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leqcia 3

2. koordinatebi

kalkulusi eyrdnoba or ZiriTad safuZvels: namdvil ricxvTa Teorias, romelic

xangrZliv istoriul periodSi viTardeboda, da analizur geometrias, romelic XVII

saukuneSi dekartisa*) da fermas**) mier erTmaneTisgan damoukideblad iyo gaazrebuli.

analizuri geometriis ZiriTadi idea martivia: sibrtyeze wertilis mdebareoba SeiZleba

ori ricxviT aRiweros da amdenad yoveli debuleba wertilebis Sesaxeb SeiZleba gadayvanil

iqnes debulebebSi ricxvebze.

2.1. wertilis koordinatebi. manZilis formula

sibrtyeSi gavavloT ori urTierTperpendikularuli wrfe. horizontalur wrfes

vuwodoT abscisTa RerZi, xolo vertikalurs _ ordinatTa RerZi, maTi TanakveTis wertils

ki _ dekartis koordinatTa sistemis saTave (ix. nax. 2.1.1).

SevarCioT sigrZis erTeuli (masStabis erTeuli). yovel

P wertils sibrtyeze vuTanadebT dalagebul namdvil ri-
cxvTa ( , )a b wyvils (e. i. (1,2) da (2,1) sxvadasxva wyvils

warmoadgenen), romelTac P wertilis koordinatebi (a-s
abscisa, xolo b-s ordinata ewodeba) ewodeba da

gamoxatavs manZils Sesabamisad y da x RerZamde. pirveli

koordinati (abscisa) dadebiTia (uaryofiTia) yvela im

wertilisTvis, romelic y RerZis marjvniv (marcxniv)

mdebareobs, e. i. marjvena (marcxena) naxevarsibrtyeSi.

analogiurad, meore koordinati (ordinata) dadebiTia

(uaryofiTia), Tu wertili mdebareobs zeda (qveda) naxe-
varsibrtyeSi (ix. nax. 2.1.2). koordinatTa sibrtye iyofa
oTx kvadrantad (ix. nax. 2.1.3): I ( x  0 , y  0 ), II

( x  0 , y  0 ), III ( x  0 , y  0 ), IV ( x  0 , y  0 ).

*) rene dekarti (1596 _ 1650) _ frangi filosofosi da maTematikosi
**) p. ferma (1601 _ 1665) _ frangi maTematikosi, profesiiT iuristi
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koordinatTa sistemis SerCevis Semdeg myardeba urTierTcalsaxa Tanadoba sibrtyis

wertilebsa da namdvil ricxvTa dalagebul wyvilebs Soris. Tumca koordinatTa sistemis

SerCevis dros didia Tavisufleba koordinatTa sistemis saTavis, RerZebis mimarTulebis da

masStabis erTeulis SerCevis TvalsazrisiT. erTi da igive wertils sxvadasxva koordinatTa

sistemaSi ricxvTa sxvadasxva dalagebuli wyvili eTanadeba. magaliTad, Tu aviRebT raime

koordinatTa sistemas da axal koordinatTa sistemas miviRebT mxolod koordinatTa

sistemis saTavis gadataniT RerZebis mimarTulebebisa da masStabis erTeulis Seucvlelad,

maSin Zvel (x, y) da axal (X,Y) koordinatebs Soris kavSiri moicema (ix. nax. 2.1.4)

x a X  , y b Y  ; axX  , byY  ,               (2.1.1)

tolobebiT, sadac ),( ba axali saTavis koordinatebia Zveli sistemis mimarT.

Teorema 2.1.1. d manZili  P x y1 1 1: , da  P x y2 2 2: , wertilebs Soris moicema

   d x x y y   1 2
2

1 2
2

(2.1.2)

manZilis formuliT.
damtkiceba. piTagoras*) Teoremis Tanaxmad, manZili (x, y) wertilidan (0,0) saTavemde (ix.

nax. 2.1.5)

x y2 2 -is                           (2.1.3)

tolia. Tu axla saTaves gadavitanT P1 wertilSi, maSin, (2.1.1)-is ZaliT, P2 wertilis

koordinatebi axali saTavis mimarT, gamosaxuli Zveli koordinatebis saSualebiT, iqneba (ix.

nax. 2.1.6)

 1212 ,),( yyxxYX 
da (2.1.2)-is mtkiceba gamomdinareobs (2.1.3)-dan. cxadia, (2.1.2) formula piTagoras Teoremis

uSualo gamoyenebiTac miiReba (ix. nax. 2.1.6).

zemoTqmulis analogiurad, sivrcis wertilebs urTierTcalsaxad eTanadeba ricxvTa
dalagebuli sameulebi (mesame koordinats aplikata ewodeba); Semogvaqvs sivrceSi dekartis
marTkuTxa koordinatTa Oxyz sistemis cneba; mxolod saTavis gadatanis SemTxvevaSi Zvel

),,( zyx da axal ),,( ZYX koordinatebs Soris kavSiri moicema

*) piTagora samoseli (Zv. w. daaxl. 570 _ daaxl. 500) _ berZeni moazrovne
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x a X  , y b Y  , Zcz  ; axX  , byY  , czZ  ,

tolobebiT, sadac ),,( cba axali saTavis koordinatebia Zveli sistemis mimarT; da mtkicdeba

(ix. nax. 2.1.7) P x y z: ( , , ) wertilidan saTavemde  d s z s x y2 2 2 2 2 2   ,

d x y z  2 2 2

manZilisa da P x y z1 1 1 1: ( , , ) da P x y z2 2 2 2: ( , , ) wertilebs Soris manZilis

     d x x y y z z     1 2
2

1 2
2

1 2
2

formulebi.

2.2. wrfe. WriWina da temperatura

Teorema 2.2.1. vTqvaT, A B C R, ,  da A B2 2 0  . maSin yvela im wertilTa simravle,

romlis koordinatebi akmayofilebs
Ax By C   0 (2.2.1)

gantolebas, warmoadgens wrfes da, piriqiT, yoveli wrfe warmoadgens im wertilTa

simravles, romelTa koordinatebi akmayofileben (2.2.1) gantolebas.

damtkiceba. SevniSnoT, rom vertikaluri y RerZi da misi paraleluri wrfeebi war-

moadgenen (x, y) wertilTa iseT geometriul adgils, romlebic, Sesabamisad, akmayofileben

0x da 0const  ax gantolebebs, sadac a gamosaxavs manZils y RerZsa da mis

paralelur wrfes Soris. am SemTxvevaSi [ix. (2.2.1)] A  1 , B  0 , C a  . analogiurad,

horizontaluri wrfe warmoadgens im (x, y) wertilTa geometriul adgils, romelTaTvisac

const by . am SemTxvevaSi [ix. (2.2.1)] A  0 , B  1 da C b  .

vTqvaT, axla l warmoadgens koordinatTa sistemis saTaveze gamaval wrfes, romelic

RerZebs ar emTxveva. maSin, Tu P wertili l wrfis da x  1 wrfis gadakveTis wertilia,

misi koordinatebi iqneba (1,m), sadac m  0 an m  0 imis Sesabamisad, l wrfe pirvel Tu

meoTxe kvadrantSi gadis (ix. nax. 2.2.1).
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vTqvaT, axla Q l wrfis nebismieri wertilia. SevniSnoT, rom Tu m  0 , maSin x-s da y-s
erTidaigive niSani aqvs, xolo roca m  0 , _ sxvadasxva. nax 2.2.1-dan, O1P da OEQ
samkuTxedebis msgavsebis gamo, cxadia, rom

m y
x1

 , e. i. y m x .

niSnebis Sesaxeb zemoT gakeTebuli SeniSvnidan gamomdinareobs, rom Tu wertili l wrfeze
mdebareobs, maSin misi koordinatebi akmayofileben y mx gantolebas, miuxedavad imisa,

m  0 Tu m  0 . marTlac, roca 0x , e. i., xx  , Tu 0m , maSin 0y , e. i., yy  ,

mm  da mxy  ; Tu 0m , maSin 0y , e. i., yy  , mm  da mxy  , saidanac (-

1)-ze gamravlebis Semdeg miviRebT mxy  . analogiurad SeiZleba ganvixiloT SemTxveva

0x . axla vaCvenoT, rom yvela (x, y) wertili, romelic y mx gantolebas akmayofilebs,

l wrfes ekuTvnis. marTlac, Tu davuSvebT, rom (x, y) ar ekuTvnis l-s da ekuTvnis sxva l1

wrfes, romelic saTaveze gadis, maSin l1 gaivlis  1 1,m , m m1  , wertilze (winaaRmdeg

SemTxvevaSi miviRebT, rom or )0,0( da ),1( m wertilze ori l da l1 sxvadasxva wrfea

gavlebuli). axla, rogorc zemoT, SegviZlia davamtkicoT, rom (x, y) ekuTvnis y m x 1

wrfes. maSin, radganac m m1  , gamomdinareobs, rom y mx da miviReT winaaRmdegoba.

amdenad, Cveni daSveba mcdaria. am SemTxvevaSi A m , 1B da C  0 .

vTqvaT, axla l wrfe arc sakoordinato RerZebis paraleluria da arc saTaveze gadis.
maSin is y RerZs gadakveTs raime Q b: ( , ) 0 , b  0 wertilSi (ix. nax. 2.2.2a da nax. 2.2.2b).

saTaveze gavavloT l-is paraleluri l1 wrfe. SevniSnoT, rom l l1 -ze zeviTaa (qveviTaa), Tu

b  0 ( )b  0 . rogorc zemoT vaCveneT, l1 -is gantolebaa

y mx .

vTqvaT, P aris Q-sgan gansxvavebuli wertili l-ze, xolo E l-dan x RerZze daSvebuli
perpendikularis TanakveTaa l1 -Tan. maSin OEPQ paralelogramSi, rogorc mopirdapire

gverdebi, OQ da EP monakveTebi tolia, cxadia, P da E wertilebs toli abscisebi aqvT,

xolo P-s ordinata miiReba E-s ordinatisgan b-s damatebis Semdeg. e. i. P-s ordinata
( )mx b -s tolia. amrigad, l wrfe warmoadgens iseT (x, y) wertilTa simravles, romlis

koordinatebic akmayofileben

y mx b  (2.2.2)

nax. 2.2.1 nax. 2.2.2a
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gantolebas, (e. i. (2.2.1) gantolebaSi A m , B  1 da C b ). amdenad, Cven vaCveneT, rom

wrfis yoveli (x, y) wertili akmayofilebs (2.2.1) saxis gantolebas. (2.2.2) damokidebulebas

x-sa da y-s Soris ewodeba wrfivi damokidebuleba, xolo y-s _ x-is wrfivi funqcia.
axla, vTqvaT, rom (2.2.1) gantolebaSi B  0 da A  0 , maSin miviRebT

x C
A

 

gantolebas, romelic vertikaluri wrfeebis gantolebaa. Tu B  0 , maSin (2.2.1)-dan mi-
viRebT, rom

y A
B

x C
B

   .

e. i.,

y mx b  ,

sadac

m A
B

  , b C
B

  .

roca m  0 , miviRebT horizontalur wrfeebs. roca m  0 , magram b  0 , miviRebT saTaveze
da (1, m) wertilze gamaval wrfes. Tu b  0 , maSin rogorc es zemoT vaCveneT, (2.2.1)-is
amonaxsnTa simravle warmoadgens (0, b) wertilze gamaval wrfes, romelic (0,0) da (1, m)

wertilebze gamavali wrfis paraleluria.

(2.2.2) gantolebaSi m ricxvs wrfis daxra (slope) ewodeba (mas sakuTxo koeficientsac

uwodeben), xolo b-s _ kvali (intercept).
vTqvaT, (2.2.2) gantolebiT mocemuli wrfe  x y1 1, da  x y2 2, wertilebze gadis, maSin

y mx b1 1  , y mx b2 2  .

Tu meores pirvels gamovaklebT, miviRebT

 y y m x x2 1 2 1  
(SevniSnoT, rom Tu 21 yy  , wrfe horizontaluria, xolo Tu 21 xx  _ vertikaluri),

saidanac, Tu CavTvliT, rom wrfe vertikaluri ar aris, e. i. x x1 2 , miviRebT, rom

Q:=(0,b)

x

y

P:=(x,y)

l1

-b=mx-y

b

mx
O

l
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m y y
x x





2 1

2 1

.

Teorema 2.2.2. ori sxvadasxva wrfe paraleluria maSin da mxolod maSin, roca maTi

daxrebi tolia.

damtkiceba. rogorc es Teorema 2.2.1-is damtkicebis dros vnaxeT, aravertikaluri l wrfis
daxra tolia misi paraleluri, saTaveze gamavali l1 wrfis daxris. amitom ori

aravertikaluri wrfe paraleluria maSin da mxolod

maSin, roca maTi daxrebi tolia, radgan maTi daxra

saTaveze gamavali maTi paraleluri erTi da imave

wrfis daxris tolia. meore mxriv, naTelia, rom

vertikaluri da aravertikaluri wrfeebi
paraleluri araa. 

Teorema 2.2.3. ori wrfe urTierTperpendikularu-

lia maSin da mxolod maSin, roca an erTi horizon-

taluria da meore _ vertikaluri, an maTi daxrebis

namravli

m m1 2 1  .                     (2.2.3)

damtkiceba. sakmarisia, Teorema davamtkicoT saTave-

ze gamavali wrfeebisaTvis, radgan wrfeebis parale-

luri gadataniT maTi daxrebi ar icvleba da, amdenad,

am ukanasknel SemTxvevaze davalT. cxadia, horizonta-

luri wrfe vertikaluris marTobia da piriqiT.

erTidaigive kvadrantSi gamaval wrfeebs Soris kuTxe 90 -ze naklebia da amitom isini

urTierTmarTobi ver iqnebian. amasTan am SemTxvevaSi 1m da 2m an orive dadebiTia, an orive

uaryofiTia. amdenad 021 mm da (2.2.3) ar sruldeba. gansaxilveli darCa nax. 2.2.3-ze miTi-

Tebuli SemTxveva, roca 01 m , 02 m . ganmartebis Tanaxmad 1l da 2l urTierTmarTobia ma-

Sin da mxolod maSin, roca 90  . magram Tu   marTia, maSin QOE da OPE samkuT-

xedebis msgavsebidan gamomdinareobs, rom

m
m

1

21
1

 ,

saidanac

m m1 2 1 .

magram m1 -sa da m2 -s urTierTsawinaaRmdego niSnebi aqvT, amitom gveqneba, rom

m m1 2 1  . 

Teorema 2.2.4.  x y1 1, da  x y2 2, wertilebze  2121 , yyxx  gamaval wrfis gantolebas

aqvs

y y
y y

x x
x x








2

1 2

2

1 2

an rac igivea
12

1

12

!

xx
xx

yy
yy








(2.2.4)

saxe.

damtkiceba. erTi mxriv, radgan (2.2.4)-dan gamomdinareobs, rom

 
21

2112

21

21
2

21

212

21

21

xx
yxyxx

xx
yyy

xx
yyxx

xx
yyy
















 ,

nax. 2.2.3
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an rac igivea

 
12

1221

12

12
!

12

121

12

12

xx
yxyxx

xx
yyy

xx
yyxx

xx
yyy
















 ,

amitom (2.2.4) warmoadgens wrfis gantolebas.

meore mxriv, uSualod davrwmundebiT imaSi, rom  x y1 1, da  x y2 2, akmayofileben (2.2.4)-s.


farenheitis Skalis gradusebSi F temperaturis dadgenis xalxuri meTodi mdgomareobs

erT wuTSi WriWinebis sinqronuli daWriWinebis N raodenobis 4-ze gayofasa da 40-is

damatebaSi. am sakiTxisadmi miZRvnili pirveli maTematikuri formula

4
4050 


NF ,

romelic, cxadia, xalxuri meTodis Sesabamisia, radgan

50 40
4 4

40


 
N N

,

a. dolberis (A. Dolbear) 1897 wels gamoqveynebul statiaSi gvxvdeba. Zmeb besiebis (C. A.
Bessey, E. A. Bessey) mier 1898 wels gamoqveynebul statiaSi formulas aqvs

7,4
9260 


NF

saxe, rac maT mier 1897 wlis agvistosa da seqtemberSi Catarebul dakvirvebebs efuZneboda.

dolberisa da besiebis modelebi warmoadgenen wrfiv modelebs, ramdenadac F temperaturasa

da N daWriWinebis sixSires (raodenoba erT wuTSi) Soris kavSiri wrfivi funqciiTaa

gamoxatuli. realurad es damokidebuleba ufro rTulia, rogorc es nax. 2.2.4-dan Cans,

sadac horizontalur RerZze N-ia gadazomili, vertikalur RerZze ki _ F. Zmebis mier

Catarebuli dakvirveba gviCvenebs, rom xalxuri formula maT formulasTan SedarebiT

WriWinis raodenoba wuTSi

t
em
pe
r
at

u
r
a 
(f

ar
en
he
it

i)

dolberi (Dolbear) T=0.25N+40

besi (Bessey) T=0.21N+40.4

besiebis monacemebi

nax. 2.2.4
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naklebad zustia. unda SevniSnoT, rom temperaturis dadgenis es meTodi SeiZleba

gamoyenebuli iqnes mxolod zafxulis bolos _ Semodgomis dasawyisSi imis gaTvaliswinebiT,

rom WriWinebi mxolod RamiT WriWineben, amasTan erTad roca temperatura F50 -ze metia.

farenheitis Skala aris temperaturuli Skala, romelSic temperaturuli intervali

yinulis dnobasa da wylis duRils Soris normaluri atmosferuli wnevis dros
(vercxliswylis svetis 760 mm anu 101325 pa) gayofilia 180 Tanabar nawilad _ farenheitis

gradusebad ( F ), amave dros yinulis dnobis temperaturad 32 F , wylis duRilis tempe-

raturad ki 212 F aris miRebuli. Skala SemoiRo 1724 w. germanelma fizikosma d. g.

farenheitma (farenhaiti, Fahrenheit, 1686 _ 1736). tradiciulad gamoiyeneba zogierT qveyanaSi

(kerZod, aSS-Si).

celsiusis Skala aris temperaturuli Skala, romelSic temperaturuli intervali

yinulis dnobasa da wylis duRils Soris normaluri atmosferuli wnevis dros gayofilia

100 Tanabar nawilad _ celsiusis gradusebad ( C ), amave dros yinulis dnobis tempera-

turad 0 C , wylis duRilis temperaturad ki 100 C aris miRebuli. Skala SemoiRo 1742

w. Svedma mecnierma a. celsiusma (A. Celsius, 1701 _ 1744).
farenheitisa da celsiusis SkalebiT temperaturebs Soris kavSiris formula SeiZleba

miRebuli iqnas  x y1 1, da  x y2 2, wertilebze gamavali wrfis (2.2.4) gantolebiT, Tu

mxedvelobaSi miviRebT, rom wyali iyineba farenheitiT F32 -ze da celsiusiT _ 0C -ze, e.

i.   )0,32(, 11 yx , xolo duRs farenheitiT F212 -ze da celsiusiT _ 100C -ze, e. i.

  )100,212(, 22 yx :

21232
212

1000
100






 FC

,

saidanac

)32(
9
5)180212(

180
100100)212(

180
100

 FFFC .

2.3. wrewiri

gansazRvra. wrewiri ewodeba sibr

tyis yvela im (x , y) wertilTa geometriul adgils, romelic Tanabradaa daSorebuli

imave sibrtyis raime erTi (a , b) wertilidan. am wertils wrewiris centri, xolo manZils

wrewiris r radiusi ewodeba.

or wertils Soris manZilis (2.1.2) formulis Tanaxmad

( ) ( )x a y b r   2 2 ,

saidanac kvadratSi ayvanis Semdeg miviRebT wrewiris

( ) ( )x a y b r   2 2 2 , (2.3.1)

gantolebas.

Teorema 2.3.1. vTqvaT, A B C R, ,  . maSin

x y Ax By C2 2 0     (2.3.2)

gantolebis amonaxsnTa simravle warmoadgens an wrewirs, an wertils, an cariel simravles.

damtkiceba. gamoviyenoT srul kvadratamde Sevsebis meTodi (es meTodi cnobili iyo jer

kidev Zvel babilonSi):
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x Ax x A x x A x A A x A A2 2 2
2 2 2 2

2
2

2
2 4 4 2 4

   




  




   




 .

analogiurad miviRebT

y By y B B2
2 2

2 4
  




 .

CavsvaT es ukanaskneli gamosaxulebebi (2.3.2)-Si:

x A A y B B C




  




  

2 4 2 4
0

2 2 2 2

,

saidanac

x A y B D




 






2 2

2 2

, (2.3.3)

sadac

D A B C



2 2

4
.

Tu D  0 , SemoviRoT aRniSvna r D: . maSin (2.3.3) iqneba r radiusiani wrewiris gantoleba

centriT  





A B
2 2

, wertilSi. Tu D  0 , maSin (2.3.3) gantoleba niSnavs imas, rom ori

arauaryofiTi ricxvis jami

x A y B





 






2 2
0

2 2

.

es ki imas niSnavs, rom TiToeuli maTgani nuli unda iyos, e. i., (2.3.3)-is amonaxsni

warmoadgens erT wertils koordinatebiT

x A
 

2
, y B
 

2
.

Tu D  0 , maSin ar arsebobs namdvil ricxvTa ( , )x y wyvili, romelic (2.3.3)-s daakma-

yofilebs. amdenad, amonaxsnTa simravle carielia.

2.4. parabola

vTqvaT, l wrfea, xolo F wertilia, romelic l-s ar ekuTvnis (ix. nax. 2.4.1). l di-

reqtrisisa da F fokusis mqone parabola ganimarteba rogorc iseT wertilTa geometriuli

adgili, romelic Tanabradaa daSorebuli l wrfisa da F wertilisgan. F wertilidan

davuSvaT perpendikulari l-ze. gadakveTis wertili aRvniSnoT Q-Ti. FQ monakveTis Sua wer-

tili miviRoT koordinatTa sistemis saTaved  FO OQ p : da CavTvaloT, rom abscisaTa

RerZi l wrfis paraleluria. maSin l wrfis gantolebas eqneba y p  saxe, F wertilis

koordinatebi iqneba ( , )0 p . vTqvaT, P wertilis koordinatebia ( , )x y . davweroT P x y ( , ) -
dan F p ( , )0 -mde da P-dan l-mde manZilebis*) tolobis piroba:

  ,)()()()0( 2222 pyxxpyx 
saidanac

*) raime wertilidan wrfemde manZili ewodeba am wertilidan wrfeze daSvebuli perpen-

dikularis sigrZes.
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x y p y p2 2 2   ( ) ( ) .

e. i., radgan arauaryofiTi ricxvebi

tolia maSin da mxolod maSin, roca

maTi kvadratebi tolia,

x y p y p2 2 2   ( ) ( )
da

.2
2

22

222

pypy
pypyx





amdenad

x py2 4 .

es ukanaskneli parabolis gantole-

bas warmoadgens.

Tu koordinatTa sistemis erTeu-

lad miviRebT fokussa da direqtri-

sas Soris manZils, gazrdils or-
jer, e.i. 4 p -s, maSin axal erTeu-

lebSi p  1
4
. amitom parabolis

gantoleba miiRebs martiv

y x 2

saxes.

Teorema 2.4.1. vTqvaT, A B C R, ,  , B  0 , maSin
x Ax By C2 0    (2.4.1)

gantolebis amonaxsnTa simravle warmoadgens parabolas vertikaluri RerZiT.

damtkiceba. cxadia,

0
42

22







  CByAAx , (2.4.2)

saidanac








 







 

B
CAyBACByAx

4
4

42

222

. (2.4.3)

SemoviRoT axali koordinatTa sistema, romelic miiReba sistemis paraleluri gadataniT,

rac gamoxatulia

x A X 
2

, y A C
B

Y



2 4
4

formulebiT. maSin axali saTavis koordinatebi Zveli sistemis koordinatebis mimarT iqneba











A A C
B2

4
4

2

, .

Tu davuSvebT, rom  B p4 , maSin (2.4.3) gantoleba miiRebs

X pY2 4
saxes, rac swored parabolis gantolebas warmoadgens.

P:=(x,y)

l

y

x

p

(x,-p)

x(x,0)
p

{
{

F:=(0, p)

y

Q

O

nax. 2.4.1


