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winadadebaTa aRricxva 
 

propoziciuli operaciebi. WeSmaritobis 

cxrilebi. tavtologiebi 

 
winadadebebidan, maTi sxvadasxva meTodiT SeerTebiT, 

SeiZleba SevadginoT axali, ufro rTuli winadadebebi. Cven 
ganvixilavT mxolod WeSmaritul-funqcionalur kombinaciebs, 
sadac axali winadadebis WeSmaritoba an mcdaroba gani-
sazRvreba Semadgeneli winadadebebis WeSmaritobiT an 
mcdarobiT. 

winadadebebis aRsaniSnavad visargeblebT laTinuri 
asoebiT ,,, CBA Ada maT vuwodebT propoziciul cvladebs. 
winadadebebis WeSmaritobis mniSvnelobebs aRsaniSnavad 
gamoviyenebT 1 da 0-s. amasTan 1 Seesabameba mniSvnelobas 
`WeSmariti~, xolo 0 Seesabameba mniSvnelobas `mcdari~. 

yvelaze martivi operacia winadadebebze aris uaryofis 
operacia ┐. Tu A aris winadadeba da maSin ┐A aris 
winadadeba, is ikiTxeba `ara A~. 

Semdegi operacia aris koniunqcia. A da B winadadebebis 
koniunqcia aRiniSneba BA& . 

momdevno operacia aris diziunqcia, A da B winadadebebis 
diziunqcia aRiniSneba BA  da ikiTxeba `A an B~. 

Semdegi mniSvnelovani operacia aris implikaciis anu 
gamomdinareobis operacia: BA , ikiTxeba `Tu A, maSin B~.  

bolos, ekvivalentobis operacia: BA , ikiTxeba `A 
ekvivalenturia B-si~. 

qvemoT mocemuli cxrilebi iZlevian am operaciebis 
gansazRvrebebs. 
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am operaciebiT agebul yovel winadadebas aqvs garkveuli 
WeSmarituli mniSvneloba, romelic damokidebulia masSi 
Semavali winadadebebis WeSmaritobis mniSvnelobebze. 

propoziciuli cvladebiTa da logikuri operaciebiT 
agebuli gamosaxulebisaTvis gamoviyenebT termins 
propoziciuli forma. ufro zustad propoziciuli forma 
Semdegi sami punqtiT ganisazRvreba: 

 
(1) yvela propoziciuli cvladi (ricxviTi indeqsiT an 

indeqsis gareSe) aris propoziciuli forma. 
(2)LTu A  da B _propoziciuli formebia, maSin (ךA ), 

)&( BA , )( BA , )( BA  da )( BA  aseve propoziciuli 

formebia. 
(3) mxolod (1) da (2) punqtebiT gansazRvruli gamosaxu-

lebebia propoziciuli formebi. 
 
propoziciul formaSi Semaval propoziciuli cvladebis 

WeSmarituli mniSvnelobebis yovel erTobliobas Seesa-
bameba am propoziciuli formis WeSmarituli mniSvneloba. 

amrigad, yoveli propoziciuli forma gansazRvravs 
garkveul WeSmaritul funqcias, romelic SeiZleba moce-
muli iyos am propoziciuli formis WeSmaritul 

mniSvnelobaTa cxriliT. magaliTad (((ךA) )) CB   

propoziciul formas aqvs WeSmaritul mniSvnelobaTa 
Semdegi cxrili: 

 

A B C (ךA)  ((ךA) )B (Aך)))  )) CB   

0 0 0 1 1 0 
0 0 1 1 1 1 
0 1 0 1 1 0 
0 1  1 1 1 1 
1 0 0 0 0 1 
1 0 1 0 0 1 
1 1 0 0 1 0 
1 1 1 0 1 1 
 

Tu propoziciul formaSi aris n gansxvavebuli cvladi, 
maSin am cvladebis WeSmaritul mniSvnelobaTa gansxva-

vebuli n2  erToblioba arsebobs da, maSasadame, am 
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propoziciuli formis WeSmaritul mniSvnelobaTa cxrili 

Seicavs n2  striqons (daamtkiceT!). 
 
n cvladis WeSmarituli funqcia ewodeba n cvladis 

yovel funqcias, romelic Rebulobs mniSvnelobebs 0 an 1, 
roca misi argumentebic Rebuloben igive 0 an 1 mniSvne-
lobebs. ufro zustad rom vTqvaT n cvladis WeSmarituli 

funqcia ewodeba nebismier asaxvas {0,1}
n
 simravlidan {0,1} 

simravleSi e.i. f: {0,1}
n
  {0,1} tipis asaxvas (aseT funqciebs 

bulis funqciebsac uwodeben. rogorc vnaxeT, yoveli 
propoziciuli forma gansazRvravs garkveul WeSmaritul 
funqcias. 

propoziciul formas, romelic masSi Semavali cvladebis 
mniSvnelobaTa nebismier erTobliobaze Rebulobs 1-is tol 
mniSvnelobas, tavtologia ewodeba. cxadia, rom 
propoziciuli forma tavtologiaa maSin da mxolod maSin, 
roca Sesabamisi WeSmarituli funqciis mniSvneloba aris 

yovelTvis 1. Tu )( BA  aris tavtologia, maSin amboben, 

rom A -dan logikurad gamomdinareobs B . an amboben, rom 
B  aris A -s logikuri Sedegi (winadadebaTa aRricxvaSi). 

Tu )( BA  aris tavtologia, maSin amboben, rom A  da B  

logikurad ekvivalenturia (winadadebaTa aRricxvaSi). 
tavtologiis magaliTebiaL (( A  A)) (`mesamis gamoricxvisך

kanoni~), (ך(A & (ךA)). aRvniSnoT aseve, rom )&( BA -dan logi-

kurad gamomdinareobs A, ))(&( BAA  -dan logikurad gamom-

dinareobs B, xolo )( BA  da ((ךA) ))B  logikurad ekviva-

lenturebia. 
propoziciul formas, romelic masSi Semavali cvladebis 

mniSvnelobaTa yvela erTobliobaze Rebulobs mniSvnelobas 
0, ewodeba winaaRmdegoba. 

winadadebas, romelic miiReba raime tavtologiidan masSi 
propoziciuli cvladebis nacvlad winadadebebis CasmiT, im 
pirobiT, rom erTi da igive cvladis Semosvlebi icvleba 
erTi da igive winadadebiT, ewodeba logikurad WeSmariti 
(propoziciul aRricxvaSi). magaliTad gamodgeba Semdegi 
winadadeba: `Tu wvims an Tovs, da ar Tovs, maSin wvims~, 

romelic miiReba &)((( BA ((Bך) )A  tavtologiidan CasmiT. 
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analogiurad winadadebas, romelic miiReba winaaRmdegobidan 
CasmiT, ewodeba logikurad mcdari (winadadebaTa aRricxvaSi). 

davadginoT tavtologiebis Sesaxeb ramdenime zogadi 
saxis winadadeba. 

 

winadadeba 1.1. Tu А  da )( BA  tavtologiebia, maSin B-

-tavtologiaa. 
 

damtkiceba. vTqvaT A  da )( BA  tavtologiebia xolo B- 

araa tavtologia. maSin A  da B--Si Semavali cvladebis 

WeSmaritul mniSvnelobaTa raime erTobliobaze B -s mni-
Svneloba iqneba 0. radgan  A  tavtologiaa, amitom cvla-
debis mniSvnelobaTa igive erTobliobaze A miiRebs 

mniSvnelobas 1. maSin )( BA  miiRebs mniSvnelobas 0. es ki 

ewinaaRmdegeba daSvebas, rom )( BA  aris tavtologia.  

 
winadadeba 1.2. Tu A  aris tavtologia, romelic Seicavs 

nAAA ,,, 21   propoziciul cvladebs, da B  forma miiReba A -

dan masSi nAAA ,,, 21   cvladebis nacvlad Sesabamisad 

nAAA ,,, 21   propoziciuli formebis CasmiT, maSin B - 

formac iqneba tavtologia. 
 
damtkiceba. davuSvaT, rom A aris tavtologia da moce-

mulia B -Si Semavali yvela propoziciuli cvladis 
WeSmaritul mniSvnelobaTa nebismieri erToblioba. maSin 

nAAA ,,, 21   formebi am erTobliobaze miiReben raRac   

nxxx ,,, 21   WeSmaritul mniSvnelobebs  (yoveli ix  aris 0 an 

1). Tu Cven nAAA ,,, 21   cvladebs Sesabamisad mivaniWebT 

nxxx ,,, 21   mniSvnelobebs, maSin A -s mniSvneloba daemTxveva 

B -s WeSmaritul mniSvnelobas masSi Semavali cvladebis 
mniSvnelobaTa mocemul erTobliobisaTvis. radgan A  aris 
tavtologia, B -s mniSvneloba masSi Semavali cvladebis 
mniSvnelobaTa mocemul erTobliobazec 1 iqneba. maSasadame, 
B  yovelTvis Rebulobs 1-is tol WeSmaritul  

mniSvnelobas.  



 6 

mokled winadadeba 1.2. ase SeiZleba gamovTqvaT: 
tavtologiis kerZo SemTxveva tavtologiaa. 

 

winadadeba 1.3. Tu 1B  miiReba 1A -dan masSi B -s CasmiT 

A -s erTi an ramdenime Semosvlis nacvlad, maSin 

 )(( BA ))( 11 BA   aris tavtologia, da, maSasadame, Tu 

A  da B  logikurad ekvivalenturia, maSin aseve 1A  da 1B  

logikurad ekvivalenturia. 
 
damtkiceba. ganvixiloT propoziciuli cvladebis WeSma-

ritul mniSvnelobaTa nebismieri erToblioba. Tu am 
erTobliobaze A  da B -s aqvT gansxvavebuli mniSvnelobebi, 

maSin )( BA  Rebulobs mniSvnelobas 0 da  )(( BA  

))( 11 BA   Rebulobs mniSvnelobas 1. Tu am erToblio-

baze A  da B  Rebuloben erTsa da igive mniSvnelobebs, 

maSin erTsa da igive mniSvnelobebs miiReben aseve 1A  da 1B

, radgan 1B  gansxvavdeba 1A -sgan imiT, rom zog adgilze 

A -s nacvlad Seicavs B -s. amrigad, am SemTxvevaSi )( BA  

aris 1 amitom  )(( BA ))( 11 BA   aris 1.  

 
frCxilebis gamotoveba. 

 
formebSi frCxilebis ufro ekonomiuri gamoyenebisaTvis 

SemoviRoT zogierTi SeTanxmeba. es SeTanxmeba amartivebs 
rTuli gamosaxulebis Cawerasa da wakiTxvas. pirvel rigSi, 
Cven gamovtovebT propoziciul formaSi gare frCxilTa 
wyvils. meore, Tu forma Seicavs mxolod erTi binaruli 

operaciis Semosvlebs (e.i. , ,  an &), maSin am operaciis 
yoveli SemosvlisaTvis im ori formidan, romlebic am 
operaciis mocemuli SemosvliT arian dakavSirebulni, gare 
frCxilebs gamovtovebT marcxniv mdgom formaSi. 

 

magaliTi.  ))((( ABA )C -is nacvlad  vwerT 

CABA  -s, xolo   ))((( ABB ))( AC  -is nacvlad ki 

vwerT )( ACABB  -s 
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mesame, SevTanxmdeT da CavTvaloT, rom operaciebi dala-

gebulia Semdegnairad:  ך, &, , ,       , , , &, ך da 
yovel propoziciul formaSi gamovtovebT yvela im 
frCxilTa wyvils, romelTa gareSe SeiZleba am formis 
aRdgena Semdegi wesis safuZvelze. 

 niSnis yoveli Semosvla exeba mis Semdeg myof umcires ך
propoziciul formas; ך niSnis yoveli Semosvlis Sesa-
bamisi yvela frCxilis dasmis Semdeg, & niSnis yoveli 
Semosvla akavSirebs am Semosvlis sxvadasxva mxares mdgom 
umcires formebs; Semdeg (anu yvela frCxilis dasmis 

Semdeg, romlebic exeba ך da & niSnebis yvela Semosvlas)  
niSnis yoveli Semosvla akavSirebs am Semosvlis orive 

mxares mdgom umcires formebs da amis msgavsad  da -
sTvis. am wesis gamoyenebiT erTsa da igive operaciaze 
frCxilebis aRdgena xdeba marcxnidan marjvniv. 

magaliTi. formaSi A ך ACB   frCxilebi aRdgeba 
Semdegi nabijebiT: 

                  A ך) ACB )   

                  A( ך) ACB ))    

                     A(( ך) ACB  )))    

                     A(( ך) )))) ACB  . 

savarjiSos saxiT aCveneT, rom  BDACD && ך BD  
aRniSnavs  

()&)&(((()((  BDACD ך )))) BD  -s. 

SevniSnoT amasTanave, rom ar SeiZleba frCxilebis 
gareSe yoveli formis Cawera. ase, magaliTad, formebSi 

)( CBA  ך , )( BA , )(& CBA   SeuZlebelia frCxilebis 

Semdgomi gamotoveba. 
 
 

operaciaTa sruli sistemebi 

n cvladis Semcveli propoziciuli forma warmoqmnis 
Sesabamis  n cvladis WeSmaritul funqcias. bunebrivad ismis 
kiTxva: WeSmaritobis yvela funqcia warmoiqmneba Tu ara 
amgvarad? am kiTxvaze pasuxs iZleva Semdegi 
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winadadeba 1-4. yoveli WeSmarituli funqcia warmoiqmneba  
garkveuli propoziciuli formiT, romelic Seicavs 

mxolod ך, & da  operaciebs. 
 

damtkiceba. vTqvaT ),,( 1 nxxf   aris mocemuli WeSmari-

tuli funqcia. cxadia, f SeiZleba warmodgenili iqnas 

garkveuli WeSmaritobis cxriliT, romelic Seicavs n2 cal 

striqons da romelSic yoveli striqoni Seicavs nxx ,,1   

cvladebis WeSmaritul mniSvnelobaTa garkveul erTob-

liobas da ),,( 1 nxxf   funqciis Sesabamis mniSvnelobas. am 

cxrilis striqonebi davnomroT naturaluri ricxvebiT 
n2,,3,2,1  . vTqvaT yoveli i-sTvis, ni 21  , iC  aRniSnavs 

i

n

i UU &&1   koniunqcias, sadac yoveli i

jU  (
nji 2,1  ) aris 

jA , Tu WeSmaritobis mocemuli cxrilis i-ur striqonSi jx -

s mniSvneloba aris 1, xolo i

jU  aris ך jA , Tu jx  Rebulobs 

mniSvnelobas 0. aRvniSnoT D-Ti yvela iseTi iC -s 

diziunqcia, rom f funqcia i-ur striqonSi Rebulobs 
mniSvnelobas 1 (Tu aseTi striqonebi araa, maSin f 
yovelTvis Rebulobs mniSvnelobas 0 da, maSin 

dasamtkicebel debulebas akmayofilebs &1A ך 1A  forma). 

cxadia,rom D formiT gansazRvruli WeSmarituli funqcia 

emTxveva f-s. marTlac, vTqvaT mocemulia nAA ,,1   cvladebis 

WeSmaritul mniSvnelobaTa raime ganawileba (erToblioba) 
da davuSvaT, rom WeSmaritul mniSvnelobaTa es erToblioba 

nxx ,,1   cvladebisaTvis mocemulia f funqciis WeSmaritobis 

cxrilis k-ur striqonSi. am erTobliobisaTvis kC -s 

mniSvneloba aris 1 maSin, roca yvela iC -s )( ki   

mniSvneloba aris 0. Tu k-ur striqonSi f-is mniSvneloba 

aris 0, maSin kC  ar iqneba D-s diziunqciuri wevri da 

mocemul erTobliobaze D-s yvela diziunqciuri wevri 
Rebulobs mniSvnelobas 0. Tu k-ur striqonSi f-is 

mniSvneloba aris 1, maSin kC  aris D-s diziunqciuri wevri 

da, maSasadame, am erTobliobaze D-s mniSvneloba aris 1. 
amgvarad, D formiT warmoqmnili WeSmaritobis funqcia aris f.  
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magaliTebi. vTqvaT f-is Sesabamisi cxrilia: 
 
1) 

1x  2x  ),( 21 xxf  

 0 0 1 
 0 1 1 
 1 0 1 
 1 1 0 

 
maSin saZebni forma D aris 

ך) &1A ך )2A ך) &()& 121 AAA  ך )2A . 

2) 
1x  2x  3x  ),,( 321 xxxf  

 0 0 0 1 
 0 0 1 1 
 0 1 0 0 
 0 1 1 0 
 1 0 0 0 
 1 0 1 1 
 1 1 0 0 
 1 1 1 1 

 
maSin saZebni forma D aris 

ך) &1A ך &2A ך ()3 A ך &1A ך &()& 132 AAA  ך )& 32 AA  

)&&( 321 AAA . 

 
Sedegi 1.5. operaciaTa nebismieri Semdegi sami wyvilidan 

& da ך,  da ך,  da ך da nebismieri WeSmaritobis f 
funqciisaTvis arsebobs propoziciuli forma, romelic 
Seicavs operaciebs mxolod am wyvilidan da warmoqmnis f-s. 

 
damtkiceba. SevniSnoT, rom BA  logikurad ekvivalen-

turia ך)ך &A ך )B  formis. maSasadame, winadadeba 1.3-is meore 

nawilis Tanaxmad, yoveli propoziciuli forma, romelic 

Seicavs mxolod &, , ך operaciebs, logikurad ekvivalen-
turia iseTi propoziciuli formisa, romelic mxolod & 
da ך operaciebs Seicavs (es forma miiReba yvela BA   
saxis gamosaxulebis nacvlad ך( &A Bך )-is CasmiT). 
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dasamtkicebeli Sedegis danarCeni nawili msgavsad miiReba 
Semdegi tavtologiebidan: 

BA& ך )ך A  ,(Bך

 BA ך )) )) BA  , 

                       BA& )ך A  .(Bך

rogorc vnaxeT, operaciaTa ך, & wyviliT SeiZleba 
gamoisaxos (Sedegi 1.5-is azriT) yvela WeSmarituli funqcia. 

igive efeqtis miRweva SeiZleba erTi operaciis  (uaryofaTa 
koniunqciis) daxmarebiT, romelic moicema Semdegi cxriliT 

 
A B AB 

 
0 0 1 
0 1 0 
1 0 0 
1 1 0 

 

AB WeSmaritia maSin da mxolod maSin, roca A da B 
orive mcdaria. advili Sesamowmebelia, rom formebi ך

)( AAA   da )()(()&( BBAABA   arian tavtologiebi, 

da amitom, Sedegi 1.5-is ZaliT, erTi operacia  sakmarisia 
yvela WeSmaritobis funqciis asagebad. 

meore operacia, romelic sakmarisia yvela WeSmarituli 
funqciis asagebad, aris | (uaryofaTa diziunqcia anu 
Seferis Strixi), gansazRvruli Semdegi cxriliT  

 
A B A|B 

 
0 0 1 
0 1 1 
1 0 1 
1 1 0 

 
anu A|B mcdaria maSin da mxolod maSin, roca A da B orive 
WeSmaritia. 
 

winadadeba 1.6.  da | binaruli operaciebis garda ar 
arsebobs binaruli operacia, romelic erTaderTia 
sakmarisi yvela WeSmarituli funqciis asagebad.  



 11 

 
damtkiceba. davuSvaT, rom ),( BAh  aris binaruli operacia, 

romelic sakmarisia yvela WeSmarituli funqciis asagebad. 
Tu 1)1,1( h , maSin nebismieri propoziciuli forma, romelic 

mxolod h-iT aigeboda, miiRebda mniSvnelobas 1, roca masSi 
Semavali yvela cvladis mniSvneloba iqneboda 1. maSasadame, 
forma ךA ar SeiZleba gamoisaxos mxolod h-iT. amitom, 

0)1,1( h . analogiurad miviRebT, rom 1)0,0( h , maSasadame, 

gvaqvs cxrili 
A B ),( BAh  

0 0 1 
0 1  
1 0  
1 1 0 

 
Tu am cxrilis meore da mesame striqonebSi Sesabamisad 

iqneboda 1, 1 an 0, 0, maSin Cven miviRebdiT operacias | an 

operacias . Tu am adgilebze iqneba 0, 1 an 1, 0, maSin 
formebi ),( BAh ),(B da Sesabamisad, ך BAh  A iqnebianך

tavtologiebi. orive SemTxvevaSi h funqcia gamosaxulia ך-iT. 
magram operacia ך araa sakmarisi gansaxilveli azriT, 
radgan erTi cvladis erTaderTi WeSmarituli funqcia, 
romelic SeiZleba gamoisaxos ך-iT, aris funqcia, romelic 
igivurad tolia TviT cvladis, an cvladis uaryofis. 
magram, magaliTad, igivurad 1-is toli funqcia ar gamoi-
saxeba ך-iT. 

 
aqsiomaTa sistema winadadebaTa  

aRricxvisaTvis 

WeSmaritobis cxrilebi saSualebas iZlevian vupasuxoT 
winadadebaTa aRricxvis mraval mniSvnelovan kiTxvas, 
romelic exeba logikur operaciebs, maT Soris aseT 
kiTxvebs: a) aris Tu ara mocemuli propoziciuli forma 
tavtologia, winaaRmdegoba an arc erTi da arc meore?  b) 
logikurad gamomdinareobs Tu ara mocemuli formidan sxva 
forma an aris Tu ara erTmaneTis logikurad ekvivalenturi 
mocemuli ori forma? 
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logikis ufro rTuli kiTxvebi, romlebsac Cven SemdegSi 
SevxvdebiT, ar SeiZleba gadawydes WeSmaritobis cxrilebiT 
an sxva msgavsi martivi efeqturi meTodiT. amitom Cven 
ganvixilavT sxva meTods – formalur TeoriaTa meTods. 
rogorc vnaxeT, winadadebaTa algebraSi wamoWrili yvela 
ZiriTadi sakiTxi SeiZleba gadawydes WeSmaritobis 
cxrilebis daxmarebiT, amave dros sayuradReboa 
aqsiomaturi meTodis ilustracia logikis am martiv 
ganStoebaze. 

formaluri (aqsiomaturi) Teoria Г gansazRvrulia, Tu 
Sesrulebulia Semdegi pirobebi: 

(1) mocemulia simboloTa raime Tvladi simravle – Г  
Teoriis simboloebi. Г Teoriis simboloTa sasrul mimdev-
robas ewodeba Г Teoriis gamosaxuleba. 

(2) arsebobs Г Teoriis gamosaxulebaTa qvesimravle, 
romlebsac ewodeba Г Teoriis formulebi (Cveulebriv 
arsebobs efeqturi procedura, romelic saSualebas iZleva 
mocemuli gamosaxulebisaTvis ganisazRvros aris Tu ara is 
formula). 

(3) gamoyofilia formulaTa garkveuli simravle, 
romlebsac Г Teoriis aqsiomebi ewodebaT. (xSirad Г  
Teoria iseTia, rom arsebobs efeqturi procedura anu 
algoriTmi imis gasarkvevad, aris Tu ara esa Tu is 
formula Г Teoriis aqsioma. aseTi SemTxvevaSi Г-s 
efeqturad aqsiomatizirebuli Teoria an aqsiomaturi 
Teoria ewodeba). 

 (4) arsebobs formulaTa Soris mimarTebaTa sasruli 

simravle nRR ,,1  , romlebsac gamoyvanis wesebi ewodebaT. 

yoveli iR -Tvis arsebobs naturaluri ricxvi j iseTi, rom 

yoveli j raodenoba formulebisagan Sedgenili simravli-
saTvis da yoveli A  formulisaTvis efeqturad wydeba 
sakiTxi imis Sesaxeb, rom aris Tu ara mocemuli j 

raodenoba formulebi iR  mimarTebaSi A  formulasTan, da 

Tu aris, maSin A -s ewodeba mocemul j formulaTa uSualo 

Sedegi iR  gamoyvanis wesiT. 

Г TeoriaSi gamoyvana ewodeba nAA ,,1   formulaTa 

yovel iseT mimdevrobas, rom nebismieri i-Tvis iA  formula 
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aris an Г Teoriis aqsioma, an mimdevrobaSi mis win mdgom 
formulaTa uSuialo Sedegi romelime gamoyvanis wesiT. 

Г Teoriis A  formulas ewodeba Г Teoriis Teorema, Tu 
arsebobs Г-Si iseTi gamoyvana, romlis bolo formula aris 
A ; aseT gamoyvanas ewodeba A  formulis gamoyvana. 

Г Teoriis efeqturad aqsiomatizaciis SemTxvevaSic ki, 
anu roca arsebobs efeqturi procedura imis garkvevisa 
aris Tu ara mocemuli formula aqsioma, Teoremis cneba 
araa aucileblad efeqturi; radgan, sazogadod, SeiZleba 
ar arsebobdes efeqturi procedura (algoriTmi), romelic 
saSualebas iZleva mocemuli formulisaTvis gaarkvios, 
aris Tu ara es formula Teorema, anu arsebobs Tu ara misi 
gamoyvana Г-Si. Teorias, romlisTvisac aseTi algoriTmi 
arsebobs, ewodeba amoxsnadi (gadawyvetadi), winaaRmdeg 
SemTxvevaSi Teorias amouxsnadi ewodeba. 

vTqvaT A  Г Teoriis raime formulaa, xolo  aris  
amave Teoriis formulaTa raime simravle. A  formulas 
ewodeba Г Teoriis  formulaTa Sedegi maSin da mxolod 
maSin, roca arsebobs nAA ,,1   formulaTa iseTi 

mimdevroba, rom  nA  aris A , da nebismieri i-Tvis iA  aris 

an  Г –s aqsioma, an raime formula  simravlidan, an kidev 
mis win mdgom formulaTa uSualo Sedegi romelime 
gamoyvanis wesis mixedviT.  aseT mimdevrobas ewodeba A -s 

gamoyvana -dan. -Si Semaval formulebs ewodeba gamoyvanis 

hipoTezebi an wanamZRvrebi. Canaweris `A  aris -s Sedegi Г 
TeoriaSi” aRsaniSnavad gamoviyenebT Canawers ├Г A . Tuki 

gasagebia romel Teoriazea saubari, maSin  gamoviyenebT ├

A  Canawers. Tu formulaTa  simravle sasrulia da 

}{ ,,1 nBB  , maSin nacvlad }{ ,,1 nBB  ├A , CavwerT nBB ,,1 

├A . Tu  carieli simravlea, maSin ├A  adgili aqvs maSin 

da mxolod maSin, roca A  aris Teorema. nacvlad ├A , 
miRebulia Cawera ├A . amrigad, ├A  aris Semoklebuli 
aRniSvna winadadebisa `A  aris Teorema~. 

 
moviyvanoT gamoyvanis cnebis ramdenime martivi Tviseba. 

(1) Tu   da ├A , maSin ├A . 
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    (2) ├A  maSin da mxolod maSin, roca -Si arsebobs 

sasruli qvesimravle , romlisTvisac ├A . 

    (3) Tu ├A  da ├B  nebismieri B -sTvis  simravlidan, 

maSin ├A . 
axla aRvwerT erT formalur aqsiomatur Teorias 

winadadebaTa aRricxvisaTvis romelsac  L –iT aRvniSnavT. 
 

(1) L Teoriis simboloebi. L-is simboloebia , , ( , ) da 

asoebi iA , dadebiTi mTeli ricxvebiani indeqsebiT:  da  

simboloebs primitiuli operaciebi ewodebaT, xolo iA , iN 

asoebs propoziciuli asoebi. 
(2) L Teoriis formulebi. L TeoriaSi formulis cneba 

ganisazRvreba Semdegi sami punqtiT: 
 (a) yvela propoziciuli aso aris formula. 
 (b) Tu A  daOB  formulebia, maSin (ךA ) da ( BA ) 

agreTve formulebia.  
 (g) raime gamosaxuleba aris L Teoriis formula 

mxolod maSin Tuki es gamomdinareobs (a) da (b) punqtebidan.  
 amrigad, L Teoriis yoveli formula aris 

propoziciuli iA  asoebisgan ,  operaciebis gamoyenebiT 

“sworad agebuli” propoziciuli forma da mxolod isini. 
 (3) L Teoriis aqsiomebi. Tu A , B , C  L Teoriis 

formulebia, maSin (da mxolod maSin) Semdegi formulebi 
arian L Teoriis aqsiomebi: 

)1(A  (A( AB ); 

)2(A  (A( GB ))((AB )( CA )); 

)3(A  (( B   )A ((BA )B )). 

(4) erTaderTi gamoyvanis wesi aris modus ponens: B  aris 
uSualo Sedegi A  da BA . SemoklebiT am gamoyvanis 
wess aRvniSnavT MP- iT. 

Cven visargeblebT adre miRebuli SeTanxmebiT 
frCxilebis gamotovebis Sesaxeb. 

aRvniSnoT, rom L Teoriis aqsiomaTa simravle mocemulia 
mxolod sami (A1), (A2), (A3) aqsiomuri sqemiT, romelTagan 
TiToeuli warmoqmnis aqsiomaTa usasrulo simravles. nebis-
mieri formulisaTvis advili Sesamowmebelia, aris Tu ara 
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is aqsioma, da, amrigad, L aris efeqturad aqsiomatizi-
rebuli Teoria. 

danarCeni operaciebi SemovitanoT Semdegi gansazRvre-
bebis daxmarebiT: 

(D1) ( BA& ) aRniSnavs ך(AךB ); 

(D2) ( BA  ) aRniSnavs (ךA )B ; 

(D3) ( BA  ) aRniSnavs (AB )&(BA ). 

 

lema 1.7. ├ LAA  nebismieri A formulisTvis. 
 

damtkiceba. avagoT AA  formulis gamoyvana 
(damtkiceba) L-Si. 

(1) (A((AA )A ))((A(AA ))(AA )) 
                             ((A2) aqsiomis sqemaSi CasmiT). 

(2) ( A (  )( AA A )             ((A1) aqsiomis sqema).  

(3) ( A  ))( AA ( AA )        ((1) da (2)-dan MP-iT). 

(4) AAA  ( )                       ((A1) aqsiomis sqema. 

(5) AA                            ((3) da (4)-danMMP-iT). 
  
xSirad maTematikur msjelobebSi raime B  debuleba 

mtkicdeba sxva A  debulebis samarTlianobis daSvebiT, ris 
Semdeg akeTeben daskvnas, rom samarTliania debuleba `Tu 
A , maSin B ~. L sistemisaTvis es meTodi dafuZndeba Semdegi 
TeoremiT:  

 

winadadeba 1.8. (deduqciis Teorema). Tu  aris L Teoriis 
formulaTa raime simravle, A  da B  ki  L-is formulebia 

da ,A ├B , maSin ├ BA . 
 

Bdamtkiceba. vTqvaT nBB ,,
1
  aris   A -dan B -s gamoyvana, 

sadac nBB  . i-s mimarT induqciiT )1( ni   davamtkicoT, 

rom ├ iBA . dasawyisisaTvis SevniSnoT, rom 1B  iqneba an 

-s elementi, an L sistemis aqsioma, an emTxveodes A -s 
(cxadia araa gamoricxuli, rom romelime ori am 
SemTxvevaTagani an samive erTdroulad Sesruldes). aqsiomaTa 

(A1) sqemis ZaliT )(
11 BAB   aris aqsioma. amitom pirvel 
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or SemTxvevaSi MP-is ZaliT ├
1
BA . mesame SemTxvevaSi 

anu, roca 1B  aris A , lema 1.7-is ZaliT gvaqvs ├ 1BA , da, 

maSasadame, ├ 1BA . amiT SemTxveva 1i  amowurulia. axla 

davuSvaT, rom ├ kBA  nebismieri ik  . iB -Tvis gvaqvs 

oTxi SemTxvevidan erT-erTi: 
iB  aris aqsioma, an iB  , an 

iB  aris A , an iB  gamomdinareobs MP-iT jB  da mB  

formulebidan, sadac ij  , im   da mB -s aqvs saxe ij BB  . 

pirvel sam SemTxvevaSi ├ iBA  mtkicdeba ise, rogorc 

1i  SemTxvevaSi. bolo SemTxvevaSi gamoviyenoT induqciuri 

daSveba, romlis Tanaxmad ├ jBA  da ├ )( ij BBA  . 

(A2) aqsiomis sqemis Tanaxmad, ├(  )(())( jij BABBA  

))( iBA . maSasadame, MP-s ZaliT ├( jBA ) )( iBA  da, 

kvlav MP-s ZaliT, ├ iBA . amrigad, Cveni damtkiceba 

induqciis gamoyenebiT, damTavrebulia, da ni  -Tvis miviRebT 
dasamtkicebel winadadebas. 

 
Sedegi 1.9. 
(i) BA , CB ├ CA . 
(ii) CBA  ( ), B ├ CA . 
 
damtkiceba. (i) 
(a) BA , hipoTeza 
(b) CB , hipoTeza 
(c) A      , hipoTeza  
(d) B       (a), (c) , MP 
(e) C        (b), (d), MP. 
amrigad, BA , CB , A ├C . aqedan deduqciis 

TeoremiT, BA , CB , ├A C . 
(ii) daamtkiceT damoukideblad. 
 
lema 1.10. nebismieri A  da B  formulebisaTvis, Semdegi 

formulebi arian L-is Teoremebi. 
(a) ך ך AA ; 
(b) A A ך ך ; 
(c) ך )( BAA  ; 
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(d) (ך B ()( ך BAA  ; 

(e)  )( BA B ך) Aך ); 

(f) (A B ך )(( ך BA ; 

(g)  )( BA A ך)) )) BB  ). 

es lema mtkicdeba deduqciis Teoremis gamoyenebiT. 

Cveni Semdegi mizania vaCvenoT, rom L Teoriis formula 
Teoremaa, maSin da mxolod maSin, roca is tavtologiaa. am 
debulebis erTi naxevari naTelia. anu samarTliania Semdegi 
winadadeba. 

winadadeba 1.11. L Teoriis yoveli Teorema aris tavto-
logia. 

 
damtkiceba. savarjiSos saxiT SeiZleba davrwmundeT, 

rom L Teoriis yoveli aqsioma aris tavtologia. winadadeba 
1.1 ZaliT MP wesis gamoyeneba tavtologiebze gvaZlevs 
tavtologias. amitom L Teoriis nebismier gamoyvanaSi 
Semavali nebismieri formula tavtologiaa da maSasadame, L 
Teoriis yoveli Teoremac aris tavtologia. 

Semdegi lema gamoyenebuli iqneba imis dasamtkiceblad, 
rom yoveli tavtologia amave dros aris L-is Teorema. 

 

lema 1.12. vTqvaT A  aris formula, nBB ,,1   ki A -Si 

Semavali propoziciuli cvladebia, da vTqvaT mocemulia 

nBB ,,1  -is WeSmaritul mniSvnelobaTa raime sistema. vTqvaT 

iB  aris iB , Tu am sistemaSi iB  Rebulobs mniSvnelobas 1 

da ך iB , Tu iB  Rebulobs mniSvnelobas 0, da bolos vTqvaT 

A  aris A , Tu cvladebis mocemul mniSvnelobebze A -s 
mniSvneloba aris 1, da ךA , Tu A -s mniSvneloba aris 0. 

maSin nBB  ,,1  ├A . 

Tu, magaliTad, A  aRniSnavs ך)ך )52 AA  maSin, am 

formulis WeSmaritobis cxrilis yoveli striqonisaTvis 
 

2A  5A ך)ך  )52 AA   

0 0 1 
0 1 0 
1 0 0 
1 1 0 
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lema 1.12 amtkicebs saTanado gamoyvanis faqts. kerZod mesame 

striqons Seesabameba debuleba ,2A ך 5A ך)ך ך ├  ),52 AA   xolo 

meoTxes ,2A 5A ך)ך ך  ├ ).52 AA   

 
damtkiceba. damtkiceba moxdeba induqciiT A -Si opera-

ciaTa n ricxvis mixedviT. Tu 0n , maSin A  aris ubralod  

propoziciuli cvladi 1B  da lema daiyvaneba 1B ├ 1B  da ך 1B

ך ├ 1B  trivialuri winadadebebis damtkicebaze. axla davuSvaT, 

rom lema samarTliania nebismieri nj  -sTvis. 

SemTxveva 1. A -s aqvs saxe ךB . cxadia B -Si operaciaTa 
Semosvlebis ricxvi naklebia n-ze. 

SemTxveva 1a. vTqvaT B -Si Semavali cvladebis 
WeSmarituli mniSvnelobebis mocemul erTobliobaze B -s 
mniSvneloba aris 1. maSin A -s mniSvneloba iqneba 0. 
amrigad, B  aris B , xolo A  aris ךA . induqciuri 

daSvebiT gvaqvs nBB  ,,1  ├B . maSasadame, lema 1.1 (b) da MP 

ZaliT nBB  ,,1  B ךך├  . magram ךךB  aris A . 

SemTxveva 1b. vTqvaT B -s mniSvneloba aris 0; maSin B  
aris ךB , xolo A  aris A . induqciuri daSvebiT gvaqvs, 

rom nBB  ,,1  Bך ├  , rac moiTxoveba, radgan ךB  aris A . 

SemTxveva 2. A -s aqvs saxe )( CB . maSin logikur 

operaciaTa Semosvlis ricxvi B -Si da C -Si, naklebia vidre 

A -Si. amitom induqciuri daSvebis ZaliT, nBB  ,,1  ├B  da 

nBB  ,,1  ├C  . 

SemTxveva 2a. B  Rebulobs mniSvnelobas 0. maSin A  
miiRebs mniSvnelobas 1, da B  aris ךB , xolo A  aris A . 

amrigad, nBB  ,,1  Bך ├  da, lema 1.10 (c)-iT, nBB  ,,1  ├ CB , 

magram CB  aris A . 
SemTxveva 2b. C  Rebulobs mniSvnelobas 1. maSasadame, A  

miiRebs mniSvnelobas 1 da C   da C , xolo A  aris A . 

gvaqvs nBB  ,,1  ├C , da maSin, (A1) aqsiomis sqemiT,   nBB  ,,1  ├

CB , sadac CB  emTxveva A -s. 
SemTxveva 2c. B Rebulobs mniSvnelobas 1 da C  

Rebulobs mniSvnelobas 0. maSin A  aris ךA , B  aris B  

da C   aris ך C . gvaqvs nBB  ,,1  ├B  da nBB  ,,1  ך ├ C . aqedan, 
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lema 1.10(f)-iT, miviRebT nBB  ,,1  )ך ├ CB ), sadac ך )( CB  

aris A . 
 

winadadeba 1.13. (Teorema sisrulis Sesaxeb). Tu L 
Teoriis A  formula aris tavtologia, maSin is aris 
Teorema. 

 
damtkiceba. davuSvaT, rom A  aris tavtologia da 

nBB ,,1   A -Si Semavali propoziciuli cvladebi. nBB ,,1   

cvladebis mniSvnelobaTa yovel erTobliobaze lema 1.12-is 

ZaliT gvaqvs: nBB  ,,1  ├A . amitom im SemTxvevaSi, Tu nB  

Rebulobs mniSvnelobas 1, Cven gamoviyenebT lema 1.12-s da 

miviRebT nn BBB ,,, 11 
 ├A . xolo roca nB  Rebulobs mniSvne-

lobas 0, igive lemiT miviRebT nBB  ,,1  ך, nB ├A . aqedan 

deduqciis Teoremis gamo gvaqvs: 11 ,, 

nBB  ├ nB A  da 

11 ,, 

nBB  ך├ nB A . gamoviyenoT axla lema 1.10(g) da miviRebT 

11 ,, 

nBB  ├A . zustad aseve, ori SemTxvevis ganxilviT, roca 

1nB  Rebulobs mniSvnelobebs 1 da 0 da lema 1.12-is, 

deduqciis Teoremis da lema 1.10(g) – gamoyenebiT Cven 

gamovricxavT 1nB -s da miviRebT, rom 21 ,, 

nBB  ├A . Tu am 

process gavagrZelebT, n aseTi nabijis Semdeg miviRebT, rom 
├A . 

 

Sedegi 1.14. Tu B  gamosaxuleba Seicavs operaciebs ך, , 

&, ,  da aris Semokleba (ix. gansazRvrebebi D1-D3) L 
Teoriis raime A  formulisa, maSin B  aris tavtologia 
maSin da mxolod maSin, roca A  aris L-is Teorema. 

 
damtkiceba. D1-D3 gansazRvrebebiT Semotanili gamosaxu-

lebebi warmoadgenen propoziciul formebs, romlebic 
logikurad ekvivalenturia maT mier aRniSnuli propozi-
ciuli formebis. maSasadame, winadadeba 1.3-is ZaliT, A  da 
B  logikurad ekvivalenturia da amitom B  aris 
tavtologia maSin da mxolod maSin, roca A  aris tavti-
logia. axla darCa visargebloT winadadeba 1.13-iT. 

 



 20 

Sedegi 1.15. L sistema arawinaaRmdegobrivia, anu ar 
arsebobs iseTi formula A , rom A da ךA  iyos Teoremebi 
L-Si. 

 
damtkiceba. winadadeba 1.11-is ZaliT, L-Teoriis yoveli 

Teorema aris tavtologia. tavtologiis uaryofa araa 
tavtologia. maSasadame, SeuZlebelia, romelime A  
formulisaTvis A  da ךA  orive iyos L Teoriis Teorema. 

L-is arawinaaRmdegobriobidan gamomdinareobs iseTi 
formulis arseboba, romelic ar aris L-is Teorema 
(magaliTad, nebismieri Teoremis uaryofa). meore mxriv, L-is 
arawinaaRmdegobrioba SeiZleboda gamogveyvana uSualod im 
faqtidan, rom arsebobs L Teoriis formula, romelic ar 
aris Teorema. marTlac, lema 1.10 (c)-dan gvaqvs                
├L ך  A ( BA ), da, maSasadame, Tu L Teoria  
winaaRmdegobrivia, anu Tu raime A  formula gamoyvanadia 
L-Si mis uaryofasTan e.i. ךA  erTad, maSin ├Lך A ( BA )-
isa da MP-s ZaliT, L-Si gamoyvanadi iqneba yoveli B  formula. 
Teorias, romelSidac arseboben formulebi, romlebic ar 
arian Teoremebi, xSirad uwodeben absoluturad 
arawinaaRmdegobrivs. es gansazRvra miesadageba im 
Teoriebsac, romlebic ar Seicaven uaryofis operacias. 
 

damoukidebloba. mravalmniSvnelobiani  

logikebi 

 

mocemuli aqsiomaturi Teoriis yvela aqsiomaTa sim-
ravlis X qvesimravles ewodeba damoukidebeli, Tu X-
simravleSi Semavali romelime aqsioma ar SeiZleba 
gamoyvanil iqnes am Teoriis gamoyvanis wesebiT X - 
simravleSi arSemavali aqsiomebidan. 

 
winadadeba 1.16. aqsiomaTa (A1) - (A3) sqemebidan TiToeuli 

aris damoukidebeli. 
 
damtkiceba. 
(a) (A1)-is damoukidebloba. ganvixiloT Semdegi cxrilebi: 

A ך A A B BA  
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0 1 0 0 0 
1 1 1 0 2 
2 0 2 0 0 
  0 1 2 
  1 1 2 
  2 1 0 
  0 2 2 
  1 2 0 
  2 2 0 

 
A  formulaSi Semavali cvladebis 0,1,2 mniSvnelobaTa 
yoveli ganawilebisaTvis, es cxrilebi saSualebas gvaZleven 
vipovoT A  formulis Sesabamisi mniSvneloba.  
marTlac, Tu A  formula yovelTvis Rebulobs 
mniSvnelobas 0, maSin mas vuwodoT gamoyofili. Modus ponens-
i inaxavs gamoyofis Tvisebas. mkiTxveli amaSi Tavad 
darwmundeba imis CvenebiT, rom Tu formulebi BA  da A  
gamoyofilebia, maSin B  formulac iqneba gamoyofili. aseve 
araa Zneli imis Semowmeba, rom (A2) an (A3) sqemebidan 
miRebuli yoveli aqsioma aris gamoyofili, maSasadame 
gamoyofili iqneba yoveli formula, romelic gamoiyvaneba 
(A2) da (A3)-dan modus ponens-iT. amasTanave, formula 

)( 121 AAA  , romelic aris (A1)-is kerZo SemTxveva, ar 

aris gamoyofili, radgan is Rebulobs mniSvnelobas 2, roca 

1A -is mniSvnelobaa 1 da 2A -is mniSvneloba 2. amitom cxadia 

(A1) sqema damoukidebelia  
 

(b) (A2)-is damoukidebloba. ganvixiloT Semdegi cxrilebi: 

A ך A A B BA  
0 1 0 0 0 
1 0 1 0 0 
2 1 2 0 0 
  0 1 2 
  1 1 2 
  2 1 0 
  0 2 1 
  1 2 0 
  2 2 0 
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yovel formulas, romelic am cxrilebis Tanaxmad, yovel-
Tvis Rebulobs mniSvnelobas 0, ewodeba groteskuli. Modus 

ponens inaxavs groteskulobas da (A1) da (A3)-is yoveli 
kerZo SemTxveva aris groteskuli (SeamowmeT TviTon). 

amasTanave, (A2) sqemis kerZo SemTxveva  1321 (())(( AAAA  

))() 312 AAA   ar aris groteskuli, radgan Rebulobs 

mniSvnelobas 2, roca 1A , 2A , 3A -is mniSvnelobebia Sesabamisad 

0, 0 da 1. 
 
(c) (A3)-is damoukidebloba. vTqvaT A  aris nebismieri 

formula da )(Ah  aris formula, romelic miiReba A -dan, 

Tu A -Si wavSliT ך-is yovel Semosvlas. (A1) da (A2) 
sqemebis yoveli kerZo SemTxvevisaTvis A  )(Ah  aris tavto-

logia. Modus ponens-i inaxavs Tvisebas A -s, rom )(Ah  iyos 

tavtologia, radgan Tu )( BAh  da )(Ah  tavtologiebia, 

maSin )(Bh  aris tavtologia (sakmarisia mxolod SevniSnoT, 

rom )( BAh  emTxveva )()( BA hh  ). maSasadame, yovel A  

formulas, romelic gamoyvana da (A1)-(A2)-dan modus ponens-iT, 

)(Ah   aqvs  tavtologia.  magram  ((h ך 1A ך )1A (( ך 1A  ך

))) 11 AA   emTxveva  1(A ))(() 1111 AAAA  , xolo es 

ukanaskneli ar aris tavtologia. maSasadame (( ך 1A )1A ך  

(( ך )) 111 AAA  , (A3)-is kerZo SemTxveva, ar gamoiyvaneba (A1) 

da (A2)-dan modus ponens-iT. 
 
(A1)-(A3) aqsiomaTa sqemebis damoukideblobis damtkice-

bisaTvis gamoyenebuli ideis ganzogadoebas mivyavarT 
mravalmniSvnelobiani logikis Semdeg cnebamde. n,,1,0   
ricxvebs vuwodoT `WeSmarituli mniSvnelobebi~ da avirCioT 
raime m ricxvi pirobiT nm 0 . ricxvebs m,,1,0   vuwodebT 
gamoyofil WeSmaritul mniSvnelobebs. aviRoT raime sasruli 
ricxvi `WeSmarituli cxrilebis~, romlebic warmoadgenen 

},,1,0{ n  simravlis Tavis TavSi gadasaxvaTa funqciebs. 

yoveli cxrilisaTvis SemovitanoT niSani, romelsac 
vuwodebT am cxrilis Sesabamis operacias. am operaciaTa da 
propoziciuli asoebis daxmarebiT SegviZlia avagoT propo-
ziciuli formebi. yoveli aseTi forma gansazRvravs 
garkveul `WeSmaritobis funqcias~, romelic },,1,0{ n  sim-
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ravles gadasaxavs Tavis TavSi. propoziciul formas, 
romelic Rebulobs mxolod gamoyofil mniSvnelobebs, 
ewodeba gamoyofili. amboben, rom ricxvebi n, m da ZiriTadi  
WeSmaritobis cxrilebi gansazRvraven garkveul (sasrul) 
mravalmniSvnelobian logikas M. aqsiomatur Teorias, 
romelic Seicavs M logikis propoziciul asoebs da 
operaciebs, ewodeba M logikisaTvis Sesabamisi maSin da 
mxolod maSin, roca am Teoriis TeoremaTa simravle 
emTxveva M logikis gamoyofil propoziciul formaTa 
simravles (cxadia, yvela es cneba SeiZleba ganzogadovdes 
WeSmaritobis mniSvnelobebis usasrulobis SemTxvevaSi). 

am TavSi Seswavlilia 2-mniSvnelobiani logika, romelic 
Seesabameba SemTxvevas 1n , 0m  da $ 1-Si Semotanil  WeS-

maritobis cxrilebs ך da  operaciebisaTvis. am logikis 
gamoyofil formulebs ewodebodaT tavtologiebi.  

winadadebebi 1.11 da 1.13 adgenen im faqts, rom L Teoria 
aris Sesabamisi aqsiomaturi Teoria am logikisaTvis. ori 
sammniSvnelobiani logika iyo gamoyenebuli (A1)-(A3) 
aqsiomaTa sqemebis damoukideblobis damtkicebis dros. 

aqsiomaTa sxva sistemebi 

 
aqsiomaTa L sistema Zalian martivia, miuxedavad amisa 

arsebobs mravali sxva sistema, romlebic aseve kargad 
muSaoben. 

nacvlad ך da  operaciebisa SeiZleba gamoyenebuli 
iyos operaciaTa sxva erToblioba, oRond maTi saSualebiT 
unda iyos SesaZlebeli yvela sxva operaciis gamosaxva. 

magaliTebi. L1: sawyisi operaciebia , ך. BA  aris ך

BA -s Semokleba. aq aris oTxi aqsiomis sqema: (1) 
AAA  ; (2) BAA  ; (3) ABBA  ; (4)  )( CB  

)( CABA  . erTaderTi gamoyvanis wesia – modus ponens. 

L2: operaciebia: & da ך. BA  aris ך( &A Bך ) Semokleba. 
sami aqsiomis sqema: (1) )&( AAA ; (2) ABA )&( ; (3) (

BA ) ( ך )( &CB ך ))( &AC . Modus ponens aris erTaderTi 

gamoyvanis wesi. 
L3: es sistema Zalian hgavs L-s; gansxvaveba imaSia, rom 

nacvlad sami (A1)-(A3) aqsiomis sqemisa aq aris sami 

konkretuli aqsioma: (1) )( 121 AAA  ; (2)A(  ))( 321 AAA  
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))()(( 3121 AAAA  ך) (3) ; 2A ך (()1 A ך )) 212 AAA  , sama-

gierod garda modus ponens-isa aris kidev erTi gamoyvanis 
wesi – Casmis wesi, romelic uSvebs mocemul formulaSi 
mocemuli propoziciuli cvladis yvela Semosvlis nacvlad 
nebismieri formulis Casmas. 

 

pirveli rigis Teoriebi 

$ 1. kvantorebi 

 

arseboben iseTi saxis logikuri msjelobebi, romlebic 
SeuZlebelia dafuZnebul iqnan winadadebaTa aRricxvis 
CarCoebSi. aseTi msjelobebis magaliTebia: 

(1) martinis yoveli megobari aris jonis megobari. 
piteri ar aris jonis megobari. maSasadame, piteri ar aris 
martinis megobari. 

 (2) yvela adamiani ukvdavia. sokrati adamiania. 
maSasadame, sokrati ukvdavia. 

(3) yvela adamiani cxovelia. maSasadame, adamianis Tavi 
aris cxovelis Tavi. 

am daskvnaTa koreqtuloba eyrdnoba ara mxolod maTSi 
Semaval winadadebebs Soris WeSmaritul-funqcionalur 
mimarTebebs, aramed TviT winadadebebis Sinagan struqtu-
rebsac da aseve iseTi gamoTqmebis gagebas, rogoricaa 
`yvela~, `yoveli~ da a.S. 

imisaTvis, rom rTul winadadebaTa (gamonaTqvamTa) 
struqtura gavxadoT ufro cxadi, xelsayrelia zogierTi 
gamonaTqvamisaTvis SemovitanoT specialuri aRniSvna. Tu 

)(xP  aRniSnavs, rom x-s aqvs P Tviseba, maSin SevTanxmdeT, 

rom )(xxP  aRniSnavs winadadebas: `yoveli x sagnisTvis P 

Tviseba Sesrulebulia~, an `yvela x aqvs P Tviseba~. 
Canaweri )(xxP  aRniSnavs, rom `arsebobs x sagani, romelsac 

aqvs P Tviseba~. gamosaxulebaSi )(xxP  x  nawils ewodeba 

zoga-dobis kvantori, xolo )(xxP  gamosaxulebaSi x  

nawils ewodeba arsebobis kvantori. 
magaliTebi. vTqvaT m, j, p, s, ),( yxF , )(xM , )(xI , )(xA , 

)(xh  Sesabamisad aRniSnaven `martini~, `joni~, `piteri~, 

`sokrati~, ` x aris y-is megobari~, `x aris adamiani~, `x 
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ukvdavia~, `x aris cxoveli~, `Tavi x~ maSin (1)-(3) msjelobebi 
SeiZleba Semdegnairad CavweroT: 

(1)        )),(),()(( jxFmxFx   

ך                        ),( jpF  

ך                        ),( mpF  

(2)        ))()()(( xIxMx   

                       )(sM  

                       )(sI  

 (3)        ))()()(( xAxMx   

       ))(&)()(())(&)()()((( yAyhxyyMyhxyx   

ASevniSnoT, rom am daskvnaTa samarTlianoba ar aris 
damokidebuli imaze, Tu rogori konkretuli azri aqvT 
simboloebs m, j, p, s, F, M, I, A, h. 

SesaZlebelia daskvnebi (iseTebi, rogoricaa (1)-(3)), 
romlebic Seicaven kvantorebs, warmovadginoT abstraqtuli 

formiT, rogorc es gakeTda (1)-(3)-Si. am mizniT 
gamoviyenebT mZimeebs, frCxilebs, propoziciul operaciebs 

  da  simbolos, sagnobriv (individur) cvladebs ,ך

,,,,, 21  nxxx  sagnobriv (individur) mudmivebs ,,,,, 21  naaa  

predikatul asoebs  ,,, 2

1

1

1

j

kAAA Ada funqconalur asoebs 

 ,,, 2

1

1

1

j

kfff  predikatuli an funqcionaluri asoebis zeda 

indeqsi miuTiTebs argumentTa ricxvs, xolo qveda indeqsi 
gamoiyeneba erTi da igive raodenoba argumentebis mqone 
asoTa gansasxvaveblad. zogierT moyvanil magaliTebSi m, j, 
p, s arian sagnobrivi mudmivebi, F da = oradgiliani predi-
katuli asoebi (anu orargumentiani asoebi), h asrulebda   
erTadgiliani funqcionaluri asos rols. 

 
sagnobriv cvladebze da mudmivebze gamoyenebuli funq-

cionaluri asoebi warmoqmnian termebs. ufro zustad: 
(a) yoveli sagnobrivi cvladi an sagnobrivi konstanta 

aris termi. 

(b) Tu n

if  aris funqcionaluri aso da ntt ,,1  termebi, 

maSin ),,( 1 n

n

i ttf   aris termi. 

(c) gamosaxuleba aris termi maSin da mxolod maSin, Tu 
es gamomdinareobs (a) da (b) wesebidan. 

; 

. 

; 
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termebze gamoyenebuli predikatuli asoebi warmoqmnian 

elentarul formulebs, an ufro zustad: Tu n

iA  aris 

predikatuli aso, xolo ntt ,,1  termebi, maSin ),,( 1 n

n

i ttA   

aris elementaruli formula. 
predikatTa aRricxvis formulebi ganisazRvrebian 

Semdegnairad: 
(a) yoveli elementaruli formula aris formula. 
(b) Tu A  da B  formulebia da y aris sagnobrivi 

cvladi, maSin (ךA ), ( BA ) da y( A ) gamosaxulebidan 

TiToeuli aris formula. 
(c) gamosaxuleba aris formula maSin da mxolod maSin, 

roca es gamomdinareobs (a) da (b) wesebidan. 
gamosaxulebaSi y( A ) `A ~ ewodeba y  kvantoris 

moqmedebis are. SevniSnoT, rom A  SeiZleba ar Seicavdes y 
cvlads, aseT SemTxvevaSi Cveulebriv vTvliT, rom 
Sinaarsobrivi azri A  da y( A ) erTi da igivea. gamosa-

xulebebi BA& , BA  , BA  iseve ganisazRvrebian, 
rogorc winadadebaTa (gamonaTqvamTa) aRricxvaSi. ar aris 
aucilebloba imisa, rom ZiriTad simboloTa Soris iyos 

CarTuli arsebobis kvantoris simbolo , radgan x A  
SeiZleba ganvsazRvroT, rogorc (ך( (x Aך ))) gamosaxulebis 

Semoklebuli Cawera. cxadia, aseTi gansazRvra sworad 
asaxavs kvantorTa Sinaarsobriv azrs.  

frCxilebis CamoSorebis Sesaxeb winadadebaTa aRricxvaSi 
arsebuli SeTanxmeba ZalaSi rCeba. damatebiT CavTvliT, rom 

kvantorebis y  da y  siZlieriT ganlagebuli arian ,  

da , &, ך operaciebs Soris. 

magaliTebi. nacvlad )),())((( 21

2

11

1

11 xxAxAx   vwerT 

 )( 1

1

11 xAx ),( 21

2

1 xxA , xolo nacvlad ))),()((( 21

2

11

1

11 xxAxAx   

vwerT ),()( 21

2

11

1

11 xxAxAx  . 

SevTanxmdeT aseve, rom gamovtovebT frCxilebs, romlebSic 

moTavsebulia formula A  A (1 ) saxis formulebSi, 

sadac  da 1 _nebismieri kvantorebia. 

magaliTi. nacvlad formulisa )))),,(((( 421

3

1421 xxxAxxx   

vwerT ),,( 421

3

1421 xxxAxxx  . 
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SemoviyvanoT formulaSi cvladis Tavisufali da dab-
muli Semosvlebis cnebebi; x cvladis Semosvlas mocemul 
ewodeba dabmuli, Tu x aris am formulaSi Semavali x  
kvantoris cvladi an imyofeba am formulaSi Semavali x  
kvantoris moqmedebis areSi; winaaRmdeg SemTxvevaSi mocemul 
formulaSi x cvladis Semosvlas ewodeba Tavisufali. 

 

magaliTebi. (i) ),( 21

2

1 xxA ; 

             (ii) )(),( 11121

2

1 xAxxxA  ; 

             (iii) ))(),(( 11121

2

11 xAxxxAx  . 

(i) formulaSi 1x  cvladis erTaderTi Semosvla aris Tavi-

sufali. (ii) formulaSi 1x  cvladis pirveli Semosvla aris 

Tavisufali, xolo meore da mesame – dabmuli. 1x  _ 

cvladis yvela Semosvla (III) formulaSi aris dabmuli. 2x  

cvladis yoveli Semosvla samive formulaSi aris 
Tavisufali. SevniSnoT, rom erTsa da imave cvlads erTsa 
da igive formulaSi SeiZleba hqondes, rogorc Tavisufali, 
aseve dabmuli Semosvlebi (magaliTad, (II)-Si). SevniSnoTY 
aseve, rom cvladis Semosvla SeiZleba iyos dabmuli raime 
A  formulis raime qveformulaSi da amave dros 
Tavisufali A  formulis raime qveformulaSi; magaliTad, 

1x  cvladis pirveli Semosvla aris Tavisufali (ii) 

formulaSi. magram (ii) formula aris (iii) formulis 

qveformula, sadac 1x -is igive Semosvla dabmulia.  

cvlads ewodeba Tavisufali (dabmuli) mocemul formu-
laSi, Tu arseboben am formulaSi misi Tavisufali 
(dabmuli) Semosvlebi. maSasadame, erTsa da igive formulaSi 
erTdroulad cvladi SeiZleba iyos Tavisufali da 

dabmuli. aseTia, magaliTad, 1x  cvladi (ii) magaliTSi. 

vTqvaT 
kii xx ,,

1
 cvladebia da A  aris formula. ar 

gavamaxvilebT yuradRebas imaze, rom arian Tu ara es 
cvladebi Tavisufali A -Si da arsebobs Tu ara A -Si sxva 
Tavisufali cvladebi, A  formulis aRsaniSnavad zogjer 

gamoviyenebT Canawers ),,(
1 kii xx A  imisaTvis, rom SemdegSi 

),,( 1 ktt A -iT aRvniSnoT A -Si 
kii xx ,,

1
  cvladebis Semosv-
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lebis (Tu aseTebi arseboben!) nacvlad ktt ,,1   termebis 

Casmis Sedegi. 

t terms ewodeba Tavisufali ix  cvladisaTvis A  for-

mulaSi, Tu A -Si ix -s arcerTi Tavisufali Semosvla ar 

imyofeba arcerTi jx  kvantoris moqmedebis areSi, sadac jx  

aris t-Si Semavali cvladi. 

magaliTebi. (a) jx  termi Tavisufalia ix -saTvis )(1 ixA -Si, 

magram araa Tavisufali ix -sTvis )(1

1 ij xAx -Si. termi 

),( 31

2

1 xxf  Tavisufalia 1x -sTvis )(),( 1

1

121

2

12 xAxxAx  -Si, magram 

araa Tavisufali 1x -sTvis )(),( 1

1

121

2

123 xAxxAxx  -Si. 

(b) yoveli termi, romelic ar Seicavs cvladebs, 
Tavisufalia nebismieri cvladisaTvis nebismier formu-
laSi. 

(c) t termi Tavisufalia nebismieri cvladisaTvis A  
formulaSi, Tu t termis arcerTi cvladi ar aris dabmuli 
cvladi A -Si. 

(d) ix  Tavisufalia ix -sTvis nebismier formulaSi. 

(e) nebismieri termi Tavisufalia ix -sTvis A -Si, Tu A  

ar Seicavs ix -is Tavisufal Semosvlebs. 

 
$ 2. intepretaciebi. Sesrulebadoba da 

WeSmaritoba. modelebi 
 

formulebs azri aqvs maSin da mxolod maSin, roca 
arsebobs masSi Semavali simboloebis raime interpretacia. 
interpretaciis qveS vigulismebT, yovelgvar sistemas, 
romelic Sedgeba aracarieli D simravlisagan, romelsac 
ewodeba interpretaciis are, da raime Sesabamisobisagan, 

romelic yovel predikatul aso n

jA . Seusabamebs D-Si n-

adgilian mimarTebas, yovel funqcionalur aso n

jf -s 

Seusabamebs D-Si raime n-adgilian operacias (anu funqcias, 

romelic nD  simravles gadasaxavs D-Si) da yovel sag-

nobriv mudmivs ja Seusabamebs D-s raime elements. mocemuli 

interpretaciis dros sagnobrivi cvladebi icvlebian inter-
pretaciis D areze, xolo operaciebs ך,   da kvantorebs 
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eZlevaT Cveulebrivi azri (SegaxsenebT, rom yoveli n-
adgiliani mimarTeba D-Si SeiZleba ganxilul iqnas, rogorc 

nD -is raime qvesimravle). 
mocemuli interpretaciisaTvis yoveli formula, 

romelsac ar aqvs Tavisufali cvladebi (anu, sxvagvarad, 
Caketili formula) warmoadgens gamonaTqvams, romelic 
WeSmaritia an mcdaria, xolo yoveli formyla Tavisufali 
cvladebiT gamoxatavs garkveul mimarTebas interpretaciis 
areze; es mimarTebebi SeiZleba Sesruldes (WeSmariti iyos) 
cvladebis garkveuli mniSvnelobisaTvis (interpretaciis 
aredan) da ar Sesruldes (mcdari iyos) sxva mniSvnelobisa-
Tvis. 

 magaliTebi. (i) ),( 21

2

1 xxA ; 

              (ii) ),( 21

2

12 xxAx ; 

              (iii) ),( 21

2

112 xxAxx  . 

Tu Cven aviRebT interpretaciis ared mTel dadebiT 

ricxvTa simravles da ),( 21

2

1 xxA  gavukeTebT interpretacias, 

rogorc 21 xx  , maSin (i) warmoadgens mimarTebas 21 xx  , 

romelic sruldeba mTel dadebiT ricxvTa yvela iseTi 
dalagebuli (a, b) wyvilisTvis, romelTaTvisac ba  ; (ii) 
warmoadgens Tvisebas (anu erTargumentian mimarTebas) 

`yoveli mTeli dadebiTi 2x -saTvis, 21 xx  ~, romelic srul-

deba 1-sTvis; bolos (iii) aris WeSmariti gamonaTqvami, 
romelic amtkicebs umciresi mTeli dadebiTi ricxvis 
arsebobas. Tu Cven aviRebdiT interpretaciis aris rolSi 
yvela mTel ricxvTa simravles, maSin (iii) iqneboda mcdari. 

 
intuiciurad Sesrulebadobisa da WeSmaritobis cnebebi 

gasagebia, magram skeptikosebisaTvis isini SeiZleba 
dazustdes Semdegnairad. vTqvaT mocemulia raime 

interpretacia D ariT da vTqvaT  aris D-dan aRebul 
elementTa yvela Tvladi mimdevrobebis simravlea. axla 
Cven ganvsazRvravT, ras niSnavs, rom A  formula 

Sesrulebulia ),,( 21 bbs   mimdevrobaze -dan, mocemuli 

interpretaciis dros. 
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winaswar ganvsazRvravT erTadgilian 
*s  funqcias mniSv-

nelobebiT D-dan da gansazRvruls yvela termTa simrav-
leze.  

(1) Tu t termi aris sagnobrivi cvladi ix , maSin ibts )(*
. 

(2) Tu t aris sagnobrivi mudmivi, maSin )(* ts  emTxveva D-Si 

am mudmivis interpretacias. 

(3) Tu n

jf  aris funqcionaluri aso, romlis interpre-

taciaa D-Si g-operacia, da ntt ,,1   arian termebi, maSin 

))(,),(()),,(( *

1

*

1

*

nn

n

j tstsgttfs   . 

amrigad, *s  aris funqcia, romelic gansazRvrulia s 
mimdevrobiT da, romelic gadasaxavs yvela termTa simravles 
D-Si. Tu araformalurad vityviT, maSin nebismieri mimdev-

robisaTvis ),,( 21 bbs   da nebismieri t termisaTvis )(* ts  

aris D simravlis elementi, romelic miiReba yoveli i-sTvis 
bi elementis CasmiT t termSi xi cvladis yoveli Semosvlis 
nacvlad da Semdeg interpretaciis yvela operaciis Sesru-
lebiT, romlebic Seesabamebian t termis funqcionalur 

asoebs. magaliTad, Tu t aris )),(,( 11

2

13

2

2 axfxf , 

interpretaciis are aris mTel ricxvTa simravle, 2

2f  da 2

1f  

interpretirebulia Sesabamisad rogorc Cveulebrivi 
gamravleba da Sekreba, xolo a1-rogorc ricxvi 2, maSin 

),,( 21 bbs   mimdevrobisaTvis )(* ts  aris mTeli ricxvi 

)2( 13  bb . 

 
axla gadavideT ZiriTad gansazRvraze, romlis formu-

lirebas movaxdenT formulis gansazRvris induqciuri 
nabijebis Sesabamisad. 

(i) Tu A  aris elementaruli formula ),,( 1 n

n

j ttA  , xolo 

n

jB  misi Sesabamisi mimarTeba interpretaciaSi, maSin A  

formula iTvleba Sesrulebulad s mimdevrobaze maSin da 

mxolod maSin, roca ))(,),(( *

1

*

n

n

j tstsB   WeSmaritia, anu Tu n-

euli ))(,),(( *

1

*

ntsts   ekuTvnis n

jB  mimarTebas. 
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(ii) formula ךA  Sesrulebulia s mimdevrobaze, maSin da 
mxolod maSin, roca formula A  araa Sesrulebuli s-ze. 

(iii) formula BA  Sesrulebulia s-ze maSin da 
mxolod maSin, roca formula A  araa Sesrulebuli s-ze an 
roca formula B  Sesrulebulia s-ze. 

(iv) formula ix A  Sesrulebulia s-ze maSin da mxolod 

maSin, roca formula A  Sesrulebulia nebismier mimdevro-

baze -dan,  romelic gansxvavdeba s-sgan ara umetes Tavisi 
i-uri komponentiT. 

sxva sityvebiT, formula A  Sesrulebulia mimdevro-

baze ),,( 21 bbs   maSin da mxolod maSin, roca Casma yoveli 

i-sTvis bi simbolosa A -Si xi-s yvela Tavisufali Semosvlis 
nacvlad, migviyvans mocemul interpretaciaSi WeSmarit 
winadadebamde. 

formula A  ewodeba WeSmariti (mocemul interpreta-

ciaSi) maSin da mxolod maSin, roca is Sesrulebulia -s 
yovel mimdevrobaze. 

formula A  ewodeba mcdari (mocemul interpretaciaSi), 

Tu is araa Sesrulebuli -s arcerT mimdevrobaze. 
mocemul interpretacias ewodeba modeli – formulaTa 

mocemuli  simravlisTvis, Tu -s yoveli formula WeSma-
ritia mocemul interpretaciaSi.  

mkiTxvels saSualeba eZleva TviTon darwmundes gansaz-
Rvridan gamomdinare qvemoT mocemuli Sedegebis samarTlia-
nobaSi. 

(I) A  mcdaria mocemul interpretaciaSi maSin da 
mxolod maSin, roca ךA  WeSmaritia igive interpretaciaSi, 
da A  WeSmaritia maSin da mxolod maSin, roca ךA  
mcdaria. 

(II) arcerTi formula ar SeiZleba  iyos erTdroulad 
WeSmariti da mcdari erTsa da igive interpretaciaSi.  

(III) Tu mocemul interpretaciaSi WeSmariti A  da 
BA , maSin WeSmaritia B .  

(IV) BA  mcdaria mocemul interpretaciaSi maSin da 
mxolod maSin, roca A  am interpretaciaSi WeSmaritia, 
xolo B  mcdari. 

(V) (i) BA&  Sesrulebulia s mimdevrobaze maSin da 
mxolod maSin, roca A  Sesrulebulia s-ze da B  Sesrule-
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bulia s-ze. BA  Sesrulebulia s-ze maSin da mxolod 
maSin, roca A  Sesrulebulia s-ze an B  Sesrulebulia s-ze. 

BA  Sesrulebilia s-ze maSin da mxolod maSin, roca an 
A  Sesrulebulia s-ze da B  Sesrulebulia s-ze, an A  
araa Sesrulebuli s-ze da B  araaASesrulebuli s-ze. 

(ii) ix A  Sesrulebulia s-ze maSin da mxolod maSin, 

roca A  Sesrulebulia erT mainc s  mimdevrobaze, romelic 
gansxvavdeba s-sgan araumetes erTi (mxolod) i-uri 
komponentiT. 

(VI) A  WeSmaritia mocemul interpretaciaSi maSin da 

mxolod maSin, roca am interpretaciaSi WeSmaritia ix A . 

mocemuli A  formulis Caketva ewodeba formulas, romelic 
miiReba A -s win im zogadobis kvantorebis niSnis miweriT, 
romlebic Seicaven A -Si Semaval yvela Tavisufal cvlads 
indeqsTa klebadobis mixedviT. 

im A  formulis Caketva, romelic ar Seicavs Tavisufal 
cvlads, ewodeba TviT A  formulas (magaliTad, Tu A  

aris ),( 52

2

1 xxA ך ),,( 321

3

12 xxxAx , maSin A  Caketva iqneba 

formula 1235 xxxx  A ). 

(VII) yoveli tavtologiis yoveli kerZo SemTxveva WeSma-
ritia yovel interpretaciaSi (mocemuli propoziciuli 
formulis kerZo SemTxveva ewodeba formulas, romelic 
miiReba am formulaSi propoziciuli asoebis nacvlad 
formulebis CasmiT im pirobiT, rom erTi da igive 
propoziciuli asos nacvlad ismeba erTi da igive formula). 
(miTiTeba. aCveneT, rom L sistemis aqsiomaTa sistemis yvela 
kerZo SemTxveva aris WeSmariti, xolo Semdeg gamoiyeneT 
(III) da winadadeba 1.13). 

(VIII) vTqvaT A  formulis Tavisufali cvladebi (Tu 

aseTebi arseboben) imyofebian 
nii xx ,,

1
  cvladebs Soris. 

maSin Tu s da s  mimdevrobebis nii ,,1   nomrebis komponentebi 

emTxvevian, maSin A  formula Sesrulebulia s-ze maSin da 

mxolod maSin, roca is Sesrulebulia s -ze. (miTiTeba. A  
formulaSi operaciaTa da kvantorTa ricxvis mixedviT 
induqcia. dasawyisSi daamtkiceT, rom Tu t Termis cvladebi 

gvxvdebian 
nii xx ,,

1
  cvladebs Soris, xolo s da s  mimdev-

robaTa nii ,,1   nomrebiani wevrebi erTmaneTs emTxvevian, 
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maSin )()()( ** tsts  . kerZod, Tu t ar Seicavs cvladebs, maSin 

)()( *

2

*

1 tsts   nebismieri 1s  da 2s  mimdevrobisaTvis). 

D aris yvela n-eulTa ),,(
1 nii bb   simravles, romlisTvisac 

A  formula Sesrulebulia yovel s mimdevrobaze, romlis 

nii ,,1   koordinatebi emTxvevian Sesabamisad 
nii bb ,,

1
  ewodeba 

interpretaciis mimarTeba (an Tviseba), romelic Seesabameba 
A -formulas. 

(IX) Tu A  formula Caketilia, maSin nebismier mocemul 
interpretaciaSi an WeSmaritia A , an WeSmaritia ךA . 

(X) lema. vTqvaT  t da v termebia, s-mimdevrobaa -dan, t  

miiReba t-dan v-s CasmiT ix -s yvela Semosvlis nacvlad da s  

miiReba s-dan masSi i-uri komponentis nacvlad )(* vs -is 

CasmiT, maSin )()()( ** tsts   (miTiTeba. induqcia t-s sigrZeze). 

axla vTqvaT )( ixA  aris formula, t-termi, romelic 

Tavisufalia ix -sTvis )( ixA -Si da A )(t  aris formula, 

romelic miiReba )( ixA -Si ix -s yvela Tavisufali Semosvlis 

nacvlad  t-s CasmiT. mtkicdeba, rom formula )(tA  Sesrule-

bulia ),,( 21 bbs   mimdevrobaze maSin da mxolod maSin, 

roca )( ixA  Sesrulebulia s  mimdevrobaze, romelic miiReba 

s-dan bi-s nacvlad )(* ts -s CasmiT. (miTiTeba. )( ixA -Si opera-

ciaTa da kvantorTa ricxvze induqcia lemis gamoyenebiT). 
 

Sedegi. Tu s mimdevrobaze Sesrulebulia )( ii xxA  for-

mula da t termi Tavisufalia ix -sTvis )( ixA -Si, maSin s-ze 

Sesrulebulia )(tA  formulac. maSasadame, formula ix

)( ixA )(tA  WeSmaritia yovel interpretaciaSi. 

(XI) Tu A  formula ar Seicavs ix -s, rogorc Tavisufal 

cvlads, maSin formula 

)()( BABA ii xx    

WeSmaritia yovel interpretaciaSi. 
A  formulas ewodeba logikurad zogadmarTebuli 

(predikatTa aRricxvaSi), Tu is WeSmaritia yovel inter-
pretaciaSi. 
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A  formulas ewodeba Sesrulebadia (predikatTa 
aRricxvaSi), Tu arsebobs interpretacia, romelSic A  

Sesrulebulia Tundac erT mimdevrobaze -dan. 
A  formulas ewodeba winaaRmdegoba (predikatTa 

aRricxvaSi), Tu ךA  formula aris logikurad zogad-
marTebuli, anu, Tu A  formula mcdaria yovel inter-
pretaciSi. 

amboben, rom A  formulidan logikurad gamomdinareobs 
B  formula (predikatTa aRricxvaSi), Tu nebismier 
interpretaciaSi B  formula Sesrulebulia yovel mimdev-
robaze, romelzec Sesrulebulia A  formula. (ufro 

zogadad, amboben, rom B  formula aris formulaTa  
simravlis logikuri Sedegi (predikatTa aRricxvaSi), Tu 
yovel interpretaciaSi B  formula Sesrulebulia yovel 

mimdevrobaze, romelzec Sesrulebulia -s yoveli formula). 
formulebs ewodebaT logikurad ekvivalenturi (predi-

katTa aRricxvaSi), Tu yoveli maTganisgan logikurad gamom-
dinareobs meore. 

am gansazRvrebebidan uSualod gamomdinareobs Semdegi 
debulebebi: 

(a) A  formulidan logikurad gamomdinareobs B  
formula maSin da mxolod maSin, roca BA  formula 
logikurad zogadmarTebulia. 

(b) A  da B  formulebi logikurad ekvivalenturia 
maSin da mxolod maSin, roca BA  formula zogadmar-
Tebulia. 

(c) Tu A  formulidan logikurad gamomdinareobs B  
formula da A  WeSmaritia mocemul interpretaciaSi, maSin 
am interpretaciaSi WeSmaritia B . 

(d) Tu B  formula aris logikuri Sedegi formulaTa 

raime  simravlis, romlebic WeSmaritia mocemul interpre-
taciaSi, maSin am interpretaciaSi WeSmaritia B  formulac. 

raime formaluri an bunebrivi enis winadadebas ewodeba 
logikurad WeSmariti (predikatTa aRricxvaSi), Tu is aris 
raime logikurad zogadmarTebuli formulis kerZo SemTx-
veva, da ewodeba logikurad mcdari (predikatTa aRricx-
vaSi), Tu is aris raime winaaRmdegobis kerZo SemTxveva. 
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magaliTi. formula ),(),( 21

2

12121

2

112 xxAxxxxAxx   ar aris 

logikurad zogadmarTebuli. kontrmagaliTisaTvis ganvi-
xiloT are D, romelic Sedgeba yvela mTeli ricxvebisagan, 

da ),(2

1 zyA -is interpretacia  iyos zy  . maSin ),( 21

2

112 xxAxx   

WeSmaritia, xolo ),( 21

2

121 xxAxx   mcdari. 

 
$ 3. pirveli rigis Teoriebi 

 
propoziciuli aRricxvis SemTxvevaSi WeSmaritobis 

cxrilTa meTodi gvaZlevs efeqtur saSualebas imisaTvis, 
rom Semowmdes aris Tu ara mocemuli propoziciuli forma 
tavtologia. amasTanave saeWvoa iseTi efeqturi procesis 
arseboba, romelic saSualebas mogvcems, SevamowmoT moce-
muli formula aris Tu ara logikurad zogadmarTebuli, 
radgan axla ukve yoveli formulisaTvis saqme gvaqvs misi 
WeSmaritobis SemowmebasTan interpretaciebSi, romelTa are 
aris Zalian didi sasruli da aseve, usasrulo. aqsiomaturi 
meTodi, romelic propoziciuli (winadadebaTa) aRricxvis 
dros iyo zedmeti fufuneba, aris aucilebeli kvantorebis 
Semcvel formulaTa Sesaswavlad. amitom viwyebT pirveli 
rigis Teoriis (elementaruli Teoriis) ganxilvas. 

pirveli rigis yoveli K Teoriis simboloebi arsebiTad 
igivea, rac Cven SemovitaneT am Tavis dasawyisSi: operaciebi 

 , , ( , )  da kvantoris niSani ; punqtuaciis niSnebi ,ך
(mkacrad rom vTqvaT, mZime ar aris aucilebeli, magram 
moxerxebulia formulaTa wakiTxvis gasamartiveblad); 

cvladebis usasrulo Tvladi simravle ,, 21 xx ; predika-

tuli asoebis aracarieli, araumetes Tvladi, simravle n

jA  

)1,( jn ; funqcionaluri asoebis n

jf )1,( jn  araumetes Tvladi 

(SeiZleba carieli) simravle; da, bolos, sagnobrivi 
konstantebis (mudmivebis) araumetes Tvladi (SeiZleba 

carieli)  simravle ia  )1( i . amrigad, K TeoriaSi SeiZleba 

ar Segvxvdes zogierTi an arcerTi funqcionaluri aso da 
da sagnobrivi konstanta, aseve, zogierTi – magram ara 
yvela! predikatuli aso. sxvadasxva Teoriebi erTmaneTisgan 
SeiZleba gansxvavdebodes simboloebiT. 
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$ 1-Si mocemuli gansazRvrebebi termis, formulis da 

propoziciuli operaciebis &, , , ZalaSia nebismieri pir-
veli rigis TeoriisaTvis. 

K Teoriis aqsiomebi iyofa or klasad: logikuri 
aqsiomebi da sakuTrivi (an aralogikuri) aqsiomebi. 

logikuri aqsiomebi: rogoric ar unda iyos K Teoriis 
formulebi A , B , C , Semdegi formulebi arian K Teoriis 
logikuri aqsiomebi. 

(1) (A( AB ); 

(2) (A( CB ))((AB )( CA )); 

(3) ( B   )A ((BA )B )); 

(4) )()( txx ii AA  , sadac )( ixA  aris K Teoriis formula 

da t aris K Teoriis termi, romelic Tavisufalia ix -sTvis 

)( ixA -Si. SevniSnoT, rom t SeiZleba emTxveodes ix -s, da maSin 

miviRebT aqsiomas )()( iii xxx AA  . 

(5) )()( BABA ii xx   , Tu A  formula ar Seicavs 

ix -is Tavisufal Semosvlebs. 

sakuTrivi aqsiomebi: zogad SemTxvevaSi aseTi aqsiomebi 
ar SeiZleba Camoyalibdes, radgan isini Teoriidan 
Teoriamde icvlebian. pirveli rigis Teorias, romelic ar 
Seicavs sakuTriv aqsiomebs, ewodeba predikatTa pirveli 
rigis aRricxva. 

yovel pirveli rigis TeoriaSi gamoyvanis wesebia. 
(i) Modus ponens: A -dan da BA  gamomdinareobs B . 

(ii) ganzogadoebis wesi: A -dan gamomdinareobs Aix . 

SemdegSi am wesebis gamoyeneba mokled iqneba aRniSnuli, 
rogorc MP da Gen (inglisuri sityvidan `generalization~).  

pirveli rigis K Teoriis modeli ewodeba yovel inter-
pretacias, romelSic K Teoriis yvela aqsioma aris WeSma-
riti. (III) da (VI)-s Tanaxmad, Tu MP da Gen gamoyenebulia 
formulebze, romlebic WeSmaritia mocemul interpretaciaSi, 
maSin Sedegic iqneba WeSmariti igive interpretaciaSi. maSa-
sadame, K Teoriis yoveli Teorema WeSmaritia mis yovel 
modelSi. 

(4) da (5) aqsiomebSi mocemuli SezRudvebi saWiroeben 
garkveul axsnas. Tu (4) sqemis SemTxvevaSi, t termi SeiZleba 

ar iyos Tavisufali ix -sTvis )( ixA -Si, maSin SesaZlebeli  
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iqneboda Semdegi arasasiamovno Sedegi. vTqvaT )( ixA  aris ך

),( 21

2

12 xxAx  da t aris 2x . SevniSnoT, rom maSin t termi ar 

aris Tavisufali 1x -sTvis )( 1xA -Si. ganvixiloT (4) sqemis 

aseTi kerZo SemTxveva: 

1x ך)  )),( 21

2

12 xxAx ך ),( 22

2

12 xxAx ,              () 

da aviRoT interpretaciis rolSi nebismieri are, romelic 

Seicavs aranakleb ori elementisa, xolo 2

1A -is rolSi 

tolobis mimarTeba. maSin ()-Si wanamZRvari WeSmaritia, 
xolo daskvna mcdari.  

(5)-e sqemaSi uaris Tqma imaze, rom ix  ar Sediodes Tavi-

suflad A -Si, aseve migviyvans usiamovnebamde. vTqvaT, 

magaliTad, A  da B  arian )( 1

1

1 xA , amrigad, axla 1x  Tavi-

suflad Sedis A -Si. ganvixiloT (5) sqemis kerZo SemTxveva: 

  ))()(( 11111 xAxAx ))()(( 11111 xAxxA  .              () 

()-Si wanamZRvari logikurad zogadmarTebulia. amasTan, 

Tu Cven aviRebT raime interpretacias, romelSic 1A  srul-

deba zogierTi, magram ares ara yoveli elementisaTvis, 
maSin vnaxavT, rom daskvna ar aris WeSmariti. 

pirveli rigis Teoriebis magaliTebi. 
(i) nawilobrivi dalagebis Teoria. vTqvaT K Seicavs 

erTaderT predikatul asos 2

1A  da ar Seicavs funqcionalur 

asoebs da sagnobriv konstantebs. nacvlad ),( 21

2

1 xxA  da ך

),( 21

2

1 xxA  Sesabamisad vwerT 21 xx   da 21 | xx  . vTqvaT, rom K 

Seicavs or sakuTriv aqsiomas: 

 (a) )|( 111 xxx                             (ararefleqsuroba); 

 (b)  )&( 313221321 xxxxxxxxx         (tranzituloba). 

am Teoriis yovel models ewodeba nawilobrivad dala-
gebuli struqtura. 

(ii) jgufTa Teoria. vTqvaT K-s aqvs erTi predikatuli 

aso 2

1A , erTi funqcionaluri aso 2

1f  da erTi sagnobrivi 

mudmivi 1a . (Cveulebrivi aRniSvnebis Sesabamisad Cven CavwerT: 

st   nacvlad ),(2

1 stA , st   nacvlad ),(2

1 stf  da 0 nacvlad 1a

) K Teoriis sakuTrivi aqsiomebi arian Semdevi formulebi: 
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 (a) ))()(( 321321321 xxxxxxxxx        (asociatiuroba); 

 (b) )0( 111 xxx  ; 

 (c) )0( 1221  xxxx      (Sebrunebuli elementis arseboba);  

 (d) )( 111 xxx             (tolobis refleqsuroba); 

 (e) )( 122121 xxxxxx    (tolobis simetriuloba); 

 (f) ))(( 313221321 xxxxxxxxx     

                             (tolobis tranzituloba);  

 (g) )&(( 1312312132321 xxxxxxxxxxxxx   

                             (tolobis Casmadoba). 
am Teoriis yovel models ewodeba jgufi. 

Tu jgufSi WeSmaritia formula )( 122121 xxxxxx  , 

maSin jgufs ewodeba abeluri anu komutaciuri. 
nawilobrivad dalagebis Teoria da jgufTa Teoria 

orive aris efeqturad aqsiomatizirebuli. sazogadod 
yoveli Teoria, romelsac aqvs sakuTrivi aqsiomebis sasruli 
ricxvi, aris efeqturad aqsiomatizirebuli, radgan arsebobs 
SesaZlebloba, rom nebismieri mocemuli formulisaTvis 
efeqturad gadawydes sakiTxi, ekuTvnis Tu ara is logikur 
aqsiomaTa ricxvs. 
 

$ 4. pirveli rigis Teoriis Tvisebebi 

  
am paragrafis yoveli Sedegi ekuTvnis pirveli rigis 

nebismier Teorias (Tu ar iqneba gakeTebuli specialuri 
SeniSvna). SevniSnoT, rom pirveli rigis yoveli Teoria aris 
formaluri Teoria. 

 
winadadeba 2.1. Tu K Teoriis A  formula aris tavto-

logiis kerZo SemTxveva, maSin A  aris K Teoriis Teorema 
da SeiZleba gamoyvanil iqnes mxolod (1)-(3) aqsiomaTa 
sqemiT da modus ponens-is wesiT. 

 
damtkiceba. vTqvaT A  miRebuli raime W tavtologiidan 

CasmiT. winadadeba 1.13-is Tanaxmad, arsebobs W-s gamoyvana L-Si. 
am gamoyvanaSi movaxdinoTYCasma Semdegi wesis mixedviT: (i) 
Tu raime propoziciuli aso Sedis W-Si, maSin gamoyvanis 
yovel formulaSi mis adgilze vsvamT K Teoriis imave 



 39 

formulas, rac Casmuli iyo W-Si igive asos nacvlad A  
formulis agebisas, (ii) Tu mocemuli propoziciuli aso ar 
Sedis W-Si, gamoyvanis formulebSi mis nacvlad yvelgan 
vsvamT nebismier formulas (erTsa da igives mocemuli 
asosaTvis) K Teoriidan. am gziT miRebuli formulaTa 
mimdevroba iqneba  K-Si A  formulis gamoyvana da, 
amasTanave, gamoyvana iyenebs mxolod (1)-(3) aqsiomaTa sqemas 
da MP-s. 

 
winadadeba 2.2. predikatTa pirveli rigis yoveli K 

aRricxva arawinaaRmdegobrivia. 
 
damtkiceba. nebismieri A  formulisaTvis aRvniSnoT h(

A )-iT gamosaxuleba, romelic miiReba A -dan misi Semdeg-
nairad gardaqmnis gziT: A -Si vSliT yvela terms da 
kvantors (Sesabamisi frCxilebiTa da mZimeebiT). magaliTad, 

))(),(( 1

1

121

2

11 xAxxAxh   aris 1

1

2

1 AA  . arsebiTad, )(Ah  yovel-

Tvis aris propoziciuli forma, romelSic propoziciuli 

asoebis rols TamaSoben simboloebi k

jA . cxadia, (h Aך ך = (

)(Ah  da )()()( BABA hhh  . nebismieri A  aqsiomisaTvis, 

romelic miiReba (1)-(5) sqemidan, )(Ah  aris tavtologia. es 

cxadia (1)-(3)-sTvis. (4) aqsiomis sqemis yoveli kerZo SemTx-

veva )()( txx ii AA   h operaciiT gardaiqmneba BB  saxis 

tavtologiad, xolo (5) aqsiomis sqemis yoveli kerZo 
SemTxveva gardaiqmneba )()( CDCD   saxis tavtologiad. 

bolos, Tu )(Ah  da )( BAh  aris tavtologiebi, maSin 

winadadeba 1.1-is ZaliT )(Ah  tavtologia; xolo Tu )(Ah  

tavtologiaa, maSin )( Aixh   tavtologiaa. maSasadame, Tu A  

aris Teorema K-Si, maSin )(Ah  aris tavtologia. Tu iarse-

bebda B  formula K-Si iseTi, rom ├KB  da ├KךB , maSin 

)(Bh  da  ך )(Bh  iqnebodnen tavtologiebi, rac SeuZlebelia. 

amrigad K arawinaaRmdegobrivia. 
propoziciuli aRricxvis deduqciis Teorema ar 

SeiZleba Sesabamisi modifikaciis gareSe iqnes gatarebuli 
pirveli rigis nebismieri K TeoriisaTvis. magaliTad, A ├K

Aix  nebismieri A  formulisaTvis, magram yovelTvis araa 
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samarTliani ├ A Aix . marTlac, ganvixiloT inter-

pretaciis are, romelic Seicavs or c da d elements mainc. 
vTqvaT K predikatTa raime aRricxvaa, da vTqvaT A  aris 

)( 1

1

1 xA . 1

1A  interpretacia iyos Tviseba, romelsac flobs 

mxolod c elementi. maSin )( 1

1

1 xA  Sesrulebulia yovel 

mimdevrobaze ),,( 21 bbs  , sadac cb 1 , amasTanave )(1 ixx A  

araa Sesrulebuli sazogadod arcerT mimdevrobaze. maSa-

sadame, )()( 11111 xAxxA   formula araa WeSmariti am inter-

pretaciaSi da amitom ar aris logikurad zogadmarTebuli. 
amasTanave, advili dasanaxia (winadadeba 2.7), rom predikatTa 
yoveli aRricxvis yvela Teorema aris logikurad zogad-
marTebuli. 

garkveuli Sesustebuli, magram sasargeblo, forma 
deduqciis Teoremisa SeiZleba aqac iqnes damtkicebuli. 

vTqvaT A  raime formulaa, romelic ekuTvnis formu-

laTa mocemul  simravles da vTqvaT nBB ,,1   aris -dan 

raime gamoyvana, romelic aRWurvilia masSi Semavali yoveli 

nabijis dafuZnebiT. vityviT, rom am gamoyvanaSi iB  damoki-

debulia A -gan, Tu 

(1) iB  aris A  da iB -s dafuZnebas warmoadgens iB -s 

kuTvnileba -Si. 

(2) iB  dafuZnebulia, rogorc MP-iT an Gen-iT uSualo 

Sedegi am gamoyvanaSi mis win mdgomi formulebidan, 
romelTagan erTi mainc damokidebulia A -gan. 

 

magaliTi. A , CA 1x ├ C1x . 

)( 1B A            (hipoTeza) 

)( 2B A1x          )( 1B , Gen 

)( 3B CA ix      hipoTeza 

)( 4B  C           )( 2B , )( 3B , MP 

)( 5B C1x          )( 4B , Gen. 

aq 1B  damokidebulia A -ze, 2B  damokidebulia A -ze, 

3B  damokidebulia CA 1x , 4B  damokidebulia A -ze da 

CA 1x -ze da 5B  damokidebulia A -ze da  A1x C. 
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winadadeba 2.3. Tu B  ar aris damokidebuli A -gan 

gamoyvanaSi ,A ├B , maSin ├B . 
 

damtkiceba. vTqvaT BBB n,,1   aris B -s gamoyvana -dan 

da A -dan, romelSic B  araa damokidebuli A -gan. induq-
ciuri daSvebis rolSi vTqvaT, rom dasamtkicebeli winada-
deba samarTliania yvela gamoyvanisaTvis, romlis sigrZe 

naklebia n-ze. Tu B  ekuTvnis -s an aris aqsioma, maSin  ├

B . Tu B  aris win mdgom formulaTa uSualo Sedegi, maSin, 
radgan B  araa damokidebuli A -ze, araa damoki-debuli A
-ze arcerTi es formula. maSasadame, induqciuri daSvebiT, 

-dan gamoyvanadia es (erTi an ori) formulebi, da maTTan 
erTad B  formula. 

 

winadadeba 2.4. (deduqciis Teorema). vTqvaT ,A ├B , da 

amasTan, vTqvaT arsebobs {,A }-dan B -s iseTi gamoyvana, 
romelSic im formulebSi, romlebic am gamoyvanaSi 
damokidebuli arian A -gan, ganzogadebis wesis arcerTi 
gamoyenebiT ar xdeba A  formulis arcerTi Tavisufali 

cvladis dabma kvantoriT. maSin ├ A B , 

damtkiceba. vTqvaT BBB n,,1   aris B -s gamoyvana, 

romelic akmayofilebs Teoremis pirobas. induqciiT 

davamtkicebT, rom ├ A iB  nebismieri i-sTvis, ni  . Tu iB  

aris aqsioma an ekuTvnis -s, maSin ├ A iB , radgan iB

A( )iB  aqsiomaa. Tu iB  emTxveva A -s, maSin ├ A A  

radgan ├ A A  (winadadeba 2.1). Tu arseboben j da k, nj  , 

nk   iseTebi, rom kB  aris ij BB  , maSin, induqciuri 

daSvebis Tanaxmad, ├ A jB  da ├ A )( ij BB  . maSasadame, 

aqsiomaTa (2) sqemiT da MP-iT, ├ A iB . davuSvaT, rom 

arsebobs j, ij  , iseTi, rom iB  aris jkx B . daSvebiT ├

A jB , da an jB  araa damokidebuli A -gan, an xk ar aris 

A  formulis Tavisufali cvladi. Tu jB  araa damo-

kidebuli A -ze, maSin, winadadeba 2.3-is ZaliT, ├ jB , da 

maSin, Gen-is gamoyenebiT miviRebT ├ jkx B , anu ├ iB . (1) 

aqsiomis sqemiT, ├ iB )( iBA . aqedan MP-iT miviRebT ├
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A iB . Tu kx  ar aris Tavisufali cvladi A  formulis, 

maSin (5) aqsiomis sqemiT. ├ kx )()( jkj x BABA  . 

radgan ├ A jB , maSin, Gen wesiT, miviRebT ├ kx )( jBA  

da, bolos, MP-iT: ├ jkx BA  , anu ├ iBA . amiT 

induqcia damTavrebulia. dasamtkicebel debulebas miviRebT, 
ni  . 

Sedegi 2.5. Tu ,A ├B  da arsebobs gamoyvana A  formu-
lis Tavisufal cvladebze ganzogadebis wesis gamoyenebis 

gareSe, maSin ├ A B . 

Sedegi 2.6. Tu A  formula Caketilia da ,A ├B , maSin 

├ A B . 
Semdegi damatebiTi daskvna SeiZleba gamotanil iqnes 

winadadeba 2.3-2.6-is damtkicebebidan. ├ A B  (├B ) gamoy-

vanis agebisas, raime formulaze, romelic damokidebulia -s 

raime C formulaze, Gen-is gamoyeneba moiTxoveba mxolod im 

SemTxvevaSi, roca mocemul gamoyvanaSic, anu {A }-dan B -s 
gamoyvanaSi arsebobs Gen-is gamoyeneba (igive dasabmeli 

cvladiT) garkveul formulaze, romelic damokidebulia C 
–ze. (Zneli araa imis danaxva, rom winadadeba 2.4-is damtki-

cebidan jB  damokidebulia -dan ama Tu im C-wanamZRvarze 

sawyis gamoyvanaSi maSin da mxolod maSin, roca A jB  

damokidebulia C-ze axal gamoyvanaSi). 
es damatebiTi SeniSvna sasargebloa, roca gvinda deduq-

ciis Teoremis gamoyeneba ramdenjerme mimdevrobiT, gamoyvanis 
Sesaxeb debulebis damtkicebis procesSi, magaliTad, rom 

miviRoT ├D )( BA  ,D ,A ├B -dan. amitom SemdegSi am 
SeniSvnas ganvixilavT, rogorc nawili winadadeba 2.3-2.6-is 
daskvnisa.  

 magaliTi.   ├ AA 1221 xxxx  . 

 

 damtkiceba. 1. A21 xx                       hipoTeza 

              2. AA 221 xxx              (4) aqsiomis sqema 

              3. A2x                        1, 2, MP 

              4. AA 2x                   (4) aqsiomis sqema 

              5. A                           3, 4, MP 
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              6. A1x                        5, Gen 

              7. A12 xx                      6, Gen. 

amrigad, 1-7-is ZaliT gvaqvs A21 xx  ├ A12 xx  , amasTanave,  

gamoyvanis agebisas Gen-is arcerTi gamoyenebisas ar xdeba 

A21 xx   formulis Tavisufali cvladis dabma. amitom, 

Sedegi 2.5-is safuZvelze, ├ A21 xx   A12 xx  . 

 

$ 5. Teoremebi sisrulis Sesaxeb 

 
winadadeba 2.7. pirveli rigis predikatTa yovel aRricx-

vaSi yoveli Teorema aris logikurad zogadmarTebuli. 
 
damtkiceba. formulis WeSmaritobis (VII) Tvisebis 

ZaliT, (1)-(3) sqemebiT mocemuli aqsiomebi, logikurad 
zogadmarTe-bulia. (X) da (XI) Tvisebebis ZaliT, logikurad 
zogadmar-Tebulia (4) da (5) sqemebiT warmoqmnili aqsiomebi. 
(III) da (IV), MP da Gen wesebi inaxaven logikurad 
zogadmarTebu-lobis Tvisebas. amrigad, predikatTa 
nebismieri aRricxvis yoveli Teorema logikurad 
zogadmarTebulia. 

vTqvaT xi da xj cvladebi erTmaneTisgan gansxvavdebian da 

)( jxA  formula miiReba )( ixA  formulidan masSi xi-s yvela 

Tavisufali Semosvlis nacvlad xj-s CasmiT, maSin )( ixA  da 

)( jxA -s ewodeba msgavsebi, Tu xj Tavisufalia xi-sTvis )( ixA  

da )( ixA -s ar aqvs jx -s Tavisufali Semosvlebi. Tu )( ixA  

da )( jxA  msgavsebia, maSin xi Tavisufalia xj-sTvis )( jxA -Si 

da )( jxA -s ar aqvs xi-s Tavisufali Semosvlebi. amrigad, 

msgavseba aris simetriuli mimarTeba. sxvagvarad, )( ixA  da 

)( jxA  msgavsebia maSin da mxolod maSin, roca )( jxA -s aqvs 

xj-s Tavisufali Semosvlebi zustad im adgilebSi, 

romlebSic )( ixA -s aqvs xi-s Tavisufali Semosvlebi. 

 

lema 2.8. Tu )( ixA  da )( jxA  formulebi msgavsebia, maSin 

├ ix )()( jji xxx AA  . 
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damtkiceba. (4) aqsiomis sqemiT, ├ ix )()( ji xx AA  . gamo-

viyenoT Gen wesi: ├ ij xx  ( ))()( ji xx AA   da (5) aqsiomis 

sqemiT, miviRebT ├ ix )()( jji xxx AA  . zustad aseve, 

davamtkicebT, rom ├ jx )()( iij xxx AA  . ))&( 2121 AAAA   

tavtologiis da winadadeba 2.1-is gamoyenebiT, miviRebT, rom 

├ ix )()( jji xxx AA  . 

 
lema 2.9. Tu K Teoriis Caketili ךA  formula ar aris 

gamoyvanadi K-Si, maSin K   Teoria, romelic miiReba K-dan 
aqsiomad A -s damatebiT, arasawinaaRmdegobrivia. 

 

damtkiceba.  davuSvaT, rom K   Teoria winaaRmdegobrivia. 

es niSnavs, rom arsebobs B  formula, romlisTvisac ├ B1K
 

da ├ 1K
Bך . winadadeba 2.1-is ZaliT, gvaqvs ├ (1 B

K
ך B ך )A . 

maSasadame ├ 1K
Aך  da A ├ K Aך . radgan A  Caketili 

formulaa, maSin. deduqciis Teoremis Sedegi 2.6-is ZaliT, ├

AK Aך . meore mxriv, winadadeba 2.1-is ├ A(K Aך )ךA . 

amitom ├ K Aך , rac ewinaaRmdegeba pirobas. (analogiurad, 

Tu A  formula araa gamoyvanadi K-Si, maSin ךA -s 
damatebiT axal aqsiomad, winaaRmdegoba ar miiReba). 

 
lema 2.10. pirveli rigis yoveli Teoriis yvela gamosa-

xulebaTa simravle Tvladia (maSasadame, kerZod Tvladia: 
yvela termTa simravle, yvela formulaTa simravle, yvela 
Caketil formulaTa simravle). 

damtkiceba. yovel u simbolos SevusabamoTY kenti 

ricxvi )(ug  Semdegi wesiT: 3)(( g , 5))( g , 7),( g , g(ך)=9, 

11)( g , kxg k 85)(  , kag k 97)(  , )32(89)( knn

lfg  , 

)32(811)( knn

kAg  ; amasTan CavTvliT, rom ))(()( ii xgxg  . 

axla gamosaxulebas ruuu 10  SevusamabamoT ricxvi 
)()()( 10 32 rug

r

ugug
P , sadac Pi aris i-uri martivi ricxvi. cxadia, 

aseTi numeraciis dros gansxvavebuli gamosaxulebebi Rebu-
loben sxvadasxva nomers, da Cven SegviZlia gadavTvaloT 
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yvela gamosaxuleba maTi Sesabamisi ricxvebis zrdis 
mixedviT. 

pirveli rigis K Teorias ewodeba sruli, Tu nebismieri 

Caketili A formulisaTvis (K-dan) ├ K
A , an ├ K Aך . 

pirveli rigis K   Teorias, romelsac aqvs igive 
simboloebi, rac pirveli rigis K Teorias, ewodeba K 
Teoriis gafarToeba, Tu K Teoriis yoveli Teorema aris 

K  -is Teorema. (cxadia, imisaTvis, rom davamtkicoT K   aris 
K-s gafarToeba, sakmarisia davamtkicoT, rom K-s yvela 

sakuTrivi aqsioma aris K  -is Teorema). 
 
lema 2.11. (lindenbaumis lema). Tu pirveli rigis K 

Teoria arawinaaRmdegobrivia, maSin arsebobs misi arawi-
naaRmdegobrivi sruli gafarToeba. 

 

damtkiceba. vTqvaT ,, 21 BB _ aris K Teoriis yvela Cake-

til formulaTa raime gadaTvla. ganvsazRvroT Г0, Г1, Г2, 

TeoriaTa mimdevroba Semdegnairad. vTqvaT Г0 aris K. 

davuSvaT Гn )0( n  Teoria gansazRvrulia. Tu ara 

samarTliania ├
nT

ך 1nB , maSin Гn+1 ganvsazRvroT, rogorc 

Teoria, romelic miiReba Гn-sgan 1nB -is damatebiT axali 

aqsiomis rolSi. Tu ki ├
nT

ך 1nB , maSin CavTvaloT Гn+1= Гn. 

vTqvaT Г aris pirveli rigis Teoria, romelic miiReba, Tu 

aqsiomebis rolSi aviRebT yvela iT  Teoriis yvela 

aqsiomas. cxadia, Гn+1 aris Гn-is gafarToeba, xolo Г aris 

yoveli iT  Teoriis gafarToeba, maT Soris K0T  Teoriis. 

Г Teoriis arawinaaRmdegobriobis dasamtkiceblad sakmarisia 

yoveli iT  Teoriis arawinaaRmdegobriobis damtkiceba, 

radgan T -s winaaRmdegobis yoveli gamoyvana iyenebs mxolod 
aqsiomaTa sasrul ricxvs da, maSasadame, aris gamoyvana 

winaaRmdegobisa romeliRac Гn TeoriaSi. davamtkicoT iT  

Teoriis arawinaaRmdegoba induqciiT i nomriT. pirobiT, 

Teoria K0T  arawinaaRmdegobrivia. davuSvaT, rom Teoria 

iT  arawinaaRmdegobrivia. maSin, Tu ii TT 1 , 1iT  Teoriac 
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arawinaaRmdegobrivia, Tu ki ii TT 1  da, maSas-adame, 1iT -is 

gansazRvris Tanaxmad, formula ך 1iB  araa gamoyvanadi iT -

Si, maSin, lema 2.9-iT, 1iT  Teoriac aseve 

arasawinaaRmdegobrivia. amrigad, iT -s arawinaaRmdegobrio-

bidan gamomdinareobs 1iT -is arawinaaRmdegobrioba, da Cven 

davamtkiceT, rom yoveli iT  Teoria arawinaaRmdegobrivia; 

arawinaaRmdegobrivia, maSasadame, Г Teoriac. Г Teoriis 
sisrulis dasamtkiceblad ganvixiloT K Teoriis nebismieri 

Caketili A  formula. cxadia,  1 jBA  raRac j )0( j -

sTvis. iT  Teoriis gansazRvris Tanaxmad, an ├
j

T ך 1jB , an ├

1j
T 1jB , radgan Tu araa ├

j
T ך 1jB , maSin 1jB  cxaddeba 

aqsiomad 1iT -Si. maSasadame, gvaqvs ├
T

ך 1jB  an ├
T 1jB . 

amrigad, Г Teoria aris K Teoriis arawinaaRmdegobrivi 
sruli gafarToeba. 

SevniSnoT, rom Tu Cven SegviZlia K Teoriis aqsiomebis 
efeqturi gamocnoba, miuxedavad amisa ar arsebobs araviTari 

efeqturi saSualeba Г Teoriis aqsiomebis gamocnobis (an 

gadaTvlis), anu Г SeiZleba ar iyos efeqturad aqsiomati-
zirebadi, maSinac ki Tu K aseTia. amis mizezi SeiZleba iyos 
efeqturi saSualebis SeuZlebloba, nebismieri n-sTvis daad-

ginos, gamoyvanadia Tu ara formula ך 1nB  nT -Si. 

 
winadadeba 2.12. pirveli rigis yovel arawinaaRmdegobriv 

Teorias aqvs Tvladi modeli (anu modeli Tvladi areTi). 
 
damtkiceba. K Teoriis simboloebs davumatoT axali 

sagnobrivi konstantebis Tvladi simravle },,{ 21 bb . ase 

miRebul axal Teorias vuwodoT K0 Teoria. misi aqsiomebia 
K Teoriis yvela aqsioma, aseve logikuri aqsiomebis yvela 
kerZo SemTxveva, romelic Seicavs axal sagnobriv konstan-
tebs. K0 Teoria arawinaaRmdegobrivia. marTlac, davuSvaT, 
rom raime A  formulisaTvis arsebobs gamoyvana &A Aך  
formulisa K0-Si. am gamoyvanaSi yvelgan SevcvaloT masSi 
Semxvedri yvela sagnobrivi konstanta bi raime sagnobrivi 
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cvladiT, romelic ar Sedis am gamoyvanaSi. aseTi SecvliT 
am gamoyvanaSi monawile yvela aqsioma darCeba aqsiomad da 
SenarCundeba formulaTa Tviseba iyos uSualo Sedegi mis 
win mdgom formulebisa gamoyvanis wesebiT. amrigad, am 
Secvlis Semdeg Cven kvlav miviRebT gamoyvanas, magram axla 
es iqneba gamoyvana K-Si, radgan axali gamoyvanis arcerTi 

formula ar Seicavs sagnobriv konstantebs ,, 21 bb . am 

gamoyvanis bolo formula aseve aris winaaRmdegoba, rac 
ewinaaRmdegeba K Teoriis arawinaaRmdegobriobis pirobas. 
amrigad, K0 Teoria arawinaaRmdegobrivia. 

vTqvaT  ),( ,  ),(  ),(
21 21 kikii xFxFxF  aris K0 Teoriis yvela 

im formulaTa gadaTvla, romlebic Seicaven araumetes erT 

Tavisufal cvlads (lema 2.10). (aq 
ki

x  aris Fk formulis 

Tavisufali cvladi, Tu Fk sinamdvileSi ar Seicavs Tavi-

sufal  cvlads, maSin 
ki

x  aris x1). 

avirCioT raime mimdevroba  ,  ,  ,  ,
21 kjjj bbb , romelic 

Sedgeba },  ,{ 21 bb simravlis elementebisgan, ise, rom mudmivi 

kj
b  ar Sediodes )(,),(

11 kiki xFxF  -Si da gansxvavdebodes 

11
,,

kjj bb  -gan. ganvixiloT formula 

  (Sk)            ך  )(
kk iki xFx ך )(

kjk bF . 

ganvsazRvroT Kn Teoria, rogorc pirveli rigis Teoria, 
romelic miiReba K0 Teoriidan am Teoriis aqsiomebTan 

bolo )(,),( 1 nSS   formulebis mierTebiT axali aqsiomebis 

rolSi, xolo Teoria K _ rogorc Teoria, romelic miiReba 
analogiurad K0-is aqsiomebze yvela (Si) formulis mier-

TebiT. K TeoriaSi yoveli gamoyvana Seicavs (Si) formulaTa 
mxolod sasrul ricxvs da amitom aris gamoyvana romelime  
Kn TeoriaSic. maSasadame, Tu yvela Kn Teoria arawinaaRmde-

gobrivia, maSin arawinaaRmdegobrivia K Teoriac. i-s mimarT 
induqciiT davamtkicoT Ki Teoriis arawinaaRmdegobrioba. K0 
Teoriis arawinaaRmdegobrioba ukve damtkicebulia. davuSvaT, 

rom raime  n-Tvis )1( n  1nK  Teoria arawinaaRmdegobrivia, 

xolo Kn Teoria winaaRmdegobrivia. maSin, rogorc viciT 

1A ך) )21 AA   tavtologiis da winadadeba 2.1-is ZaliT),  
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Kn-Si gamoyvanadia nebismieri formula. kerZod, ├
nK ך )( nS . 

amitom )( nS ├
1nK ך )( nS . radgan )( nS  formula Caketilia, 

amitom, Sedegi 2.6-is ZaliT ├
1nK )( nS ך )( nS . axla, 1(A ך 

)1A ך 1A  tavtologiis da winadadeba 2.1-is mxedvelobaSi 

miRebiT, Cven miviRebT ├
1nK ך )( nS , anu  

├
1nK ך)ך  )(

nn ini xFx ך ))(
njn bF . 

Semdeg ך &()( 111 AAA  ך )2A , 221 )&( AAA  , 121 )&( AAA   da 

ךך 11 AA   tavtologiebis gamoyenebiT ├
1nK ך )(

nn ini xFx  da ├

1nK ))(
njn bF . 

ganvixiloT )(
njn bF  formulis raime gamoyvana 1nK -Si, 

vTqvaT xp aris cvladi, romelic ar gvxvdeba am gamoyvanaSi. 

maSin Tu yvelgan am gamoyvanaSi SevcvliT 
nj

b -s xp-iT, 

miviRebT )( pn xF -s gamoyvanas 1nK -Si, anu ├
1nK )( pn xF . axla 

Gen wesiY miviRebT ├
1nK )( pnp xFx  da bolos, lema 2.8-iT, ├

1nK )(
nn ii xFx . (aq viyenebT im faqts, rom formulebi )(

nin xF  

da )( pn xF  arian msgavsi). magram, meore mxriv, zeviT 

davadgineT, rom ├
1nK ך )(

nn ii xFx . amrigad, saxezea winaaRmde-

goba daSvebasTan, rom 1nK Yaris arasawinaaRmdegobrivi. 

amitom Kn Teoriac aseve unda iyos arawinaaRmdegobrivi. 
amrigad, davamtkiceT, rom yvela Ki Teoria, da masTan erTad  

K Teoria, arawinaaRmdegobrivia. SevniSnoT, rom K aris K0-

is arawinaaRmdegobrivi gafarToeba. lema 2.11-iT, K aqvs 

garkveuli arawinaaRmdegobrivi sruli gafarToeba Г. 
Caketili termi vuwodoT yovel terms, romelic ar 

Seicavs cvladebs. K0 Teoriis Tvladi interpretacia M-s 
eqneba Tavis ared K0 Teoriis Caketil termTa simravle. 
(lema 2.10-iT, es simravle Tvladia). Tu c aris K0 sagnobrivi 
konstanta, maSin is TviTon iqneba Tavisi interpretacia. K-s 

funqcionaluri aso n

jf  iqneba interpretirebuli M-Si *)( n

jf  

operaciiT, romelsac aqvs Tavis argumentebad K0 Teoriis 

Caketili termebi ntt ,,1  , xolo mniSvnelobad – igive Teoriis 
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Caketili termi ),,( 1 n

n

i ttf  . *)( n

jA  mimarTeba, romelic K 

Teoriis n

jA  predikatul asos interpretacias axdens, CaiTv-

leba Sesrulebulad M-Si ntt ,,1   argumentebisaTvis maSin 

da mxolod maSin, roca ├ ),,( 1 n

n

j ttA T
. imisaTvis, rom davamt-

kicoT M aris K0-is modeli, sakmarisia vaCvenoT, rom K0 
Teoriis nebismieri Caketili A  formula WeSmaritia M-Si 

maSin da mxolod maSin, rodesac ├
T
A , radgan K0-is yvela 

Teorema aris aseve Г-s Teorema. amas Cven davamtkicebT 
induqciiT A  formulaSi operaciebisa da kvantorebis 
ricxvis mimarT. vTqvaT dasawyisSi A  aris Caketili elemen-
taruli formula. am SemTxvevaSi, gansazRvris Tanaxmad, 
formyla A  WeSmaritia M-Si maSin da mxolod maSin, roca 

├
T
A . axla davuSvaT, rom yoveli Caketili formula B , 

romelSic operaciebis da kvantorebis ricxvi naklebia vidre 

A -Si, WeSmaritia M-Si maSin da mxolod maSin, roca ├
T
B . 

SemTxveva 1. A -s aqvs saxe ךB . Tu A  WeSmaritia M-Si, 
maSin B  mcdaria M-Si da, maSasadame, induqciuri daSvebis 

ZaliT, ara ├
T
B . radgan Г  Teoria srulia, xolo B  

formula Caketilia, amitom ├ T Bך , anu ├ T
A . meores mxriv, 

Tu A  araa WeSmariti M-Si, maSin B  WeSmaritia  M-Si, da 

maSin ├
T
B . radgan Г arawinaaRmdegobrivi Teoriaa, amitom 

araa ├
T

Bך ,  anu araa ├
T
A . 

SemTxveva 2. A  aris ( CB ). A  formulis Caketilobi-
dan gamomdinareobs B  da C -s Caketiloba. Tu A  mcdaria 
M-Si, B  WeSmaritia da C  mcdaria M-Si. T -s sasrulis 

ZaliT, ├
T

ך C . maSin, (1 A ך 2A ך ))( 21 AA   tavtologiis 

ZaliT, gvaqvs ├
T

)ך CB ), anu ├
T

Aך  da, T -s arawinaaRmde-

gobriobis ZaliT, araa ├T
A . meores mxriv, Tu ara ├T

A , 

maSin T -s sisrulis ZaliT, ├ T Aך ך . 121 )( AAA   da ך

 )( 21 AA ך 2A  tavtologiebis gamoyenebiT miviRebT ├T
B  

da ├ T ך C . maSasadame, B  formula WeSmaritia M-Si. T -s 

arawinaaRmdegobriobis ZaliT, ara ├T
C , da maSasadame, C  

formula mcdaria M-Si. amrigad A  mcdaria M-Si. 
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SemTxveva 3. A  aris Bnx . maSin garkveuli k-sTvis, B  

aris )(
kik xF  da xn aris 

ki
x . (aq aris kidev imis SesaZlebloba, 

rom B  Caketilia da ar Seicavs xn-s Tavisuflad. magram 
aseT SemTxvevaSi A  WeSmaritia maSin da mxolod maSin, 

roca B  WeSmaritia (ix. (VI)) da amitom ├
T
A  maSin da 

mxolod maSin, roca ├
T
B . amrigad, A -s Sesaxeb CvenTvis 

saintereso debuleba gamodis B -s Sesaxeb Sesabamisi 
debulebidan). davuSvaT, rom A  WeSmaritia M-Si, magram ara 

├
T
A . T -s sisrulis ZaliT ├

T
Aך , anu ├

T
ך )(

kk ii xFx . 

magram, rogorc viciT, ├
T )( kS . maSasadame, ├

T
ך )(

kjk bF . 

radgan formula A )(
kk iki xFx  WeSmaritia M-Si, amitom M-

Si WeSmaritia )(
kik bF  formulac (ix. (X)). induqciuri 

daSvebiT, miviRebT ├
T )(

kjk bF  da amrigad, mivdivarT 

winaaRmdegobamde Г  Teoriis arawinaaRmdegobriobis 

faqtTan. axla davuSvaT, rom A  mcdaria M-Si, magram ├
T
A

. )( kki xFx
k

  formulis mcdarobidan M-Si da M-is 

gansazRvridan, rogorc K0 Teoriis yvela Caketil termTa 
simravlisa, gamomdinareobs ((VI) da (X)-is meore nawilis 
safuZvelze), rom garkveuli Caketili t termisaTvis K0 

Teoriisa, )(tFk  mcdaria. magram. daSvebiT gvaqvs ├
T

)(
kk iki xFx . maSasadame, (4) aqsiomiT, ├

T )(tFk  da, Semdeg, 

induqciuri daSvebiT )(tFk  formula WeSmaritia M-Si. kvlav 

mideviT winaaRmdegobamde. 
amrigad, M aris T -s Tvladi modeli, da maSasadame, 

aseve K0-is. radgan K Teoriis yoveli Teorema aris K0 
Teoriis Teorema, M aris Tvladi modeli K TeoriisTvisac. 
(SevniSnoT, rom M modeli yovelTvis ar SeiZleba agebul 
iqnas efeqturad. predikalur asoebis interpretacia 
damokidebulia T -Si gamoyvanadobis cnebaze, xolo es 
ukanaskneli, rogorc es aRniSnuli iyo lema 2.11-is 
damtkicebis Semdeg, SeiZleba ar iyos efeqturad amoxsnadi). 

 
Sedegi 2.13. yoveli logikurad zogadmarTebuli formula 

aris K Teoriis Teorema. 
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damtkiceba. sakmarisia ganvixiloT mxolod Caketili A  

formula, radgan yoveli B  formula logikurad zogad-
marTebulia maSin da mxolod maSin, roca logikurad 
zogadmarTebulia misi Caketva da gamoyvanadia K-Si maSin da 
mxolod maSin, roca K-Si gamoyvanadia misi Caketva. maS, 
vTqvaT A  aris K Teoriis logikurad zogadmarTebuli 
Caketili formula. davuSvaT, rom A  ar aris Teorema K-Si. 
maSin Tu Cven ךA  formulas davimatebT axal aqsiomad K-

Teorias, miviRebT axal K   Teorias, romelic arawi-

naaRmdegobrivia lema 2.9-is ZaliT. K   Teorias aqvs, wina-
dadeba 2.12-is Tanaxmad, M modeli. radgan ךA  formula 

aris K  -Si aqsioma. amitom ךA  WeSmaritia M-Si, xolo 
radgan A  formula aris logikurad zogadmarTebuli, 
amitom isic WeSmaritia M-Si. amrigad, miviRebT, rom A  
formula erTdroulad WeSmaritia da mcdaria M-Si, rac 
SeuZlebelia (ix. (II)). amrigad, A  formula unda iyos 
Teorema K Teoriis. 

Sedegi 2.14. (geodelis Teorema sisrulis Sesaxeb). pir-
veli rigis predikatTa yovel aRricxvaSi Teoremebia yvela 
is da mxolod is formulebi, romlebic arian logikurad 
zogadmarTebuli. 

 
damtkiceba. gamomdinareobs winadadeba 2.7 da Sedegi 2.13-

dan. 
 
Sedegi 2.15. (a) A  formula WeSmaritia K Teoriis yovel 

Tvlad modelSi maSin da mxolod maSin, roca ├ K A . 

maSasadame, A  WeSmaritia K Teoriis yovel modelSi maSin 

da mxolod maSin, roca ├ K A . 

(b) Tu B  formula K Teoriis yovel modelSi Sesrule-
bulia yovel mimdevrobaze, romelzec Sesrulebulia 

formulaTa raime  simravlis yoveli formula, maSin ├ K

B . 
(c) Tu K Teoriis B  formula aris K Teoriis formulaTa 

mocemuli -simravlis logikuri Sedegi, maSin ├ K B . 

(d) Tu K Teoriis B  formula aris igive Teoriis A  

formulis logikuri Sedegi, maSin A ├ K B . 
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damtkiceba. (a) SegviZlia davuSvaT, rom A  formula 

Caketilia. vTqvaT A  formula WeSmaritia K Teoriis 

nebismier Tvlad modelSi. Tu ara ├ K A , maSin Teoria 

 KK Aך} } arawinaaRmdegobrivia. maSasadame, K   aqvs 

Tvladi modeli M. ךA  formula, rogorc K  -is aqsioma, 

WeSmaritia M-Si. magram da, maSasadame, ├ K B .  M-Si. amrigad, 

A  formula erTdroulad WeSmaritia da mcdaria M-Si. 
mivediT winaaRmdegobamde. 

(b) ganvixiloT Teoria K . B Kformula WeSmaritia am 

Teoriis yovel modelSi. maSin (a)-s ZaliT, ├ K B . M aris 

modeli K-sTvisac da, amitom A  WeSmaritia.   
(c) punqti gamodis (b)-dan, xolo (d) aris (c)-s kerZo 

SemTxveva. 
winadadeba 2.12-dan gamodis kidev erTi mniSvnelovani 

klasikuri Sedegi: 
 
Sedegi 2.16 (skolem-levengeimis Teorema). Tu pirveli 

rigis K Teorias aqvs raime modeli, maSin mas aqvs Tvladi 
modeli. 

 
damtkiceba. Tu K-s aqvs modeli, maSin K arawinaaRmde-

gobrivia. maSasadame, winadadeba 2.12-iT, K-s aqvs Tvladi 
modeli. 
 

 

$ 6.  zogierTi damatebiTi metaTeorema 

 

pirveli rigis konkretul TeoriebTan Semdgomi muSaobis 
gamartivebisaTvis sasargebloa am Teoriebis Sesaxeb zogierTi 
damatebiTi faqtis damtkiceba. yvelgan am paragrafSi 
CavTvloT, rom saqme gvaqvs pirveli rigis nebismier K 
TeoriasTan. 

mraval SemTxvevaSi, )(xxA -is damtkicebis Semdeg, sasur-

velia damtkicebuli gvqondes )(tA -c, sadac t raime termia, 



 53 

romelic Tavisufalia  x-sTvis )(xA -Si. es SesaZlebelia da 

amasTanave misi dafuZneba xdeba Semdegi wesiT. 
individualizaciis wesi A4. Tu t termi Tavisufalia x-

sTvis )(xA -Si, maSin )(xxA ├ )(tA . 

 

damtkiceba. )(xxA -dan da  )(xxA )(tA -dan, romelic 

aris (4) aqsiomis kerZo SemTxveva, modus ponens-iT miviRebT )(tA

-s. 
 

winadadeba 2.18. Tu A  da B  formulebia da x sagnobrivi 
cvladi ar aris Tavisufali A -Si, maSin Semdegi formu-
lebi arian Teoremebi K-Si. 

(a) AA x  (maSasadame, (4) aqsiomiT, ├ ))(xxAA  ; 

(b) AAx  (maSasadame, qvemoTmoyvanili wesiT E4, ├

AAx ); 

(c) )()( BABA xx  ; 

(d) )()( ABAB  xx . 

damtkiceba savarjiSos saxiT evaleba mkiTxvels. 
sasargebloa kidev Semdegi warmoebuli wesi, romelic  aris 

A4 wesis kontrapozicia. 
 

arsebobis wesi E4. Tu t termi Tavisufalia  x-sTvis 

)(xA -Si, maSin ├ )(tA )(xxA  da, maSasadame )(tA ├ )(xxA . 
 

damtkiceba. (4) aqsiomiT gvaqvs ├ x ך )(xA ך )(tA . A( ך

 BB () ך )A  tavtologiiT da MP-iT miviRebT ├ )(tA ך x ך

)(xA , anu ├ xt )(A )(xA . maSasadame, )(tA  ├ )(xxA . 

winadadeba 2.19. nebismieri A  da B  formulebisaTvis  

├ )()( BABA xxx   . 

damtkiceba. 

1. )( BAx        hipoTeza 

2. Ax         hipoTeza 
3. BA         1, A4 wesi 
4. A         2, A4 wesi 
5. B         3, 4, tavtologia 

         )()( BABA  , MP 

6. Bx         5, Gen 
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7. )( BAx , Ax ├ Bx      1-6 

8. )( BAx   ├ Ax Bx      1-7, winadadeba 2.4 

9. )( BAx   ├  Bx Ax          mtkicdeba 8-is analo- 

                                    giurad. 

10. )( BAx  ├ BA xx       8, 9, koniunqciis wesi. 

11. ├ )()( BABA xxx        1-10, winadadeba 2.4. 

 
winadadeba 2.20. (ekvivalentobis Teorema).  Tu B  aris 

A -s qveformula da 1A  aris A -Si B -s romelime (SeiZleba, 
arcerTi) Semosvlis C -iT Secvlis Sedegi da Tu B  
formulis an C  formulis yoveli Tavisufali cvladi, 
romelic erTdroulad aris A  formulis dabmuli cvladi, 

gvxvdeba kyy ,,1  -s Soris, maSin 

├ )()( ][ 1 AACB   kyy  . 

 
damtkiceba. gamoviyenoT induqcia A -Si operaciaTa da 

kvantorTa ricxvis mimarT. pirvelad SevniSnoT, rom Tu B -s 
arcerTi Semosvla ar icvleba, maSin A  emTxveva A -s da 

formula, romlis gamoyvanac moiTxoveba, aris )( AAB   

tavtologiis kerZo SemTxveva. Tu B  emTxveva A -s da es 
erTaderTi Semosvla icvleba C -iT, maSin formula, romlis 
gamoyvanac moiTxoveba, gamoiyvaneba aqsiomidan (4). amrigad, 
SemdegSi SegviZlia CavTvaloT, rom B  aris A -s sakuTrivi 
qveformula da B -s erTi mainc Semosvlis Secvla xdeba C -
iT. davuSvaT, rom Teorema samarTliania yoveli formuli-
saTvis, romelSic operaciaTa da kvantorTa ricxvi 
naklebia, vidre A -Si. 

SemTxveva 1. A  aris elementaruli formula. maSin B  
ar SeiZleba iyos A -s sakuTrivi qveformula. 

SemTxveva 2. A aris ךB . vTqvaT maSin A  aris ךD . 

induqciuri daSvebiT ├   )(1 CBkyy  ( DD  ). 

aqedan  )( BA ך) A ך B ) tavtologiis gamoyenebiT 

miviRebT 

├   )(1 CBkyy  ( AA  ). 

SemTxveva 3. A  aris ED . maSin vTqvaT A  aris 

ED  . induqciuri daSvebiT ├   )(1 CBkyy  ( DD  ) 
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da ├   )(1 CBkyy  ( EE  ).

 )(())(&)(( CADCBA  ))( DB  tavtologiis 

gamoyenebiT, miviRebT 

├   )(1 CBkyy  ( AA  ). 

SemTxveva 4. A  aris Dx , maSin garkveuli D  formuli-
saTvis A  emTxveva Dx -s. induqciuri daSvebiT  ├

  )(1 CBkyy  ( DD  ). x cvladi ar gvxvdeba Tavisuf-

lad )(1 CB kyy  -Si; marTlac, Tu x am ukanasknel formu-

laSi Sevidoda Tavisuflad, maSin x Sevidoda Tavisuflad 
B -Si an C -Si, magram radgan x dabmulia A -Si, amitom x 

Sevidoda mimdevrobaSi kyy ,,1   da iqneboda dabmuli cvladi 

formulaSi )(1 CB kyy  , rasac mivyavarT winaaRmdego-

bamde. axla, aqsioma (5)-is gamoyenebiT, miviRebT 

├   )(1 CBkyy  )( DD x . 

amave dros, winadadeba 2.19-is ZaliT, gvaqvs 

)()( DDDD   xxx . 

bolos oris SedarebiT miviRebT 

├ )()(1 AACB   kyy  . 

 
Sedegi 2.21. (Teorema Secvlis Sesaxeb). vTqvaT A , B , A  

da C  akmakofileben winadadeba 2.20-is pirobebs. Tu ├ CB , 
maSin ├ AA  , xolo Tu ├ CB , da ├A , maSin ├A . 

Sedegi 2.22. (dabmuli cvladebis saxelis Secvla). Tu 

)(xxB  aris A  formulis qveformula, )(yB  formula 

msgavsia )(xB  formulis da A  aris A -Si )(xxB -is erTi 

mainc Semosvlis nacvlad )(yxB -iT Secvlis Sedegi, maSin ├

AA  . 
 

damtkiceba. lema 2.8 da Sedegi 2.21-is gamoyenebiT. 
 

$ 7. C wesi 
 

maTematikaSi metad gavrcelebulia Semdegi saxis daskvnebi. 
vTqvaT gamoviyvaneT )(xxA  saxis formula. Semdeg vambobT: 

`vTqvaT b aris iseTi obieqti, rom )(bA ~, da vagrZelebT Cvens 
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msjelobas an damtkicebas, bolos da bolos mivdivarT formu-
lamde, romelic ar Seicavs nebismierad SerCeul elements b. 

wess, romelic saSualebas iZleva )(xxA -dan )(bA -ze 

gadasvlisa, C wesi (C – pirveli aso inglisuri sityvisa 
choice – amorCeva). didi sizustisaTvis saWiro iyo gveTqva `C 
wesiT gamoyvanis~ cnebis Sesaxeb pirveli rigis K TeoriaSi. 
es wesi SeiZleba ganvsazRvroT Semdegnairad: 

├CA  maSin da mxolod maSin, roca arsebobs formulaTa 

iseTi mimdevroba ABB n,,1  , rom sruldeba Semdegi 

pirobebiL 
(I). yoveli i-sTvis an 

   (1) iB  aris K-s aqsioma, an 

   (2) iB  ekuTvnis -s, an 

   (3) iB  gamomdinareobs MP-iT an Gen-iT am mimdevrobaSi 

mis win myofi formulebidan, an 

   (4) iB  formula win uswrebs )(xxC  formula, xolo 

TviTon iB  formula aris )(bC , sadac b – axali sagnobrivi 

cvladia (C wesi) 
(II). (I) (1)-Si aqsiomebad dasaSvebia aseve yvela SesaZlo 

logikuri aqsiomebi, romlebic Seicaven axal sagnobriv mud-
mivebs, romlebic ukve Semotanili arian C wesiT, anu (I) (4)-iT. 

(III). dauSvebelia Gen wesis gamoyeneba im cvalebis 

mimarT, romlebic Tavisufalni arian )(xxC  saxis erT 

formulaSi mainc, romelTa mimarT adre gamoyenebuli iyo C 
wesi. 

(IV) A  ar Seicavs axal sagnobriv mudmivebs, romlebic 
Semotanili arian C wesiT. 

saWiroa yuradReba gavamaxviloT imaze, rom gansazRvris 
(III) punqti marTlac aucilebelia, radgan am punqtis Sez-
Rudvis gareSe SesaZlebeli xdeba, magaliTad, aseTi gamoy-
vana. 

1. ),(2

1 yxyx A    hipoTeza 

2. ),(2

1 yxyA    1, wesi A4 

3. ),(2

1 bxA     2, wesi C 

4. ),(2

1 bxxA    3, Gen 



 57 

5. ),(2

1 yxxy A    4, wesi E4 

6. ),(2

1 yxyx A ├ C ),(2

1 yxxy A     1-5 

amave dros viciT, rom arsebobs iseTi interpretacia, rom-

lisTvisac formula ),(2

1 yxyAx  WeSmaritia, xolo formula 

),(2

1 yxxAy  mcdari. 

 

winadadeba 23. Tu ├ AC , maSin ├A . ufro metic, 

qvemoT-moyvanili damtkicebidan advili dasanaxia, rom Tu 
axal damtkicebaSi gamoiyeneba Gen wesi raime cvladis 

mimarT formulaSi, romelic damokidebulia -s raime 
formulaze, maSin aseTive gamoyeneba iyo sawyis gamoyvanaSic.  

 
damtkiceba. vTqvaT mocemulia raime C-gamoyvana A  formu-

lis -dan, da vTqvaT  )(,),( 111 kkk yyyy CC  formulebia (maTi 

Semotanis rigis mixedviT), romelTa mimarT am C-gamoyvanaSi 

gamoiyeneba C wesi, xolo kcc ,,1  _am dros Semotanili 

sagnobrivi mudmivebi. maSin, cxadia, )(,),( , 11 kk cc CC  ├A , 

xolo sawyis C-gamoyvanaSi Gen wesis gamoyenebaze SezRudvis 
ZaliT, Cven SegviZlia gamoviyenoT deduqciis Teorema da, 

maSasadame, )(,),( , 111  kk cc CC  ├ AC )( kc
k

. Tu yvelgan Sesa-

bamis gamoyvanaSi ck mudmivs SevcvliT z cvladiT, romelic 
am gamoyvanaSi ar gvxvdeba, miviRebT 

)(,),( , 1111  kk cc CC  ├ AC )( kc
k

 

da, maSasadame, Gen wesiT 

)(,),(  , 1111  kk cc CC  ├ ))(( AC  zz
k

, 

aqedan, winadadeba 18(d)-s safuZvelze, miviRebT 

)(,),( , 1111  kk cc CC  ├ AC  )( kk yy
k

. 

magram radgan 

)(,),( , 1111  kk cc CC  ├ )( kk yy
k
C , 

maSin 

)(,),( , 111  kk cc CC  ├A . 
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Tu msjelobis am sqemas gavimeorebT, Cven rigrigobiT gamov-

ricxavT )(,),(),( 112211 ccc kkkk CCC   ris Sedegadac miviRebT 

├A . 
 

$ 8. pirveli rigis tolobiani Teoriebi  

 
vTqvaT K aris pirveli rigis Teoria, romlis predikatul 

asoTa Soris aris 2

1A . simoklisaTvis CavwerT st   nacvlad 

),(2

1 stA  da st   nacvlad ך ),(2

1 stA . K Teorias ewodeba pirveli 

rigis Teoria tolobiT, Tu Semdegi formulebi arian K 
Teoriis Teoremebi: 

(6) )( 111 xxx   (tolobis refleqsuroba); 

(7) )),(),(()( yxxxyx AA   (tolobis Casma), 

sadac x, y – sagnobrivi cvladebia, ),( xxA  _ nebismieri for-

mulaa, xolo ),( yxA  miiReba ),( xxA -dan x-is zogierTi Tavi-

sufali Semosvlis (ara aucileblad yvelasi) y-is Semosv-
lis SecvliT, im pirobis dacviT, rom y iyos Tavisufali im 
SemosvlebisaTvis, romlebic icvlebian.  

(SeniSvna. aq gagrZelebulia logikur aqsiomaTa nume-
racia). 

 
winadadeba 24. yovel pirveli rigis TeoriaSi tolobiT 

gvaqvs: 
(a) ├ tt   nebismieri t termisaTvis; 
(b) ├ xyyx  ;  

(c) ├ )( zxzyyx  . 

 

damtkiceba. (a) (6)-is ZaliT ├ )( 111 xxx  , maSasadame, A4 

wesiT ├ tt  . 

(b) vTqvaT aris ),( xxA  aris xx   da ),( yxA  aris xy  . 

maSin, (7)-is ZaliT, ├ )()( xyxxyx  . magram ├ xx  . ├

xyyx   miviRebT ))())((( CACBAB   tavto-

logiis daxmarebiT. 

(c) vTqvaT ),( yyA  aris zy   da ),( xyA  aris zx  . maSin, 

(7)-is ZaliT x-sa da y-is urTierT SecvliT, ├ zyxy  (  

)zx  . magram (b)-s ZaliT, ├ xyyx  . maSasadame 



 59 

)(()( CBBA  ))( CA  tavtologiis gamoyenebiT gvaqvs 

├  yx  )( zxzy  . 

 
winadadeba 25. Tu pirveli rigis K TeoriisaTvis Teore-

mebia (6) formula da, nebismieri elementaruli ),( xxA  for-

mulisaTvis, formula (7), maSin K aris pirveli rigis 
Teoria tolobiT anu K-Si (7) saxis yoveli formula aris 
Teorema. 

 
damtkiceba. Cven unda davamtkicoT, rom (7) saxis yoveli 

formula aris K-Si Teorema. elementaruli formulebisaTvis 
es samarTliania pirobiT. SevniSnoT, rom gansaxilveli K 
TeoriisaTvis winadadeba 24 samarTliania, radgan mis damt-
kicebaSi gamoiyeneba (7) mxolod elementaruli formule-
bisaTvis. visargebloT induqciiT A  formulaSi kavSire-
bisa da kvantorebis n-ricxvis mimarT. davuSvaT, rom yoveli 

nk   (7) saxis yvela formula aris K-Si Teorema. 

SemTxveva 1. ),( xxA  aris ך ),( xxB . induqciuri daSvebiT 

gvaqvs ├ )),(),(( xxyxxy BB  , radgan ),( xxB  miiReba 

),( yxB -dan y-is zogierTi Semosvlis x-iT SecvliT. aqedan 

winadadeba 24(b) da  )( BA ך) B ך )A  da )(()( CBBA   

))( CA  tavtologiebis gamoyenebiT miviRebT ├  yx  (

)),(),( yxxx AA  . 

SemTxveva 2. ),( xxA  aris ),(),( xxxx CB  . induqciuri daS-

vebisa da winadadeba 24(b)-s ZaliT, ├ )),(),(( xxyxyx BB   

da ├ )),(),(( yxxxyx CC  . aqedan  ABBA [())(( 1  

)))]()((())( 111 CBCBACC   tavtologiis gamoyenebiT 

├ )),(),(( yxxxyx AA  . 

SemTxveva 3. ),( xxA  aris ),,( zxxzB . induqciuri daSvebiT, 

├ )),,(),,(( zyxzxxyx BB  . gamoviyenoT Gen wesi da aqsioma 

(5) miviRebT ├ )),,(),,(( zyxzxxzyx BB  . SevniSnoT, rom ├

)()( 111 BABA xxx   . aqedan gvaqvs  )( ,,( zxxz B  

)],,),,[)),, ((( zyxzzxxzzyx BBB   da  )(()( CBBA  

))( CA  tavtologiis gamoyenebiT sabolood vRebulobT ├

)),(),(( yxxxyx AA  . 
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winadadeba 26. vTqvaT  K aris pirveli rigis Teoria, 
romelSic TeoremaTa ricxvs ekuTvnis (6) formula, aseve (7) 

saxis yvela formula, romelSic ),( xxA  formula elemen-

tarulia, ar Seicavs funqcionaluri asoebis Semosvlebs da 

),( yxA  miiReba ),( xxA -dan y-iT x-is zustad erTi Semosvlis 

SecvliT. vTqvaT, garda amisa: () yoveli funqcionaluri 

asosaTvis n

jf  da cvladTa yoveli nzz ,,1   erTobliobisaTvis 

Sesrulebulia ├ ),,(),,( 11 n

n

jn

n

j wwfzzfyx   , sadac 

),,( 1 n

n

j wwf   miRebulia ),,( 1 n

n

j zzf  -dan x-is raime erTi Semosv-

lis y-iT SecvliT. maSin K aris pirveli rigis Teoria 
tolobiT. 

 

damtkiceba. aRvniSnoT, rom  x-is mravali Semosvlos 
Secvla y-iT daiyvaneba mimdevrobiTYaqtebze x-is erTi 
Semosvlis Secvlosa y-iT. advili dasanaxia, rom winadadeba 
24-ic damtkicebadia winadadeba 26-is pirobebSi. winadadeba 
25-is ZaliT, sakmarisia davamtkicoT, rom K-s Teoremebia 
elementaruli A -iT (7) saxis yvela formula. amasTan araa 

rTuli dasamtkicebelia, rom ├  nn zyzy &&11   

),,(),( 11 nn zzyy  AA   cvladebis nebismieri nn zzyy ,, ,,, 11   

erTobliobisaTvis da nebismieri elementaruli A  
formulisaTvis, romelsac ar aqvs funqcionaluri asoebis 
Semosvla. A4 wesis gamoyenebiT damtkiceba SeiZleba 
daviyvanoT ├ ),(),( yxtxxtyx   faqtis dadgenaze, sadac 

),( xxt -termia da ),( yxt  miiReba ),( xxt -dan x-is raime Semosvlis 

y-oT SecvliT. es ki martivad SeiZleba damtkicdes () 
pirobis gamoyenebiT t-Si Semaval funqcionalur asoTa 
ricxvze induqciiT da es unda gaakeTos mkiTxvelma 
savarjiSos saxiT. 

magaliTebi: 
1.  G-jgufTa elementaruli Teoria: predikatuli aso =, 

funqcionaluri aso 2

1f , sagnobrivi mudmivi a1. simoklisa-

Tvis SemdegSi nacvlad ),(2

1 stf  vwerT st   da 0 nacvlad a1. 

sakuTrivi aqsiomebi: 

(a) 321211 )()( xxxxxx  ; 
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(b) 11 0 xx  ; 

(c) )0( 2121  xxxx ; 

(d) 11 xx  ; 

(e) 1221 xxxx  ; 

(f) )( 313221 xxxxxx  ; 

(g) )&( 2313323121 xxxxxxxxxx  . 

winadadeba 25-ze dayrdmobiT advili dasamtkicebelia, 
rom G aris pirveli rigis Teoria tolobiT. Tu davumatebT 
erT aqsiomas: 

(h) 1221 xxxx  , 

maSin miviRebT Gc Teorias, romelsac ewodeba abelur 
jgufTa elementaruli Teoria. 
 

2. F-velTa elementaruli Teoria: predikatuli aso =, 

funqcionaluri asoebi 2

1f  da 2

2f , sagnobrivi mudmivebi a1 

da a2. Semoklebebia: st   ),(2

1 stf -sTvis, st   ),(2

2 stf -sTvis, 0 

da 1 Sesabamisad a1 da a2-sTvis. sakuTrivi aqsiomebia Gc 
Teoriis (a)-(h) aqsiomebi (wina magaliTidan), da agreTve 
formulebi: 

(i) )&( 2313323121 xxxxxxxxxx  ; 

(j) )()( 321321 xxxxxx  ; 

(k) )()()( 3121321 xxxxxxx  ; 

(l) 1221 xxxx  ; 

(m) xx 11 ; 

(n); )1(0 2121  xxxx  

F aris pirveli rigis Teoria tolobiT: (a)-(m) aqsiomebi 
sazRvraven komutaciur rgolTa elementarul Teorias Rc-s 

erTeuliT. Tu F-s davumatebTYaxal predikatul asos 2

2A , 

romelsac aRvniSnavT niSniT  , aqsiomebs 

(e) )&( 313221321 xxxxxxxxx  ; 

(f) )( 12212121 xxxxxxxx  ; 

(g)  2121 ( xxxx ך )21 xx  ; 

(h) 323121 xxxxxx  , 

(i) 3231321 0& xxxxxxx  . 



 62 

miviRebT dalagebul velTa elementarul Teorias F<.  
xSirad gvxvdeba pirveli rigis Teoriebi, romlebSic 

toloba = SeiZleba ganisazRvros. es niSnavs, rom aseT K 

TeoriaSi aris formula ),( yxE , romlisTvisac Tu ),( stE -s 

aRvniSnavT st  -iT. (6), (7) formulebi iqnebian gamoyvanadi K-Si. 
amasTan mxolod saWiroa SevTanxmdeT CavTvaloT, rom Tu t, s-
termebia, romlebic ar arian Tavisufali Sesabamisad x da y-

sTvis ),( yxE -Si, maSin st   aris Semoklebuli aRniSvna ara 

),( yxE -sTvis, aramed raRac ),( st*E  formulisaTvis, romelic 

miRebulia ),( stE -dan dabmuli cvladebis Sesaferisad 

saxelebis SecvliT (ix. Sedegi 22), imnairad, rom t da s 

aRmoCdnen Tavisufalni x da  y-isTvis, Sesabamisad, ),( yx*E -Si. 

aseTi K TeoriisaTvis SesaZlebelia winadadebebis 25 da 26 
analogiuri winadadebis damtkiceba, im daSvebiT, rom (7) 

aris K Teoriis Teorema ),( yx*E  formula Sesabamisi tipe-

bisaTvis. (mkiTxvelma Seamowmos, rogorc savarjiSo). 
pirveli rigis TeoriebSi tolobiT gamosaxulebisaTvis 

`arsebobs erTi da mxolod erTi sagani x iseTi, rom...~ 
SeiZleba gamoviyenoT Semdegi. 

 

gansazRvra. )(1 xxA  aRniSnavs  )(&)((&)( yxyxxx AAA  

)yx  . 

pirveli rigis K TeoriisaTvis tolobiT yoveli mode-
lisaTvis mimarTeba E, romelic am modelSi Seesabameba 
predikatul asos =, aris ekvivalenturobis mimarTeba (wina-
dadeba 24-is ZaliT). Tu raime modelis areSi E mimarTeba 
aRmoCndeba igiveobis mimarTeba, maSin aseT models ewodeba 
normaluri. 

K Teoriis yoveli M modeli SeiZleba Seviwrovdes K 

Teoriis garkveul normalur M modelamde. amisaTvis D 

ares rolSi axal M modelisa aviRoT ekvivalenturobis 
klasTa simravle, romleboc gansazRvruli arian M modelis  
D areSi E mimarTebiT. Semdeg yoveli predikatuli asosaTvis 

n

jA  *)( n

jA  interpretaciiT M-Si ganvsazRvroT axali inter-

pretacia )( n

jA  M-Si pirobiT: D -an aRebuli nbb ,,1   elemen-

tebiT gansazRvruli ekvivalenturobis nebismieri klase-
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bisaTvis ][,],[ 1 nbb  , )( n

jA  Sesrulebadia maSin da mxolod 

maSin, roca M-Si nbb ,,1  -Tvis Sesrulebadia *)( n

jA . es 

gansazRvra araa damokidebuli Sesabamisi ekvivalenturobis 

klasebis nbb ,,1   warmomadgenelTa arCevaze, radgan (7)-is 

safuZvelze, ├ )),,(),,((&& 1111 n

n

jn

n

jn

x
yyAxxAyyx n   . 

analogiurad M-Si *)( n

jf  interpretaciis n

jf  funqcionaluri 

asosaTvis  M-Si axal interpretacias )( n

jf  ganvsazRvravT 

pirobiT: )],,()[(])[,],([)( 1

*

1 n

n

jn

n

j bbfbbf   . araa Zneli imis 

danaxva, rom es gansazRvra araa damokidebuli ekvivalentu-
robis klasebis warmomadgenelTa arCevaze, radgan (7)-is 

safuZvelze, ├ ),,(),,(&& 1111 n

n

jn

n

jn

x
yyfxxfyyx n   . 

bolos yoveli sagnobrivi konstanta ai M-Si c interpre-

taciiT, interpretirebuli iqneba M-Si klasiT [c]. M-Si = 

asos Sesabamisi ekvivalenturobis mimarTeba E aris D-Si 

igiveobis mimarTeba: ])[],([ 21 bbE  adgili aqvs maSin da mxolod 

maSin, roca Sesrulebulia ),( 21 bbE  anu roca ][][ 21 bb  . 

induqciiT SeiZleba martivad damtkicdes Semdegi lema: Tu 

),( 1 nbbs   Tvladi  mimdevrobaa D-s elementebis, ][ ib  aris  

bi-iT warmoqmnili ekvivalenturobis klasi da )][],([ 1 nbbs  , 

maSin A  Sesrulebadia M-Si s-ze maSin da mxolod maSin, 

roca A  Sesrulebadia M-Si s-ze. aqedan gamomdinareobs, 
rom yoveli A  formula WeSmaritia M-Si maSin da mxolod 

maSin, roca is WeSmaritia M-Si, da radgan M aris K 

modeli, amitom M aris K-s normaluri modeli. 
winadadeba 27. (winadadeba 12-is gagrZeleba). yoveli ara-

winaaRmdegobrivi pirveli rigis K Teorias tolobiT aqvs 
sasruli an Tvladi normaluri modeli. 

 
damtkiceba. winadadeba 12-is Tanaxmad, K-s aqvs Tvladi M 

modeli. maSasadame, zemoTYmocemuli meTodiT M modelis 

Seviwroeba migviyvans normaluri sasrul an Tvlad M 
modelze, radgan ekvivalenturobis klasTa simravles, 
romlebadac iyofa D, aqvs simZlavre, romelic araa D-s 
simZlavreze meti. 
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Sedegi 28 (skolem-levengeimis Teoremis gagrZeleba). 

yoveli pirveli rigis K Teorias tolobiT, romelsac aqvs 
usasrulo normaluri modeli M, aqvs Tvladi normaluri 
modeli. 

 
damtkiceba. K-s davumatoT axali sagnobrivi konstantebi 

nbb ,1  ji bb   ji  -sTvis aqsiomebTan erTad. axali Teoria K 

arawinaaRmdegobrivia. K Teoria rom iyos winaaRmdegobrivi, 

maSin K-Si iarsebebda garkveuli winaaRmdegobis iarsebebda 
garkveuli winaaRmdegobis &C ך C  gamoyvana, amasTan SeiZleba 

CavTvaloT, rom C aris K formula. cxadia, aseTi gamoyvana 

gamoiyenebda axal aqsiomaTa: 
nn jiji bbbb  ,,

11
  mxolod sasrul 

ricxvs, da K Teoriis M modeli SeiZleba gafarTovdes im 
Teoriis modelamde, romelic miiReba K-dan Tu mas axal 

nn jiji bbbb  ,,
11
  aqsiomebs davumatebT. marTlac, radgan M 

aris usasrulo normaluri modeli, SegviZlia ise Sevar-

CioT 
nn jiji bbbb ,,,,

11
  sagnobrivi mudmivebis interpretaciebi, 

rom formulebi 
nn jiji bbbb  ,,

11
  iyos WeSmariti M-Si. amitom 

&C ך C  gamoyvana am formulebidan da K-s aqsiomebidan mogv-
cemda &C ך C -s WeSmaritobas M-Si, rac ar SeiZleba. 

maSasadame, K-Teoria arawinaaRmdegobrivia. winadadeba 27-iT 

K-s aqvs sasruli an Tvladi normaluri modeli N. 

formulebi ji bb   ji  -sTvis WeSmaritia N-Si, rogorc  K-is 

aqsiomebi. maSasadame, N modelis ares elementebi, romlebic 

axdenen nbb ,1  interpretacias, Sesabamisad, unda iyos 

wyvil-wyvilad gansxvavebulo, saidanac gamomdinareobs, rom 
N-is are usasruloa da, maSasadame, Tvladia. 

 

$ 9. axali funqcionaluri asoebisa da 

    sagnobrivi konstantebis Semotana 
 

maTematikaSi xSirad mas Semdeg, roca daamtkiceben, rom 

nebismieri nyy ,,1  -sTvis arsebobs erTaderTi obieqti u, 

romelsac aqvs Tviseba ),,,( 1 nyyu A , SemoaqvT axali funqcia 
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),,( 1 nyyf   iseTi, rom ),,),,,(( 11 nn yyyyf A  Sesrulebadia 

yoveli nyy ,,1  -sTvis. analogiurad, Tu damtkicebulia iseTi 

erTaderTi u obieqtis arseboba, romelic akmayofilebs 

pirobas )(uA , sadac )(uA -s aqvs u Tavis erTaderT 

Tavisufal cvladad, Semoitanen axal sagnobriv mudmivs b. 
cnobilia, rom aseTi gansazRvrebebi Tumca mosaxerxebelia, 
magram axals sinamdvileSi arafers ar mateben Teorias. es 
faqti SeiZleba zustad gamoixatos Semdegi formiT. 
 

widadadeba 29. vTqvaT K aris pirveli rigis Teoria 

tolobiT. davuSvaT ├ uK 1 A ),,,( 1 nyyu  . vTqvaT K aris 

pirveli rigis Teoria tolobiT, romelic miiReba K-s 
axali n-adgiliani funqcionaluri asos f-is damatebiT, 

sakuTrivi aqsiomiT ),,),,,(( 11 nn yyyyf A  da (1)-(7) aqsiomebis 

yvela kerZo SemTxvevis damatebiT, romlebic Seicaven f-s. 

maSin arsebobs efeqturi gadasaxva, romelsac K Teoriis 
yoveli formula B  gadayavs K Teoriis garkveul B  for-
mulaSi ise, rom  

(1) Tu  f ar Sedis B -Si, maSin B  emTxveva B -s, 
ך) (2) )B  emTxveva ך (B )-s, 

(3) ( CB ) emTxveva CB  -s, 

(4) )(  Bx  emTxveva )(  Bx , 

(5) ├ BB K , 

(6) Tu ├ BK  , maSin ├ B
K . 

maSasadame, Tu B  ar Seicavs f da ├ BK  , maSin ├ BK . 

damtkiceba. vuwodoT martivi f-termi yovel ),,( 1 nttf  -

terms, sadac ntt ,,1   termebi ar Seicaven f-s. vTqvaT mocemu-

lia K Teoriis elementaruli formula B  da vTqvaT *B

aRniSnavs B -Si martivi f-termis yvelaze marcxena 
Semosvlis Secvlis Sedegs pirveli u cvladiT, romelic ar 

gvxvdeba B -Si. )&),,,(( 1
*BA nttuu   formulas vuwodoT B -s 

f-saxe. Tu B  formula ar Seicavs f-s, maSin vTqvaT is TviTon 

aris Tavis f-saxe. cxadia, rom ├ BBA *  )&),,,( 11 nK ttuu  . (aq 

saWiroa mxedvelobaSi miviRoT piroba ├ ),,,( 11 nK yyuu A  da 
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K-Teoremis ),,),,,(( 11 nn yyyyf A . *B -Si f funqcionaluri 

asos Semosvla erTi erTeuliT naklebia, vidre B -Si, da ├

BBA  )&),,,(( *

1 nK ttuu  , amitom mimdevrobis f-saxeebis 

agebiT, bolos da bolos miviRebT B  formulas, romelic  

f-s ar Seicavs, da ├ BB* K . vuwodoT B -s B -s f-

Tavisufali saxe. gavavrceloT  operacia K Teoriis yvela 
formulaze, (ך )B , ganvsazRvroT, rogorc ך )(B , )( CB , 

rogorc CB   da )(  Bx , rogorc )(  Bx . advili dasa-

naxia, rom (1)-(5) debulebebi Sesrulebulia. imisaTvis, rom 
davamtkicoT (6), sakmarisia (1) da (5)-is gamoyenebiT, 

vaCvenoT, rom Tu B  ar Seicavs f-s da ├, BK  maSin ├ BK . 

amasTan SegviZlia davuSvaT, rom B  formula Caketilia, 
radgan yoveli formula gamoyvanadia Tavisi Caketvidan da 
piriqiT. 

vTqvaT M aris K Teoriis nebismieri modeli da M misi 
Sesabamisi normaluri modeli igive Teoriis. rogorc viciT 
yoveli formula WeSmaritia M-Si maSin da mxolod maSin, 

roca is WeSmaritia M-Si. radgan ├ ),,,( 11 nK yyuu A , maSin M 

modelis ares nebismieri nbb ,,1  -sTvis arsebobs erTaderTi 

elementi c amave aredan, romlisTvisac ),,,( 1 nbbc A  WeSma-

ritia M-Si.  M modelidan gamomdinare, axla miviRebT K 
Teoriis M1 models, Tu f funqcionaluri asos interpre-

taciad aviRebT f funqcias, gansazRvruls pirobiT 

cbbf n  ),,( 1  . marTlac, logikuri aqsiomebi (K-is tolobis 

aqsiomis CaTvliT) WeSmaritia nebismier interpretaciaSi, 

xolo aqsioma ),,),,,(( 111 nn yyyyf A  samarTliania M1-Si f 

funqciis gansazRvriT. radgan K Teoriis sakuTrivi 

aqsiomebi ar Seicaven f-s da WeSmariti arian M-Si, amitom 

isini WeSmaritia M1-Si. vTqvaT, ├ BK   da B  ar Seicavs f-s. 

maSin B  formula WeSmaritia M-Si, maSasadame (radgan is 

ar Seicavs f-s), is WeSmaritia M da M-Si. amrigad, B  
formula WeSmaritia K Teoriis nebismier modelSi. aqedan 
sisrulis Teoremis Sesaxeb Sedegi 15(a)-s ZaliT, gamomdi-

nareobs ├ BK . (im SemTxvevaSi, roca ├ )(1 uuK A  da )(uA  ar 

Seicavs u-sgan gansxvavebul Tavisufal cvladebs, K Teoria 
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aigeba axali sagnobrivi mudmivis b da )(bA  aqsiomis 

damatebiT. amis Semdeg winadadeba 29 Sesabamisi analogo 
damtkiceba praqtikulad igive msjelobiT, rac axlaxan iyo). 

aRvniSnoT, rom winadadeba 29 adgili aqvs im SemTxve-
vaSic, roca Semoitaneba ramdenime gansxvavebuli simbolo, 

magaliTad, nff ,,1  . maSin SegviZlia CavTvaloT, rom yoveli 

fi simbolo emateba Teorias, romelic miiReba ukve 11 ,, iff   

simboloebis damatebis Sedegad. amgvarad, aq aucilebelia 
winadadeba 29-is n-jeradi gamoyeneba. K Teoriis B  formula 
winadadeba 29-Si SeiZleba ganvixiloT rogorc f-sgan 
Tavisufali B  formulis gadayvana K Teoriis enaSi. 

magaliTebi. 1. jgufTa elementarul G-TeoriaSi gamoy-

vanadia )0( 2121  xxx . SemovitanoT axali funqcionaluri 

aso f erTi argumentiT da aRvniSnoT _t-iT f(t), axali 

aqsiomis 0)( 11  xx  damatebiT. winadadeba 29-is Tanaxmad, am 

axali SemotanebiT, Cven ar SegviZlia gamoviyvanoT G 
arcerTi formula, romelic adre ar iyo gamoyvanadi. 
amrigad (_t)-s Semotana arafriT ar aZlierebs sawyis Teorias. 

2. velTa elementarul F TeoriaSi gamoyvanadia formula 

))0&0()1&̂0(( 2121121  xxxxxx . SemovitanoT axali erT-

adgiliani funqcionaluri aso g da miviRoT Semokleba 1t  

g(t)-sTvis, axali aqsioma )0&0()1&0( 1

11

1

111   xxxxx . am 

aqsiomidan SeiZleba gamoviyvanoT 10 1

111  xxx . 

winadadeba 29 gviCvenebs, rom pirveli rigis TeoriebSi 
arsebiTad aucilebeli arian mxolod predikatuli asoebi, 
funqcionaluri asoebisa da sagnobrivi mudmivebis gverdis 

avla SesaZlebelia. funqcionaluri aso n

jf  SeiZleba 

SevcvaloT axali predikatuli asoTi 1n

kA  axal 

aqsiomasTan erTad ),,,( 1

1

1 uyyAu n

n

k  . sagnobrivi konstanta 

icvleba axali predikatuli asoTi 1

kA  aqsiomiT )(1

1 uuAk . 

magaliTad jgufTa elementalur TeoriaSi SegviZlia Sevc-
valoT funqcionaluri aso + da sagnobrivi konstanta 0 predi-

katebiT 2

1A  da 1

1A  damatebiTi aqsiomebiY ),,( 321

3

13121 xxxAxxx   

da )(1

111 xAx . amasTan, igulisxmeba, rom aucilebelia Zveli 
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aqsiomebi (a), (b), (c), (g) SevcvaloT Sesabamisad Semdegi 
aqsiomebiT: 

(a) ),,(&),,(&),,(&),,( 433

3

1321

3

1211

3

1132

3

1 yxyAyxxAyyxAyxxA  

    42 yy  ; 

(b) 12211

3

11

1

1 ),,(&)( xyyyxAyA  ; 

(c) )),,(&)(( 12221

3

11

1

1212 yyyxxAyAyyx  ; 

(g) &),,(&),,(&),,(&[ 313

3

1232

3

1131

3

121 yxxAyxxAyxxAxx   

    4321423

3

1 &)],,(& yyyyyxxA  . 

 

$ 10. winaruli normaluri formebi 

 

formulas Ann yy  ,,11  , sadac nn y -aris zogadobis an 

arsebobis kvantori, Tu ji  , maSin ji yy   da A  ar Seicavs  

kvantorebs, ewodeba formula winaswarul normalur 
formaSi. 

 
lema. yoveli pirveli rigis TeoriisaTvis 

(I) ├ ))(())(( DCDC  yyxx , Tu y ar Sedis Tavisuf-

lad arc )(xC -Si, arc D -Si.  

(II) ├ ))(()( DCDC  yyxx , Tu y ar Sedis Tavisuf-

lad arc )(xC -Si, arc D -Si; 

(III) ├ ))(()( yyxx CDCD  , Tu y ar Sedis Tavi-

suflad arc )(xC -Si, arc D -Si; 

(IV) ├ ))(()( yyxx CDCD  , Tu y ar Sedis Tavisuf-

lad arc )(xC -Si, arc D -Si; 

(V) ├ ך xx  C Cך ; 
(VI) ├ ך xx  C Cך . 

damtkiceba I(A). 

1. DC  )(xx    hipoTeza 

ך .2 ))(( DC  yy     hipoTeza 

ךך .3 y ך ))(( DC y   2, arsebobs kvantoris 

                                gansazRvra 

4. &)(( yy C ך )D    3, tavtologiebi  ךך AA , 
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ך                                 &()( ABA  ך )B , 

      Sedegi 21. 

5. &)(yC Dך    4, A4 wesi 

6. )(yC     5, tavtologia ABA )&(  

7. )(yyC     6, Gen 

8. )(xxC     7, lema 8 

9. D     1, 8, MP 

Dך .10     5, tavtologia 
11. &D Dך    9, 10, tavtologia 

12. ),)( DC  xx ך ))(( DC  yy ├ &D Dך   1-11 

13. ))( DC  xx ך├ &DDC  ))(( yy Dך  12, winadadeba 4 

14. DC  )(xx ├ ))(( DC  yy      13, tavtologia 

15. ├ ))(())(( DCDC  yyxx     14, winadadeba 4. 

 
damtkiceba I (B) 

1. ))(( DC  yy      hipoTeza 

2. )(xxC       hipoTeza 

3. DC )(b       1, C wesi 

4. )(bC      2, A4 wesi 

5. D      3, 4, MP 

6. )(  ),)(( xyyy CDC  ├ DC   1-5  

7. )(  ),)(( xxyy CDC  ├D   6, winadadeba 23 

8. ├ ))(())(( DCDC  xxyy     7, orjer winadadeba 4. 

damtkiceba I (C) 

     ├ ))(())(( DCDC  yyxx   (A), (B), tavtologia. 

(II)-(VI) mtkicdeba martivad da mkiTxvelma unda daamtkicos 
savarjiSos saxiT. 

lema 30 iZleva saSualebas yovel formulaSi yoveli 
kvantori TandaTan marcxniv gadavswioT. es procesi aris 
arsebiTi nawili Semdegi Teoremis damtkicebisas. 

 
winadadeba 31. arsebobs efeqturi procedura, romelic 

gardaqmnis yovel A  formulas winaswarul normalur 
formaSi myof iseT B  formulaSi, rom ├ BA  . (aseT 
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formulas SemdegSi vuwodebT A  formulis winaswarul 
normalur formas). 

 
damtkiceba. B  formulis ageba aRiwereba induqciiT A  

formulaSi yvela kavSirisa da kvantoris k ricxviT. (wina-
dadeba 18 (a)-(b) ZaliT SegviZlia CavTvaloT, rom kvantoruli 
TavsarTebis dabmuli cvladebi, romlebic gvinda miviRoT, 
wyvilwyvilad gansxvavebulia) roca k=0 B  emTxveva A -s. 
davuSvaT, rom SegviZlia nebismieri k< n-sTvis Sesabamisi B  
formulis ageba. vTqvaT A  formulas aqvs n kavSiri da 
kvantori. 

SemTxveva 1. Tu A  aris ך C , induqciuri daSvebis ZaliT, 
SegviZlia avagoTYwinaswarul normalur formaSi myofi D  
iseTi, rom ך CD  . aqedan ├ך C Dך , anu ├ A Dך . axla 
visargeblebT lema 30-is (V) da (VI) da Sedegi 21-iT. maSin 
advilia winaswarul normalur formaSi myofi iseTi B  
formulis ageba, rom ├ך D B , aqedan ├ A B .  

SemTxveva 2. Tu A  aris EC , maSin induqciuri 

daSvebiT, SegviZlia avagoT 1C  da 
1
E  winaswar normalur 

formebSi iseTebi, rom ├ 1CC   da ├ 1EE  . Sesabamisi tavto-

logiis gamoyenebiT miviRebT ├ )()( 11 ECEC   , anu ├

)( 11 ECA  . lema 30-is (I)-(IV)-is da Sedegi 2.1-is gamoye-

nebiT SegviZlia 1C  da 
1
E -Si kvanturi TavsarTebi gavitanoT 

)( 11 EC  -is frCxilebs gareT, ris Sedegadac miviRebT iseT 

B  formulas winaswarul normalur formaSi, rom ├ BA  . 
SemTxveva 3. A  aris Cx . induqciuri daSvebiT, 

SegviZlia avagoT iseTi 1C  formula winaswarul normalur 

formaSi, rom ├ 1CC  . maSasadame, ├ 1CC xx   , anu ├ 1CA x  

magram 1Cx , cxadia, aris formula winaswarul normalur 

formaSi. 
predikatTa pirveli rigis aRricxvas, romelSic ar aris 

funqcionaluri asoebi da sagnobrivi konstantebi da 
romelSic yoveli mTeli dadebiTi n-sTvis arsebobs usas-
rulod bevri n-adgiliani predikatuli asoebi, ewodeba 
predikatTa pirveli rigis wminda aRricxva. formulas 
winaswarul normalur formaSi vuwodoT formula skolemis 
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normalur formaSi, Tu masSi yvela arsebobis kvantori win 
uswreben yvela zogadobis kvantors. 

 
winadadeba 32. pirveli rigis predikatTa wminda aRricx-

vis yoveli A  formulisaTvis SeiZleba efeqturad avagoT 
skolemis normalur formaSi myofi iseTi B  formula, rom 
├A  maSin da mxolod maSin, roca ├B . 

 
damtkiceba. SegviZlia CavTvaloT, rom A  formula Cake-

tilia, radgan yoveli formula gamoyvanadia Tavis Caketvas-
Tan erTdroulad. winadadeba 31-is ZaliT SegviZlia 
CavTvaloT, rom A  ukve aris formula winaswarul norma-
lur formaSi.  r-ricxvs, romelic gviCvenebs A  formulaSi 
ramdeni zogadobis kvantori uswrebs win erT mainc 
arsebobis kvantors, vuwodoT A  formulis rangi. skolemis 
normaluri formis agebis procesi aRwerili iqneba 
induqciiT r-is mimarT. roca 0r  dasamtkicebeli debuleba 
cxadia. davuSvaT, rom SegviZlia, avagoT saZebni formula 
skolemis normalur formaSi, yovelTvis, roca sawyisi 
formulis rangi naklebia r-ze da vTqvaT A  formulis 
rangi aris r. A  formula SeiZleba Caiweros 

),,,( 11 uyyuyy nn  B  saxiT, sadac ),,,( 1 uyy nB -Si Tavisu-

fali cvladebia mxolod uyy n ,,,1  . vTqvaT 1n

jA  aris A -Si 

ara Semavali pirveli 1n  adgiliani predikatuli aso. 

ganvixiloT formula  ),,,((  )( 11 ([ uyyuyy nn  BA  

)] ),,,(),,,( 1

1

1

1 uyyuAuyyA n

n

jn

n

j    . vaCvenoT, rom ├A  maSin 

da mxolod maSin, roca ├ 1A . vTqvaT ├ 1A  ganvixiloT 1A  

raime gamoyvana. am gamoyvanaSi ),,,( 1

1 wzzA n

n

j   formulis 

yoveli Semosvla SevcvaloT ),,,( 1 wzz n*B  formuliT. 

sadac *B  miiReba B -dan B -Si yvela dabmuli cvladis, 
romelsac am gamoyvanaSi sadme aqvs Tavisufali Semosvla, 
im cvladebis SecvliT, romlebic B -Si ar gvxvdebian. 
amasYan, cxadia, rom miviRebT Semdegi formulis gamoyvanas 

)),,,())),,,(),,,(((( 1111 uyyuuyyuyyuyy nnnn  **
BBB  .  

axla cvladebis Sebrunebuli SecvliT, Sedegi 22-is ZaliT, 

davaskvniT, rom ├  )),,,(),,,(( 111 [ uyyuyyuyy nnn  BB  
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]),,,( 1 uyyu nB . radgan ├ )),,,(),,,(( 11 uyyuyyu nn  BB  , 

amitom Sedegi 21-is ZaliT ├ ),,,(( 11 uyyuyy nn  B , anu ├A . 

piriqiT, vTqvaT ├A . C wesiT, miviRebT ),,,( 1 ubbu nB . 

magram nebismieri formulebisaTvis D  da F  

))(( FFDD uuu   amitom  ),,,(( 1 ubbu nB  

)),,,()),,,( 1

1

1

1 ubbuAubbA n

n

jn

n

j    . axla E4 wesiT miviRebT 

),,,()),,,(),,,(( 1

1

1

1

11 ][ uyyuAuyyAuyyuyy n

n

jn

n

jnn    B , 

anu ├ 1AC . magram maSin winadadeba 23-is ZaliT ├ 1A . 2A  

formulas, romelic aris 1A -is winaswaruli normaluri 

forma, aqvs saxe Gssn zzuyy  ,,111   , sadac G  ar Seicavs 

arsebobis kvantorebs, xolo ss zz  ,,11   aris G -s kvanto-

ruli TavsarTi ( 2A  agebisas, jer lema 30(1)-iT, gamovitanT 

pirvel kvantors u , romelic am dros gadadis u  
kvantorSi, Semdeg gamovitanT pirveli implikaciis niSnis 
gareT B -Si myof kvantorul TavsarTs. amasTan, lema 30 (I)-
(II)-is ZaliT, arsebobis kvantorebi gadadian zogadobis 
kvantorebSi da piriqiT. magram roca amis Semdeg gamo-
vitanT miRebul kvantorul TavsarTs ukve meore implikaciis 
niSnis gareT, davubrundebiT kvlav Zvel kvantorul 

TavsarTs ss zz  ,,11   B -dan. bolos, lema 30(III)-is gamoye-

nebiT, gareT gamovitanT meore kvantors u , amavdroulad 

SevcvliT u cvlads v cvladiT). 2A -is rangi, cxadia, erTiT 

naklebia A -s rangze da garda amisa, winadadeba 31-is 

ZaliT, ├ 21 AA  . meore mxriv, ├A  maSin da mxolod maSin, 

roca ├ 1A . maSasadame, ├A  maSin da mxolod maSin, roca ├

2A . induqciuri daSvebiT gvaqvs 2A -sTvis skolemis 

normaluri forma, romelic, cxadia, aris A -s skolemis 
normaluri forma. 
 

$ 11. interpretaciaTa izomorfizmi.  

Teoriebis kategoriuloba 

 

vityviT, rom pirveli rigis K mocemuli Teoriis M 

interpretacia izomorfulia K Teoriis sxva M interpre-
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taciis, Tu arsebobs iseTi urTierTcalsaxa gadasaxva g 
(romelsac ewodeba izomorfizmi) M interpretaciis D  

aresa M interpretaciis D  areze, rom 

(1) Tu *)( n

jA  da )( n

jA  arian n

jA  predikatuli aso inter-

pretaciebi Sesabamisad M-Si da M-Si, maSin rogoric ar 

unda iyos nbb ,,1   D -dan, ),,()( 1

*

n

n

j bbA   Sesrulebulia maSin 

da mxolod maSin, roca Sesrulebulia ))(,),(()( 1 n

n

j bgbgA  ; 

(2) Tu *)( n

jf  da )( n

jf  arian n

jf  funqcionaluri asos 

interpretaciebi Sesabamisad M-Si da M-Si, maSin nebismieri 

nbb ,,1  -sTvis D -dan ))(,),(()()),,()(( 11

*

n

n

jn

n

j bgbgfbbfg   ; 

(III) Tu *

ja  da ja   arian aj sagnobrivi mudmivis inter-

pretaciebi Sesabamisad M-Si da M-Si, maSin )( *

jj aga  . 

SevniSnoT, rom Tu  M da M interpretaciebi izomorfu-
lia, maSin maT areebs aucileblad eqnebaT erTidaigive 
simZlavre. 
 

winadadeba 33. Tu g aris M da M interpretaciebis izo-
morfizmi, maSin (I) rogoric ar unda iyos K Teoriis A  

formula da mimdevroba ),,( 21 bbs   D -s elementebisa, A  

formula Sesrulebadia s-ze maSin da mxolod maSin, roca 

is Sesrulebadia mis Sesabamis )),(),(()( 21 bgbgsg   

mimdevrobaze da, maSasadame, (2) A  formula WeSmaritia M-

Si maSin da mxolod maSin, roca is WeSmaritia M-Si.  
 
damtkiceba. (2) uSualod gamomdinareobs (1)-dan. (1)-s 

damtkiceba martivad SeiZleba Sesruldes induqciiT A -Si 
Semavali kavSirebisa da kvantorebis ricxvis mimarT 
(mkiTxvelma daamtkicos savarjiSos saxiT). 

vTqvaT m-kardinaluri ricxvia. pirveli rigis K Teorias 
tolobiT ewodeba m-kategoriuli, Tu 1) K Teoriis, m 
simZlavris mqone, yoveli ori normaluri modeli 
izomorfulia da 2) K-s aqvs m simZlavris erTi mainc 
normaluri modeli. 

magaliTebi 1. vTqvaT K1 aris pirveli rigis Teoria 
erTaderTi predikatuli aso “=”-iT, funqcionaluri 
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asoebisa da sagnobrivi mudmivebis gareSe da romlis 
sakuTrivi aqsiomebia:  

)(  ),( 122121211 xxxxxxxxx   

 da    

 322121 (( xxxxxx ))31 xx  .  

K1 Teoria aris pirveli rigis tolobiani Teoria 
(daamtkiceT!).  
K1-s ewodeba tolobis elementaruli Teoria.  

vTqvaT K2-aris Teoria, romelic miiReba K1-sgan 
Semdegi (E2) aqsiomis damatebiT.  

))(&( 231332121 xxxxxxxxx  . 

K
2 Teoria aris 2-kategoriuli. metic, am Teoriis yovel 

normalur models aqvs zustad ori elementi. sazogadod. 
vTqvaT (En) aRniSnavs gamosaxulebas 








  


)(&& 1111
1

1 nnnnki
nji

n xxxxxxxxx  , 

sadac 


ji
nji

xx
1

& aris Semoklebuli Cawera ji xx   saxis 

yvela SesaZlo iseTi formulebis koniunqciisa, rom 

nji 1 . maSin nK  Teoria, romelic miiRo K1-dan (En) 

aqsiomis mierTebiT n-kategoriulia da yovel normalur 
models aqvs zustad n-elementi. 

2. vTqvaT  K2-aris pirveli rigis Teoria ori predikatuli 
= da < simboloTi, funqcionaluri simboloebisa da 
sagnobrivi konstantebis gareSe da romelsac aqvs Semdegi 
sakuTrivi aqsiomebi: 

(a) )( 111 xxx  ; 

(b) )( 122121 xxxxxx  ; 

(c) ))(( 313221321 xxxxxxxxx  ; 

(d) )&( 1321321 xxxxxxx  ; 

(e) )&( 313221321 xxxxxxxxx  ; 

(f)  2121 ( xxxx ך )21 xx  ; 

(g) )( 12212121 xxxxxxxx  ; 

(h) )&(( 233132121 xxxxxxxxx  . 

winadadeba 26-ze dayrdnobiT mtkicdeba, rom K2 aris 
pirveli rigis tolobiani Teoria. K2 aris mkvrivad dala-
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gebuli simravleebis elementaruli Teoria pirveli da 

bolo elementebis gareSe. K2 Teoria 0-kategoriulia: K2-is 
yoveli Tvladi normaluri modeli izomorfulia bunebrivad 
dalagebuli yvela racionalur ricxvTa simravlisgan Sed-
genili modelisa. amasTan, SeiZleba damtkicdes, rom K2 
Teoria araa m-kategoriuli arcerTi m-sTvis, romelic 

gasxvavebulia 0-sagan. 
 



 76 

logikis algebris funqciebi anu 

bulis funqciebi 

 

$ 1. logikis algebris funqciebi. funqciaTa 

toloba. igiveobebi elementaruli 

funqciebisaTvis 

 

    1. logikis algebris funqciebi 
 

gansazRvra 1. vTqvaT }1,0{2 E  aris ZiriTadi simravle 

(cvladebis mniSvnelobaTa sawyisi alfabeti), maSin nE2  

)}(:),,{( 21 Eaiaa in   . yvelgan gansazRvruli bulis funqcia 

ewodeba gadasaxvas 221 :),,( EExxf n

n  . aseTi funqcia 

SeiZleba mocemuli iqnas cxriliT, aseve SeiZleba ganxi-
luli iqnas, rogorc superpozicia sxva, ufro martivi, 
funqciebiisa. magaliTad, 1n -Tvis: 

 
x 0 1 x x  
0 0 1 0 1 
1 0 1 1 0 

 
funqcia 0-s ewodeba konstanta 0, funqcias 1-s – konstanta 1, 
funqcia x – igivuri funqcia, xolo x  _ x-is uaryofa. amave 
dros bolo funqciisaTvis dasaSvebia sxva aRniSvna: xx  . 

 n =2-sTvis 

x    y f1 f2 f3 f4 f5 f6 f7 
0  0 0 0 0 1 1 1 1 
0  1 1 0 1 1 0 1 0 
1  0 1 0 1 0 0 1 0 
1  1 1 1 0 1 1 0 0 

 

f1 _ diziunqcia, funqcia `an~, logikuri Sekreba: yxf 1 . 

f1 _ koniunqcia: xyyxyxf  &2 . 

f3 _ Sekreba moduliT 2: yxyxf 3 . 

f4 _ implikacia: yxf y  . 

f5 _ ekvivalentoba: yxyxf  ~5 . 
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f6 _ Seferis Strixi: xyyxf 6
. 

f7 _ pirsis isari: yxyxf 7 . 

 
lema (sityvaTa ricxvis Sesaxeb). r asosagan Sedgenil 

alfabetSi },,{ 1 raaA   SeiZleba avagoT r
m sxvadasxva 

sityva sigrZiT m. 
 
damtkiceba. CavataroT induqcia m-is mimarT. m=1-Tvis 

debuleba cxadia. vTqvaT lemis debuleba samarTliania 

1m -sTvis, anu arsebobs zustad 1mr  sxvadasxva sityva 
sigrZiT 1m , 1m  sigrZis yoveli aseTi sityvisaTvis 
arsebobs zustad r SesaZlebloba boloSi erTi asos dama-

tebisa. radgan 1m  sigrZis sityvaTa raodenoba aris 1mr , 

amitom m sigrZis sxvadasxva sityvaTa raodenoba mm rrr  1 . 
lema damtkicebulia. 

ganvixiloT logikis algebris n-cvladiani funqciis 
raime cxrili 

n

n

n

na

a

a

fxxx

2

111

100

000

2

12

1

0

21









































 

am funqciis mocemisaTvis aucilebeli da sakmarisia misi 

mniSvnelobebis gansazRvra n2  erTobliobaze. amrigad, 
miviReT, rom x cvladis gansxvavebul funqciaTa ricxvi 
imdenia, ramdenic arsebobs 0 da 1-sgan Sedgenil gansxvavebul 

erTobliobaTa ricxvi, romelTa sigrZea n2 , anu 
n22 . 

 

2. funqciaTa toloba. Cveulebriv algebraSi samarT-
liania toloba xyyx  , miuxedavad imisa, rom marcxena 

mxares Cawerilia ori cvladis funqcia, xolo marjvena 
mxares erTi cvladis. amrigad, sxvadasxva ricxvis 
cvladebis mqone funqciebi SeiZleba iyos erTidaigive, rac 
safuZvels iZleva SemovitanoT arsebiTi da fiqtiuri 
cvladebis cnebebi. 
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gansazRvra 2. xi cvlads ewodeba arsebiTi cvladi logikis 

algebris ),,( 1 nxxf   funqciis, Tu arsebobs iseTi ,1a , 

21   ,  , Eaaa nini  , rom  

),, 1, ,,(),, 0,  ,,( 111111 niinii aaaafaaaaf    . 

aseT erTobliobebs, romlebic gansxvavdebian mxolod 
erTi xi cvladiT, ewodebaT mezobeli xi-iT. winaaRmdeg 
SemTxvevaSi xi cvlads ewodeba fiqtiuri. 

Tu xi aris fiqtiuri f funqciisaTvis, maSin f funqcia 

calsaxad ganisazRvreba garkveuli ),,  ,,( 111 nii xxxxg    

funqciiT. nebismieri funqciis cxrili SeiZleba gavafar-
TovoT fiqtiuri cvladebis nebismieri ricxvis SemotaniT. 

 
gansazRvra 3. logikis algebris or funqcias ewodeba 

toli, Tu erTi maTgani SeiZleba miviRoT meoresgan fiq-
tiuri cvladebis nebismieri ricxvis damatebiT an amoRebiT. 

 

3. formulebi 
 
gansazRvra 4. vTqvaT gvaqvs funqciaTa raime simravle 

})(,),( ),({ 21  nfffA  . 

SemovitanoT formulis gansazRvra A-ze. 
1) nebismier funqcias A-dan ewodeba formula A-ze. 

2) Tu Axxf n ),,( 1   da nebismieri i-Tvis Hi aris an 

cvladi, an formula A-ze, maSin gamosaxuleba ),,( 21 nHHHf   

agreTve aris formula  A-ze. 
3) mxolod im obieqtebs ewodebaT formulebi A-ze, 

romlebic SeiZleba agebuli iqnas mocemuli gansazRvris 1 
da 2 punqtebiT. 

SeniSvna. nHHH ,, 21   Soris savsebiT SesaZlebelia iyos 

erTidaigive. 
 

4. ZiriTadi ekvivalentobebi. 
1. komutatiuroba: 
  xyyx  ; 

  yxxy  ; 

  xyyx  ; 

  xyyx ~~  . 
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2. asociatiuroba: 

  zyxzyxzyx  )()( ; 

  xyzyzxzxy  )()( ; 

  zyxzyzzyx  )()( . 

3. distributiuloba: 

  )()()( yzxzzyx  ; 

  )()()( yzxzzyx  ; 

  )()()( zyzxzxy  . 

4. xx   
  de morganis wesebi: 

  yxyx   ; 

  yxyx  . 

 
5. STanTqmis kanonebi: 
   xxx  ; 
   xxx  ; 
   1 xx ; 
   0 xx ; 
   11x ; 
   xx 1 ; 
   xx  0 ; 
   00 x . 
 

6. xyyx  ; 

   yxyx  ; 

   yxyx  ; 

   )()( yxyxyx  ; 

   )()(~ yxxyyxyx  . 

 
koniunqciis prioriteti ufro maRalia, vidre diziunq-

ciis da oris moduliT Sekrebis prioriteti – amis gamo, 
xSirad xerxdeba arasaWiro frCxilebis gamotoveba. adgili 
aqvs Semdeg cxad debulebebs: 

)1( 121  in xixxx  , 

)1( 121  in xixxx  . 
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gansazRvra 5. x xarisxad  ewodeba funqcias 










;0  ,

1  ,





x

x
x      xx 1 . 

  
 

$ 2. Teorema logikis algebris funqciaTa cvladebiT 

    gaSlis Sesaxeb. Teorema srulyofili diziunqciuri 

    normaluri formis Sesaxeb 
 

Teorema 1 (logikis algebris funqciaTa cvladebiT 

gaSlis Sesaxeb). logikis algebris nebismieri ),,( 1 nxxf   

funqciisaTvis da nebismier k )1( nk  -Tvis samarTliania 

Semdegi toloba. 

),,,,,,(),,( 12121
),,(

1
21

21

nkkk
E

n xxfxxxxxf k

k
k







 


. 

 

damtkiceba. nebismieri erTobliobisaTvis ),,(~
21 n   

gamovTvaloT am erTobliobaze marjvena mxaris mniSvneloba. 
rogorc ki erTi mamravli gaxdeba nuli, mTeli koniunqcia 
iqneba nuli, amrigad, aranulovani koniunqciebidan darCeba 

mxolod erTi – is, romelSic ii    da 

      


),,,,,,( 12121
),,(

21

21

nkkk
E

fk

k
k

 





 

      ),,(00 121
21

nk fk     , 

imis gamo, rom 1xx , mocemuli gamosaxuleba tolia 

),,( 1 nf   . Teorema damtkicebulia. 

Sedegi 1. logikis algebris nebismieri funqciis gaSlis 
erTi cvladiT aqvs saxe: 

),,,1(),,,0(),,,( 212121 nnn xxfxxxfxxxxf   . 

Sedegi 2. (Teorema srulyofili diziunqciuri norma-
luri formis Sesaxeb). logikis algebris nebismieri 

),,( 1 nxxf   funqciisaTvis, romelic ar aris igivurad nuli, 

samarTliania Semdegi warmodgena: 
n

nn
n

f
n xxxxxf








21

11
21

1),,(:),,(
1 ),,(


 . 

 

damtkiceba. vTqvaT ),,( 1 nxxf   ar aris igivurad nuli. 
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CavweroT am funqciis gaSla nk   cvladisaTvis: 

),,,(),,( 2121
),,,(

1
21

221

nn
E

n fxxxxxf n

n
n






 

 , 

rac SeiZleba gavadweroT ekvivalenturi saxiT: 

         


),,( 121
1),,(:),,(

21

11
nn

f
fxxx n

nn







 

),,( 121
0),,(),,(

21

11
nk

f
fxxx k

nn






 
 . 

imis gaTvaliswinebiT, rom pirvel diziunqciaSi funqciis 
yvela, mniSvneloba erTis tolia, xolo meore nulad iqceva 
imis gamo, rom masSi funqciis yvela mniSvneloba aris nuli, 
miiReba Sedegis debuleba.  

 
Teorema 2. (srulyofili koniunqciuri normaluri formis 

Sesaxeb. logikis algebris nebismieri funqciisaTvis, 
romelic ar aris igivurad erTis toli, adgili aqvs war-
modgenas: 

)(&),,( 21

1

1
21

0),,(
),,(

1
n

n

n
n

f

n xxxxxf













. 

 
 
$ 3. sruli sistemebi. sruli sistemebis magaliTebi 

 
gansazRvra. logikis algebris funqciaTa A simravles 

ewodeba sruli sistema (P2-Si), Tu logikis algebris 
nebismieri funqcia SeiZleba gamoisaxos formuliT A-ze. 

 
Teorema 3. sistema ,&,{A  .aris sruli {ך

 
damtkiceba. Tu logikis algebris funqcia f ar aris 

igivurad nuli, maSin f gamoisaxeba srulyofili diziunq-
ciuri normaluri formis saxiT, romelSic Sedian mxolod 

diziunqcia, koniunqcia da uaryofa. Tu 0f , maSin xxf  . 

Teorema damtkicebulia. 
 
lema 2. Tu sistema A srulia da A sistemis nebismieri 

funqcia SeiZleba gamoisaxos formuliT sxva B sistemaze, 
maSin B aris sruli sistema. 
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damtkiceba. ganvixiloT logikis algebris nebismieri 

funqcia ),,( 1 nxxf   da funqciaTa ori sistema },,{ 21 ggA   

da },,{ 21 hhB  . imis gamo, rom A sistema srulia, ),,( 1 nxxf   

funqcia SeiZleba gamoisaxos formulis saxiT ),,( 1 nxxf   

],,[ 21 ggT , sadac ],,[ 21 hhgi i
R , anu f funqcia 

warmoidgineba saxiTY ),,( 1 nxxf  ],,[ 21 RRT , anu SeiZleba 

warmovidgi-noT formulis saxiT  B-ze – lema 
damtkicebulia. 

 

Teorema 4. Semdegi sistemebi srulia P2-Si: 

1) }  ,{ xyx ; 

2) }  ,{ xyx  ; 

3) }{ yx  

4) }1 ,  ,{ yxyx  . 
 

damtkiceba. 1) cnobilia (Teorema 3), rom sistema 

},  ,{ xyxyxA   srulia. vaCvenoT, rom srulia sistema 

}  ,{ xyxB   marTlac, de morganis kanonebidan yxxy   

miviRebT, rom yxyx  , anu koniunqcia gamoisaxeba diziunq-

ciiT da uaryofiT da A sistemis yvela funqcia gamoisaxeba 
formuliT B-ze. lema 2-is Tanaxmad B-srulia. 

2) pirveli punqtis analogiurad: yxyxyxyx    

da lema 2-dan gamodis rom samarTliania meore punqti. 

3) xxx  , )()( yxyxyxyx   da lema 2-is gamo sistema 

srulia. 
4) 1 xx  da lema 2-is gamo sistema srulia. Teorema 

damtkicebulia. 
 

$ 4. Jegalkinis Teorema logikis algebris 

  funqciebis polinomebiT warmodgenis 

Sesaxeb 
 

gansazRvra 1. nxx ,,1   cvladebis monotonuri koniunqcia 

ewodeba 
1321 iiii xxxx  , sadac 1s , ni j 1 , sj ,,2,1  , 
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saxis gamosaxulebas, sadac yvela cvladi gansxvavebulia 

),( kjii kj   Tu ; an ubralod 1. 

gansazRvra 2. Jegalkinis polinomi nxx ,,1  -ze ewodeba 

 KKKK  321  

saxis gamosaxulebas, sadac 1  da yvela Ki aris gansx-

vavebuli monitonuri koniunqcia nxx ,,1  -ze; an konstanta 0. 

 
Teorema 5 (Jegalkinis Teorema). logikis algebris nebis-

mieri funqcia ),,( 1 nxxf   SeiZleba erTaderTi saxiT gamov-

saxoT Jegalkinis polinomiT nxx ,,1  -ze. 

 
damtkiceba. 1) davamtkicoT polinomis arseboba. sistema 

}1 ,  ,{ yxyx   srulia, maSasadame, logikis algebris nebis-

mieri ),,( 1 nxxf   funqcia SeiZleba gamovsaxoT formuliT 

}1 ,  ,{ yxyx  -ze. 

a) distributiulobis gamoyenebiT am warmodgenaSi yvela 

frCxilis gaxsnis Sedegad miviRebT, rom ),,( 1 nxxf   

 KKK  21 , sadac nebismieri 1K   aris cvladebis da 

erTianebis koniunqcia. 
b) visargebloT komutatiurobiT da mimarTebebiT xxx  , 

111   da AA 1 , gardavqmnaT yvela miRebuli koniunqcia 
elementarul koniunqciad. cxadia, yvela koniunqcia gaxdeba 
monotonuri. 

c) visargebloT mimarTebiT AAA   da AA  0 , gar-
davqmnaT miRebuli jami Jegalkinis polinomad. Sedegad 
miviRebT an 

miiii KKKK  
321

, 

an konstanta 0-s. 
arseboba damtkicebulia. 

 
2) davamtkicoT warmodgenis erTaderToba. davTvaloT 

ricxvi yvela SesaZlo gansxvavebuli monotonuri koniunq-
ciebisa n-cvladidan. amisaTvis SevadginoT Semdegi saxis 
cxrili, 

 
 x1 x2 x3 x4 
x1 x2 x4 1 1 0 1 
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x2 x3 0 1 1 0 
        1 0 0 0 0 

sadac yovel cvlads Seesabameba erTi, Tu is gvxvdeba mono-
nur koniunciaSi da nuli, winaaRmdeg SemTxvevaSi. amasTanave 
konstanta erTians SevusabamoT nulebis erToblioba. 
cxadia, rom agebuli gadasaxva aris bieqcia. maSasadame. n 
cvladis yvela gansxvavebuli monotonuri koniunqcia aris 
2n. avagoT analogiuri bieqciuri gadasaxva monotonuri 
koniunqciebis yvela SesaZlo jamebsa da 2n sigrZis veqto-
rebs Soris. amisaTvis SevadginoT Semdegi saxis cxrili, 

 
 xy x y 1 

xy +1 1 0 0 1 
        0 0 0 0 0 

 
sadac Sesabamisi monotonuri koniunqciis qveS dgas erTiani, 
Tu is Sedis mocemul jamSi, da nuli, Tu ar Sedis. amasTa-
nave konstanta nuls Seesabameba nulebis erToblioba. 
cxadia, aseTi gasasaxva bieqciuria. yvela aseTi gansxvave-
buli jamebis iqneba imdeni, ramdenic arsebobs gansxvavebuli 

bolos veqtorebi sigrZiT 2n, anu 
n22 . Cven miviRebT, rom 

Jegalkinis gansxvavebul polinomTa ricxvi emTxveva logikis 
algebris funqciaTa ricxvs. radgan gadasaxva polinomTa 
simravlidan funqciaTa simravleSi aris siureqciuli, 
amitom is aris bieqciuri, radgan n cvladiani Jegalkinis 
polinomTa simravle da n cvladiani logikis algebris 
funqciaTa simravle erTidaigive simZlavrisaa. erTaderToba 
damtkicebulia. 
 

$ 5. Caketiki klasis cneba. T0, T2 da L 
klasebis Caketiloba 

 

1. Caketili klasis cneba. 

gansazRvra 1. vTqvaT 2PA . maSin A-s Caketva ewodeba 

logikis algebris yvela funqciaTa simravles, romlebic 
SeiZleba gamovsaxoT formuliT A-ze. 

aRniSvna: [A]. 
adgili aqvs Semdeg Tvisebebs: 
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1) AA ][ ;  

2) ][][ BABA  , amasTan, Tu implikaciis marcxena 
mxares mkacri CarTvaa, maSin misgan ar gamomdinareobs 
mkacri CarTva marjvena mxares. samarTliania mxolod 

][][ BABA  ; 

3) ][]][[ AA  . 
 
gansazRvra 2. logikis algebris funqciaTa A sistemas 

ewodeba sruli, Tu 2][ PA  . 

 

gansazRvra 3. vTqvaT 2PA . maSin A sistemas ewodeba 

Caketili klasi, Tu A-s Caketva emTxveva TviT A-s: AA ][ . 

debuleba. vTqvaT A Caketili klasia, 2PA   da B A. 

maSin B arasruli sistemaa (arasruli sistemis qvesimravle 
iqneba arasruli sistema). 

 

damtkiceba. 22 ][][][ PBPAABAB  . maSasadame, B 

ar aris sruli sistema. 
 

2. Caketili klasebis magaliTebi 
 

klasi }0)0,,0(:),,({ 10   fxxfT n .  

T0 klass ekuTvnis, magaliTad, funqciebi 0, x, xy, yx , yx . 

T0 klass ar ekuTvnis funqciebi 1, x , yx  , yx , yx  , yx ~ . 

gamovTvaloT T0-klasis funqciaTa ricxvi. amisaTvis avagoT 
Semdegi cxrili 
 

x1  xn  
0  0 0 

   12 n  
 

yvela funqcia, romelic ekuTvnis mocemul klass, Rebulobs 
nulebis erTobliobaze mniSvnelobas 0. amrigad, T0-Si imdeni 

funqciaa, ramdenic arsebobs bulis veqtori 12 n  sigrZis 
(2n sigrZis veqtoris pirveli Tanrigi aucileblad udris 0), 

anu 
nn

T 212

0 2
2

1
2   . 
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Teorema 6. T0 klasi Caketilia. 
 

damtkiceba. vTqvaT }{ ),,(,),,,(),,,( 111111 nmnnmn yygyygxxf   

0T . ganvixiloT funqcia ,),,,((),,( 11111  mr yygfyyh   

)),,( 1 nmnn yyg  . gi funqciis cvladebs Soris SeiZleba gvxvde-

bodes erTidaigive cvladebic, amitom  h funqciis cvladebis 
rolSi aviRoT maT Soris yvela gansxvavebuli cvladi. maSin 

0)0,,0())0,,0(,),0,,0(()0,,0( 1   fggfh n , maSasadame, h 

funqcia inaxavs 0-s. amasTanave radgan igivuri funqcia 
inaxavs 0-s, martivi cvladebis Casma ekvivalenturia igivuri 
funqciis Casmis. Teorema damtkicebulia. 

klasi }{ 1)1,,1(:),,( 11   fxxfT n  

T1 klass ekuTvnis funqciebi 1, x, xy, yx , yx  , yx ~ . 

T1 klass ar ekuTvnis funqciebi 0, x , yx , yx , yx  . 

 
Teorema 7. T1 klasi Caketilia. 
damtkiceba wina Teoremis damtkicebis analogiuria. 
 
klasi L wrfivi funqciebisa. 

gansazRvra 4. logikis algebris ),,( 1 nxxf   funqcias 

ewodeba wrfivi, Tu 

nnn xaxaaxxf   1101 ),,( , sadac }1,0{ia . 

sxva sityvebiT, wrfivi funqciis polinomSi ar aris Sesak-
rebi, romelic Seicavs koniunqcias. 
L klass ekuTvnis funqciebi 0, 1, 1 xx , yx ~ , yx . 

L klass ar ekuTvnis funqciebi xy, yx , yx  , yx , yx  . 

 
Teorema 8. L klasi Caketilia. 
 
damtkiceba. radgan igivuri funqcia wrfivia, sakmarisia 

(ise rogorc 6 da 7 TeoremebSi) ganvixiloT mxolod for-

mulebSi funqciebis Casmis SemTxveva: vTqvaT Lxxf n ),,( 1   

da Lgi  . sakmarisia davamtkicoT, rom Lggf n ),,( 1  . 

marTlac, Tu ar gaviTvaliswinebT Sesakrebebs koeficien-

tebiT 0ia , maSin yvela wrfivi funqcia SeiZleba warmo-
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vidginoT saxiT 021
axxx

kiii   . Tu axla yoveli xi-s 

nacvlad CavsvamT wrfiv gamosaxulebas, maSin miiReba 
wrfivi gamosaxuleba (an konstanta erTi an nuli). 
 
 

$ 6. oraduloba. TviToradulfunqciaTa  

klasi da misi Caketiloba 

 

1. oraduloba. 
 

gansazRvra 1. logikis algebris ),,( 1 nxxf   funqciis 

oraduli funqcia ewodeba funqcias ),,(),,( 11

*

nn xxfxxf   . 

 
Teorema 9. (oradulobis principi). vTqvaT 

)),,(,),,,((),,( 111111 1 nnknnkm yygyygfyy   . 

maSin )),,(,),,,((),,( 1

*

111

*

1

*

1

*

1 nnknnkm yygyygfyy    

 
damtkiceba. ganvixiloT 

 )),,(,),,,((),,( 111111

*

1 nnknnkn yygyygfyy    

 )),,(,),,,(( 11111 1 nnknnk yygyygf      

 )),,(,),,,(( 1

*

111

*

1 1 nnknnk yygyygf    

)),,(,),,,(( 1

*

111

*

1

*

1 nnknnk yygyygf  . 

Teorema damtkicebulia. 

Sedegi. vTqvaT ),,( 1 myy   funqcia warmoidgineba for-

muliT }{ ,, 21 ffA  -ze. maSin Tu am formulaSi yvelgan f-is 

Semosvlas SevcvliT f*-iT, miiReba formula, romelic war-

moadgens ),,( 1

*

nyy  . 

 

debuleba. logikis algebris nebismieri ),,( 1 nxxf   funq-

ciisaTvis samarTliania toloba 

),,(),,( 1

**

1 nn xxfxxf   . 

damtkiceba. ),,(),,(),,( 11

*

1

** ][ nnn xxfxxfxxff   . 
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2. TviToradul funqciaTa S klasi. 
 

gansazRvra. logikis algebris ),,( 1 nxxf   funqcias 

ewodeba TviToraduli, Tu ),,(),,( 1

*

1 nn xxfxxf   . 

sxva sityvebiT, }{ *: fffS  . 

S klass ekuTvnis funqciebi 

 x, x ,  zxyzxyzyxmazyx ),,(   ,   

     









.1  ,0

,2  ,1

zyx

zyx
 

S klass ar ekuTvnis funqciebi 

yxxfxfxf    ,1  ),1)()(0)((0 *  (radgan 

))( * yxxyyxyx  , xy. 
 

Teorema 10. S klasi Caketilia. 

damtkiceba. vTqvaT Sxxf n ),,( 1  , )),,(( 1 Syygi
iikii   , 

ni ,2,1  da 

)),,(,),,,(( 11111 ni nknnk yygyygf  . 

maSin oradulobis principidan gvaqvs, rom 

            )),,(,),,,(( 1

*

111

*

1

**

ni nknnk yygyygf   

              ))(,),(( 1  nggf . 

amrigad, miviRebT, rom *  da S . Teorema damtki-
cebulia. 

 
$ 7. monotonur funqciaTa klasi, misi  

Caketiloba 

 

gansazRvra 1. vTqvaT ),,,(~
21 n   da ),,,(

~
21 n  . 

maSin )(
~~

iii   . 

SeniSvna. arseboben erTobliobebi, romelTaTvisac zemoT-
sazRvruli dalagebis mimarTeba araa gansazRvruli. 
magaliTad, erTobliobebi (0, 0, 1) da (0, 1, 0) arasadaria. 

 

gansazRvra 2. logikis algebris ),,( 1 nxxf   funqcias 

ewodeba monotonuri, Tu nebismieri ori sadari erToblio-

bisaTvis ~  da 
~
 sruldeba implikacia. 
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)
~

()~(
~~  ff  . 

M – klasi yvela monotonuri funqciebis. 
M klass ekuTvnis funqciebi 0, 1, x, xy,   ,yx  ),,( zyxm  

zxyzxy  . 

M klass ar ekuTvnis funqciebi x , yx , yx  , yx , yx ~ , 

yx  . 

 
Teorema 11. M klasi Caketilia. 
 
damtkiceba. radgan igivuri funqcia monotonuria, sakma-

risia SevamowmoT mxolod funqciaTa superpoziciis SemTx-

veva. vTqvaT Mxxf n ),,( 1  , nebismieri j-sTvis Myyg nj ),,( 1   

da  

)),,(,),,,((),,( 1111 mnmm yygyygfyy   . 

ganvixiloT nebismieri erTobliobebi ),,,(~
21 n   da 

),,,(
~

21 n   iseTi, rom 
~~  . aRvniSnoT 

iig  )~( , iig  )
~

( . 

maSin nebismieri i-Tvis gvaqvs Mg i   da )
~

()~(  ii gg  , anu 

)( iii   . aRvniSnoT 

),,,(~
21 n  , ),,,(

~
21 n  . 

maSin ganvsazRvroT 
~~   da, f funqciis monotonurobis 

ZaliT, )
~

()~(  ff  . magram 

)~(),,()~( 1  ff n   , )
~

(),,()
~

( 1  fn   , 

da utoloba )
~

()~()
~

()~(   ff , maSasadame, M . 

Teorema damtkicebulia.  
 

$ 8. lema araTviToradul funqciebze 

lema (araTviToradul funqciebze). logikis algebris 

nebismieri araTviToraduli ),,( 1 nxxf   funqciidan, yvela 

cvladis nacvlad x da x  funqciebis CasmiT, SeiZleba 
miviRoT constx )( . 

damtkiceba. vTqvaT Sf  . maSin  ),,(),,( 11 nn xxfxxf   

),,(~
1 n  : 
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),,(),,(),,(),,( 1111 nnnn ffff    . 

avagoT  funqcia ase: ),,()( 1 nxxx    . marTlac, 

),,()1(   ),,,()0( 11 nn ff     

da constx  )()1()0(  . SevniSnoT, rom Casma akmayofilebs 

lemis pirobas, radgan 










.1,

,0,






x

x
x  

lema damtkicebulia. 
 

$ 9. lema aramonotonuri funqciebis Sesaxeb 

 
lema (aramonotonuri funqciebis Sesaxeb). logikis 

algebris nebismieri aramonotonuri ),,( 1 nxxf   funqciidan, 

yvela cvladis nacvlad x, 0, 1 funqciebis CasmiT SeiZleba 
miviRoT funqcia xx )( . 

 

damtkiceba. vTqvaT Mf  . maSin arsebobs iseTi erTob-

liobebi ),,(~
1 n   da ),,(

~
1 n  , rom 

~~   (anu 

)( jjj    da 
~~  ) da )

~
()~(  ff  . gamovyoT ~  da 

~
-is 

kii ,,1   Tanrigebi, romlebzedac isini gansxvavdebian. cxadia, 

~  erTobliobaSi es Tanrigebi tolia 0-is, xolo 
~
 

erTobliobaSi 1-is. ganvixiloT erTobliobaTa mimdevroba 

k ~,,~,~,~
210  , 

iseTi, rom 
~~,,~~~~

210  k , sadac 1
~

i  miiReba i
~ -

dan erTerTi nulis SecvliT, romelic ganlagebulia erT-

erT poziciaze kii ,,1   erTianiT (amasTanave erTobliobebi 

i
~  da 1

~
i  arian mezoblebi). radgan 1)~( f , xolo 0)

~
( f , 

k ~,,~,~
10   erTobliobebs Soris moiZebneba ori mezobeli 

erToblioba i
~  da 1

~
i  iseTi, rom 1)~( if   da 0)~( 1 if  . 

vTqvaT isini gansxvavdebian r-Tanrigze. ,0,,,(~
11  ri    

),,,1 nr    ,1,,,(~
111   ri   ),,1 nr   . maSin ganvsazRvroT 

funqcia )(x  ase: ),,,,,,()( 111 nrr xfx    . marTlac, 

1)~()0(   f , 0)~()1( 1  if  . lema damtkicebulia. 
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$ 10. lema arawrfivi funqciebis Sesaxeb 

 
lema (arawrfivi funqciebis Sesaxeb). logikis algebris 

nebismieri arawrfivi ),,( 1 nxxf   funqciidan, yvela cvladis 

nacvlad x, x , y, y , 0, 1 funqciebis CasmiT, SeiZleba miviRoT 

yxyx ),(  an yxyx ),( . 

 

damtkiceba. vTqvaT Lxxf n ),,( 1  . ganvixiloT am funqciis 

Jegalkinis polinomi. misi arawrfivobidan gamomdinareobs, 

rom masSi monawileobs 
21 ii xx   saxis Sesakrebi. zogadobis 

SeuzRudavad SegviZlia CavTvaloT, rom monawileobs 

namravli 21 xx   amrigad, am funqciis Jegalkinis polinoms 

aqvs saxe: 

      ),,(),,(),,( 32131211 nnn xxPxxxPxxxxf   

                 ),,(),,( 34332 nn xxPxxPx   , 

amasTan 0),,( 31 nxxP  . 

sxvanairad, }1,0{,,, 243  Eaaa n  iseTi, rom 1),,( 31 naaP  . 

ganvixiloT damxmare funqcia  bxxxaaxxf n 121321 1),,,,(   

dcx 2 . maSin 

       bcxbycxaaabycxf n )())((),,,,,( 43   

       cycbbxcbcybxxydcby )(  

       )( dbcxydcb  

                          










.0  ,

,0  ,

dbcxy

dbcxy
 

lema damtkicebulia. 
 

$ 11. postis Teorema logikis algebris 

       funqciaTa sistemis sisrulis Sesaxeb 
 

Teorema 12 (postis Teorema). logikis algebris funqciaTa 

sistema ),,{ 21 ffA   aris sruli P2-Si maSin da mxolod 

maSin, roca is ar Sedis mTlianad arcerTSi Semdegi 
klasebidan: T0, T1, S, L, M. 
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damtkiceba. aucilebloba. vTqvaT A sruli sistemaa. N 
aris nebismieri T0, T1, S, L, M klasebidan da vTqvaT NA . 

maSin 2][][ PNNA  . miviReT winaaRmdegoba. 

 

sakmarisoba. vTqvaT 0TA , 1TA , SA , LA , MA . 

maSin A-Si arseboben funqciebi 00 Tf  , 11 Tf  , Sf s  , LfL  , 

MfM  . sakmarisia vaCvenoT, rom 210 ],,,,[][ PfffffA MLS  . 

damtkiceba davyoT sam nawilad: uaryofis. konstantis da 
koniunqciis miRebad. 

a) x -is miReba. ganvixiloT funqcia 010 ),,( Txxf n   da 

SemovitanoT funqcia ),,()( 00 xxfx  , radgan f0 ar inaxavs 

nuls, 1)0,,0()0( 00  f , SesaZloa ori SemTxveva: an 

xx )(0  an 1)(0 x . ganvixiloT funqcia 111 ),,( Txxf n   da 

analogiurad SemovitanoT funqcia ),,()( 11 xxfx  . radgan f 

funqcia ar inaxavs 1-s, 0)1,,1()1( 11  f . SesaZloa aseve ori 

SemTxveva: an xx )(1  an 0)(1 x . Tu erT SemTxvevaSi mainc 

miviReT saZebni uaryofa, punqti damTavrebulia. Tu orive 
SemTxvevaSi miviReT mudmivebi, maSin aramonotonuri 

funqciis Sesaxeb lemis Tanaxmad, MfM   funqciaSi, yvela 

cvladis nacvlad konstantebisa da igivuri funqciis 
CasmiT, SeiZleba miviRoT uaryofa. uaryofa miRebulia. 

b) 0 da 1 mudmivebis miReba. gvaqvs SfS  . araTviTora-

duli funqciis Sesaxeb lemis Tanaxmad, fS funqciis yvela 
cvladis nacvlad uaryofis CasmiT (romelic miRebulia a) 
punqtSi) da igivuri funqciis CasmiT, SeiZleba miviRoT 

mudmivebi: ],[ xfS [0, 1]. konstantebi miRebulia. 

c) yx   koniunqciis miReba. gvaqvs funqcia LfL  . arawrfivi 

funqciis Sesaxeb lemis Tanaxmad, fL funqciaSi yvela 
cvladis nacvlad konstantebis da uaryofis CasmiT 
(romlebic miRebulia damtkicebis wina nabijebze), SeiZleba 
miviRoT an koniunqcia, an koniunqciis uaryofa. amasTanave, 
pirvel etapze uaryofa ukve miRebulia, maSasadame. yovel-

Tvis SeiZleba miviRoT koniunqcia: ] ,1 ,0 ,[ xfL  ] ,[ xyxy . koniun-

qcia miRebulia. 
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Sedegad miRebulia, rom 210 ],[],,,,[ Pxyxfffff MLS  . uka-

naskneli toloba gamomdinareobs Teorema 4-is me-2 punqtidan. 
lema 2-is ZaliT sakmarisoba damtkicebulia. 

 

$ 12. Teorema logikis algebris funqciaTa 

   bazisSi maqsimaluri ricxvis Sesaxeb 

 

gansazRvra. logikis algebris funqciaTa 2PA  sistemas 

ewodeba bazisi (P2-Si), Tu 

1) 2][ PA  ; 

2) )}]{\([ 2PfAAf  . 

 
Teorema 13. logikis algebris bazisSi funqciaTa maq-

simaluri ricxvi udris 4. 
 
damtkiceba. davamtkicoT, rom nebismieri sruli siste-

midan SeiZleba gamovyoT sruli qvesistema, romelic 
Seicavs araumetes oTx funqcias. marTlac, Tu A sruli 

sistemaa )]([ 2PA  , maSin postis Teoremis Tanaxmad, masSi 

arsebobs xuTi funqcia 00 Tf  , 11 Tf  , SfS  , LfL  , MfM  . 

postis Teoremis ZaliT },,,,{ 10 MLS fffff  sistema srulia. 

ganvixiloT funqcia 01 ),,( Txxf n   )1)0,,0(( 0 f . SesaZloa 

ori SemTxveva: 

a) 21000 ],,,[1)1,,1( PffffSff ML   da sistema 

},,,{ 10 ML ffff  srulia. 

b) Mff  00 0)1,,1(  , 201 ],,[ PfffT SL    da sistema 

SL fff ,,0  srulia. 

2) vaCvenoT, rom arsebobs logikis algebris bazisi 
oTxi funqciisagan. marTlac, ganvixiloT funqciaTa sistema 

} ,  ,1  ,0{ yxzyx  . funqciaTa es sistema srulia, radgan 

10 T , S, 01 T , Lyx  , Mzyx   ( 1100  , 0110  ). 

amasTanave, nebismieri misi qvesistema ar aris sruli. 

Myx  }  ,1  ,0{ , 

Lzyx  }  ,1  ,0{ , 

0}  ,  ,0{ Tzyxyx  , 
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1}  ,  ,1{ Tzyxyx  . 

Teorema damtkicebulia. 
 

$ 13. Teorema winasruli klasebis Sesaxeb 

 
winasruli klasebi. 

gansazRvra. vTqvaT 2PA  . A-s ewodeba winasruli klasi, 

Tu 

1) 2][ PA  ; 

2) )}]{[( 22 PfAAfPf   . 

 
Teorema 14. P2-Si winasrulia mxolod Semdegi 5 klasi: 

T0, T1,  S, L, M. 
 

damtkiceba. 1) jer vaCvenoT, rom arcerTi am xuTi 
klasidan ar Sedis sxvaSi. amisaTvis sakmarisia zemoTCamoTv-
lili xuTi klasidan yoveli klasisTvis mivuTiToT oTxi 
funqcia, romelic ekuTvnis mocemul klass, magram ar 
ekuTvnis danarCens oTxs. 

 

  
 

T0 T1 L M S 

T0  0 xy xy 0 
T1 1  xy xy 1 1 
L 1 0  xy 0 
M 1 0 xy  0 
S x  x  zxyzxy   x   

 

2) davamtkicoT, rom yvela T0, T1, S, L,  M klasi aris 

winasruli. marTlac, vTqvaT },,,,{ 10 MLSTTN   da Nf  . 

maSin sistema }{ fN   ar Sedis arcerTSi am xuTi klasidan 

(radgan N ar Sedis maTgan oTxSi, xolo f ar Sedis N-Si). 

maSasadame }{ fN   sistema srulia da N aris winasruli. 

3) vTqvaT A – winasruli klasia. maSin  NPA 2][  

NAMLSTT  :},,,,{ 10 . Tu NA  , maSin  }{:)} ,( fAAfNff   
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2}]{[ PfAN   . miRebuli winaaRmdegoba asrulebs damtki-

cebas. 
2. postis Sedegebi 
 
1) P2-Si arsebobs Caketili klasebis zustad Tvladi 

raodenoba. 
2) nebismier Caketil klasSi arsebobs sasruli bazisi. 
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grafTa Teoriis safuZvlebi 

 
amocana kenigsbergis xidebis Sesaxeb 

 
grafTa Teoriis (iseve rogorc topologiis) mama aris 

eileri (1707-1782), romelmac 1736 wels amoxsna im periodSi 
Zalian cnobili amocana, romelsac ewodeboda problema 
kenigsbergis xidebis Sesaxeb. qalaq kenigsbergSi iyo ori 
kunZuli, romlebic SeerTebuli iyo Svidi xidiT mdinare 
preholis napirebTan da erTmaneTTan ise, rogorc es 
naCvenebia naxazze. 

 
amocana mdgomareobda SemdegSi: ipoveT xmeleTis oTxive 

nawilze gamavali marSruti, romelic daiwyeba nebismieri 
nawilidan, damTavrdeba igive nawilze da zustad  erTxel 
gaivlis yovel xids. 

eileris gansakuTrebuli roli am amocanis gadawyvetaSi 
mdgomareobs imaSi, rom man daamtkica aseTi marSrutis 
SeuZlebloba. 

imis dasamtkiceblad, rom amocanas ar aqvs amoxsna, 
eilerma xmeleTis yoveli nawili aRniSna wertiliT 
(wveroTi), xolo yoveli xidi wrfiv (wiboTi), romlebic 
aerTeben Sesabamis wertilebs. Sedegad miiRo `grafi~. es 
grafi mocemulia naxazze, sadac wertilebi aRniSnulia 
igive asoebiT, riTac pirvel naxazze aRniSnulia xmeleTis 
oTxi nawili.  

debuleba am amocanis `dadebiTi~ amoxsnis ararsebobis 
Sesaxeb ekvivalenturia debulebisa imis Sesaxeb, rom 
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SeuZlebelia specialuri saxiT Semovla naxazze warmod-
genili grafis. 

 
 

 
 
 
 
 
 
 
 
 am kerZo SemTxvevidan eilerma ganazogada amocanis 

dasma da ipova Semovlis (specialuri marSrutis) arsebobis 
kriteriumi mocemuli grafisaTvis, saxeldobr, grafi unda 
iyos bmuli da yoveli misi wvero unda iyos incidenturi 
wiboebis luw ricxvTan. naxazze mocemuli grafi aris 
bmuli, magram yoveli misi wvero ar aris incidenturi 
wyvil raodenoba wiboebTan. 

 

$ 1. grafTa Teoriis ZiriTadi cnebebi. grafTa 

izomorfizmi. bmuloba 

 
gansazRvra 1. grafi ewodeba elementTa nebismier V sim-

ravles da V-s elementTa wyvilebis nebismier E simravles. 

aRniSvna: ),( EVG  . 

SemdegSi ganvixilavT sasrul grafebs, anu grafebs ele-
mentTa sasruli raodenobiT da wyvilTa sasruli ojaxiT. 

 
gansazRvra 2. Tu E-s elementebs ganvixilavT, rogorc 

daulagebel wyvilebs, maSin grafs ewodeba araorientire-
buli, xolo wyvilebs ewodebaT wiboebi. Tu E-s elementebs 
ganvixilavT rogorc dalagebul wyvilebs, maSin grafs 
ewodeba orientirebuli, xolo wyvilebs – rkalebi. 

 
gansazRvra 3. (a, a) saxis wyvils ewodeba maryuJi. Tu (a, b) 

wyvili E ojaxSi gvxvdeba ramdenjerme, maSin mas ewodeba 
jeradi wibo (jeradi maryuJi). 

 

 

 

 

 A 

C 

B 

D 
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gansazRvra 4. grafs maryuJebis gareSe ewodeba multi-
grafi; Tu grafSi aris maryuJebi da jeradi wiboebi, maSin 
aseT grafs ewodeba fsevdografi. 
 

gansazRvra 5. grafis or wveros ewodeba mosazRvre, Tu 
isini SeerTebulia wiboTi. 

 
gansazRvra 6. amboben, rom wvero da wibo incidenturia, 

Tu wibo Seicavs am wveros. 
 
gansazRvra 7. wveros xarisxi (degv) ewodeba am wverosTan 

incidentur wiboTa ricxvs. fsevdografisaTvis Tvlian, rom 
maryuJi gaTvaliswinebuli iyos orjer. 

debuleba 1. nebismier grafSi (fsevdografSi) samarTlia-
nia Semdegi damokidebuleba: 





p

i

i qv
1

2deg , 

sadac p aris wveroTa ricxvi, xolo q – wiboTa ricxvi. 
 
damtkiceba. roca Cven viTvliT erTi wveros xarisxs, 

Cven viTvliT yvela wibos, romelic am wverodan gamodis. 
yvela xarisxTa jamis gamoTvlisas, Cven miviRebT, rom 
yoveli wibo iTvleba orjer, radgan is incindenturia or 
wverosTan (maryuJebic, xarisxis gansazRvris Tanaxmad, 
iTvleba orjer). amitom saerTo jami toli iqneba wiboTa 
gaormagebuli ricxvisa. 

 
gansazRvra 8. vTqvaT grafis wveroTa simravle 

},,,{ 21 pvvvV  . maSin am grafis mosazRvreobis matrica 

ewodeba matricas ijaA  , sadac 1ija , Tu wveroebi vi da vj 

arian mosazRvre (2, 3..., multigrafisaTvis da fsevdografisa-
Tvis) da 0 winaaRmdeg SemTxvevaSi (aij tolia  vi wertilSi 
maryuJTa ricxvis). 

 

gansazRvra 9. or grafs (an fsevdografs) ),( 111 EVG   da 

),( 222 EVG   ewodebaT izomorfuli, Tu arsebobs iseTi 

urTierTcalsaxa asaxvebi 211 : VV   da 212 : EE  , rom G1 
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grafis nebismieri ori u da v wverosaTvis samarTliania 

toloba ))(  ),((),( 112  uu  . 

 
gansazRvra 10 (grafTa izomorfizmi maryuJisa da jeradi 

wiboebis gareSe). or grafs ),( 111 EVG   da ),( 222 EVG   

ewodebaT izomorfuli, Tu arsebobs iseTi urTierTcalsaxa 

gadasaxva 211 : VV  , rom 211 ))(),((),( EuEu   . 

 

gansazRvra 11. grafs ),( 111 EVG   ewodeba ),( EVG   grafis 

qvegrafi, Tu 

VV 1 , EE 1 . 

 

gansazRvra 12. ),( EVG   grafSi gza ewodeba Semdegi 

saxis nebismier mimdevrobas 

nnnn vvvvvvvvv ),,(  ,,),,(  ,  ),,(  , 11211100  . 

mocemul aRniSvnebSi n ricxvs ewodeba gzis sigrZe. 
 

gansazRvra 13. jaWvi ewodeba gzas, romelSic ar meordeba 
wiboebi. 

 
gansazRvra 14. martivi jaWvi ewodeba gzas, romelSic ar 

meordeba wveroebi. 

debuleba 2. vTqvaT grafSi ),( EVG   21 vv   da P aris 

gza v1-dan v2-Si. maSin P-Si SeiZleba gamovyoT qvegza v1-dan 
v2-Si, romelic iqneba martivi jaWvi. 

 
damtkiceba. vTqvaT mocemuli gza araa martivi jaWvi. 

maSin masSi meordeba raRac v wvero, anu gzas aqvs saxe: 

232101 vvcvccvP  . maSin is Seicavs qvegzas 23102 vvccvP  . Tu P2 

meordeba raime wvero, maSin analogiurad CamovaSorebT 
kidev naWers da a.S. procesi unda damTavrdes, radgan P1 
aris sasruli gza. 

 

gansazRvra 15. gzas ewodeba Caketili, Tu nvv 0 . 

gansazRvra 16. gzas ewodeba cikli, Tu is Caketilia da 
masSi wiboebi ar meordebian. 
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gansazRvra 17. gzas ewodeba martivi cikli, Tu nvv 0  da 

wveroebi ar meordebian. 

gansazRvra 18. ),( EVG   grafs ewodeba bmuli, Tu nebis-

mieri wverosaTvis Vvv ji  ,  )( ji vv   arsebobs gza vi-dan vj-Si. 

ganvixiloT mimarTeba ji vv  . vi-dan vj-Si gzis arsebobis 

es mimarTeba. 

1) simetriulia, radgan )()( ijji vvvv  , 

2) tranzitulia, radgan )()(&)( kikjji vvvvvv  , 

3) refleqsuria, radgan )( iii vv  . 

amrigad, miviRebT, rom ji vv   aris ekvivalentobis mimar-

Teba da wveroTa simravle iyofa ekvivalentobis klasebis 

sasrul ricxvad: kVVVV  21 , ji VV  , roca ji  . 

amasTan, grafi iyofa bmul qvegrafebad, romelsac ewodebaT 
bmulobis komponentebi. 

 

$ 2. xeebi. xeebis Tvisebebi 

 
gansazRvra 1. xe ewodeba bmul grafs, romelsac ar aqvs 

cikli. 

gansazRvra 2. ),( EVG   grafis ),( 111 EVG   qvegrafs 

ewodeba sadgari xe ),( EVG   grafSi, Tu ),( 111 EVG   aris xe 

da VV 1 . 

 

lema 1. Tu ),( EVG   grafi aris bmuli da wibo (a, b) 

ekuTvnis raime cikls G grafSi, maSin G grafikidan (a, b) 
wibos amogdebiT kvlav miiReba bmuli grafi. 

 
damtkiceba. es debuleba gamomdinareobs iqedan, rom (a, b) 

wibos amogdebisas G-grafidan a da b wveroebi mainc dar-
Cebian erT bmul komponentSi, radgan a-dan b-Si SeiZleba 
misvla ciklis darCenili nawiliT. lema damtkicebulia. 

 
Teorema 1. nebismieri bmuli grafi Seicavs erT mainc 

sadgar xes. 
damtkiceba. Tu G-Si ar aris ciklebi, maSin G aris 

saZebni sadgari xe. Tu G-Si aris ciklebi, maSin G-dan 
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amovagdoT raime wibo, romelic Sedis ciklSi. miiReba 

raRac qvegrafi G1. lema 1-iT 1G bmuli grafia. Tu 1G -Si ar 

aris ciklebi, maSin 1G  aris saZebni sadgari xe, winaaRmdeg 

SemTxvevaSi gavagrZelebT am process. procesi dasruldeba, 
radgan E sasruli simravlea. Teorema damtkicebulia. 

 
lema 2. Tu bmul grafs davumatebT axal wibos igive 

wveroebze, maSin warmoiSoba cikli. 

damtkiceba. ganvixiloT nebismieri bmuli grafi ),( EVG  . 

vTqvaT Vu , Vv , Evu ),( . radgan G bmuli grafia, masSi 

aris gza u-dan v-Si. maSin G-Si aris martivi jaWvi C v-dan u-
Si. amitom miRebul grafSi aris cikli C, (u, v), v. lema 
damtkicebulia. 

 

lema 3. vTqvaT ),( EVG   grafSi p wveroa da q wibo. 

maSin G-Si aranakleb qp   bmulobis komponentia. Tu amas-

Tanave G-Si araa ciklebi, maSin  G Sedgeba zustad qp   

bmulobis komponentisgan. 
 
damtkiceba. vTqvaT raime H grafs, romelic Seicavs wve-

roebs u da v, emateba wibo (u, v). maSin Tu u da v Zevs H 
grafis sxvadasxva bmul komponentze, bmulobis komponentis 
ricxvi mcirdeba 1-iT. Tu u da v Zevs H grafis erT bmulobis 
komponentze, maSin bmulobis komponentis ricxvi ar icvleba. 
nebismier SemTxvevaSi, bmulobis ricxvi mcirdeba ara umetes 
1-iT. ese igi, q wiboebis damatebiT bmulobis komponentis 
ricxvi mcirdeba ara umetes q-Ti. radgan G grafi miiReba 

,(1 VG   ) grafidan q wibos damatebiT, amitom G-Si ara-

nakleb qp   bmulobis komponentia, axla vTqvaT G-Si araa 

ciklebi da vTqvaT G1-dan G-s miRebis procesSi emateba wibo 
(u, v). Tu u, v arian erT bmul komponentSi, maSin G-Si, lema 
2-iT, warmoiSoboda cikli. maSasadame, u, v Zevs sxvadasxva 
bmulobis komponentze da (u, v) wibos damatebiT bmulobis 
komponentis ricxvi mcirdeba zustad 1-iT. maSin G Sedgeba 
zustad qp   bmulobis komponentisgan. lema damtkicebulia. 
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Teorema 2 (xeebis sxvadasxva gansazRvris Sesaxeb). Semdegi 
xuTi gansazRvra ekvivalenturia (p – wveroTa ricxvia, q – 
wiboTa ricxvi): 

1) G – xea; 
2) G – ar Seicavs cikls da 1 pq ; 

3) G – bmuli grafia da 1 pq ; 

4) G – bmuli grafia, magram nebismieri wibos amogdebisas 
gaxdeba arabmuli; 

5) G – ar Seicavs cikls, magram igive wveroebze nebis-
mieri wibos damatebiT warmoiSoba cikli. 

damtkiceba. davamtkicebT Semdeg gadasvlebs: 1) 2)  3) 

 4) 5) 1), saidanac gamomdinareobs Teorema. 

1)  2): radgan G bmuli grafia da G ar Seicavs ciklebs, 
amitom 1 qp  lema 3-iT. aqedan 1 pq . 

2)  3): lema 3-iT G-Si bmulobis komponentTa ricxvi 
udris 1 pq , anu G bmulia grafia, 

3)  4): erTi wibos amogdebiT 2 qp . maSin lema 3-iT 

bmulobis komponentTa ricxvi aranaklebia vidre 2 qp .  

4)  5): Tu G aqvs cikli, maSin lema 1-is Tanaxmad 
SeiZleba erTi wibos amogdeba ise, rom grafi darCeba 
bmuli. lema 2-is Tanaxmad, Tu davumatebT nebismier axal 
wibos bmul grafs igive wveroebze, maSin warmoiSveba cikli. 

5)  1): Tu G ar aris bmuli grafi da wveroebi u, v Zevs 
sxvadasxva bmulobis komponentze G-grafisa, maSin (u, v) 
wibos G – grafze damatebiT, cxadia, ar warmoiqmneba cikli, 
rac ewinaaRmdegeba 5). aqedan gamodis, rom G – bmuli grafia, 
Teorema damtkicebulia. 
 
   $ 3. grafebis geometriuli realizacia. Teorema 

       grafTa realizaciis Sesaxeb samganzomilebian 

sivrceSi 
 

gansazRvra. vTqvaT mocemulia raime araorientirebuli 

grafi ),( EVG  . davuSvaT, rom G grafis yovel vi wveros 

Seesabameba raime iii ava : , )( ji aa   )( ji  , xolo nebismier 

),( bae   wibos Seesabameba raime uwyveti wiri L, romelic 

aerTebs wertilebs ai da aj da ar gadis sxva wertilze ak 
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),( jik  . maSin Tu wiboebis Sesabamisi yvela wirs ar aqvs 

saerTo wertilebi, garda boloebisa, amboben, rom mocemulia  

G grafis geomertiuli realizacia. 
 

Teorema 3. nebismieri (sasruli) grafisaTvis arsebobs 
misi realizacia samganzomilebian sivrceSi. 

damtkiceba. aviRoT samganzomilebian sivrceSi nebismieri 
wrfe ℓ da masze ganvalagoT G grafis yvela wvero. vTqvaT  
G aqvs q wibo. ℓ-ze gavataroT q gansxvavebul naxevarsibrteTa 
kona. amis Semdeg G grafis yoveli wibo SeiZleba gamovsaxoT 
wiriT Tavis naxevarsibrtyeze da isini, cxadia, ar gadaikve-
Tebian. Teorema damtkicebulia. 

 

$ 4. planaruli (brtyeli) grafebi. 

eileris formula 

 
gansazRvra 1. grafs ewodeba planaruli, Tu arsebobs 

misi geometriuli realizacia sibrtyeze. 
gansazRvra 2. Tu arsebobs grafis planaruli reali-

zacia da Cven `davWriT~ sibrtyes am planaruli realiza-
ciis yvela wiriT, maSin sibrtye daiSleba nawilebad, rom-
lebsac ewodebaT waxnagebi am planaruli realizaciis (am 
waxnagebidan erTi usasruloa, mas ewodeba gare waxnagi). 

 
Teorema 4. (eileris formula). nebismieri planaruli 

realizaciisaTvis bmuli planaruli ),( EVG   grafisa p 

wveroTi, q wiboTi da r waxnagiT, sruldeba toloba 
2 rqp .  

damtkiceba. Teoremas davamtkicebT induqciiT q-s mimarT 
fiqsirebuli p-saTvis. radgan G bmuli grafia, amitom 

1 pq . 

a) induqciis bazisi: 1 pq . radgan G bmulia da 

1 pq . amitom Teorema 2-is me-3 punqtis Tanaxmad G aris xe 

anu G-Si araa ciklebi. maSin r =1. aqedan  prqp  

21)1(  p .  

b) vTqvaT  q-Tvis: 01 qqp   Teorema samarTliania. 

davamtkicoT, rom 0qq  -Tvis is aseve samarTliani iqneba. 
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vTqvaT G aris bmuli grafi p wveroTi, q0 wiboTi da vTqvaT 

mis planarul realizaciaSi aris r waxnagi. radgan 10  pq , 

amitom G araa xe. maSasadame, G-Si aris cikli. vTqvaT e wibo 
Sedis ciklSi. maSin masTan ori mxridan SeerTebulia sxva-
dasxva waxnagi. CamovaciloT e  wibo G grafidan. maSin ori 
waxnagi gardaiqmneba erTad da miRebuli grafi G1 darCeba 
bmulad. amasTan miiReba G1 grafis planaruli realizacia p 

wveroTi da 10 q  wiboTi da 1r  waxnagiT. radgan 00 1 qq  , 

amitom induqciuri daSvebiT, G1 grafisaTvis samarTliania 

eileris formula, anu 2)1()1( 0  rqp , saidanac 

20  rqp . risi damtkicebac moiTxoveba. 
 

Sedegi 1. eileris formula samarTliania bmuli grafebis 
sferoze geometriuli realizaciisTvisac. 

 

damtkiceba. vTqvaT bmuli G grafi p wveroTi da q 
wiboTi realizebulia S sferoze ise, rom waxnagTa ricxvi 
udris r-s. vTqvaT sferoze A wertili ar Zevs am geomet-
riuli realizaciis wirebze. vTqvaT P raime sibrtyea. S 
sfero movaTavsoT P sibrtyeze ise, rom A wertili iyos 
yvelaze daSorebuli wertili sibrtyidan. davaproeqtoT S  
P-ze centraluri proeqtirebiT centriT A wertilSi. maSin 
P sibrtyeze miviRebT bmuli grafis geometriul realiza-
cias p wveroTi da q wiboTi, amasTan waxnagTa ricxvi iqneba 
zustad r (A wertilis Semcveli sferos waxnagi gadaisaxeba 
sibrtyeze gare waxnagSi) Teoremis Tanaxmad miviRebT 

2 rqp . 
 

Sedegi 2. nebismieri amozneqili mravalwaxnagisaTvis 
samarTliania toloba 2 rqp , sadac p-aris wveroTa 

ricxvi, q-wiboTa ricxvi, r-waxnagTa ricxvi. 
 

damtkiceba. vTqvaT amozneqili mravalwaxnags M-s aqvs p 
wvero, q wibo da r waxnagi. vTqvaT O aris mravalwaxnagas 
Sida wertili. movaTavsoT S sfero centriT O wertilSi 
imdenad didi radiusiT, rom M mTlianad moTavs-des S-Si. 
ganvixiloT centraluri proeqtireba centriT O wertilSi, 
da davaproeqtoT M-is wveroebi da wiboebi S-ze. maSin S-ze 
Cven miviRebT geometriul realizacias garkveuli bmuli 
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grafisa p wveroTi, q wiboTi da r waxnagiT. aqedan Sedegi 1-
is Tanaxmad 2 rqp . 

$ 5. K5 da K3,3 grafebis araplanarobis damtkiceba. 

pontriagin-kuratovskis Teorema 
 

gansazRvra 1. K5 grafi ewodeba grafs xuTi wveroTi, 
romlis wveroTa yoveli wyvili SeerTebulia wiboTi. 

 
 
 
 
 
 
 
 
Teorema 5. K5 grafi araa planaruli. 
damtkiceba. davuSvaT, rom K5 grafisaTvis arsebobs pla-

naruli realizacia. radgan K5 grafi bmulia, amitom 
planaruli realizaciisaTvis samarTliania eileris for-
mula 2 rqp . radgan K5 grafSi p=5 da 10q , amitom 

yvela waxnagTa ricxvi toli unda iyos 712  pr . vTqvaT 

waxnagebi danomrilia r,,2,1   da vTqvaT i –uri waxnagis 

perimetrze Semovlisas gavdivarT qi  wiboebze da vTqvaT 
perimetrze SemovliT  i-ur waxnagze gavlisas gavdivarT qi 
wiboebze. radgan am dros yovel wiboze xdeba orjer gavla 

(is aris ori waxnagis gverdi), amitom  


r

i i qq
1

202 . magram 

yovel waxnagSi ara-nakleb sami gverdia. amitom 3iq  

yoveli i-Tvis. aqedan  


r

i i rq
1

213 . miviReT 

 2120 winaaRmdegoba. masasadame, K5-Tvis ar arsebobs 
planaruli realizacia. 

 
gansazRvra 2. K3,3 grafi ewodeba grafs eqvsi wveroTi a1, 

a2, a3, b1, b2, b3, romelSic yoveli ai wvero SeerTebulia 
wiboTi yovel bj wverosTan da sxva wiboebi araa. 
 
 

 

 

   

  

a1 a2 a3 

b1 
b2 

b3 

K3,3 

 

 

 

  
K5 
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Teorema 6. K3,3 grafi araa planaruli. 
damtkiceba. davuSvaT, rom K3,3 grafisaTvis arsebobs pla-

naruli realizacia. radgan K3,3 grafi bmulia, amitom am 
planaruli realizaciisaTvis samarTliania eileris for-
mula 2 rqp . radgan K3,3 grafSi gvaqvs 6p  da 9q , 

amitom yvela waxnagTa ricxvi toli unda iyos 52  qpr . 

ise, rogorc wina Teoremis damtkicebisas, miviRebT 

 


r

i i qq
1

182 , sadac qi – aris i-uri waxnagis gverdebis 

ricxvi. magram K3,3 grafSi ar aris cikli sigrZiT 3. amitom 

yovel waxnagSi aranakleb 4 gverdia. maSasadame, 4iq  

yoveli i-Tvis. aqedan  


r

i i rq
1

204 . miviReT, rom  2018  

winaaRmdegoba. amrigad, K3,3 grafisTvis ar arsebobs plana-
ruli realizacia. 

 
gansazRvra. (a, b) wibos dayofa ewodeba operacias, 

romelic Sedgeba Semdegi moqmedebebisagan: 
1) (a, b)-s CamoSoreba; 
2) axali c wveros damateba. 
3) (a, c) da (c,  b) wiboebis damateba. 
 
gansazRvra 4. H grafs ewodeba G grafis danayofi, Tu H 

SeiZleba miviRoT  G-dan misi wiboebis sasruli ricxvjer 
dayofiT. 

gansazRvra 5. or grafs ewodeba homeomorfuli, Tu 
arsebobs maTi danayofebi, romlebic izomorfulia. 

 
Teorema 7. (pontriagin-kuratovski). grafi aris plana-

ruli maSin da mxolod maSin, roca is ar Seicavs arcerT 
qvegrafs, romelic homeomorfulia K5 an K3,3 grafis. 

 

$ 6. ramseis amocana 

 
farTodaa cnobili Semdegi Tavsatexi. 
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daamtkiceT, rom nebismier eqvs kacs Soris moiZebneba an 
sami wyvilwyvilad nacnobi, an sami wyvilwyvilad ucnobi. 

mocemuli situacia SeiZleba aRiweros G grafiT, 
romelsac aqvs eqvsi wvero, romlebic warmoadgenen adamia-
nebs: ori wveros mezobloba Seesabameba nacnobobas. saWiroa 
vaCvenoT, rom G grafSi an sami wyvilwyvilad mosazRvre 
wveroa, an sami wyvilwyvilad ara mosazRvre wveroa. G 

grafis damatebas G  wveroebis simravled aqvs G grafis 

wveroebis simravle V, ori wvero G -Si mosazRvrea maSin da 
mxolod maSin, roca isini ar arian mosazRvre G-Si. 

am terminebSi Tavsatexi SeiZleba ase CamovayaliboT. 
 
Teorema 8. Tu G aris grafi eqvsi wveroTi, maSin an G an 

G  Seicavs samkuTxeds. 
damtkiceba. vTqvaT  v aris G grafis nebismieri wvero, 

romelsac aqvs eqvsi wvero. radgan v wvero nebismier 

danarCen xuT wverosTan mosazRvrea G-Si an G -Si, amitom 
zogadobis SeuzRudavad SeiZleba davuSvaT, rom wveroebi  

u1, u2, u3 mosazRvrea v-s G-Si. Tu romelime ori u1, u2, u3-dan 
mosazRvrea G-Si, maSin v-sTan isini qmnian samkuTxeds. Tu 

arcerTi ori maTgani araa mosazRvre G-Si, maSin G  grafSi 
wverobi u1, u2, u3 qmnian samkuTxeds. 
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simravleTa Teoriis elementebi 

cermelo-frenkelis aqsiomebi 

 
1. gafarToebis aqsioma (Axiom of Extensionality) Tu X da Y aqvT 

erTi da igive elementebi, maSin YX  . 
2. wyvilis aqsioma (Axiom of Pairing). yoveli a da b-sTvis 

arsebobs simravle {a, b}, romelic Seicavs zustad a da 
b-s. 

3. gancalebadobis aqsioma sqema (Axiom Schema of Separation). 
Tu P aris Tviseba (parametriT p), maSin nebismieri X da 

p-sTvis arsebobs simravle )},(:{ puPXuY  , romelic 

Seicavs yvela im Xu -s, romelsac aqvs P Tviseba. 
4. gaerTianebis aqsioma (Axiom of Union). nebismieri X-sTvis 

arsebobs simravle XY  , X-is yvela elementTa gaer-
Tianeba. 

5. qvesimravleTa simravlis aqsioma an xarisxis aqsioma 

(Axiom of Power Set). yoveli X-sTvis arsebobs )(XPY  , X-is 

yvela qvesimravleTa simravle. 
6. usasrulobis aqsioma. arsebobs usasrulo simravle. 
7. Secvlis aqsioma sqema (Axiom Schema of Replacement). Tu F 

klasi aris funqcia, maSin nebismieri X-sTvis arsebobs 

simravle }:)({)( XxxFXFY  . 

8. regularobis aqsioma (Axiom of Regularity). yovel ara-

cariel simravles aqvs -minimaluri elementi. 
9. amorCevis aqsioma (Axiom of Choice). aracariel simravleTa 

yovel ojaxs aqvs amorCevis funqcia. 
1-8 aqsiomebis mqone Teoria aris cermelo-frenkelis 
aqsiomaturi simravleTa Teoria ZF; ZFC aRniSnavs  ZF 
Teorias amorCevis aqsiomasTan erTad. 

 
ratom aqsiomaturi simravleTa Teoria? 

intuiciurad, simravle aris yvela im elementTa erTob-
lioba, romelic akmayofilebs mocemul Tvisebas. sxva 
sityvebiT, Cven SegviZlia moviTxovoT Semdegi wesebis 
Sesrulebis simravleebis formirebisaTvis. 
10. CarTvis aqsioma sqema. Tu P aris Tviseba, maSin arsebobs 

simravle )}(:{ xPxY  . 
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es principi mcdaria. 
11. raselis paradoqsi. ganvixiloT S simravle, romlis ele-

mentia yvela is (da mxolod is) simravle, romelic ar 

aris Tavis Tavis elementi: }:{ XXXS  . kiTxva: S 

ekuTvnis S-s? Tu S ekuTvnis S-s, maSin S ar aris Tavis 
Tavis elementi, da maSasadame, SS  . meore mxriv, Tu 

SS  , maSin S ekuTvnis S. orive SemTxvevaSi Cven gvaqvs 
winaaRmdegoba.  
amrigad Cven unda davaskvnaT, rom 

}:{ XXX   

ar aris simravle, da Cven unda SevamowmoT simravlis 
intuiciuri cneba.  

aseTi tipis paradoqsebisagan Tavis acilebis gza aris 
uari vTqvaTYCarTvis aqsioma sqemaze da SevinaxoT misi 
susti versia, gancalebis sqema.  

Tu P aris Tviseba, maSin nebismieri X-Tvis arsebobs 

simravle )}(:{ xPXxY  . 

roca Cven uars vambobT srul CarTvis sqemaze, raselis 
paradoqsi ar aris saSiSi, metic, is uzrunvelyofs sasargeb-
lo informacias: yvela simravleTa simravle ar arsebobs. 

sruli CarTvis sqemis Secvla gancalebis sqemiT 
warmoqmnis CvenTvis axal problemas. gancalebis aqsioma 
aris metismetad susti imisaTvis, rom ganvaviTaroT. sim-
ravleTa Teoria Tavisi Cveulebrivi operaciebiT da konst-
ruqciebiT. es aqsiomebi araa sakmarisi, rom davamtkicoT, 

rom ori simravlis gaerTianeba YX   arsebobs, an ganv-
sazRvroT namdvili ricxvis cneba. 
 

simravleTa Teoriis ena, formulebi 

 
zemoT mocemuli gancalebis aqsioma sqema ayenebs 

Tvisebis aracxad cnebas. imisaTvis, rom aqsiomebs mivceT 
zusti forma, Cven ganvaviTarebT simravleTa aqsiomatur 
Teorias predikatTa pirveli rigis aRricxvis CarCoSi. 
garda tolobis predikatisa = , simravleTa Teoriis ena 

Seicavs binarul predikats є, kuTvnilebis mimarTebas. 
simravleTa Teoriis formulebi aigebian atomuri for-

mulebidan 
yx , yx   
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Semdegi operaciebis saSualebiT 

  ,   , ך ,  ,    
(koniunqcia, diziunqcia, uaryofa, implikacia da ekvivalen-
toba), da kvantorebiT 

x , x . 
praqtikaSi, formulebSi Cven gamoviyenebT sxva simbo-

loebs, saxeldobr, gansazRvrul predikatebs, operaciebs da 
konstantebs, da gamoviyenebT formulebs araformaluradac; 
magram azrobrivad gasagebi iqneba rom yoveli aseTi 
formula SeiZleba Caiweros im saxiT, romelic Seicavs 

mxolod є da =, rogorc aralogikur simboloebs. 
Tavisufali cvladebis mqone formulebTan mimarTebaSi, 

Cven gamoviyenebT aRniSvnebis Sesaxeb SeTanxmebas, rom 

),,( 1 nuu   

formulis yvela Tavisufali cvladi aris nuu ,,1  -s Soris 

(SeiZleba zogierTi ui  araa  Tavisufali, an arc gvxvdeba 

-Si). formulas Tavisufali cvladis gareSe ewodeba 
winadadeba (sentence). 
 
 

klasebi 

 
  Tumca Cven vmuSaob ZGC-Si, romelSic gansxvavebiT 

alternatiuri aqsiomaturi simravleTa Teoriisa, aris 
mxolod erTi tipis obieqtebi, saxeldobr simravleebi, Cven 
SemoviRebT klasebis araformalur cnebas. amas Cven gava-
keTebT praqtikuli mizniT: ufro martivia manipulacia 
klasebiT, vidre formulebiT. 

Tu  ),,,( 1 nppx   aris formula 

)},,,(:{ 1 nppxxC   

Cven vuwodebT klass. C klasis elementebi arian yvela is 
simravleebi x, romlebic akmayofileben 

),,,( 1 nppx  formulas; 

Cx  maSin da mxolod maSin roca ),,,( 1 nppx  . 

Cven vambobT, rom C aris gansazRvrebadi npp ,,1  -dan. Tu )(x  

ar aqvs parametrebi pi maSin C klasi aris gansazRvrebadi. 
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 ori klasi tolia, Tu maT aqvT erTi da igive elemen-

tebi: Tu },,,(:{ 1 nppxxC  , },,,(:{ 1 nqqxxD   DC   maSin 

da mxolod  maSin,  Tu  yoveli x-Tvis 

),,,(),,,( 11 mn qqxppx    . 

universaluri klasi, an universi, aris yvela simravleTa 
klasi: 

}:{ xxxV  . 

Cven ganvsazRvravT klasebis CarTvas (C aris D-s qveklasi). 
DC   maSin da mxolod maSin, Tu yoveli - x-Tvis, Cx  

gamomdinareobs Dx ; 
da Semdeg operaciebs klasebze: 

CxxDC  :{  da }Dx , 

CxxDC  :{  an }Dx , 

CxxDC  :{  da }Dx , 

SxxC  :{  raime }:{} CSSCS    

yoveli simravle SeiZleba ganxiluli iqnas rogorc klasi. 
Tu S aris simravle, ganvixiloT formula Sx  da klasi 

}:{ Sxx  , 

is rom S simravle aris erTaderTi gansazRvruli Tavisi 
elementebiT gamomdinareobs gafarToebis aqsiomidan. klasi, 
romelic ar aris simravle, aris sakuTrivi klasi. 
 

gafarToeba 

 
Tu X da Y aqvT erTi da igive elementebi, maSin YX  : 

YXYuXuu  )( . 

piriqiT, saxeldobr, Tu YX  , maSin YuXu  , aris 
predikatTa aRricxvis aqsioma. amrigad, Cven gvaqvs 

YX   maSin da mxolod maSin Tu )( YuXuu  . 

aqsioma gamoxatavs fundamentur ideas simravleebze: sim-
ravle gansazRvrulia misi elementebiT. 
 

dawyvileba 

 
nebismieri a da b-Tvis arsebobs simravle },{ ba , romelic 

Seicavs zustad a da b-s 

)( bxaxcxxcba   
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gafarToebis ZaliT, C simravle erTaderTia, da Cven 
SegviZlia ganvsazRvroT wyvili.  

},{ ba  erTaderTi c iseTi, rom )( bxaxcxx   

erTelementiani simravle }{a  aris simravle 

                        },{}{ aaa   

radgan },{},{ abba  , Cven SemdegSi ganvsazRvravT dalagebul 

wyvils 

)  ,( ba  

ise rom Semdegi piroba Sesruldes: 

(1.1)   )  ,()  ,( dcba   maSin da mxolod maSin, Tu ca   da db  . 

dalagebuli wyvilis formaluri gansazRvrisaTvis Cven 
aviRebT 

}{ },{},{)  ,( baaba  . 

(1.1)-is Semowmebas vutovebT mkiTxvels. 
Semdeg Cven ganvsazRvravT dalagebul sameuls, oTxeuls 

da a.S., Semdegnairad: 



),),  ,  ,(()  ,  ,  ,(

),  ),  ,(()  ,  ,(

dcbadcba

cbacba





 

 1111 ),,,(),,(   nnn aaaaa  . 

aqedan gamodis, rom ori dalagebuli n-euli ),,( 1 naa   da 

),,( 1 nbb   tolia maSin da mxolod maSin, roca 

nn baba  ,,11  . 

 
gancalebadobis sqema 

 
vTqvaT ),( pu  formulaa. nebismieri X da p-Tvis arsebobs 

simravle )},(:{ puXuY  ; 

(1.2)             )),(( puXuYuuYpX  . 

yoveli ),( pu  formulisaTvis (1.2) formula aris aqsioma 

(gancalebadobis). gafarToebis ZaliT (1.2)-Si Y simravle aris 
erTaderTi. 

SevniSnoT, rom gancalebis aqsiomis ufro zogadi versia 
SeiZleba damtkicdes dalagebuli n-eulebis gamoyenebiT: 

vTqvaT ),,,( 1 nppu   aris formula. maSin 
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(1.3)           )),,,(( 11 nn ppuXuYuppX   . 

martivad, vTqvaT ),( pu  aris formula 

),,(( 11 nn ppppp    da )),,,( 1 nppu   

da maSin, mocemuli X da npp ,,1  -Tvis, vTqvaT 

}{ )),,,(: 1 nppuXuY  . 

Cven SegviZlia gancalebadobis aqsiomas mivceT Semdegi 

forma: ganvixiloT klasi }{ ),,,(: 1 nppuuC  ; maSin (1.3)-is 

ZaliT 

)( YXCYX   . 

amrigad, C klasis TanakveTa nebismier X simravlesTan 
aris simravle; da Cven SegviZlia ganvsazRvroT operaciebi 

}:{ YuXuYX   da }:{ YuXuYX  . 

analogiurad, aqedan gamomdinareobs, rom carieli klasi 
}:{ uuu   

aris simravle – carieli simravle; cxadia, es im daSvebiT, 
rom arsebobs erTi mainc simravle X (radgan X ): 
(1.4)                       )( XXX  . 

(1.4) ar gvaqvs aqsiomaTa Soris, radgan is gamomdinareobs 
usasrulobis aqsiomidan. 

or X, Y simravles ewodeba diziunqciuri, Tu YX  . 

Tu C aris simravleTa aracarieli klasi, Cven vuSvebT: 

 :{}:{ XuuCXXC  for every }CX  . 

SevniSnoT, rom C  aris simravle (is aris qvesimravle 

nebismier )CX  . agreTve, },{ YXYX   . 

gancalebadobis aqsiomis sxva Sedegi aris, rom univer-
saluri klasi V aris sakuTrivi klasi; sxvanairad, 

}:{ xxVxS   

iqneboda simravle. 
 

gaerTianeba 

 

nebismieri X simravlisaTvis arsebobs simravle XY  : 

(1.5)                  ))(( zuXzzYuuYX  . 

SemovitanoT Semokleba 
)( Xz  iyos )(  Xzz , 

da 
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)( Xz  iyos )(  Xzz . 

(1.5)-iT, nebismieri X-Tvis arsebobs erTaderTi simZlavre 

XXzzzuXzuY  }:{})(:{  , 

X-is gaerTianeba. 
axla SegviZlia ganvsazRvroT  

},{ YXYX   , ZYXZYX  )( , da a.S. 

aseve },{ }  ,{}  ,  ,{ cbacba   

da, sazogadod, 

}{}{),,{ 11 nn aaaa   . 

vTqvaT )()( XYYXYX   , es aris X da Y-is simetriuli 

sxvaoba. 
 

nebismieri simravle (simravlis xarisxi) 

 
nebismieri X-Tvis arsebobs simravle )(XPY  : 

)( XuYuuYX  . 

u simravle aris X-is qvesimravle. XU  , Tu 
)( XzUzz  . 

Tu XU   da XU  , maSin U aris X-is sakuTrivi qvesim-
ravle. 

X-is yvela qvesimravleTa simravles, 

}:{)( XuuxP  , 

ewodeba X simravlis xarisxi. 
simravlis xarisxis aqsiomis gamoyenebiT SegviZlia 

ganvsazRvroT simravleTa Teoriis sxva ZiriTadi cnebebi. 
X da Y-is namravli aris (x, y) wyvilTa simravle, sadac 
Xx  da Yy : 

(1.6)                 XxyxYX  :),{(  da }Yy . 

(1.6)-Si }:),{( yx  aRniSvna gamarTlebulia, radgan 

),((:{)},(:),{( yxuyxuyxyx   da ))},( yx . 

YX   namravli simravlea, radgan 

)( YXPPYX  . 

Semdeg, Cven ganvsazRvravT 
ZYXZYX  )( . 

da sazogadod, 

1111 )(   nnn XXXXX  . 
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amrigad, 

}:),,{( 1111 nnnn XxXxxxXX   . 

vTqvaT 

 
jer


n

n XXX . 

n-aruli mimarTeba R aris n-eulTa simravle. R aris mimar-

Teba X-ze. Tu nXR  . mosaxerxebelia vweroT ),,( 1 nxxR   

nacvlad 

Rxx n ),,( 1  , 

da im SemTxvevaSi, roca R aris binaruli, Cven agreTve 
gamoviyenebT 

yRx    

Ryx ),( -Tvis. 

Tu R aris binaruli mimarTeba, maSin R-is gansazRvris 
are, aris simravle 

}),(:{)( RvuvuRdom  , 

da R-is mniSvnelobaTa simravlea 
}),(:{)( RvuuvRran  . 

SevniSnoT, rom )(Rdom  da )(Rran  arian simravleebi, radgan 

RRdom )( , RRran )( . 

R mimarTebis veli aris simravle )()()( RranRdomRfield  . 

sazogadod, R klass vuwodebT n-arul mimarTebas, Tu misi 
yoveli elementi aris n-euli; sxva sityvebiT, Tu 

 nVR n eulTa klasi, 

sadac nC  (da )DC   gansazRvrulia Cveulebrivad. 

binaruli mimarTeba f aris funqcia, Tu fyx ),(  da 

fzx ),(  gamomdinareobs zy  . erTaderTi y iseTi, rom 

fyx ),(  aris f-is mniSvneloba x-ze; Cven gamoviyenebT stan-

dartul aRniSvnas 
)(xfy   

an mis variantebs yxf : , xfy  , da fyx ),( -Tvis f aris 

funqcia x-ze, Tu  )( fdomX  . Tu nXfdom )( , maSin f aris n-

aruli funqcia X-ze. 
f aris funqcia X-dan Y-Si, 

YXf : . 
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Tu  Xfd o m )(  da Yfran )( . X-dan Y-Si yvela funqciaTa 

simravle aRiniSneba Y
X-iT. SevniSnoT, rom Y

X aris simravle: 

)( YXPY X  . 

Tu )( franY  , maSin f aris funqcia Y-ze. f funqcia aris 

urTierTcalsaxa, Tu 
yxyfxf  )()( . 

n-aruli operacia X-ze aris funqcia XXf n : . 

f funqciis SezRudva (Seviwroeba) X simravleze (Cveuleb-

riv )( fdom -is qvesimravleze) aris funqcia 

f  }:),{( XxfyxX  . 

g funqcia aris f funqciis gafarToeba, Tu fg  , anu, 

)()( gdomfdom   da )()( xfxg   yoveli )( fdomx . 

Tu f da g arian iseTi funqciebi, rom )()( fdomgran  , 

maSin f da g kompizicia aris funqcia fog gansazRvris ariT 
)()( gdomfogdom    da iseTi, rom ))(())( xgfxfog   yoveli 

)(gdomx . 

X-is gadasaxvas f-iT aRvniSnavT Xf   an f(X): 

)}()(:{)( xfyXxyXfXf  , 

da Sebrunebul gadasaxvas 

})(:{)(1 XxfxXf  . 

Tu  f aris urTierTcalsaxa, maSin 1f  aRniSnavs f-is Sebru-

nebuls: 

yxf  )(1  maSin da mxolod maSin, Tu )(yfx  . 

wina gansazRvra SeiZleba gamoviyenoT klasebisTvis nacvlad 
simravleebisa. F klasi aris funqcia Tu is aris aseTi mi-

marTeba, rom Fyx ),(  da Fzx ),(  gamomdinareobs zy  . 

magaliTad, CF   an F(C) aRniSnavs gadasaxvas C klasisa F 
funqciiT. 

SevniSnoT, rom xSirad funqciebs eZaxian gadasaxvebs an 
Sesabamisobebs (da msgavsad, simravles eZaxian ojaxs an 
erTobliobas). 

X simravleze ekvivalentobis mimarTeba aris binaruli 

mimarTeba , romelic aris reflesuri, simetriuli da 
tranzituli: yoveli x, y, Xz , 
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xx   
xyyx   

Tu yx   da zy  , maSin zx  . 

simravleTa ojaxi aris araTanamkveTi, Tu nebismieri ori 
wevri aris araTanamkveTi. X simravlis dayofa aris araca-
riel simravleTa araTanamkveTi P ojaxi iseTi, rom  

}:{ PYYX  . 

vTqvaT  aris ekvivalentobis mimarTeba X-ze. yovel 
Xx -Tvis, vTqvaT 

}:{][ xyXyx   

(x-is ekvivalentobis klasi). simravle 

}:]{[ XxxX   

aris X simravlis dayofa (faqtorizacia X-is -iT). piriqiT, 
yoveli P dayofa X simravlisa gansazRvravs X-ze ekvivalen-
tobis mimarTebas 

yx   maSin da mxolod maSin YxPY  )((  da )Yy . 

 
usasruloba 

 
arsebobs usasrulo simravle. 
usasrulobis aqsiomis zusti formulirebisaTvis, Cven 

gvaqvs pirvelad sasrulobis cneba. sasrulobis gansazRvra 
iyenebs naturaluri ricxvis cnebas, romelic jer ar gvaqvs 
gansazRvruli. naturalur ricxvs (rogorc sasrul ordi-
nals) ganvsazRvravT 2 TavSi. 

principSi, SeiZleba ganisazRvros sasruloba ricxvis 
cnebis gareSe. magram aseTi gansazRvra gamoiyureba xelov-
nurad.  

usasrulobis aqsiomas Cven CamovayalibebT gansxvavebulad 

)}{)(( SxxSxSS  . 

zemoT mocemuli Tvisebis mqone simravles vuwodebT 
induqtiurs. amrigad Cven gvaqvs: 

usasrulobis aqsioma: arsebobs induqtiuri simravle. 
es aqsioma uzrunvelyofs usasrulo simravlis arsebobas. 
 

Secvlis sqema 

 
Tu klasi F klasi aris funqcia, maSin yoveli X simrav-

lisaTvis F(X) aris simravle. 
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yoveli ),,( pyx  formulisaTvis (1.7) formula aris 

aqsioma (Secvlis): 

(1.7)           )),,(),,(( zypzxpyxzyx   

              )),,()(( pyxXxYyyYX  . 

  
 

 
 
 

ordinaluri ricxvebi 

wrfivi da nawilobrivi dalageba 

 
gansazRvra 2.1. binaruli mimarTeba < P simravleze aris 

P-s nawilobrivi dalageba, Tu 

(i) pp |  nebismieri p P-sTvis; 

(ii) Tu qp   da rq  , maSin rp  . 

(P, <) ewodeba nawilobrivad dalagebuli simravle. P-ze 
nawilobrivi dalageba < aris wrfivi dalageba, Tu damatebiT 
(III) qp   an qp   an pq   yovelo Pqp , . 

Tu < aris nawilobrivi (wrfivi) dalageba, maSin mimarTeba 

 (sadac qp   Tu qp   an qp  ) ewodeba agreTve nawilob-

rivi (wrfivi) dalageba (da < aris mkacri dalageba). 
 
gansazRvra 2.2.YTu (P, <) aris nawilobrivad dalagebuli 

simravle, X aris P-s aracarieli qvesimravle, da Pa , maSin: 

 a aris X-is maqsimaluri elementi, Tu Xa  da )( Xx  | xa  . 

 a aris X-is minimaluri elementi, Tu Xa  da )( Xx  | ax  . 

 a aris X-is udidesi elementi, Tu Xa  da )( Xx  ax  ; 

a aris X-is umciresi elementi, Tu Xa  da )( Xx  xa  ; 

a aris X-is zeda sazRvari, Tu )( Xx  ax  ; 

a aris X-is qveda sazRvari, Tu )( Xx xa  ; 

a aris X-is zusti zeda sazRvari, Tu a aris X-is zeda 
sazRvrebs Soris umciresi; 

a aris X-is zusti qveda sazRvari, Tu a aris X-is qveda 
sazRvrebs Soris udidesi. 



 119 

X-is zusti zeda sazRvari (zusti qveda sazRvari) (Tu 
arsebobs) aRiniSneba supX (infX). SevniSnoT, rom Tu X aris 
wrfivad dalagebuli < mimarTebiT, maSin X-is maqsimaluri 
elementi aris misi udidesi elementi (analogiurad minima-
luri elementisaTvis). 

Tu (P, <) da (Q, <) aris nawilobriv dalagebuli simrav-

leebi da QPf : , maSin f aris dalagebis Semnaxveli, Tu 

yx   gamomdinareobs )()( yfxf  . Tu P da Q arian wrfivad 

dalagebulebi, maSin dalagebis Semnaxvel funqcias ewodeba 
agreTve zrdadi. 

urTierTcalsaxa funqcia P-dan Q-ze aris P da Q-s izo-

morfizmi, Tu f da 1f  arian rigis Semnaxveli; maSin (P, <) 

aris (Q, <) izomorfuli. P-s Tavis Tavze izomorfizms 
ewodeba (P, <)-s avtomorfizmi. 

 

savsebiT dalageba 

 
gansazRvra 2.3. P-simravlis wrfivi dalageba < aris sav-

sebiT dalageba, Tu  P-s yovel aracariel qvesimravles aqvs 
umciresi elementi. 

 
lema 2.4. Tu (W, <) aris savsebiT dalagebuli simravle 

da WWf :  aris zrdadi funqcia, maSin xxf )(  yoveli 

Wx . 
damtkiceba. davuSvaT, rom })(:{ xxfWxX   aris araca-

rieli simravle da vTqvaT z aris X-is umciresi elementi. 

Tu )(zfw  , maSin wwf )( , winaaRmdegoba. 

 
Sedegi 2.5. savsebiT dalagebuli simravlis nebismieri 

avtomorfizmi aris igivuri. 

damtkiceba. lema 2.4-is ZaliT xxf )(  yoveli x-Tvis, da 

xxf  )(1  yoveli x-Tvis. 

 
Sedegi 2.6. Tu ori savsebiT dalagebuli simravle W1 da 

W2 aris izomorfuli, maSin W1-is W2-ze izomorfizmi aris 
erTaderTi. 
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Tu W aris savsebiT dalagebuli simravle da 1Wu , 

maSin }:{ uxWx   aris W-s sawyisi segmenti (u-iT mocemuli). 

 
lema 2.7. arcerTi savsebiT dalagebuli simravle ar 

aris Tavisi sawyisi segmentis izomorfuli. 

damtkiceba. Tu }:{)( uxxfran  , maSin uuf )( , rac ewi-

naaRmdegeba lema 2.4-s. 
 
Teorema 2.8. Tu W1 da W2 arian savsebiT dalagebuli sim-

ravleebi, maSin Semdegi sami SemTxvevidan sruldeba mxolod 
erTi: 

(i) W1 aris W2-is izomorfuli; 
(ii) W1 aris W2-is sawyisi segmentis izomorfuli; 
(iii) W2  aris W1-is sawyisi segmentis izomorfuli. 
 

damtkiceba. iWu -Tvis (i =1, 2), vTqvaT Wi(u) aRniSnavs Wi-s 

sawyis segments gansazRvruls u-iT. vTqvaT  

 1),{( Wyxf )(: 12 xWW  izomorfulia )(2 yW -is}. 

 lema 2.7-iT martivi dasanaxia, rom f aris urTierTcal-

saxa funqcia. Tu h aris raime izomorfizmi )(1 xW  da )(2 yW -s 

Soris, da xx  , maSin )(1 xW   da ))((2 xhW   arian izomorfuli. 

aqedan gamomdinareobs, rom f aris dalagebis Semnaxveli. 

Tu 1)( Wfdom   da 2)( Wfran  , maSin (i) SemTxveva sruldeba. 

Tu 21 yy   da )(2 frany  , maSin )(1 frany  . amrigad, Tu 

2)( Wfran   da y0 aris umciresi elementi )(2 franW  -is, gvaqvs 

)()( 02 yWfran  . aucileblad, 1)( Wfdom   winaaRmdeg SemTxvevaSi 

gveqneba fyx ),( 00 , sadac 0x  umciresi elementi )(1 fdomW  . 

amrigad (ii) sruldeba. 

analogiurad, Tu 1)( Wfdom  , maSin (iii) sruldeba. lema 2.7-

is samive SemTxveva aris urTierTgamomricxavi. 
Tu W1 da W2 arian izomorfuli, maSin vityviT, rom maT 

aqvT erTi da igive rigobrivi tipi. araformalurad, ordina-
luri ricxvi aris savsebiT dalagebuli simravlis 
rigobrivi tipi. 
 

ordinaluri ricxvebi 
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ordinaluri ricxvebis gansazRvris idea iseTia, rom  

   maSin da mxolod maSin, Tu    da }:{   . 

 
gansazRvra 2.9. T simravle aris tranzituli, Tu T-s 

yoveli elementi aris T-s qvesimravle (ekvivalenturia, 

TT  , an ))(TPT  . 

 
gansazRvra 2.10. simravle aris ordinaluri ricxvi 

(ordinali), Tu is aris tranzituli da savsebiT dalage-

buli -iT. ordinalebs aRvniSnavT patara berZnuli asoebiT 

, , ,. yvela ordinalTa klasi aRiniSneba Ord-iT. 
Cven ganvsazRvravT  

   maSin da mxolod maSin, Tu   . 
 
lema 2. 11. 

(i) 0  aris ordinali. 

(ii) Tu  aris ordinali da   , maSin  aris ordi-

nali. 
(iii) Tu    arian ordinalebi da   , maSin   . 

(iv) Tu ,  ordinalebi, maSin an    an   . 
 
damtkiceba. (i) da (ii) gamodis gansazRvridan. 

(iii) Tu   , vTqvaT  aris    simravlis umciresi 

elementi. radgan  aris tranzituli, aqedan gamomdinareobs, 

rom -iT gansazRvruli -s sawyisi segmenti aris . amrigad, 
  }:{ , da amrigad   . 

(iv) cxadia,    aris ordinali,   . Cven gvaqvs 

   an   , sxvagvarad   , da    (iii)-is gamo. maSin 

  , rac ewinaaRmdegeba ordinalis gansazRvras (saxeldobr, 

rom  aris -s mkacri dalageba). 
lema 2.11-is gamoyenebiT miviRebT ordinaluri ricxvebis 

Sesaxeb Semdeg faqtebs (damtkiceba rutinulia): 
(2.1) < aris wrfivi dalageba Ord klasis. 

(2.2) yoveli -sTvis, }:{   . 

(2.3) Tu C aris ordinalTa aracarieli klasi, maSin C  

aris ordinali, CC  da CC inf . 
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(2.4) Tu X aris ordinalTa aracarieli simravle, maSin 

X aris ordinali da XX sup . 

(2.5) yoveli -Tvis, }{   aris ordinali da }{  = 

}:inf{   . 

Cven ganvsazRvravT }{1    (-s memkvidre).  

 
Teorema 2.12. yoveli savsebiT dalagebuli simravle aris 

izomorfuli erTaderTi ordinaluri ricxvis. 
damtkiceba. erTaderToba gamomdinareobs lema 2.7-dan. 

mocemuli savsebiT dalagebuli W simravlisaTvis Cven 
vipoviT izomorful ordinals Semdegnairad: ganvsazRvroT 

)(xF , Tu  aris x-iT gansazRvruli W-s sawyisi segmentis 

izomorfuli. Tu aseTi  arsebobs, is aris erTaderTi. 

Secvlis aqsiomiT, F(W) aris simravle. yoveli Wx , aseTi  
arsebobs (winaaRmdeg SemTxvevaSi ganvixiloT umciresi x, 

romlisTvisac aseTi  ar arsebobs). Tu  aris umciresi 

)(WF , maSin )(WF  da Cven gvaqvs izomorfizmi W-s -ze. 

Tu 1  , maSin  aris memkvidre ordinali. Tu  ar 

aris memkvidre ordinali, maSin   }:sup{ ; -s 

ewodeba zRvariTi ordinali. Cven agreTve ganvixilavT 0 

zRvariT ordinalad da ganvsazRvravT sup =0. 
0-gan gansxvavebuli zRvariTi odrinalis arseboba gamom-

dinareobs usasrulobis aqsiomidan. 
 
gansazRvra 2.13 (naturaluri ricxvebi). Cven aRvniSnavT 

umcires aranulovan zRvariT ordinals -iT (an N-iT). -ze 
nakleb ordinalebs (N-is elementebs) ewodebaT sasruli 
ordinalebi, an naturaluri ricxvebi. specialurad 

0 = , 1=0+1, 2=1+1, 3=2+1, da a.S. 
X simravle aris sasruli, Tu arsebobs urTierTcalsaxa 

gadasaxva X-sa raime Nn -ze. X aris usasrulo, Tu is ar 
aris sasruli. 

Cven gamoviyenebT asoebs m, ℓ, k, j, i naturaluri ricxvebis 
aRsaniSnavad. 

 

induqcia da rekursia 
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Teorema 2.14. (transfinituri induqcia). vTqvaT C aris 
ordinalur ricxvTa klasi da davuSvaT, rom: 

(i) C0 ; 
(ii) Tu C , maSin C1 ; 

(iii) Tu  aris aranulovani zRvariTi ordinali da 
C  yoveli   -Tvis, maSin C . 

maSin C aris yvela ordinalTa klasi. 
 

damtkiceba. winaaRmdeg SemTxvevaSi, vTqvaT  aris umci-
resi ordinali C  da gamoviyenoT (i), (ii) an (iii). 

funqcias, romlis gansazRvris area N simravle ewodeba 
(usasruli) mimdevroba (mimdevroba X-Si aris funqcia 

XNf : ). mimdevrobisaTvis standartuli aRniSvna aris 

 nan : . 

sasruli mimdevroba aris iseTi s funqcia, rom )(sdom  

}:{ nii   raime Nn -Tvis; maSin s aris n sigrZis mimdev-

roba. Cven agreTve vityviT, rom mimdevroba   :a  aris 

misi mniSvnelobis   :a  gadanomvra (gadarTva). Tu s 

aris  sigrZis mimdevroba, maSin 

xs  an martivad sx 

aRniSnavs 1  sigrZis mimdevrobas, romelic afarToebs -s 

da romlis  termi aris x. 

)},{( xssxxs 


. 

`transfinituri rekursiiT gansazRvra~ Cveulebriv iRebs 
Semdeg formas: mocemulia G funqcia (transfinitur mimdev-

robaTa klasze), maSin yoveli -Tvis arsebobs erTaderTi -
mimdevroba 

  :a  

iseTi, rom 

):(   aGa  

yoveli   . 
Cven moviyvanT am Teoremis zogad versias ise, rom Cven 

agreTve SegviZlia avagoT mimdevroba  Ordan : . 
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Teorema 2.15 (transfinituri rekursia). vTqvaT G aris 
funqcia (V-ze), maSin qvemoT (2.6) gansazRvravs erTaderT F 
funqcias Ord-ze, rom 

FGF ()(   ) . 

yoveli  -Tvis. 

sxva sityvebiT, Tu )( Fa  , maSin yoveli -sTvis 

):(   aGa . 

 
gansazRvra 2.17. vTqvaT 0  aris zRvariTi ordinali da 

vTqvaT   :a  aris ordinalTa araklebadi mimdevroba 

(anu    gamomdinareobs    ). Cven ganvsazRvravT mimdev-

robis zRvars tolobiT 

}:sup{lim    . 

ordinalTa  Ord :  mimdevroba aris normaluri, 

Tu is aris zrdadi da uwyveti, anu, yoveli it lim , 

   lim . 

 
ariTmetika ordinalebze 

 
transfinituri rekursiis gamoyenebiT ganvsazRvravT Sek-

rebas. gamravlebas da axarisxebas ordinalenze. 
 

gansazRvra 2.18. (Sekreba). yoveli ordinaluri  ricxvis-
Tvis 

 (i)   0 , 

 (ii) 1)()1(    yoveli -Tvis, 

 (iii) )(lim      yoveli 0it lim  . 

 

gansazRvra 2.19 (gamravleba). yoveli ordinaluri  
ricxvisTvis 

 (i)  0 , 

 (ii)   )1(  yoveli -Tvis, 

 (iii)    lim  yoveli 0itlim  . 

 

gansazRvra 2.20 (axarisxeba). yoveli ordinaluri  
ricxvisTvis 
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 (i) 10  , 

 (ii)   1  yoveli -Tvis, 

 (iii) 


   lim  yoveli 0itlim  . 

operaciebi   ,    da   arian normaluri 

funqciebi meore cvladis . maTi Tvisebebi SeiZleba 

damtkicdes transfinituri induqciiT. magaliTad, + da  
arian asociatiurebi. 

 

lema 2.21. yoveli ,  da  ordinalebisaTvis, 
   (I)   )()( , 

   (II)   )()( .  

 

damtkiceba. -ze induqciiT. 

arc + da arc  ar arian komutaciuri. 
11   ,   22 . 

 
 

kardinaluri ricxvebi 

 
kardinaluroba 
 
or  X da Y simravles aqvs erTidaigive kardinaluroba 

(kardinaluri ricxvi, kardinali), 

(3.1)                        YX  , 

Tu arsebobs urTierTcalsaxa asaxva X-is Y-ze. 
(3.1) mimarTeba aris ekvivalentobis mimarTeba. Cven 

vuSvebT, rom SegviZlia yovel X simravles SevusabamoT misi 
kardinaluri ricxvi |X| ise, rom or simravles Seesabameba 
erTidaigive kardinaluri ricxvi mxolod im SemTxvevaSi, 
Tu isini akmayofileben (3.1) pirobas. kardinaluri ricxvebi 
SeiZleba ganisazRvros an regularulobis aqsiomis gamoye-
nebiT ((3.1)-iT mocemuli ekvivalentobis klasebiT), an 
amorCevis aqsiomis gamoyenebiT. am TavSi Cven ganvsazRvravT 
savsebiT dalagebuli simravleebis kardinalur ricxvebs; 
rogorc amorCevis aqsiomidan gamomdinareobs, yoveli sim-
ravle SeiZleba savsebiT dalagdes, es gansazRvravs 
kardinals ZFC-Si. 
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SegaxsenebT, rom X simravle aris sasruli, Tu |||| nX   

raime Nn -Tvis; maSin amboben, rom X-s aqvs n-elementi. 

cxadia, |||| mn   maSin da mxolod maSin, Tu mn  , da Cven 

ganvsazRvravT sasrul kardinals rogorc naturalur 
ricxvebs, e.i, nn ||  yoveli Nn . 

kardinaluri ricxvebis dalageba gansazRvrulia Semdeg-
nairad: 

(3.2)                        YX  . 

Tu arsebobs urTierTcalsaxa gadasaxva X-is Y-Si. Cven 

agreTve ganvsazRvravT mkacr dalagebas YX  , rac niSnavs, 

rom YX   im dros roca YX  . mimarTeba  (3.2)-dan aris 

tranzituli. qvemoT mocemuli Teorema 3.2 aCvenebs, rom  
aris nawilobriv dalageba da amorCevis aqsiomidan gamom-

dinareobs, rom  dalageba aris wrfivi – yoveli ori sim-
ravle sadaria am dalagebaSi. 

usasrulo simravleebis Sesaswavlad kardinalurobis 
cneba aris centraluri. Semdegi Teorema gviCvenebs, rom es 
cneba ar aris trivialuri. 

 
Teorema 3.1 (Cantor). nebismieri X simravlisaTvis, 

)(XPX  . 

damtkiceba. vTqvaT f aris funqciis X-dan P(x)-Si. simravle 
)}(:{ xfxXxY   

ar ekuTvnis f-is mniSvnelobaTa ares: Tu Xz  aris iseTi, 
rom Yzf )( , maSin Yz   maSin da mxolod maSin Tu Yz , 

winaaRmdegoba. maSasadame, f ar aris funqcia X-dan P(X)-ze. 
amrigad |||)(| XXP  . 

vTqvaT }{)( xxf   aris urTierTcalsaxa funqcia X-dan 

P(X)-Si da amrigad, )(XPX  . aqedan gamodis, rom )(XPX  .  

                                                        

Semdegi Teoremis TvalsazrisiT < mimarTeba aris kardi-
naluri ricxvebis nawilobrivi dalageba. 

                           

Teorema 3.2 (Gantor-Bernstein). Tu |||| BA   da |||| AB  , maSin 

|||| BA  . 
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damtkiceba. Tu BAf :1  da ABf :2  aris urTierTcal-

caxa, maSin vTqvaT )(2 BfB   da ))(( 121 AffA  , Cven gvaqvs 

ABA 1  da |||| 1 AA  . amrigad, Cven SegviZlia davuSvaT, rom 

ABA 1  da f aris urTierTcalsaxa funqcia A-dan A1-ze. 

gvinda vaCvenoT, rom |||| BA  . 

(induqciiT) yoveli Nn -Tvis ganvsazRvravT: 

                   AA 0 , )(1 nn AfA  , 

                   BB 0 , )(1 nn BfB  . 

vTqvaT g aris funqcia A-ze, romelic gansazRvrulia 
Semdegnairad: 



 


i.SemTxvevaS winaaRmdeg    

Tvis, raime  Tu 

,

),(
)(

x

nBAxxf
xg

nn
 

maSin advili Sesamowmebelia, rom g aris urTierTcalsaxa 

gadasaxva A simravlisa B simravleze. amrigad, |||| BA  . 

                                                             
ariTmetikuli operaciebi kardinalebze ganisazRvrebian 
Semdegnairad:  

(3.3)  || BAk   , sadac kA || , || B  da BA , 

      || BAk  , sadac kA || , || B , 

      || BAk  ,    sadac kA || , || B . 

 

lema 3.3. kA || , maSin kAP 2|)(|  . 

damtkiceba. yoveli AX  -Tvis, vTqvaT X  aris funqcia 










).(        .  ,0

,1
)(

XAxXx

Xx
xX

 Tu

, Tu 
  

gadasaxva 
X

Xf :  aris urTierTcalsaxa Sesabamisoba P(A) 

da A}1,0{  Soris. 

                                                              
amrigad, kantoris Teorema 3.1 SeiZleba ase CamovayaliboT: 

kk 2  yoveli k kardinalisaTvis. 
moviyvanoT zogierTi martivi faqti kardinalTa ariTme-
tikidan. 

(3.4) + da  arian asociatiuri, komutatiuri da distributiuli.  
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(3.5)    kk )( . 

(3.6)  kkk  . 

(3.7)   kk )( . 

(3.8) Tu k , maSin  k . 

(3.9) Tu  0 , maSin  kk  . 

(3.10) 10 k ; 11 k ; 00 k , Tu 0k . 

(3.4)-(3.10)-is dasamtkiceblad saWiroa Sesabamisi urTierT-
calsaxa funqciebis povna. 

alefebi 

 

 ordinals ewodeba kardinaluri ricxvi (kardinali), 

Tu ||||    yoveli   -Tvis. Cven gamoviyenebTYk, , ,  
kardinaluri ricxvebis aRsaniSnavad. 

Tu W aris savsebiT dalagebuli simravle, maSin 

arsebobs ordinali  iseTi, rom |||| W . amrigad, vTqvaT 

||W  umciresi ordinali iseTi, rom |||| W . 

cxadia, ||W  aris kardinaluri ricxvi. 
yoveli naturaluri ricxvi aris kardinali (sasruli 

kardinali); Tu S aris sasruli simravle, maSin nS ||  raime 

n-Tvis. 

ordinali  aris umciresi usasrulo kardinali. Sev-
niSnoT, rom yoveli usasrulo kardinali aris zRvariTi 
ordinali. usasrulo ordinalur ricxvebs, romlebic arian 
kardinalebi, ewodebaT alefebi. 

 

lema 3.4. 

(i) yoveli -Tvis arsebobs kardinaluri ricxvi, romelic 

metia -ze. 
(ii) Tu X aris kardinalTa simravle, maSin supX aris 

kardinali. 

yoveli -Tvis, vTqvaT   aris umciresi kardinaluri 

ricxvi, romelic metia -ze, -s memkvidre kardinali. 
 

damtkiceba. (i) nebismieri X simravlisaTvis, vTqvaT 

(3.11) )(Xh umciresi  iseTi, rom arsebobs urTierTcalsaxa 

funqcia -dan X-Si. 
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arsebobs X simravlis qvesimravleTa simravlis SesaZlo 
savsebiT dalagebaTa erTaderTi simravle. maSasadame, arse-
bobs ordinalTa erTaderTi simravle, romlsTvisac arsebobs 

urTierTcalsaxa funqcia -dan X-Si. amrigad h(X). 

Tu  aris ordinali, maSin |)(|||  h  (3.11)-is gamo. es ki 

amtkicebs (i)-s. 
(ii) vTqvaT Xsup . Tu f aris urTierTcalsaxa gadasaxva 

-dan raime -ze,   , vTqvaT Xk  aris iseTi, rom 

  k . maSin   |}:)({||| kfk , winaaRmdegoba. maSasadame, 

 aris kardinali. 
lema 3.4-is gamoyenebiT Cven ganvsazRvravT alefebis zrdad 

gadanomvras. Cveulebriv gamoviyenebT   kardinaluri ricx-

vebis aRsaniSnavad, da  -dalagebis tipebis aRsaniSnavad: 

  00 ,  

    11 , 

}:sup{    , Tu  aris zRvariTi ordinali. 

simravleebs, romelTa kardinaluroba aris 0  ewodebaT 

Tvladi; simravle aris araumetes Tvladi, Tu is aris 
sasruli an Tvladi. usasrulo simravles, romelic ar aris 
Tvladi, ewodeba araTvladi. 

kardinali 1  aris memkvidre kardinali. kardinali   , 

romlis indeqsi  aris zRvariTi ordinali, ewodeba zRvariTi 
kardinali. 

 

Teorema 3.5.   . 

kofinaluroba  

vTqvaT 0  aris zRvariTi ordinali. vityviT, rom 

zrdadi -mimdevroba   : ,  zRvariTi ordinalia, 

aris kofinaluri -Si, Tu  lim . analogiurad, A  

aris kodinaluri -Si, Tu Asup . Tu  aris usasrulo 

zRvariTi ordinali, -s kofinaluroba aris 

      cf umciresi zRvariTi ordinali  iseTi, rom arse-

bobs zrdadi -mimdevroba   : , romlis-

Tvisac  lim . 
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cxadia, cf  aris zRvariTi ordinali, da  cf . 

magaliTad:    cfcf )( .  
 

lema 3.6.  cfcfcf )( . 

damtkiceba. Tu   :  aris kofinaluri -Si da 

  vv :)(  aris kofinaluri -Si, maSin   vv :)(  aris 

kofinaluri -Si. 

                                                           
usasrulo kardinali   aris regularuli, Tu   cf . 

is aris singularuli, Tu   cf . 

lema 3.8. yoveli zRvariTi ordinalisaTvis , cf  aris 

regularuli kardinali. 

damtkiceba. martivi dasanaxia, rom Tu  ar aris 

kardinali, maSin || -s -ze gadasaxvis gamoyenebiT, SeiZleba 

avagoT kofinaluri mimdevroba -Si sigrZiT || , da amitom 

 cf . radgan  cfcfcf )( , aqedan gamomdinareobs, rom cf  

aris kardinali da aris regularuli. 

                                                           

Teorema. Tu k aris usasrulo kardinali, maSin cfkkk  . 
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gamoTvladi funqciebi 

 

$ 1. primitiulad rekursiuli, nawilobrivad 

    rekursiuli, zogadrekursiuli funqciebi 

CerCis Tezisi 
 

am TavSi mocemuli iqneba rekursiuli funqciis forma-
luri (anu maTematikurad zusti) gansazRvra. es aris erT-
erTi gza `algoriTmis daxmarebiT~ an `efeqturi proce-
duris daxmarebiT~ gamoTvladi funqciis araformaluri 
maTematikuri cnebis dazustebis. 

uxeSad rom vTqvaT, funqciis  rekursiuli gansazRvra es 
aris gansazRvra, romelSic mocemuli argumentebisaTvis 
funqciis mniSvnelobebi uSualod ganisazRvrebian igive 
funqciis `ufro martivi~ argumentebis mniSvnelobebiT an 
`ufro martivi~ funqciebis mniSvnelobebiT. cneba `ufro 
martivi~ unda dazustdes formalizaciis arCeviT. rogorc 
wesi umartivesia yvela konstanta-funqcia. 

rekursiuli gansazRvrebebi kargadaa cnobili maTemati-
kisaTvis. magaliTad, f funqcia, romelic gansazRvrulia 
Semdegnairad 

1)0( f , 

1)1( f , 

)1()()2(  xfxfxf , 

iZleva fibonaCis mwkrivs: 1, 1, 2, 3, 5, 8, 13,... 
primitiuladrekursiuli funqciebi – es aris yvelgan 

gansazRvrul farTe da saintereso klasis magaliTi, 
romelic SeiZleba msgavsi formalizaciiT miviRoT. 

vTqvaT [ x ] – iseTi gamosaxulebaa, rom `x~-is 
nacvlad nebismieri ricxvis Caxmisas is iRebs araumetes 

erTi mniSvnelobisa. maSin x [ x ] aRniSnavs funqcias 

 :,  yx [ x ] aqvs mniSvneloba y, roca `x~ interpreti-

rebulia rogorc ricxvi x . es aris funqciis gansazRvrisa-

Tvis CerCis (A-Church) lambda-aRniSvna. magaliTad, vTqvaT 

mocemulia 1  da 2 , maSin )]()([ 21 xxx    aris iseTi  

funqcia, rom 21  ArgArgArg   da )()()( 21 xxx    nebis-

mieri Argx -sTvis. Cven aseve gamoviyenebT lambda-
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aRniSvnas  k argumentiani funqciebisaTvis, romlis drosac 

nacvlad x  CavwerT kxxx 21 . 
  

gansazRvra. primitiulad rekursiul funqciaTa klasi 

aris yvelgan gansazRvrul funqciaTa umciresi C klasi, 
iseTi rom  

(I) yvela konstanta-funqcia ][21 mxxx k , k1 , m0  ekuTv-

nis C-s. 

(II) wanacvlebis funqcia ]1[ xx  ekuTvnis C-s. 

(III) amorCevis yvela funqcia ][1 ik xxx   ekuTvnis C-s, 

ki 1 . 

(IV) Tu k cvladis f funqcia ekuTvnis C-s da m-cvladis 

funqciebi kggg ,,, 21   ekuTvnis C-s, maSin funqcia 

 )),,(,),,,(( 1111 mkmm xxgxxgfxx   ,1 k  m, ekuTvnis C-s. 

(V) Tu 1k  cvladis h funqcia ekuTvnis C-s da 1k  

cvladis g funqcia ekuTvnis C-s, maSin k cvladis erTaderTi 
funqcia  f, romelic akmayofilebs pirobebs 

),,(),,,0( 22 kk xxgxxf   , 

),,),,,,(,(),,,1( 222 kkk xxxxyfyhxxyf   , 

k1 , ekuTvnis C-s, ((V) punqtSi `nuli cvladis funqcia C-
dan~ aRniSnavs fiqsirebul naturalur ricxvs). 

gansazRvridan uSualod gamomdinareobs, rom nebismieri 
yvelgan gansazRvruli funqcia  f primitiulad rekursiulia 
maSin da mxolod maSin, roca arsebobs funqciaTa iseTi 

sasruli mimdevroba nfff ,,, 21  , rom ffn   da nebismieri 

nj  -sTvis jf C (I), (II) an (III) Tvisebebis ZaliT, an fj miiReba 

raime cf , ,ji  -sgan (IV) an (V) punqtebis Tanaxmad. (amis 

dasamtkiceblad ganvixiloT yvela im f funqciaTa D klasi, 

romelTaTvisac arseboben aseTi mimdevrobebi nfff ,,, 21  . 

cxadia, D Sedis nebismier C klasSi, romelsac aqvs (I)-(V) 

Tviseba; garda amisa D TviTon aqvs (I)-(V) Tviseba. maSasadame, 

D  emTxveva yvela aseTi C klasis TanakveTas). Tu mocemulia 
aseTi mimdevroba f-sTvis imis zust aRwerasTan erTad Tu 

rogor moicema yoveli ,, njf j   funqcia, maSin vityviT, rom 

mocemulia primitiulad rekursiuli f funqciis sqema. 
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magaliTad, ganvixiloT f funqcia, romelic mocemulia 
sqemiT 

][1 xxf    (III)-iT  (1 – cvladis funqcia) 

]1[2  xxf   (III)-iT  (1 – cvladi) 

][, 23213 xxxxf   (III)-iT  (3 – cvladiani) 

324 fff    (IV)-iT  (3 – cvladiani) 

5f  akmayofilebs pirobebs 

)(),0( 2125 xfxf   

)),,(,(),1( 225425 xxyfyfxyf    (V)-iT (2 – cvladiani) 

),( 1156 fffff    (III)-iT  (1 – cvladiani). 

advili Sesamowmebelia, rom funqcia f6 aris ]2[ xx  (f5 – 

aris ][ yxxy  ). amitom SeiZleba davaskvnaT, rom ]2[ xx  aris 

primitiulad rekursiuli funqcia. 
sqema SeiZleba Caiweros raime standartuli simboluri 

formiT. sqemis Canaweri SeiZleba ganvixiloT, rogorc 
gansazRvruli f funqciis efeqturi gamoTvlisaTvis inst-
ruqciaTa erToblioba. magaliTad, wina magaliTSi f(2)-is 
gamosaTvlelad sqema iZleva Semdeg gamoTvlas 

           )2()2( 6ff  

                ))2(),2(( 115 fff  

       ))2(,2( 15 ff  

       )2 ,2(5f  

       )2),2,1(,1( 54 ff  

        )2),2),2,0(,0(,1( 514 fff  

       )2),2),2(,0(,1( 144 fff  

       )2),2,2,0(,1( 44 ff  

       )2)),2,2,0((,1( 324 fff  

       )2),2(,1( 24 ff  

       )2,3,1(4f  

       ))2,3,1(( 32 ff  

       )3(2f  

               = 4. 
amitom primitiul rekursiuli funqciis zust gansazRvras 

Cven ganvixilavT, rogorc algoriTmiT gamoTvladi yvelgan 
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gansazRvruli funqciis araformaluri cnebis kerZo SemTx-
vevas. 

aucilebelia algoriTmisa da algoriTmuli funqciis 
cnebebs Soris gansxvavebis gakeTeba. moviyvanoT ramdenime 
magaliTi imisaTvis, rom xazi gavusvaT aseT gansxvavebebs. 
kerZod, ganvsazRvravT g funqcias, romlisTvisac SegviZlia 
davamtkicoT garkveuli algoriTmis arseboba, magram ar 
viciT rogor avagoT konkretuli algoriTmi. ganvixiloT 
Semdegnairad gansazRvruli funqciebi  f da g: 











i;SemTxvevaS winaaRmdeg 

; zustad 5 cifri Tmimdevrobi  

erTmaneTis aris gaSlaSi aTobiT ricxvis  Tu 

0

,1

)( xxf



 











i.SemTxvevaS winaaRmdeg 

mainc; jer 5 cifri Tmimdevrobi  

erTmaneTis aris gaSlaSi aTobiT ricxvis  Tu 

0

,1

)( xxg



 

amJamad araa cnobili f funqciis gamoTvlis algoriTmi. 
metic, SeiZleba aRmoCndes, rom aseTi algoriTmi ar 
arsebobs. f funqciisagan gansxvavebiT viciT, rom g primi-
tiulad  rekursiulia. marTlac g unda iyos mudmivi 1 an 
moiZebneba iseTi k, rom  

1)( xg ,   kx  -Tvis; 

0)( xg ,    xk  -Tvis. 

orive SemTxvevaSi arsebobs primitiulad rekursiuli sqema, 
magram amJamad aravin ar icis, rogor gamovavlinoT swori 
sqema. 

ufro martivi magaliTis asagebad ganvixiloT problema, 
romelic ar aris maTematikosebis mier gadawyvetili, 
magaliTad goldbaxis problema imis Sesaxeb. rom orze 
meti yoveli luwi ricxvi aris ori martivi ricxvis jami da 
ganvsazRvroT funqcia h ase: 






.uaryofiTad wydeba problema Tu 

dadebiTad, wydeba problema Tu 

,0

,1
)(xh  

cxadia, rom h-i mudmivia. masasadame, is primitiulad rekur-
siulia, Tumca ar viciT, rogor avagoT swori sqera. 
 

ganvixiloT sasruli meqanikuri mowyobiloba, romelic 
dakavSirebulia (orsave mxares) qaRaldis usasrulo len-
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tasTan. lenta mTel sigrZeze dayofilia toli zomis 
ujrebad. am ujrebs vuwodebT yuTebs.  

mowyobiloba iseTia, rom lentas SeuZlia masSi moZraoba, 
amasTan zustad erTi yuTi imyofeba SigniT. mowyobilobis 
SigniT myof yuTis Sesaxeb vityviT, rom is aris gansaxil-
veli yuTi. lentis gaswvriv mimarTulebebs vuwodebT Sesa-
bamisad marcxenas da marjvenas. mowyobilobas SeuZlia Seas-
rulos Semdegi oTxi operaciidan erTi: (1) mas SeuZlia 
Caweros `1~ gansaxilvel yuTSi, Tu masSi ukve araa Cawerili 
`1~; (2) mas SeuZlia waSalos gansaxilvel yuTSi Cawerili 
da es yuTi aqcios cariel yuTad, Tu is ukve ar iyo 
carieli; (3) mas SeuZlia Tavisi yuradReba gadaitanos erTi 
yuTiT marjvniv (lenta gaswios erTi yuTiT marcxniv); (4) 
mas SeuZlia Tavisi yuradReba gadaitanos erTi yuTiT 
marcxniv (lenta gaswios erTi yuTiT marjvniv). mowyobi-
loba aqtiur mdgomareobaSi awarmoebs ZiriTad operaciebs 
siCqariT erTi operaciisa drois erTeulSi. zogjer im 
SemTxvevaSi, roca mowyobilobam Seasrula erTi operacia, 
Cven vityviT, rom Sesrulebulia mowyobilobis muSaobis 
nabiji. yoveli nabijis dasrulebisas mowyobilobas aqvs 
SesaZlo Sinagani (meqanikuri) struqturebis fiqsirebuli 
sasruli simravlidan erT-erTi. aseT struqturebs Cven 
vuwodebT Sinagan mdgomareobebs. sxvadasxva Sinagani 

mdgomareobis aRsaniSnavad gamoviyenebT simboloebs iq , 

,2,1,0i . bolos, mowyobiloba agebulia ise, rom misi qceva 
aRiwereba determinirebuli wesebis sasruli siiT. es wesebi 
gansazRvraven mimdinare Sinagani mdgomareobaTa da 
gansaxilveli yuTis CanaweriT, SemdegSi  rogori operacia 
warmoebs da rogori unda iyos Semdegi Sinagani mdgo-
mareoba (am Semdgomi operaciis bolos). 

vTqvaT 1 da B aRniSnaven SesaZlo Canawerebs nebismieri 
yuTSi (B Seesabameba cariel yuTs). vTqvaT, 1, B,  R da  L 
aRniSnaven Sesabamisad ZiriTad operaciebs (1), (2), (3) da (4). 
maSin wesebis erToblioba, romlebic gansazRvraven mowyobi-
lobis qcevas, SeiZleba Caiweros oTxeulTa erTobliobis 
saxiT. yoveli oTxeuli (rigis mixedviT) Sedgeba Semdegi 
saxis simboloebisagan: (I) Sinagani mdgomareobis, (II) yuTSi 
SesaZlo Canaweris, (III) operaciis, (IV) Sinagani mdgoma-
reobis. oTxeuli (I, II, III, IV) gamoxatavs aseT wess: (I) da 
(II)-s arsebobisas mowyobiloba awarmoebs (III) operacias da 
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gadadis (IV)-Si. vigulisxmebT, rom aseTi oTxeulis nebismieri 
erToblioba aris wesebis erToblioba raRac mowyobilobi-
saTvis; viTxovT mxolod erTaderT SezRudvas, rom nebismieri 
ori gansxvavebuli erToblioba unda gansxvavdebodes (I)-Si 
an (II)-Si. am SezRudvas vuwodoT Tavsebadobis piroba; am 
pirobebSi wesebis erTobliobas ar SeuZlia ori an meti 
sxvadasxva moqmedebis moTxovna erTsa da imave dros. amas-
Tanave Cven ar vigulisxmebT, rom wesebis erTobliobaSi 
gaTvaliswinebulia (I) da (II)-is nebismieri kombinacia; 
amnairad, Cven vuSvebT, rom garkveuli garemoebis dros mow-
yobilobas ar SeuZlia Seasrulos araviTari operacia. aseT 
SemTxvevaSi vityviT, rom mowyobiloba gaCerda. 

magaliTisaTvis ganvixiloT mowyobiloba  q0 da  q2 
Sinagani mdgomareobiT da romlis qceva ganisazRvreba ori 

oTxeuliT 201Bqq  da 02BRqq . Tu aseTi mowyobiloba miiRebs 

lentas erTmaneTis mimdevrobiT mdgomi erTianebis sasruli 
mimdevrobiT da daiwyebs muSaobas q0 mdgomareobaSi am 
mimdevrobis yvelaze marcxena yuTze, is waSlis yvela 
erTians da gaCerdeba. Tu aseTi mowyobiloba daiwyebs 
muSaobas lentaze, romelic sul erTianebiTaa Sevsebuli, 
maSin is arasdros ar gaCerdeba. 

zemoT aRwerili zogadi saxis mowyobilobas ewodeba 
tiuringis manqana. 

tiuringis manqana advilad ganisazRvreba sayovelTaod 

miRebul maTematikur enaze. vTqvaT  1,0T  da  3,2,1,0S . 

maSin tiuringis manqana SeiZleba ganvsazRvroT, rogorc 
gadasaxva TN   simravlis sasruli qvesimravlisa NS  -Si. 

(N-naturalur ricxvTa simravlea  ,2,1,0N . aq T warmoad-

gens yuTSi Canawers, S – operaciebs, romlebic unda Sesrul-
des, xolo N iZleva Sinagani mdgomareobebis SesaZlo 
nomrebs. 

vTqvaT ),,,( 1 yxxf n _funqciaa (araa aucilebeli, rom is 

iyos yvelgan gansazRvruli) da gvinda ganvsazRvroT 

),,( 1 nxxg   funqcia. 

),,( 1 nxxg   umciresi y iseTi, rom 0),,,( 1 yxxf n , ise, 

rom f funqciis gamoTvladobidan gamomdinareobs g-s gamoTv-
ladoba. aq unda gadavwyvitoT ori sakiTxi. pirveli, 

zogierTi nxx ,,1  -sTvis SeiZleba ar arsebobdes y, romlis-
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Tvisac 0),,,( 1 yxxf n . meore, davuSvaT, rom  f gamoTvladia 

da ganvixiloT ),,( 1 nxxg  -is gamoTvlis Semdegi bunebrivi 

algoriTmi. `gamovTvaloT )0,,,( 1 nxxf  ,  ),1,,,( 1 nxxf  manam, 

sanam ar vipoviT iseT y-s, rom 0),,,( 1 yxxf n ~. es procedura 

SeiZleba ar dasruldes, Tu f araa yvelgan gansazRvruli, 

maSinac ki, roca aseTi y arsebobs; magaliTad )0,,,( 1 nxxf   

araa gansazRvruli da 0)1,,,( 1 nxxf  . 

amgvarad, Cven mivdivarT minimizaciis -operatoris 
Semdeg gansazRvramde, romelic gamoTvladi funqciidan 
iZleva gamoTvlad funqcias. 

 

gansazRvra. yoveli ),,,( 1 yxxf n  funqciisaTvis 
























i. SemTxvevaS

 winaaRmdeg ligansazRvru araa

arsebobs.   

 aseTi Tu 

da       

yvela liagansazRvru 

rom iseTi,  umciresi

 ,0),,,(  (II)

 ),,,(  )1(

)0),,,(( 1

1

1 yxxf

yz

zxxf

y

yxxfy n

n

n 



  

)(y  ikiTxeba rogorc `umciresi y iseTi, rom...~ am 

operators zogjer uwodeben  operators. 
 

gansazRvra. nawilobrivad rekursiul funqciaTa klasi 
ewodeba umcires klass, romelic Seicavs funqciebs ][mx , 

]1[ xx , ][,,1 ik xxx  , ki 1  da Caketilia Casmis operaciis 

mimarT (ix. primitiulad rekursiul funqciaTa klasis 
gansazRvris (IV) punqti), primitiuli rekursiis operaciis 
mimarT (ix. primitiulad rekursiul funqciaTa klasis gan-
sazRvris (V) punqti) da minimizaciis operaciis mimarT. 

 

gansazRvra. yvelgan gansazRvrul nawilobrivad rekur-
siul funqcias ewodeba zogadrekursiuli funqcias. 

 
CerCis Tezisi. algoriTmulad gamoTvlad nawilobriv 

ricxviT funqciaTa klasi emTxveva yvela nawilobrivad 
rekursiul funqciaTa klass. 
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gedelis nomrebi, universaluroba, s –m–n  
Teorema 

 
wina paragrafidan Cans, rom instruqciaTa erToblioba 

es aris oTxeulTa erToblioba, romelic akmayofilebs 
Tavsebadobis pirobas. yvela primitiulad rekursiuli 
sqemis gadaTvlis analogiurad SeiZleba movaxdinoT yvela 
instruqciaTa erTobliobis gadaTvlis procesi. es procesi 
algoriTmulia (am sityvis araformaluri azriT). arseboben 
procedurebi, romlebic yovel x-s usabameben yvela 
instruqciaTa erTobliobis gadaTvlaSi )1( x  adgilze 

myof instruqciaTa erTobliobas. davuSvaT, rom Cven 
amovirCieT erTi aseTi gadamTvleli procedura. 

 
gansazRvra. Px – es aris instruqciaTa erToblioba, 

romelic Seesabameba x – ricxvs yvela instruqciaTa erTob-
liobis fiqsirebul gadaTvlaSi.  x-s ewodeba  Px erToblio-
bis indeqsi an gedelis nomeri. 

vTqvaT )(k

x aris k cvladis funqcia, romelic gansazRv-

rulia Px erTobliobiT. x-s ewodeba )(k

x  nawilobrivi 

funqciis indeqsi an gedelis nomeri. 
cxadia, rom gadaTvlis procesi iZleva rogorc (a) 

nebis-mieri x-dan Sesabamis Px-ze gadasvlis algoriTms, aseve 
(b) nebismieri Tavsebadi oTxeulTa erTobliobidan P iseT x- 
ricxvze gadasvlis algoriTms, rom P aris Sesabamisi Px. 

 

Teorema 1. arsebobs zustad 0 (Tvladi raodenoba) nawi-

lobriv rekursiuli funqciebisa da zustad 0 raodenoba 
zogadrekursiuli funqciebisa. 

 

damtkiceba. CerCis Tezisis Tanaxmad yvela konstanta-

funqcia zogadrekursiulia. maSasadame, arsebobs 0 raode-
noba mainc zogadrekursiuli funqciebisa. gedelis numeracia 

gviCvenebs, rom arsebobs araumetes 0 raodenoba nawilob-
rivad rekursiuli funqciebisa. 

Teorema 2. arseboben ararekursiuli funqciebi. 
 

damtkiceba. kantoris cnobili Teoremis Tanaxmad 

arsebobs 02
  funqcia. 
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Teorema 3. yovel nawilobrivad rekursiul funqcias 

aqvs 0 gansxvavebuli nomeri. 
 

damtkiceba. Cven unda vaCvenoT, rom arsebobs 0 nomeri 
mainc. vTqvaT mocemulia nawilobrivad rekursiuli funqcia 

0x .  vTqvaT m iseTi ricxvia, romelic metia vidre 
0xP -Si 

Semavali Sinagani mdgomareobis ricxviTi indeqsebi. 
0xP -sTvis 

am CanawerSi 1-iani Cans, rogorc zeda indeqsi. sinamdvileSi 

ki unda iyos q-s gverdiT. magaliTad, mm qq11  ,, 1

11

1

11

 mmmm qqqq  

kmkm qq 

11,  oTxeulebis damatebiT Sesabamisi nawilobrivi 

funqcia ar icvleba, radgan gamoTvlis procesSi ar SeiZleba 

gamoCndes arc ,mq , arc kmq  . k-s cvlilebiT miviRebT 
0x  

funqciis instruqciaTa erTobliobisaTvis 0 gansxvavebul 
nomers. 

aRvniSnoT, rom Semdegi teqsti, sazogadod, gansazRvravs 

araformalurad algoriTms garkveul  funqciisaTvis: 
miviRebT Sesasvlels <x, y>, ipoveT Px (awarmoeT standartuli 
efeqturi gadaTvla yvela instruqciaTa erTobliobebis, 
sanam ar miviRebT  Px), Semdeg gamoiyeneT Px(y) Sesasvlelze 

imisaTvis, rom gamoTvaliT )(yx ; roca )(yx  mogcemT 

gamosasvlels (Tu es moxdeba), aiReT is rogorc gamosasv-

leli ),( yx -sTvis. 

gvaqvs: 






elia.ganusazRvr   Tu elia,ganusazRvr

lia;gansazRvru   Tu 

)(

)(),(
),(

y

yy
yx

x

xx




  

CerCis Tezisis Tanaxmad miviRebT, rom  aris nawilob-
rivad rekursiuli funqcia da rom garkveuli x1-sTvis 

)2(

1x
  . miRebuli Sedegi CamovayaliboT Teoremis saxiT. 

 
Teorema 4. arsebobs iseTi z, rom nebismieri x da  y-sTvis 

)(),( yyx xz   , Tu )(yx  gansazRvrulia, da ),( yxz  araa gan-

sazRvruli, Tu )(yx  araa gansazRvruli. 
)2(

z  funqcias Teorema 4-dan ewodeba universaluri 

funqcia erTcvladiani nawilobrivad rekursiuli funqcie-
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bisaTvis. Pz-es aris tiuringis manqana, romelic SeiZleba 
gamoviyenoT imisaTvis, rom movaxdinoT nebismieri erTcvla-
diani nawilobrivad rekursiuli funqciis dublireba. Pz-s 
vuwodoT universaluri manqana. 

 
Teorema 5. nebismieri m, 1n  arsebobs zogadrekursiuli 

funqcia m

ns  1m  cvladis iseTi, rom yoveli myyx ,,, 1   

  )(

),,,(11

)(

1
1

),,,,,( n

yyxSnm

nm

xn
m

m
n

zzyyzz


   . 

Teorema 5 cnobilia nms   Teorema da ekuTvnis klinis. 
 

gaCerebis problema 

 
arsebobs Tu ara efeqturi procedura imis dasadgenad 

gansazRvrulia Tu ara )(yx  mocemuli x da y-sTvis anu 

iZleva Tu ara gamosavals Px erToblioba y Sesavalze gamo-
yenebisas? CerCis Tezisis Tanaxmad am kiTxvas mivceT misi 
eqvivalenturi da zusti forma. arsebobs Tu ara iseTi 

rekursiuli funqcia g, rom 1),( yxg , Tu )(yx  gansazRv-

rulia 0),( yxg , Tu )(yx  araa gansazRvruli? am kiTxvaze 

pasuxs iZleva Semdegi Teorema. 
 
Teorema 6. ar arsebobs iseTi zogadrekursiuli funqcia 

g, rom nebismieri x, y 






li.gansazRvru araa  Tu 0,

lia;gansazRvru  Tu 

)(

)(,1
),(

y

y
yxg

x

x




 

 

damtkiceba. ganvsazRvroT  Semdegnairad: 

       
















elia.ganusazRvr                    

 an  Tu elia,ganusazRvr

; Tu 

),(

0),(

0),(,1

),(

)2(

)2(

)2(

xx

xx

xx

xz

z

z

z







  

CerCis Tezisis Tanaxmad  nawilobrivad rekursiulia. 
Teorema 5-is Tanaxmad z-iT efeqturad vipovoT )],([ zxx  

funqciis gedelis nomers, anu arsebobs zogadrekursiuli 

funqcia h iseTi, rom nebismieri z-sTvis )],([)( xzxzh   . (h-is 
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rolSi SeiZleba aviRoT )],([ 1

1

1 zwsz , sadac w1-aris -s 

gedelis nomeri).  

davuSvaT, rom 
0zg   raime z0-sTvis. h-is gansazRvris 

Tanaxmad, )()( 0
xzh  gansazRvrulia 0),(

0
 xxz . x-is nacvlad 

)( 0zh -is CasmiT gvaqvs 

))(( 0)( 0
zhzh gansazRvrulia 0)(),(( 000

 zhzhz . 

magram maSin 
0z  ar SeiZleba emTxveodes g-s, radgan 

 )(),( 00 zhzh  SesasvlelisaTvis 
0z  funqcia an araa gan-

sazRvruli an iZleva mcdar informacias. 
Sedegi. ar arsebobs iseTi zogadrekursiuli funqcia  f, 

rom  






li.gansazRvru araa  Tu 0,

lia;gansazRvru  Tu 

)(

)(,1
)(

x

x
xf

x

x




 

damtkiceba gamomdinareobs Teoremis damtkicebidan. 
Cvens sawyis problemas (romelic Camoyalibebulia am 

paragrafis pirvel abzacSi) ewodeba gaCerebis problema, 
sadac sityva `gaCereba~ aRniSnavs `gamosasvlelis arsebobas~. 
Teorema 6-Si dadgenili faqti cnobilia, gaCerebis 
problemis rekursulad amouxsnadobis saxeliT. 

 
Teorema 7. ar arsebobs efeqturi procedura nebismieri  

x-sTvis x  funqcia yvelgan aris Tu ara gansazRvruli. sxva 

sityvebiT, ar arsebobs zogadrekursiuli f funqcia iseTi, 
rom  






li.gansazRvru yvelgan araa  Tu 0,

lia;gansazRvru yvelgan  Tu 

x

x
xf



,1
)(  

 
damtkiceba. moviyvanT araformalur damtkicebas. davuSvaT, 

rom aseTi f funqcia arsebobs. maSin ganvsazRvriT g funqcia 
ase: 
                 ]1)([)0(  yfyg  , 

     ]1)(&)([)1(  yfxgyyxg  . 

radgan 1)( yf  usasrulod bevri y-sTvis (ix. Teorema 1), 

amitom g yvelgan gansazRvrulia. CerCis Tezisis Tanaxmad g 
zogadrekursiulia. ganvsazRvroT h Semdegnairad:  
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][ 1)()(  xxh xg . 

 f funqciaze daSvebis gamo h funqcia yvelgan gansazRv-
rulia. CerCis Tezisis ZaliT h zogadrekursiulia. vTqvaT 

0zh  . g-funqciis gansazRvris Tanaxmad, )( 0

1 zg   ganisazRv-

reba calsaxad, aRvniSnoT is y0-iT. maSin 1)()( 0)(0 0
 yyh yg ,  

h funqciis gansazRvris Tanaxmad, magram )()( 0)(0 0
yyh yg  y0-is 

gansazRvris gamo. radgan h yvelgan gansazRvrulia, miviReT 
winaaRmdegoba. 
 

rekursiuloba 

 

Teorema 8. vTqvaT f aris 1k  cvladi zogadrekursiuli 

funqcia, maSin ]][[ 1),,,( 11 yxxfyxx kk    aris k cvladis 

nawilobrivad  rekursiuli funqcia. 
 
damtkiceba. is gamomdinareobs CerCis Tezisidan. davuSvaT 

]][[ 1),,,( 11  yxxfyxx kk   . 

maSin imisaTvis, rom gamovTvaloT ),,( 1 kxx   saWiroa mim-

devrobiT gamovTvaloT 

 ),2,,,(),1,,,(),0,,,( 111 kkk xxfxxfxxf  

rogorc ki moiZebneba iseTi y, rom 1),,,( 1 yxxf k  (Tu es 

moxdeba), mas aviRebT -s mniSvnelobad. f-is gamoTvlebi 
yovelTvis gansazRvrulia radgan f-i zogadrekursiulia. 

Teorema 8-s uwodeben -Teoremas. SevniSnoT, rom es 
Teorema araa samarTliani Tu f-s SevcvliT 1k  cvladis 
nawilobrivad rekursiuli funqciiT. 

 

Teorema 9. arsebobs konkretuli zogadrekursiuli funq-
ciebi erTi cvladis funqcia p da sami cvladis funqcia t 
iseTi, rom nebismieri z-sTvis. 

])][([ 1),,(  yxztypxz  . 
 

damtkiceba. ganvsazRvroT s-funqcia Semdegnairad: 











i.SemTxvevaS winaaRmdeg 0,

Semdeg; nabijis  umetes ara      

lsgamosasvle  iZleva eSesasvlelz  Tu 

w

yxP

wyxzs

z   ,1

),,,(  
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CerCis Tezisis Tanaxmad s-zogadrekursiulia. ganvsazRv-
roT p da q ase: 

1[  xxp  -is martiv mamravlebad daSlaSi 3-is maCvenebeli], 

1[  xxq  -is martiv mamravlebad daSlaSi 2-is maCvenebeli]. 

davuSvaT 

][ ))(),(,,( yqypxzszxyt  . 

CerCis Tezisis Tanaxmad,  p, q da, maSasadame, t- zogadrekur-
suli funqciebia. Teorema gamomdinareobs s, p, q da t funq-
ciebis gansazRvridan.  

Teorema 9-s ewodeba klinis Teorema normaluri formis 
Sesaxeb.  

Sedegi. arseboben iseTi zogadrekursiuli p da kt  funq-

ciebi, rom nebismieri z-sTvis 

][ ])1),,,([( 11

)(  yxxztpxx kkk

k

z   . 

damtkiceba. Teorema 9 damtkicebis analogiuria. 
 

amouxsnadi problemebis magaliTebi 

 
Teorema 6, misi Sedegi da Teorema 7 iZlevian rekur-

siulad amouxsnadobis magaliTebs. yoveli maTgani dakavSi-
rebulia `problemasTan~, romelic SeiZleba CamovayaliboT, 
rogorc raime simravlis elementTa efeqturi gamocnobis 
problema. magaliTad Teorema 6-is SedegisaTvis aseTi 

simravle iqneba )(:{ xx x gansazRvrulia}. yoveli am sami 

Sedegidan gviCvenebs, rom Sesabamis simravles ar aqvs 
rekursiuli maxasiaTebeli funqcia. Cven am Sedegebs gavaer-
TianebT da vityviT, rom mocemuli problemebi rekursiulad 
amouxsnadia. 

ganvixiloT Semdegi problemebi: 

(a) nebismieri x-sTvis ganisazRvros aris Tu ara x  

funqcia mudmivi funqcia. 
(b) nebismieri x da y-sTvis ganisazRvros ekuTvnis Tu ara 

y x  funqciis mniSvnelobaTa simravles. 

(c) nebismieri x, y da z-sTvis ganisazRvros sruldeba Tu 

ara zyx )( . 

(d) nebismieri x da y-sTvis ganisazRvros sruldeba Tu 

ara yx   . 
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(e) nebismieri x-sTvis ganisazRvros usasruloa Tu ara 

x  funqciis mniSvnelobaTa simravle. 

(f) fiqsirebuli y0-sTvis nebismieri x-sTvis ganisazRvros 

ekuTvnis Tu ara y0 x  funqciis mniSvnelobaTa are. 

(g) fiqsirebuli x0-sTvis nebismieri y-sTvis ganisazRvros 

ekuTvnis Tu ara y 
0x  funqciis mniSvnelobaTa ares. 

 
Teorema I. problemebi (a), (b), (c), (d) da (e) rekursiulad 

amouxsnadia. y0-is nebismieri arCevis dros (f) problema 
amouxsnadia. problema (g) SeiZleba iyos amoxsnadic da 
amouxsnadic, es damokidebulia x0-is SerCevaze. 

 

damtkiceba. (a) vTqvaT g – aris xx :{  aris mudmivi funqcia} 

simravlis maxasiaTebeli funqcia. ( )(xCA  funqcias ewodeba 

A simravlis maxasiaTebeli funqcia, Tu 1)( xCA , roca 

Ax , da 0)( xCA  roca Ax ). vaCvenoT, rom g araa rekur-

siuli. 

ganvsazRvroT ori  cvladis  funqcia  Semdegnairad: 

<x, y> Sesasvlelis miRebisas vipovoT xP  da gamoviyenoT xP  

xP -is SesasvlelisTvis; roca procesi damTavrdeba (Tu es 

moxda) gamosasvlelad miviRoT 0. CerCis Tezisis Tanaxmad  

nawilobrivad rekursiulia. cxadia, rom  akmayofilebs 
aseT pirobas: 






li.gansazRvru araa  Tu li,gansazRvru araa

lia;gansazRvru  Tu 

)(

)(,1
),(

x

x
yx

x

x




  

s-m-n Teoremis Tanaxmad arsebobs zogadrekursiuli funqcia 

h1 iseTi, rom )(`1
)],([ xhyxy    (h1 aris funqcia )]([ 0

1

1 xzsx , 

sadac z0 aris -s nomeri). maS, ase, 






li.gansazRvru araa  Tu li,gansazRvru araa

lia;gansazRvru  Tu 

)(

)(,1
)()(1 x

x
y

x

x

xh



  

maSasadame )(1 xh mudmivi funqciaa maSin da mxolod maSin, 

roca )(xx  gansazRvrulia. 

Tu g funqcia rekursiulia, maSin ))](([( 11 xhgxgh  ) zogad- 

rekursiulia da  
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




li.gansazRvru araa  Tu 0,

lia;gansazRvru  Tu 

)(

)(,1
)(1

x

x
xgh

x

x




 

magram gh1 iqneba )(:{ xx x  gansazRvrulia} simravlis maxa-

siaTebeli funqcia, rac ewinaaRmdegeba Teorema 6-is Sedegs. 
amitom g ar SeiZleba iyos rekursiuli. 

(b) vTqvaT f aris maxasiaTebeli funqcia mimarTebis 

yyx :,{   ekuTvnis x  funqciis mniSvnelobaTa ares}. vTqvaT 

h1-zogadrekursiuli funqciaa (a) punqtis damtkicebidan. Tu 

f rekursiulia, maSin )]0),(([ 1 xhfx  iqneba rekursiuli maxa-

siaTebeli funqcia )(:{ xx x  gansazRvrulia} simravlisaTvis, 

rac ar SeiZleba. 
(c) vTqvaT f aris maxasiaTebeli funqcia mimarTebis 

zyzyx z  )(:,,{  }. Tu f rekursiulia, maSin )]0,0),(([ 1 xhfx  

iqneba rekursiuli maxasiaTebeli funqcia )(:{ xx x  gansazRv-

rulia} simravlisaTvis, rac gvaZlevs winaaRmdegobas (aq h1 
kvlav (a) punqtidanaa aRebuli). 

(d) vTqvaT f aris maxasiaTebeli funqcia mimarTebis 

}:,{ yxyx   , aviRoT ]0[x  funqciis raime y0 nomeri, maSin 

)]),(([ 01 yxhfx  iqneba rekursiuli maxasiaTebeli funqcia 

)(:{ xx x  gansazRvrulia} _ simravlisaTvis, sadac h1-kvlav 

(a) punqtis damtkicebidanaa. 
(e) vTqvaT f aris maxasiaTebeli funqcia, simravlis 

xx :{ -is mniSvnelobaTa simravle usasruloa}. (a) punqtis 

damtkicebis meTodis analogiurad ganvsazRvroT zogadre-
kursiuli h2 funqcia ise, rom 






elia.ganusazRvr  Tu elia,ganusazRvr

lia;gansazRvru  Tu 

)(

)(,
)()(2 x

xy
y

x

x

xh



  

Tu f rekursiulia, maSin ))](([ 2 xhfx  iqneba )(:{ xx x  gan-

sazRvrulia} simravlis rekursiuli maxasiaTebeli funqcia. 

(f) vTqvaT mocemulia y0 da vTqvaT f aris 0:{ yx  ekuTvnis 

x  funqciis mniSvnelobaTa simravleze} simravlis maxasia-

Tebeli funqciaa. maSin Tu f rekursiulia, maSin ))](([ 2 xhfx  

iqneba )(:{ xx x  gansazRvrulia} simravlis zogadrekursiuli 
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maxasiaTebeli funqcia, sadac h2 aris (e)-s damtkicebaSi 
gansazRvruli zogadrekursiuli funqcia. 

(g) SevarCioT x0 ise, rom 
0x  iyos igivuri funqcia anu 

yyx )(
0

  nebismieri y-sTvis. maSin yy :{  ekuTvnis 
0x  funqciis 

mniSvnelobaTa ares} simravlisaTvis rekursiuli maxasiaTe-
beli funqciis rolSi SeiZleba aviRoT funqcia ]1[x . 

 

amouxsnadi problemebi maTematikis 

sxvadasxva dargSi 

 
mTeli rigi klasikuri maTematikuri amocanebisa exeba 

garkveuli `problemebis~ amoxsnadobis algoriTmis arse-
bobis sakiTxs. kodirebis daxmarebiT es sakiTxebi SeiZleba 
CamovayaliboT, rogorc sakiTxebi rekursiuli funqciebis 
arsebobis Sesaxeb. am ukanasknelSi ufro zusti formiT 
mTelma rigma aseTi sakiTxebisa miiRo uaryofiTi amoxsna. 

aseTi saxis pirveli Sedegebi maTematikur logikaSi 
aRmoCenili iyo gedelis, CerCis da tiuringis SromebSi. 
gedelisa da CerCis Sedegebi exebodnen konkretul formalur 
logikur sistemebSi damtkicebadi formulebis gansazRvris 
algoriTmis arsebobas. 

amouxsnadobis Sesaxeb Sedegebi miRebuli iyo ricxvTa 
TeoriaSi da algebraSi. ganvixiloT polinomi racionaluri 
koeficientebiT da nebismieri raodenoba cvladebiT. ganvi-
xiloT problema imis gansazRvrisa, rom nebismier aseT 

polinoms aqvs Tu ara namdvili amonaxseni (  krr ,,1   aris  

),,( 1 kxxp   polinomis amonaxseni, Tu )0),,( 1 krrp  . es prob-

lema amoxsnadia. analizis cnobili meTodebi iZlevian am 
problemis amoxsnis algoriTms. arsebobs Tu ara algoriTmi, 
romelic gaarkvevs nebismieri aseTi polinomisaTvis, aqvs 
Tu ara mas amonaxseni racionalur ricxvebSi (`diofantes 
fesvebi~)? am sakiTxTan dakavSirebuli `problema~ cnobilia 
hilbetris meaTe problemis saxeliT. matiaseviCma aCvena, 
rom hilbertis es problema aris rekursiulad amouxsnadi. 

jgufTa Teoria iZleva amouxsnadobis magaliTs algeb-
raSi. jgufis Canaweri es aris jgufis ganmsazRreli 
warmomqmnelebis da damokidebulebebis sasruli sia (Cven aq 
ar ganvsazRvravT am terminebs). problema imis gansazRvrisa, 
rom nebismieri jgufis CanaweriT da nebismieri sityvisaTvis 
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warmomqmnelebidan SeiZleba Tu ara gardavqmnaT es sityva 
erTeulSi jgufis damokidebulebebis Tanaxmad, cnobilia 
rogorc igiveobis (tolobis) problema jgufTa TeoriaSi. 
nivikovma da bunma aCvenes, rom es problema rekursiulad 
amouxsnadia. 

amouxsnadobis Sesaxeb problemebi miRebuli iqna aseve 
topologiaSi. problema imis gansazRvrisa, roca cxadad 
mocemulia ori triangulacia oTxganzomilebiani mravalsa-
xeobebisa, homomorfulia Tu ara es mravalsaxeobebi, aris 
rekursiulad amouxsnadi. 

problemaTa rekursiulad amouxsnadobis dasamtkiceblad, 
romlebic rekursiul funqciaTa Teorias ar ekuTvnian, 
TiTqmis yovelTvis gamoiyeneba dayvanadobis meTodi. gamo-
sakvlevi problema ukavSirdeba rekursiul funqciaTa 
Teoriis amouxsnad problemas – Cveulebriv gaCerebis prob-
lemis raime formas. 

 

zogierTi nawilobrivad rekursiuli 

funqciis arseboba 
 

Teorema II. arsebobs iseTi nawilobrivad rekursiuli 

funqcia , rom arcerTi zogadrekursiuli funqcia f ar 

aris  funqciis gagrZeleba, anu araa samarTliani, rom 

)()[( xx   gansazRvrulia )]()( xfx  . 

damtkiceba. ganvsazRvroT  Semdegnairad: imisaTvis, rom 

gamovTvaloT )(x , saWiroa  vipovoT Px  da gamoviyenoT Px 

x-ze; rogorc ki gamoCndeba gamosasvleli (Tu es moxdeba), 

unda aviRoT 1)( xx  )(x -is mniSvnelobad. CerCis Tezisis 

Tanaxmad  nawilobrivad rekursiulia ( aris ]1),([
0

xxx z , 

sadac 
0z -universaluri funqciaa). gvaqvs 



 


elia.ganusazRvr  Tu elia,ganusazRvr

lia;gansazRvru  Tu 

)(

)(,1)(
)(

x

xx
x

x

xx




  

vTqvaT f-nebismieri zogadrekursiuli funqciaa, da y 

aris f-is nomeri, anu yf  . radgan f yvelgan gansazRvrulia, 

amitom  )()( yyf y gansazRvrulia. maSasadame, )(y  gan-

sazRvrulia da 
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1)()(  yfy . 

amitom f ar SeiZleba iyos  funqciis gagrZeleba. 
 
Teorema III. arsebobs iseTi nawilobrivad rekursiuli 

funqcia , rom nebismieri zogadrekursiuli f funqciisa-
Tvis araa samarTliani 

]]1),([[  yxfyx  . 

damtkiceba. ganvsazRvroT nawilobrivad rekursiuli 

funqcia  Semdegnairad. imisaTvis, rom gamovTvaloT )(x , 

vipovoT Px, gamoviyenoT  Px-i x-ze, rogorc ki gamoCndeba 

gamosavali (Tu es moxdeba), davuSvaT xx )( . cxadia, rom  

nawilobrivad rekursiulia. garda amisa, 






elia.ganusazRvr  Tu li,gansazRvru araa

lia;gansazRvru  Tu 

)(

)(,
)(

x

xx
x

x

x




  

davuSvaT, rom arsebobs iseTi zogadrekursiuli funqcia 

f, rom nebismieri x-sTvis ]1),([)(  yxfux  . maSin 

)(xx  gansazRvrulia 1),(  xxf  da 

)(xx  ar aris gansazRvruli 1),(]1),()[(  xxfyxfy . 

ganvsazRvroT g funqcia ase: 










. Tu 0,

; Tu 

1),(

1),(,1
)(

xxf

xxf
xg  

g(x) funqcia rekursiuli, radgan ),( xxf  gansazRvrulia 

nebismieri x-sTvis. magram maSin g maxasiaTebeli funqciaa 

)(:{ xx x  gansazRvrulia} simravlisaTvis. rac ar SeiZleba. 

 
 

rekursiuli da rekursiulad gadaTvladi 

simravleebis gansazRvrebebi 
 

gansazRvra. simravle rekursiulia, Tu mas aqvs zogad-
rekursiuli maxasiaTebeli funqcia (anu A rekursiulia 
maSin da mxolod maSin, roca arsebobs zogadrekursiuli 
funqcia f iseTi, rom nebismieri x-sTvis 1)(  xfAx  da 

)0)(  xfAx . 
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intuiciurad, A rekursiulia, Tu arsebobs efeqturi 
procedura, romelic saSualebas iZleva nebismieri mocemuli 
x-sTvis gavarkvioT, ekuTvnis Tu ara x-i A simravles.  

 
magaliTebi. Semdegi simravleebi rekursiulebia: 

(I) simravle {0, 2, 4,} yvela luwi ricxvebisa; 

(II) N da ; 
(III) nebismieri sasruli simravle; 
(IV) nebismieri simravle sasruli damatebiT. 
 
gansazRvra. A simravle rekursiulad gadaTvladia, Tu 

A  an arsebobs iseTi zogadrekursiuli funqcia f, rom A 
aris  f-is mniSvnelobaTa simravle. 

intuiciurad, simravle rekursiulad gadaTvladia, Tu 
arsebobs misi elementebis gadaTvlis (SesaZloa ganmeorebiT) 
efeqturi procedura. 

 

Teorema I. A rekursiulia  A rekursiulad gadaTvladia. 

damtkiceba. (I) SemTxveva. A . maSin ganvsazRvroT A 
rekursiulad gadaTvladia. 

(II) SemTxveva. A sasrulia da  . vTqvaT },,{ 1 knnA  . 

ganvsazRvroT f Semdegnairad: 










. Tu ,

; Tu 

xkn

kxn
xf

k

x ,
)(  

(III) SemTxveva. A usasruloa. vTqvaT g maxasiaTebeli 
funqcia A-sTvis. ganvsazRvroT f ase: 
                ]1)([)0(  ygyf  ; 

                1)([)1(  ygyxf   da ])( yxf  . 

(II) da (III) SemTxvevebSi f funqcia zogadrekursiulia 
CerCis Tezisis Tanaxmad da A aris f-is mniSvnelobaTa 
simravle.  

 

Teorema II. A rekursiulia  rogorc A aseve A  rekur-
siulad gadaTvladia. 

damtkiceba.  uSualod gamomdinareobs Teorema I-dan. 

. Tu A an A  carielia, maSin A rekursiuloba cxadia. 

Tu A da A  ar arian carieli, maSin raime zogadrekur-
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siuli funqciebisaTvis f, g gvaqvs ValfA  , gValA    (Valf -

aris f funqciis mniSvnelobaTa simravle). f da g funqciebiT 
SeiZleba aRvweroT rekursiuli procedura, romelic saSua-
lebas mogvcems gamovicnoT ekuTvnis Tu ara ricxvi A 
simravles: saxeldobr, vTqvaT gvinda gavarkvioT x ekuTvnis 
Tu ara A-s. mimdevrobiT ganvixilavT ),0(f  )0(g , )1(f , )1(g , 

),2(f . Tu x aRmoCndeba f-is mniSvneloba, maSin x ekuTvnis A-s. 

Tu x aRmoCndeba g-s mniSvneloba, maSin x ekuTvnis A -s. 

radgan NAA  , x-i aucileblad iqneba f-is an g-s mniSv-
neloba. 

 
gansazRvra. A simravle rekursiulad gadaTvladia ara-

klebadobiT, Tu arsebobs iseTi zogadrekursiuli funqcia 
f, rom ValfA   da f araklebadi funqciaa, anu  yxyx )[)((  

)]()( yfxf  . 

gansazRvra. A simravle rekursiulad gadaTvladia 
zrdadobiT, Tu arsebobs iseTi zogadrekursiuli funqcia f, 
rom ValfA   da f zrdadi funqciaa, anu  yxyx )[)((  

)]()( yfxf  . 

 

Teorema III. (a) [A rekursiulia A&  A]  rekursiulad 
gadaTvladia araklebadobiT. 

(b) [A rekursiulia da A usasruloa]  A rekursiulad 
gadaTvladia zrdadobiT. 

damtkiceba.  (a) da (b)-sTvis. martivad mtkicdeba Teorema 
I-is damtkicebis II da III SemTxvevebSi agebuli funqciebis 
gamoyenebiT. 

 

 (a) – SemTxveva. ganvixiloT Semdegi ori SemTxveva: 
(I) – SemTxveva. A sasrulia. maSin A rekursiulia, radgan 

yoveli sasruli simravle rekursiulia. 
(II) – SemTxveva. A usasruloa. vTqvaT f funqcia gadaTvlis  

A simravles araklebadobiT. imisaTvis, rom gavarkvioT 
ekuTvnis Tu ara x-i A simravles, gamoviTvliT f funqciis 
mniSvnelobebs manam, sanam ar gamoiTvleba ricxvi, romelic 
metia x-ze. maSin xAx   ukve aRmoCnda gamoTvlil mniSv-
nelobebSi. maSasadame, Cven gvaqvs efeqturi meTodi imisa, 
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rom gavarkvioT x ricxvi ekuTvnis Tu ara A simravles. 
maSasadame, A rekursiulia. 

 

 (b) - SemTxveva. es mtkiceba mimdinareobs (a) SemTxvevis 
(II) qveSemTxvevis msgavsad (am SemTxvevaSi saWiroa mxolod 

)(,),1(),0( xfff   mniSvnelobebis gamoTvla). 

 
Teorema IV. yovel usasrulo rekursiulad gadaTvlad 

simravles aqvs usasrulo rekursiuli qvesimravle. 
damtkiceba. vTqvaT A usasrulo da rekursiulad 

gadaTvladia. davuSvaT, rom f zogadrekursiuli funqciaa 
da AValf  . ganvsazRvroT zogadrekursiuli funqcia g 

Semdegnairad: 
               )0()0( fg  , 

               )])()([()1( xgyfyfxg   . 

vTqvaT gValB   . maSin g gadaTvlis B simravles zrda-

dobiT da, wina Teoremis Tanaxmad, B simravle rekursiulia. 
radgan AB  , Teorema damtkicebulia. 
 

ZiriTadi Teorema 

 
Teorema (ZiriTadi Teorema rekursiulad gadaTvladi 

simravleebis Sesaxeb). A rekursiulad gadaTvladia  A 
aris nawilobrivad rekursiuli funqciis gansazRvris are 

(anu ( x ) ][ xArgA  , sadac xArg -iT aRiniSneba x -is gan-

sazRvris are). 

damtkiceba.  (I) SemTxveva. A . vTqvaT  aris arsad 
gansazRvruli nawilobrivad rekursiuli funqcia. maSin 

ArgA  . 

(II) SemTxveva. A . maSin A aris garkveuli zogadrekur-
siuli funqciis f-is mniSvnelobaTa simravle. ganvsazRvroT 

 Semdegi instruqciiT: imisaTvis, rom gamovTvaloT )(x , 

daviwyoT f funqciis mniSvnelobaTa simravlis gadaTvla. Tu 
x aRmoCnda f funqciis mniSvnelobaTa simravleSi, maSinve x-i 

gamovacxadoT gamosasvlelis mniSvnelobad. cxadia, rom  
nawilobrivad rekursiulia da ArgA  . 
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 vTqvaT ArgA  , sadac  nawilobrivad rekursiuli 

funqciaa. ganvsazRvroT efeqturi procedura, romelic 

warmoqmnis A-s, Tu A . proceduris ganxorcieleba 
moxdeba etapobrivad. 

 
1 etapi. SevasruloT 1 nabiji )0( -is gamoTvlaSi. Tu 

)0(  gamoTvlis procesi damTavrdeba pirvel nabijze, maSin 

0 gadavceT A-sTvis gankuTvnil siaSi. 
n+1 etapi. SevasruloT n+1 nabiji )0( , )(, n  gamoTvlaSi. 

is k, nk 0 , romelTaTvisac )(k  gamoTvlis procesi 

dasruldeba )1( n  nabijze an ufro adre, davumatoT A-

sTvis gankuTvnil sias. 

 
ganvsazRvroT  Semdegnairad: 

)0( gadaTvlis pirveli elementi; 



















i.SemTxvevaS winaaRmdeg        

arsebobs;   

aseTi Tu   

da etapze  sias daemata 

)0(

)}],(,),1(),0({

1[

)1(








y

xy

xyy

x


 

CerCis Tezisis Tanaxmad,  aris nawilobrivad rekur-

siuli funqcia. Tu A , maSin ganvsazRvriT A rekursiu-

lad gadaTvladia. Tu A , maSin agebis Tanaxmad  yvelgan 
gansazRvrulia da AArgVal   ; amrigad A simravle 

rekursiulad gadaTvladia. 
 

gansazRvra. xx ArgW  . aseT x-s vuwodoT rekursiulad 

gadaTvladi indeqsi an gedelis nomeri rekursiulad gada-
Tvladi Wx simravlis. 

damtkicebuli Teoremidan uSualod gamomdinareobs 
Semdegi. 

Sedegi. A rekursiulad gadaTvladia  A aris nawilob-
rivad rekursiuli funqciis mniSvnelobaTa simravle (anu 

]))[( xValAx  . 

 

gansazRvra. )(:{ xxK x  gansazRvrulia} = }:{ xWxx  . 
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Teorema. arsebobs rekursiulad gadaTvladi simravle, 
romelic ar aris rekursiuli, da  K simravle aris aseTi 
simravle. 

damtkiceba. davuSvaT 






elia.ganusazRvr  Tu elia,ganusazRvr

lia;gansazRvru  Tu 

)(

)(,1
)(

x

x
x

x

x




  

cxadia, rom  nawilobrivad rekursiulia da ArgK  . 

maSasadame, wina Teoremis Tanaxmad, K rekursiulad gadaTv-
ladia. 

davuSvaT, rom K rekursiulia. maSin mWK   raRac m-sTvis.  

K-s gansazRvris gamo gvaqvs 

mWmKm  , 

amasTanave 

mWmKm  , 

m-is SerCevis gamo. 
miRebuli winaaRmdegoba amtkicebs, rom K ar SeiZleba 

iyos rekursiuli simravle. 
 

rekursiuli da rekursiulad gadaTvladi 

mimarTebebi. n-eulTa kodireba 
 

gansazRvra. )32(
2

1
),( 22 yxyxyxyx  . 

lema.  aris rekursiuli urTierTcalsaxa gadasaxva N  
N simravlisa N-ze. 

damtkiceba. -s rekursiuloba cxadia. 0, 1, 2, 3, 4, 5, 6, 

7, ricxvebs SevusabamoT  0,0 ,  1,0 ,  0,1 ,  2,0   1,1 , 

 0,2 ,  3,0 , ,2,1   cnobili tolobiT  n210  

)1(
2

1
 nn SeiZleba SevamowmoT, rom es Sesabamisoba moicema 

-s saSualebiT. 

-funqcias ewodeba wyvilTa gadaTvlis funqcia. 
 

gansazRvra. 1 da 2 aris erTi cvladis funqciebi, 

romlebic axorcieleben  gadasaxvis Sebrunebul gada-
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saxvas. sxvanairad, yoveli z-sTvis zzz ))(),(( 21  . cxadia 1 

da 2 funqciebi zogadrekursiulia. 
 
gansazRvra. ),( yx -s nacvlad gamoviyenebT aRniSvnas 

 yx, . AB-s ganvsazRvravT, rogorc simravles Axyx  :,{  

}& By , anu )( BABA   . 

nebismieri n>0 n kodireba, N
n-is gadasaxva N-ze, gani-

sazRvreba -s saSualebiT Semdegi induqciuri gansazRvriT. 
 
gansazRvra.  

                   ][1 xx  , 

                   )]),,,(([,, 1111

1



  nn

n

n

n xxxxx   . 

(kerZod )2   
n

n

n  ,,1    arian n -is inversiuli funqciebi, anu yoveli 

z-isTvis zzz n

n

nn  ))(,),(( 1   , (kerZod, 1

2

1    da  2

2

2  ). 

cxadia, rom yvela moyvanili funqcia zogadrekursiulia. 

),,( 1 n

n xx  -s aRvniSnavT  nxx ,,1  -iT. 

SeTanxmeba. vTqvaT P aris simravleTa Tviseba. vityviT, 

rom n-aruli mimarTebas R-s aqvs P Tviseba, Tu )(Rr n  aqvs P 

Tviseba. 
amiT rekursiulobisa da rekursiulad gadaTvladobis 

cnebebi gadatanilia mimarTebebze. 
 

Teorema. (a) vTqvaT  aris erTi cvladis nawilobrivad-
rekursiuli funqcia, maSin 

)],,([,, 11

)(  nn

n xxxx    

aris n-cvladis nawilobrivad rekursiuli funqcia. 

(b) vTqvaT )(n aris n-cvladis nawilobrivad rekursiuli 

funqcia, maSin 

][ ))(,),(( 1

)( zzz n

n

nn    

aris erTi cvladis nawilobrivad rekursiuli funqcia. 
 
damtkiceba. gamomdinareobs CerCis Tezisidan. SevniSnoT. 

rom yvelgan gansazRvruli funqciebi Seesabamebian yvelgan 
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gansazRvrul funqciebs da (a)-Si damyarebuli Sesabamisoba 
aris (b)-Si damyarebuli Sesabamisobis Sebrunebuli. 

 

Teoremebi proeqciis Sesaxeb 

 

SevTanxmdeT, rom nacvlad Canawerisa Rxx n  ,,1   

visargeblebT CanaweriT ),,( 1 nxxR  . 

gansazRvra. simravles 

)},,()(:,,,,,{ 1111 njnjj xxRxxxxx     

ewodeba R mimarTebis proeqcia j-uri koordinatis gaswvriv.  
 

Teorema 1. Tu R mimarTeba rekursiulad gadaTvladia, 
maSin arsebobs  rekursiuli mimarTeba S iseTi, rom R aris 
S-is proeqcia. metic Tu R aris n-aruli rekursiulad 
gadaRvladi mimarTeba, maSin arsebobs )1( n -aruli rekur-

siuli mimarTeba S iseTi, rom 

}{ ),,()(:,, 1111  nnn xxSxxxR  . 

 
Teorema 2. Tu R mimarTeba rekursiulad gadaTvladia, 

maSin yoveli misi proeqcia rekursiulad gadaTvladia. 
kerZod, Tu R n-aruli rekursiulad gadaRvladi mimarTebaa, 
maSin mimarTeba 

}{ ),,()(:,, 111 nnn xxRxxx     

rekursiulad gadaTvladia. 
am Teoremebs ewodebaT Teoremebi proeqciis Sesaxeb. 
 

damtkiceba (Teorema 1). vTqvaT )(ˆ RR n . maSin R̂  aris 

rekursiulad gadaTvladi simravle. amitom arsebobs iseTi 

nawilobrivad rekursiuli funqcia , rom ArgR ˆ . vTqvaT 

m aris  funqciis fiqsirebuli indeqsi da Pm instruqciaTa 

Sesabamisi simravle. maSin  RxxxxR nn
ˆ,,),,( 11   

),,( 1  nxx   gansazRvrulia mn Px )[( 1 -is Sesabamisi gamoTv- 

lis procesi  nxx ,,1   SesasvlelisaTvis mTavrdeba xn+1 

nabijamde]. CerCis Tezisis Tanaxmad, kvadratul frCxilebSi 

mdgomi winadadeba gansazRvravs 1nN -ze rekursiul mimar-
Tebas. amiT Teorema damtkicebulia. 
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damtkiceba (Teorema 2). sakmarisia vaCvenoT Teoremis 
debulebis samarTlianoba R mimarTebis proeqciisaTvis n-
uri koordinatis gaswvriv. vTqvaT mocemulia rekursiulad 
gadaTvladi mimarTeba R. wina TeoremiT SegviZlia movZebnoT 

iseTi rekursiuli mimarTeba S, rom )(),,( 11  nn xxxR   

),,( 11 nxxS  . vTqvaT Q - aris R mimarTebis mocemuli proeqcia. 

maSin )(),,( 11 nn xxxQ  ))((),,( 11  nnn xxxxR  ),,( 11 nxxS  . 

ganvsazRvroT nawilobrivad rekursiuli funqcia  Semdeg-

nairad. imisaTvis, rom gamovTvaloT ),,( 11  nxx  , mimdev-

robiT SevamowmoT, Sesrulebulia Tu ar ),(,,,( 111 zxxS n   

))(2 z  roca ,2,1,0z  sanam ar miviRebT dadebiT pasuxs. 

rogorc ki es moxdeba (Tu saerTod moxdeba) gamosasvlelze 

gadavceT 1. maSin ),,(),,( 1111   nn xxxxQ    gansazRvru-

lia Argxx n  11 ,, . maSasadame, Q-rekursiulad gadaTv-

ladia. 
 

efeqturoba 

 
wina paragrafebSi Cvens mier moyvanili arsebobis Sesaxeb 

zogierTi damtkiceba iyo arakonstruqciuli im azriT, rom 
ar iyo mocemuli araviTari efeqturi procedura, romelic 
saSualebas mogvcemda dagvedgina ramdenime SesaZleblobidan 
romel SemTxvevas hqonda adgili. ganvixiloT arsebobis 
Sesaxeb iseTi damtkicebebi, romelTaTvisac SeiZleba 
efeqturi proceduris povna. vityviT, rom Teoremas aqvs 
adgili Tanabrad an Tanabrad efeqturad, Tu aseTi proce-
dura SeiZleva iqnes mocemuli. terminis `Tanabrad efeq-
turad~ zusti azri Cveulebriv naTeli iqneba konteqstidan. 
 

Teorema. rekursiulad gadaTvlad simravleTa klasi 

Caketilia  ,   da  operaciebis mimarT Tanabrad efeqturad. 
damtkiceba. aq termini `Tanabrad~ gulisxmobs iseTi 

zogadrekursiuli funqciebis f,  g da h arsebobas, rom 

yxyxf WWW ),( , yxyxg WWW ),(  da yxyxh WWW ),( . (daamtkiceT 

Teorema damoukideblad). 
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Teorema. rekursiul simravleTa klasi Caketilia  ,  ,  
da damatebis operaciis mimarT. rekursiulad gadaTvladi 

indeqsebis doneze Caketiloba  ,   da  operaciebis mimarT 
Tanabaria, magram Caketiloba damatebis operaciis mimarT ar 
SeiZleba iyos Tanabari. 

damtkiceba. Caketilobisa da Tanabrobis damtkicebebs 
davtovebT savarjiSos saxiT. vaCvenoT, rom Caketiloba dama-
tebis operaciis mimarT ar SeiZleba iyos Tanabari anu ar 

arsebobs iseTi nawilobrivad rekursiuli funqcia , rom 

yoveli x-sTvis simravle Wx rekursiulia  )( [ x  gansazRv-

rulia da ])( sx WW  . davuSvaT, rom aseTi funqcia  arse-

bobs. gamoviyenoT simravle K rom miviRoT winaaRmdegoba. 
radgan K rekursiulad gadaTvladia da, maSasadame, 
SeiZleba efeqturad gadaiTvalos, amitom arsebobs iseTi 

zogadrekursiuli funqcia g, rom yoveli x-sTvis )( xg  

yvelgan gansazRvrulia, Tu  x K da arsad araa gansazRv-
ruli, Tu Kx .  

amrigad, 










. Tu ,

 Tu 

Kx

KxN
W xg

,,
)(  

yovelTvis x-sTvis Wg(x) aris rekursiuli simravle. daSvebis 

gamo )(xg  funqcia gansazRvrulia yoveli x-sTvis. vTqvaT f 

aris yvelgan gansazRvruli funqcia g . gvaqvs 










. Tu ,

 Tu 

KxN

Kx
W xf

,,
)(  

amrigad   )(: xfWxK , magram   )(:{: )( yxWx xf   

)([ ))()((:{]}&)([ xfywzyxWxfy y   da Py-is Sesabamisi 

gamoTvlis procesi z Sesasvlelis dros mTavrdeba  w 
nabijamde]}. maSasadame, proeqciis Sesaxeb meore Teoremis 

Tanaxmad, K  simravle rekursiulad gadaTvladia  K 
rekursiulia.  winaaRmdegoba. 
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sasruli simravleebi 

 
gansazRvra. vTqvaT A aris aracarieli sasruli simravle 

},,,{ 21 nxxx  , sadac nxxx  21 . maSin nxxx
222 21   ricxvs 

ewodeba A simravlis kanonikuri indeqsi. Tu A =, A-s 
kanonikuri indeqsi aris 0. 

 
gansazRvra. Dx-iT aRvniSnoT sasruli simravle, romlis 

kanonikuri indeqsi aris x. 
cxadia, rom SesaZlebelia Tanabari gadasvla kanonikuri 

indeqsidan maxasiaTebel indeqsze da, maSasadame, rekursiu-
lad gadaTvlad indeqsze. (rekursiuli simravle SeiZleba 
mocemuli iqnas misi maxasiaTebeli funqciiT. aseT indeqss 
ewodeba rekursiuli simravlis maxasiaTebeli indeqsi). 
Semdegi Teorema gviCvenebs, rom Tanabari gadasvla maxasia-
Tebeli indeqsidan kanonikur indeqsze SeuZlebelia. 

 

Teorema. (a) arsebobs iseTi zogadrekursiuli funqcia f, 
rom yovel x-sTvis f(x) aris Dx-is simZlavre. 

(b) ar arsebobs iseTi nawilobrivad rekursiuli funqcia 

, rom yoveli x-sTvis, Tu x  aris maxasiaTebeli funqcia 

sasruli A- simravlisaTvis, maSin )(x  gansazRvrulia )(x  

aris A-s simZlavre. 
damtkiceba. (a) uSualod gamomdinareobs CerCis Tezisidan. 

(b) davuSvaT, rom aseTi  funqcia arsebobs. yoveli x-

sTvis ganvsazRvroT  funqcia: 







 



i.SemTxvevaS winaaRmdeg 0

nabijze,  zustad mTavrdeba dros sSesasvleli  

  procesi gamoTvlis Sesabamisi is- Tu 

z

xP

z

x,1

)(  

cxadia, rom  funqcia zogadrekursiulia. misi gedelis 
nomeri SeiZleba vipovoT Tanabrad x-iT; vTqvaT esaa g(x). 

maSin )( xg  aris maxasiaTebeli funqcia simravlisa, romelsac 

aqvs 1-is toli simZlavre, Tu Kx , da 0-is toli simZ-

lavre, Tu Kx . maSasadame, g aris iseTi zogad rekur-
siuli funqcia, rom 










.  0,

,  

Kx

Kx
xg

,1
)(  
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es ewinaaRmdegeba  K simravlis ararekursiulobas. 
Sedegi. SeuZlebelia Tanabari gadasvla maxasiaTebeli 

indeqsidan kanonikur indeqsze. 
 damtkiceba. aseTi gadasvla rom SesaZlebeli iyos, 

maSin (a)-dan gamovidoda (b)-sTvis  funqciis arseboba damt-
kicebuli TeoremaSi. 

 

Teorema calsaxobis Sesaxeb. reduqciis 

principi 

 

gansazRvra. A simravle calsaxaa, Tu },:,{ Ayxyx   

aris calsaxa mimarTeba. 
(vTqvaT R k-adgiliani mimarTebaa. vityviT, rom R cal-

saxaa, Tu nebismieri korteJisaTvis  11 ,, kxx   arsebobs 

araumetes erTi z elementisa iseTi, rom },, 11   Rzxx k . 

 

gansazRvra. ]},)[(:{ AyxyxArgA  . 

Teorema (Teorema calsaxobis Sesaxeb). arsebobs iseTi  
zogadrekursiuli funqcia  f, rom yoveli z-sTvis 

(I) Wf(z) calsaxaa; 

(II) zzf WW )( ; 

(III) zzf ArgWArgW )( ; 

(IV) Wz calsaxaa  zzf WW )( . 

damtkiceba. (IV) uSualod gamomdinareobs (II) da (III)-dan. 
Wz-sTvis z-iT SeiZleba efeqturad moiZebnos procedura misi 
ganmeorebebis gareSe gaTvlisa (es gamomdinareobs ZiriTadi 
Teoremidan). ganvsazRvroT 

zz WyxyxA  ,:,{  da  ],&)[[( zWyxyyy  

 yx,  uswrebs  yx, -s Wz-is gadaTvlaSi]}. 

advili dasanaxia, rom Az rekursiulad gadaTvladia da 
misi rekursiulad gadaTvladi indeqsi SeiZleba moiZebnos 
Tanabrad efeqturad z-iT. maSasadame, arsebobs iseTi zogad- 

rekursiuli funqcia f, rom yoveli z-sTvis zzf AW )( . Az-is 

gansazRvridan gamodis, rom f-s aqvs (I), (II) da (III)-Si moTxov-
nili Tvisebebi. 
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Teorema (reduqciis principi). rogoric ar unda iyos 
ori rekursiulad gadaTvladi simravle A da B, arseboben 

rekursiulad gadaTvladi simravleebi A  da B iseTi, rom 

AA  , BB  , BABA    da  BA  . 

damtkiceba. ganvsazRvroT })1{(})0{(  BAC   C simravle 

rekursiulad gadaTvladia. vTqvaT nWC   da )(nfWC  , sadac 

f iseTive funqciaa, rogorc wina TeoriaSi. maSin )(1 C  

aris nawilobrivad rekursiuli funqcia . davuSvaT 

)0(1 A  da )1(1 B . 
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