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Sesavali 

 
 
  yoveldRiur cxovrebaSi Cven metnaklebad gvixdeba fiqri imaze , rom 
dasaSveb (SesaZlebel) variantebidan avirCioT yvelaze saukeTeso 
(optimaluri) , rom mivaRwioT dasaxul mizans. es SeiZleba iyos 
minimaluri danaxarjebiT an minimalur droSi  sasurvel punqtamde 
misvla, Cvens xelT arsebuli finansuri SesaZleblobebis racionalurad 
gamoyeneba da a.S. maTematikurad aRwerili aseTi tipis amocanebis 
gamokvleva Seadgens variaciuli aRricxvisa da optimaluri marTvis 
Teoriis sagans. Ees Teoria Seicavs farTo speqtrs problemebisa, 
romlebic dakavSirebulia  funqcionalis eqstremumis moZebnasTan; 
sistemebis optimalur marTvasTan; optimaluri gadawyvetilebis 
miRebasTan da a.S .  
  saqarTveloSi variaciuli aRricxvisa da optimaluri marTvis Teoriis 
ganviTarebas safuZveli Cauyares  a. razmaZem, r. gamyreliZem da  
g. xaratiSvilma. 
  kursi  mizania gaacnos studentebs optimaluri marTvis Teoriis 
safuZvlebi da gamoumuSavos maT optimaluri amocanebis gamokvlevisa da 
amoxsnis unar-Cvevebi. 
  leqciaTa kursSi formulebis, Teoremebis da a.S. dasanomrad  
gamoyenebulia orcifriani numeracia: pirveli cifri miuTiTebs 
paragrafis nomers, xolo meore cifri- formulis, Teoremis da a.S. 
nomers. saleqcio kursis Sedgenisas Cven ZiriTadad vsargeblobdiT [1]-[4] 
wignebiT. 
 
 
 
$ 1. samaTi diferencialur gatolebaTa sistema da misi amonaxsni. 

marTvebis simravle 

 
 

 n

xR -iT aRvniSnoT Tnxxx ),...,( 1  veqtorebis n - ganzomilebiani wrfivi 

(veqtoruli) sivrce, sadac T  aRniSnavs transponirebas . x  veqtoris 
moduli (sigrZe) ganimarteba formuliT 

                                  



n

i

ixx
1

22
)( . 

n

xR  sivrceSi x  da y veqtorebis skalaruli namravli aRiniSneba yxT  da 

ganimarteba formuliT yxT =


n

i

ii yx
1

. 

 n

xR  sivrceSi gavixiloT r

uRu  parametrze damokidebuli diferencialur 

gantolebaTa sistema (veqtoruli formiT Cawerili) 
                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             

                             ),,( uxtfx  , ,n

xRx                   (1.1) 

sadac  
 

          
dt

dx
x  , Tn uxtfuxtfuxtf )),,(),...,,,((),,( 1 , r

u

Tr Ruuu  ),...,( 1 .                      
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r

uRu  parametrs ewodeba marTva (marTvis parametri), xolo (1.1) 

gantolebas samarTi diferencialuri gantoleba. 

  vTqva ],[ baI   mocemuli monakveTia. vityviT, rom r

u

n

x RRI   pirdapir 

namravlze gansazRvruli ),,( uxtf  funqcia (gantolebis marjvena mxare ) 

uwyvetad warmoebadia n

xRx  cvladis mimarT, Tu kerZo warmoebulebi   

 

                              
j

i

x

uxtf



 ),,(
, nji ,1,    

uwyvetia simravleze r

u

n

x RRI  . 

gansazRvreba 1.1. ItRtxx n

x  ,)(  funqcias ewodeba (1.1) gantolebis 

amonaxsni, Tu igi uwyvetad warmoebadia da yoveli It  wertilSi 
adgili aqvs tolobas  
                          )),(,()( utxtftx  . 

 
aq igulisxmeba, rom )()(),()(  bxbxaxax  . 

gansazRvreba 1.2. vTqvaT n

xRIxt ),( 00  mocemuli wertilia. Ittx ),(  

funqcias ewodeba 

                         








,)(

),,,(

00 xtx

uxtfx
 

 
koSis amocanis amonaxsni, Tu igi gantolebis amonaxsnia da amave dros 

akmayofilebs pirobas 00 )( xtx  . 

Teorema 1.1. vTqvaT funqcia ),,( uxtf  uwyvetia simravleze r

u

n

x RRI   

da uwyetad warmoebadia x  cvladis mimarT. garda amisa, vTqvaT kerZo 
warmoebulebi  

                           
j

i

x

uxtf



 ),,(
, nji ,1,    

SemosazRvrulia e.i. arsebobs iseTi ricxvi 0M , rom  
 

                          njiM
x

uxtf
j

i

,1,,
),,(





, n

u

n

x RRIuxt  ),,( .  

maSin nebismieri r

u

n

x RRIuxt ),,( 00  wertilisTvis arsebobs koSis 

amocanis  
 

                                  








,)(

),,,(

00 xtx

uxtfx
 

 
erTaderTi amonaxsni )(tx , romelic ganmartebulia mTel I  monakveTze. 

magaliTi 1.1. vTqvaT erTeuli masis )1( m  mqone sxeuli F  Zalis 
moqmedebiT  moZraobs horizontalur wrfeze (ricxviT RerZze). ipoveT 
sxeulis moZraobis aRmweri diferencialuri gantoleba, Tu 
mxedvelobaSi ar miiReba gareSe Zalebi (xaxuni, qari da a.S.). niutonis 
meore kanonis ( Fma  ) Tanaxmad sxeulis moZraoba aRiwereba  me-2 rigis 
diferencialuri gantolebiT   
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                                    Fx  .                        (1.2) 
 

(1.2) gantoleba daviyvanoT sistemaze. SemoviRoT aRniSvnebi: xxxx  21 , , 
miviRebT 

                              










.

,

2

21

Fx

xx




                         (1.3) 

 

cxadia, F  Zalis cvlilebis Sesabamisad, 2

xR  fazur sivrceSi icvleba 

(1.3) sistemis traeqtoria. amitom F  Zala SeiZleba ganvixiloT, rogorc 
marTvis parametri e.i. Fu  . 

Aamrigad, sxeulis moZraoba 2

xR  fazur sivrceSi aRiwereba Semdegi 

samarTi diferencialur gantolebaTa sistemiT 
 

                                    










.

,

2

21

ux

xx




                  

 
marTvis parametri u , rogorc wesi, damokidebulia droze da 
akmayofilebs  garkveul SezRudvebs. maTematikurad es niSnas, rom 

Ittuu  ),(  da igi iRebs mniSvnelobebs winaswar mocemul r

uRU   

simravlidan. )(tu -s ewodeba marTvis funqcia (marTva), xolo U -s marTvis 
are. 
  vTqvaT )(tu uwyveti marTvaa, maSin arsebobs koSis amocanis  

                                   








,)(

)),(,,(

00 xtx

tuxtfx
 

 
erTaderTi amonaxsni .),( Ittx   

 vTqvaT r

uRU   mocemuli simravlea. 1 -Ti aRvniSnoT uwyveti ItUtu  ,)(   

marTvebis erToblioba. 1 -s ewodeba marTvebis simravle. 

  yovel elements 1100 ),,(  n

xRIWuxtw  SevusabamoT diferencialuri 

gantoleba 
 
                                ))(,,( tuxtfx                      (1.4) 

sawyisi pirobiT 

                               00 )( xtx  .                         (1.5) 

 
gansazRvreba 1.3. ),;()( wtxtx  ,It funqcias ewodeba 

1Ww  elementis  

Sesabamisi amonaxsni, Tu igi akmayofilebs (1.5) pirobas. )(tx funqcia I   

monakveTze uwyvetad warmoebadia da yovel It  wertilSi akmayofilebs 
(1.4) diferencialur gantolebas. 
 

 yovel 1Ww  elements Seesabameba erTaderTi amonaxsni );( wtx . 
 
konkretuli optimaluri amocanebis gamokvleva aCvenebs, rom optimalu- 
ri marTva, rogorc wesi, uban-uban uwyveti funqciaa. amitom 
mizanSewonilia marTvis funqciebad ganvixiloT uban-uban uwyveti 
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funqciebi. ItUtu  ,)(  marTvas ewodeba uban-uban uwyveti, Tu monakveTi I  

SeiZleba danawildes sasrul raodenoba kiI i ,1,   qveintervalebad, 

romlebzec )(tu  funqcia uwyvetia. 

  -Ti aRvniSnoT uban-uban uwyveti ItUtu  ,)( , marTvebis simravle. 

cxadia, rom 1 .  

  vTqvaT ),(0 bat  , n

xRx 0  fiqsirebuli wertilebia da )(tu . 

avagoT )(tu -s Sesabamisi amonaxsni. vTqvaT 01 ts   pirveli wertilia, 

romelzec )(tu  ganicdis wyvetas. ],[ 10 st  monakveTze ganvixiloT koSis 

amocana 

                            








.)(

)),(,,(

00 xtx

tuxtfx
                       (1.6) 

 

gantolebis marjvena mxare uwyvetia ],[ 10 stt  monakveTze. (1.6) amocanas 

aqvs erTaderTi amonaxsni ],[),( 101 stttx  . vTqvaT 12 ss   aris )(tu  marTvis 

momdevno wyvetis wertili, maSin ],[ 21 ss  monakveTze koSis amocanas 
 

                            








)()(

))(,,(

111 sxsx

tuxtfx
 

 

eqneba erTaderTi amonaxsni ],[),( 212 ssttx  . funqcias   
 

                              









],[),(

],[),(
)(

212

101

ssttx

stttx
tx  

 

ewodeba (1.6) koSis amocanis amonaxsni ],[ 20 st  monakveTze. Tu am process 

gavagrZelebT 0t  wertilis marjvniv da marcxniv , maSin Cven avagebT )(tu  

marTvis Sesabamis )(tx  amonaxsns I  monkveTze. 
 aRsaniSnavia, rom aseTi wesiT agebuli amonaxsni erTaderTia da mas , 
sazogadod, )(tu  marTvis wyvetis wertilebSi SeiZleba ar gaaCndes 
warmoebuli e.i. am wertilebSi igi ar daakmayofilebs diferencialur 
gantolebas. 

  Yyovel elements  r

xRIWuxtw ),,( 00  SevusabamoT (1.4) 

diferencialuri gantoleba (1.5) sawyisi pirobiT. 
gansazRvreba 1.4. ),;()( wtxtx  ,It funqcias ewodeba Ww  elementis  

Sesabamisi amonaxsni, Tu igi akmayofilebs (1.5) pirobas. )(tx funqcia I   

monakveTze uwyvetia da uban-uban uwyvetad warmoebadi da yovel It  
wertilSi, garda sasruli raodenoba wertilebisa, akmayofilebs (1.4) 
diferencialur gantolebas. 
  Yyovel Ww  elements Seesabameba erTaderTi amonaxsni. 
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$ 2. optimaluri amocana avtonomiuri sistemisTvis. optimalurobis 

aucilebeli pirobebi 

 
 
  diferencialur gantolebas ewodeba avtonomiuri, Tu misi marjvena 

mxare ar aris damokidebuli t  cvladze. vTqvaT ),[0 bat  , n

x

n

x RxRx  10 ,  

fiqsirebuli wertilebia, xolo   uban-uban uwyveti ItUtu  ,)(  

marTvebis simravlea. funqcia Tn uxfuxfuxf )),(),...,,((),( 1  akmayofilebs 

Teorema 1.1-is pirobebs URn

x   simravleze. 

 Yyovel  ],(),( 01 btWutw  elements SevusabamoT avtonomiuri 

diferencialuri gantoleba 

                                  ].,[,),,( 10 tttRxuxfx n

x                            

 

gansazRvreba 2.1. ],[),;()( 10 tttwtxtx   uwyvet funqcias ewodeba w  elementis  

Sesabamisi amonaxsni , Tu igi akmayofilebs pirobas 00 )( xtx  . funqcia )(tx  

uban-uban uwyvetad warmoebadia da adgili aqvs tolobas ))(),(()( tutxftx   

yvelgan ],[ 10 tt  monakveTze, garda sasruli raodenoba wertilebisa. 

 
Yyovel w  elements Seesabameba erTaderTi  amonaxsni (traeqtoria) )(tx . 

gansazRvreba 2.2. Wtutw  ))(,( 1  elements ewodeba dasaSvebi, Tu misi 

Sesabamisi traeqtoria )(tx  akmayofilebs pirobas 11)( xtx  . 
 

  dasaSvebi elementis Sesabamis traeqtoria aerTebs 0x  da 1x  wertilebs. 

am SemTxvevaSi amboben, rom )(tu  marTvas gadayavs 0x  wertili 1x  

wertilSi 01 tt   drois ganmavlobaSi. 

  dasaSveb elementebis simravle aRvniSnoT 0W . 

  vTqvaT ),(0 uxf  skalaruli funqcia uwyvetia URn

x   simravleze da 

uwyvetad warmoebadi x  cvladis mimarT. 
 ganvixiloT integraluri funqcionali  

                      
1

0

))(),(()( 0

t

t

dttutxfwJ , 

sadac ).;()( wtxtx   

asaxvas ewodeba funqcionali, Tu misi saxe ricxvia. 

gansazRvreba 2.3. 00100 ))(,( Wtutw   elements ewodeba optimaluri, Tu 

nebismieri 0Ww  elementisTvis adgili aqvs utolobas 

                             ).()( 0 wJwJ   

optimaluri amocana mdgomareobs optimaluri 0w  elementis moZebnaSi. 

)(0 tu -s ewodeba optimaluri marTva, );()( 00 wtxtx   ewodeba optimaluri 

traeqtoria, 10t  ewodeba optimaluri momenti. 

  Ooptimaluri amocana mokled ase Caiwereba 
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























.],())(,(

min,))(),(()(

,)(,)(

),,(

01

0

1100

1

0

btWtutw

dttutxfwJ

xtxxtx

uxfx

t

t



               (2.1) 

                     
(2.1) amocanas ewodeba optimaluri amocana damagrebuli (fiqsirebuli) 
boloebiT da integraluri funqcionaliT. 

vTqvaT 1),(0 uxf , maSin 01)( ttwJ  . Aam SemTxvevaSi optimalur amocanas 

ewodeba swrafqmedebis optimluri amocana. 
  (2.1) amocanisTvis, elementis optimalurobis aucilebeli pirobebis 
Camosyalibeblad Cven dagWirdeba Semdegi aRniSvnebi:  

 

             ),(ˆ
0   , ),...,( 1 n   Tfff ),(ˆ 0 , 

                 



n

j

j

j uxfuxfuxH
0

),(),(ˆˆ)ˆ,,(  . 

vTqvaT Wtutw  ))(,( 1 , xolo )(tx  Sesabamisi amonaxsnia. w  elementis 
Sesabamisi SeuRlebuli gantoleba ewodeba gantolebas 

 

                )ˆ),(),((  tutxH x = ].,[)),(),((ˆˆ
10 ttttutxf x   

 
koordinatebSi es gantoleba ase Caiwereba 

 

               ni
x

tutxf
j

n

j
i

j

i ,1,
))(),((

0





 



 .               (2.2) 

(2.2) aris cvladkoeficientebiani wrfivi erTgvarovan gantolebaTa 

sistema. (2.2) gantolebas nebismieri uban-uban uwyveti )(0 t  funqciisTvis 

yovelTvis aqvs erTaderTi amonaxsni niti ,1),(  , romelic uwyvetia da 

uban-uban uwyvetad warmoebadi. ))(),(()(ˆ 0 ttt    ewodeba SeuRlebuli 

gantolebis amonaxsni, Tu adgili aqvs tolobas  
 

                    ))(ˆ),(),(()( ttutxHt x    

an rac igivea 

                nit
x

tutxf
t j

n

j
i

j

i ,1),(
))(),((

)(
0





 



 . 

  

Teorema 2.1. vTqvaT ))(,( 0100 tutw   optimaluri elementia, xolo )(0 tx  

Sesabamisi amonaxsni (optimaluri traeqtoria). maSin arsebobs misi 
Sesabamisi SeuRlebuli gantolebis  

 

                      ))(ˆ),(),(()( 00 ttutxHt x    

 

iseTi aranulovani (aratrivialuri) amonaxsni ))(),(()(ˆ 0 ttt   , 

sadac 0)(0  constt , rom Sesrulebulia Semdegi pirobebi: 
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a) u  cvladis funqcia ))(ˆ,),(( 0 tutxH   yoveli ],[ 100 ttt  aRwevs Tavis 

maqsimums )(0 tuu   wertilze (garkveulobisTvis igulisxmeba, rom 

)()( 00  tutu ) e.i. yoveli ],[ 100 ttt  adgili aqvs tolobas  

                    

       )).(ˆ,),((max))(ˆ),(),(( 000 tutxHttutxH
Uu




                      (2.4) 

 

b) optimalur 10t  momentSi Sesrulebulia toloba 

 

                 .0))(ˆ),(),(( 10100100 ttutxH                         (2.5) 

 
(2.4) pirobas ewodeba pontriaginis maqsimumis principi.  

   Aavtonomiuri optimaluri amocanisTvis .))(ˆ),(),(( 00 constttutxH    

 vTqvaT 1),(0 uxf , maSin  



n

j

j

j uxfuxH
1

0 ),()ˆ,,(  = ),(0 uxf  . 

SeuRlebuli gantoleba da (2.5) piroba am SemTxvevaSi miiRebs saxes 
 

                        ))(),(( 00 tutxf x  , 

 

                      0))(),(()()( 10010010100  tutxftt  .             (2.6) 

 

Tu )(t amonaxsni romelime tt ˆ  momentSi nolis tolia, maSin 

erTaderTobis gamo .0)( t  (2.6)-dan miiReba 0)( 100 t  e.i. .0)(ˆ t  es 

ewinaaRmdegeba maqsimumis princips. Aamrigad 0)( t  yovel ],[ 100 ttt  

wertilSi. (2.6) tolobidan gamomdinareobs utoloba    
 

                            .0))(),(()( 10010010 tutxft  

 
amrigad swrafqmedebis azriT optimaluri amocanisaTvis gveqneba Semdegi  
 

Teorema 2.2. vTqvaT ))(,( 0100 tutw   optimaluri elementia. maSin arsebobs   

 

                             ))(),(( 00 tutxf x   

gantolebis iseTi aratrivialuri amonaxsni )(t , rom adgili aqvs  
 

              ],,[),),(()(max))(),(()( 100000 tttutxfttutxft
Uu



  

                     .0))(),(()( 10010010 tutxft  

 
$ 3. optimaluri amocana araavtnomiuri sistemisTvis. 

optimalurobis aucilebeli pirobebi 

 
 
 diferencialur gantolebas ewodeba araavtonomiuri, Tu misi marjvena 

mxare damokidebulia t  cvladze. vTqvaT ),[0 bat  , n

x

n

x RxRx  10 ,  

fiqsirebuli wertilebia, xolo   uban-uban uwyveti ItUtu  ,)(  
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marTvebis simravlea. funqcia Tn uxtfuxtfuxtf )),,(),...,,,((),,( 1  akmayofilebs 

Teorema 1.1-is pirobebs URI n

x   simravleze. 

 yovel  ],())(,( 01 btWtutw  elements SevusabamoT araavtonomiuri 

diferencialuri gantoleba 

                                  .),,,( n

xRxuxtfx                            

 

gansazRvreba 3.1. ],[),;()( 10 tttwtxtx   uwyvet funqcias ewodeba w  elementis  

Sesabamisi amonaxsni, Tu igi akmayofilebs pirobas 00 )( xtx  . funqcia )(tx  

uban-uban uwyvetad warmoebadia da adgili aqvs tolobas 

))(),(,()( tutxtftx   yvelgan ],[ 10 tt  monakveTze, garda sasruli raodenoba 

wertilebisa. 
Yyovel w  elements Seesabameba erTaderTi  amonaxsni (traeqtoria) )(tx . 

gansazRvreba 3.2. Wtutw  ))(,( 1  elements ewodeba dasaSvebi, Tu 

Sesabamisi traeqtoria )(tx  akmayofilebs pirobas 11)( xtx  . 
 

dasaSveb elementebis simravle aRvniSnoT 0W . 

  vTqvaT ),,(0 uxtf  skalaruli funqcia uwyvetia URI n

x   simravleze da 

uwyvetad warmoebadi x  cvladis mimarT. 
 ganvixiloT integraluri funqcionali  

                           
1

0

))(),(,()( 0

t

t

dttutxtfwJ , 

sadac ).;()( wtxtx   

gansazRvreba 3.3. 00100 ))(,( Wtutw   elements ewodeba optimaluri, Tu 

nebismieri 0Ww  elementisaTvis adgili aqvs utolobas 

                             ).()( 0 wJwJ   

 
Ooptimaluri amocana mokled ase Caiwereba 
 

                      

























.],(),(

min,))(),(,()(

,)(,)(

,),,,(

01

0

1100

1

9

btWutw

dttutxtfwJ

xtxxtx

uuxtfx

t

t



             (3.1) 

 
SemoviRoT aRniSvnebi: 

                    )ˆ,,,( uxtH = ),,(ˆˆ uxtf =


n

j

j

j uxtf
0

),,( . 

 

Teorema 3.1. vTqvaT ))(,( 0100 tutw   optimaluri elementia, xolo )(0 tx  

Sesabamisi optimaluri traeqtoria. maSin arsebobs SeuRlebuli 
gantolebis  
 

                      ))(ˆ),(),(,()( 00 ttutxtHt x    
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iseTi aranulovani amonaxsni ))(),(()(ˆ 0 ttt   , sadac 0)(0  constt , 

rom Sesrulebulia Semdegi pirobebi: 

1. u  cvladis funqcia ))(ˆ,),(,( 0 tutxtH   yoveli ],[ 100 ttt  aRwevs Tavis 

maqsimums )(0 tuu  wertilze e.i. yoveli ],[ 100 ttt  adgili aqvs tolobas  

                    

                  )).(ˆ,),(,(max))(ˆ),(),(,( 000 tutxtHttutxtH
Uu




        

 

2. optimalur 10t  momentSi Sesrulebulia toloba 

 

                     .0))(ˆ),(),(,( 1010010010 ttutxtH   

 

Tu 1t  fiqsirebulia, maSin (1) amocanas ewodeba optimaluri amocana 
fiqsirebuli droiT, am SemTxvevaSi uw   da meore piroba TeoremaSi 
ar gveqneba.  
axla ganvixiloT swrafqmedebis optimaluri amocana   

 

                    





















,))(,(

min,)(

,)(,)(

,),,,(

1

01

1100

Wtutw

ttwJ

xtxxtx

uuxtfx

                  

Teorema 3.2. vTqvaT )(,( 0100 tutw   optimaluri elementia. maSin arsebobs   

                    ))(),(,( 00 tutxtf x   

gantolebis iseTi aranulovani amonaxsni )(t , rom adgili aqvs  

              ],,[),),(,()(max))(),(,()( 100000 tttutxtfttutxtft
Uu



  

                          .0))(),(,()( 1001001010 tutxtft  

 
 
$ 4. optimaluri amocana Tavisufali marjvena boloTi da  

     fiqsirebuli droiT. optimalurobis aucilebeli piroba 

 
 

n

xR  fazur sivrceSi ganvixiloT araavtonomiuri optimaluri amocana 

 

                  






















1

9

min,))(),(,()(

,)(

,),,,(

0

00

t

t

dttutxtfuJ

xtx

uuxtfx

         

sadac 1t  fiqsirebulia.  
 

Teorema 4.1. vTqvaT )(0 tu  optimaluri marTvaa, xolo )(0 tx  optimaluri 

traeqtoria. maSin SeuRlebuli gantolebis  
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                 ))(ˆ),(),(,()( 00 ttutxtHt x   , 

 

))(),(()(ˆ 0 ttt    amonaxsnisTvis, romelic akmayofilebs pirobebs 

1)(0 t , 0)( 1 t , adgili aqvs tolobas 

 

           ].,[)),(ˆ),(,())(ˆ),(),(,( 11000 tttttxtMttutxtH    

 
avtonomiuri amocanisTvis gveqneba Semdegi  
 

Teorema 4..2. vTqvaT )(0 tu  optimaluri marTvaa, xolo )(0 tx  optimaluri 

traeqtoria. maSin SeuRlebuli gantolebis  

                 ))(ˆ),(),(()( 00 ttutxHt x   , 

))(),(()(ˆ 0 ttt    amonaxsnisTvis, romelic akmayofilebs pirobebs 

1)(0 t , 0)( 1 t , adgili aqvs tolobas 

           ].,[,))(ˆ,),((max))(ˆ),(),(( 10000 tttconsttutxHttutxH
Uu




  

 
 

$ 5. izoperimetruli optimaluri amocana 
 
ganvixiloT optimaluri amocana 
 
                        uuxfx ),,( ,                (5.1) 

                         ,)(,)( 1100 xtxxtx              (5.2) 

                         
1

0

))(),((

t

t

dttutxg  ,             (5.3) 

                        
1

0

min))(),((0

t

t

dttutxf ,           (5.4) 

sadac n

xRxxItt  1010 ,,,  fiqsirebulia; skalaruli funqcia 

),( uxg uwyvetia r

u

n

x RR   da uwyvetad warmoebadia x -is mimarT; 

  mocemuli ricxvia. 
 (5.1)-(5.4)-s ewodeba izoperimetruli amocana, igi gansxvavdeba $1-Si 
ganxiluli amocanisgan (5.3) tolobiT. 
  SemoviRoT aRniSvna 

             ),(),(ˆˆ),ˆ,,( uxguxfuxH   . 

 

Teorema 5.1. vTqvaT )(0 tu  optimaluri marTvaa, xolo )(0 tx  optimaluri 

traeqtoria. maSin arsebobs SeuRlebuli gantolebis  
 

                      )),(ˆ),(),(()( 00  ttutxHt x  

 

iseTi aranulovani amonaxsni )),(),(()),(ˆ( 0  ttt  , sadac 

0)(0  constt , const , rom Sesrulebulia Semdegi toloba     

         

     )),(ˆ),(),((sup)),(ˆ),(),(( 0000  ttutxHttutxH
Uu

 =const , ],[ 10 ttt .       
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savarjiSo 5.1. dawereT optimalurobis aucilebeli pirobebi 
Semdegi optimaluri amocanebisTvis:  
5.1)     
          

                       










]1,1[,2

21

Uuux

xx




 

                  

               0)()(,)0(,)0( 212

0

21

0

1  TxTxxxxx  

                             
                          min;T  

 
5.2)               

 
11 ,),,( ux RuRxuxnx   

0)0( xx   

                             
1

0

))(),((

t

dttutxn   

 
1

0

min))(),(())(),((

t

dttutxMtutxn . 

 
 

$ 6. zogadi optimaluri amocana  
 

  vTqvaT skalaruli funqciebi lixxttq i ,0),,,,( 1010   uwyvetia da uwyvetad 

warmoebadi simravleze OOII  , sadac ],[ baI   ,xolo n

xRO   Ria 

simravlea. 

  yovel  OIIWtuxttw ))(,,,( 010  elements, sadac 10 tt  , 

SevusabamoT diferencialur gantolebaTa sistema  
 
                      Oxuxtfx  ),,,(                             (6.1) 

sawyisi pirobiT 
 

                          00 )( xtx  .                               (6.2) 

 
gantolebis marjvena mxare ),,( uxtf , UOI   simravleze akmayofilebs  

$ 1-Si moTxovnil pirobebs, iqve ixileT U  da   simravleebis Sesaxeb. 
 

gansazRvreba 6.1.  OIIWtuxttw ))(,,,( 010  elements ewodeba 

dasaSvebi, Tu misi Sesabamisi amonaxsni ],[),;()( 10 tttwtxtx   iRebs 

mniSvnelobebs O  simravlidan da akmayofilebs pirobebs 
 

                        litxxttq i ,1,0))(,,,( 1010  .                   (6.3) 

 

dasaSveb elementebis simravle aRvniSnoT 0W . 
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gansazRvreba 6.2. 000010000 ))(,,,( Wtuxttw   elements ewodeba optimaluri, 

Tu nebismieri 0010 ),,,( Wuxttw   elementisTvis adgili aqvs utolobas 

 

                   ))(,,,())(,,,( 1010

0

100001000

0 txxttqtxxttq  ,          (6.4) 

 

sadac ).;()(),;()( 00 wtxtxwtxtx   

 
(6.1)-(6.4) amocanas ewodeba zogadi optimaluri amocana. wina paragrafebSi 
ganxiluli yvela amocana warmoadgens (6.1)-(6.4) amocanis kerZo SemTxvevas 
(SeamowmeT). 
 
mokled zogadi amocana ase Caiwereba  
 

                    





















min),,,(

,1,0),,,(

)(

,],[),,,(

1010

0

1010

00

10

xxttq

lixxttq

xtx

uItttuxtfx

i



 

 

Teorema 6.1. vTqvaT ))(,,,( 00010000 tuxttw   optimaluri elementia, ),(, 10 batt  . 

maSin arsebobs aranulovani veqtori ),...,( 0 l  , 00   da SeuRlebu-  

li gantolebis 
 

                      ))(),(,( 00 tutxtf x   

 
iseTi amonaxsni )(t , rom Sesrulebulia Semdegi pirobebi: 

 
6.1) maqsimumis principi 

 

           
Uu

tutxtft


 max))(),(,()( 00 ],[),),(,()( 10000 tttutxtft  ; 

 
6.2) piroba )(t  funqciisa da   veqtorisTvis (transversalobis 

piroba) 
 

    0

00

0

10 01
)(,)( xx QtQt   , TlqqQ ),...,( 0 , ))(),(,,( 1000001000

0 txtxttQQ xx  ; 

 

6.3) pirobebi 0t  da 1t  momentebisTvis  

 

       ))(),(,()( 0000000000

0

0
tutxtftQt   , ))(),(,()( 1001001010

0

1
tutxtftQt   . 

 
SeniSvna 6.1. Tu  
 

                    )( 0000

1010 tttt QQQQ  

 
matricis rangi tolia l1  maSin , )(t  amonaxsni aratrivialuria. 
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marTlac, vTqvaT 0)( t , maSin 6.2) da 6.3) tolobebidan miviRebT 

 

                            






















0

0

0

0

0

0

0

0

1

0

1

0

t

t

x

x

Q

Q

Q

Q









 

algebrul gantolebaTa sistemas ),...,( 0 l   ucnobis mimarT. radganac 

matricis rangi tolia l1  amitom am sistemidan gamomdinreobs, rom 
0  (ratom). es ewinaaRmdegeba Teoremas.  

 
Aaxla Teorama 6.1-is gamoyenebiT davamtkicoT optimalurobis 
aucilebeli pirobebi optimaluri amocanisTvis aravtonomiuri 
sistemisaTvis. 
  ganvixiloT optimaluri amocana   
               

                 

























],(),(

min,))(),(,()(

,ˆ)(,ˆ)(

,),,,(

01

0

1100

1

9

btutw

dttutxtfwJ

xtxxtx

uuxtfx

t

t



               (6.5) 

 
SemoviRoT aRniSvna  
 

                   
t

t

dssusxsftx

0

))(),(,()(0 , 

 
maSin (6.5) amocana eqvivalenturia Semdegi amocanis (ratom) 
 

                 





























],(),(

min)(

ˆ)(,ˆ)(,0)(

),,(

),,(

01

1

0

11000

0

00

btutw

tx

xtxxtxtx

uxtfx

uxtfx





               (6.6) 

 

SemoviRoT aRniSvnebi: TT uxtfuxtfuxtfxxx )),,(),,,((),,(ˆ,),( 00  .  

(6.6) amocana n

xR 1  sivrceSi, romelSic SemoRebulia marTkuTxa 

koordinatTa sistema, ase Caiwereba 
 

                    





















],(),(

min)(

)ˆ),(()(,)ˆ,0()(

),,(ˆ

01

1

0

11

0

1000

btutw

tx

Lxtxtxxxtx

uxtfx

TT



     (6.7) 
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 sadac L  aris n

xR 1  sivrceSi n

x

T Rx  1

1)ˆ,0(  wertilze gamavali wrfe, 

romelic paraleluria 0x   RerZis. geometriulad amocana SeiZleba ase 

CamovayaliboT. vipovoT iseTi elementi w , romelsac n

xRx  1

1  wertili 

gadayavs L  wrfis iseT wertilSi, romlis pirveli koordinati aris 
minimaluri. 
 visargebloT Teorema 6.1-iT (6.7) amocanisTvis. pirvel rigSi davadginoT 

lixxttq i ,0),,,,( 1010   funqciebis saxe, sadac ,),...,,( 0

1

0

0

00

Tnxxxx  Tnxxxx ),...,,( 1

1

1

0

11    

da vipovoT l -is mniSvneloba. gveqneba: 
 

,),,,( 0

11010

0 xxxttq   0

01010

1 ),,,( xxxttq  , nixxxxttq iii ,1,ˆ),,,( 001010

1  , 

njxxxxttq iijn ,1,ˆ),,,( 111010

1  . 

 
advili misaxvedria, rom 22  nl  da  
 

          ),())(),(,,( 1

0

1010

0 txtxtxttq   )())(),(,,( 0

0

1010

1 txtxtxttq  , 

nixtxtxtxttq iii ,1,ˆ)())(),(,,( 001010

1  , njxxtxtxttq jjjn ,1,ˆ))(),(,,( 111010

1  . 

 

veqtori 0,0),...,( 0120    n . SeuRlebuli gantolebas eqneba saxe  

 

      ))(),(,(ˆˆˆ
00 tutxtf x  , ),...,(),,(ˆ

10 n  .         (6.8) 

 
 
advili misaxvedria, rom  
 

               ))(),(,(ˆ())(),(,(ˆ
00100 tutxtftutxtf xnx  ,          (6.9) 

 

sadac n

x

T

n R  )0,...,0(1 . 

 
(6.9) tolobis gaTvaliswinebiT (6.8) gantoleba ase Caiwereba 
 

                 










)).(),(,(ˆˆ

,0

00

0

tutxtf x






 

 
transversalobis piroba miiRebs saxes 
 

0

00

0

10 01

ˆ)(ˆ,ˆ)(ˆ xx QtQt   , TnqqQ ),...,(ˆ 120  , ))(),(,,(ˆˆ
1000001000

0 txtxttQQ xx  . 

 

gamovTvaloT matricebi 00

01

ˆ,ˆ
xx QQ . gveqneba 
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





























1.........00

...............

0.........01

0.........00

..............

0........00

0.........01

ˆ 0

1x
Q ,      



































0.........00

...............

0.........00

1.........00

..............

0.........10

0.........01

0........00

ˆ 0

0xQ . 

 
amis gaTvaliswinebiT transversalobis pirobidan miviRebT 
      

         0

10 1

ˆ)(ˆ xQt   = ),( )2(

0  , ),...,( 222

)2(

 nn  , 

           )1(0

00 0

ˆ)(ˆ   xQt ,   ),...,( 11

)1(

 n . 

 
aqeda gamomdinareobs  
 

1000100 )(,)(   tt , ),...,()(,)( 1200

)2(

10  ntt  . 

 

SeuRlebuli gantolebidan davaskvniT, rom constt )(0 , e.i. .0)( 00   t   

Tu 0)(ˆ t , maSin 0),,( )2()1(

0    rac ewinaaRmdegeba Teoremis pirobas. 

amrigad )(ˆ t  aranulovani amonaxsnia. 

 cxadia, rom 0ˆ 0

1
tQ , amitom 10t  momentisTvis gveqneba piroba 

.0))(),(,(ˆ)(ˆ 1001001010 tutxtft 0t momenti fiqsirebulia da misTvis piroba ar 

aris saWiro. maqsimumis principi miiRebs saxes  
                

            ],[),),(,(ˆ)(ˆmax))(),(,(ˆ)(ˆ 100000 tttutxtfttutxtft
Uu



 .   

 
savarjiSo 6.1. zogadi Teoremis gamoyenebiT miiReT optimalurobis 
aucilebeli pirobebi Semdegi amocanebisTvis: 
 
 
6.1)   

                    














.

,ˆ)(,ˆ)(

,),,,(

01

1100

mntt

xtxxtx

uuxtfx

 

 
6.2) 

                     






















1

9

min,))(),(,()(

,ˆ)(

,),,,(

0

00

t

t

dttutxtfuJ

xtx

uuxtfx
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1t -fiqsirebulia. 

 
6.3)  
 

 uuxfx ),,( , 

,ˆ)(,ˆ)( 1100 xtxxtx   

 
1

0

))(),((

t

t

dttutxg  , 

 
1

0

min))(),((0

t

t

dttutxf . 

 
 

$ 7. wrfivi swraqmedebis optimaluri amocana 
 

ganvixiloT amocana  
 

                            





















,],(),(

min,

,)(,)(

,,

01

01

1100

btutw

tt

xtxxtx

uBuAxx

 

 

sadac n

ji

j

iaA 1,)(   aris nn  ganzomilebiani matrici, xolo 

rjnibB j

i ,1,,1),(  , aris rn  ganzomilebiani matrici. 

 

Teorema 7.1. vTqvaT ))(,( 0100 tutw   optimaluri elementia, maSin arsebobs 

                  
                                 A   
 

gantolebis iseTi aranulovani amonaxsni ],[),( 100 tttt  , rom 

Sesrulebulia Semdegi pirobebi: 
 

7.1) yoveli ],[ 100 ttt  adgili aqvs tolobas 

 

                         ;)(max)()( 0 ButtBut
Uu



  

                      

7.2) 10t  momentSi adgili aqvs utolobas 

 

                   .0)]()()[( 10010010  tButAxt  

 
damtkiceba. visargebloT Teorema 2.2-iT sadac davuSvaT, rom 

BuAxuxf ),( . maSin SeuRlebuli gantoleba miiRebs saxes 

 

                   Atutxf x   ))(),(( 00
 . 
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maqsimumis principidan gamomdinareobs 
 

                ])()[(max)]()()[( 000 ButAxttButAxt
Uu



 , 

 
aqedan miviRebT 7.1) pirobas. 

10t  momentisTvis gveqneba  

 

                .0)]()()[())(),(()( 1001001010010010  tButAxttutxft   

              
 
savarjiSo 7.3.  analogiuri sqemiT daamtkiceT aucilebeli pirobebi 
Semdegi amocanebisTvis: 
 
7.1)   

                           





















,],(),(

min,

,)(,)(

,,)()(

01

01

1100

btutw

tt

xtxxtx

uutBxtAx

 

 
 sadac )(tA  da )(tB  uwyveti matric-funqciebia. 
 
7.2)  

                            

























,),(

min,)]()()()([)(

,)(,)(

,,)()(

11

00

1100

1

9

Wutw

dttutbtxtawJ

xtxxtx

uutBxtAx

t

t



 

 

sadac ))(),...,(()( 0

1

00 tatata n  da ))(),...,(()( 0

1

00 tbtbtb r  uwyveti veqtor funqciebia. 

 
 
 
7.3)  

                    






















1

9

min,)]()()()([)(

,)(

,,)()(

00

00

t

t

dttutbtxtawJ

xtx

uutBxtAx

 

 

sadac 1t  fiqsirebulia. 
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$ 8. sistemis zogadi mdgomareobis piroba. Teorema optimaluri 

marTvis struqturisa da erTaderTobis Sesaxeb 
 
ganvixiloT wrfivi swrafqmedebis optimaluri amocana 
 

                     





















.],(),(

min,

,)(,)(

,,

01

01

1100

btutw

tt

xtxxtx

uBuAxx

             (8.1) 

 

vTqvaT marTvebis mniSvnelobaTa are r

uRU   aris r  ganzomilebiani 

paralelepipedi e.i. 
 

                 riuRuuuU i

i

i

r

u

Tr ,1,;),...,( 1   . 

 

Tu 1r  maSin U  iqneba ],[ 11   segmenti. Tu 2r  maSin U  iqneba 
marTkuTxedi 
 

                   


























 2

2

21

1

1

2

2

1

,:  uuR
u

u
uU u . 

 
gansazRvreba 8.1. vityviT rom sistema akmayofilebs zogadi mdgomareobis 
pirobas, Tu U  paralelepipedis wibos paraleluri nebismieri P  
veqtorisTvis, veqtorTa sistema  
 

                         BPAABPBP n 1,...,,   
 

n

xR  sivrceSi wrfivad damoukidebelia. 

 
Teorema 8.1. vTqvaT sistema (8.1) akmayofilebs zogadi mdgomareobis 

pirobas, maSin  ],[),( 1000 ttttu   optimaluri marTva uban-uban mudmivia da 

misi mniSvelobebia U  paralelepipedis wveroebi. 

Teorema 8.2. vTqvaT ],[,))(),...,(()( 1000

1

00 ttttututu Tr   optimaluri marTvaa. 

vTqvaT sistema (8.1) akmayofilebs zogadi mdgomareobis pirobas,xolo  A  

matricis sakuTrivi ricxvebi namdvilia, maSin )(0 tu i  funqcias ],[ 100 tt  

monakveTze aqvs araumetes 1n  wyvetis (gadarTvis) wertili da igi iRebs 

i  an i  mniSvnelobebs.  

Teorema 8.3. vTqvaT sistema (8.1) akmayofilebs zogadi mdgomareobis 
pirobas, maSin optimaluri marTva erTaderTia. 
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$ 9. wrfivi samarTi sistemis miRwevadobis simravle da misi 

Tvisebebi 
 

 

 n

xR  fazur sivrceSi ganvixiloT wrfivi samarTi sistema 

 
                      BuAxx  , ,u                     (9.1) 

 sawyisi pirobiT                  

                           00 )( xtx  . 

Y 
yovel u  marTvas Seesabameba koSis amocanis erTaderTi );( utx  

amonaxsni, romelic ganmartebulia yoveli 0tt  . 

  Yyoveli fiqsirebuli 01 tt   SemoviRoT simravle  

 

                uutxtX :);()( 11 .  
 

)( 1tX  ewodeba miRwevadobis simravle. 
 

Teorema 9.1. vTqvaT marTvebis mniSvnelobaTa are r

uRU  Namozneqilia, 

maSin miRwevadobis simravle )( 1tX Oamozneqilia.  

damtkiceba. vTqvaT )(, 121 tXxx   nebismieri wertilebia. miRwevadobis 

simravlis ganmartebis Tanaxmad arsebobs marTvebi 21,uu , rom maTi 

Sesabamisi amonaxsnebi akmayofileben pirobebs   
 

                   .);()(,);()( 2211211111 xutxtxxutxtx   
 
 cxadia adgili aqvs tolobebs  
 

                      ),()()( 111 tButAxtx      

                      ).()()( 222 tButAxtx   
aqedan miviRebT  
 

 )]()1()([)]()1()([)]()1()([ 212121 tutuBtxtxAtxtx
dt

d
  , ].1,0[  

  
SemoviRoT aRniSvnebi: 
 

        )()1()()( 21 tututu   , )()1()()( 21 txtxtx   . 

 

U  simravlis amozneqilobis gamo Utu )( e.i. u . advili misaxvedria, 

rom );()(  utxtx   da 211 )1()( xxtx   . 

  cxadia, rom )()( 11 tXtx  e.i. )()1( 121 tXxx   , ].1,0[  aqedan 

gamomdinareobs )( 1tX  simravlis amozneqiloba. 
 
Teorema 9.2. vTqvaT U  simravle SemsazRvrulia, maSin miRwevadobis 

simravlec )( 1tX  iqneba SemosazRvruli. 
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damtkiceba. visargebloT (9.1) sistemisTvis koSis formuliT 
 

                      


t

t

dssBusxttx

0

])()()[()( 1

0 ,           (9.2) 

sadac )(t  fundamenturi matricaa, xolo )(1 t  misi Sebrunebuli. 

 Aarsebobs ricxvi 0M , rom  UuMu  , . cxadia normebi 

 

                )(max
],[ 10

t
ttt



 ,    BtB

ttt
)(max 1

],[

1

10





   

SemosazRvrulia. 
 M(9.2) tolobidan miiReba Semdegi Sefaseba 
 

                  )()( 01

1

01 ttMBxtx   . 

 

Ees niSnavs )( 1tX  simravlis SemosazRvrulobas. 
 
Teorema 9.3. vTqvaT U  amozneqili kompaqtia, xolo   aris zomadi 

marTvebis simravle. maSin miRwevadobis simravle )( 1tX amozneqili  
kompaqtia. 
 
SeniSvna 9.1. miRwevadobis simravlis Tvisebebi gmoiyeneba optimalurobis 
aucilebeli pirobebis damtkicebisas da optimaluri marTvis moZebnis 
miaxloebiTi meTodebis damuSavebisas.   
 
savarjiSo 9.1.  
 
9.1)  koSis formulis gamoyenebiT daamtkiceT Teorema 9.1. 

9.2) vTqvaT 00 x  da U0 . daamtkiceT, rom )()( 21 tXtX  , roca .21 tt   

 
 

$ 10. optimaluri marTvis arsebobis Teorema 
 
ganvixiloT swrafqmedebis arawrfivi optimaluri amocana 
 
 

                         





















,],(),(

min,

,ˆ)(,ˆ)(

,),,,(

01

01

1100

btWutw

tt

xtxxtx

uuxtfx

 

 
sadac   aris zomadi Ittu ),( funqciebis simravle mniSvnelobebiT 

kompaqtur U  simravlidan. rogorc yovelTvis dasaSveb elementebis 

simravle aRvniSnoT .0W  

  SemoviRoT simravle 
 

                      UuuxtfxtP  :),,(),( . 
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Teorema 10.1. vTqvaT Sesrulebulia Semdegi pirobebi: 
 

  a)  0W ; 

  b)  yoveli n

xRbtxt  ],[),( 0  simravle ),( xtP  amozneqilia; 

  g)  arsebobs ricxvi 0M  iseTi, rom 0Ww  

                     ].,[,);( 10 tttMwtx   

maSin arsebobs optimaluri elementi .00 Ww      

 
zogierTi komentari. a) piroba niSnavs, rom arsebobs erTi mainc 

dasaSvebi elementi. Tu 0W  maSin amboben, rom sistema marTvadia. b) 

piroba yovelTvis sruldeba, Tu  
 
                     uxtBxtguxtf ),(),(),,(       
 
da U  amozneqili simravlea (SeamowmeT).   
g) piroba sruldeba, Tu adgili aqvs utolobas 
 

                      Kuxtf ),,( , ,0K    

(SeamowmeT). 
   
SeniSvna 10.1.  koSis amocanis  
 
                  ))(,,( tuxtfx  ,                            (10.1) 

                    00 )( xtx                                 (10.2)     

amonaxsni, roca marTva )(tu  uban-uban uwyvetia ganmartebuli iyo $1-Si. 

Tu marTva ],[),( 10 ttttu   zomadia, maSin koSis amocanis amonaxsni ewodeba 

absoluturad uwyvet ],[),( 10 ttttx   funqcias, romelic akmayofilebs (10.2) 

pirobas, xolo (10.1) gantolebas TiTqmis yvela t -Tvis. ukanaskneli 
niSnavs, rom tolobas  
                         
                           ))(),(,()( tutxtftx   

adgili aqvs ],[ 0 bt  monakveTze yvelgan, garda nul zomis (lebegis azriT) 

simravleze. 
   
   axla ganvixiloT amocana integraluri funqcionaliT 
 

                   

























.],(),(

min,))(),(,()(

,ˆ)(,ˆ)(

,),,,(

01

0

1100

1

9

btWutw

dttutxtfwJ

xtxxtx

uuxtfx

t

t



 

 
Teorema 10.2. vTqvaT Sesrulebulia Semdegi pirobebi: 
 

  a)  0W ; 
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  b)  yoveli n

xRbtxt  ],[),( 0  simravle  

 

               ),( xtP  Uuuxtf  :),,(ˆ , Tuxtfuxtfuxtf )),,(),,,((),,(ˆ 0   
 
amozneqilia; 
 

  g)  arsebobs ricxvi 0M  iseTi, rom 0Ww  

                     ].,[,);( 10 tttMwtx   

maSin arsebobs optimaluri elementi .00 Ww      

 
savarjiSo 10.1. CamoayalibeT arsebobis Teorema izoperimetruli 
amocanisTvis  
 
                           uuxfx ),,( , 

,ˆ)(,ˆ)( 1100 xtxxtx   

 
1

0

))(),((

t

t

dttutxg  , 

 
1

0

min))(),((0

t

t

dttutxf . 

 
 

$ 11. variaciaTa aRricxvis ZiriTadi amocana. eileris gantoleba 
 

 

   vTqvaT n

xRxxItt  1010 ,,,  fiqsirebuli wertilebia.  -Ti 

aRvniSnoT uwyveti da uban-uban uwyvetad warmoebadi ],[,)( 10 tttRtx n

x   

funqciebis simravle, romlebic akmayofileben pirobas  

                       1100 )(,)( xtxxtx  . 

 
  simravleze ganvixiloT integraluri funqcionali 
 

                     
1

0

))(),(,())((

t

t

dttxtxtgxJ  , 

sadac skalaruli funqcia ),,( yxtg  uwyvetia n

x

n

x RRI   simravleze da 

uwyvetad warmoebadia x  da y  cvladebis mimarT. 
 

gansazRvreba 11.1. )(0x  ewodeba eqstremali, Tu nebismieri )(x  

adgili aqvs utolobas 
 

                    ))(())(( 0  xJxJ . 

variaciuli amocana mokled ase Caiwereba 
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









 

.)(,)(

,))(),(,())((

1100

1

0

xtxxtx

dttxtxtgxJ

t

t


                  (11.1) 

 
SemoviRoT aRniSvna )()( txtu  , sadac .)( x  
  ganvixiloT optimaluri amocana    
 

                     






















1

0

min,))(),(,())((

,)(,)(

,,

1

1100

t

t

dttutxtguJ

xtxxtx

uux

         (11.2) 

sadac   aris uban-uban uwyvet ],[),( 10 ttttu   marTvebis simravle, 

romlebic iReben mniSvnelobebs r

uR  simravlidan e.i. am SemTxveveaSi 

.r

uRU    

Teorema 11.1. amocanebi (11.1) da (11.2) ekvivalenturia. 

damtkiceba. vTqvaT )(0 tx  eqstremalia. vaCvenoT, rom )()( 00 txtu  optimaluri 

marTvaa, xolo )(0 tx  optimaluri traeqtoria. davuSvaT sawinaaRmdego e.i. 

arsebobs iseTi dasaSvebi )(1 tu  marTva (am SemTxvevaSi uw  ), rom adgili 

aqvs utolobas ))(())(( 0111  uJuJ . cxadia, rom ):()( 11 utxtx   

traeqtoriisTvis gveqneba  
 

                     ))(())(())(())(( 001111  xJuJuJxJ . 

 

es ewinaaRmegeba )(0 tx  eqstremalurobas. 

 vTqvaT )(0 tu  optimaluri marTvaa, xolo )(0 tx  optimaluri traeqtoria. 

vaCvenoT, rom )(0 tx  eqstremalia. davuSvaT sawinaaRmdego e.i. arsebobs 

iseTi )(1x , rom adgili aqvs utolobas ))(())(( 01  xJxJ . maSin miviRebT 

 

            ))(())(())(())(( 010111  uJxJxJuJ , 

sadac )()( 11 txtu  . es ewinaaRmdegeba )(0 tu optimalurobas. 

Teorema damtkicebulia. 
 
(11.2) amocanisTvis visargebloT Teorema 3.1-iT. vTqvaT  

)(0 tu  optimaluri mrTvaa, xolo )(0 tx  optimaluri traeqtoria, maSin 

arsebobs  
 

                  ))(),(,( 000 tutxtg x                      (11.3) 

 

gantolebis iseTi aranulovani (aratrivialuri) amonaxsni ))(),(( 0 tt  , 

sadac 0)( 00  constt  , rom adgili aqvs tolobas  
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        ])()),(,([max)()())(),(,( 000000 ututxtgtuttutxtg
r
uRu

 


.     (11.4) 

(11.4) tolobidan gamomdinareobs (fermas Teoremis ZaliT) 
 

                   .0)())(),(,( 000  ttutxtgu                    (11.5) 

 

vTqvaT 00  , maSin (11.5) tolobidan miviRebT 0)( t . es ki 

ewinaaRmdegeba ))(),(( 0 tt  amonaxsnis aratrivialurobas. amrigad Cven 

SegviZlia davuSvaT, rom 1)(0 t . Aam ukanasknelis gaTvaliwinebiT 

miviRebT (ix. (11.3) da (11.5)) 
 

                     ))(),(,( 00 tutxtg x ,                       (11.6) 

                     ))(),(,()( 00 tutxtgt u .                      (11.7)  

 
vaintegroT  (11.6) gantoleba miviRebT 
 

                     

t

t

x dssusxsgtt

0

))(),(,()()( 000 . 

Aaqedan davaskvniT  
 

               ).(,))(),(,()( 000

0

tcdssusxsgct

t

t

x                 (11.8) 

(11.7) da (11.8) tolobebidan miiReba 
 

             

t

t

xu dssusxsgctutxtg

0

))(),(,())(),(,( 0000 . 

Ees toloba )()( 00 txtu   gaTvaliswinebiT SeiZleba ase gadavweroT  

 

             
t

t

xx dssxsxsgctxtxtg

0

))(),(,())(),(,( 0000
 ,             (11.9) 

sadac x  gawarmoeba niSnavs y  cvladiT gawarmoebas. 

(11.9) tolobas ewodeba eileris integraluri gantoleba.  
 

Teorema 11.2. Tu )(0 tx  aris (11.1) amocanis eqstremali, maSin igi 

akmayofilebs (11.9) integralur gantolebas. 
 
(11.9) tolobidan gamomdinareobs 
 

                     ))(),(,())(),(,( 0000 txtxtgtxtxtg
dt

d
xx

  .        (11.10)  

 
(11.10) ewodeba eileris diferencialuri gantoleba. 
(11.7) tolobidan miviRebT 
 

                      ))(),(,()( 00 txtxtgt x
 . 
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)(t  funqcia uwyvetia, amitom uwyveti iqneba ))(),(,( 00 txtxtg x
  

funqciac. amrigad, )(0 tx  funqciis wyvetis ),( 10 tt  wertilSi  

Sesruldeba toloba 
 

                 ))(),(,())(),(,( 0000   xxgxxg xx
  , 

 
romelsac ewodeba veierStras-erdmanis piroba. 
 
 

$ 12. diferencialuri gantoleba dagvianebuli argumentiT 
 

  
  diferencialur gantolebas, romlis marjvena mxare damokidebulia 
ucnobi funqciis mniSvnelobebze t  da wina t  momentebSi , sadac   
dadebiTi ricxvia, ewodeba diferencial uri gantoleba dagvianebuli 
argumentiT anu dagvianebul argumentiani diferencialuri gantoleba.   
 Aarawrfivi dagvianebulargumentiani gantolebaTa sistemaa  
 

                   ))(),(,()(  txtxtftx , n

xRtx )( .                   (12.1) 

 
(12.1) gantolebis kerZo SemTxvevaa gantoleba 

  

                      n

xRtxtxtftx  )()),(,()( . 

 vTqvaT ),[0 bat   da ],[,)( 00 tttRt n

x    uwyveti funqciaa. 

)(t -s ewodeba sawyisi funqcia.  
 

gansazRvreba 12.1. ],[,)( 10 tttRtx n

x   funqcias, sadac ],( 01 btt  , ewodeba 

koSis amocanis  
 

                    








],[),()(

)),(),(,()(

00 tttttx

txtxtftx




                       (12.2) 

 
amonaxsni, Tu igi akmayofilebs pirobebs: 

12.1)  ],[ 00 tt   monakveTze )()( ttx  ; 

12.2)  ],[ 10 tt  monakveTze )(tx  uwyvetad warmoebadia da adgili aqvs 

tolobas 
 
                       ))(),(,()(  txtxtftx . 

 
(12.1) amocanas ewodeba koSis amocana wyvetili sawyisi pirobiT.  
garkveul pirobebSi, bijis meTodiT SeiZleba agebuli iqnas (12.1) 
amocanis amonaxsni. 

],[ 00 tt  monakveTze (12.2) amocana ekvivalenturia Semdegi koSis amocanis 
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







).()(

)),(,,(

00 ttx

txtfx




                        (12.3) 

 

vTqvaT ],[ 00 tt  monakveTze arsebobs (12.3) amocanis erTaderTi amonaxsni 

)(1 tx . axla ganvixiloT monakveTi ]2,[ 00   tt . Aam monakveTze  (12.2) 

amocana ekvivalenturia amocanis 
 

                  








).()(

)),(,,(

010

1





txtx

txxtfx
                     (12.4) 

 

vTqvaT arsebobs amonaxsni ]2,[),( 002   ttttx . SemoviRoT funqcia 

 

                  









.]2,[),(

],,[),(
)(

002

001





ttttx

ttttx
tx   

cxadia  
 

              ))(),(,()()( 0010010 ttxtftxtx    

             ))(),(,( 01020 txtxtf   )()( 002   txtx  . 

A 

amrigad funqcia )(tx uwyvetad warmoebadia 0t   wertilSi, 

amitom igi aris ]2,[ 00 tt  monakveTze (12.2) koSis amocanis amonaxsni. 

 vTqvaT n

xRx 0  da 00 )( xt  . Aamocanas 

 

                    














,)(

),,[),()(

)),(),(,()(

00

00

xtx

tttttx

txtxtftx





             (12.5) 

 
ewodeba koSis amocana wyvetili sawyisi pirobiT.  
 

gansazRvreba 12.2. ],[,)( 10 tttRtx n

x   funqcias, sadac ],( 01 btt  , ewodeba 

(12.5) koSis amocanis amonaxsni, Tu igi akmayofilebs pirobebs: 

12.3) ;)(),,[),()( 0000 xtxtttttx   ; 

12.4)  ],[ 10 tt  monakveTze )(tx  uwyvetia da uban-uban uwvetad warmoebadi da 

adgili aqvs tolobas  
 
                       ))(),(,()(  txtxtftx  
 
yvelgan garda sasruli raodenoba wertilebisa. 
 
 

Teorema 12.1. vTqvaT funqcia ),,( yxtf  uwyvetia n

y

n

x RRbt ],[ 0  simravleze da 

uwyetad warmoebadia x  da y  cvladebis mimarT. 

garda amisa,  
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            ),,(,),,(),,( yxtMyxtfyxtf yx

n

y

n

x RRbt ],[ 0  , .0M    

 
maSin koSis amocanas  
 

                            








],[),()(

)),(),(,()(

00 tttttx

txtxtftx




 

 

aqvs erTaderTi amonaxsni ],[),( 0 btttx  . 

 

Teorema 12.2. vTqvaT funqcia ),,( yxtf  uwyvetia n

y

n

x RRbt ],[ 0  simravleze da 

uwyetad warmoebadia x  da y  cvladebis mimarT. 

garda amisa,  
 

            ),,(,),,(),,( yxtMyxtfyxtf yx

n

y

n

x RRbt ],[ 0  , .0M    

 
maSin koSis amocanas  
 

                            














,)(

),,[),()(

)),(),(,()(

00

00

xtx

tttttx

txtxtftx





 

 

aqvs erTaderTi amonaxsni ],[),( 0 btttx  . 

 

savarjiSo 12.1. bijis meTodiT aCveneT, rom ]2,[ 00 tt  monakveTze  

 

                    














),()(

),,[),()(

)),(),(,()(

000

00

txtx

tttttx

txtxtftx







 

 
amocanis amonaxsni )(tx  uban-uban uwyvetad warmoebadia. 
 
 

 
$ 13. optimaluri amocana dagvianebuli argumentiT. optimalurobis 

aucilebeli pirobebi 

        

 vTqvaT ),(0 bat  , n

x

n

x RxRx  10 ,  fiqsirebuli wertilebia, xolo    

uban-uban uwyveti ],[,)( baItUtu   marTvebis simravlea; funqcia 
Tn uyxtfuyxtfuyxtf )),,,(),...,,,,((),,,( 1  uwyvetia URRI n

y

n

x   simravleze da 

uwyvetad warmoebadia x  da y  cvladebis mimarT; n

xRt )( , ],[ 00 ttt  ,  

uwyveti sawyisi funqciaa; 0  mocemuli ricxvia. 

 yovel  ],(),( 01 btWutw  elements SevusabamoT dagvianebulargume- 

ntiani diferencialuri gantoleba 
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                        ))(),(),(,()( tutxtxtftx  ,             (13.1)                          

 

gansazRvreba 13.1. ],[),;()( 10 tttwtxtx   funqcias ewodeba Wutw  ),( 1  

elementis Sesabamisi amonaxsni, Tu igi akmayofilebs sawyis pirobas  
 

                  0000 )(),,[),()( xtxtttttx   .               (13.2) 

 

garda amis, )(tx  uwyvetia da uban-uban uwyvetad warmoebadi ],[ 10 tt  

monakveTze, da akmayofilebs tolobas  ))(),(),(()( tutxtxftx   yvelgan 

],[ 10 tt  monakveTze garda sasruli raodenoba wertilebisa. 

 
  Tu funqcia ),,,( uyxtf  damatebiT akmayofilebs pirobas 

 

             0,),,(,),,(),,(  MRRIyxtMyxtfyxtf n

y

n

xyx ,  

 
maSin nebismier w  elements Seesabameba erTaderTi amonaxsni (ix.  
Teorema 12.2).    
 

gansazRvreba 13.2. Wtutw  ))(,( 1  elements ewodeba dasaSvebi, Tu 

Sesabamisi  ],[)( 10 tttx   amonaxsni akmayofilebs pirobas  

 

                             11)( xtx  .                       (13.3) 

 

dasaSveb elementebis simravle aRvniSnoT 0W . 

  vTqvaT skalaruli funqcia ),,,(0 uyxtf  amayofilebs yvela im pirobebs 

rasac akmayofilebda ),,,( uyxtf  funqcia.  

 ganvixiloT integraluri funqcionali  
                       

                     
1

0

))(),(),(,()( 0

t

t

dttutxtxtfwJ  . 

gansazRvreba 13.3. 00100 ))(,( Wtutw   elements ewodeba optimaluri, Tu 

nebismieri 0Ww  elementisTvis adgili aqvs utolobas 

             );()(),())(),(),(,()( 00000

0

0

10

0

wtxtxwJdttutxtxtfwJ

t

t

   .     (13.4) 

 (13.1)-(13.4) amocanas ewodeba dagvianebulargumentiani optimaluri  
 amocana. Mmokled 
 

                

























.],())(,(

min,))(),(),(,()(

,)(,)(),,[),()(

,)()),(),(),(,()(

01

0

110000

1

0

btWtutw

dttutxtxtfwJ

xtxxtxtttttx

tututxtxtftx

t

t







 

 
SemoviRoT funqcia 
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        Tfff ),(ˆ 0  , 



n

uyxtfuyxtfuyxtH
0

),,,(),,,(ˆˆ)ˆ,,,,(



 , 

                       ).ˆ,,,,(sup)ˆ,,,(  uyxtHyxtM
Uu

  

 

Teorema 13.1. vTqvaT ))(,( 0100 tutw   optimaluri elementia, )(0 tx -optimaluri 

traeqtoria. maSinAarsebobs gantolebis 
 

))(),(),(,(ˆ)(ˆ)( 000 tutxtxtftt x    ))(),(),(,(ˆ)(ˆ 000  tutxtxtft y   

],,[,))(ˆ),(),(),(,())(ˆ),(),(),(,( 100000000 tttttutxtxtHttutxtxtH yx    

                     .,0)(ˆ 10ttt   

 

iseTi aranulovani amonaxsni ))(),(( 0 tt  , sadac 0)(0  constt , rom 

Sesrulebulia pirobebi: 
 

13.1) maqsimumis principi  
 

          ],[)),(ˆ),(),(,())(ˆ),(),(),(,( 10000000 tttttxtxtMttutxtxtH   , 

   

13.2) piroba 10t  momentisTvis  

 

                   .0))(ˆ),(),(,( 1010010010  ttxtxtM    

 

 vTqvaT 10 f , maSin miviRebT swrafqmedebis optimalur amocanas, 
romelic mokled ase Caiwereba  
 

                





















..],(),(

min

,)(,)(),,[),()(

,)()),(),(),(,()(

01

01

110000

btWutw

tt

xtxxtxtttttx

tututxtxtftx





 

 

Teorema 13.2. vTqvaT ))(,( 0100 tutw   optimaluri elementia, )(0 tx -

optimaluri traeqtoria. maSin arsebobs   
                    

))(),(,)(,()())(),(),(()()( 000000   tutxtxtfttutxtxftt yx
  

            ],[,0)( 1010   tttt  

gantolebis iseTi aratrivialuri amonaxsni )(t , rom adgili aqvs  
 
13.3) maqsimumis principi 
   

],,[),),(),(,()(max))(),(),(,()( 10000000 tttutxtxtfttutxtxtft
Uu




  

               

13.4)   piroba 10t  momentisTvis     
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                 .0))(),(),(,()( 1001001001010  tutxtxtft   

savarjiSo 13.1.  
 

13.5) dawereT optimalurobis aucilebeli pirobebi wrfivi  
   optimaluri swrafqmedebis amocanisTvis 
 

                





















..],(),(

min

,)(,)(),,[),()(

,)(),()()()()()()(

01

01

110000

btWutw

tt

xtxxtxtttttx

tututCtxtBtxtAtx





 

 
13.6)  dawereT optimalurobis aucilebeli pirobebi wrfivi  

   optimaluri amocanisTvis 
 

              

























.],(),(

min,)]()()()()()([)(

,)(,)(),,[),()(

,)(),()()()()()()(

01

000

110000

1

0

btWutw

dttutctxtbtxtawJ

xtxxtxtttttx

tututCtxtBtxtAtx

t

t







 

 
 

 
$ 14. dagvianebulargumentiani optimaluri amocana arafiqsirebuli 

drois momentebiT da uwyveti sawyisi pirobiT 
 

  vTqvaT n

xRx 1  fiqsirebuli wertilia, xolo   uban-uban  

uwyveti ],[,)( baItUtu   marTvebis simravlea; funqcia 
Tn uyxtfuyxtfuyxtf )),,,(),...,,,,((),,,( 1  uwyvetia URRI n

y

n

x   simravleze da 

uwyvetad warmoebadia x  da y  cvladebis mimarT; n

xRt )( , 

],[ bat  , uwyvetad warmoebadi sawyisi funqciaa; 0  mocemuli ricxvia. 

 Yyovel ,,),(),(),,( 1010 ttbabaWuttw   elements SevusabamoT 

dagvianebulargumentiani diferencialuri gantoleba 
 
                        ))(),(),(,()( tutxtxtftx  ,             (14.1)                          
 

gansazRvreba 14.1. ],[),;()( 10 tttwtxtx   funqcias ewodeba Wuttw  ),,( 10  

elementis Sesabamisi amonaxsni, Tu igi akmayofilebs uwyvet sawyis 
pirobas  
 

                  ],[),()( 00 tttttx   .               (14.2) 

 

garda amis, )(tx  uwyvetia da uban-uban uwyvetad warmoebadi ],[ 10 tt  

monakveTze, da akmayofilebs tolobas  ))(),(),(()( tutxtxftx   yvelgan 

],[ 10 tt  monakveTze garda sasruli raodenoba wertilebisa. 
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  gansazRvreba 14.2. Wtuttw  ))(,,( 10  elements ewodeba dasaSvebi, Tu 

Sesabamisi  ],[)( 10 tttx   amonaxsni akmayofilebs pirobas  

 

                             11)( xtx  .                       (14.3) 
 

dasaSveb elementebis simravle aRvniSnoT 0W . 

  vTqvaT skalaruli funqcia ),,,(0 uyxtf  amayofilebs yvela im pirobebs 

rasac akmayofilebda ),,,( uyxtf  funqcia.  

 ganvixiloT integraluri funqcionali  
                       

                     
1

0

))(),(),(,()( 0

t

t

dttutxtxtfwJ  . 

gansazRvreba 14.3. 0010000 ))(,,( Wtuttw   elements ewodeba optimaluri, Tu 

nebismieri 0Ww  elementisaTvis adgili aqvs utolobas 

              
 

         );()(),())(),(),(,()( 00000

0

0

10

0

wtxtxwJdttutxtxtfwJ

t

t

   .     (14.4) 

 (14.1)-(14.4) amocanas ewodeba dagvianebulargumentiani optimaluri  
 amocana uwyveti sawyisi pirobiT. Mmokled 
 

                

























.),,(

min,))(),(),(,()(

,)(],,[),()(

,)()),(),(),(,()(

10

0

1100

1

0

Wuttw

dttutxtxtfwJ

xtxtttttx

tututxtxtftx

t

t







 

 
SemoviRoT funqciebi 
 

        Tfff ),(ˆ 0  , 



n

uyxtfuyxtfuyxtH
0

),,,(),,,(ˆˆ)ˆ,,,,(



 , 

                       ).ˆ,,,,(sup)ˆ,,,(  uyxtHyxtM
Uu

  

 

Teorema 14.1. vTqvaT ))(,,( 010000 tuttw   optimaluri elementia, )(0 tx -

optimaluri traeqtoria. maSinAarsebobs gantolebis 
 

              )(t  ))(ˆ),(),(),(,( 000 ttutxtxtH x    

            ],,[,))(ˆ),(),(),(,( 100000 tttttutxtxtH y    

                     .,0)(ˆ 10ttt   

 

iseTi aranulovani amonaxsni ))(),(()(ˆ 0 ttt   , sadac 0)(0  constt , rom 

Sesrulebulia pirobebi: 
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14.1) maqsimumis principi  
 

          ],[)),(ˆ),(),(,())(ˆ),(),(),(,( 10000000 tttttxtxtMttutxtxtH   , 

    

   14.2) piroba 00t wertilSi 

   

             ,0]))(,0())()),(),(,(ˆ)[(ˆ 000000000000000  Tttutxtxtft    

 

14.3) piroba 10t  momentisTvis  

 

                   .0))(ˆ),(),(,( 1010010010  ttxtxtM    

 
 
savarjiSo 14.1. dawereT optimalurobis aucilebeli pirobebi uwyveti 
sawyisi pirobis Semcveli  wrfivi optimaluri swrafqmedebis 
amocanisTvis  

 

                





















..),(),(),,(

min

,)(],,[),()(

,),()()()()()()(

10

01

1100

babaWuttw

tt

xtxtttttx

ututCtxtBtxtAtx





 

 
 
$ 15. dagvianebulargumentiani optimaluri amocana arafiqsirebuli 

drois momentebiT da wyvetili sawyisi pirobiT 
 

 vTqvaT n

xRxx 10 ,  fiqsirebuli wertilebia, xolo   uban-uban  

uwyveti ],[,)( baItUtu   marTvebis simravlea; funqcia 
Tn uyxtfuyxtfuyxtf )),,,(),...,,,,((),,,( 1  uwyvetia URRI n

y

n

x   simravleze da 

uwyvetad warmoebadia x  da y  cvladebis mimarT; n

xRt )( , 

],[ bat  , uwyveti sawyisi funqciaa; 0  mocemuli ricxvia. 

 Yyovel  ),(),(),,( 10 babaWuttw  elements SevusabamoT 

dagvianebulargumentiani diferencialuri gantoleba 
 
                        ))(),(),(,()( tutxtxtftx  ,             (15.1)                          
 

gansazRvreba 15.1. ],[),;()( 10 tttwtxtx   funqcias ewodeba Wuttw  ),,( 10  

elementis Sesabamisi amonaxsni, Tu igi akmayofilebs wyvetil sawyis 
pirobas  
 

                  .)(),,[),()( 0000 xtxtttttx                  (15.2) 

 

garda amis, )(tx  uwyvetia da uban-uban uwyvetad warmoebadi ],[ 10 tt  

monakveTze, da akmayofilebs tolobas  ))(),(),(()( tutxtxftx   yvelgan 

],[ 10 tt  monakveTze garda sasruli raodenoba wertilebisa. 
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  gansazRvreba 15.2. Wtuttw  ))(,,( 10  elements ewodeba dasaSvebi, Tu 

Sesabamisi  ],[),( 10 ttttx   amonaxsni akmayofilebs pirobas  

 

                             11)( xtx  .                       (15.3) 

dasaSveb elementebis simravle aRvniSnoT 0W . 

  vTqvaT skalaruli funqcia ),,,(0 uyxtf  amayofilebs yvela im pirobebs 

rasac akmayofilebda ),,,( uyxtf  funqcia.  
 ganvixiloT integraluri funqcionali  
                       

                     
1

0

))(),(),(,()( 0

t

t

dttutxtxtfwJ  . 

gansazRvreba 15.3. 0010000 ))(,,( Wtuttw   elements ewodeba optimaluri, Tu 

nebismieri 0Ww  elementisTvis adgili aqvs utolobas 

             );()(),())(),(),(,()( 00000

0

0

10

0

wtxtxwJdttutxtxtfwJ

t

t

   .     (15.4) 

 
 (15.1)-(15.4) amocanas ewodeba dagvianebulargumentiani optimaluri  
 amocana uwyveti sawyisi pirobiT. Mmokled 
 

                

























.),,(

min,))(),(),(,()(

,)(,)(),,[),()(

,)),(),(),(,()(

10

0

110000

1

0

Wuttw

dttutxtxtfwJ

xtxxtxtttttx

ututxtxtftx

t

t







 

 
SemoviRoT funqciebi 
 

        Tfff ),(ˆ 0  , 



n

uyxtfuyxtfuyxtH
0

),,,(),,,(ˆˆ)ˆ,,,,(



 , 

                       ).ˆ,,,,(sup)ˆ,,,(  uyxtHyxtM
Uu

  

 

Teorema 15.1. vTqvaT ))(,,( 010000 tuttw   optimaluri elementia, )(0 tx -

optimaluri traeqtoria. garda amisa, vTqvaT Sesrulebulia pirobebi: 

1000 tt  , funqcia )(0 tu  uwyvetia 00t  wertilSi. maSinAarsebobs 

gantolebis 
 

              )(t  ))(ˆ),(),(),(,( 000 ttutxtxtH x    

            ],,[,))(ˆ),(),(),(,( 100000 tttttutxtxtH y    

                     .,0)(ˆ 10ttt   

 

iseTi aranulovani amonaxsni ))(),(()(ˆ 0 ttt   , sadac 0)(0  constt , rom 

Sesrulebulia pirobebi: 
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15.1) maqsimumis principi  

 

          ],[)),(ˆ),(),(,())(ˆ),(),(),(,( 10000000 tttttxtxtMttutxtxtH   , 

    

   15.2) piroba 00t wertilSi 

               ))(),(),(,(ˆ)(ˆ 0000000000000 tutxtxtft         

,0))](),(),(,(ˆ))(,),(,(ˆ)[(ˆ 000000000000000000000   tuttxtftuxtxtft  

 

15.3) piroba 10t  momentisTvis  

 

                   .0))(ˆ),(),(,( 1010010010  ttxtxtM    

 
savarjiSo 15.1. dawereT optimalurobis aucilebeli pirobebi wyvetili 
sawyisi pirobis Semcveli  wrfivi optimaluri swrafqmedebis 
amocanisaTvis  

 

                





















..),(),())(,,(

min

,)(,)(),,[),()(

,)(),()()()()()()(

10

01

110000

babaWtuttw

tt

xtxxtxtttttx

tututCtxtBtxtAtx





 

 
 
$ 16. dagvianebulargumentiani optimaluri amocana arafiqsirebuli 

drois momentebiT da Sereuli sawyisi pirobiT 
 

  vTqvaT n

x

k

p RxRp  10 ,  fiqsirebuli wertilebia, xolo   uban-uban 

uwyveti ],[,)( baItUtu   marTvebis simravlea; funqcia 
n

xRuzpxtfuyxtf  ),,,,(),,,( , sadac Tzpy ),( , e

z

k

p RzRp  , , ekn  , uwyvetia 

URRI n

y

n

x   simravleze da uwyvetad warmoebadia x da y  cvladebis 

mimarT; k

pRt )( , ],[ bat  , uwyveti sawyisi funqciaa, e

zRtg )( , ],[ bat  , 

uwyvetad warmoebadi sawyisi funqciaa; 0  mocemuli ricxvia. 

Yyovel 1010 ,),(),(),,( ttbabaWuttw   elements SevusabamoT 

dagvianebulargumentiani diferencialuri gantoleba 
                              
            ))(),(),(),(,())(),(),(,()( tutztptxtftutxtxtftx   ,    (16.1)                          
 

gansazRvreba 16.1. ],[),;()( 10 tttwtxtx   funqcias ewodeba Wuttw  ),,( 10  

elementis Sesabamisi amonaxsni, Tu igi akmayofilebs Sereul sawyis 
pirobas  
 

        .))(,()(),,[,))(),(())(),(()( 00000

TTT tgptxttttgttztptx        (16.2) 
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garda amis, )(tx  uwyvetia da uban-uban uwyvetad warmoebadi ],[ 10 tt  

monakveTze, da akmayofilebs tolobas  ))(),(),(()( tutxtxftx   yvelgan 

],[ 10 tt  monakveTze garda sasruli raodenoba wertilebisa. 

 

gansazRvreba 16.2. Wtuttw  ))(,,( 10  elements ewodeba dasaSvebi, Tu 

Sesabamisi  ],[)( 10 tttx   amonaxsni akmayofilebs pirobas  

 

                             11)( xtx  .                       (16.3) 

dasaSveb elementebis simravle aRvniSnoT 0W . 

  vTqvaT skalaruli funqcia ),,,,(),,,( 00 uzpxtfuyxtf   amayofilebs yvela 

im pirobebs rasac akmayofilebda ),,,( uyxtf  funqcia.  

 ganvixiloT integraluri funqcionali  
                       

                     
1

0

))(),(),(),(,()( 0

t

t

dttutztptxtfwJ  .          

gansazRvreba 16.3. 0010000 ))(,,( Wtuttw   elements ewodeba optimaluri, Tu 

nebismieri 0Ww  elementisTvis adgili aqvs utolobas 

      );()(),())(),(),(),(,()( 000000

0

0

10

0

wtxtxwJdttutztptxtfwJ

t

t

   .  (16.4) 

(16.1)-(16.4) amocanas ewodeba dagvianebulargumentiani optimaluri  
 amocana Sereuli sawyisi pirobiT. Mmokled 
                     

          

























.))(,,(

min,))(),(),(),(,()(

,)()),(,()(),,[)),(),(())(),(()(

,)()),(),(),(),(,()(

10

0

1100000

1

0

Wtuttw

dttutztptxtfwJ

xtxtgptxttttgttztptx

tututztptxtftx

t

t







 

 
SemoviRoT funqciebi 

             Tfff ),(ˆ 0  , 



n

uyxtfuyxtfuyxtH
0

),,,(),,,(ˆˆ)ˆ,,,,(



 , 

                       ).ˆ,,,,(sup)ˆ,,,(  uyxtHyxtM
Uu

  

Teorema 16.1. vTqvaT ))(,,( 010000 tuttw   optimaluri elementia, )(0 tx -

optimaluri traeqtoria. garda amisa, vTqvaT Sesrulebulia pirobebi: 

1000 tt  , funqcia )(0 tu  uwyvetia 00t  wertilSi. 

maSinAarsebobs gantolebis 
 

              )(t  ))(ˆ),(),(),(,( 000 ttutxtxtH x    

            ],,[,))(ˆ),(),(),(,( 100000 tttttutxtxtH y    

                     .,0)(ˆ 10ttt   

 
 



 38 

iseTi aranulovani amonaxsni ))(),(()(ˆ 0 ttt   , sadac 0)(0  constt , rom 

Sesrulebulia pirobebi: 
16.1) maqsimumis principi  

 

          ],[)),(ˆ),(),(,())(ˆ),(),(),(,( 10000000 tttttxtxtMttutxtxtH   , 

    

   16.2) piroba 00t wertilSi 

         ]))(,0())(),(),(,(ˆ)[(ˆ 000000000000000

Ttgtutxtxtft       

        
,0))](),(),(),(,(ˆ

))(),(,),(,(ˆ)[(ˆ

0000000000000

00000000000000









tutzttxtf

tutzptxtft
 

 

16.3) piroba 10t  momentisTvis  

 

                   .0))(ˆ),(),(,( 1010010010  ttxtxtM    

 
savarjiSo 16.1. dawereT optimalurobis aucilebeli pirobebi Sereuli 
sawyisi pirobis Semcveli  wrfivi optimaluri swrafqmedebis 
amocanisaTvis  

 

                





















..),(),(),,(

min

,)(,))(,()(),,[,))(),(()(

,),()()()()()()()()(

10

01

1100000

21

babaWuttw

tt

xtxtgptxttttgttx

ututCtztBtptBtxtAtx

TT 



 

 
 

 
$ 17. dagvianebulargumentiani variaciuli amocana arafiqsirebuli 

drois momentebiT da uwyveti sawyisi pirobiT 
 

  vTqvaT n

xRx 1  fiqsirebuli wertilia.  -Ti aRvniSnoT  

uwyveti da uban-uban uwyvetad warmoebadi ],[,)( baItRtx n

x   funqciebis 

simravle; skalaruli funqcia  ),,,( zyxtF  uwyvetia n

z

n

y

n

x RRRI   

simravleze da uwyvetad warmoebadia x , y  da z cvladebis mimarT; 
n

xRt )( , ],[ bat  , uwyvetad warmoebadi funqciaa; 0  mocemuli 

ricxvia. 
 

gansazRvreba 17.1.  IIVxttv ))(,,( 10 elements, sadac 10 tt  , ewodeba 

dasaSvebi, Tu Sesrulebulia pirobebi  
 

                     1100 )(),()( xtxttx  .              (17.1) 

 

dasaSveb elementebis simravle aRvniSoT 0V -iT. 

 ganvixiloT funqcionali 
 



 39 

               
1

0

0
))(),(),(,()(

t

t

t dttxtxtxtFvJ  , 

sadac 

               









].,[),(

),,[),(
)(

0

00

0 btttx

tttt
txt


 

 

gansazRvreba 17.2. 0100 ))(,,( Vxttv   elements ewodeba eqstremali, Tu 

nebsmieri 0Vv  elementisaTvis adgili aqvs utolobas 

 

                       ).()( 0 vJvJ                      (17.2) 

 
(17.1), (17..2) amocanas ewodeba variaciuli amocana uwyveti sawyisi pirobiT, 
igi mokled ase Caiwereba  
 

                  



















 

Vv

xtxttx

dttxtxtxtFvJ

t

t

t

,)(),()(

.min))(),(),(,()(

1100

1

0

0





       (17.3) 

 
(17.1), (17.2) variaciuli amocana ekvivalenturia Semdegi optimaluri 
amocanis 
 

                     

























,),,(

,))(),(),(,()(

,)(],,[),()(

,),()(

10

1

1100

1

0

IIWuttw

dttutxtxtFwJ

xtxtttttx

ututx

t

t







            (17.4) 

 

sadac r

uRU  , ix.   simravlis ganmarteba, (daamtkiceT). 

 

visargebloT $ 14-Si moyvanili TeoremiT. vTqvaT ),,( 010000 uttw   

optimaluri elementia, maSin arsebobs gantolebis  
 

)),(),(),(,()())(),(),(,()()( 00000000   tutxtxtFttutxtxtFtt yx
   (17.5) 

                          ],[ 1000 ttt , 

 

iseTi aranulovani amonaxsni 1010000 ,0)(ˆ],,[)),(),(()(ˆ ttttttttt   , 

rom Sesrulebulia Semdegi pirobebi: 
 

a) piroba )(0 tu  funqciisTvis 
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 )()())(),(),(,()( 00000 tuttutxtxtFt  ])()),(),(,()([sup 000 ututxtxtFt
r
uRu

 


; 

 

b) piroba 00t  momentisaTvis 

 

     ;0)]()()[())(),(),(,()( 000000000000000000000  ttuttutxtxtFt    

 

 g) piroba 10t  mometisaTvis 

 

           0)()())(),(),(,()( 1001010010010010100  tuttutxtxtFt  . 

   

standartuli gziT davamtkicebT, rom ],[,1)( 10000 tttt  . 

  SemoviRoT funqcia 
 

                      









.,0

],,[,1
)(

10

1000

tt

ttt
t  

 
am ukanasknelis gaTvaliswinebiTDda (17.5) gantolebis integrebiT 
miviRebT 

dssusxsxsFssusxsxsFtt

t

t

yx 

00

))](),(),(,()())(),(),(,([)()( 00000000  , 

 

                           ],[ 1000 ttt .                         (17.6) 

 
a) pirobidan, fermas Teoremis ZaliT gveqneba 
 

        ],[)),(),(),(,()( 1000000 ttttutxtxtFt u   .                   (17.7) 

 
b), g) da (17.6) pirobebi, (17.7) tolobis gamoyenebiT, CavweroT variaciuli 
amocanis terminebSi, miviRebT: 
 

             
,0)]()())[(),(),(,(

))(),(),(,(

0000000000000000

00000000000

00

00





ttxtxtxtxtF

txtxtxtF

tx

t











         (17.8) 

0)())(),(),(,())(),(),(,( 1001001001001010010010010 0000
 txtxtxtxtFtxtxtxtF txt

   ,   (17.9) 

 

           ))(),(),(,())(),(),(,( 00000000000000 0000
txtxtxtFtxtxtxtF txtx

    

     .))](),(),(,()())(),(),(,([

00

0000 000000 dssxsxsxsFssxsxsxsF

t

t

tytx     (10) 

 

Teorema 17.1.  vTqvaT ))(,,( 010000  xttv elementi (17.1), (17.2) variaciuli 

amocanis eqstremalia. maSin  adgili aqvs (17.8)-(17.10) pirobebs. 
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$ 18. dagvianebulargumentiani variaciuli amocana arafiqsirebuli 

drois momentebiT da wyvetili sawyisi pirobiT 
 
 

 vTqvaT n

xRxx 10 ,  fiqsirebuli wertilebia.  -Ti aRvniSnoT uwyveti  

da uban-uban uwyvetad warmoebadi ],[,)( baItRtx n

x   funqciebis simravle; 

skalaruli funqcia  ),,,( zyxtF  uwyvetia n

z

n

y

n

x RRRI   simravleze da 

uwyvetad warmoebadia x , y  da z cvladebis mimarT; n

xRt )( , ],[ bat  , 

uwyveti funqciaa; 0  mocemuli ricxvia. 
 

gansazRvreba 18.1.  IIVxttv ))(,,( 10 elements, sadac 10 tt  , ewodeba 

dasaSvebi, Tu Sesrulebulia pirobebi  
 

                     1100 )(,)( xtxxtx  .              (18.1) 

 

dasaSveb elementebis simravle aRvniSoT 0V -iT. 

 ganvixiloT funqcionali 
 

               
1

0

0
))(),(),(,()(

t

t

t dttxtxtxtFvJ  , 

sadac 

               









].,[),(

),,[),(
)(

0

00

0 btttx

tttt
txt


 

 

gansazRvreba 18.2. 0100 ))(,,( Vxttv   elements ewodeba eqstremali, Tu 

nebsmieri 0Vv  elementisaTvis adgili aqvs utolobas 

 

                       ).()( 0 vJvJ                              (18.2) 

 
(18.1), (18.2) amocanas ewodeba variaciuli amocana wyvetili sawyisi 
pirobiT, igi mokled ase Caiwereba  
 

                  



















 

Vv

xtxxtx

dttxtxtxtFvJ

t

t

t

,)(,)(

.min))(),(),(,()(

1100

1

0

0


           (18.3) 

(18.1), (18.2) variaciuli amocana ekvivalenturia Semdegi optimaluri 
amocanis 
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























,),,(

,))(),(),(,()(

,)(,)(),,[),()(

,),()(

10

1

110000

1

0

IIWuttw

dttutxtxtFwJ

xtxxtxtttttx

ututx

t

t







            (18.4) 

 

visargebloT $ 15-Si moyvanili TeoremiT. vTqvaT ),,( 010000 uttw   

optimaluri elementia, 1000 tt   da funqcia )(0 tu uwyvetia 

00t wertilSi. maSin arsebobs gantolebis  

 

)),(),(),(,()())(),(),(,()()( 00000000   tutxtxtFttutxtxtFtt yx
   (18.5) 

                          ],[ 1000 ttt , 

 

iseTi aranulovani amonaxsni 1010000 ,0)(ˆ],,[)),(),(()(ˆ ttttttttt   , 

rom Sesrulebulia Semdegi pirobebi: 

a) piroba )(0 tu  funqciisTvis 

 

 )()())(),(),(,()( 00000 tuttutxtxtFt  ])()),(),(,()([sup 000 ututxtxtFt
r
uRu

 


; 

b) piroba 00t  momentisaTvis 

 

                 )()())(),(),(,()( 0000000000000000000 tuttutxtxtFt   

;0))](),(),(,())(,),(,()[( 0000000000000000000000   tuttxtFtuxtxtFt  

 

g) piroba 10t  mometisaTvis 

 

           0)()())(),(),(,()( 1001010010010010100  tuttutxtxtFt  . 

   

standartuli gziT davamtkicebT, rom ],[,1)( 10000 tttt  . 

SemoviRoT funqcia 
 

                      









.,0

],,[,1
)(

10

1000

tt

ttt
t  

am ukanasknelis gaTvaliswinebiTDda (18.5) gantolebis integrebiT 
miviRebT 

dssusxsxsFssusxsxsFtt

t

t

yx 

00

))](),(),(,()())(),(),(,([)()( 00000000  , 

                           ],[ 1000 ttt .                         (18.6) 

 
b) pirobidan, fermas Teoremis ZaliT gveqneba 
 

        ],[)),(),(),(,()( 1000000 ttttutxtxtFt u   .                  (18.7) 
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b), g) da (18.6) pirobebi, (18.7) tolobis gamoyenebiT, CavweroT variaciuli 
amocanis terminebSi, miviRebT: 
 

  )())(),(),(,())(),(),(,( 1000000000000000000000000 0000
txtxtxtxtFtxtxtxtF txt

      

   ;0))](),(),(,())(,),(,([ 0000000000000000000   txttxtFtxxtxtF     (18.8) 

 

0)())(),(),(,())(),(),(,( 1001001001001010010010010 0000
 txtxtxtxtFtxtxtxtF txt

   ,   (18.9) 

 

           ))(),(),(,())(),(),(,( 00000000000000 0000
txtxtxtFtxtxtxtF txtx

    

     .))](),(),(,()())(),(),(,([

00

0000 000000 dssxsxsxsFssxsxsxsF

t

t

tytx     (18..10) 

 

Teorema 18.1.  vTqvaT ))(,,( 010000  xttv elementi (18.1), (18.2) variaciuli 

amocanis eqstremalia, 1000 tt   da funqcia )(0 tx uwyvetia 00t  

wertilSi. maSin  adgili aqvs (18.8)-(18.10) pirobebs. 
 
 
 

$19. dagvianebulargumentiani variaciuli amocana arafiqsirebuli 

drois momentebiT da Sereuli sawyisi pirobiT 
 
 
 

 vTqvaT n

x

k

p RxRp  10 ,  fiqsirebuli wertilebia.  -Ti aRvniSnoT  

uwyveti da uban-uban uwyvetad warmoebadi ],[,)( baItRtx n

x   funqciebis 

simravle; skalaruli funqcia ),,,,(),,,(  zpxtFyxtF  , 

sadac ,,,,),( eknRzRpRzpy e

z

k

p

n

y

T   uwyvetia nn

y

n

x RRRI   simravleze 

da uwyvetad warmoebadia x , y da   cvladebis mimarT; k

pRt )( , ],[ bat  , 

uwyveti funqciaa, ].[,)( batRtg e

z  ,  

uwyvetad warmoebadi funqciaa; 0  mocemuli ricxvia. 
 

gansazRvreba 19.1.  IIVxttv ))(,,( 10 elements, sadac 10 tt  , ewodeba 

dasaSvebi, Tu Sesrulebulia pirobebi  
 

                     11000 )(,))(,()( xtxtgptx T  .              (19.1) 

 

dasaSveb elementebis simravle aRvniSoT 0V -iT. 

 ganvixiloT funqcionali 
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000
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t

t

ttt tztptxdttxtztptxtFtxtxtxtFvJ      
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








].,[),(

),,[),(
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00

0 btttz

ttttg
tzt


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gansazRvreba 19.2. 0100 ))(,,( Vxttv   elements ewodeba eqstremali, Tu 

nebsmieri 0Vv  elementisaTvis adgili aqvs utolobas 

 

                       ).()( 0 vJvJ                              (19.2) 

 
(19.1), (19.2) amocanas ewodeba variaciuli amocana Sereuli sawyisi 
pirobiT, igi mokled ase Caiwereba  
 

        



















 
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dttxtztptxtFvJ

T

t

t

tt

,)(,)(,()(

.min))(),(),(),(,()(

11000

1

0

00


           (19.3) 

 
(19.1), (19.2) variaciuli amocana ekvivalenturia Semdegi optimaluri 
amocanis 
 

      




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
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
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1

1100000

1

0

IIWuttw

dttutztptxtFwJ

xtxtgptxttttgttx

ututx

t

t

TT







       (19.4) 

 

visargebloT $ 16-Si moyvanili TeoremiT. vTqvaT ),,( 010000 uttw   

optimaluri elementia, 1000 tt   da funqcia )(0 tu uwyvetia 

00t wertilSi. maSin arsebobs gantolebis  

 

)),(),(),(,()())(),(),(,()()( 00000000   tutxtxtFttutxtxtFtt yx
   (19.5) 

                          ],[ 1000 ttt , 

iseTi aranulovani amonaxsni 1010000 ,0)(ˆ],,[)),(),(()(ˆ ttttttttt   , 

rom Sesrulebulia Semdegi pirobebi: 

a) piroba )(0 tu  funqciisTvis 

 

 )()())(),(),(,()( 00000 tuttutxtxtFt  ])()),(),(,()([sup 000 ututxtxtFt
r
uRu

 


; 

b) piroba 00t  momentisaTvis 

           ]))(,0()()[())(),(),(,()( 0010000000000000000000

T

k tgtuttutxtxtFt   

               
,0))](),(),(,(

))(),(,),(,()[(

0000000000

000000000000000









tuttxtF

tutzptxtFt
 

 

sadac 10 k  aris k  ganzomilebiani nulovani svet-veqtori; 
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g) piroba 10t  mometisaTvis 

 

           0)()())(),(),(,()( 1001010010010010100  tuttutxtxtFt  . 

   

standartuli gziT davamtkicebT, rom ],[,1)( 10000 tttt  . 

SemoviRoT funqcia 
 

                      









.,0

],,[,1
)(

10

1000

tt

ttt
t  

 
am ukanasknelis gaTvaliswinebiTDda (19.5) gantolebis integrebiT 
miviRebT 

dssusxsxsFssusxsxsFtt

t

t

yx 

00

))](),(),(,()())(),(),(,([)()( 00000000  , 

                           ],[ 1000 ttt .                         (19.6) 

 
a) pirobidan, fermas Teoremis ZaliT gveqneba 
 

        ],[)),(),(),(,()( 1000000 ttttutxtxtFt u   .              (19.7) 

 
b), g) da (19.6) pirobebi, (19.7) tolobis gamoyenebiT, CavweroT variaciuli 
amocanis terminebSi, miviRebT: 
 

                 ))()(),(),(,( 00000000000000 0000
txtztptxtF tt

  

         ])(,0()())[(),(),(),(,( 00100000000000000000 0000

T

kttx tgtxtxtztptxtF    

                  
;0))](),(),(),(,(

))(),(,),(,([

0000000000000

000000000000

00

00









txtzttxtF

txtzptxtF

t

t




      (19.8) 

 

                
0)())(),(),(),(,(

))(),(),(),(,(

10010000010010010

10000010010010

0000

0000





txtxtztptxtF

txtztptxtF

ttx

tt





 


,   (19.9) 

 

 ))()(),(),(,())(),(),(),(,( 000000000000000000 00000000
txtztptxtFtxtztptxtF ttxttx

     

               

t

t

ttx sxtzsxsxsF

00

0000
))(),(),(),(,([ 000000

   

           dssxszsxsxsFs tty ))](),(),(),(,()( 0000 0000
   .            (19.10) 

 

Teorema 19.1.  vTqvaT ))(,,( 010000  xttv elementi (19.1), (19.2) variaciuli 

amocanis eqstremalia, 1000 tt   da funqcia )(0 tx uwyvetia 00t  

wertilSi. maSin  adgili aqvs (19.8)-(19.10) pirobebs. 
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