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Sesavali

kalkulusi (3-4-5) sabunebismetyvelo mecnierebebisaTvis, faqtobrivad, diferencialuri

da integraluri aRricxvis Sesavali kursia wrfivi algebrisa da analizuri geometriis

elementebiT. misi mizania, ganmartebebis da debulebebis mkacr formulirebasTan erTad

gamartivebul enaze gaacnos studentebs yvela is ZiriTadi maTematikuri cneba da faqti,

romelic aucilebelia kursSi Sesabamis adgilas CarTuli fizikuri, qimiuri,

biologiuri, ekologiuri, samedicino, sainJinro da sxva modelebis prezentaciisTvis.

kursis mizans ar warmoadgens am modelebis ageba-gamokvlevis maTematikuri meTodebis Ses-

wavla. am ukanasknels eZRvneba ufro Rrma kursebi.

kalkulusis Seqmna XVII saukuneSi warmoadgenda Semobrunebis punqts azrovnebis isto-

riaSi. man dasabami misca Tanamedrove maTematikur mecnierebas. kalkulusi safuZvlad

udevs Tanamedrove maTematikis mraval dargs. is gamoiyeneba fizikaSi, qimiaSi, biologiaSi,

ekologiaSi, medicinaSi, sainJinro da sxva mecnierebebSi, raSic am kursis gavlisas

davrwmundebiT.

gza kalkulusis Sesaqmnelad, erTi mxriv, ricxvis cnebis gafarToebiT da, meore mxriv,

geometriisa da algebris SerwymiT gaikvala. bunebrivia, rom Cvenc kursi ricxvebis

bunebis ganxilviT daviwyoT.
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1. ricxvebi

1.1. operaciebi ricxvebze. namdvil ricxvTa veli

yoveli cneba ganisazRvreba ufro martivi cnebiT. am process bolosdabolos mivyavarT

imdenad pirvelad cnebamde, rom misi gansazRvra ufro martivi cnebis saSualebiT ver

xerxdeba. aseT cnebas pirveladi (ZiriTadi) cneba ewodeba. is SeiZleba mxolod aRiweros da

miiReba ganmartebis gareSe. pirvelad cnebebs ganekuTvneba simravlis cnebac. magaliTad,

SeiZleba laparaki: qarTuli anbanis yvela asos simravleze; auditoriaSi msxdom studentTa

simravleze; wreebisa da samkuTxedebis simravleze; simravleze romelic Sedgeba mzisagan,
mTvarisagan, romelime quCaze ganlagebuli Senobebisagan da fermaSi qaTmebisagan; ricxvTa

simravleze da a.S. im obieqtebs, romelTagan simravle Sedgeba, simravlis elementebi
ewodeba. simravles ewodeba carieli simravle, Tu is arcerT elements ar Seicavs. carieli

simravle aRiniSneba  simboloTi. Canaweri BA  an AB  niSnavs imas, rom A simravlis

yoveli elementi B simravlesac ekuTvnis e.i. ar arsebobs iseTi elementi, romelic ar

ekuTvnis B –s da ekuTvnis A –s. aseT SemTxvevaSi amboben, rom „ A aris B -s qvesimravle“.
carieli simravle nebismieri simravlis qvesimravlea. Tu BA  da AB  , maSin A da B
simravleebi erTi da imave elementebisagan Sedgeba. aseT SemTxvevaSi vwerT, rom BA  da

vambobT, rom A da B toli simravleebia. im faqts, rom x elementi ekuTvnis A
simravles vwerT ase Ax ( x ekuTvnis A -s). winaaRmdeg SemTxvevaSi vwerT Ax . BA \ -Ti
aRiniSneba A simravlis yvela im (da mxolod im) elementis simravle, romelic ar ekuTvnis

B -s.

am TavSi Cven ganvixilavT simravleebs, romelTa elementebi ricxvebia.

naturaluri ricxvebis cneba erT-erTi pirveladi maTematikuri cnebaa. naturalur
ricxvTa simravle ,...}3,2,1{:N simboloTi aRiniSneba.

0, 1, 2, 3, 4, 5, 6, 7, 8, 9-s cifrebi ewodeba.
ricxvs, garda 1-isa, romelic unaSTod iyofa mxolod 1-ze da Tavis Tavze, martivi

ricxvi ewodeba.

ricxvs, romelic 1-isa da Tavis Tavis garda sxva ricxvzec iyofa unaSTod, Sedgenili
ricxvi ewodeba.

ricxvi 1 arc martivia da arc Sedgenili.

mTeli ricxvebi ewodeba n saxis ricxvebs, sadac n N an n  0 . mTel ricxvTa

simravle Z simboloTi aRiniSneba. n N -s ewodeba mTeli dadebiTi ricxvi, xolo n -s

(n N ) – mTeli uaryofiTi ricxvi. 0 (nuli) arc dadebiTia da arc uaryofiTi.

2n , n N , saxis ricxvebs luwi ricxvebi, xolo 12 n , n N , saxis ricxvebs kenti
ricxvebi ewodeba.

racionaluri ricxvebi ewodebaT
n

m
saxis ricxvebs, sadac m Z da n N . racionalur

ricxvTa simravle Q simboloTi aRiniSneba. Tu Nm da nm  , maSin
m

n
ricxvs wesieri

wiladi ewodeba, xolo roca nm  _ arawesieri wiladi. Tu n k 10 , k N , mas aTwiladi
ewodeba.

usasrulo aTwilads, romlis erTi an ramdenime cifri ucvlelad meordeba erTi da imave

mimdevrobiT, perioduli aTwiladi ewodeba.
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usasrulo perioduli aTwiladi warmoadgens racionalur ricxvs*) da, piriqiT, yoveli

racionaluri ricxvi warmoidgineba usasrulo perioduli aTwiladiT.

usasrulo araperiodul aTwilads ......, 21 na  iracionaluri ricxvi ewodeba. aRvniSnoT

maTi simravle I simboloTi.

racionalur da iracionalur ricxvebs erTad namdvili ricxvebi ewodebaT. maTi simravle

R simboloTi aRiniSneba. is Sedgeba racionalur ricxvTa simravlis da irracionalur
ricxvTa simravlis elementebisagan. saerTod, ori an ramdenime simravlis gaerTianeba
ewodeba simravles, romelic am simravleTa elementebisagan Sedgeba. amdenad, namdvil

ricxvTa simravle warmoadgens racionalur da irracionalur ricxvTa simravleebis
gaerTianebas, rac ase aRiniSneba QIR  . ori an ramodenime simravlis TanakveTa ewodeba

simravles, romelic im elementebisgan Sedgeba, romelic yvela am simravles ekuTvnis.
magaliTad,









2
1,10,2:A

da







  10,

5
4,2,1:B

simravleebis TanakveTa
 10,2: C

simravlea, rac ase Caiwereba
BAC 

(simbolo : “aRniSvnas” aRniSnavs).

vTqvaT, A , B da C raime simravleebia. maSin samarTliania qvemoT moyvanili oTxi

mtkiceba.

I. Tu CA  da CB  , maSin   CBA  .

marTlac, yoveli BAa  elementi ekuTvnis erT-erTs A da B wyvilidan, romelTagan

TiToeuli C -s qvesimravlea. amitom Ca .
II. Tu BA  da CA  , maSin )( CBA  .

marTlac, yoveli Aa , Cven pirobebSi, B da C simravleebis saerTo elementicaa.
III. BBAA )\( .

marTlac, BA \ niSnavs, rom A -dan amoviReT B -s yvela is elementi, romelic A -sac

ekuTvnoda. BA \ -s gaerTianeba B -sTan ki niSnavs imas, rom BA \ -sTan gavaerTianoT B -s
yvela elementi, maT Soris, B -s is elementebic, romlebic amovyareT A -dan. amdenad,

BBA )\( Seicavs A -s yvela elements da B -s im elementebsac, romlebic A -s ar

ekuTvnis.

IV. cxadia, Tu BA  da CB  , maSin CA  .

dadebiTi wiladi ricxvebi cnobili iyo jer kidev babilonisa da egviptis uZvelesi

civilizaciebisTvis. varaudoben, rom 0 indoelebma SemoiRes, xolo uaryofiTi racionaluri
ricxvebi _ italielebma aRorZinebis xanaSi (XIV-XVI ss.).

x ricxvis mTeli nawili (aRvniSnoT ][x simboloTi) ewodeba udides mTel ricxvs,

romelic x-s ar aRemateba. x ricxvis wiladi nawili (aRvniSnoT }{x simboloTi) ewodeba

x x [ ] sxvaobas.

*) SeiZleba damtkicdes usasrulod klebadi geometriuli progresiis (ix. leqcia 8) jamis

formulis gamoyenebiT.
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algebris yvela wesi SeiZleba miRebuli iqnes Semdegi 12 aqsiomidan.

1. yoveli a da b ricxvisTvis arsebobs erTaderTi ricxvi, romelsac jami ewodeba da

aRiniSneba a b simboloTi.

2. a b b a   (Sekrebis komutaciuroba)*).
3. ( ) ( )a b c a b c     (Sekrebis asociaciuroba).

4. arsebobs iseTi ricxvi, romelic aRiniSneba simboloTi 0**), iseTi, rom a a 0 . mas

“nuli” ewodeba.

5. yoveli a-sTvis arsebobs erTaderTi ricxvi a , romelsac a-s mopirdapire ewodeba,
iseTi, rom a a  ( ) 0 .

6. yoveli a da b ricxvisTvis arsebobs iseTi erTaderTi ricxvi, romelsac a da b
ricxvebis namravli ewodeba da aRiniSneba an a b , an a b , an ab simboloTi.

7. ab ba (namravlis komutaciuroba).
8. ( ) ( )ab c a bc (namravlis asociaciuroba).

9. acabcba  )( (distribuciuloba).

10. arsebobs iseTi ricxvi, romelic aRiniSneba simboloTi 1***), iseTi, rom 1 a a . mas
“erTiani” ewodeba.

11. 1 0 .
12. a  0ricxvisTvis arsebobs iseTi erTaderTi ricxvi, romelsac a-s Sebrunebuli

ewodeba da aRiniSneba a 1 simboloTi, iseTi, rom  a a  1 1 .
1-12 aqsiomebs velis aqsiomebi ewodeba. ramdenadac yvela namdvil ricxvTa erToblioba

(simravle) akmayofilebs am aqsiomebs, mas namdvil ricxvTa veli ewodeba. saerTod, vels

qmnis nebismieri bunebis (abstraqtuli) obieqtebis simravle, romlis elementebic
akmayofileben velis 1-12 aqsiomebs.

vityviT, rom M simravleze gansazRvrulia binaruli algebruli operacia, Tu M
simravlis elementTa yovel dalagebul ),( ba wyvils eTanadeba amave M simravlis

erTaderTi c elementi.

elementTa aracariel simravles, romelzedac gansazRvrulia erTi an ramdenime binaruli
algebruli operacia, romlebic garkveul aqsiomebs akmayofileben, algebruli struqtura
ewodeba.

rogorc vxedavT namdvil ricxvTa veli warmoadgens algebrul struqturas ori

binaruli operaciiT (Sekreba da gamravleba).

*) “=” niSnavs ori gamosaxulebis tolobas, romelic xasiaTdeba Semdegi sami aqsiomiT: 1. a=a
(refleqsuroba); 2. Tu a=b, maSin b=a (simetriuloba); 3. Tu a=b da b=c, maSin a=c
(tranzituloba). a+b=a+b tolobidan, radgan a=a, gamomdinareobs, rom erTidaigive sididis
tolobis orive mxarisaTvis damateba tolobas ar arRvevs (ix. agreTve dalagebis aqsiomebi leqcia

2-Si).
**) “nuli” erTaderTia. marTlac, Tu arsebobs meore “nuli” '0 , maSin aa  '0 . amdenad, kerZod,

gveqneba ori toloba 0'00  da '00'0  . saidanac Sekrebis komutaciurobisa da tolobis

tranzitulobis gamo davaskvniT, rom 0'0  .
***) @~erTiani” erTaderTia. marTlac, Tu arsebobs meore “erTiani” '1 , maSin aa '1 . amdenad, kerZod,

gveqneba ori toloba 11'1  da '1'11  . saidanac namravlis komutaciurobisa da tolobis

tranzitulobis gamo davaskvniT, rom 1'1  .
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rogorc aRvniSneT, algebris yvela wesi SeiZleba miRebuli iqnes velis 1-12 aqsiomebidan.

SevTanxmdeT, rom b a b a   : ( ) , )(:: 1 ab
a

b
ab , roca 0a . marTlac, aqsiomebis

gamoyenebiT advili dasamtkicebelia, rom

1.  0 0 ;
2.   ( )a a ;
3. a x b  maSin da mxolod maSin, roca x b a  (gamokleba);

4. Tu a  0 , maSin ax b maSin da mxolod maSin, roca
a

b
bax  1 (gayofa);

5. 0 0 a ;

6. Tu ab  0 , maSin an a  0 , an b  0 (Sekvecis kanoni), an orive 0-is tolia.
7. ( )  a b ab , ( )( )  a b ab .
davamtkicoT 1-7 mtkicebebi.

1. -0, rogorc 0-is mopirdapire, me-5 kanonis Tanaxmad, iseTi erTaderTi x ricxvia,

romlisTvisac 00  x , magram me-4 aqsiomis ZaliT, 0 0 0  , amdenad, erTaderTi x ricxvi

erTdroulad -0-is tolicaa da 0-is tolicaa. es ki, tolobis tranzitulobis gamo,

mxolod maSin SeiZleba, roca  0 0 ;
2. me-5 aqsiomis Tanaxmad, erTi mxriv, arsebobs erTaderTi  )( a iseTi, rom

  0)()(  aa , (1.1.1)

xolo meore mxriv,

0)(  aa .

Tu am ukanasknelis mimarT gamoviyenebT me-2 aqsiomas, miviRebT

0)(  aa ,

romlis (1.1.1)-Tan SedarebiT, radgan toloba ar irRveva tolobis orive mxarisaTvis

mxolod toli ricxvebis damatebiT, davaskvniT, rom

aa  )( .

3. Tu bxa  , maSin ( ) ( ) ( )a x a b a      ; magram erTi mxriv, ganmartebis Tanaxmad,

abab  )( da, amdenad, abaxa  )()( , xolo; meore mxriv, me-2, me-3, me-5 da me-4

aqsiomebis ZaliT,
  xxaaxaaxaxa  0)()()()()( ;

amrigad, x b a  da aucilebloba (“maSin”) damtkicebulia, xolo Tu abx  , maSin

aabax  , saidanac, me-2 da me-5 aqsiomis Tanaxmad, bxa  da sakmarisoba (“mxolod

maSin”) damkicebulia.

4. vTqvaT, a  0 da ax b ; maSin me-7, me-8, me-12 da me-10 aqsiomebis Tanaxmad,

ba ax a xa a x aa x x x          1 1 1 1 1 1( ) ( ) ( ) ,

saidanac x ba 1 (aucilebloba); Tu x ba 1 , maSin me-7, me-8, me-12 da me-10 aqsiomebis

Tanaxmad,

     ax a ba a a b aa b b b       1 1 1 1 (sakmarisoba);

5. Tu me-9 aqsiomas gamoviyenebT c  0 SemTxvevaSi, me-7 aqsiomis Tanaxmad gveqneba, rom,
erTi mxriv, a b ab a ab a( )    0 0 0 ; meore mxriv, me-4 aqsiomis ZaliT, abba  )0( ,

amdenad, tolobis tranzitulobis Tanaxmad, ab a ab 0 ; me-3 mtkicebisa da me-5-e aqsiomis
Sesabamisad ki

0 0a ab ab ab ab     ( ) .
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6. vTqvaT, b  0 , ab  0 , maSin  ( )ab b a bb a a     1 1 1 0 , radgan me-5 mtkicebidan

gamomdinareobs, rom, Tu ab  0 , maSin 00)(  ccab yvela c-sTvis, kerZod, 1 bc -Tvis.

7. radgan tolobis orive mxarisaTvis erTidaigive sididis damateba tolobas ar arRvevs,

( )  a b ab niSnavs imas, rom 0])[()(  baababab (cxadia, Tu sruldeba es

ukanaskneli, Sesruldeba pirvelic), rac marTlac asea, radgan me-9 da me-5 aqsiomebis

Tanaxmad,

   ab a b a a b b       ( ) ( ) 0 0 ,
sadac bolo nabiji gamomdinareobs me-5 mtkicebidan; ( )( )  a b ab ki gamomdinareobs

axlaxan damtkicebulidan da meore mtkicebidan:

   ( )( ) ( ) ( ) ( )            a b a b b a ba ba ab .

velze samarTliania Semdegi tolobebi:

;0, 


 bd
bd

bcad

d

c

b

a
Tu

;0,  bd
bd

ac

d

c

b

a
Tu

;0,:  bdc
bc

ad

d

c

b

a
Tu

;0, 




b

b

a

b

a

b

a
Tu

.0,
1











ab
a

b

b

a
Tu

marTlac,

;))(())]()(())([(

))]()([(]))()[((

1111

11111111

bd

bcad
bdcbadbdbdcdbdab

bdbdcdabbdbdcdabcdab
d

c

b

a










        ,))((])([])[()())(( 11111111111

bd

ac
bdacbdcacbdacdbacdbacdbacdab

d

c

b

a
 

radgan 111)(   dbbd (marTlac, ,1)())(( 11111   bbbddbbdbd amdenad 11  db aris bd -s

Sebrunebuli, e.i. 1)( bd );

;
)(
)(

))((
))((: 1

1

1

1

1

1

bc

ad

bddc

dbba

bdcd

bdab

bd

bd

cd

ab

d

c

b

a
 











,)()(,)( 11111

b

a
abbaba

b

a

b

a
abba

b

a





 

radgan, Tu ,0b maSin 1))(( 11   bbbb (ix. mtkiceba 7, meore toloba), amitom
11)(   bb ;

radgan Sebrunebulis erTaderTobidan da

,1,1))(( 1111   bbbb
tolobebidan gamomdinareobs, rom

.)( 11 bb 

,)()( 1111111
1

a

b
bababaab

b

a







 


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SemoviRoT Semdegi aRniSvnebi (axarisxeba)

a a1: , aaa :2 , 23 : aaa  da a. S.;

Tu a  0 , CavTvaloT, rom

a 0 1 ;

radgan

a
a

1:1  ,

vwerT, rom

  2

2
212 1111:

aaaa
aa 






  , a

a
 3

3
1

da a. S.;

gamosaxulebebs 00 , 0 1 , 0 2 da a. S. araviTar azrs ar vaniWebT; axarisxebis cnebisa da

velis aqsiomebis gamoyenebiT advili saCvenebelia, rom

( )ab a bn n n , a a an m n m  ,  a an m nm ,

sadac n m Z,  da a  0 -sa da b  0 -s gamovricxavT im SemTxvevaSi, roca Sesabamisi

gamosaxulebebi azrs kargaven.

a R arauaryofiTi ricxvidan n-uri xarisxis ariTmetikuli fesvi  an ewodeba im

arauaryofiTi ricxvs, romelic, ayvanili n xarisxSi, gvaZlevs a-s:

 a an
n
 .

SemoviRoT Semdegi ganmarteba

n mn

m

aa : .


