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leqcia 12 

7. integrali 

7.1. integralis cneba. farTi 

SemoviRoT gansazRvruli integralis cneba 6.1 paragrafSi SemoRebuli cnebisgan 

gansxvavebuli formiT. 

gansazRvra 7.1.1. f  0  funqciis gansazRvruli integrali [ , ]a b  segmentze, romelic 

f x dx f
a

b

a

b

( )   

saxiT Caiwereba, warmoadgens im figuris farTs, romelic SemosazRvrulia 

y f x ( ) 

funqciis grafikiT da 

y  0 , x a  da x b  

wrfeebiT (ix. nax. 7.1.1). aRniSnuli figuris farTs SeiZleba mivuaxlovdeT naxazze da-

xazuli marTkuTxedebis farTebis jamis zRvris saxiT, roca marTkuTxedebis maqsi-

maluri sigane nulisken miiswrafis: 
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es zRvari damokidebuli ar unda iyos 

qveintervalebad dayofaze da 
k  wertilebis 

SerCevaze. Tu arsebobs (7.1.1) zRvari, f funqcias 

],[ ba -ze integrebadi funqcia ewodeba. 

Tu 

f x c( )   const , 

radgan marTkuTxedis farTobi misi sigrZisa da 

siganis namravlis tolia, cxadia, 

cdx c b a
a

b

  ( ) . 

gansazRvra 7.1.2. f funqciis dadebiToba Cven 

mxolod farTis cnebasTan mimarTebaSi TvalsaCinoe-

bisTvis moviTxoveT. (7.1.1) tolobiT gansazRvruli integralis cnebis gamoyeneba maSinac 
SeiZleba, roca f funqcia uaryofiT mniSvnelobebs iRebs. 

gansazRvra 7.1.3. Tu a b , maSin 

 

a

b

b

a

dxxfdxxf )(:)( . 

Teorema 7.1.4. vTqvaT, f da g funqciebi integrebadia [ , ]a b -ze da c mudmivia, maSin: 

1. cf c f
a

b

a

b

  ; 

nax. 7.1.1 

kx
 

k 

x a=x0 b=xn xk 

f(k) 

o 

y 



kalkulusi (3-4-5) sabunebismetyvelo mecnierebebisaTvis leqcia 12 

2 

2.  

b

a

b

a

b
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gfgf )( ; 

3. f f f
a

b

a

c

c

b

    , sadac c a b] , [ ; 

4. f f
a

b

a

b

  ; 

5. Tu f g  da a b , maSin f g
a

b

a

b

  . 

gansazRvruli integralis yvela es Tviseba advilad mtkicdeba rimanis*) integralis 

zemoT moyvanili ganmartebidan gamomdinare. 

Sedegi 7.1.5. Tu f uwyveti funqciaa [ , ]a b -ze, maSin 

)(max)()()(min)( xfabdxxfxfab
bxa

b

a
bxa 

  . 

damtkiceba. Tu gamoviyenebT 7.1.4 Teoremis me-5 Tvisebas, sadac 

g f x c
a x b

  
 

max ( ) : const , 

miviRebT, rom 

)()( abccdxdxxf

b

a

b

a

  . 

analogiurad miiReba qvemodan Sefaseba. 

niadagSi wylis infiltracia _ filipsis modeli. pirobebis farTo diapazonSi, 
 

          2/1 bxay                           (7.1.2) 

saxis funqcia niadagSi wylis infiltraciis y  siCqares akavSirebs x  drosTan (Philips, 

1957-1958). atmosferuli naleqebi warmoadgens siTxes Txevad an myar mdgomareobaSi 

(wvima, Tovli, hidrometeoritebi da a. S.) mosuls Rrublebidan an daleqils haeridan 

miwis zedapirze da sagnebze. is izomeba mosuli wylis fenis sisqiT milimetrebSi (mm). 

wylis niadagSi infiltraciis siCqare izomeba mm/sT-Si. konkretul situaciaSi (7.1.2) 

damokidebulebis gamoyeneba damokidebulia minimalur siCqareze riTac wyali Jonavs 

niadagSi am ukanasknelis srulad gajerebamde. es minimaluri siCqare (7.1.2) formulaSi 

warmodgenilia a mudmiviT, romelic Tavis mxriv damokidebulia niadagis tipze.  meore 

wevri (7.1.2)-is marjvena mxareSi miuTiTebs imaze, rom infiltraciis siCqaris cvlileba 

SeiZleba gamovxatoT infiltraciis dawyebis momentidan ganvlili drois monakveTisa 

(ufro zustad, 2

1


x -is) da b  mudmivis namravliT, romelic axasiaTebs niadagis 

tenianobis**) xarisxs. Tu infiltraciis dawyebis momentisaTvis niadagi wyliT TiTqmis 

gajerebulia, maSin es wevri Zalze mcire iqneba, radgan, roca 0b , Cven gveqneba 

infiltraciis siCqare wyliT gajerebuli niadagis pirobebSi.  

                                                 
*) g. f. b. rimani (1826 _ 1866) _ germaneli maTematikosi. 
**) tenianobas axasiaTeben tenSemcvelobiT – wylis raodenobiT, romelic modis masalis 

mSrali nawilis erTeul masaze. 
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vTqvaT, mocemuli adgilisaTvis (7.1.2)-s aqvs 

                             2/1515  xy        (7.1.3) 

saxe. misi saSualebiT SeiZleba infiltraciis siCqaris gamoTvla drois nebismier 

momentSi (siCqare gamoTvlilia meaTedis sizustiT): 

x= 0,1 0,2 0,5 1,0 2,0 5,0 sT 

y= 30,8 26,2 22,1 20,0 18,5 17,2 mm/sT 

 

 

wylis saerTo raodenoba (Q) , romelic iJoneba niadagSi drois garkveul SualedSi, 

grafikulad warmoadgens im geometriuli nakvTis farTs, romelic SemosazRvrulia 

(7.1.3) wiriT, abcisTa RerZiT da drois intervalis sazRvrebiT abcisaTa RerZze (ufro 

zustad, maTze y  RerZis paralelurad gavlebuli wrfeebiT). (Q) sididis ganzomilebaa 

mmsT
sT

mm
  

vTqvaT, unda gamovTvaloT niadagSi CaJonili wylis saerTo raodenoba drois 

]0,1;0,5[ intervalSi. e.i. Cven unda gamovTvaloT nax. 7.1.2-ze daStrixuli farTis 

farTobi, romelic, rogorc es am paragrafSi vnaxeT, Semdegi integralis  
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tolia (fesvebi amoRebulia meaTmilionedis sizustiT). 

7.2. kalkulusis ZiriTadi Teorema 

Teorema 7.2.1. Tu f uwyveti funqciaa Ria intervalze, romelic [ , ]a b  segments 

Seicavs, maSin: 

0,1 0,5 

22,1 

30,8 

0 x  

 y  

nax. 7.1.2. 

farTi 
2/1515  xy  wiris qveS SemosazRvruli 

1,0,0  xy  da 5,0x  wrfeebiT 
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1. 
d

db
f x dx f b

a

b

( ) ( )  ;                                       (7.2.1) 

2. Tu  f x F x ' ( ) , maSin f x dx F x F b F a
a

b

a

b
( ) ( ) ( ) ( )    .      (7.2.2) 

(7.2.2) formulas niuton-laibnicis formula ewodeba, romelic 7.1 paragrafSi 

gansazRvruli integralis ganmartebad miviReT. F x( )  funqcias, rogorc es 7.1 

paragrafSi iyo aRniSnuli, ewodeba f x( )  funqciis pirvelyofili, primitiuli funqcia. 

mas uwodeben agreTve antiwarmoebuls an ganusazRvrel integrals da weren f x dx( )  

formiTac. 

damtkiceba. warmoebulis cnebis Sesabamisad 
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vTqvaT, b  0 , maSin, 7.1.5 Sedegis Tanaxmad, 

)(max)()(min xfbdxxfxfb
bbxb
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b
bbxb 




  , 

e. i. b -ze gayofis Semdeg,  
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Tu (7.2.4)-Si b -s nulisken mivaswrafebT, miviRebT, rom 
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roca b  0 , maSin (7.2.4)-is analogiurad miviRebT, rom 

)(max)()()(min)( xfbdxxfxfb
bxbb

b

bb
bxbb 
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  , 

saidanac,  b -ze gayofisa da 7.1.3 gansazRvris gaTvaliswinebiT, gamomdinareobs, rom 
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aqedan, b -s nulisken miswrafebis Semdeg, miviRebT 
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radgan marjvena da marcxena zRvrebi tolia, amitom arsebobs 
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 (7.2.3)-dan da (7.2.7)-dan gamomdinareobs (7.2.1). 

Tu (7.2.1)-s gamoviyenebT, gveqneba, rom  x a b[ , ] -sTvis 

d

dx
F x f t dt F x

d

dx
f t dt f x f x

a

x
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cnobilia, rom Tu raime intervalze funqciis warmoebuli nulis tolia, maSin es 

funqcia raime C mudmivis tolia*). amitom 

F x f t dt C
a

x

( ) ( )  .                          (7.2.6) 

Tu am ukanasknelSi CavsvamT 

x a , 

miviRebT, rom 

F a f t dt C
a

a

( ) ( )  , 

saidanac 

C F a ( ) .                              (7.2.7) 

amdenad, (7.2.6)-dan da (7.2.7)-dan davaskvniT, rom 

f t dt F x F a
a

x

( ) ( ) ( )   .                       (7.2.8) 

Tu (7.2.8)-Si CavsvamT 

x b , 

cxadia, 

f t dt F b F a
a

b

( ) ( ) ( )   . 

rac emTxveva (7.2.2)-s, radgan advili misaxvedria, rom integralis mniSvneloba sain-

tegracio cvladze damokidebuli ar aris.  

 

                                                 
*) amis mkacrad dasamtkiceblad unda gamoviyenoT lagranJis Teorema saSualo 
mniSvnelobis Sesaxeb, romelic Cveni kursiT gaTvaliswinebuli ar aris. Tumca 

meqanikuri mosazrebiT is cxadia. marTlac, Tu )(tfs   gamoxatavs materialuri 

wertilis moZraobas wrfis gaswvriv, amasTan misi siCqare, roca 0tt  , igivurad 

nulis tolia 0)('  tfv , maSin, roca 0tt  , wertili adgilzea gaCerebuli da 

sawyis O  wertilamde s  manZili drois yovel momentSi ar icvleba, e.i., mudmivia. 


