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4.3. koSis amocana kanonikuri saxis meore rigis zogadi hiperboluri 

gantolebisTvis ori damoukidebeli cvladis SemTxvevaSi 
 

SeviswavloT (4.2.1) gantoleba gansaxilvel areSi (ix. nax. 4.3.1) uwyveti koefi-

cientebiTa da marjvena mxariT. vTqvaT, l raime wiria Oxy sibrtyeSi, romelsac x da 

y RerZebis paraleluri wrfeebi [(4.2.1) gantolebis SemTxvevaSi _ maxasiaTebeli 

wrfeebi] araumetes erT wertilSi kveTen. vTqvaT, l wiris gantoleba SeiZleba Caiwe-

ros 

y g x ( )  an x h y ( )  

saxiT. amasTan g x' ( )  da h y' ( )  warmoebulebi nulisgan gansxvavebulia. am Tvisebebi-

dan gamomdinare cxadia, rom l wiris arcerT wertilSi mxebi ar emTxveva maxasiaTe-

bel mimarTulebas (ix. nax. 4.3.1). 

l wirze davasaxeloT koSis 
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pirobebi, 1
 uwyveti, xolo  0

 uwyvetad warmoebadi funqciebia. (4.3.1) koSis mona-

cemebi y g x ( )  wirze 
x

u




-is gamoTvlis saSualebas iZleva. marTlac, Tu (4.3.1)-dan 

pirvels x-is mimarT gavawarmoebT, miviRebT, rom 
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koSis amocana 4.3.1. l wiris raime midamoSi vipovoT (4.2.1) gantolebis amonaxsni, 

romelic akmayofilebs koSis (4.3.1) pirobebs. 

Teorema 4.3.2. koSis amocanas aqvs erTaderTi amo-

naxsni. 

damtkiceba. Teorema 4.2.2-is damtkicebis msgavsad 

SemoviRoT (4.2.4) da (4.2.5) aRniSvnebi. maSin (4.2.1) 

gantoleba dava eqvivalentur (4.2.6), (4.2.7), (4.2.5) 

sistemaze. ABCD marTkuTxedSi (ix. nax. 4.3.1) avi-

RoT nebismieri N x y( , ) wertili da gavataroT masze 

NP da NQ maxasiaTeblebi l wiris gadakveTamde. Tu 

(4.2.6)-sa da (4.2.5)-s vaintegrebT QN-is, xolo 

(4.2.7)-s _ PN-is gaswvriv da gaviTvaliswinebT 

(4.3.1)-s, (4.3.2)-sa da (4.2.7)-s, mivalT 
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integralur gantolebaTa sistemamde u, v da w-s mimarT. cxadia, Tu (4.2.1), (4.3.1) 

amocanis u x y( , )  amonaxsni arsebobs, maSin u, v da w daakmayofileben volteras 

(4.3.3)-(4.3.5) integralur gantolebaTa sistemas. piriqiT, (4.3.3)-(4.3.5) sistemis 

(u,v,w) uwyveti amonaxsni akmayofilebs (4.2.6), (4.2.7), (4.2.5) sistemas, xolo 

u x y( , )  akmayofilebs (4.2.1) gantolebas da (4.3.1) koSis pirobebs. marTlac, (4.3.5) 

gantolebis y-is mimarT gawarmoebiT miviRebT, rom 
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. 

garda amisa, (4.2.5), (4.2.7), (4.3.2) da (4.3.3) tolobebis Tanaxmad, (4.3.5)-is x-is mi-

marT gawarmoebiT miviRebT, rom 
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e. i., (4.2.4)-ic dakmayofilebulia. axla, Tu (4.2.4)-s CavsvamT (4.2.6)-Si, advilad 

davrwmundebiT, rom u x y( , )  daakmayofilebs (4.2.1)-s. Tu (4.3.5)-Si CavsvamT y g x ( ) -

s, maSin miviRebT, rom u x y( , )  akmayofilebs koSis pirvel pirobas (4.3.1)-dan. Semde-

gi msjelobebidan [ix. (4.2.5) da (4.3.4)] 
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radgan 

 h g x x( )  , 

vrwundebiT, rom u x y( , )  koSis meore pirobasac akmayofilebs. 

amrigad, koSis amocana davida (4.3.3)-(4.3.5) volteras integralur gantolebaTa 

sistemis uwyveti amonaxsnis arsebobisa da erTaderTobis damtkicebamde, rasac mi-

vaRwevT mimdevrobiTi miaxloebis meTodis gamoyenebiT zustad iseve, rogorc es 

(4.2.10)-(4.2.12) volteras integralur gantolebaTa sistemis SemTxvevaSi, Tu 

gaviTvaliswinebT imas, rom 
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da amdenad Sefasebebi daemTxva wina paragrafis Sefasebebs im gansxvavebiT, rom x0 , 

y0 -is nacvlad gveqneba x1 , y1 .  

4.3.1. rimanis*) meTodi. axla im pirobiT, rom koSis amocanis amonaxsni arsebobs, 

avagoT cxadi saxiT misi integraluri warmodgena sawyisi monacemebis saSualebiT. 

vTqvaT, (4.2.1) gantolebis koeficientebi uwyvetad warmoebadia da masTan erTad 

ganvixiloT misi SeuRlebuli 
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gantoleba. 

                                                           
*) g. f. b. rimani (1826 _ 1866) _ germaneli maTematikosi 
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uSualo gawarmoebiT advilad davrwmundebiT Semdegi diferencialuri igivobis 

samarTlianobaSi: 
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ganvixiloT   are (ix. nax. 4.3.1), romelic SemosazRvrulia l wiris PQ rkaliT 

da  00 , yxN  fiqsirebuli wertilebidan gamomavali maxasiaTebeli wrfeebiT. Tu 

 u v C C, ( ) 2 1   da PQ liapunovis wiria, maSin gaus-ostrogradskis formulis 

gamoyenebiT (4.3.7)-dan gveqneba, rom 
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  (4.3.8) 

sadac   Sedgeba QN da NP maxasiaTeblebisa da PQ rkalisgan,   gare normalia da 

aris sazRvarze dadebiT mimarTulebad aRebulia is mimarTuleba, romelic ares mar-

cxniv tovebs. 

radgan 
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(4.3.8) da (4.3.9)-dan gamomdinareobs, rom 
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advili misaxvedria, rom QN maxasiaTeblis gaswvriv integreba gveqneba mxolod y-

iT (radgan iq dx  0 ), xolo NP-s gaswvriv _ mxolod x-iT (radgan iq dy  0). Tu 

movaxdenT nawilobriv integrebas, gveqneba, rom 
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           4.3.11) 
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(4.3.11)-isa da (4.3.12)-is (4.3.10)-Si CasmiT miviRebT, rom 
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    (4.3.13) 

axla davuSvaT, rom u x y( , )  (4.2.1) gantolebis amonaxsnia, romelic koSis (4.3.1) 

pirobebs akmayofilebs, xolo ),( yxv  akmayofilebs erTgvarovan SeuRlebul 

L v*  0                         (4.3.14) 

gantolebas da 
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               (4.3.15) 

pirobebs, Sesabamisad QN da NP maxasiaTeblebze. v warmoadgens (4.3.14), (4.3.15) 

gursas amocanis amonaxsns, romlis arseboba, erTaderToba da monacemebze uwyvetad 

damokidebuleba $4.2-Si vaCveneT. es amonaxsni, cxadia,  x y0 0,  wertilis SerCevazea 

damokidebuli da, amdenad bunebrivia, is ganvixiloT, rogorc sibrtyis ori werti-

lis funqcia: 

 v v x y x y , ; ,0 0 . 

(4.3.15)-is galogariTmebiT da gawarmoebiT miviRebT, rom NQ maxasiaTebelze 
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xolo NP maxasiaTebelze 
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garda amisa, (4.3.15)-dan cxadia, rom 

 v x y x y0 0 0 0 1, ; ,  .                   (4.3.18) 

(4.3.14), (4.3.16), (4.3.17) amocanis amonaxsns rimanis funqcia ewodeba. rimanis fun-
qcia ar aris damokidebuli l wirze koSis (4.3.1) monacemebze da arc l wiris saxeze. 

rimanis funqciisTvis ),( yx  argumentis, xolo  x y0 0,  parametris rols TamaSobs. 

Tu axla (4.3.13)-Si CavsvamT rimanis v funqcias, gaviTvaliswinebT (4.2.1) gantole-

bas, (4.3.16), (4.3.17) pirobebs da (4.3.18)-s, miviRebT 
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    (4.3.19) 

(4.3.19) formula gvaZlevs (4.2.1) gantolebis amonaxsnis warmodgenas rimanis fun-

qciis saSualebiT nebismieri sawyisi monacemebiT maxasiaTebel l wirze. rimanis fun-

qciis agebis xerxidan gamomdinare, Tu koSis amocana amoxsnadia, maSin misi amonaxsni 

erTaderTia (SevniSnoT, rom paragrafis dasawyisSi erTaderToba sxva xerxiT davam-

tkiceT). (4.3.19) warmodgenidan uSualod gamomdinareobs koSis amocanis amonaxsnis 

uwyveti damokidebuleba sawyis monacemebze. (4.3.19) formulidan gamomdinareobs ag-

reTve is, rom amonaxsnis mniSvneloba  N x y0 0,  wertilSi damokidebulia sawyis mo-

nacemebze l wiris mxolod im nawilze, romelsac N wertilidan gavlebuli maxasia-

Teblebi mokveTen misgan. Tu sawyis monacemebs SevcvliT PQ rkalis gareT, ise, rom 

P da Q wertilebSi uwyvetoba SevinarCunoT, maSin amonaxsni mxolod NPQ mrudwi-

ruli samkuTxedis gareT Seicvleba. ase, rom yoveli maxasiaTebeli wrfe gamoyofs 

ares, sadac amonaxsni ucvlelia, im arisgan, sadac amonaxsni icvleba. aqedan gamomdi-

nare, yoveli maxasiaTebeli wrfis miRma amonaxsni SeiZleba aracalsaxad gagrZeldes.  

da bolos SevniSnoT, rom imis moTxovna, rom maxasiaTebeli wrfeebi l wirs mxo-

lod erT wertilSi unda kveTdnen, arsebiTia, radgan winaaRmdeg SemTxvevaSi koSis 

amocana, sazogadod, amoxsnadi ar eqneba. vTqvaT, l wirs nax. 4.3.2-ze miTiTebuli sa-

xe aqvs. rimanis meTodiT Cven SegviZlia ganvsazRvroT saZiebeli u x y( , )  funqciis 

mniSvneloba  N x y0 0,  wertilSi rogorc PQN, aseve Q PN1  mrudwiruli samkuTxe-

dis gamoyenebiT. N wertilSi mniSvneloba erT SemTxvevaSi ganisazRvreba sawyisi mo-

nacemebiT PQ rkalze, xolo meore SemTxvevaSi _ Q P1  rkalze, amdenad, Sesabamisi 
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rimanis formulebi, sazogadod, sxvadasxva mniSvne-

lobebs mogvcemen  N x y0 0,  wertilSi da, aqedan ga-

momdinare, koSis amocana amoxsnadi ar iqneba. 

4.3.2. rimanis funqciis ageba. rimanis funqcia, 

romelic gursas (4.3.14), (4.3.15) amocanis amonaxsns 

warmoadgens, SeiZleba agebul iqnes Sesabamisi in-

tegraluri gantolebis mimdevrobiTi miaxloebiTi 

amoxsniT. marTlac, (4.3.14)-is, e. i. erTgvarovani 

(4.3.6) gantolebis jer x-iT, xolo Semdeg y-iT 

integrebiT miviRebT, rom 
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(4.3.16)-is da (4.3.17)-is integrebiT, Tu gaviTvaliswinebT (4.3.18)-s, gveqneba, rom 
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Tu mxedvelobaSi miviRebT (4.3.21)-sa da (4.3.22)-s, maSin (4.3.20) SeiZleba CavweroT 

v x y( , ) -is mimarT Semdegi volteras meore gvaris wrfivi integraluri gantolebis 

saxiT: 

.1),(),(),(),(),(),(),(

0000

 
x

x

y

y

x

x

y

y

dttvtcddtytvytbdxvxayxv      (4.3.23) 

integralur gantolebaTa Teoriidan cnobilia, rom (4.3.23) integraluri gantoleba 

calsaxad amoxsnadia da, amdenad, miviReT rimanis funqciis arsebobis erTaderTobis 

kidev erTi damtkiceba. garda amisa, (4.3.23) gantolebis mimdevrobiTi miaxloebiTi 

amoxsna gvaZlevs rimanis funqciis agebis konstruqciul gzas. 

rogorc adre aRvniSneT, rimanis funqcia oTxi cvladis 

 v R x y x y , ; ,0 0  

funqciaa. Tu (4.3.15)-dan pirvelSi x0 -s SevcvliT x-iT, xolo meoreSi y0 -s _ y-iT 

da Semdeg gavawarmoebT Sesabamisad y0 -iTa da x0 -iT, miviRebT, rom 

 
   





R x y x y

y
a x y R x y x y

, ; ,
, , ; ,

0

0

0 0 0  ,               (4.3.24) 

 
   





R x y x y

x
b x y R x y x y

, ; ,
, , ; ,

0

0

0 0 0  .               (4.3.25) 

(4.3.15)-dan cxadia agreTve, rom 

nax.4.3.2  

x 

y 

0 

B A 

l 
P 

Q 
N(x0,y0) 

Q1 
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R x y x y( , ; , )  1 .                   (4.3.26) 

Tu (4.3.14) gantolebis ganxilvis   areSi  u x y C0 0

2,  , advilad davrwmundebiT 

        


 

















2

0 0

0 0 0 0 0 0 0 0

0 0 0 0

x y
u x y R x y x y R x y x y Lu x y

x
u

R

y
aR

y
u

R

x
bR

, , ; , , ; , ,

 


















  





















       (4.3.27) 

igiveobis samarTlianobaSi. marTlac, uSualo gawarmoebiT gveqneba, rom 
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













































 . 

msgavsi wevrebis SeerTebis Semdeg dagvrCeba 

0
)()(

0000

2




















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
cR

y

bR

x

aR

yx

R
u . 

es ukanaskneli sruldeba, radgan R funqcia 
00 , yx  wyvilis mimarT akmayofilebs 

(4.3.14) gantolebas. 

vaintegroT (4.3.27) x0
-sa da y0

-is mimarT 

x x x  0 , y y y  0  

intervalebSi, sadac  x y ,  wertili   aris nebismieri wertilia. cxadia, 

(4.3.26)-is gamo, 

 





















x

x

y

y

x

x

dt
t

yxytRytu

t

yxytRytu
d

t

yxtRtu
dt

***

),;,(),(),;,(),(),;,(),( **

2





 

),;,(),(),;,(),(),;()(),;,(),( ******** yxyxRyxuyxyxRyxuyxyxRyxuyxyxRyxu   

),;,(),(),;,(),(),;,(),(),( ******** yxyxRyxuyxyxRyxuyxyxRyxuyxu  , 

xolo, (4.3.17)-is Tanaxmad, nawilobiT integrebiT, 
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analogiurad, Tu gaviTvaliswinebT (4.3.16)-s, miviRebT, rom 
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amrigad, gveqneba, rom 
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   

 
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


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y
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y
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x

x

dtLuyxtRdt

dxuxa
xu

yxxR

dtytuytb
t

ytu
yxytR

yxyxRyxuyxu
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,;,,),(













           (4.3.28) 

roca 

 u x y R x y x y( , ) , ; ,   , 

(4.3.24)-(4.3.26)-is gaTvaliswinebiT, (4.3.28)-dan gamomdinareobs, rom 

 dt R t x y LR x y t d
x

x

y

y

 

    ( , ; , ) , ; ,   0 .             (4.3.29) 

radgan (4.3.29) nebismieri ( , )x y  wertilisTvis sruldeba, amitom integralqveSa 

gamosaxuleba nulis toli unda iyos, saidanac 

 LR x y t  , ; , 0 .                     (4.3.30) 

amrigad, rimanis funqcia t,   cvladebis mimarT akmayofilebs (4.2.1) gantolebas. 

(4.3.24)-(4.3.26)-isa da (4.3.30)-is Tanaxmad, uSualod SeiZleba Semowmdes, rom 

(4.2.1) gantolebis uwyveti F x y( , )  marjvena mxaris SemTxvevaSi, 

u x y dt R t x y F t d
x

x

y

y

0 ( , ) ( , ; , ) ( , )

 

      

warmoadgens (4.2.1) gantolebis kerZo amonaxsns. 

SeniSvna 4.3.3. ganvixiloT kanonikuri saxis meore rigis elifsuri gantoleba 

ori damoukidebeli cvladis SemTxvevaSi: 

),(),(),(),( yxfuyxc
y

u
yxb

x

u
yxauEu 








.         (4.3.31) 

Tu SemoviRebT 
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





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

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xz 






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
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1
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
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
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x 











2

1
:  

operatorebs, sadac 

z x iy  , iyx  , 

(4.3.31) gantoleba Caiwereba 
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Hu         (4.3.32) 

saxiT, sadac 
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(4.3.32)-is da (4.2.1)-is garegnuli msgavseba iZleva rimanis funqciis kompleqsuri 

cvladebis SemTxvevaSi ganzogadebis saSualebas, rac warmatebiT gamoiyena i. vekuam. 
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man aago elifsuri gantolebebis farTo klasisTvis e. w. zogadi amonaxsnebis war-

modgenebi rimanis funqciis saSualebiT da gamoikvlia zogadi saxis sasazRvro amo-

canebi. 


