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8. maTematikuri fizikis gantolebebis gamokvlevis ZiriTadi meTodebi 
 

8.1. cvladTa gancalebis meTodi 
 

ZiriTadi Sereuli amocanis amoxsna simis rxevis gantolebisTvis. simis rxevis 

TeoriaSi mniSvnelovan rols TamaSobs 


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                           (8.1.1) 

gantolebis amonaxsnebi, romlebic 

u x t v x w t( , ) ( ) ( )                         (8.1.2) 

saxiTaa warmodgenili da mdgari talRebi ewodebaT. 
Tu u x t( , ) -s (8.1.2) gamosaxulebas (8.1.1) gantolebis marcxena mxareSi CavsvamT, 

miviRebT 
v x w t v x w t"( ) ( ) ( ) "( )  0 

an, rac igivea, 
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w t

w t
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 .                          (8.1.3) 

radgan (8.1.3)-is marcxena mxare ar aris damokidebuli t-ze, xolo marjvena mxa-

re _ x-ze, amitom 

v x

v x

w t

w t

"( )

( )

"( )

( )
  const .                      (8.1.4) 

(8.1.4)-is marjvena mxareSi mudmivi aRvniSnoT - -Ti da es tolobebi CavweroT 

v x v x"( ) ( )  0                        (8.1.5) 

da 

w x w x"( ) ( )  0                       (8.1.6) 

saxiT, romlebic meore rigis Cveulebriv wrfiv diferencialur gantolebebs war-

moadgenen mudmivi koeficientebiT. 

Cveulebrivi diferencialuri gantolebebis kursidan cnobilia, rom (8.1.5) gan-

tolebis v x( )  zogad amonaxsns aqvs 

v c x c 1 2                           (8.1.7) 

saxe, roca   0 , 

v c x c x 1 2cos sin  ,                   (8.1.8) 

roca   0 , 

v c e c ex x   

1 2

  ,                     (8.1.9) 

roca   0 , sadac c1  da c2  nebismieri namdvili mudmivebia. 

zustad aseve, imisda mixedviT,   0 ,   0 Tu   0 , (8.1.6) gantolebis zoga-

di amonaxsni Caiwereba 
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                   (8.1.10) 

saxiT, sadac c3 da c4  nebismieri namdvili mudmivebia. 
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vTqvaT, unda vipovoT (8.1.1) gantolebis aratrivialuri (igivurad nulis ara-

toli) u x t( , )  amonaxsni, romelic regularulia 0  x  , t  0 , naxevarzolSi, 

uwyvetia, roca 0  x  , t  0 , da akmayofilebs 

u t( , )0 0 , u t( , )  0 , t  0 ,                  (8.1.11) 

sasazRvro pirobebs. 

veZeboT (8.1.1), (8.1.11) amocanis amonaxsnebi (8.1.2) mdgari talRis saxiT. maSin 

v x( )  da w x( )  funqciebma unda daakmayofilon Sesabamisad (8.1.5) da (8.1.6) ganto-

lebebi da 
v w t v w t( ) ( ) ( ) ( )0 0   

an, rac igivea, 

v( )0 0 , v( )  0                       (8.1.12) 

pirobebi. 

(8.1.5) gantolebis v x( )  aratrivialuri amonaxsnis, romelic (8.1.12) pirobebs 

akmayofilebs, moZebnis amocana e. w. zogadi speqtruli amocanis anu Sturm*)-liu-
vilis**) amocanis kerZo SemTxvevaa. 

 -s mniSvnelobas, romlisTvisac (8.1.5) gantolebas v x( )  aratrivialuri amo-

naxsni aqvs, romelic (8.1.12) pirobebs akmayofilebs, ewodeba sakuTrivi ricxvi, 
xolo TviT v x( )  amonaxsns _  -s Sesabamisi sakuTrivi funqcia. 

(8.1.5), (8.1.12) amocanis (8.1.7) da (8.1.9) saxis aratrivialuri amonaxsnebi ar 

arseboben, radgan Tu v x( ) -is (8.1.7) da (8.1.9) gamosaxulebas (8.1.12)-Si CavsvamT, 

miviRebT 

c2 0 , 021  cc  

pirvel SemTxvevaSi da 

c c1 2 0  , e c e c    
1 2 0  

meore SemTxvevaSi, e. i. orive SemTxvevaSi 

c c1 2 0  .   

axla, Tu (8.1.8) gamosaxulebas (8.1.12)-Si CavsvamT, gveqneba 

c1 0 , c2 0sin   . 

aqedan Cans, rom Tu 0[0    SemTxvevaSi, rogorc es (8.1.8)-dan 

gamomdinareobs, ]0v  (8.1.5), (8.1.12) amocanas (8.1.8) saxis aratrivialuri 

amonaxsni eqneba maSin da mxolod maSin, roca 

sin   0 , 

e. i., roca 

  n2 , 

sadac n nulisgan gansxvavebuli mTeli ricxvia. 

imis gamo, rom sin nx  da sin( ) sin  n x nx  wrfivad damokidebuli funqciebia, 

bunebrivia, n-is mxolod 1, 2,  naturaluri mniSvnelobebiT SemovifarglebiT. 

amgvarad, mivediT im daskvnamde, rom 

  n2 , n  12, ,, 

ricxvebi (8.1.5), (8.1.12) amocanis sakuTrivi ricxvebia, xolo c nxn sin , n  12, ,, 

funqciebi maTi Sesabamisi sakuTrivi funqciebia, sadac cn -ebi nulisgan 

gansxvavebuli nebismieri namdvili mudmivebia. 

                                                           
*) J. S. f. Sturmi (1803 _ 1855) _ frangi maTematikosi 
**) J. liuvili (1809 _ 1882) _ frangi maTematikosi 
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Tu davuSvebT, rom 

cn  1, n  12, ,, 
maSin sakuTrivi funqciebis sistema Caiwereba 

v x nxn ( ) sin , n  12, ,, 

saxiT. maSasadame, (8.1.5), (8.1.12) erTgvarovan amocanas aqvs 
u x t nx w tn n( , ) sin ( )  , n  12, ,, 

wrfivad damoukidebeli amonaxsnebis usasrulo simravle, sadac, (8.1.10)-is ZaliT, 
w t a nt b ntn n n( ) cos sin  , 

xolo an
 da bn

 nebismieri namdvili mudmivebia. 

(8.1.10) gantolebis amonaxsnebis 

 sin cos sinnx a nt b ntn n  , n  12, ,,              (8.1.13) 

erToblioba saSualebas gvaZlevs, vipovoT Semdegi ZiriTadi Sereuli amocanis 
amonaxsni: unda ganisazRvros (8.1.1) gantolebis u x t( , )  amonaxsni, romelic regu-

larulia 0  x  , t  0 , naxevarzolSi, uwyvetia, roca 0  x  , t  0 , da akma-
yofilebs (8.1.11) sasazRvro da 

u x x( , ) ( )0   , 





u x t

t
x

t

( , )
( )





0

                (8.1.14) 

sawyis pirobebs, sadac ( )x  da  ( )x  mocemuli sakmarisad gluvi namdvili fun-

qciebia. 
(8.1.1), (8.1.11), (8.1.14) amocanis u x t( , )  amonaxsni veZeboT 

 u x t nx a nt b ntn n

n

( , ) sin cos sin 





1

               (8.1.15) 

mwkrivis saxiT. 

cxadia, rom (8.1.15) formuliT warmodgenili u x t( , )  funqcia mis marjvena na-

wilSi mwkrivis Tanabari krebadobis daSvebis SemTxvevaSi akmayofilebs (8.1.11) sa-

sazRvro pirobebs. imisTvis, rom is (8.1.14) sawyis pirobebsac akmayofilebdes, un-

da Sesruldes 

a nx xn

n

sin ( )




 
1

 da nb nx xn

n

sin ( )




 
1

            (8.1.16) 

tolobebi, saidanac vpoulobT, rom 

a x nxdxn  
2

0





( ) sin , b
n

x nxdxn  
2

0





( ) sin . 

furies mwkrivebis Teoriidan cnobilia, rom 0  x   segmentze )(x   da 

)(x   funqciebis uwyvetoba da 

     ( ) ( ) ( ) ( )0 0 0     

pirobebis Sesruleba iZleva ( )x  da  ( )x  funqciebis (8.1.16) saxiT warmodgenis  

da (8.1.15)-is marjvena mxareSi trigonometriuli mwkrivis Tanabari krebadobis 

garantias. garda amisa, am SemTxvevaSi (8.1.15) mwkrivis u x t( , )  jami, roca 

0  x  , t  0 , iqneba uwyvetad diferencirebadi funqcia, romelic (8.1.11) da 

(8.1.14) pirobebs daakmayofilebs. 

Tu damatebiT cnobilia, rom ( )x  da  ( )x  funqciebi Tavisi warmoebulebiT 

Sesabamisad mesame da meore rigamde uwyvetia 0  x   segmentze, amasTan 

     ( ) "( ) ( ) "( )0 0 0    ,   ( ) ( )0 0  , 
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maSin (8.1.15) formuliT warmodgenil u x t( , )  funqcias eqneba kerZo warmoebulebi 

meore rigis CaTvliT, romlebic (8.1.15)-is marjvena mxareSi mwkrivis wevr-wevrad 

diferencirebiT gamoiTvlebian. cxadia, rom am daSvebebSi (8.1.15) mwkrivis u x t( , )  

jami iqneba (8.1.1), (8.1.11), (8.1.14) amocanis saZebni amonaxsni. (8.1.15)-is marjvena 

mxareSi 

 sin cos sinnx a nt b ntn n , n  12, ,, 

saxis TiToeul Sesakrebs bgeris gavrcelebis TeoriaSi boloebiT ( , )0 0  da ( , )0   

wertilebSi Camagrebuli simis sakuTari rxevebi (anu harmonikebi) ewodeba. 
mtkicdeba, rom (8.1.1), (8.1.11), (8.1.14) ZiriTad Sereul amocanas ar SeiZleba 

hqondes erTze meti amonaxsni. 
 

 

8.2. integraluri gardaqmnebis meTodi 
 

furies*) gardaqmnis gamoyeneba koSis amocanis globaluri amonaxsnis asagebad 

simis rxevis gantolebisTvis. vTqvaT, unda ganisazRvros simis rxevis 




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2
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t
                           (8.2.1) 

gantolebis t  0 naxevarsibrtyeSi regularuli u x t( , )  amonaxsni 

u x x( , ) ( )0   , 





u x t

t
x

t

( , )
( )





0

                (8.2.2) 

pirobebiT, sadac ( )x  da  ( )x  mocemuli sakmarisad gluvi funqciebia. 

davuSvaT, rom u x t( , ) funqcia da misi kerZo warmoebulebi meore rigamde uwyve-

tia da nulisken miiswrafvian, roca x t2 2  , maSin azri aqvs furies 

U t u x t e dxix( , ) ( , )


 






1

2
                    (8.2.3) 

gardaqmnas da kanonieria yvela qvemoT Catarebuli operacia: 

1

2 2

2

2

2
2


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





     ,            (8.2.4) 

1

2

2

2

2

2


 




  



 u t

t
e d

U

t

i( , ) ( , )





  ,                                 (8.2.5) 

U u x e dx x e dxix i x( , ) ( , ) ( ) ( )0
1

2
0

1

2


 
    











   ,               (8.2.6) 



 



 
  U x t

t

u x t

t
e dx x e dx

t t

ix ix( , ) ( , )
( ) ( )

 













   
0 0

1

2

1

2
 ,       (8.2.7) 

sadac ( )  da ( )  Sesabamisad ( )x  da  ( )x  funqciebis furies gardaqmnebia. 

Tu (8.2.1) gantolebis orive nawils e ix  -ze gavamravlebT da x-iT vaintegrebT 

 -dan  -mde, (8.2.4)-is, (8.2.5)-is, (8.2.6)-isa da (8.2.7)-is ZaliT, miviRebT 

U t U ttt ( , ) ( , )   2 0,                               (8.2.8) 

U ( , ) ( )0    , U t ( , ) ( )0    .                       (8.2.9) 

                                                           
*) J. b. J. furie (1768 _ 1830) _ frangi maTematikosi 



leqcia 15                                                  maTematikuri fizikis gantolebebi 

 5 

(8.2.8) Cveulebrivi diferencialuri gantolebis U t( , )  zogadi amonaxsni avi-

RoT 

U c e c ei t i t  

1 2( ) ( )                     (8.2.10) 

saxiT, sadac c1
 da c2

   parametrze damokidebuli nebismieri mudmivebia (t-s mi-

marT). 

(8.2.10)-isa da (8.2.9)-is ZaliT, gvaqvs 

c c1 2  ( ) , c c
i

1 2 
( )


, 

saidanac vpoulobT, rom 

c
i

1

1

2

1

2
  ( ) ( )


 , c

i
2

1

2

1

2
  ( ) ( )


 . 

Tu c1
-isa da c2

-is napovn mniSvnelobebs (8.2.10)-is marjvena mxareSi CavsvamT, 

miviRebT (8.2.8) gantolebis 

   U t e e
i

e ei t i t i t i t( , ) ( ) ( ) 


       1

2

1

2
             (8.2.11) 

amonaxsns, romelic (8.2.9) sawyis pirobebs akmayofilebs. 

Tu visargeblebT furies  






 dtetgG ti


 )(

2

1
)(  

gardaqmnis Sebrunebis 






 


 deGtg ti)(
2

1
)(                      (8.2.12) 

formuliT, (8.2.3)-dan miviRebT 






 


 detUtxu xi),(
2

1
),(  

an, (8.2.11)-is gaTvaliswinebiT, 

   










  
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i

eedeetxu txitxitxitxi )(
1

22

1
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22

1
),( )()()()( .  (8.2.13) 

(8.2.12) Sebrunebis formulis ZaliT, (8.2.6) da (8.2.7) tolobebSi bolo to-

lobebidan gamomdinareobs, rom 

 


 ( ) ( )





1

2
 e di ,  


 ( ) ( )






1

2
 e di .  

amdenad, 

1

2
  e d x ti x t( ) ( ) ( )





   , 
1

2
  e d x ti x t( ) ( ) ( )





       (8.2.14) 

da 

   
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2

1
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2

1)(

2
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






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































tx

tx

i

tx

tx

tx

tx

itxitxi

ddde

ddedee
i


















      (8.2.15) 

(8.2.14)-isa da (8.2.15)-is (8.2.13) formulaSi CasmiT miviRebT (8.2.1), (8.2.2) amoca-

nis CvenTvis ukve cnobili dalamberis 
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 u x t x t x t d
x t

x t

( , ) ( ) ( ) ( )    





1

2

1

2
               (8.2.16) 

amonaxsns. 
 

 

8.3. variaciuli meTodebi 
 

dirixles principi. mTel rig SemTxvevebSi, rac gamoyenebebSi gvxvdeba, kerZo-

warmoebulebiani gantolebebi warmoadgenen eileris gantolebebs variaciuli amo-
canebisTvis. ase, magaliTad, laplasis 

u x y( , )  0 

gantoleba warmoadgens dirixles 

 D u u u dxdyx y( )  
2 2



                     (8.3.1) 

integralis, romelic S sazRvrian   arezea gavrcelebuli, minimumis amocanis-

Tvis eileris gantolebas. 

 S -Si uwyvet funqciebs  -Si uban-uban uwyveti pirveli warmoebulebiT da 

sasruli dirixles integraliT, romlebic S-ze winaswar mocemul ( , )x y  mniSvne-

lobebs iReben, vuwodoT dasaSvebi funqciebi. 
arsebobs mWidro kavSiri dirixles amocanas, romelic mdgomareobs   areSi 

harmoniuli da  S -Si uwyveti u x y( , )  funqciis gansazRvraSi 

u x y x y( , ) ( , )  , ( , )x y S ,                     (8.3.2) 

sasazRvro pirobiT, da e. w. pirvel variaciul amocanas Soris, romelic mdgoma-

reobs dasaSveb funqciebs Soris im funqciis moZebnaSi, romlisTvisac dirixles 

(8.3.1) integralis mniSvneloba minimaluria. 

Tu S-ze mocemuli ( , )x y  funqcia iseTia, rom dasaSvebi funqciebis klasi ca-

rieli araa, maSin dirixles amocana da pirveli variaciuli amocana ekvivalentu-
ria. 

am mtkicebis samarTlianobas vaCvenebT zogierTi damatebiTi daSvebis pirobebSi. 

vTqvaT, u x y( , )  pirveli variaciuli amocanis amonaxsnia. dasaSvebi funqciebis 

klasi warmovadginoT u x y h x y( , ) ( , )   saxiT, sadac   nebismieri mudmivia, xolo 

h x y( , )  dasaSvebi funqciebis klasidan nebismieri iseTi funqciaa, romelic 

akmayofilebs 

h x y( , )  0 , ( , )x y S ,                      (8.3.3) 

pirobas. 

cxadia, rom 

D u h D u D u h D h( ) ( ) ( , ) ( )      2 02 ,              (8.3.4) 

sadac 

 D u h u h u h dxdyx x y y

D

( , ):  .                   (8.3.5) 

radgan u x y( , )  maminimizirebeli funqciaa da   _ nebismieri mudmivi, (8.3.4)-dan 

vaskvniT, rom 

D u h( , )  0 ,                                  (8.3.6) 

vinaidan D u h( )  , rogorc  -is funqcia minimums aRwevs, roca 

  0 , 

risTvisac aucilebelia, misi  -is mimarT warmoebuli nulis toli iyos. 
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u x y( , )  da h x y( , )  funqciebi da S konturi CavTvaloT imdenad gluvad, rom 

maTTvis samarTliani iyos 

   u h u h u h u h h ux x y y x x y y
     ,                (8.3.7) 

toloba da gaus-ostrogradskis formula, maSin (8.3.5)-is gaTvaliswinebiT, 

gveqneba, rom 




 udxdyhds
u

hhuD
S




),( ,                   (8.3.8) 

sadac   S-is gare normalia. 

(8.3.3)-isa da (8.3.6)-is ZaliT, (8.3.8)-dan gamomdinareobs 




 0udxdyh , 

saidanac imis daSvebiT, rom u   -Si uwyveti funqciaa, h x y( , ) -is nebismierobis 

gamo vaskvniT, rom 

u x y( , )  0 . 

maSasadame, miRebuli daSvebebis dros pirveli variaciuli amocanis amonaxsni di-

rixles amocanis amonaxsnicaa. 

vTqvaT, axla u x y( , )  laplasis gantolebisTvis dirixles amocanis amonaxsnia 

(8.3.2) sasazRvro pirobiT, xolo u x y h x y( , ) ( , )  , rogorc zemoT, dasaSvebi fun-

qciebis klasia, amave dros u x y( , ) -isa da h x y( , ) -sTvis adgili aqvs (8.3.8) formu-

las. am formulidan (8.3.3)-isa da u x y( , ) -is harmoniulobis gamo gamomdinareobs 

(8.3.6) toloba. amitom (8.3.4)-dan gvaqvs 

D u D u h( ) ( )  . 

es ki imas niSnavs, rom u x y( , )  funqcia minimizirebas ukeTebs dirixles integrals 

da, amgvarad, is pirveli variaciuli amocanis amonaxsnia. 

laplasis gantolebisTvis arseboben sxva sasazRvro amocanebic, romlebsac See-

sabameba maTi ekvivalenturi variaciuli amocanebi dirixles integralisTvis. maT 

Soris SeiZleba davasaxeloT, magaliTad, noimanis amocana. 

laplasis gantolebisTvis sasazRvro amocanebis dirixles integralisTvis maT 

ekvivalentur variaciul amocanebze miyvanis idea ekuTvnis rimans. am ideas dirix-
les princips uwodeben. 
 

 

8.4. sasruli sxvaobebis meTodi 
 

gamoyenebebSi xSirad moiTxoveba maTematikuri fizikis konkretuli amocanebis 

miaxloebiTi (garkveuli azriT) amonaxsnis povna. qvemoT mocemulia kerZowarmoe-

bulebiani diferencialuri gantolebebis miaxloebiTi amonaxsnebis agebis erT-er-

Ti meTodis aRwera, romelic sasrulsxvaobiani an baduri meTodis saxels ata-

rebs. 

vTqvaT, mocemulia meore rigis kerZowarmoebulebiani wrfivi diferencialuri 

gantoleba ori damoukidebeli cvladiT 

a x y
u

x
b x y

u

y
c x y

u

x
d x y

u

y
e x y u f x y( , ) ( , ) ( , ) ( , ) ( , ) ( , )

















2

2

2

2
     .    (8.4.1) 

CavTvaloT x, y dekartis*) orTogonalur koordinatebad da x, y cvladebis 

sibrtye davfaroT 
                                                           
*) r. dekarti (1596 _ 1650) _ frangi filosofosi da maTematikosi 
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x m h  , y n h  , m n, , , 0 1, 

kvadratuli badiT, sadac h mocemuli dadebiTi ricxvia. am badis TiToeuli kvad-

ratis wveros ewodeba kvanZi, xolo h ricxvs _ biji. 
Tu kerZo warmoebulis gansazRvridan gamovalT, TiToeul ( , )x y  kvanZSi, im pi-

robiT, rom yvela xuTi ( , )x y , ( , )x h y , ( , )x h y , ( , )x y h , ( , )x y h  wertili 

(8.4.1) gantolebis gansazRvris   ares ekuTvnis, SeiZleba CavTvaloT, rom 

















u x y

x

u x y u x h y

h

u x y

y

u x y u x y h

h

u x y

x

u x h y u x h y u x y

h

u x y

y

u x y h u x y h u x y

h

( , ) ( , ) ( , )
,

( , ) ( , ) ( , )
,

( , ) ( , ) ( , ) ( , )
,

( , ) ( , ) ( , ) ( , )
.


 


 


   


   

2

2 2

2

2 2

2

2

              (8.4.2) 

aqedan gamomdinare, Cven ufleba gvaqvs, TiToeul zemoT naCveneb kvanZSi (8.4.1) 

kerZowarmoebulebiani gantoleba miaxloebiT SevcvaloT 

 

 

   

a x y u x h y u x h y u x y

b x y u x y h u x y h u x y

ch u x y u x h y dh u x y u x y h

h e x y u x y h f x y

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , )

   

    

     

 

2

2

2 2

          (8.4.3) 

wrfivi algebruli gantolebiT u x y( , ) -is, u x h y( , ) -is, u x h y( , ) -is, u x y h( , ) -

is, u x y h( , ) -is mimarT. 

roca ( , )x y  wertili   arSi mdebare kvanZebs gairbens, (8.4.3) mogvcems wrfiv 

algebrul gantolebaTa sistemas u x y( , ) -is mniSvnelobaTa mimarT miTiTebul kvan-

ZebSi. zogierTi am sidideTagani an, sasazRvro da sawyisi pirobebidan gamomdinare, 

pirdapir ganisazRvreba (8.4.3) sistemisgan damoukideblad an es ukanasknelni gvaZ-

leven damatebiT wrfiv algebrul gantolebebs, romlebic (8.4.3) sistemasTan er-

Tad warmoadgenen amosavali amocanis miaxloebiT badur Secvlas. aseTnairad miRe-

bul wrfiv algebrul gantolebaTa sistemis amonaxsni gansaxilveli amocanis mi-

axloebiT amonaxsnadaa miRebuli. 


