
                
 
 
 
 

 

 

 

                                                  სრული პროფესორი როლანდ ომანაძე 

 

 

                             რეკურსიულად გადათვლადი სიმრავლეები და   

                                  ამოუხსნადობის ხარისხების საფუძვლები 

 
                                                                (არჩევითი კურსი) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                        თბილისი   2012 

 

 

 

 

 

 

 

 

 



2 

 

gamoTvladi funqciebi 
 
 
 

  primitiulad rekursiuli, nawilobrivad 
    rekursiuli, zogadrekursiuli funqciebi 

CerCis Tezisi 
 
 

am TavSi mocemuli iqneba rekursiuli funqciis forma-luri (anu 
maTematikurad zusti) gansazRvra. es aris erT-erTi gza `algoriTmis 
daxmarebiT~ an `efeqturi proce-duris daxmarebiT~ gamoTvladi funqciis 
araformaluri maTematikuri cnebis dazustebis. 

uxeSad rom vTqvaT, funqciis  rekursiuli gansazRvra es aris 
gansazRvra, romelSic mocemuli argumentebisaTvis funqciis mniSvnelobebi 
uSualod ganisazRvrebian igive funqciis `ufro martivi~ argumentebis 
mniSvnelobebiT an `ufro martivi~ funqciebis mniSvnelobebiT. cneba `ufro 
martivi~ unda dazustdes formalizaciis arCeviT. rogorc wesi umartivesia 
yvela konstanta-funqcia. 

rekursiuli gansazRvrebebi kargadaa cnobili maTemati-kisaTvis. 
magaliTad, f funqcia, romelic gansazRvrulia Semdegnairad 

1)0( f , 

1)1( f , 

)1()()2(  xfxfxf , 

iZleva fibonaCis mwkrivs: 1, 1, 2, 3, 5, 8, 13,... 
primitiuladrekursiuli funqciebi – es aris yvelgan gansazRvrul 

farTe da saintereso klasis magaliTi, romelic SeiZleba msgavsi 
formalizaciiT miviRoT. 

vTqvaT [ x ] – iseTi gamosaxulebaa, rom `x~-is nacvlad nebismieri 

ricxvis Caxmisas is iRebs araumetes erTi mniSvnelobisa. maSin x [ x ] 

aRniSnavs funqcias  :,  yx [ x ] aqvs mniSvneloba y, roca `x~ interpreti-

rebulia rogorc ricxvi x . es aris funqciis gansazRvrisa-Tvis CerCis (A-

Church) lambda-aRniSvna. magaliTad, vTqvaT mocemulia 1  da 2 , maSin 

)]()([ 21 xxx    aris iseTi  funqcia, rom 21  ArgArgArg   da )()()( 21 xxx    

nebis-mieri Argx -sTvis. Cven aseve gamoviyenebT lambda-aRniSvnas  k 
argumentiani funqciebisaTvis, romlis drosac nacvlad x  CavwerT kxxx 21 . 

  
gansazRvra. primitiulad rekursiul funqciaTa klasi aris yvelgan 

gansazRvrul funqciaTa umciresi C klasi, iseTi rom  

(I) yvela konstanta-funqcia ][21 mxxx k , k1 , m0  ekuTv-nis C-s. 

(II) wanacvlebis funqcia ]1[ xx  ekuTvnis C-s. 

(III) amorCevis yvela funqcia ][1 ik xxx   ekuTvnis C-s, ki 1 . 

(IV) Tu k cvladis f funqcia ekuTvnis C-s da m-cvladis funqciebi 

kggg ,,, 21   ekuTvnis C-s, maSin funqcia  )),,(,),,,(( 1111 mkmm xxgxxgfxx   ,1 k  m, 

ekuTvnis C-s. 
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(V) Tu 1k  cvladis h funqcia ekuTvnis C-s da 1k  cvladis g funqcia 

ekuTvnis C-s, maSin k cvladis erTaderTi funqcia  f, romelic akmayofilebs 
pirobebs 

),,(),,,0( 22 kk xxgxxf   , 

),,),,,,(,(),,,1( 222 kkk xxxxyfyhxxyf   , 
 

k1 , ekuTvnis C-s, ((V) punqtSi `nuli cvladis funqcia C-dan~ aRniSnavs 
fiqsirebul naturalur ricxvs). 

gansazRvridan uSualod gamomdinareobs, rom nebismieri yvelgan 
gansazRvruli funqcia  f primitiulad rekursiulia maSin da mxolod maSin, 
roca arsebobs funqciaTa iseTi sasruli mimdevroba nfff ,,, 21  , rom ffn   da 

nebismieri nj  -sTvis jf C (I), (II) an (III) Tvisebebis ZaliT, an fj miiReba raime 

cf , ,ji  -sgan (IV) an (V) punqtebis Tanaxmad. (amis dasamtkiceblad 

ganvixiloT yvela im f funqciaTa D klasi, romelTaTvisac arseboben aseTi 

mimdevrobebi nfff ,,, 21  . cxadia, D Sedis nebismier C klasSi, romelsac aqvs 

(I)-(V) Tviseba; garda amisa D TviTon aqvs (I)-(V) Tviseba. maSasadame, D  

emTxveva yvela aseTi C klasis TanakveTas). Tu mocemulia aseTi mimdevroba 
f-sTvis imis zust aRwerasTan erTad Tu rogor moicema yoveli ,, njf j   

funqcia, maSin vityviT, rom mocemulia primitiulad rekursiuli f 
funqciis sqema. 

 
magaliTad, ganvixiloT f funqcia, romelic mocemulia sqemiT 
 

][1 xxf    (III)-iT  (1 – cvladis funqcia) 

]1[2  xxf   (III)-iT  (1 – cvladi) 

][, 23213 xxxxf   (III)-iT  (3 – cvladiani) 

324 fff    (IV)-iT  (3 – cvladiani) 

5f  akmayofilebs pirobebs 
)(),0( 2125 xfxf   

)),,(,(),1( 225425 xxyfyfxyf    (V)-iT (2 – cvladiani) 

),( 1156 fffff    (III)-iT  (1 – cvladiani). 
 
advili Sesamowmebelia, rom funqcia f6 aris ]2[ xx  (f5 – aris ][ yxxy  ). 

amitom SeiZleba davaskvnaT, rom ]2[ xx  aris primitiulad rekursiuli 
funqcia. 

sqema SeiZleba Caiweros raime standartuli simboluri formiT. sqemis 
Canaweri SeiZleba ganvixiloT, rogorc gansazRvruli f funqciis efeqturi 
gamoTvlisaTvis inst-ruqciaTa erToblioba. magaliTad, wina magaliTSi f(2)-
is gamosaTvlelad sqema iZleva Semdeg gamoTvlas 

 
           )2()2( 6ff  
              ))2(),2(( 115 fff  
       ))2(,2( 15 ff  
       )2 ,2(5f  
       )2),2,1(,1( 54 ff  
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        )2),2),2,0(,0(,1( 514 fff  
       )2),2),2(,0(,1( 154 fff  
       )2),2,2,0(,1( 44 ff  
       )2)),2,2,0((,1( 324 fff  
       )2),2(,1( 24 ff  
       )2,3,1(4f  
       ))2,3,1(( 32 ff  
       )3(2f  
             = 4. 
 
amitom primitiul rekursiuli funqciis zust gansazRvras Cven 

ganvixilavT, rogorc algoriTmiT gamoTvladi yvelgan gansazRvruli 
funqciis araformaluri cnebis kerZo SemTx-vevas. 

aucilebelia algoriTmisa da algoriTmuli funqciis cnebebs Soris 
gansxvavebis gakeTeba. moviyvanoT ramdenime magaliTi imisaTvis, rom xazi 
gavusvaT aseT gansxvavebebs. kerZod, ganvsazRvravT g funqcias, 
romlisTvisac SegviZlia davamtkicoT garkveuli algoriTmis arseboba, 
magram ar viciT rogor avagoT konkretuli algoriTmi. ganvixiloT 
Semdegnairad gansazRvruli funqciebi  f da g: 

 











i;SemTxvevaS winaaRmdeg 

; zustad 5 cifri Tmimdevrobi  

erTmaneTis aris gaSlaSi aTobiT ricxvis  Tu 

0

,1

)( xxf



 

 











i.SemTxvevaS winaaRmdeg 

mainc; jer 5 cifri Tmimdevrobi  

erTmaneTis aris gaSlaSi aTobiT ricxvis  Tu 

0

,1

)( xxg



 

 
amJamad araa cnobili f funqciis gamoTvlis algoriTmi. metic, SeiZleba 

aRmoCndes, rom aseTi algoriTmi ar arsebobs. f funqciisagan gansxvavebiT 
viciT, rom g primi-tiulad  rekursiulia. marTlac g unda iyos mudmivi 1 an 
moiZebneba iseTi k, rom  

 
1)( xg ,   kx  -Tvis; 
0)( xg ,    xk  -Tvis. 

 
orive SemTxvevaSi arsebobs primitiulad rekursiuli sqema, magram amJamad 
aravin ar icis, rogor gamovavlinoT swori sqema. 

ufro martivi magaliTis asagebad ganvixiloT problema, romelic ar 
aris maTematikosebis mier gadawyvetili, magaliTad goldbaxis problema 
imis Sesaxeb. rom orze meti yoveli luwi ricxvi aris ori martivi ricxvis 
jami da ganvsazRvroT funqcia h ase: 

 






.uaryofiTad wydeba problema Tu 

dadebiTad, wydeba problema Tu 

,0

,1
)(xh  
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cxadia, rom h-i mudmivia. masasadame, is primitiulad rekur-siulia, Tumca 
ar viciT, rogor avagoT swori sqera. 
 

ganvixiloT sasruli meqanikuri mowyobiloba, romelic dakavSirebulia 
(orsave mxares) qaRaldis usasrulo len-tasTan. lenta mTel sigrZeze 
dayofilia toli zomis ujrebad. am ujrebs vuwodebT yuTebs.  

mowyobiloba iseTia, rom lentas SeuZlia masSi moZraoba, amasTan 
zustad erTi yuTi imyofeba SigniT. mowyobilobis SigniT myof yuTis 
Sesaxeb vityviT, rom is aris gansaxil-veli yuTi. lentis gaswvriv 
mimarTulebebs vuwodebT Sesa-bamisad marcxenas da marjvenas. 
mowyobilobas SeuZlia Seas-rulos Semdegi oTxi operaciidan erTi: (1) mas 
SeuZlia Caweros `1~ gansaxilvel yuTSi, Tu masSi ukve araa Cawerili `1~; (2) 
mas SeuZlia waSalos gansaxilvel yuTSi Cawerili da es yuTi aqcios 
cariel yuTad, Tu is ukve ar iyo carieli; (3) mas SeuZlia Tavisi 
yuradReba gadaitanos erTi yuTiT marjvniv (lenta gaswios erTi yuTiT 
marcxniv); (4) mas SeuZlia Tavisi yuradReba gadaitanos erTi yuTiT 
marcxniv (lenta gaswios erTi yuTiT marjvniv). mowyobi-loba aqtiur 
mdgomareobaSi awarmoebs ZiriTad operaciebs siCqariT erTi operaciisa 
drois erTeulSi. zogjer im SemTxvevaSi, roca mowyobilobam Seasrula 
erTi operacia, Cven vityviT, rom Sesrulebulia mowyobilobis muSaobis 
nabiji. yoveli nabijis dasrulebisas mowyobilobas aqvs SesaZlo Sinagani 
(meqanikuri) struqturebis fiqsirebuli sasruli simravlidan erT-erTi. aseT 
struqturebs Cven vuwodebT Sinagan mdgomareobebs. sxvadasxva Sinagani 
mdgomareobis aRsaniSnavad gamoviyenebT simboloebs iq , ,2,1,0i . bolos, 

mowyobiloba agebulia ise, rom misi qceva aRiwereba determinirebuli 
wesebis sasruli siiT. es wesebi gansazRvraven mimdinare Sinagani 
mdgomareobaTa da gansaxilveli yuTis CanaweriT, SemdegSi  rogori 
operacia warmoebs da rogori unda iyos Semdegi Sinagani mdgo-mareoba (am 
Semdgomi operaciis bolos). 

vTqvaT 1 da B aRniSnaven SesaZlo Canawerebs nebismieri yuTSi (B 
Seesabameba cariel yuTs). vTqvaT, 1, B,  R da  L aRniSnaven Sesabamisad 
ZiriTad operaciebs (1), (2), (3) da (4). maSin wesebis erToblioba, romlebic 
gansazRvraven mowyobi-lobis qcevas, SeiZleba Caiweros oTxeulTa 
erTobliobis saxiT. yoveli oTxeuli (rigis mixedviT) Sedgeba Semdegi 
saxis simboloebisagan: (I) Sinagani mdgomareobis, (II) yuTSi SesaZlo 
Canaweris, (III) operaciis, (IV) Sinagani mdgoma-reobis. oTxeuli (I, II, III, IV) 
gamoxatavs aseT wess: (I) da (II)-s arsebobisas mowyobiloba awarmoebs (III) 
operacias da gadadis (IV)-Si. vigulisxmebT, rom aseTi oTxeulis nebismieri 
erToblioba aris wesebis erToblioba raRac mowyobilobi-saTvis; viTxovT 
mxolod erTaderT SezRudvas, rom nebismieri ori gansxvavebuli 
erToblioba unda gansxvavdebodes (I)-Si an (II)-Si. am SezRudvas vuwodoT 
Tavsebadobis piroba; am pirobebSi wesebis erTobliobas ar SeuZlia ori an 
meti sxvadasxva moqmedebis moTxovna erTsa da imave dros. amas-Tanave Cven 
ar vigulisxmebT, rom wesebis erTobliobaSi gaTvaliswinebulia (I) da (II)-
is nebismieri kombinacia; amnairad, Cven vuSvebT, rom garkveuli garemoebis 
dros mow-yobilobas ar SeuZlia Seasrulos araviTari operacia. aseT 
SemTxvevaSi vityviT, rom mowyobiloba gaCerda. 

magaliTisaTvis ganvixiloT mowyobiloba  q0 da  q2 Sinagani 
mdgomareobiT da romlis qceva ganisazRvreba ori oTxeuliT 201Bqq  da 
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02BRqq . Tu aseTi mowyobiloba miiRebs lentas erTmaneTis mimdevrobiT 

mdgomi erTianebis sasruli mimdevrobiT da daiwyebs muSaobas q0 
mdgomareobaSi am mimdevrobis yvelaze marcxena yuTze, is waSlis yvela 
erTians da gaCerdeba. Tu aseTi mowyobiloba daiwyebs muSaobas lentaze, 
romelic sul erTianebiTaa Sevsebuli, maSin is arasdros ar gaCerdeba. 

zemoT aRwerili zogadi saxis mowyobilobas ewodeba tiuringis manqana. 
tiuringis manqana advilad ganisazRvreba sayovelTaod miRebul 
maTematikur enaze. vTqvaT  1,0T  da  3,2,1,0S . maSin tiuringis manqana 

SeiZleba ganvsazRvroT, rogorc gadasaxva TN   simravlis sasruli 
qvesimravlisa NS  -Si. (N-naturalur ricxvTa simravlea  ,2,1,0N . aq T 

warmoad-gens yuTSi Canawers, S – operaciebs, romlebic unda Sesrul-des, 
xolo N iZleva Sinagani mdgomareobebis SesaZlo nomrebs. 

vTqvaT ),,,( 1 yxxf n _funqciaa (araa aucilebeli, rom is iyos yvelgan 
gansazRvruli) da gvinda ganvsazRvroT ),,( 1 nxxg   funqcia. 

),,( 1 nxxg   umciresi y iseTi, rom 0),,,( 1 yxxf n , ise, rom f funqciis 

gamoTvladobidan gamomdinareobs g-s gamoTv-ladoba. aq unda gadavwyvitoT 
ori sakiTxi. pirveli, zogierTi nxx ,,1  -sTvis SeiZleba ar arsebobdes y, 

romlis-Tvisac 0),,,( 1 yxxf n . meore, davuSvaT, rom  f gamoTvladia da 
ganvixiloT ),,( 1 nxxg  -is gamoTvlis Semdegi bunebrivi algoriTmi. 

`gamovTvaloT )0,,,( 1 nxxf  ,  ),1,,,( 1 nxxf  manam, sanam ar vipoviT iseT y-s, rom 

0),,,( 1 yxxf n ~. es procedura SeiZleba ar dasruldes, Tu f araa yvelgan 

gansazRvruli, maSinac ki, roca aseTi y arsebobs; magaliTad )0,,,( 1 nxxf   
araa gansazRvruli da 0)1,,,( 1 nxxf  . 

amgvarad, Cven mivdivarT minimizaciis -operatoris Semdeg 
gansazRvramde, romelic gamoTvladi funqciidan iZleva gamoTvlad 
funqcias. 

 
gansazRvra. yoveli ),,,( 1 yxxf n  funqciisaTvis 
























i. SemTxvevaS

 winaaRmdeg ligansazRvru araa

arsebobs.   

 aseTi Tu 

da       

yvela liagansazRvru 

rom iseTi,  umciresi

 ,0),,,(  (II)

 ),,,(  )1(

)0),,,(( 1

1

1 yxxf

yz

zxxf

y

yxxfy n

n

n 



  

 
)(y  ikiTxeba rogorc `umciresi y iseTi, rom...~ am operators zogjer 

uwodeben  operators. 
 
gansazRvra. nawilobrivad rekursiul funqciaTa klasi ewodeba umcires 

klass, romelic Seicavs funqciebs ][mx , ]1[ xx , ][,,1 ik xxx  , ki 1  da 

Caketilia Casmis operaciis mimarT (ix. primitiulad rekursiul funqciaTa 
klasis gansazRvris (IV) punqti), primitiuli rekursiis operaciis mimarT 
(ix. primitiulad rekursiul funqciaTa klasis gan-sazRvris (V) punqti) da 
minimizaciis operaciis mimarT. 
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gansazRvra. yvelgan gansazRvrul nawilobrivad rekur-siul funqcias 
ewodeba zogadrekursiuli funqcias. 

 
CerCis Tezisi. algoriTmulad gamoTvlad nawilobriv ricxviT 

funqciaTa klasi emTxveva yvela nawilobrivad rekursiul funqciaTa 
klass. 

 
 
 
 

geოdelis nomrebi, universaluroba, s –m–n  
Teorema 

 
wina paragrafidan Cans, rom instruqciaTa erToblioba es aris 

oTxeulTa erToblioba, romelic akmayofilebs Tavsebadobis pirobas. 
yvela primitiulad rekursiuli sqemis gadaTvlis analogiurad SeiZleba 
movaxdinoT yvela instruqciaTa erTobliobis gadaTvlis procesi. es 
procesi algoriTmulia (am sityvis araformaluri azriT). arseboben 
procedurebi, romlebic yovel x-s usabameben yvela instruqciaTa 
erTobliobis gadaTvlaSi )1( x  adgilze myof instruqciaTa erTobliobas. 
davuSvaT, rom Cven amovirCieT erTi aseTi gadamTvleli procedura. 

 
gansazRvra. Px – es aris instruqciaTa erToblioba, romelic Seesabameba 

x – ricxvs yvela instruqciaTa erTob-liobis fiqsirebul gadaTvlaSi.  x-s 
ewodeba  Px erToblio-bis indeqsi an gedelis nomeri. 

vTqvaT )(k

x aris k cvladis funqcia, romelic gansazRv-rulia Px 

erTobliobiT. x-s ewodeba )(k

x  nawilobrivi funqciis indeqsi an geოdelis 
nomeri. 

cxadia, rom gadaTvlis procesi iZleva rogorc (a) nebis-mieri x-dan 
Sesabamis Px-ze gadasvlis algoriTms, aseve (b) nebismieri Tavsebadi 
oTxeulTa erTobliobidan P iseT x- ricxvze gadasvlis algoriTms, rom P 
aris Sesabamisi Px. 

 

Teorema 1. arsebobs zustad 0 (Tvladi raodenoba) nawi-lobriv 

rekursiuli funqciebisa da zustad 0 raodenoba zogadrekursiuli 
funqciebisa. 

 
damtkiceba. CerCis Tezisis Tanaxmad yvela konstanta-funqcia 

zogadrekursiulia. maSasadame, arsebobs 0 raode-noba mainc 
zogadrekursiuli funqciebisa. gedelis numeracia gviCvenebs, rom arsebobs 

araumetes 0 raodenoba nawilob-rivad rekursiuli funqciebisa. 

 
Teorema 2. arseboben ararekursiuli funqciebi. 
 

damtkiceba. kantoris cnobili Teoremis Tanaxmad arsebobs 02
  funqcia. 
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Teorema 3. yovel nawilobrivad rekursiul funqcias aqvs 0 
gansxvavebuli nomeri. 

 

damtkiceba. Cven unda vaCvenoT, rom arsebobs 0 nomeri mainc. vTqvaT 
mocemulia nawilobrivad rekursiuli funqcia 

0x .  vTqvaT m iseTi ricxvia, 

romelic metia vidre 
0xP -Si Semavali Sinagani mdgomareobis ricxviTi 

indeqsebi. 
0xP -sTvis am CanawerSi 1-iani Cans, rogorc zeda indeqsi. 

sinamdvileSi ki unda iyos q-s gverdiT. magaliTad, mm qq11  ,, 1

11

1

11

 mmmm qqqq  

kmkm qq 

11,  oTxeulebis damatebiT Sesabamisi nawilobrivi funqcia ar icvleba, 

radgan gamoTvlis procesSi ar SeiZleba gamoCndes arc ,mq , arc kmq  . k-s 

cvlilebiT miviRebT 
0x  funqciis instruqciaTa erTobliobisaTvis 0 

gansxvavebul nomers. 
aRvniSnoT, rom Semdegi teqsti, sazogadod, gansazRvravs 

araformalurad algoriTms garkveul  funqciisaTvis: miviRebT 
Sesasvlels <x, y>, ipoveT Px (awarmoeT standartuli efeqturi gadaTvla 
yvela instruqciaTa erTobliobebis, sanam ar miviRebT  Px), Semdeg 
gamoiyeneT Px(y) Sesasvlelze imisaTvis, rom gamoTvaliT )(yx ; roca )(yx  
mogcemT gamosasvlels (Tu es moxdeba), aiReT is rogorc gamosasv-leli 

),( yx -sTvis. 
gvaqvs: 

 






elia.ganusazRvr   Tu elia,ganusazRvr

lia;gansazRvru   Tu 

)(

)(),(
),(

y

yy
yx

x

xx




  

 

CerCis Tezisis Tanaxmad miviRebT, rom  aris nawilob-rivad 

rekursiuli funqcia da rom garkveuli x1-sTvis )2(

1x
  . miRebuli Sedegi 

CamovayaliboT Teoremis saxiT. 
 
Teorema 4. arsebobs iseTi z, rom nebismieri x da  y-sTvis )(),( yyx xz   , Tu 

)(yx  gansazRvrulia, da ),( yxz  araa gan-sazRvruli, Tu )(yx  araa 

gansazRvruli. 

 
)2(

z  funqcias Teorema 4-dan ewodeba universaluri funqcia 

erTcvladiani nawilobrivad rekursiuli funqcie-bisaTvis. Pz-es aris 
tiuringis manqana, romelic SeiZleba gamoviyenoT imisaTvis, rom 
movaxdinoT nebismieri erTcvla-diani nawilobrivad rekursiuli funqciis 
dublireba. Pz-s vuwodoT universaluri manqana. 

 

Teorema 5. nebismieri m, 1n  arsebobs zogadrekursiuli funqcia m

ns  1m  
cvladis iseTi, rom yoveli myyx ,,, 1   

  )(

),,,(11

)(

1
1

),,,,,( n

yyxSnm

nm

xn
m

m
n

zzyyzz


   . 

 
Teorema 5 cnobilia nms   Teorema da ekuTvnis klinis. 
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gaCerebis problema 

 
arsebobs Tu ara efeqturi procedura imis dasadgenad gansazRvrulia 

Tu ara )(yx  mocemuli x da y-sTvis anu iZleva Tu ara gamosavals Px 

erToblioba y Sesavalze gamo-yenebisas? CerCis Tezisis Tanaxmad am kiTxvas 
mivceT misi eqvivalenturi da zusti forma. arsebobs Tu ara iseTi 
rekursiuli funqcia g, rom 1),( yxg , Tu )(yx  gansazRv-rulia 0),( yxg , Tu 

)(yx  araa gansazRvruli? am kiTxvaze pasuxs iZleva Semdegi Teorema. 

 
Teorema 6. ar arsebobs iseTi zogadrekursiuli funqcia g, rom 

nebismieri x, y 
 






li.gansazRvru araa  Tu 0,

lia;gansazRvru  Tu 

)(

)(,1
),(

y

y
yxg

x

x




 

 

damtkiceba. ganvsazRvroT  Semdegnairad: 

       
















elia.ganusazRvr                    

 an  Tu elia,ganusazRvr

; Tu 

),(

0),(

0),(,1

),(

)2(

)2(

)2(

xx

xx

xx

xz

z

z

z







  

 

CerCis Tezisis Tanaxmad  nawilobrivad rekursiulia. Teorema 5-is 
Tanaxmad z-iT efeqturad vipovoT )],([ zxx  funqciis gedelis nomers, anu 

arsebobs zogadrekursiuli funqcia h iseTi, rom nebismieri z-sTvis 

)],([)( xzxzh   . (h-is rolSi SeiZleba aviRoT )],([ 1

1

1 zwsz , sadac w1-aris -s 

gedelis nomeri).  
davuSvaT, rom 

0zg   raime z0-sTvis. h-is gansazRvris Tanaxmad, )()( 0
xzh  

gansazRvrulia 0),(
0

 xxz . x-is nacvlad )( 0zh -is CasmiT gvaqvs 

))(( 0)( 0
zhzh gansazRvrulia 0)(),(( 000

 zhzhz . 

magram maSin 
0z  ar SeiZleba emTxveodes g-s, radgan  )(),( 00 zhzh  

SesasvlelisaTvis 
0z  funqcia an araa gan-sazRvruli an iZleva mcdar 

informacias. 
 

Sedegi. ar arsebobs iseTi zogadrekursiuli funqcia  f, rom  






li.gansazRvru araa  Tu 0,

lia;gansazRvru  Tu 

)(

)(,1
)(

x

x
xf

x

x




 

 
damtkiceba gamomdinareobs Teoremis damtkicebidan. 
Cvens sawyis problemas (romelic Camoyalibebulia am paragrafis pirvel 

abzacSi) ewodeba gaCerebis problema, sadac sityva `gaCereba~ aRniSnavs 
`gamosasvlelis arsebobas~. Teorema 6-Si dadgenili faqti cnobilia, 
gaCerebis problemis rekursulad amouxsnadobis saxeliT. 
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Teorema 7. ar arsebobs efeqturi procedura nebismieri  x-sTvis x  
funqcia yvelgan aris Tu ara gansazRvruli. sxva sityvebiT, ar arsebobs 
zogadrekursiuli f funqcia iseTi, rom  






li.gansazRvru yvelgan araa  Tu 0,

lia;gansazRvru yvelgan  Tu 

x

x
xf



,1
)(  

 
damtkiceba. moviyvanT araformalur damtkicebas. davuSvaT, rom aseTi f 

funqcia arsebobs. maSin ganvsazRvriT g funqcia ase: 
 

                 ]1)([)0(  yfyg  , 

     ]1)(&)([)1(  yfxgyyxg  . 
 
radgan 1)( yf  usasrulod bevri y-sTvis (ix. Teorema 1), amitom g yvelgan 

gansazRvrulia. CerCis Tezisis Tanaxmad g zogadrekursiulia. 
ganvsazRvroT h Semdegnairad:  

 

][ 1)()(  xxh xg . 

 
 f funqciaze daSvebis gamo h funqcia yvelgan gansazRv-rulia. CerCis 
Tezisis ZaliT h zogadrekursiulia. vTqvaT 

0zh  . g-funqciis gansazRvris 

Tanaxmad, )( 0

1 zg   ganisazRv-reba calsaxad, aRvniSnoT is y0-iT. maSin 

1)()( 0)(0 0
 yyh yg ,  h funqciis gansazRvris Tanaxmad, magram )()( 0)(0 0

yyh yg  y0-is 

gansazRvris gamo. radgan h yvelgan gansazRvrulia, miviReT winaaRmdegoba. 

 

 

 

 
rekursiuloba 

 

Teorema 8. vTqvaT f aris 1k  cvladi zogadrekursiuli funqcia, maSin 
]][[ 1),,,( 11 yxxfyxx kk    aris k cvladis nawilobrivad  rekursiuli funqcia. 

 
damtkiceba. is gamomdinareobs CerCis Tezisidan. davuSvaT 

]][[ 1),,,( 11  yxxfyxx kk   . 

maSin imisaTvis, rom gamovTvaloT ),,( 1 kxx   saWiroa mim-devrobiT 
gamovTvaloT 

 ),2,,,(),1,,,(),0,,,( 111 kkk xxfxxfxxf  

rogorc ki moiZebneba iseTi y, rom 1),,,( 1 yxxf k  (Tu es moxdeba), mas aviRebT 

-s mniSvnelobad. f-is gamoTvlebi yovelTvis gansazRvrulia radgan f-i 
zogadrekursiulia. 

Teorema 8-s uwodeben -Teoremas. SevniSnoT, rom es Teorema araa 
samarTliani Tu f-s SevcvliT 1k  cvladis nawilobrivad rekursiuli 
funqciiT. 
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Teorema 9. arsebobs konkretuli zogadrekursiuli funq-ciebi erTi 
cvladis funqcia p da sami cvladis funqcia t iseTi, rom nebismieri z-sTvis. 

])][([ 1),,(  yxztypxz  . 
 
damtkiceba. ganvsazRvroT s-funqcia Semdegnairad: 
 











i.SemTxvevaS winaaRmdeg 0,

Semdeg; nabijis  umetes ara      

lsgamosasvle  iZleva eSesasvlelz  Tu 

w

yxP

wyxzs

z   ,1

),,,(  

 
CerCis Tezisis Tanaxmad s-zogadrekursiulia. ganvsazRv-roT p da q ase: 

1[  xxp  -is martiv mamravlebad daSlaSi 3-is maCvenebeli], 

1[  xxq  -is martiv mamravlebad daSlaSi 2-is maCvenebeli]. 
davuSvaT 

 
][ ))(),(,,( yqypxzszxyt  . 

 
CerCis Tezisis Tanaxmad,  p, q da, maSasadame, t- zogadrekur-suli funqciebia. 
Teorema gamomdinareobs s, p, q da t funq-ciebis gansazRvridan.  

 
Teorema 9-s ewodeba klinis Teorema normaluri formis Sesaxeb.  
 
Sedegi. arseboben iseTi zogadrekursiuli p da kt  funq-ciebi, rom 

nebismieri z-sTvis 

][ ])1),,,([( 11

)(  yxxztpxx kkk

k

z   . 
 

damtkiceba. Teorema 9 damtkicebis analogiuria. 

 

 

 

 

 
 

amouxsnadi problemebis magaliTebi 
 

Teorema 6, misi Sedegi da Teorema 7 iZlevian rekur-siulad 
amouxsnadobis magaliTebs. yoveli maTgani dakavSi-rebulia `problemasTan~, 
romelic SeiZleba CamovayaliboT, rogorc raime simravlis elementTa 
efeqturi gamocnobis problema. magaliTad Teorema 6-is SedegisaTvis aseTi 
simravle iqneba )(:{ xx x gansazRvrulia}. yoveli am sami Sedegidan 
gviCvenebs, rom Sesabamis simravles ar aqvs rekursiuli maxasiaTebeli 
funqcia. Cven am Sedegebs gavaer-TianebT da vityviT, rom mocemuli 
problemebi rekursiulad amouxsnadia. 

ganvixiloT Semdegi problemebi: 
(a) nebismieri x-sTvis ganisazRvros aris Tu ara x  funqcia mudmivi 

funqcia. 
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(b) nebismieri x da y-sTvis ganisazRvros ekuTvnis Tu ara y x  funqciis 
mniSvnelobaTa simravles. 

(c) nebismieri x, y da z-sTvis ganisazRvros sruldeba Tu ara zyx )( . 

(d) nebismieri x da y-sTvis ganisazRvros sruldeba Tu ara yx   . 

(e) nebismieri x-sTvis ganisazRvros usasruloa Tu ara x  funqciis 
mniSvnelobaTa simravle. 

(f) fiqsirebuli y0-sTvis nebismieri x-sTvis ganisazRvros ekuTvnis Tu 
ara y0 x  funqciis mniSvnelobaTa are. 

(g) fiqsirebuli x0-sTvis nebismieri y-sTvis ganisazRvros ekuTvnis Tu 
ara y 

0x  funqciis mniSvnelobaTa ares. 

 
Teorema I. problemebi (a), (b), (c), (d) da (e) rekursiulad amouxsnadia. y0-

is nebismieri arCevis dros (f) problema amouxsnadia. problema (g) SeiZleba 
iyos amoxsnadic da amouxsnadic, es damokidebulia x0-is SerCevaze. 

 
damtkiceba. (a) vTqvaT g – aris xx :{  aris mudmivi funqcia} simravlis 

maxasiaTebeli funqcia. ( )(xCA  funqcias ewodeba A simravlis maxasiaTebeli 

funqcia, Tu 1)( xCA , roca Ax , da 0)( xCA  roca Ax ). vaCvenoT, rom g araa 
rekur-siuli. 

ganvsazRvroT ori  cvladis  funqcia  Semdegnairad: <x, y> 
Sesasvlelis miRebisas vipovoT xP  da gamoviyenoT xP  xP -is 
SesasvlelisTvis; roca procesi damTavrdeba (Tu es moxda) gamosasvlelad 

miviRoT 0. CerCis Tezisis Tanaxmad  nawilobrivad rekursiulia. cxadia, 

rom  akmayofilebs aseT pirobas: 

 






li.gansazRvru araa  Tu li,gansazRvru araa

lia;gansazRvru  Tu 

)(

)(,1
),(

x

x
yx

x

x




  

 
s-m-n Teoremis Tanaxmad arsebobs zogadrekursiuli funqcia h1 iseTi, rom 

)(`1
)],([ xhyxy    (h1 aris funqcia )]([ 0

1

1 xzsx , sadac z0 aris -s nomeri). maS ase, 

 






li.gansazRvru araa  Tu li,gansazRvru araa

lia;gansazRvru  Tu 

)(

)(,1
)()(1 x

x
y

x

x

xh



  

 
maSasadame )(1 xh mudmivi funqciaa maSin da mxolod maSin, roca )(xx  

gansazRvrulia. 
Tu g funqcia rekursiulia, maSin ))](([( 11 xhgxgh  ) zogad- rekursiulia da 

  






li.gansazRvru araa  Tu 0,

lia;gansazRvru  Tu 

)(

)(,1
)(1

x

x
xgh

x

x




 

 
magram gh1 iqneba )(:{ xx x  gansazRvrulia} simravlis maxa-siaTebeli funqcia, 

rac ewinaaRmdegeba Teorema 6-is Sedegs. amitom g ar SeiZleba iyos 
rekursiuli. 
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(b) vTqvaT f aris maxasiaTebeli funqcia mimarTebis yyx :,{   ekuTvnis x  

funqciis mniSvnelobaTa ares}. vTqvaT h1-zogadrekursiuli funqciaa (a) 
punqtis damtkicebidan. Tu f rekursiulia, maSin )]0),(([ 1 xhfx  iqneba 
rekursiuli maxa-siaTebeli funqcia )(:{ xx x  gansazRvrulia} 

simravlisaTvis, rac ar SeiZleba. 
(c) vTqvaT f aris maxasiaTebeli funqcia mimarTebis zyzyx z  )(:,,{  }. Tu f 

rekursiulia, maSin )]0,0),(([ 1 xhfx  iqneba rekursiuli maxasiaTebeli funqcia 

)(:{ xx x  gansazRv-rulia} simravlisaTvis, rac gvaZlevs winaaRmdegobas (aq h1 

kvlav (a) punqtidanaa aRebuli). 
(d) vTqvaT f aris maxasiaTebeli funqcia mimarTebis }:,{ yxyx   , aviRoT 

]0[x  funqciis raime y0 nomeri, maSin )]),(([ 01 yxhfx  iqneba rekursiuli 

maxasiaTebeli funqcia )(:{ xx x  gansazRvrulia} _ simravlisaTvis, sadac h1-

kvlav (a) punqtis damtkicebidanaa. 
(e) vTqvaT f aris maxasiaTebeli funqcia, simravlis xx :{ -is 

mniSvnelobaTa simravle usasruloa}. (a) punqtis damtkicebis meTodis 
analogiurad ganvsazRvroT zogadre-kursiuli h2 funqcia ise, rom 

 






elia.ganusazRvr  Tu elia,ganusazRvr

lia;gansazRvru  Tu 

)(

)(,
)()(2 x

xy
y

x

x

xh



  

 
Tu f rekursiulia, maSin ))](([ 2 xhfx  iqneba )(:{ xx x  gan-sazRvrulia} 

simravlis rekursiuli maxasiaTebeli funqcia. 
(f) vTqvaT mocemulia y0 da vTqvaT f aris 0:{ yx  ekuTvnis x  funqciis 

mniSvnelobaTa simravleze} simravlis maxasia-Tebeli funqciaa. maSin Tu f 
rekursiulia, maSin ))](([ 2 xhfx  iqneba )(:{ xx x  gansazRvrulia} simravlis 

zogadrekursiuli maxasiaTebeli funqcia, sadac h2 aris (e)-s damtkicebaSi 
gansazRvruli zogadrekursiuli funqcia. 

(g) SevarCioT x0 ise, rom 
0x  iyos igivuri funqcia anu yyx )(

0
  nebismieri 

y-sTvis. maSin yy :{  ekuTvnis 
0x  funqciis mniSvnelobaTa ares} 

simravlisaTvis rekursiuli maxasiaTe-beli funqciis rolSi SeiZleba 
aviRoT funqcia ]1[x . 

 

 

 

 

amouxsnadi problemebi maTematikis 
sxvadasxva dargSi 

 
mTeli rigi klasikuri maTematikuri amocanebisa exeba garkveuli 

`problemebis~ amoxsnadobis algoriTmis arse-bobis sakiTxs. kodirebis 
daxmarebiT es sakiTxebi SeiZleba CamovayaliboT, rogorc sakiTxebi 
rekursiuli funqciebis arsebobis Sesaxeb. am ukanasknelSi ufro zusti 
formiT mTelma rigma aseTi sakiTxebisa miiRo uaryofiTi amoxsna. 
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aseTi saxis pirveli Sedegebi maTematikur logikaSi aRmoCenili iyo 
gedelis, CerCis da tiuringis SromebSi. gedelisa da CerCis Sedegebi 
exebodnen konkretul formalur logikur sistemebSi damtkicebadi 
formulebis gansazRvris algoriTmis arsebobas. 

amouxsnadobis Sesaxeb Sedegebi miRebuli iyo ricxvTa TeoriaSi da 
algebraSi. ganvixiloT polinomi racionaluri koeficientebiT da 
nebismieri raodenoba cvladebiT. ganvi-xiloT problema imis gansazRvrisa, 
rom nebismier aseT polinoms aqvs Tu ara namdvili amonaxseni (  krr ,,1   
aris  ),,( 1 kxxp   polinomis amonaxseni, Tu )0),,( 1 krrp  . es prob-lema 

amoxsnadia. analizis cnobili meTodebi iZlevian am problemis amoxsnis 
algoriTms. arsebobs Tu ara algoriTmi, romelic gaarkvevs nebismieri 
aseTi polinomisaTvis, aqvs Tu ara mas amonaxseni racionalur ricxvebSi 
(`diofantes fesvebi~)? am sakiTxTan dakavSirebuli `problema~ cnobilia 
hilbetris meaTe problemis saxeliT. matiaseviCma aCvena, rom hilbertis es 
problema aris rekursiulad amouxsnadi. 

jgufTa Teoria iZleva amouxsnadobis magaliTs algeb-raSi. jgufis 
Canaweri es aris jgufis ganmsazRreli warmomqmnelebis da 
damokidebulebebis sasruli sia (Cven aq ar ganvsazRvravT am terminebs). 
problema imis gansazRvrisa, rom nebismieri jgufis CanaweriT da 
nebismieri sityvisaTvis warmomqmnelebidan SeiZleba Tu ara gardavqmnaT es 
sityva erTeulSi jgufis damokidebulebebis Tanaxmad, cnobilia rogorc 
igiveobis (tolobis) problema jgufTa TeoriaSi. nivikovma da bunma aCvenes, 
rom es problema rekursiulad amouxsnadia. 

amouxsnadobis Sesaxeb problemebi miRebuli iqna aseve topologiaSi. 
problema imis gansazRvrisa, roca cxadad mocemulia ori triangulacia 
oTxganzomilebiani mravalsa-xeobebisa, homomorfulia Tu ara es 
mravalsaxeobebi, aris rekursiulad amouxsnadi. 

problemaTa rekursiulad amouxsnadobis dasamtkiceblad, romlebic 
rekursiul funqciaTa Teorias ar ekuTvnian, TiTqmis yovelTvis gamoiyeneba 
dayvanadobis meTodi. gamo-sakvlevi problema ukavSirdeba rekursiul 
funqciaTa Teoriis amouxsnad problemas – Cveulebriv gaCerebis prob-
lemis raime formas. 

 

 

 

 

 

 

 

 
zogierTi nawilobrivad rekursiuli 

funqciis arseboba 
 

Teorema II. arsebobs iseTi nawilobrivad rekursiuli funqcia , rom 

arcerTi zogadrekursiuli funqcia f ar aris  funqciis gagrZeleba, anu 
araa samarTliani, rom 
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)()[( xx   gansazRvrulia )]()( xfx  . 

damtkiceba. ganvsazRvroT  Semdegnairad: imisaTvis, rom gamovTvaloT 
)(x , saWiroa  vipovoT Px  da gamoviyenoT Px x-ze; rogorc ki gamoCndeba 

gamosasvleli (Tu es moxdeba), unda aviRoT 1)( xx  )(x -is mniSvnelobad. 

CerCis Tezisis Tanaxmad  nawilobrivad rekursiulia ( aris ]1),([
0

xxx z , 

sadac 
0z -universaluri funqciaa). Gvaqvs 

 



 


elia.ganusazRvr  Tu elia,ganusazRvr

lia;gansazRvru  Tu 

)(

)(,1)(
)(

x

xx
x

x

xx




  

 
vTqvaT f-nebismieri zogadrekursiuli funqciaa, da y aris f-is nomeri, anu 

yf  . radgan f yvelgan gansazRvrulia, amitom  )()( yyf y gansazRvrulia. 

maSasadame, )(y  gan-sazRvrulia da 

 
1)()(  yfy . 

 

amitom f ar SeiZleba iyos  funqciis gagrZeleba. 
 

Teorema III. arsebobs iseTi nawilobrivad rekursiuli funqcia , rom 
nebismieri zogadrekursiuli f funqciisa-Tvis araa samarTliani 

]]1),([[  yxfyx  . 

damtkiceba. ganvsazRvroT nawilobrivad rekursiuli funqcia  
Semdegnairad. imisaTvis, rom gamovTvaloT )(x , vipovoT Px, gamoviyenoT  Px-i 

x-ze, rogorc ki gamoCndeba gamosavali (Tu es moxdeba), davuSvaT xx )( . 

cxadia, rom  nawilobrivad rekursiulia. garda amisa, 
 






elia.ganusazRvr  Tu li,gansazRvru araa

lia;gansazRvru  Tu 

)(

)(,
)(

x

xx
x

x

x




  

 
davuSvaT, rom arsebobs iseTi zogadrekursiuli funqcia f, rom 

nebismieri x-sTvis ]1),([)(  yxfux  . maSin 

 
)(xx  gansazRvrulia 1),(  xxf  da 

)(xx  ar aris gansazRvruli 1),(]1),()[(  xxfyxfy . 

 
ganvsazRvroT g funqcia ase: 

 










. Tu 0,

; Tu 

1),(

1),(,1
)(

xxf

xxf
xg  

 
g(x) funqcia rekursiuli, radgan ),( xxf  gansazRvrulia nebismieri x-sTvis. 

magram maSin g maxasiaTebeli funqciaa )(:{ xx x  gansazRvrulia} 
simravlisaTvis. rac ar SeiZleba. 
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rekursiuli da rekursiulad gadaTvladi 
simravleebis gansazRvrebebi 

 

gansazRvra. simravle rekursiulia, Tu mas aqvs zogad-rekursiuli 
maxasiaTebeli funqcia (anu A rekursiulia maSin da mxolod maSin, roca 
arsebobs zogadrekursiuli funqcia f iseTi, rom nebismieri x-sTvis 

1)(  xfAx  da )0)(  xfAx . 

intuiciurad, A rekursiulia, Tu arsebobs efeqturi procedura, 
romelic saSualebas iZleva nebismieri mocemuli x-sTvis gavarkvioT, 
ekuTvnis Tu ara x-i A simravles.  

 
magaliTebi. Semdegi simravleebi rekursiulebia: 

(I) simravle {0, 2, 4,} yvela luwi ricxvebisa; 

(II) N da ; 
(III) nebismieri sasruli simravle; 
(IV) nebismieri simravle sasruli damatebiT. 
 

gansazRvra. A simravle rekursiulad gadaTvladia, Tu A  an arsebobs 
iseTi zogadrekursiuli funqcia f, rom A aris  f-is mniSvnelobaTa simravle. 

intuiciurad, simravle rekursiulad gadaTvladia, Tu arsebobs misi 
elementebis gadaTvlis (SesaZloa ganmeorebiT) efeqturi procedura. 

 

Teorema I. A rekursiulia  A rekursiulad gadaTvladia. 
 

damtkiceba. (I) SemTxveva. A . maSin ganvsazRvroT A rekursiulad 
gadaTvladia. 

 

(II) SemTxveva. A sasrulia da . vTqvaT },,{ 1 knnA  . ganvsazRvroT f 
Semdegnairad: 

 










. Tu ,

; Tu 

xkn

kxn
xf

k

x ,
)(  

(III) SemTxveva. A usasruloa. vTqvaT g maxasiaTebeli funqcia A-sTvis. 
ganvsazRvroT f ase: 

 
                ]1)([)0(  ygyf  ; 

                1)([)1(  ygyxf   da ])( yxf  . 

 
(II) da (III) SemTxvevebSi f funqcia zogadrekursiulia CerCis Tezisis 

Tanaxmad da A aris f-is mniSvnelobaTa simravle.  
 

Teorema II. A rekursiulia  rogorc A aseve A  rekur-siulad 
gadaTvladia. 
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damtkiceba.  uSualod gamomdinareobs Teorema I-dan. 

. Tu A an A  carielia, maSin A rekursiuloba cxadia. Tu A da A  ar 
arian carieli, maSin raime zogadrekur-siuli funqciebisaTvis f, g gvaqvs 

ValfA  , gValA    (Valf -aris f funqciis mniSvnelobaTa simravle). f da g 
funqciebiT SeiZleba aRvweroT rekursiuli procedura, romelic saSua-
lebas mogvcems gamovicnoT ekuTvnis Tu ara ricxvi A simravles: 
saxeldobr, vTqvaT gvinda gavarkvioT x ekuTvnis Tu ara A-s. mimdevrobiT 
ganvixilavT ),0(f  )0(g , )1(f , )1(g , ),2(f . Tu x aRmoCndeba f-is mniSvneloba, 

maSin x ekuTvnis A-s. Tu x aRmoCndeba g-s mniSvneloba, maSin x ekuTvnis A -s. 
radgan NAA  , x-i aucileblad iqneba f-is an g-s mniSv-neloba. 

 
gansazRvra. A simravle rekursiulad gadaTvladia ara-klebadobiT, Tu 

arsebobs iseTi zogadrekursiuli funqcia f, rom ValfA   da f araklebadi 
funqciaa, anu  yxyx )[)((  

)]()( yfxf  . 

 
gansazRvra. A simravle rekursiulad gadaTvladia zrdadobiT, Tu 

arsebobs iseTi zogadrekursiuli funqcia f, rom ValfA   da f zrdadi 
funqciaa, anu  yxyx )[)((  )]()( yfxf  . 

 

Teorema III. (a) [A rekursiulia A&  A]  rekursiulad gadaTvladia 
araklebadobiT. 

(b) [A rekursiulia da A usasruloa]  A rekursiulad gadaTvladia 
zrdadobiT. 

 

damtkiceba.  (a) da (b)-sTvis. martivad mtkicdeba Teorema I-is 
damtkicebis II da III SemTxvevebSi agebuli funqciebis gamoyenebiT. 

 

 (a) – SemTxveva. ganvixiloT Semdegi ori SemTxveva: 
 
(I) – SemTxveva. A sasrulia. maSin A rekursiulia, radgan yoveli 

sasruli simravle rekursiulia. 
 
(II) – SemTxveva. A usasruloa. vTqvaT f funqcia gadaTvlis  A simravles 

araklebadobiT. imisaTvis, rom gavarkvioT ekuTvnis Tu ara x-i A simravles, 
gamoviTvliT f funqciis mniSvnelobebs manam, sanam ar gamoiTvleba ricxvi, 
romelic metia x-ze. maSin xAx   ukve aRmoCnda gamoTvlil mniSv-
nelobebSi. maSasadame, Cven gvaqvs efeqturi meTodi imisa, rom gavarkvioT x 
ricxvi ekuTvnis Tu ara A simravles. maSasadame, A rekursiulia. 

 

 (b) - SemTxveva. es mtkiceba mimdinareobs (a) SemTxvevis (II) qveSemTxvevis 
msgavsad (am SemTxvevaSi saWiroa mxolod )(,),1(),0( xfff   mniSvnelobebis 

gamoTvla). 
 
Teorema IV. yovel usasrulo rekursiulad gadaTvlad simravles aqvs 

usasrulo rekursiuli qvesimravle. 
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damtkiceba. vTqvaT A usasrulo da rekursiulad gadaTvladia. davuSvaT, 

rom f zogadrekursiuli funqciaa da AValf  . ganvsazRvroT 

zogadrekursiuli funqcia g Semdegnairad: 

 
               )0()0( fg  , 
               )])()([()1( xgyfyfxg   . 

 
vTqvaT gValB   . maSin g gadaTvlis B simravles zrda-dobiT da, wina 

Teoremis Tanaxmad, B simravle rekursiulia. radgan AB  , Teorema 
damtkicebulia. 
 

 

 

 

 

 

 

 

 

 
ZiriTadi Teorema 

 
 
Teorema (ZiriTadi Teorema rekursiulad gadaTvladi simravleebis 

Sesaxeb). A rekursiulad gadaTvladia  A aris nawilobrivad rekursiuli 
funqciis gansazRvris are (anu ( x ) ][ xArgA  , sadac xArg -iT aRiniSneba x -is 
gan-sazRvris are). 

damtkiceba.  (I) SemTxveva. A . vTqvaT  aris arsad gansazRvruli 
nawilobrivad rekursiuli funqcia. maSin ArgA  . 

 

(II) SemTxveva. A . maSin A aris garkveuli zogadrekur-siuli funqciis 

f-is mniSvnelobaTa simravle. ganvsazRvroT  Semdegi instruqciiT: 
imisaTvis, rom gamovTvaloT )(x , daviwyoT f funqciis mniSvnelobaTa 

simravlis gadaTvla. Tu x aRmoCnda f funqciis mniSvnelobaTa simravleSi, 

maSinve x-i gamovacxadoT gamosasvlelis mniSvnelobad. cxadia, rom  
nawilobrivad rekursiulia da ArgA  . 

 vTqvaT ArgA  , sadac  nawilobrivad rekursiuli funqciaa. 

ganvsazRvroT efeqturi procedura, romelic warmoqmnis A-s, Tu A . 
proceduris ganxorcieleba moxdeba etapobrivad. 

 
1 etapi. SevasruloT 1 nabiji )0( -is gamoTvlaSi. Tu )0(  gamoTvlis 

procesi damTavrdeba pirvel nabijze, maSin 0 gadavceT A-sTvis gankuTvnil 
siaSi. 
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n+1 etapi. SevasruloT n+1 nabiji )0( , )(, n  gamoTvlaSi. is k, nk 0 , 
romelTaTvisac )(k  gamoTvlis procesi dasruldeba )1( n  nabijze an ufro 

adre, davumatoT A-sTvis gankuTvnil sias. 

 
ganvsazRvroT  Semdegnairad: 

)0( gadaTvlis pirveli elementi; 

 



















i.SemTxvevaS winaaRmdeg        

arsebobs;   

aseTi Tu   

da etapze  sias daemata 

)0(

)}],(,),1(),0({

1[

)1(








y

xy

xyy

x


 

 

CerCis Tezisis Tanaxmad,  aris nawilobrivad rekur-siuli funqcia. Tu 

A , maSin ganvsazRvriT A rekursiu-lad gadaTvladia. Tu A , maSin 

agebis Tanaxmad  yvelgan gansazRvrulia da AArgVal   ; amrigad A 
simravle rekursiulad gadaTvladia. 

 
gansazRvra. xx ArgW  . aseT x-s vuwodoT rekursiulad gadaTvladi 

indeqsi an gedelis nomeri rekursiulad gada-Tvladi Wx simravlis. 
damtkicebuli Teoremidan uSualod gamomdinareobs Semdegi. 
 

Sedegi. A rekursiulad gadaTvladia  A aris nawilob-rivad 
rekursiuli funqciis mniSvnelobaTa simravle (anu ]))[( xValAx  . 

 
gansazRvra. )(:{ xxK x  gansazRvrulia} = }:{ xWxx  . 
 
Teorema. arsebobs rekursiulad gadaTvladi simravle, romelic ar aris 

rekursiuli, da  K simravle aris aseTi simravle. 
 
damtkiceba. davuSvaT 
 






elia.ganusazRvr  Tu elia,ganusazRvr

lia;gansazRvru  Tu 

)(

)(,1
)(

x

x
x

x

x




  

 

cxadia, rom  nawilobrivad rekursiulia da ArgK  . maSasadame, wina 

Teoremis Tanaxmad, K rekursiulad gadaTv-ladia. 
davuSvaT, rom K rekursiulia. maSin mWK   raRac m-sTvis.  K-s gansazRvris 

gamo gvaqvs 

 

mWmKm  , 

 
amasTanave 

mWmKm  , 
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miRebuli winaaRmdegoba amtkicebs, rom K ar SeiZleba iyos rekursiuli 
simravle. 
 

 

 

 

 

rekursiuli da rekursiulad gadaTvladi 
mimarTebebi. n-eulTa kodireba 

 
 

 

gansazRvra. )32(
2

1
),( 22 yxyxyxyx  . 

 

lema.  aris rekursiuli urTierTcalsaxa gadasaxva N  N simravlisa N-
ze. 

 

damtkiceba. -s rekursiuloba cxadia. 0, 1, 2, 3, 4, 5, 6, 7, ricxvebs 
SevusabamoT  0,0 ,  1,0 ,  0,1 ,  2,0   1,1 ,  0,2 ,  3,0 , ,2,1   cnobili 

tolobiT  n210  )1(
2

1
 nn SeiZleba SevamowmoT, rom es Sesabamisoba 

moicema -s saSualebiT. 

-funqcias ewodeba wyvilTa gadaTvlis funqcia. 
 

gansazRvra. 1 da 2 aris erTi cvladis funqciebi, romlebic 

axorcieleben  gadasaxvis Sebrunebul gada-saxvas. sxvanairad, yoveli z-

sTvis zzz ))(),(( 21  . cxadia 1 da 2 funqciebi zogadrekursiulia. 
 

gansazRvra. ),( yx -s nacvlad gamoviyenebT aRniSvnas  yx, . AB-s 
ganvsazRvravT, rogorc simravles Axyx  :,{  }& By , anu )( BABA   . 

nebismieri n>0 n kodireba, N
n-is gadasaxva N-ze, gani-sazRvreba -s 

saSualebiT Semdegi induqciuri gansazRvriT. 
 
gansazRvra.  

                   ][1 xx  , 

                   )]),,,(([,, 1111

1



  nn

n

n

n xxxxx   . 

(kerZod )2   

 
n

n

n  ,,1    arian n -is inversiuli funqciebi, anu yoveli z-isTvis 

zzz n

n

nn  ))(,),(( 1   , (kerZod, 1

2

1    da  2

2

2  ). 
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cxadia, rom yvela moyvanili funqcia zogadrekursiulia. ),,( 1 n

n xx  -s 
aRvniSnavT  nxx ,,1  -iT. 

 
SeTanxmeba. vTqvaT P aris simravleTa Tviseba. vityviT, rom n-aruli 

mimarTebas R-s aqvs P Tviseba, Tu )(Rr n  aqvs P Tviseba. 
amiT rekursiulobisa da rekursiulad gadaTvladobis cnebebi 

gadatanilia mimarTebebze. 
 

Teorema. (a) vTqvaT  aris erTi cvladis nawilobrivad-rekursiuli 
funqcia, maSin 

)],,([,, 11

)(  nn

n xxxx    

aris n-cvladis nawilobrivad rekursiuli funqcia. 

(b) vTqvaT )(n aris n-cvladis nawilobrivad rekursiuli funqcia, maSin 

][ ))(,),(( 1

)( zzz n

n

nn    
aris erTi cvladis nawilobrivad rekursiuli funqcia. 

 
damtkiceba. gamomdinareobs CerCis Tezisidan. SevniSnoT. rom yvelgan 

gansazRvruli funqciebi Seesabamebian yvelgan gansazRvrul funqciebs da 
(a)-Si damyarebuli Sesabamisoba aris (b)-Si damyarebuli Sesabamisobis 
Sebrunebuli. 

 

 

 

 

 

 

 

 

Teoremebi proeqciis Sesaxeb 
 

 
SevTanxmdeT, rom nacvlad Canawerisa Rxx n  ,,1   visargeblebT 

CanaweriT ),,( 1 nxxR  . 

 
gansazRvra. Simravles 
 

)},,()(:,,,,,{ 1111 njnjj xxRxxxxx     

 
ewodeba R mimarTebis proeqcia j-uri koordinatis gaswvriv.  
 

Teorema 1. Tu R mimarTeba rekursiulad gadaTvladia, maSin arsebobs  
rekursiuli mimarTeba S iseTi, rom R aris S-is proeqcia. metic Tu R aris 
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n-aruli rekursiulad gadaRvladi mimarTeba, maSin arsebobs )1( n -aruli 

rekur-siuli mimarTeba S iseTi, rom 
 

}{ ),,()(:,, 1111  nnn xxSxxxR  . 
 

Teorema 2. Tu R mimarTeba rekursiulad gadaTvladia, maSin yoveli misi 
proeqcia rekursiulad gadaTvladia. kerZod, Tu R n-aruli rekursiulad 
gadaRvladi mimarTebaa, maSin mimarTeba 

}{ ),,()(:,, 111 nnn xxRxxx     
rekursiulad gadaTvladia. 
 

am Teoremebs ewodebaT Teoremebi proeqciis Sesaxeb. 
 

damtkiceba (Teorema 1). vTqvaT )(ˆ RR n . maSin R̂  aris rekursiulad 
gadaTvladi simravle. amitom arsebobs iseTi nawilobrivad rekursiuli 

funqcia , rom ArgR ˆ . vTqvaT m aris  funqciis fiqsirebuli indeqsi da 

Pm instruqciaTa Sesabamisi simravle. maSin  RxxxxR nn
ˆ,,),,( 11   

),,( 1  nxx   gansazRvrulia mn Px )[( 1 -is Sesabamisi gamoTv- lis procesi 

 nxx ,,1   SesasvlelisaTvis mTavrdeba xn+1 nabijamde]. CerCis Tezisis 

Tanaxmad, kvadratul frCxilebSi mdgomi winadadeba gansazRvravs 1nN -ze 
rekursiul mimar-Tebas. amiT Teorema damtkicebulia. 

 
damtkiceba (Teorema 2). sakmarisia vaCvenoT Teoremis debulebis 

samarTlianoba R mimarTebis proeqciisaTvis n-uri koordinatis gaswvriv. 
vTqvaT mocemulia rekursiulad gadaTvladi mimarTeba R. wina TeoremiT 
SegviZlia movZebnoT iseTi rekursiuli mimarTeba S, rom )(),,( 11  nn xxxR   

),,( 11 nxxS  . vTqvaT Q - aris R mimarTebis mocemuli proeqcia. maSin 

)(),,( 11 nn xxxQ  ))((),,( 11  nnn xxxxR  ),,( 11 nxxS  . ganvsazRvroT nawilobrivad 

rekursiuli funqcia  Semdeg-nairad. imisaTvis, rom gamovTvaloT 
),,( 11  nxx  , mimdev-robiT SevamowmoT, Sesrulebulia Tu ar ),(,,,( 111 zxxS n   

))(2 z  roca ,2,1,0z  sanam ar miviRebT dadebiT pasuxs. rogorc ki es 

moxdeba (Tu saerTod moxdeba) gamosasvlelze gadavceT 1. maSin 
),,(),,( 1111   nn xxxxQ    gansazRvru-lia Argxx n  11 ,, . maSasadame, Q-

rekursiulad gadaTv-ladia. 
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Efeqturoba 
 

 
wina paragrafebSi Cvens mier moyvanili arsebobis Sesaxeb zogierTi 

damtkiceba iyo arakonstruqciuli im azriT, rom ar iyo mocemuli 
araviTari efeqturi procedura, romelic saSualebas mogvcemda dagvedgina 
ramdenime SesaZleblobidan romel SemTxvevas hqonda adgili. ganvixiloT 
arsebobis Sesaxeb iseTi damtkicebebi, romelTaTvisac SeiZleba efeqturi 
proceduris povna. vityviT, rom Teoremas aqvs adgili Tanabrad an 
Tanabrad efeqturad, Tu aseTi proce-dura SeiZleva iqnes mocemuli. 
terminis `Tanabrad efeq-turad~ zusti azri Cveulebriv naTeli iqneba 
konteqstidan. 
 

Teorema. rekursiulad gadaTvlad simravleTa klasi Caketilia  ,   da 

 operaciebis mimarT Tanabrad efeqturad. 
 
damtkiceba. aq termini `Tanabrad~ gulisxmobs iseTi zogadrekursiuli 

funqciebis f,  g da h arsebobas, rom yxyxf WWW ),( , yxyxg WWW ),(  da 

yxyxh WWW ),( . (daamtkiceT Teorema damoukideblad). 

 

Teorema. rekursiul simravleTa klasi Caketilia  ,  ,  da damatebis 
operaciis mimarT. rekursiulad gadaTvladi indeqsebis doneze Caketiloba 

 ,   da  operaciebis mimarT Tanabaria, magram Caketiloba damatebis 
operaciis mimarT ar SeiZleba iyos Tanabari. 

 
damtkiceba. Caketilobisa da Tanabrobis damtkicebebs davtovebT 

savarjiSos saxiT. vaCvenoT, rom Caketiloba dama-tebis operaciis mimarT ar 
SeiZleba iyos Tanabari anu ar arsebobs iseTi nawilobrivad rekursiuli 

funqcia , rom yoveli x-sTvis simravle Wx rekursiulia  )( [ x  gansazRv-

rulia da ])( sx WW  . davuSvaT, rom aseTi funqcia  arse-bobs. gamoviyenoT 

simravle K rom miviRoT winaaRmdegoba. radgan K rekursiulad 
gadaTvladia da, maSasadame, SeiZleba efeqturad gadaiTvalos, amitom 
arsebobs iseTi zogadrekursiuli funqcia g, rom yoveli x-sTvis )(xg  

yvelgan gansazRvrulia, Tu  x K da arsad araa gansazRv-ruli, Tu Kx .  
amrigad, 










. Tu ,

 Tu 

Kx

KxN
W xg

,,
)(  

 
yovelTvis x-sTvis Wg(x) aris rekursiuli simravle. daSvebis gamo )(xg  

funqcia gansazRvrulia yoveli x-sTvis. vTqvaT f aris yvelgan 
gansazRvruli funqcia g . gvaqvs 

 










. Tu ,

 Tu 

KxN

Kx
W xf

,,
)(  
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amrigad   )(: xfWxK , magram   )(:{: )( yxWx xf   

)([ ))()((:{]}&)([ xfywzyxWxfy y   da Py-is Sesabamisi gamoTvlis procesi z 

Sesasvlelis dros mTavrdeba  w nabijamde]}. maSasadame, proeqciis Sesaxeb 

meore Teoremis Tanaxmad, K  simravle rekursiulad gadaTvladia  K 
rekursiulia.  winaaRmdegoba. 

 

 

 

 

 

 

 

 

 

 

 

 

sasruli simravleebi 
 
 

 
gansazRvra. vTqvaT A aris aracarieli sasruli simravle },,,{ 21 nxxx  , 

sadac nxxx  21 . maSin nxxx
222 21   ricxvs ewodeba A simravlis 

kanonikuri indeqsi. Tu A =, A-s kanonikuri indeqsi aris 0. 
 
gansazRvra. Dx-iT aRvniSnoT sasruli simravle, romlis kanonikuri 

indeqsi aris x. 
cxadia, rom SesaZlebelia Tanabari gadasvla kanonikuri indeqsidan 

maxasiaTebel indeqsze da, maSasadame, rekursiu-lad gadaTvlad indeqsze. 
(rekursiuli simravle SeiZleba mocemuli iqnas misi maxasiaTebeli 
funqciiT. aseT indeqss ewodeba rekursiuli simravlis maxasiaTebeli 
indeqsi). Semdegi Teorema gviCvenebs, rom Tanabari gadasvla maxasia-Tebeli 
indeqsidan kanonikur indeqsze SeuZlebelia. 

 
Teorema. (a) arsebobs iseTi zogadrekursiuli funqcia f, rom yovel x-

sTvis f(x) aris Dx-is simZlavre. 

(b) ar arsebobs iseTi nawilobrivad rekursiuli funqcia , rom yoveli 
x-sTvis, Tu x  aris maxasiaTebeli funqcia sasruli A- simravlisaTvis, 

maSin )(x  gansazRvrulia )(x  aris A-s simZlavre. 
 
damtkiceba. (a) uSualod gamomdinareobs CerCis Tezisidan. 
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(b) davuSvaT, rom aseTi  funqcia arsebobs. yoveli x-sTvis 

ganvsazRvroT  funqcia: 
 







 



i.SemTxvevaS winaaRmdeg 0

nabijze,  zustad mTavrdeba dros sSesasvleli  

  procesi gamoTvlis Sesabamisi is- Tu 

z

xP

z

x,1

)(  

 

cxadia, rom  funqcia zogadrekursiulia. misi gedelis nomeri SeiZleba 
vipovoT Tanabrad x-iT; vTqvaT esaa g(x). maSin )(xg  aris maxasiaTebeli 

funqcia simravlisa, romelsac aqvs 1-is toli simZlavre, Tu Kx , da 0-is 

toli simZ-lavre, Tu Kx . maSasadame, g aris iseTi zogad rekur-siuli 
funqcia, rom 

 










.  0,

,  

Kx

Kx
xg

,1
)(  

 
es ewinaaRmdegeba  K simravlis ararekursiulobas. 
 

Sedegi. SeuZlebelia Tanabari gadasvla maxasiaTebeli indeqsidan 
kanonikur indeqsze. 

 
 damtkiceba. aseTi gadasvla rom SesaZlebeli iyos, maSin (a)-dan 

gamovidoda (b)-sTvis  funqciis arseboba damt-kicebuli TeoremaSi. 
 

 

 

 

 

 

 

 

 

Teorema calsaxobis Sesaxeb. reduqciis 
Principi 

 
 

gansazRvra. A simravle calsaxaa, Tu },:,{ Ayxyx   aris calsaxa 
mimarTeba. 

(vTqvaT R k-adgiliani mimarTebaa. vityviT, rom R cal-saxaa, Tu 
nebismieri korteJisaTvis  11 ,, kxx   arsebobs araumetes erTi z elementisa 
iseTi, rom },, 11   Rzxx k . 
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gansazRvra. ]},)[(:{ AyxyxArgA  . 
 
Teorema (Teorema calsaxobis Sesaxeb). arsebobs iseTi  

zogadrekursiuli funqcia  f, rom yoveli z-sTvis 
(I) Wf(z) calsaxaa; 
(II) zzf WW )( ; 

(III) zzf ArgWArgW )( ; 

(IV) Wz calsaxaa  zzf WW )( . 

 
damtkiceba. (IV) uSualod gamomdinareobs (II) da (III)-dan. Wz-sTvis z-iT 

SeiZleba efeqturad moiZebnos procedura misi ganmeorebebis gareSe 
gaTvlisa (es gamomdinareobs ZiriTadi Teoremidan). ganvsazRvroT 

 

zz WyxyxA  ,:,{  da  ],&)[[( zWyxyyy  

 yx,  uswrebs  yx, -s Wz-is gadaTvlaSi]}. 
 

advili dasanaxia, rom Az rekursiulad gadaTvladia da misi 
rekursiulad gadaTvladi indeqsi SeiZleba moiZebnos Tanabrad efeqturad 
z-iT. maSasadame, arsebobs iseTi zogad- rekursiuli funqcia f, rom yoveli 
z-sTvis zzf AW )( . Az-is gansazRvridan gamodis, rom f-s aqvs (I), (II) da (III)-Si 

moTxov-nili Tvisebebi. 
 
Teorema (reduqciis principi). rogoric ar unda iyos ori rekursiulad 

gadaTvladi simravle A da B, arseboben rekursiulad gadaTvladi 

simravleebi A da B iseTi, rom AA  , BB  , BABA    da  BA  . 
 
damtkiceba. ganvsazRvroT })1{(})0{(  BAC   C simravle rekursiulad 

gadaTvladia. vTqvaT nWC   da )(nfWC  , sadac f iseTive funqciaa, rogorc 

wina TeoriaSi. maSin )(1 C  aris nawilobrivad rekursiuli funqcia . 

davuSvaT )0(1 A  da )1(1 B . 
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m-dayvanadoba da 1-dayvanadoba 
 

 

gansazRvra. A-simravle 1-dayvanadia B-simravleze (simbolurad, 

BA 1 ), Tu arsebobs urTierTcalsaxa rekursiuli funqcia f iseTi, rom 

))()(( BxfAxx  . 

gansazRvra. A-simravle m-dayvanadia B-simravleze (simbolurad, 

BA m ), Tu arsebobs iseTi rekursiuli funqcia f, rom  

))()(( BxfAxx  . 

Teorema I. (a) 1  da m  mimarTebebi arian refleqsuri da tranzituli. 

         (b) BABA m1 . 

         (c) BABA 11  . 

         (d) BABA mm  . 

         (e)  BBA m &[ rekursiulia  A] rekursiulia. 

         (f)  BBA m &[ rekursiulad gadaTvladia  A] rekursiulad  

                        gadaTvladia. 

 

damtkiceba. (a), (b), (c) da (d) punqtebi cxadia. 

(e) vTqvaT BA m  f funqciiT, maSin fCC BA  , maSasadame, Tu BC  

rekursiulia, maSin AC rekursiuli iqneba. 

(f) vTqvaT BA m  f funqciiT, maSin )(1 BfA  . radgan rekursiulad 

gadaTvladi simravlis winasaxe nawilobrivad rekursiuli funqciis mimarT 

aris rekursiulad gadaTvladi, amitom B-s rekursiulad gadaTvladobidan 

gamomdinareobs A-s rekursiulad gadaTvladoba. 

 

Sedegi I. BBA &[ 1 rekursiulia  A] rekursiulia. 

          BBA &[ 1  rekursiulad gadaTvladia  A] rekursiulad  

                        gadaTvladia. 
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gansazRvra. 

                BA 1 , Tu ABBA 11 &  ; 

                BA m , Tu ABBA mm  & . 

 

Teorema I (a)-s Tanaxmad es mimarTebebi arian ekvivalentobis 

mimarTebebi. maT ekvivalentobis klasebs Sesabamisad ewodebaT amouxsnadobis 

xarisxebi 1-dayvanadobis mimarT da amouxsnadobis xarisxebi m-dayvanadobis 

mimarT, pirvels vuwodebT 1-xarisxebs, xolo meores m-xarisxebs.  

Teorema I (e)-dan da Sedegi I-dan gamomdinareobs, rom nebismieri 

xarisxi, romelic Seicavs rekursiul simravles, mTlianad Sedgeba 

rekursiuli simravleebisagan. Teorema I (f)-dan da Sedegi I-dan 

gamomdinareobs, rom nebismieri xarisxi, romelic Seicavs rekursiulad 

gadaTvlad simravles, mTlianad Sedgeba rekursiulad gadaTvladi 

simravleebisagan. amrigad, TiToeuli am saxis dayvanadobiT dalagebisas, 

Cven SegviZlia visaubroT rekursiul xarisxebze da rekursiulad 

gadaTvlad xarisxebze.  

 

gansazRvra. }&12:{}&2:{ BxxyyAxxyyBA   . 

 

Teorema II. (a) arsebobs ori ararekursiuli simravle, romlebic ar 

arian sadari m -is mimarT.  

(b) m-dayvanadobiT dalageba iZleva zedanaxevar mesers: nebismier or 

m-xarisxs aqvs erTaderTi umciresi zeda sazRvari. metic, ori rekursiulad 

gadaTvladi m-xarisxis umciresi zeda sazRvari aris rekursiulad 

gadaTvladi.  

 

damtkiceba. (a) },2,1,0{(   da -arasadari simravleebia, magram isini 

rekursiulia).  

ganvixiloT simravleebi K da K . K-simravle rekursiulad 

gadaTvladia, xolo K  ar aris rekursiulad gadaTvladi. 
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Teorema I (f)-is ZaliT KK m  xolo Teorema I (d)-dan gamodis, rom 

KK m .   

(b) vTqvaT nebismieri X simravlisaTvis )(Xd  aris X-is m-xarisxi. 

vTqvaT mocemulia ori simravle A da B. maSin )( BAd   aris )(Ad  da )(Bd  

xarisxebis umciresi zeda sazRvari m-dayvanadobis mimarT. marTlac 

                     BAA m   ]2[ xx  funqciiT; 

                     BAB m    ]12[ xx  funqciiT. 

nebismieri C simravlisaTvis, Tu CA m  f funqciiT da CB m  g 

funqciiT, maSin CBA m  h funqciiT, sadac h funqcia ganisazRvreba 

tolobiT: 

)()2( xfxh  , 

                                  )()12( xgxh  . 

 

 

 

 

 

 

sruli simravleebi 

 

gansazRvra. A simravle srulia 1 -is mimarT (A 1-srulia), Tu 

(i) A rekursiulad gadaTvladia, 

(ii) )( B  B[  rekursiulad gadaTvladia ].1 AB    

A simravle srulia m -is mimarT (A m-srulia), Tu 

(i) A rekursiulad gadaTvladia, 

(ii) )( B  B[  rekursiulad gadaTvladia ].AB m   

vTqvaT }:,{0 yWxyxK  . Semdegi Teorema gviCvenebs, rom 0K  1-srulia 

da, maSasadame. 0K  m-srulia. 

 

Teorema III. 0K  simravle aris 1-sruli.  
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damtkiceba. )(:,{0 zyxK   [gamoTvlis procesi, romelic Seesabameba 

yP  instruqciaTa erTobliobas, x-is Sesvlis SemTxvevaSi gaCerdeba z 

nabijis Sesrulebamde]}. maSasadame, 0K  rekursiulad gadaTvladia 

proeqciis meore Teoremis Tanaxmad. 

vTqvaT B-nebismieri rekursiulad gadaTvladi simravlea. maSin 
1y

WB   

garkveuli 0y -Tvis. aqedan gvaqvs  

),)(( 00 KyxBxx   

da 01 KB    ],[ 0  yxx  funqciiT. 

 

Teorema IV. K simravle aris 1-sruli. 

 

damtkiceba. sakmarisia vaCvenoT, rom KK 10  . dasawyisSi vaCvenoT, rom 

KK m0 . vipovoT rekursiuli f funqcia iseTi, rom 

 






i.SemTxvevaS winaaRmdeg eliaganusazRvr

lia,gansazRvru Tu    ))((,1
)(

1)(

)(

2
x

z
x

xf





 

 

( )(xf  funqciis qceva araa damokidebuli z Sesasvlelze), maSin  

KxfKx  )(0 , 

e.i. KK m0 . 

axla vaCvenoT, rom Tu f funqcia ar aris urTierTcalsaxa, maSin is 

SeiZleba SevcvaloT f
* funqciiT, romelic aris urTierTcalsaxa da 

KK 10   f
* funqciiT. 

Teorema 1-III-is meTodiT gansazRvroT rekursiuli funqcia t iseTi, 

rom 

(i) xyxt   ),( , 

(ii) ),(),( 2121 yxtyxtyy  . 

 

induqciurad ganvsazRvroT Semdegi t funqcia: 

            )0,0()0,0( tt  , 
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Tu ),( yxt   gansazRvrulia yvela iseTi  yx , -sTvis, rom  yxyx ,   , , 

maSin davuSvaT 

),(),( zxtyxt  , 

sadac ),(),([ yxtwxtwz   yvela  yx , -sTvis, romelic akmayofilebs 

pirobas ],    ,  yxyx . 

amrigad, 

 

(i) xyxt  ),( , 

(ii) ),(),(][ 22112121 yxtyxtyyxx   an . 

 

ganvsazRvroT *f  funqcia Semdegi formuliT: 

)]),(([* xxftxf  . 

cxadia, rom *f  urTierTcalsaxaa da KK 10   *f  funqciiT. 

 

Sedegi III. 01 KK  . 

 
 
 
 
 
 
 
 
 
 
 

kreatiuli simravleebi 
 
 

gansazRvra. A simravle produqtiulia, Tu arsebobs iseTi 

nawilobrivad rekursiuli funqcia , rom 

)([)[( xAWx x   gansazRvrulia& ]]\)( xWAx  . 

-s ewodeba A simravlis produqtiuli funqcia. 

 

gansazRvra. A simravle kreatiuli simravlea, Tu 
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(i) A – rekursiulad gadaTvladia (r.g.), 

(ii) A produqtiulia. 

 

magaliTi. )(:{}:{ xxWxxK xx   gansazRvrulia} kreatiuli simravlea, 

radgan K r.g. simravlea da K  produqtiulia, romlis produqtiuli 

funqciaa ][xx . 

 

Teorema V (a) A produqtiulia A araa r.g. simravle. 

(b) [A produqtiulia& BBA m  ]  produqtiulia. 

 

damtkiceba. (a) uSualod gamomdinareobs gansazRvridan. 

(b) vTqvaT  aris produqtiuli funqcia A simravlisaTvis da BA m  f 

funqciiT. arsebobs iseTi rekursiuli funqcia g, rom )(1

)( xxg WfW  . maSin 

funqcia gf  aris produqtiuli funqcia B-sTvis. marTlac, 

    AWBW xgx )(  

   )([ xg  gansazRvrulia&  ]\)( )(xgWAxg  

   )([ xgf  gansazRvrulia& ]\)( xWBxg  . 

 

Sedegi IV. (a) A-kreatiulia A  araa rekursiuli, 

(b) [A kreatiulia &  BBA m ] produqtiulia. 

(c) A m-srulia A kreatiulia. 
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1-ekvivalentoba da rekursiuli izomorfizmi 
 

 

gansazRvra. vTqvaT p aris iseTi urTierTcalsaxa rekursiuli 

funqcia, romelic naturalur ricxvTa },2,1,0{   simravles gadasaxavs -ze. 

maSin aseT p funqcias ewodeba naturalur ricxvTa simravlis rekursiuli 

gadasma.  

 

gansazRvra. A simravle rekursiulad izomorfulia B simravlis 

(simbolurad, )BA  , Tu arsebobs iseTi rekursiuli gadasma p, rom  

BAP )( . 

zogjer nacvlad `rekursiuli izomorfizmisa~ vityviT `izomirfizmi~. 

 

Teorema (Myhill) VI. BABA 1 . 

 

damtkiceba. . cxadia. 

. SemovitanoT Semdegi gansazRvra. dalagebul wyvilTa sasrul 

mimdevrobas  nn yxyx ,,,, 11    ewodeba sasruli Sesabamisoba A da B 

simravleebs Soris, Tu  

(i) ]&[ jiji yyxxji  , ni 1 ,  nji  , 

(ii) ByAx ii  . 

davamtkicoT Semdegi. 

 

lema. davuSvaT, rom DC 1 . maSin arsebobs efeqturi procedura, 

romelic C da D simravleebs Soris nebismieri sasruli SesabamisobisaTvis 

 nn yxyx ,,,, 11   da nebismieri },,{ 1 xxxx   ipovis iseT y -s, rom 

 yxyxyx nn ,,,,,, 11   

aris sruli Sesabamisoba C da D-s Soris. 

 

damtkiceba. davuSvaT, rom DC 1  f funqciiT. gamovTvaloT )(xf  . 

SevamowmoT iyxf )(  yoveli i, ni 1 . Tu es asea, maSin davuSvaT )(xfy  . 
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Tu ara da 
1

)( iyxf  , gamovTvaloT )(
1i

xf  da SevamowmoT ii yxf )(
1

 yoveli i, 

ni 1 . Tu es asea, maSin davuSvaT, rom )(
1i

xfy  . Tu ara da 
21

)( ii yxf  , 

gamovTvaloT )(
2i

xf  da SevamowmoT ii yxf )(
2

 yoveli i, ni 1  da a.S. f 

funqciis urTierTcalsaxobidan da mocemuli sasruli Sesabamisobis 

urTierTcalsaxobidan uSualod gamomdinareobs, rom es procedura 

damTavrdeba iseTi y -is povniT, rom iyy  , ni 1 . metic, agebidan Cans, 

rom 

DyCx  . 

es ki amtkicebs lemas. 

davubrundeT Teoremis damtkicebas. radgan BA 1 , lema SeiZleba 

gamoviyeneT A da B-ze nacvlad C da D-s, an B da A-ze nacvlad C da D-s. 

Cven visargeblebT am garemoebiT izomorfizmis misaRebad. aRvweroT 

naturalur ricxvTa wyvilebis gadaTvlis efeqturi procedura. es 

procedura iqneba ise gansazRvruli, rom gadaTvlis yovel etapze ukve 

gadaTvlili dalagebuli wyvilebi qmnian sasrul Sesabamisobas da, garda 

amisa, yoveli naturaluri ricxvi, adre Tu gvian, gvxvdeba garkveuli 

dalagebuli wyvilis pirveli komponentis rolSi am gadaTvlaSi da yoveli 

naturaluri ricxvi, adre Tu gvian, gvxvdeba gadaTvlaSi garkveuli 

dalagebuli wyvilis meore komponentis rolSi. aseTnairad gadaTvlili 

dalagebul wyvilTa sruli erToblioba qmnian rekursiul gadasmas, 

romelic gansazRvravs A da B simravleebs Soris rekursiul izomorfizms. 

procedura mdgomareobs SemdegSi. vTqvaT BA 1  g funqciiT da AB 1  

h funqciiT.  

etapi 0. pirveli dalagebuli wyvilis rolSi aviRoT  )(, ogo . 

etapi 1. vakvirdebiT, sruldeba Tu ara 0)0( g . Tu sruldeba, maSin 

gadavdivarT etapi 2-ze. Tu ara, visargebloT lemiT (A iyos D-s rolSi, da 

B C-s rolSi, h f-is rolSi), amoviweroT axali dalagebuli wyvili, 

romlis meore komponenti aris 0. 

............................ 

etapi 2k. vakvirdebiT, gvxvdeba Tu ara k ukve gadaTvlili wyvilebidan 

romelimes pirveli komponentis rolSi. Tu gvxvdeba, gadavdivarT etapi 

12 k -is Sesrulebaze. Tu ara, maSin vsargeblobT lemiT (A C-s rolSi da B 
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D-s rolSi, xolo g f-is rolSi), amoviwerT axal dalagebul wyvils, 

romlis pirveli komponenti aris k. 

etapi 2k+1. vakvirdebiT gvxvdeba Tu ara k ukve gadaTvlili 

wyvilebidan romelimes meore komponentis rolSi. Tu gvxvdeba, gadavdivarT 

etapi 22 k -is Sesrulebaze. Tu ara, visargebloT lemiT (A B-s rolSi, B 

C-s rolSi da h f-is rolSi), gaTvlaSi movaTavsoT axali dalagebuli 

wyvili, romlis meore komponenti aris k. 

............................... 
damtkiceba damTavrebulia. 

 

Sedegi V. 0KK  . 

 
 

 

 

 

 

 

 

 

1-sisrule da m-sisrule 

 

Teorema VII. A m-srulia  A 1-srulia. 

damtkiceba. . cxadia. 

. davuSvaT, rom A m-srulia. maSin A r.g. da AK m  raRac 

rekursiuli f funqciiT. Cven vaCvenebT, rom AK 1 . maSin A-s 1-sisrule 

miiReba K-s 1-sisrulidan.  

SegaxsenebT, rom xD  aris sasruli simravle kanonikuri indeqsiT x. 

davuSvaT, rom ukve damtkicebuli gvaqvs Semdegi.  

 

lema. Tu AK m , maSin arsebobs rekursiuli funqcia g iseTi, rom 

yoveli x-sTvis 
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xxx DAxgADD \)(]&[   

da  

xxx DAxgADD \)(]&[  . 

 

Cven SegviZlia gavagrZeloT damtkiceba, rom AK 1  Semdegnairad. 

ganvsazRvroT f  funqcia aseTi konstruqciiT. )0(f  -is gamoTvla. davuSvaT 

)0()0( ff   (maSin ))0(0 AfK  .  

)1(  nf -is gamoTvla. vakvirdebiT sruldeba Tu ara 

)}(,),0({)1( nffnf   . 

Tu ara, davuSvaT  

)1()1(  nfnf . 

Tu sruldeba da )()1( 0mfnf  , maSin aviRoT sasruli simravle 

)}({ 00
mfDx

  

da visargebloT g funqciiT lemidan da gamovTvaloT )( 0xg  (cxadia, 0x  

SeiZleba miviRoT )( 0mf  -iT, is udris )( 02
mf  ). vakvirdebiT sruldeba Tu ara 

)}(,),0({)( 0 nffxg   . 

Tu ara, davuSvaT 

)()1( 0xgnf  . 

Tu sruldeba da )()( 10 mfxg  , maSin aviRoT sasruli simravle  

)}(),({ 101
mfmfDx

  

da gamovTvaloT )( 1xg . 

(aq )()(

1
10 22

mfmf
x


 ). 

vakvirdebiT sruldeba Tu ara 

)}(,),0({)( 1 nffxg   . 

...................................................................................... 

lemis Tanaxmad, es procedura sabolood gvaZlevs 

)}(,),0({)1( nffnf   . 

aseve 

AnfKn  )1(1 . 

aqedan, AK 1 . 
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dasamtkiceblad darCa lema. amisaTvis dagvWirdeba f funqciisaTvis 

sublemis damtkiceba. 

 

sublema. Tu AK m  f funqciiT, maSin  

(a) B - rekursiuli  )(1 Bf   rekursiulia, 

(b) )(Kf  usasruloa. 

 

damtkiceba. (a) yoveli B-sTvis 

BBf m )(  

f funqciiT. aqedan Teorema I  (e)-s ZaliT, B-rekursiulia  )(1 Bf   

rekursiulia.  

(b) radgan f funqciiT AK m , amitom 

KKff  ))((1 . 

aqedan (a)-s gamo, Tu )(Kf  aris sasruli (da, maSasadame, rekursiulia), 

K iqneba rekursiuli. magram K araa rekursiuli.  

 

lemis damtkiceba. SevarCioT K-s gadaTvlis raime efeqturi 

procedura. es procedura migviyvans )(Kf  simravlis gadaTvlis efeqtur 

proceduramde. sublemis Tanaxmad )(Kf  usasruloa.  

radgan A r.g. simravlea, arsebobs iseTi rekursiuli funqcia h, rom  

 












.             ,

,  ),(1

)(
AD

ADDf
W

x

xx

xh




 Tu

 Tu


 

 

vTqvaT mocemulia raime xD . Semdegi instruqciiT gamoviTvliT )(xg -s. 

Tu xDxhf )( , davuSvaT )()( xhfxf  . Tu xDxhf )( , davuSvaT )([)( Kfxg  -s 

gadaTvlaSi is pirveli elementi, romelic ar aris xD -is elementi]. 

radgan )(Kf  usasruloa, amitom )(xg  gansazRvrulia yoveli x-sTvis. 

darCa vaCvenoT, rom g funqcias aqvs saWiro Tvisebebi. gansazRvriT 

xDxg )( . metic, 
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   ])()()(]&[ )()( AxgKxhWxhWADD xfxhxx   . 

     )()()(]&[ 11

)( xxxhxx DfxhDfWADD    

                           (winaaRmdeg SemTxvevaSi &)( Kxf   

                            )&)(&)( ADDxfhAxhf xx   

                            ])(&)([ )( xxh DxhfWxh  

                           AxgDxfhKxh x  )(])(&)([ . 

es asrulebs lemis damtkicebas da amiT Teorema damtkicebulia.  

 
 
 
 
 
 
 
 
 
 
 
 
 

Cilindrebi 

 

 
 gansazRvra. A simravle aris cilindri, Tu  BA  romelime B-

sTvis. 

 

Teorema VIII (a)  AA 1 .  

(b) AA m  (da, maSasadame, ) AA m .  

(c) A-cilindria  ])[( 1 ABABB m  . 

(d)   BABA m 1 . 

 

damtkiceba. (a)  AA 1  ]0,[  xx  funqciiT. 

(b) AA m  1  funqciiT. 

(c) . davuSvaT, rom CA  da AB m . maSin CB m  romelime f 

funqciiT. vTqvaT ]),([  xxfxf  . maSin  CB 1   f  -iT. aqedan AB 1 . 
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. davuSvaT, rom 

])[( 1 ABABB m  . 

ganvixiloT A . (b)-s ZaliT AA m ; aqedan, Cveni daSvebiT, 

AA 1 . (a)-s ZaliT  AA 1 . maSasadame,  AA 1 . aqedan, Teorema VII-is 

ZaliT.  AA  da A aris cilindri.  

(d) . davuSvaT, rom BA m . maSin   BBAA mm 1 . aqedan 

  BA m . (c)-s Tanaxmad, 

  BA 1 . 

. davuSvaT, rom 

  BA 1 . 

maSin 

BBAA m  11  da maSasadame, BA m . 

 

Sedegi VII. A – cilindria    AAAA 1 .  

 

A ewodeba A simravlis cilindrifilacia. 

(a), (b) da (c) punqtebidan gamodis, rom yoveli m-xarisxi Seicavs 

maqsimalur 1-xarisxs da es xarisxi aris m-xarisxis nebismieri simravlis 

cilindrifikaciiT miRebuli. 
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produqtiuloba 

 
 

Teorema X. A produqtiulia  A Seicavs usasrulo r.g. qvesimravles. 

 

damtkiceba. vTqvaT f aris iseTi rekursiuli funqcia, rom  

yxyxf WWW ),( . 

CerCis Tezisis Tanaxmad arsebobs iseTi rekursiuli funqcia h, რom 

}{)( xW xh  . 

vTqvaT 0z  aris carieli simravlis r.g. indeqsi. ganvsazRvroT k 

funqcia Semdegnairad.  

                                0)0( zk  , 

                                ))(),(()1( nknkhfnk  . 

maSin ganvsazRvriT 

kg  . 

 

Sedegi IX. A produqtiulia  A Seicavs usasrulo rekursiul 

qvesimravles. 

 

Teorema X. A produqtiulia  arsebobs iseTi rekursiuli funqcia f, 

rom A produqtiulia produqtiuli funqciiT f. 

 

damtkiceba.  cxadia. 

. vTqvaT A produqtiulia  produqtiuli funqciiT. moviyvanoT f 

funqciis gamoTvlis instruqcia.  

arsebobs rekursiuli funqcia g iseTi, rom 

 










i.SemTxvevaS winaaRmdeg

 Tu

  

,  ,
),(

KzW
W

x

xzg  

 

vTqvaT ,, 10 kk  aris K-s efeqturi gadaTvla. 
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 )(xf -is gamoTvla. daviwyoT gamoTvla )(),,(  ),,(  ),( 10 xfxkgxkgx  -is 

mniSvnelobad aviRoT is, romelic gamoiTvleba yvelaze adre (pirvelad). 

vaCvenoT, rom f aris produqtiuli funqcia A simravlisTvis. radgan 

),,(  ),,(  , 10 xkgxkgx  

arian xW  simravlis indeqsebi, )(xf  unda iyos gansazRvruli, roca )(x  

aris gansazRvruli. f funqcia yvelgan gansazRvrulia. marTlac, davuSvaT, 

)( 0xf  araa gansazRvruli raime 0x  wertilSi. maSin ),( 0xyg  araa 

gansazRvruli arcerTi Ky -Tvis. magram Ky -Tvis ),( 0xygW  da, 

maSasadame, Ky -Tvis ),( 0xyg  gansazRvrulia. amrigad, Cven miviRebdiT 

 ),(:{ 0xygyK  gansazRvrulia} 

da proeqciis meore Teoremis Tanaxmad K  iqneboda r.g. simravle. rac 

ewinaaRmdegeba K-s ararekursiulobas. 

 

gansazRvra. A simravles ewodeba savsebiT produqtiuli, Tu arsebobs 

iseTi rekursiuli funqcia f, rom yoveli x-sTvis 

)\()\()( AWWAxf xx  . 

am SemTxvevaSi f funqcias ewodeba A simravlis savsebiT produqtiuli 

funqcia. 

 

 magaliTi. K  savsebiT produqtiuli simravlea ][xx  funqciiT. 

marTlac,  KxWx x   da KxWx x  . 
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martivi simravleebi 

 

 
gansazRvra. A simravle martivia, Tu 

(i) A r.g. simravlea, 

(ii) A  usasruloa 

(iii) Bx)[(  usasruloa & B r.g.] ] AB . 

 

Teorema I. (a) A martivia  A araa rekursiuli. 

(b) A martivia  A araa kreatiuli.  

(c) A martivi  A araa m-sruli.  

(d) A martivia  A araa cilindri. 

  

damtkiceba. (a) Tu A rekursiulia da wina gansazRvris (ii) punqti 

sruldeba, maSin (iii) ar sruldeba, roca AB  .  

(b) radgan yoveli produqtiuli simravle flobs usasrulo r.g. 

qvesimravles, amitom Tu A kreatiuli simravlea, maSin (iii) ar Sesruldeba. 

(c) uSualod gamomdinareobs (b)-dan. 

(d) davuSvaT, rom CA  da A martivia, maSin A ; aqedan 

  CC  

da C . vTqvaT Cm . maSin }{m  aris C  simravlis usasrulo r.g. 

qvesimravle. 

 
Teorema II (Post). arsebobs martivi simravle. 

 

damtkiceba. vTqvaT 

}2&:,{ xyWyyxC x  . 

proeqciis meore Teoremis Tanaxmad C r.g. simravlea. davafiqsiroT C 

simravlis gadaTvlis raime efeqturi meTodi. ganvsazRvroT simravle C : 

              ],&)[[(&,:,{ CzxyzzCyxyxC  
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                zx,  Segvxvdeba C-s mocemul gadaTvlaSi ufro gvian  

               vidre ]},  yx . 

cxadia C simravle r.g. da 

{< x,y > },: Cyx   

aris nawilobrivad rekursiuli funqcia. vTqvaT S aris am funqciis 

mniSvnelobaTa simravle, anu 

)},)((:{ CyxxyS  . 

vaCvenoT, rom S aris martivi simravle.  

(i) S r.g. simravlea, radgan is aris nawilobrivad rekursiuli 

funqciis mniSvnelobaTa simravle. 

(ii) agebis Tanaxmad }2,,1,0{ k -dan maqsimum k raodenoba SeiZleba 

ekuTvnodes S-s. amas aqvs nebismieri k-Tvis, maSasadame, S  usasruloa. 

(iii) davuSvaT, rom B usasrulo r.g. simravlea. vTqvaT 
0xWB  . maSin 

masSi arseboben ricxvebi, romlebic metia vidre 02x . agebis Tanaxmad 

romelime z-Tvis B-dan  zx ,0  unda ekuTvnodes C . aqedan, SBz   da 

SB .  

 

Sedegi II (a). arsebobs r.g. ararekursiuli simravle, romelic ar aris 

arc m-sruli, arc kreatiuli, arc cilindri.  

 

Sedegi II (b) 1  da m  ar emTxvevian erTmaneTs r.g. ararekursiul 

simravleebze da amiT 1  da m  ar emTxvevian erTmaneTs r.g. rekursiul 

simravleebze. 

 

damtkiceba. cnobilia, rom  SS m . magram Teorema I-is ZaliT 

 SS 1 . aqedan SS m , magram SS 1 . 
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imunuri simravleebi 

 

 

gansazRvra. A simravle imunuria, Tu 

(i) A usasruloa.  

(ii) Bx)[[(  usasruloa & B r.g.] ] AB   

 

Teorema III. arsebobs 02
  raodenoba iseTi A simravleebisa, rom 

rogorc A ise A  aris imunuri.  

 

damtkiceba. vTqvaT ,, 10 xx   aris xWx :{  usasruloa} simravlis 

elementebi, romlebic dalagebuli arian zrdadobiT. ganvsazRvroT wyvilTa 

mimdevroba Semdegnairad: 

[},{ 00 zy ori umciresi elementi 
0xW dan], 

amasTan 00 zy  . 

[},{ 11  kk zy ori iseTi umciresi elementi 
1kxW dan, romlebic metia 

          ky -ze da kz -ze], 

amasTan 11   kk zy . 

ganvsazRvroT A simravle Semdegnairad. amovirCioT erTi elementi 

wyvilTa am mimdevrobis yoveli wevridan. arsebobs 02
  raodenoba aseTi 

amorCevis. yoveli simravle A da A -dan unda gadaikveTos yovel usasrulo 

r.g. simravlesTan. maSasadame, rogorc A, ise A  aris imunuri. 

 

Teorema IV. arsebobs r.g. simravle, romelic ar aris arc 

rekursiuli, arc martivi, arc kreatiuli.  

 

damtkiceba. vTqvaT A martivia. ganvixiloT A . A  aris r.g., 

radgan A aris r.g. A  ar aris rekursiuli, radgan  AA 1 . simravle 

A  ar aris martivi, radgan is aris cilindri. advili dasamtkicebelia, 

rom Tu A  kreatiuli simravlea, maSin A kreatiulia.  
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Sedegi IV. arsebobs simravle, romelic ar aris arc r.g., arc 

produqtiuli, arc imunuri. 

 

gansazRvra. dalagebul wyvils  ,,,1 nxx  , sadac 

 nxx ,,1   

aris ricxvTa  n-euli,  xolo   n-aruli  bulis funqcia ( 0n ),  ewodeba 

n-rigis cxriluri piroba (an tt-piroba). },,{ 1 nxx   simravles ewodeba am tt-

pirobasTan asocirebuli simravle. 

 

gansazRvra. tt-piroba sruldeba A simravleze, Tu 

1))(,),(( 1 nAA xCxC  , 

sadac AC  aris A simravlis maxasiaTebeli funqcia. 

 

yoveli tt-piroba aris sasruli obieqti; cxadia, SeiZleba movaxdinoT 

efeqturi kodireba, romelic yvela tt-pirobas (gansxvavebuli rigis) 

gadasaxavs -ze. davuSvaT, am momentidan dawyebuli, rom aseTi kodireba 

fiqsirebulia. roca vambobT `tt-piroba x~, Cven mxedvelobaSi gvaqvs tt-piroba 

koduri nomriT x. 

 

gansazRvra. A simravle cxrilurad dayvanilia B simravleze 

(simbolurad, )BA tt , Tu arsebobs iseTi rekursiuli funqcia f, rom 

yoveli x -Tvis  ttAx[ piroba )(xf  sruldeba B-ze]. 

 

Teorema V. (Dekker). martivi simravlis m-xarisxi Seicavs 1-xarisxebis 

usasrulo simravles, romelic wrfivadaa dalagebuli 1  mimarTebiT mTel 

ricxvTa ( ,  _2, _1, 0, 1, 2, )  tipiT da romlebic mTlianad Sedgebian 

martivi simravleebisagan. 

 

damtkiceba. jer davamtkicoT Semdegi 
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lema. vTqvaT A da B r.g. simravleebia, iseTi, rom  

}{mAB  . 

sadac Am . maSin 

(i) A martivia  B martivia. 

(ii) A martivia ]&&[ 11 BABAAB m  . 

 

lemis damtkiceba. (i) cxadia. 

(ii). vTqvaT An , mn  . maSin BA m  Semdegi f funqciiT: 










.,

,,
)(

mxn

mxx
xf

  Tu  

  Tu  
 

vTqvaT C aris A simravlis usasrulo rekursiuli qvesimravle. 

vTqvaT p aris rekursiuli gadasma, romelic }{mC  simravles gadasaxavs 

C-ze. maSin AB 1  Semdegi g funqciiT: 










}.{),(

},{,
)(

mCxxp

mCxx
xg





 Tu 

 Tu    
 

davuSvaT, rom BA 1 . maSin BA   romelime rekursiuli gadasmiT h. maSin 

),(  ),(  , mhhmhm  erTmaneTisgan gansxvavdebian da, maSasadame, warmoqmnian A  

simravlis usasrulo r.g. qvesimravles, rac ewinaaRmdegeba A simravlis 

martivobas. maSasadame BA 1 .   

axla Teoremis damtkiceba martivia. vTqvaT A martivi simravlea. 

},,{ 10 aa  aris A simravlis usasrulo qvesimravle da },,{ 10 bb  aris A  

simravlis usasrulo qvesimravle. maSin, lemis Tanaxmad, 

 },,{\  },{\  ,  },{  },,{ 100010 aaAaAAbAbbA  

iZleba martiv simravleTa 1-xarisxebis saZebn wrfiv dalagebas. 

 

Sedegi V. imunuri simravlis m-xarisxi Seicavs usasrulo bevr 1-

xarisxs. 
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                  tiuringis azriT dayvanadoba da hipermartivi simravleebi 

 

gansazRvreba.  vuyx ,,,  aris Tavsebadi, Tu vu DD  ;  1111 ,,, vuyx  

da  2222 ,,, vuyx  SeTanxmebulia, Tu  


2211 vuvu DDDD  . 

 

gansazRvra. zW  regularulia, Tu 

(i)  zWvuyx ,,,  vuyx ,,,  Tavsebadia, 

(ii) &,,,[ 111 zWvuyx  &,,, 222 zWvuyx   111 ,,, vuyx  

     111222 ,,,],,, vuyxvuyx  da  222 ,,, vuyx  ar aris SeTanxmebuli. 

 

Teorema. arsebobs iseTi rekursiuli funqcia , rom yoveli A-Tvis. 

(i) )( zW  reguliarulia. 

(ii) zW  regularulia zz WW  )( .  

 

gansazRvra. 

&,,,)[,(:,{ )(z

X

z Wvuyxvuyx     

]}&& XDXD vu  . 

vTqvaT A fiqsirebuli simravlea. 

 

gansazRvra. funqcia  aris A-nawilobrivad rekursiuli, Tu A

z   

romelime z-sTvis. funqcia f aris A-rekursiuli, Tu romelime z-sTvis A

zf   

da A

z  yvelgan gansazRvrulia.  

 

Teorema. A-rekursiulia A

z  aris nawilobrivad rekursiuli. 

  

damtkiceba. A simravlis rekursiuloba iZleva yvela gamoTvlis 

rekursiulobas. 
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gansazRvra. A simravle rekursiulia B simravlis mimarT (an B-Si), Tu 

funqcia AC  aris B-rekursiuli. A simravle r.g. B-s mimarT (an B-Si), Tu 

A , an ValfA   raime B-rekursiuli f funqciisaTvis.  

 

Teorema. A rekursiulia B-Si  Tu A da A  simravleebi arian r.g. B-Si. 

 

gansazRvra. X

z

X

z ArgW  . 

 

Teorema. A r.g. B-Si ][)( B

zWAz  . 

 

gansazRvra. A simravle tiuringis azriT dayvanilia B simravleze 

(simbolurad, )BA T , Tu A rekursiulia B. 

 

gansazRvra. vTqvaT A usasrulo simravlea. f funqcia axdens A 

simravlis maJorirebas, Tu  

])()[( nznfx  , 

sadac ,, 10 zz  arian A simravlis elementebi, romlebic dalagebulia 

mkacrad zrdadobiT. 

 

diagonaluri meTodiT martivad SeiZleba imis Cveneba, rom arsebobs 

simravle, romlis maJorireba ar xdeba arcerTi rekursiuli funqciiT.  

vTqvaT ,, 10 ff  aris yvelgan gansazRvruli funqciaTa mimdevroba, 

romelic Seicavs yvela rekursiul funqcias. 

ganvsazRvroT 

                       1)0()0( 0  fg , 

                       )]1(&)([)1( 1   nfzngzzng n . 

 

maSin g funqciis mniSvnelobaTa simravlis maJorireba ar xdeba arcerTi 

rekursiuli funqciiT. Cven aseT simravleebs vuwodebT hiperimunurebs. 
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gansazRvra. A simravle hiperimunuria, Tu A usasruloa da ( 

rekursiuli f) (f ar axdens A-s maJorirebas).  

 

gansazRvra. A simravle hipermartivia, Tu A aris r.g. da A  

hiperimunuri.  

 

Teorema I (Кузнецов, Медведев, Успенский), A simravle hiperimunuria  A 

usasruloa da ┐( rekursiuli f funqcia). 

]])[)((&])[[( )()()(  vfufuf DDvuvuADu  . 

 

damtkiceba.  davuSvaT, rom aseTi rekursiuli funqcia arsebobs, 

maSin 

))(( )(  ufDu . 

 
ganvsazRvroT  










y

i
ifDyg

0
)(  simravlis maqsimaluri elementi 



 . 

 

cxadia g aris rekursiuli funqcia da is axdens A-s maJorirebas. 

. davuSvaT, rom arsebobs rekursiuli funqcia g, romelic axdens A-s 

maJorirebas. ganvsazRvroT rekursiuli funqcia h Semdegnairad:  

                        )0()0( gh  , 

                        )1)(()1(  nhgnh . 

ganvixiloT sasrul simravleTa mimdevroba 

                        

....................................................

)},1( ,,1)({

.........................................

)},1( ,,1)0({

)},0(.,1,0{

)1(

)1(

)0(







 nhnhD

hhD

hD

n 





 

cxadia es mimdevroba r.g. kanonikuri indeqsebiT. yoveli n-Tvis )1( nD  

simravles aqvs )1)(()1(  nhgnh  Tavis udides elementad. maSasadame, 

daSvebiT, rom g-s aqvs maJorirebis Tviseba, 2)( nh  elementi mainc A 
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simravlidan ar aRematebian )1( nh -s. magram )1( nD  Seicavs yvelas, garda 

)1)(( nh -e, naturalur ricxvs, romlebic ar aRematebian )1( nh -s. aqedan 

 AD n )1( . 

 

Teorema II (Dekker). [A ararekursiulia &A r.g.]  BABB T &[(   

hipermartivia]. 

 

damtkiceba. vTqvaT A mocemuli r.g. ararekursiuli simravlea. maSin 

ValfA   romelime urTierTcalsaxa rekursiuli f funqciisaTvis. x-s 

vuwodoT minimaluri f funqciis mimarT, Tu 

)]()(&)[( yfxfyxy  . 

vTqvaT 

        xxB :{ ar aris minimaluri f-is mimarT} =  

  )]}()(&)[(:{ xfyfyxyx  . 

Cven vaCvenebT, rom B aris hipermartivi simravle da AB T .  

(i) B r.g. es uSualod gamomdinareobs proeqciis meore Teoremidan. 

(ii) B  hiperimunuria. Tu es ase araa, vTqvaT g axdens B -s maJorirebas. 

maSin 

))}((,),1(),0({ xgfffxAx  . 

es iZleva ricxvis A simravlisaTvis kuTvnilebis garkvevis efeqtur 

saSualebas. maSasadame, A rekursiulia, rac ewinaaRmdegeba daSvebas. 

(iii) AB tt . marTlac. 

               )()( xfyfAx   garkveuli  xy  

                           AC , 

sadac 

)})(,),0({\)}(,,1,0({ xffxfC  , 

es ukanaskneli SeiZleba gamoisaxos tt-pirobiT. 

(iv) BA T . marTlac, Cven SegviZlia gavarkvioT Ax  Semdegnairad. 

SevamowmebT, ekuTvnian Tu ara B simravles ricxvebi, 0,1,2,... manam, vidre ar 

miiReba B  simravlis 1z  elementi. vTqvaT maT Soris udidesi aris zn . 

vakvirdebiT, gvxvdeba Tu ara z simravleSi )}(),1(),0({ znfff  . Tu ekuTvnis, 
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maSin Az ; Tu ara Az . B simravlisaTvis kuTvnilebis aseTi meTodi 

sworia, radgan zn  minimaluria f-is mimarT da )( znfz  .  

 

Sedegi. (a) yovel r.g. ararekursiuli T-xarisxi Seicavs martiv 

simravles. 

(b) yoveli r.g. ararekursiuli A simravlisaTvis arsebobs iseTi 

hipermartivi simravle B, rom AB tt . 

 

 

  

 

 

 

 

 

 

postis problema da hiperhipermartivi 
simravleebi 

 

 yoveli A simravlisaTvis vTqvaT )(AdT  aris A simravlis T-xarisxi 

(tiuringis xarisxi). postis problema mdgomareobs SemdegSi: arseboben Tu 

ara )(Td  da )(KdT -gan gansxvavebuli r.g. T-xarisxebi anu arseboben Tu ara 

r.g. simravleebi, romlebic ar arian arc rekursiuli da arc sruli? 

Cven vaCvenebT, rom arseboben arasadari ( T -s mimarT) r.g. simravleebi 

da amiT mocemuli iqneba postis problemis gadawyveta. 

vTqvaT A r.g. simravlea. ganvixiloT debuleba A-s ararekursiulobis 

Sesaxeb. es debuleba SeiZleba gamoixatos Semdegnairad: 

])[( xWAx  , 

an ekvivalenturi saxiT, 

])[)(( xWyAyyx  . 
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Tu am debulebaSi arsebobis kvantori SeiZleba Seicvalos rekursiuli 

funqciiT, anu Tu 

(  rekursiuli f) ])()()[( xWxfAxfx  , 

vityviT, rom A simravle konstruqciulad ararekursiulia. r.g. 

simravlisaTvis A konstruqciulad ararekursiulobis debuleba 

ekvivalenturia im debulebisa, rom A  aris savsebiT produqtiuli. amrigad, 

Cven gvaqvs Semdegi Sedegi. 

 

Teorema I. Tu simravle A r.g. da konstruqciulad ararekursiulia, 

maSin A-kreatiuli simravlea.  

 

damtkiceba. Teoremis debuleba gamomdinareobs uSualod gansazRvridan. 

 

 

 

 

 

 

 

 

 

 

fridbergiseuli gadawyveta 

postis problema erTmaneTisgan damoukideblad da TiTqmis 

erTdroulad gadawyvetili iqna 1956 wels muCnikis da fridbergis mier. 

garkveuli azriT muCnikisa da fridbergis meTodebi analogiuria. qvemoT 

moviyvanT fridbergis meTodis modificirebul formas. 

 

Teorema II (muCnik-fridbergis Teorema). arseboben iseTi r.g. 

simravleebi A da B, rom A da B ar arian sadari T -s mimarT. 
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damtkiceba. Cven unda (1) moviyvanoT A da B simravleebis gadaTvlis 

instruqciebi da (2) davamtkicoT ori iseTi funqciis f da g arseboba, rom 

])()()[( B

xWxfAxfx   

da 

])()()[( A

xWxgBxgx  . 

daviwyoT ori identuri usasrulo vertikaluri siiT, romlebsac Cven 

vuwodebT A-sias da B-sias. yoveli aseTi sia Sedgeba zevidan qveviT 

zrdadobiT dalagebuli yvela naturalur ricxvTa simravlisagan. 

gamoTvlis nebismier etapze Cven gamoviyenebT yoveli siis mxolod sasrul 

nawils. gamoTvlis procesSi yovel siaSi garkveuli naturaluri ricxvebis 

gverdiT vwerT plius (+). naturalur ricxvTa simravle, romlebsac A-siaSi 

aqvT pliusi, Seadgenen A simravles. naturalur ricxvTa simravle, 

romlebsac B-siaSi aqvT pliusi, Seadgenen B simravles. gamoTvla 

xorcieldeba etapobrivad.  

 

gansazRvra.  00 BA . 

xxAn :{  Rebulobs plius A-siaSi n-uri etapis bolosaTvis}, ,2,1n ;  

xxBn :{  Rebulobs plius B-siaSi n-uri etapis bolosaTvis}, ,2,1n . 

maSin  210 AAA ;     210 BBB ; 

       





0n

nAA ;           





0n

nBB . 

gamoTvlis procesSi gamoiyeneba moZravi markerebis ori usasrulo 

simravle. pirveli erTobliobis markerebs Cven aRvniSnavT 0 1, 1 1, 2 1, , 

meore erTobliobis markerebs ki  0 2, 1 2, 2 2, . pirveli erTobliobis 

markerebi Seesabamebian A-siis ricxvebs, meore erTobliobis markerebi ki 

Seesabamebian B-siis ricxvebs. es markerebi arian moZravebi Semdegi azriT: 

gamoTvlis procesSi Semoyvanisas mas Seusabameben romelime siis garkveul 

ricxvs; gamoTvlis ufro gvian momentSi markeris kavSiri am ricxvTan 

SeiZleba dairRves, da es markeri Seesabameba sxva ricxvs, romelic 

imyofeba am siaSi ufro qveviT; kidev ufro gvian momentSi is kvlav 
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SeiZleba gadaadgildes qveviT da a.S. mocemuli markeri SeiZleba 

aseTnairad gadaadgildes ramdenjerme. 

Cven gvamoZravebs Semdegi mosazreba: sabolood Cven gvinda yoveli 

markeri  j 1 SevusabamoT iseT xj ricxvs, rom 

jj xAx   aqvs pliusi B

jj Wx  . 

Tu Cven SevZlebT yoveli  j 1-Tvis  es warmatebiT gavakeToT, maSin 

gveqneba  

])[)(( B

xWyAyyx   

da, maSasadame, BA T . analogiurad nebismieri j 2 markerisaTvis da AB T . 

 vTqvaT mocemulia z da sasruli simravle D. maSin 

]}&&,,,][)()((:{ )( DDDDWvuyxvuyxW vuz

D

z   . 

moqmedebaTa Semdegi mimdevroba aris (efeqturi) algoriTmi D

zW  

simravlis gadaTvlisaTvis. gadaTvaleT )( zW  simravlis elementebi; 

rogorc ki gamoCndeba raime elementi  vuyx ,,, , SeamowmeT, samarTliania 

Tu ara DDu   da DDv  ; Tu es sruldeba daumateT x-i sias D

xW -Tvis, 

 

gansazRvra. vTqvaT mocemulia z da sasruli simravle D. D

zW  

simravlis gadaTvlis n nabijis qveS Cven gavigebT aRwerili algoriTmis 

gamoyenebis process, romelic Seesabameba )( zW  simravlis gadaTvlis n 

manqanur nabijs. 

 

lema. sasrul simravleTa ,, 10 AA  nebismieri iseTi mimdevrobisaTvis, 

rom  210 AAA , Tu 





0n

nAA  da Tu A

zWa , maSin anmnm  )[)((  

gamoCndeba nA

zW  simravlis gadaTvlis n nabijis Semdeg. 

 

lemis damtkiceba cxadia. 

gavagrZeloT Teoremis damtkiceba da moviyvanoT ZiriTadi gamoTvlis 

instruqcia. 
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gansazRvra. vityviT, rom naturaluri ricxvi Tavisufalia mocemul 

siaSi drois mocemul momentSi, Tu arc am ricxvs, arc nebismier sxva 

ricxvs, romelic imyofeba mis qveviT am siaSi, ar aqvT maTTan Sesabamisi 

araviTari niSani da markeri. vityviT, rom naturaluri ricxvi vakanturia 

mocemul siaSi drois mocemul momentSi, Tu mas ar aqvs gverdiT pliusi. 

etapi 1. SeusabameT 0 1 0-s A-siaSi. 

etapi 2. SeusabameT 0 2 0-s B-Si. 

   ................................................................. 

etapi 12 n . SeusabameT  n 1 A-Si  pirveli Tavisufal ricxvs. vTqvaT 

)()(

0 ,, n

n

n aa   aris 0 1, 1 1,, n 1, markerebis mimdinare pozicia. yoveli nn B

n

B
WW 22 ,,0   

simravlis gadaTvlaSi awarmoeT n nabiji. vTqvaT )(n

ja  aris },,{ )()(

0

n

n

n aa   

simravlis iseTi umciresi elementi, rom ricxvi )(n

ja  vakanturia da )(n

ja  

gvxvdeba nB

jW 2  simravlis gadaTvlis Sesrulebul nawilSi. (Tu aseTi )(n

ja  ar 

arsebobs. maSin gadadiT 22 n  etapze). A-siaSi dasviT pliusi )(n

ja  elementis 

gverdiT da minusi B-siis yvela im vakantur ricxvebTan, romelTa 

kuTvnileba nB2  simravlesTan gamoyenebuli iqna im faqtis dasadgenad, rom 

nB

j

n

j Wa 2)(  . Semdeg nj  , gadadiT B-siaSi da gadaadgileT yvela markeri i 2,               

nij  , qveviT B-siis Tavisufal ricxvze. 

etapi 22 n . B-siaSi SeusabameT n 2 pirvel Tavisufal ricxvs. vTqvaT 

)()(

0 ,, n

n

n bb    aris 0 2,, n 2 markerebis  mimdinare  poziciebi.  yovel 

1212 ,,0
 nn A

n

A
WW   simravlis gadaTvlaSi awarmoeT n nabiji. vTqvaT )(n

jb  aris 

},,{ )()(

0

n

n

n bb   simravlis iseTi umciresi elementi, rom )(n

jb  vakanturia da )(n

jb  

gvxvdeba 12 nA

jW  simravlis gadaTvlis Sesrulebul nawilSi (Tu aseTi )(n

jb  

ar arsebobs, maSin gadadiT 32 n  etapze) dasviT pliuri )(n

jb  elementis 

gverdiT B-siaSi da minusi A-siis yovel im vakanturi ricxvis gverdiT, 

romelTa kuTvnileba 12 nA  simravlisaTvis iyo gamoyenebuli imisaTvis, rom 

davadginoT 12)(  nA

j

n

j Wb  Semdeg, Tu nj  , gadadiT A-siaSi da gadaadgileT 

yvela i 1 markeri, nij  , qveviT A-siis Tavisufal ricxvebze.  
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        ......................................................................................................................... 

(SevniSnoT, rom yovel siaSi garkveuli ricxvis gverdiT SeiZleba 

jer hamoCndes minusi, xolo Semdeg pliusi). 

martivi induqciuri mosazreba saSualebas gvaZlevs davadginoT, rom 

yoveli n 1 markeri da yoveli n 2 markeri gadaadgildeba mxolod sasruljer: 

0 1 arasodes ar gadaadgildeba; 0 2 SeiZleba gadaadgildes maqsimum erTjer; 

1 1 SeiZleba gadaadgildes araumetes erTjer 0 2 markeris yoveli 

mdgomareobis dros; 1 2 SeiZleba gadaadgildes araumetes erTjer 0 1 

markeris gamo da ara umetes erTjer 1 1 markeris yoveli mdgomareobisas 

da a.S. 

vTqvaT )(xf  aris x 1 markeris saboloo mdgomareoba, )(xg  aris x 2 

markeris saboloo mdgomareoba. davuSvaT, rom Axf )( . maSin )(xf  Rebulobs 

pliuss raRac 12 n  etapze. 12 n  etapze dawerili arcerTi minusi (B-siaSi) 

ar SeiZleba Seicvalos pliusiT, radgan yvela k 2, kx  , markeri moTavsebulia 

yvela aseTi minusis qveviT, da Tu k 2, xk  , markerma Secvala erTi aseTi 

minusi pliusiT, maSin x 1 gadaadgildeba, Cveni daSvebis sawinaaRmdegod, rom 

)(xf  aris x 1 markeris saboloo mdgomareoba. aqedan davaskvniT, rom B

xWxf )( . 

piriqiT, Tu B

xWxf )( , maSin, lemis Tanaxmad, iseTi m, rom m-ze meti yoveli 

n-Tvis nB

xW 2  simravle iZleva )(xf  n-ze nakleb nabijze; radgan x 1 markeri 

bolos da bolos aRwevs mdgomareobas )(xf , )(xf -ma sabolood unda 

miiRos pliusi; da, amrigad, Axf )( . amrigad, 

B

xWxfAxf  )()( . 

analogiurad miviRebT, rom  

A

xWxgBxg  )()( . 

aqedan BA T  da AB T , da Teoremis damtkiceba damTavrebulia.  

moyvanili meTodis msgavs meTods uwodeben prioritetis meTods, 

xolo 0 1, 0 2, 1 1, dalagebis msgavs dalagebas – prioritetul dalagebas. 

moyvanil damtkicebaSi im momentSi, roca markeri Tavis gverdiT svams 

pliuss, yvela ufro dabali rangis markeri unda `amuSavdes~, e.i. unda 

gadaadgildnen qveviT ise, rom maT SemdegSi ar SeeZloT gavlena moaxdinon 

minusebze, romlebic gamoCdnen am momentisTvis. prioritetis aseTi meTodis 
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ZiriTadi xazi aris is faqti, rom yoveli markeri gadaadgileba mxolod 

sasruljer. 

Sedegi (postis problemis gadawyveta). arseboben orze meti r.g. T-

xarisxebi. 

 

 

 

 

 

 

 

 

 

 

 

 

hiperhipermartivi simravleebi da Q-dayvanadoba 

 
 

A simravle Q-dayvanadia B simravlze (simbolurad, BA Q ), Tu 

arsebobs iseTi rekursiuli funqcia f, rom yoveli },2,1,0{ x , 

BWAx xf  )( . 

Tu, davamatebiT, sruldeba piroba 

  )()( xfWx , 

maSin A simravle Qk-dayvanadia B simravleze (simbolurad, BA
kQ ). 

 

Teorema I. vTqvaT A da B r.g. simravleebia. maSin 

BABA QQk
 . 
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damtkiceba. cxadia, rom BABA QQk
 . davamtkicoT piriqiT: 

BABA
kQQ  . vTqvaT 

BWAx xf  )( . 

movaxdinoT  )(xfW  simravlis `CamoWris~ Semdegi procesi: viTvliT 

)(xfW -is pirvel elements da velodebiT, gamoiTvleba Tu ara is B-Si 

(erTdoulad gadaviTvliT B da A-s). Tu gamoiTvleba, maSin gamoviTvliT 

)(xfW -is meore elements da a.S. procesi Sewydeba, Tu garkveul momentSi x 

gamoiTvleba A-Si an raime ricxvi )(xfW -dan ar Sedis B-Si. am momentisaTvis 

Cven gadavTvliT )(xfW  elementTa sasrul raodenobas, arsebobs iseTi 

rekursiuli funqcia g, rom )(xgW  Sedgeba am elementebisagan. maSin, cxadia, 

BA
kQ  g funqciiT. 

 

gansazRvra. usasrulo A simravles ewodeba hiperhiperimunuri, Tu ar 

arsebobs iseTi rekursiuli funqcia f, rom  

1. ))(( )(  AWx xf  , 

2. ))()(( )()(  yfxf WWyxyx  , 

3.   )()( xfWx . 

 

gansazRvra. A simravles ewodeba hiperhipermartivi, Tu 

1. A – rekursiulad gadaTvladia;  

2. A  _ hiperhiperimunuria. 

  

Teorema 2. r.g. simravle usasrulo damatebiT hiperhipermartivia maSin 

da mxolod maSin, roca is ar Sedis arcerT kQ -srul simravleSi. 

 

damtkiceba. vTqvaT A simravle araa hiperhipermartivi (hh-martivi). 

maSin arsebobs iseTi rekursiuli funqcia g, rom adgili aqvs mimarTebas: 

  )()( xfWx ))()((&))((& )()()(  ygxgxg WWyxyxAWx  . 
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vTqvaT K kreatiuli simravlea, ):{ xWxxK   da 














kx

xgWAB )( . 

kQB  -srulia. marTlac, Tu C nebismieri r.g. simravlea, maSin arsebobs 

urTierTcalsaxa rekusriuli funqcia h, rom KC 1  h-iT. aqedan gvaqvs 

BWKxhCx xgh  )()( . 

piriqiT, vTqvaT hh-martivi A simravle Sedis kQ -srul B simravleSi. 

maSin BK
kQ  romelime rekursiuli f funqciiT. vTqvaT Ka . maSin 

BW af )( . 

nabij-nabij avagoT M simravle. 

nabiji 0. 0M . 

nabiji 1n . })\(&1:{ 11),(1),(1   nnafnxfn BWWnxxM  .  







0n

nMM . 

radgan )(afW  sasrulia, amitom raime n-dan dawyebuli, 

BBW nnaf  11),( \ , 

da, maSasadame, am momentidan inM   )1( i  Seicavs mxolod K -s elementebs. 

xolo M Seicavs mxolod sasrul raodenobas elementebisa K-dan da yvela 

im x elements K -dan, rom 

BWW afxf  )()( . 

M simravle r.g. da cxadia, viciT misi raime nomeri 0n . avagoT r.g. 

simravle 1M  Semdegnairad: gadavTvaloT 1M -Si 0n . Tu M-is gadaTvlis 

procesSi Cvens Segvxvda 0n , maSin gadavTvaloT 1M -Si 1n , sadac 1n  aris  

}{\ 0nM  

simravlis nomeri da a.S. Tu 1M -Si ukve arian Mnnnn kk &,,, 10  , maSin 

gadavTvaloT 1M -Si 1kn , sadac 1kn  aris  

},,,{\ 10 knnnM   

simravlis nomeri. 1M  sasrulia. marTlac, winaaRmdeg SemTxvevaSi 



60 

 

 KMnnnnMWn ppnp p
 &},,,{\)( 110  . 

magram, maSin 
pnp Wn   (radgan Knp   da }:{ xWxxK  ) da pn -ze 1M -simravlis 

gadaTvla Sewydeba. amrigad, 1M -sasrulia, KM 1  da KMM 1 . 

ganvsazRvroT mimdevroba ,, )1()0( gg WW  Semdegnairad: vTqvaT )()0( afg WW  , 


1

)()1(
Mn

nfg

i

i
WW



 .  

Tu n  aris 1M -is is elementi, romelzedac xdeba 1M -is agebis 

Sewyveta, maSin 

 BW nf )(  )( Kn   

da 

 BWW afnf  )()(  )( Mn  . 

radgan danarCeni in  ekuTvnian 1M -s Kni  , amitom BW
inf )( . 

gvaqvs 

      BWW gg  )1()0( . 

      BWg )0( , 

      BWg )1( . 

gamoviyenoT )1()0( gg WW   nacvlad )(afW -s, gavimeoroT zemoTmoyvanili 

procesi da avagoT )2(gW , Semdeg gamoviyenoT )2()1()0( ggg WWW   nacvlad )(afW -s 

avagoT )3(gW  da a.S. simravleTa miRebuli mimdevrobas aqvs Tviseba: 

))(( )(  BWi ig  , 

))()(( )()(  BWWjiji jgig  . 

axla avagoT axali mimdevroba )(ihW  Semdegnairad: gadavTvaloT yvela 

)(igW  simravle. Tu romelime )( jgW  simravleSi Cven gamoviTvliT ricxvs b, 

romelic am momentisaTvis ukve gamoTvlili iyo )(igW -Si, raime i-sTvis, maSin 

mas ar gadavTvliT )( jhW -Si. am meTodiT Cven miviRebT mimdevrobas )(ihW , 

romelsac aqvs Semdegi Tviseba: 

   ))(( )(  BWi ih  , 

   ))()(( )()(  jhih WWjiji  , 
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     )()( ihWi . 

cxadia h aris rekursiuli funqcia, romelic ewinaaRmdegeba B 

simravlis pp-martivobas. 

 
Teorema. r.g. simravle usasrulo damatebiT aris hh-martivi maSin da 

mxolod maSin, roca is ar Sedis arcerT Q-srul simravleSi. 

 

gansazRvra. A simravle aris naxevradrekursiuli, Tu arsebobs iseTi 

oradgiliani rekursiuli funqcia f, rom  

1. xyxf ),(  an yyxf ),( , 

2. AyxfAyAx  ),( . 

 

Teorema. Tu A da B arian r.g. da A aris naxevradrekursiuli A , 

A , maSin ABAB QT  . 

 

gansazRvra. ekvivalentobis mimarTebas -s ewodeba pozitiuri, Tu 

simravle }:,{ yxyx   aris r.g. 

 

gansazRvra. A aris -Caketili, Tu 

AyyxAx  & . 

A simravlis -Caketva ][A  aris umciresi -Caketili klasi, romelic 

Seicavs A-s. 

 

gansazRvra. -Caketili A simravle aris -sasruli (-usasrulo), Tu 

is Seicavs -ekvivalenturi klasebis sasrul (usasrulo) raodenobas. 

 

gansazRvra. vTqvaT  aris pozitiuri ekvivalentobis mimarTeba, A 

aris -Caketili da A  aris -usasrulo, maSin A aris 

1. -martivi, Tu nebismieri -Caketili r.g. simravle, romelic Sedis A -Si 

aris -sasruli. 
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2. -hipermartivi, Tu ar arsebobs iseTi rekursiuli funqcia f, rom 

     ][][ )()( yfxf DDyx   

    AD xf ][ )( . 

3. -hiperhipermartivi, Tu ar arsebobs iseTi rekursiuli funqcia f, rom 

)(xfW -sasrulia 

  ][][ )()( yfxf WWyx  , 

AW xf ][ )( . 

4. -maqsimaluri, Tu yovel -Caketili r.g. B simravlisaTvis AB   gvaqvs 

AB \  an B  aris -sasruli. 

5.  

Teorema. -hiperhipermartivi simravle ar aris Q-sruli. 

 

Teorema. arsebobs ararekursiuli r.g. simravle A, romelic aris 

naxevradrekursiuli, -maqsimaluri, romelime pozitiuri -ekvivalenturi 

mimarTebisaTvis. 

 

Teorema. -hiperhipermartivi naxevradrekursiuli simravle ar 

SeiZleba iyos T-sruli. 
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