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    ganvixiloT Rero  0  x l  (nax. 1.1). masSi  siTbos  gavrcelebis 
                                 procesi aRiwereba siTbogamtareblo- 
                           x     lobis gantolebiT 

                   0                      l                                      
 
nax. 1.1 

                  0 ( , ), 0
   

     
   

u u
c k f x t x l

t x x
,                   (1.1) 

sadac ( , )u u x t  Reros temperatura x wertilSi da drois t momentSi, c – 

masis erTeulis siTbogamtaroba,  _ simkvrive, k – siTbogamtarobis 

koeficienti, 0f (x,t) -- ki siTbos wyaros simkvrive. zogad SemTxvevaSi, c, , 

k, da 0f  SeiZleba damokidebuli iyos  ara marto x  da t cvladebze, 

aramed ( , )u u x t  temperaturaze (siTbogamtarobis kvaziwrfivi gantoleba) 

da agreTve 
u

x




-ze (arawrfivi gantoleba). Tu c, , da k koeficientebi 

mudmivia, c-ze gayofiT (1.1) gantoleba SeiZleba gadavweroT Semdegi 
saxiT 

                                
2

2

2
,

u u
a f

t x

 
 

 
                            (1.2) 

sadac 0
1 ,

f
f

c



 2 .

k
a

c



 

Tu SemoviRebT axal cvladebs 
2

1 1 2
,

x a t
x t

l l
   da aRvniSnavT 

2

1 2
,

l
f f

a
   

(1.2) - dan miviRebT 
2

1 12
1 1

, 0 1.
u u

f x
t x

 
   

 
 

ganvixiloT pirveli sasazRvro amocana mudmivkoeficientebiani 

siTbogamtarobis  gantolebisaTvis: {0 1, 0 }D x t T      areSi vipovoT 

                              
2

2
( , ),

u u
f x t

t x

 
 

 
                         (1.3) 

                             0 1, 0 ,x t T     
gantolebis uwyveti amonaxsni, romelic akmayofilebs sawyis 

                              0( ,0) ( ), 0 1,u x u x x                        (1.4) 

da sasazRvro 

                          1 2(0, ) ( ), (1, ) ( ), 0 ,u t t u t t t T                   (1.5) 

pirobebs, sadac 0 1 2( ), ( ), ( )u x t t   da ( , )f x t  mocemuli funqciebia. cnobilia, 

rom am funqciebs garkveuli sigluvis pirobebSi (1.3) – (1.5) amocanis 
amonaxsni arsebobs da erTaderTia. vgulisxmobT, rom Sesrulebulia 
pirobebi, romlebic uzrunvelyofs (1.3) – (1.5) amocanis amoxsnadobas, 
erTaderTobasa da amonaxsnis saWiro sigluves. 
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                        1. 2. cxadi sxvaobiani sqema 
 

upirveles yovlisaSemoviRoT x, t  cvladebis cvlilebis bade D 

areSi. unda ganvsazRvroT agreTve Sabloni, e.i. badis wertilTa is 
simravle, romelic monawileobs diferencialuri gantolebis 
miaxloebaSi. 

x cvladis mimarT SemoviRoT bade h bijiT 

1
: 0,1, , , ,h ix ih i N h

N

 
     

 
  

t cvladis mimarT SemoviRoT bade  bijiT 

: 0,1, , , .n

T
t n n K

K


 
       

 
  

ganvixiloT h  da   simravleebis dekartuli namravli 

1
( , ) : , , 0,1, , , 0,1, , , ,h h i n i n

T
x t x ih t n i N n K h

N K
 

 
             

 
   (nax. 

1.2) 
 

  t              

 T  

  

 nt  

 
                                                     x                                                       

      h           ix        1 

               nax.1.2 
( , )i nx t  kvanZebi, romlebic ekuTvnis monakveTebs 

0 1 2{0 1, 0}, { 0, 0 }, { 1, 0 },I x t I x t T I x t T            warmoadgens sasaz-

Rvro kvanZebs. danarCen kvanZebs uwodeben Siga kvanZebs. 

Sre ewodeba h  badis kvanZebis im simravles, romlebsac aqvs erTida-

igive t koordinati. n-uri Sre ewodeba kvanZebis Semdeg simravles 

0 1( , ), ( , ), , ( , ).n n N nx t x t x t  

h  badeze gansazRvruli baduri u funqciisaTvis SemoviRoT Semdegi 

aRniSvnebi 
1

1 1
, , 2

2
( , ), , .



   
  



n n n n n
n n ni i i i i
i i n t i xx i

u u u u u
u u x t u u

h
 

imisaTvis, rom movaxdinoT (1.3) gantolebis miaxloeba, ( , )i nx t  wertilSi 

SemoviRoT Sabloni, romelic Sedgeba oTxi kvanZisagan 1( , ),i nx t  

( , ),i nx t 1( , ),i nx t 1( , )i nx t   (nax. 1.3) 

 

 

 

 

 

 

    1( , )i nx t   



 5 

                                        
 
 
                                                            

                          

                                                               
                        1( , )i nx t          ( , )i nx t             1( , )i nx t  

               nax.1.3 
u

t




 warmoebuli ( , )i nx t  wertilSi SevcvaloT pirveli rigis , ,n

t iu  xolo 

2

2

u

x




 warmoebuli ki  _ meore rigis ,

n

xx iu  sxvaobiT.  marjvena mxare 

SevcvaloT baduri funqciiT ( , ).n

i i nf f x t  

(1.3) – (1.5) diferencialuri amocana Seicvleba sxvaobian gantolebaTa 
sistemiT 

                      

1

1 1

2

0

0

0 1 2

2
,.

0,1, , 1, 1,2, , 1,

( ), 0,1, , ,

( ), ( ), 0,1, ,



   
 



   

 

    

 





n n n n n
ni i i i i

i

i i

n n

n N n

u u u u u
f

h

n K i N

u u x i N

u t u t n K

            (1.6) 

(1.6) sxvaobiani sqema warmoadgens wrfiv algebrul gantolebaTa sistemas, 
romelSic gantolebebis raodenoba ucnobebis raodenobis tolia. Tu am 
gantolebata sistemis amonaxsns ganvsazRvravT Sreebis mixedviT, maSin am 
amonaxsnis moZebna araviTar siZneleebTan ar aris dakavSirebuli.  
marTlac, sxvaobiani gantoleba gadavweroT Semdegi saxiT 

                         

1 1 1

2

0

0

0 1 2

2
,

0,1, , 1, 1,2, , 1,

( ), 0,1, , ,

( ), ( ), 0,1, , .

  
  

    
 

   

 

    

 





n n n
n n ni i i
i i i

i i

n n

n N n

u u u
u u f

h

n K i N

u u x i N

u t u t n K

                (1.7) 

nulovan Sreze  ( 0n  ) amonaxsni mocemulia sawyisi pirobebis 
saSualebiT 

0

0 ( ), 0,1, , .i iu u x i N    

(1.7) formulis saSualebiT, Tu masSi SevitanT 0n   mniSvnelobas, 
SeiZleba vipovoT sxvaobiani gantolebis amonaxsnis mniSvnelobebi 
pirvel Sreze 

 
0 0 0

1 0 01 1

2

2
, 1,2, , 1. 

  
      

 
i i i

i i i

u u u
u u f i N

h
 

am formulis saSualebiT vipoviT 1 1 1

1 2 1, , , Nu u u   mniSvnelobebs. rac Seexeba 
1

0u   da 1

Nu -s, es mniSvnelobebi miiReba sasazRvro pirobidan  1

0 1 1( ), u t    
1

2 1( ). nu t  

Semdeg, Tu (1.7) formulaSi SevitanT 1n    mniSvnelobas, analogiurad 
gamovTlviT sxvaobiani gantolebis amonaxsnis mniSvnelobebs meore 
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Sreze da a.S. am procesis gagrZeleba saSualebas mogvcems gamovTvaloT 
amonaxsnis mniSvnelobebi yvela Sreze. 

radgan (1.7) formuliT cxadad gamoiTvleba amonxxsnis mniSvnelobebi 

ht  badis kvanZebSi, (1.7) sxvaobian sqemas uwodeben cxad sqemas. cota 

qvemoT Cven  gavecnobiT aracxad sqemasac, romlis gamoyenebis SemT-
xvevaSi yovel Sreze amonaxsnis mniSvnelobebis misaRebad saWiro iqneba 
wrfiv algebrul gantolebaTa sistemis amoxsna. 

 
1.3. cxadi sxvaobiani sqemis cdomileba 

 
cxadi sxvaobiani sqmis cdomileba ganisazRvreba rogorc baduri 

funqciebis Semdegi sxvaoba      

                                   ( , ),n n

i i i nz u u x t                          (1.8)                       

sadac n

iu  warmoadgens (1.7) sxvaobiani sqemis amonaxsns, xolo ( , )i nu x t  ki 

(1.3)- (1.5) diferencialuri amocanis amonaxsnis mniSvnelobas h  badis 

( , )i nx t  wertilSi. 

Tu (1.8) tolobidan ganvsazRvravT n

iu -s  

( , ),n n

i i i nu z u x t   

da SevitanT (1.7) an rac igivea (1.6) sxvaobian sqemaSi 

                    

1

1 1 1

2

1 1 )

2

( , ) ( , ) 2

( , ) 2 ( , ) ( ,
,



  

 

   
  

 

 
 

n n n n n

i i i n i n i i i

i n i n i n n

i

z z u x t u x t z z z

h

u x t u x t u x t
f

h

 

                        0,1, , 1, 1,2, , 1,    n K i N  
0

0 0( , ) ( ), 0,1, , ,   i i iz u x t u x i N  

0 0 1( , ) ( ),n

n nz u x t t     2( , ) ( ),n

N N n nz u x t t    0,1, , , n K  

miviRebT sxvaobian amocanas cdomilebas n

iz  funqciisaTvis 

             

1

1 1

2

0

0

2
,

0,1, , 1, 1,2, , 1,

0, 0,1, , ,

0, 0, 0,1, , ,



   
  



   

 

  

 





n n n n n
ni i i i i
i

i

n n

N

z z z z z

h

n K i N

z i N

z z n K

                     (1.9) 

sadac 

             1 1 1

2

( , ) ( , ) ( , ) 2 ( , ) ( , )n ni n i n i n i n i n
i i

u x t u x t u x t u x t u x t
f

h

    
    


      (1.10) 

warmoadgens (1.6) sxvaobiani sqemis aproqsimaciis cdomilebas 
(Seusabamobas) (1.3) – (1.5) diferencialuri amocanis amonaxsnze. Tu (1.3) – 
(1.5) diferencialuri amocanis amonaxsni sakmaod gluvi funqciaa, maSin 

                                  2| | ( )n

i O h   .                      (1.11) 
n

iz  cdomilebis funqcia SeiZleba SevafasoT n

i  funqciis saSualebiT da 

amiT davamtkicoT (1.6) sxvaobiani sqemis krebadoba 2( )O h   siCqariT 
2| | ( )n

iz O h   . 

 
1.4. aproqsimaciis cdomilebis Sefaseba 
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davamtkicoT (1.11) toloba. Tu aproqsimaciis cdomilebis (1.10) 

gamosaxulebaSi Semaval funqciebis mniSvnelobebs gavSliT teiloris 
mwkrivad, miviRebT 

              

2

1

( , ) ( , ) ( ) ( , )
( , ) ( , )

( , ) ( ).

i n i n i n
i n i n

i n

u
u x t x t O u x t

u x t u x t t

u
x t O

t




    

  
 


  


 

analogiurad gveqneba 
 

2
21 1

2 2

( , ) 2 ( , ) ( , )
( , ) ( ).i n i n i n

i n

u x t u x t u x t u
x t O h

h x

   
 


 

amis gamo 
2

2

2
( , ) ( , ) ( , ) ( ) ( ).n

i i n i n i n

u u
x t x t f x t O O h

t x

 
       

 
 

Tu gaviTvaliswinebT, rom (1.3) Tanaxmad  
2

2
0,

u u
f

t x

 
   
 

 miviRebT dasam-

tkicebel formulas. 
magaliTi 1.  mocemulia amocana 

2
2

2
2 cos 1,

 
    

 

u u
x t x

t x
 

1
0 1, 0 ,

8
x t     

( ,0) (1 ), 0 1,u x x x x     

1
(0, ) , (1, ) sin , 0 .

8
u t t u t t t      

gamoiyeneT cxadi sxvaobiani sqema bijebiT 
1 1

, .
4 96

h     ipoveT sxvaobiani 

amonaxsnis mniSvnelobebi pirvel Sreze. 

amoxsna. gvaqvs 
1

4, 12 1,
8

 
     

 
N K Nh K .  (1.7)-is Tanaxmad  

                                            1 1 1

2

2
,  

  
    

 

n n n
n n ni i i
i i i

u u u
u u f

h
                                         (1.12)                                                                                                                                                                        

                                                    
0

0,1, ,11, 1,2,3,

(1 ), 0,1, ,4,

 

  



i i i

n i

u x x i
 

                                    0 , sin , 0,1, ,12,

, .

   

  

n n

n N n

i n

u t u t n

x ih t n
 

vinaidan 
2

1/ 96 1

1/16 6h


   da 2( , ) 2 cos 1,f x t x t x      (1.12) miiRebs saxes 

                                     1 21 12 1
(2 cos 1)

6 96

   
     

n n n
n n i i i
i i i n i

u u u
u u x t x . 

nax. 1.4 da nax 1.5 moyvanilia ix  da 0

iu -is mnivnelobebi, romlebic 

dagvWirdeba 1 1

1 2,u u  da 1

3u  misaRebad. nax 1.5 agreTve amowerilia 1

0u  da 1

4u  

mniSvnelobebi 
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         t                                                                     t 

1

1

96
t                                                          1

0

1

96
u                                                      1

4

1
sin

96
u    

                                                                        x                                                                 x                                                                                                                                                                                                                                   

        0 0x  1

1

4
x    2

1

2
x   3

3

4
x   4 1x                      0

0 0u   0

1

3

16
u    0

2

1

4
u   0

3

3

16
u   0

4 0u   

 
                          nax. 1.4                                 nax. 1.5 

vipovoT 1

iu , 1,2,3.i   

2

1

1

1 3
2 0

3 1 1 14 16 2 cos 0 1 0,171,
16 6 96 4 4

     
             

u  

2

1

2

3 1 3
2

1 1 1 116 4 16 2 cos 0 1 0,250,
4 6 96 2 2

u

     
             

 

2

1

3

3 1
0 2

3 1 3 316 4 2 cos 0 1 0,197.
16 6 96 4 4

u

     
             

 

es Sedegebi warmodgenilia agreTve nax 1.6-ze. 
                           

                                                t 

                                             
1

96
           0,171      0,250      0,197      

1
sin

96
                                                     

                                                                                              x  

                                               0                x 
      nax. 1.6 

 
1.5. harmonikebis meTodi 

 
gavecnoT mudmivkoeficientebiani sxvaobiani sqemis gamokvlevis erT 

meTods, romelic harmonikebis meTodis saxelwodebiTaa cnobili. Tumca 
es meTodi ar iTvaliswinebs sasazRvro pirobebisa da marjvena mxaris 
gavlenas, is mainc iZleva saSualebas davadginoT sxvaobiani sqemis 
mdgradobis pirobebi. vaCvenoT, rom (1.6) sxvaobiani sqema SeiZleba gamo-

yenebuli iqnas mxolod 
2

2

h
   SezRudvis pirobebSi, rac niSnavs, rom 

biji drois koordinatis mixedviT unda aviRoT sakmarisad mcire. 
ganvixiloT sxvaobiani gantoleba 

                             

1

1 1

2

2n n n n n

j j j j ju u u u u

h



   



.                                                               (1.13) 

(1.13) erTgvarovani gantolebaa, romelic Seesabameba  (1.6) sxvaobian  
gantolebas. (1.13)  gantolebis kerZo amonaxsns veZeboT Semdegi saxiT   

                                                                    
n n ijh

ju q e  ,                                                          (1.14)                                                                                                 

sadac i – warmosaxviTi erTiani, q da  - namdvili ricxvebia, romlebic unda 

ganisazRvros ise, rom (1.14) baduri funqcia iyos (1.13) sxvaobiani 
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gantolebis amonaxsni. SevitanoT n

ju -is gamosaxuleba (1.13) gantolebaSi. 

miviRebT 
1 ( 1) ( 1)

2

2
.

n ijh n ijh n i j h n ijh n i j hq e q e q e q e q e

h

         



 

am tolobis orive mxare SevkvecoT n ijhq e  -ze. miviRebT 

2

1 2
.

ih ihq e e

h

    



 

vinaidan cos
2

iz ize e
z


 , gveqneba 

2

2(cos 1)1
,

hq

h





  

2

2

4sin
1 2 ,

h

q

h




 


 

saidanac SeiZleba ganisazRvros q-s mniSvneloba  

2

2
1 4 sin , .

2

 
    

h
q

h
 

(1.14) saxis amonaxsnis sawyisi pirobebi 0 cos sinijh

ju e jh i jh     (maT 

ewodeba harmonikebi) SemosazRvrulia. Tu -s romelime 
mniSvnelobisaTvis q mamravli moduliT gaxdeba 1-ze meti,   maSin (1.14) 
amonaxsni usasrulod gaizrdeba, rodesac  n  . am SemTxvevaSi (1.13) 
sxvaobian gantolebas uwodeben aramdgrads, radgan ver miviRebT 
diferencialuri gantolebis erT-erTi umniSvnelovanesi Tvisebis 
analogs – dairRveva amonaxsnis uwyveti damokidebuleba sawyis 

pirobebze. Tu | | 1,q   yvela naamdvili -Tvis, maSin (1.14) saxis amonaxsnebi 

SemosazRvrulia da sxvaobian gantolebas uwodeben mdgrads. 
aramdgradobis SemTxvevaSi (1.6) sxvaobiani amocanis amonaxsnis povna 

(1.7) formulis saSualebiT praqtikulad SeuZlebelia, radgan 
cdomilebebi (magaliTad, damrgvalebis cdomilebebi) romlebic SeiZleba 
Setanil iqnes sawyis mniSvnelobebSi, usarulod gaizrdeba n-is zrdasTan 
erTad,  rac Tavis mxriv gamoiwvevs amonaxsnis cdomilebis usasrulod 
gazrdas. 

 | | 1q   utoloba Semdegi utolobebis eqvivalenturia 

                                             21 1 4 sin 1,
2

h
      

                                                      24 sin 2,
2

h
   

                                                          2 1
sin .

2 2

h
   

nebismieri -saTvis bolo utoloba marTebulia, Tu 
1

.
2

   amrigad, (1.6) 

sqemis gamoyeneba SesaZlebelia mxolod im SemTxvevaSi, rodesac 
2

1

2h


 , 

anu 
2

.
2

h
   sxvaobian sqemebs, romlebic mdgradi arian sivrcul da 

droiT bijebs Soris garkveuli Tanafardobis Sesrulebis SemTxvevaSi, 
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uwodeben pirobiTad mdgrad sqemebs. rogorc davadgineT, (1.6) sqema 
pirobiTad mdgradia, amasTan mdgradobis pirobas aqvs saxe 

2

.
2

h
   

SevniSnoT, rom pirobiTad mdgradi sqemebi paraboluri tipis 
gantolebebis amosaxsnelad iSviaTad gamoiyeneba, radgan am SemTxvevaSi 

sakmaod mZime SezRudva daedeba  bijs. ase magaliTad, vTqvaT 210 ,h    

maSin  biji ar unda aRematebodes 41
10

2

 -s. maSin Tu gvinda amonaxsnis 

mniSvnelobis povna 1t   momentSi, maSin bijebis raodenoba unda ganisaz-
Rvros Semdegnairad 

0

4

0

1,

1
2 10 ,

 

  


n

n
 

e.i. unda CavataroT gamoTvlebi aranakleb 42 10   raodenobis Sreze, es ki 
Tavis mxriv moiTxovs gamoTvlebis Catarebas (1.7) formulis gamoyenebiT 

62 10  (or milion) kvanZSi. 
 

1.6. aracxadi sxvaobiani sqema 
 

wminda aracxadi sxvaobiani sqema (1.3) siTbogamtarobis 
gantolebisaTvis miiReba im SemTxvevaSi, Tu diferencialuri gantolebis 

miaxloebas movaxdenT ( , ),i nx t 1 1( , ),i nx t  1( , ),i nx t   1 1( , )i nx t   Sablonze (nax. 

1.7). 

1 1( , )i nx t          1( , )i nx t            1 1( , )i nx t                                                         

                                                                           
 
 

                   

                                                                                               
                                     ( , )i nx t  

 
                                     nax.1.7        
am SemTxvevaSi sxvaobian sqemas aqvs saxe   
                                

                                  
1 1 1 1

11 1

2

2
,

n n n n n
ni i i i i

i

u u u u u
f

h

   
   

 


                     (1.15) 

0,1, , 1, 1,2, , 1,    n K i N  
0

0 ( ), 0,1, , ,i iu u x i N    
1 1

0 1 1 2 1( ), ( ), 0,1, , 1.n n

n N nu t u t n K 

        

(1.15) gantolebaTa sistemis amoxsna, iseve rogorc cxadi sxvaobiani 
sqemis SemTxvevaSi xdeba Sreebis mixedviT, dawyebuli pirveli Sridan. 
magram cxadi sqemisagan gansxvavebiT yovel Sreze unda amoixsnas wrfiv 
algebrul gantolebaTa sistema samdiagonaluri matriciT 

                          

1 1 1 1

1 1

1 1

0 1 1 2 1

(1 2 ) , 1,2, , 1,

( ), ( ),

   

 

 

 

         

   

n n n n

i i i i

n n

n N n

u u u F i N

u t u t
                                (1.16)   
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1 1

2
, . 

    n n n

i i iF u f
h

sadac   

es sistema SeiZleba amoixsnas faqtorizaciis meTodis saSualebiT. 
 

1.7. faqtorizaciis meTodi 
 

ganvixiloT gantolebaTa sistema 

                                           1 1 , 1,2, , 1,      i i i i i i ia y c y b y i N                                (1.17) 

                                             0 1 1 1 2 1 2, .N Ny y y y                                                  (1.18) 

 
(1.17), (1.18) warmoadgens wrfiv algebrul gantolebaTa sistemas samdiago-
naluri matriciT. misi matriculi saxe Semdegia  

,Ay    

sadac  

1

1 1 1

2 2 2

1 1 1

2

1 0

0

1

N N N

a c b

a c b

A

a c b  

  
 

 
 
 

         
 
 

 
   

  

, 

0 1( , , , ) ,T

Ny y y y      1 1 1 2( , , , , ) .T

N       

 
am gantolebaTa sistemis amosaxsnelad gamoviyenoT e.w. faqtorizaciis 

meTodi, romelic warmoadgens gausis meTodis variants sistemebisaTvis 
samdiagonaluri matriciT. (1.17), (1.18) gantolebaTa sistemis amonaxsni 
veZeboT Semdegi saxiT 

                                  1 1 1, 0,1, , 1,i i i iy y i N                                                        (1.19) 

 sadac 1i  da 1i  jerjerobiT ucnobi koeficientebia. am formulis 

gaTvaliswinebiT SegviZlia davweroT  

1 .i i i iy y     

1iy  -is es gamosaxuleba SevitanoT (1.17) gantolebaSi. miviRebT 

1( ) .     i i i i i i i j ia y c y b y  

aqedan gamomdinareobs 

1( ) ( ).i i i i i i i i ia c y b y a        

Tu davuSvebT, rom 0, 1,2, , 1,i i ia c i N      SegviZlia davweroT 

1 .i i i i
i i

i i i i i i

b a
y y

c a c a


  
 

 
 

Tu am gamosaxulebas SevadarebT (1.19) tolobas, miviRebT 

                  1 1, , 1,2, , 1.i i i i
i i

i i i i i i

b a
i N

c a c a
 

  
     

 
             (1.20) 

(1.20) formulebi warmoadgenen rekurentul damokidebulebebs. imisaTvis, 

rom maTi saSualebiT vipovoT i  da i ,   1,2, , ,i N   saWiroa mocemuli 
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iyos 1  da 1 -is mniSvnelobebi. amisaTvis ganvixiloT (1.19) gamosaxuleba, 

rodesac 0i   

0 1 1 1y y   , 

da es toloba SevadaroT (1.18)-is pirvel tolobas, saidanac miviRebT, 
rom 

                                 1 1 1 1,      .                          (1.21) 

(1.20), (1.21) formulebis saSualebiT vipoviT  1i , 1i  koeficientebs, 

1,2, , 1.i N    mas Semdeg, rac napovnia koeficientebis mniSvnelobebi, 
(1.17), (1.18) sistemis amonaxsns vipoviT (1.19) formulis gamoyenebiT, Tu  

1,i N   2, ,1.N    am formuliT gamoTvlebis dawyebisaTvis saWiroa Ny   

mniSvnelobis codna. am mizniT (1.19) rekurentuli damokidebuleba 
CavweroT 1i N  -saTvis da visargebloT (1.18)-is meore tolobiT  

1

2 1 2

,

,

N N N N

N N

y y

y y





  

   
 

saidanac miviRebT 2 2 2(1 ) .N N Ny       Tu 21 0,N    maSin 

2 2

2

.
1

N
N

N

y
   


 

 

amrigad, sabolood faqtorizaciis meTodis formulebs aqvs Semdegi saxe 

      

1 1 1 1

1 1

2 2

2

1 1 1

, ,

, , 1,2, , 1,

,
1 ,

, 1, 2, ,0.

i i i i
i i

i i i i i i

N
N

N

i i i i

b a
i N

c a c a

y

y y i N N

 

  

     

  
     

  

   


  

     





               (1.22) 

                    
magaliTi 2. mocemulia amocana 

2

2
30 11 ,

 
  

 

u u
xt t

t x
 

0 1, 0 0,3,x t     

( ,0) 1, 0 1,u x x x     

          2(0, ) 1, (1, ) 2, 0 0,3.u t t u t t t       

gamoiyeneT aracxadi sxvaobiani sqema bijebiT 0,25, 0,1.h     ipoveT 
sxvaobiani amonaxsnis mniSvnelobebi pirvel Sreze. gamoiyeneT 
faqtorizaciis meTodi. 

amoxsna. SevadginoT (1.16) saxis sistema. gaviTvaliswinoT, rom 4,N   

2

0,1
1,6,

0,25
    0 1,i iu x     1 1 1( ) 1,n nt t       2

2 1 1( ) 2,n nt t      

1

1 130 11 ,n

i i n nf x t t

     0,25 ,ix i   0,1 .nt n   amis gamo  
1 0 1

1 1 1 1,25 0,1 1,85 1,435,F u f           1 0 1

2 2 2 1,50 0,1 2,60 1,760,F u f        
1 0 1

3 3 3 1,75 0,1 3,35 2,085,F u f           1 1

0 1 1 4 2 1( ) 1,100, ( ) 2,010.u t u t       

miviReT sistema 
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1

0

1 1 1

0 1 2

1 1 1

1 2 3

1 1 1

2 3 4

1

4

1,100,

1,6 4,2 1,6 1,435,

1,6 4,2 1,6 1,760,

1,6 4,2 1,6 2,085,

2,010.

u

u u u

u u u

u u u

u



   

   

   



 

gamoviyenoT faqtorizaciis meTodi. jer vpoulobT i , i  koeficientebs, 

xolo Semdeg 1

iu  ucnobebs.  (1.22) formulebis Tanaxmad gveqneba 

1 10, 1,100,     

2 2

3 3

4 4

1,6 1,6 1,6 1,100 1,435 3,195
0,381, 0,767,

4,2 0 1,6 4,2 4,2 0 1,6 4,2

1,6 1,6 1,6 0,767 1,760 2,987
0,446, 0,832,

4,2 0,381 1,6 3,590 4,2 0,381 1,6 3,590

1,6 1,6 1,6 0,
0,459,

4,2 0,446 1,6 3,486

 
       

   

 
       

   


     

 

832 2,085 3,420
0,981,

4,2 0,446 1,6 3,486


 

 

 

ris Sedegad vpoulobT 
1 1 1

4 3 2

1 1

1 0

2,010, 0,459 2,010 0,981 1,904, 0,446 1,904 0,832 1,681,

0,381 1,681 0,767 1,407, 1,100.

u u u

u u

        

    
 

es Sedegebi warmodgenilia agreTve nax.1.8-ze.                        
                                           t 

 

                                                   1,100          1,407       1,681      1,904         2,010                          

  

                                                                                                                                 x 

                                                                                                       
                                                                                          nax. 1.8 
 

 

 
1.8. aracxadi sqemis mdgradoba 

 
(1.15) sxvaobiani sqemis mdgradobis gamosakvlevad kvlav gamoviyenoT 

harmonikebis meTodi da vipovoT Sesabamisi erTgvarovani  
 

                                                   

1 1 1 1

1 1

2

2n n n n n

j j j j ju u u u u

h

   

   



                                       (1.23) 

gantolebis kerZo amonaxsnebi. iseve, rogorc cxadi sqemis SemTxvevaSi, 
kerZo amonaxsnebi veZeboT Semdegi saxiT 

                                                     
n n ijh

ju q e  ,                                                                         (1.24) 

sadac i – warmosaxviTi erTiani, q da  - namdvili ricxvebia, romlebic ise 
unda SevarCioT, rom (1.24) baduri funqcia iyos (1.23) sxvaobiani 

gantolebis amonaxsni. SevitanoT n

ju -is gamosaxuleba (1.23) gantolebaSi. 

miviRebT 
1 1 ( 1) 1 1 ( 1)

2

2
.

n ijh n ijh n i j h n ijh n i j hq e q e q e q e q e

h

            



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am tolobis orive mxaris n ijhq e  -ze Sekvecis Semdeg miviRebT 

2

1 2
.

ih ihq e e
q

h

    



 

vinaidan cos
2

iz ize e
z


 , gveqneba 

 

2

2(cos 1)1
,

hq
q

h





  

2

2

4sin
1 2 ,

h

q
q

h




 


 

saidanac   
1

2

2
1 4 sin , .

2

h
q

h


  

     
 

 

cxadia, rom | | 1q   nebismieri namdvili ,  da h-saTvis. es ki imas niSnavs, 

rom (1.15) sxvaobiani sqema mdgradia  da h-is nebismieri 
mniSvnelobebisaTvis. aseT sqemebs absoluturad mdgrad sqemebs uwodeben. 
absoluturi mdgradoba warmoadgens aracxadi sqemis ZiriTad 

upiratesobas. am SemTxvevaSi ar moiTxoveba, rom  biji iyos Zalian mcire. 

 da h bijebi unda iqnan SerCeuli sqemis sizustis gaTvaliswinebiT da 
ara gamomdinare mdgradobis mosazrebidan. magaliTad, SegviZlia aviRoT 

210 .h     mdgradoba uzrunvelyofilia   da h-is nebismier 
mniSvnelobisaTvis. 

 

1.9.  -parametriani sqemebis ojaxi 

 
Cvens mier ganxiluli ori sxvaobiani sqemis ganzogadebas 

warmoadgens sxvaobiaani sqemis erTparametriani ojaxi, romelic axdens 
sawyisi (1.3) – (1.5) diferencialuri amocanis miaxloebas eqvswertilovan 

1( , ),i nx t  ( , ),i nx t  1( , ),i nx t 1 1( , ),i nx t   1( , ),i nx t   1 1( , )i nx t   Sablonze (nax. 1.9) 

 

                                               1 1( , )i nx t   1( , )i nx t    1 1( , )i nx t                

                                                                                  
 

                                                                                                                    

                                                1( , )i nx t     ( , )i nx t    1( , )i nx t  

 
                                nax.1.9 
 
sxvaobian sqemas aqvs saxe  

                  
1 1 1 1

1 1 1 1

2 2

2 2
(1 ) ,

n n n n n n n n
ni i i i i i i i
i

u u u u u u u u

h h

   

       
     


         (1.25) 

0,1, , 1, 1,2, , 1,    n K i N  
0

0 ( ), 0,1, , ,i iu u x i N    
1 1

0 1 1 2 1( ), ( ), 0,1, , 1.n n

n N nu t u t n K 

        
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Tu 0   da n n

i if  , maSin (1.25)-dan miiReba cxadi (1.6) sqema  Tu 1   

da 1n n

i if
   -- wminda aracxadi sqema (1.15). 0,5  -saTvis miiReba e.w. simet-

riuli eqvswertilovani sqema. 
 

1.10. -parametriani sqemis aproqsimaciis cdomileba 
 
gamovikvlioT (1.25) sxvaobiani sqemis aproqsimaciis cdomileba (1.3)-

(1.5) diferencialuri amocanis amonaxsnze.  
SemoviRoT cdomilebis funqcia 

( , ),n n

i i i nz u u x t   

sadac n

iu  warmoadgens (1.25) sxvaobiani sqemis amonaxsns, xolo ( , )i nu x t  ki -

- (1.3)-(1.5) amocanis amonaxsnis mniSvnelobas ( , )i nx t  wertilSi. am 

ukanaskneli tolobidan ganvsazRvroT n

iu  

( , )n n

i i i nu z u x t   

da SevitanT (1.25)  sxvaobian sqemaSi. maSin cdomilebis n

iz  funqciisaTvis 

miviRebT sxvaobian sqemas   

 

1 1 1 1

1 1 1 1

2 2

0

1 1

0

2 2
(1 ) ,

0,1, , 1, 1,2, , 1,

0, 0,1, , ,

0, 0,1, , 1,

   

   

 

    
      



   

 

   

 





n n n n n n n n
ni i i i i i i i
i

i

n n

N

z z z z z z z z

h h

n K i N

z i N

z z n K

 

sadac 
                              

1 1 1 1 1 1 1

2 2

1

( , ) 2 ( , ) ( , ) ( , ) 2 ( , ) ( , )
(1 )

( , ) ( , )

n i n i n i n i n i n i n
i

ni n i n
i

u x t u x t u x t u x t u x t u x t

h h

u x t u x t

      



   
      


  



   (1.26) 

warmoadgens (1.25) sxvaobiani sqemis aproqsimaciis cdomilebas (Seusa-
bamobas) (1.3)–(1.5) diferencialuri amocanis amonaxsnze.  

vigulisxmoT, rom (1.3)-(1.5) diferencialuri amocanis amonaxsni sakmaod 
gluvi funqciaa. maSin Tu aproqsimaciis cdomilebis (1.26) gamosaxu-
lebaSi Semaval funqciebs gavSliT teiloris mwkrivad, miviRebT 

  21
1/ 2

( , ) ( , )
, ( )i n i n

i n

u x t u x t u
x t O

t




 
  

 
, 

      
2 2 4

1 1 4

2 2 4

( , ) 2 ( , ) ( , )
( , ) ( , ) ( ), 0,1

12

    

 

   
   
 

i n p i n p i n p

i n p i n p

u x t u x t u x t u h u
x t x t O h p

h x x
. 

CavsvaT es formulebi (1.26)-Si. gveqneba 
2 2 4 2 2 4

1 12 4 2 4

2 4

1/ 2

( , ) ( , ) (1 ) ( , ) ( , )
12 12

( , ) ( ).

 



      
           

      


     


n

i i n i n i n i n

n

i n i

u h u u h u
x t x t x t x t

x x x x

u
x t O h

t

 

am gamosaxulebis marjvena mxareSi Semavali funqciebi gavSaloT 

1/ 2( , )i nx t   wertilis mimarT. Tu SemoviRebT aRniSvnas 
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1/ 2( , )i nu u x t  , 

miviRebT 
2 3 2 4 2 3 2 4

2 4

2 2 4 2 2 4

2 2 4 3
2 4

2 4 2

(1 ) ( )
2 12 2 12

( 0,5) ( ).
12

n n

i i

n

i

u u h u u u h u u
O h

tx t x x x t x x

u u h u u
O h

tx x t x

           
                   

          

    
            

    

 

gaviTvaliswinoT, rom  
2

2

u u
f

t x

 
 

 
. 

Tu am tolobis orive mxares orjer gavawarmoebT x-iT 
3 4 2

2 4 2

u u f

t x x x

  
 

   
, 

maSin aproqsimaciis cdomilebis gamosaxuleba Semdegnairad Caiwereba 

1x

2 3 2 2

1/ 2 1/ 2 1/ 22 2

2 4

( 0,5) ( , ) ( , ) ( , )
12 12

( ).

  

   
           

   

  

n n

i i n i n i i n

h u h f
x t x t f x t

t x x

O h

 

amrigad 

1. Tu 
2

0,5
12

h
  


, 

2 2
2 4

1/ 2 1/ 22
( , ) ( , ) ( )

12

n

i i n i n

h f
f x t x t O h

x
 


     


, maSin (1.25) 

sxvaobiani sqemis aproqsimaciis cdomileba  
2 4( )n

i O h    . 

      aseT sxvaobian sqemas sizustis maRali rigis sxvaobian sqemas 
uwodeben. 

2. Tu 0,5  , 2 2

1/ 2( , ) ( )n

i i nf x t O h     ,  maSin 
2 2( )   n

i O h . 

3.  -s yvela sxva mniSvnelobisaTvis Tu 2

1/ 2( , ) ( )    n

i i nf x t O h ,  
2( )   n

i O h . 

 

 
 

2. sxvaobiani sqema puasonis gantolebisaTvis 
 

2.1. diferencialuri amocana 

 
  ganvixiloT dirixles amocana puasonis gantolebisaTvis marT-
kuTxedSi. 

vTqvaT,  are warmoadgens marTkuTxeds  

 1 2 1 1 2 2( , ), 0 , 0x x x a x a      , 

xolo  _  aris sazRvars (nax. 2.1). unda vipovoT 
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                             2x   
                              

                                       
                                                         2a   

                                        
 
 

OO                            0                                 1a      1x                                                                                                                                     

                                                                                nax. 2.1 
 

iseTi 1 2( , )u x x  funqcia, romelic orjer uwyvetad diferencirebadia -Si, 

uwyvetia   Caketil areSi da akmayofilebs  

                                          
2 2

1 2 1 22 2

1 2

( , ), ( , )
u u

f x x x x
x x

 
  

 
,                                               (2.1) 

gantolebas da sasazRvro pirobas  

                                         1 2 1 2 1 2( , ) ( , ), ( , )  u x x x x x x .                                                  (2.2) 

aq 1 2( , )f x x  da 1 2( , )x x  mocemuli funqciebia. 1 2( , ) 0f x x   SemTxvevaSi (2.1) 

gantolebas ewodeba laplasis gantoleba. 
(2.1), (2.2) amocanas aqvs sxvadasxva  fizikuri Sinaarsi. misi saSualebiT 

aRiwereba datvirTuli membranis CaRunva, gazis wneva araerTgvarovan 
velSi, firfitaSi siTbos gavrcelebis procesi da a.S. 

 
2.2. sxvaobiani sqema 

 

  are davfaroT marTkuTxa badiT bijebiT 1h  da 2h , sadac ,k
k

k

a
h

N
  

1,2k   (nax. 2.2). 

 

                                                   2x  

                                                   2a  

                                                                                                                    

                                                        

 

                                                                                      

                                                                                                                   1x                                                                                                                                                                                         

                                                        0                                         1a  

                                                                        nax. 2.2 
 

miviRebT 1 2( , )i jx x  kvanZebs,  
10,1, , i N , 

20,1, , j N , sadac  1 1ix ih , 

2 2jx jh ,   
10,1, ,i N  , 

20,1, ,j N  . 

yovel Siga 1 2( , )i jx x  kvanZSi,  
11,2, , 1 i N , 

21,2, , 1 j N , meore rigis 

warmoebulebi SevcvaloT miaxloebiTi mniSvnelobebiT, saxeldobr 
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2

1 22

1

( , )i j

u
x x

x




  da

2

1 22

2

( , )i j

u
x x

x




 SevcvaloT Sesabamisad 

1, 1 2 1 2 1, 1 2

2

1

( , ) 2 ( , ) ( , )i j i j i ju x x u x x u x x

h

  
   da   

1 2, 1 1 2 1 2, 1

2

2

( , ) 2 ( , ) ( , )i j i j i ju x x u x x u x x

h

  
-iT. 

amis Sedegad (2.1) gantoleba Seicvleba sxvaobian gantolebaTa sistemiT 

                              
1, 1, , 1 , 1

2 2

1 2

2 2      
 

i j ij i j i j ij i j

ij

u u u u u u
f

h h
,                                           (2.3) 

sadac 
11,2, , 1 i N , 

21,2, , 1 j N ,  1 2( , )ij i jf f x x . 

(2.2) sasazRvro pirobis safuZvelze sasazRvro kvanZebisaTvis gveqneba 

                            
2 1

,0 1 0, 2

, 1 2 , 1 2

1 2

( ,0), (0, ),

( , ), ( , ),

0,1, , , 0,1, , .

i i j j

i N i N j j

u x u x

u x a u a x

i N j N

   

   

  

                                                (2.4) 

aq ,i ju -iT aRniSnulia baduri funqciis mniSvneloba 1 2( , )i jx x  kvanZSi. (2.3), 

(2.4) gantolebaTa sistemas ewodeba (2.1), (2.2) amocanis Sesabamisi 

sxvaobiani amocana. (2.3)-Si gamoyenebuli 1 2( , )i jx x , 1, 1 2( , )i jx x , 1, 1 2( , )i jx x , 

1 2, 1( , )i jx x  , 1 2, 1( , )i jx x   wertilebi qmnian sqemis xuTwertilovan Sablons (nax. 

2.3) 
 

                                                                          1 2, 1( , )i jx x   

  

                                                       
                                                        

                                                                                                   1 2( , )i jx x                                                                                                                   

                                             1, 1 2( , )i jx x                                               1, 1 2( , )i jx x                                   

 

                                                                          

                                                                                            
 

                                                                           1 2, 1( , )i jx x   

 
     nax. 2.3 

(2.3), (2.4) sxvaobiani sqema mdgradia, xolo 1 2( , )ij ij i jz u u x x   

cdomilebisaTvis adgili aqvs tolobad 2 2

1 2| | ( )ijz O h h  ,  
11,2, , 1 i N , 

21,2, , 1 j N .  (2.3), (2.4) sistemis amosaxsnelad gamoiyeneba matriculi 

faqtorizacia an iteraciuli meTodebi (mag., libmanis iteracia). 
magaliTi 3. mocemulia amocana 

                     
2 2

1 2 1 22 2

1 2

3 2 1, ( , )
u u

x x x x
x x

 
    

 
, 

1 2 1 2( , ) 0, ( , )u x x x x  , 

sadac 1 2 1 2{( , ), 0 1, 0 1}x x x x      , xolo  -s sazRvaria. gamoiyeneT 

sxvaobiani meTodi bijebiT 1 2

1

4
h h   da dawereT sxvaobiani gantolebebi,   

romlebic Seesabameba nax. 2.4-ze moniSnul kvanZebs.  
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amoxsna. vinaidan 
1 2 1 2( , ) 3 2 1f x x x x   , amitom 

1 1 1
, 3

2 2 2
f
 

 
 

,  
3 1 3

, 3
4 4 4

f
 

 
 

.  

garda amisa, gaviTvaliswinoT, rom  u funqcia sazRvarze   udris nuls.                   
           

    2x        

     1 

     

     

                            I   

                            

                                         II 

    

     

      0                                         1      1x  

                       nax. 2.4 
 

 gveqneba 

Ikv.        3,2 2,2 1,2 2,3 2,2 2,12 2 1
3

1/16 1/16 2

u u u u u u   
  , 

IIkv.         3,1 2,1 3,2 3,12 2 3
3

1/16 1/16 4

u u u u  
  . 

 
 

       II Tavi. proeqciuli meTodebi 
 

1. meTodebis zogadi sqema 
 

M1.1 meTodis sqema banaxis sivrceSi 
 

vTqvaT, EE da FF banaxis sivrceebia (namdvili an kompleqsuri). 
ganvixiloT gantoleba  

                                Lu f ,                              (1.1) 

sadac L wrfivi operatoria, romlis gansazRvris area ( )D L E , xolo 
mniSvnelobaTa are ( )R L F . am gantolebis amoxsna proeqciuli meTodiT 
niSnavs Semdegs. 

vasaxelebT qvesimravleebis  or mimdevrobas { }nE da{ }nF , ( ) ,nE D L E   

,nF F  1,2,n  , da agreTve wrfiv proeqciul 
nP  operatorebs (anu 

proeqtorebs), romlebic FF-s aproeqteben 
nF -ze. TiToeuli 

nP  

akmayofilebs moTxovnebs 
2 , n n n nP P P F F . 

Semdeg, (1.1) gantolebis nacvlad ganixileba miaxloebiTi gantoleba  
                                                ( ) 0,n n n nP Lu f u E   .                                          (1.2)        

bolo CarTva niSnavs, rom amonaxsns veZebT 
nE -Si. 

nu  warmoadgens (1.1) 

gantolebis amonaxsnis miaxloebas. 
 

                     1. 2. hilbertis sivrcis SemTxveva 
 

ganvixiloT hilbertis sivrcis SemTxveva. vTqvaT hilbertis H 
sivrceSi mocemulia gantoleba  
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                                            ,   Lu Au Bu f f H ,                                        (1.3) 

sadac A da B wrfivi operatorebia  H-Si. A-s gansazRvris are 
aRvniSniT ( )D A -Ti, xolo   B-si ( )D B -Ti. davuSvaT, rom ( ) ( )D A D B  da ( )D A  

srulia H-Si. SemoviRoT K operatori, romlis gansazRvris are 

( ) ( )D K D A . 

ganvixiloT funqciebi 

                                            ( ) ( ) ( )

1 2, , , , 1,2,n n n

n n     ,                                   (1.4)  

( )D A -dan.  ( ) , 1,2,  n

i i , funqciebze moWimuli wrfivi garsi (e.i. 
( ) ( )

1 1 2 2

n nc c     ( )n

n nc    elementebis simravle, sadac TiToeuli 
1 2, , , nc c c  

nebismieri ricxvia) aRvniSnoT  
nH -iT. vigulisxmoT Semdegi pirobebis 

Sesruleba: 1) yoveli n-saTvis (1.4) funqciebi qmnis wrfivad damoukidebel 
sistemas 2) { }nH  qvesimravleebis mimdevroba zRvrulad srulia H-Si, rac 

imas niSnavs, rom yoveli u H funqciisaaTvis arsebobs iseTi 
, 1,2,n nu H n  , rom 

|| || inf || || ( , ),n n
w

u u u w u n w H      , 

sadac ( , )u n  _ miaxloebis cdomilebis Sefaseba miiswrafvis nulisaken, 
roca n  . 

(1.4) funqciaTa mimdevrobas, romelic akmayofilebs aRniSnul 

pirobebs, ewodeba 
nH -is  bazisi da aRiniSneba ( ){ }n

i -iT.   ( )n

i  funqciebs, 

1,2, , ,i n    ewodeba bazisuri funqciebi. 

bazisuri funqciebi damokidebulia n-ze da sazogadod 
1 2n n -saTvis 

1 2( ) ( )n n

i i   . toloba gamoricxuli ar aris. magaliTad, Tu ( ) ,n i

i x   

1,2, ,i n  ,  1,2,n  ,  gveqneba Semdegi funqciebisagan Semdgari bazisi 

2

2 3

1

2 ,

3 , ,

n x

n x x

n x x x









 

moviyvanoT n-ze damokidebuli funqciebis ( )n

i   magaliTi. ganvixiloT 

(0,1)-ze gansazRvruli bazisuri funqciebi 

( )
1,

( )
0,

n

i x


  


  
roca

roca
   

1
, ,

1
, ,

i i
x

n n

i i
x

n n

 
 
 

 
 
 

   1,2, , , 1,2,i n n   

n=2 da n=3 SemTxvevebisaTvis bazisuri funqciebis grafikebi moyvvanilia 
nax. 1.1-ze. 
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n=2 

 

y 

 

1                 (2)

1  

 

 

 

                                           x 

0             0,5           1 

 

 

 

y 

                                  

1                                (2)

2   

 

 

 

                                           x 

0            0,5       1 

 

     

  

 

         n=3 

 

    y 

 

1              (3)

1  

 

 

 

0                                         x 

             
1

3
     

2

3
      1    

 

 

 

  y 

 

 1                          (3)

2  

 

 

 

0                                        x 

              
1

3
      

2

3
      1    

 

  

   

 

  y    

                                     

1                                   (3)

3  

 

 

 

0                                         x 

             
1

3
     

2

3
          1 

 

 
  

nax. 1.1 
                                                                        

Canaweris gamartivebis mizniT bazisuri funqciebisa da koeficien-
tebis aRniSvnis dros n indeqss ar davwerT. 

(1.4)-is garda SemoviRoT bazisuri funqciebis kidev erTi sistema da es 
sistema aRvniSnoT { }i - Ti. davuSvaT, rom TiToeuli 

i  ekuTvnis ( )D K -s. 

(1.3)-is amonaxsni warmovadginoT Semdegi saxiT  

                                                   
1

n

n i i

i

u a


  ,                                                                  

sadac 
ia  koeficientebs vpoulobT gantolebaTa sistemidan  

                                    ( , ) 0, 1,2, ,     n n iAu Bu f K i n .                                   (1.5) 

aq ( , )u v -Ti aRniSnulia skalaruli namravli H sivrceSi normiT 
1

2|| || ( , )u u u . 

(1.5) sistemis amonaxsnis arseboba da 
nu -ebis krebadoba u zusti amonax-

snisaken, roca n  , damokidebulia rogorc K, { }i ,{ }i -ebis SerCevaze, 

aseve A da B operatorebis Tvisebebze. am operatorebisa da bazisebis 
SerCeviT vRebulobT zogierT cnobil miaxloebiT meTods (riTcis, 
buznov-galerkinis da a.S.). 
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2. riTcis meTodi 
 

2.1. meTodis klasikuri forma 
 

davuSvaT, rom (1.3) gantolebaSi da (1.5) algoriTmSi 0,B K I  (I-erTe-

ulovani operatori), 
i i   , xoloAA  simetriuli dadebiTad gansaz-

Rvruli operatoria (e.i. 2( , ) ( , ), ( , ) || || , 0Av w v Aw Av v v const      , nebismieri 

v  da wsaTvis ( )D A -dan). amgvarad, gvaqvs gantoleba  

                                              ,Au f f H  .                                                                   (2.1) 

aseT SemTxvevaSi algoriTms ewodeba riTcis klasikuri meTodi. 
zogadi sqemidan gamomdinareobs Semdegi meTodi 

1. virCevT baziss { }, ( ), 1,2, , . 1,2,     i i D A i n n . 

2. miaxloebiT amonaxsns veZebT Semdegi saxiT 

                                                 
1

n

n i i

i

u a


  .                                                                        (2.2) 

3. 
ia  koeficientebis sapovnelad unda amoixsnas gantolebaTa sistema 

                                ( , ) ( , ), 1,2, ,n i iAu f i n     .                                                  (2.3)  

(2.3) warmoadgens 

                                                    ˆÂa f                                                                           (2.4) 

wrfiv algebrul gantolebaTa sistemas, sadac Â  matricia elementebiT 

( , ),  ij i jA A  
1 2( , , ) ,T

na a a a   
1 2

ˆ ( , , , ) ,T

nf f f f   ( , )i if f  .  

marTlac, (2.3)-Si CavsvaT (2.2). gaviTvaliswinoT A operatorisa da 
skalaruli namravlis Tvisebebi. miviRebT 

1 1 1

1 1 1

( , ) , , ( , )

( , ) ( , ) ( , ) .

n n n

n i j j i j j i j j i

j j j

n n n

j i j j i j i j j

j j j

Au A a Aa Aa

A a A a A a

  

  

   
             

   

        

  

  

 

amrigad, (2.3)-is i-ur gantolebas aqvs saxe 
 

1 1 2 2( , ) ( , ) ( , ) ( , )i i i n n iA a A a A a f           , 

 
e.i. (2.4) formula marTebulia, amasTan  
 

 

1 1 1 2 1

2 1 2 2 2

1 2

1 2

( , ) ( , ) ( , )

( , ) ( , ) ( , ) ˆˆ , ( , ), ( , ), ( , )

( , ) ( , ) ( , )

n

Tn

n

n n n n

A A A

A A A
A f f f f

A A A

      
 

          
 
        










. 

 
mtkicdeba, rom (2.3) sistemis amonaxsni arsebobs da erTaderTia. 
riTcis meTodis Camoyalibebisas Cven safuZvlad gamoviyeneT (1.5) 

algoriTmi. magram istoriulad es meTodi warmoiSva ( )D A simravleze 

                                    ( ) ( , ) 2( , )F u Au u u f                                             (2.5)  

kvadratuli funqcionalis minimumis moZebnis problemis safuZvelze.  
adgili aqvs Semdeg debulebas. 

Teorema 1. vTqvaT, A dadebiTad gansazRvruli operatoria. Tu (2.1) 
gantolebas aqvs amonaxsni, maSin es amonaxsni aniWebs (2.5) funqcionals 
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minimums. da piriqiT,  funqcia, romelic (2.5) funqcionals aniWebs 
minimums, akmayofilebs (2.1) gantolebas. 

am Teoremidan gamomdinareobs, rom riTcis meTodi SeiZleba Semdegna-
iradac CamovayaliboT. 

aRvniSnoT 
nH -iT 

1 2, , ,   n
-ze moWimuli wrfivi garsi. ganvixiloT 

amocana iseTi n nu H  funqciis moZebnis Sesaxeb, romlisTvisac 

( ) min ( ), n n
v

F u F v v H . 

 

radgan
1

 
n

i i

i

v b , amitom ( ) min ( )
i

n
b

F u F v , sadac (2.5)-is gaTvaliswine-

biT ( )F v
1 2

, 1 1

( , , , ) ( , ) 2 ( , )
 

      
n n

n i j i j j j

i j j

F b b b b b A b f .  imisaTvis, rom vipovoT 

( )F v  funqcionalis minimumi, misi kerZo warmoebulebi 
ib -Ti unda 

gavutoloT nuls. miviRebT gantolebaTa sistemas 

                 
( )

0, 1,2, ,


 



i

F v
i n

b
, 

romelic (2.3)-is eqvivalenturia. maSasadame, ganxiluli klasis operato-
rebisaTvis riTcis meTods rogorc (2.3)-is, aseve 

nH -ze ( )F u  

funqcionalis minimizebis formulebs mivyavarT
ia  koeficientebis 

gamosaTvlel erT da imave sistemamde. 

Teorema 2. Tu nebismieri ( )u D A  funqciisaTvis arsebobs
1

 
n

n i i

i

u a  

 nH  elementTa iseTi mimdevroba, 1,2, n , rom   0 
nA u u , roca 

n , maSin riTcis meTodis 
nu  amonaxsnTa mimdevroba miiswrafvis (2.1) 

gantolebis u zusti amonaxsnisken, roca n , amasTan adgili aqvs 
Sefasebas 

 || || min
i

n n
c

u u c A u u    , 

sadac c-dadebiTi ricxvia, romelic ar aris damikidebuli u da 
nu -ze. 

damtkiceba. jer vaCvenoT, rom u da nebismieri ( )v D A -saTvis sruldeba 
toloba 

( ( ), ) ( ) ( )   A u v u v F v F u . 

Tu gaviTvaliwinebT, rom Au f  da ( , ) ( , )Av u Au v , miviRebT  

  

  

( ( ), ) ( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( , ) 2( , ) ( , ) ( , ) 2( , )

[ ( , ) 2( , ) ] [ 2( , ) ( , )] ( ) [ ( , ) 2( , ) ] ( ) ( ).

         

      

        

A u v u v Au Av u v Au u Au v Av u Av v

Au u Av v Au v Au u Av v f v

Av v f v Au u Au u F v Au u f u F v F u

 

 gavixsenoT, rom u zusti da 
nu  miaxloebiTi amonaxsnebi ( )F v  funqci-

onals aniWebs minimalur mniSvnelobas Sesabamisad ( )D A  da
nH -Si. 

miviRebT 

( ( ), ) ( ) ( ) ( ) ( ) ( ( ), )        n n n n n nA u u u u F u F u F v F u A u v u v  

nebismieri
1

 
n

n i i

i

v c  funqciisaTvis
nH -dan. maSasadame, 

2 2

1 1 2

|| || ( ( ), ) ( ( ), )

( ( ), ( )) || || || ( ) || .

n n n n n

n n n

u u A u u u u A u v u v

A u v A A u v A A u v 

        

    
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aqedan gamomdinareobs 
1

2 2

2

|| ||
|| || || ( ) ||



  


n n

A
u u A u v . 

Tu CavsvamT  
n nv u , miviRebT dasamtkicebels. 

 

         magaliTi 1.                                      amovxsnaT amocana 

   y                                                                      
2 2

2 2
( , )

u u
qu f x y

x y

  
    

  
,    

0,5                                                                             ( , ) , 0,  x y q const  

                                                                                     | 0 u ,  sadac                                                                        

   0                          1        x                               {( , ) | 0 1, 0 0,5}     x y x y , 

              nax. 2.1 

xolo   -s sazRvaria (nax. 2.1).  

amoxsna. miaxloebiTi amonaxsnis asagebad gamoviyenoT riTcis meTodi. 

bazisur funqciebad gamoviyenoT 
2 2

2 2

  
    

  
A qI

x y
 operatoris 

sakuTrivi funqciebi.  A operatoris gansazRvris are 2( ) ( ) ( )   D A C C . aq  

I - erTeulovani operatoria, xolo   . 

aRniSvnebis gamartivebis mizniT visargebloT orindeqsiani danomvriT. 

A operatoris ij
 sakuTrivi ricxvi da Sesabamisi ij  sakuTrivi funqcia  

                                                     
ij ij ijA                                                                   (2.6) 

amocanis amonaxsnebia. maT aqvs saxe ( , ) sin sin 2 ,ij x y i x j y     

2 2 2( 4 ) ,ij i j q       , 1,2,i j   

 

miaxloebiTi amonaxsni warmovadginoT 
, 1

( , )


 
n

n ij ij

i j

u a x y  saxiT, sadac 

ija  koeficientebi miiReba riTcis (2.3) sistemidan, romelsac eqneba 

Semdegi saxe 

2 20,5 0,51 1

2 2
, 1 0 0 0 0

( , ) ( , ) ( , ) , , 1,2, ,
n

ij ij

ij ij kl kl

i j

a q x y dxdy f x y x y dxdy k l n
x y

     
         
     

      . 

(2.6)-is ZaliT gveqneba 

                
0,5 0,51 1

, 1 0 0 0 0

( , ) ( , ) ( , ) ( , )


        
n

ij ij ij kl kl

i j

a x y x y dxdy f x y x y dxdy .          (2.7) 
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ij  funqciebi orTogonalurebi arian 2 (0,1;0,0.5)L  sivrceSi, rac imas 

niSnavs, rom 

0,51

0 0

0,

( , ) ( , ) 1
,

8




  



  ij klx y x y dxdy
Tu

Tu
,

,





i k

i k
,
an

da

,

.





j l

j l
 

amitom (2.7)-dan gamomdinareobs 

0,51

0 0

1
( , ) ( , )

8
   ij ij ija f x y x y dxdy . 

amis Sedegad ija  koeficientebis gamosaTvlelad gamoviyenebT tolobas 

0,51

2 2 2

0 0

8
( , )sin sin 2 , , 1,2, ,

( 4 )
   
     ija f x y i x j y dxdy i j n

i j q
, 

xolo Semdeg 

, 1

( , ) sin sin 2


  
n

n ij

i j

u x y a i x j y  

formulis saSualebiT avagebT mocemuli amocanis miaxloebiT amonaxsns. 
 

2.2 riTcis meTodi energetikul sivrceSi 
 

rogorc viciT (2.1) amocana (2.5) variaciuli amocanis eqvivalenturia. 
sazogadod, amonaxsni ( )D A -Si SeiZleba ar arsebobdes, magram is 

arsebobs garkveulad ufro farTe sivrceSi, romelic Seicavs ( )D A -s. 
amasTan dakavSirebiT saWiroa Seicvalos variaciuli amocanis dasma. (2.1)-
is ganxilvisas vigulosxmeT, rom A-simetriuli dadebiTad gansazRvruli 
operatoria, romlis gansazRvris are ( )D A  srulia H-Si.  

SemoviRoT skalaruli namravli da norma ( )D A -Si 

                          
1

2( , ) ( , ), || || ( , )        A AA .                                    

movaxdinoT ( )D A -s Sevseba SemoRebuli normis mixedviT. miviRebT 

hilbertis sivrces, romelsac aRvniSnavT 
AH -Ti. 

AH -s ewodeba A 

operatoriT warmoSobili energetikuli sivrce. yoveli funqcia ( )D A -dan 

ekuTvnis 
AH  sivrces, magram Sevsebis Sedegad 

AH -Si SeiZleba warmoiSvas 

elementebi, romelic ar Sedis ( )D A . amis gamo nebismieri ,  AH -saTvis 

( , )  A
 skalaruli namravlis ( , ) A  saxiT warmodgenas adgili ara aqvs. 

Tu  n
,  n

,  , ( )  n n D A , maSin ( , ) lim( , )


    A n n
n

. 

(2.7)-is gamoyenebiT ( )F u  funqcionali (2.5)-dan warmovadginoT 

                                            ( ) ( , ) 2( , ) AF u u u f u                                                       (2.8) 

saxiT. 
Caweris asTi forma saSualbas iZlva ganvixiloT ( )F u  ara marto 

( )D A -ze, aramd 
AH  energetikuli sivrcis yvela elementisaTvis. amrigad, 

moxda ( )F u  funqcionalis gansazRvris aris gafarToeba. mtkicdeba, rom 

AH  sivrceSi ( )F u  funqcionali aRwevs minimums, roca u udris raRac 
0u -s. 
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aseTi 
0u  elementi erTaderTia da ekuTvnis 

AH -s. Tu aRmoCnda, rom 

0 ( )u D A , maSin 
0u  iqneba ganxiluli amocanis klasikuri amonaxsni, e.i. 

daakmayofilebs (2.1)-s. SesaZlebelia, rom 
0u  ar ekuTvnodes ( )D A -s. maSin 

0u -s ewodeba (2.1) gantolebis ganzogadoebuli amonaxsni. 

amgvarad, mocemuli amocana dayvanilia 
AH  eneggetikul sivrceSi 

(2.8) funqcionalis minimizebis amocanaze. miRebuli variaciuli amocana 
amovxsnaT riTcis meTodiT, romelsac am SemTxvevaSi ewodeba riTcis 
meTodi energetikul sivrceSi. ganvixiloT es meTodi dawvrilebiT. 

SevarCioT wrfivad damoukidebel funqciaTa sistema { }i
,  i AH . 

nH -

iT aRvniSnoT 
1 2, , ,   n

 funqciebze moWimuli wrfivi garsi. sxvadasxva n-

savis, 1,2, n , vRebulobT sxvadasxva  
nH -s. davuSvaT, rom  { }nH  

qvesimravleebis mimdevroba zRvrulad srulia 
AH -Si, rac imas niSnavs, 

rom yoveli  Au H  funqciisaTvis arsebobs iseTi 
n nu H ,  1,2, n  ,  rom   

|| || inf || || ( , ),     
n A A n

w
u u u w u n w H , 

sadac ( , ) u n  - miaxloebis cdomilebis Sefaseba, romelic miiswrafvis 
nulisken, roca n . 

riTcis meTodis daniSnuleba imaSi mdgomareobs, rom misi 

saSualebiT unda vipovoT iseTi n nu H  elementi, romelic ( )F u  

funqcionals aniWebs minimalur mniSvnelobas nH -Si. amisaTvis saWiroa  

1. davafiqsiroT n da SevarCioT  { }, 1,2, , ,   i i Ai n H . 

2. miaxloebiT amonaxsns mivaniWoT Semdegi saxe  

                      
1

n

n i i

i

u a


  .                                           

3. 
ia  koeficientebis sapovnelad vxsniT gantolebaTa sistemas 

( )
0, 1,2, ,


 


n

i

F u
i n

a
. 

es sistema SeiZleba warmovadginoT Semdegnairad 
ˆÂa f  an ( , ) ( , ), 1,2, , ,    n i A iu f i n   

sadac 1 2( , , , ) ,  T

na a a a  1 2
ˆ ( , , , ) , ( , ),   T

n i if f f f f f xolo Â  matricia 

elementebiT ( , )  ij i j AA , , 1,2, , i j n . 

Â  matrici simetriulia da dadebiTad gansazRvrulia. aqedan 

gamomdinareobs ˆÂa f  sistemisaTvis amonaxsnis arseboba da 
erTaderToba. 

CamovayaliboT debuleba energetikul sivrceSi riTcis meTodis 
krebadobis Sesaxeb. 

Teorema 3. Tu qvesimravleebis { }nH  mimdveroba zRvrulad srulia 

AH -Si, maSin 
nu  miaxloebebis mimdevroba 

AH  sivrcis metrikis azriT 

miiswrafvis ganzogadoebuli amonaxsnisaken, roca n . 
 

2.3. bunebrivi da mTavari sasazRvro pirobebi 
 

is garemoeba, rom ( )u D A , xSirad imis maniSnebelia, rom u 

akmayofilebs  ama Tu im sasazRro pirobas: 0, 1,2, ,  kT u k K . aq  
kT  - 

operatoria, romelic gansazRvravs k-ur sasazRvro pirobas. 
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vTqvaT, veZebT amocanis ganzogadoebul amonxsns. ( )D A -s || ||A normis 

azriT Sevsebis Sedegad miRebul 
AH  energetikul sivrceSi SeiZleba 

warmoiSvas elementebi, romlebic ar akmayofilebs yvela 0kT u  pirobas. 

Tu 
AH -Si arsebobs elementebi, romlebic ar akmayofilebs romelime 

0kT u  pirobas, maSin aseTi saxis pirobas ewodeba A operatoris  

bunebrivi sasazRvro piroba. Tu mocemul sasazRvro pirobas akmayofi-
lebs 

AH -s yvela elementi, maSin mas ewodeba A operatoris mTavari 

sasazRvro piroba. 

gansazRvrebidan vaskvniT, rom ar aris savaldebulo, rom i  

bazisuri funqciebi akmayofilebdes bunebriv sasazRvro pirobebs, radgan 
sakmarisia, rom es funqciebi ekuTvnodnen  

AH -s (da araa aucilebeli 

( )D A -s). amrigad, ganzogadoebuli amonaxsnis agebis dros bazisuri 

funqciebisagan moiTxoveba mxolod mTavari sasazRvro pirobis 
Sesruleba. es garemoeba xSirad gviadvilebs bazisis arCevas. 
CamovayaliboT erTi niSani, romlic saSualbas iZlva martivad 
ganvasxvaoT erTmaneTisagan bunebrivi da mTavari sasazRvro pirobebi (am 
algoriTmis Teoriul dasabuTeba aq ar mogvyavs). vTqvaT (2.1) 
gantolebaSi A warmoadgens 2m rigis diferencialur operators da davu-
SvaT mocemulia erTgvarovani sasazRvro pirobebi 0, 1,2, ,  kT u k K . Tu 

sasazRvro piroba Seicavs warmoebuls, romlis rigi udris m-s an m-ze 
metia, maSin aseTi sasazRvro piroba aris bunebrivi, winaaRmdeg 
SemTxvevaSi _ mTavari. 

                 

 
         magaliTi 2.                                      ganvixiloT gantoleba 

                                                              
2 2

2

2 2
2 ( , ), (0,3;0,1),

  
    

  

u u
f x y f L

x y
 

         y                                                        da sasazRvro pirobebi 

                                                                        ( ,0) 0, 0 3  u x x ,                                     (2.9.1)         

       1            (2.9.3)                                            (3, ) (3, ) 0, 0 1


   


u
y u y y

y
,                    (2.9.2)             

(2.9.4)                               (2.9.2)                            ( ,1) 2 ( ,1) 0, 0 3


   


u
x u x x

x
,               (2.9.3)     

     0                 (2.9.1)          3                  x                         (0, ) 0, 0 1,  u y y                       (2.9.4)            

                 nax. 2.2                                       (nax. 2.2) 
 
am SemTxvevaSi (2.9.1) da (2.9.4) mTavari pirobebia, xolo (2.9.2) da (2.9.3) _ 

bunebrivi. marTlac, 
2 2

2 2
2

  
   

  

u u
A

x y
 operatoris rigi udris 2m=2. amitom 

m=1. vinaidan (2.9.2) da (2.9.3)-Si Sedis  m-uri (e.i. pirveli) rigis 
warmoebuli, amitom (2.9.2) da (2.9.3)  bunebrivi pirobebia. (2.9.1) da (2.9.4) ar 
Seicavs m-ur da ufro maRali rigis warmoebulebs, ris gamoc orive 
mTavari pirobaa. 
 

magaliTi 3. ganvixiloT gantoleba  
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2 2

1 1

( ) ( ) ( )
 

 
  

 
 ij

i j i j

u
a x a x u f x

x x
,                   (2.10) 

sadac 
1 2( , ) x x x ,  - SemosazRvruli area 2R -dan, romlis sazRvari  

uwyvetad warmoebadia. davuSvaT, rom ( )ija x  uwyvetad warmoebadi koefici-

entebia  -ze,   , garda amisa ij jia a , xolo 0 ( ) a x const   -ze. 

( )f x -sagan moiTxoveba, rom max | ( ) | .


 
x

f x  

vTqvaT, (2.10) elifsuri tipis gantolebaa, e.i. sruldeba 

                                        
2 2 2

2

0

1 1 1

( )
  

      ij i j i

i j i

a x                                                          (2.11) 

yoveli 
1 2( , )     aranulovani veqtorisaTvis da yoveli x -saTvis. aq 

0  dadebiTi mudmivia, romelic ar aris damokidebuli arc x-ze da arc -

ze. 
Tu (2.10)-is garda moiTxoveba, rom saZiebeli funqcia akmayofilebdes 

dirixles sasazRvro pirobas 
                                                         0 u -ze,                                           (212) 

maSin vRebulobT (2.10), (2.12) pirvel sasazRvro amocanas: saZiebelia iseTi 

( )u x  funqcia, romelic uwyvetia  -ze, aqvs meore rigis uwyveti 

warmoebulebi -ze da romelic TiTqmis yvelgan akmayofilebs (2.10) 
gantolebas da (2.12) pirobas. 

SevcvaloT (2.12) pirobiT 

                              0
u

N


 


-ze,                       (2.13) 

sadac 
u

u
N





funqcis konormaluri warmoebulia, romelic ganisazRvreba 

tolobiT 
2 2

1 1

( ) cos( , ), (ij i

i j j

u u
a x x

N x 

 
  

 
  sazRvris erTeulovani gare normalia). 

Sedegad vRebulobT (2.10), (2.13) meore sasazRvro amocanas: saZiebelia 

iseTi ( )u x  funqcia, romelic uwyvetad warmoebadia  -ze, aqvs meore 

rigis warmoebulebi -ze da romelic TiTqmis yvelgan akmayofilebs 
(2.10) gantolebas da (2.13) pirobas. 

(2.10), (2.12) da (2.10), (2.13) sasazRvro amocanebisaTvis davadginoT 
Sesabamisi energetikuli sivrceebi da sasazRvro pirobebs Soris 
ganvsazRvroT, romelia mTavari da romeli bunebrivi. amisaTvis dagvWir-
deba grinis formula  

                           
2 2

1 1

,
    

  
  

  
   ij

i j i j

v u u
vAudx a dx auvdx v dS

x x N
                                  (2.14) 

sadac 
2 2

1 1

( ) ( )
 

 
  

 
 ij

i j i j

u
Au a x a x u

x x
. 

 operatoris DA gansazRvris are SevadginoT  -ze uwyveti  da -
ze orjer uwyvetad warmoebadi funqciebisagan, romlebic akmayofileben 
(2.12) pirobas. CavTvaloT, rom da 

ij jia a , maSin (2.10), (2.12) SeiZleba 

Caiweros Semdegi saxiT 
, ,Au f f H   
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sadac 2 ( )H L   _ ( )u x  funqciebis hilbertis sivrcea skalaruli 

namravliT  

2 ( )
( , ) ( , ) ( ) ( ) ,

L
u v u v u x v x dx




    
1 2( , )x x x , da 

2

1
1 2

22

( )
|| || || || ( , ) | |

L
u u u u u dx




 
    

 
  

normiT. 

vaCvenoT, rom  _ simetriuli, dadebiTad gansazRvruli operatoria. 
(2.14)-is gamoyenebiT da (2.12)-is gaTvaliswinebiT SegviZlia davweroT 

     
2

, 1

( , ) ( ) ( )
 

  
          

   
  ij

i j i j

A A dx a x a x dx
x x

 

    
2

, 1

( ) ( )ij

i j j i

a x a x dx
x x

  
   

   
 .    -s magivrad CavsvaT  da piriqiT 

2

, 1

( , ) ( ) ( )


  
     

   
 ij

i j j i

A a x a x dx
x x

. imis gamo, rom 
ij jia a , vRebulobT 

( , )  A  ( , ) ( , )     A A , anu  operatori simetriulia. vinaidan ( ) 0a x   
da adgili aqvs (2.11)-s, gveqneba 

   
2

2 2
2

0

, 1 1

( , ) ( ) ( )
  

     
               

  ij

i j ii j i

A a x a x dx dx
x x x

 

  2 2( ) || ||a x dx


     ,  0  , e.i.  operatori dadebiTad gansazRvrulia. 

amrigad, (2.10), (2.12) SeiZleba amoixsnas riTcis meTodiT. vTqvaT, veZebT 
ganzogadoebul amonaxsns.  

AH  energetikul sivrces gaaCnia skalaruli 

namravli da norma  

                         

2

, 1

1

22
2

, 1

( , ) ( ) ( ) ,

|| || ( ) ( ) .





  
     

   

   
     

     





A ij

i j i j

A ij

i j i j

a x a x dx
x x

a x a x dx
x x

                                               (2.15) 

zemoT Camoyalibebuli principis Tanaxmad, (2.12) piroba aris mTavari. 
funqcionals, romlis minimizebas vaxdenT  

AH  sivrceSi, aqvs saxe 

                              
2

2

, 1

( ) ( ) ( ) 2 ( )ij

i j i j

u u
F u a x a x u uf x dx

x x

  
   

   
 .                           (2.16) 

( )F u -s minimums veZebT 
1

( )
n

n k k

k

u a x


   funqciis saSualebiT. 
k  bazisuri 

funqciebi unda SeirCes iseTnairad, rom 0k   -ze, vinaidan rogorc 

ukve aRvniSneT, (2.12) piroba aris mTavari. 

ganvixiloT amocana (2.10), (2.13). am SemTxvaSic amocanis  operatori 
simetriuli da dadebiTad gansazRvrulia. Sesabamisi energetikul 
sivrcis skalaruli namravli da normis (2.15) saxe  iseTivea, rogorc 
dirixles amocanis SemTxvevaSi. ( )F u  funqcionalis saxec ar Seicvleba, 

(2.16) formula rCeba ZalaSi. magram aris erTi arsebiTi gansxvaveba. 
AH  

sivrcis funqciebi SeiZleba ar akmayofilebdes (2.13) pirobas, vinaidan 
(2.13) _ bunebrivi pirobaa. amitom bazisuri funqciebis SerCevisas, (2.13)-s 
ar viTvaliswinebT. 
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     magaliTi 4. 
 

 

    

          y 

      

     1 

u=0                0
u



  

 

    0       u=0       1             x    

                      
                nax. 2.3 
 

                   ganvixiloT amocana 

          
2 2

2 2
1, ( , ) ,

u u
x y

x y

  
    

  
 

          {( , ) | 0 1, 0 1 },      x y x y x  

         0,u   roca 0x   an 0,y   

0
u



, roca 1y x   ( konturis gare nor-

malia)  (nax. 2.3). 

 
SevniSnavT, rom es amocana aRwers tolferda marTkuTxa samkuTxedis  
formis mqone membranis deformacias. membranas awveba Tanabrad ganawile-
buli  tvirTi. membranis kaTetebi xistad aris Camagrebuli, xolo 
hipotenuza Tavisufalia. 

amoxsna. magaliT 3-Si Catarebuli msjelobis Tanaxmad amocanis 
operatori simetriuli da dadebiTad gansazRvrulia. ganzogadoebuli 

amonaxsnis agebis SemTxvevaSi 0
u



 toloba _ bunebrivi sasazRvro 

pirobaa. 
AH  sivrce Sedgeba funqciebisagan, romelTac gaaCniaT 

kvadratiT jamebadi pirveli rigis ganzogadoebuli warmoebulebi da 
romlebic akmayofileben sasazRvro pirobas: 0u  , roca 0x   an 0y  . 
skalaruli namravli da norma gansazRvrulia Semdegnairad  

           

221 1 1 1

2

0 0 0 0

( , ) , || || ,

              
          

               
   

x x

A A

u v u u u u
u v dy dx u dy dx

x x y y x y
 

xolo funqcionals aqvs saxe 
221 1

0 0

( ) 2

      
      

       
 

x
u u

F u u dy dx
x y

. 

bazisur funqciebad aviRoT 

                                          , , 1,2,k m

km x y k m   .                                                        (2.17) 

x da y argumentebis mimarT amocanis simetriulobis gamo  miaxloebiT 

amonaxsnSi k mx y  da m kx y  funqciebs eqnebaT erTnairi koeficientebi, 
amitom (2.17)-is nacvlad SegviZlia aviRoT sistema 

( ) ( ), 1,2, , 0,1,k m m

km xy x y k m      . 

bazisis aseTi Secvla Seamcirebs gamoTvlebis moculobas. 

avagoT 

                                 2 2 2 2

4 1 2 3 4( ) ( )u a xy a xy x y a x y a xy x y                                    (2.18) 

saxis miaxloebiTi amonaxsni. Tu visargeblebT erTindeqsiani danomvriT, 
gveqneba 

2 2 2 2

1 2 3 4, ( ), , ( )xy xy x y x y xy x y          . 

ia  koeficientebis misaRebad avagoT sistema 
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ˆÂa f , 

sadac 
1 2 3 4( , , , )Ta a a a a -saZiebeli koeficientebisagan Sedgenili veqtoria. 

ˆ ( )ijA A - matricis elementebisaTvis marTebulia formula  

( , )ij i j AA    
1 1

0 0

x
j ji i dy dx

x x y y

     
  

      
  ,  

ij jiA A , xolo 
1 2 3 4

ˆ ( , , , )f f f f f -

veqtoris komponentebisaTvis gvaqvs 
1 1

0 0

( , ) (1, )

x

i i i if f dy dx

 
      

 
  . 

integralebis gamoTvlis Sedegad miviRebT riTcis sistemas 
 

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 1 1 1 1
,

6 6 30 10 24

1 8 4 23 1
,

6 45 105 210 30

1 4 1 19 1
,

30 105 105 840 180

1 23 19 1 1

10 210 840 14 60

   

   

   

   

a a a a

a a a a

a a a a

a a a a

 

romlis amonaxsnia 
1 2 3 4

6 3 8 14
1 , 1 , 1 ,
19 4 13 39

a a a a     . CavsvaT es mniSvnelobe-

bi (2.18)-Si. 
Aamrigad, riTcis meTodi iZleva Semdeg miaxloebas 

2 2 2 2

4

6 3 8 14
1 1 ( ) 1 ( )
19 4 13 39

     u xy xy x y x y xy x y . 
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