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3.2. grinis funqcia da dirixles amocanis amoxsna birTvisa da 

naxevarsibrtyisTvis 
 

3.2.2. grinis funqcia dirixles amocanisTvis. vTqvaT,  R n  uban-uban liapuno-

vis sazRvriT SemosazRvruli area. ganvixiloT dirixles Semdegi amocana puasonis 

gantolebisTvis 
 




u f x
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                    (3.2.1) 

sadac  f C   da  C( ) . davuSvaT, rom  u C 2   funqcia am amocanis amo-

naxsnia. maSin, (3.1.9) warmodgenis Tanaxmad, 























 xdS

xu
xEx

E
xdxxfxEu

)(
),(),()()(),()( .      (3.2.2) 

rogorc vxedavT, (3.2.2) formulis marjvena mxareSi ucnobia mxolod 


 

u



. 

ganvixiloT   areSi harmoniuli  g x C( , )  1   funqcia, maSin g da u funqcie-

bisTvis grinis meore formulidan miviRebT, rom 

g x f x dx x
g x

g x
u x

dSx( , ) ( ) ( )
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vTqvaT, g funqcia isea SerCeuli, rom nebismieri   -sTvis 

 g x E x
x

( , ) ( , ) 


 
 

0 . 

maSin (3.2.2) da (3.2.3) tolobebis SekrebiT miviRebT, rom 

 u g x E x f x dx
g x E x

x dSx( ) ( , ) ( , ) ( )
( , ) ( , )
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. 

Tu SemoviRebT aRniSvnas 

G x g x E x( , ) ( , ) ( , )    , 

maSin 

u G x f x dx
G x

x dSx( ) ( , ) ( )
( , )

( ) 
 
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.         (3.2.4) 

G funqcias, x ,  , (3.2.1) sasazRvro amocanis grinis funqcia ewodeba. 

rogorc vxedavT, grinis funqcia calsaxad ganisazRvreba Semdegi pirobebidan: 

1. G x E x g x( , ) ( , ) ( , )     , sadac g funqcia x-is mimarT harmoniulia  -

Si da uwyvetia  -ze; 

2. G x
x

( , )





0    . 

Teorema 3.2.1. grinis G x( , )  funqcia aradadebiTia yvelgan   areSi. 

damtkiceba. radgan 

lim ( , )
x

G x


 


 , 

amitom sakmarisad mcire  -sTvis 

G x( , )  0  
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B

  birTvSi. amdenad   \ B S





  aris sazRvarze G x( , )  0 , saidanac harmoniuli 

funqciisTvis eqstremumis principis Tanaxmad G x( , )  0  yvela  x B S \ 





 -

sTvis. aqedan davaskvniT, rom G x( , )  0  yvela x  -sTvis. 

Teorema 3.2.2. grinis funqcia simetriulia, e. i., 

G x G x( , ) ( , )    , x  . 

damtkiceba. aviRoT   0 ise mcire, rom B Bx

 ,   , B Bx

     (ix. nax. 

3.2.1). ganvixiloT    

  \ B Bx  are da am areSi gamoviyenoT grinis meore 

formula 

u y G y x( ) ( , )  da v y G y( ) ( , )               (3.2.5) 

funqciebisTvis. maSin, radgan 

 u v  0 
  areSi da 

u v  0 
 -ze, miviRebT 

u
v

v
u
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      E y g y E y x g y x dS y
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.      (3.2.6) 

ganvixiloT (3.2.6) tolobis marcxena mxare 
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. 

radgan G y( , )  funqcia harmoniulia 
B\ -Si, amitom 






G
y( , )  SemosazRvrulia 

Sx

 -ze. amdenad   radiusiani sferos zedapiris farTis formulis gaTvaliswinebiT, 
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,

ln ,

 roca 

 roca 
. 

radgan g y( , )  funqcia harmoniulia   areSi, amitom TviT funqcia da misi 

warmoebulebic SemosazRvrulia. amdenad  

 I E y x g y x
g

y dS y

S

2   ( , ) ( , ) ( , )






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


 
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,
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(3.1.9) warmodgenis miRebis dros Catarebuli gamoTvlebis gamoyenebiT gveqneba 

lim lim ( ) ( , ) lim ( ) ( )
  









 





  



   0
1

0 0

1

I u y
E

y dS u dS uy

S

n

n

y

Sx

. 

analogiurad mtkicdeba, rom (3.2.6) tolobis marjvena mxaris zRvari, roca   0 , 

aris v x( ) . maSasadame, 

u v x( ) ( )  , 

rac, (3.2.5)-is Tanaxmad, imas niSnavs, rom 

G x G x( , ) ( , )  . 

3.2.3. grinis funqciis ageba birTvuli arisTvis. nR  SemosazRvrul areSi 

ganvixiloT dirixles amocana laplasis gantolebisTvis 

 u x 0, ,                    (3.2.7) 

u x




 ( ) .                       (3.2.8) 

wina paragrafSi miRebuli (3.2.4) formulis Tanaxmad 

u x
G x

dS x( )
( , )

( )  
 


  






.            (3.2.9) 

saidanac naTelia, rom Tu cxadi saxiT avagebT grinis funqcias, dirixles amocanis 

amonaxsnic cxadi saxiT agebuli gveqneba. 

vTqvaT,   BR

0
 birTvia centriT koordinatTa sistemis saTaveSi (ix. nax. 3.2.2). 

aviRoT nebismieri x BR 0
 da aRvniSnoT x: . aviRoT  

2

2

x

R
xy   

wertili birTvis gareT, maSin, Tu 

yr : , 

  


B  


xB  

x  

y  
  

nax. 3.2.1 
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gveqneba, rom  

  r R2                              (3.2.10) 

(aseT y wertils sferos mimarT x-is simetriuli wertili ewodeba). vaCvenoT, rom 

  







 


 y

R
xxG ),( , 

sadac 

    ,: xEx  . 

nax. 3.2.2 

cxadia, rom 







 


 y

R
 funqcia B R

0
 areSi harmoniulia  -is mimarT. amitom da-

samtkicebeli darCa mxolod is, rom nebismieri x BR 0
-sTvis 

0),( xG , roca  S R

0
. 

ganvixiloT xO  da yO  samkuTxedebi. isini msgavsia, radgan yO  kuTxe maT 

saerTo aqvT, xolo (3.2.10) tolobidan gamomdinareobs, rom 

r

R

R



                            (3.2.11) 

e. i., 

Oy

O

O

Ox 


 . 

maSasadame, 

 

R

R

r r
  , 

sadac 

  x  da r y   . 

amdenad, roca  S R

0 , maSin 




 r

R
 .                            (3.2.12) 
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amitom 

      0),(
0



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


 r

R
xG RS

.        (3.2.13) 

amrigad, grinis funqcia agebulia. (3.2.13)-is Tanaxmad, roca  S R

0
, cxadia, 

   
 
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
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
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

 



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
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x
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




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




R
x

y

R

x
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













coscos'' . (3.2.14) 

radgan, erTi mxriv, 

 
 

 






 





x x

x

i i

i







cos ,  

warmoadgens 

x

x

x

x

n n1 1
























, ,  da           : cos , , ,cos , 1  n  

veqtorebis skalarul namravls, xolo, meore mxriv, am ori erTeulovani veqtoris 

skalaruli namravli maT Soris kuTxis kosinusis tolia (ix. nax. 3.2.2)*), e. i., 

 






x
x


 cos . 

analogiurad, 

 






y
y


 cos . 

cos x -isa da cos y -s, kosinusebis Teoremis Tvisebis Tanaxmad, vpoulobT Semdegi 

tolobebidan: 

xRR   cos2222  , 

yRrrRr  cos2222  . 

risi gaTvaliswinebiTac, Tu mxedvelobaSi miviRebT (3.2.12)-s da (3.2.11)-s, formula 

(3.2.14) Semdegi saxiT gadmoiwereba: 

 




















RRr

rrR

R

R
r

xG

RS






















 22
'

),(
222222

0

 

                                                           

*) or P

 da Q


 veqtors Soris kuTxes Tu  -Ti aRvniSnavT, rogorc es analizuri 

geometridanaa cnobili, or- da samganzomilebian SemTxvevaSi, 

QP

QP







cos . 

3n  SemTxvevaSi am ukanaskneli tolobiT gansazRvrul   kuTxes ewodeba kuTxe 

or n-ganzomilebian veqtors Soris. Tu damatebiT moviTxovT, rom  0 , maSin 

is calsaxad iqneba gansazRvruli. 
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2
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r
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R
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









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






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 








 






 

' r
R

R R

R

n

n

2 2 2 21
, 

sadac  n
 erTeulovan radiusiani sferos zedapiris farTia. am ukanasknelis 

(3.2.9)-Si Casmis Semdeg miviRebT, rom 

 










RR S

n
nS

n
n

RR

dSR

R
dS

R

R
xu

00 222

2222

cos2

)()(1
)(

1
)(



















,    (3.2.15) 

sadac   kuTxea Ox  da O   veqtorebs Soris. am formulas puasonis formula 

ewodeba. 

amrigad, Tu birTvisTvis dirixles amocana amoxsnadia, is (3.2.15)-is saxiT war-

moidgineba. magram uSualod SeiZleba Semowmdes, rom (3.2.15) akmayofilebs (3.2.7) 

gantolebas da (3.2.8) sasazRvro pirobas. amiT amonaxsnis arsebobac damtkicdeba. 

amonaxsnis erTaderToba ufro zogad SemTxvevaSi adre gvqonda damtkicebuli. 

3.2.4. grinis funqciis ageba naxevarsivrcisTvis. vTqvaT, }0:{:  n
n xRx  na-

xevarsivrcea (ix. nax. 3.2.3). ganvixiloT 

u x xn( ) , 0 0 ,                         (3.2.16) 

)(),( 1

0



 Cxu

nx
.                   (3.2.17) 

dirixles amocana. veZeboT misi SemosazRvruli amonaxsni. ganvixiloT 

 nxxxx ,,, 21   da xn  0 hipersibrtyisadmi misi simetriuli 

 nxxxx  ,,,' 21   wertili. advili dasanaxia, rom 

),'(),(),(  xExExG   

funqcia warmoadgens (3.2.16), (3.2.17) amocanis grinis funqcias. 

cxadia, 

n

nn

n

n

nn

nn x

x

x

xxGxG

'

11),(),(





























. 

saidanac 

O 

x  

'x  

( )n nx   

nax. 3.2.3 
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 
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
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

. 

axla, Tu moviTxovT, rom sakmarisad didi 
2

1

1
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2
:














 





n

i

iA  -sTvis 




A

const
 ,   0 , 

maSin uSualod SeiZleba Semowmdes, rom 

    









 
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
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
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akmayofilebs (3.2.16) gantolebas da (3.2.17) sasazRvro pirobas. (3.2.18) formulas 

ewodeba puasonis formula naxevarsivrcisTvis. 


