
1 

 

 

 

 

 

 

 

simravleTa Teoriis  

 

safuZvlebi  

 

(bakalavriatis arCeviTi kursisaTvis)  

 

 

pedagogi: arCil yifiani  

 

 

2012 weli  

 

 

 

 

 

 

 

 

 



2 

 

 

simravlis cneba  

 

simravlis kantoriseuli gansazRvra aseTia: `simravlis qveS Cven gvesmis realobaSi 

an Cvens azrovnebaSi arsebuli, erTmaneTisagan gansxvavebuli, raime sagnebisagan 

Sedgenili axali erTi mTliani obieqti~.  

mogvianebiT aRmoCnda, rom simravlis aseTi gansazRvra wi naaRmdegobrivia. m˦is 

dasasabuTeblad moviyvanT or cnobil paradoqss.  

 

raselis paradoqsi . vTqvaT A iyos yvela im X simravleTa simravle, romlebic Tavisi 

Tavis elementebi ar arian, anu  }:{ XXXA Î= . magaliTad, erT -erTi aseTi simravlea 

naturalur ricxvTa N simravle (radgan N araa naturaluri ricxvi, xolo N simravlis 

elementebi mxolod da mxolod naturaluri ricxvebia amitom NNÎ ). cxadia, rom  

                                                  AAAA ÎÝÍ ,  

da                      AAAA ÍÝÎ  

e.i.                                         AAÍ AAÎÚ   

da paradoqsi saxezea.  

 

kantoris paradoqsi . vTqvaT U iyos yvela simravleTa simravle da ganvixiloT 

-)(UP U-s yvela qvesimravleTa simravle. kantoris Teorema gveubneba, rom )(UPU < , 

magram meores mxriv U-s ganmartebidan gamodis, rom UUP Ë)(  da maSasadame UUP ¢)( . 

aqac saxezea paradoqsi.  

am paradoqsebma Tavi  ˷ droze seriozuli krizisi gamoiwvies maTematikaSi, 

romlidanac gamosavali aRmoCnda simravleTa Teoriis aqsiomatizacia. Cven ganvixilavT 

simravleTa Teoriis aqsiomatizaciis erT -erT SesaZlo vari ants.  

 

 

                                 simravleTa Teoria, rogorc I rigis Teoria  

 

Cven moviyvanT simravleTa Teoriis erT -erT gavrcelebul variants, romelsac 

cermelo -frenkelis simravleTa Teoria ewodeba da ZFC simboloTi aRiniSneba.  
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ZFC Teoria aris I rigis tolobiani (egalitaruli) Teoria. misi alfabetia:  

 

1. sagnobrivi cvladebi 3,, 21 xx ; 

2. ori oradgiliani predikatuli simbolo, 2

1A  da 2

2A , romlebic Sesabamisad `=~ da 

`Í~ simboloebiT aRiniSnebian.  

3. logikuri kavSirebi ,˨ Ý da zogadobis kvantori "; 
4. punqtuaciis niSnebi: marjvena da marcxena frCxilebi da mZime. anu Ă ( óó , Ă ) ñ   da  
Ă , ñ simboloebi. 

),( 21

2

1 xxA  da ),( 21

2

2 xxA  elementaruli (atomaruli) formulebis nacvlad 

moxerxebulobisaTvis (da maTematikuri tradiciebis gaTvaliswinebiT) vwerT ara  

 ),( 21 xx=  da ),( 21 xxÍ  formulebs, aramed Sesabamisad 21 xx =  da 21 xx Í  formul ebs. 

xolo am formulebis uaryofebs Sesabamisad 21 xx ¸  da 21 xx Î  CanawerebiT aRvniSnavT.  

 

ZFC Teoriis aqsiomebi : 

ZFC-s aqsiomebi SeiZleba davyoT sam klasad:  

 

a) logikuri aqsiomebi,  

b) tolobis aqsiomebi,  

g) specialuri aqsiomebi. 

 

logikuri aqsiomebi . Tu A , B  da C  ZFC Teoriis formulebia, maSin momdevno  (1) - (5) 

formulebi amave  Teoriis aqsiomebia (ufro zustad, aqsiomuri sqemebia).  

   

(1) A Ý )( AB Ý ; 

(2) ))()())(( ( CABACBA ÝÝÝÝÝÝ ; 

(3) (˨ ÝB  ˨A ) ((Ý  ˨ ÝÝ )AB B ); 

(4) ix" )()( 1 tx AA Ý , sadac  t termi Tavisufalia ix -s mimarT )( 1xA  formulaSi.  

(kerZod, Tu t termi emTxveva ix -s, maSin es aqsiomuri sqema mogvcems ix" )()( 1 ixx AA Ý  

aqsio mas) ; 

(5) ix"  )()( BABA
i

x"ÝÝÝ , Tu  A  formula ar Seicavs ix -is Tavisufal Semosvlas.  
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SeniSvna. (4) aqsiomaSi Tu t ar aris Tavisufali ix -s mimarT )( 1xA  formulaSi,  maSin mag. 

Tu aviRebT )()( 1 xyyx ¸$=A  gamova, rom )()( yyyxyyx ¸$Ý¸$" . 

SeniSvna. (5)-aqsiomaze, Tu A  formula Seicavs ix -is Tavisufal Semosvlas, maSin (5) -e 

aqsiomidan SesaZlebelia mcdari debulebis gamoyvanac. magaliTad, Tu A  aris 

1=x , xolo B - 1=x formula, da interpretaciis are N naturalur ricxvTa 

simravlea, maSin (5) -e aqsiomis ZaliT gveqneba  

         ))1(1()11( ="Ý=Ý=Ý=" xxxxxx .        *  

cxadia, )11( =Ý=" xxx  WeSmaritia N-Si. xolo )1(1 ="Ý= xxx  implikacia ki araa 

WeSmariti. amitom * formula araa WeSmariti N-Si.  

 

gamoyvanis wesebi : 

 

(i) Modus ponens(MP) : ñTu gvaqvs A  da BA Ý , maSin gvaqvs B ò. 

(ii) Genezalization (Gen) : Tu gvaqvs A , maSin gvaqvs Aix" . 

SevniSnoT, rom CamoTvlili aqsiomebi aqsiumuri sqemebia. rac imas niSnavs, rom 

TiToeuli maTgani sxvadasxva A , B da C  formulebisaTvis da t termisaTvis sxvadasxva 

(usasrulo raodenobis) aqsiomas iZleva, igive SeiZleba iTqvas gamoyvanis wesebzec.  

 

tolobis aqsiomebi:  

(6) 1x"  )( 11 xx =  

(7) Ý= 21 xx )),(),(( 2111 xxxx AA Ý , sadac 2x  Tavisufalia 1x -is mimarT ),( 11 xxA -formulaSi.  

 

SegaxsenebT, rom ),( 11 xxA  aRniSnavs formulas, romelic miiReba ),( 11 xxA  

formulisagan masSi 1x -is zogierTi (SesaZloa arcerTi an y vela) Tavisufali 

Semosvlis nacvlad 2x -is CasmiT.  

teqstis iolad wakiTxvi mizniT, Cven 2,, 21 xx  cvladebis   garda gamoviyenebT 

222 ,,,,,,,,,,, CBAZYXzyx A , B , C 2,  simboloebs sagnobrivi cvladebis 

aRsaniSnavad. 
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SeniSvna. (7) aqsiomaSi. Tu a viRebT )(),( 21211 xxxxx ¸$¹A  vnaxavT, rom 1x -is Tavisuflebis 

moTxovna 2x -is mimarT aucilebelia.  

 

         simravlis Teoriis specialuri aqsiomebi  

 

I. eqstensionalobis aqsioma  (moculobis aqsioma)  

       YXYtXtt =ÝÍÚÍ" )(  

  Sebrunebuli implikacia tolobis aqsiomidan gamomdinareobs.  

II. carieli simravlis  arsebobis aqsioma  

       )( XttX Î"$ . 

advilad mtkicdeba, rom aseTi X erTaderTia da is aRiniSneba Å-iT. marTlac, Tu 

oria 1X  da 2X , MmaSin 21 XtXt ÍÚÍ . (radgan orive mcdaria) da amitom I aqsiomiT 

21 xx = . 

 

II¡. wyvilis aqsioma   

nebismieri Aa   da  b   simravleebisaTvis   

         )( btatXttX =Ù=ÚÍ"$ . 

mtkicdeba rom aseTi  X erTaderTia da  aRiniSneba },{ ba -iT.  

     def: },{}{ aaa ¹ . 

III. gaerTianebis aqsioma   

Tu  A  simravleTa raime ojaxia  

         Í$ÚÍ"$ XXSttS (( )& XtÍA . 

mtkicdeba, rom yoveli A ojaxisaTvis aseTi S erTaderTia da is aRiniSneba 8A -iT.  

Tu A },{ BA= , maSin },{ BA8 -s nacvlad vwerT BA8 . 

 

Teorema 1 . BtAtBAt ÍÙÍÚÍ 8 . 
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damtkiceba . III aqsiomidan gvaqvs  

   ÚÍÍ$ÚÍ )&},{( XtBAXXBAt 8 (II¡ aqsiomidan)  

 XtAXXXtBXAXX Í=$ÚÍ=Ù=$ &()&)((  )& XtBX Í=Ù  

  BtAtXtBXXXtAXX ÍÙÍÚÍ=$ÙÍ=$Ú )&()&( ƭ. 

      ganmarteba-aRniSvna: )( XtYttXY ÍÝÍ"¹Ë . 

 

IV. )(XP  buleanis aqsioma : 

       )( XYPYYPX ËÚÍ"$"  

mtkicdeba, rom yoveli X-Tvis P erTaderTia da aRiniSneba )(XP -iT. )(XP  simravles 

X-is yvela qvesimravleTa simravle an X -is  buleani ewodeba.  

 

Teorema 2 . nebismieri 1X  da 2X  simravlisaTvis, samarTliania eqvivalentoba 

)()( 2121 XPXPXX =Ú= . anu ori simravle tolia maSin da mxolod maSin, roca maTi 

buleanebi tolia.  

 

damtkiceba . a) )()( 2121 XPXPXX =Ý=  implikacia gamomd inareobs tolobis aqsiomidan, 

marTlac (7) aqsiomidan gveqneba, rom samarTliania Semdegi implikacia:              

                ))]()(())()([ 211121 XPXPXPXPXX =Ý=Ý= .  

amitom Tu davuSvebT 21 XX =  tolobas, radgan )()( 11 XPXP =  WeSmaritia, miviRebT, 

rom  )()( 21 XPXP =  tolobac aseve WeSmaritia.  

b) 2121 )()( XXXPXP =Ý= - implikaciis nacvlad davamtkicoT misi ekvivalenturi 

)()( 2121 XPXPXX ¸Ý¸ implikacia. da vuSvaT 21 XX ¸ , maSin erT erT simravleSi 1X  da 

2X -dan, iarsebebs 0t  elementi, romelic araa meores elementi, vTqvaT 210 \ XXt Í . maSin 

cxadia, rom )(}{ 10 XPt Í  da )(}{ 20 XPt Î , e.i. I aqsiomis ZaliT )()( 21 XPXP ¸ . r.d.g.  

 

usasrulobis aqsioma  
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es aqsioma ambobs, rom arsebobs usasrulo simravle:  

 

          V. (U$ Å ))}{(& UxxUxxU ÍÝÍ"Í 8  

 

Tu Sesabamis aRniSvnebs ar gamoviyenebdiT da SevecdebodiT am aqsiomis ZFC-is 

alfabetSi Caweras, maSin V aqsioma Semdeg saxes miiRebda:  

 

tUzzU "Í$$ &((  ˨ &))( ztÍ  

))))(&(( XtXtYttUYYUXX ÍÙ=ÚÍ"Í$ÝÍ" . 

kidev ufro zustad is Semdegi saxiT Caiwerebooda.  

 

    31221 &(( xxxxx "Í$$  ˨ &))( 23 xx Í  

        ))))(&(( 4343533155144 xxxxxxxxxxxxx ÍÙ=ÝÍ"Í$ÝÍ" . 

 

rac kidev ufro gaaZnelebda Canaweris wakiTxvas.  

aqve SevniSnoT , rom absoluturad zusti Canaweri arc es ukanaskneli formulaa, 

radgan 1x$ A  Semoklebaa ˨ 1x" 1A -is da BA Ù  ki Semoklebaa ˨ BA Ý  formulisa.  

SemoviRoT kidev ori Semamoklebeli aRniSvna.  

vTqvaT, )(XF  ZFC Teoriis raime formulaa (anu simravleTa Teoriis raime 

winadadeba X simravlis Sesaxeb).  

 

        ))(()(  xAxxxAx FÝÍ"¹FÍ" , da  

        ))(&()(  xAxxxAx FÍ$¹FÍ$ .  

am aRniSniT usasrulobis aqsioma kidev ufro martivad Caiwereba:  

         [U$ Å )]}{(& UxxUxU ÍÍ"Í 8 . 
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amorCevis (cermelos) aqsioma  

 

amorCevis aqsiomis Sinaarsi aseTia:  

Tu A  simravleTa ojaxi Sedgeba aracarieli, urTierTaragadamkveTi simravleebisagan, 

maSin arsebobs iseTi S simravle, romelsac A -Si Semaval yvela simravlesTan, zustad 

erTi saerTo elementi aqvs. formaluri CanaweriT es ase gamoisaxeba:  

 

VI.       ¸Í"" XAYXA [,[ Å =Ý¸ YXYX 1(& Å)] )]]([ 1 XSttXS 1Í$Í"$Ý A  . 

 

 

SeniSvna: S simravle SesaZloa Seicavdes im elementebsac, romlebic AA-ojaxis arc 

erTi simravlidan ar amorCeula. Tu gvinda, rom mxolod maT Seicavdes aviRoT  

SUS 1)( A=¡ .  

SegaxsenebT, rom I rigis TeoriebSi formula )(1 ttA$  gamoiyeneba 

)))((&)(( txxxtt =Ý"$ AA  formulis Semoklebad da Sinaarsulad aRniSnavs, rom arsebobs 

erTaderTi (zustad erTi) t iseTi, rom )(tA  WeSmaritia.  

 

SeniSvna 1: VI aqsiomaSi Cven simartivisaTvis gamoviyeneT TanakveTis simbolo, 

romelic jer ar gansazRvrula. sizustisaTvis aRvniSnoT, rom zemoTmoyvanil amorCevis 

aqsiomaSi =YX1 Å formula aRniSnavs ˨ )&( YtXtt ÍÍ$  formulas, xolo XSt 1Í  - ki 

aRniSnavs XtSt ÍÍ &  formulas.  

 

SeniSvna 2. zemoTmoyvanili uxerxulobis Tavidan asacileblad Cven ra Tqma unda 

SegveZlo VI da (qvemoTmoyvanili) VII aqsiomebisaTvis adgilebi Segvecvala da amorCevis 

aqsioma maSin Camogveyalibebina, roca TanakveTis operacia gansazRvruli iqneboda, 

magram tradiciis da istoriis gaTvaliswinebiT swored aqsiomebis moyvanili 

numeraciaa ufro mizanSewonili.  
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gamoyofis aqsioma  

 

VI¡. Tu )(xF  ZFC Teoriis raime formulaa, maSin Semdegi formula aqsiomaa:  

))(&( xAxBxxBA FÍÚÍ"$"  

anu Tu raime A simravlis arseboba ukve dadgenilia, maSin A-s im elementTa simravlec 

arsebobs, romlebic )(xF  pirobas akmayofileben.  

cxadia, rom yoveli A simra vlisa da )(xF  formulisaTvis B simravle, romlis 

arsebobac VI ¡ aqsiomiTaa uzrunvelyofili erTaderTia da is  

                                  )}(:{ xAx FÍ  

CanaweriT aRiniSneba. anu samarTliania eqvivalentoba.  

                          
)(&)}(:{ tAtxAxt FÍÚFÍÍ . 

Tu Att ÍÝF )( , maSin )}(:{)}(:{ tttAt
def

F=FÍ . 

cxadia )}(:{)}(:{)}(&)(:{ ttttttt YF=YF 1 , 

        
)}(:{)}(:{)}()(:{ ttttttt YF=YÙF 8  

 

 

                               Canacvlebis aqsioma  

 

VIIF. Tu ),( yxF  ZFC Teoriis raime formulaa, maSin Semdegi formula ZFC-s aqsiomaa: 

 

)),(((),(1 yxAxByyBAyxyx FÍ$ÚÍ"$"ÝF$" . 

am aqsiomas frenkelis aqsiomasac uwodeben. igi ambobs, rom Tu A simravlis yovel x 

elements, raime wesiT, erTaderTi y elementi Seesabameba, maSin am y-ebis simravlec 

arsebobso (cxadia araa savaldebulo, rom y  elementi A simravles ekuTvnodes).  

ZFC Teoriis iseT  ),( yxF
  formulas, romlisTvisac WeSmaritia ),(1 yxyx F$"  

formula, ewodeba funqcionaluri   x   cvladis mimarT . 
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eqstensionalobis aqsiomidan gamomdinare advilad mtkicdeba, rom yoveli A 

simravlisa da ),( yxF  formulisaTvis, romlisTvisac Sesrulebulia ),(  1 yxyx F$"

piroba, anu romelic funqcionaluria   x   cvladis mimarT,  Sesabamisi B simravle 

erTaderTia da es simravle )(AF¡¡  simboloTi aRiniSneba.  

amiT Cven davamTavreT ZFC (cermelo -frenkelis) simravleTa Teoriis aRwera. 

Teorias, romelic miiReba ZFC Teoriidan VI (amorCevis aqsiomis) amoRebiT ZF-iT 

aRiniSneba da ewodeba cermelo -frenkelis simravleTa Teoria amorCevis aqsiomis 

gareSe. 

ZFC (da miTumetes ZF) Teoria sruli araa. anu masSi arseboben iseTi WeSmariti 

winadadebebi, romlebic ar mtkicdebian da arc  uariyofian. amitom xSirad ñufro 

sruliò Teoriis misaRebad ZFC-s umatebe n ama Tu im axal aqsiomas. erT -erTi aseTi 

aqsiomaa regularobis aqsioma, romelsac xSirad fundirebis aqsiomasac uwodeben.  

fundirebis aqsioma  Semdegi formuliT moicema:  

 

))(( Å=Í$ÝÅ̧" AAAA 1XX . 

 

fundirebis aqsiomidan gamomdinareobs ori mniSvnelovani Sedegi.  

 

Sedegi 1 . nebismieri X simravlisaTvis XXÎ . (es miiReba Tu aviRebT }{ X=A ).  

 

Sedegi 2 . ar arsebobs simravleTa 2,, 21 xx  mimdevroba, iseTi rom 2''' 321 xxx  

(aviRoT ,...},{ 21 xx=A ). 

 

§1. martivi Sedegebi aqsiomebidan  

 

amieridan `arsebobs simravle~ niSnavs, rom am simravlis arseboba gamomdinareobs 

ZFC Teoriis aqsiomebidan. erTi SexedviT ZFC Teoriis aqsiomebi sakmaod cota 

simravleebs iZlevian, magram es mxolod erTi SexedviT. simravleTa ZFC Teoria iZleva 

saSualebas avagoT maTematikisaTvis saWiro nebismieri simravle da ufro metic , avagoT 

mTeli maTematika.  

SevniSnoT, rom VI (gamoyofis) da VII F (Canacvlebis) aqsiomebi, warmoadgenen aqsiomur 

sqemebs da TiToeuli iZleva aqsiomebis usasrulo raodenob as (yoveli F-saTvis TiTo 

aqsioma).   
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III (gaerTianebis), IV(buleanis), VI (gamoyofis) da VII F aqsiomebi e.w. pirobiTi 

aqsiomebia, isini maSin adastureben simravlis arsebobas Tu manamde cnobilia 

Sesabamisi sxva simravlis arseboba. amasTan konstruqcia simravleebisa, romlebic II 

(carieli simravlis arsebobis), III, IV da VII F aqsiomebi iZlevian calsax aa. xolo V 

(usasrulobis) da VI aqsiomebi calsaxa araa. garda amisa II da V aqsiomebi 

kategoriulobiT gamoirCevian, im azriT rom isini yovelgvari pirobebis gareSe 

uzrunvelyofen saTanado simravleebis arsebobas.  

rogorc ukve viciT, arseboben 0, 1, da 2 elementiani simravleebi.  

 

Teorema 1 . nebismieri naaa ,,, 21 2  simravleebisaTvis 2,3,2,1=n  arsebobs simravle, 

romelic Seicavs zustad naaa ,,, 21 2  elementebs.  

 

damtkiceba . rogorc viciT, roca  
2,1=n  wyvilis arsebobis aqsioma uzrunvelyofs 

Teoremis samarTlianobas. vTqvaT 2²n
  ,maSin  

   },,,,{ 121 +nn aaaa 2 -iT aRvniSnoT simravle  }{},,,{ 121 +nn aaaa 82 . 

   Anu: }{},{ 321 aaa 8  = },,{ 321 aaa . 

   }{},,{ 4321 aaaa 8  = },,,{ 4321 aaaa  da a.S. 

cxadia, rom },,,{}}{,},{},{{ 2121 nn aaaaaa 228 = . 

 

dalagebuli wyvili  (kuratovskis gansazRvra)  

dalagebuli wyvili Sedgenili a da b elementebisgan ewodeba }},{},{{ baa  

simravles da aRiniSneba ),( ba -iT.  

 

Teorema 2 . dbcadcba ==Ú= &),(),( . 

davamtkicoT, implikacia dbcadcba ==Ý= &),(),( . (Sebrunebuli implikacia 

cxadia).  

vTqvaT },{},{{}},{},{{ dccbaa =       (1)  

gvaqvs oridan erTi SemTxveva,   baba ¸Ù= . 
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I. }{},{ ababa =Ý=  da }}{{),( aba = . 

(1) Ý rom maSin }},{},{{ dcc  simravlec erTelementiania da e.i. },{}{ dcc =  da e.i. dc= . 

anu ba=(  da )dc= . 

amitom (1) formulidan Ý }}{{}}{{ ca =  da I aqsiomidan, e.i. ca= . 

anu dcba === . r.d.g.  

 

II SemTxveva. ba¸ . e.i. },{ ba  orelementiania da }},{},{{ baa -c orelementiania. (1) da 

eqstencianalobidan Ý , rom },{},{{ dcc  simravlec orelementiania, e.i. },{}{ dcc ¸  anu dc¸ . 

(1) tolobidan gveqneba mxolod erTi SemTxveva.  

}{}{ ca =  da },{},{ dcba = , anu 

                   ca=  da },{},{ daba = . 

radgan ba¸ . maSin da },{ dabÍ , amitom db= . 

e.i. dbca == & . 

e.i. 
dbcaba

dbcaba

==¸¸

==Ý=

&

.&
dbcababa ==Ý¸Ù=Ý & . 

radgan baba ¸Ù=  tavtologiaa, amitom gvaqvs.  

    dbca == &  r.d.g.  

 

a, b da c elementebisagan Sedgenili dalagebuli sameuli aRiniSneba ( a, b, c) 

CanaweriT da ganisazRvreba Semdegnairad:  

     )),,((),,( cbacba
def
= . 

analogiurad gveqneba  

)),,,((),,,( dcbadcba
def
=  da a.S. 

anu Tu dalagebuli n-eulis cnebas rekurentuli  formuliT ganvsazRvravT, gveqneba:  

L 
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    }},{},{{),( 21121 aaaaa = , 

    )(u## )),,,((),,,( 12121 nnn aaaaaaa -= 22 , 25,4,3=n  

 

simravleTa ojaxis TanakveTa  

 

Teorema 3 . Tu Å̧A  simravleTa raime ojaxia, maSin arsebobs erTaderTi B 

simravle, romelic Sedgeba im da mxolod im elementebisagan, romlebic A  ojaxSi 

Semaval yvela simravles ekuTvnian.  

damtkiceba . ganvsazRvroT B simravle tolobiT:  

                                                 }(:{ XxXUxB ÍÍ"Í= AA .                (*)  

aseTi B simravlis arseboba gamomdinareobs gamoyofisa da gaerTianebis aqsiomebis 

gamo. eqstencionalobis aqsiomidan ki aseTi B simravlis erTaderToba gamomdinareobs. 

amitom SegviZlia (*) tolobiT gansazRvruli simravle aRv niSnoT A1 -iT. mas 

aracarieli A  ojaxis TanakveTa  ewodeba. kerZod, Tu },,{ 1 nXX 2=A , sadac NnÍ , maSin 

},,{ 1 nXX 21 -is nacvlad vwerT 1
n

i
iX

1=

. 

SeniSvna. carieli ojaxis gaerTianeba, rogorc wesi, ar ganisazRvreba. radgan  

gvinda ise ganisazRvros ojaxis TanakveTa, rom Sesruldes bunebrivi ekvivalentoba:  

                   x Í )( i

Ii

i XxIiiX ÍÝÍ"Ú
Í

1
 

xolo Tu I carieli iqneba, maSin gamova, rom 1
qÍi

iX
simravles nebismieri elementi 

ekuTvnis, anu is universaluri simravlea. aseTi simravlis arsebobas ki, rogorc 

cnobilia, paradoqsamde mivyavarT.  

simravleTa sxvaoba  

  

Tu mocemulia ori A da B simravle, maSin gamoyofis aqsiomis gamo arsebobs 

simravle  

:{ AxÍ ˨ )}( BxÍ  anu )}:{ BxAx ÎÍ  

es simravle, romelic cxadia erTaderTia, BA \ -Ti aRiniSneba.  

Teorema 4 . wyvilis aqsioma (aqsioma II ¡) gamomdinareobs I -VII aqsiomebidan.  
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damtkiceba . vTqvaT mocemuli gvaqvs ori a da b simravle da vTqvaT A iseTi ojaxia, 

romelsac ekuTvnis Å  da }{Å  simravleebi, aseTi simravlis arseboba gamomdinareobs 

usasrulobis aqsiomidan (aq Cven, ra Tqma unda, ar gvaqvs ufleba gamoviyenoT Tavad 

wyvilis aqsioma, romlidanac gamovidoda aseTi { }}{, ÅÅ simravlis arseboba). cxadia 

}{Å¸Å . vTqvaT axla ),( yxF  aris formula)  

)}&()&{( byxayx =Å̧Ù=Å= . 

cxadia, rom ),( yxF  formula funqcionaluria y cvladis mimarT. amitom VII aqsioma 

gvaZlevs )(AF¡¡  simravlis arsebobas. advili Sesamowmebelia rom )(AF¡¡  simravle igivea, 

rac },{ ba  orelementiani simravle. radgan a½½Å
F  da b½½Å

F
}{ .  

vaCvenoT es dawvrilebiT. marTlac, Tu gavixsenebT Canacvlebis aqsiomas                

                 )),(((),(1 yxAxByyBAyxyx FÍ$ÚÍ"$"ÝF$" ,  

maSin radgan Cvens SemTxvevaSi wanamZRvari WeSmaritia, WeSmariti iqneba daskvnac. e.i.  

gvaqvs                  )),((( yxAxByyBA FÍ$ÚÍ"$" .   

e.i. Cveni A simravlisTvisac arsebobs simravle B iseTi, rom:                                   

                         )),(( yxAxBy FÍ$ÚÍ . e.i. 

              =Í$ÚÍ xAxBy ( )&}{& byxay =Å¸Ù=Å  e.i.  

             
=Í$ÚÍ xAxBy ( )&}{()& byxAxay =Å¸Í$Ù=Å                                                                                                                                                    

             
=Í$ÚÍ xAxBy ( byxAxay =Å¸Í$Ù=Å &}){(&)                                                                                                                                                    

                      
=Í$ xAx ( }){(&) Å¸Í$Å xAx   WeSmariti formulebia,                                                                                                                                            

amitom gveqneba :            yÍB Ú y=a V y=b. 

 

 

Teorema 5 . VI¡ gamoyofis aqsioma gamomdinareobs danarCeni, anu I -VII aqsiomebidan.  

damtkiceba . gavixsenoT VI ¡ da VII aqsiomebi.  

VI¡ aqsioma ambobs, rom Tu A raime simravlea, xolo )(xF  formula, maSin arsebobs 

simravle  

                   )}(&:{ tAttB FÍ= .                      (*)  
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VII aqsioma ki gveubneba, rom Tu A simravlea, xolo ),( yxF  iseTi formulaa, rom 

Sesrulebulia  ),(1 yxyx F$"  piroba (anu ),( yxF  funqcionaluria y cvladis mimarT), 

maSin arsebobs simravle:  

)},(:{ txAxtB FÍ$=¡ . 

vTqvaT axla gvaqvs raime )(xF  formula da davamtkicoT rom (*) -iT gansazRvruli B 

simravle marTlac arsebobs.  

 

I SemTxveva. vTqvaT A-Si ar arsebobs AaÍ  elementi iseTi, rom )(aF  winadadeba 

WeSmaritia. maSin B simravle carieli iqneba da misi arseboba gamomdinareobs II aqsio -

midan. 

II SemTxveva. arsebobs AaÍ  iseTi, rom )(aF  WeSmaritia.  

ganvixiloT ZFC-Teoriis Semdegi formula ),( yxY : 

[]&)([ Ù=F xyx  ˨ ]&)( ayx =F . 

cxadia, rom sruldeba ),(1 yxyx Y$"  piroba, amitom VII Y aqsiomidan 

)},(:{' yxAxyB YÍ$=  simravle arsebobs. e.i. arsebo bs 

AxyB Í$= :{' []&)(([ Ù=F xyx  ˨ ])}&)( ayx =F . magram  

AxÍ$ []&)(([ Ù=F xyx  ˨ ])&)( ayx =F Ú 

AxÍ$ []&)([ Axxyx Í$Ù=F  ˨ ]&)( ayx =F  Ú 

. 

amitom     BB='    da (*) -iT gansazRvruli B simravlis arsebobac damtkicebulia.  

 

 

simravleTa dekartuli namravli  

 

vTqvaT X da Y nebismieri simravleebia. dekartuli namravli ewodeba yvela iseT 

dalagebul ( ba, ) wyvilTa simravles, rom XaÍ  da YbÍ . 

davamtkicoT aseTi simravlis arseboba.  

)(& yAy FÍ
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Tu XaÍ  da YbÍ  maSin YXa 8Ë}{  da YXba 8Ë},{   

amitom )(}{ YXPa 8Í  da )(},{ YXPba 8Í ,  

maSin  

                 )(}},{},{{ YXPbaa 8Ë ,  

amitom  

                ))((}},{},{{),( YXPPbaaba 8Í= ,  

radgan arsebobs YX8  (gaerTianebis aqsiomiT), arsebobs )( YXP 8  xarisxis (buleanis 

arsebobis) aqsiomiT da imave aqsiomiT arsebobs ))(( YXPP 8  simravlec, amitom VI ¡ (gamo-

yofis aqsiomiT) gveqneba, rom arsebobs simravle:  

 

)))},(((:))(({ batYbXaYXPPt =ÍÍ$Í 8 .             (1)  

 

cxadia es simravle Seicavs yvela iseT dalagebul wyvils ),( ba -s romlisTvisac 

Sesruldeba YbXa ÍÍ &  da mxolod maT. amdenad swored es aris saZiebeli dekartuli 

namravli.  

(1) simravle aRiniSneba YX³  CanaweriT. 

 

         dekartuli namravlis Tvisebebi  

 

1) Å=ÚÅ=³ XYX  an Å=Y  (daamtkiceT damoukideblad).  

2) distributiuloba gaerTianebasTan:  

a) )()()( 2121 YXYXYXX ³³=³ 88 ; 

b) )()()( 2121 XYXYXXY ³³=³ 88 . 

davamtkicoT magaliTad a). )()(),( 2121 XXaYXXba 88 ÍÚ³Í

Ú³ÍÙ³ÍÚÍÍÙÍÍ

ÚÍÍÙÍÚÍ

)),(()),(()&()&(

&)(&

2121

21

YXbaYXbaYbXaYbXa

YbXaXaYb  

)()(),( 21 YXYXba ³³Í 8  
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r. d. g.  

3) distributiuloba TanakveTasTan : 

 

a) )()()( 2121 YXYXYXX ³³=³ 11 ; 

b)   (daamtkiceT damoukideblad,).  

 

4) dekartuli namravlis monotonurobis Tvisebebi. Tu Y Y ̧  Å , M  maSin 

a) YXYXXX ³Ë³ÚË 2121 ; 

b) 2121 YYXYXX ³Ë³ÚË .  (daamtkiceT)  

rac Seexeba dekartuli namravlis komutatiurobas XYYX ³=³   

toloba sruldeba maSin da mxolod maSin, roca  X=Y an X = Å an Y = Å  

(SeamowmeT). 

Tu YX= , maSin XX³  dekartuli namravli aRiniSneba 2X -iT.  

 

binaruli mimarTeba  

 

YX³  dekartuli namravlis yovel R qvesimravles ewodeba binaruli mimarTeba X da 

Y simravleTa elementebs Soris. (ufro zustad binaruli mimarTeba ewodeba sameuls ( R, 

X, Y), sadac )YXR ³Ë . 

   YY 

im SemTxvevaSi Tu XY= , maSin dekartuli namravlis X anu 2X -is nebismier 

mimarTeba X simravlis elementTa Soris.  qvesimravles ewodeba binaruli 

 

 

 

vTqvaT YXR ³Ë  binaruli mimarTebaa ( X da Y simravleTa elementebs Soris) Tu 

Ryx Í),(  amas ase CavwerT xRy. ganvsazRvroT R mimarTebis I da II proeqciebi:  

 
R 

 
R 
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}),((:{1 RyxYyXxRpr ÍÍ$Í= , 

}),((:{2 RyxXxYyRpr ÍÍ$Í= . 

 

cxadia sazogadod:.  

YXRprRprR ³¸³¸ 21  

yovel X simravlis elementebs Soris gvaqvs sami bunebrivi binaruli mimarTeba: 

carieli mimarTeba , romelic arc erT wyvils ar Seicavs ( Å XX³Ë ); sruli binaruli 

mimarTeba, romelic emTxveva mTel XX³  dekartul nam -ravls da }:),{( Xxxx Í  

binaruli mimarTeba romelsac )(XD  simboloTi aRvniSnavT da 2X -is diagonali 

ewodeba. 

vTqvaT R binaruli mimarTebaa X da Y simravlis elementebs Soris. ganvixiloT 

masTan bunebrivad dakavSirebuli binaruli mimarTeba, romelsac R-is Sebrunebuli 

ewodeba, 1-R -iT aRiniSneba da Semdegnairad ganisazRvreba:  

}),(:),{(1 RyxxyR Í=-  anu 

RabRba ÍÚÍ - ),(),( 1 . 

cxadia, ro m             )()( 1

21

-= RprRpr  da )()( 1

12

-= RprRpr . 

    ganvixiloT nebismieri ori binaruli S Ë A³B  da T Ë C³D  mimarTeba. am ori 

mimarTebis TAS kompozicia ganisazRvreba Semdegi formuliT:  

 

                          TAS = {(a,d) :  ($z)((a,z)ÍS & (z,d)ÍT)}.  

 

cxadia, es kompozicia ar aris damokidebuli A,B,C,D simravleebis SerCevaze da 

warmoadgens romeliRac binarul mimarTebas  A da  D simravleebis elementebs Soris.  

   vTqvaT, mocemulia kidev erTi R Ë E³F binaruli mimarTeba. Aadvilad mowmdeba, rom 

adgili aqvs Semdeg tolobas:  

  

                                                                          RA(TAS) = (RAT)AS, 

 

 

R 

¶ 

¶ 

¶ ¶ 

Y

y 

X

x 
pr1R 

p
r 2

R
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es toloba gviCvenebs, rom binarul mimarTebaTa kompoziciisaTvis sruldeba 

asociatiurobis piroba.   

   axla davuSvaT, rom S binaruli mimarTebaa raime A simravleze, e.i. S Ë A³A . 

SeamowmeT, rom:  

   S refleqsuria maSin da mxolod maSin, roca D(A) Ë S; 

   S simetriulia maSin da mxolod maSin, roca S = S
-1;  

   S antisimetriulia maSin da mxolod maSin, roca S Æ S
-1
 Ë D(A).  

 S tranzitulia maSin da mxolod maSin, roca              SAS Ë S.   

 

eqvivalentobis  damokidebuleba  

 

X simravleze gansazRvruli R binaruli mimarTebas ewodeba ekvivalentobis 

mimarTeba (mokled ekvivalentoba) Tu X simravlis nebismieri x, y da z elementebisaTvis 

Sesrulebulia Semdegi sami piroba:  

 

xRx  _ refleqsuroba;  

xRzyRzxRy Ý&  _ tranzituloba;  

yRxxRyÝ   _ simetriuloba.  

 

magaliTebi . a) vTqvaT X aris sibrtyeze moTavsebul yvela wrfeTa simravle. xolo R 

aris paralelurobis damokidebuleba wrfeebs Soris anu Tu Xyx Í,  maSin xRy  

ubralod niSnavs, rom  x wrfe paraleluria y-is. cxadia R ekvivalentobis mimarTebaa X-

ze (SeamowmeT). 

b) namdvil ricxvTa R  simravleze ganvixiloT aseTi S damokidebuleba: xSy  maSin 

da mxolod, maSin roca yx-  racionaluri ricxvia. cxadia, rom S ekvivalentobaa (Sea -

mowmeT). 

g) = tolobis mimarTeba nebismier X simravleze ekvivalentobis mimarTebaa.  

d) msgavsebis damokidebuleba geometriul figuraTa Soris sibrtyeze (a n sivrceSi) 

ekvivalentobaa.  (SeamowmeT). 
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funqcionaluri grafiki . vTqvaT X da Y raime simravleebia, binarul mimarTebas 

YXG ³Ë  ewodeba funqcionaluri grafiki Tuki samarTliania piroba  

yyGyxGyx ¡=ÝÍ¡Í )),(&),((  

anu grafiki funqcionaluria Tuki is yovel x elements (pirvel komponents) Seusabamebs 

erTaderT (meore komponents) y elements.  

 

funqcia  ),,( YXGf =  dalagebul sameuls ewodeba funqcia Tu G aris 

funqcionaluri grafiki, XGpr =1  da YGpr Ë2 . am SemTxvevaSi amboben, rom f asaxavs X 

simravles Y-simravleSi da amas ase gamosaxaven YXf :  an  YX
f
½½ . 

funqciis cnebis kerZo SemTxvevebi: inieqcia, siureqcia, bieqcia amis Semdeg 

Cveulebrivad ganisazRvreba.  

 

funqciis Sesabamisi eqvivalentobis mimarTeba,  

funqciis grafi, bmulobis komponentebi  

 

vTqvaT XXf :  funqcia ganvixiloT Semdegi mimarTeba  

))}()((,:),{( 2 yfxfNmnXyxE mn

f =Í$Í= . 

Teorema. fE  aris eqvivalentobis mimarTeba X simravleze.  

 

damtkiceba . 1. (refleqsuroba). radgan )()( 11 xfxf =  nebis -mieri XxÍ -saTvis, amitom 

fExx Í),( . 

2. (simetriuloba). vTqvaT fEyx Í),( , maSin fExy Í),(  imi tom, rom  

( ) ( ))(),)()(, xfyfNnmyfxfNmn nmmn =Í$Ú=Í$ . 

3. tranzituloba vTqvaT ff EzyEyx ÍÍ ),(&),( . 

cxadia arseboben iseTi 1n , 1m , 2n , Nm Í2  ricxvebi, rom samarTliania toloba 

)()( 11 yfxf
mn

=  da )()( 22 zfyf
mn

= . 

aviyvanoT I toloba 2n  xarisxSi, xolo II toloba 1m  xarisxSi, miviRebT  
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)()( 2121 yfxf
nmnn

=  da )()( 1212 zfyf
mmmn ÖÖ

= , 

saidanac, funqciaTa kompoziciis operaciis asociatiurobis gamo, vRebulobT, rom  

)()( 1221 zfxf
mmnn

= . 

rac imas niSnavs, rom fEzx Í),( . 

e.i. fE  ekvivalentobis mimarTebaa X-ze. Ƭ 

 

Tu fEx Í),(  anu Tu x da y erTidaigive ekvivalentobis klasSia, maSin cxadia, rom 

raRac naturaluri m, n -Tvis  

 

ö
÷

õ
æ
ç

å ----=ö
÷

õ
æ
ç

å ----
--

)))((()))((( yffffxffff
mn jerjer

. 

 

da es ori wertili, x da y, iqneba })(:),{( yxfyxGf ==  grafis erT bmulobis komponentSi 

anu erTidaigive ekvivalentobis klasSi. xolo Tu fEyx Î),( , maSin x da y moxvdebian 

fG  grafis sxvadasxva bmulobis komponentebSi, cxadia fG  orientirebuli grafia. 

advili Sesa mCnevia, rom Tu f funqciaa X-dan X-Si, maSin })(:),{( 2 yxfXyxGf =Í=  grafis 

bmulobis komponentebi iqneba erT -erTi Semdegi saxis.  

 

 

 

 

 

 

 

 

 

 

 

 
 

 

4 

4 

4 

 

¶ ¶ 
¶ 

¶ 
¶ 

¶ 
¶ 

¶ 
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naxazze bolo figura ormxriv usasrulo ciklia, bolodan meore, boloSi maryuJiT 

mTavrdeba. 

yovel bmulobis komponentSi Ł cxadia SeiZleba iyos araumetes erTi ciklisa 

(kerZod maryuJic araumetes erTisa). grafis yoveli wertilidan aucileblad unda 

gamodiodes isari, Tumca SesaZloa zogierT wertilSi ar Sediodes arcerTi isari. 

bmulobis komponentebis raoden oba SeiZleba iyos nebismieri, magram cxadia, araumetes 

X-is elementis raodenobisa.  

 

amocana. ra saxis bmulobis komponentebi eqneba a) siureqcias? b) ineqcias? g) 

bieqcias?  

amocana. rogori tipis iqneba   

a) mudmivi funqciis grafi?  

b) igivuri funqciis grafi?  

g) dirixles funqciis grafi?  

d) wrfivi funqciis grafi?  

 

 

 

                             simravlis dayofa  

 

 

 

 

D simravles ewodeba X simravlis dayofa  Tu  

 

1.    AÍD  Ú  AËX  &  A Å̧  

2.   A,BÍ D  &  A B̧ Ý AÆB = Å   

3. Ç D = X 

aracariel simravleTa ojaxs ewodeba diziunqtiuri  Tuki am ojaxis nebismieri ori 

wevris TanakveTa carielia.  
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anu X simravlis dayofa es aris misi aracarieli qvesimravleebisagan Sedgenili 

diziunqtiuri ojaxi, romelTa gaerTianebac X-is tolia.  

 

kiTxva 1 . gaaCnia Tu  ara cariel simravles dayofa? ratom?  

 

kiTxva 2 . SeiZleba Tu ara rom X simravlis dayofaSi ori qvesimravle erTmaneTis 

toli iyos? ratom?  

 

kiTxva 3 . daamtkiceT rom Tu D A-s dayofaa, maSin   DÍ P(P(A)). 

 damtkiceba . )(APXAXX ÍÝËÝÍA . amitom )(AA PÝ , e.i. ))(( APPÍA . 

XÍ D Ý X Ë A Ý  XÍ P(A) , amitom D Ë P(A), e.i.    D ÍP( P(A)) 

A 

kiTxva 4 . daamtkiceT, rom Tu  A simravlea, maSin  D -c simravlea.  

 

Teorema 9 . vTqvaT A  aris X simravlis dayofa, maSin AR  binaruli mimarTeba 

gansazRvruli eqvivalentobiT  

)&( AyAxAyxR ÍÍÍ$Ú AA   

warmoadgens eqvivalentobis mimarTebas A simravleze.   

(zustad rom ganvsazRvroT:                 
))}&)&),((:{ AyAxAyxtXyXxtR ÍÍÍ$=Í$Í$= AA ). 

damtkiceba : a) SevamowmoT, rom AR  refleqsuria. vTqvaT XtÍ , radgan A  aris X-is 

dayofa amitom t iqneba A  dayofis erT erT A elementis elementi. e.i. AtÍ . amitom 

cxadia ttRA  WeSmaritia.  

b) simetriuloba. vTqvaT vuRA  (sadac Xvu Í, ). maSin arseboba AÍA  iseTi, rom 

AvAu ÍÍ & , & -is komutatiurobis gamo AuAv ÍÍ & , e.i. uvRA -c WeSmaritia.  

g) tranzituloba vTqvaT, tuRA  da vtRA , maSin arsebobs A,B Í A , iseTi rom u,tÍA, 

t,vÍB, e.i. AtÍ  da BtÍ . e.i. BAt 1Í  da amitom BA= . e.i. AuÍ  da AvÍ  amitom vuRA . 

r.d.g.  
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Teorema 10. Tu A  da B  ori sxvadasxva dayofaa X aracarieli simravlisa, maSin AR  

da BR  sxvadasxva eqviva lentobis mimarTebebia. anu BABA RR ¸Ý¸ .  

 

damtkiceba . vTqvaT BA ¸ . maSin erT erT simravleSi vTqvaT A -Si arsebobs dayofis 

0A , romelic ar aris meore (anu B ) dayofis elementi. radgan 0A  dayofis elementia is 

aracarielia anu arsebobs )(0 XAa ËÍ . radgan XaÍ  da B  ki X-is dayofaa, amitom B -Si 

iarsebebs dayofis elementi 0B  iseTi rom 0BaÍ . radgan 0A  ar gvxdeba B  dayofaSi 

amitom amitom 00 BA ¸ , e.i. erT erTSi vTqvaT 0B -Si arsebobs elementi t romelic araa 

0A -Si. e.i. 00 & AtBt ÎÍ . e.i, gvaqvs 0AaÍ , 0BaÍ , 0BtÍ , 0AtÎ . amitom ARta Î),(  da (a,t)ÍRB, 

e.i. BA ¸ . r.d.g.  

 

 

 

 

 

 

 

 

 

 

Teorema 11. nebismieri R eqvivalentobis mimarTeba , romelic aracariel X 

simravlezea  gansazRvruli, X  simravlis romelime dayofiT ganisazRvreba . anu arsebobs 

X-is dayofa A  iseTi rom ARR= . 

 

damtkiceba . nebismieri XaÍ -Tvis aRvniSnoT }:{][ tRaXta R Í=  da ganvixiloT ojaxi 

}:]{[ Xaa R Í=A . cxadia, rom es aris dayofa marTlac.  

a) R-is refleqsurobis gamo, Tu XaÍ , maSin Raa ][Í  da e.i. Å̧Ra][ . e.i. dayofis 

nebismieri simravle aracarielia.  

b) Tu RR ba ][][ ¸ , maSin Å=RR ba ][][ 1  winaaRmdeg SemTxvevaSi iarse -bebs Rat ][Í  da 

Rbt ][Í  e.i. tRa da tRb , maSin gamova rom ( R-is simetriulobiTa da tranzitulobiT) aRb, 

RR ba ][][ = . 

 A0 

0B#  

t 

a# 

dayofa A  dayofa B  
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g) XU =A  marTlac. vTqvaT XtÍ , maSin AÍÍ Rtt ][  da e.i.  tÍ ÇA, e.i. AUXË . 

meores mxriv cxadia, rom XËA8 , radgan )]([ Xaa RË"  

e.i. A  dayofaa.  

 

axla davamtkicoT, rom ARR= , sadac }:]{[ Xaa R Í=A . 

davuSvaT u da v X-is nebismieri elementia da uRv anu Rvu Í),( .  AÝÍÍ RR uvuu ][&][  

dayofaSi moiZebna iseTi sim ravle, kerZod Ru][ , romelsac u da v orive ekuTvnis 

AA RvuvuR ÍÚÝ ),( . e.i. ARRË . 

piriqiT . Tu ARvu Í),( , maSin A -Si arsebobs simravle Ra][  iseTi, rom Rau ][Í  da 

Rav ][Í , amitom uRa da vRa  simetriulobisa da tranzitulobis gamo vRebulobT uRv. 

anu RvuRvu ÍÝÍ ),(),( A . e.i. RRË . e.i, ARR= . r.d.g.  

 

SeniSvna: advili SesamCnevia, rom Tu X raime simravlea da masze mocemulia 

eqvivalentobis R mimarTeba da A  dayofa )( 2XPRÍ  da ))(( XPPÍA . 

aRvniSnoT, xe -iT X-ze gansazRvrul  yvela eqvivalent obis mimarTebaTa simravle (is 

miiReba )( 2XP  simravlea radgan gamoyofis aqsiomiT 

simravlidan), xolo xD -iT aRvniSn oT X simravlis yvela 

dayofaTa simravle (esec simravlea, radgan kvlav gamoyofis  

aqsiomiT miiReba ))(( XPP  simravlidan).  

Teorema 9 gansazRvravs xxD ej :  asaxvas. Teorema 10 

gveubneba, rom es j asaxva inieqciuria. xolo 

Teorema 11 j asaxvis siureqciulobas amtkicebs da sabolood gamodis, rom j bieqciaa 

xD  da xe simravleebs Soris amasTan erTad:  

 

AA R=)(j  da }:]{[)(1 XaaR R Í=-j . 

 

 

dalagebis mimarTeba  

 

ganvixiloT A simravle da AAS ³Ë  binaruli mimarTeba A-ze ( A-Si).  

¶ 

¶ 

¶ 

 A

B

AR

BR  

R  }:]{[ Xaa R Í

xe 
xD  

j 

j # # 
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S-s ewodeba nawilobrivi dalagebis mimarTeba (an ubralod - dalagebis mimarTeba) 

Tu es mimarTeba aris.  

1. reflesuri e.i. Sxx Í),(  nebismieri AxÍ -Tvis.  

2. antisimetriuli, e.i. nebismieri x, AyÍ -saTvis. yxySxxSy =Ý& . 

3. tranzituli, e.i. xSzySzxSy Ý& . 

dalagebis damokidebulebas xSirad ¢ simboloTi aRniS naven imis gamo, rom namdvil 

ricxvTa Soris arsebuli dalagebis ¢ mimarTeba iyo is mTavari mizezi, saidanac 

warmoiSva Tanamedrove  maTematikaSi dalagebis struqtu rebis zogadi Teoria.  

Tu ¢ dalagebis mimarTebaa A simravleze, a da b ki A-s elementebia, maSin srulebiT 

araa davaldebulo, rom ba¢  da ab¢   winadadebebidan erT -erTi aucileblad 

Sesruldes.  Tu ba¢  an ab¢ , maSin a da b elementebs urTierTsadari elementebi  

ewodebaT, winaaRmdeg SemTxvevaSi ki arasadari . 

 

magaliTi . Tu )(, APYX Í -s anu AXË  da AYË . maSin  

1) XXË  WeSmaritia, e.i. Ë mimarTeba refleqsuria.  

2) YXXYYX =ÝËË &  (e.i. antisimetriulia).  

3) ZXZYYX ËÝËË &  (e.i. tranzitulia).  

 

SeniSvna. cxadia, rom sazogadod )(AP  simravlis nebis mieri ori elementi Ë 

dalagebis mimarTebis mimarT sadari araa.  

naxazze naCvenebia iseTi SemTxveva, roca arc YXË  da 

arc XYË . aseve Tu Aba Í,  da ba¸ , maSin }{a  da }{b  

simravleebi arasadarebia.  

Tu A simravleze mocemulia ¢ dalagebis mimarTeba, 

maSin amboben, rom A simravle dalagebulia ¢ mimarTebiT. 

an _ ( A, ¢) dalagebuli simrav lea.  

 

magaliTi . vTqvaT )}1,0()1,0(::{ = ffF  anu vTqvaT F aris yvela namdvili cvladis 

funqciaTa simravle (0,1) -dan (0,1)-Si. SemoviRoT F simravleze dalagebis ¢f mimarTeba 

Semdegnairad:  

f  ¢f  g Ú "xÍ(0,1)( f(x) ¢  g(x)) 

X 
Y 

A 
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sadac ¢ Cveulebrivi dalagebis mimarTebaa (0,1) intervalis ricxvebs Soris.  

advili Sesamowmebelia, rom ¢f mimarTeba marTlac dalagebis mimarTebaa (SeamowmeT).  

 

 

 

 

 

    

 

magaliTad. x da 2 x funqciebi ¢f sadari funqciebia, xolo x da x-1  arasadari 

funqciebi ¢f dalagebis damokidebu lebis mimarT.  

amocana. vTqvaT  f  funqc iaa X dan X ŁSi. ganvsazRvroT mimarTeba  

                                            x ¢*y Ú  $nÍN ( f
n
(x)=y).  

i qneba Tu ara nebismieri funqciisTvis es mimarTeba dalagebis mimarTeba ? 

(ganixileT ciklis Semcveloba funqciis grafSi).  

¢ dalagebis damokidebulebas ewodeba wrfivi dalagebis  damokidebuleba (an 

mimarTeba) A-ze  Tu is damatebiT flobs Tvisebas:  

A simravlis nebismieri ori a da b elementisaTvis ba¢  an ab¢ . anu A simravlis 

nebismieri ori elementi sadaria.  

magaliTi . namdvil ricxvTa simravle dalagebulia wrfivad Cveulebrivi ¢ 

mimarTebis mixedviT (radgan nebis mieri o ri ricxvisaTvis ba¢  an ab¢ ). 

cxadia, rom Tu ( A, ¢) dalagebuli simravle , an wrfivad dalagebuli , simravlea da 

ABË , maSin ( B, ¢)-c dalagebuli , Sesabamisad wrfivad dalagebuli  simravle iqneba. am 

SemTxvevaSi amboben, rom A-ze mocemuli dalagebis damoki debuleba inducirebs  B 

qvesimravleze dalagebis  mimarTebas. 

vTqvaT, ( A, ¢) dalagebuli simravlea da ABË . BbÍ  elements ewodeba B simravlis 

minimaluri (maqsimaluri) elementi, Tu }{\ bB  simravleSi ar arsebobs iseTi c rom 

Sesruldes bc¢  )( cb¢ . 

sxvagvarad rom vTqvaT, b minimaluria B-Si Tu is naklebia an toli B-s nebismier 

elementze an masTan arasadaria. aseve b maqsimaluria. B-Si Tu is metia an toli B-s 

nebismier elementze an masTan arasadaria.  

arasadari 

funqciebia  

¶ 

 

g 

g 
f 

f 
¶ 

¶ 
0 1 

sadari 

funqciebia  
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ba²  Canaweri igivea rac ab¢  Canaweri. 

ba<  aris Semoklebuli aRniSvna formulisa baba ¸¢ & ; 

ba>  aris Semoklebuli aRniSvna formulis baba ¸² & . 

-<ba ikiTxeba: a mkacrad naklebia b-ze an b mkacrad metia a-ze. 

(A, ¢) simravlis a elements ewodeba udidesi (umciresi) elementi A-Si, Tu A 

simravlis nebismieri x elementisaTvis gvaqvs ax¢  )( ax²  anu A simravlis udidesi 

(umciresi) elementi A simravlis nebismier elementze meti an tolia (naklebi an tolia).  

cxadia, rom ( A, ¢) simravleSi SeiZleba arsebobdes mxolod erTi  udidesi elementi 

Sesabamisad umciresi elementi (daasabuTeT).  

cxadia, aseve rom udidesi (umciresi) elementi  simravlisa amave dros aris am 

simravlis maqsimaluri (minimaluri) elementic. cxadia isic, rom dalagebul 

simravleSi SeiZleba iy os bevri minimaluri (maqsimaluri) elementi an ar iyos arcerTi.  

 

zogierTi magaliTi : (N, ¢) simravle Seicavs umcires (minimalur) elements da ar 

Seicavs udidess (maqsimalurs) ( Z, ¢) simravle ar Seicavs arc minimalur da arc maqsi -

malur, miTumetes arc udides da  arc umcires elements.  

ganvixiloT N- simravleze Semdegi binaruli mimarTeba:  

 

     )}2(mod&:),{( 2 nmnmNnmN ¹¢Í=¢  

 

cxadia N¢  warmoadgens dalagebis mimarTebas N-ze (SeamowmeT). xolo ),( NN ¢  

dalagebul simravles aqvs ori minimaluri elementi 0 da 1 da ara aqvs arc 

maqsimaluri, arc udidesi da arc umciresi elements.  

 

3NNN ¢¢¢ 420   

3NNN ¢¢¢ 531  

 

 

 

naturaluri ricxvebi  
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yoveli X simravlisaTvis aRvniSnoT }{ XXX 8¹¡ . X¡-simravlis momdevno ewodeba.  

 

Teorema 1  arsebobs simravleTa erTaderTi ojaxi. w, romelsac Semdegi Tvisebebi 

aqvs: 

(I) wÍÅ ; 

(II) ww Í¡ÝÍ XX ; 

   (III) Tu K simravleTa iseTi ojaxia, romelsac (I) da (II) Tvisebebi aqvs, maSin KËw . 

 

damtkiceba . usasrulobis aqsiomidan Cans, rom arsebobs erTi mainc ojaxi U, iseTi 

rom (I) da (II) Tvisebebi s analogi  misTvis samarTliania.  

vTqvaT A  aris U-s yvela im  qvesimravleTa ojaxi, romlebic (I) da (II) Tvisebebs 

akmayofileben, anu:  

 

)}(&:{ SXSXXSUS Í¡ÝÍ"ÍÅË=A . 

 

cxadia AÍU  da amitom Å̧A . ganvixiloT A  ojaxis TanakveTa, aRvniSnoT  

A1¹w -iT  

da vaCvenoT, rom es w aris saZiebeli simravle.  

marTlac (I) cxadia, rom wÍÅ , radgan Å  A  ojaxSi Semavali yvela simravlis 

elementi a da maS iqneba A1 -i s elementic.  

(II) vTqvaT wÍX , maSin A1ÍX  da e.i. X aris A -s yoveli elementis elementi, A -s 

ganmartebis Tanaxmad X¡-c aris A -s yoveli elementis elementi da amitom gveqneba 

wÍ¡X . 

(III) Tvisebac cxadia w simravlis ganmartebis gamo. r.d.g.  

 

cxadia, rom w simravlis  elementebia   ,)(,, 3¡Å¡Å¡Å  anu  

 

2}}},{,{},{,{}},{,{},{, ÅÅÅÅÅÅÅÅ . 
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radgan A  ojaxis nebismieri S simravlisaTvis SËw , amitom w aris ( ),ËA  

dalagebuli  simravlis umciresi elementi, amitom masSi sxva tipis elementebi ver 

iqneba. 

w-simravlis elementebi aRvniSnoT m, n, k, p,» asoebiT.  

w-simravles naturalur ricxvTa simravle ewodeba, xolo mis elem entebs 

naturaluri ricxvebi. qvem oT Cven vaCvenebT, rom es saxeli gamarTlebulia , radgan w 

simravle masze gansazRvruli `  ô ~ operaciiT akmayofilebs peanos aqsiomebs.  

rogorc cnobilia peanom aCvena, rom naturalu r ricxvTa ariTmetika SeiZleba aigos 

Semdegi aqsiomebidan:  

 

P1. nuli naturaluri ricxvia;  

P2. yoveli naturalu ri ricxvis momdevno, aseve natu raluri ricxvia;  

P3. nuli arc erTi ricxvis momdevno araa;  

P4. Tu ori ricxvis momdevnoebi tolia, maSin es ricxvebic toli a; 

P5. Tu raime simravle Seicavs nuls da Tavis yovel elementTan erTad Seicavs mis 

momdevnosac, maSin es simravle Seicavs yvela naturalur ricxvs.  

 

Teorema 2 . nmnm Ë¡ÝÍ     ),( wÍnm . 

 

damtkiceba . aRvniSnoT  

)}(:{ nmnmmnK Ë¡ÝÍ"= . 

Teoremis dasamtkiceblad sakmarisia davamtkicoT, rom KËw  es kidev damtkicebuli 

iqneba Tuki davamtkicebT, rom K simravle akmayofilebs Teorema 1 -Si mocemul (I) da (II) 

Tvisebebs (aseT simravleebs anu romelTaTvisac (I) da (II) Tvisebebi aqvT induqt iuri  

simravleebi ewodebaT).  

cxadia, rom KÍÅ  da e.i. K-s aqvs (I) Tviseba.  

vTqvaT axla KnÍ  da davamtkicoT rom KnÍ¡  anu gvaqvs (*) nmnm Ë¡ÝÍ  implikacia 

da unda davamtkicoT nmnm ¡Ë¡Ý¡Í  implikacia.  

davuSvaT  mÍnô,  nmnmnnmnm =ÙÍÝÍÝ¡Í }{8 . ganvixiloT ori SemTxveva: a) Tu 

nmÍ  maSin (*)-is gamo nmË¡  da miTumetes nm ¡Ë¡ . b) Tu nm= , maSin nm ¡=¡  da e.i. nm ¡Ë¡

. e.i. orive SemTxvevaSi nm ¡Í -dan gamomdinareobs nm ¡Ë¡ . r.d.g.  



31 

 

 

Teorema 3 . nnÎ     )( wÍn . 

 

damtkiceba . vTqvaT K={ nÍU:  n Î n }. davamtkicoT rom K induqtiuria (e.i. KËw ). 

radgan ÅÎÅ  amitom KÍÅ da e.i. K-s aqvs (I) Tviseba.  

II Tvisebis dasamtkiceblad davuSvaT, rom KnÍ  da davamtkicoT rom KnÍ¡ . e.i. 

daSvebiT gvaqvs nnÎ  da unda davamtkicoT, rom nn ¡Î¡ . davuSvaT winaaRmdegi e.i. vTqvaT 

gvaqvs nn ¡Í¡ , maSin 

nnnnnnnnn =¡ÙÍ¡ÝÍ¡Ý¡Í¡ }{8 . 

a) SemTxveva: Tu nnnn Ë¡¡ÝÍ¡ )(          
2 Teorema

. amasTan erTad gvaqvs nn ¡Í  (`¡~-is ganmarteba) da 

nn ¡¡Ë¡  (kvlav ` ¡~-is ganmarteba), anu nn ¡¡Í  da radgan nn Ë¡¡  gvqonda miRebuli 
sabolood vRebulobT rom nnÍ . rac ewinaaRmdegeba daSvebas.  
 

b) vTqvaT axla nn =¡  anu nnn =}{8 , amitom nnÍ . rac aseve ewinaaRmdegeba daSvebas. amiT 

Teorema 3 damtkicebulia.  

 

Teorema 4 . nmnm =Ý¡=¡   ),( wÍnm . 

damtkiceba . vTqvaT  mô = nô aqedan  Ý (radgan mÍmô ) m Í nô   Ý  mÍ n Ù m=n   

a) Tu   m Í n Ý (Teorema 2  )  môË  n   Ý m Ë  n (radgan  m Ë  mô)  ; 

b) Tu nmnm ËÝ= ; 

   anu orive SemTxvevaSi gvaqvs : nmnm ËÝ¡=¡ . 

tolobis simetriulobis gamo bolo implikaciidan gamomdinareobs  mô= nô  Ý n  Ë  m   

implikaciac da amitom r.d.g.  

 

SeniSvna. cxadia, rom )( Å̧¡Í" nn w . 

marTlac radgan }{nnn 8=¡ , amitom nn ¡Í . 

Teorema 1,Teorema 4 da ukanaskneli SeniSvnis gamo vrwmundebiT, rom w simravle ` ¡ ~ 

operaciasTan erTad akmayofilebs peanos yvela aqsiomas. amitom Cven w simravles 

gavaigivebT naturalur ricxvTa N simravlesTan. 0¹Å , 1}{ ¹Å , 2}}{,{ ¹ÅÅ  da a.S. 

1}{ +¹nnn8 .  
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SeniSvna. aqve SevniSnoT, rom nebismieri naturaluri ricxvi masze nakleb yvela 

naturalur ricxvTa simravlea, anu  

                                0 = Å, 

                                n+1 = {0,1,2, . . . , n }  .  

 

Teorema 5 . nebismieri wÍnm, -Tvis sruldeba erTi da mxolod erTi Semdegi 

formulebidan:  

 

                              nmÍ , mnÍ , nm= .                       (*)  

 

damtkiceba . Teorema 2 da Teorema 3 -dan gamomdinareobs, rom (*) formulebidan 

nebismieri ori araTavsebadia. marTlac nm=  araTavsebadia nmÍ -Tan, imitom rom  

orivedan gamomdinareobs nnÍ . e.i. nm=  araTavsebadia danarCen  orTan. aseve, Tu nmÍ  da 

mnÍ , maSin gveqneba nmÍ  da mn Ë¡  xolo mn Ë¡ -dan mnËÝ  amitom gamova, rom mmÍ  

rac SeuZlebelia.  

imis dasamtkiceblad, rom yoveli wÍnm,  wyvilisaTvis (*) damokidebulebebidan 

erTi aucileblad Sesruldeba gamoviyenoT induqcia.  

aRvniSnoT  

}:{)( nmmnnmmnK =ÙÍÙÍ= . 

 

cxadia sakmarisia davamtkicoT, rom nebismieri n-isaTvis )(nKËw . anu nebismieri n-

isaTvis )(nK  induqtiuria.  

radgan:  

}:{}{)( mmoK ÍÅÅ= 8 . 

amitom )(oKÍÅ . vTqvaT axla )(oKmÍ , e.i. mm
mm

¡ÍÅÝÍÅ
¡Ë

        e.i. )(oKmÍ¡ , e.i. )(oK  

induqtiuria.  

davuSvaT axla rom )(nK  induqtiuri simravlea. e.i. )(nKËw . davamtkicoT, rom )(nK ¡

-ic induqtiuri iqneba.  

radgan wÍ¡n  da )(oKËw  e.i. )(oKnÍ¡  da amitom nnn ¡ÍÅÙÅ=¡ÙÅÍ¡ . radgan 

diziunqciis pirveli ori wevri mcdaria miviRebT, rom n¡ÍÅ , amitom )(nK ¡ÍÅ . )(nK ¡-is 

ganmartebis ZaliT. )(nK ¡-isaTvis induqtiurobis I piroba Sesrulebulia.  
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SevamowmoT axla piroba (II).  

vTqvaT )(nKm ¡Í , e.i. sruldeba erTerTi Semdegidan  

nm ¡Í , nm ¡= , mnÍ¡ . 

)(
   

   
nKmmn

mnmn

mnnm
mm

mm

¡Í¡Ý¡Í¡Ý
ý
ü
û

¡Í¡ÝÍ¡

¡Í¡Ý¡=
¡Ë

¡Í

 b)

 a)
. 

e.i. am SemTxvevaSi )()( nKmnKm ¡Í¡Ý¡Í  es induqtiurobis II pirobaa )(nK ¡-isaTvis.  

 g) Tu samarTliania nm ¡Í  damokidebuleba, maSin  nmnm ÍÙ= , Tu nm= , maSin nm ¡=¡  da 

e.i. )(nKm ¡Í¡ ; Tuki nmÍ , maSin )(nKmÍ  da amitom )(nKmÍ¡ , radgan induqciis daSvebiT 

)(nK  simravle induqtiuria. aqedan gamomdinare  

 

mnnmnm ¡ÍÙ=¡ÙÍ¡ . 

 

am diziunqciis mesame wevri SeiZleba movaSoroT, radgan is mcdaria (marTlac is nmÍ -

Tan erTad gvaZlevs nnÍ -s). amitom rCeba mxolod SemTxvevebi nmÍ¡  da nm =¡ . Tu gaviT -

valiswinebT imas, rom nn ¡Ë , miviRebT, rom orive  SemTxvevaSi )(nKm ¡Í¡ . amiT 

induqtiurobis II piroba )(nK ¡-isaTvis Sesru -lebulia da r.d.g.  

  

 

grafis simravlur Teoriuli realizacia  

vTqvaT mocemulia simravleTa raime IiiS Í)(  ojaxi. mas SevusabamoT grafi Semdegi 

wesiT: 1) TiToeuli iS  simravlisaTvis aviRoT iv  wvero ise, rom jiji vvss ¸Ú¸  

(SeiZleba aviRoT ii Sv = ). 2) SevaerToT wiboTi is da msol od is ori gansxvavebuli 

wvero, romelTa Sesabamis simravleebsac aracarieli TanakveTa aqvT.  

miviRebT grafs ),( EVG= , sadac  

)}:{ IivV i Í=  da ¸= jiji ssvvE 1:},{{ },  , ÍÅ ji .  

aseT G grafs IiiS Í)(  ojaxis Sesabamisi marCevskis grafi ewodeba.  

mag. simravleTa ojaxi  {   S1, S2, S3,S4,S5 }  -isaTvis  

 

                             marCevskis grafi iqneba:  
S5 

S1 
S2 

S3 

S4 

¶ ¶ ¶ 

¶ 

¶ 

v1 

v2 

v5 
v3 

v4 
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Teorema. yoveli araorientirebuli grafi aris simravl eTa raime ojaxis marCevskis 

grafi.  

damtkiceba . vTqvaT mocemulia raime araorientirebuli grafi ),( EVG=  yovel VvÍ  

wveros SevusabamoT yvela im wiboebis vS  simravle )( ESv Ë , romlebic incidenturia 

(SeerTebulia) v wverosTan. e.i.  

}},{:},{{ ExvxvSv Í¹ . 

miviReT simravleTa ojaxi VvvS Í)( . Tanac cxadia, rom  

Å̧ÚÍ vu SSEvu 1},{ . 

e.i. G grafi iqneba simravleTa VvvS Í)(  ojaxis marCevskis grafi.  

 

amorCeviTi aqsiomis eqvivalenturi  

formulireba  

 

rogorc viciT amorCevis aqsioma aris Semdegi winada deba: 

Tu mocemulia aracariel simravleTa aracarieli da diziunqturi ojaxi IiiX Í= )(A , 

maSin arsebobs funqcia AA 8:f  iseTi, rom nebismieri IiÍ -Tvis f(Xi )Í Xi , mas 

amorCevis funqcia hqvia.  (marTlac, ganvsazRvroT f(Xi )=y Ú y Í Xi Æ S, sadac  S  aris 

cermelos aqsiomis sawyis formaSi monawile simravle) . 

vaCvenoT, rom cermelis aqsiomaSi diziunqtiurobis moTxovna SeiZleba gamovtovoT. 

ufro zustad vaCvenoT, rom ZFC-Si  samarTliania Semdegi Teorema. 

  

Teorema: Tu IiiX Í= )(A  aracariel simrav leTa aracarieli inieqciuri ojaxia, maSin 

arsebobs amorCevis funqcia A  ojaxisaTvis, anu funqcia AA 8:f  iseTi, rom   f(Xi )Í Xi, 

IiÍ . 

damtkiceba . mocemuli IiiX Í)(  ojaxisaTvis ganvixiloT axali IiiY Í)(  ojaxi, sadac 

}{ iii XXY ³= , IiÍ . 

cxadia, rom Tu ji ¸  da Iji Í, , maSin radgan ji XX ¸  gveqneba Å=ji YY1  (vinaidan Tu 

 ̧Å da raime }){(}){(),( jjii XXXXba ³³Í 1 , maSin gamova, rom iXb=  da jXb= , e.i. )ji XX = . 
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amdenad IiiY Í)(  ukve a ris aracariel simravleTa, araca rieli da diziunqciuri ojaxi 

da cermelis aqsiomis Tanaxmad arsebobs amorCevis funqcia g iseTi, rom ii YYg Í)(  IiÍ . 

e.i. arsebobs iseTi ii Xx Í , rom ),()( iii XxYg = . Tu axla ganvixilavT f funqcias 

gansazRvruls tolobiT  

))(()( 1 ii YgprXf = , 

gamova, rom ii xXf =)(  yoveli IiÍ -Tvis da e.i. f amorCevis funqcia yofila IiiX Í)(  

ojaxisaTvis (radgan ii Xx Í , IiÍ ).  

  

kionigis Teorema  

xes ewodeba lokalurad sasruli Tu mis yovel wveros sasruli xarisxi aqvs, e.i. 

Tu yoveli wvero SeerTebulia sasrul raodenoba wverosTan.  

 

Teorema (d. kionigi). Tu T aris lokalurad sasruli xe, romelSic arsebobs wvero, 

romlidanac gamodis, nebism ieri n naturaluri ricxvisaTvis, n sigrZis Sto (martivi 

jaWvi), maSin am xeSi arsebobs usasruli Sto.  

 

damtkiceba . vTqvaT 0t  aris  T xis is wvero, 

romlidanac gamodis n sigrZis Sto nebismieri n 

naturaluri ricxvisaTvis.  

induqciiT avagoT 2,,, 210 ttt  wveroeb is usasrulo 

in i eqciuri mimdevro ba iseTi, rom     { tk ,tk+1}Í T, wÍk  

(anu yvela kt  SeerTebulia 1+kt -Tan T grafSi ). 

ganvixiloT  t0
+ 

= {v: {t0 ,v}Í T }  simravle anu yvela im 

wveroTa simravle T-Si, romelic SeerTebulia 0t -Tan. 

Teoremis pirobidan gamomdinare +

0t  simravleSi 

iarse bebs iseTi wvero 1t , romlidanac kvlav gamova nebismieri n sigrZis Sto ( wÍn ). 

marTlac: davuSvaT winaaRmdegi. lokalurad sasrulobis gamo +

0t  simravle sasrulia.  

vTqvaT },,{ 002010 mtttt 2=+  da vTqvaT mttt 00201 ,,, 2  wveroebidan gamosuli maqsimaluri sigrZis 

Stoebis sigrZeebia mlll 00201 ,,, 2 , maSin 0t  wverodan ar iarsebebs 2},,,max{ 00201 +mttt 2  

sigrZis Sto. rac Teoremis pirobas ewinaaRmdegeba. e.i. arsebobs 01 tt ¸  wvero (radgan T 

xea is ar Seicavs cikls, e.i. { t0 ,t0}ÎT }) iseTi, rom 1t -dan gamodis nebismieri n sigrZis 

Sto wÍ"n -Tvis. zogadobis daurRvevlad SeiZleba vigulisxmoT, rom es gzebi 1t -is 

`zemoT~ iqneba, anu ar gaivlian 0t -ze. ganvixiloT axla }{\ 01 tt+  simravle, analogiurad 

¶ 

¶ 

¶ ¶ 

¶ ¶ 

¶ ¶ 
¶ ¶ 

¶ 
¶ 

¶ 

¶ 

¶ 

¶ ¶ ¶ 

¶ ¶ ¶ ¶ 

¶ ¶ 

t5 

t4 

t3 

t2 

 
t1 

t0 

}{\ 12 tt+  

}{\ 01 tt+

+

2t
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avarCioT iqedan 2t  elementi, romlidanac kvlav gamodis nebismieri n wÍn( ) sigrZis 

`zemoT~ mimavali gza da a.S. induqciiT.  

cxadia 2,,, 210 ttt  mimdevroba saZiebeli usasrulo Stoa T xeSi. r.d.g.  

 

SeniSvna: lokalurad sasrulobis moTxovna xeSi aucilebelia . 

marTlac, Tuki SesaZlebelia, rom T xe Seicavdes Tundac erT 

usasrulo xarisxis mqone wveros, maSin Teoremas adgili ara aqvs. 

kontrmagaliTi  gamosaxulia nax. 2 -ze. am xis 0v  fesvidan gamodis 

1 sigrZis Sto; 2 sigrZis Sto da a.S. nebismieri n sigrZis  Sto, 

Tumca is ar Seicav s usasrulo Stos.  

  

moviyvanoT kionigis Teoremis cota gansxvavebuli versia damtkicebiTurT. igi 

a.xaraziSvilis qvemoTmiTiTebuli wignidanaa aRebuli.  

   Teorema (kionigi). vTqvaT, mocemulia usasrulo, lokalurad sasruli, bmuli  (V,E) 

grafi. maSin am grafis nebism ieri wverodan gamodis misi romeliRac wiboebisagan 

Sedgenili usasrulo jaWvi.  

   damtkiceba .DaviRoT ( V,E) grafis nebismieri v wvero da yoveli naturaluri  n 

ricxvisaTvis ganvsazRvroT V(n) rogorc grafis yvela im u wveroTa simravle, 

romlebic SeerTebadia v-sTan w iboebis n sigrZis mqone  umoklesi jaWviT. Teoremis 

pirobidan gamomdinareobs, rom V(n) simravleebi sasrulia, wyvil -wyvilad ar 

TanaikveTebian da maTi gaerTianeba gvaZlevs mTel V -s. amasTan erTad, gvaqvs V(0) = {v}. 

axla E(n) simboloTi aRvniSnoT umoklesi sigrZis mqone jaWvebis simravle, romlebic  v = 

v(0) wveros V(n) simravlis wveroebTan aerTeben. cxadia, E(n) simravleebic sasrulia. 

amitom SegviZlia aviRoT e(1)ÍE(1) wibo, romelic Sedis v(0)-dan gamomavali ragind didi 

sigrZis mq one jaWvebSi. aRvniSnoT v(1)ÍV(1) simboloTi e(1) wibos wvero. Semdeg aviRoT 

e(2)ÍE(2) wibo, romelic Sedis v(1)-dan gamomavali ragind didi sigrZis mqone jaWvebSi. am 

procesis induqciuri gziT gagrZelebis Sedegad miviRebT v-dan gamomaval  

                                  (e(1), e(2), e(3), . . . , e(n), . . . ) 

usasrulo jaWvs, risi damtkicebac gvindoda.  

   mkiTxvels vurCevT, gaanalizos es damtkiceba da daadginos, amorCevis aqsiomis 

romeli forma da sad iyo gamoyenebuli moyvanil msjelobaSi.  

 

tolZalovani, tolf asi  anu ekvivalenturi  

simravleebi  

  

¶ 

¶ 

¶ 

¶ 

¶ 

¶ 

¶ ¶ 

v0 

n 

n 

1 ¶ 

¶ 

¶ 

2 

3 

nax. 2 
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A da B simravles ewodeba tolfasi (tolZalovani, ekvivalenturi , tolbevri ) 

simravleebi Tu arsebobs urTierTcal saxa Sesabamisoba  

BAf ½½
-11

: . 

am or simravles Soris  da am faqts  BA~ -CanaweriT aRniSnaven.  

Sasrul i simravleebisaTvis  `A da B tolfasia~ igives niSnav s, rom `am simravleebSi 

elementebis erTidaigive raodenobaa~.  

magaliTad [0,1] segmenti [0,2] segmentis tolZalovania, radgan asaxva xxf 2)( =  

amyarebs maT Soris u.c. Sesabamobas.  

 

amocana 0. daamtkiceT, rom BA~  ufro sworad ~ mimarTeba eqvivalenturobis 

mimarTebaa. 

 

amocana 1. daamtkiceT rom nebismieri a, b, c, d namdvili ricxvebisaTvis, Tu ba<  da 

dc< , maSin ),( ba  da ),( dc  intervalebi tolZalovania.  

 

amocana 2. daamtkiceT, rom sibrtyeze nebismieri ori wrewiri tolZalovania.  

 

amocana 3. daamtkiceT, rom sibrtyeze nebismieri ori wre tolZalovania.  

 

amocana 4. daamtkiceT, rom ]1,0(~)1,0[ . 

 

amocana 5. daamtkiceT, rom ),0(~)1,0( +¤. 

 

vTqvaT X da Y raime simravleebia, maSin xY -iT aRiniSneba simravle }::{ YXff   anu 

X-idan Y-Si yvela funqciaTa simravle.  

vaCvenoT, rom es simravlea. r ogorc vic i T,  f : X  Y igivea rac  ),,( YXGf f=  da fG  

funqcio naluria YX³ -Si.  radgan Gf Ë X ³ Y da   Gf Í P(X ³ Y), amitom 

}{}{)( YXYXPf ³³³Í . axla gamoyofis aqsiomiT, cxadia, iarsebebs simravle  
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 f

x GYXYXPfY :}{}{)({ ³³³Í=  funqcionaluri grafikia YX³ -Si  da ),,( YXGf f= }. 

am ganmarteb is mixedviT w}1,0{  iqneba 0 da 1 ricxve bisagan Sed genil yvela 

mimdevrobaTa  simravle. radgan 2}1,0{ = . amitom ww 2}1,0{ = . aseve 2X iqneba simravle yvela 

}1,0{: Xf  tipis funqciebisa.  

 

Teorema. nebismieri X simravlisaTvis )(XP  da 2X  tolZalovani simravleebia.  

 

damtkiceba . yovel )(XPAÍ  (anu )XAË  simravles SevusabamoT x

Af 2Í  funqcia 

Semdegnairad 
í
ì
ë

Î

Í
=

At

At
tfA

 Tu

 Tu

  0

   1
)( . (aseT funqcias A qvesimravlis maxasiaTebeli funqcia 

ewodeba). anu ganvsazRvroT Sesabamisoba xXPg 2)(:   Semdegi tolo biT AfAg =)( . vaCvenoT 

rom g bieqciaa.  

marTlac. vTqvaT BA¸  da XBA Ë, . maSin arsebobs BAt \0Í  (an arsebobs BAt \0Í ) e.i. 

t0ÍA & t0ÎB e.i. 1)( 0 =tfA  da 0)( 0 =tfB . amitom Af  da Bf  sxvadasxva funqciebia: BA ff ¸ . e.i. g 

inieqciaa. vaCvenoT axla, rom g siureqciacaa. anu yoveli xf 2Í  funqciisaTvis 

moiZebneba XAË  qvesimravle iseTi , rom  ffA= . vTqvaT xf 2Í  ganvsazRvroT A simravle 

tolobiT }1)(:{ =Í= tfXtA . cxadia, rom am simravlis Sesabamisi maxasiaTebeli funqcia 

f-is tolia. r.d.g.  

 

Sedegi . ww 2~)(P  anu naturalur ricxvTa simravlis yvela qvesimravleTa simravle, 

0 da 1 -ebisagan Sedgenil yvela mimdevrobaTa simravlis eqvivalenturia.  

vTqvaT, mocemulia ori da A da B simravle. logikurad sazogadod SesaZlebelia 

mxolod oTx i SemTxveva: 

a) arsebobs inieqciuri funqcia A-dan B-Si da ar arsebobs inieqciuri funqcia (inieqcia) 

B-dan A-Si.  

b) arsebobs inieqcia  B-dan A-Si  da ar  arsebobs inieqcia A-dan B-Si.  

g) arsebobs inieqcia A-dan B-Si da arsebobs inieqcia B-dan A-Si.  

d) ar arsebobs inieqcia arc A-dan B-Si da arc B-dan A-Si.  

 

a) SemTxvevaSi amboben, rom A simravlis simZlavre (an kardinaluri ricxvi naklebia B 

simravlis simZlavreze (an kardinalur ricxvze) da amas ase weren:  
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|||| BA< . 

Tu mxolod isaa cnobili, rom arsebobs ineqcia A-dan B-Si, maSin vwerT |||| BA¢ . 

b) SemTxvevaSi cxadia davwerT: |||| AB< . 

g) SemTxvevaSi, e.i. gvaqvs  

                                           |||| BA¢  da |||| AB¢ .  

magram es avtomaturad srulad ar niSnavs imas, rom  

                                   |||| BA= ,                         (*)  

anu imas, rom samarTliania implikacia  

                                        ||||||||&|||| BAABBA =Ý¢¢ . 

Tumca * toloba g ) SemTxvevaSi sworia, da Sesabamis (kantor -bernSteinis) Teoremas 

qvemoT davamtkiceT.  

rac Seexeba d) SemTxvevas, cermelos aqsiomis ( AC) gamoyenebiT mtkicdeba, rom d) 

SemTxvevas adgili ara aqvs. anu nebismieri A da B simravlisaTvis samarTliania samidan 

erT -erT i debuleba:  

 

                      |||| BA< ,  |||| AB<  an   |||| BA= anu 

                        |||||||||||| BAABBA =Ù<Ù<   **  

** debulebas trixotomiis Tvisebas uwodeben. rogorc vTqviT **ÝAC . ufro metic.  

alfred tarskim daamtkica, rom  

 

**ÚAC . 

 

e.i. tarskim daamtkica, rom winadadeba: `ori kardinaluri ricxvidan an erTia meoreze 

naklebi an meore pirvelze naklebi. an kidev es kardinalebi tolia~ cermelos aqsiomis 

eqvivalenturia simravleTa ZF TeoriaSi. rogorc adre iyo naTqvami ZF-iT aRiniSneba 

simravl eTa Teoria amorCevis aqsiomis gareSe (am aqsiomiTurT simravleTa Teorias ZFC-

iT aRvniSnavT).  

axla ki davamtkicoT simravleTa Teoriis erTerTi mniSvnelovani kantor 

bernSteinis Teorema.  
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Teorema (kantor bernSteinis).  Tu A da B nebismieri ori simravlea arsebobs u.c. 

asaxva B-dan A-Si, maSin arsebobs u.c. A da B simravleebs Soris.  

anu 

||||||||&|||| BAABBA =Ý¢¢ . 

damtkiceba . vTqvaT          BBAf Ë½½
-

1

11
:    da  AABg Ë½½

-

1

11
: . ix. N naxazi  

 

 

e.i. 1)( BAf ¹  da 1)( ABg ¹ . 

  ganvixiloT ))(( Afg  simravle, romelic 

aRiniSneba 2A -iT.  

 

 

radgan 
2

))((~)(~
A

AfgAfA , amitom 2~ AA . xolo radgan 1~ AB . SeiZleba zogado bis 

daurRvevlad Tavidanve gvegu lisxma, rom ABË . ufro zustad Teoremis 

dasamtkiceblad sakmarisia davamtkicoT, rom Tu  

AAAA =ËË 012  da 20 ~ AA , maSin 210 ~~ AAA . 

vTqvaT 20: AAf   amyarebs urTierTcalsaxa Tanadobas 0A  da 2A  simravleebs Soris. 

cxadia am asaxviT 0A  gadadis 2A -Si. maSin misi qvesimravle 01 AA Ë  gadava 

urTierTcalsaxad 2A -is raime 23 AA Ë  qvesimravleSi, Tavis Tavad 2A  gadava kidev ufro 

mcire raime 34 AA Ë  simravleSi.  anu gveqneba  

      )()()( 210210 AfAfAfAAA ÈÈÝÈÈ  da ase Semdeg.  

rac imas niSnavs, rom      432 AAA ÈÈ È . . . An È . . .  

e.i. miviRe T simravleTa Ë mimarTebis mimarT usasrulod klebad i mimdevroba . 

 

 

 

 

 

A2 

A1 

A g 
f 

B1 

B 

= ))(( Afg  

 

f(A) 

3ÈÈÈÈÈÈ 543210 AAAAAA
f f 

f f 
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sadac 2)( += ii AAf , NiÍ . 

aRvniSnoT 100 \ AAC = , 1211 \,\ +== iii AACAAC 3  

            1
Ni

iAC
Í

=  

cxadia, rom 2,,, 10 CCC  simravleebi diziunqturia da  

                 0ACC
Ni

i =ö
÷

õ
æ
ç

å

Í

88 . 

radgan arcerT iC -Si ar moxvdeba 0A -is is da mxolod is 

elementebi, romlebic yvela iA -s ekuTvnian.  

cxadia, rom  

      3½½½½½½
fff

CCC 420  

     3½½½½½½ 531 CCC
ff  

marTlac == +)\()( 1iii AAfCf  radgan f inieqciaa  

   21321 \)(\)( ++++ === CAAAfAf iiii . 

 

axla cxadia, Tu rogor unda avagoT u.c. Tanadoba h 0A  da 1A  simravleebs Soris. 

(ix. sqema) 

 

    

CCCCCA

CCCCCCA

838

;;;

838

43211

432100

          

                                                      

ÇÇÇ=

ÇÇÇÇ=

 

anu 

î
î

í

î
î

ì

ë

ÇÍ

Í

=

Í
+

Í

8

8

Nk
k

Nk
k

CCxx

Cxxf

xh

.       

  )(

)(

12

2

  Tu

  Tu

 

Sedegi . Tu mocemulia raime U simravle, da mis A da B qvesimravleebs Soris 

ganvsazRvravT binarul mimarTebas *¢  eqvivalentobiT: ` Ú¢BA *  arsebobs inieqcia A-

dan B-Si~. maSin  *¢ dalagebis mimarTebaa. )(UP -simravleze.  

A0 
A1 

A2 

A3 

A5 

C0 

C1 

C2 

C3 

C 
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damtkiceba . refleqsuroba da tranzituloba cxadia. a nti simetriuloba ki, A da B 

simravleebisaTvis, kantor -bernSteinis Teoremidan gamomdinareobs.  

Kkantor -ber nSteinis T eorema Zalian amartivebs simrav leTa tolZalovnebis 

damtkicebebs.  

 

magaliTi 1 . daamtkiceT, rom )1,0(~]1,0(~)1,0[~]1,0[ . 

magaliTi 2 . nebismieri ori mravalkuTxedi tolfasi simravlea.  

magaliTi 3 . nebismier i tori da nebismieri birTvi tol fasi simravle a. 

magaliTi 4 . nebismieri ori sxeuli samganzomilebian sivrceSi, romelTac erTi mainc 

Siga wertilSi aqvs (TiToeuls). tolfasia.  

 

Teorema (kantori) . Tu X nebismieri simravlea, maSin  

)(|| XPX < . 

damtkiceba . jer davamtkicoT, rom )(|| XPX ¢ . 

ganvsazRvroT inieqcia )(: XPXf   Semdegnairad:  

}{)( xxfXx =ÝÍ , radgan { x} Ë X elementia   P(X) - isa ,  e.i. )(|| XPX ¢ . 

axla davamtkicoT, rom ar arsebobs bieqcia X da )(XP  simravleebs Soris.  

ufro metic davamtkicoT, rom ar arsebobs siureqcia X -dan )(XP -ze. davuSvaT 

winaaRmdegi vTqvaT )(: XPXj  siureqciaa.  

vTqvaT XxÍ , maSin Xx Ë)(j   da   )(xx jÍ Ù )(xx jÎ . ganvixiloT simravle  

                :{ XxA Í= )}(xx jÎ                        (1) 

radgan XAË  da )(: XPXj  si ureqciaa. amitom arsebobs XyÍ  elementi iseTi, rom  

                                      Ay =)(j                                                          (2) 

maSin (1) da (2) orive formulis gamoyenebiT gveqneba erTis mxriv     

                               yÍ A  Ý  y Î j (y) Ý  yÎ A   

meores mxriv ki                
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                                yÎ A Ý  y Í j (y) Ý  yÍ A                     

implikaci ebi , anu samarTliania                   

                                     yÍ A  Ú  yÎ A 

ekvivalentoba. rac aSkara winaaRmdegobaa.   

amrigad, ar arsebobs siureqcia X -dan )(XP -ze. amiT kantoris Teorema 

damtkicebulia.  

 

 

Tvladi simravleebi  

 

A simravles ewodeba Tvladi, Tu is N simravlis tolZalovania. anu Tu NA~ . 

cxadia, rom am SemTxvevaSi arsebobs bieqcia ANf ½½
-11

: . Tu aRvniSnavT ),0(0 fa =  

22 ),(,),1(1 iafa i=  miviRebT, rom ,0a  22 ,,, 21 iaaa  mimdevrobaSi moTavsdeba A simravlis 

elementebi da mxolod isini. am asTan f-is bieqciurobis gamo gansxvavebul indeqsebiani 

wevrebi am mimdevrobaSi gan sxvavebulebi iqnebian erTmaneTi sagan. anu:  

,ji aaji ¸Ú¸   Nji Í, . 

aseT mimdevrobas A simravlis gadaTvlas,  uwodeben da amboben, rom  A  simravle 

warmodgenilia   Niia Í)(  inieqciuri mimdevrobis saxiT.  

 

Teorema 1. Tvladi simravlis nebismieri qvesimravle, sasruli an Tvladia.  

 

damtkiceba . vTqvaT A Tvladia da ABË . Tu B sasrulia, maSin Teorema samarTliania. 

vTqvaT B usasruloa. warmo vadginoT A simravle },,,{ 210 3aaaA=  inieqciuri ojaxis 

saxiT. 0i  iyos is umciresi indeqsi, rom Sesruldes piroba Bai Í0
; 1i  iyos is umciresi 

naturaluri ricxvi }{\ 0iN  simravlidan, romlisTvisac Bai Í1
; da a.S. induqciiT 1+ni  

iyos is umciresi naturaluri ricxvi },,1,0{\ nN 3  simravli dan romlisTvisac 

marTebulia Ba
ni
Í

+1
 formula.  

amgvarad Cven miviRebT 2,,,
210 iii aaa  inieqciur mimdevrobas, romelic B simravlis 

gadaTvlas warmoadgens. e.i. B Tvladia.  
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Teorema 2. nebismieri usasrulo simravle Seicavs Tvlad qvesimravles.  

 

damtkiceba . Tu A usasruloa, maSin A aracarielia, e.i. masSi arsebobs Aa Í0 . A-s 

usasrulobidan isic gamomdina reobs, rom  }{\ 0aA  simravlec aracarielia . avirCioT 

aqedan raime 1a Í }{\ 0aA  elementi da a.S. Tu ukve arCeulia naaa ,,, 10 2  da elementebi 

)( NnÍ , maSin 1+na  iyos },,,{\ 10 naaaA 2  simravlis nebismieri elementi. e.i. induqciurad 

ganisazRvreba 2,,, 210 aaa  mimdevroba. cxadia },,,{ 10 naaaB 2=  `mimdevroba~ A simravlis 

qvesimravles warmoadgens da isic cxadia, rom Niia Í)(  aris B simravlis gadaTvla, anu B 

aris A simravlis Tvladi qvesimravle.  r.d.g.  

 

Teorema 3. sasrul an Tvlad simravleTa sasruli an Tvladi gaerTianeba, sasruli 

an Tvl adia.  

 

damtkiceba . cxadia, rom sasrul simravleTa sasruli gaerTianeba sasrulia. a) 

vTqvaT },,,{ 10 nAAA 2  Tvlad simrav leTa sasruli ojaxia. radgan TiToeuli iA  ni¢¢0  

Tvladia , arsebobs maTi gadaTvlebi:  

 

.,,,

          
;,,,

                

;,,,
                

;,,,

210

2221202

1211111

0201000

2

2

2

2

nnnn aaaA

aaaA

aaaA

aaaA

-
®®®

------------
-

®®®

-
®®®

-

 

 

Tu w³+)1()( nija  matricis jer 0 -ovan svets gadavnomravT, mere 1 -svets da a.S. Tanac 

ganmeorebiT elementebs amovyriT (Tu aseTebi Segvxvdeba), miviRebT 8
n

i
iA

0=

 simravlis  

gadaTvlas.  

b) vTqvaT },,{ 10 2BB  sasrul simravleTa Tvladi ojaxia. CavweroT:  

 iB -s elementebi i-ur striqonSi:  
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-------------------

-

-

-

2

1

0

22221202

11211101

00201000

,,,

,,,

,,,

n

n

n

bbbbB

bbbbB

bbbbB

2

2

2

 

 

da gadavnomroT 8
n

i
iB

0=

 gaerTianebis elementebi isrebis mimarTulebiT elementeb is 

amoweriT da ganmeorebiTi ele mentebis ugulebelyofiT. Sedegad miiReba 8
n

i
iB

0=

 

simravlis gadaTvla da maS es simravlec Tvladia.  

g) vTqvaT axla wÍiiA )(  simravleTa Tvladi ojaxia. yoveli ii  simravle 

warmovadginoT  

},,,{ 210 2iiii aaaA =  

inieqciuri ojaxis saxiT da Cavw eroT miRebuli ormxrivad usasrulo  matrica da 

amoviweroT gansxvavebuli elementebi  

 

 

                 ------------------

-

-

-

-

2

2

2

2

333231303

232221202

131211101

030201000

   

   

   

   

aaaaA

aaaaA

aaaaA

aaaaA

                  (*) 

 

isrebis miTiTebuli mimarTulebiT `moZraobisas~. Tu am amoweris procesSi 

ganmeorebiT elementebs (romlebic SeiZleba iyos) ugulebelvyofT, maSin miviRebT 8
wÍi

iA  

ojaxis elementebis gadaTvlas. r.d.g.  

 

SeniSvna. a) b) da g) SemTxvevebi Cven moviyva neT am SemTxvevaTa ufro dawvrilebiTi 

ganxilvisaTvis. Torem wina Teoremis damtkiceba ufro mokled SeiZleboda:  

 

damtkiceba II . jer ganvixiloT is SemTxveva, roca wÍiiA )(  aris Tvlad simravleTa 

Tvladi da diziunqturi ojaxi. maSin (*) matricis TiToeuli elementi meoresagan 
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gansxvavebulia da isriT mocemuli ñmimarTulebiT ò am elementebis amowera mogvcems 

8
wÍi

iA  simravlis  

a00, a01, a10, a20, a11, a02, a03, a12, . . .  

gadaTvlas. e.i. 8
wÍi

iA  Tvladi simravlea.  

Tuki axla wÍiiB )(  aris sasrul an Tvlad simravleTa sasruli an Tvladi ojaxi (e.i. 

dasaSvebia, rom zogierTi  Bi (iÍw) sasrulic iyos . dasaSvebia isic, rom ji BB =  maSinac 

ki roca ji ¸ ), maSin cxadia iarsebebs inieqcia  

88
ww ÍÍ


i

i
i

i ABh :  

da radgan ö
÷

õ
æ
ç

å

Í

8
wi

iBh  simravle Tvladi 8
wÍi

iA simravlis qvesim ravlea igi Teorema 1 -is 

ZaliT sasruli an Tvladi  iqneba. amitom cxadia Tavad 8
wÍi

iB  simravlec sasruli an 

Tvladi  iqneba.  r.d.g.  

 

SeniSvna. am Teoremis dasamtkiceblad aucilebelia cermelos aqsiomis gamoyeneba da 

Cvens damtkicebaSic es aqsioma farulad iyo gamoyenebuli. kerZod: TiToeuli iA  wÍi  

simravle Tvladia, magram misi gadaTvla 2,,, 210 iii aaa  mimdevrobis saxiT bevrnairadaa 

SesaZlebeli. Cven ki yoveli i-saTvis, iA
N  mimdevrobaTa simravlidan mxolod erTs, 

nebismiers virCevT.  amitom (*) mat ricis arseboba amorCevis aqsiomi Ta uzrunvelyofili.  

Tu (*) ormxrivad usasrulo cxrilis miTiTebuli mimarTulebiT `moZraobisas~ ara 

elementebs, aramed mxolod indeqsebs amovwerT, maSin moviRebT NN³  anu 2N  

simravlis elementebis gadaTvlas. amrigad samarTliania.  

 

Sedegi . 2N  da N simravleebi erTmaneTis eqvivalenturia. sainteresoa, rom 2N  da N 

simravleebs Soris urTierT calsaxa Sesabamisoba martivi , cxadi saxis,  formuliTac 

SeiZleba iqnes Cawerili. kerZod, samarTliania Semdegi Teorema.  

 

Teorema 4. f(m,n)=2
m
(2n+1)-1 ori naturaluri cvladis funqcia amyarebs u.c. 

Sesabamisobas 2N  da N simravleebs Soris.  

damtkiceba . ganvixiloT )12(2),( += nnmg m  funqcia da vaCvenoT, rom is bieqcia a 2N

Nda }0{\N  simravleebs Soris, marTlac vaCvenoT, rom  
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),(),(),(),( 22112211 nmnmnmgnmg =Ý= . 

cxadia, rom  

         Ý+=+Ý= )12(2)12(2),(),( 2
2

1
1

2211 nnnmgnmg
mm  

          21212121 &)1212(&)( nnmmnnmm ==Ý+=+=Ý  e.i. 

         ),(),( 2211 nmnm = .  anu }0{\: 2 NNg   funqcia inieqcia a. 

axla vaCvenoT, rom g asaxva siureqciacaa. vTqvaT 1²k  raime naturaluri ricxvia . 

gavyoT is 2 -ze Semdeg miRebuli kvlav gavyoT 2 -ze da a.S. sanam gaiyofa aRvniSnoT km -

iT 2 -is is udidesi xarisxi, romelic yofs k-s. cxadia k-s km
2 -ze gayofis Sedegad 

darCeba raime kenti 12 +kn  ricxvi, e.i. nebismieri 1²k  ricxvisaTvis, m oiZebna km , kn  

naturaluri ricxvebi iseTi, rom  

                            Ὧ=  2άὯ(2ὲὯ  + 1) ,  

amitom  g  funqcia siureqcia da e.i. bieqcia c yofila . 

cxadia, rom 1)( -=nnh  funqcia amyarebs u.c. Tanadobas }0{\N  da N simravleebs 

Soris ( ix. diagrama ). 

 

2

2

,3,2,1,0

4,3,2,1
:h  

 

anu gvaqvs diagrama  

 

 

                                

 

da radgan bieqciaTa kompozicia bieqciaa, amiT Teorema damtkicebulia.  

 

Teorema 5. nebismieri 1²k  naturaluri ricxvisaTvis NNk ~ . 

 

damtkiceba . Tu 1=k , maSin mmf =)(1  igivuri funqcia amyarebs bieqcias.  

N ³N 

N \ {0} 

g h 

N 
f 
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Tu 2=k , maSin 1)12(2),(2 -+= nnmf m  bieqciaa 2N  da N simravleebs Soris.  

davuSvaT, rom raime naturaluri 1²k  ricxvisaTvis gvaqvs bieqcia NNf k

k ½½
-11

: . 

maSin cxadia, rom 1+kf  funqcia gansazRvruli tolobiT:  

 

)),,,,((),,,,( 12121211 +++ = kkkkkk nnnnffnnnnf 22  

 

iqneba bieqciaa 1+kN  da N simravleebs Soris  rogorc bieqciaTa kompozicia . 

 

Teorema. yvela racionalur ricxvTa Q simravle Tvladia.  

 

damtkiceba . vTqvaT +Q  yvela dadebiT racionalur ricxvTa simravlea da +ÍQr  

raime dadebiTi racionaluri ricxvi a. cxadia is erTaderTi saxiT warmodgeba 
n

m
r =  

ukveci wiladis saxiT, sadac m da n naturaluri ricxvebia, SevusabamoT am r ricxvs 
2N  simravlis ( m, n) elementi. cxadia es DSesabamisoba aris inieqcia +Q -dan 2N -Si. e.i. 

+Q sasruli an Tvladia da radgan sasruli araa e.i.  Tvladia.  

cxadia, rom Tu -Q  aRniSnavs yvela uaryofiT racio nalur ricxvTa simravles, maSin 

arsebobs umartivesi bieqcia 1

11
: QQf ½½

-

+  gansazRvruli formuliT: rrf -=)( . e.i. _Q  

simravlec Tvladia. da radgan sasruli an Tvladi simravleebis sasruli an Tvladi 

gaerTianeba sasruli a n Tvladia amitom  

}{oQQQ 88 -+= , 

simravlec Tvladia.  

 

Teorema7. naturalur ricxvTa simravlis yvela sasrul mimdevrobaTa simravle 

Tvladia.  

 

damtkiceba . aRvniSnoT naturalur ricxvTa simravlis yvela sasrul mimdevrobaTa 

simravle A asoTi: cxadia:  

88
¤

=

=Í=
0

}:{
k

kk NNkNA . 
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amitom A Tvladi simravlea.  

 

SeniSvna. 0N  ganmartebis Tanaxmad esaa yvela funqciebis simravle Å-dan N-Si. aseTi 

funqciis grafiki (Sesabamisi wyvilTa simravle) carielia da amitom es funqcia ganmar -

tebiT emTxveva Semdeg sameuls ( Å,Å, N). anu aseTi funqcia erTaderTia da e.i. ¯N  erT 

elementiani simravlea.  

 

wina TeoremaSi, ra Tq ma unda, araa aucilebeli vilapa rakoT maincdamainc 

nat uralur ricxvebze. magaliTad ana logiurad SeiZleba davamtkicoT, rom qar Tul 

enaze gadmocemul, realurad arsebul Tu yvela SesaZlo, teqstTa simravle Tvladia. 

imitom, rom alfabeti sasrulia da TiToeul i teqst i warmoadgens am alfabetis 

simboloTa sasrul mimdevrobas.  

teqstTa simravle maSinac Tvladi iqneba Tu alfabeti Tvladi iqneba. mag . qarTuli 

ena gamdidrebuli maTematikuri aRniSvnebiT. msgavsad amisa Tvladi iqneba yvela 

kompiuterul programaTa simravle da a.S.  

 

ganmarteba. namdvil ricxvs ewodeba algebruli, Tu is warmoadgens 

mTelkoeficientebiani, aranulovani mravalwevris fesvs.  

 

Teorema 8. yvela algebrul ricxvTa simravle Tvladia.  

 

damtkiceba . yoveli algebruli mravalwevri calsaxad ganisazRvreba m Tel ricxvTa 

sasruli mimdevrobiT (mag: 5x
4
-3x

2
+7x-9=0 mravalwevri calsaxad ganisazRvreba                       

(5, 0, -3, 7, -9) sasruli mimdevrob iT) aseT mimdevrobebis simravle ki  rogorc viciT  

Tvladia. e.i. yvela algebrul mravalwevrTa simravlec Tvladia. amasTan erTad, 

TiToeul algebrul mravalwevrs aqvs fesvTa sasruli raodenoba. amitom yvela 

algebrul ricxvTa simravle, rogorc sasrul simravleTa Tvladi gaerTianeba 

Tvladia.  

 

Teorema 9. yvela periodul wiladTa simravle Tvladia.  

 

damtkiceba (I) . yoveli perioduli wiladi racionaluri ricxvia.  
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damtkiceba (II) . yoveli perioduli aTwiladi SeiZleba Cai weros rogorc sasrul 

raodenoba simboloTa sasruli mimdevroba (mag.  wiladi 0,1212 12 ... SeiZleba Caiweros ase: 

0,(12)) maTi raodenoba ki Tvladia . 

 

Teorema 10. ricxvTa RerZze mocemuli yvela SesaZlo int ervalTa diziunqturi 

ojaxi ara umetes Tvladia.  

 

damtkiceba I . vTqvaT JjjIA Í= )(  aris R RerZis intervalTa raime diziunqturi ojaxi. 

cxadia yoveli jI  )( JjÍ  inter vali Seicavs erT mainc racionalur ricxvs. yoveli j-

saTvis J-dan jr  aRniSnavdes raime racionalur ricxvs jI  i ntervalidan. radgan 

intervalTa A ojaxi diziuqturia, amitom  

ji rrji ¸Ý¸ . 

amitom Jjjr Í)(  ojaxi iqneba inieqciuri ojaxi. radgan Qr Jjj ËÍ)( , amitom J araumetes 

Tvladi simravlea.  

 

damtkiceba II . vTqvaT 2,,, 210 qqq  aris Q racionalur ricxvTa simravlis ga daTvla da 

(I) damtkicebisagan gansx vavebiT jr  yoveli JjÍ  saTvis ganvsazRvroT rogorc jI  

intervalSi Semavali (ara nebismieri aramed) 2,, 10 qq  gadaTv laSi umciresi indeqsis 

mqone racionaluri ricxvi. cxadia Jjjr Í)(  ijaxi inieqciuri iqneba da amitom J iqneba 

araumetes Tvladi simravle.  

 

SeniSvna. advili SesamCnevia, rom (I) damtkicebis dros yoveli jr  JjÍ  airCeva 

usasrulo simravlidan nebismieri da Jjjr Í)(  ojaxis agebisas viyenebT cermelos 

aqsiomas. maSin roca II damtkicebaSi yoveli jr , konkretuli, calsaxad gansazRvruli, 

racionaluri ricxvia jI  intervalidan da amitom Jjjr Í)(  ojaxis ageba faqtiurad 

(cermelos amorCevis aqsiomis gareSe) xdeba.  

 

amocana 1. daamtkiceT, rom Tu sibrtyeze mocemulia rvianebis nebismieri 

diziunqtiuri simravle, maSin es simravle araumetes Tvladia. ecadeT daa mtkicoT ZF 

TeoriaSi. (miTiTeba: 2Q Tvladia).  
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amocana 2. daamtkiceT, rom namdvili cvladis funqciis mkacri lokaluri ma qsimumis 

wertilTa raodenoba ara umetes Tvladia.  

 

Teorema 11. Tu A usasrulo simravlea da B sasruli an Tvladi, maSin ABA ~8 . 

 

damtkiceba . zogadobas SeuzRudavad vigulisxmoT, rom A da B TanaukveTi 

simravl eebia. (marTlac winaaRmdeg SemTx vevaSi ganvixilavT A da AB \  simravleebs, 

romlebic TanaukveTebia, AB \  rogorc B-s nawili kvlav sasruli an  Tvladia da Tan 

adgili aqvs tolobas  )\( ABABA 88 = ).  

gamovyoT A simravleSi Tvladi S qvesimravle da SA \  aRvniSnoT T-iT. cxadia  

TSA 8=  da Å=TS1 . 

da garda amisa, samarTliania toloba  

BSTBA 888 = . 

cxadia, rom BS8  simravle Tvladia, rogorc araumetes Tvlad S da B simravleTa 

gaerTianeba. e.i. BS8  tolZa lovania T simravlis. amitom arsebobs bieqcia  

 

SBSf ½½
-11

: 8 . 

 

avagoT axla bieqcia ABAg ½½
-11

: 8  gansazRvruli Semdegi tolobiT:  

í
ì
ë

Í

Í
=

.       

  )(
)(

Txx

BSxxf
xg

 Tu

 Tu 8
 

e.i. ABA ~8 . r.d.g.  ix. nax.  

 

 

 

 

 

 

  

  

 

A 

B 

S 

T 

f 

A 

S 

T 
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amocana. gamoviyenoT  es konstruqcia da avagoT bieqcia [0, 1] da [0, 1) simravleebs. 

aseve [0, 1] da (0, 1) simravleebs Soris.  

cnobilma germanelma maTematikosma rihard dedekindma moiyvana usasrulo simravlis 

Semdegnairad gansazRvra:  

`A simravles ewodeba usasrulo Tu is tolZalovanma misi sakuTrivi qvesimravlis~.  

 

amocana. daamtkiceT, rom simravle usasruloa (e.i. araa sasruli) maSin da mxolod 

maSin, roca is usasruloa dedekindis azriT.  

 

ganmarteba. namdvil ricxvTa R simravlis simZlavres kon tinuumis simZlavre 

ewodeba. 

 

Teorema 12. [0, 1] tolZalovania N2  simravlisa.  

 

damtkiceba . nebismieri ]1,0[Ía  namdvili ricxvi warmoidgineba erTaderTi gziT  iseTi      

0,123,ȣ ,Ŭn,... usasrulo aTwiladis saxiT, romelSic nebismieri ia  aris cifri          

(e.i. iaÍ{0,1,2,3,4,5,6,7,8,9}) da romelSic ar gvxvdeba cifri 9 periodSi, garda erTad erTi 

SemTxvevisa, romelic  ricxvi  1-i s warmodgenasTanaa dakavSirebuli (1 = 0,(9)). yvela 

aseT aTwiladTa simravle aRvniSnoT A asoTi.  

e.i. gvaqvs 

            ὃ= 0,123,ȣḊ Ὥᶅɴ ὔ ɱ Ὦɴ ὔ Ὦ> Ὥ &  Ὦ 9 ᷾ 0, 9        da   ]1,0[~A . 

movaxdinoT A-Si Semaval aTwiladTa Cawera 0 da 1 simboloebisagan Semdgari 

kodebis saxiT:  

cifr 0 -s SevusabamoT 0000, 1-s SevusamaboT 0001 2-s Ł 0010, 3-s Ł 0011, 4-s Ł 0100, 5-s Ł 

0101, 6-s Ł 0110, 7-s Ł 0111, 8-s Ł 1000 da 9-s 1001. axla nebismier AaÍ  aTwilads 

SevusabamoT is aRwiladi, romelsac miviRebT a aTwiladisagan Tu masSi mZimis marjvniv 

moTavsebul cifrebs maTive kodebiT SevcvliT. magaliTad 0,1234(5) Łs SevusabamoT 

54321

)0101(0100001100100001,0 . cxadia, rom es Sesabamisoba urTierTcalsaxaa da amitom 

arsebobs inieqcia A simravlidan N2  simravleSi. e.i. arsebobs  inieqcia [0, 1] simravlidan 
N2  simravleSi. meores mxriv, Tu N2 -is nebismier 22 nbbbb ,,,, 210  elements SevusabamebT  

22 nbbb ,,,,0 21  aTwilads is warmoadgens garkveul ricxvs [0, 1] -dan calsaxad Cawerils 

(radgan yoveli ib tolia 0 -is an 1 -is da e.i. 9̧ ). es imas niSnavs, rom arsebobs inieqcia 
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N2 -dan [0,1] simravleSi. amitom kantor bernSteinis Teoremis Tanaxmad arsebobs bieqciac 

[0,1] da N2  simravleeebs Soris.  

 

Sedegi 1.  )(~ NPR . 

 

damtkiceba : wina damtkicebuli debulebebidan gvaqvs: )(~2~]1,0[~ NPR N ,  

amitom )(~ NPR . 

 

Sedegi 2 . [0,1] araTvladi simravlea.  

 

damtkiceba . radgan N2~]1,0[  da kantoris TeoremiT NN >2 . e.i. ar arsebobs u.c. 

Tanadoba [0,1] da N-s Soris. r.d.g.  

 [0,1] simravlis araT vladobis damtkiceba sxva meTodebiTac SeiZleba . wina Teorema 

mets amtkicebs da ufro  metad sxva kuTxiTaa saintereso. kerZod imiT, rom Turme 

maTematikis or ZiriTad N da R Ł naturalur ricxvTa da namdvil ricxvTa simravleebi s 

raodenobebs Sori s kavSiri ase SeiZleba Camoyalib des :  

 

`namdvili ricxvi imdenia, ramdeni qvesimravlec aqvs naturalur ricxvTa 

simravles ~. 

 

moviyvanoT [0,1] -is araTvladobis uSualo damtkicebebi.  

 

Teorema. [0,1] araTvladi simravlea.  

 

damtkiceba 2 . vTqvaT A wina TeoremaSi gansazRvruli simravlea anu A aris yvela im 

0,123,ȣ aTwiladTa simravle, sadac ia  cifrebia da ar gvxvdeba cifri 9 periodSi 

garda erTaderTi 1)9(,0 =  SemTxvevisa. rogorc viciT ]1,0[~A . 

davuSvaT axla winaaRmdegi da vTqvaT [0,1] Tvladia, maSin arsebobs misi gadanomrva 

2210 ,, aaa  mimdevrobis saxiT. TiToeuli )( Niai Í  warmovadginoT aTwiladis saxiT A-dan:  

2210 ,,,0 iiiia aaa=  
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da ganvixiloT axali t ricxvi 2210 ,,,0 ttt=  romelic isea gansazRvruli, rom iiit a̧ )( NiÍ . 

magaliTad 
í
ì
ë

=

¸
=

0  1

0  0

ii

ii

it
a

a

 Tu

 Tu
. cxadia, rom t-s i-uri aTwiladis niSani gansxvavdeba ia  

namdvili ricxvis i-uri aTwiladis niSnisagan da amitom it a̧ )( NiÍ . rac ewinaaRmdegeba 

imas, rom  2210 ,, aaa [0,1] simravlis gadanomr vaa. r.d.g.  

Tavis droze didi interesi gamoiwvia kantoris mier [0,1] simravlis araTvladobis 

damtkicebam, radgan es iyo pirveli damtkiceba imisa, rom arsebobs ori , konkretuli, 

gansxvavebuli sididis  usasruloba. moviyvanoT kidev er Ti naklebad gavrcelebuli 

damtki ceba [0,1]-is araTvladobisa, romelic kantoris Tavmoyril segmentTa principis 

gamoyenebiT miiReba. 

 

damtkiceba 3 . davuSvaT winaaRmdegi da vTqvaT 2210 ,, aaa  (*) [0,1] simravlis gadaTvlaa 

(gadanomrvaa) anu  

]1,0[},,{ 210 =2aaa . 

aviRoT [0,1] -Si ori Siga wertili 00 cb <  da davyoT ]1,[],[],0[]1,0[ 0000 ccbb 88=  sami segmentis 

gaerTianebad. cxadia. am sami qvesegmentidan 0a  ar ekuTvnis erTs mainc.  S0 iyos 

marcxnidan pirveli aseTi intervali. e.i.   a0ÎS0 . 

axla 0S -Si aviRoT 11,cb  )( 11 cb <  ori Siga wertili da davyoT am wertilebiT 0S  

kidev sam qvesegmentad 1S  iyos marcxnidan pirveli is qvesegmenti 0S -isa, romelsac ar 

ekuTvnis 1a . e.i.   a0ÎS0  da a1ÎS1.   

gavagrZeloT es procesi nebismieri n naturaluri ricxvisaTvis, miviRebT 

33 ÈÈÈÈÈ nSSSS 210  

[0,1]-is qvesegmentebis mimdevro bas, romelic Tavmoyril segmentT a usasrulo 

mimdevrobaa, amasTan ὲᶅ(ὥὲÎὛὲ) . Tavmoyril segmentTa principis Tanaxmad arsebobs 

wertili }:{
1

NnSSt n

n

n Í=Í
¤

=

11 . radgan t yoveli nS  segmentis elementia is ver iqneba 

vercerTi  ὥὲ  ricxvi. (*) mimdevrobidan.  

anu moiZebneba iseTi t ricxvi romelic araa  (*) gadaTv laSi, e.i. (*) gadaTvla ver 

amowuravs [0, 1] segments. miRebuli winaaRmdegoba amtkicebs, rom [0, 1] araTvladia.  

 

Teorema. Tu BA~ , maSin )(~)( BPAP . 

damtkiceba . BA~ . maSin arsebobs bieqcia BAf ½½
-11

: . yoveli AXË -Tvis aRvniSnoT 

X-is anasaxi f asaxvis mimarT ][ Xf -iT anu }:)({][ XxxfXf Í= . da ganvixiloT  
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)()(: BPAPF   gansazRvruli tolobiT ][)( XfXF = . cxadia, rom Tu AXË , maSin )(XF  

aris B-s qvesimravle, anu )(BP -s elementi.  

a) vaCvenoT, rom F asaxva inieqciaa. vTqvaT AXË , AYË  da YX ¸ . maSin zogadobis 

SeuzRudavad SegviZlia vigulismoT, rom arsebobs elementi YXx \0Í , e.i. Xx Í0  da 

Yx Î0 , e.i. ][)( 0 Xfxf Í  da ][)( 0 Yfxf Î . es ki imas niSnavs, rom ][][ YfXf ¸ . e.i. F inieqciaa.  

b) axla vaCvenoT, rom F sureqcia caa. vTqvaT )(BPZÍ , B simravlis raime qvesimravle a, 

cxadia, rom ][1 Zf -  simravle, romelic ganmartebiT }:)({ 1 Zzzf Í-  simravlea iqneba )(AP -s 

elementi da amave dros Sesruldeba ZZfF =- ])[( 1  toloba; radgan f bieqciaa. e.i. F 

siureqciaa.  

 

Teorema. Tu 2121 ~&~ BBAA , maSin 2211 ~ BABA ³³ . 

damtkiceba . vTqvaT Ὢ1: ὃ1

     1 1    
ựựựự ὃ2 & Ὢ2: ὄ1

     1 1    
ựựựự ὄ2  . ganvixi loT funqcia, romelic 

ganisazRvreba tolobiT FὪ(ὼ,ώ) ( ))(),( 21 yfxf= . cxadia, rom f asaxvaa 11 BA³  da 22 BA ³  

dekar tul namravlebs Soris. a) vaCvenoT rom f inieqciaa. marTlac vTqvaT ),(),( dcba ¸  

ori gansxvavebuli dalagebuli  wyvilia 11 BA³ -simravlidan. maSin ca¸  an db¸ . 1f  da 

2f -is bieqciurobis gamo gveqneba )()()()( 2211 dfbfcfaf ¸Ù¸ . amitom ))(),(())(),(( 2121 dfcfbfaf ¸  

da e.i. ),(),( dcfbaf ¸ . anu f inieqciaa. b) vaCvenoT axla f-is siureciuloba. vTqvaT 

22),( BAdc ³Í . advili SesamCnevia, rom ))(),(( 1

2

1

1 dfcf --  wyvili ele mentia 11 BA³ -dan da 

garda amisa  

 

                 
=-- ))(),((( 1

2

1

1 dfcff  (Ὢ1 Ὢ1
1 ὧ ,Ὢ2 Ὢ2

1 Ὠ ) = (ὧ,Ὠ)    . 

 

amitom f siureqcia c yofila  da maSasadame bieqciac.  

 

SeniSvna.  2~1/2~1 Ý³³ NN .  

 

anu Sebrunebuli debuleba araa samarTliani.  

 

Teorema.     nnii BBAABAi ³³³³Ý" 22 11 ~)~( . 

damtkiceba . vTqvaT nebismieri Ὥɴ {1,2,ȣ,ὲ}    ricxvisaTvis gvaqvs     iii BAf :  
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aRvniSnoT  

))(,),(),((),,,( 221121 nnn afafafaaa 22 ¹F . 

vaCvenoT, rom  F bieqcia nAA ³³21  da nBB ³³21  simravleebs  Soris:  

a) jer davamtkicoT, rom F ineqciaa. vTqvaT ),,,(),,,( 2121 nn aaaaaa ¡¡¡¸ 22 . 

 e.i.  

           Ὥɱ (ὥὭ ὥὭ
ᴂ) Ý ὭɱὪὭὥὭ ὪὭὥὭ

ᴂ Ý (Ὢ1 ὥ1 ,ȣ,Ὢὲ(ὥὲ)) (Ὢ1(ὥὭ
ᴂ),...,Ὢὲ(ὥὲ

ᴂ)) 

rac imas niSnavs, rom               

                          ),,,(),,,( 2121 nn aaaaaa ¡¡¡F̧F 22 . 

b) axla davamtkicoT, rom  F sureqciaa. marTlac. vTqvaT nn BBbbb ³³Í 22 121 ),,,( . 

maSin cxadia, rom  

    ( Ὢ1
1 ὦ1 ,ȣ,Ὢὲ

1 ὦὲ  )   ɴὃ1 × ȣ× ὃὲ    da     F  Ὢ1
1 ὦ1 ,ȣ,Ὢὲ

1 ὦὲ   = (ὦ1,ȣ,ὦ2). 

Sebrunebuli debuleba  rogorc viciT, swori araa. mag. 2=n , NN ³³ 2~1 , magram 

2/~1 . 

Sedegi . Tu nn BBAAA ===== 33 121 & , maSin miviRebT.  

nn BABA ~~ Ý .  

SeniSvna. am SemTxvevaSi Sebrunebuli debulebac sworia, e .i.  Tu    n 0       maSin 

 ὃ~ὄ Ú ὃὲ~ὄὲ. 

 

analogiurad mtkicdeba Semdegi Teorema.  

 

Teorema. NN BABA ~~ Ý , anu Tu BA~ , maSin am simrav leebis elementebisagan 

Sedgenili yvela mimdevrobaTa simravleebic tolZalovania,  

aq piriqiT araa swori. mag.  

2ὔ~ 3ὔ, magram 3/~2 , 

 

Teorema. kvadrati eqvivalenturia monakveTis anu ]1,0[~]1,0[]1,0[ ³ . 
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damtkiceba . rogorc wina Teoremis damtkicebaSi aRvniSneT, A~]1,0[ , sadac A aris 

iseT 221,,0 aa  aTwiladTa simravle, romelSic ar gvxvdeba 9 periodSi garda 

erTaderTi 0,(9) SemTxvevisa.  

vTqvaT ]1,0[Ía  da ]1,0[Íb . 

da vTqvaT 22 na aaaa 321,0=  da 22 nb bbbb 321,0=  aTwila debia A simravlidan, maSin 

]1,0[]1,0[),( ³Íba  elements Sevu sabamoT 

22 nnbababa 2211,0  

aTwiladiT gansazRvruli namdvili ricxvi [0,1] -dan. 

cxadia es Sesabamiso ba bieqciaa da amyarebs urTierT calsaxa Tanadobas ]1,0[]1,0[ ³  

kvadratsa da [0,1] monakveTs Soris.  

 

Sedegi 1 . RRR ~³ . 

 

damtkiceba . vTqvaT  Ὢ: 0,1  
    1 1    
ựựự  Ὑ   bieqcia. maSin ))(),(()),((Ĕ yfxfyxf =  amyarebs u.c. 

Tanadobas  

]1,0[]1,0[ ³  da RR³  simravleebs Soris, amrigad gvaqvs  

RRRRRR ³Ý³³ ~~]1,0[]1,0[~]1,0[~ . r.d.g.  

Sedegi . Tu  Ὧᶰ w\{0},      maSin a) ]1,0[~]1,0[ k ; b)  RRk ~ . 

 

damtkiceba . 

a) davamtkicoT induqciiT. Tu n = 1, 2, maSin viciT, rom debuleba WeSmaritia.  

davuSvaT [0,1]ὲ~ [0,1], maSin gveqneba:    [0,1]ὲ+ 1 = 0,1 ὲ× 0,1  ~  0,1 × [0,1] ~  [0,1]. 

b) mtkicdeba analogiurad.  

 

 

 

simravlis simZlavre, operaciebi simZlavreebze  
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simravlis simZlavris cneba g. kantorma SemoiRo 1895 wels da mas ase ganmartavda: 

M simravlis simZlavre, anu kardinali, es aris is obieqti, romelic darCeba simrav -

lisagan, Tuki mxedvelobaSi ar miviRebT M-is elementebis bunebas da M-is elementebs 

Soris dalagebis mimarTebas. xazs usvamda ra abstraqciis ormag moments kantori M-is 

simZlavres M  simboloTi aRniSvna.  

simZlavris am arazust cnebas erTgvarad avsebda ori simravlis simZlavreTa 

tolobis aseTi gansazRvra:  

A da B-s simZlavreebi tolia Ú arsebobs bieqcia A da B simravleebs Soris.  

kardinaluri ricxvis aseTi gansazRvra ar gvaZlevs saSualebas M -is qveS 

vigulisxmoT raime garkveuli obie qti. simravleTa TeoriaSi es obieqti Tavadac 

simravle unda iyos.  

jerjerobiT Cven visargeblebT simravlis simZlavris kantoriseuli gansazRvri T, 

mogvianebiT, ki Cven davazus tebT am cnebas da M -is qveS vigulisxmebT savsebiT 

konkretul simravles Ł kerZod iseT umcires ordinals (ordinalur ricxvs), romelsac 

d a M-s Sorisac arsebobs bieqcia.  

simravlis simZlavres, simravlis kardinalur ricxvs, kardinalsac uwodeben. 

ganvsazRvriT kardinalur ricxvTa jami.  

Tu A da B TanaukveTi simravleebia, maSin gansazRvriT BABA 8=+ . 

TanaukveTobis moTxovna am gansazRvrisas SeiZleba Tavidan aviciloT, radgan 

SeiZleba igive jami  ganvsazRvroT ase: }1{}0{ ³³=+ BABA 8 , sadac cxadia, rom }0{~ ³AA , 

}1{~ ³BB  da ( )( )Å=³³ }1{}0{ BA 1 . ganvsazRvroT aseve kardi nalur ri cxvTa xarisxis 

operacia tolobiT - 

                                  
()() B

B

AA =  . 

SegaxsenebT, rom BA  aris B-dan A-Si yvela gadasaxvaTa simravle.  

 

amocana. ipoveT ÅA  simravle, sadac A raime simravlea.  

 

                       kardinalur ricxvTa Tvisebebi.  

 

vTqvaT a, b da c kard inaluri ricxvebia, maSin samarT liania tolobebi:  
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1. abba +=+     komutatiuroba  

2. cbacba ++=++ )()(   asociatiuroba  

3. abba Ö=Ö    namravlis komutatiuroba  

4. cbacba ÖÖ=ÖÖ )()(   namravlis asociatiuroba  

5. cbcacba Ö+Ö=Ö+ )(   distributiuloba  

6. 21212211 & bbaababa Ö=ÖÝ==  

7. baba 22 =Ý=  

8. cbcb aaa Ö=+  

9. ccc baab Ö=)(        

10. cbcb aa Ö=)(         

1. Ł 7. Tvisebebi martivad damtkicdeba Tu am to lobeb s Sesabamisi simravleTa 

ekvivalentobebiT  SevcvliT.  

 

davamtkicoT  magaliTad 3. aviRoT iseTi A da B simravleebi, rom aA=  da bB = . 

abba Ö=Ö  tolobis dasamtkiceblad sakmarisia vaCvenoT ABBA ³³ ~ ekvivalentobis 

WeSmaritoba . marTlac advilad mowmdeba, rom  asaxva ),()),(( xyyxf =  ( AxÍ , ByÍ ) bieqciaa 

BA³  da AB³  simravleebs Soris.  r.d.g.  

 

8.-s damtkiceba . u.d. ὥὦ+ὧ = ὥὦɇὥὧ. 

vTqvaT aA= , bB = , cC =  da Å=BC1 .  davamtkicoT, rom  

                                  CBCB AAA ³~8 . 

vTqvaT CBAf 8Í . es imas niSnavs, rom    ACBf 8: . 

radgan f gansazRvrulia CB8 -ze, amitom is gansazRvru li iqneba calke B-ze da 

calke C-simravleeb zec. e.i. arseboben Seviw roebebi f funqciisa Sesabamisad B da C 

simravleebze: Bf|  da Cf| . e.i. f funqcias SevusabamoT wyvili ( Bf| , Cf| ). cxadia, B

B Af Í|  da 

C

C Af Í| , amitom CB

CB AAff ³Í),( | . e.i. Cven ganvsaz RvreT raRac CBCB AAAh ³8:  

Sesabamisoba tolobiT: ),()( || CB fffh = . 

kardinalur ricxvTa xarisxis formulebi  

 

 



60 

 

radgan Å=CB1 , amitom advilad mowmdeba, rom h Sesabamisoba urTierTcalsaxaa 

(SeamowmeT). 

 

9. tolobi s. damtkiceba . u.d.        ccc baab Ö=)( . 

davamtkicoT, rom CCC BABA ³³ ~)( . 

vTqvaT CBAf )( ³Í , e.i. BACf ³: . 

e.i. yoveli CxÍ -Tvis )(xf  aris raRac ( x-ze damokidebuli) konkretuli wyvili 

( ) AxgBAxhxg fff ÍÝ³Í )()(),( .  da Bxhf Í)( . e.i. C

f Ag Í  da C

f Bf Í  amitom Sesabamisoba j 

gansazRvruli tolobiT ),()( ff hgf =j  saZiebeli bieqciaa.  

ufro zustad yovel f-s SevusabamoT ),( 21 fprfpr AA  wyvili. SeamowmeT, rom 

Sesabamisoba ),()( 21 fprfprfg AA=  aris bieqcia  CCC BABA ³³ ~)( -s Soris.  

 

davamtkicoT 10 toloba  Ł   (ὥὦ)ὧ= ὥὦɇὧ. 

anu nebismieri A, B da  C simravleebisaTvis  vaCvenoT  CBCB AA ³~)(  eqvivalentobis 

WeSmaritoba . 

vTqvaT CBAf ³Í  anu ACBf ³: , e.i. f funqcia CB³  simravlis yovel ( x, c) elements 

SeuTanadebs. A simravlis raime ),( cxf  elements. davafiqsiroT   c Í C  wertili. maSin 

),()( cxfxfc =  iqneba erTi cvladis funqcia, romelic B simravles asaxavs B simravleSi. 

e.i. yoveli c Í C  -Tvis B

c Af Í . 

Sesabamisoba cfc  gvaZlevs raRac funqcias CB

f A )(Í-F , romelic nebismieri CcÍ -

Tvis gamoiTvleba ase: .  Ff (c) =fc  (  Íὃ
ὄ) 

vaCvenoT axla, rom Sesabamisoba ff F  amyarebs u.c. Tanadobas CBA ³  da CBA )(  

simravleebs Soris.  

a) vTqvaT 21 ff ¸  ori funqciaa CBA ³ -dan. es imas niSnavs, rom CB³  simravlis romelime 

),( 00 cx  elementze gansxvavdebian, e.i. ),(),( 002001 cxfcxf ¸  anu )()( 00 00
xx cc jj ¡¡¸¡ , radgan 0x  

elementze 
0cj¡ da 

0cj¡¡ funqciebi gansxvavdebian, e.i. 
00 cc jj ¡¡¸¡  sxvadasxva elementebia BA  

si mravli sa. amitom ¶F
1f

 da 
2f

F sxvadasxva funqciebia. e.i. Sesabamisoba ff F  ineqciaa.  

b) vaCvenoT, rom es Sesabamisoba sureqciaa. vTqvaT raime CBA )(ÍF , maSin )(cF  iqneba BA -

s raime elementi. e.i. ABc F :)( . yoveli c-Tvis gvaqvs asaxva ABc :j , romelic B-s 
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nebismier x elements SeuTanadebs A-s raime elements. anu Axc Í)(j  Tu BxÍ , anu yovel 

),( cx  wyvilisaTvis Axc Í)(j . es gansazRvravs garkveul f ori cvladis funqcias CB³  

simravleSi.  

f ori cvladis funqcias CB³  namravlidan A simrav leSi.  

 

usasrulo kardinalur ricxvTa skala  

 

kantoris Teoremis Tanaxmad  

2
NNN 22,2, ,                           (3) 

simravleebs yvelas gansxvavebuli simZlavreebi aqvT. amasTan yovel Semdegs winebze 

meti. ase, rom gvaqvs usasrulo kardinalTa usasrulo simravle. Tumca arsebobs 

usasrulo simravle, romelic arc erTi simravlis tolZa -lovani araa (3) 

mimdevrobida n. vTqvaT A  aris 2
NNN 22,2,  simravleTa ojaxi.  

 

Teorema. A8  simravle (3) mimdevrobaSi Semavali ar c erTi simravlis tolZalovani 

araa.  

 

damtkiceba . SemoviRoT aRniSvnebi NP ¹0 , nP

nP 21¹+ . dav uSvaT winaaRmdegi: arsebobs NiÍ  

iseTi rom A8~iP . cxadia, rom iP

iP 21=+ . radgan AÍ+1iP , amitom A8Ë+1iP  da maS gveqneba: 

ii PP =¢+ A81  anu gveqneba ii PP ¢+1 . rac igivea: i
iP P¢2 . es ki ewinaaRmdegeba kanto ris 

Teoremas.  r.d.g.  

Sedegi . 3888
NNN 222  simravles aqvs meti simZlavre, vidre TiToeul 3,2,2, 2NNN  

simravleTagans.  

damtkiceba . cxadia nebismieri 3,2,2, 2NNN  simravleTagani qvesimravlea 3888
NNN 222  

simravlis. ))(( A8Ë" ii P . amasTan erTad arc erTi 3,2,2, 2NNN  simravleTagani araa misi 

tol -Zalovani, e.i. )( A8¢" ii P  da )( A8¸" ii P , e.i. )( A8<" ii P . r.d.g.  

aRvniSnoT axla 3888
NNNP 222=  da ganvixiloT simravleebi 3,2,2, 2PPP  

analogiuri msjelobiT damtkicdeba, rom TiToeul am simravles eqneba erTmaneTisagan 

da TiToeuli iP -sagan gansxvavebuli simZlavre, xolo 3888
PPP 222  simravlis 

simZlavre, aqamde agebul yvela simZlavreze meti iqneba da a.S. da a.S.  
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Teorema. ar arsebobs iseTi simravle, rom elic yoveli simZlavris erT mainc  

simravles Seicavs.  

 

damtkiceba . vTqvaT U  simravleTa nebismieri ojaxia.  

ganvixiloT )( U8P . kantoris Teoremis Tanaxmad  

)( UU 88 P< . 

axla vaCvenoT, rom U  ojaxi ar SeiZleba Seicavdes )( U8P  simravlis ekvivalentur 

Y simravles elementis saxiT. marTlac , Tu  )( U8PY=  da UÍY , maSin U8ËY , amitom 

)( UU 88 PY <¢ , e.i. )( U8PY =  da )( U8PY <  erTdroulad.  

miRebuli winaaRmdegoba amtkicebs Teoremas.  

Cven erTxel kidev SevxvdiT iseT erTobliobas, romelic SeuZlebelia ganvixiloT 

rogorc simravle. obieqtTa iseT erTobliobas, romelic araa simravle zesimravle 

ewodeba. 

simravleebisa da zesimravleebis saerTo saxelwodeba aris `kla si~, klasi 

faqtobrivad es aris is erToblioba, romelsac vRebulobT Tu aviRebT IO rigis 

Teoriis raime )(xF  erTi cvladis Semcvel formulas da ganvixilavT yvela im x 

obieqtTa erTobliobas, romelTaTvisac )(xF  WeSmaritia.  

zesimra vle ar SeiZleba iyos sxva ramis elementi. elementi Tundac klasisa 

SeiZleba iyos mxolod simravle.  

 

n, 0¿  da 02
¿

 kardinalebis Tvisebebi  

  

rogorc viciT N¹¿0  da 02222
¿

=== NNN . viciT, rom  02
¿  simZlavre  kontinuumis 

simZlavris ([0, 1] -is simZlavris) tolia da mas c-iT aRniSnaven.  

(1) radgan NnÍ  naturaluri ricxvi Tavad aris n elemen-tiani simravle, amitom nn= . 

(2) Tu a kardinalia, maSin  

aa =Ö1 , aa =1 1.1 =a  

cxadia kardinalebze operaciebis ganmartebebidan.  
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(3)    0000 ¿=¿Ö¿=¿Ön . 

marTalia, radgan Tvlad  simravle Ta araumetes Tvladi gaerTianeba Tvladia da garda 

amisa 

( ) 00 )}1({)}1({}0{ ¿=³-³³=³=¿Ö NnNNNnn 8388 , 

aseve  

000 )}({ ¿=³=³=¿Ö¿
Í

8
Nk

NkNN  (TvladTa Tvladi gaerTianeba).  

 

(4) c + c = c  

marTlac                  

                           c+ c = 2ɇ c = 2ɇ2¿0 = 21ɇ2¿0  =  21+¿0  =  2¿0= c 

(5) 0
0 2

¿
<¿<n . 

pirveli utoloba imitom, rom N usasruloa, meore utoloba ki imitom, rom 

kontinuumi araTvladia.  

 

(6).                               n+ c = ¿0+ c = c 

marTlac  

                                     c   n +  c  ¿0+ c  c + c =  c                                                       

                           ($in i eqcia) ( $in i eqcia) ( $in i eqcia) (4 toloba)  

 

amitom kantor bernSte inis Teoremis Tanaxmad,  

kardinalebi    c  , n+ c  da    ¿0+ c ,  toli kardinalebia.  Aaqamde movyevi 

 

(7) c =   cɇc 

 

damtkiceba       c   cɇc  2¿0 ɇ 2¿0  = 2¿0+¿0  = 2¿0  = c                

. 
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sainteresoa, rom    000 222
¿¿¿

=+      tolob is damtkiceba, 2¿0 ɇ¿0-is da a.S. sxvanairadac 

SeiZleba mag.:  

                     
a.S. da8

8

8

n

k

n

kk

n

Rnn

1

2

)1,[

]1,0[]1,0[]1,0[

2     2    2

22

]1,(

22

 )2,0()2,1[)1,0(

2     2    2 000

00

00000

=

¿¿¿

¿¿

Í

+

¿¿¿¿¿

+

½½³

=Ö

=Ö

=+

=¿Ö

=

=+

w
 

magram is gza (algebruli) , ufro martivi da ufro zogadicaa.   

 

(8) Tu 0>n  naturaluri ricxvia, maSin     n ɇ c = ¿0ɇ c = c                         

marTlac,   c  n ɇ  c  ¿0ɇ c  c ɇ c                                          

amitom kantor -berSteinis Teoremis ZaliT vRebulobT. r.d.g.  

(9). Tu 0>n , maSin    cn = c. 

 

damtkiceba . (7) toloba da induqcia n-is mimarT.  

(10) Tu 1>n , maSin  ὲ¿0 = ¿0
¿0 =  c ¿0 = c      

marTlac,    c = 2¿0 ὲ¿0 ¿0
¿0  c ¿0 = (2¿0)¿0  = 2¿0ɇ¿0  = 2¿0 =   

amitom kantor -bernSteinis Teoremis ZaliT.  r.d.g.   

 

analogiurad damtkiceba tolobebi 2
c = f kardinalisa Tvis:  

fff =+ . 

a) ffffLff =+=+=+¿=+ 0n , 

b) ffffLff =Ö=Ö=Ö¿=Ö 0n ,  )0( >n . 

g) ffL LLLL ===¿= 0n ,       )1( >n . 

magaliTad: b) ffffLfff LLLLL ===Ö=Ö¢Ö¢Ö¿¢Ö¢ + 22220n . 

amitom kanton -bernSteinis  Teoremis ZaliT b) tolobebi WeS maritia.  

zogierTi Teorema:  

b
ie

q
ci

a
 

b
ie

q
ci

a
 

b
ie

q
ci

a
 

bieqcia  

= [1,ὲ+ 1) 
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Teorema 1. naturalur ricxvTa usasruli mimdevrobaTa simravlisaa.  

 

damtkiceba . aRvniSnoT es simravle S-iT. cxadia NNS~ , amitom L=¿==
¿¿ 00

0 2NNS . 

Teorema 2 . Tu L=A  da B  Tvladia, maSin L=BA \ . 

(kontintiuums minus Tvladi kontinuumia).  

damtkiceba . vTqvaT A kontinualu -ria B ki Tvladi. rogorc 

viciT AAA ~³  da amitom zogadobis SeuzRudavad SegviZlia 

Teorema davamtkicoT AA³  kontinualuri da misi Tvladi B 

qvesimravleebisaTvis.  

BBprAAB ¢Ý³Ë 1 , e.i. Bpr1  Tvladia. amitom arsebobs BprAa 10 \Í  

elementi. ganvixiloT simravle Aa ³}{ 0 . cxadia, is kontinualuria da simravle BAA \³ -

s qvesimravlea. e,i. gvaqvs  

AAABAAAaA ~\)(}{~ 0 ³Ë³Ë³  

amitom ABAA ~\)( ³  da e.i. BAA \³  kontinualuria. r.d.g.  

 

Sedegi . transcendentul ricxvTa simravle kontinua luria.  

 

Teorema 3 . namdvil ricxvTa yvela usasrulo mimdevrobebis simravle kontinualuria.  

damtkiceba . L)L =====
¿¿Ö¿¿¿¿ 000000 222(NR . 

 

Teorema 4 . namdvili cvladis yvela namdvil funqciaTa simravlis simZlavre L2 -s, 

hiperkontinuumis tolia.  

damtkiceba . LLL 2)( +== RR RR . 

 

Teorema 5 . R-dan R-Si yvela uwyvet funqciaTa simravle kontinualuria.  

 

damtkiceba . aRvniSnoT R-dan R-Si yvela uwyvet funqciaTa simravle RC -iT.  

A 

A 

B 

a0 

AA³  

Aa ³}{ 0  

Bpr1 p 
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yovel uwyvet RCf Í  funqcias SevusabamoT RQf Q :| . anu f funqciis Seviwroeba 

(SezRudva) racionalur ricxvTa simravleze. anu gvaqvs asaxva Q

R RC :j  gansazRvruli 

tolobiT: )()( |Qft jj = . vaCvenoT, rom j inieqciaa. vTqvaT 2121 && ffCfCf RR ¸ÍÍ  da 

vaCvenoT, rom ).()( 21 ff jj ¸  anu vaCvenoT, rom QQ ffff |2|121 ¸Ý¸  an rac igivea: Ý= QQ ff |2|1  

21 ff =Ý . vTqvaT, QQ ff |2|1 =  anu 1f  da 2f  funqciebi erTmaneTs emTxveva racionalur 

ricxvTa simravleze. vTqvaT Rx Í0  nebismieri namdvili ricxvia, xoli ( r)i)iÍN aris 0x -

isaken krebadi racionalur ricxvTa nebismieri mimdevroba. 1f  da 2f -is uwyvetobis gamo:  

 

)()r(lim)r(lim)( 022101 xfffxf i
i

i
i

===
¤¤

, e.i. )()( 0201 xfxf = . 

 

0x -is nebismierobis gamo 21 ff =  R simravleze. e.i. j inieqciaa da amitom  

          LL ====¢
¿¿¿¿ 0000 2)2(Q

R RC .  

e.i. L=RC . meore mxriv yoveli mudmivi funqcia uwyvetia da amitom L¢RC . kantor -

bernSteinis Teoremis Tanaxmad sabolood gveqneba L=RC .  r.d.g.  

 

amocana 1. daamtkiceT tolobebi:  

a) 0321 ¿=+++ 3 ,    b) 0222 ¿=+++ 3 , 

g) L=ÖÖÖ 3321 ,     d) L=ÖÖÖ 3222 . 

 

damtkiceba . a) da b) tolobebi gamomdinareobs iqedan. rom  sasrul  simravleTa  

Tvladi  gaerTianeba Tvladia. d) toloba gamomdinareobs iqedan, rom L=¿02 . g) 

toloba ki miiReba qvemoT moyvanili utolobebidan  

 

LL =¿=Ö¿Ö¿Ö¿¢ÖÖ¢ÖÖ=
¿0
0000321222 333 . 

 

savsebiT dalagebuli simravleebi  
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mocemul dalagebul ( E, ¢) simravles savsebiT dalage -buli  hqvia Tu mis yovel 

aracariel qvesimravleSi arsebobs umciresi elementi.  

ganmartebidan uSualod gamomdinareobs, rom savsebiT dalagebuli (s.d.) simravlis 

yoveli aracarieli qvesimr avle agreTve s.d. simravlea.  

Tu E dalagebuli simravlea, da EaÍ , maSin a elementis uSualo momdevno ewodeba 

iseT b elements, rom ba< , ar arsebobs maTgan gansxvavebul c elementi iseTi, rom 

bca << . 

cxadia, rom Tu ( E, ¢) s.d.s. aris, maSin mis yvela elements, garda udidesi elementisa 

(romelic SeiZleba iyos E-Si) yvelas aqvs uSualo momdevno.  

marTlac vTq vaT x araa udidesi E-Si, maSin masze matebis simravle }:{ yxEy <Í  

aracarielia misi umciresi elementi, romelic arsebobs, aRvniSnoT x¡ is cxadia x-is 

uSualo momdevnoa.  

ganmartebidan isic gamomdinareobs, rom Tu ( E, ¢) s.d.s. -a. (savsebiT dalagebuli 

simravle), maSin is wrfivad dala -gebulic iqneba. marTlac vTqvaT Eba Í, , radgan },{ ba  

E-s aracarieli qvesimravle masSi unda iyos umciresi elementi, e.i. an ba¢  an ab¢ . e.i. 

E-Si nebismieri ori elementi sadaria da maS ( E, ¢) wrfivad dalagebulicaa.  

cxadia, Sebrunebul debulebas adgili ara aqvs mag. Z, Q da R simravleebi maTze 

mocemuli Cveulebrivi dalagebis mimarT wrfivad dalagebulni arian, magram ara 

savsebiT dalagebulni.  

cxadia nebismieri sasruli simravle savsebiT dalage -bulia, Tu is wrfivadaa 

dalagebuli.  

usasrulo s.d.s. -is magaliTs N warmoadgens, masze mocemuli Cveulebrivi ¢ 

dalagebis mimarTebis mixedviT.  

Z da Q araa savsebiT dalagebuli, magram radgan isini Tvladebia TiToeuli 

SeiZleba warmovadginoT 2210 ,, aaa  mimdevrobis saxiT da N-ze mocemuli Cveulebrivi 

dalagebis mixedviT ganvsazRvroT axali dal ageba ¢1 eqvivalentobiT:  

jiaa ji ¢Ú¢1    ),( Nji Í . 

cxadia, rom ( Z, ¢1) da ( Q, ¢1) simravleebi s.d.s. -ebia. 

 

ganmarteba. or dalagebul ( E1, ¢1) da ( E2, ¢2) simravles ewodeba izomorfuli Tu 

arsebobs urTierTcalsaxa asaxva 2

11

1: EEf ½½
-  iseTi, rom nebismieri 1, Eba Í  

elementebisaTvis sruldeba implikacia:  

)()( 21 bfafba ¢Ú¢ , 
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anu izomorfizmi inarCunebs dalagebas.  

Tu f izomorfizmia ( E, ¢) dalagebuli simravlisa kvlav ( E, ¢) simravleSi, maSin f-s 

avtomorfizmi ewodeba.  

is faqti, rom ( E1, ¢1) da ( E2, ¢2) dalagebuli struqturebi erTmaneTis izomorfulia 

Caiwereba ase: ),()( 2211 ¢@¢ EE . 

 

Teorema 1 . @  damokidebuleba ekvivalentobis mimarTebaa dalagebul simravleTa 

Soris.  

1) (refleqsuroba). ( E, ¢) dalagebuli simravle Tavis Tavis izomorfulia radgan am 

izomorfizms amyarebs E-s igivuri asaxva EI . 

2) (simetriulobaa) vTqvaT ),(),( 2211 ¢@¢ EE  da f aris izomorfizmi ( E1, ¢1) da ( E2, ¢2) 

struqturebs Soris. vaCvenoT, rom 1-f  iqneba izomorfizmi ( E2, ¢2) da ( E1, ¢1) simravleebs 

Soris. vTqvaT 2, Edc Í  da dc 2¢ . radgan f izomorfizmia ( E1, ¢1) da ( E2, ¢2)-s Soris, is 

bieqciacaa da amitom )(afc=  da )(bfd= , sadac 1, Eba Í , raime elementebia. amasTan 

radgan )()( 2 bfaf ¢ , izomorfizmis ganmartebis ZaliT gveqneba ba 1¢ . magram es igivea 

rac:  

                ))(())(( 1

1

1 bffaff -- ¢  utoloba.  

anu  

                )()( 1

1

1 dfcf -- ¢  utoloba.  

e.i.  

                  )()( 1

1

1

2 dfcfdc -- ¢Ú¢ .  

rac imas  niSnavs, rom 1-f  izomorfizmia ( E2, ¢2) da ( E1, ¢1) dalagebul simravleebs 

Soris. anu mokled, rom vTqvaT, Tu           

           ),(),( 2211 ¢@¢ EE
f

, maSin ),(),( 11

1

22 ¢@¢

-

EE
f

.  

3) (tranzituloba). Tu ),(),( 2211 ¢@¢ EE
f

 da ),(),( 3322 ¢@¢ EE
g

. maSin vaCvenoT, rom 

),(),( 3311 ¢@¢ EE
gof

. 

marTlac, vTqvaT 1, Eba Í  da ba 1¢ ; radgan 2

11

1: EEf ½½
-  izomorfizmia, amitom 

gveqneba )()( 2 bfaf ¢ . xolo radgan 32: EEg  , aseve izomorfizmia gveqneba 
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))(())(( 3 bfgafg ¢  anu ))(())(( 3 bgofagof ¢ . e.i. kompozicia gof izomorfizmia ( E1, ¢1) da ( E3, ¢3) 

dalagebul simravleebs Soris.  

 

amocana 1. daamtkiceT, rom nebismieri ori n elementiani )( NnÍ  savsebiT 

dalagebuli simravle erTmaneTis izomorfulia (wrfivad dalagebul ic).  

 

amocana 2. moiyvaneT ori Tvladi s.d.s. -is magaliTi, romelic ar iqneba erTmaneTis 

izomorfuli.  

 

SeniSvna. Tu ( A, ¢A) da ( B, ¢B) ori wrfivad dalagebuli simravlea da arsebobs 

bieqcia BAf : , iseTi rom  

)()( bfafba BA ¢Ý¢ , Aba Í,  

maSin f izomorfizmia ( A, ¢A) da ( B, ¢B) simravleebs Soris,  

e.i. unda vaCvenoT, rom  

)()( bfafba BA ¢Ý¢ , Aba Í, . 

maSin f izomorfizmia ( A, ¢A) da ( B, ¢B) simravleebs Soris. e.i. unda vaCvenoT, rom 

babfaf AB ¢Ý¢ )()( . vaCvenoT, rom Tu ˨ )( ba A¢  maSin ˨ ))()(( bfaf B¢ . 

vTqvaT, ˨ )( ba A¢  radgan ¢A wrfivi dalagebaa, maSin gveq -neba ab A< , da amitom 

)()( afbf B< . rac imas niSnavs, rom ˨ ))()(( bfaf B¢ . 

e.i. wrfivi dalagebuli simravleebis izomorfizmis ganmartebaSi sakmarisia 

calmxrivi implikacia. miTumetes es exeba savsebiT dalagebuli simravleebis 

izomorfizmis cnebasac.  

vTqvaT x aris ( E, ¢) s.d.s. -s raime elementi )( ExÍ . ganvixiloT E-s qvesimravle  

 

}&:{)( xyEyyxE <Í= . 

 

am simravles x-is Sesabamisi sawyisi intervali  ewodeba ( E-Si).  

 

Teorema 2 . Tu f aris ( E, ¢) s.d.s -s zrdadi inieqciuri asaxva TavisTavSi, maSin:  
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)(xfxEx ¢ÝÍ .                      ( *) 

damtkiceba . davuSvaT ( *) utoloba ar sruldeba yvela ExÍ -Tvis da D iyos yvela im 

x-ebis simravle ( E-dan), romelTaTvisac xxf <)( . e.i. davuSvaT, rom Å̧D . maSin, radgan D 

Sedis E savsebiT dalagebul simravleSi, D-Si arsebobs umciresi elementi. aRvniSnoT 

igi z-iT.  

e.i. gvaqvs: zzf <)( .                    ( **) 

radgan f zrdadia da inieqciuri, gveqneba agreTve:  

)()(( zfzff < . 

saidanac Ý rom .)( Dzf Í  (**) utoloba gveubneba, rom z ar yofila umciresi D-Si. rac 

winaaRmdegobaa.  r.d.g.  

  

Sedegi 1 . arc erTi s.d.s. ar SeiZleba iyos arcerTi Tavisi sawyisi intervalis 

izomorfuli.  

 

damtkiceba . vTqvaT ( E, ¢) s.d.s. aris )),(( ¢xE -is izomor -fuli )( ExÍ , anu arsebobs 

bieqcia )(: xEEh   iseTi, rom Tu Eba Í, , maSin  

)()( bhahba ¢Ú¢ . 

 

)(xhx¢ , meores mxriv ki e.i. h zrdadia da Tan inieqciuri, amitom 

radgan  )()( xExh Í  gveqnebs, rom xxh <)( , es winaaRmdegoba amtki -cebs 

Sedegi 1 -s. 

 

SeniSvna: sul sxvagvaradaa situacia namd -vil ricxvTa simravlis bunebrivi 

dalagebisas: marTlac xy --= 2  funqcia izomorfizmia ),( +¤-¤  da )0,(-¤ -s Soris, 

Cveulebrivi dalagebisas.  

 

Sedegi 2 . nebismier savsebiT dalagebul ( E, ¢)  simravles gaaCnia erTaderTi, 

mxolod igivuri avtomor -fizmi.  

damtkiceba . vTqvaT f aris ( E, ¢) s.d.s -is avtomorfizmi. anu f bieqciaa E-dan E-Si da  

)()( bfafba ¢Ú¢ ),( Eba Í .               ( *) 

¶ 



71 

 

vTqvaT ExÍ  nebismieri elementia.  

Teorema 2 -is ZaliT gveqneba  

)(xfx¢ .                         ( **) 

meores mxriv 1-f -c ( E, ¢)-is avtomorfizmia da amitom:  

)(1 xfx -¢ (***), 

anu (*) da ( ***)-dan Ý ))(()( 1 xffxf -¢  anu 

xxf ¢)(  

utoloba, romelic ( **) utolobasTan erTad gvaZlevs, rom nebismieri ExÍ  

elementisaTvis  

xxf =)( , 

anu f igivuri asaxva E-ze. e.i. EIf = . r.d.g.  

 

Teorema 3 . (ori savsebiT dalagebuli simravlis urTierTdamokidebulebis Sesaxeb) 

Tu ( A, ¢A) da ( B, ¢B)  nebismieri ori s.d.s. aris maSin isini an erTmaneTis izomorfulia 

an erT erTi meores sawyisi intervalis izomorfuli a.  

 

damtkiceba . aRvniSnoT )}()(&:),{( bBaABAbabaG @ÍÍ¹  (Ca-naweri )()( bBaA @  

Semoklebuli formaa )),(()),(( BA bBaA ¢@¢ -is).  

1. jer davamtkicoT, rom G da 1-G Gfunqcionaluri grafikebia. marTlac: davuSvaT 

sawinaaRmdego da vTqvaT, rom erTidaigive AaÍ  elementis Seesabameba ori 1b  da 2b  (

)21 bb <  elementi. anu Gba Í),( 1  da Gba Í),( 2 , maSin gveqneba, rom )()( 1bBaA @  da )()( 2bBaA @ , 

aqedan miviRebT, rom )()( 21 bBbB @ , radgan 21 bb <  amitom gamova, rom )( 2bB  savsebiT 

dalagebuli simravle izomorfulia Tavis i sawyisi inter -valisa. rac Sedegi 1 -is 

sawinaaRmdegoa. mtkiceba 1-G -isaTvis. 1 damtkicebulia.  

2. asaxva baG =)(  amyarebs izomorfizms Gpr1  da Gpr2  simravleebs Soris.  

marTlac, vTqvaT 211211 && aaGpraGpra ¢ÍÍ . gvinda davamt -kicoT, rom:  

)()( 21 aGaG B¢ . 

davuSvaT winaaRmdegi. e.i. )()( 12 aGaG B¢  
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Gpra 11Í   da Gpra 12Í , 

amitom ))(()( 11 aGBaA @  da ))(()( 22 aGBaA @ . vTqvaT am izomor -fizmebs amyareben Sesabamisad 

f da g bieqciebi. radgan 21 aa A¢ , amitom )( 21 aAa Í  da g 

mas ( 1a -s) gadasaxavs ))(( 2aGB - simravleSi, e.i. ))(( 1aGB  

izomorfulia Tavisi sawyisi )(bB  intervalis (ix. nax. 1). 

am izomor -fizms, kerZod, daamyarebs asaxva 

)())((: 1

1

0 bBaGBfg - . 

es ewinaaRmdegeba Sedegi 1 -s. e.i. 2. damtkicebulia.  

3) a) Tu GpraaaGpra 11 & Í¡Ý<¡Í , 

  b)     GprbbbGprb 22 & Í¡Ý<¡Í . 

davamtkicoT Gpra 1Í  da aa <¡ , maSin cxadia arsebobs Gprb 2Í -Si iseTi, rom 

)()( bBaA @ . am izomorfizmis dros )(aAaÍ¡ , gadava, raRac b¡-Si. )(bBÍ  es niSnavs, rom 

)()( bBaA ¡@¡  (radgan igive izomorfizmi a¡-ze naklebebs b¡-ze naklebebSi gadaiyvans 

cxadia). amitom Gba Í¡¡ ),( , e.i. Gpra 1Í¡ . 

b) mtkicdeba sruli analogiiT.  

4) Teorema 2 -is dasamtkiceblad axla sakmarisia vaCvenoT, rom  

BGprAGpr =Ù= 21 . 

davuSvaT sawinaaRmdego. maSin GprA 1\  da GprB 2\  arasa -carieli simravleebia. 

amasTan isini rogorc Sesabamisad A da B s.d.s.-is qvesimravleebi, aseve savsebiT 

dalagebulebi arian. aRvniSnoT *a -iT da *b -iT GprA 1\  da GprB 2\  simrav -leebis 

umciresi elementebi Sesabamisad. maSin 3) Tvisebis ZaliT gveqneba, rom GpraA 1

* )( =  da 

GprbB 2

* )( = . 

marTlac: vaCvenoT, rom )()( 1

* GpraA = . 

vTqvaT GpraaaaAa 1

** )( ÍÝ<ÝÍ  ( *a -is ganmartebidan).  

vTqvaT, axla Gpra 1= , maSin *aa<  (radgan winaaRmdeg SemTxvevaSi gveqneba aa ¢* , 

amitom 3) TvisebiY Gpra 1

*ÍÝ  rac ar SeiZleba), xolo radgan *aa< , maSin )( *aAaÍ . e.i. 

)()( 1

* GpraaAa ÍÚÍ . 

analogiurad mtkicdeba GprbB 2

* )( =  tolobac.  

¶ ¶ 
a1 a2 

b 

g 
f g 

G(a2) G(a1) 
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radgan  2) -is gamo GprGpr 21 @ , amitom )()( ** bBaA @ , maSin G-s gansazRvridan gamova, 

rom Gba Í),( ** . rac ewinaaRmdegeba *a  da *b -s ganmartebebs.  

e.i. Teorema 2 damtkicebulia.  

 

 

transfinituri induqciis principi  

 

vTqvaT mocemulia savsebiT dalagebuli ( E, ¢) simravle da am simravlis elementTa 

raime )(xS  Tviseba.  

vTqvaT, nebismieri ExÍ -Tvis, iqedan rom masze nakleb yvela y-s aqvs S Tviseba 

gamomdinareobs, rom Tavad x-sac aqvs S Tviseba. maSin S Tviseba eqneba E simravlis 

nebismier elements.  

anu formalurad: samarTliania Semdegi formula  

 

)(  ))()((( xSExxSySxyEyEx Í"ÝÝÝ<Í"Í" . 

damtkiceba . davuSvaT sawinaaRmdego, e.i. vTqvaT, rom daSveba samarTliania, magram 

arsebobs E-s elementi, iseTi romelsac ara aqvs S Tviseba. aRvniSnoT, 0x -iT E-s yveka 

aseT elements Soris umciresi. e.i. erTis mxriv gvaqvs, rom )( 0xS  mcdaria. meores mxriv 

ki radgan 0x  umciresia iseTebs Soris, romelsac ara aqvs S Tviseba, maSin gveqneba 

implikacia:  

)(0 ySxy Ý< . 

Tanac es implikacia sruldeba nebismieri EyÍ -Tvis, maSin daSvebis Tanaxmad S Tviseba 

eqneba 0x  elementsac, rac ewi -naaRmdegeba 0x -is ganmartebas.  

 

 

induqcia & rekusria  

 

terminebi induqcia da rekursia xSirad erTmaneTis nacvladac gamoiyeneba.  

mag. n!-is gansazRvras  
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induqciasac eZaxian da rekursiasac.  

Cven gavmijnavT am cnebebs. Tu raimes damtkiceba xdeba, jer 0=n -Tvis Semdeg 

3,2,1=n  ricxvebisaTvis Tanac ise, rom yoveli winadadebis damtkiceba wina 

damtkicebul winadadebaebs eyrdnoba, maSin saqme gvaqvs induqciasTan, xolo Tu raimes 

ganmarteba an ageba xdeba jer 0=n , xolo Semdeg 3,2,1=n  ricxvebisaTvis ise, rom 

yoveli n-saTvis (garda SesaZlebelia ramdenime sawyisisa). axali obieqtis ageba xdeba 

winad agebuli (ganmartebuli) obieqtis an obieqtebis gamoyenebiT, maSin rekursiasTana 

gvaqvs saqme. 

Cveni mizania, rom induqciuri mtkicebebi da rek urciuli agebebi ara mxolod 

naturalur ricxvTa simravleze vawar -mooT, aramed nebismier savsebiT dalagebul 

simravlezec igive gavakeToT.  

ganvixiloT NNf :  gansazRvruli Semdegnairad:  

1)0( =f , 

1)1()1()0()( +-+++= nfffnf 3 , 0>n , NnÍ . 

 

anu )(nf  ganimarteba f funqciis yvela wina mniSvnelobis gamoyenebiT. rogor 

ganvazogadoT aseTi agebis wesi nebis -mier A s.d.s.-ze? Tuki gvinda raime rekusriuli 

gansazRvra BAf :  funqciisa ( B raime simravlea), maSin yoveli AxÍ -saTvis )(xf -is 

gansazRvraSi unda gamoviyenoT )(yf  )( xy<  mniSvnelobebi, e.i. f-is mniSvnelobebi )(xA -

ze anu 
)(xA

f  funqcia.  

 

 

transfinituli rekursiis meTodi  

 

Teorema (transfinituri rekursiis Sesaxeb). vTqvaT moce -mulia ( E, ¢) savsebiT 

dalagebuli simravle da )(uT  termi. maSin arsebobs E-ze gansazRvruli erTaderTi f 

siureqcia, romelic yoveli ExÍ  elementisaTvis akmayofilebs  

)()(
)(xE

fTxf =  

tolobas.  
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davamtkicoT  f-is erTaderToba. vTqvaT E-ze gansazRvru -lia ori f da f¡ siureqcia, 

romelTaTvisac Sesrulebulia  

)()(
)(xE

fTxf =  da )()(
)(xE

fTxf ¡=¡ )( ExÍ  tolobebi.  

aviRoT nebismieri ExÍ  da nebismieri xy<  elementi da vTqvaT  

)()( yfyfxy ¡=Ý<                      (*) 

maSin cxadia, rom 
)()( xExE

ff ¡= , (radgan )(xE  es swored x-ze naklebi elementebis 

simravlea E-dan), amitom  

          )()()()(
)()(

xffTfTxf
xExE

¡=¡== .  

e.i. gamovida, rom Tu ( *). maSin )()( xfxf ¡= . transfinituri induqciis principis gamo -

yenebiT axla vRebulobT, rom  

))()(( xfxfEx ¡=Í" , e.i. f erTaderTia.  

davsvaT aseTi kiTxva. vTqvaT mocemulia erTi da igive simZlavris ori savsebiT 

dalagebuli simravle, iqneba Tu ara es ori simravle erTmaneTis izomorfuli?  

pasuxi martivia ara.  

magaliTi 1 . ganvixiloT N-ze dalagebebi  

 

1.    0, 1, 2, » anu ¢0 Cveulebrivi dalageba N-ze ( N, ¢0); 

2.    1, 2, 3, », 0 ( ¢1 dalageba); ( N, ¢1); 

3.    2, 3, 4, », 0, 1 ( ¢2 dalageba); ( N, ¢2). 

  ......................................... 

1+n , 1,,1,0,,2,1, -++ nnnn 33 . (¢n dalageba); ( N, ¢n). 

      ........................................................ 

advili dasamtkicebelia, rom NkkN Í¢),(  savsebiT dalage -buli simravleebi wyvil -

wyvilad araizomorfulia.  

 

(*) marTlac / ),(),( 10 ¢@¢ NN , imitom rom pirvelSi ar arsebobs udidesi elementi, 

meoreSi arsebobs, xolo izomorfizmis dros cxadia udidesi elementi udidesSi unda 

gadavides (invariantia). / ),(),( 21 ¢@¢ NN , imitom rom ( N, ¢2) s.d.s. -s udides elements aqvs 
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uSualo winamorbedi  (N, ¢1)-sas ki ara. xolo izomorfizmis dros uSualo winamorbedi, 

uSualo winamorbedSi gadava (cxadia). da a.S.  

Tu N-s simravles Semdegnairad davalagebT:  

0, 2, 4, 6, », 1, 3, 5, 7, » 

(anu luwi ricxvebi erTmaneTSi bunebrivadaa dalagebuli, aseve kenti ricxvebic, xolo 

" luwi ricxvi naklebia " ketn ricxvze am dalagebiT). maSin kidev axal dalagebas 

miviRebT N-ze. 

2, 4, 6, 8, », 1, 3, 5, 7, », 0 kidev sxva dalageba iqneba da a.S.  

mtkicdeba, rom aseTi dalagebebis simravle araTvladia, e.i. N simravle Turme 

SeiZleba `araTvlad  sxvadasxva -nairad~ davalagoT savsebiT.  

vTqvaT axla A nebismieri Tvladi simravlea, anu  

},,,{ 210 3aaaA= . 

davalagoT es simravle Semdegnairad:  

01432 ,,,,, aaaaa 3 . 

aRvniSnoT es dalageba A simravlisa ¢A-iT. miuxedavad imisa, rom ia -ebi naturaluri 

ricxvebi araa da 0a  da 1a -c `gadaadgilebulia~ mainc gvaqvs izomorfuloba:  

),(),( 2 ANN ¢@¢ . 

bunebrivad ismis kiTxva, mainc ra obieqtia is, rac saerTo aqvs erTmaneTis 

izomorful yvela savsebiT dala -gebul simravles da gansxvavebuli aqvT nebismier or 

araizomorful s.d. simravles?  

es aris is rac rasac simravleTa TeoriaSi rigobrivi ricxvi anu ordinali hqvia.  

 

ganvsazRvroT ordinalis cneba jon fon neimanis mixedviT.  (E, ¢) nebismieri s.d. 

simravlea.  

yoveli ExÍ  elementisaTvis transfinituli rekursiis meTodiT ganvsazRvroT  

}:)({)( xyyOxO <= . * 

)(xO  simravleebs ewodebaT ordinaluri ricxvebi (ordinalebi) fon neimanis azriT.  

vTqvaT 0e  aris E s.d.s.-is umciresi elementi ( *) gansazRvridan cxadia, rom 

0)( 0 =Å=eO ; Tu 1e -iT aRvniSnavT E-s elements, romelic 0e -is momdevnoa, maSin miviRebT 
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1}{)( 1 =Å=eO  (isev * gansazRvrebidan) Tu ase gavagrZelebT miviRebT: 2}}{,{)( 2 =ÅÅ=eO  

da a.S. neO n =)(  naturalur ricxvs ZFC-Si.  

mivaqcioT yuradReba imas, rom ZFC-Si gansazRvrul naturalur ricxvebs, garda 

Cveulebrivi Tvisebebisa aqvT damatebiTi Tvisebebi, ker Zod ganmartebidan advilad 

gamom-dinareobs, rom Tu mn< , maSin mnÍ  da piriqiT.  

Tu mn¢ , maSin mnË  da piriqiT.  

da nebismieri naturaluri ricxvi warmoadgens masze naklebi yvela naturaluri ricxvis 

simravles. am  Tvisebebisa da am ideis gagrZelebaa ordinaluri ricxvis cneba.  

vTqvaT mas Semdeg rac ( E, ¢) s.d.s. simravlidan  amovirCevT 33 n,,2,1,0  ordinalebi E-

Si kidev darCa elementebi umci -resi, maT Soris ( E-Si) aRvniSnoT we -iT ( *) ganmartebad, 

cxadia, rom  

},2,1,0{ 3=w . 

Tu E-Si kidev aris elementi maTgan umciresi aRvniSnoT 1+we -iT da ordinali misi 

Sesabamisi }()( 1 www 8=+eO  es ordinali 1+w -iT aRiniSneba. sazogadod O Tu ordinalia, 

maSin }0{+O  ordinals ( O-s momdevno ordinals) 1+O -iT aRniSnaven.  

 

 

 

ordinalebis Tvisebebi  

 

ordinalTa qvemoTCamoTvlili Tvisebebi advilad mtkic -deba ordinalis 

ganmartebidan zogierTis damtkicebas transfinituri induqciis principis gamoyenebac 

sWirdeba. vTqvaT ( E, ¢) s.d.s. aris, xolo Exxyx Í21,,, . 

 

1) )()( xoyoxy ÍÚ< ; 

2) / )()( xoyo Í ; 

3) )()( 121 xxoxoxx ÍÚ= ; 

4) )()()()( xOyOxOyO ËÝÍ ;  

4¡) )()(&)()()()( xOyOxOyOxOyO ¸ËÚÍ ; 

5) )()( xOyoxy ËÚ¢ ; 
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6) )),(( ËxO  savsebiT dalagebuli simravlea (kerZod )),(()),(( ¢@Ë xExO  da am 

izomorfizms amyarebs )(: xOxf   asaxvas). 

7) ordinalTa nebismieri ojaxis gaerTianeba kvlav ordina -lia ; 

8) yoveli savsebiT dalagebuli simravlisaTvis arsebobs misi izomorfuli 

ordinaluri ricxvi;  

9) ordinalur ricxvTa nebismieri simravlisaTvis arsebobs ordinali, romelic am 

simravleSi Semaval yvela ordi -malze metia;  

10) ar arsebobs yvela ordinalTa simravle.  

 

cermelos Teorema  

 

Teorema. nebismieri A simravle SeiZleba savsebiT dalagdes (anu nebismieri A 

simravle SeiZleba warmodges raime axx <)(x  ineqciuri mimdevrobis saxiT).  

damtkiceba . vTqvaT f amorCevis funqciaa }{\)( ÅAP  aracariel simravleTa 

ojaxisaTvis, e.i.  

XXfAXX ÍÝËÅ̧ )(& . 

vTqvaT AtÎ  raime elementia (aseTi t arsebobs imitom, rom ar arsebobs yvela 

simravleTa simravle). ganvsazRvroT tt =Å)( . 

aRvniSnoT RAPRC :)({ 2Í=  savsebiT alagebs A-s qvesim-ravles}. (cxadia, rom C 

simravle arsebobs gamoyofis aqsiomis gamo).  

Tu ABË  da R alagebs B-s. e.i. )( 22 BPRBR ÍÝË , radgan )()( 22 BPBP Ë , e.i. )( 2BPRÍ . 

radgan C-Si Semavali yoveli R alagebs savsebiT A-s romelime RB   qvesimravles, R -

iT aRvniSnoT ),( RBR  s.d.s.-is izomorfuli ordinali. Canacvlebis aqsiomis ZaliT arse -

bobs  

}:{* CRRC Í= . 

radgan ordinalT a nebismieri simravlisaTvis arsebobs ordinali, romelic metia 

mocemuli (am SemTxvevaSi *C ) simravleSi Semaval yvela ordinalze, da radgan ordi -

nalTa nebismieri simravle savsebiTaa dalagebuli, amitom arsebobs umciresi ordinali 

a, romelic metis *C -Si Sema-val nebismier ordinalze.  

transfinituri rekursiis meTodiT ganvsazRvroT funq cia }{: * tAC 8j  tolobiT:  
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}):)({\()( xhhjxj <= af . )( * axx <ÚÍG . 

cxadia, rom Tu ţ)(xj , maSin }:)({\ xhhj <a  aracarieli simravlea da 

}:)({\)( xhhjxj <ÍA , )(xj  gansxvavebulia yvela )(hj  )( xh< -sagan.  

Tuki ax< -saTvis Sesruldeba piroba ţ)(xj , maSin gamova, rom }:)({ axxj <  

simravle, anu axx <)(x  ojaxi A-s savsebiT dalagebuli qvesimravlea da is a ordinalis 

izomorfulia, maSin miviRebT *CÍa . rac ewinaaRmdegeba a-s gansazRvras.  

e.i. zogierTi ax<  ordinalisaTvis Sesruldeba t=)(xj  toloba. b-Ti aRvniSnoT 

aseT ordinalebs Soris umciresi. maSin gveqneba. t=)(bj  da AÍÝ< )(xjbx , anu 

Å=< }:)({\ bxxjA  da }:)({ bxxj <=A . e.i. A simravle savsebiT dalagd a.  r.d.g.  

Tu gavaanalizebT cermelos Teoremis damtkicebas, vnaxavT, rom mtkiceba 

mimdinareobs ZF TeoriaSi, garda im momentisa, roca vambobT, rom `nebismieri A 

simravlisaTvis }{\)( ÅAP  simravleTa ojaxisaTvis arsebobs amorCevis funqcia~ -o. 

anu Cven ZF TeoriaSi davamtkiceT.  

 

Teorema. Tu A iseTi simravlea, rom }{\)( ÅAP  ojaxisa -Tvis arsebobs amorCevis 

funqcia, maSin arsebobs A simravlis savsebiT dalagebac.  

samarTliania am Teoremis Sebrunebuli Teoremac, romelic aseve ZF TeoriaSi 

mtkicdeba.  

 

Teorema (cermelos Teoremis Sebrunebuli). Tu A simravle SeiZleba savsebiT iqnas 

dalagebuli, maSin arsebobs amorCevis funqcia }{\)( ÅAP  simravleTa ojaxi saTvis.  

 

damtkiceba . vTqvaT A savsebiT dalagebulia raime R¢  dalagebiT. vTqvaT 

}{\)( ÅÍ APX . radgan X aris A s.d.s.-is aracarieli qvesimravle , masSi iarsebebs umciresi 

elementi aRvniSnoT igi xa -iT. e.i. XaxÍ . ganvsazRvroT axla amorCevis funqcia  

AAPf Å}{\)(: . 

Semdegnairad  

xaXf =)( , AXË .  r.d.g.  

e.i. amorCevis funqcia (Tu simravle savsebiT aa dalagebuli) isazRvreba efeqtu rad, 

cermelos aqsiomis gareSe.  



80 

 

 

 

kardinalur ricxvTa trixotomiis Tviseba  

 

Teorema. nebismieri a  da f  kardinaluri ricxvebisaTvis samarTliania erTi da 

mxolod erTi Semdegi sami damokidebulebidan:  

fa< , fa= , af < . 

damtkiceba . vTqvaT a  da f  kardinalebi Sesabamidad A da B simravleebis 

simZlavreebia. cermelos Teoremis ZaliT A da B simravleebi SeiZleba savsebiT 

davalagoT ( A, ¢A) da ( B, ¢B) simravleebis saxiT. rogorc viciT an A simravle iqneba B 

simravlis sawyisi monakveTis izomorfuli (e.i. avtomaturad iarsebebs inieqcia A-dan B-

Si da e.i. fa¢ ), an A simravle iqneba B simravlis izomorfuli, rogorc s.d.s. -ebi (e.i. 

iarsebebs bieqcia A da B simravleebs Soris da e.i. fa=  an kidev B simravle iqneba A 

s.d.s.-is sawyisi intervalis izomorfuli da maS iarsebebs inieqciuri asaxva B 

simravlisa A-simravleSi, rac imas mogvcems, rom af ¢ . 

garda amisa, radgan arc erTi savsebiT dalagebuli simravle ar SeiZleba iyos 

izomorfuli Ta visi sawyisi intervalisa, amitom arc erTi ori damokidebuleba Semdegi 

samidan 

fa< , fa= , af < . 

ar SeiZleba erTdroulad Sesruldes.   r.d.g.  

 

lema . P sibrtyeze moTavsebul yvela SesaZlo wrfeTa simravlis simZlavre 

kontinuumis tolia.  

 

damtkiceba . avirCioT P sibrtyeze koorfinatTa konkre -tuli OXY sistema. P sibrtyis 

yvela wrfeTa L simravle davyoT or TanaukeT klasad:  

BAL 8= , 

anu A iyos oy  RerZis paralelur yvela wrfeTa simravle da B iyos P sibrtyis yvela 

danarCen wrfeTa simravle. cxadia Tu AlÍ , maSin misi gantolebaa ax=  )( RaÍ , xolo 

Tu BlÍ , maSin misi gantolebaa bʢxy +=  ),( Rbʢ Í . cxadia, rom  Å̧BA1  da L==BA . 

amitom LLL =+=L .  r.d.g.  
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mazurkeviCis Teorema  

 

Teorema. arsebobs sibrtyis wertilTa iseTi simravle, romelic am sibrtyis 

nebismier wrfesTan zustad or wertulSi ikveTeba.  

 

damtkiceba . vTqvaT j aris kontinuumis simZlavris ordinalebs Soris umciresi 

(cermelos Teoremis Tanaxmad SesaZlebelia kontinualuri simravlis savsebiT 

dalageba da e.i. arsebobs kontimuumis simZlavris toli simZlavris ordinali. amitom, 

vinaidan ordinalTa nebismier simravleSi arseb obs umciresi, arsebobs umciresi 

ordinali konti -nuumis simZlavris ordinalebs Soris).  

radgan sibrtyis yvela wertilTa da yvela wrfeTa simravleebi kontinualurebia, 

isini SeiZleba warmovad ginoT transfinituri, inieqciuri jxx <)(P  da jxx <)(l  mimdevrobis 

saxiT.  

avagoT axla wertilTa saZiebeli jxx <)(q  mimdevroba ise, rom }:{ jxx <=qQ  simravle 

ikveTebodes sibrtyis yovel wrfesTan or da mxolod or wertilSi.  

0q  ganvsazRvroT, rogorc pirveli wertili jxx <)(P  mimdevrobidan, romelic 0l  

wrfeze mdebareobs. davuSvaT axla ja>  raime ordinalia da axx <)(q  mimdevroba ukve 

gansazRvruli gvaqvs. rogor ganvsazRvroT `Semdegi q wertili~ anu aq  wertili?  

llT :{¹a  aris wrfe & l wrfe or wertilSi mainc ikveTeba aQ -sTan}. 

radgan ja< , amitom ( j-s ganmartebidan) L<a . e.i. gveqneba utoloba L<Q , da 

maSasadame L<³¢ aaa QQT . radgan jxx <)(l  kontinualuri ojaxis da aT  kontinuu,ze 

naklebi simZlavris, amitom arsebobs wrfe, romelic aTÎ -s. e.i. arsebobs 

umciresindeqsiani aseTi wrfe jxx <)(l  ojaxidan. aRvniSneT es wrfe 
ab

l -iT. aRvniSnoT R-iT 

ab
l  wrfis aT  ojaxSi Semaval yvela wrfesTan gadakveTis wertilTa simravle. anu 

)( aab
TlT 81= . radgan aab

Tl Î  da L<aT . miviRebT, rom L<R . amitom 
ab

l  wrfe Seicavs 

iseT wertils, romelic arc R-Sia da arc aQ  
ö
ö

÷

õ

æ
æ

ç

å
<L

ab

a RQ 8 . yvela aseT wertilTa Soris 

pirveli wertili jxx <)(P  mimdevrobidan aRvniSnoT aq -iT. amrigad transfinituri 
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rekursiiT jxx <= )(qQ  mimdevroba mTlianad gansazRvrulia. vaCvenoT, axla, rom 

}:{ jxx <=qQ  saZiebeli simravlea.  

a) jer vaCvenoT, rom arc erTi wrfe Q-sTan orze met wertilSi ar ikveTeba. 

marTlac, davuSvaT winaaRmdegi da vTqvaT Q  simravlis sami 
1a

q , 
2a

q  da 
3a

q  wertilebi 

erT l wrfezea moTavsebuli. zogadobis SeuzRudavad vigulisx -moT, rom 321 aaa << . 

maSin cxadia, rom 
3231

& aaaa QqQq ÍÍ , aQ -s gansazRvris Tanaxmad.  

magram vinaidan  
1a

q  da 
2a

q  orive l wrfezea, amitom 
3a

TlÍ , magram 
3a

q  wertili Î 

arc werT wrfes 
3a

T  ojaxidan (vinaidan agebis Tanaxmad: aba a
QRlq 8\Í  aba

Tl Î ), e.i. 

lq Î
3a

 es winaaRmdegoba amtkicebs imas, rom Q simravlis arc erTi sami wertili erT 

wrfeze ar Zevs.  

b) axla is vaCvenoT, rom arc erTi wrfe jxx <)(P  ojaxidan Q simravles ar gadakveTs 

orze nakleb wertilSi. marTlac agebis procesidan Cans, rom Tu 
ab

l  wrfe iseTia, rom 

is 1+aQ -Tan erT wertilSi ikveTeba (saerTod rom ikveTeba cxadia, radgan 1+Í aba a
Qlq 1 , 

xolo QQj ËÝ<jg ), maSin 
ab

l  wrfe ar Seva 1+aT  ojaxSi da Semdegi umciresi indeqsiani 

wrfe isev 
ab

l  iqneba. rac imas gamoiwvevs, rom 1+aq  wertilis aRebac 
ab

l  wrfidan 

moxdeba da amitom 
ab

l -s Q simravleSi ori wertili garantirebuli aqvs.  

anu sabolood damtkicda, rom saZiebeli simravlea.  r.d. g. 

 

 

 

3R  sivrcis dayofa erTeulradiusian  

wrewirTa ojaxad  

 

Teorema (a. xaraziSvili) . vTqvaT, 0>r  raime namdvili ricxvia, maSin arsebobs r  

radiusian wrewirTa iseTi  IiiC Í)(  ojaxi, rom Å=Ý¸ ji CCji 1  da 8
Ii

i RC
Í

= 3 . 

anu arsebobs 3R  sivrcis dayofa r  radiusian wrewi -rebad.  

 

damtkiceba . SevniSnoT, rom Tu aseTi ojaxi arsebobs, maSin diziuqturobis gamo is 

aucileblad kontinualuri iqneba. vTqvaT 0>r  da vTqvaT, j kontinuumis simZlavris 
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umciresi ordinalia, xolo jxx <)(P  aris 3R  sivrcia yvela wertilTa inieqciuri 

transfinituri mimdevroba, aseTi mimdevroba arsebobs cermelos Teoriis gamo) 

transfini -tuli rekursiiT avagoT jxx <)(C  r  radiusian wrewirTa ojaxi, rom Sesruldes 

pirobebi:  

 

1) Å=Ý<<
2121 xxjxx CC 1 , 

2)  8
xh

hxjx
¢

ÍÝ< CP   

(cxadia 2 pirobidan 8
jx

x

<

=Ý CR3
). 

davuSvaT, rom jx<  da x ordinalisaTvis ukve gansazRv -rulia xzz <)(C  

transfinituri mimdevroba, romelic r  ra -diusiani TanaukveTi wrewirebisagan Sedgeba da  

samarTliania 2) Tvisebis analogiuri Tviseba: Tu xh< , maSin 8
hx

xx

¢

Í CP . anu ukve 

agebulebi faraven sivrcis wertilTa  jhh <)(P  simravles.  

aviRoT axla Tavad xP  wertili. Tu 8
xz

zx

¢

Í CP  (anu Tu xP  aviRoT jxx <)(P  mimdevrobis 

is wertili, romelic 8
xz

z

¢

Î C  simravles da Tan umciresindeqsiani yvela aseT wertilTa 

Soris. (radgan wrewirTa arakontinualuri ojaxi ver dafaravs 3R -s amitom aseTi 

wertili iarsebebs).  

 

I. marTlac, sakmarisia davamtkicoT, rom sibrtyeTa arakontinualuri ojaxi ver 

dafaravs 3R . Tu dafaravs, maSin sfero daifareba arakontinualuri raode noba 

wrewirebiT. es ar SeiZleba, radgan magaliTad  iarsebebs  meridiani, romelic ar 

daemTxveva am ojaxis arcerT wrewirs. am meridians im wrewirTa arakontinualur 

ojaxTan eqneba arakontinualuri TanakveTa da e.i. am meridianze iarsebebs wertili, 

romelsac ver dafaravs is ojaxi, e.i. sferozec iarsebebs.  

 

II. ver dafaravs sferos, sferoze aviRoT am arak ontinualur sibrtyeTa ojaxis 

kvalebi. e,i, wrewirebi maTi raodenoba L< . e.i. sferoze arsebobs wrewiri C, romelic Î 

am ojaxs. ganvixiloT 1C  ojaxTan L<  amitom C wrewirze $ wertili p, romelic ar 

daifareba, Tuki 8
xz

zx

¢

Î CP , maSin ganvsazRvroT xx PP =¡ . e.i. orive SemTxvevaSi 8
xz

zx

¢

Î¡ CP . 

gavataroT axla xP¡ wertilze xl  wrfe ise, rom is ar iyos perpendikularuli xzz <)(C  

ojaxSi Semavali wrewirTa sibrtyeebis. es SesaZlebelia, radgan mimarTule -bebis 

simravle kontinualuria, xolo L<x .  
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avagoT axla tori, romelic miiReba C wrewiris 

kongruentuli wrewiris xl  RerZis garSemo brunviT, Tanac ise, 

rom wrewirisaTvis xl  aris xP¡ wertilSi gavlebuli mxebi. am 

toris zedapiri aRvniSnoT )(TS -iT. cnobilia, rom T u toris 

zedapirze mTlianad Zevs raime wrewiri, maSin is an meridiania 

an paraleli ( * Tviseba).  

cnobilia, asevve toris zedapiris aseTi Tviseba, rom 

wrewiri an mTlianadaa toris zedapirze, an kidev am zedapirTan 

mxolod sasruli TanakveTa aqvs ( **) Tviseba. (intiuciurad 

naTel am geometriul faqtebs Cven daumtkiceblad gamoviyenebT).  

xl  RerZis mimarTulebis SerCevis gamo toris vercerTi paraleli wrewiri ver iqneba 

xzz <)(C  ojaxSi, xolo xP¡-is SerCevis gamo toris  verc erTi meridianic ver iqneba 

xzz <)(C  ojaxSi. Aamitom  

                
ö
ö

÷

õ

æ
æ

ç

å
Î¡

¢

8
xz

zx CP   

da maSin * Tvisebis gamo, gveqneba, rom arcerTi )( xxz <C  wrewiri ar mdebareobs 

mTlianad )(TS  zedapirze. xolo ** Tvisebis gamo gveqneba, rom TanakveTa  

 

)(TSC 1z  sasruli simravlea xz<"( -Tvis).  

 

magram, radgan L<x  (x naklebia j-ze da amitom). amitom aucileblad moiZebneba iseTi 

meridiani, romelic ar Tanaik -veTeba 8
xz

z

<

C simravlesTan. erT -erTi aseTi meridianuli 

wrewiri iyos xC . e.i. xC wrewiri ise gavatareT xP¡ axal wer -tilze, rom ar kveTs 

arcerT wina agebul wrewirs (cxadia xx CP Í¡ ). e.i. axx <)(C  iseTi, romelic dafaravs 3R -s. 

r.d.g.  

 

 

veqtoruli sivrcis bazisi, hamelis bazisi  

   

 

xP¡

lx 

xP¡ 


