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2.5. meore rigis wrfiv kerZowarmoebulian gantolebaTa sistemis klasifikacia 
 

Tu vigulisxmebT, rom (2.3.1)-Si lmA , lB  da C mocemuli N-uri rigis matricebia, 

 NFFF ,,: 1   mocemuli, xolo  Nuuu ,,: 1   saZiebeli veqtoria, maSin miRebuli 

sistema SeiZleba Semdegi saxiT CavweroT 

ijijlj

l

ijlmj

lm

iji FuCuBuAuL  ,,: , Ni ,1 ,               (2.5.1) 

sadac 

22

, : j

ml

j

lmj P
xx

u
u 




 , Nj ,1 , nml ,1,  , 

















.,2

;,1

;,,0

mlk

mlmklk

mlk

k

roca

da  an roca
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amdenad, am SemTxvevaSi Semdegi piroba [ix. (2.2.4) da (2.2.2)] 

    0detdetdet:,,
2

21  


ml

lm

ml

lm

ij
j

i
n AA

P

uL
K 




 




  

nebismieri namdvili 
n ,,1  -sTvis, romlebic erTdroulad nuli ar xdeba, niSnavs 

sistemis elifsurobas. 

(2.5.1) sistemas ewodeba Tanabrad elifsuri   areSi, Tu moiZebneba iseTi erT-
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yvelgan   areSi, xolo _ Zlier elifsuri, somilianas azriT, raime x  

wertilSi, Tu 

  0, mlml A 


,                            (2.5.2) 

sadac l

-ebi nebismieri N-ganzomilebiani namdvili veqtorebia, romlebic erTdro-

ulad nuli ar xdeba. Zlier elifsurobis cneba meore rigis sistemebisTvis 

SemoRebulia somilianas mier, xolo maRali rigis sistemebisTvis m. v. viSikis mier. 

advili dasanaxia, rom Zlier elifsuri sistema elifsuria. marTlac, Tu ganvixilavT 

kerZo SemTxvevas, roca 
il

l

i   , Zlier elifsurobis pirobidan gamomdinareobs, rom 

  0,  jiml
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. 

es ki imas niSnavs, rom 
ml

lmA   matrica dadebiTad gansazRvrulia. amisTvis ki, 

rogorc algebridanaa cnobili, silvestris Teoremis Tanaxmad, aucilebeli da 

sakmarisia, rom 
ml

lmA   matricis yvela mTavari minori, e. i.,  

 

 ml

lmA det -ic 

mkacrad dadebiTi iyos. amdenad, 

  0det ml

lmA  , 

rac ganmartebis Tanaxmad (2.5.1) sistemis elifsurobas niSnavs. Tu sistema Zlier 

elifsuria viSikis azriT, 
ml

lmA   matricis yvela mTavari minori, maT Soris 
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Sesabamisi determinantic, yvela dadebiTia (Tu matrica dadebiTad gansazRvrulia) an 

kenti rigis mTavari minorebi uaryofiTia, luwi rigisa ki _ dadebiTi (Tu matrica 

uaryofiTadaa gansazRvruli). es maSin, roca elifsurobis ganmarteba mxolod 

dasaSvebi umaRlesi rigis mTavari minoris, e. i., ml

lmA   matricis Sesabamisi 

determinantis, dadebiTobas an uaryofiTobas niSnavs. 

meore rigis wrfivi sistemis SemTxvevaSi viSikis 

0jiml
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ijA   

da somilianas 

0m
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ijA   

azriT Zlieri elifsurobis cnebebis Sedarebisas vnaxavT, rom, Tu SemoviRebT 

il

l

i  :  

aRniSvnas, maSin isini erTmaneTs daemTxvevian. amrigad, Tu sruldeba somilianas 

piroba, maSin Sesruldeba viSikis pirobac. piriqiT ki _ mxolod kerZo  i

l

-sTvis. rac 

imas niSnavs, rom Zlier elifsuroba somilianas azriT ufro Zlieri moTxovnaa, 

vidre Zlier elifsuroba viSikis azriT. 
 

 

 

2.6. eqstremumisa da zaremba*)-Jiros**) principebi 
 

 

eqstremumis principi 2.6.1. Tu (2.3.1) gantoleba elifsuria   areSi, amonaxsni 

)(2 Cu  da igivurad mudmivi ar aris, garda amisa, an 0)( xC , 0)( xF   

(Sesabamisad 0)( xF ), an 0)( xC , 0)( xF  (Sesabamisad 0)( xF ), maSin   aris 

arcerT wertilSi amonaxsni ver miaRwevs uaryofiT fardobiT minimums (Sesabamisad 

dadebiT fardobiT maqsimums). 

SeniSvna 2.6.2. aq eqstremumis fardobiToba (pirobiToba) imaSi gamoixateba, rom 

veZebT minimums im pirobiT, rom is uaryofiTia da maqsimums im pirobiT, rom is 

dadebiTia. e. i., veZebT )(xu , x , funqciis eqstremums im pirobiT, rom  0
0
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xu , 

0

x , maqsimumis SemTxvevaSi, sadac 
0

x  

eqstremumis wertilia.  

damtkiceba. vTqvaT, 
0

x  wertilSi aRwevs uaryofiT fardobiT minimums. maSin 

 

0
0

, 







xu i , ni ,,1 ,                        (2.6.1) 

da 

                                                           
*) s. zaremba (1863 _ 1942) _ poloneli maTematikosi 
**) J. Jiro (1889 _ 1943) _ frangi maTematikosi  



leqcia 3                                               maTematikuri fizikis gantolebebi 

 3 
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jiij xu  *).                          (2.6.2) 

gansaxilveli gantolebis   areSi elifsurobis gamo, zogadobis SeuzRudavad 

SeiZleba CavTvaloT, rom (2.3.2) forma dadebiTad gansazRvrulia [winaaRmdeg 

SemTxvevaSi (2.3.1)-is orive mxares gavamravlebT (-1)-ze]. aqedan gamomdinareobs, rom 
0

x  

wertilisTvis arsebobs iseTi aragadagvarebuli 

sksk g   , nk ,,1 , 

wrfivi gardaqmna, romelic (2.3.2) formas daiyvans kanonikur saxeze. e. i., 

jikjkijkjikikkji

ij ggggxA  

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(2.6.3)-dan advilad davaskvniT, rom 
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
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.                         (2.6.4) 

(2.6.2)-is Tanaxmad, yoveli fiqsirebuli k-sTvis  
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(indeqsis qveS xazi niSnavs imas, rom am indeqsis mimarT ajamva ar xdeba) da aqedan 

gamomdinare k-s mimarT 1-dan n-mde jamic, e. i.,   

0
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amdenad, (2.6.4)-is Tanaxmad, 
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(2.3.1), (2.6.1), (2.6.5)-dan, radgan pirobis Tanaxmad 0)( xC  an 0)( xC , gamomdina-

reobs, rom 0
0
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analogiurad SeiZleba ganvixiloT dadebiTi maqsimumis SemTxveva, imis 

gaTvaliswinebiT, rom am SemTxvevaSi (2.6.2)-is nacvlad gveqneba 

0
0

, 







jiij xu   

utoloba. 

hopfma**) daamtkica ufro zogadi Teorema. 

                                                           
*) radgan marcxena mxareSi kvadratuli formis uaryofiTad gansazRvruloba an niSan-

cvladoba gamoricxulia [winaaRmdeg SemTxvevaSi Sesruldeboda Sesabamisad funqciis 

maqsimumis arsebobis sakmarisi piroba an eqstremumis ararsebobis piroba, Cven ki 

davuSviT minimumis arseboba, e. i., rCeba kvadratuli formis arauaryofiToba (dade-

biToba)] 
**) e. hopfi (1902 _ 1983) _ germaneli maTematikosi 
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hopfis Teorema 2.6.3. vTqvaT, (2.3.1) gantolebis koeficientebi SemosazRvrulia   

areSi*) da ijAdet  diskriminants   aris SigniT*) aqvs dadebiTi qveda zRvari. Tu   

areSi 0C , 0F  (an Sesabamisad 0F ), maSin (2.3.1) gantolebis arc erTi re-

gularuli amonaxsni [e. i., )(2 Cu ]   aris Siga 
0

x  wertilSi ver miaRwevs 

uaryofiT fardobiT minimums (Sesabamisad dadebiT fardobiT maqsimums), garda im Sem-

Txvevisa, roca is mudmivia 
0

x -is Semcvel nebismier areSi, sadac  


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
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)( xuxu dSesabamisa . 

adgili aqvs Semdeg princips: 

zaremba-Jiros Teorema 2.6.4. vTqvaT, (2.3.1) gantolebis koeficientebi Semosa-

zRvrulia SemosazRvruli aris   Caketvaze, romelic ),1( A  klasisaa (es imas 

niSnavs, rom   aris sazRvris parametrul warmodgenaSi Semavali funqciebis pirveli 

rigis warmoebulebi akmayofileben hiolderis**) pirobas ]1,0]  maCvenebliT), 

  1Cu  (2.3.1) gantolebis regularuli amonaxsnia da igi igivurad mudmivi araa. 

garda amisa, vTqvaT, ijAdet  diskriminants aris   Caketvaze aqvs dadebiTi qveda 

zRvari. Tu 0C , 0F  (an Sesabamisad 0F ), 
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maSin yovel 
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x  wertilisTvis, sadac u minimums (maqsimums) aRwevs da yoveli l 

sxivisTvis, romlisTvisac 0),cos( l ***) (   -s Siga normalia) adgili aqvs 
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 dSesabamisa  

utolobas. 
                                                           
*) e. i.,   aris nebismieri qvearis Caketvaze 
**) l. o. hiolderi (1859 _ 1937) _ germaneli maTematikosi 
***) es piroba imas niSnavs, rom l sxivs ar SeiZleba hqondes   sazRvris mxebi mimar-

Tuleba da, radgan   Siga normalia, l sxivi aris SigniTaa mimarTuli (ix. nax. 2.6.1). 

Ω   

l  
  

0

x  

nax. 2.6.1 
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Tu hopfis Teoremis pirobebSi damatebiT vigulisxmebT, rom 0)( xF  da  Cu , 

maSin, am Teoremis Tanaxmad, roca u igivurad mudmivi araa,   areSi 

)(max)( xuxu





. 

marTlac, Tu davuSvebT, rom u  maqsimums aRwevs  -s raime wertilSi, maSin, roca iq 

u dadebiTia, gamova, rom u aRwevs dadebiT maqsimums aris SigniT, xolo Tu 

uaryofiTia, _ uaryofiT minimums, rac ar SeiZleba moxdes hopfis Teoremis Tanaxmad. 

amave pirobebSi, radgan erTi mxriv aris  Caketvaze uwyveti funqcia iq Tavis 

eqstremalur mniSvnelobas aRwevs, xolo meore mxriv )(xu  Tavis maqsimalur 

mniSvnelobas  -Si ver iRebs, is maqsimums   sazRvarze miaRwevs, e.i.,  

)(max)(max xuxu





. 

cxadia, am ukanasknels adgili aqvs maSinac, roca u const . Tu amasTan 0)( xC , maSin 

hopfis Teoremidan gamomdinare SegviZlia, amoviRoT sityvebi “uaryofiTi” da 

“dadebiTi” da amdenad   areSi viRebT 

)(max)()(min xuxuxu





 

Sefasebebs. es ukanaskneli iqidan gamomdinareobs, rom radgan C  0 , u-sTan erTad 

(2.3.1) gantolebis amonaxsnia u  const -ic. marTlac, Tu 

uM


 max: , 

maSin 
















uuMuMuMuMuMu

uuMuMuMuMuMu





minmin)(min0

maxmax)(max0

 Si- Si-

 Si- Si-

 

uuu





maxmin   -Si. 

cxadia, (2.4.24) _ (2.4.26) gantolebebisTvis hopfis Teorema samarTliania, xolo 

zaremba-Jiros principi dazustebas moiTxovs. 

eqstremumis principi elifsuri gantolebebisTvis arsebiTad gansxvavdeba eqs-

tremumis principisgan paraboluri da hiperboluri gantolebebisTvis. amis sa-

ilustraciod ganvixiloT zogierTi paraboluri da hiperboluri gantolebis 

SemTxvevac. 

ganvixiloT Semdegi paraboluri gantoleba 

F
t

u
utxCuBuA i

i

ij

ij 



 ),(,, , 

sadac sivrciTi cvladebis mimarT operatori elifsuria, e. i., 

0,0  


ii

ijA , 

CBA iij ,,  SemosazRvrulia da 

0),( txC   -Si, 
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xolo    ],0[1

0

2 TCCu  , sadac   aris are, SemosazRvruli 0t  da Tt   

hipersibrtyeebiT da t RerZis paraleluri cilindruli zedapiriT; }0{:0  t . 

   C P t t0

0:   (ix. nax. 2.6.2). 

Teorema 2.6.5. Tu 0F  )0( F dSesabamisa   -Si da 0P  wertilSi aRwevs 

dadebiT fardobiT maqsimums (Sesabamisad uaryofiT fardobiT minimums), maSin 

 0)( PuPu   yvela  0PSP  wertilSi, sadac  0PS  aris   aris yvela iseT 

wertilTa simravle, romlebic SeiZleba davakavSiroT 0P  wertilTan  -Si mdebare 

iseTi uwyveti wiriT, romlis gaswvrivac t koordinati ar mcirdeba P-dan 0P -sken 

moZraobis dros. 

amrigad, amonaxsni eqstremums aRwevs }{\ Tt   simravleze, Tu  Cu . 

Tu 0)( xF  da 0C , maSin, u-sTan erTad, cxadia, constu  -ic amonaxsnia. amitom 

ukanaskneli daskvna ZalaSi darCeba aradadebiTi maqsimumisTvisac (Sesabamisad 

arauaryofiTi minimumisTvisac), radgan aditiuri mudmivis, e. i., mudmivi Sesakrebis 

saTanadod SerCeviT, elifsuri gantolebis SemTxvevis msgavsad, davalT ukve 

ganxilul SemTxvevaze. 

axla ganvixiloT ABC  samkuTxedSi (ix. nax. 2.6.3) Semdegi umartivesi hi-

perboluri gantoleba 

0
2

2

2

2


t

u

x

u








.                         (2.6.6) 

nR0  

C(P0) 

P 

    
P0 

S(P0) 

T 

t0 

O 

 t 

nax. 2.6.2 

O B b( , )0  
M* A a( , )0  

x t b   atx   

C
a b a b 









2 2
,

 

t 

x ctx   
M 

nax. 2.6.3 



leqcia 3                                               maTematikuri fizikis gantolebebi 

 7 

mis maxasiaTebel gantolebas aqvs 

022  dxdt  

saxe, saidanac 

dxdt   

da integrebiT miviRebT, rom 

const xt  

maxasiaTebeli wrfeebia. 

)0,(aA  da )0,(bB  wertilebze gamaval Sesabamisad 

atx   da btx   

maxasiaTebeli wrfeebis TanakveTis C  wertilis 






 

2
,

2

baba
 koordinatebs gvaZlevs 

,

,

btx

atx




 

sistemis amonaxsni. 

Teorema 2.6.6. (2.6.6) gantolebis AC maxasiaTebelze (an BC maxasiaTebelze) 

qrobadi   (ix. nax. 2.6.3) areSi regularuli, e.i.  2C  klasis,  Ctxu ),(  

amonaxsni  -ze Tavis maqsimums aRwevs AB monakveTze. 

damtkiceba. SemoviRoT axali cvladebi: 

txtx   , . 

maSin, radgan 

2

22

2

2

2

2

2
 
















 uuu

x

u
, 

2

22

2

2

2

2

2
 
















 uuu

t

u
, 

maTi (2.6.6)-Si CasmiT, gveqneba, rom 

0
2








u
. 

am ukanasknelis integrebiT miviRebT, rom 

)(


f
u





 

da 

)()()()( 2121 txftxfffu   ,                 (2.6.7) 

sadac 1Cf   da 2

21, Cff   nebismieri funqciebia. aqedan, Tu ganvixilavT AC -ze, e. i., 

roca  

xat  , 

qrobad amonaxsns, gamomdinareobs, rom 

0)2()(),( 21  axfafxaxu . 

amisTvis ki, radgan es ukanaskneli nebismieri x-sTvis, 







 


2
,

ba
ax , unda Sesruldes, 

aucilebeli da sakmarisia, rom argumentis nebismieri mniSvnelobisTvis 

)()( 12 aff  .                            (2.6.8) 

e. i., (2.6.7)-dan, (2.6.8)-is gaTvaliswinebiT, gveqneba, rom 

)()(),( 11 aftxftxu  , 2

1 Cf  . 
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cxadia, 2

1 Cf  -is nebismierobis gamo zogadobis SeuzRudavad SeiZleba CavTvaloT, 

rom 0)(1 af . amisaTvis sakmarisia 
1f -is nacvlad ganvixiloT )()( 11 aff   funqcia, 

romelsac isev 
1f -iT aRvniSnavT. amdenad, 

),(),( 1 txftxu   

amasTan .0)(1 af  aqedan naTelia, rom Tu u funqcia M wertilSi (ix. nax. 2.6.3) 

aRwevs maqsimums (minimums), maSin is imave mniSvnelobas miiRebs M wertilze gamaval 

ctx   maxasiaTebelLwrfeze, e. i., am wrfis AB monakveTTan TanakveTis M* wer-

tilSic. es ki imas niSnavs, rom Tu ),( txu  amonaxsni   areSi iRebs raime mniS-

vnelobas, maT Soris eqstremalurs, is imave mniSvnelobas miiRebs AB monakveTzec. 

amrigad, eqstremumis principi elifsuri gantolebisTvis izotropulia (rac imas 

niSnavs, rom Tu amonaxsni aris raime Siga wertilSi aRwevs eqstremums, maSin is am 

wertilidan yvela mimarTulebiT moZraobis dros mudmivia), xolo rogorc 

paraboluri, aseve hiperboluri gantolebebisTvis _ anizotropuli (rac imas niSnavs, 

rom eqstremumis wertilidan raime garkveuli mimarTulebiT moZraobis dros is 

mudmivia, xolo sxva mimarTulebebiT ki SeiZleba mudmivi ar iyos). 


