  eleqtrulma muxtebma mogvces  iseTi eleqtrostatikuri veli,  romlis potenciali aris (( sazRvarze nulis toli.


grinis funqcia “d” simetriulia


4.grinis funqcia simetriulia nebismieri (x0 , x1((wertilebisaTvis 

G(x1,x0) = G(x0,x1)                                               (4.4.6)


damtkiceba: ( aridan amovagdoT ori (-radiusis sfero (imdenad mcire, rom am radiusis birTvebi centrebiT x1 da x0 wertilebSi mTlianad Sedian ( areSi); 


((= (\(Q( (x0)(Q( (x1)).


u(x) = G(x,x1) harmoniulia ((areSi da v(x) = G(x,x0) harmoniulia (( areSi


u(x) = v(x)=0  sazRvarze ((

Sesabamisad grinis meore formulis Tanaxmad cxadia, rom 
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(- sferoebis normalis erTeulovani veqtoria, Sesabamisad samarTliania warmodgenebi:


u(x) = E(x,x1) + g(x,x1)             da              v(x) = E(x,x0) + g(x,x0)


( - mivaswrafod nulisaken da miviRebT sasurvel tolobas! 


v(x1) = u(x0)    anu  G(x1,x0) = G(x0,x1).


grinis funqcia


“neimanis amocana” 


ganvixiloT u(x) funqcia, romelic puasonis gantolebisaTvis neimanis amocanis gluvi amonaxsnia ( areSi. (4.1.9)-is Tanaxmad samarTliania warmodgena, sadac E(x,x0) fundamenturi amonaxsnia (4.1.6)!
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ganvixiloT q(x,x0) funqcia, romelic harmoniulia (x0(( werTilisaTvis ( areSi. (4.1.9*)-is Tanaxmad 
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SevkriboT (4.1.9) da (4.1.9*) da 
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       (4.4.1*)


neimanis amocanis grinis funqcia laplasis gantolebisaTvis  
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1.    grinis funqcia harmoniulia (x0(( parametrisaTvis. 
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2.   grinis funqcia nulis tolia sazRvarze (x0(( parametrisaTvis. 
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3.    grinis funqcis q(x,x0)  nawili ganisazRvreba (4.4.0*) sasazRvro pirobiT mudmivi Sesakrebis sizustiT. 


damtkiceba: dauSvaT amonaxsni oria q1(x,x0) da q2(x,x0). maSin maTi sxvaoba harmoniuli funqciaa da sazRvarze misi normanit warmoebuli nulis tolia !
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neimanis amocanis grinis funqcia puasonis gantolebisaTvis
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grinis funqcia “d” I birTvisaTvis n=3
arekvlis meTodi


am arisaTvis G(x,x0) grinis funqciis asagebad saWiroa SevarCioT birTvs gareT iseTi “damuxtuli wertili”, rom am muxtebiT Seqmnili eleqtrostatikuri velis potenciali nulis toli iyos am birTvis sferoze. x0 wertilisaTvis aseTi wertilia x1 egreT wodebuli inversiuli – (sferos mimarT simetriuli) wertili grinis funciis saxea
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inversia da aRniSvnebi


1. manZili  x0  wertilidan saTavemde - 
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;

2. manZili  x1(x* inversiuli   wertilidan saTavemde - 
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3. manZili  x0  da sazRvris  x  wertilebs Soris - 
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4. manZili  x* da sazRvris  x  wertilebs Soris - 
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5. sazRvris  x  wertilidan centramde – R;

6. inversiulobis piroba  - 
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SevamowmoT, rom (4.4.9) aris grinis funqcia, anu harmoniuli yvelgan x x0 da x, x0 ( QR  da sazRvarze is nulis tolia (x0 ( QR  da x ( SR)!

ganvixiloT ori samkuTxedi 0x0x da 0xx1, rodesac x ( SR – da vaCvenoT, rom isini msgavsebia!?



2.1 maT saerTo kuTxe ( x0x0 aqvT



2.2 inversiulobis gamo (4.4.8)


anu |Ox0| / |Ox| = |Ox| / |Ox1|     e.i     
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Sesabamisi gverdebi proporciulia

kerZoT am konkretul SemTxvevaSi :
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laplasis gantolebisaTvis dirixles amocanis amonaxsni grinis funqciis agebis Sedegad gamoisaxeba Semdegi saxiT 
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SevecadoT gamovTvaloT es integrali birTvisaTvis da amisaTvis gamovTvaloT gamosaxuleba
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radgan  sferoze  
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Sesabamisad (4.4.12) – dan
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0x0x samkuTxedidan 
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0x1x samkuTxedidan 
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sadac                      
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anu 
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amgvarad  (4.4.11) SesaZle4belia CavweroT 
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anu 
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harnakis  utoloba


birTvSi harmoniuli u(x) funqcia uwyvetia birTvis Caketvaze da Tanac is arauaryofiTia. maSin birTvis nebismier Siga x0 wertilSi samarTliania utoloba:
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damtkiceba: dirixles amocanis amonaxsni erTaderTia, amitom da 0x0x  samkuTxedidan (  R - ( (  r (  R + ( 
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funqcia u(x) arauaryofiTia da
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grinis funqcia I naxvarsibrtyisaTvis x2 > 0
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ageba da damtkicebis sruli versia ix leqciebis srul versiaSi (Tema_4_2); 


grinis funqcia I naxvarsivrcisaTvis x3 > 0
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ageba da damtkicebis sruli versia ix leqciebis srul versiaSi (Tema_4_2); 


grinis funqcia I meoTxedi sibrtyisaTvis
 x1 > 0 , x2 > 0
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         (4.5.3)


ageba da damtkicebis sruli versia ix leqciebis srul versiaSi (Tema_4_2);

grinis funqcia I x2 > 0 , x3 > 0 orwaxnaga kuTxisaTvis
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ageba da damtkicebis sruli versia ix leqciebis srul versiaSi (Tema_4_2);

grinis funqcia naxevarsferosaTvis
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          (4.5.6)


damtkiceba: I. x* wertili x0 wertilis sferos mimarT inversiulia, danarCeni ori maTi sibrtyis mimarT simetriuli. Sesabamisad  (4.5.6) gamosaxuleba nulis tolia rodesac x((( (x3>0)!  radgan  gamosaxulebis oTxive wevri damokidebulia manZilebze da Sesabamisad erTmaneTs gaabaTileben pirveli da mesame; meore da meoTxe wevrebi)
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II. x* wertili x0 wertilis sferos mimarT inversiulia, danarCeni ori maTi sibrtyis mimarT simetriuli. Sesabamisad  (4.5.6) gamosaxuleba nulis tolia rodesac x((( (x3=0)!  radgan  gamosaxulebis oTxive wevri damokidebulia manZilebze 


(samkuTxedebi x*x x * da   x0 x x tolferdaa da Sesabamisad erTmaneTs gaabaTileben pirveli da meore; mesame da meoTxe wevrebi)
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grinis funqcia II naxvarsivrcisaTvis x3 > 0
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ageba da damtkicebis sruli versia ix leqciebis srul versiaSi (Tema_4_2).

cvladTa gancaleba


dasmulia dirixles amocana laplasis gantolebisaTvis wreSi; anu wris radiusia H da 



[image: image67.wmf]0


=


D


u


 ;                   

[image: image68.wmf](


)


W


Î


2


C


u


  wreSi   
(4.2.1)



[image: image69.wmf](


)


(


)


x


x


u


j


=


W


¶


                                            (4.2.2)

gadavweroT laplasis operatori polarul koordinatebSi
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                  (4.6.1)

da veZeboT amonaxsni cvladTa gancalebiT anu rogorc namravli

                u((,θ) = R(()((θ) ( 0                   (4.6.0)

(4.6.1) gantolebaSi Casma da (4.6.0) – ze gayofa (nuli araa) gvaZlevs, rom samarTliania toloba 
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da Sesabamisad iwereba ori Cveulebrivi diferencialuri gantoleba 


(((θ) + (( (θ)=0,          ( (θ)( 0                         (4.6.2)


( 2R(((() + ( 2R'(() - (R(()=0,    R(()(0                        (4.6.3)

SevniSnoT, rom (2.4.9) Sturmi liuvilis amocana saxecvlilia da intervalis boloebze nulovani pirobebi Seicvleba periodulobiT


		2.4.9

		(4.6.2)
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cxadia, rom (4.6.2) amonaxsnis perioduloba SesaZlebelia mxolod im SemTxvevaSi, rodesac sakuTrivi ricxvi (= n2  (n(N), anu sakuTrivi funqciebi 
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(4.6.3) amonaxsni R(()  veZeboT konkretulad R(()  = ( ( saxiT; Casma gadvarwmunebs, rom (2 = n2 , anu   ( = ( n 


R(() = C (n  + D ( - n                                           (4.6.5)


dasmuli amocanisaTvis cxadia amonaxsni unda veZeboT mxolod iseTi amonaxsnebi, rodesac D=0 , radgan winaaRmdeg SemTxvevaSi amonaxsns saTaveSi gansakuTrebuli wertili eqneba, anu  u(0,θ) = R(0)((θ)( 0 da aq is ar aris harmoniuli! amonaxsns aqvs Semdegi saxe
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An da Bn  koeficientebis gansazRvrisaTvis gamoviyenoT sasazRvro funqciis furies mwkrivad warmodgena
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                        (4.6.7)


mocemuli sasazRvro funqcia mxolod kuTxidanaa damokidebuli da Sesabamisad furies mwkrivad gaSlis Semdeg 
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da Sesabamisad 
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                                 (4.6.8)


Sesabamisad amonaxsnis koeficientebi ganisazRvreba sasazRvro pirobis trigonometriuli mwkrivis koeficientebiT:


A0 = (0/2                Ak = (k/Hk                   Bk = (k/Hk

amonaxsnis saxea: 
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                              (4.6.9)


holomorfuli funqcia


f(z) ( f(x+iy) = u(x,y) +i v(x,y)                                      (4.6.10)


- Tu f(z)  holomorfulia, maSin u(x,y)  da v(x,y) imave areSi harmoniuli fuqciebia!


- Tu namdvili u(x,y) funqcia harmoniulia caladbmul areSi, maSin moiZebneba iseTi harmoniuli funqcia v(x,y) (SeuRlebuli),   rom u(x,y) +i v(x,y)  amave areSi holomorfuli funqcia iqneba. 


- Tu are mravladbmulia, maSin sazogadod (4.6.9) jami mravalsaxa funqciaa! 


- zn – holomorfuli funqciaa nebismieri naturaluri n-isaTvis nebismier SemosazRvrul (sasrul) areSi; 


magaliTad: Re (zn) da Im (zn); 


- xolo Tu n uarufiTi mTeli ricxvia maSin es funqcia nebismier iseT areSi holomorfuli funqciaa, romelic ar Seicavs koordinatTa saTavis ragind mcire midamos! 


magaliTad:  Re (z-n) da Im (z-n); 


- z = (ei( -  (( ,(  ) polaruli koordinatebia polusiT saTaveSi.


Re (zn) = (ncos ( ,              Im (zn) = ( nsin ( ,                  n > 0         (4.6.11)


Re (z-n) = (-ncos ( ,              Im (z-n) = (-n sin ( ,                  n < 0         (4.6.12)


- abelis Teoremis Tanaxmad cnobilia (4.6.9) mwkrivis krebadobis piroba (maTze Cven aq ar gavCerdebiT); 


magaliTisaTvis Tu sazRvarze mocemuli funqcia 2(-periodulia, absoluturad uwyvetia da mas kvardatiT integrebadi pirveli rigis warmoebulebi gaaCnia! Sesabamisad (4.6.8) furies koeficientebisa da (4.6.11) mwkrivebis saxis gaTvaliswinebiT SesaZlebelia davweroT, rom amonaxsni 
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                     (4.6.13)


· mtkicdeba, rom es marTlac samarTliania rodesac ( < R;


z = (ei(;                   ( = R e i( ;                 (= | ( – z |

maSin cxadia, rom 
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adgili aqvs Svarcis formulas
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damatebiT Tu SevniSnavT, rom
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davinaxavT, rom asec SesaZlebelia (4.4.17) an (4.4.18) puasonis integralis miReba!


cvladTa gancaleba gare amocana

dasmulia dirixles amocana laplasis gantolebisaTvis wris gare areSi; anu wris radiusia H da funqcia harmoniulia usasrulo areSi wris gareT?


An da Bn  koeficientebis gansazRvrisaTvis analogiuri msjelobiTa da sasazRvro pirobis Tanaxmad 
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                     (4.6.16)


esaa mxolod formaluri amonaxsnebi da saWiroa damtkiceba, rom mwkrivebi krebadi da wvrwevrad gawarmoebadni da sazRvris CaTvliT uwyvetni arian! 


saWiroa damatebiTi piroba 


 u(x) ( 0,   rodesac  x ( (               (4.6.17)


-  (4.6.17) piroba (n > 2) aucilebelia, is amonaxsnis erTaderTobas uzrunvelyofs!


magaliTi: (  wrea da wrewirze ( = const.= (0  da ar sruldeba (4.6.17), maSin aris ori funqcia:


u1(x)= (0            da           u2(x)= (0 R/|x|


da nebismieri funqcia


( u (x)=(u1(x) + (u2(x),  sadac ( + ( = 1


yvela es funqcia (4.1.1), (4.2.1) amocanis amonaxsnia birTvis gare areSi , Sesabamisad amonaxsni araa ertaderTi!


erTaderTobis damtkiceba: ori sxvadasxva amonaxsnis sxvaoba u(x) = u1(x) - u2 (x) nulovan pirobebs akmayofilebs sazRvarze da nulisaken miiswarfis usasrulo wertilis midamoSi. (4.6.10)-dan gamodis, rom nebismieri mcire ( > 0 ricxvisaTvis arsebobs iseTi R*- didi radiusi, rom 


|u (x)|< (, rodesac |x|>R*


or sferos Soris moTavsebul areSi maqsimumis principis Tanaxmad |u (x)|< ( , magram ( nebismieria. amitom

u (x) (0
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