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leqcia 8

5.2. mimdevrobebi. progresiebi. mwkrivebi

gansazRvra 5.2.1. mimdevroba ewodeba funqcias, romlis gansazRvris area N: { , , } 1 2
an { , , , }1 2 n simravle.

gansazRvra 5.2.2*). mimdevrobas, romlis yoveli wevri, dawyebuli meoridan, miiReba

wina wevrisgan erTi da imave ricxvis (ariTmetikuli progresiis sxvaoba) mimatebiT,

ariTmetikuli progresia ewodeba.

gansazRvra 5.2.3**). mimdevrobas, romlis pirveli wevri ar udris nuls da romlis

yoveli wevri, dawyebuli meoridan, miiReba wina wevrisgan erTi da imave, nulisgan gan-
sxvavebul ricxvze (geometriuli progresiis mniSvneli) gamravlebiT, geometriuli
progresia ewodeba.

ariTmetikuli progresiis ganmartebidan gamomdinare,

a a a ak n1 2, , , , ,  (5.2.1)

mimdevroba ariTmetikul progresias warmoadgens, Tu

a a dk k 1 , k n 2 3, , , , (5.2.2)

sadac d-s ariTmetikuli progresiis sxvaoba ewodeba. (5.2.2)-dan cxadia,
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(5.2.3)

.)1(1 dnaan  (5.2.4)

ariTmetikuli progresiis zogadi wevris (5.2.3) formulis mkacri damtkiceba emyareba
maTematikuri induqciis meTods. am meTodis arsi mocemuli iyo wina leqciaSi da

SemdegSi mdgomareobs: Tu raime formula (mtkiceba) Seicavs k parametrs da is

samarTliania romelime k-sTvis (mag., k  2 -sTvis) da iqidan, rom vuSvebT mis

samarTlianobas raime k  2 -sTvis, gamomdinareobs misi samarTlianoba k 1-sTvis, maSin
is samarTliania nebismieri naturaluri k-sTvis (Cvens SemTxvevaSi k  2 -sTvis). (5.2.3)
formula gansazRvra 5.2.2-dan gamomdinare samarTliania k  2 -sTvis. davuSvaT misi

*) ariTmetikuli progresia ewodeba ricxvTa iseT mimdevrobas, romlis momdevno da wina wevrebis sxvaoba

ucvleli rCeba.
**) geometriuli progresia ewodeba ricxvTa iseT mimdevrobas, romlis momdevno da wina wevrebis fardoba

ucvleli rCeba.
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samarTlianoba k-sTvis da davamtkicoT misi samarTlianoba k 1-sTvis. marTlac, isev

ganmartebidan gamomdinare

a a dk k  1 ,

magram Cven davuSviT (5.2.3)-is samarTlianoba k-sTvis, amitom
kdaddkaak  111 )1( .

e. i. (5.2.3) samarTliania k 1-sTvis, rac, maTematikuri induqciis meTodis Tanaxmad,
imas niSnavs, rom (5.2.3) samarTliania nebismieri k  2 -sTvis.

gamovTvaloT (5.2.1) ariTmetikuli progresiis wevrTa jami. (5.2.3)-is Tanaxmad,
cxadia,

     S a a a a a a d a n d a n dn n n              1 2 1 1 1 1 12 1  ( ) ( )
da

     S a a a a a n d a n d a d an n n              1 2 1 1 1 1 11 2 ( ) ( ) .

wina ori tolobis SekrebiT, Tu gaviTvaliswinebT (5.2.4)-s, miviRebT, rom
       naaaaaaaaS n

n
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,

saidanac gamomdinareobs ariTmetikuli progresiis wevrTa jamis Semdegi formula

S
a a

nn
n

1

2
.

vTqvaT, axla (5.2.1) geometriuli progresiaa. maSin, gansazRvra 5.2.3-dan gamomdinare,

a a qk k 1 , k n 2 3, , , , (5.2.5)

sadac q-s geometriuli progresiis mniSvneli ewodeba.
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(5.2.6)

geometriuli progresiis zogadi wevris (5.2.6) formula advilad mtkicdeba ma-

Tematikuri induqciis meTodis gamoyenebiT.
gamovTvaloT geometriuli progresiis wevrTa jami. (5.2.6)-is Tanaxmad, cxadia,

S a a q a q a qn
n n     

1 1 1
2

1
1 (5.2.7)

da

qS a q a q a q a qn
n n    1 1

2
1

1
1 . (5.2.8)

Tu (5.2.7)-s gamovaklebT wevr-wevrad (5.2.8)-s, miviRebT, rom

 ( )1 11 1 1    q S a a q a qn
n n ,

saidanac, roca 1q ,



kalkulusi (3-4-5) sabunebismetyvelo mecnierebebisaTvis leqcia 8

3
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. (5.2.9)

Tu 1q , maSin

1naSn  .

ganvixiloT Semdegi mimdevroba:

 ,1,,
3
1,

2
1,1 321 n

aaaa n  . (5.2.10)

is mokled SeiZleba ase CavweroT

a
nn 
1
, n N .

rogorc es (5.2.10)-dan Cans, an -is mniSvneloba n-is zrdasTan erTad ragind mcire

xdeba, magaliTad, Tu n  1000000 , maSin

an 
1

1000000

da nuls uaxlovdeba. am SemTxvevaSi Cven vambobT, rom
1
n
-is zRvari, roca n

usasrulobisken miiswrafvis, nulis tolia, rasac Semdegnairad CavwerT:

lim
n n


1 0 . (5.2.11)

Tu Cven ganvixilavT mimdevrobas Semdegi zogadi wevriT

a
nn  1 1

(n N ), (5.2.12)

advili misaxvedria, rom n-is zrdasTan erTad an 1-Tan ragind axlo mniSvnelobebs iRebs,

e. i.

lim
n n






1 1 1 . (5.2.13)

(5.2.10) mimdevrobis SemTxvevaSi nebismieri winaswar dasaxelebuli ragind mcire
  0 -sTvis yovelTvis moiZebneba iseTi N naturaluri ricxvi damokidebuli  -ze [amas
ase CavwerT N ( ) ], rom

a
nn    0 1 0  , roca 0)(  Nn . (5.2.14)

marTlac, N-ad SeiZleba aviRoT nebismieri naturaluri ricxvi, romelic daakmayofi-

lebs


1
N (5.2.15)

utolobas, saidanac

    
1 1 1 0
N n n

.

es ukanaskneli ki (5.2.14)-s emTxveva.

analogiurad, (5.2.12) mimdevrobis SemTxvevaSic nebismieri winaswar dasaxelebuli
ragind mcire   0 -sTvis yovelTvis moiZebneba iseTi N ( ) naturaluri ricxvi, rom
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a
n nn   




  1 1 1 1 1

 .

rogorc es advili misaxvedria, N imave utolobas unda akmayofilebdes, rasac wina

SemTxvevaSi.

gansazRvra 5.2.4. zogad SemTxvevaSi (cxadia, Cven SegviZlia ganvixiloT dadebiTi da

uaryofiTi mniSvnelobebisgan Semdgari mimdevrobebi), Cven vityviT, rom A ricxvi aris
an mimdevrobis zRvari, roca n miiswrafvis usasrulobisken, rasac Semdegnairad

CavwerT:

aan
n




lim

Tu nebismieri winaswar dasaxelebuli ragind mcire   0 ricxvisTvis moiZebneba iseTi

N ( ) , rom

 aan , roca n N ( ) .

saidanac gamomdinareobs mimdevrobis SemosazRvruloba. marTlac,

 aaaa nn ||||
aqedan

  |||| aan

da

  |||||| aaa n , roca )(Nn 
(SevniSnoT, rom 0|| a radgan 0 ragind mcirea). amitom nebismieri Nn -sTvis

  ,:|||,...,|,||max|| 1 Maaaa nn  
  .:|||,...,|,||min|| 1 maaaa nn  

radgan sasruli raodenobis ricxvebs Soris yovelTvis SeiZleba SevarCioT maqsimaluri
da minimaluri ( }max{  da }min{  , Sesabamisad, aRniSnavs figurul frCxilebs Soris

miTiTebul ricxvebs Soris maqsimalurs da minimalurs).

samarTliania mimdevrobebis zRvrebis Semdegi Tvisebebi:

Tu
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
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lim da bbn
n




lim ,

maSin

;limlim)(lim bababa n
n

n
n
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n




;limlimlim abbaba n
n

n
n

nn
n




a

b

a

b

a

b

n
n

n
n

n

n

n






 lim

lim
lim .

ukanasknel SemTxvevaSi, cxadia, a da romeliRac n -dan dawyebuli na ar unda iyos

nulis toli.

es Tvisebebi gamomdinareobs, Sesabamisad, Semdegi utolobebidan:

1. bbaabbaababa nnnnnn  )()()()( ;
2. bbabaaabababbaabba nnnnnnnnn  ) ;



kalkulusi (3-4-5) sabunebismetyvelo mecnierebebisaTvis leqcia 8

5

3.

.1||||

)()(

aa
am

b
bb

maa

baa

aa

abb

aa

baa

aa

abb

aa

baababab

aa

baab

a

b

a

b

nn
n

n

n

n

n

n

n

n

n

nn

n

nn

n

n





















gansazRvra 5.2.5. vityviT, rom


 n

n
alim  

 n
n

alim ,

Tu nebismieri ragind didi 0A ricxvisTvis moiZebneba iseTi N, rom
Aan   Aan  , roca Nn  .

gansazRvra 5.2.6.

  naaa 21 (5.2.16)

gamosaxulebas mwkrivi ewodeba.

gansazRvra 5.2.7. (5.2.16) mwkrivis kerZo jami ewodeba





n

k
kn aS

1

gamosaxulebas.

gansazRvra 5.2.8. (5.2.16) mwkrivis S jami ewodeba

n
n

SS


 lim

zRvars. Tu S sasrulia, mwkrivs krebadi ewodeba, xolo Tu S , an saerTod ar

arsebobs, mwkrivs ganSladi ewodeba.

axla, vTqvaT, 1q , maSin (5.2.10) mimdevrobis ganxilvis analogiuri msjelobiT

advilad davrwmundebiT imaSi, rom

lim
n

nq


 0 .

marTlac, eqvivalenturia Semdegi mtkicebebi:

q
nqnqq

nn

lg
lglglg 

  .

axla, Tu













q
N

lg
lg:)( 

 , maSin nq , roca )(Nn  , e.i., 0lim 


n

n
q .

am ukanasknelis gaTvaliswinebiT ki, Tu Cven ganvixilavT absoluturi sididiT usas-

rulod klebad

 ,,,,, 1
1

2
13121

 n
n qaaqaaqaaa (5.2.17)

geometriul progresias, (5.2.9) tolobaSi zRvarze ( )n  gadasvliT miviRebT

usasrulod klebadi (5.2.17) geometriuli progresiis wevrTa

  1
1

2
111

nqaqaqaaS
jamis, romelic mwkrivs warmoadgens, gamomsaxvel Semdeg formulas:

 
q

a

q

a

q

a
q

q

a

q

a

q

qa
SS n

nn

n

n
n

n 


















 1

0
11

lim
11

lim
1
1limlim 111111 .

aq Cven gamoviyeneT zRvris is Tvisebebi, rom sxvaobis zRvari zRvarTa sxvaobis, xolo

namravli TanamamravlTa zRvrebis namravlis tolia.

mimdevrobebis zRvrebis gamoTvlis dros sasargebloa Semdegi ori zRvris codna:
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0
!

lim 
 n

a n

n
, 0!lim 

 nn n

n
.

neperis e ricxvi ganimarteba, rogorc Semdegi zRvari
n

n n
e 






 



11lim: .

mwkrivis krebadobis d’alamberis*) kriteriumi (niSani) zRvruli formiT 5.2.10. Tu

arsebobs

q
a

a

n

n

n




1lim ,

maSin (5.2.16) mwkrivi krebadia, roca 1q ; ganSladia, roca 1q ; damatebiT gamokvle-

vas saWiroebs, roca 1q .

mwkrivis krebadobis koSis**) kriteriumi zRvruli formiT 5.2.11. Tu arsebobs

qan
n

n



lim ,

maSin (5.2.16) mwkrivi krebadia, roca 1q ; ganSladia, roca 1q ; damatebiT gamokvle-

vas saWiroebs, roca 1q .

mwkrivebis Sedarebis Teorema 5.2.12. vTqvaT, gvaqvs ori dadebiT wevrebiani

 



n

n
n aaaa 21

1
(5.2.18)

da

 



n

n
n bbbb 21

1
(5.2.19)

mwkrivi. Tu, dawyebuli romelime nomridan (vTqvaT, roca Nn  ), sruldeba

nn ba 
utoloba, maSin (5.2.19) mwkrivis krebadobidan gamomdinareobs (5.2.18) mwkrivis

krebadoba, xolo (5.2.18) mwkrivis ganSladobidan gamomdinareobs (5.2.19) mwkrivis

ganSladoba.

naleqebis (ix. $7.1-is bolo nawili) dagroveba wylis rezervuarSi. dagrovebis

procesi SeiZleba warmovadginoT cxrilis formiT ricxviTi mimdevrobis saxiT, romlis

wevrebic aRniSnaven rezervuaris tevadobis wliur Semcirebas. vTqvaT, rezervuaris

aSenebis dasrulebis momentisaTvis (nulovani weli) masSi dagrovili naleqebis

raodenoba a m3-ia da yovel Semdeg wels rezervuarSi ileqeba d m3 naleqi. 5 wlis

Semdeg rezervuarSi dagrovili naleqebi mTlianobaSi

daddddda 5 -s

tolia; aTi wlis Semdeg da 10 -s toli iqneba da a.S. amdenad, miviReT ariTmetikuli

progresia d sxvaobiT:
.,2,, dadaa 

am progresias ariTmetikuli progresia imitom ewodeba, rom misi yoveli wevri

dawyebuli meoredan misgan Tanabrad daSorebul wevrTa saSualo ariTmetikulia:

*)J. l. d’alamberi (1717 _ 1783) _ frangi maTematikosi da filosofosi.
**) o. l. koSi (1789 _ 1857) _ frangi maTematikosi.
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kmkm
m

PP
P  

Tu x -iT aRvniSnavT wels, xolo y -iT dagrovil naleqebs, maSin imave process aRwers

adxy  (5.2.20)

wrfivi funqcia, roca x iRebs mTel mniSvnelobebs. Tu 2d da 1a , maSin Cveni

magaliTisaTvis miviRebT
,7,5,3,1

progresias. igive Sedegs miviRebT, Tu (5.2.20) wrfiv funqciaSi CavsvamT
,2,1,0x

mniSvnelobebs.

Tu davuSvebT, rom nulovan wels rezervuaris tevadoba iyo 100 erTeuli da
naleqebis dagrovebis procesi aRiwereba

12  xy
funqciiT, maSin rezervuaris tevadobis procentuli Semcireba pirvel wels Seadgens

%02,2100
99
2

 ,

meore wels

%06,2100
97
2



da a.S. (ix. cxrili 5.2.1). zogad formulas aqvs Semdegi saxe

49,...,2,1%,100
1)1(2100

2



x

x
.

cxrili 5.2.1
rezervuaris tevadoba naleqis dagrovebis mudmivi wliuri siCqarisa da tevadobis zrdadi procentuli

Semcirebis pirobebSi (bolo striqonSi me-2-dan me-6 svetis CaTvliT procentebi mocemulia measedis

sizustiT)

weli - x 0 1 2 3 4 5 6

dagrovili naleqebi y 1 3 5 7 9 11 13

rezervuaris tevadoba
(100 - y ) 99 97 95 93 91 89 87

tevadobis absoluturi

Semcireba
1 2 2 2 2 2 2

tevadobis procentuli
Semcireba

1 2.02 2.06 2.11 2.15 2.20 2.25

yovel momdevno wels tevadobis procentuli Semcireba ise izrdeba rom 49-e wels

%67,66100
1482100

2



Seadgens, xolo 50-e wlis damTavrebamde is gaivseba (vinaidan darCenili 1 m3-is Sevsebas
erT welze naklebi dasWirdeba, radgan srul erT weliwadSi ileqeba 2m3). sxva sityve-

biT, am monentisaTvis rezervuaris saerTo tevadoba Semcirdeba 100%-iT.

CavTvaloT, rom rezervuaris sawyisi tevadoba 100 erTeulia, xolo naleqebis

dagrovebis wliuri procentuli Semcireba wina welTan SedarebiT mudmivia da Seadgens

wina wlis tevadobis 25%-s (e.i. wina welTan SedarebiT narCeni (darCenili) tevadoba
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iqneba wina wlis tevadobis 75%). 5.2.2 cxrilSi mocemulia tevadobis Semcirebis

suraTi pirveli 6 wlis ganmavlobaSi.

cxrili 5.2.2.
rezervuaris tevadoba yovelwliuri procentuli Semcirebis mudmivobisa da

absoluturi mniSvnelobis Semcirebis pirobebSi

(me-3-dan me-6 svetis CaTvliT procentebi mocemulia measedebis sizustiT)

weli - x 0 1 2 3 4 5 6

darCenili tevadoba 100 75 56,25 42,19 31,64 23,73 17,80

yovelwliuri Semcireba 0 25 18,75 14,06 10,55 7,91 5.93

Tu sawyis tevadobas aRvniSnavT a -Ti (cxrilSi a =100), xolo yoveli wlisaTvis
narCeni (darCenili) tevadobis procentul cvlilebas q -Ti (cxrilSi 75q ) miviRebT

100, 100·(0,75), 100·(0,75)·(0,75), 100·(0,75)·(0,75)·(0,75), ...,
e,i., sazogadod,

,,,, 32 bqbqbqb (5.2.21)

geometriul progresias. am progresias geometriuli progresia imitom ewodeba, rom

misi yoveli wevri dawyebuli meoredan  misgan Tanabrad daSorebuli wevrebis saSualo

geometriulia:

kmkmm SSS  .

rogorc es zemoT vnaxeT,  ariTmetikul progresias (5.2.20) wrfivi funcia Seesabamebo-

da. analogiurad, geometriul progresias Seesabameba
xbqy  (5.2.22)

maCvenebliani funqcia. marTlac, Tu (5.2.22)-Si x -s mivaniWebT 0,1,2,3,…... mniSvnelobebs

miviRebT (5.2.21) geometriul progresias.

gruntis nawilakebis klasifikacia. niadagmcodneobasa da petrografiaSi gruntis na-
wilakebis zomebis mixedviT klasifikaciisaTvis gamoiyeneba  (fi) skala.  skala See-

sabameba nawilakis (mm-ebSi) gamosaxuli diametris minus niSniT aRebul logariTms 2-is
fuZiT. skalis Sesabamisad xdeba nimuSebis sityvieri daxasiaTeba: msxvilmarcvlovani da

wvrilmarcvlovani qviSa, uxeSi Tixa da a.S. (ix. cxrili 5.2.3). sityvier aRweras erTob

SezRuduli gamoyeneba aqvs, gansakuTrebiT maSin, roca nawilakebi Zalze mcire zomisaa,

radgan am SemTxvevaSi nawilakis zomis mcire cvlilebis  dros mTavar rols TamaSobs
sruliad sxva fizikuri kanonebi.  skala (dawyebuli saSualo TixiT da damTavrebuli

kaWariT) dafuZnebulia ariTmetikul progresiaze, roca 9a da 1d . ase rom, misi
wevrebis mniSvneloba mcirdeba da zomebis klasebis Sesabamisi mimdevrobiTi intervalebi

iwyeba 9-iT, 8-iT, 7-iT da a.S. diametris (mm-ebSi) Sesabamisi gradacia warmoadgens
geometriul progresias 00195,0( b da )2q , romlis wevrebis mniSvnelobebic

izrdeba. amisaTvis damatebiT saWiro iqneba wvrili kenWebi davyoT oTx, xolo msxvili

kenWebi _ or klasad.
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cxrili 5.2.3.
nawilakebis zomis  skala

aRwera diametri mm-Si  erTeuli

kaWari 256-ze meti -8-ze naklebi

kenWi msxvili 256 – 64 -8-dan -6-mde

kenWi wvrili 64 – 4 -6-dan -2-mde

xreSi 4 – 2 -2-dan -1-mde

qviSa uxeSi 2 – 1 -1-dan -0-mde

qviSa msxvili 1 – 0.5 0 – 1

qviSa saSualo 0.5 – 0.25 1 – 2

qviSa wvrili 0.25 – 0.125 2 – 3

qviSa wminda 0.125 – 0.0625 3 – 4

Slami uxeSi 0.0625 – 0.0312 4 – 5

Slami saSualo 0.0312 – 0.0156 5 – 6

Slami wminda 0.0156 – 0.0078 6 – 7

Slami  Zalian wminda 0.0078 – 0.0039 7 – 8

Tixa uxeSi 0.0039 – 0.00195 8 – 9

Tixa saSualo 0.00195 – 0.00098 9 – 10

 -sa da diametrs Soris mimarTeba SeiZleba gamovsaxoT

adx 
funqciiT, sadac ),3,2,1,0( xx gamoxatavs nawilakis diametris cvlilebas erTi

klasidan meoreSi gadasvlisas. ase, rom Cven SemTxvevaSi

,9 x (5.2.23)

nawilakis D diametri
xxbqD 200195,0  .

aqedan galogariTmebiT (10-is fuZiT) miviRebT

2lg00195,0lglg xD  .

saidanac, radgan measiaTasedis sizustiT (miaxloebiTia pirveli toloba)

92log
512
1log...0019531,0log00195,0log 9

2222   ,

.9
2lg

lg

10log
2log

10log
00195,0log

2lg
lg

2lg
00195,0lg

2lg
lg

2

2

2

2


DDD

x

Tu am ukanasknels CavsvamT (5.2.23)-Si da gaviTvaliswinebT imas, rom

,
2lg

lglog 2
D

D 

gveqneba

.log
2lg

lg
2 D

D
 (5.2.24)

SevniSnoT, rom (5.2.24) formula Cven miviReT measiaTasedis sizustiT.


