
T e n g i z  k o p a l i a n i  
 
 
 
 
 
 
 

m a T e m a t i k u r i  a n a l i z i   I  
 
 
 
 
 
 
 
 
 

saleqcio kursi 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

T b i l i s i  2 0 0 7  
 

 



                          Tavi  1 

 

 
asaxvis cneba. asaxvaTa elementaruli klasifikacia (sureqciuli, 

ineqciuri da bieqciuri asaxvebi). asaxvaTa kompozociis cneba.        

urTierTSeqceuli asaxvebi. Aasaxvis grafikis cneba. dalagebis mimarTeba 

simravleSi. 

 

                           Aasaxvis cneba 

  Gganmarteba1.1. vTqvaT, X  da Y  raime simravleebia. vityviT, rom 

mocemuli gvaqvs X  simravleze gansazRvruli asaxva (funqcia) 

mniSvnelobebiT  simravleSi, Tu Y X  simravlis yovel  elements 

raime  wesiT eTanadeba erTaderTi 

Xx∈
f Yy∈  elementi. Aam SemTxvevaSi 

X simravles vuwodebT asaxvis(funqciis) gansazRvris ares, xolo Y  

simravles__asaxvis(funqciis) cvlilebis ares. zogad  elements 

vuwodebT asaxvis(funqciis) arguments. Tu argumentis konkretul  

mniSvnelobas asaxviT eTanadeba 

Xx∈
0x

Yy ∈0  elementi, maSin -s vuwodebT 

asaxvis(funqciis) mniSvnelobas  elementze  da CavwerT 

0y

0x )( 00 xfy = , 

sazogadod   argumentisaTvis ki vwerT x )(xfy = . Aasaxvis(funqciis) 

mniSvnelobebi, sazogadod icvlebian  argumentis 

cvlilebasTan erTad da am mizezis gamo 

Yxfy ∈= )( x
)(xfy =  sidides damokidebul 

cvlads uwodeben.  

 

  SevniSnoT, rom zemoT moyvanili cneba mTeli maTematikis erT-erTi 

fundamentaluri cnebaa. Cveni kursisaTvis asaxvis da funqciis cneba 

ekvivalenturi cnebebia. (imis da mixedviT Tu X  da Y  simravleebi 

rogori bunebis simravleebi arian maTematikis sxvadasxva nawilSi 

iyeneben  <funqciis> terminis sxvadasxvagvar sinonimebs: asaxva, 

gardaqmna, operatori, funqcionali da a.S.) 

maSasadame funqciis(asaxvis) mocema niSnavs Semdegi  sameulis 

miTiTebas, sadac 

),,( YfX
X  asaxvis gansazRvris area, Y asaxvis cvlilebis are, 

xolo wesia(kanonia) romlis mixedviTac f X simravlis yovel elements 

 simravlis erTaderTi elementi Seesabameba. Ffunqciis(asaxvis) 

aRsaniSnavad miRebulia Semdegi aRniSvnebi: 

Y

              ,   an . YXf →: YX f⎯→⎯ ),,( YfX
im SemTxvevaSi, roca konteqstidan cnobilia rogoria funqciis 

gansazRvris are da cvlilebis are funqciis aRsaniSnavad iyeneben 

ubralod aRniSvnebs  an )(xfx6 )(xfy =  an ubralod funqcias aRniSnaven  

simboloTi  da ar miuTiTeben mis gansazRvris da cvlilebis ares ( da 

ubralod vityviT mocemulia asaxva(funqcia)). 

f
f

G ganmarteba1.2. or  asaxvas vuwodebT tols, Tu maT gaaCniaT 

erTidaigive gansazRvris 

gf ,
X are da nebismieri  elementisaTvis 

. 

Xx∈
)()( xgxf =

G ganmarteba1.3. vTqvaT  raime asaxvaa  da YXf →: A  simravle 

X simravlis raime aracarieli qvesimravlea, maSin simboloTi Af  

avRniSnavT asaxvas YA →:ϕ , romelic A  simravleze emTxveva  asaxvas. 

Aanu 

f
)()( xfxf A = , Tu . Ax∈ Af  asaxvas uwodeben  asaxvis SezRudvas f A  
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simravleze, xolo asaxvas YXf →: YAf A →:  mimarT YA →:ϕ  asaxvis 

gavrcobas (gagZelebas) X simravlemde.  

  ganmarteba1.4.  simboloTi aRvniSnavT Y  simravlis yvela im 

elementTa erTobliobas, romelTaTvisac arsebobs erTi mainc 

)(Xf
y Xx∈  

Semdegi TvisebiT   da vuwodebT asaxvis mniSvnelobaTa simravles. yxf =)(
maSasadame: { XxxYyXf ∈∃∈= ,|)( da })(xfy = . 

M magaliTi1.5. funqciis  mniSvnelobaTa area 
2)(;: xxfRRf =→ ),0[ +∞  

simravle, xolo cvlilebis area R  simravle. Ffunqciis 

 mniSvnelobaTa simravlea  simravle, 

cvlilebis area  simravle. 

2)();,0[]1,1(: xxff =+∞→− ]1,0[
),0[ +∞

 

              asaxvaTa elementaruli klasifikacia. 

  ganmarteba1.6. a)vTqvaT  raime asaxvaa da YXf →: A  simravle 

X simravlis raime  qvesimravlea.,   A  simravlis anasaxi (saxe)  asaxvis 

dros aRiniWneba simboloTi  da warmoadgens simravles 

f
)(Af

                   { AxxYyAf ∈∃∈= ,|)(  da })(xfy = . 

(SevniSnoT, rom .) ∅=∅)(f
b) vTqvaT B  simravle Y simravlis raime  qvesimravlea. B  simravlis 

winare saxe  asaxvis dros aRiniSneba simboloTi  da warmoadgens 

simravles 

f )(1 Bf −

                  }{ BxfXxBf ∈∈=− )()(1
. 

(SevniSnoT, rom .) ∅=∅− )(1f
              

M magaliTi1.7.  vTqvaT mocemulia asaxva . maSin 
2)(;: xxfRRf =→

]25,0[]5,1([],25,1(])5,1((},25,16{}4,5,5({ =−==− fff . 

 }.0{])0,((},0{\]5,5[])25,0((,})4({},5,5{})25({ 1111 =−∞−=∅=−−= −−−− ffff
    ganmarteba1.8.  vTqvaT, mocemulia asaxva .  YXf →:
  a) vityviT, rom  asaxva aris sureqciuli, Tu (am SemTxvevaSi 

vambobT, rom  aris X simravlis asaxva Y  simravleze).  

f YXf =)(
f

  b) vityviT, rom  asaxva aris ineqciuri, Tu f X -dan aRebuli nebismieri 

 da  elementebisTvis 1x 2x )())()(( 2121 xxxfxf =⇒= , e. i. asaxva ineqciuria, 

Tu gansxvavebul elementebs aqvT gansxvavebuli anasaxebi. 

  g)asaxvas uwodeben bieqciurs, anu urTierTcalsaxas, Tu is aris 

erTdroulad ineqciuric da sureqciulic. 

                                  

   magaliTi1.9. vTqvaT, mocemulia asaxvebi: 

a) ,  ; RRf →: 2)( xxf =
b) ,  ; [ )+∞→ ;0: Rg 2)( xxg =
g) [ ) [ ),;0;0: +∞→+∞h   . ( 

2)( xxh = R  namdvil ricxvTa simravlea. ) 

   cxadia, rom  [ )+∞= ;0)(Rf R≠ , amitom  asaxva ar aris sureqciuli. 

amave dros 

f
)1()1( ff =− , maSasadame  ar aris ineqciuric. f g  asaxva aris 

sureqciuli, magram ar aris ineqciuri.  asaxva aris ineqciuric da 

sureqciulic, maSasadame aris bieqciuri asaxva. 

h
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                         Seqceuli asaxvis cneba.  

G ganmarteba1.10. vTqvaT,  asaxva aris bieqciuri, anu 

urTierTcalsaxa asaxva 

YXf →:
X  simravlisa Y  simravleze.  asaxvas , 

romelic yovel  elements uTanadebs im 

XYf →− :1

Yy∈ Xx∈  elements, romlis 

anasaxic aris elementi uwodeben asaxvis Seqceul asxvas.  y YXf →:
SevniSnoT, rom -is sureqciulobis gamo arsebobs aseTi  elementi, 

xolo -is ineqciurobis gamo is erTaderTia, ase, rom  asaxva 

koreqtuladaa gansazRvruli. cxadia, rom -ic iqneba bieqciuri asaxva. 

Mmeore mxriv, Tu ganvixilavT  asaxvis Seqceuls, anu  asaxvas, 

maSin igi daemTxveva Tavdapirvel  asaxvas, e. i. . 

f Xx∈
f 1−f

1−f
1−f 11)( −−f
f )()()( 11 xfxf =−−

  magaliTi1.11.  a) vTqvaT, mocemulia { }cbaX ,,= ,   da , 

sadac   da 

{ 3,2,1=Y } YXf →:
,2)( =af 3)( =bf 1)( =cf . cxadia, rom  aris bieqciuri asaxva, 

amitom arsebobs asaxva  da , , . 

f
XYf →− :1 cf =− )1(1 af =− )2(1 bf =− )3(1

b) vTqvaT, , RRf →: 54)( −= xxf . cxadia, rom  aris bieqciuri asaxva da f

4
5)(1 +

=− xxf . 

SeniSvna: simbolo  Cven viyenebT or situaciaSi a)  asaxvis 

Seqceuli asaxvis aRniSvnisas(romelic arsebobs mxolod maSin, roca 

asaxva bieqciaa b) 

1−f f

f B  simravlis winare   saxis aRniSvnisaTvis, 

romelic gansazRvrulia nebismieri  asaxvisaTvis. 

)(1 Bf −

f
 

                    ori asaxvis kompozicia.  

  ganmarteba1.12 vTqvaT, mocemulia  da  asaxvebi. maSin 

Cven SegviZlia avagoT axali asaxva , romlis mniSvnelobebi 

YXf →: ZYg →:
ZXfg →:D X  

simravlis elementebze ganisazRvreba formuliT: 

                      )).(())(( xfgxfg =D  

miRebul  asaxvas uwodeben  da  asaxvebis kompozicias. fg D f g
  magaliTi1.13. vTqvaT, mocemulia 12)( += xxf  da . maSin 

 da 

23)( −= xxg
16))(( += xxfg D 36))(( −= xxgf D . 

   SevniSnoT, rom sazogadod im SemTxvevasSic ki roca orive kompozicia 

ganmartebulia,sazogadod  .fggf DD ≠  

 magaliTi1.14. vTqvaT },{ baYX ==  da  ganmartebulia Semdegi 

wesiT 

YXgf →:,
bbgagabfaf ==== )()(;)()( . maSin 

abgfagfbbfgafg ==== ))(())((;))(())(( DDDD . 

Kkompoziciis operacia SeiZleba SevasruloT ramdenjerme, aRsaniSnavia 

rom aRniSnul operacias gaaCnia asociaciurobis Tviseba, saxeldobr: 

vTqvaT mocemulia sami  asaxvebi, maSin 

samarTliania toloba: 

MZhZYgYXf →→→ :;:;:

fghfgh DDDD )()( = .  

marTlac ))()(())()(()))((()))((()))((( xfghxfghxfghxfghxfgh DDDDDD ==== . 

aRniSnuli tolobis ZaliT ganxiluli kompoziciebs CavwerT frCxilebis 

gareSe aseTi formiT .  fgh DD
Aanalogiurad SegviZlia ganvixiloT sasruli raodenoba funqciaTa 

kompozicia.  

  ganmarteba1.14. igivuri vuwodoT asaxvas, romelic yovel elements 

asaxavs Tavis Tavze, e. i.  aris igivuri asaxva, Tu yoveli XXI →: Xx∈  
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elementisaTvis . (zogjer igiur asaxvas, romelic xxI =)( X  simravlezea 

ganmartebuli avRniSnavT simboloTi .) XI
   SevniSnoT, rom Tu F  aris bieqciuri asaxva, maSin  da 

 igivuri asaxvebia.(miaqcieT yuradReba  funqciis gansazRvris 

area 

YXf →: ff D1−

1−ff D ff D1−

X , xolo funqciis Y  simravle.) 
1−ff D

G ganmarteba1.15. vTqvaT  asaxvebi iseTia, rom XYgYXf →→ :,: XIfg =D , 

maSin  funqcias uwodeben  funqciis marcxena Seqceuls, xolo  

funqcias uwodeben  funqciis marjvena Seqceul funqcias.  

g f f
g

SesaZlebelia funqcias hqondes ramodenime marjvena an marcxena 

Seqceuli funqcia(SesaZlebelia saerTod arc gaaCndes). ix. savarjiSoebi. 

SevniSnoT, rom Tu funqcia bieqciaa maSin mas gaaCnia, erTaderTi rogorc 

marcxena aseve marjvena Seqceuli funqcia (rac avtomaturad gamodis 

Seqceuli funqciis ganmartebidan).  

  Teorema1.16. vTqvaT  asaxvebi iseTia, rom XYgYXf →→ :,: XIfg =D  , 

MmaSin g sureqciuli da   ineqciuri asaxveba. f
damtkiceba. vinaidan XXIfg X →= :D , amitom  

)())(())(()( YgXfgXfgXIX X ⊂=== D  da maSasadame g  sureqciulia. 

Tu maSin XbXa ∈∈ ,
))()(()))(())((()))(())((())()(()( bfafbfgafgbfgafgbIaIba XX ≠⇒≠⇒≠⇒≠⇒≠ DD . 

maSasadame ineqciuria.  f
 Sedegi 1.17.  asaxvebi  bieqciuria da urTierTSeqceuli 

MmaSin da mxolod maSin, roca 

XYgYXf →→ :,:

XIfg =D  da YIgf =D . 

Ddamtkiceba. Teorema 1.16 is ZaliT Tu erTdroulad sruldeba tolobebi 

XIfg =D  da , maSin YIgf =D g da funqciebi erTdroulad sureqciuli 

da ineqciuria.  

f

 Yyovelive zemoT Tqmulidan SesaZlebelia moviyvanoT urTierTSeqceuli 

funqciebis Semdegi ganmarteba 

G ganmarteba1.18. asaxvebs  uwodeben urTierTSeqceuls 

Tu samarTliania tolobebi: 

XYgYXf →→ :,:

XIfg =D  , YIgf =D . 

 

A                      asaxvis grafiki. 

G ganmarteba.1.19.  asaxvis grafiks uwodeben YXf →: YX ×  dekartuli 

namravlis qvesimravles, romelic Sedgeba yvela  dalagebuli 

wyvilisagan: 

))(,( xfx

                    }{ )(,),( xfyXxYXyxG f =∈×∈= . 

 

                         mimarTebis cneba. 

G ganmarteba1.20. vTqvaT mocemulia raime aracarieli X  simravle. 

dauSvaT R aris XX ×  dekartuli namravlis raime aracarieli 

qvesimravle. Tu dalagebuli wyvili  aris R simravlis elementi, 

maSin amboben rom 

),( yx
X  simravlis  elementi R mimarTebaSia x X  simravlis 

elementTan da am faqts ase aRniSnaven . R –s uwodeben mimarTebas y Ryx
X simravleSi.  

  intuiciur  doneze R simravleSi raime mimarTebis mocema niSnavs 

raRac Tvisebis(niSnis mixedviT)  garkveuli wyvilebis arCevas XX ×  

simravlidan. magaliTad vTqvaT X  aris universitetis studentTa 
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simravle. vTqvT, rom  studenti aris R mimarTebaSi  studentTan Tu 

maT orivem ver daagroves saWiro raodenobis krediti wrfiv algebraSi. 

Aam niSnis mixedviT 

x y

XX ×  simravleSi SegviZlia movniSnoT garkveuli 

qvesimravle studenTa wyvilebisgan Semdgari(SesaZloa carielic) anu 

davamyaroT <garkveuli> mimarTeba sdudentTa simravleSi. 

 

Aanalizis kursis agebisaTvis Cven dagvWirdeba simravleSi dalagebis 

mimarTebis cneba. 

G ganmarteba1.21. vTqvaT R  mimarTeba X  simravleSi (anu XXR ×⊂ ). 

vityviT, rom is aris dalagebis mimarTeba X  simravleSi Tu sruldeba 

pirobebi: 

a)  X  simravlis nebismieri  elementisaTvis  aris R  simravlis 

elementi anu 

x ),( xx
X  simravlis nebismieri elementi aris Tavis TavTan  R 

mimarTebaSi (refleqsurobis Tviseba). Mmokled: Xx∈∀  gvaqvs R),( ∈xx  anu 

. Rxx
b) (tranzitulobis Tviseba). (xRz)(yRz)Ry)( ⇒∧x
g)  (antisimetriulobis Tviseba). y)(x(yRx)Ry)( =⇒∧x
 

SemdgomSi Tu simravleSi gvaqvs mocemuli dalagebis raime R mimarTeba 

mas avRniSnavT simboloTi ≤ , xolo Tu R),( ∈yx  mas ase CavwerT yx ≤  da 

vityviT ubralod  elementi naklebi an toli(ar aRemateba)  elements. x y
Tu gvaqvs yx ≤  da , maSin am faqts ase avRniSnavT yx ≠ yx <  da vityviT 

 elementi mkacrad naklebia   elementze. x y
 magaliTi1.22. vTqvaT X  raime aracarieli simravlea,  simboloTi 

avRniSnoT 

X2
X  simravlis yvela qvesimravleTa simravle. (SevniSnoT, rom 

Tu X  aris sasruli -elementiani simravle maSin misi yvela 

qvesimravleTa simravle Sedggeba  raodenoba elementisagan).  

simravleSi SemoviRoT dalagebis

n
n2

X2 ≤ mimarTeba Semdegnairad: 

dauSvaT   (anu 
XBA 2, ∈ A  da B  aris X  simravlis raime ori 

qvesimravle). CavTvaloT, rom A  naklebia an toli B -ze (  Tu )BA ≤ BA⊂ . 

Tu gaviTvaliswinebT simravleTa elementarul Tvisebebs: kerZod 

a) AA⊂  b)  g))()()( CACBBA ⊂⇒⊂∧⊂ )()()( BAABBA =⇒⊂∧⊂  

 advilad davaskvniT, rom SemoRebuli mimarTeba  simravleSi aris 

dalagebis mimarTeba. SevniSnoT, rom  simravleSi aRmoCndeba ori 

mainc elementi romelTaTvisac araa samarTliani arcerTi Semdegi 

utolobebidan 

X2
X2

BA,
BA ≤  da AB ≤ . (SevniSnoT agreTve, rom namdvil ricxvTa 

bunebrivi dalagebisas aseT faqts adgili ar aqvs.) 

 magaliTi1.23. namdvil ricxvTa R  simravleSi CvenTvis kargad cnobili 

bunebrivi dalageba( yx ≤  Tu  ricxvis Sesabamisi wertili ricxviT 

RerZze ufro marcxnivaa vidre  ricxvis Sesamamisi wertili an isini 

emTxvevian)  cxadia aris dalagebis mimarTeba moyvanili ganmartebis 

mixedviT. (sakmarisia gavixsenoT namdvili ricxvebis elementaruli 

Tvisebebi romelic skolis kursidanaa cnobili.) moyvanili magaliTi 

mniSvnelovania Semdegi TvalsazrisiT: nebismieri ori gansxvavebuli 

x
y

yx,  

ricxvebisaTvis an yx <  an xy <  SevniSnoT, rom magaliTi1.24-Si moyvanili 

dalagebisaTvis am faqts adgili ar aqvs. 

Gganmarteba1.24. vTqvaT ≤ raime dalagebaa X  simravleSi. vityviT, rom 

mocemuli dalageba wrfivia Tu X simravlis nebismieri ori 
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gansxvavebuli yx, elementisaTvis samarTliania erT-erTi Semdegi ori 

utolobidan xyyx << , . (winaaRmdeg SemTxvevaSi vityviT,rom simravle 

nawilobriv dalagebulia.) 

erTidaigive simravleSi SeiZleba gvqondes SemoRebuli ramodenime 

sruliad gansxvavebuli dalagebis mimarTeba.  

 magaliTi1.25. ganvixiloT naturalur ricxvTa simravleSi Semdegi 

dalageba: CavTvaloT, rom 

N
Nmn ∈,  ricxvebisaTvis  Tu  unaSTod 

yofs  ricxvs. cxadia moyvanili mimarTeba dalagebis mimarTebaa  

simravleSi. SevniSnoT, rom am mimarTebis mixedviT araa samarTliani 

utolobebi 

mn ≤ n
m N

97;35;53 ≤≤≤  da a.S. maSasadame moyvanili mimarTeba 

simravleSi aris nawilobrivi dalagebis mimarTeba da is arsebiTad 

gansxvavdeba naturalur ricxvTa bunebrivi dalagebisagan.  

N

 

                        savarjiSoebi. 

 

1. mocemulia funqcia 53)(,: +=→ xxfRRf . ipoveT  

  a) )()),,7([)),,4(()),7,((]),5,((),7,5()),9,5([]),7,4((]),7,2([ Rfffffffff +∞+∞−∞−∞  

  b)  ]),7,(()),9,3(()),8,3([]),7,2((}),7,5,1({]),7,2([ 111111 −∞−− −−−−−− ffffff
        . )),7([)),3,(( 11 +∞−∞ −− ff
       2. mocemulia funqcia . ipoveT 23)(,: 2 +−=→ xxxfRRf
      a) )),4,(]),3,(],7,2/3(()),3/1,1([)),5,1([)),5,0((])5,0([}),5,2,1({ −∞−∞−− ffffffff   

        )()),,6[]5,1([),,3((),,1([)),1,((]),1,(( Rffffff +∞∪−+∞−+∞−∞−∞ . 
           b)  )),2,1((]),2,1([)),5,((]),5,((}),2,1({}),0({ 111111 −−−−−− −∞−∞ ffffff
                , . )),0([]),2,1(( 11 +∞−− ff )(1 Rf −

3.  mocemulia funqcia . ipoveT 
xxfRRf 2)(,: =→

a) ])5,(()),,1([)),2,1((]),2,1(()),2,1([]),2,1([}),2,1({}),3({}),0({),0( −∞+∞ ffffffffff  

b) . )()),,64((]],32,1((]),5,((]),0,((}),1({}),0({ 1111111 Rfffffff −−−−−−− +∞−∞−∞

      4.  mocemulia funqcia . ipoveT )()(,),0(: log2
xxfRf =→+∞

      a) ])7,(()),,1([)),9,4((]),2,1(()),2,1([]),2,1([}),2,1({}),8({ −∞+∞ ffffffff  

      b) . )()),,64((]],32,1((]),5,((]),0,((}),1({}),0({ 1111111 Rfffffff −−−−−−− +∞−∞−∞

     5.  mocemulia funqcia | . ipoveT |)(,),0(: log2
xxfRf =→+∞

      a) ])7,(()),,1([)),9,4((]),2,1(()),1,2([]),2,1([}),2,1({}),8({ −∞+∞−−−−−− ffffffff  

      b)  )()),,64((]],32,1((]),5,((]),0,((}),1,1({}),0({ 1111111 Rfffffff −−−−−−− +∞−−−∞−∞−
     6.  mocemulia funqcia xxfRRf sin)(,: =→ . ipoveT 

     a) )),,([)),9,4((]),2,0(()),2,0([]),2,0([}),,2/({}),({ +∞πππππππππ fffffff  

     b)  )()),,((]],32,([]),5,((]),2/,((}),({}),0({ 1111111 Rfffffff −−−−−−− +∞−−∞ πππππππ
  7. aris Tu ara  asaxva ineqciuri, Tu  YXf →:

a) 53)(,],3,1[ +=== xxfRYX ; b) 53)(,],3,1( +−=== xxfRYX  g) 

 d)  e) 

 v)  

65)(,),3,1( +=== xxfRYX 34)(,],5,2[ 2 +−=== xxxfRYX
34)(,),2,2( 2 +−==−= xxxfRYX 34)(,],5,1( 2 +−=== xxxfRYX

z)  T)  i) 

. 

34)(,],5,2[ 2 +−=== xxxfRYX 34)(,),0,( 2 +−==−∞= xxxfRYX
34)(),,1(),,2( 2 +−=+∞−=+∞= xxxfYX

  8. mocemulia funqcia 16
2
5

3
1)(,: 23 ++−=→ xxxxfRRf . ipoveT 
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   a) )),3(()),3,2(()),2,((]),5,1([ +∞−∞ ffff  b) aris Tu ara mocemuli funqciis 

SezRudva  simravleebze ineqciuri? )4,1(),,3(],3,2( +∞

 9. mocemulia funqcia 
5
52)(,}5{\:

−
−

=→
x
xxfRRf . ipoveT  

a) . )),0((]),0,((),(]),25,5([]),5,()),,4(()),3,2(()),2,(( 11111 +∞−∞−−∞+∞−∞ −−−−− ffRffffff
b) ipoveT funqciis mniSvnelobaTa simravle. Aaris Tu ara mocemuli 

funqcia ineqciuri.  

10.  aris Tu ara  asaxva ineqciuri, Tu  YXf →:
a) 53)(,],3,1[ +=== xxfRYX ; b) 53)(,],3,1( +−=== xxfRYX  g) 

 d)  e) 

 v)  

65)(,),3,1( +=== xxfRYX 34)(,],5,2[ 2 +−=== xxxfRYX
34)(,),2,2( 2 +−==−= xxxfRYX 34)(,],5,1( 2 +−=== xxxfRYX

z)  T)  i) 

. 

34)(,],5,2[ 2 +−=== xxxfRYX 34)(,),0,( 2 +−==−∞= xxxfRYX
34)(),,1(),,2( 2 +−=+∞−=+∞= xxxfYX

11.  aris Tu ara asaxva  ineqcia, Tu  Rf →]3,1[:
a)  b)  g)  d)  73)( 2 +−= xxxf 23)( 2 +−= xxxf 65)( 2 +−= xxxf 12)( += xxf
e)  v)  z) 73)( 3 +−= xxxf 232)( 23 +−+= xxxxf ][)( xxf =  T) ][)( xxxf −= . 

12.  aageT raime bieqciuri asaxva A  da B  simravleebs Soris Tu 

  a)  b) ],[],,[ dcBbaA == ),(),,( dcBbaA ==  g) ),[),,[ dcBbaA ==  

d) ],(),,[ dcBbaA ==  e) ),(],,[ dcBbaA ==  e) ),0(),,( +∞== BbaA  v) 

)0,(),,( −∞== BbaA  z) ),(),,( +∞−∞== BbaA  T) ),(),,0( +∞−∞=+∞= BA . 

13.  arsebobs Tu ara uwyveti funqcia, romelic warmoadgens bieqciur   

asaxvas A  da B  simravleebs Soris Tu ],[ baA =  da . ]6,5[]2,1[ ∪=B
14. arsebobs Tu ara uwyveti funqcia, romelic warmoadgens bieqciur 

asaxvas A  da B  simravleebs Soris Tu ],[ baA =  da . )2,1(=B
15. cnobilia,  rom  asaxva sadac YXf →: ]2,(−∞=X ,  da 

 warmoadgens ineqcias. ipoveT yvela aseTi Tvisebis  

ricxvi.  

),( +∞= aY
axxxf 24)( 2 +−= a

16. ipoveT  saxiT mocemuli raime funqcia, romelic cbxxxf ++=
2

)( X  

simravles bieqciurad asaxavs Y simravleze Tu a) ]5,3[],2,1[ == YX  b) 

 g) )8,6(),3,1( == YX ]7,3(],2,1( == YX  d) ),3[],1,( +∞=−∞= YX  e) 

),3(),,1( +∞=+∞= YX . 

17.  cnobilia, rom  warmoadgens 

sureqcias, da . ipoveT  ricxvebi. 

cbxxxff ++=+∞−→−∞ 2)();,12[]1,(:
5)1( =−f cb,

 18. cnobilia, rom cbxxff +=+∞−→−∞ )();,1[]1,(:  warmoadgens sureqcias da 

. ipoveT  ricxvebi. 5)1( =−f cb,
19.mocemulia funqcia . b -s ra mniSvnelobisaTvis 

Rebulobs a) mxolod dadebiT mniSvnelobebs, b) mxolod uaryofiT 

mniSvnelobebs, g) rogorc dadebiT aseve uaryofiT mniSvnelobebs. 

12)( 2 +−= bxxxf

 

20.mocemulia funqcia Rf →∞),0[:  mocemuli Semdegi wesiT  

   , cnobilia,rom misi mniSvnelobaTa area  kxxxf +−= 2)( 2 ),1[ +∞
simravle. ipoveT parametris yvela SesaZlo mniSnelobebi. k
 

21.vTqvaT agebuli gvaqvs )(xfy =  funqciis grafiki. davadginoT rogor 

SeiZleba miviRoT mocemuli grafikidan Semdegi funqciebis grafikebi a) 
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|)(| xfy = ; b) )(xfy −= ; g) |)(| xfy −= ;d) )( xfy −= ;e) v) )( xfy −−= |)(| xfy =  

Tu gamoviyenebT  an  RerZebis mimarT simetriul gardaqmnebs. ox oy
22. cnobilia, rom asaxva  aris sureqciuli. ipoveT ERf →: E  simravle 

Tu  asaxva mocemulia wesiT: f

a) 
25
32)(

+
−

=
x
xxf   b)  g)  d) 

 e) 

72)( 2 ++= xxxf 722)( 2 ++−= xxxf

xxxf cos3sin2)( +=
1

)( 2

2

+
=

x
xxf  v)   z)  T) 

. 

32)( += xxf 32)( += −xxf

2sin3sin)( 2 +−= xxxf
23. cnobilia, rom asaxva  aris sureqciuli. ipoveT Ef →]3,1[: E  

simravle Tu  asaxva mocemulia wesiT: f

a)  b)  g) 73)( 2 +−= xxxf 73)( 2 +−−= xxxf
2
3)(

+
−

=
x
xxf  d)  |23|)( 2 +−= xxxf

24. cnobilia, rom asaxva ),1[: +∞→Ef  aris bieqcia. ipoveT E  simravle 

Tu  asaxva mocemulia wesiT: f
4

133)( 2 +−= xxxf . (ramdeni amonaxsni aqvs 

amocanas?) 

 

 25.cnobilia, rom  funqciis grafiki  da  

wertilebze gadis. ipoveT  da ricxvebi.  

1)( 2 ++= bxaxxf )6,1( )0,1(−
a b

 26. mocemulia sami wertili )3,2(− , )2,1( −  da  wertili. ipoveT 

 saxis funqcia, romlis grafiki mocemul wertilebze 

gadis. 

)5,0(
cbxaxxf ++= 2)(

27.vTqvaT raime ricxvia.  x [ ]x  simboloTi avRniSnoT udidesi 

mTeli ricxvi, romelic ar aRemateba  ricxvs. (daamtkiceT, rom  x
aseTi erTaderTi ricxvi arsebobs.)  ganvsazRvroT funqcia 

RRf →:  Semdegnairad [ ]xxf =)( . ipoveT am funqciis mniSvnelobaTa are. 

ipoveT luw ricxvTa simravlis winare saxe. ageT am funqcii grafiki.  

28.mocemulia funqcia . b -s ra mniSvnelobisaTvis 

Rebulobs a) mxolod dadebiT mniSvnelobebs, b) mxolod uaryofiT 

mniSvnelobebs, g) rogorc dadebiT aseve uaryofiT mniSvnelobebs. 

12)( 2 +−= bxxxf

29.mocemulia funqcia Rf →∞),0[:  mocemuli Semdegi wesiT  

   , cnobilia,rom misi mniSvnelobaTa area  kxxxf +−= 2)( 2 ),1[ +∞
simravle. ipoveT parametris yvela SesaZlo mniSnelobebi. k

30.vTqvaT,  raime asaxvaa. daamtkiceT, rom Semdegi winadadebebi 

urTierTekvivalenturia: 

YXf →:

a)  ineqciaa; b)   f ,))((1 AAff =− XA ⊂∀ ; g) )()()( BfAfBAf ∩=∩  ,, BA∀  

sadac ; d) XBXA ⊂⊂ , ∅=∩ )()( BfAf ∅=∩⇔ BA ; e)  

roca 

),(\)()\( BfAfBAf =
XAB ⊂⊂ . 

31.samarTliania Tu ara tolobebi  

                )()()( BfAfBAf ∪=∪ ; 

                )()()( BfAfBAf ∩=∩ ? 

 Tu romelime toloba ar aris samarTliani moiyvaneT saWiro  

   kontrmagaliTi. 
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32.mocemulia funqcia , REf →: A simravle funqciis gansazRvris aris 

raime aracarieli qvesimravlea. samarTliania Tu ara toloba 

                )(\)()\( AfEfAEf = ? 

   (miTiTeba: ganixileT funqcia , 
2)( xxf = RE =  da .) ),0[ +∞=A

 

33.mocemulia funqcia . vTqvaTREf →: A simravle funqciis 

mniSvnelobaTa  aris raime qvesimravlea. aCveneT, rom 

samarTliania toloba 

)(EfL =

             .  )(\)\( 11 AfEALf −− =
          

34.vTqvaT A da  funqciis mniSvnelobaTa aris raime qvesimravleebia. 

samarTliania Tu ara tolobebi 

B

                 , )()()( 111 BfAfBAf −−− ∩=∩
                 ? )()()( 111 BfAfBAf −−− ∪=∪

35. vTqvaT  raime asaxvaa, xolo   aris   simravlis 

qvesimravleebi, xolo   aris vTqvaT 

YXf →: BA, X
',' BA Y simravlis qvesimravleebi. 

aCveneT, rom  

a)  , aCveneT agreTve, rom vTqvaT  

CarTvidan sazogadod ar gamomdinareobs  

))()(()( BfAfBA ⊂⇒⊂ )()( BfAf ⊂
BA ⊂  CarTva. 

b)  )''())'()'(()''( 11 BABfAfBA ⊂⇒⊂⇒⊂ −−

36. aCveneT, rom asaxva  YXf →:
a) sureqciulia maSin da mxolod maSin, roca nebismieri YB ⊂'  

simravlisaTvis samarTliania toloba . '))'(( 1 BBff =−

b) bieqciuria maSin da mxolod maSin roca nebismieri XA ⊂  da 

YB ⊂' simravleebisaTvis  samarTliania tolobebi 

  ).'))'((()))((( 11 BBffAAff =∧= −−

37. aCveneT, rom a  asaxvisaTvis Semdegi winadadebebi 

ekvivalenturia: 

YXf →:

a)  ineqciuria b)  nebismieri f AAff =− ))((1 XA ⊂ simravlisaTvis. 

)()()( BfAfBAf ∩=∩  nebismieri XA ⊂  XB ⊂ simravleebisaTvis. 

Gg) ∅=∩⇔∅=∩ BABfAf )()( . 

38. vTqvaT  bieqciuri asaxvebia. aCveneT, rom  ZYgYXf →→ :,: ZXfg →:D
Bbieqciuria da . 

111)( −−− = gffg DD
39. aCveneT, rom nebismieri  funqciebisaTvis da 

nebismieri  simravlisaTvis . 

ZYgYXf →→ :,:
ZC ⊂ ))(()()( 111 CgfCfg −−− =D

 

 

 

 

                                                           leqcia 2 

 

  namdvil ricxvTa R simravle. sisrulis aqsioma. simravlis zusti zeda 

da zusti qveda sazRvari. arqimedes aqsioma. naturalur, mTel, 

racionalur, iracionalur ricxvTa simravleebi  Tvlis poziciuri 

sistemebi.  induqciuri simravleebi. maTematikuri induqciis principi. 

.
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PkoSi-kantoris, borel-lebegis, bolcano-vaierStrasis  Teoremebi.  

Tvladi da araTvladi simravleebi. kantoris Teorema. 

 

 

  maTematikuri analizi efuZneba namdvili ricxvTa simravlis zust 

ganmartebas. SeuZlebelia analizis iseTi fundamenturi cnebebis 

Seswavla, rogoricaa uwyvetoba, diferencirebadoba, integrebadoba Tu 

srulyofilad ar iqna gaazrebuli namdvil ricxvTa simravle.  

ricxvi maTematikaSi, rogorc dro fizikaSi cnobilia yvelasaTvis. 

avRniSnoT, rom ricxvis cneba  aris erTerTi ZiriTadi maTematikuri 

abstraqcia, romlis gadmocemas SeiZleba mieZRvnas damoukidebeli kursi.  

 

N              namdvil ricxvTa simravlis aqsiomatika. 

G ganmarteba2.1. vityviT, rom simravle R   aris namdvil ricxvTa simravle 

,xolo misi elementebi namdvili ricxvebi, Tu Sesrulebulia qvemoT 

moyvanil pirobaTa kompleqsi, romelsac namdvil ricxvTa aqsiomatikas 

uwodeben, saxeldobr: 

                       (I) Sekrebis aqsiomebi 

gansazRvrulia asaxva (Sekrebis operacia) 

                        RRR →×+ :  

romelic nebismier dalagebul weevils RRyx ×∈),(  Seusabamebs R  

simravlis romeliRac erT elements Ryx ∈+ , (romelsac  da x
y elementebis jams vuwodebT) ise rom sruldeba pirobebi: 

 

1. xyyxRyx +=+∈∀ :,  ( komutaciurobis kanoni); 

2. )()(:,, zyxzyxRzyx ++=++∈∀  ( asociaciurobis kanoni); 

3. xxRxR =+∈∀∈∃ 0,:0  ( R -Si nulovani elementis arseboba); 

4.  (0)(,)(, =−+∈−∃∈∀ xxRxRx R -is yoveli elementis mopirdapire elementis    

arseboba); 

SeniSvna 2.2 Tu raime simravleze gansazRvrulia operacia, romelic 

akmayofilebs 2,3,4 aqsiomebs, maSin amboben rom am simravleze mocemulia 

jgufis struqtura, anu ubralod aris jgufi.  Tu operacias uwodeben 

Sekrebis operacias, maSin jgufs uwodeben adiciur jgufs da Tu 

damatebiT sruldeba aqsioma 1 maSin jgufs uwodeben komutaciur anu 

abelis jgufs. maSasadame 

G

G

R aris Sekrebis operaciis mimarT abelis 

jgufi.) 

 

                       (II)Ggamravlebis aqsiomebi 

gansazRvrulia asaxva (gamravlebis operacia) 

                        RRR →×× :  

romelic nebismier dalagebul weevils RRyx ×∈),(  Seusabamebs R  

simravlis romeliRac erT elements Ryx ∈× , (romelsac  da x
y elementebis namravls vuwodebT da SemdgomSi avRniSnavT ase yx ⋅ ) ise 

rom simravle   gamravlebis operaciis mimarT abelis jgufi 

(romelsac sxvagvarad multiplikaciur abelis jgufs uwodeben), rac 

niSnavs Semdegs: 

}0{\R

 

5.   :0\, Ryx ∈∀ xyyx ⋅=⋅  ( komutaciurobis kanoni); 

6.  :0\,, Rzyx ∈∀ zyxzyx ⋅⋅=⋅⋅ )()(  ( asociaciurobis kanoni); 
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7.    . ( erTeulis arseboba); :1 R∈∃ xx =⋅1 Rx∈∀
8.  :  (Sebrunebuli elementis arseboba ); 0\Rx∈∀ 1−∃x 11 =⋅ −xx
 

 

          (I,II) kavSiri Sekrebis da gamravlebis operacias Soris 

Ggamravlebis operacia distribuciulia Sekrebis operaciis mimarT anu: 

9.  :,, Rzyx ∈∀ zyzxzyx ⋅+⋅=⋅+ )(  (distribuciulobis kanoni Sekrebis 

mimarT); 

 SeniSvna 2.3. Tu raime G  simravleze gansazRvrulia ori operacia 

romlebic akmayofileben 1-9 aqsiomaTa sistemas maSin G  uwodeben vels. 

 

                    (III)Ddalagebis aqsiomebi 

R  simravle wrfivad dalagebuli simravlea: anu R  simravleSi 

gansazRvrulia  mimarTeba Semdegi TvisebebiT ≤
 

10.  :Rx∈∀ ;xx ≤  

11. : (Ryx ∈∀ , yx ≤  da xy ≤ )  (⇒ yx = ); 

12.  (:,, Rzyx ∈∀ yx ≤  da )  (zy ≤ ⇒ zx ≤ ); 

13. : Ryx ∈∀ , yx ≤  an xy ≤ ; 

 

    (I,III)  kavSiri Sekrebis operacias da R dalagebis mimarTebas Soris 

 

14.  ( :,, Rzyx ∈∀ yx ≤  ) ⇒ ( zyzx +≤+  ); 

 

   (II,III)  kavSiri gamravlebis operacias da dalagebis mimarTebas Soris 

 

15. Tu  ricxvebisTvis Ryx ∈, x≤0  da y≤0 , maSin yx ⋅≤0 ; 

 

 

             (IV)  sisrulis (uwyvetobis ) aqsioma 

   

16. Tu aracarieli  qvesimravleebi iseTia, rom   da RYX ⊂, Xx∈∀ Yy∈∀  

ricxvebisTvis sruldeba yx ≤  utoloba, maSin Rc∈∃   iseTi, rom ycx ≤≤  

 da  elementebisaTvis. Xx∈∀ Yy∈∀
 

   Tu Cven raime simravleSi vaCveneT rom zemoT moyvanili aqsiomebi 

sruldeba, vityviT, rom G warmoadgens namdvil ricxvTa simravlis 

konkretul realizacias anu namdvil ricxvTa simravlis erT-erT 

models. Bbunebrivia ismis kiTxva: arsebobs Tu ara erTi mainc simravle 

zemoT moyvanili TvisebiT. Aam kiTxvas dadebiTi pasuxi gaaCnia. A swored 

skolis kursSi Seswavlil namdvil ricxvTa simravle aris 1-16 TvisebaTa 

matarebeli. Mmoyvanili aqsiomebze dayrdnobiT sruli simkacriT Cven 

SegviZlia avagoT naturalur , mTeli 

G

N Z , racionaluri Q  da bolos 

iracionalur ricxvTa I  simravle.  Mmeore mniSvnelovani kiTxva romelic 

aRniSnul problematikasTan dakavSirebiT daismis aris sakiTxi    

modelis erTaderTobis Sesaxeb, romelic aseTnairad wydeba: vTqvaT 

damoukideblad avageT ori   simravle (modeli) romlebic 

akmayofileben 1-16 pirobebs (warmoidgineT namdvili ricxvebis 

warmodgena aTobiT da orobiT sistemaSi, romlebic warmoadgenen 

BA RR ,

 11



namdvil ricxvTa simravlis or damoukidebel realizacias) , maSin 

arsebobs bieqcia , romelic inaxavs ariTmetikul operaciebs  da 
dalagebas, e.i.  

BA RRf →:

).()()3);()()()2);()()()1 yfxfyxyfxfyxfyfxfyxf ≤⇔≤⋅=⋅+=+  
maSasadame  da  modelebi warmoadgenen  namdvil ricxvTa simravlis 

or tolfas (Tanabaruflebian) models. aseT SemTxvevaSi amboben rom 

agebuli modelebi izomorfulia.  

AR BR

N namdvil ricxvebis zogierTi algebruli Tviseba.  Nnamdvil ricxvTa 

simravle, rogorc algebruli struqtura warmoadgens algebrul vels(1-

9 aqsiomebi). aRniSnuli aqsiomebis gamoyenebiT Cven mkacrad SegvZlia 

davamtkicoT namdvil ricxvTa yvela is algebruli Tviseba, romelsac 

<bunebrivad> viyenebdiT skolis kursSi. Eam  sakiTxebs ufro 

dawvrilebiT SeiswavliT algebras kursSi da Cven amaze ar 

SevrCerdebiT. moviyvanT mxolod ramodenime savarjiSos. saxeldebr: 

gamoiyeneT 1-9 aqsiomebi da aCveneT, rom 

1.  samarTliania toloba Rx∈∀ 00 =⋅x  

2. )0()0()0( =∀=⇒=⋅ yxyx ; 

3. ; xx ⋅−=− )1(
4.   Rx∈∀ xx ⋅−=− )1( ; 

5.  ; Rx∈∀ xx =−⋅− )()1(
6.  Rx∈∀ xxx =−⋅− )()( ; 

D dalagebis aqsiomidan gamomdinare Sedegebi.  1-15 aqsiomebis ZaliT 

namdvil ricxvTa R  simravle warmoadgens wrfivad dalagebul 

algebrul vels. aRniSnuli aqsiomebis gamoyenebiT Cven SegviZlia 

davamtkicoT utolobaTa Tvisebebi, romelsac skolis kursSi viyenebdiT. 

moviyvanT ramodenime debulebas savarjiSos saxiT.  1-15 aqsiomebis 

safuZvelze aCveneT,rom  

1)   2)  3) 10 < )0()0( 1−<⇒< xx )0()0()0( yxyx ⋅<⇒<∧<  4) 

 da a.S.  )()()0( zxyxzyx ⋅<⋅⇒<∧<
Gganmarteba 2.4.  ricxvi romelic 0 -ze metia dadebiT ricxvs vuwodebT, 

ricxvi romelic nulze naklebia uaryofiT ricxvs vuwodebT. maSasadame 

ricxvi 1 dadebiTi ricxvia. 

 

   sisrulis aqsioma da ricxviTi simravlis zusti zeda da zusti qveda 

sazRvris arseboba. 

 vTqvaT, A  namdvil ricxvTa raime qvesimravlea R -dan, RA⊂ . 

 gansazRvreba 2.5. A  simravles ewodeba SemosazRvruli zemodan, Tu 

arsebobs  namdvili ricxvi iseTi, rom Rm∈ Ax∈∀  ricxvisTvis mx ≤ . am 

SemTxvevaSi m  ricxvs uwodeben A  simravlis zeda sazRvars(maJorants). 

 A  simravles ewodeba SemosazRvruli qvemodan, Tu arsebobs Rp∈  

namdvili ricxvi iseTi, rom Ax∈∀  ricxvisTvis px ≥ . am SemTxvevaSi p  

ricxvs uwodeben A  simravlis qveda sazRvars(minorants). 

 A  simravles ewodeba SemosazRvruli, Tu is aris SemosazRvruli 

rogorc zemodan, ise qvemodan. 

gansazRvreba 2.6.  elements ewodeba Aa∈ A  simravlis udidesi(anu 

maqsimaluri) elementi Tu Ax∈∀  elementisaTvis ax ≤ . 
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Aa∈  elements ewodeba A  simravlis umciresi(anu minimaluri) elementi 

Tu  elementisaTvis Ax∈∀ xa ≤ . A  simravlis maqsimalur, minimalur 

elements( Tu arsebobs) avRniSnavT simboloebiT . AA min,max
M me-11 aqsiomis ZaliT advilad davaskvniT, rom Tu ricxviT simravles 

gaaCnia maqsimaluri(minimaluri) elementi maSin is erTaderTia 

(gaiazreT). 

SevniSnoT, rom  SemosazRvrul simravleSi SeiZleba ar arsebobdes 

maqsimaluri an minimaluri elementi.  

MmagaliTi 2.7. simravle }10{ <≤∈= xRxA  SemosazRvrulia, gaaCnia 

minimaluri elementi, magram ar gaaCnia maqsimaluri elementi.  

   

 gansazRvreba 2.8.  zemodan SemosazRvruli A  simravlis zeda sazRvrebs 

Soris umciress ewodeba A simravlis zusti zeda sazRvari, anu A  

simravlis supremumi da aRiniSneba  simboloTi. qvemodan 

SemosazRvruli 

Asup
A  simravlis qveda sazRvrebs Soris udidess ewodeba 

zusti qveda sazRvari, anu infimumi da aRiniSneba Ainf  simboloTi. 

   Aamrigad, =a , Tu sruldeba Semdegi ori piroba: Asup
1) : Ax∈∀ ax ≤ ;      2) aa <′∀ , Ax ∈′∃  iseTi, rom ax ′>′ . 

 

   Aaseve, Ainf = , Tu b
1) : ;      2) ,  Ax∈∀ bx ≥ bb >′∀ Ax ∈′∃  iseTi, rom bx ′<′ .  

 

gavaanalizoT zemoT moyvanili ganmarteba. vTqvaT A  simravle zemodan 

SemosazRvrulia. maSin mas gaaCnia maJoranti, vTqvaT ricxvi , maSin am 

ricxvze meti nebismieri ricxvi agreTve 

0a
A  simravlis maJorantaa. 

ganmartebiT A  simravlis zusti zeda sazRvari maJorantebs Soris 

minimaluri elementia. rogorc zemoT vnaxeT sazogadod SesaZlebelia 

qvemodan SemosazRvrul simravles ar gaaCndes minimaluri elementi. 

maSasadame is rom maJorantebs Soris aris minimaluri maJoranta 

dasabuTebas moiTxovs. Aaq arsebiT rols TamaSobs sisrulis(me-16) 

aqsioma. samarTliania Semdegi fundamentaluri Teorema: 

 

 Teorema 2.9..a)(zeda sazRvris principi) namdvil ricxvTa simravlis 

yovel aracariel zemodan SemosazRvrul qvesimravles gaaCnia 

erTaderTi zusti zeda sazRvari. 

 b) (qveda sazRvris principi) aracariel qvemodan SemosazRvrul 

qvesimravles gaaCnia erTaderTi zusti qveda sazRvari. 

Ddamtkiceba. davamtkicoT a) nawili b) damtkicdeba analogiurad.  

rogorc ukve avRniSneT Tu  simravles gaaCnia minimaluri elementi, 

maSin is erTaderTia, amitom dasamtkicebelia zusti zeda sazRvris 

arseboba.  

  vTqvaT A  simravle zemodan SemosazRvrulia. avRniSnoT B simboloTi 

A  simravlis zeda sazRvrebs simravle, romelic cxadia aracarielia, e.i. 

∅≠≤∈∀∈= })({ yxAxRyB . A  da B  simravle akmayofilebs sisrulis 

aqsiomis yvela pirobas, maSasadame arsebobs Ra∈  iseTi, rom ByAx ∈∀∈∀ ,  

gvaqvs yax ≤≤ . saidanac davaskvniT, rom  warmoadgensa A  simravlis 

maJorants da B simravlis minorants.  ricxvi rogorc a A  simravlis 

maJoranti cxadia Sedis B  simravleSi. maSasadame ABa supmin == . 

Teorema damtkicebulia. 
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 A  simravlis zusti zeda da qveda sazRvrebi SeiZleba ekuTvnodes TviT 

A  simravles da SeiZleba ar ekuTvnodes. magaliTad, 1]1;0sup()1;0sup( == ,  

 da . ]1;0(1∈ )1;0(1∉
    Tu A  simravlis zusti zeda sazRvari ekuTvnis A  simravles, maSin 

igi warmoadgens A  simravlis udides elements, anu maqsimums, e. i.                

.maxsup AA =  aseve, Tu A  simravlis zusti qveda sazRvari ekuTvnis A   

simravles, maSin igi warmoadgens A  simravlis umcires elements, anu 

minimums, e. i.  .mininf AA =
   Tu A  simravle ar aris SemosazRvruli zemodan,  vwerT +∞=Asup . Tu 

A  simravle ar aris SemosazRvruli qvemodan,  vwerT −∞=Ainf . 

 

                        savarjiSoebi 

1. vTqvaT C  zemodan SemosazRvruli simravlea da . aCveneT, rom 

. 

CA⊂
CA supsup ≤

2. vTqvaT  qvemodan SemosazRvruli simravlea da . aCveneT, rom 

. 

C CA⊂
CA infinf ≥

3. vTqvaT  Ada  (B RA⊂ , ) zemodan (saTanadod qvemodan) SemosazRvruli  

simravleebia, maSin zemodan(qvemodan)  SemosazRvrulia 

RB ⊂
BA∪  simravlec da 

                  , }sup,max{sup)sup( BABA =∪
                   . }inf,min{inf)inf( BABA =∩
4. vTqvaT  Ada  (B RA⊂ , ) Sesabamisad zemodan da qvemodan 

SemosazRvruli  simravleebia iseTi, rom 

RB ⊂
A simravlis yoveli ricxvi a) ar 

aRemateba,  b) mkacrad naklebia  simravlis yovel elementze.  aCveneT, rom 

 aCveneT, rom  b) SemTxvevaSi sazogadod  utoloba 

samarTliani ar aris.  

B
.supsup BA ≤ BA supsup <

5. mocemuli simravleebisaTvis ipoveT maTi (Tu arsebobs) maqsimaluri da 

minimaluri elementi, zusti zeda da qveda sazRvrebi. 

a)  (naturalur ricxvTa simravle), NA = ZA = (mTel ricxvTa simravle), QA =  

(racionalur ricxvTa simravle). 

b) , )1,0[∩= QA ]3,2(∩= QA . 

g) 
⎭
⎬
⎫

⎩
⎨
⎧

∈== Nn
n

xxA ;1
;          dD) 

⎭
⎬
⎫

⎩
⎨
⎧ ∈

+
+ Nnn

n
n

2
cos

1
1 π ; 

e) 
⎭
⎬
⎫

⎩
⎨
⎧

∈
+

== Nn
n

nxxA ;
1

;        м){ }Nnnnn ∈−+−+ −+ 2/)1(1 )1(3)1(21  

) 
⎭
⎬
⎫

⎩
⎨
⎧

∈+−== Nn
n

xxA ;12 .                
⎭
⎬
⎫

⎩
⎨
⎧ ∈

+
− Nnn

n
n

3
2cos

1
1 π

 

z) 
⎭
⎬
⎫

⎩
⎨
⎧

∈
+

−== Nn
n

xxA ;
32

15 ,            
⎭
⎬
⎫

⎩
⎨
⎧

∈
−+

+
− Nn
n

nn

2
)1(1)1(

 

T) 
⎭
⎬
⎫

⎩
⎨
⎧

∈
+
−

== Nn
n
nxxA ;

23
12

.                
⎭
⎬
⎫

⎩
⎨
⎧ ∈+−⋅+ Nnnn nn

4
sin)1()/11( π

 

i) 
⎭
⎬
⎫

⎩
⎨
⎧

∈
+−

= NnA
n

|
2

1)1(
                      

⎭
⎬
⎫

⎩
⎨
⎧ ∈

+
Nnn

n
n

4
sin

1
2 π  

 k) 
⎭
⎬
⎫

⎩
⎨
⎧ ∈+−= − Nn

n
A n |)32()1( 1

.      
⎭
⎬
⎫

⎩
⎨
⎧ ∈Nnnn

3
2cos π            { }Nnn n n

∈+ − )1(21  

 14



 

6. vTqvaT mocemulia  simravleebi. ganvsazRvroT    RBA ⊂,
},;{ BbAabaxRxBA ∈∈+=∈=⊕  da },;{ BbAabaxRxBA ∈∈⋅=∈=⊗ . samarTliania 

Tu ara tolobebi: 

a) BABABABA supsup)sup(;supsup)sup( ⋅=⊗+=⊕ . 

 

 

 

naturalur ricxvTa simravle. maTematikuri induqciis principi. 

,1)11(,11,1 +++  da a.S saxis ricxvebs avRniSnavT simboloebiT  da 

vuwodebT naturalur ricxvebs.  Aaq moyvanili <ganmarteba> moiTxovs 

Semdgom dasabuTebas vinaidan raime procesis gagrZeleba ( risTvisac 

gamoviyeneT sityva da a.S.)  yovelTvis araa calsaxa da Seicavs 

gaurkvevlobis elementebs. 

,...3,2,1

Gganmarteba2.10. simravles RX ⊂  uwodeben induqciurs, Tu is yovel 

ricxvTan  erTad Seicavs Xx∈ 1+x  ricxvsac. 

magaliTi2.11. R  induqciuri simravlea, dadebiT ricxvTa simravle 

induqciuria.  

SevniSnoT, rom Tu gvaqvs induqciur simravleTa raime erToblioba 

AX ∈αα ;  da maTi TanakveTa aracarielia, maSin α
α

XX
A
∩
∈

= X  simravlec 

aracarielia.  

marTlac 

).1())1(,())(,()( XXxXxAXxAXx
A

=∈+⇒∈+∈∀⇒∈∈∀⇒∈
∈

α
α

αα αα ∩  

Gganmarteba2.12.  minimalur induqciur simravles romelic Seicavs 1 
vuwodebT induqciur simravles anu sxva sityvebiT rom vTqvaT yvela im 

induqciur simravleTa TanakveTa, romelTagan TiToeuli Seicavs 1 -s 

uwodeben naturalur ricxvTa simravles. Nnaturalur ricxvTa 

simravles avRniSnavT  simboloTi. N {=N 1; 2; 3; . . . . }
 

Semdegi fundamentaluri principi zemoT moyvanili ganmartebidan 

gamomdinareobs Semdegi fundamentaluri principi: 

MmaTematikuri induqciis principi. 

 vTqvaT  naturalur ricxvTa simravlis raime N E  simravles gaaCnia 

Tviseba: E∈1  da  ricxvTan erTad Ex∈ E  simravle Seicavs  ricxvs, 

maSin . 

1+x
NE =

 

                       savarjiSoebi 

1. aCveneT,rom ))1(()1()( NnnNn ∈−⇒≠∧∈  
2. nebismieri  ricxvisaTvis simravleSi Nn∈ }{ xnNx <∈  arsebobs 

minimaluri elementi da 1}min{ +=<∈ nxnNx . 
3. )1()()()( mnmnNnNm ≤+⇒<∧∈∧∈ . 
4. aCveneT, rom ar arsebobs naturaluri ricxvi  iseTi rom 

Tu . 
x

1+<< nxn Nn∈
5. vTqvaT  da Nn∈ 1≠n  aCveneT, rom Nn ∈−1  da ar arsebobs 

naturaluri ricxvi iseTi, rom x nxn <<−1 . 
6. aCveneT, rom naturalur ricxvTa nebismier aracariel qvesimravles 

gaaCnia mininmaluri elementi. 
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7. aCveneT, rom  induqciuri simravleebia. QZ ,
8. aCveneT, rom nebismieri induqciuri simravle zemodan araa 

SemosazRvrulia. 

9. aageT induqciuri simravleebi, romelic gansxvavebulia 

simravleebisagan. RQZN ,,,
10. AaCveneT,rom  , roca nxx n +≥+ 1)1( Nnx ∈−> ,1 . (bernulis utoloba) 
rogorc Sedegi aRniSnuli faqtidan aCveneT, rom  Nnebismieri  da 

naturaluri  ricxvisaTvis samarTliania utoloba 

1>a

1>n
n

aan 11 −
<− . 

11. induqciis meTodiT daamtkiceT 

   a) Nnnnnn ∈
++

=+++ ;
6

)22)(1(...21 222  

       b)  Nnnn ∈+++=+++ ;)...21(...21 2333

      g)   sadac  mmn
n

m

m
n

n baCba −

=
∑=+

0
)(

)!(!
!

mnm
nC m

n −
=  1!0;...21! =⋅⋅⋅= kk . (niutonis  

    binomis  formula.) 

 

   d) n
n

n xxx
n

xxx ......
21

21 ≥
+++  sadac .,...,2,1;0 nkxk =≥ (saSualo ariTmetikuls  

      da saSualo geometriuls Soris kavSiri.) 

   e) .1,;
2

1! >∈⎟
⎠
⎞

⎜
⎝
⎛ +

< nNnnn
n

 

      v) .;
12

1
2

12
4
3

2
1 Nn

nn
n

∈
+

<
−

⋅⋅⋅⋅⋅  

   z) 2,;1...
3

1
2

11 ≥∈>++++ nNnn
n

. 

   T) . 3,;)1(1 ≥∈+>+ nNnnn nn

   i)  .,...,2,1,0;sinsin
11

nkxxx k

n

k
k

n

k
k =≤≤≤ ∑∑

==

π  

 

                         mTel ricxvTa simravle. 

Gganmarteba2.13. naturalur ricxvebs, maT mopirdapire ricxvebs da nuls 

vuwodebTMmTel ricxvebs. mTel ricxvTa simravles aRvniSnavT Z  asoTi. 

-1; 1; -2; 2; -3; 3; . . . . { ;0=Z }
 racionalur ricxvTa simravle. 

Gganmarteba2.14. 
n
mnm ≡⋅ −1   saxis ricxvs(anu wilads), sadac  mTeli 

ricxvia, xolo n  naturaluri, vuwodebT racionalur ricxvs. 

racionalur ricxvTa simravles aRvniSnavT  asoTi. 

m

Q
⎭
⎬
⎫

⎩
⎨
⎧ ∈∈= NnZm

n
mQ ,| . 

cxadia, rom .  racionalur ricxvebze moqmedebebi (wiladebze 

moqmedebebi SegviZlia gamoviyvanoT 1-9 aqsiomebze dayrdnobiT Tumca 

masze aq ar SevrCerdebiT.) 

QZN ⊂⊂

                      iracionaluri ricxvebi. 

Gganmarteba2.15.  namdvili ricxvebi, romlebic ar arian racionaluri 

uwodeben iracionalur ricxvebs. 
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Kklasikuri magaliTi iracionaluri ricxvisa aris 2  Aanu ricxvi 

Semdegi TvisebiT  da . aseTi ricxvis arsebobis damtkiceba 

arsebiTad eyrdnoba sisrulis aqsiomas. 

0, >∈ sRs 22 =s

Teorema2.16. 

Aarsebobs dadebiTi ricxvi Rs∈ , romlis kvadratia 2  da is ar aris 
racionaluri ricxvi.  

Ddamtkiceba. vTqvaT   simravleebi gansazRvrulia Semdegi wesiT: YX ,
}20{};20{ 22 >>=<>= yyYxxX . vinaidan X∈1  da  amitom isini 

aracarielebi arian. Ggarda amisa dadebiTi 

Y∈2
yx,  ricxvebisaTvis gvaqvs 

 amitom  nebismieri )()( 22 yxyx <⇔< Xx∈ ricxvi naklebia nebismier 

ricxvze. sisrulis aqsiomis ZaliT arsebobs ricxvi TvisebiT Yy∈ Rs∈
ysx ≤≤    da . vaCvenoT, rom .  Xx∈∀ Yy∈∀ 22 =s

 dauSvaT, rom . avRniSnoT 22 <s
3

2 2ssS −
+= . Ggveqneba  da . 

saidanac davaskvniT, rom 

sS > 22 <S

XS ∈ ,  es ukanaskneli ki SeuZlebelia vinaidan 

nebismieri  Xx∈ sx ≤ . 

Aanalogiurad dauSvaT  . avRniSnoT 22 >s
3

22 −
−=

ssS . Ggveqneba sS <  da 

. saidanac davaskvniT, rom 22 >S YS ∈ ,  es ukanaskneli ki SeuZlebelia 

vinaidan nebismieri  Yy∈ sx ≥ .  MmaSasadame gvaqvs . 22 =s

vaCvenoT, rom . dauSvaT Qs∉ Qs∈ . ganvixiloT warmodgena 
n
ms =  ukveci 

wiladis saxiT warmodgena. Ggveqneba . saidanac davaskvniT, rom 

 da maSasadame  iyofa -ze. Ee.i. 

22 2nm =
2m m 2 km 2= . Tu am ukanasknels 

gavviTvaliswinebT tolobaSi , gveqneba  saidanac davaskvniT, 

rom   iyofa -ze. sabolood miviReT, rom 

22 =s 222 nk =

n 2
n
ms =  wiladi ikveceba -ze, 

rac pirobis ZaliT SeuZlebelia. Teorema damtkicebulia.  

2

 

 

 

 

 
       
 

A                      arqimedes principi. 

A  arqimedes principi warmoadgens klasikuri analizis umniSvnelovanes 

princips, romelic safuZvlad udevs namdvili ricxvebis praqtikul 

gamoyenebas raime sididis gazomvis dros. aRniSnuli principis 

dasabuTeba eyrdnoba sisrulis aqsiomas (ufro zustad mis eqvivalentur 

debulebas zusti zeda sazRvris Sesaxeb). mTel rig saxelmZvaneloebSi 

namdvil ricxvTa simravlis aqsiomatikuri agebis dros arqimedes 

aqsiomas erTerT aqsiomadaa miCneuli. 

   rogorc qvemoT davinaxavT arqimedes aqsioma gamosaxavs 

damokidebulebas naturalur (mTel ricxvebs) da sisrulis aqsiomas 

Soris.  
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L lema 2.17. naturalur ricxvTa nebismier zemodan SemosazRvrul 

aracariel simravles gaaCnia maqsimaluri elementi. 

Ddamtkiceba. vTqvaT zemodan SemosazRvruli simravlea. zeda 

sazRvris principis Tanaxmad arsebobs 

NE ⊂
.sup RsE ∈= . simravlis zeda 

sazRvris ganmartebis ZaliT E simravleSi moiZebneba naturaluri ricxvi 

, romelic akmayofilebs pirobas Nn∈ sns ≤<−1 . maSin , vinaidan 

yvela naturaluri ricxvi romelic metia , araa naklebi 

En max=

n 1+n , xolo 

 . maSasadame -ze didi naturaluri ricxvi ar Sedis sn >+1 n
E simravleSi. Llema damtkicebulia. 

   Sedegi2.18. Nnaturalur ricxvTa simravle araa SemosazRvruli. 

winaaRmdeg SemTxvevaSi romeliRac naturaluri ricxvi Nn∈  
maqsimaluria, magram 1+< nn  da  Nn ∈+1 , rac ewinaaRmdegeba imas,rom n 
maqsimaluria. 

Aanalogiurad rogorc lema 2.17 SegviZlia davamtkicoT Semdegi 

L lema 2.19.. Aa)mTel ricxvTa  nebismier zemodan SemosazRvrul 

aracariel simravles gaaCnia maqsimaluri elementi. 

b) AmTel ricxvTa  nebismier qvemodan SemosazRvrul aracariel 

simravles gaaCnia minimaluri elementi. 

g) mTel ricxvTa simravle araaSemosazRvruli arc qvemodan da arc 

zemodan. 

   Teorema 2.20. (arqimedes principi) vTqvaT  raime dadebiTi ricxvia. 

Nnebismieri 

h
Rx∈  ricxvisaTvis arsebobs erTaderTi mTeli ricxvi k  

iseTi, rom khxhk <≤− )1( . 

Ddamtkiceba. vinaidan Z araa SemoszRvruli zemodan, amitom ⎭
⎬
⎫

⎩
⎨
⎧

<∈ n
h
xZn

 

simravle aracarieli mTel ricxvTa qvemodan SemosazRvruli simravlea. 

Aamitom am simravleSi aris minimaluri elementi k, e.i 
k

h
xk <≤−1

. 

vinaidan 0>h  amitom es ukanaskneli utoloba tolfasia dasamtkicebeli 

utolobebis. erTaderToba avtomaturad gamodis simravlis minimaluri 

elementis erTaderTobidan. Teorema damtkicebulia. 

  Sedegi 2.21. Nnebismieri 0>ε  ricxvisaTvis arsebobs naturaluri  

ricxvi iseTi, rom 

n

ε<<
n
10 . 

marTlac arqimedes principis ZaliT arsebobs Nn∈  iseTi, rom n⋅<ε1 . 

vinaidan  da 10< ε<0 , gvaqvs n<0 . maSasadame ε<<∈
n

Nn 10, . 

 Sedegi2.22. Tu ricxvi Rx∈ iseTia, rom x≤0 da nebismieri Nn∈  

samarTliania utoloba n
x 1
<

, maSin 0=x . 
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Ddamtkiceba .  utoloba x<0  SeuZlebelia Sedegi 2.21-is ZaliT. 

 Sedegi2.23. Nnebismieri Rba ∈,  ricxvebisaTvis sadac ba<  moiZebneba erTi 

mainc racionaluri ricxvi  iseTi, rom r bra << . 

Ddamtkiceba. visargebloT Sedegi 2.21-iT da avarCioT Nn∈  , iseTi rom 

ab
n

−<<
10 . Aarqimedes principis Tanaxmad arsebobs erTaderTi Nm∈ , 

iseTi rom n
ma

n
m

<≤
−1

. maSin 
b

n
m
< , winaaRmdeg SemTxvevaSi  gveqneba 

n
mba

n
m

≤<≤
−1

 , saidanac miviRebT, rom 
ab

n
−>

1
.  maSasadame gvaqvs, rom 

Q
n
m
∈   da b

n
ma << . 

  

 

   Tvlis poziciuri sistemebi.  arqimedes principi udevs safuZvlad 

nebismieri ricxvis warmodgenas egreTwodebul poziziur sistemaSi 

fuZiT q,  sadac q raime erTze meti naturaluri ricxvia. 

  lema 2.24. vTqvaT  raime fiqsirebuli naturaluri ricxvia. MmaSin 

nebismieri namdvili 

1>q
Rx∈  ricxvisaTvis arsebobs erTaderTi mTeli Zk∈  

ricxvi iseTi, rom  

                             . 
kk qxq <≤−1

D damtkiceba. Ppirvel rigSi vaCvenoT, rom yvela  saxis 

ricxvebisagan Semdgari simravle zemodan ar aris SemosazRvruli. 

winaaRmdeg SemTxvevaSi am simravles gaaCnia zusti zeda sazRvari   da 

zusti zeda sazRvris ganmartebis ZaliT movZebniT naturalur 

ricxv iseTs, rom 

Nkqk ∈,

s

Nm∈ sq
q
s m ≤<  . maSin  da miviRebT, rom  ar 

aris zusti zeda sazRvari Cveni simravlis. 

1+< mqs s

vinaidan  amitom  q<1 nm qq < nmNnm <∈ ,,  . maSasadame  nebismieri Rc∈  

ricxvisaTvis moiZebneba iseTi naturaluri ricxvi  iseTi, rom 

nebismieri  gveqneba . Aam ukanasknelidan gamodis, rom  
nebismieri 

Nn ∈0

0nn > nqc <
0>ε  moiZebneba NM ∈ iseTi, rom yoveli naturaluri 

ricxvisaTvis Mm > ε<mq
1

 gveqneba. marTlac sakmarisia aviRoT 
ε
1

=c  da 

 , maSinMn =0
mq<

ε
1

roca . Mm >

  mTel ricxvTa  simravle, romelic akmayofilebs utolobas , 

yoveli fiqsirebuli  ricxvisaTvis SemosazRvrulia qvemodan. 

Zn∈ nqx <
0>x
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Aamitom am simravleSi aris umciresi elementi  , romelic aris 

saZiebeli ricxvi vinaidan samarTliania utolobebi .  

k
kk qxq <≤−1

aseTi  mTeli  ricxvis erTaderToba gamodis im faqtidan rom Tu 

 da magaliTad  

k
Znm ∈, nm <  MmaSin 1−≤ nm  da amitom   roca 

.  marTlac  ukanaskneli SeniSvnidan gamodis, rom utolobebi 

1−≤ nm qq
1>q

mm qxq <≤−1
,  erTroulad ver Sesruldeba Tu  vinaidan 

orive utolobidan gveqneba utoloba . 

nn qxq <≤−1 nm≠
mn qxq <≤−1

zemoT moyvanili lema 2.24-s Cven gamoviyenebT nebismieri Rx∈  namdvili  

ricxvis  poziciur sistemaSi warmodgenis dasabuTebiosaTvis. 

vTqvaT  raime fiqsirebuli naturaluri  ricxvia. Llema 2.24-is 

ZaliT SegviZlia vipovoT erTaderTi 

1>q
Zp∈  iseTi, rom  

                           .   
1+<≤ pp qxq

Gganmarteba 2.25.  ricxvi Zp∈ romelic akmayofilebs pirobas   

uwodeben 

1+<≤ pp qxq
x ricxvis  rigis (q fuZis mimarT). 

Aarqimedes principis Tanaxmad moiZebneba erTaderTi naturaluri ricxvi 

Np∈α   iseTi, rom  

                             (*)             
pp

p
p

p qqxq +<≤ αα
advilia Cveneba imisa, rom }1,....,1{ −∈ qpα .  (*) pirobisa da arqimedes 

principis ZaliT arsebobs erTaderTi ricxvi }1,....,1{1 −∈− qpα  iseTi, rom  

             . 
11

1
1

1
−−

−
−

− ++<≤+ pp
p

p
p

p
p

p
p qqqxqq αααα

Tu  ukve Sevasrulebulia analogiuri  moqmedeba  -jer, maSin  gveqneba n
npnpnp

np
p

p
p

p
np

np
p

p
p

p qqqqqxqqq −−−
−

−
−

−
−

−
− ++++<≤+++ αααααα ...... 1

1
1

1 . 
Aarqimedes principis Tanaxmad moiZebneba }1,....,1{1 −∈−− qnpα  iseTi, rom 

<≤++++ −−
−−

−
−

−
− xqqqq np

np
np

np
p

p
p

p
1

1
1

1 ... αααα      

. 11
1

1 ... −−−−
−−

−−
−

− +++++< npnp
np

npnp
np

p
p

p
p qqqqqq αααα

MmaSasadame  agebulia algoriTmi romlis mixedviTac nebismier  dadebiT 

namdvil Rx∈  ricxvs calsaxad eTanadeba mimdevroba ......1 nppp −− ααα  ise, 
rom mimdevromis TiToeuli wevri ekuTvnis  simravles.  Tu 

araformalurad vityviT, Cven avageT racionalur ricxvTa mimdevroba 

}1,....,1{ −q

                                        npnp
np

p
p

p
pn qqqqr −−

−
− +++= ααα ...1

iseTi, rom  

                            pnnn q
rxr −+<≤

1 . (**) 
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rogorc vxedavT, Cven avageT xrisxvis specialuri tipis miaxloebebi 

racionaluri  ricxvebis saSualebiT. amasTanave nr ......1 nppp −− ααα  simbolo 

aris agebuli racionalur ricxvTa mimdevrobis <Sifri>. imisaTvis, 

rom am Sifris saSualebiT aRvadginoT  mimdevroba  amisaTvis 

aucilebelia aRniSnuli iqnas 

}{nr
}{nr

x ricxvis rigi p. 

SevTanxmdeT, rom Tu 0≥p , maSin 0α  -is Semdeg davweroT mZime(an 

wertili), xolo Tu 0<p  

 maSin pα  -s marcxniv davweroT  raodenobis  nuli da Semdeg mZime da 

nuli.  

|| p

magaliTi. vTqvaT 10=q   maSin  

                                            43

2102

1041030034,0
10710310110010237,201

−−

−−

⋅+⋅=

⋅+⋅+⋅+⋅+⋅=

 

MMmaSasaame cifris mniSvneloba ......1 nppp −− ααα   simbolur CanawerSi 

damokidebulia imaze Tu es cifri ra pozicias ikavebs mZimis mimarT. (**) 

-dan SegviZlia davaskvnaT, rom or gansxvavebul ' ricxvebs Seesabameba 
racionalur ricxvTa sxvadasxva ,  mimdevrobebi da  maSasadame 

sxvadasxva simboloebi 

,xx
}{nr }'{ nr

......1 nppp −− ααα  da  ...'...'' 1 nppp −− ααα . 

Aaxla  gavarkvioT sakiTxi nebismier ......1 nppp −− ααα  simbolos  Seesabameba 

Tu ara raime ricxvi Rx∈ .  Aam kiTxvas uaryofiTi pasuxi gaaCnia.  

  SevniSnoT, rom Cvens mier aRwerili algoriTmis mixedviT  napovni 

ricxvebi (romelTac cifrebs vuwodebT) }1,....,1{1 −∈− qpα  ar SeiZleba 

yvelani raRac nomridan dawyebuli erTidaigive 1−q  -is toli iyos. 

marTlac, Tu  kn>  gvaqvs 
npknkpkp

kp
p

p
p

pn qqqqqqqqr −−−−−
−

− −++−++++= )1(...)1(... 11 ααα  e.i. 

pnpkkn qq
rr −− −+=

11   da amitom Tu gaviTvaliswinebT  zemoT moyvanil 

ganmartebas gveqneba 

nr

                       pkkpnpkk q
rx

qq
r +−− +<≤−+

111 . 

maSin roca  kn>   gveqneba  pnpkk q
x

q
r −− <−+<

110  

Ees ukanaskneli lema 2.24-is ZaliT SeuZlebelia.  
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  SevniSnoT, rom  Tu npkpkp −−−− ααα ,...,,1  cifrebs Soris erTi mainc naklebia 

  maSin SegviZlia davweroT 1−q

pnpkkn qq
rr −− −+<

11  anu rac igivea pkkpnn q
r

q
r −− +=+

11 . 

Aaxla  davamtkicoT, rom nebismieri simbolos ......1 nppp −− ααα  romelic 

Sedgeba  cifrebisagan }1,....,1{ −∈ qkα  da ragind Sors ......1 nppp −− ααα  

CanawerSi gvxvdeba cifri gansxvavebuli 1−q  sagan Seesabameba raime 

ricxvi  Rx∈ .  marTlac ......1 nppp −− ααα  simbolos saSualebiT avagoT 

(rogorc zemoT) racionalur ricxvTa mimdevroba  }{nr .  Aam mimdevrobis 

agebdan gamomdinare gveqneba utolobebi  ......210 ≤≤≤≤≤ nrrrr    da   

pqpnn q
r

q
r

q
rrrr −−− +≤+≤≤+≤<≤≤≤

11...1...... 011210   

Mmkacri utoloba CanawerSi unda gavigoT ase: marcxena mimdevrobis 

nebismieri wevri naklebia mkacrad marjvena mimdevrobis nebismier wevrze. 

Tu aviRebT  maSin n
Nn

rx
∈

= sup ......1 nppp −− ααα  simbolos Seesabameba ricxvi . x

MmaSasadame  nebismier Rx∈  ricxvs Cven calsaxad Seusabamed simbolo 

...... 01 ααα −pp  Tu  an 0≥p ...,0,...0,0 pα   Tu 0<p . miRebul warmodgenas 

uwodeben  ricxvis warmodgenas poziciur sistemaSi  fuZiT.   x q 0<x  

SeusabamoT  ricxvis warmodgena uaryofiTi niSniT. xolo -s 

SeusabamoT simbolo  

x− 0
....0...0,0

       

           Kklasikuri analizis sami fundamentaluri Teorema 

 

  Cven davamtkicebT sam fundamentur Teoremas, romelebsac farTod 

iyeneben   maTematikur analizSi. SevniSnoT, rom aRniSnuli Teoremebi 

SeiZleba gamoyenenuli iqnes namdvil ricxvTa aqsiomatikuri agebisas, 

rogorc aqsiomebi sisrulis aqsiomis nacvlad. (am SemTxvevaSi sisrulis 

aqsioma SegveZleba davamtkicoT rogorc Teorema.) 

Teorema Cadgmuli segmentebis Sesaxeb(koSi-kantoris principi) 

 

G ganmarteba 2.26.  Ffunqcias , sadac  naturalur ricxvTa 

simravlea uwodeben mimdevrobas 

XNf →: N
X  simravleSi anu ubralod 

mimdevrobas.   funqciis  mniSvnelobebs romlebic eTanadebian 

 ricxvs avRniSnavT -iT da uwodeben mimdevrobis -ur wevrs. 

f )(nf
Nn∈ nx n

G ganmarteba 2.27. vTqvaT  simravleTa raime mimdevrobaa. Tu 

 (e.i. 

,...,...,, 21 nXXX
......21 ⊃⊃⊃⊃ nXXX )( 1+⊃∈∀ nn XXNn , MMmaSin amboben rom mocemulia 

erTmaneTSi Calagebul simravleTa mimdevroba. 
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  Teorema 2.28.   erTmaneTSi Calagebul segmentTa mimdevrobisaTvis 

,   arsebobs erTi mainc wertili , romelic yvela 

segments ekuTvnis.  Tu amave dros cnobilia, rom yoveli 

......21 ⊃⊃⊃⊃ nIII Rc∈
0>ε  

ricxvisaTvis arsebobs mocemul segmentTa mimdevrobaSi segmenti , 
romlis sigrZe 

kI
ε<|| kI , maSin  erTaderTi saerTo wertilia mocemuli 

segmentebisa. 

c

Ddamtkiceba. vTqvaT ],[],,[ nnnmmm baIbaI ==  Cveni mimdevrobis nebismieri ori 
segmentia.  SevniSnoT, rom samarTliania utoloba . marTlac 

winaaRmdeg SemTxvevaSi  gveqneboda 

nm ba ≤

mmnn baba ≤<≤ , rac imas niSnavs, rom 
 segmentebs saerTo wertili ar gaaCnia, rac Teoremis pirobas 

ewinaaRmdegeba. (radgan didi nomriT segmenti qvesimravlea meore 

segmentis.) 

mn II ,

ganvixiloT simravleebi: },{},,{ NnbBNmaA nm ∈=∈= . Aagebuli simravleebi 

akmayofileben sisrulis aqsiomis pirobebs, saidanac davaskvniT, rom 

arsebobs  iseTi, rom Rc∈ BbAa mm ∈∀∈∀ ,  sruldeba utolobebi nm bca ≤≤ . 
kerZod ki .  maSasadame wertili  ekuTvnis yvela segments. 

Davamtkicot Teoremis meore nawili. vTqvaT  ori nebismieri wertilia 

romelic yvela segments ekuTvnis. Tu isini gansxvavebulia magaliTad 

, maSin nebismieri 

, Nnbca nn ∈∀≤≤ c

21,cc

21 cc < Nn∈  ricxvisaTvis gvaqvs .,21 Nnbcca nn ∈∀≤<≤  
saidanac gveqneba .,0 12 Nnabcc nn ∈∀−<−<  pirobis ZaliT  mocemuli 

yoveli  segmentis sigrZe ar SeiZleba iyos 12 cc −  dadebiT ricxvze meti, 

vinaidan Cvens mimdevrobaSi arseboben segmentebi ragind mcire sigrZiT. 

maSasadame mocemul segmentebs erTaderTi saerTo wertili gaaCniaT. 

Teorema damtkicebulia.  

 

Teorema intervalis sasruli dafarvis Sesaxeb. (borel-Llebegis 

principi.) 

 

G ganmarteba 2.29.  Aamboben rom simravleTa sistema(simravleTa 

erToblioba)  faravs  simravles, Tu (anu  simravlis 

nebismieri   elementi  ekuTvnis  sistemis erTerT  

}{XS = Y XY
SX∈

∪⊂ Y

y S X  simravles mainc).  

 simravlis nebismier aracariel qvesimravles uwodeben  sistemis 
qvesistemas.  
S S

  Teorema 2.30.  intervalTa nebismieri sistemisaTvis, romelic faravs 

segments, arsebobs sasruli qvesistema, romelic agreTve faravs mocemul 

segments.  

Ddamtkiceba. vTqvaT  aris  intervalTa raime sistema romelic 

faravs  segments. Tu  segmentisaTvis ar arsebobs intervalTa 

sasruli qvesistema, romelic faravs  segments moviqceT Semdegnairad: 

gavyoT  segmenti Suaze, miRebuli ori qvesegmentidan cxadia erT-erTs 

mainc(avRniSnoT is -iT)  eqneba Semdegi Tviseba: misTvis ar arsebobs 

mocemuli intervalebis sasruli sistema romelic mas faravs.  
segmentze movaxdinoT igive procesi. aseTnairad miviRebT  segments da 
a.S. 

}{US = U
],[1 baI = 1I

1I

1I

2I

2I

3I
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M  maSasadame aseTi procesiT Cven avagebT ......21 ⊃⊃⊃⊃ nIII  Calagebul 

segmentTa  mimdevrobas, romlis yoveli segmentisaTvis ar arsebobs 

damfaravi intervalTa  sistemis  sasruli qvesistema, romelic am 

segments faravs. Aagebul segmentTa mimdevrobaSi aris segmentebi ragind 

mcire sigrZiT. (SevniSnoT, rom 

}{US =

1
1

2
|||| −= nn

II .) Teorema ZaliT arsebobs 

erTaderTi  wertili, romelic ekuTvnis yvela .  vinaidan 
 , amitom iarsebebs intervali 

Rc∈ NnIn ∈,
],[1 baIc =∈ SU ∈=),( βα   damfaravi  

sistemidan,  romelic Seicavs  wertils, e.i. 

S
c βα << c . vTqvaT 

},min{ cc −−= βαε . segmentTa agebul mimdevrobaSi  movZebnoT segmenti  
TvisebiT 

nI
ε<|| nI . vinaidan  nIc∈  da ε<|| nI  gveqneba ),( βα=⊂UIn , es ki 

ewinaaRmdegeba  imas, rom  segmentisaTvis ar arsebobs itervalTa 

sasruli qvedafarva. miviReT winaaRmdegoba. maSasadame Cveni daSveba 

arasworia. Teorema damtkicebulia.  

nI

 

Teorema zRvruli wertilis Sesaxeb. (bolcano-vaierStrasis principi) 

 

GgansazRvreba 2.31.  wertilis midamos vuwodebT nebismier intervals, 

romelic am wertils Seicavs.  wertilis 

Rx∈
x δ  midamos  vuwodebT 

),( δδ +− xx  saxis intervals.  

GgansazRvreba 2.32.  wertils uwodeben Rc∈ RX ⊂  simravlis zRvrul 

wertils, Tu am wertilis nebismieri midamo Seicavs usasrulod bevr 

wertils X  simravlidan. 

magaliTi 2.33. intervalisaTvis zRvruli wertilia  segmentis 
nebismieri wertili.  

),( ba ],[ ba

Teorema 2.34. nebismier SemosazRvrul usasrulo simravles gaaCnia erTi 

mainc zRvruli wertili.  

Ddamtkiceba. vTqvaT X  usasrulo SemosazRvruli simravlea R - dan.  X  
simravlis SemosazRvrulobis gamo  raime ],[ baI =  segmentisaTvis gvaqvs 

 .  vaCvenoT, rom ],[ baX ⊂ I  segmentis erTi mainc wertili aris X  
simravlis zRvruli wertili. dauSvaT winaaRmdegi. maSin yoveli 

wertilisaTvis arsebobs midamo  romelic an saerTod ar 

Seicavs raime wertils   simravlidan an maTi raodenoba sasrulia. 

aseTnairad yoveli  wertilisaTvis  agebuli intervalTa  
erToblioba warmoadgens 

Ix∈ )(xU
X

Ix∈ )}({ xU
],[ baI =  segmentis damfarav erTobliobas. 

Teorema 2.30-is ZaliT aRniSnuli dafarvidan gamoiyofa I  segmentis 
sasruli qvedafarva  . vinaidan )(),...,(),( 21 nxUxUxU IX ⊂ , amitom intervalTa 

es sistema faravs agreTve X  simravles. SevniSnoT, rom yoveli 

intervali  Seicavs araumetes sasruli raodenoba wertilebs )( kxU X  
simravlidan. vinaidan agebul intervalTa raodenoba sasrulia 

davaskvniT, rom X  simravlec sasrulia, rac pirobas ewinaaRmdegeba.  

miRebuli winaaRmdegoba asrulebs Teoremis damtkicebas.  

                       

                           savarjiSoebi 

 

1. aCveneT, rom  Calagebul intervalTa erTobliobas SesaZloa  ar 

gaaCndes saerTo wertili.  
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2. aCveneT, rom segmentis damfarav segmentTa erTobliobidan SeiZleba 

ar gamoiyos am segmentis  sasrul segmentTa qvedafarva. 

3. aCveneT, rom intervalis damfarav intervalTa erTobliobidan 

SeiZleba ar gamoiyos  sasruli raodenoba intervalebisa, romelic 

kvlav dafaravs mocemul intervals.  

4. aCveneT, rom intervalis damfarav segmentTa  erTobliobidan 

SeiZleba ar gamoiyos  sasruli raodenoba segmentebisa, romelic 

faravs mocemul intervals.  

5. aCveneT,rom Tu namdvil ricxvTa (1-16) aqsiomaTa sistemaSi 

sisrulis (16) aqsiomas SevcvliT a) bolcano-vaierStrasis 

principiT b) borel-lebegis principiT miviRebT (1-16) aqsiomaTa 

sistemis tolfas aqsiomaTa sistemas. Tu sisrulis aqsiomas 

SevcvliT koSi-kantorisa da  arqimedis principiT miviRebT (1-16) 

sistemis tolfas aqsiomaTa sistemas. 

6. vTqvaT  raime naturaluri ricxvia, romelic ar warmoaggens 

raime naturaluri ricxvis kvadrats.  

n
)( nQ  simboloTi avRniSnoT 

yvela im nba +  saxis ricxvTa erToblioba sadac . aCveneT, 

rom 

Qba ∈,
)( nQ  simravle aris dalagebuli algebruli veli(bunebrivi 

algebruli operaciebis da dalagebis mimarT), romelic 

akmayofilebs arqimedes aqsiomas, magram ar akmayofilebs sisrulis 

aqsiomas. 

7. ipoveT }{sin NnnE ∈= D simravlis zRvruli wertilebi. 

8. moiyvaneT usasrulo simravlis magaliTi romelsac a) ar gaaCnia 

zRvruli wertili b) gaaCnia erTi zRvruli wertili g) gaaCnia 

zustad zRvruli wertili. Nnn ∈;
9. vTqvaT mocemulia sasruli simravle },...,,{ 21 naaaE = . aageT simravle, 

romlis yvela zRvrul wertilTa simravlea E . 
10. aageT Tvladi simravle, romlis zRvrul wertilTa simravle araa 

Tvladi. 

11. ipoveT zRvruli wertilebi Semdegi simravleebis: 

a) 
⎭
⎬
⎫

⎩
⎨
⎧

∈⎟
⎠
⎞

⎜
⎝
⎛ +− − Nn

n
n 12)1( 1 ;                   b) 

⎭
⎬
⎫

⎩
⎨
⎧ ∈

+
+ Nnn

n
n

2
cos

1
1 π ; 

g) { }Nnnnn ∈−+−+ −+ 2/)1(1 )1(3)1(21  ;  d) 
⎭
⎬
⎫

⎩
⎨
⎧ ∈

+
− Nnn

n
n

3
2cos

1
1 π ; 

e)  
⎭
⎬
⎫

⎩
⎨
⎧ ∈+ Nnnn

2
sin1 π ;                v) 

⎭
⎬
⎫

⎩
⎨
⎧

∈
−+

+
− Nn
n

nn

2
)1(1)1( ; 

z) 
⎭
⎬
⎫

⎩
⎨
⎧ ∈+−⋅+ Nnnn nn

4
sin)1()/11( π ;  T) 

⎭
⎬
⎫

⎩
⎨
⎧ ∈

+
Nnn

n
n

4
sin

1
2 π ; 

i)  { }Nnnn ∈− )1( ;  k) 
⎭
⎬
⎫

⎩
⎨
⎧ ∈Nnnn

3
2cos π ; l) { }Nnn n n

∈+ − )1(21 . 

 
 

 

 

 

                 Tvladi da araTvladi simravleebi. 
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G  ganmarteba 2.35.  simravles uwodeben Tvlads Tu arsebobs bieqcia 

naturalur ricxvTa simravlesa da  simravles Soris anu arsebobs 

funqcia  romelic bieqciia. 

X
X

RNf →:
(maSasadame araformalurad rom vTqvaT simravle Tvladia Tu misi 

yvela elementebis gadasanomravad saWiroa yvela naturaluri ricxvi, 

anu  simravle SeiZleba warmodgenili iqnes  mimdevrobis saxiT.) 

X

X ∞
=1}{ nna

Teorema 2.36. a)Tvladi simravlis nebismieri usasrulo qvsimravle 

Tvladia. 

 b) Tvlad simravleTa sasruli an Tvladi sistemis gaerTianeba Tvladia. 

Ddamtkiceba. a) sakmarisia vaCvenoT, rom naturalur ricxvTa simravlis 

nebismieri usasrulo E qvesimravle Tvladia. saWiro bieqcia  
avagoT Semdegnairad:  

ENf →:
E  simravleSi arsebobs minimaluri ricxvi 

romelic SeusabamoT  da da avRniSnoT is -iT. N∈1 1e E simravle 

usasruloa  amitom  simravle  usasrulo naturalur ricxvTa 

qvesimravlea romlis minimaluri elementi SeusabamoT  ricxvs da 

avRniSnoT is -iT. Aanalogiurad ganvixiloT simravle  da 
aRniSnuli procesi gavagrZeloT. vinaidan 

}{\ 1eE
N∈2

2e },{\ 21 eeE
E  simravle usasruloa  amitom 

procesi ar SeiZleba Sewydes raime Nn∈  bijze da induqciis principis 

Tanaxmad nebismier  naturalur ricxvs Seesabameba raime ricxvi 

. Aagebuli asaxva  ineqciaa. vaCvenoT, rom is sureqciia anu 

. vTqvaT . simravle 

Nn∈
Een ∈ ENf →:

ENf =)( Ee∈ }{ enNn ≤∈  sasrulia, da maSasadame misi 

qvesimravle }{ enEn ≤∈ . vTqvaT  k  elemenTta raodenobaa ukanasknel 

simravleSi. maSin agebis Tanaxmad eek = . 
b) vTqvaT  simravleTa  Tvladi sistemaa iseTi,  rom 

TiToeuli  simravle Tvladia, amitom simravle 

 usasruloa.  simravlis   elementi SegviZlia gavaigiveoT 

 naturalur ricxvTa wyvilTan. maSasadame 

,...,...,, 21 nXXX
,...},...,,{ 121

mmmm xxxX =

nNn
XX

∈
∪= mX n

mx

),( nm X  simravle SegviZlia 

gavaigiveoT NN ×  simravlis raRac usasrulo qvesimravlesTan.  Teoremis 

b) punqtis dasamtkiceblad sakmarisia avagoT, raime bieqcia NNNf →×: . 
aseTi bieqciis  erTerTi magaliTia funqcia mocemuli wesiT 

mnmnmnm +
+++

→
2

)1)((),(  (aRniSnuli asaxvas aqvs saxe: Cven gadavnomravT 

sibrtyis wertilebs kordinatebiT  diagonalebis gaswvriv sadac 

 mudmivia.) Teorema damtkicebulia. 

),( nm
nm +

maSasadame nebismieri Tvladi simravlis nebismieri qvesimravle an 

sasrulia an Tvladi. im SemTxvevaSi roca simravle an sasrulia an 

Tvladi amboben rom simravle araumetes Tvladia. MmaSasadame zemoT 

moyvanili debuleba SeiZleba ase CamovayaliboT: Tvlad simravleTa 

araumetes Tvladi gaerTianeba Tvladia.  

Sedegi. Racionalur ricxvTa  simravle Tvladia. Q

Ddamtkiceba. Nnebismieri racionaluri ricxvi 
n
m  SeiZleba gavaigiveoT 

dalagebul wyvilTan   ),( nm NN ×  simravlidan. Oori wyvili  da 
  gvaZlevs erTidaigive racionalur ricxvs , maSin da mxolod 

maSin roca isini proporciulia. MmaSasadame Tu nebismieri racionaluri 

ricxvisaTvis im  warmodgenas amovirCevT, romlis meore 

),( nm
)','( nm

),( nm
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komponenti(mniSvneli)   minimaluri naturaluri ricxvia, miviRebT, rom 

arsebobs bieqcia Q  simravlesa da NN ×  simravlis raRac usasrulo 

qvesimravles Soris anu  simravle Tvladia. Q
 

                        araTvladi simravleebi. 

UgansazRvreba 2.37. usasrulo simravles romelic Tvladi araa 

araTvladi simravle ewodeba. 

Teorema 2.38. (kantori) namdvil ricxvTa simravle araTvladia. 

(maSasadame namdvil ricxvTa simravle ar SeiZleba warmodgenili 

mimdevrobis saxiT.) ∞
=1}{ nna

Ddamtkiceba. vaCvenoT, rom  segmenti araa Tvladi. dauSvaT 

winaaRmdegi. vTqvaT igi Tvladia anu is SegviZlia warmovidginoT 

 mimdevrobis saxiT. aviRoT  wertili  da davafiqsiroT  

 segmentis raime qveqegmenti  romelic ar Seicavs  wertilis. 

 segmentSi avagoT  segmenti, romelic ar Seicavs  -s. gavagrZeloT 

es procesi anu Tu agebuli gvaqvs segmenti ,( )  avagoT axali 

,( ),  segmenti TvisebiT 

]1,0[

,...,...,, 21 nxxx 1x

0]1,0[ I= 1I 1x

1I 2I 2x

nI 0|| >nI

1+nI 0|| 1 >+nI nn II ⊂+1 11 ++ ∉ nn Ix . Cvens mier agebul 

erTmaneTSi Calagebul segmentebs cxadia eqnebaT saerTo erTi wertili 

mainc, romelic cxadia aris  segmentis wertili , magram is Cveni 
agebis Tanaxmad ar emTxveva  mimdevrobis arcerT wertils. 

rac winaaRmdegobaa. Teorema damtkicebulia. 

]1,0[
,...,...,, 21 nxxx

Sedegi.  (anu arsebobs namdvili ricxvi romelic racionaluri ar 

aris). 

RQ ≠

                              savarjiSoebi 

 

1. namdvil ricxvs vuwodoT algebruli Tu is raime racionaluri 

koeficientebis mqone algebruli polinomis fesvia, winaaRmdeg 

SemTxvevaSi mas transcendentuli ricxvi vuwodoT. magaliTad 

,..2,2 7  algebrulia (ganixileT mag. ) aCveneT, rom a) 

algebrul ricxvTa simravle Tvladia b) transcendentuli ricxvi 

arsebobs.  

02.02 72 =−=− xx

2. aCveneT, rom iracionalur ricxvTa simravle araTvladia. 

3. aCveneT, rom nebismieri usasrulo simravle Seicavs Tvlad 

simravles.  

4. aCveneT, rom sibrtyeze mdebare yvela im samkuTxedebis simravle 

romelTa kordinatebi racionaluri ricxvebia Tvladia. 

5. aCveneT, rom yvela sasruli aTwiladebis simravle Tvladia.  

6. daamtkiceT, rom segmentze gansazRvruli monotonuri funqciis 

wyvetis wertilTa simravle araumetes Tvladia. 

7. sibrtyeze mocemulia wertilTa simravle, romlis nebismier or 

wertils Soris manZili metia  π -ze. aCveneT, rom es simravle 

araumetes Tvladia. 

 

 

  

                                                     L        Tavi 3 
fundamenturi mimdevrobis cneba. ricxviTi mimdevrobis krebadobis  

koSis aucilebeli da sakmarisi niSani. ricxviTi mwkrivis krebadobis 

koSis aucilebeli da sakmarisi niSani. monotonuri mimdevrobebi da maTi 
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krebadoba. Nneperis ricxvi. mimdevrobis kerZo zRvrebi. Mmimdevrobis 

zusti zeda da zusti qveda zRvari. ricxviTi mwkrivis krebadobis 

zogierTi niSani. Nneperis ricxvis warmodgena mwkrivis saxiT. Nneperis 

ricxvis iracionalobis damtkiceba. 

 

zogierTi cneba da faqti kalkulusis kursidan. kalkulusis kursSi Cven 

SeviswavleT maTematikis erTerTi umniSvnelovanesi ricxviTi mimdevrobis 

zRvris cneba. MmTeli rigi sakiTxebi aRniSnul kursSi SeviswavleT 

aRweriTi formiT. qvemoT davadgenT, rom aRniSnuli cneba bunebriv 

kavSirSia sisrulis (uwyvetobis) aqsiomasTan. Ppirvel rigSi gavixsenoT 

zogierTi ukve cnobili (kalkulusis kursidan) ganmarteba da faqti. 

   gansazRvreba 3.1.  funqcias, romelic gansazRvrulia 

naturalur ricxvTa simravleze, uwodeben ricxviT mimdevrobas.  

funqciis  mniSvnelobebs uwodeben mimdevrobis wevrebs da maT 

aRniSnaven simboloTi 

RNf →:
f

)(nf
)(nfxn = . TviT mimdevrobas ki aRniSnaven  

simboloTi. (an  an ubralod 

1)( ≥nnx
∞
=1}{ nnx ,...2,1, =nxn ) mimdevrobis mocema 

SesaZlebelia wevrebis CamoTvliTac. magaliTad: 

 , , , . . . , , . . .  am SemTxvevaSi -s uwodeben mimdevrobis zogad 

wevrs. 

1x 2x 3x nx nx

   gansazRvreba 3.2. vityviT, rom  mimdevrobis zRvari aris a  
ricxvi da CavwerT 

1)( ≥nnx
axnn

=
∞→

lim , Tu yoveli 0>ε  ricxvisTvis arsebobs 

Nn ∈)(ε  ricxvi iseTi, rom  yoveli Nn∈ , )(εnn >  ricxvisTvis Sesruldeba 

ε<− axn  utoloba. 

   Tu adgili aqvs axnn
=

∞→
lim  tolobas, maSin vambobT, rom  

mimdevroba krebadia a  ricxvisken, xolo TviT  mimdevrobas krebads 

uwodeben. 

1)( ≥nnx

1)( ≥nnx

   Tu mimdevrobas zRvari ar gaaCnia, maSin mas ganSlads uwodeben. 

   ricxviT RerZze  wertilis midamos uwodeben nebismier intervals, 

romlis Seicavs  a  wertils.  kerZod,  ricxvis 

a
a ε  midamos uwodeben 

( )εε +− aa ,  intervals. 

   mimdevrobis zRvris cnebidan gamomdinareobs, rom  ricxvi aris 

mimdevrobis zRvari, Tuki -s nebismier midamoSi xvdeba mimdevrobis 

yvela wevri, garda SesaZloa sasruli raodenobiT wevrebisa. 

a
a

   magaliTebi: 3.3. 

   1) 01lim =
∞→ nn

,  vinaidan  ε<=−
nn
101

,  roca ⎥⎦
⎤

⎢⎣
⎡=>
ε

ε 1)(nn . 

   2) 0)1(lim =
−

∞→ n

n

n
, vinaidan  ε<=−

−
nn

n 10)1(
,  roca ⎥⎦

⎤
⎢⎣
⎡=>
ε

ε 1)(nn . 

   3) 11lim =
+

∞→ n
n

n
, vinaidan  ε<=−

+
nn

n 111
,  roca ⎥⎦

⎤
⎢⎣
⎡=>
ε

ε 1)(nn . 

   4) 0sinlim =
∞→ n

n
n

, vinaidan  ε<≤−
nn

n 10sin
,  roca ⎥⎦

⎤
⎢⎣
⎡=>
ε

ε 1)(nn . 

   5) 01lim =
∞→ nn q

 roca 1>q . marTlac,  ε<=− nn qq
101

, roca 
ε
1log qn > . 
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   6) ganvixiloT  mimdevroba anu   -1, 1, -1, 1, -1, 1, . . . n
nx )1(−=

Ees mimdevroba ganSladia, vinaidan nebismieri Ra∈ ricxvisTvis arsebobs        

am ricxvis midamo, romlis gareT moxvdeba an -1, an 1, e. i. mimdevrobis 

usasrulo raodenobiT wevrebi. 

   gansazRvreba 3.4.   mimdevrobas ewodeba stacionaluri (mudmivi), 

Tu arsebobs  namdvili ricxvi da  nomeri, iseTi, rom 

1)( ≥nnx
c 0n cxn = , roca 

. 0nn ≥
   gansazRvreba 3.5.  mimdevrobas ewodeba SemosazRvruli zemodan, 

Tu arsebobs 

1)( ≥nnx
RM ∈  iseTi, rom Mxn ≤ ,  Nn∈ . 

    mimdevrobas ewodeba SemosazRvruli qvemodan, Tu arsebobs 

 iseTi, rom ,  

1)( ≥nnx
Rm∈ mxn ≥ Nn∈ . 

    mimdevrobas ewodeba SemosazRvruli, Tu is aris 

SemosazRvruli zemodanac da qvemodanac, anu arsebobs 

1)( ≥nnx
RP∈  ricxvi 

iseTi, rom Pxn ≤ , . Nn∈
  Kkalkulusis kursSi Cven davamtkiceT Semdegi Teoremebis 

samarTlianoba: 

   Teorema 3.6 .a) stacionaluri mimdevroba krebadia. 

   b) Tu mimdevroba krebadia, maSin mas gaaCnia erTaderTi zRvari. 

   g) krebadi mimdevroba SemosazRvrulia. 

    

   SeniSvna 3.7. mimdevrobis SemosazRvruloba mimdevrobis krebadobis  

aucilebeli pirobaa, magram araa sakmarisi. Aamas adasturebs zemoT 

moyvanili 6) magaliTi SemosazRvruli, magram ganSladi mimdevrobisa. 

   Teorema 3.8. vTqvaT,  da  raime krebadi mimdevrobebia. Tu 1)( ≥nnx 1)( ≥nny
axnn

=
∞→

lim  da , maSin bynn
=

∞→
lim

   a) bayx nnn
+=+

∞→
)(lim ; 

   b) abyx nnn
=⋅

∞→
)(lim ; 

   g) 
b
a

y
x

n

n

n
=

∞→
lim , Tu  , 0≠ny ,...3,2,1=n   da 0≠b . 

                                    

     Teorema 3.9. a) vTqvaT,   da  raime krebadi mimdevrobebia. 

Tu 

1)( ≥nnx 1)( ≥nny

axnn
=

∞→
lim , bynn

=
∞→

lim  da , maSin arsebobs  nomeri iseTi, rom yoveli     ba < 0n

0nn > -isTvis sruldeba nn yx <  utoloba. 

     b) vTqvaT,  ,  da  mimdevrobebi iseTia, rom roca 

,  sruldeba 

1)( ≥nnx 1)( ≥nny 1)( ≥nnz

0nn ≥ Nn ∈0 nnn yzx ≤≤  utoloba. Tu amas garda ,  

mimdevrobebi krebadia da 

1)( ≥nnx 1)( ≥nny
ayx nnnn

==
∞→∞→

limlim , maSin krebadia  

mimdevrobac da . 

1)( ≥nnz

aznn
=

∞→
lim

     Sedegi 3.10. vTqvaT, axnn
=

∞→
lim  da bynn

=
∞→

lim .   

a) Tu adgili aqvs utolobas , roca , nn yx ≥ 0nn ≥ Nn ∈0 , maSin . ba ≥
b) Tu adgili aqvs utolobas , roca , nn yx > 0nn ≥ Nn ∈0 , maSin . ba ≥
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    gansazRvreba 3.11. vityviT, rom  mimdevroba aris usasrulod 

mcire, Tu 

1)( ≥nnx
.0lim =

∞→ nn
x  

   Teorema 3.12. usasrulod mcire mimdevrobis namravli SemosazRvrul 

mimdevrobaze  kvlav usasrulod mcire mimdevrobaa. 

   magaliTi 3.13. vTqvaT, 
n

xn
1

=  da nyn sin= . cxadia,  rom 
n

xn
1

=  

usasrulod Mmcirea, xolo nyn sin=  mimdevroba SemosazRvrulia, magram 

ar aris krebadi. Mmiuxedavad amisa, nn yx ⋅  mimdevroba usasrulod mcirea, 

anu .0sin1lim =⋅
∞→

n
nn

 

   gansazRvreba 3.14. vityviT, rom  mimdevrobis zRvari aris 1)( ≥nnx ∞+  da 

CavwerT +∞=
∞→ nn

xlim , Tu RM ∈∀  ricxvisTvis NMn ∈∃ )(  iseTi, rom roca  

)(Mnn > ,  gveqneba . Mxn >
   vityviT, rom  mimdevrobis zRvari aris  da CavwerT 

, Tu 

1)( ≥nnx ∞−
−∞=

∞→ nn
xlim RM ∈∀  ricxvisTvis NMn ∈∃ )(  iseTi, rom roca ,  

gveqneba . 

)(Mnn >

Mxn <
   vityviT, rom  mimdevrobis zRvari aris  1)( ≥nnx ∞  da CavwerT ∞=

∞→ nn
xlim , 

Tu RM ∈∀  ricxvisTvis NMn ∈∃ )(  iseTi, rom roca ,  gveqneba )(Mnn >
Mxn > . 

   aRniSnul SemTxvevebSi mimdevrobas ewodeba usasrulod didi. 

   magaliTi 3.15. 1) ; 2) ; 3) . +∞=
∞→

2limn
n

−∞=−
∞→

)(lim 3n
n

∞=⋅−
∞→

nn

n
)1(lim

 

 

Ffundamentaluri mimdevrobebi. ricxvTa mimdevrobis zRvris cneba, 

romelic Seswavlili iyo samwuxarod uSualod ver iZleva raime  

mimdevrobis krebadobis (an ganSladobis) aRmoCenis saSualebas. qvemoT 

Cven SeviswavliT iseT niSnebs, romlebic mimdevrobis wevrTa 

“yofaqcevis” SeswavliT saSualebas  mogvcems davadginoT mimdevrobis 

krebadobis, Tu ganSladobis sakiTxi. erT-erTi aseTi fundamentaluri 

niSani ekuTvnis frang maTematikoss koSs(1789-1857). koSis Teoremis 

intuiciuri Sinaarsi imaSi mdgomareobs, rom Turme mimdevroba krebadia 

maSin da mxolod maSin, roca mimdevrobis nomris zrdasTan erTad am 

mimdevrobis wevrTa “gadaadgilebani” TandaTanobiT qrebian, an 

sxvanairad, Tu ori didi “nomris” mqone wevri “erTmaneTTan axlos” 

AaRmoCndebian. 

1)( ≥nnx

   gansazRvreba 3.16.  mimdevrobas ewodeba fundamenturi, Tu yoveli 1)( ≥nnx
0>ε  ricxvisTvis arsebobs nomeri Nn ∈)(ε  iseTi, rom yoveli )(εnn >  da 

)(εnm >  nomrebisTvis Sesruldeba ε<− mn xx  utoloba. 

   Teorema 3.17.(koSis kriteriumi). imisaTvis, rom  mimdevroba iyos 

krebadi, aucilebelia da sakmarisi, rom is iyos fundamenturi. 

1)( ≥nnx

Ddamtkiceba.  vTqvaT axnn
=

∞→
lim  da 0>ε  raime fiqcirebuli ricxvia. maSin 

zRvris ganmartebis Tanaxmad moiZebneba Nk ∈  ricxvi iseTi, rom roca 

gveqneba kmkn >> ,
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                         ,2/||,2/|| εε <−<− axax mn  

 Aamitom, roca  gveqneba kmkn >> ,
      εεε =+<−+−≤−+−=− 2/2/|||||)()(||| mnmnmn xaaxxaaxxx  

amiT Cven davadgineT, rom yoveli krebadi mimdevroba fundamentaluria.  

pirobis aucilebloba damtkicebulia. 

sakmarisoba. vTqvaT  fundamentaluri mimdevrobaa. Ees niSnavs, rom 1)( ≥nnx
0>∀ε  ricxvisaTvis arsebobs Nk ∈  ricxvi iseTi, rom roca 

gvaqvs kmkn ≥≥ ,
                                  3/|| ε<− mn xx  . 

Aam utolobaSi dauSvaT, rom km = , maSin miviRebT, rom   kn ≥∀
                           3/3/ εε +<<− knk xxx .                       (1) 

 Ees niSnavs, rom   mimdevroba SemosazRvrulia. M yoveli 

fundamentaluri mimdevroba SemosazRvrulia. 

1)( ≥nnx
Nn∈∀  ricxvisaTvis 

ganvsazRvroT ricxvebi  

                { } { } .sup,...,sup;inf,...,inf 11 m
nm

nnnmnmnnn xxxbxxxa
≥

+≥+ ====  

cxadia, rom  gvaqvs Nn∈∀ nnn bxa ≤≤ . amasTan  mimdevroba zrdadia, 

xolo  mimdevroba klebadi. ganvixiloT segmentTa (SesaZlebelia 

aRmoCndes, rom  raRac nomridan dawyebuli) mimdevroba 

.  (1) pirobis  ZaliT 

1)( ≥nna

1)( ≥nnb

nn ba =
,...2,1],,[ =nba nn kn ≥∀  

                         3/3/ εε +<≤≤≤− knnnk xbxax . 

saidanac gveqneba εε
<<−

3
2

nn ab , roca .  maSasadame kn ≥ ,...2,1],,[ =nba nn  

Calagebul segmentTa mimdevrobaa iseTi, rom am mimdevrobaSi arsebobs 

ragind mcire sigrZis segmenti, amitom arsebobs erTaderTi  wertili 

iseTi, rom  

a
Nn∈∀   .  ],[ nn baa∈

Aamrigad  sruldeba utolobebi: kn ≥∀
                       nnnnn bxabaa ≤≤≤≤ ; , 

saidanac gveqneba  

                       ε<−≤− nnn abax || , 

roca . Ees ki imas niSnavs, rom kn ≥ axnn
=

∞→
lim . Teorema damtkicebulia.  

 

 magaliTi 3.18. koSis kriteriumis gamoyenebiT vaCvenoT, rom  

mimdevroba ganSladia.  

n
nx )1(−=

Ppirvel rigSi SevniSnoT, rom  mimdevroba ar aris fundamenturi 

niSnavs, rom arsebobs 

1)( ≥nnx
0>ε  ricxvi iseTi, rom yoveli  nomrisTvis 

arsebobs  da  nomrebi, romelTaTvisac 

Nn∈
nn >1 nn >2 ε≥−

21 nn xx . 

   aviRoT 1=ε . maSin yoveli Nn∈  nomrisTvis gvaqvs 

.12)1(121 ε=>=−−=− ++ nn xx  maSasadame  mimdevroba ar aris 

fundamenturi, e. i. koSis kriteriumis ZaliT mocemuli mimdevroba ar 

aris krebadi. 

n
nx )1(−=
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   magaliTi3.19. vTqvaT, Mmocemulia mimdevroba 

nn
nx

2
cos...

2
3cos

2
2cos

2
1cos1 32 +++++= ,   koSis kriteriumis gamoyenebiT 

vaCvenoT, rom es mimdevroba krebadia.  

.1≥n

  vTqvaT, pnm += . maSin ≤
+

++
+

+
+

=−=− ++++ pnnnnpnnm
pnnnxxxx

2
)cos(...

2
)2cos(

2
)1cos(

21  

ε<<−=++≤
+

++
+

+
+

≤ ++++++ npnpnnnpnnn

pnnn
2
1)

2
11(

2
1

2
1...

2
1

2
1

2
)cos(...

2
)2cos(

2
)1cos(

2121 ) ⇒ 

ε
1log2>⇒ n .  Aamrigad, sakmarisia aviRoT 1]1[log)( 2 +=

ε
εn . maSin )(εnn >  da 

)(εnm >  nomrebisTvis Sesruldeba ε<− mn xx  utoloba, e. i.  

mimdevroba fundamenturia, maSasadame aris krebadic. 

1)( ≥nnx

magaliTi 3.20.  vTqvaT mocemuli gvaqvs  arauaryofiT mTel 

ricxvTa mimdevroba, sadac 

,...,...,, 21 naaa
,...2,1;90 =≤≤ nan  ganvixiloT sasrul aTobiT 

aTwiladTa mimdevroba:  

                                , 11 ,0 ax = 212 ,0 aax = ,…., nn aaaax ...,0 321= ,…. 
vaCvenoT, rom  mimdevroba krebadia. vTqvaT . SevafasoT 1)( ≥nnx nm > nm xx −  

sxvaoba.  

mnnnmnnnnm aaaaaaaaaaaaxx 21212121 0...00,0|...,0...,0||| ++++ =−=− = 

( )
n

mn

mnnm
m

n
n

n
n aaa

10
1

10/11
))10/1(1(10/19

10
9....

10
9

10
9

10
....

1010

11

212
2

1
1 <

−
−

⋅=+++≤+++
++

+++
+

+
+ . 

aviRoT 0>ε  ricxvi da vipovoT iseTi Nk ∈  ricxvi, rom Sesruldes 

utoloba 

                         
εε

ε 1lg110
10

1
>⇒>⇒< kk

k ,  

dauSvaT 11lg0 +⎥⎦
⎤

⎢⎣
⎡=

ε
n , maSin cxadia gveqneba ε<− || nm xx , roca . 

maSasadame  mimdevroba krebadia. cxadia misi zRvari aris mwkrivis 

jami 

0nnm >>

1)( ≥nnx

....
10

....
1010 2

21 ++++ n
naaa

 romelsac mokled avRniSnavT ase 

(usasrulo aTwiladi). ......,0 321 naaaa
magaliTi. 3.21. vaCvenoT, rom mimdevroba , romlis zogadi wevria  1)( ≥nnx

n
xn

1...
3
1

2
1

2
11 +++++=  ganSladia. 

marTlac  Nn∈∀

2
1

2
11...

2
1

1
1|| 2 =⋅>

+
++

+
+

+
=−

n
n

nnnn
xx nn . 

Aamitom koSis kriteriumis Tanaxmad es mimdevroba ganSladia. SevniSnoT, 

rom zemoT moyvanili mimdevroba warmoadgens harmoniuli mwkrivis 

 ....1...
3
1

2
1

2
11 ++++++

n
kerZo jamebs.  

 Cven kalkulusis kursSi SeviswavleT ricxviTi mwkrivebi. U”usasrulo 

raodenoba” ricxvebis jamis cneba arsebiTad eyrdnoba ricxviTi 

mimdevrobis krebadobis cnebas. Aarsebobs bunebrivi kavSiri ricxviTi 

mwkrivebis Teoriasa da ricxviTi mimdevrobebis krebadobis sakiTxebs 
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Soris. mTeli rigi debulebebi ricxviTi mimdevrobebis Sesaxeb saTanado 

bunebrivi saxecvlilebiTcvlebiT SegviZlia CamovayaliboT ricxviTi 

mwkrivebisaTvis.  

   vTqvaT, mocemulia namdvil ricxvTa  mimdevroba. ganvixiloT 

misi wevrebisagan Sedgenili formaluri usasrulo jami 

1)( ≥nnx

......321 +++++ nxxxx , romelsac mokled aRvniSnavT simboloTi.  ∑
∞

=1n
nx

   gansazRvreba 3.22. ......321 +++++ nxxxx =∑  usasrulo jams uwodeben 

usasrulo mwkrivs, an mokled mwkrivs.  mimdevrobis wevrebs 

uwodeben mwkrivis wevrebs, xolo -s uwodeben mwkrivis zogad wevrs (an 

mwkrivis -ur wevrs). 

∞

=1n
nx

1)( ≥nnx

nx
n

   ganvsazRvroT namdvil  ricxvTa mimdevroba  Semdegi wesiT: 

. Magebul mimdevrobas  uwodeben mocemul  mwkrivis kerZo 

jamTa mimdevrobas, xolo mis wevrebs uwodeben mwkrivis kerZo jamebs. 

1)( ≥nnS

∑
=

=
n

k
kn xS

1
∑
∞

=1n
nx

   gansazRvreba 3.23. Tu  mwkrivis  kerZo jamTa mimdevroba 

krebadia, maSin mwkrivs uwodeben krebads, xolo  mimdevrobis  

zRvars uwodeben mwkrivis jams da Caweren . Tu mwkrivis kerZo 

jamTa mimdevroba ganSladia, maSin mwkrivsac ganSlads uwodeben. 

∑
∞

=1n
nx 1)( ≥nnS

1)( ≥nnS S

Sx
n

n =∑
∞

=1

   SeniSvna 3.24.  vTqvaT, mocemulia raime  mimdevroba. aviRoT 

, , , . . . , 

1)( ≥nnx

11 xy = 122 xxy −= 233 xxy −= 1−−= nnn xxy , . . . maSin   mwkrivis 

kerZo jamTa mimdevroba iqneba winaswar mocemuli  mimdevroba. 

marTlac, 

∑
∞

=1n
ny

1)( ≥nnx

nnnnn xxxxxxyyyS =−+−+=+++= − )...()(... 112121 . 

gansazRvreba 3.25. vTqvaT, mocemulia mwkrivi. ganvixiloT mwkrivi  ∑
∞

=1n
nx

   . Aam mwkrivs uwodeben mwkrivis -ur naSTs.        

SeniSvna 3.26. vTqvaT, mwkrivi krebadia da misi jamia . maSin 

. aqedan , amitom 

∑
∞

+=
+++ =+++

1
321 ...

nk
knnn xxxx ∑

∞

=1n
nx n

∑
∞

=1n
nx S

∑∑∑
∞

+=

∞

+==

∞

=

+=+==
1 111 nk nk

knk

n

k
k

n
n xSxxxS ∑ n

nk
kn SSxr −== ∑

∞

+= 1

0)(limlim =−=−=
∞→∞→

SSSSr nnnn
. 

 

 mimdevrobisaTvis ukve cnobili koSis Teoremas ricxviTi 

mwkrivebisaTvis aqvs Semdegi saxe 

   Teorema 3.26.(mwkrivis krebadobis koSis kriteriumi). imisaTvis, rom 

mwkrivi iyos krebadi, aucilebelia da sakmarisi, rom yoveli ∑
∞

=1n
nx 0>ε  
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ricxvisTvis arsebobdes Nn ∈)(ε  nomeri iseTi, rom yoveli )(εnn >  da 

yoveli  naturaluri ricxvebisTvis Sesruldeba utoloba p ε<∑
+

+=

pn

nk
nx

1
. 

  Ddamtkiceba.  Teoremis damtkiceba uSualod gamomdinareobs 

mimdevrobis krebadobis koSis kriteriumidan Tu gaviTvaliswinebT, rom 

. ∑
+

+=
+ =−

pn

nk
nnpn xSS

1

   Sedegi 3.27. Tu mwkrivi krebadia, maSin masSi sasruli raodenobis 

wevrebis SecvliT miRebuli mwkrivi krebadia. Tu ∑ mwkrivi ganSladia, 

maSin masSi sasruli raodenobis wevrebis SecvliT miRebuli mwkrivi 

ganSladia.  

∑
∞

=1n
nx

∞

=1n
nx

   Teorema 3.28. imisaTvis, rom mwkrivi iyos krebadi, aucilebelia, 

rom misi zogadi wevris zRvari iyos nulis toli, e. i. aucilebelia, rom 

.                              

∑
∞

=1n
nx

0lim =
∞→ nn

x

   damtkiceba. marTlac, vTqvaT mwkrivis  kerZo jamTa mimdevroba 

krebadia. maSin 

1)( ≥nnS
0limlim)(limlim 11 =−=−=−= −∞→∞→−∞→∞→

SSSSSSx nnnnnnnnn
. Teorema 

damtkicebulia. 

   magaliTi 3.29. ganvixiloT mwkrivi ...1...
3
1

2
111

1
+++++=∑

∞

= nnn

  . mas 

uwodeben harmoniul mwkrivs. koSis kriteriumis gamoyenebiT Cven ukve 

vaCvenoT, rom  kerZo jamTa mimdevroba 
n

Sn
1...

3
1

2
11 ++++=  ganSladia.  

maSasadame harmoniuli mwkrivi ganSladia. 

   aRniSnuli magaliTi gviCvenebs, rom wina TeoremaSi  piroba 

araa sakmarisi  mwkrivis krebadobisaTvis. 

0lim =
∞→ nn

x

∑
∞

=1n
nx

   magaliTi. 3.30. ganvixiloT mwkrivi , (......1 2

1

1 +++++=∑
∞

=

− n

n

n qqqq )1<q  , 

romlis wevrebi Seadgenen usasrulo klebad geometriul progresias . 

gvaqvs 
q
qqqqS

n
n

n −
−

=++++= −

1
1...1 12

. maSin 
qq

qS
n

nnn −
=

−
−

=
∞→∞→ 1

1
1
1limlim . e. i. 

q
q

n

n

−
=∑

∞

=

−

1
1

1

1
, roca 1<q . 

   Tu 1>q , maSin  mwkrivi ganSladia vinaidan 

mwkrivis zogadi wevri nulisken ar miiswrafis. 

......1 2

1

1 +++++=∑
∞

=

− n

n

n qqqq

   magaliTi 3.31. gamoTvaleT usasrulo jami ...
)1(

1...
43

1
32

1
21

1
+

+
++

⋅
+

⋅
+

⋅ nn
 

   aviRoT =nS =
+
−+

++
⋅
−

+
⋅
−

=
+
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⋅

+
⋅

+
⋅ )1(
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32
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32
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1
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1

11
1

111
1

1...
3
1

2
1

2
11

+
−=

+
−+−

−
++−+−

nnnnn
. maSin 1)

1
11(limlim =
+

−=
∞→∞→ n

S
nnn

. 

Aamrigad, ...
)1(

1...
43

1
32

1
21

1
+

+
++

⋅
+

⋅
+

⋅ nn
=1. 

                           

 Mmonotonuri mimdevrobebi. gansazRvreba 3.32.  mimdevrobas ewodeba 

zrdadi, Tu 

1)( ≥nnx
Nn∈∀  nomrisTvis adgili aqvs 1+< nn xx  Uutolobas; ewodeba 

araklebadi, Tu  nomrisTvis adgili aqvs  Uutolobas; 

ewodeba klebadi, Tu  nomrisTvis adgili aqvs  Uutolobas; 

ewodeba arazrdadi, Tu 

Nn∈∀ 1+≤ nn xx
Nn∈∀ 1+> nn xx

Nn∈∀  nomrisTvis adgili aqvs  

Uutolobas. 

1+≥ nn xx

    mimdevrobas ewodeba monotonuri, Tu is aris zrdadi, an  

araklebadi, an klebadi,  an arazrdadi. 

1)( ≥nnx

   Teorema 3.33. (vaierStrasi). imisaTvis, rom araklebadi mimdevroba iyos 

krebadi, aucilebelia da sakmarisi, rom  is iyos zemodan 

SemosazRvruli.  

Ddamtkiceba. is rom yoveli krebadi mimdevroba SemosazRvrulia, CvenTvis 

ukve cnobilia kalkulusis kursidan. davamtkicoT Teoremis meore 

nawili. vTqvaT araklebadi  mimdevroba zemodan SemosazRvrulia. 

maSin  simravle romelic mimdevrobis  wevrebisagan (yvela) Semdgeba  

zemodan SemosazRvrulia da mas gaaCnia zusti zeda sazRvari. avRniSnoT 

. davamtkicoT, rom 

1)( ≥nnx

n
Nn

xa
∈

= sup nn
xa

∞→
= lim .  simravlis zusti zeda sazRvris 

ganmartebis ZaliT, nebismierad fiqsirebuli 0>ε  ricxvisaTvis 

moiZebneba  ricxvi iseTi, rom Nk ∈ ε−> axk .  radgan   mimdevroba 

zrdadia, amitom roca  geqneba 

1)( ≥nnx
kn > ε−>≥ axx kn . Mmeore mxriv Nn∈∀  

gvaqvs ε+<≤ aaxn  amitom εε +<<− axa n , roca . Ees ki niSnavs imas, 

rom . Teorema damtkicebulia. SevniSnoT, rom faqtiurad Cven 

davamtkiceT cota meti, saxeldobr Teoremis pirobebSi . 

kn >

nn
xa

∞→
= lim

n
Nn

nn
xx

∈∞→
= suplim

analogiurad damtkicdeba 

 Teorema 3.34. (vaierStrasi). imisaTvis, rom arazrdadi mimdevroba iyos 

krebadi, aucilebelia da sakmarisi, rom  is iyos qvemodan 

SemosazRvruli. (am SemTxvevaSi nNnnn
xx

∈∞→
= inflim .) 

  SeniSvna 3.35. advili dasadgenia, rom Tu araklebadi(arazrdadi)   

mimdevroba zemodan (qvemodan) SemosazRvruli araa, maSin 

. 

1)( ≥nnx

)lim(,lim −∞=+∞=
∞→∞→ nnnn

xx

 SeniSvna 3.36. zemoT moyvanil TeoremebSi zemodan an qvemodan 

SemosazRvrulobis moTxovna tolZalovania SemosazRvrulobis 

moTxovnis. 

SeniSvna 3.37. zemoT moyvanili Teoremebi cxadia samarTliania im 

SemTxvevaSi Tu mimdevrobas monotonurobis xasiaTi aqvs raRac nomridan 

dawyebuls. 
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  Sedegi 3.38. vTqvaT, mocemulia mwkrivi, sadac  . imisaTvis, 

rom es mwkrivi iyos krebadi, aucilebelia da sakmarisi, rom misi kerZo 

jamTa mimdevroba iyos SemosazRvruli. 

∑
∞

=1n
nx ,0≥nx 1≥n

Ddamtkiceba. sakmarisia SevniSnoT, rom mocemuli ricxviTi mwkrivis 

kerZo jamebis mimdevroba  aris araklebadi. 1)( ≥nnS
 

 

Nneperis ricxvi. ganvixiloT erTi mniSvnelovani magaliTi 

 

 magaliTi 3.39. vTqvaT, Mmocemulia mimdevroba 

n

n n
x ⎟

⎠
⎞

⎜
⎝
⎛ +=

11 ,  

davamtkicoT, rom es mimdevroba krebadia. ganvixiloT damxmare 

mimdevroba 

.1≥n

111
+

⎟
⎠
⎞

⎜
⎝
⎛ +=

n

n n
y . vaCvenoT. rom   mimdevroba zrdadia, xolo  

mimdevroba klebadia. amisaTvis gamoviyenebT cnobil bernulis 

utolobas: , roca 

nx ny

nxx n +≥+ 1)1( 1−>x  da Nn∈ . 

   ganvixiloT ≥⎟
⎠
⎞

⎜
⎝
⎛

++
−

+
+
+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
+

+
+

=⎟
⎠
⎞

⎜
⎝
⎛

+
⋅⎟

⎠
⎞

⎜
⎝
⎛

+
+

=
+

+ n
nnn

n

n

nnn
n

n
nn

n
n

n
n

n
n

x
x

12
11

1
2

)1(
)2(

1
2

11
2

22

1
1  

1
133
233

12
1

1
2

23

23

2 >
+++
+++

=⎟
⎠
⎞

⎜
⎝
⎛

++
−

+
+

≥
nnn
nnn

nn
n

n
n

 ⇒ , e. i.  zrdadia.  nn xx >+1 nx

   analogiuri gziT vaCvenebT, rom  mimdevroba klebadia. amasTan 

erTad 

ny

11 yyxx nn ≤<≤ , amitom   da  mimdevrobebi iqnebian 

SemosazRvruli, amitom zemoT moyvanili Teoremis ZaliT orive krebadia. 

nx ny

maSasadame, gvaqvs 

                

n

n

n

nn

n

n nnnn
⎟
⎠
⎞

⎜
⎝
⎛ +=⎟

⎠
⎞

⎜
⎝
⎛ +⋅⎟

⎠
⎞

⎜
⎝
⎛ +=⎟

⎠
⎞

⎜
⎝
⎛ +

∞→∞→∞→

+

∞→

11lim11lim11lim11lim
1

              

 

qvemoT Cven davamtkicebT, rom aRniSnuli zRvari aris iracionaluri 

ricxvi. mas aRniSnaven e  simboloTi da neperis ricxvs uwodeben.  7,2≈e .  

(aRniSnuli ricxvi iseTive mniSvnelovania analizSi, rogorc ricxvi π  

geometriaSi, maT Soris arsebobs fundamentaluri damokidebuleba 

.)  amrigad 1−=⋅πie
 

                              e
n

n

n
=⎟

⎠
⎞

⎜
⎝
⎛ +

∞→

11lim . 

maTematikaSi gansakuTrebiT gamoiyeneba iseTi logariTmebi, sadac fuZed 

aRebulia  ricxvi.  mocemuli  ricxvisaTvis logariTmi  fuZiT 

aRiniSneba  simboloTi da uwodeben  ricxvis naturalur 

logarims . 

e 0>x e
xln 0>x

   magaliTi 3.40. davamtkicoT, rom 0
2

lim =
∞→ nn

n
. 
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vTqvaT, nn
nx
2

= . maSin 1
2

11 <
+

=+

n
n

x
x

n

n , roca  amrigad, .1>n nn
nx
2

=  mimdevroba 

arazrdadia  da qvemodan SemosazRvruli, amitom is iqneba krebadi, amave 

dros nnnnnnnn
xx

n
nxx

∞→∞→+∞→∞→
=

+
== lim

2
1

2
1limlimlim 1 . saidanac viRebT, rom 0

2
lim =

∞→ nn

n
. 

  Aanalogiuri  wesiT SegviZlia davamtkiceT, rom 1) 0lim =
∞→ nn a

nα

, sadac 

, 1>a 0>α .  2) 0
!

lim =
∞→ n

an

n
, sadac Ra∈ . 

Nnamdvil ricxvTa zogierTi fundamentaluri principi. Cven SeviswavleT 

namdvil ricxvTa R simravlis mTeli rigi Tvisebebi, SevniSnoT, rom  R 

simravlis “analizuri” Tvisebebis dasabuTebis dros Cven viyenebdiT 

uwyvetobis(sisrulis) princips (romelic namdvil ricxvTa aqsiomatikaSi 

erTerT Aaqsiomad aris miCneuli).  R simravlis sisrulis Tviseba 

SegviZlia gamovsaxoT Semdegi debulebidan erT-erTiT. 

1. vTqvaT Ada Bnamdvil ricxvTa aracarieli qvesimravleebia. Tu Ax∈∀  

da  gvaqvs By∈∀ yx≤ ,  maSin arsebobs Rc∈  ricxvi iseTi, rom Ax∈∀  da 

sruldeba utolobaBy∈∀ ycx ≤≤  (dedekindis principi). 

2. namdvil ricxvTa zemodan SemosazRvrul simravles aqvs zusti zeda 

sazRvari (vaierStrasis principi).  

3. namdvil ricxvTa yovel zrdad da zemodan SemosazRvrul  

mimdevrobas aqvs sasruli zRvari (vaierStrasis principi).  

1)( ≥nnx

4. segmentis intervalebiT nebismieri dafarva Seicavs sasrul 

qvedafarvas (borel-lebegis principi). 

5. namdvil ricxvTa yovel SemosazRvrul usasrulo simravles gaaCnia 

erTi mainc zRvruli wertili (bolcano-vaierStrasis principi). 

6. namdvil ricxvTa yoveli fundamenturi mimdevroba krebadia(koSis 

principi). 

7. Tu segmentTa  mimdevroba akmayofilebs pirobebs: ,...2,1],,[ =nba nn

a) ...],[...],[],[ 2211 ⊃⊃⊃⊃ nn bababa  b) 0→− nn ab , roca ,  ∞→n
maSin arsebobs erTaderTi wertili Rx∈ iseTi, rom ],[, nn baxNn ∈∈∀  (koSi-

kantoris principi). 

sakmarisia namdvil ricxvTa R simravles movaSoroT Tundac erTi 

wertili, rom yvela zemoT aRniSnuli principi mcdari aRmoCndeba. 

Aam principebidan  TiToeuli SegviZlia aviRoT namdvil ricxvTa 

aqsiomatikur gansazRvraSi uwyvetobis aqsiomad. SevniSnoT, rom Tu 

uwyvetobis aqsiomad koSi-kantoris princips, maSin namdvil ricxvTa 

ganmsazRvrel aqsiomebSi unda postulirebdes agreTve arqimedes aqsioma. 

 

 

Mmimdevrobis zeda da qveda zRvari.  mimdevrobis kerZo zRvrebi.  

 

vTqvaT  mimdevroba zemodan SemosazRvrulia. avagoT axali  

mimdevroba Semdegi wesiT: 

1)( ≥nnx 1)( ≥nnS

k
nk

nnn xxxS
≥

+ == sup,...},sup{ 1  (aseTi mimdevroba Cven 

ukve agebuli gvaqvs koSis Teormis damtkicebisas). cxadia, rom agebuli 
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mimdevroba arazrdadia amitom mas gaaCnia sasruli zRvari an is 

miiswrafis ∞− -ken.  
im SemTxvevaSi, roca  mimdevroba araa SemosazRvruli zemodan 

maSin yoveli  nomrisaTvis 

1)( ≥nnx
Nn∈ +∞===

≥
+ k

nk
nnn xxxS sup,...},sup{ 1 . Aam 

SemTxvevaSi formalurad CavTvaloT, rom  . maSasadame 

nebismieri   ricxviTi  mimdevrobisaTvis  aris an sasruli 

ricxvi an  an (roca mimdevroba araa zemodan SemosazRvruli). 

+∞=
∞→ nn

Slim

1)( ≥nnx nn
S

∞→
lim

∞− ∞+
Gganmarteba 3.41.    ricxviTi mimdevrobis zeda zRvars uwodeben 

zRvars  (romelic aris sasruli ricxvi an  an 

1)( ≥nnx
( k

nkn
x

≥∞→
suplim ) ∞− ∞+ ) mas 

aRniSnaven simboloTi nn
x

∞→
lim .  

A analogiurad vTqvaT  mimdevroba qvemodan  SemosazRvrulia. 

avagoT axali  mimdevroba Semdegi wesiT: 

1)( ≥nnx

1)( ≥nns knknnn xxxs
≥+ == inf,...},inf{ 1  

(aseTi mimdevroba Cven ukve agebuli gvaqvs koSis Teormis damtkicebisas). 

cxadia, rom agebuli mimdevroba araklebadia amitom mas gaaCnia sasruli 

zRvari an is miiswrafis ∞+ -ken.  
  im SemTxvevaSi, roca  mimdevroba araa SemosazRvruli qvemodan 

maSin yoveli  nomrisaTvis 

1)( ≥nnx
Nn∈ −∞===

≥+ knknnn xxxs inf,...},inf{ 1 . Aam 

SemTxvevaSi formalurad CavTvaloT, rom  . maSasadame 

nebismieri   ricxviTi  mimdevrobisaTvis  aris an sasruli 

ricxvi an  an (roca mimdevroba araa qvemodan SemosazRvruli). 

−∞=
∞→ nn

slim

1)( ≥nnx nn
s

∞→
lim

∞+ ∞−
Gganmarteba 3.42.    ricxviTi mimdevrobis qveda zRvars uwodeben 

zRvars  (romelic aris sasruli ricxvi an  an 

1)( ≥nnx
( k

nkn
x

≥∞→
inflim ) ∞− ∞+ ) mas 

aRniSnaven simboloTi nn
x

∞→
lim .  

magaliTi. 3.43.  Nnx n
n ∈−= ,)1(

nn
x

∞→
lim = =  ( )k

nkn
x

≥∞→
suplim 1)1(lim =+

∞→n

nn
x

∞→
lim = =( )k

nkn
x

≥∞→
inflim 1)1(lim −=−

∞→n
 

magaliTi 3.44.  Nnnx
n

n ∈= − ,)1(

nn
x

∞→
lim = =( )k

nkn
k )1(suplim −

≥∞→
+∞=+∞

∞→
)(lim

n
 

nn
x

∞→
lim = =  ( )

k

k
nkn

)1(

inflim
−

≥∞→
00lim =

∞→n

magaliTi 3.45.  Nnnxn ∈= ,

nn
x

∞→
lim = =( )k

nkn ≥∞→
suplim +∞=+∞

∞→
)(lim

n
 

nn
x

∞→
lim = =  ( )k

nkn ≥∞→
inflim +∞=

∞→
n

n
lim

 

magaliTi 3.46. Nn
n

x
n

n ∈
−

= ,)1(
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nn
x

∞→
lim = ( )

k

k

nkn

)1(suplim −
≥∞→

=  0

nn
x

∞→
lim = ( )

k

k

nkn

)1(inflim −
≥∞→

=  0

magaliTi 3.47.  Nnnx n
n ∈−= ,)1(

nn
x

∞→
lim = =( )kk

nkn
)1(suplim −

≥∞→
+∞=+∞

∞→
)(lim

n
 

nn
x

∞→
lim = =( )kk

nkn
)1(inflim −

≥∞→
−∞=−∞

∞→
)(lim

n
 

magaliTi 3.48.  Nnnxn ∈−= ,2

nn
x

∞→
lim = =  ( )2suplim k

nkn
−

≥∞→
−∞=−

∞→

2lim n
n

nn
x

∞→
lim = =( )2inflim k

nkn
−

≥∞→
−∞=−∞

∞→
)(lim

n
 

 

gansazRvreba 3.49. vTqvaT  namdvil ricxvTa raime mimdevrobaa, 

xolo  aris naturalur ricxvTa zrdadi mimdevroba. 

maSin  ( ) mimdevrobas uwodeben  mimdevrobis 

qvemimdevrobas.  

1)( ≥nnx
......21 <<<< knnn

,...,...,,
,21 knnn xxx 1)( ≥knk

x 1)( ≥nnx

Ppirvel rigSi avRniSnoT, rom samarTliania  

   Teorema 3.50. Tu mimdevroba  krebadia, maSin misi nebismieri 

 qvemimdevroba krebadia igive zRvrisken. 

1)( ≥nnx

1)( ≥knk
x

Ddamtkiceba. sakmarisia  mimdevrobisaTvis gamoviyenoT pirdapir 

krebadobis cneba (an krebadobis koSis kriteriumi). 

1)( ≥nnx

 

   Teorema 3.51. (bolcano-vaierStrasi). yoveli SemosazRvruli ricxviTi 

mimdevrobidan gamoiyofa krebadi qvemimdevroba. 

Ddamtkiceba.  vTqvaT  SemosazRvruli mimdevrobaa, xolo 1)( ≥nnx E aris 

mimdevrobis wevrebisagan (yvela) Sedgenili simravle. SesaZloa es 

simravle iyos sasruli (mag.  mimdevrobisaTvis n
nx )1(−= }1,1{−=E ). Aam 

SemTxvevaSi arsebobs erTi mainc  da nomerTa mimdevroba 

 iseTi, rom 

x
......21 <<<< knnn xxxx

knnn ==== .......
,21

. Mmimdevroba  

mudmivia da amitom krebadia.  

1)( ≥knk
x

  Tu E simravle usasruloa, maSin bolcano-vaierStrasis Teoremis 

ZaliT mas gaaCnia erTi mainc zRvruli wertili . vinaidan x x  aris E 

simravlis zRvruli wertili amitom SegviZlia vipovoT nomeri Nn ∈1  

iseTi, rom . Tu 1||
1

<− xxn Nnk ∈  nomeri ukve arCeulia ise, rom 

, maSin gaTvaliswinebiT imisa, rom kxx
kn /1|| <− x  aris E simravlis 

zRvruli wertili, SegviZlia vipovoT nomeri 11 ; ++ <∈ kkk nnNn  iseTi, rom 

.  vinaidan )1/(1||
1

+<−
+

kxx
kn 01lim =

∞→ kk
 amitom agebuli qvemimdevroba 

 krebadia ...,....,,
,21 knnn xxx x  ricxvisaken. Teorema damtkicebulia. 

  ganvixiloT axla SemTxveva roca mimdevroba  araa 

SemosazRvruli. maSin nebismieri 

1)( ≥nnx
Nk ∈  ricxvisaTvis SegviZlia vipovoT 
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nomrebi  iseTi, rom  da Nnk ∈ kx
kn >|| 1+< kk nn . Aagebuli mimdevroba 

cxadia miiswrafis  . ∞
maSasadame samarTliania 

Teorema 3.52. (bolcano-vaierStrasi ganzogadoebuli Teorema). yoveli  

ricxviTi mimdevrobidan SegviZlia gamovyoT  krebadi qvemimdevroba an 

qvemimdevroba, romelic moiiswrafis ∞ -ken.  

 

magaliTi 3.53. ganvixiloT mimdevroba . Ees mimdevroba araa 

SemosazRvruli, maSasadame ganSladia. Aamave dros misi zRvari ar aris          

n

nxn
)1(−=

aranairi usasrulobis toli. aviRoT knk 2= ,  maSin  miviRebT  .1≥k
kx

kn 2=  qvemimdevrobas, romelic ganSladia +∞ -isken. Tu aviRebT 

, , maSin miviRebT 12 += knk 1≥k
12

1
+

=
k

x
kn  qvemimdevrobas, romelic 

krebadia 0-isken. 

   gansazRvreba 3.54.  ricxvis (an simbolos a ∞− , an ) uwodeben  

mimdevrobis kerZo zRvars, Tu  es mimdevroba Seicavs qvemimdevrobis, 

romlis zRvaria  ricxvi (

∞+ 1)( ≥nnx

a ∞− , an ∞+ ). 

   SeniSvna 3.55. Bbolcano-vaierStrasisganzogadoebuli Teoremis 

Tanaxmad nebismier mimdevrobas sasruli an usasrulobis toli erTi 

mainc kerZo zRvari gaaCnia.  

  magaliTi 3.56.  mimdevrobas gaaCnia ori kerZo zRvari: 0 da +
n

nxn
)1(−= ∞ . 

   Teorema 3.57. vTqvaT  mimdevroba SemosazRvrulia. vTqvaT 1)( ≥nnx E  

mocemuli mimdevrobis kerZo zRvrebis(yvela)  simravlea. E  simravles 

gaaCnia rogorc maqsimaluri aseve minimaluri elementi da samarTliania 

tolobebi: nn
x

∞→
lim = , Emax nn

x
∞→

lim = Emin . 

Ddamtkiceba.  damtkicebas moviyvanT qveda zRvrisaTvis(analogiuri 

msjeloba samarTliania zeda zRvrisaTvis).  vTqvaT nn
xs

∞→
= lim . rogorc 

viciT mimdevroba knknnn xxxs
≥+ == inf,...},inf{ 1  araklebadia da Rssnn

∈=
∞→

lim . 

visargebloT simravlis qveda sazRvris ganmartebiT induqciis 

gamoyenebiT avagoT nomrebis mimdevroba Nkn ∈  ise, rom 1+< nn kk  da 

.  SevniSnoT, rom nsxs nkn n
/1+<≤ snss nnnn

=+=
∞→∞→

)/1(limlim   da amitom ori 

policielis Sesaxeb Teoremis Tanaxmad sx
nkn
=

∞→
lim .  maSasadame nn

xs
∞→

= lim  

ricxvi mocemuli mimdevrobis erT-erTi kerZo zRvaria. vaCvenoT, rom es 

umciresi kerZo zRvaria. vTqvaT 0>ε  raime fiqsirebuli ricxvia. cxadia 

SegviZlia movZebnoT  ricxvi Nn∈  iseTi, rom nss <− ε  saidanac gveqneba 

k
nk

kn xxss ≤=<−
≥

infε  nebismieri .  maSasadame nk ≥ kxs <− ε  roca , 

saidanac davaskvniT, rom mocemuli mimdevrobis arcerTi kerZo zRvari 

ar SeiZleba naklebi iyos 

nk ≥

ε−s  ricxvze. Mmoyvanili msjeloba 

samarTliania nebismieri 0>ε  ricxvisaTvis. maSasadame mimdevrobis 

arcerTi kerZo zRvari ar aris   ricxvze naklebi. Teorema 

damtkicebulia. 

s

 

zogierTi Teorema ricxviTi mwkrivis krebadobis Sesaxeb. 

 40



   gansazRvreba 3.58.  mwkrivs uwodeben absoluturad krebads, Tu 

krebadia  mwkrivi. 

∑
∞

=1n
nx

||
1
∑
∞

=n
nx

   SeniSvna 3.59. Tu   mwkrivi krebadia absoluturad, maSin is 

krebadicaa. marTlac, radganac 

∑
∞

=1n
nx

pnnnpnnn xxxxxx ++++ ++≤+++ ...... 11 , amitom 

mwkrivis krebadobis koSis kriteriumis ZaliT mwkrivis absoluturi 

krebadobidan gamomdinareobs mwkrivis krebadoba. qvemoT moyvanili 

magaliTi ki gviCvenebs, rom krebadi mwkrivi SeiZleba ar iyos 

absoluturad krebadi. 

   magaliTi 3.60. ganvixiloT mwkrivi ...
3
1

3
1

2
1

2
111 +−+−+−   . misi kerZo 

jamia an 
n
1
 an 0. amitom kerZo jamTa mimdevroba krebadia nulisken, 

maSasadame mwkrivic krebadia nulisken. meore mxriv, mwkrivis wevrebis 

modulebisagan Sedgenili mwkrivia ...
3
1

3
1

2
1

2
111 ++++++  , romelic 

ganSladia, e. i. mwkrivi ar aris absoluturad krebadi. 

   gansazRvreba 3.61.  mwkrivs ewodeba pirobiT krebadi, Tu is 

krebadia, magram ar aris absoluturad krebadi. zemoT moyvanili 

magaliTi aris pirobiT krebadi mwkrivis magaliTi. 

∑
∞

=1n
nx

   Teorema 3.62. (Sedarebis Teorema). vTqvaT, ∑  da    arauaryofiT 

wevrebiani mwkrivebia. Tu arsebobs 

∞

=1n
nx ∑

∞

=1n
ny

Nn ∈0  nomeri iseTi, rom 0nn >∀  

nomrisTvis adgili aqvs nn yx ≤  utolobas, maSin  mwkrivis 

krebadobidan gamomdinareobs  mwkrivis  krebadoba, xolo  

mwkrivis ganSladobidan gamomdinareobs  mwkrivis ganSladoba. 

∑
∞

=1n
ny

∑
∞

=1n
nx ∑

∞

=1n
nx

∑
∞

=1n
ny

Ddamtkiceba. vinaidan mwkrivis sasruli raodenoba wevrebi mwkrivis 

krebadobis xasiaTze gavlenas ar axdens, amitom SegviZlia vigulisxmoT, 

rom  utoloba sruldeba nebismieri nomrisaTvis. MmaSin gveqneba  nn yx ≤

                          . n

n

k
k

n

k
kn ByxA =≤= ∑∑

== 11

Tu  mwkrivi krebadia, maSin araklebadi mimdevroba  

SemosazRvrulia da misi zvari tolia 

∑
∞

=1n
ny 1}{ ≥nnB

B  da samarTliania utoloba 

 yoveli . maSasadame araklebadi mimdevroba  

SemosazRvrulia da maSasadame  mwkrivi krebadia. Teoremis meore 

nawili avtomaturad miiReba tTeoremis ukve damtkicebuli nawilidan Tu 

dauSvebT winaaRmdegobas. Teorema damtkicebulia.  

BBA nn ≤≤ Nn∈ 1}{ ≥nnA

∑
∞

=1n
nx
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   magaliTi 3.63. ganvixiloT mwkrivi ∑
∞

=1
2

1
n n

 da ∑
∞

= −1 )1(
1

n nn
. vinaidan 

)1(
11

2 −
<

nnn
 roca  mwkrivi da 2≥n ∑

∞

= −1 )1(
1

n nn
   mwkrivi krebadia, amitom 

Sedarebis TeoremiT  ∑
∞

=1
2

1
n n

 mwkrivi krebadia. mtkicdeba, rom 
6

1 2

1
2

π
=∑

∞

=n n
. 

 

                                    - 34 - 

    Sedegi 3.64. (mwkrivis absoluturad krebadobis vaierStrasis 

maJorantuli niSani). vTqvaT,  da    raime mwkrivebia. Tu 

arsebobs  nomeri iseTi, rom 

∑
∞

=1n
nx ∑

∞

=1n
ny

Nn ∈0 0nn >∀  nomrisTvis adgili aqvs nn yx ≤||  

utolobas, maSin ∑  mwkrivis krebadobidan gamomdinareobs   

mwkrivis absoluturi krebadoba. 

∞

=1n
ny ∑

∞

=1n
nx

Ddamtkiceba. Sedarebis niSnis Tanaxmad mwkrivi   krebadia, 

maSasadame  absoliturad krebadia. 

∑
∞

=1

||
n

nx

∑
∞

=1n
nx

   magaliTi 3.65. ganvixiloT mwkrivi ∑
∞

=1
2

sin
n n

n
. es mwkrivi absoluturad 

krebadia, vinaidan 22

1sin
nn

n
≤ , xolo ∑

∞

=1
2

1
n n

 mwkrivi ki krebadia. 

   Teorema3.66. (koSis niSani). vTqvaT, mocemulia  mwkrivi da ∑
∞

=1n
nx

qxn
nn
=

∞→
lim . maSin samarTliania: 

a) Tu , maSin  mwkrivi absoluturad krebadia. 1<q ∑
∞

=1n
nx

b) Tu , maSin  mwkrivi ganSladia. 1>q ∑
∞

=1n
nx

g) Tu , maSin arsebobs Sesabamisi rogorc absoluturad krebadi, 

ise ganSladi mwkrivi. 

1=q

Ddamtkiceba. a) vTqvaT 1<q , aviRoT Rp∈  pirobiT 1<< pq . 

Mmimdevrobis zeda zRvaris ganmartebis ZaliT moiZebneba  ricxvi 

iseTi, rom 

Nm∈
pxn

n <||  roca , maSasadame roca  gveqneba 

. vinaidan  mwkrivi krebadia amitom vaierStrasis 

Sedarebis niSnis Tanaxmad ∑   absoliturad krebadia. 

mn > mn >

n
n qx <|| n

n
q∑

∞

=1
∞

=1n
nx

b) vinaidan   warmoadgens q n
nx ||  mimdevrobis erTerT kerZo zRvars, 

amitom nomerTa raime qvemimdevrobisaTvis gveqneba 1||lim >=
∞→

qxk
k

n
nk

. 

Aam ukanaskneli tolobidan davaskvniT, rom raRac nomridan 
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dawyebuli . MmaSasadame  mwkrivisaTvis ar sruldeba 

mwkrivis krebadobis aucilebeli niSani (zogadi wevri ar 

miiswrafis nulisaken) da amitom mwkrivi ganSladia. 

1|| >
knx ∑

∞

=1n
nx

g) sakmarisia ganvixiloT mwkrivebi ∑
∞

=1
2

1
n n

 da ∑
∞

=1

1
n n

. rogorc ukve viciT 

pirveli mwkrivi krebadia meore ganSladi. Aamave dros 

11lim1lim 2 ==
∞→∞→

kk n
n

n
n nn

. 

Teorema 3.67. (dalamberis  niSani). vTqvaT, mocemulia ∑  mwkrivi da 
∞

=1n
nx

q
x
x

n

n

n
=+

∞→

1lim . maSin samarTliania: 

a) Tu , maSin  mwkrivi absoluturad krebadia. 1<q ∑
∞

=1n
nx

b) Tu , maSin  mwkrivi ganSladia. 1>q ∑
∞

=1n
nx

g) Tu , maSin arsebobs Sesabamisi rogorc absoluturad krebadi, 

ise ganSladi mwkrivi. 

1=q

Ddamtkiceba. a) vTqvaT 1<q , aviRoT Rp∈  pirobiT . MmovZebnoT 

 ricxvi iseTi, rom Sesruldes 

1<< pq

Nm∈ p
x

x

n

n <+1  roca . vinaidan 

sasruli raodenoba mwkrivis wevrebisa mis krebadobis xasiaTze 

gavlenas ar axdens amitom zogadobis SezRudvis gareSe SegviZlia 

vigulisxmoT, rom 

mn >

p
x

x

n

n <+1  utoloba sruldeba nebisnieri  . Nn∈

vinaidan 
1

1

1

2

1

1 ...
x

x
x
x

x
x

x
x n

n

n

n

n +

−

+ =⋅⋅⋅   amitom SegviZlia davweroT Sefaseba 

. vinaidan  mwkrivi krebadia amitom  vaierStrasis 

Sedarebis niSnis Tanaxmad ∑   absoliturad krebadia. 

n
n qxx ⋅≤+ |||| 11

n

n

qx∑
∞

=1
1 ||

∞

=1n
nx

b) Tu ,  maSin moiZebneba 1>q Nm∈  iseTi, rom 11 >+

n

n

x
x

 roca . 

saidanac gveqneba 

mn >

|||| 1+< nn xx  roca . maSasadame  

mwkrivisaTvis ar sruldeba piroba 

mn > ∑
∞

=1n
nx

0lim =
∞→ nn

x  amitom mwkrivi 

ganSladia. 

g) rogorc koSis TeoremaSi sakmarisia ganvixiloT mwkrivebi ∑
∞

=1
2

1
n n

 da 

∑
∞

=1

1
n n

. 
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magaliTi 3.68. Kkrebadia Tu ara mwkrivi? 1) ∑
∞

=1

!2
n

n

n

n
n
;  2) ∑

∞

=1

!3
n

n

n

n
n
. 

1) gamoviyenoT dalamberis niSani: 

                

      12

)11(

2lim
)1(

2lim
!2)1(

)!1(2lim 1

1

<=
+

=
+

=⋅
+

+
∞→∞→+

+

∞→ e
n

n
n

n
n

n
n

nnn

n

nn

n

n

n

n
 , e. i. mwkrivi krebadia. 

   2)  13

)11(

3lim
)1(

3lim
!3)1(

)!1(3lim 1

1

>=
+

=
+

=⋅
+

+
∞→∞→+

+

∞→ e
n

n
n

n
n

n
n

nnn

n

nn

n

n

n

n
, e. i. mwkrivi ganSladia. 

 

Nneperis ricxvis  warmodgena ricxviTi mwkrivis saxiT.  

Teorema 3.69. samarTliania warmodgena 

                       ...
!
1...

!3
1

!2
11 +++++=

n
e   

Ddamtkiceba. niutonis binomis Tanaxmad  

( ) =++⋅
+−⋅⋅−

++⋅
−

+⋅+=+ nk
n

nnk
knnn

n
nn

n
nn 1...1

!
)1(...)1(...1

!2
)1(1

!1
1/11 2  

( ) ( ) ( ) ( ) ( )
n

n
nnn

k
nkn

11...11
!

1...11...11
!

1...11
!2

111 −
−⋅⋅−⋅++

−
−⋅⋅−⋅++−⋅++ . 

miRebuli tolobidan davaskvniT ,...2,1, =< nse nn  sadac  da ( n
n ne /11+= )

!
1...

!3
1

!2
11

n
sn ++++= . Mmeore mxriv Tu Nk ∈ fiqsirebulia da  

gveqneba  

kn ≥

( ) ( ) ( ) ne
n

k
nkn

<
−

−⋅⋅−⋅++−⋅++
11...11

!
1...11

!2
111 . Tu ukanasknel 

utolobaSi gadavalT zRvarze roca ∞→n  miviRebT  nebismieri 

.  maSasadame nebismieri 

esk ≤
Nk ∈ Nn∈  gvaqvs ese nn ≤< . Tu am ukanasknel 

utolobaSi gadavalT zRvarze , roca ∞→n  miviRebT dasamtkicebel 

tolobas. 

 SevafasoT sidide =+
+

+
+

=− ......
)!2(

1
)!1(

1
nn

se n  

=⎥
⎦

⎤
⎢
⎣

⎡
+

+
+

+
+

+
<⎥

⎦

⎤
⎢
⎣

⎡
+

++
+

+
+

+
....

)2(
1

)2(
11

)!1(
1....

)3)(2(
1

)2(
11

)!1(
1

2nnnnnnn
 

nnnn
n

n
n ⋅

<
+⋅
+

⋅

+
−

⋅
+ !

1
)1(!

2

2
11

1
)!1(

1
2 . 

nse −  sxvaobis miRebuli Sefaseba SeiZleba ase CavweroT 

nn
se n

n ⋅
+=

!
θ

 sadac 10 << nθ . aRniSnuli warmodgena saSualebas 

gvaZlevs davamtkicoT neperis ricxvis 

iracionaloba(informaciisaTvis neperis ricxvi aramarto 

iracionaluri da amave dros trancendentulia). marTlac dauSvaT 

winaaRmdegi vTqvaT 
q
pe =  sadac Nqp ∈, . maSin ricxvi  ricxvi 

naturaluria, amave dros gvaqvs 

eq ⋅!
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qq
qqqq

qq
sqeq qq

q

θθ
+++++=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⋅

+=⋅
!
!...

!2
!

!1
!!

!
!! . 

Uukanaskneli tolobidan gamodis ,rom  ricxvi 
q
qθ
 mTelia, rac 

SeuZlebelia (vinaidan 10 << nθ ).  

 

niSanmonacvle mwkrivis krebadoba  .

gansazRvreba 3.70.  saxis mwkrivs, sadac  ...)1(...)1( 321
1

1 +−+++−=−∑
∞

=

−
k

k

k
k

k ppppp

0≥kp , uwodeben niSanmonacvleobiTi mwkrivs. 

   Teorema 3.71. vTqvaT, mocemulia  

niSanmonacvleobiTi mwkrivi, sadac . Tu  mimdevroba arazrdadia 

da , maSin  mwkrivi krebadia. 

...)1(...)1( 321
1

1 +−+++−=−∑
∞

=

−
k

k

k
k

k ppppp

0≥kp kp

0lim =
∞→ kk

p ...)1(...)1( 321
1

1 +−+++−=−∑
∞

=

−
k

k

k
k

k ppppp

   damtkiceba. vTqvaT, mocemulia  

mwkrivi da  arazrdadi mimdevrobisaTvis 

...)1(...)1( 321
1

1 +−+++−=−∑
∞

=

−
k

k

k
k

k ppppp

kp 0lim =
∞→ kk

p . vTqvaT,  aris 

mwkrivis kerZo jamTa mimdevroba. ganvixiloT 

1)( ≥nnS

                  )(...)()( 21243212 nnn ppppppS −++−+−= −  

mimdevroba. SevniSnoT, rom frCxilebSi moqceuli  TiToeuli Sesakrebi 

arauaryofiTia, amitom  mimdevroba araklebadia. Mmeore mxriv 

gvaqvs 

12 )( ≥nnS

                  nnnn ppppppppS 21222543212 )(...)()( −−−−−−−−= −− , 

saidanac cxadia, rom -isTvis Nn∈∀ 12 pS n ≤ . Aamitom      mimdevroba        12 )( ≥nnS
zemodan SemosazRvrulia. 

   amrigad,  aris araklebadi da zemodan SemosazRvruli 

mimdevroba, amitom mas zRvari aqvs, anu 

12 )( ≥nnS
SS nn

=
∞→ 2lim . cxadia, rom  

                            nnn pSS 2212 +=− , 

amitom, Tu gaviTvaliswinebT, rom mocemulobis Tanaxmad 0lim =
∞→ kk

p , 

miviRebT, rom kerZo jamTa   qvemimdevroba krebadia igive  

zRvrisken, anu . Aamrigad,  mimdevroba krebadia  

zRvrisken. Teorema damtkicebulia. 

112 )( ≥− nnS S
SS nn

=−∞→ 12lim 1)( ≥nnS S

   gansazRvreba 3.72. niSanmonacvleobiT mwkrivs, romelic akmayofilebs 

zemoT damtkicebuli Teoremis pirobebs, uwodeben laibnicis      

mwkrivs. 

   amrigad, laibnicis mwkrivi krebadia. 

   magaliTi 3.73. ganvixiloT mwkrivi:  

                    ...)1(...
4
1

3
1

2
11)1( 1

1

1

+
−

++−+−=
− −∞

=

−

∑ kk

k

k

k

 

cxadia, rom es aris laibnicis mwkrivi, amitom igi krebadia. amave dros 

SevniSnoT, rom es mwkrivi aris pirobiT krebadi, vinaidan am mwkrivis 
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wevrebis modulebisagan Sedgenili mwkrivia harmoniuli mwkrivi ∑
∞

=1

1
k k

,  

romelic ganSladia. 

   mtkicdeba,  rom    2ln)1(
1

1

=
−∑

∞

=

−

k

k

k
. 

Ddamtkicebis gareSe moviyvanoT mwkrivTa absolituri da pirobiT  

krebadobis Sesaxeb ramdenime  mniSvnelovani debulebadebuleba: 

 

   Teorema 3.73. vTqvaT, mocemulia absoluturad krebadi mwkrivi  

da vTqvaT = . maSin  mwkrivis wevrebis nebismieri 

gadanacvlebis Sedegad miRebuli mwkrivi kvlav absoluturad krebadi 

iqneba igive  jamisken. 

∑
∞

=1n
nx

∑
∞

=1n
nx S ∑

∞

=1n
nx

S

   Teorema 3.74. vTqvaT, mocemulia pirobiT krebadi mwkrivi . maSin 

winaswar dasaxelebuli nebismieri 

∑
∞

=1n
nx

L  namdvili ricxvisTvis  SegviZlia 

 mwkrivis wevrebi ise gadavanacvloT, rom miRebuli mwkrivi krebadi 

iyos 

∑
∞

=1n
nx

L  ricxvisken. 

rogorc davinaxeT ricxvTa “usasrulo “ jamebis ganxilvisas mTeli rigi 

algebruli Tvisebebi kerZod ki Sekrebis operaciis komutaciurobis 

Tvisebas adgili ar aqvs (pirobiT krebadi mwkrivebisaTvis). 

 

   Bbolos ganvixiloT erTi specialuri klasi ricxviTi mwkrivebisa, 

romlebic xSirad gvxvdeba praqtikaSi, esaa mwkrivebi romelTa wevrebi 

monotonur mimdevrobas adgenen. maTTvis samarTliania krebadobis 

Semdegi niSani 

Teorema. (koSi) vTqvaT , maSin mwkrivi  

krebadia, maSin da mxolod maSin  krebadia. 

0......321 ≥≥≥≥≥≥ kpppp ∑
∞

=1k
kp

...822 821
0

2
+++=∑

∞

=

pppp
n

n
n

Ddamtkiceba. samarTliania tolobebi 

                              122 ppp ≤≤  

                           2434 22 pppp ≤+≤  

                          487658 44 pppppp ≤+++≤  

                        ……  .......................................................
                                              nnnn ppppp nn

226122 2...2 11 ≤+++≤ ++ +

Tu SevkrebT am utolobebs miviRebT 

                        nn SpApS n ≤−≤−
+ 1121 )(

2
1

 

sadac  TeoremaSi ganxiluli 

mwkrivebis kerZo jamebia. 

npppSpppA n
nnn 22121 2....2,.... +++=+++=

,...2,1,, =nSA nn  mimdevrobebi araklebadi 

mimdevrobebia amitom ukve mirRebuli utolobebis ZaliT isini 

erTdrouladN krebadi an ganSladi mwkrivebia. Teorema damtkicebulia. 
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    magaliTi 3.75. vTqvaT, mocemulia mwkrivi ∑
∞

=1

1
n

pn
. M roca , maSin 

mwkrivi krebadia, xolo roca 

1>p

1≤p , maSin ganSladia. 

MmarTlac Tu  mocemuli mwkrivis krebadobis xasiaTi emTxveva 0≥p

np

nn
pn

n )2(
)2(

12 1

00

−
∞

=

∞

=
∑∑ =  mwkrivis krebadobis xasiaTs, es ukanaskneli 

krebadia mxolod maSin roca .  Tu 1>p 0<p  mocemuli mwkrivi 

ganSladia vinaidan misi zogadi wevri nulisken ar miiswrafis. 

 

                                  

 

 

                           savarjiSoebi 

 

 

1. gaixseneT ricxviTi mimdevrobis cneba. SemosazRvruli (zemodan, 

qvemodan) mimdevrobis cneba. krebadi mimdevrobis cneba. aCveneT rom 

krebadi mimdevroba SemosazRvrulia. moiyvaneT aRniSnuli cnebebis 

geometriuli interpretacia. 

2.  cnobili krebadi mimdevrobis cneba tolfasia Tu ara Semdegi 

winadadebis:  Tu axnn
=

∞→
lim ∃>∀ ,0ε  dadebiTi K  ricxvi (ara 

aucilebelad  naturaluri) iseTi, rom ?|:| ε<−>∀ axKn n  

3. magaliTze aCveneT, rom  nomeri, romelic figurirebs 

mimdevrobis zRvris ganmartebaSi sazogadod damokidebulia 

0N
ε  

ricxvze. 

4. vTqvaT ricxviTi mimdevroba  akmayofilebs pirobas:  iseTi, 

rom 

nx 0N∃
εε <−>∀>∀ |:|,0 0 axNn n . Yyoveli krebadi mimdevroba 

akmayofilebs Tu ara aRniSnul pirobas? rogori mimdevrobebi 

akmayofileben zemoT moyvanil pirobas? 

5.  vTqvaT .SeiZleba Tu ara mimdevrobaSi arsebobdes 

usasrulod bevri dadebiTi ricxvebi Tu 

axnn
=

∞→
lim

0<a . 

6. vTqvaT  wertilis  romeliRac midamoSi aris mocemuli  

mimdevrobis usasrulod bevri wertili. SeiZleba Tu ara 

aRniSnuli pirobidan davaskvnaT, rom a) 

a nx

axnn
=

∞→
lim  b) mimdevroba 

SemosaazRvrulia g) am midamos gareT mdebare arcerTi wertili ar 

SeiZleba iyos mocemuli mimdevrobis zRvari Tu es ukanaskneli 

arsebobs. 

7. vTqvaT  wertilis  nebismier midamoSi aris mocemuli  

mimdevrobis usasrulod bevri wertili. SeiZleba Tu ara 

aRniSnuli pirobidan davaskvnaT, rom a) 

a nx

axnn
=

∞→
lim  b) mimdevroba 

SemosaazRvrulia. 

8. daamtkiceT, rom Tu mimdevroba krebadia , maSin a) is 

SemosazRvrulia (mimdevrobis krebadobis aucilebeli piroba) 

b)misi zRvari erTaderTia. 
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9. moiyvaneT N,ε  terminebis gamoyenebiT Canaweris  

formulireba.  

axnn
≠

∞→
lim

10. aCveneT, rom  maSin da mxolod maSin, roca arsebobs  

wertilis raime midamo, romlsac ar ekuTvnis   mocemuli 

mimdevrobis usasrulod bevri wevri. 

axnn
≠

∞→
lim a

11. SemosazRvrulia Tu ara mimdevrobebi: 

a) 
n

x n
n

1)1(−=  b)  g) nxn 2= nxn ln=  d) nxn sin=   e) v) 

 z) 

n
n nx )1(−⋅=

))3ln(ln( += nxn
n

nx 2=  

 

12. isargebleT mimdevrobis zRvris cnebiT aCveneT, rom 

a) 0)1(lim =
−

∞→ n

n

n
 b) 2

3
2lim =
+∞→ n
n

n
 g) 0coslim =

∞→ n
n

n
 d) 0

12
1lim 3 =

++∞→ nnn
 

e) 0
3

)1sin()1(lim
23

=
+

+−
∞→ n

nnn

n
 v)  z) 0)6,0(lim =

∞→

n

n
0

63
652lim =

+
⋅+

∞→ nn

nn

n
 

T) 1
56
23lim 2

2

=
+−
+−

∞→ nn
nn

n
.  

13. daadgineT mocemuli mimdevrobebi aris Tu ara monotonuri raRac 

nomridan dawyebuli, aris Tu ara SemosazRvruli Tu 

a) 
43
12

+
−

=
n
nxn  b) 

nn
nxn +

+
= 2

2 1
 g) 

n
nnxn +

+
=

10
102

 d) 
n

nxn 2...642
)12(...531

⋅⋅⋅⋅
−⋅⋅⋅⋅

=  

e) 
1cos

11 2 ++
+=

nnn
xn  v) 

nn
xn +

= 2sin
1

 z) 
)!ln(n

nxn =        

T) )(sin...)2(sin)1(sin nxn ⋅⋅⋅=  i)  )(sin...)3(sin)2(sin)1(sin 2222 nxn ⋅⋅⋅⋅=

14. ipoveT { }  mimdevrobis zRvrebi (Tu arsebobs) 
∞
=1nnx

a) 
13

2
23

3

++
−

=
nn

nnxn  b) 
13

21
23

2

++
−

=
nn
nxn  g) 

1
2

2

3

+
−

=
n

nnxn  d) 
1
1

+
−

=
n
nxn  

e) 
15

sin2
+

+
=

n
nnxn  v) 

1!
1!

+
−

=
n
nxn  z) 

)!4(
!)!3(

+
−+

=
n

nnxn  T) N
7

cos πnxn =   

i)   nnxn −+= 1  k) nnnxn −+= 2
 l) nxn sin=  

15. ipoveT γβα ,,  mudmivebi iseTi, rom { }∞=1nnx  mimdevroba iyos krebadi  

   Tu  

a) 
1
1

+
+

= β

α

n
nxn  b) 

nn
nnnxn

−+

−+
=

1
13 3

γ
 

13. cnobilia, rom axnn
=

∞→
lim . aCveneT, rom a) 0)(lim 1 =−+∞→ nnn

xx  b) ||||lim axnn
=

∞→
 

   14. vTqvaT . Aam pirobidan SeiZleba Tu ara davaskvnaT, rom    ||||lim axnn
=

∞→

      . axnn
=

∞→
lim

 15. vTqvaT mimdevroba { }   krebadia.   aCveneT, rom an  iseTi, rom 

 an  iseTi,   rom 

∞
=1nnx n∃

Mxn = k∃ mxk =  an kidev n∃  da k∃  iseTi, rom Mxn = , 

 sadac     da mxk = { }nxM sup= { }nxn inf= . 

 16. vTqvaT mimdevrobis usasrulod bevri wevri aris a) nuli wertilis  

  Nnebismier midamoSi b) nuli nertilis nebismieri midamos gareT.    
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   SeiZleba Tu ara, rom davaskvnaT:  a)mimdevroba usasrulod mcirea   

   b)mimdevroba usasrulod didia. 

 17. cnobilia, rom  da a) nyn ∀≠ 0 0limlim ==
∞→∞→ nnnn

yx  b) ∞==
∞→∞→ nnnn

yx limlim .  

   SeiZleba Tu ara, rom {  mimdevroba iyos krebadi? usasrulod  }∞=1/ nnn yx
   Mmcire? usasrulod didi ?ganSladi ? moiyvaneT Sesabamisi 

    magaliTebi. 

18. vTqvaT {  mimdevroba  usasrulod mcirea mimdevrobaa.    }∞=⋅ 1nnn yx

   SeiZleba Tu ara aRniSnuli pirobidan davaskvnaT, rom  da { }∞=1nnx { }∞=1nny  

   Mmimdevrobidan erTerTi mainc usasrulod mcirea.  

19.  vTqvaT {  mimdevroba  usasrulod mcirea mimdevrobaa.    }∞=+ 1nnn yx

   SeiZleba Tu ara aRniSnuli pirobidan davaskvnaT, rom  da { }∞=1nnx { }∞=1nny  

   Mmimdevrobidan erTerTi mainc usasrulod mcirea.  

20. daamtkiceT, rom Tu  da nn yx ≥ +∞=
∞→ nn

ylim  maSin . +∞=
∞→ nn

xlim

21. cnobilia, rom { }  mimdevroba krebadia, xolo 
∞
=1nnx { }∞=1nny  mimdvroba  

   Uusasrulod didi. SeiZleba Tu ara { }∞=⋅ 1nnn yx mimdevroba iyos a)krebadi 

   b) ganSladi magram SemosazRvruli g) iyos usasrulod didi d) iyos  

   usasrulod mcire.  

22. daamtkiceT, rom nebismieri usasrulod didi mimdevroba araa 

   SemosazRvruli. 

23. daamtkiceT, rom Tu )(lim −∞+∞=
∞→ nn

x , maSin { }nx  simravles gaaCnia 

   Uumciresi (udidesi) elementi. 

24. ipoveT mimdevrobis umciresi wevri Tu a) b) 10092 −−= nnxn nnxn /100+= . 

25. vTqvaT mimdevroba { }  krebadia xolo 
∞
=1nnx { }∞=1nny  mimdevroba ganSladi. 

   aCveneT, rom  {  ganSladia. magaliTebze aCveneT, rom }∞=+ 1nnn yx { }∞=⋅ 1nnn yx  

   mimdevroba SeiZleba iyos a) krebadi b) ganSladi. 

26. vTqvaT {  mimdevroba krebadia. SeiZleba davaskvnaT Tu ara  }∞=+ 1nnn yx

   rom  da { } mimdevrobi krebadia? { }∞=1nnx ∞
=1nny

27. daamtkiceT, rom mimdevroba )sin(nxn =  ganSladia. 

28. mocemulia, rom ∞≠=
∞→

bxnn
lim , ∞=

∞→ nn
ylim  aCveneT, rom 

   a) ∞=±
∞→

)(lim nnn
yx  b) 0)/(lim =

∞→ nnn
yx  g) ∞=

∞→
)/(lim nnn

xy  d) ∞=⋅
∞→

)(lim nnn
yx   

   Tu . 0≠b
29. ipoveT  Tu nn

x
∞→

lim

   a) ∑
= +

=
n

k
n

kn
x

1
2

1
 b) 222

121
n

n
nn

xn
−

+⋅⋅⋅++=  g) 
)1(

1
32

1
21

1
+

+⋅⋅⋅+
⋅

+
⋅

=
nn

xn  

  d) 
n

nx 284 2...222 ⋅⋅⋅⋅=   e) n
n nx =  v) 

nn n
x

!
1

=  z) 
!

2
n

x
n

n =  T) 
!n

ax
n

n =  

  i) n
n ax =  k)  l) 1||; <= qnqx n

n n
nxn

ln
=  m) 

!
1

!2
1

1
1

n
xn +⋅⋅⋅++=  

30. koSis kriteriumis gamoyenebiT daadgineT, krebadia Tu ganSladi 

ricxviTi mimdevrobebi Tu 
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   a) ∑
=

=
n

k
n k

kx
1

2

sin
 b) ∑

=

=
n

k
n k

x
1

1
 g) ∑

=

=
n

k
n k

x
1 !

1
 d) ∑

= +
=

n

k
n kk

kx
1 )1(

)!sin(
 e) ∑

=

=
n

k
kn
kx

1 2
sin

 

   v) ∑
=

=
n

k
n k

x
2 ln

1
 z)  sadac ∑

=

=
n

k

k
kn qax

0

1|| <q  da .0,,|| >∀< MkMak  

31. ipoveT   mimdevrobis  yvela kerZo zRvrebi agreTve zusti zeda 

da qveda zRvari Tu: 

{ }∞=1nnx

   a) ⎟
⎠
⎞

⎜
⎝
⎛ +−= −

n
x n

n
32)1( 1

 b) 
2

cos
1

1 n
n

nxn
π

+
+=  g) 

3
2cos

1
1 n

n
nxn

π
+
−

=  

   d) 
2

sin1 nnxn
π

+=  e) 
2

)1(1)1( nn

n n
x −+

+
−

=  v) 
4

sin
1

2 n
n

nxn
π

+
=  

   z) 
3

2cos nx n
n

π
=  T)  i) nx n

n
1)1( −−= ( )

3
sin)1(/11 nnx nn

n
π

+−⋅+=  

32. aageT { }  mimdevroba, romlis yvela kerZo zRvrebis simravle  
∞
=1nnx

   winaswar mocemuli ricxvTa  sasruli simravlea. },...,,{ 21 naaa
33. aageT ricxviTi mimdevroba, romelsac a) mxolod erTi kerZo  zRvari 

 gaaCnia, magram ar aris krebadi. b) gaaCnia usasrulo   raodenoba 

kerZo zRvrebiBb) nebismieri namdvili ricxvi kerZo zRvaria. 

34. daamtkiceT, rom mimdevrobebs { }∞=1nnx  da { }∞=⋅ 1n
n

n nx  gaaCniaT erTidaigive 

   kerZo zRvrebi.  

35. daamtkiceT, rom 

   a) nnn
n

nn
n

n
n

n
n

yxyxyx
∞→∞→∞→∞→∞→

+≤+≤+ limlim)(limlimlim  

  b)  nnnnnnnnnn
n

yxyxyx
∞→∞→∞→∞→∞→

+≤+≤+ limlim)(limlimlim  

36. vTqvaT  ,...)2,1(0,0 =≥≥ nyx nn

   a) nnn
n

nn
n

n
n

n
n

yxyxyx
∞→∞→∞→∞→∞→

⋅≤⋅≤⋅ limlim)(limlimlim  

   b) nnnnnnnnnn
n

yxyxyx
∞→∞→∞→∞→∞→

⋅≤⋅≤⋅ limlim)(limlimlim  

37. daamtkiceT, rom 

       nne n /3)/11(0 <+−< ....)3,2,1( =n  
38.  nebismieri naturaluri  ricxvisaTvis aCveneT, rom n

nn nenen )2/(!)/( << . 
39. nebismieri naturaluri  ricxvisaTvis aCveneT, rom n
   nnn /1)/11ln()1/(1 <+<+  

40. vTqvaT . ra SeiZleba iTqvas axnn
=

∞→
lim

n

n

n x
x 1lim +

∞→
 zRvris Sesaxeb? 

41.  ipoveT mimdevrobis zRvari, romelic mocemulia rekurentuli wesiT: 

    raime ricxvia, romelic akmayofilebs utolobas  1x ;10 1 << x
   . 1)2(1 ≥∀−=+ nxxx nnn

42. daamtkiceT, rom ∑
= +

=
n

k
n kn

x
1

1  mimdevroba krebadia. 

43. daamtkiceT, rom qvemoT rekurentuli wesiT moyvanil mimdevrobebi 

krebadia da ipoveT es zRvrebi Tu 

a) 32/)(,,, 1121 ≥∀+=≠== +− nxxxbabxax nnn . 
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b)  nebismieri dadebiTi ricxvia,  1x

  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=+

n
nn x

axx
2
1

1  . 0,1 >≥∀ an

44. daadgineT mwkrivTa krebadobis xasiaTi (krebadia Tu ganSladi) 

a) ∑
∞

= −
+

1 32
1

n n
n  b) ∑

∞

=1 sinn n
n   g) ( )

1
11

1 +
−∑

∞

= nnn

 d) ( )
1

1sin1sin
1 +

−∑
∞

= nnn

 

i) ∑
∞

=1

1cos
n n

 v) ∑
∞

=1 2
cos

n

nπ
 z) ∑

∞

= ++1 1
1

n nn
 

45.   daadgineT mwkrivTa krebadobis xasiaTi (krebadia Tu ganSladi), 

krebadobis SemTxvevaSi ipoveT jami  

a)   b)  g) )910(
1

n

n

n −
∞

=

− +∑ )910(
1

n

n

n +∑
∞

=

−

2
cos10

1

πn
n

n∑
∞

=

−
 d) e)  

v)  z) 

∑
∞

=

−

1

3/10
n

n ∑
∞

=

−−
1

2/10)1(
n

nn

∑
∞

=

−⋅
1

10
n

nn ∑
∞

=1 17
sin

n

n π
T) ∑  

∞

=

−−⋅
1

)12(10
n

nn

  46.   daadgineT mwkrivTa krebadobis xasiaTi (krebadia Tu ganSladi) 

gamoiyeneT vaierStrasis Sedarebis niSani  

   a) ∑
∞

=1 2
cos

n
n

n
b) ∑

∞

=

+

1

cos2
n n

n
g) ∑

∞

= +1 12
1

n
n d) ∑

∞

=1
3

1
n n

 i) ∑
∞

= −1
2 1
1

n n
 k) ∑

∞

= −1 12
1

n n
 

     l) ∑
∞

= −1 sin3
1

n
n n

 m) ∑
∞

= −1 !
1

n nn
 

47.   daadgineT mwkrivTa krebadobis xasiaTi (krebadia Tu ganSladi) 

,gamoiyeneT dalamberis an koSis niSani niSani  

a) arctgn
nn

∑
∞

=1

1
b) ∑

∞

=1

!
n

nn
n

g) ∑
∞

= ⋅1 !!
)!2(

n nn
n

d) ∑
∞

=1
2

2

)!(
)!(

n n
n

 e) ∑
∞

=1
2)!(

2
n

n

n
v) ∑

∞

=1 !n

n

n
e

 z) ∑
∞

=1 !

2

n

n

n
e

  

48. daadgineT mwkrivis krebadobis da absoliturad krebadobis xasiaTi  

 a) ∑
∞

=

−

1

)1(
n

n

n
 b) ∑

∞

=

−

−
−

1

1

12
)1(

n

n

n
n
 g) ∑

∞

=

+

−
−

1
2

1)1(
n

n

nn
 d) ∑

∞

=

−

1

)1(
n

n

n
arctgn

e) ∑
∞

= +
+−

1
2 3

)52()1(
n

n

n
n

 

 

                                                      Tavi 4 

 
funqciis zRvari wertilSi.koSisa da haines ganmartebani. maTi 

tolfasoba. Ffunqciis rxeva simravleze.  funqciis zRvris zogierTi 

zogadi Tviseba. funqciaTa asimtotur yofaqcevaTa Sedareba.  

 

 

  kalkulusis kursidan CvenTvis ukve cnobilia wertilSi funqciis 

zRvris cneba, saxeldobr: vTqvaT,  raime intervalia );( ba R  namdvil 

ricxvTa simravlidan da );( bac∈ . qvemoT vigulisxmebT, rom . );();( bccaE ∪=
   gansazRvreba 4.1. (wertilSi funqciis zRvris cneba koSis azriT). 

vityviT, rom  funqciis zRvari  wertilSi aris  ricxvi da 

CavwerT , Tu yoveli 

REf →: c p
pxf

cx
=

→
)(lim 0>ε  ricxvisTvis arsebobs 0>δ  ricxvi 

iseTi, rom Tu  wertilisTvis sruldeba Ex∈ δ<−< cx0  utoloba, maSin 

Sesruldeba ε<− pxf )(  utolobac. 
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   SeniSvna 4.2. SesaZlebelia, zemoT moyvanil gansazRvrebaSi funqcia 

gansazRvruli iyos  wertilSic nebismierad, rac zRvris arsebobaze  

da mis sidideze aranair gavlenas ar axdens.  

c

Aanalogiurad Cven SeviswavleT wertilSi marjvena da marcxena zRvari, 

romelTa ganmarteba igivea, rac ukve moyvanili ganmarteba Tu wertilis 

rolSi aviRebT Sesabamisad  da b   wertilebs. Aam SemTxvevaSi marjvena 

da marcxena zRvrebis aRsaniSnavad viyenebdiT simboloebs 

c
a

pxf
bx

=
−→

)(lim  da 

. pxf
ax

=
+→

)(lim

   magaliTi 4.3. vTqvaT, 
x

xxf 1sin)( = . vaCvenoT, rom 01sinlim
0

=
→ x

x
x

. marTlac, 

vTqvaT mocemulia 0>ε  ricxvi. aviRoT εδ = . maSin, Tu gaviTvaliswinebT 

x
x

x ≤
1sin  utolobas, gveqneba rom ε<

x
x 1sin , rodesac εδ =<< x0 . 

   am magaliTidan Cans, rom funqcias zRvari SeiZleba qondes iseT 

wertilSic, romelSic gansazRvruli ar aris. es garemoeba 

gaTvaliswinebulia zemoT moyvanil gansazRvrebaSi mocemul δ<−< cx0  

utolobaSi.  

   zemoT ganxilul ganmartebebs Tu daukvirdebiT SevamCnevT, rom  

wertils romlisTvisac gansazRvruli iyo zRvari (marjvena, marcxena 

zRvari) hqonda Tviseba: is funqciis gansazRvris aris zRvruli wertili 

iyo anu  wertilis nebismier midamoSi arsebobda usasrulod bevri 

wertili funqciis gansazRvris aridan.  moviyvanoT ganmarteba, romelic 

moicavs yvela Cvens mier cnobil ganmartebebs. 

c

c

 

gansazRvreba 4.4. (wertilSi funqciis zRvris cneba koSis azriT). vTqvaT 

 wertili c E  simravlis zRvruli wertilia. vityviT, rom  

funqciis zRvari  wertilSi 

REf →:
c E  simravlis gaswvriv aris  ricxvi da 

CavwerT  (an , roca 

p
pxf

Ex
cx

=
∈
→

)(lim pxf →)( cxE →∋  an ), Tu yoveli pxf
cxE

=
→∋

)(lim

0>ε  ricxvisTvis arsebobs 0>δ  ricxvi iseTi, rom Tu Ex∈  

wertilisTvis sruldeba δ<−< cx0  utoloba, maSin Sesruldeba 

ε<− pxf )(  utolobac.  

SeniSvna 4.5.  kalkulusis kursSi Cven ZiriTadad ganvixilavdiT 

funqciebs romelTa gansazRvris are raime Sualedi (mag. ) an 

“gaCxvletili” Sualedi iyo (mag. ). aseTi simravleebis 

zRvruli wertilebis simravle martivi aRsaweria (  itervalis da 

 gaCxvletili intervalis yvela zRvruli wertilis simravlea 

 segmenti). Ffunqcia SesaZloa gansazRvruli iyos gacilebiT ufro 

rTul simravleze vidre zemoT moyvanili simravleebia. 

);( ba
);();( bcca ∪

);( ba
);();( bcca ∪

];[ ba

MmagaliTi 4.6. vTqvaT E  simravle aris racionalur ricxvTa Q  simravle. 

ganvixiloT funqcia  gansazRvruli Semdegi wesiT: vTqvaT REf →:

NnZm
n
m

∈∈ ,,  aris  racionaluri ricxvis warmodgena ukveci 

wiladis saxiT (SevniSnoT, rom aseTi warmodgena erTaderTia). 

ganvsazRvroT 

Qx∈

n
xf 1)( = . (am funqcias rimanis funqcias uwodeben.) 
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SevniSnoT, rom Q  simravlisaTvis nebismieri namdvili ricxvi 

zRvruli wertilia. Aamitom Cven SegviZlia ganvixiloT aRniSnuli 

funqciis zRvari nebismier 

Rc∈

Rc∈  wertilSi racionalur ricxvTa 

simravlis gaswvriv. vaCvenoT, rom agebuli funqciis zRvari nebismier 

fiqsirebul  wertilSi  simravlis gaswvriv aris ricxvi nuli.  Rc∈ Q
Ppirvel rigSi SevniSnoT, rom  wertilis yovel konkretul  midamoSi  

fiqsirebuli  naturaluri ricxvisaTvis arsebobs sasruli 

raodenoba 

c
NA∈

NnZm
n
m

∈∈ ,,  wiladebi iseTi, rom An < . Aamitom SegviZlia 

avagoT  wertilis iseTi patara midomo, romelSic moxvedrili 

wiladiebis mniSvneli (garda SesaZloa  wertilisa Tu is 

racionaluria)  meti iqneba 

c
c

A  ze. maSasadame aRniSnuli midamodan 

aRebuli nebismieri racionaluri xricxviaTvis (romelic -s ar 

emTxveva) gveqneba 

c
Axf /1|0)(| <− .  Tu winaswar fiqsirebuli 0>ε  

ricxvisaTvis Cven jer aviCevT NA∈  naturalur ricxvs ise, rom ε<A/1  

da zemoT moyvanil msjelobas gavimeorebT davaskvniT, rom 

ε<<− Axf /1|0)(|   wertilis romeliRac midamodan aRebuli nebismieri  c
xricxviaTvis (romelic c -s ar emTxveva). maSasadame xf )( o→ , roca 

 

iT “ zRvari  wertilSi (zRvari 

Sesaxeb miviRoT 

mdevrobebze ukve cnobili faqtebze dayrdnobiT.  

z (

vTqvaT 

cxQ →∋ . 

  qvemoT ZiriTadad ganvixilavT situaciebs roca funqciis gansazRvris 

are raime Sualedia. aseT SemTxvevaSi xSirad Tu es ar iwvevs 

gaugebrobas sityvebs “ c  wertilSi zRvari E simravlis gaswvriv” 

gamovtovebT da mokled vityv  c
marjvnidan, zRvari marcxnidan). 

  Cven ukve Seswavlili gvaqvs ricxviTi mimdevrobis zRvari. 

SesaZlebelia ganvmartoT funqciis zRvari wertilSi ukve cnobili 

mimdevrobis zRvris cnebaze dayrdnobiT. Ees midgoma saSualebas 

mogvcems mTeli rigi debulebebi funqciaTa 

mi

 

   

   gansa Rvreba 4.7. wertilSi funqciis zRvris cneba haines azriT). 

c  wertili E  simr vlis zRvruli wertilia. vityviT,   ro  

REf →:  funqciis zRvari c  wertilSi

a m

 E  simra svlis ga wvriv aris p  

Ex
cx

ricxvi (haines azriT) da CavwerT pxf =
∈
→

)(lim , Tu E -dan aRebuli 

 

a rom :

wertilTa nebismieri 1)( ≥nnx  mimdevrobisaTvis sadac ,...2,1, =ncxn  da ≠
romelic krebadia c  ricxvisken, gveqneba, rom 1))( ≥nnxf mimdevroba 

krebadia p  ricxvisken. 

   Teorema 4.8. imis Tvis, R→  funqciis zRvari c  wertilSi 

(

Ef E  

simravlis gaswvriv iyos p  ricxvi haines azriT, a ilebelia da 

i 

uc

sakmarisi , rom p iyos REf →:  funqciis zRvar  wertilSi c E  

simravlis gaswvriv koSis azriTac. 

. vTqvaT  pxf
Ex
cx

Ddamtkiceba =
∈
→

(lim  koSis azriT.  aviRoT 0>) ε  ricxvi. maSin 

moiZebneba 0>δ  ricxvi iseTi, rom roca δ<−< ||0 cx  da Ex∈  gveqneba 
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ε<− |)(| pxf .  ganvixiloT E -dan  wer 1) ≥nnx  mimdevroba romelic tilTa  

krebadia  wertilisake  da  

(
c n ,...2,1, =≠ ncxn .  movZebnoT NA∈  

naturaluri ricxvi iseTi, rom δ<− || cx , roca An > .  maSin gveqneba, rom  n

ε<− |)(| pxf n , roca An > . maSasadame pxf nn
=

∞→
)(lim . Teor mis erTi nawil  

vTqvaT pxf
E
c

e i

ia.  
x

damtkicebul
x

=
∈
→

lim

∈

)(  iT. Tu dauSvebT, rom 

pxf ≠
→

)(lim  koSis azriT, maSin arsebobs 00 >

haines azr

Ex
cx

ε  ricxvi iseTi, rom  c

wertilis   Nn
n

∈,  midamod li romeliRac }{\ cExn
1

an aRebu ∈  

icxvisaTvis  0|)(|r ε≥− pxf n inaidan ,...2,1,/1|| . v =<− nncxn  amitom cxnn
=

∞→
lim , 

magram pf nx
n

≠
∞→

∈
→

 koSis 

 

)(lim . miviReT winaaRmdegoba. maSasadame xf =)(lim p
Ex
cx

azriT. Teorema damtkicebulia. 

magaliTi 4.9. ganvixiloT funqcia 
x

xf 1sin)( =  . funqciis gansazRvris area 

}0{\R . vaCvenoT, rom funqcias 0=c  wertilSi zRvari ar gaaCnia.  

 

ganvixiloT 0=c  wertilisaken krebadi ori ricxviTi mimdevroba:  

,...2,1;
2

2

11 ,
2

2

=
+

=
−

= n
n

y
n

x nn

πππ
                     

+ π

0=cGgvaqvs lim 1)(lim,.1)( =−=
∞→ nnn fxf . maSasadame y  wertilSi mocemul 

∞→n

funqcias zRvari ar gaaCnia.  

wertilSi funqciis zRvris arsebobis koSis kriteriumi.  

gansazRvreba 4.10. vTqvaT mocemulia RXf →:  funqcia da XE ⊂ . f  
funqciis rxevas E  simravleze uwodeben sidides 

                 |)()(|sup),( yfxffE = −
, Eyx ∈

ω . 

magaliTi. 4.11. 3)],2,1([ =− xω , 3)],2,1(( =− xω  

           4)],2,1([ 2 =− xω  4)),2,1([ 2 =− xω  

            ,([ 2)sin],− xππω = . 

Teorema 4.12. (koSi) vTqvaT c  wertili E  simravlis zRvruli wertilia. 

imisaTvis, rom  funqciis zRvari REf →: c E wertilSi  simravlis 

gaswvriv arsebobdes aucilebelia da sakmarisi rom yoveli > 0ε  

ricxvisaTvis arsebobdes c wertilis midamo )(cU  iseTi, rom 

εω <∩ },{\)(( fccE .  

Semdg

)U
SeniSvna 4.13. omSi Tu  aris  raime midamo,  simravles )(cU c }{\)( ccU  
vuwodebT c wertilis gaCxvletil midamos da avRniSnavT simboloT  

)(cU
D

.  

M martivia Cveneba imisa, rom zemoT moyvanili Teorema Teorema tolfasia 

Semdegi Teoremis 

Teorema 4.14. (koSi) vTqvaT c  wertili 

 i

E  simravlis zRvruli wertilia. 

imisaTvis, rom REf →:  funqciis zRvari c E wertilSi  simravlis 

gaswvriv ar eb aucilebelia da sakmarisi rom yoveli >bdes 0ε  s o

 54



ricxvisaTvis arsebobdes c wertilis midamo )(cU  iseTi, rom nebismieri 

ori x   da y  ricxvebisaTvis simravlidan EcU ∩)(
D

 Sesruldes utoloba 

ε<− |)()(| yfxf . 

Ddamtkiceba. sakmarisoba. Ppirobis 0> ZaliT ∀ε  ricxvisaTvis arsebobs c  
ilis midamo )(cU  iseTi, rom nebismieri ori x   da y  

ricxvebisaTvis simravl Ec ∩)(  samarTliania utol  

wert

idan 
D

oU ba

ε<− )()(| yfxf |  simravlidan  

i

. ganvixiloT }{\ cE c  wertilisken krebadi

Nk ∈raime mimdevroba ,...2,1, =nxn  cxadia am mimdevrobisaTv s moiZebneba  

 nebismieri  

mr isaTvis 

iseTi, rom EcUxn ∈ )( roca kn > . Aamitom∩
D

knm >,
gveqneba ε<− |)()(no eb | f mn xfx e mimdevroba , 

 fundamentaluria, amitom arsebobs zRvari .  vaCvenoT, 

 simravlidan aRebuli   wertilisken krebadi sxva 

. maSasadam )( nxf
,...2,1= Axf nn

=
∞→

)(lim

}{\ c

n

c ,...2,1, =nynE  

mimdevrobisaTvis Ayf n =
n ∞→

avaskvniT,  c  wertilSi f is zRv ris arsebobas). cxadi  

zRva

)(lim . (saidanac haines ganmartebis safuZvelze 

d qci a a 

ris ars obs (unda vaCvenoT, rom is tol  

un )(lim nn
yf

∞→

eb ia A  ricxvis). aviRoT 

 no gveq

kk >1  naturaluri ricxvi, iseTi rom EcUyn ∩∈ )(
D

 roca 1kn > .  maSin 

nebismieri mrebisaTvis 1kn > neba ε<− |)()(| nn xfyf . vinaidan 

Axf nn
=

∞→
)(lim  amitom SegviZlia movZebnoT 1kk >∗

 iseTi, rom ε<− |)(| Axf n , 

∗> ∗roca  n  Sabolood, roca > kn  gveqneba  

 

k .

εεε 2|)() ||)((||)(| =+<−+−≤− xfyfAyf nnn Axf n
 

saidanac gveqneba, rom Ayf nn
=

∞→
)(lim . Teorema damtkicebulia. 

 

 

 

i.  

 

 funqciis zRvari usasrulobaS

gansazRvreba 4.15. vTqvaT, mocemulia Raf →+∞);(:  funqcia. vityviT, ro  

f  funqciis zRvari, roca 
m

+∞→x  aris p  ricxvi da CavwerT pxf
x

=
+∞→

)(lim , 

Tu 

yoveli 0>ε  ricxvisTvis arsebobs 0>M  ricxvi iseTi, a Mx > , 

maSin Sesruldeba 

rom roc

ε<− pxf )(  utoloba. 

    gansazRvreba 4.16. vTqvaT, mocemulia Ra →f −∞;(: )  funqcia. vityviT, 

rom  funqciis zRvari, roca −∞→x  aris p  rif cxvi da CavwerT 

−∞→
pxf =)(lim , Tu 

x

yoveli 0>ε  icxvisTvis arsebobs >M icxvi iseTi, rom roca Mxr  r0 −< , 

maSin Sesruldeba <− pxf )( ε  utoloba. 

  gansazRvreba 4.17. vTqvaT, mocemulia Rbaf →+∞−∞ );()(: ∪  funqci . 

vityviT, rom f  funqciis zRvari, roca 
; a

∞→x  aris p  ricxvi da CavwerT 
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pxf
x

=
∞→

)(lim , Tu yoveli 0>ε  ricxvisTvis arsebo icxvi seTi, 

Mx >| , aSin Sesr

bs  r i

m ldeba 

0>M

rom roca | u ε<− px)(  u olf t oba. 

 funqciis usasrulo zRvrebi 

 

 gansazRvreba 4.18. vTqvaT, mocemulia REf →:  funqcia da c  wertili 

aris E  simravlis zRvruli wertili. vityviT, rom  funqciis zRvari  

wertilSi aris ∞+ -is  toli da CavwerT 

f c
+∞=

→
)(lim xf

c
, Tu yoveli 0>M  

x

ricxvisTvis arsebobs 0>δ  ricxvi iseTi, rom roca δ<−< cx0 , maSin 

Sesruldeba xf ( M>)   utoloba. 

  gansazRvreba 4.19. vTqvaT, mocemulia  funqcia da  wertili REf →: c
aris E  simravlis zRvruli wertili. vityviT, rom    f
funqciis zRvari c  wertilSi aris ∞− -is toli da CavwerT −∞=

→
)(lim xf

cx
,  

Tu yoveli 0>M  ricxvisTvis arsebobs 0>δ  ricxvi iseTi, rom roca 

δ<−< cx0 , maSin Sesruldeba Mxf −<)(    utoloba 

   gansazRvreba 4.20. vTqvaT, mocemulia REf →:  funqcia da  wertili c
aris E  simravlis zRvruli wertili.. vityvi funqciis zRvari 

c  wertilSi aris ∞ -is toli da CavwerT 

T, rom  f
∞=

→
)(lim xf

cx
u yoveli 0>M  

ricxvisTvis arsebobs 0>

, T

δ  ricxvi iseTi, rom roca δ<−< cx0 , maSin 

uldeba Mxf >|)(|    

arjiSo 4.21. CamoayalibeT, ras niSnavs 1) 

Sesr

   sav +∞=
+∞→

)(lim xf
x

;  2) 

+∞=
−∞→

)(lim xf
x

;  3) +∞=
∞→

)(lim xf
x

;    4) −∞=
+∞→

)(lim xf
x

;     5) −∞=
−∞→

)(lim xf
x

;  

6) −∞=
∞→

)(lim xf
x

;  

7) ∞=)(lim xf ;    8)  

     

x +∞→
∞=

−∞→
)(lim xf ;      9) 

x
∞=

∞→
)(lim xf .  

x

SevniSnoT, r v yvanili anmartebebis 

tolfasi ganmartebani haines azriT. magaliTad 

gansazRvreba 4.22. vTqvaT, mocemulia 

om Seg iZlia CamovayaliboT mo g

Raf →+∞);(:  funqcia. vityviT, rom 

arf  funqciis zRv i, roca +∞→x  aris p  ricxvi da CavwerT pxf
x

=
+∞→

)(lim , 

Tu 

yoveli );( +∞a  Sualedidan aRebuli nebismieri 1)( ≥nnx  mimdevrobisaTvis, 

romlisTvisac +∞=
∞→ nn

xlim  gvaqvs pxf nn
=

∞→
)(lim .  

o

usasrul s y v

weril mptotur yofaqcevas 

 Sesaswa

c a 

 

funqciaTa asimptoturi yofaqcevis Sedareba. 

   rodesac moiTxovebaFfunqciis Seswavla raime wertilis midam Si (an 

obaSi) amboben, rom saWiroa funqcii  asimptoturi ofaqce is 

dadgena am is midamoSi. Ffunqciis asi

ZiriTadad axasiaTeben vli funqciis SedarebiT (raime meTodiT) 

ufro martiviT da kargad Seswavlili funqciebTan.  

   magaliTi 4.23. ganvixiloT funq i R→+∞),0(:π  gansazRvruli 

rebu  visaTv  Semdegnairad: yoveli fiqsi li x  ricx is )(xπ  warmoadgens im 

asimtot ri

martivi ricxvebis raodenobas, romlebic ar aRematebian x  ricxvs. 

Dbunebrivia daisvas sakiTxi  Tu rogori u  yofaqceva gaaCnia 

)(xπ  funqcias. jer kidev evklidesaTvis iyo cnobili, rom ∞→)(xπ , 
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roca ∞→x . CebiSevma (me-19 saukune) daadgina ricxvT Teoriis erTerTi 

fundamrntaluri faqti. saxeldobr mis mie v ne yor naC e bi i , rom )(xπ  da 

x
x

ln
 funqciebs,  roca x  izrdeba “garkveuli azriT” erTnairi yofaqceva 

gaCniaT. saxeldobr  samarTliania Semdegi asimptoturi toloba 

)(
ln

x)(
x

xxπ = α+  sadac )(xα  funqcias gaaCnia Tviseba 0)(lim =
x

∞→ xx

α
. 

ln x
Gganmarteba 4.24. vityviT, rom REf →:  funqcias aqvs REg →:  funqciis 
rigi (da vityviT f  aris O  didi g   E simravleze) Tu arsebobs  

mudmivi iseTi, rom 

0>c
Exxgcxf ∈∀≤ ||)(| . Aam faqts ase aRniSnaven ))(()( xgOxf|,)( =   E 

simravleze. 

maSasadame Canaweri )1()( Oxf =  E-ze niSnavs rom f  funqcia SemosazRvrulia 

E simravleze.  

magaliTi 4.25. )( 32 xOx =   ),1[ +∞  simravleze (da ara ),0[ +∞  simravleze). 
Gganmarteba 4.26.  dauSvaT E amdvil ricxvTa raime simravlea, rn omlis 

viT, ro qcia aris e

 funqciis mimarT roca  (da vityviT aris mcire 

zRvariTi wertilia a vity m REf :  fun mcir  

Eg →:
. → o  

R ax → f  o  g  roca 
ax→  ) Tu rsebobs R→E:α  funqcia  iseTi, rom 0)( →xα  roca axE →∋  da  

Exx ∈
a   

gxxf ∀⋅= ()()( ),α .  Aam faqts ase aRniSnaven ))(()( xgoxf =   roca axE →∋ .   
SeniSvna 4.27. analogiuri cnebebi SegviZlia SemoviRoT im SemTxvevaSi, 

roca 

     

E simravle araa SemosazRvruli n (qv   zemoda emodan) da

+∞=a ( −∞=a ). 

  magaliTi 4.28. Aa) )( 23 xox =  roca 0→x  b) )1(1
33 x

o
x
= a +∞→ roc x . 

G ganma ba 4.29. vityviT, ro REf →:  funqcia usasrulod mcire  

wertilSi Tu 0)(
rte m a a

lim =
→

xf
aE

. (S a is SemTxvevebic roca 
∋x

eli  esaZleb

+∞=a , −∞=a , ∞=a ) 
G ganmarteba 4.30. vityviT, rom 

wertilSi Tu 

REf →:  funqcia usasrulod didia a  
),()(lim −∞+∞∞=

→∋
xf

axE
. (SesaZlebelia is SemTxvevebic roca 

+∞=a , −∞=a , ∞=a  
  SeniSvna 4.31. T Ex

)
)1()( oxf =   roca axE →∋  xg ∈∀= ,1  ma)( Sin Canaweri u 

ubralod aRniSnavs im faqts, rom funqcia usasrulod mcirea f  ax =  
wertilSi.  

 Gganmarteba 4.32.  vTqvaT g  funqcia usasrulod mci ax =  wertilSi 

da )
rea 

)(()( xgoxf =   roca axE →∋ , maSin amboben rom f  funqcia ufro maRali 

usasrulod mcirea ax =  wertilSi, vidre g  funqcia.  
  magaliTi 4.33. )( 23 xox =  roca 0→x  da amitom 3x  funqcia ufro maRali 

rigis usasrulod mcirea vidre 2x  funqcia roca 0→x (anu  
0=x wertilSi). 

G ganm rteba 4 .  vTqvaT 

a=  )

 

a .34 funqciebi usasrulod didi funqciebia 

wertilSi da 

gf ,  
x axE →∋ , maSin amboben rom g  )(()( xgoxf =   roca funqcia 

ufro maRali usasrulod didia ax =  wertilSi, vidre f  funqc a.  

  Tu visargeblebT tilSi funqciis z

i

wer Rvris ukve cnobil Tvisebebs 

Camo yaliboT usasrulod mcireTa Tvisebebi romelTac SegviZlia va
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SemdgomSi gamoviyenebT funqciis asimptoturi yofaqcevis Seswavlisas. 

aTvi gansazRvris E(simartivis s  areze apelirebas ar gavakeTebT). 

 Teorema 4.35. vTqvaT )1()( ο=xf  da )1()( ο=xg  roca  maSin ax = .

)1(
 

)1()()( ο=xgxf  roca ax =)()( ο=+ xgf  da x . 

 TqvaT b) v )1()( ο=xf  roca ax = , xolo xolo   SemosazRvruli 

n maSi

g
)1()()( ο=xgxf , roca ax =fu qciaa. n . (formalurad aRniSnuli 

b asec SegviZlia CamovayaliboT: usasrulod mcirisa da 

m uli unqciis  namravli usasrulod mcire funqciaa.) 

m kiceba.  Teoremis a) punqti cnobili debulebaa kalkulusis  

r  dava kicoT b) nawili. davafiqsiroT 

de uleba  

e osazRvr  fS

da t

u sidan. mt 0>ε  ricxvi. vinaidan gk  

m uli funqciaa amitom moiZebneba  ricxvi iseTi, rom 

 roca . vinaidan 

Se osazRvr  0>M

Mxg <|)( Ex∈ )1()( ο=xf  roca  amitom ax = 0>
M
ε|  

icxvisaTvis moiZebneba 0>δ  iseTi, rom roca δ<−< ||0 ax    gveqneba 

M
x

r

f ε
<− |0)(| . maSasadame roca δ<−< ||0 ax  gvaqvs 

εε
=<−<− M

M
xgxfxgxf |)(||0)(||0)()(| . saidanac davaskvniT, rom 

)1()()( ο=xgxf , roca ax = . 

 magaliTi 4.36. )1(1sin 25
7 ο=⎟

⎠
⎞

⎜
⎝
⎛

+ xx
x  roca 0=x . vinaidan )sin(xy =  funqcia 

SemosazRvruli funqciaa, xolo )1(7 ο=x  roca 0=x .  

 

  SeniSvna4.37. SevniSnoT, rom tolobebi sadac gamoyenebulia simbolo o  
mcire aris pirobiTi. magaliTad Canaweri  roca  

 ver vityviT, rom samarTliania, 

naidan  simboloTi aRniSnulia nebismieri (romelRac) funqcia 

omelic aris ufro maRali rigis usasrulod mcire vidre  roca 

 

S  Semdeg : cemulia ori 

iis jami rom  meores aqvs is Tviseba rom aris ufro maRali 

vidre f

usasrulod mcirea  wertilSi. maSin  

2. roca . 

)( 23 xox = →x 0
32 )( xxo =samarTliania, magram Canawerze 

)( 2xovi
2xr

0→x . Aam Tvisebis funqciebi ki uamravia. Aase, rom magaliTad Canaweris  

“ )(sin xox +  roca 0→x ”  qve  gvesmis i faqti  mo
2

funqc elTan

rigis usasrulod mcire roca 0→x  unqcias.  

 

   moviyvanoT usasrulod mcireTa zogierTi Tviseba. vTqvaT f  funqcia 

2x  

ax =
1. )()()( fofofo =+  roca ax → . 

 )()()( fofofo =−  ax →
 
3. 0)()( ≠∀= cfocfo  roca ax → . 

 
4. )( foc ax →0)( ≠∀=⋅ cfo  roca . 

roca . 

 

 
5. Nnfofo nn ∈∀= ),())((  roca ax → . 

 
6. Nnfofof nn ∈∀= + ),()( 1  ax →
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7. 2,()( 1 ≥∈∀= − nNno
f
fo n

n

 ro)f ca . 

8. fofo =+  roca . 

 ax →

 
)( fo))(( ax →

 

9. )1()( ofo
=  roca ax → . 

f
 

.  

od ganvixiloT ram a viseba 

10. )())(( fofoo =  roca x →
 

a

  sailustraci denime m Tgani. magaliTad me-2 T

gvesmis ase: Tu aviRebT nebismierad or )(xα  da )(xβ  funqcias romlebic 

ufro maRali rigis usasrulod mcirea vidre f , maSin maT sxvaobasa  

igive Tviseba aqvs (mivaqcioT yuradReba )()( xoxo
c

−  araa nulovani 

funqcia!!) davamtkicoT me-8 Tviseba , romelic ase unda gavigoT Tu 

ic aris ufro maRali rigis vidre 

))(()( xfoxf +  (es ukanaskneli cxadia usasrulod mcirea roca 

ax → ) maSin aseTi funqcia ufro maRali rigisaa vidre )(xf  funqcia. 

marTlac 

aviRebT nebismierad funqcias romel

funqcia 

0
)(
))((1

)(()(
(()(

)(
)(()(

)(()(
))(()((

(
()((

→⎟⎟
⎠

⎞
⎜⎜
⎝
+⋅

+
+

=
+

⋅
+
+

=
+

xf
xfo

xfoxf
xfoxfo

xf
xfoxf

xfoxf
xfoxfo

xf
foxfo

, 

roca a . 
 

))(
)

))( ⎛x

 

x →

Axf
a

Teorema 4.38. imisaTvis, rom 
xE →∋

lim =)(   aucilebelia da sakmarisi, rom 

ax =samarTliani iyos warmodgena )()( xgAxf +=  sadac )1()( ο=xg , ro a c .  

Ddamtkiceba. Aucilebloba. vTqvaT 

 

Axf
axE

=
→∋

)(lim . ganvixiloT Axfxg −= )()(  

funqcia. cxadia rom )1()( ο=xg , roca ax =   da samarTliania saWiro 

warmodgena . 

Aucilebloba. vTqvaT samarTliania warmodgena  sadac 

)()( xgAxf +=
)()( xgAxf +=

)1()( ο=xg , roca ax = . maSin gveqne xgba Axf
axaxaxax

 AxgA=+ =+=
→→→→

)(limlim))(lim)(lim . 

Kkalkulusis kursidan CvenTvis cnobilia samarTlianioba Semdegi 

zRvrebis(SesaniSnavi zRvrebi): 

(

a) 1sinlim
0

=
→ x

x
x

 b) 
2

lim 20
=

→

1cos1−
x

x
x

 g) 11lim
0

=
−

→ x
ex

x
 d) 1)1ln(lim

0
=

−+
→ x

xx
x

 e) 

1arcsinlim
0

=
→ x

x
x

 v) 1lim
0

=
→ x

arctgx
x

 z) α
α

=
−+

→ x
x

x

1)1(lim
0

 

 

(aRniSnuli tolobebis samarTlianoba SegviZlia davamtkicoT martivad 

. ) 

 

l obeb saSualebas gvaZlevs davweroT Semdegi asimtoturi 

 wertilSi : 

a) xox + b)  g) d)

lopitalis wesis gamoyenebiT

aRniSnu i tol i 

0=xtolobebi 

 )sin x =  ( )(2/1cos 22 xoxx +−=   )(1 xoxex =+=   )()1ln( xoxx +=+  e) 

v) z) )(arcsin xoxx += )(xoxarctgx += T) )(xoxtgx +=  i) )(1)1( xoxx ++=+ αα
 

 59



 

sailustracioT davamtkicoT erT-erTi 

 =+⇒+=−+⇒+=
−+

⇒=
−+

→

α
αα

βαβαα ()(1)1()(1)1)1(lim
0

xxxxxx
x

x
x

α)11( x
x

 

xox + )(1)(1 xxx +=++= αβα   ro
 aRniSnul tolobebSi 

ca 0→x . 
)(xβ  usasrulod  mcirea 0=x  wertilSi (romlis 

arseboba gamomdinareobs Teorema 4.38 dan) da amitom )()( xoxx =⋅ β  roca 
0→x . 

magaliTi 4.39. )()1( 2 xx  roca 0→x .  aR21 ox ++=+ niSnul tolobaSi 

x21+  wrfivi fu qc mTavari aw

)(xo   
n ia aris “ n xolo naSTiTi funqcia 

aris gacilebiT maRali rigis usasrulod mcire vidre funqcia  

 miiswrafis nulisaken 

 vnaxavT mTeli rigi 

ili” 

x
roca 0→x  (uxeSad rom vTqvaT gacilebiT swrafad

vidre funqcia x  roca 0→x ).   rogorc  SemdgomSi
2)1( x  sakm+ od rTuli funqciisa Tvisebebi  a 0=x  wertilis mcire 

midamoSi SesaZloa martivi x21+  wrfivi funqciis saSualebiT 

mdgomSi ia ufro “ usti” davadginoT.  ASe vnaxavT, rom samarTlian z

asimtoturi warmodgenebi 2)1( x+  funqciis 0=x  wertilis midamoSi. 

Mmag. )(
2

211( 22 xoxxx ++++  roca 0→x .  aRniSnul 

warmodgenaSi ZiriTadi nawili aris kvadratuli funq

)12 −(2) 2 =

ia, xolo naSTiTi 

ali funqcia 

roca .  Ddiferencialuri aRricxva iZleva aRniSnuli tipis 

magaliTi 4.40. vipovoT zRvari 

c

nawil s  ufro maR rigis usasrulod mcire vidre  
2x   0→x

i )( 2x  ario

asimtoturi warmodgenebis miRebis saSualebas.  

)3ln(cos
)))(sin(sin( 2xtglim

x→
 

SeviswavloT mocemuli funqciis asimptoturi yofaqceva roca . 

 

0x

0→x

⎥
⎦

⎤⎡
222

2222
2 xxxxx

⎢
⎣

+++=+= ))
2

(
2

()(
2

sin))(sin(sin()))(sin(sin(
22

oooxoxtg = 

)(
2

))(
2

sin())()(sin( 22
2

22 xoxxoxxoxox
+=+=++ . 

2

22

Cven aq visargebleT tolobebiT )())( xox
= )( oxo =+

22
( 2

2

oxo +  da )( 222 xxo . 
2

)(

=+−+−
9(3( 2xox

+== )))(1ln()))3(()1ln()3ln(cos 22
2

xoxx  
22

)(
2

9)()(9))(9()
2

2
2

2
2

2
2

oxxxoxo ++−=+−
2

warmodgena  
2

)(
2

9( 22 xoxxoxox
+−=+−=  

maSasadame samarTliania 

9
12

9

)(
2

)3ln(cos
)))(sin(sin( 2

2

2

−→
+

=
+

=
)(

2
9

)(

)(
2

2

2

2

2
2

+
−

+−

1

2x
xo

xo

xo

x

 roca . 

magaliTi 4.41. gamovTval T

x
x

xo

x
xtg 0→x

)1sin( 2 +nπ  limo   
∞→n

 60



)1(1
2/1

n⎝
+=

2
1)1(1

2
1111 222

2

n
o

n
n

n
on

n
nn ++=⎟

⎠
⎞

⎜
⎛ +⋅⎟

⎠
⎞

⎜
⎝
⎛ +=+  roca ∞→ngvaqvs . 

saidanac  

0))1(
2

sin()1())1(
2

sin(11)1sin( 2
2 =⎟

⎞
⎜
⎛ +=+ nnπ

2/1

→+−=++
⎠⎝ n

o
nn

o
n

n
n

n πππ  roca ∞→n . 

 

                       varjiSoebi 

 

sa

1. . cnobilia, rom 
ax

))()((lim xgxf +
→

 arsebobs, ra SeiZleba iTqvas zRvrebis 

,  arsebobis Sesaxeb? 

2. cnobilia, rom  arsebobs, ra SeiZleba iTqvas zRvrebis 

x→
,  arsebobis Sesaxeb? 

3. cnobilia, rom  arsebobs, xolo ar arsebobs ra 

SeiZleba iTqvas zRvrebis 
ax

)(lim xf
ax→

)(lim xg
ax→

)()(lim xgxf
ax→

)(lim xf )(lim xg
ax→a

)((lim xf
ax→

)(lim xg
ax→

))()( xgxf(lim +
→

m xgxf
ax→

 arsebobis 

Sesaxeb? 

 mocemulia,rom , 

 da li )()(

0)(lim >=
→

axf
ax

+∞=
→

)(lim xg
ax

, aCveneT +∞=
→

)()(lim xgxf
ax

4. . 

5. mocemulia,rom )(lim = axf +∞=
→

)(lim xg
ax

, aCveneT −∞=
→

)()(lim xgxf
ax

0<
→ax

, . 

ra  iTqvas  zRvris arsebobis Sesaxeb Tu  SeiZleba  )()(lim xgxf
ax→

0)(lim =
→

xf
ax

.  

6. mocemulia,rom +∞= , 
→

)(lim xf
ax

+∞=
→

)(lim xg
ax

, aCveneT +∞=+
→

))()((lim xgxf
ax

. 

7. mocemulia,rom −∞=
→

)(lim xf
ax

, +∞=
→

)(lim xg
ax

, ra SeiZleba iTqvas  

lim xgx
ax

+
→

 zRvris arsebobis Sesaxeb. 

8. cnobilia, rom 

))()(( f

+∞=
→

)(lim xf
ax

 da )(xg  funqcia SemosazRvrulia. aCveneT, 

rom . 

9.moiyvaneT 

+∞=+
→

))()((lim xgxf
ax

)(xα  fun  iTi , romelTaTviac samarTliania toloba 

a) 

qciis magal

)()( xx οα = b) 0→x  )1( −→1x  , roca )( =α −xx ο  roca 

g roca ) )/1()( 2xx οα = ∞→x . 
10..  daamtkiceT, rom roca . samarTliania Tu ara toloba  

roca Tu a)  

  )( 23 xx ο=  0→x
))((3 xx βο=  0→x  xx( =)β  b) ||)( 2 xxx =β  g)  

||)( 3 xxx =β Dd)

2 −=− xο  roca . samarTliania Tu ara  

( 2 xx =  roca Tu a)  −= x  b)

 xxx sin)( 2=β  
)1()1 1→x 11.   daamtkiceT, rom  (x

 toloba (()1 βο− (xβ)) 1→x  3)1()  
x

xx
ln

)1()(
2−

=β          

 g)   

12. mtkiceT, roc

2)1sin()( −= xxβ
∞→x . samarTliania Tu ara   daa rom a   )/1(/1 34 xx ο=  

toloba roca ))((/1 4 xx βο=  ∞→x  Tu a)  x=  b)  g)  
5/1)(xβ  4)1/(1)( += xxβ

xx
x

sin
1)( 3=β Dd) 

)/1()1(
1)(x

−
= 4 xarctgx

β  

 61



13.. isargebleT simbolo “ο mcire” CawereT )(xα funqciisaTvis 

( kxοα saxis toloba roca  

a) b)  g)  d)  e) 

 v) z)

)()x = 0→   Tu: x
)()()( 22 xxx οοα +=   )()()( xxx οοα −=  )(5)( xx οα =  )5()( 2xx οα =

2))(()( xx οα = )()( xxx οα =   2

5 )()(
x
xx οα =  T)  i) 

 k)

 isargebleT simbol

 )2()( 42 xxxx ++−= οα

))(()( 2xx οοα =  ))(()( xxx οοα +=  
14.. o “ο mcire” CawereT )(xα funqciisaTvis 

saxis toloba roca  )/1()( kxx οα = ∞→x   Tu: 

a) xα =  g) )/)(xα  d) )/1()/1( xx οο −  b) 1(15 xο=)( )/100()( xx οα =
2))|| xα e) x/1(()(x ο=  xx οα =  v) z) 
 T)   

. dawereT asimtoturi  warmodgena roca  saxis naSTiTi 

sa: 

)

))/1(()( 32 ))/1(()( 2xx οοα =  
)/1/1()( 2 xxx −= οα  ))/1(/1()( 22 xxx οοα +=

0→x  0),( ≥αο αx15

wevriT Semdegi funqciebi

a  )0();5(sin),5(sin 22 >+ xxxx b)  g)  )6(cos),5(cos 2222 xxx + )0(;, 22 >+ xee xxx
d) 

 e) v))1ln(),1ln( 22 xxx +−−  )),2ln(cos(),2ln(cos 2xxx +  )0(;sincos >xx  z) 

)0(),l ( +e xn >xx  T) )0(;cos coscos 2 −xx3 >xx  i)  
16. daiTvaleT funqciis rxeva miTiTebul simravleebze 

1
),( fEω  Tu 

a)  b) g) d) 53)(],6,1[ −== xxfE 2)(],1,1[ xxfE =−= 23)(],6,1[ 2 +−== xxxfE

16
2
5

3
1)(],4,1[ 23 −+−== xxxxfE  e) xxxfE 3sin6)(],2/,0[ −== π v) 

x
xxfE 1sin)(],/1,0( == π z) 

x
xfE 1sin)(],10,0( 5 == −  

i  ise17. poveT Ti,rom  ba,

0lim =⎟
⎞

. 
1
12

⎟
⎠

⎜⎜
⎝

⎛
−−

+
+

∞→
bax

x
x

x

. ipoveT  mudmivebi ( ii ba , 2,1=i ) iseTi, rom  18

0)1(lim
−∞→

x 11
2 =−−+− bxax

x
 ,  

0)lim =
x

. 1( 22
2 −−+−

+∞→
bxaxx

 
 

z R v r e b i 

 

 

 

19.gamoTvaleT zRvrebi 

a) 
12 −∞→

33lim +
x
x

 ;b) 
x 72 +∞→

42lim −
x

x
 ;g) 

x xx
xx 108lim

2

x 52 2 −
+−

; d)) 
∞→ 142

43lim 5

5

−−
−

∞→ xx
x

x
; 

i)) 
538
)1)(32(lim 3

2−+
xx

x
x +−

+
∞→ 12

33lim 2 ; l) 2

3

12
53lim

xx
xx

x +−
−

−∞→
; 

xx
+−∞→ xxx

; k) 

 62



45
1lim

2

+
++

+∞→ x
xx

x
; n) m) 

1
lim

2 +−∞→ x

x
x

; o) 
x

xx
x

−+
−∞→

1lim
2

; 

p) 
14

1lim
2

2

+−

−+
−∞→ xx

xx
x

; J) xx

xx

x 375
435lim
⋅−
⋅−

+∞→
; r) xx

xx

x 25
35lim

−
−

−∞→
; 

)1(lim 2 xxx
x

++
−∞→

; u) )1(lim 2 xxx
x

−+
+∞→

)xax −+ ; t) (lim
x +∞→

; s) 

)1)1(lim 2 xx
x

++
−∞→

; q) )1(lim 2 xx
x

−+
−∞→

; x) 1(lim 2 +
∞→

x
x

2 −− x . f) 

 

 

 

 

   20. ipoveT zRvrebi 

a) 
x
x

x 5sin
4sinlim

0→
; b) 

x
xx

x 5sin
63lim

2

0

+
→

; g) 
)3cos()5cos(

1l m
0 xx −

)2cos(i x
x

−
→ x

x
x 20 s n

co1lim −
+→

; 
i

s
 ;d) 

e) 
x
xx sin2lim

x cos10 −→
; v) 

xtgx 20

x5sinlim xsin−
→

;z) 
1sin10 −+→ xx
 ;T) 

sinlim x
))2((0 xtgx +→ π
; i) 

4lim x

x
x

x cos1
cos1lim

0 −
−

+→
; l) 

3 20 )cos1(
lim

x
tgx

x −−→
; k) 

)2(
cos)3cos(lim 2 xtg

xx
x

−
→π

 ;m) 
)2(

)2cos(1lim 22/1 xtg
x

x π
π+

→
; 

n) 
)sin(

1lim
3

1 x
x

x π
−

→
 ;o) 

x
xtg

x 3sin
)5(lim

π→
; p) 

)3(sin
cos1lim 2 x

x
x

+
→π

 ;J) 
)8sin(
)3sin(lim

2 x
x

x π
π

→
;r) 

)3(
)5(lim

2/ xtg
xtg

x π→
. 

 

 

 

21. gamoTvaleT zRvrebi: 

a) ;3coscoslim 20 x
xx

x

−
→

  b) 
( ) ;

cos21
3sinlim

3 x
x

x −
−

→

π
π

  g) ( ) ; ;
2

1lim
1

xtgx
x

π
−

→
  d)

sin
coscos

2

3

lim
0 x

xx −
  

x→

e) 
x

bxax
x

+−+
→

11lim
0

 ( );, Ν∈nm   v) 
nm ( );11lim 22 xxxx +−−++   z) ;lnlnlim ax

axax −
−

→
  

x +∞→

xx +
⎟
⎞

⎜
⎛ + 11lim , roca ;,1,0

x

x

−

⎠⎝ +

1

2
+∞→→+→ xxx   i)  

x

x bx
ax

⎟
⎠
⎞

⎜
⎝
⎛

+
+

+∞→ 2
1lim  ( );022 ≠+ ba   T) 

k) ( )[ ] ;8lim 2

04

xtg

x
xtg +

+→
π

π
  l) [ ] ;sinlim

2

tgx

x
x

π→
  m) 

n
n

n a
ba
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +−
∞→

1lim   ( ).0,0 >> ba  

 

 

22. gam Tvo aleT zRvrebi: 

a) 
x

bxax nm

x

111lim
0

−++
→

 ( )  b) ;, Ν∈nm  ;
11

121lim
43

0 x
x

x −−
+−+

→
  g) 

2
9x ;

3sin
cos1lim

40 x
x

x

−
+→

   

d) ( ) ;   e)
sin2sin 20 xxx −→

lim
32

ee xx −
 ( )1lim −n an  

0→n
( );0>a   v) ;2m

2xx
⎟
⎞

⎜
⎛ +

 z) ( ) ;lim 2

4

xtg

x
tgx

π→
    

12
li
x x ⎠⎝ −∞→

 

 63



T) ;
12
13lim

1

2

2
3

x
x

x x
x −

∞→ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
+

  i) 
n
x;

13
2sinlim ⎟

⎠
⎞

⎜
⎝
⎛

+∞→ n
nn

n

π
  k) 

n

n
coslim

∞→
. 

 

 

9. gamoTvaleT zRvrebi: 

 
( )
( );2cosln

2sinlim
2

1 x

x

x ⋅
⋅

→ π
π

   b) 
ax
ax ax

ax −
−

→
lim  ( );0>a    g) 20

2lim
h

aaa xhxhx

h

−+ −+

→
 ( );0>aa)    

( ) ( )
d) 

( ) ;
sin

4lnlim
0 bx

axtg
x

+
→

π
  e) ;coscoslim 30 x

xexe
x→

−
  v) 

xx − ( );coslnsinlim 2 nn
n

π
∞→

 

z) ;1sin
1

lim
na

n nn
n

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛

+∞→
  T) ( )nn

n
+

∞→

2coslim π . 

 

23. gamoTvaleT zRvrebi: 

a) ( );23lim 23 23 xxxx −−+   b) 
x +∞→

( )[ ( ) ];1 323 −− x   g) xx−  1lim 231 +xx
+∞→x 1x→

d) 

( ) ;2log1lim

 ( );0>a   v) ( )12lim +

∞→
− nn

n
aan  ( );0>a  ;3os2coscos1lim

2sin
c

20 x
xxx−

  e) 
a
x−

xax −→

a ax

lim
x→

z)
( );2lnlim

2

0 xtg
xex

x

+
+→

  T) ;
1

2coslim

2

( )
( );ln

lnlim 24

xax ⎤⎡
⎟
⎞

⎜
⎛ ⎞⎛;

2 xe+
xx ex

x
+−∞→

 lim
5

713

1

xx
x

−
→ x x

⎥⎢ ⎟⎜ ⎟
⎠

⎜
⎝ +∞→

π   k)
3−

  i)
xx ⎥⎦⎢⎣ ⎠⎝

;1cos1sinlim
x

x xx
⎟
⎠
⎞

⎜
⎝
⎛ +

∞→
  n) 

( )
( )x

x

x ex
ex

24

2

ln
lnlim

+
+

+∞→
;11

4
4lim

⎢
⎢

∞→
tg

n ⎥
⎥
⎦

⎤

⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ ++

− απ
n

  m) 
n

l) . 

 

 

 

wertilSi funqciis uwyvetoba. elementarul funqciaTa uwyvetoba. 

Uuwyvet funqciaTa lokaluri da globaluri Tvisebebi. Tanabari 

uwyvetoba. Bbolcano-koSis Teorem

mniSvn s Ses a

uwyveti funqciis maqsimaluri da minim

kanto

          

 

      

lia 

 

 

                           Tavi 5  

a Uuwveti funqciis Sualeduri 

elobi axeb. v ierStrasis Teorema segmentze gansazRvruli 

aluri mniSvnelobis Sesaxeb. 

ris Teorema Tanabari uwyvetobis Sesaxeb. 

             wertilSi funqciis uwyvetoba.  

   gansazRvreba 5.1. (koSi) funqcias REf →:  romelic gansazRvru
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  gansazRvreba 5.2. (koSi) funqcias 

yenebiT as
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uwyvets, Tu yoveli dadebiTi 

REf →: Ec∈
ε  ricxvisTvis arsebobs 0>δ  ricxvi iseTi, 
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⎩
⎨
⎧

⎭
⎬
⎫∈− Nn

n
1

. 

SevniSnoT, rom funqcia misi gansazRvris aris nebismier izolirebul 

wertilSi uwyvetia. sainteresoa funqc is gan vris aris i  

ebi, r mlebic gansazRvris aris zRvruli wer  

Ec∈

i sazR s

wertil o tilebia. aseTi

wertilebisaTvis cxadia samarTliania winadadeba: gansazRvris aris  

r

zRvrul  wertilSi REf →:  funqcia uwyvetia MmaSin da mxolod 

maSin, roca )()(lim cfxf
cxE

=
→∋

. 

  gansazRvreba 5.5. (haine) vTqvaT, mocemulia REf →:  funqcia. vityviT, 

om f  funqcia uwyvetia Ec∈  wertilSi, Tu E  simravl aRidan ebuli   

 funqciis 

                           

   e

c
wertilisaken krebadi nebismieri 1)( ≥nnx  mimdevrobisaTvis 

Sesabamis mniSvnelobaTa 1))(( ≥nnxf  mimdevroba krebadia )(cf  ricxvisaken. 

      

gansazRvr ba 5.6. vityviT, rom REf →:  funqcia uwyvetia E  

u igi uwyvetia simravleze, T E  simravlis yovel wertilSi. E  

uw

ur e isi is Tvis , romelic 

r

simravleze uwyvet funqciaTa erTobliobas )(EC  simboloTi aRvniSnavT. 

   Kkalkulusis kursSi Cven vaCveneT, rom nebismieri elementaruli 

funqcia Tavis gansazRvris areze uwyvetia.  

    

 

 

             yvet funqciaTa lokaluri Tvisebebi 

   funqciis lokal Tvisebad iTvl ba m eba

samarTliania funqciis gansazRvris aris raime fiqsirebuli wertilis 

agind mcire midamoSi. Ffunqciis  uwyvetoba wertilSi aris am funqciis 
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lokaluri Tviseba.  Ffunqciis globaluri Tviseba aris is Tviseba, 

romelic ukavSirdeba am funqciis gansazRvris  ares. 

,  da  funqciebi uwyvetia 

 

    Teorema 5.7.  vTqvaT REf →: REg →: Ec∈  

ier wertilSi funqciis mn

wertilSi. maSin samarTliania Semdegi debulebebi: 

   a) arsebobs c  wertilis midamo )(cU  iseTi, rom f  funqcia 

SemosazRvrulia EcU ∩)(  simravleze. 

   b) Tu 0)( ≠cf , maSin arsebobs  c  wertilis )(cU  midamo iseTi, rom  

EcU ∩)(  simravlis nebism iSvnelobas da  

ricxvs aqvT erTidaigive NniSani. 

   g) c  wertilSi uwyveti iqneba Semdegi funqciebi: 

      1) )()( xgxf +  

      2) )()( xgxf ⋅  

      3)  

)(cf

)(
)(

xg
xf

,  Tu  0)( ≠cg . 

Ddamtkiceba. cxadia sainteresoa is SemTxveva, roca c  wertili 

s zRvruli wertilia.  

a) aviRoT 

gansazRvris ari

1 0>δ=ε . vinaidan )(lim xf
cxE

)(cf=
→∋

  amitom moiZebneba  iseTi, 

Ex∈  da δ<− ||rom (f 1)()(1) +<<− cfxfc , roca cx . saidanac gveqneba 

1|)(|)(| +≤ cfxf , roca Ex∈  da δ<− || cx . |

b) aviRoT 
3

|)(c
cxE

| f
=ε  . vinaidan 0>δ)()(lim cfxf =   amitom moiZebneba  

→∋

iseTi, rom 
3

|)(|)()(|)(|)( cfcfxfcfcf +<<− , roca Ex∈  da 
3

δ<− || cx . 

SevniSnoT, rom Tu  dadebiTia maSin )(cf
3

|)(| cf

dadebiTia da am SemTxvevaSi gveqneba 0)( >xf  roca Ex

)(cf −  ricxvic 

∈  da 

δ<− || cx . Aanalogiurad Tu )(cf  uaryofi iT a, 
3

|)(| cf
+  ricx)(cf vic 

 roca 0)( <xf Ex∈uaryofiTia da am SemTxvevaSi gveqneba  da 

δ<− || cx
  g) am punqtSi moyvanili debule dapiri Sedegia uwyvetobis

. 

bebi pir   

 ganmartebis da wertilSi funqciis zRvris ukve cnobili   

Tvisebebis(ariTmetikuli Tvisebebi da zRvruli gadasvlebi). 

   Teorema 5.8. vTqvaT,  funqcia uwyvetia 

                                 

YEf →: Ec∈  wertilSi, xolo 

RYg →:  funqcia uwyvetia Ycf ∈)(  wertilSi, maSin REfg →:D  

kompozicia uwyvetia c  wertilSi. 

Ddamtkiceba. ganvixiloT E  simravlidan aRebuli  wertilisaken Ec∈
krebadi ,...2,1, =nxn  mimdevroba. vinaidan  YEf →:  funqcia uwyvetia Ec∈  

wertilSi amitom ()(lim fxf cnn
= )

∞→
. vinaidan  →  funqcia uwyvetia 

∈)(

RYg :

Ycf  wertilSi, amitom ))(())((lim cfgxfg nn
=

∞→
. maSasadame  

              uwyvet funqciaTa globaluri Tvisebebi 

REfg →:D

funqcia uwyvetia c  wertilSi. Teorema damtkicebulia. 
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   Teorema 5.9. (bolcano-koSis Teorema Sualeduri mniSvnelobis Sesaxeb 

). Tu segmentze uwyveti funqcia am segmentis boloebze Rebulobs niSniT 

gansxvavebul mniSvnelobebs, maSin am segmentze arsebobs wertili, 

oba xde

gavyoT  segmenti Suaze. Tu gayofis wertilSi funqciis mniSvneloba 

ar aris nulis toli, maSin miRebuli monakveTebidan erT-erTis 

ic , an miviRebT 

n gvaqvs er  Calagebul 

imdevroba, igrZeebi miiswrafvian nulisken, maSin 

romelSic funqciis mniSvnel ba nulis toli. 

   damtkiceba. vTqvaT,  Rbaf →];[:   funqcia uwyvetia ];[ ba    segmentze. 

boloebze funqcia kvlav iRebs niSniT gansxvavebul mniSvnelobebs. axla 

es monakveTi gavyoT Suaze da gavagrZeloT procesi ase. maSin romeliRac 

safexurze an vipoviT ];[ bac∈  wertils, romelS 0)( =cf

];[ ba

erTmaneTSi Calagebul monakveTTa mimdevrobas, romelTa sigrZeebi 

miiswrafvia  nulisken. Tu mocemuli TmaneTSi

monakveTTa m  romelTa s

cnobili Teoremis ZaliT arsebobs erTaderTi ];[ bac∈  wertili, romelic 

ekuTvnis yvela am monakveTs. agebis Tanaxmad, arsebobs monakveTebis 

gan Sedgenili ori mimdevroba   da ≥nn  iseTi, rom 

wyve

boloebisa (x1
' )( ≥nnx 1

'' )
0)( ' <nxf , 0)( '' >nxf  da  cxx nnnn

==
∞→∞→

''' limlim . Ffunqciis u tobis ZaliT 

miviRebT:  0)()(lim ' ≤=
∞→

cfxf nn
  da  0)()(lim '' ≥=

∞→
cfxf nn

.  Aamrigad, 0)( =cf . 

Teorema damtkicebulia. 

   Sedegi 5.10. Tu ϕ  funqcia uwyvetia raime intervalze da intervalis   a
da  b  wertilebSi iRebs mniSvnelobebs  Aa =)(ϕ   da  Bb =)(ϕ , maSin A   

da  B  ricxvebs Soris moTavsebuli nebismieri C  ricxvisTvis arsebobs 

a   da  b  wertilebs Soris moTavsebuli c  ricxvi, romelSic Cc =)(ϕ . 

   damtkiceba. ];[ ba  monakveTi mocemul intervalSi Zevs, amitom 

Cx −)(xf =)( ϕ  funqcia gansazRvrulia da uwyvetia ];[ ba  segm masTa  

, amitom zemoT damtkicebuli Teor

a c
0C

entze. a n

)()()( <−=⋅ CAbfaf emis ZaliT 

  da   wertilebs Soris arsebobs  ricxvi, romlisTvisac 

=−= ccf

0)( −⋅ CB
b

)()( ϕ .   Sedegi

11. iSvnelobis Sesaxeb bolcano-koSis 

Teoremis damtkiceba gvaZlevs 0)(

 damtkicebulia. 

    SeniSvna 5. Sualeduri mn

=xf  gantolebis fesvis moZebnis 

umartives lgoriTms, T  seg entze gansazRvruli uwyveti 

 

                                 

magaliTad, 0cos =− xx

a uki m

funqcia mis boloebze iRebs gansxvavebul niSnian mniSvnelobebs. 

 gantolebas aqvs fesvi 

];[ ba

);0( π  intervalSi, radganac 

i uwyvetia   xxxf −= cos)(   funqc a ];0[ π  monakveTze da 1)0( =f >0,  

01)( <−−= ππf .  

   axla moviqceT ise, rogo

];0[
rc aRwerilia Teoremis damtkicebaSi. gavyoT 

π  Suaze  saW r da SevarCioT i o Sualedi, mere is Sualedi gavyoT 

uli Sualedis sigrZe naklebi gaxdeba 

war dasaxelebul 

Suaze da a. S. rodesac miReb  

ε  ricxvze, maSin Sualedis Suawertili iqneba 

neloba

winas

gantolebis fesvis miaxloebiTi mniSv  
2
ε
 sizu

e. 

stiT. 

    Teorema 5.12. (vaierStrasis Teorema uwyveti funqciis maqsimaluri 

mniSvnelobis Sesaxeb).  

a) segmentze uwyveti funqcia SemosazRvrulia am segmentz
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b) Tu funqcia gansazRvrulia da uwyvetia segmentze, maSin am segmentze 

arsebobs wertili, romelSic funqcia Rebulobs Tavis maqsimalur 

mniSvnelobas da arsebobs wertili, romelSic funqcia Rebulobs Tavis 

minimalur mniSvnelobas. 

Ddamtkiceba. REf →:  uwyveti funqciaa ],[ baE =  simravleze. vTqvaT 

Uuwyvet  funqciaTa lokaluri Tvisebis ZaliT nebismier Ex∈  

ertilisaTvis ar  midamo iseTi, rom sebobs midamo )(xU )()( xUExU E ∩=  

mravleze mocemuli funqcia SemosazRvrulia. Yyoveli 

∈ wertilisaTvis  aseTnairad agebul midamoTa erToblioba qmnis 

danac gamovyoT segmentis   

2 xUxUx  intervalebiT sasruli qvedafarva (borel-lebegis 

w

si

x E )(xU
],[ ba  segmentis intervalebiT dafarvas, sai ],[ ba  

)(),...,(),( 1U n

n )()( kkE xUExU ∩=  simravleze funqcia Teorema). vinaida  

a, amito e  fmSemosazRvruli m gv qneba x kk M≤≤ )(  roca , )( kE xUx∈ nk ,...,2,1= . 

eqneba  saidanac gv

             },...,,max{)(},...,,min{ 2121 nn MMMxfmmm ≤≤  

Nnebismi ],[ ba . maSasadame mocemuli funqcia SemosazRvruleri ia. 

.  dau

x∈
vTqvaT M = SvaT, rom Ex∈∀  Mxf <)( .  maSin E)(sup xf

Ex∈
 simravleze 

mniSvnel  arcerT 

wertilSi ar Rebulobs, Tumca Rebulobs  ragind patara mniSvnelobebs 

(vinaid

gansazRvruli )(xfM −  funqcia nulis tol baso

an )(sup xfM
Ex∈

= ), ase, rom funqcia 
)(

1
xfM −

 Rebulobs ragind d

lebelia, vinaidan 

id 

mniSvnelobebs, rac SeuZ
)(

1
x

 funqcia 
fM −

],[ baE =  

SemosazRvrulia. maSasad

segmentze uwyvetia da ukve Teoremis damtkicebuli nawilis Tanaxmad 

ame Cveni daSveba , rom Ex∈∀  xf )(
Ec

M< arasworia. 

e.i. arsebobs erTi mainc ∈  iseTi, rom Mcf =)( . 

   Aana giurad Tu ganvixilavT funqcias lo
mxf −)(

1
 sadac )(inf xfm

Ex∈
=  

vaCvenebT, rom romelime EC∈  wertilisaTvis . Teorema 

damtkicebulia. 

 

  SeniSvna 5.13. SevniSnoT, rom 

mCf =)(

 

xxf =)(1   da    
x2 xf 1)( =  funqciebi  

uwyvetebia (0;1) intervalze, magram xxf =)(1  funqcias ara aqvs (0;1) 

a arc minimaluri mniSvneloba, xolo intervalze arc maqsimaluri d

x
xf )(2 =  funqcia SemousazRvrelia (0;1) intervalze. maSasadame Teore

1
mis 

  

 

Gganma  

pirobaSi segmentis moTxovna arsebiTia. 

  

rteba 5.14. funqcias REf →:   uwodeben Tanabrad uwyvets RE ⊂  

simravleze, Tu yoveli 0>ε  ricxvisaTvis arsebobs 0>δ  iseTi, rom 

nebismieri  ricxvebisaTvis roca Eyx ∈, δ<− || yx  samarTliania 

ε<− |)()(| yfxf . 

 68



SeniSvna 5.15.  Tu funqcia Tanabrad uwyv tia raime simravleze maSin ie s 

v er wertilSi. dasamtkiceblad sakmarisia uwyvetia am simra lis nebismi

zemoT moyvanil ganmartebaSi davafiqsiroT cy = . maSin avtomaturad 

wyvetobas Ec∈  wertilSi. miviRebT funqciis  u

SeniSvna 5.16. SesaZleblia REf →:  funqcia uwyveti iyos E  simravlis 

yovel wertilSi (anu E  simravleze) magram is ar iyos Tanabrad uwyveti 

E  simravleze. magaliTad: 
x

xfR 1sin)(,)1,0 =→  uwyvetia )1,0(  simravleze. f (:

uli wertilis ne mier midamoSi mocemuli funqc Rebulobs 

niSvnelobeb

 

Nn bis ia 

rogorc -1 aseve +1 tol m s,  amitom Tu aviRebT 2<ε  ukve 

aRar Sesruldeba Tanabari uwyvetobis pirobebi. 

   is faqti, rom f funqcia ar aris Tanabrad uwyveti E  simravleze 

SegviZlia δε −  terminebSi ase gamovxatoT 

             )|)()(||(|,00 εδδε ≥−∧<−∈∃∈∃>∀>∃ yfxfyxEyEx . 

is t δε −faq i, rom f funqcia  uwyveti E  simravleze SegviZlia  

terminebSi ase gamovxatoT 

          )|)()(||(|00 εδδε <−⇒<−∈∀>∃>∀∈∀ afxfaxExEa . 

rogorc vxedavT  δ  ricxvis  arCeva damokidebulia  da Ea∈ ε -ze  da 
amitom fiqsirebuli ε  dros is sazogadod icvleba  ricxvis 

cvlilebasTan erTad. Tanabrad uwyvetobis SemTxvevaSi ki SesaZlebelia 

fiqsirebuli 

a

0>ε   ricxvisaTvis yoveli Ea∈  ricxvisaTvis saerTo 0>δ  

ricxvis arCeva. 

Teorema 5.17. (kantoris Teorema Tanabari uwyvetobis Sesaxeb). segmentze 

gansazRvruli uwyveti funqcia Tanabrad uwyvetia. 

Ddamtkiceba. vTqvaT  REf →: ],[ baE =  segmentze gansazRvruli uwyveti 

funqciaa.  dauSvaT is araa Tanabrad uwyveti. maSin arsebobs 00 >ε  

Semdegi TvisebiT:   0>∀δ  ricxvisaTvis  moiZebneba  ricxvebi 

ise

Eyx ∈,

Ti, rom  δ<− || yx  da 0|)()(| ε≥− yfxf .  maSasadame ,..2,1,1
== nδ .

n
 

ricxvebisaTvis SegviZlia vipovoT  Eyx nn ∈,  TvisebiT 
n

yx nn
1|| <−  da 

0|)()(| ε≥− nn yfxf   vinaidan ,...2,1=n ,...2,1, =nxn  da  mimdevrobebi 

SemosazRvrulia  amitom SegviZlia 

mimdevroba  iseTi, rom 

,...2,1, =nyn

avagoT naturalur ricxvTa zrdadi 

,...2,1, =knk ,..2,1, =kx
kn  da  mimdevrobebi 

krebadia, cxadia maTi zRvari erTidaigivea (vinaidan 

,..2,1, =ky
kn

n
yx nn

1|| <−  ,...2,1=n ) 

da zRvari ],[ baE =  segments ekuTvnis.  vTqvaT es  zRvari aris  . 

vin

                       

c
aidan f  funqcia uwyvetia amitom  

)()(lim)(lim cfyfxf
kk nknk
==

∞→
 

maSin moiZebneba  iseTi, rom roca  

                        

∞→

Nm∈ mk >

2
|)()(| 0ε<−xf  cf

kn da 
2

|)()(| 0ε<− cfyf . 
kn

saidanac davaskvniT, rom roca 

  

mk >  

)( 0
00

22
|)()(||)()(||)(| ε

εε
=+<−+−≤ cfyfcfxfyf

kkk nnnn  −xf
k
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0|)()(| ε≥− nn yfxfrac  ewinaaRmdegeba utolobas . maSasadame Cvenma 

daSvebam migviyvana winaaRmdegobamde. Teorema damtkicebulia. 

SeniSvna 5.18. rogo

gansazRvris aris im specipikur Tvisebas, rom is aris segmenti, rac 

damtkicebis procesSi naTlad sCans saxeldobr roca  wertils 

vagebT.  im SemTxvevaSi Tu funqcia intervalzea gansazRvruli Teorema 

sazogadod samarTliani  ar aris rac zemoT ukve vnaxeT konkretul 

mag  SemT alogiur 

msJelobas, rac ganvaxorcieleT segmentis SemTxvevaSi da avagebT   

krebad x  da 

rc davinaxeT Teoremis damtkicema arsebiTad eyrdnoba 

c ],[ ba∈

aliTze. Aintervalis xvevaSi Tu CavatarebT an

 , =k
kn ,..2,1 ,..2,1, =ky

kn  mimdevrobebs SeiZleba moxdes, rom  maTi 

zRvar . 

 

                   savarjiSoebi 

   1.  

),( bac∉i 

 

 

           

 

δε −  terminologiis gamoyenebiT aCveneT uwyvetoba Semdegi     

unqciebisa: 

        a) 

       Ff

baxxf +=)(  b)  g)  d) 
2)( xxf = 3)( xxf = xxf =)( e) 3)( xxf =  

        d) xxf sin)( =  e) xxf os)( c=  v) arctgxxf =)(  

 ganvixiloT funqcia ][001,0)( xxxf   2. += . aCveneT, rom nebi

001.0>
smieri 

       ε  ricxvisaTvis  0),( >= εδδ x SegviZlia vipovoT ricxvi iseTi, 

       rom <− |)()'(| xfxf δ<− |'| xxε , roca . samarTliania Tu ara    

       aRniSnuli winadadeba im SemTxvevaSi, roca 001.00 ≤< ε  ? 

3.  vTqvaT zogierTi 0>ε  ricxvisaTvis moiZebneba 0)( >= εδδ  iseTi, 

rom ε<− |)()(| cfxf  roca δ<− || cx .  SegviZlia Tu ara DdavaskvnaT, 

rom f  funqcia uwyvetia c  wertilSi, Tu viciT, rom zemoT 

moyvanili Tvisebis mqo 0>εne  ricxvebis simravle a)sasrulia b) 

usasruloa g) ,...2,1,
2
1

=nn  saxis ricx bia. 

4.  funqcia gansazRvrulia  wertilis raime midamoSi.  

ve

 vTqvaT f c
Aaris Tu  ara f  funqcia uwyveti c  wertililSi Tu 

)|)()(||(|00 εδδε <−⇒<−∀>∃>∃ cfxfcxx  a) 

b )|) (|(|00 )|)( εδεδ <−⇒<−∀>∃>∀ cfcxx  xf
g) )|||)()((|00 δεδε <−⇒<−∀>∃>∀ cxcfxfx  

d) )|||)()((|00 δεεδ <−⇒<−∀>∃>∀ cxcfxfx  

)|)()(||(|00 εe) δδε <−⇒<−∀>∀>∃ cfxfx  

) (|00
cx

v (|| )|)() εδδε ≤−⇒<−∀>∃> cfxcxx  

) (|00
∀ f

       z || )7|)()(δδε ≤−⇒<− ε∀>∃>∀ cfxxx  

 

i mag iTi, 

S   

i

  6.    moiyvaneT magaliTi segmen

      Aaraa a) SemosazRvruli zemodan b) SemosazRvruli qvemodan g)  

      Oorive mxridan. SeiZleba Tu ara rom aseTi funqcia iyos uwyveti. 

7.   

funqciis, r

fc

  5.   moiyvaneT intervalze gansazRvruli uwyveti funqc is al

      romelic araa a) SemosazRvruli zemodan b) emosazRvruli

      qvemodan g) orive mxr dan. 

tze gansazRvruli funqciis, romelic  

moiyvaneT magaliTi intervalze gansazRvruli da SemosazRvruli   

omelic a)Rebulobs maqsimalur mniSvnelobas magram ar 
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R Svnelobas b) Rebulobs minimalur 

bs 

a SeiZleba dav kvnaT

ebulobs minimalur mni

mniSvnelobas magram ar Rebulo maqsimalur mniSvnelobas.  

      

   8.  r as  gf +  funqciis uwyvetobis Sesaxeb   

       wertilSi Tu 

   

   

   9.  ra SeiZleba davaskvnaT 

c

    a) f  uwyvetia c  wertilSi, xolo g  wyvetili b) orive funqcia  

    

gf
wyvetilia c  wertilSi. 

⋅  funqciis uwyvetobis Sesaxeb c   
   

      

      

   10. daamtkiceT, rom Tu  uwyveti funqciaa, m,aSin     

     Uuwyvetia.  

 

    wertilSi Tu 

 a) f  uwyvetia c  wertilSi, xolo g  wyvetili b) orive funqcia  

 wyvetilia c  wertilSi. 

)(xf |)(|)( xfxF =

   11.  daamtkiceT, rom Tu Ra →f +∞),[:  funqcia uwyvetia a arse ob

      sasruli zRvari )(lim xf
x +∞→

, maSin funqcia SemosazRvrulia.

d b s  

 

 funqciebi uwyvetia, maSin    

     

gf ,   12. daamtkiceT, rom Tu 

 )}(),(min{)()},(),(max{)( xgxfxGxgxfxF ==  funqciebic uwyvetia. 

 parametrebis ra mniSvnelobebisaTvis iqneba funqcia 

.3)1 x

2) ≤<+
≤+

= ;10,32
;0,

)( xx
ax

xf  

14.  da a vnelo n a funqcia uwyveti? 

≤+ ;1,1 xx
 

.2, x

15.  ipoveT  funqciis wyvetis wertilebi da aageT misi grafiki: 

 13. a  da b
uwyveti? 

⎧ ≤2

1) 
⎪
⎨ ≤<+= ;32,

;2,
)( xbax

xx
xf  

⎪
⎩ (xa >−

x

⎪
⎩ >+ .12 xbax

⎧ ≤ ;2,2 xx

⎪
⎨

⎧

3) 

⎪
⎩

⎨
>−

≤<+=

.3)1(
;32,)(

xxa
xbaxxf  

⎪

a   par metris ra mniS bebisaTvis iq eb

1) ⎨
⎧

=)(xf
⎩ >− .1,3 2 xax

2) 
⎩ ≥+

<+
=

.1,2
;1),1(

)( 2 xx
xxa

xf  ⎨
⎧

3) ⎨
⎧ ≤+

=
;2,2

)(
2 xax

xf  
⎩ + 23 ax >
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a) ; b) )(sin xsigny = ][xxy −=  g) ])[]([)( xxxxf −=  d) xxxf πsin][)( ⋅=  

16. ipoveT  da  funqciis wyvetis wertilebi Tu: 

a) ,  b) 

fg D gf D

)()( xsignxf = 21)( xxg += )()( xsignxf = , )1()( 2xxxg −= , 

g) . 

17. daadgineT funqciis wyvetis wertilebi da misi xasiaTi Tu: 

a) 

][1)(,sgn)( xxxgxxf −+==

23
1

3

2

+−
−

=
xx

xy ; b) 3!
1

x
xy

+
+

= : g) 

xx

xxy
1

1
1

1
11

−
−

+
−

= . Dd) )arcsin(sin)( xxf =  

x
arctgy 1ln=  v) 

x
tgy 1

=  z) 
22

1
2 +−

=
tgxxtg

y  T) 
x

arctgy
sin

1
=e)   

18.   daamtkiceT , rom  funqcia SemosazRvrulia Tu 

a)

REf →:

),0[,
1
1)( 2 +∞=
+
+

= E
x
xxf   b) ),(,

1
2)( 2 +∞−∞=
+

= E
x
xxf  

b) }0{\,1sin)( RE
x

xxf ==  g)  

d) 

 19.  SemosazRvrulia Tu ara (qvemodan ,zemodan)  funqcia, Tu  

    a)  

    b)

REarctgxf x == ,2)(

),0(,)( +∞== − Exexf x
 

REf →:  

),3[],10,5[,)( 2 ∞−=−== EExxf  

 
x

xxf 1cos)( =  ),5[},0{\)9,1(],4,3( ∞=−== EEE   

    g)  

   

20. winaswar fiqsirebuli 

 }1{\)2,1(),,1[,2)( )1/(1 +−=+∞== − EExf x
  

0>ε  ricxvisaTvis ipoveT )(εδδ =  romelic 

akmayofilebs Tanabrad uwyvetobis pirobebs Semdegi 

funqciebisaTvis Tu 

a)  b)  g) 

REf →:
RExxf =−= ,35)( ]5,2[,12)( 2 −=−−= Exxxf ),0[,)( +∞== Exxf  

d) RExxxf =−= ,cossin2)(  }0{\,1sin)( RE
x

xxf ==  

21. isargebleT Tanabrad uwyveti funqciis cnebiT da daamtkiceT, rom 

funqcia 
x

xf 1)( =  Tanabrad uwyvetia ),1[ +∞  simravleze b) ar aris 

Tanabrad uwyveti ),0( ∞  simravleze. 

22. daamtkiceT  funqciis Tanabrad uwyvetoba Tu 

a) 

REf →:
),(,)( +∞−∞=+= Ebkxxf  b)  

g)   d)   

 23. gamoikvlieT  funqciisaTvis Tanabrad uwyvetobis sakiTxi  

   Tu 

     a) 

]2,1[),2,1[],2,1(),2,1(,)( 3 −−−== Exxf
),(,sin)( +∞∞== Exxf )10,1(,)( == Eexf x

REf →:  

  

)5,1(),1,0(,ln)( === EExxf  b) )5,1(),1,0(,1sin)( === EE
x

xf   
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     g)  )5,1(),1,0(,1sin)( === EE
x

xxf d)  ),(,)( +∞−∞== Earctgxxf  

     e) ),0[,)( ∞== Exxf  v) REExxf =+= ,,1)( 2
 z) ),1[),1,0(,ln +∞== EExx  

     T) 
1

)(
2

+
=

x
xxf , )0,1(),,0[ −=+∞= EE  i) )1,0(,1cos)( == E

x
exf x  k) 

        RExxf == ),sin()( 2
    l) RExxxf =+= ,sin)(  

   24. daamtkiceT, rom 
x

xxf |sin|)( =  Tanabrad uwyvetia a) )0,1(−  b) )1,0(   

     intervalebze, magram araa Tanabrad uwyveti )1,0()0,1( ∪−  intervalze. 

25. daamtkiceT, rom Tu f  funqcia Tanabrad uwyvetia ],[ ca  da ],[ bc  

segmentebze, maSin is Tanabrad uwyvetia ],[ ba  segmentzec. 

26. daamtkiceT, rom Tu Raf →∞),[:  funqcia uwyvetia da Axf
x

=
∞→

)(lim  

arsebobs (sasruli ricxvia) maSin is Tanabrad uwyvetia.  moiyvaneT 

Raf →∞),[:  funqciis magaliTi, romelic Tanabrad uwyvetia magram  

)(lim xf
x ∞→

 zRvari ar arsebobs.  

27. daamtkiceT, rom raime sasrul ),( ba intervalze gansazRvruli 

Tanabrad  uwyveti f  funqciisaTvis arsebobs sasruli zRvrebi  

       )(lim),(lim xfxf
bxax −→+→

. 

28. daamtkiceT, rom raime sasrul intervalze gansazRvruli Tanabrad   

uwyveti funqcia SemosazRvrulia. 

29. daamtkiceT, rom ori Tanabrad uwyveti funqciis jami Tanabrad  

uwyvetia.  

30. daamtkiceT, rom raime sasrul intervalze mocemuli ori Tanabrad  

uwyveti funqciis namravli uwyveti funqciaa. ra SeiZleba iTqvas im 

SemTxvevaSi Tu intervali sasruli ar aris.  

 

 

 

  31. cnobilia, rom ,)( 2xxf = roca x -iracionaluri ricxvia da  

,1)( =xf roca x - racionaluria. ipoveT mocemuli funqciis wyvetis 

wertilebi. 

25. aCveneT, rom funqcias 

⎪⎩

⎪
⎨
⎧

=

≠=
.0,0

;0,1sin)(
x

x
xxf  

0=x  wertilSi gaaCnia meore gvaris wyveta. 

32. funqcias 

⎩
⎨
⎧

=
∈

=
,\,0

;,1
)(

QRx
Qx

xD  

Ddirixles funqcias uwodeben. aCveneT, rom nebismieri wertili mocemuli 

funqciis  meore gvaris wyvetis wertilia. 

33. aCveneT, rom funqcias )()( xDxxG ⋅= , sadac )(xD  dirixles funqciaa 

gaaCnia mxolod erTi uwyvetobis wertili. 

34. funqcias  
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⎪⎩

⎪
⎨
⎧

=

∈==
,\,0

;,1
)(

QRx

Q
n
mx

nxR  

rimanis funqcias uwodeben (vgulisxmobT, rom 
n
m

 ukveci wiladia). 

aCveneT, rom mocemuli funqcia wyvetilia nebismier racionalur 

wertilSi, xolo nebismieri iracionaluri ricxvi mocemuli funqciis 

uwyvetobis wertilia. 

35. aageT segmentze gansazRvruli monotonuri funqcia, romelsac 

Tvladi raodenoba wyvetis wertili eqneba. 

36. vTqvaT ],[ ba  segmentze gansazRvruli uwyveti gf ,  funqcia iseTi,rom 

 )()( agaf <  da )()( bgbf > . aCveneT, rom ],[ bac∈  iseTi, rom )()( cgcf = . 

37. vTqvaT ]1,0[]1,0[: →f  funqcia uwyvtia. aCveneT, rom arsebobs ]1,0[∈c  

iseTi, rom ccf =)( . 

38. vTqvaT ]1,0[  segmentze gansazRvruli uwyveti gf ,  funqcia iseTi,rom 

gf D = fg D . aCveneT, rom arsebobs ]1,0[∈c  iseTi, rom )()( cgcf = . 

39. vTqvaT ),(:,: 1 RYXXYfYXf ⊂→→ −
 funqcia urTierTSeqceuli 

funqciebia. da f  funqcia uwyvetia Xx ∈0  weretilSi. aCveneT, rom am 

mocemulobidan sazogadod ar SeiZleba davaskvnaT, rom 
1−f  funqcia 

uwyvetia )( 00 xfy = . 

40. aCveneT, rom kenti rigis algebrul polinoms gaaCnia erTi mainc  

Nnamdvili fesvi. 

 
 

 

 

  

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 75

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

    

 

 

 



D                            Tavi 6 

 

                    diferencialuri aRricxva 

 

wertilSi funqciis diferenciali da warmoebuli. funqciis asimtoturi 

yofaqcevis Seswavla algebruli polinomebis saSualebiT. funqciaTa 

 sigluvis klasebi. Ddarbus Teorema warmoebuli funqciis 

Sualeduri mniSvnelobis Sesaxeb. elementaruli formiT mocemuli 

aracxadi funqcia da misi warmoebuli. 

)(),( )()( ECED nn

 

 

wertilSi funqciis diferenciali da warmoebuli. 

gansazRvreba 1. vTqvaT ori  funqcia uwyvetia  wertilSi. 

dauSvaT  wertili 

REgf →:, Ea∈
a E  simravlis zRvruli wertilia da . vityviT, 

rom  da  funqcias gaaCniaT -uri rigis Sexeba  wertilSi, Tu 

samarTliania toloba 

Nn∈
f g n a

                   roca  . ))(()()( naxoxgxf −=− ax →
 

magaliTi2.  vTqvaT  maSin 
55 )(,sin)( xxgxxf ==

0111sinlimsinlim 5

5

05

55

0
=−=−=

−
→→ x

x
x

xx
xx

. Aamitom mocemul funqciebs gaaCniaT 

mexuTe rigis Sexeba roca 0=x  wertilSi. mosalodnelia, rom da f
g funqcias nuli wertilis ragind patara midamoSi zogierTi “Tviseba” 

saerTo hqondeT vinaidan maT Soris gansxvaveba  “gacilebiT 

swrafad midis nulisaken vidre , roca ” . 

55sin xx −
5x 0→x

   vTqvaT unda SeviswavloT  funqcia  wertilis raime 

midamoSi. Ddiferencialuri aRricxvis ZiriTadi meTodi mdgomareobs 

SemdegSi: movZebnoT Tu SesaZlebelia raime <elementaruli funqcia> 

(mag. Ppolinomi) romelsac  funqciasTan eqneba -uri rigis Sexeba. 

aseT SemTxvevaSi  funqciis mTeli rigi Tvisebebi SeiZleba davadginoT 

 elementaruli funqciis saSualebiT.  funqciis rolSi SemdgomSi 

ganvixilavT -uri rigis polinoms centriT  wertilSi 

REf →: a

f n
f

g g
n a

            .   n
nn axcaxcaxccxaP )(...)()(),( 2

210 −++−+−+=
SemdgomSi Cven ganvixilavT Semdeg amocanas 

Aamocana 3. davadginoT pirobebi, romlebic uzrunvelyofs warmodgenas 

   roca  .      (1) ))(()(...)()()( 2
210

nn
n axoaxcaxcaxccxf −+−++−+−+= ax →

ganvixiloT SemTxveva 1=n . davadginoT pirobebi, romelic 

uzrunvelyofs iseTi wrfivi funqciis arsebobas, 

romlisTvisac samarTliania warmodgena 

)(10 axcc −+

     roca  .                            (2) ))(()()( 10 axoaxccxf −+−+= ax →
dauSvaT, rom  funqcia uwyvetia  wertilSi da (2) warmodgena 

samarTliania . maSin  (2) tolobidan miviRebT  

REf →: a

                             0)()(lim cafxf
ax

==
→

. 

Aam tolobis gaTvaliswinebiT (2) toloba gadavweroT ase 

                 
ax
axoc

ax
afxf

−
−

+=
−
− ))(()()(

1  roca  .   ax →

 76



am ukanasknel tolobis marjvena mxareSi mdgomi funqciis zRvari  

wertilSi tolia .  maSasadame marcxena mxareSi mdgomi funqcias 

agreTve gaaCnia zRvari  wertilSi da samarTliania toloba 

a
1c

a

                            
ax

afxfc
ax −

−
=

→

)()(lim1  . 

Kkalkulusis kursidan CvenTvis cnobilia, rom ukanasknel zRvars 

uwodeben   funqciis warmoebuls  wertilSi. f a
D 

Gganmarteba 4.  vTqvaT  wertili  Ea∈ E  simravlis zRvruli wertilia. 

vityviT, rom  funqcias gaaCnia  wertilSi warmoebuli  Tu 

arsebobs zRvari  

REf →: a

                               
ax

afxf
ax −

−
→

)()(lim . 

aRniSnul zRvars uwodeben  funqciis warmoebuls a  wertilSi da mas 

aRniSnaven simboloTi .  

f
)(' af

SeniSvna 5. ZiriTadad QqvemoT Cven ganvixilavT SemTxvevas, roca ],[ baE = . 

Aim SemTxvevaSi, roca vixilavT warmoebuls  segmentis marcxena 

boloSi mas vuwodebT funqciis marjvena warmoebuls am wertilSi, 

xolo Tu vixilavT marjvvena boloSi mas vuwodebT marcxena 

warmoebuls.  

],[ ba
f

 

MMzemoT  Catarebuli msjelobidan davaskvniT: Tu  funqciisaTvis 

arsebobs wrfivi funqcia, romelsac  funqciasTan  wertilSi aqvs 

pirveli rigis Sexeba maSin mas (wrfiv funqcias) aqvs saxe  

f
f a

                               ))((')( axafaf −+                             (3)   

Dda samarTliania warmodgena  

                   roca  .          (4) ))(())((')()( axoaxafafxf −+−+= ax →
 

SemoviRoT aRniSvna .  hax =−
sidideebs  da xhaha −+=∆ )()( )()();( afhafhaf −+=∆  uwodeben  Sesabamisad 

argumentisa da funqciis nazrds.  

 (4) toloba SegviZlia ase gadavweroT  

           )()(')()();( hohafafhafha +⋅=−+=∆    roca              (5) .0→h
 

         

Gganmarteba 6. vTqvaT  wertili  Ea∈ E  simravlis zRvruli wertilia. 

vityviT, rom  funqcia diferencirebadia  wertilSi Tu 

samarTliania warmodgena  

f REf →: a

                     roca  .      (6) )()()();( hohAafhafhaf +⋅=−+=∆ 0→h
wrfiv funqcias  romelic gansazRvrulia tolobiT 

 uwodeben  funqciis diferencials  wertilSi.   

RRadf →:)(
hAhadf ⋅=))(( f a

(5) tolobidan davaskvniT, rom Tu  funqcias  wertilSi gaaCnia 

warmoebuli maSin is am wertilSi diferencirebadia da samarTliania 

warmodgena 

f a

                        hafhadf ⋅= )('))((  .                                  (7) 

vTqvaT  funqcia diferencirebadia  wertilSi anu samarTliania (6) 

warmodgena maSin  

a
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h
hoA

h
haf )(),(

+=
∆

 

Tu am ukanasknel tolobaSi gadavalT zRvarze, roca  miviRebT 

. MmaSasadame Tu funqcia diferencirebadia raime wertilSi mas 

amave wertilSi gaaCnia warmoebuli. sabolood vRebulobT 

0→h
)(' afA =

Teorema 7. imisaTvis, rom  diferencirebadi iyos  wertilSi 

aucilebelia da sakmarisi rom am wertilSi mas gaaCndes warmoebuli. 

REf →: Ea∈

 

SeniSvna. davimaxsovroT wertilSi funqciis diferenciali aris wrfivi 

funqcia (argumentis  nazrdis), xolo warmoebuli ricxvia, romelTa 

Soris kavSiri (7) tolobiT gamoisaxeba. 

h

 

xSrad gamoviyenebT ganmarteba 6-is tolfas SemdegiG ganmartebas 

  

ganmarteba 8. vTqvaT  wertili  Ea∈ E  simravlis zRvruli wertilia. 

vityviT, rom  funqcia diferencirebadia  wertilSi Tu 

samarTliania warmodgena  

f REf →: a

                     roca  .      (8) )()()()( axoaxAafxf −+−⋅+= ax →
Yyovelive zemoTTqmulisa SegviZlia davaskvnaT, rom samarTliania  

 

MTeorema 9. funqcia  diferencirebadia  wertilSi maSin da 

mxolod maSin roca arsebobs wrfivi funqcia, romelsac  funqciasTan 

gaaCnia pirveli rigis Sexeba a  wertilSi.  

REf →: a
f

Gganmarteba 10. vityviT, rom bkxy +=  wrfe warmoadgens   

funqciis grafikis mxebs wertilSi Tu samarTliania toloba  

REf →:
))(,( afa

                     , roca . ))(()()( axobkxxf −=+− ax →
Tu gaviTvaliswinebT Teorema7-s gveqneba 

Teorema 11.  funqciis grafikis  wertilSi gaaCnia mxebi 

wrfe maSin da mxolod maSin, roca  funqcias  wertilSi gaaCnia 

warmoebuli da am SemTxvevaSi mxebi wrfis gantolebaa 

REf →: ))(,( afa
f a

                       ))((')( axafafy −+= . 

 

Kkalkulusis kursSi CvenTvis cnobilia  Semdegi debulebis 

samarTlianoba 

Teorema 12.  funqcia  diferencirebadia a  wertilSi maSin maSin 

is am wertilSi uwyvetia. 

REf →:

Teoremis samarTlianoba avtomaturad gamodis (8) tolobidan sakmarisia 

am tolobaSi gadavideT zRvarze  gveqneba        ax →
)()(lim0))()((lim afxfafxf

axax
=⇒=−

→→
.  

rogorc kalkulusis kursidanaa ukve cnobili  funqcias ||)( xxf = 0=x  

wertilSi ar gaaCnia warmoebuli Tumca am wertilSi is uwyvetia. 

(SevniSnoT, rom  funqcias mxolod erT wertilSi ar aqvs 

warmoebuli).  

||)( xxf =

 

jer kidev mecxramete saukuneSi agebuli iqna mTels RerZze 

gansazRvruli uwyveti funqciis magaliTebi, romelTac gansazRvris aris 

arcerT wertilSi ar gaaCnia warmoebuli. pirvelad am tipis magaliTi 

agebuli iyo bolcanos mier 1830 wels da vaierStrasis mier 1860 wels.  
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SeniSvna.  wertilSi  funqciis warmoebulis  aRniSvna 

SemoRebuli iyo laibnicis mier. xSirad  funqciis warmoebulis 

aRsaniSnavad   wertilSi iyeneben laibnicis aRniSvnas 

x f )(' xf
f

x
dx

xdf )(
. Ees 

ukanaskneli toloba unda gavigoT ase: 

f  funqciis diferencials  wertilSi aqvs saxe x
hxfhxdf ⋅= )('))((  xolo Tu ganvixilavT igiur funqcias , maSin 

 amitom  funqciis diferencialisaTvis gvaqvs 

xxf =)(
1)(' =xf xxf =)( hhhdx =⋅= 1)( ,  

anu damoukidebel cvlads  Tu ganvixilavT, rogorc -is igiur 

funqcias maSin misi diferenciali emTxveva argumentis nazrds h -s.  anu 
nebismieri  funqciisaTvis gvaqvs 

x x

f
)()('))(( hdxxfhxdf ⋅=   anu dxxfxdf ⋅= )(')(  saidanac gvaqvs      

dx
xdfxf )()(' = . 

 

warmoebad funqciaTa sxvadasxva klasebi.  

Gganmarteba 13. vityviT, rom funqcia diferencirebadia 

(warmoebadia) 

REf →:
E  simravleze Tu is am simravlis nebismier wertilSi 

diferencirebadia.  

 

  Tu  funqcia diferencirebadia REf →: E  simravleze   maSin arsebobs 

E  simravleze gansazRvruli f ′  funqcia, romelic aris  funqciis 

warmoebuli funqcia da ganisazRvreba SesabamisobiT . Tu 

f
)(' xfx f ′  

funqcia Tavis mxriv warmoebadia E  simravleze , maSin analogiurad 

SegviZlia ganvsaZRvroT ")''( ff =  funqcia, romelsac  funqciis meore 

rigis warmoebul funqcias uwodeben (xSir SemTxvevaSi -s 

f

)('' xf
xd
xfd

2

2 )(
 

simboloTi avRniSnavT) amrigad, induqciurad ganimarteba funqciis n  
uri rigis warmoebuli . ( aq  Canaweri aRniSnavs  

funqciis -uri rigis warmoebuls, xSirad mas 

)()()( )1()( xfxf nn ′= − )(nf f

n
xd
xfd

n

n )(
 simboloTi 

avRniSnavT. )  

SeniSvna 14. SevniSnoT, rom Tu raime Ea∈  wertilSi arsebobs −n  uri 

rigis warmoebuli , maSin  arsebobs zRvari )()( af n

ax
afxf nn

ax −
− −−

→

)()(lim
)1()1(

da 

maSasadame arsebobs  funqciis f 1−n  rigis warmoebuli  wertilis 

raime midamoSi.  

a

 

Gganmarteba 15. vTqvaT raime nauraluri ricxvia. -simboloTi 

avRniSnoT  funqciaTa erToblioba, romlebic 

n )(EDn

REf →: E  simravleze  -

jer warmoebadi arian, xolo  aRniSnavs yvela iseT  

funqciaTa erTobliobas, romlebic 

n
)(EC n REf →:
E  simravleze  -jer warmoebadi 

arian da  uri rigis warmoebuli  funqcia uwyvetia. (cxadia   

funqciebic  uwyveti iqnebian avtomaturad).  

n
−n )(nf )(kf

1,...,2,1 −= nk
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 funqcias uwodeben usasrulod diferencirebads E  simravleze, Tu mas 

E  simravleze gaaCnia nebismieri rigis warmoebuli. aseT funqciaTa 

erTobliobas aRnioSnaven  simboloTi.  )(EC∞

 magaliTi 16. 1) , cxadia, rom . 
xexf =)( xn exf =)()(

              2)  , cxadia, rom xxf sin)( = )
2

sin()()( nxxf n π
+=  (SeamowmeT!) 

              3) , cxadia, rom xxf cos)( = )
2

cos()()( nxxf n π
+=  (SeamowmeT!) 

magaliTi 17.  funqciisaTvis   gvaqvs 
⎩
⎨
⎧

≤
>−

=
0
0,

)(
2

2

xx
xx

xf

)(1 RCf ∈ ,  (SeamowmeT!) )(1 RDf ∉

magaliTi 18.  funqciisaTvis  gvaqvs 
⎩
⎨
⎧

≤
>−

=
0
0,

)(
5

5

xx
xx

xf

)(4 RCf ∈ ,  (SeamowmeT!) )(5 RDf ∉
 

 

magaliTi 19.  funqciisaTvis 

⎪⎩

⎪
⎨
⎧

=

≠=
00

0,1sin)(
x

x
x

xxf gvaqvs 

)(RCf ∈ ,  )(1 RDf ∉

magaliTi 20.  funqciisaTvis  

⎪⎩

⎪
⎨
⎧

=

≠=
00

0,1sin)(
2

x

x
x

xxf gvaqvs 

)(RCf ∈ , , . )(1 RDf ∈ )(1 RCf ∉
cxadia Tu   maSin  0≠x

xx
xxf 1cos1sin2)(' −= . 

roca , maSin warmoebulis ganmartebis Tanaxmad gvaqvs 0=x

||1sin)0()0( h
h

h
h

fhf
≤=

−+
, roca 0≠h . Tu gadavalT zRvarze  

miviRebT 

0→h

0)0(' =f . 

Aamgvarad ganxiluli funqcia warmoebadia mTels R  ricxviT wrfeze, 

magram  funqcia ar aris uwyveti 'f 0=x  wertilSi, vinaidan 
x
1cos  

funqciis zRvari, roca  ar arsebobs. 0→x
 

Tu funqcias raime segmentis yovel wertilSi gaaCnia warmoebuli,maSin 

warmoebul funqcias gaaCnia mniSvnelovan Tviseba: is Rebulobs 

saSualedo mniSvnelobebs. kerZod samarTliania Semdegi 

Teorema 21. (darbu) vTqvaT  funqcia diferencirebadia  segmentze. 

maSin warmoebuli  funqcia Rebulobs nebismier mniSvnelobas, romelic 

moTavsebulia  da  ricxvebs Soris. 

f ],[ ba
'f

)(' af )(' bf
Ddamtkiceba. zogadobis SezRudvis gareSe vigulisxmoT, rom )(')(' bfaf < . 

aviRoT raime λ  ricxvi pirobiT )(')(' bfaf << λ . 

warmoebulis ganmartebis ZaliT mioZebneba iseTi , rom 0>h
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h
bfhbf

h
afhaf

−
−−

<<
−+ )()()()( λ                                  (9) 

ganvixiloT funqcia 

h
xfhxfxF )()()( −+

=  

cxadia,  funqcia uwyvetia F ],[ hba −  segmentze da (9) utolobis ZaliT 

 intervalSi arsebobs  wertili, iseTi rom ),( hba − 0x λ=)( 0xF , e.i 

λ=
−+

h
xfhxf )()( 00  

lagranJis Teoremis Tanaxmad ),( 00 hxx +  intervalSi arsebobs iseTi ξ  
wertili, rom 

)('
)()( 00 ξf

h
xfhxf

=
−+

 

MmaSasadame λξ =)('f  sadac ba << ξ . Teorema damtkicebulia. 

Sedegi 22. vTqvaT  funqcia diferencirebadia  segmentze. maSin 

warmoebuli ' funqcias ar SeiZleba hqondes pirveli gvaris wyvetis 

wertili.  

f ],[ ba
f

 

elementaruli formiT mocemuli aracxadi funqciis warmoebuli. 

vTqvaT  wertilis raime midamoSi gansazRvrulia  da Rt ∈0 )(tyy = )(txx =  

diferencirebadi funqciebi.  dauSvaT, rom  )(txx =  funqcias gaaCnia 

Seqceuli  funqcia romelic gansazRvrulia  wertilis 

 midamoSi. maSin 

)(xtt = )( 00 txx =
)( 0xV )(tyy =  funqcia SegviZlia ganvixiloT agreTve, 

rogorc -is funqcia x ))(( xtyy = , romelic ukve gansazRvrulia )( 00 txx =  

wertilis  midamoSi. maSasadame )( 0xV )(tyy =  funqcia, romelic 

mocemulia  rogorc t  funqcia SegviZlia ganvixiloT, rogorc -

cvladze damokidebul aracxadi saxiT mocemul funqcia.  

x

magaliTi 23. vTqvaT , ; )sin()( tety t += 3)( tetx t += Rt∈ . SevniSnoT, rom  

rogorc -argumentis funqcia mkacrad zrdadia ( ) da is 

bieqciurad asaxavs namdvil ricxvTa 

x
t 23)(' tetx t +=

R  simravles R -ze da cxadia 

arsebobs misi Seqceuli, Tumca misi elementaruli gziT Cawera 

SeuZlebelia (amisaTvis unda amovxsnaT t -s mimarT gantoleba ). 

Mmiuxedavad amisa SesaZlebelia dagvWirdes -is rogorc -is funqciis 

(aracxadad mocemulis) Seswavla. 

xtet =+ 3

y x

 

im SemTxvevaSi roca 0)(' 0 ≠tx  SegviZlia (gamoviyenoT ra rTuli funqciis 

da Seqceuli funqciis gawarmoebis wesi) vipovoT  funqciis rogorc 

-cvladiT warmoebuli 

y
x )( 00 txx =  wertilSi 

          
)('
)('

)(

)(
)()())(('

0

0

0

0

000
0 tx

ty

dt
tdx

dt
tdy

dx
xdt

dt
tdy

dx
xtdyy

t

t

tt

tt

xxttxx
xxx ==⋅==

=

=

===
=

. 

Aam tolobaSi gaugebrobis Tavidan asacileblad funqcias qvemoT 

indeqsad miniSnebuli aqvs is cvladi, romeli cvladis mimarT xdeba 

gawarmoeba. 
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Iigive wesiT vipovoT  funqciis meore rigis  rogorc -cvladiT 

warmoebuli 

y x
)( 00 txx =  wertilSi (mas avRniSnavT simboloTi ) xxy"

 

            3

2

)'(
"''"

'
)'(

"''"

'
)''(

)''("
t

tttttt

t

t

tttttt

t

tt
xxxx x

xyxy
x

x
xyxy

x
y

yy
−

=

−

=== . 

Aanalogiurad SegviZlia vipovoT y  funqciis maRali rigis 

warmoebulebi -cvladiT. x
 

 

 

 

                                                        
koSis Teorema diferencialuri aRricxvidan. teiloris formula. 

teiloris mwkrivi. teiloris lokaluri formula. EzogierTi 

elementaruli funqciebiss warmodgena teiloris mwkrivis saxiT. 

teiloris lokaluri formula. Ffunqciis eqstremumis arsebobis 

sakmarisi pirobebi maRali rigis warmoebulebis gamoyenebiT. 

 

Kkalkulusis kursSi Cven SeviswavleT fermas, rolis da lagranJis 

Teoremebi da maTi saSualebiT davamtkiceT mTeli rigi debulebebi 

diferencirebadi funqciebis Sesaxeb. saxeldobr fermas Teorema 

gvaZlevs Sida lokaluri eqstremumis wertilebis arsebobis aucilebel 

pirobas diferencirebadi funqciisaTvis, xolo lagranJis Teoremis 

gamoyenebiT miviReT funqciis monotonurobis da eqstremumis arsebobis 

sakmarisi pirobebi. qvemoT Cven davamtkicebT koSis Teoremas 

diferencialuri aRricxvidan, romelic bunebrivi ganzogadoebaa 

lagranJis Teoremis. 

Teorema 1. (koSi) vTqvaT  funqciebi  segmentze gansazRvruli 

uwyveti funqciebia, romlebic warmoebadi arian  segmentis yovel 

Siga wertilSi da 

gf , ],[ ba
],[ ba

),(,0)(' baxxg ∈∀≠ . maSin  intervalSi arsebobs 

erTi mainc  wertili iseTi, rom  

),( ba
c

                           
)('
)('

)()(
)()(

cg
cf

bgag
afbf

=
−
−

. 

Ddamtkiceba. winaswar SevniSnoT, rom Teoremis pirobebis ZaliT 

. winaRmdeg SemTxvevaSi gveqneboda )()( bgag ≠ )()( bgag =  da  funqcia 

daakmayofilebda segmentze rolis Teoremis yvela pirobas. Aamitom 

moiZebneboda  intervalSi  wertili pirobiT , rac 

Teoremis pirobebs ewinaaRmdegeba. 

g
],[ ba

),( ba c 0)(' =cg

 ganvixiloT damxmare funqcia 

                 )()]()([)()]()([)( xgafbfxfagbgxF −−−=  

Ees funqcia uwyvetia  segmentze da  diferencirebadi  

intervalSi.  Aamave dros, 

],[ ba ),( ba

                    
)()()()()()( bgafagbfaFbF +−==
 

amitom rolis Teormis Tanaxmad moiZebneba  intervalSi c  wertili 

pirobiT , magram 

),( ba
0)(' =cF

                  )(')]()([)(')]()([)(' xgafbfxfagbgxF −−−=  
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Aamitom gveqneba 

)(')]()([)(')]()([ cgafbfcfagbg −=−  

saidanac miviRebT dasamtkicebel tolobas. 

SeniSvna. Tu aviRebT xxg =)(  funqcias  miviRebT lagranJis Teoremas.  

 

QqvemoT Cven SeviswavliT lagranJis Teoremis kidev erT ganzogadoebas, 

romelic saSualebas gvaZlevs SeviswavloT  klasis funqciebi 

algebruli polinomebis saSualebiT. 

),( baC n

 

diferencialuri aRricxvis ukve ganxiluli masalidan naTlad sCans, 

rom or  funqcias rac ufro meti warmoebulebi daemTxveva 

erTmaneTs  wertilSi (nulovani warmoebulis qveS wertilSi 

ubralod vigulisxmoT funqciis mniSvneloba am wertilSi 

), miT ufro “meti saerTo Tvisebebi” eqnebaT maT  

wertilis mcire midamoSi. Cvens mizans warmoadgens  funqciisaTvis 

movZebnoT (Tu SesaZlebelia) polinomi  

gf ,

0x 0x

)()( 00
)0( xfxf = 0x

f

                  (1) n
nnn xxcxxcxxccxxPxP )(...)()();()( 0

2
020100 −++−+−+==

romelsac  funqciasTan  wertilSi gaaCnia -uri rigis Sexeba. 

Ppirvel rigSi SevniSnoT, rom es polinomi SegviZlia warmovidginoT 

aseTi saxiT 

f 0x n

  
n

n
nnn

nn xx
n

xP
xx

xP
xx

xP
xPxP )(

!
)(

...)(
!2

)("
)(

!1
)('

)()( 0
0

)(
2

0
0

0
0

0 −++−+−+=        (2) 

e.i. .,...,2,1,0,
!

)( 0
)(

nk
n

xP
c

k
n

k ==  ( (2) tolobis sisworeSi rom davrwmundeT 

sakmarisia vipovoT (1) polinomis  warmoebulebi da 

Semdeeg miRebul gamosaxulebebSi CavsvaT 

nkxP k
n ,...,2,1,0),()( =

0xx = .) 

 gansazRvreba 2. vTqvaT,  funqcias  wertilSi gaaCnia -uri rigis 

CaTvliT yvela warmoebuli. maSin 

f 0x n

       
n

n

n xx
n

xfxxxfxxxfxfxxP )(
!

)(...)(
!2

)()(
!1

)()();( 0
0

)(
2

0
0

0
0

00 −++−
′′

+−
′

+=  (3) 

saxis polinoms uwodeben  wertilSi  funqciis n -uri rigis 

teiloris polinoms. 

0x f

   Cven gvainteresebs sidide );()();( 00 xxPxfxxr nn −= , romelsac -uri rigis 

naSTs an naSTiT wevrs uwodeben. misi saSualebiT  funqcia Caiwereba 

Semdegnairad: 

n
f

   );()(
!

)(...)(
!2

)()(
!1

)()()( 00
0

)(
2

0
0

0
0

0 xxrxx
n

xfxxxfxxxfxfxf n
n

n

+−++−
′′

+−
′

+= .    (4) 

(4) formulas uwodeben teiloris n -uri rigis formulas centriT  

wertilSi. Tu (4) warmodgenaSi aviRebT centrs  maSin miRebul 

formulas maklorenis formulas uwodeben.  

0x
00 =x

SeniSvna 3. vTqvaT, mocemulia -uri rigis algebruli polinomi n
                . n

nn xxcxxccxQ )(...)()( 0010 −++−+=
maSin misi n -uri rigis teiloris polinomi  wertilSi mas daemTxveva 

(SeamowmeT!). maSasadame am SemTxvevaSi 

0x
0);( 0 =xxrn . 
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TviTon (4) formula cxadia araa saintereso, Tu -is Sesaxeb misi 

ganmartebis garda araferi ar viciT. qvemoT moyvanili Teorema gvaZlevs 

naSTiT wevrze mniSvnelovan imformacias. 

);( 0 xxrn

Teorema 4. (teilori) vTqvaT, mocemulia  funqcia da 

.   segmenti boloebiT  da  avRniSnoT 

Rbaf →);(:
xx ,0 ∈ );( ba 0x x I -iT . Tu  funqcia 

uwyvetia Tavisi -uri rigis  warmoebulebTan erTad 

f
n I  segmentize, xolo 

I  segmentis Siga wertilebSi mas gaaCnia +1 rigis warmoebuli, maSin n I  
segmentize gansazRvruli nebismieri uwyveti  ϕ  funqciisaTvis, romlsac 

I  segmentis yvela Siga wertilSi nulisagan gansxvavebuli warmoebuli 

gaaCnia, arsebobs I∈ξ  wertili iseTi, rom 

                 
nn

n xf
n
xxxxr ))((
!)(

)()();( )1(0
0 ξξ

ξϕ
ϕϕ

−
′
−

= +
.                         (5) 

Ddamtkiceba.  

I  segmentze ganvsazRvroT t  argumentis damxmare funqcia 

. ),()()( xtPxftF n−=
Ggvaqvs  

[ ]n
n

tx
n

tftxtftxtftfxftF )(
!

)(...)(
!2

)()(
!1

)()()()(
)(

2 −++−
′′

+−
′

+−= .               

F  funqciis ganmartebisa da Teoremis pirobebis ZaliT davaskvniT, rom 

 funqcia uwyvetia F I  segmentze da diferencirebadia am segmentis Siga 
wertilebSi, amave dros  

[ ] =−++−
′′

−−
′′

+
′

−−=
+

n
n

tx
n

tftxtftxtftftftF )(
!

)(..).(
!1

)()(
!1

)(
!1

)()(')('
)1(

 

.)(
!

)()1(
n

n

tx
n

tf
−−

+

 

gamoviyenoT axla I  segmentze gansazRvruli funqciaTa ϕ,F  

wyvilisaTvis koSis Teorema, romlis mixedviTac arsebobs ξ  
wertili (  da  wertilebs Soris) iseTi, rom 0x x

                            
)('
)('

)()(
)()(

0

0

ξϕ
ξ

ϕϕ
F

xx
xFxF

=
−
−

 

Tu am ukanasknel tolobaSi )(' ξF -is mniSvnelobas CavsvamT da 

gaviTvaliswinemT tolobas ),()(0)()( 000 xxrxFxFxF n−=−=−  miviRebT 

naSTiTi wevrisaTvis  (5) tolobas. 

 

   Sedegi 5. Tu (5) formulaSi aviRebT txt −=)(ϕ  funqcias, maSin miviRebT 

                  )())((
!

1);( 0
)1(

0 xxxf
n

xxr nn
n −−= + ξξ . 

am formulas uwodeben naSTiTi wevris koSis formulas. 

   Sedegi 6.  Tu (5) formulaSi aviRebT  funqcias, maSin 

miviRebT 

1)()( +−= ntxtϕ

                  1
0

)1(
0 ))((

!
1);( ++ −= nn

n xxf
n

xxr ξ . 

am formulas uwodeben naSTiTi wevris lagranJis formulas. 

SeniSvna7. Tu  wertilis raime midamoSi  funqcia 

SemosazRvrulia MmaSin  samarTliania warmodgena 

0x )()1( xf n+
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))(()(
!

)(
...)(

!2
)(

)(
!1

)(
)()( 1

00
0

)(
2

0
0

0
0

0
+−+−++−

′′
+−

′
+= nn

n

xxOxx
n

xf
xx

xf
xx

xf
xfxf  (6) 

roca . 0xx →
gansazRvreba 8. Tu  funqcias  wertilSi gaaCnia nebismieri f 0x Nn∈  

rigis warmoebuli, maSin  

   ...)(
!

)(...)(
!2

)()(
!1

)()( 0
0

)(
2

0
0

0
0

0 +−++−
′′

+−
′

+ n
n

xx
n

xfxxxfxxxfxf  

mwkrivs uwodeben  wertilSi  funqciis teiloris mwkrivs. 0x f
   Tu  funqciis teiloris mwkrivs ixilaven  wertilSi, maSin 

miRebul mwkrivs uwodeben maklorenis mwkrivs, e. i. maklorenis mwkrivs 

aqvs Semdegi saxe: 

f 00 =x

   ...
!

)0(...
!2

)0(
!1

)0()0(
)(

2 +++
′′

+
′

+ n
n

x
n

fxfxff  

 zogierTi elementaruli funqciis warmodgena teiloris formuliT. 

magaliTi 9.  vTqvaT, . Tu gaviTvaliswinebT, rom ,
xexf =)( xn exf =)()( Nn∈ , 

, wertilSi miviRebT 00 =x

                    );0(
!

...
!2!1

1
2

xr
n
xxxe n

n
x +++++= ,  Rx∈  

sadac 
1

)!1(
);0( +

+
= n

n x
n
exr
ξ

,  x<ξ   (lagranJis formula).   

vTqvaT  raime fiqsirebuli ricxvia. SevniSnoT, rom  x

                
)!1(
||||

)!1(
|);0(|

1||
1

||

+
≤

+
≤

+
+

n
xex

n
exr

nx
n

n

ξ

 

Aamitom  gvaqvs .  0);0(lim =
∞→

xrnn

maSasadame  funqciis Sesabamisi   maklorenis mwkrivi  krebadia 

yovel   wertilSi ,  adgili aqvs warmodgenas 

xexf =)(
Rx∈

                  ...
!

...
!2!1

1
2

+++++=
n
xxxe

n
x

  ,     Rx∈   

Dda Semdeg asimptotur warmodgenas  

)(.
!

...
!2!1

1 1
2

++++++= n
n

x xO
n
xxxe  roca . 0→x

magaliTi10. vTqvaT, xxf sin)( = . Tu gaviTvaliswinebT, rom 

)
2

sin()()( nxxf n π
+= ,  ,  Nn∈

    wertilSi miviRebT lagranJis naSTiT wevrs 00 =x

                
1))1(

2
sin(

)!1(
1);0( +++
+

= n
n xn

n
xr πξ ,     Rx∈ . 

rogorc magaliT 9-Si vaCveneT analogiurad funqciis   

Sesabamisi maklorenis mwkrivi krebadia yovel , adgili aqvs 

warmodgenas 

xxf sin)( =
Rx∈

               ...
)!12(

)1(...
!5

1
!3

1sin 1253 +
+

−
+−+−= +n

n

x
n

xxxx  ,    Rx∈

Dda asimptotur  formulas 
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)(
)!12(

)1(...
!5

1
!3

1sin 321253 ++ +
+

−
+−+−= nn

n

xOx
n

xxxx  roca . 0→x

 

magaliTi11.   analogiurad rogorc magaliT 10-Si  xxf cos)( =  

funqciisTvis miviRebT: 

               
1))1(

2
cos(

)!1(
1);0( +++
+

= n
n xn

n
xr πξ  

    

               ...
)!2(
)1(...

!4
1

!2
11cos 242 +

−
+−+−= n

n

x
n

xxx ,    Rx∈  

Dda asimptotur formulas 

)(
)!2(
)1(...

!4
1

!2
11cos 22242 ++

−
+−+−= nn

n

xOx
n

xxx  roca . 0→x

 

magaliTi12. vTqvaT )1ln()( += xxf . Mmartivia Cveneba imisa, rom 

n

n
n

x
nxf
)1(

)!1()1()(
1

)(

+
−−

=
−

.  teiloris -uri rigis formulas  wertilSi 

(makloranis formula) aqvs saxe 

n 00 =x

                ),0()1(...
3
1

2
1)1ln(

1
32 xrx

n
xxxx n

n
n

+
−

+−+−=+
−

 

sadac  naSTiTi wevris koSis formulis Tanaxmad 

                 

n
n

n

nn

n
xx

n
xxnxr ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
−

−=
+
−−

=
ξ
ξ

ξ
ξ

1
)1(

)1(!
)(!)1();0(                  (7) 

sadac ξ  ricxvi  da  ricxvebs Soris mdebareobs.  0 x
roca    gveqneba 1|| <x

||
01

||11
||1
||11

||1
||||

|1|
||||

1
xxxxxx

=
−
−

−≤
−
−

−=
−
−

≤
+
−

=
+
−

ξξ
ξ

ξ
ξ

ξ
ξ

.                      (8) 

(7) tolobis gaTvaliswinebiT gvaqvs . Aam utolobidan 

davaskvniT, rom Tu  naSTiTi wevri miiswrafis nulisaken, roca 

. maSasadame roca 

1|||),0(| +≤ n
n xxr

1|| <x
∞→n 1|| <x  samarTliania warmodgena 

                  ...)1(...
3
1

2
1)1ln(

1
32 +

−
+−+−=+

−
n

n

x
n

xxxx  

Dda asimptoturi formula 

)()1(...
3
1

2
1)1ln( 1

1
32 +

−

+
−

+−+−=+ nn
n

xOx
n

xxxx  roca . 0→x

 

SevniSnoT, rom ukanaskneli mwkrivi roca  araa krebadi vinaidan 

mwkrivis zogadi wevri ar miiswrafis nulisaken. 

1|| >x

magaliTi13. ganvixiloT funqcia , 
α)1()( xxf += R∈α . Ggvaqvs  

. teiloris formulas roca 
nn xnxf −++−−= αααα )1)(1)...(1()()( 00 =x  aqvs 

saxe 

        ),0(
!

)1)...(1(...
!2

)1(
!1

1)1( 2 xrx
n

nxxx n
n +

+−−
++

−
++=+

ααααααα
. 

ganvixiloT naSTiT wevris saxe (koSis) 
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            xx
n

nxr nn
n )()1(

!
))....(1();0( ξξααα α −+

−−
= −  

sadac ξ  ricxvi  da  ricxvebs Soris mdebareobs. vTqvaT 0 x 1|| <x . Tu 

visargeblebT (8) utolobiT gveqneba  

  

           
1||)1(.1...

2
1

1
1|);0(| ++⎟

⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −≤ n

n x
n

xr αξαααα  

A ukanaskneli utolobidan gamomdinareobs, rom nebismieri 

R∈α ricxvisaTvis da nebismieri  ricxvisaTvis  intervalidan 

gvaqvs, rom  roca 

x 1|| <x
0),0( →xrn ∞→n . maSasadame roca  gvaqvs 

warmodgenebi  

1|| <x

...
!

)1)...(1(...
!2

)1(
!1

1)1( 2 +
+−−

++
−

++=+ nx
n

nxxx ααααααα  

)(
!

)1)...(1(...
!2

)1(
!1

1)1( 12 ++
+−−

++
−

++=+ nn xOx
n

nxxx ααααααα
 roca . 0→x

   Tu cnobilia funqciisa da misi warmoebulebis mniSvnelobebi  

wertilSi, maSin am wertilis midamoSi funqciis miaxloebiTi 

mniSvnelobebis mosaZebnad mosaxerxebelia teiloris formulis 

gamoyeneba lagranJis naSTiTi wevriT.                                   - 

0x

 magaliTi 14. vTqvaT, gvinda gamovTvaloT  funqciis 

miaxloebiTi mniSvneloba 

xxf sin)( =
11 ≤≤− x  monakveTze 0,001 sizustiT. 

    wertilSi gvaqvs: 00 =x

      );0(0
)!12(

)1(...
!5

1
!3

1sin 22
221253 xrxx

n
xxxx n

nn
n

+
++ +⋅+

+
−

+−+−= , 

sadac lagranJis formuliT 

       
32

22 )!32(

))32(
2

sin(
);0( +

+ +

++
−= n

n x
n

n
xr

πξ
. 

maSin roca 1≤x , gveqneba  
)!32(

1);0(22 +
≤+ n

xr n . 

magram 001,0
)!32(

1
<

+n
 roca . amitom    2≥n 53

!5
1

!3
1sin xxxx +−≈ .                     

  Teorema 15. ( teiloris lokaluri formula). Tu  funqcias  

wertilSi gaaCnia -uri rigis CaTvliT yvela warmoebuli, maSin 

samarTliania formula 

f 0x
n

   ))(()(
!

)(...)(
!1

)()()( 00
0

)(

0
0

0
nn

n

xxoxx
n

xfxxxfxfxf −+−++−
′

+=    roca . (9)         0xx →

 Ppirvel rigSi SevniSnoT, rom  ),()( 0 xxPxf n−   funqcias  wertilSi 

nulovani da Semdgomi warmoebulebi  rigis CaTvliT aris nuli.  

Teoremis samarTlianoba gamomdinareobs Semdegi lemidan  

0x
n

Llema 16. Tu funqcias RE →:ϕ , romelic gansazRvrulia E  segmentze  

kidura wertiliT iseTia, rom , maSin 

, roca . 

0x
0)(....)(")(')( 0

)(
000 ===== xxxx nϕϕϕϕ

))(()( 0
nxxox −=ϕ 0xx →
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Ddamtkiceba. roca  debulebis samarTlianoba gamomdinareobs  

wertilSi funqciis diferencirebadobidan. marTlac samarTliania 

warmodgena 

1=n 0x

)())((')()( 0000 xxoxxxxx −+−+= ϕϕϕ  roca . 0xx →
dauSvaT Teoremis samarTlianoba roca 11≥−= kn . vaCvenoT, rom 

debuleba samarTliania, roca 2≥= kn . 

SevniSnoT, rom vinaidan 

                
0

0
)1()1(

0
)1(

0
)( )()(

lim)()'()(
0 xx

xx
xx

kk

xx

kk

−
−

==
−−

→

− ϕϕ
ϕϕ  

Aamitom  warmoebulebi arsebobs  wertilis 

raime midamoSi. zogadobis SezRudvis gareSe SegviZlia vigulisxmoT, 

rom aRniSnuli warmoebulebi arsebobs mTels 

)(),....,("),('),( )1( xxxx k−ϕϕϕϕ 0x

E  simravleze. vinaidan 

 amitom 2≥k ϕ  funqcias E  simravleze gaaCnia warmoebuli da  

          . 0)()'(....)()"'()()''( 0
)1(

00 ==== − xxx kϕϕϕ
induqciis daSvebis ZaliT 

                  roca  . ))(()(' 1
0

−−= kxxoxϕ 0xx →
lagranJis Teoremis Tanaxmad 

)())(())((')()()( 0
1

000 xxxxxxxx k −−=−=−= −ξξαξϕϕϕϕ  

sadac ξ  wertilia, romelic mdebareobs  da  wertilebs Soris, e. i. x 0x
|||| 00 xxx −<−ξ , xolo 0)( →xα , roca 0x→ξ . maSasadame roca  

gveqneba erTdroulad 

0xx →

0x→ξ   0)( →xα  da 

                . |||||)(||)(| 0
1

0 xxxx k −−≤ −ξξαϕ
sabolood gveqneba 

 , roca . ))(()( 0
kxxox −=ϕ 0xx →

Llema 16 Dda maSasadame Teoremac damtkicebulia. (9) formulas uwodeben 

teiloris formulas pianos naSTiTi wevriT. 

 

Ffunqciis eqstremumis gamokvleva teiloris formulis gamoyenebiT 

Teorema 17. vTqvaT a  wertilis  midamoSi gansazRvrul  )(aU
RaUf →)(:  funqcias   wertiliSi gaaCnia  ( ) rigamde 

warmoebulebi da , xolo , maSin Tu 

 kentia a  wertili ar aris funqciis lokaluri eqstremumis wertili. 

xolo Tu  luwia , maSin a  mkacri lokaluri eqstremumis wertilia.  

saxeldobr , Tu , maSin  funqciis lokaluri minimumis 

wertilia, xolo Tu , maSin  funqciis lokaluri maqsimumis  

wertilia.  

a n 2≥n
0)(....)(")(' )1( ==== − afafaf n 0)()( ≠af n

n
n

0)()( >af n a
0)()( <af n a

Ddamtkiceba. visargebloT teiloris lokaluri formuliT, Teoremis 

pirobebis gaTvaliswinebiT gveqneba 

))(()(
!

)(...)(
!1

)()()(
)(

nn
n

axoax
n

afaxafafxf −+−++−
′

=− = 

 

=
nn

n

axxax
n

af ))(()(
!

)()(

−+− α  

sadac 0)( →xα , roca .  gveqneba ax →
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nn
n

nn
n

axxax
n

afaxxax
n

afafxf )()()(
!

)())(()(
!

)()()(
)()(

−⎥
⎦

⎤
⎢
⎣

⎡
+−=−+−=− αα . (10) 

radganac  , xolo 0)()( ≠af n 0)( →xα , roca  amitom   ax →

⎥
⎦

⎤
⎢
⎣

⎡
+− )()(

!
)()(

xax
n

af n
n

α  jams, roca  sakmaod axlosaa  wertilTan aqvs 

-is niSani. Tu n  kentia, maSin  funqcia niSans icvlis a  
wertilze marcxnidan marjvniv gadasvlisas, amitom niSans icvlis (10) 

tolobis marjvena da maSasadame marcxena mxare.  Ees imas niSnavs, rom a  
ar aris lokaluri eqstremumis wertili.  

x a

)()( af n nax )( −

Tu  luwia, maSin  funqcia niSans inarCunebs, kerZod ki 

, roca 

n nax )( −
0)( >− nax ax ≠  da maSasadame a  wertilis mcire midamoSi 

 gamosaxulebis niSani (10) tolobis gamo emTxveva  

ricxvis niSans. Aamitom  eqstremumis wertilia. Teorema damtkicebulia. 

)()( afxf − )()( af n

a
 

 

 

 

Ffunqciis amozneqiloba. Sualedze gansazRvruli diferencirebadi 

funqciis amozneqilobis aucilebeli da sakmarisi piroba. iensenis 

utoloba. kavSiri saSualo ariTmetikulsa da saSualo geometriuls 

Soris. iungis utoloba. Hhelderis utoloba. 

 

GgansazRvreba 1.  intervalze gansazRvrul  funqcias 

uwodeben zemoT (qvemoT) amozneqils Tu nebismieri  

wertilisaTvis  da nebismieri 

Rba ⊂),( Rbaf →),(:
),(, bayx ∈

0,0 ≥≥ βα  ricxvebisaTvis, romelTa jami 

tolia erTis sruldeba utoloba 

              )()()( yfxfyxf βαδα +≤+ (qvemoT amozneqiloba),             (1) 

               )()()( yfxfyxf βαδα +≥+  (zemoT amozneqiloba);            (2) 

Tu zemoT moyvanili utolobebi sruldeba mkacrad nebismieri yx ≠  da 

0≠⋅ βα , 1=+ βα  ricxvebisaTvis maSin  funqcias  Sualedze qvemoT 

(zemoT) mkacrad amozneqil funqcias uwodeben.  

f ),( ba

(1) utolobaidan martivad gamomdinareobs funqciis amozneqilobis 

cnebis Semdegi geometriuli interpretacia:  

(1) utolobis marjvniv dgas  funqciis mniSvneloba wertilSi f
),(],[ bayxyx ⊂∈+ βα , xolo marcxniv amave wertilSi im wrfivi funqciis 

mniSvneloba romelic gadis mocemuli funqciis grafikis  da 

 wertilze, ase rom funqcia amozneqilia qvemoT(zemoT) niSnavs 

Semdegs:  funqciis grafikis nebismier or wertilis SemaerTebeli qorda 

am wertilebis SemaerTebeli funqciis grafikis <rkalis> zemoT (qvemoT) 

mdebareobs. 

))(,( xfx
))(,( yfy

(1) utolobas SegviZlia NmivceT agreTve Semdegi geometriuli 

interpretacia: ganvixiloT sibrtyis wertilTa simravle (geometriuli 

figura) { }yxfbaxRyxE <∈∈= )(),,(|),( 2
 romelis funqciis grafikis zemoT 

mdebareobs. Tu funqcia amozneqilia qvemoT maSin aRniSnuli simravle 

amozneqilia (da piriqiT) rogorc geometriuli figura. MSevniSnoT, rom 
2R sibrtyis raime simravles uwodeben amozneqils Tu is mis nebismier or 

wertilTan erTad Seicavs maT SemaerTebel monakveTsac.   
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Ffunqciis amozneqilobis cneba erT-erTi mniSvnelovani cnebaa rogorc 

Teoriul aseve gamoyenebiT analizSi. SevniSnoT rom funqciis 

amozneqilobasTan dakavSirebul sakiTxebi Seiwavleba <amozneqil 

analizSi> romelic maTematikis erT-erTi mniSvnelovani damoukidebeli 

dargia. qvemoT Cven SeviswavliT funqciis amozneqilobasTan 

dakavSirebul sakiTxebs diferencialuri aRricxvis meTodebiT. 

avRniSnoT pirvel rigSi rom SesaZloa funqcia amozneqili iyos magram 

funqciis gansazRvris aris garkveul wertilebSi mas warmoebuli ar 

gaaCndes. erT-erTi aseTi magaliTia funqcia ||)( xxf = , romelic qvemoT 

amozneqilia magram  wertilSi mas warmoebuli ar gaaCnia.  0=x
moviyvanoT amozneqilobis zemoT moyvanili ganmartebis tolfasi 

ganmarteba, romliTac SemdgomSi visargeblebT. ganvixiloT qvemoT 

amozneqilobis SemTxveva. 

(1) utoloba CavweroT  sxva formiT. tolobebidan 1; =++= βαβα yxz  

gveqneba  

                  
xy
zy

−
−

=α  da 
xy
xz

−
−

=β  

Aamitom (1) utoloba miiRebs saxes 

                     )()()( yf
xy
xzxf

xy
zyzf

−
−

+
−
−

≤ .                      (3) 

vigulisxmoT, rom yx < . Tu gaviTvaliswinebT utolobebs yzx ≤≤  da   

(3) utolobis orive mxares gavamravlebT xy −  ricxvze , miviRebT 

              0)()()()()( ≥−+−+− xzzfyxxfzy .                       (4) 

Tu gaviTvaliswinebT )()( xzzyxy −+−=−  warmodgenas (4) utolobaSi, 

elementaruli gardaqmnebiT miviRebT utolobas  

                       
zy

zfyf
xz

xfzf
−
−

≤
−
− )()()()(

                       (5) 

roca yzx <<  da .  ),(, bayx ∈
sinamdvileSi (5) utoloba aris (1) utolobis tolfasi sxva formiT 

warmodgenili utoloba, romelic SegviZlia miviRoT funqciis qvemoT 

amozneqilobis ganmartebad. Aanalogiurad SegviZlia moviqceT zemoT 

amozneqilobis SemTxvevaSi.  (5) utoloba gamoxatavs Semdeg geometriul 

faqts:  da  wertilebze gamavali qordis daxrilobis 

koeficienti ar aRemateba  da wertilebze gamavali 

qordis sakuTxo koeficients, roca 

))(,( zfz ))(,( xfx
))(,( yfy ))(,( zfz

byzxa <<<< . 

moviyvanoT funqciis qvemoT(zemoT) amozneqilobis ganmarteba 

ganmarteba 2. vityviT, rom funqcia  amozneqilia qvemoT 

(zemoT)  intervalze Tu  intervalidan aRebuli nebismieri 

Rbaf →),(:
),( ba ),( ba

yzx <<  ricxvebisaTvis samarTliania utoloba 

 

          
zy

zfyf
xz

xfzf
−
−

≤
−
− )()()()(

 (qvemoT amozneqilobis SemTxveva) (6) 

         
zy

zfyf
xz

xfzf
−
−

≥
−
− )()()()(

 (zemoT amozneqilobis SemTxveva),  (7) 

Tu zemoT moyvanili utolobebi sruldeba mkacrad MmaSin funqcias 

uwodeben mkacrad qvemoT (zemoT) amozneqils. 

Teorema 3. imisaTvis, rom  intervalze gansazRvruli  

diferencirebadi  funqcia  iyos amozneqili qvemoT (zemoT) 

),( ba
Rbaf →),(:
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),( ba  intervalze aucilebelia da sakmarisi rom warmoebuli funqcia  

 intervalze iyos araklebadi (arazrdadi). 

'f
),( ba

Ddamtkiceba. vTqvaT  funqcia diferencirebadi da qvemoT amozneqili 

funqciaa  Sualedze. Tu (6) utolobais orive mxareSi gadavalT 

zRvarze jer roca 

f
),( ba

xz → , mere ki roca yz →  miviRebT  

                    )(')()()(' yf
xy

xfyfxf ≤
−
−

≤  

saidanac davaskvniT, rom  funqcia araklebadia. SevnSnoT, rom Tu 

funqcia  mkacrad amozneqilia qvemoT, maSin (6) utoloba sruldeba 

mkacrad. visargebloT lagranJis TeoremiT da ukve damtkicebuli faqtiT 

(  funqcia araklebadia) miviRebT 

'f
f

'f

           )()(')()()()()(')(' yfmf
zy

zfyf
xz

xfzfnfxf ≤=
−
−

<
−
−

=≤  

sadac ymznx <<<< . maSasadame Tu diferencirebadi funqcia  

amozneqilia qvemoT raime Sualedze,  maSin  funqcia araklebadia, 

xolo Tu damatebiT funqcia mkacrad amozneqilia qvemoT, maSin  

zrdadi funqciaa.  

f
'f

'f

axla vaCvenoT, rom Tu  funqcia   intervalze araklebadia, maSin  

 funqcia qvemoT amozneqilia  intervalze. marTlac vTqvaT 

. lagranJis Teoremis ZaliT  

'f ),( ba
f ),( ba

byzxa <<<<

                   )(')()(,)()()(' mf
zy

zfyf
xz

xfzfnf =
−
−

−
−

=  

sadac bmxna <<<< . vinaidan )(')(' mfnf ≤  amitom gveqneba (6) utoloba. 

Tu  funqcia zrdadia, maSin (6) utoloba Sesruldeba mkacrad da am 

dros funqcia mkacrad amozneqilia qvemoT. 

'f

Aanalogiuri msjelobebi SegviZlia CavataroT zemoT amozneqilobis 

ESemTxvevaSi. Teorema damtkicebulia. 

Tu gavixsenebT raime Sualedze gansazRvruli diferencirebadi funqciis 

monotonurobis xasiaTsa da warmoebulis niSans Soris cnobili 

damokidebuleba gveqneba 

Sedegi 4. vTqvaT funqcias   Sualedze gaaCnia meore 

rigis warmoebuli. Aa) imisaTvis, rom  funqcia  Sualedze iyos 

qvemoT (zemoT) amozneqili aucilebelia da sakmarisi, rom  

( )  Sualedze.   

Rbaf →),(: ),( ba
f ),( ba

0)('' ≥xf
0)('' ≤xf ),( ba

b) Tu  Sualedze (),( ba 0)('' >xf 0)('' <xf ), MmaSin  funqcia  

Sualedze mkacrad amozneqilia qvemoT (zemoT). 

f ),( ba

SeniSvna. SesaZlebelia funqcia mkacrad amozneqili iyos qvemoT (zemoT) 

magram  ( ) utoloba ar Sesruldes  intervalis 

yovel wertilSi (Tumca (

0)('' >xf 0)('' <xf ),( ba
0)('' ≥xf 0)('' ≤xf ) utoloba yovelTvis 

Sesruldeba). sakmarisia ganvixiloT qvemoT amozneqili funqcia . 
4)( xxf =

Teorema 5. imisaTvis, rom  intervalze diferencirebadi  

funqcia iyos  intervalze amozneqili qvemoT (zemoT) aucilebelia 

da sakmarisi rom funqciis grafikis yvela wertili nebismier wertilSi 

gavlebuli mxebis qvemoT (zemoT) ar mdebareobdes. Mmkacrad qvemoT 

(zemoT) amozneqilobisaTvis aucilebelia da sakmarisi rom funqciis 

grafikis yoveli wertili  nebismieri mxebis mkacrad zemoT (qvemoT) 

mdebareobdes garda Sexebis wertilisa.  

),( ba Rbaf →),(:
),( ba
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Ddamtkiceba. Aaucilebloba. vTqvaT ),( bac∈ .  wertilSi gavlebuli 

funqciis mxebis gantolebas aqvs saxe 

))(,( cfc
))((')( cxcfcfy −+= , amitom 

    )))((")('())((')()()()( cxcfmfcxcfcfxfxyxf −−=−−−=− ,                (8) 

sadac  wertili arCeulia lagranJis Teoremis ZaliT  da  

wertilebs Soris. vinaidan  funqcia qvemoT amozneqilia amitom  

funqcia araklebadia  ze da 

m x c
f 'f

),( ba )(')(' cfmf − -s niSani emTxveva -s 

niSans (8) tolobis ZaliT, amitom 

cx −
0)()( ≥− xyxf  nebismier  

wertilSi. im SemTxvevaSi roca funqcia mkacrad amozneqilia, maSin ' 
mkacrad zrdadia  amitom 

),( bax∈
f

),( ba 0)()( >− xyxf , roca ),( bax∈ da cx ≠ . 

sakmarisoba. Tu nebismieri ),(, bacx ∈  

                0))((')()()()( ≥−−−=− cxcfcfxfxyxf                     (9) 

maSin 

                   )(')()( cf
cx

cfxf
≤

−
−

 roca cx <  da 

 

                    )(')()( cf
cx

cfxf
≥

−
−

 roca . cx >

MmaSasadame nebismieri ),(,, bayzx ∈  sameulisaTvis, roca yzx <<  gveqneba 

                   
zy

zfyf
xz

xfzf
−
−

≤
−
− )()()()(

                               (10) 

amasTanave am ukanasknel utolobaSi gveqneba mkacri utoloba Tu   (9) 

utolobaSi mkacri utoloba sruldeba. (10) utolobidan gamomdinareobs 

funqciis qvemoT amozneqiloba. Aanalogiurad SegviZlia ganvixiloT 

zemoT amozneqilobis SemTxveva. Teorema damtkicebulia.  

magaliTi 6. Mfunqcia  qvemoT mkacrad amozneqili funqciaa. 

wertilSi funqciis grafikis mxebis gantolebaa , maSasadame 

nebismieri  ricxvisaTvis gvaqvs utoloba . 

xexf =)(
)1,0( 1+= xy

Rx∈ xe x +≥ 1
magaliTi 7. Ffunqcia xxf ln)( =  zemoT amozneqili funqciaa roca . 

 wertilSi funqciis grafikis mxebis gantolebaa , amitom 

roca  gveqneba 

0>x
)0,1( 1−= xy

0>x 1ln −≤ xx . 

Teorema 8. (iensenis utoloba). vTqvaT funqcia  qvemoT (zemoT) 

amozneqili funqciaa. maSin  intervalidan aRebuli nebismieri 

 ricxvebisaTvis da arauaryofiTi 

Rbaf →),(:
),( ba

nxxx ,,, 21 ⋅⋅⋅ nααα ,,, 21 ⋅⋅⋅  ricxvebisaTvis, 

romelTa jami erTis tolia samarTliania utoloba 

           )(...)()()...( 22112211 nnnn xfxfxfxxxf αααααα +++≤+++            (11) 

         ( )(...)()()...( 22112211 nnnn xfxfxfxxxf αααααα +++≥+++ )           (12) 

Ddamtkiceba. ganvixiloT qvemoT amozneqilobis SemTxveva. 

Ddamtkiceba vawarmooT induqciis meTodis gamoyenebiT. roca 2=n   (11) 

utoloba emTxveva funqciis qvemoT  amozneqilobis cnobil ganmatrebas. 

dauSvaT (11) samarTliania 1−= mn  saTvis da vaCvenoT    (11) –is 

samarTlianoba roca  garkveulobisaTvis vigulisxmoT, rom .mn =

nααα ,,, 21 ⋅⋅⋅  ricxvebSi 0≠nα . maSin 0...2 >++= nααβ  da 1...2 =++
β
α

β
α n . Tu 

vinaidan funqcia qvemodan amozneqilia da ),(... 2
2

2 baxx n ∈++
β
α

β
α , 11 =+ βα  

amitomD 
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( ( ) )nnn xxxffxxxf
β
α

β
α

βαααα 2
2

2
112211 ...)()...( +++≤+++ ≤ 

( ) ( )nxxfxff
β
α

β
α

βα 2
2

2
11 ...)(( +++ .                                                                         (13) 

induqciis daSvebis ZaliT  

                           ( ) )(...)(... 2
2

22
2

2
nn xfxfxxf

β
α

β
α

β
α

β
α

++≤++ . 

Tu ukanasknel utolobas gamoviyenebT (13) -Si miviRebT dasamtkicebel 

debulebas. Aanalogiurad SegviZlia vaCvenoT (12) utolobis 

samarTlianoba. 

MmagaliTi 9. Ffunqcia xxf ln)( =  ),0( +∞  simravleze amozneqilia zemoT, 

amitom gveqneba  

 

           )...ln(ln...lnln 22112211 nnnn xxxxxx αααααα +++≤+++  

Aanu  

                                   (14) nnn xxxxxx n αααααα +++≤⋅⋅⋅ ...... 221121
21

roca nix ii ,...,2,1;0,0 =≥> α  da . 1
1

=∑
=

n

i
iα

Tu aviRebT (14) utolobaSi 
nn
1...21 ==== ααα , miviRebT saSualo 

ariTmetikulsa da saSualo geometriuls Soris cnobil 

damokidebulebas 

                  
n

xxx
xxx nn

n
+++

≤⋅⋅
...

... 21
21  

magaliTi 10. (iungis utoloba) (14) utolobaSi aviRoT 

0,,1/1,1/1,2 2121 ≥==<=<== bxaxqpn αα  sadac 0,0,1 2121 ≥≥=+ αααα  
miviRebT 

 

                      qbpaba qp ///1/1 +≤
magaliTi 11. vTqvaT . maSin  funqcia qvemoT 

amozneqilia. Aamitom gveqneba (11) utolobidan gveqneba 

1,0,)( >≥= pxxxf p f

                                             (15) p
nn

ppp
n xxxxxx αααααα +++≤+++ ....)...( 22112211

Tu (15) utolobaSi aviRebT  

1
1
1

1

,,
1

−

=

=

∑

∑
==

−
=

p

n

k

q
ki

in

k

q
k

q
i

i

b

ba
x

b

b
p

pq α  miviRebT 

klasikur helderis utolobas (vgulisxmobT  arauaryofiTi 

ricxvebia) 

ii ba ,

 

                                 
qn

i

q
i

pn

i

p
inn babababa

/1

1

/1

1
2211 ... ⎟

⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛
≤+++ ∑∑

==

sadac 1,1/1/1 >=+ pqp . 
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                                                     savarjiSoebi 

 

 

 

1. ipoveT funqciis warmoebuli 

 a) ;                          b) ; 
xxy = xxy 2)1( −=

  g) ;                      d) . 
xxy )(cos= 1)(ln += xxy

 e) 3
3

3

1
1

x
xy

−
+

= ;                           v)  
24 x

xy
−

= ; 

 z) )1ln( 2 ++= xxy ;                T) 
21

arcsin
x

xy
−

= . 

 i) ;             k) ; 
45 tan3arcsin xxxy += 32 sin3arctan)1( xxxy ++=

 l) )2sin(33 2 xxxxy +−+= ;         m) . 
42 sin5cot)12( xxarcxy +−=

 n) ;                 o) 
xx exxy tan7sin2

+= xx exxy sin32cos ⋅+= ; 

 p) ;            J) . 
12)32arctan( +−+= xxxy xxx exxy tan13sin )1(

2 ++ −+=

2.  ganixileT  rogorc -is funqcia da ipoveTy x
dx
dyy ='   Tu 

a) b) g) d)  
⎩
⎨
⎧

=
=

tby
tax

sin
,cos

⎩
⎨
⎧

=
=

tey
tex

t

t

sin
,cos

⎩
⎨
⎧

−=
−=

3

2 ,1
tty
tx

⎩
⎨
⎧

−=
+=

arctgtty
ttx ),1(ln 2

e) v) 
⎩
⎨
⎧

=
=

ty
tx

3

3

sin
,cos

⎩
⎨
⎧

=
−=

tgty
tx ,1

 z) T)  
⎩
⎨
⎧

−=
−=

ty
ttx

cos1
,sin

⎩
⎨
⎧

−=
−=

ty
ttx

cos1
,sin

3. ganixileT  rogorc -is funqcia da ipoveT y x
xd
yd

2

2

  

a) b) g) d)  
⎩
⎨
⎧

−=
−=

)cos1(
),sin(
tay
ttax

⎩
⎨
⎧

=
=

ty
tx
2cosln
,cosln

⎩
⎨
⎧

−=
=

)1ln(
,arcsin

2ty
tx

⎩
⎨
⎧

=
+=

t

t

ety
etx

22

2 ,)1(

4. aCveneT, rom mocemuli funqcia akmayofilebs miTiTebul tolobebs 

a) 
⎩
⎨
⎧

+=
+=

32

2

2
,32

tty
ttx

y
dx
dy

dx
dy

=⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛

32

2  

 

b) 
⎩
⎨
⎧

=
=

tey
tex

t

t

sin
,cos

⎟
⎠
⎞

⎜
⎝
⎛ −=− y

dx
dyx

xd
ydyx 2)( 2

2
2

 

5.ipoveT  kuburi parabolis im wertilze gamavali mxebis   
35xy =

     sakuTxo koeficienti, romlis abscisaa 2=x . 
6. ipoveT  kuburi parabolis is wertilebi, romelSic gavlebuli  

3xy =
mxebis kuTxuri koeficienti 3-is tolia. 

7. ipoveT   parabolis is wertilebi, romelSic gavlebuli   372 +−= xxy
mxebi 035 =−+ yx  wrfis a) paraleluria b) marTobulia. 

8. ipoveT  wiris im mxebis kuTxuri koeficienti, romelic  
1−= xey

 gavlebulia am wiris 1=y wrfesTan TanakveTis wertilSi. 

9.. SeadgineT  parabolis im mxebis gantoleba, romelic  522 +−= xxy
Pparaleluria parabolis  da  werilebis SemaerTebeli       

qordisa. 

)4,1( )8,3(
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10. ipoveT parametruli saxiT mocemuli funqciis mxebi wrfis gantoleba 

miTiTebul wertilSi Tu 

a) 
⎩
⎨
⎧

−=
−=

ty
ttx

cos1
,sin

2/0 π=t   b) 
⎩
⎨
⎧

−=
+=

2

2

2
,2

tty
ttx

10 =t  

g) 

⎩
⎨
⎧

=
=

ty
tx

sin
,cos3 6/0 π=t   g) 

⎩
⎨
⎧

=
=

ty
tx

3

3

sin
,cos

4/0 π=t  

 

11. SeadgineT 
5
9

+
+

=
x
xy  hiperbolis im mxebis gantolebebi, romlebic  

 Ggadian kordinatTa saTaveSi. 

12. aCveneT, rom 
2
4

−
−

=
x
xy  hiperbolis sakordinato RerZebTan gadakveTis  

wertilebSi am hiperbolisadmi gavlebuli mxebebi paraleluria. 

13. ipoveT a  parametris is mniSvnelobebi iseTi, rom mocemuli funqcia 

iqneba uwyvetad warmoebadi iyos mis gansazRvris areze Tu  

   a)          b)  
⎩
⎨
⎧

>++
≤++

=
142
;1,5

)(
2

xax
xaxx

xf
⎩
⎨
⎧

>++
≤++

=
0,3sin3cos2
;0,4

)(
xxax
xaxe

xf
x

   g)  g)  
⎩
⎨
⎧

>++
≤+

=
05sin3cos
;0,sin

)(
xxxaxx
xaxx

xf
⎩
⎨
⎧

>+++
≤++

=
03cossin
;0,)3(

)(
2

xxaxx
xeax

xf
x

14. ipoveT da  parametris is mniSvnelobebi iseTi, rom  mocemuli 

funqcia iyos uwyvetad warmoebadi mis gansazRvris areze Tu 

a b

a)         b)  
⎩
⎨
⎧

>++
≤

=
1,
;1,

)(
2 xabxx

xe
xf

x

⎩
⎨
⎧

>++
≤+

=
1,3sin3cos
;1,

)(
xxaxb
xaxe

xf
x

ππ

g)  d)  
⎩
⎨
⎧

>++
≤++

=
2,3sin3cos2
;2,4

)(
2

xbxax
xaxbx

xf
ππ ⎩

⎨
⎧

>++
≤+

=
0,3sin3cos2
;0,

)(
xexaxb
xbax

xf x

15. ipoveT ,  da c parametris is mniSvnelobebi iseTi, rom mocemuli 

funqcia iyos orjer uwyvetad warmoebadi mis gansazRvris areze Tu 

a b

a)      b)  
⎩
⎨
⎧

>++
≤

=
1,
;1,

)(
2 xcbxax

xe
xf

x

⎩
⎨
⎧

>++
≤+

=
1,
;1,cossin

)( 2 xcbxax
xxbxa

xf
ππ

g)     d)  
⎩
⎨
⎧

>++
≤

=
1,
;1,ln

)( 2 xcbxax
xx

xf
⎩
⎨
⎧

>++
≤

=
−

1,
;1,2

)(
2 xcbxax

x
xf

x

 

16. vTqvaT  samjer warmoebadi funqciiaa. ipoveT ,  Tu  )(xf )2(y )3(y
a) ; b) . )( 2xfy = )( xefy =

17. mocemulia 
x

xy
−

=
1

2

. ipoveT . 
)8(y

18.  mocemulia 
x

xy
−
+

=
1

1
. ipoveT . 

)100(y

19.  mocemulia 
23

1
2 +−

=
xx

y . ipoveT . 
)(ny

20.   mocemulia . ipoveT . )(sin2 xy = )(ny
21.   mocemulia . ipoveT . arctgxxf =)( )0()(nf
22.  mocemulia . ipoveT . )arcsin()( xxf = )0()(nf
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23. daamtkiceT, rom Tu  funqcias gaaCnia  -uri rigis warmoebuli  )(xf n
maSin  funqciisaTvis samarTliania toloba    

. 

)()( baxfxF +=
)()( )()( baxfaxF nnn +=

24 ipoveT , Tu . )()( xP n
n

nn axaxaxP +⋅⋅⋅++= −1
10)(

25. ipoveT , Tu 
)(ny

dcx
baxy

+
+

=  

  

26.vTqvaT funqcia  Sualedze orjer uwyvetad warmoebadi 

funqciaa. SearCieT  ricxvebi iseTi, rom funqcia  

Raf →−∞ ],(:
knm ,,

     
⎩
⎨
⎧

>+−+−
≤

=
,,)()(
,);(

)( 2 axkaxnaxm
axxf

xF

Oorjer uwyvetad warmoebadi iyos gansazRvris areze. 

27. samarTliania Tu ara rTuli funqciis gawarmoebis wesi  

wertilSi funqciisaTvis 

0=x
)(sin 3 22 xy = . Aarsebobs Tu ara am funqciis 

warmoebuli aRniSnul wertilSi. 

28.ipoveT funqciis calmxrivi )(' 0+xf , )(' 0−xf  (marjvena da marcxena) 

warmoebulebi miTiTebul wertilSi, Tu 0x
a)   ;  b) |,|)( xxf = 00 =x |,|)( xxf =  10 =x ; g) , ; )sgn()( 2 xxxf = 00 =x

d) xxf 2sin)( = , ; e) 00 =x ,sin||)( xxxf =   00 =x ; v) ,cos|2/|)( xxxf π−=  

2/0 π=x  ; z)  ,|1|)( xexxf −= 10 =x . 

29. samarTliania Tu ara debulebebi:  Tu  wertilSi  funqcias  0x )(xf
gaaCnia warmoebuli, xolo  funqcias ar gaaCnia, maSin    

a)funqcias  b)  ar ggaCnia  wertilSi 

warmoebuli. 

)(xg
)()( xgxf + )()( xgxf 0x

30.SeiZleba Tu ara gamoyenebuli iqnas namravlis gawarmoebis 

Fformula  funqciis gawarmoebisaTvis  wertilSi, Tu )()( xgxf 0x
a) ;0|,|)(,)( 0 === xxxgxxf      b)  ;1|,|)(,)( 0 === xxxgxxf  

g) ;1,sgn)(,sin)( 0 === xxxgxxf  d) . 0),()(,)( 0
2 === xxsigxgxxf

Aarsebobs Tu ara zemoT moyvanil magaliTebSi  funqciis 

warmoebuli miTiTebul wertilebSi? 

)()( xgxf

 31.   m  da  ricxvebis ra mniSvnelobisaTvis  funqcias     n

   n
m

x
xxf

||
1sin||)( =    roca  0≠x   da 0)0( =f  roca    gaaCnia   

warmoebuli  wertilSi.  

0=x

0=x
 32.  ipoveT ,  Tu )(' af )()()( xaxxf ϕ−= ,  sadac )(xϕ  uwyveti funqciaa 

wertilSi.  ax =
33. .aCveneT, rom funqcias )(||)( xaxxf ϕ−= , sadac )(xϕ  uwyveti funqciaa   

ax = wertilSi da 0)( ≠af   ar gaaCnia aRniSnul wertilSi     

warmoebuli. 

34. aageT uwyveti funqciis magaliTi, romelsac ar gaaCnia warmoebuli 

mxolod fiqcirebul  wertilebSi. (miTiTeba: ganixileT funqcia 

.) 
naax ,...,1=

||||||)( 21 naxaxaxxf −⋅⋅⋅−−=
35. moiyvaneT funqciis magaliTi, romelsac mxolod erT wertilSi eqneba 

warmoebuli. 
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36.ipoveT Semdegi jamebi: 

a) ; nnxxx +⋅⋅⋅+++ 2321
b) nxxxx sin3sin2sinsin +⋅⋅⋅+++ ; 
g) nxnxxx cos3cos32cos2cos +⋅⋅⋅+++ . 

 37.  samarTliania Tu ara debuleba: “ Tu )()( xgxf < ,  maSin ” ? )(')(' xgxf <
 38.  ipoveT , Tu )0('f )100()2)(1()( −⋅⋅⋅−−= xxxxxf . 
 39.  ra SeiZleba iTqvas ))(()( xgfxF =  funqciis warmoebulis arsebobis    

      Sesaxeb ax =  wertilSi, Tu a)  funqcias gaaCnia warmoebuli    )(xf
            wertilSi, xolo funqcias ar gaaCnia  wertilSi    )(ag )(xg ax =
      warmoebuli. bB)  funqcias ar gaaCnia warmoebuli    )(xf
            wertilSi, xolo funqcias gaaCnia )(ag )(xg ax =  wertilSi    

      warmoebuli. g)  funqcias ar gaaCnia warmoebuli    )(xf
            wertilSi, xolo funqcias ar gaaCnia  wertilSi    )(ag )(xg ax =
      warmoebuli. (miTiTeba: ganixileT ffuqciebi a) ; ||)(,)( 2 xxgxxf ==

             b)   ;g) 2)(|,|)( xxgxxf == ||
3
1

3
2)(|,|2)( xxxgxxxf −=+=  da 0=a .) 

  40.  vTqvaT  funqcias gaaCnia warmoebuli )(xf ),( +∞a  SualedSi da    

    Aarsebobs sasruli zRvari . arsebobs Tu ara zRvari ? )(lim xf
x +∞→

)('lim xf
x +∞→

(miTiTeba: ganixileT funqcia 
x
xxf )sin()(

2

= .) 

41. aCveneT, rom luwi funqciis warmoebuli funqcia (Tu is arsebobs)  

kenti funqciaa, xolo kenti funqciis warmoebuli luwi.  

 42. CawereT  polinomi )(xP )( ax −  sxvaobis mTel dadebiT xarisxebis 

jamaT 

a) , 435)( 234 +−+−= xxxxxP 4=a  

b) ,  532)( 23 ++−= xxxxP 5=a  

g) , 1352)( 23 +++−= xxxxP 1=a   

d) ,   13)( 10 ++= xxxP 1=a
43.  parametris ra mniSvnelobisaTvis  gantolobebis 

fesvebi namdvilia.  

m 033 =+− mxx

44. warmoadgineT funqcia  makloranis formulis saxiT naSTiTi wevri 

CawereT lagranJis da koSis saxiT Tu 

f

a) ,  
22)( xxexf −= .5=n

b) ,  )sin(sin)( xxf = .3=n
g) ,  )cos(sin)( xxf = .4=n

d) 
x

xxf sinln)( = ,   3=n

e) 
3 3sin)( xxf = ,   .3=n

v) 
n n xaxf +=)( ,   .2=n

z) 
221)( xxxf +−= ,  .3=n

T) ,  
xexxf 2)5()( += .3=n

45. warmoadgineT funqcia  teiloris mwkrivis saxiT centriT f 1=x  Tu 

a)  b) 
2)( xxf = xxf =)(      wevramde. 

2)1( −x
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g) )2/sin()( xxf π=      wevramde. 
4)1( −x

46. ipoveT Semdegi miaxloebiTi formulebis absolituri cdomileba 

a) 
6

sin
3xxx −≈  Tu . 2/1|| ≤x

b) 
3

3xxtgx +≈  Tu  .1,0|| ≤x

g) 
82

11
2xxx −+≈+  Tu .10 ≤≤ x  

47. teiloris formulis gamoyenebiT daiTvaleT  

a) 3 9    sizustiT. b) 310 − 4 90    sizustiT 410 −

g)    sizustiT d)    sizustiT 18sin 410 − 1sin 410 −

e)   sizustiT  v)    sizustiT. 6cos 510 − 1,1ln 310 −

z)    sizustiT. 2,0e 510 −

48. gamoiyeneT ZiriTadi elementaruli funqciebis teiloris formuliT 

warmodgenebi ipoveT zRvrebi 

 

a) 4

2/

0

2

coslim
x

ex x

x

−

→

−
 b) 

)1ln(
22sinlim 30 x
tgxx

x +
−

→
 g) 20 2

2lim
x
ee xx

x

−+ −

→
 d) 

5

3 2

0

1)sin(sinlim
x

xxx
x

−−
→

 e) ( )
xxx sin

11lim
0

−
→

 v) ⎟
⎠
⎞

⎜
⎝
⎛ −

→
ctgx

xxx

11lim
0

 

z) )11(lim
0

−−+
→

xxx

x
eee  

49. SeamowmeT, akmayofilebs Tu ara rolis Teoremis pirobebs miTiTebul 

SualedSi Semdegi funqciebi 

a)   ,1074)( 23 −−+= xxxxf ]2,1[−  b)    ,13)( 2 −+= xxxf ]1,0[

b)   ,sinln)( xxf = ⎥⎦
⎤

⎢⎣
⎡

6
5,

6
ππ

   g) xxf sin)( = ,   ],0[ π  

 

50. aCveneT, rom  funqcia miTiTebul SualedSi akmayofilebs  )(xf
rolis Teoremis pirobebs. ipoveT am funqciis grafikze wertili,  

romelzedac gavlebuli mxebi abscisTa RerZis paraleluria: 

a)    da ; b)   da . ,)( 3xxxf −= ]0,1[− ]1,0[ ),12)(4()( 2 −−= xxxf ]1,1[− ]2,1[
51. aCveneT, rom  funqcia miTiTebul SualedSi akmayofilebs  )(xf

lagranJis  Teoremis pirobebs. ipoveT am funqciis grafikze 

wertiliebi, romelzedac gavlebuli mxebi grafikis kidura 

wertilebis SemaerTebeli qordis paraleluria: 

a)   ;   b) ,)( 2xxf = ]3,1[ ,/1)( xxxf +=    ; g) , . ]2,2/1[ arctgxxf =)( ]1,0[
52.   lagranJis Teoremis gamoyenebiT daamtkiceT utolobebi: 

        a) |||sinsin| yxyx −≤− ; 

                 b) 
b

ba
b
a

a
ba −

≤≤
− ln ,  Tu ab ≤<0 ; 

                 g) xx
x

x
<+<

+
)1ln(

1
,  roca ; 0>x

                 d) , roca  xex +≥ 1[ Rx∈ . 
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53. SeamowmeT,  akmayofilebs Tu ara koSis Teoremis pirobebs MmiTiTebul 

SualedSi Semdegi funqciebi:  

a)   b)    
32 )(,)( xxgxxf == ]1,1[− 1)(,)( 23 +== xxgxxf ]2,1[

g)   xxxgxxf cos)(,sin)( +== ]2/,0[ π  d)   
3)(,cos)( xxgxxf == ⎥⎦

⎤
⎢⎣
⎡−

2
,

2
ππ

 

54. Semdegi funqciebisaTvis SeamowmeT koSis Teoremis pirobebi da 

dawereT koSis formula 

a)   xxgxxf ln)(,sin)( == baba <<0];,[  

b)    
xx exgexf +== 1)(,)( 2 ],[ ba

55. gamoikvlieT funqcia da aageT misi grafikis eskizi Tu 

1. a) ;             b) ; 
323 xxy +−= 423 23 +−= xxy

  g) ;             d) . 296 23 −+−= xxxy 32 34 +−= xxy
2. a) ;             b) ; 

234 24 xxxy −+−= 423 23 +−= xxy

  g) ;             d) 32 34 +−= xxy 2
34

34
xxxy −+= . 

3. a) 
33

2

+
=

x
xy ;             b   

1
2
2 +

=
x

xy  

  g) 
x

xy 3
3
+=              d) 

x
xy 8
2
+=  

4. a) 22 x
x

y += ;             b   
1

2
2 +

=
x

xy  

  g) 2
2 1

x
xy +=              d) 

x
xy 34 −

=  

5. a) xxy −= 2 ;             b   xxy −−= 4  

  g) 3+= xxy              d) xxy −−+= 88  

6. a) 642 +−= xxy ;             b   xxxy 22 −−=  

  g) 12 −+= xxy              d) xxy 23 2 −=  

7. a) ;             b    xey x −= xxey =
  g)              d)  

xxey −= xexy −= 2

8. a) ;             b   xxy ln=
x
xy ln

=  

  g)              d) xxy ln−=
x

xy
ln

=  

9. a) ;         b)   xxy cossin += xxy sin+=  

  g)              d) xxy cos+= xxy sin2−=  

10. a) ;             b   xarctgxy = arctgxxy +=
2

 

  g) 
arctgx

y 1
=              d) arctgxxy 2−=  

11. a) ;             b   xy cosln= xxy sinlnsin −=  

  g)              d) )sinln(cos xxy −= )sinln(cos xxy +=  
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12. a) ;             b) 
33 xxy −=

2
1

4
2 xxy −+= ; 

  g) 4

2

1
2

x
xy

+
−

= ;             d) 
65

1
2

2

+−
−

=
xx

xy . 

13. a) xxy )3( −= ;           b) ; 
22 xxey −=

  g) ;              d) 
xexy −+=

x
ey

x

+
=

1
. 

56.  lopitalis Teoremis gamoyenebiT gamoTvaleT zRvrebi: 

 

 a) 
x

x
x arctan

sinlim
0→

                  b) 
xx
xx

x sin
tanlim

0 −
−

→
 

 g) 
)ln(

)ln(lim axax ee
ax

−
−

+→
               d) 

x
x

x

lnlim
+∞→

 

 e) 
2

tan)1(lim
1

xe x

x

π
−

→
               v) )1ln(lnlim

1
xx

x
−

−→
 

 z) ⎟
⎠
⎞

⎜
⎝
⎛

−+
−

−→ 6
5

2
1lim 22 xxxx

          T) ⎟
⎠
⎞

⎜
⎝
⎛ −

−→ xx
x

x ln
1

1
lim

2
 

 i)  
a
x

ax a
x 2

tan

2lim
π

⎟
⎠
⎞

⎜
⎝
⎛ −

→
                 k) 

x

ax x
x

1

tanlim ⎟
⎠
⎞

⎜
⎝
⎛

→
 

 l) 

x

x x

sin

0

1lim ⎟
⎠
⎞

⎜
⎝
⎛

→
                    m) ( ) )1ln(

0
)1ln(lim x

x
x −

→
−  

 

 n) ⎟
⎠
⎞

⎜
⎝
⎛

−
−

−→ 31 1
3

1
1lim

xxx
              o) 

x
ee xx

x

βα −
→0

lim        

 p)                 J) ( ) xc

x
x tan

0
tan1lim +

→ x

xx

x cos
2

sin
2

cos
lim

2

−

→π
 

  

 

 r) 
xx

xx
x sin2

sinlim
0 +

+
→

                 s) 
xx

ee xx

x βα

βα

sinsin
lim

0 −
−

→
 

 

 t)  2

2

0

cos1lim
x

x
x

−
→

                 u) 

x

x x
x

⎟
⎠
⎞

⎜
⎝
⎛

−
+

∞→ 1
1lim  

  f) x

x

x xa
a 1lim

0

−
→

                     x) 

2

0

1
2arctan

)2sin(lim

x
x
x

x

−

−
→

π
         

  y) 
exa
bea x

x +
+

∞→

)ln(lim                   S)         )tan(arcsinlim
0

xxc
x→

  c)  )]1ln()1[(lim
1

xx
x

−−
−→

 
57. vTqvaT, rom  da nebismieri )),(( baCf ∈ ),(, 21 baxx ∈  ricxvebisaTvis 

samarTliania utoloba: 
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2

)()(
2

2121 xfxfxxf +
≤⎟

⎠
⎞

⎜
⎝
⎛ +

. 

daamtkiceT, rom  amozneqili funqciaa  intervalze. f ),( ba
57. aCveneT, rom Tu funqcia  amozneqilia da SemosazRvrulia, 

maSin is mudmivi funqciaa.  

RRf →:

58. aCveneT, rom Tu funqcia  amozneqilia da RRf →:

0)(lim)(lim ==
+∞→−∞→ x

xf
x
xf

xx
 

maSin is mudmivi funqciaa.  

59. aCveneT, rom Tu funqcia  amozneqilia qvemoT, maSin  Rbaf →),(:
Nnebismieri  wertilSi funqcias gaaCnia marjvena da marcxena 

warmoebuli da . 

),( bax∈
)(')(' xfxf +− ≤

60. daamtkiceT, rom, roca  da 0>t Rx∈   samarTliania utoloba 

e
ttext x ln+≤ . 

61. aCveneT, rom roca  

     a) 

3sincos ⎟
⎠
⎞

⎜
⎝
⎛<

x
xx ,   2/||0 π<< x . 

     b) xxxx <+<− )1ln(
2

2

, . 0>x

     g) 
x

xx
+

>+
1

)1ln( ,  . 0>x

     d) xxxx <<− sin
!3

3

, . 0>x

     e)  tgxxx <+
3

3

, 2/0 π<< x . 

62. gamoiyeneT rolis Teorema da aCveneT, rom Tu 

namdvilkoeficientebiani mravalwevris  

                    
n

nn xcxccxQ +++= ...)( 10

Yyvela fesvi namdvilia, maSin narmoebulebs  

gaaCniaT namdvili fesvebi. 

)(),...,("),(' )1( xQxQxQ n
nnn

−

63. daamtkiceT, rom raime intervalze gansazRvruli funqcia 

diferencirebadia, magram araa SemosazRvruli am intervalze, maSin misi 

warmoebulic araa SemosazRvruli mocemul intervalze. 

64. vTqvaT  funqcia  segmentze uwyvetia da  

intervalze diferencirebadi da ar warmoadgens uwyvet funqcias . 

aCveneT, rom arsebobs iseTi, rom 

Rbaf →],[: ],[ ba ),( ba

),( bac∈ |||)('||)()(| abcfafbf −⋅<− . 

65. vTqvaT  funqcia  segmentze orjer uwyvetad 

warmoebadi funqciaa da 

Rbaf →],[: ],[ ba
0)(')(' == bfaf . aCveneT, rom arsebobs 

iseTi, rom . ),( bac∈ 2)(|)("|)4/1(|)()(| abcfafbf −⋅⋅<−
 

                            rimanis integrali 

 

 

segmentis danawilebis cneba. rimanis jamebi. rimanis integralis cneba. 

integrebadobis aucilebeli piroba.  darbus jamebi. Ffunqciis zeda da 
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qveda integrali. Ffunqciis rimanis azriT integrebadobis aucilebeli 

da sakmarisi piroba. rimanis azriT integrebad funqciaTa zogierTi 

klasi. 

 

GgansazRvreba 1.  segmentis danawileba ewodeba, mis wertilTa 

sasrul  simravles, sadac 

],[ ba
},...,,{ 10 nxxxP = bxxxa n =<<<= ...10 .  monakveTebs 

 uwodeben  danawilebis qvesegmentebs. ricxvs nkxx kk ,...,2,1],[ ,1 =− P
||max)(

1 knk
xP ∆==

≤≤
λλ , sadac ],[ 1 kkk xxx −=∆ , nk ,...,2,1=  uwodeben P  danawilebis 

parameters. 

GgansazRvreba 2. vTqvaT  da  warmoadgens  segmentis sxvadasxva 

danawilebas. vityviT, rom  ufro mWidro danawilebaa vidre  (anu  

danawileba warmoadgens  danawilebis gagrZelebas) Tu .  

1P 2P ],[ ba

2P 1P 2P

1P 21 PP ⊂
 

cxadia Tu , maSin  21 PP ⊂ )()( 12 PP λλ ≤ . amasTanave Tu  da  warmoadgens 

 segmentis or nebismier danawilebas, maSin 

1P 2P
],[ ba 21 PPP ∪=  aris TiToeuli 

danawilebis gagrZeleba.  

GgansazRvreba 3. vityviT, rom mocemulia  segmentis danawileba ],[ ba ),( ξP    

am segmentis moniSnuli },...,,{ 21 nξξξξ =  wertilebiT, Tu mocemulia  

danawileba da am danawilebis yovel 

P
nkxx kk ,...,2,1],[ ,1 =−  qvesegmentSi 

arCeulia raime ][ ,1 kkk xx −∈ξ  wertili nk ,...,2,1=  . 

GgansazRvreba 4. vTqvaT  funqcia gansazRvrulia  segmentze da f ],[ ba
),( ξP  am segmentis moniSnuli wertilebiT danawilebaa, maSin jams 

                 ||)(),,(
1
∑
=

∆=
n

k
kk xfPf ξξσ

sadac , ewodeba  funqciis rimanis integraluri jami ],[ 1 kkk xxx −=∆ f ),( ξP  

moniSnuli danawilebis mimarT.  

rodesac 0)( →= Pλλ , maSin ),,( ξσ Pf  jams SeiZleba hqondes garkveuli 

<zRvari> , romelic araa dakavSirebuli kξ  wertilebis SerCevaze. 

cxadia aRniSnuli zRvars dasWirdeba mkacri ganmarteba. 

 

GgansazRvreba 5. I  ricxvs ewodeba  funqciis rimanis Rbaf →],[: ),,( ξσ Pf  

jamebis zRvari, roca 0)( →Pλ  Tu yoveli 0>ε  ricxvisaTvis arsebobs 

0>δ  ricxvi iseTi, rom  segmentis moniSnuli wertilebiT nebismieri ],[ ba
),( ξP  danawilebisaTvis, romlis parametria δλ <)(P  adgili aqvs 

utolobas: 

                      εξσ <− |),,(| IPf   

Aam faqts ase avRniSnavT IPf
P

=
→

),,(lim
0)(

ξσ
λ

. 

GgansazRvreba 6. vityviT, rom   funqcia rimanis azriT 

integrebadia Tu arsebobs zRvari 

Rbaf →],[:
IPf

P
=

→
),,(lim

0)(
ξσ

λ
. A I  ricxvs uwodeben 

 funqciis gansazRvruli (rimanis) integrals   segmentze da 

davwerT 

f ],[ ba

                           ∫==
→

b

a
P

dxxfIPf )(),,(lim
0)(

ξσ
λ
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(rac ase ikiTxeba integrali -dan -mde ) -s da -s Sesabamisad 

integrebis qveda da zeda sazRvrebi ewodebaT, -s integrebis cvladi, 

 integrelqveSa gamosaxuleba. 

a b dxxf )( a b
x

dxxf )(
 

SemdgomSi Cven gveqneba saqme rimanis integralTan da zogjer 

simartivisaTvis nacvlad “rimanis integrali”,  “funqcia rimanis azriT 

integrebadia” SesabamisaT vityviT ‘’integrali” da “integrebadi funqcia”  

SevniSnoT, rom integrali  damoukidebelia integrebis  

cvladze, amitom SegviZlia davweroT   

∫
b

a

dxxf )( x

                    . ∫∫ ∫ ==
b

a

b

a

b

a

duufdttfdxxf )()()(

SemdgomSi  segmentze gansazRvrul rimanis azriT integrebad yvela 

funqciaTa erTobliobas (simravles) avRniSnavT simboloTi . 

],[ ba
]),([ baR

magaliTi 7. ganvixiloT  segmentze gansazRvruli mudmivi funqcia: 

.  

],[ ba
],[,)( baxcxf ∈∀=

Ggveqneba , nebismieri )(||||)(),,(
11

abcxcxfPf
n

k
k

n

k
kk −=∆=∆= ∑∑

==

ξξσ ),( ξP  

danawilebisaTvis. maSasadame 

                          . ∫ −=
b

a

abcdxxf )()(

magaliTi 8. ganvixiloT  segmentze  funqcia Semdegi wesiT:  

 Tu  racionaluria da  

],[ ba f
0)( =xf x 1)( =xf  Tu  iracionaluria (dirixles 

funqcia). vTqvaT 

x
P  raime danawilebaa. Tu movniSnavT },...,,{ 21 nξξξξ =  

wertilebs ise, rom TiToeuli  

kξ  iyos racionaluri, maSin gveqneba  

                . 0||0||)(),,(
11

=∆⋅=∆= ∑∑
==

n

k
k

n

k
kk xxfPf ξξσ

Tu movniSnavT },...,,{ 21 nξξξξ =  wertilebs ise, rom TiToeuli  

kξ  iyos iracionaluri, maSin gveqneba 

                .  )(||1||)(),,(
11

abxxfPf
n

k
k

n

k
kk −=∆⋅=∆= ∑∑

==

ξξσ

maSasadame dirixls funqcia ar aris rimanis azriT integrebadi  

segmentze.  

],[ ba

 

funqciis integrebadobis aucilebeli piroba 

Teorema 9. imisaTvis, rom  segmentze gansazRvruli  funqcia iyos 

rimanis azriT integrebadi aucilebelia rom is iyos SemosazRvruli. 

],[ ba f

 (mokled,  SemosazRvrulia  segmentze.) fbaRf ⇒∈ ]),([ ],[ ba
SevniSnoT, rom SemosazRvruli funqcia SeiZleba ar iyos rimanis azriT 

integrebadi mag. Ddirixles funqcia). 

Ddamtkiceba. dauSvaT winaaRmdegi: vTqvaT  integrebadia magram 

is SemosazRvruli ar aris  segmentze. maSin nebismieri 

Rbaf →],[:
],[ ba P  

danawilebisaTvis sul mcire danawilebis erT-erT qvesegmentze  ][ ,1 kk xx − f
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funqcia ar aris SemosazRvruli. Aaqedan gamomdinare SegviZlia avirCioT 

sxvadasxvagvarad ][ ,1 kkk xx −∈ξ  wertilebi ise, rom |||)(| kk xf ∆ξ  

 iyos ragind didi. maSin jamis 

                 ||)(),,(
1
∑
=

∆=
n

k
kk xfPf ξξσ

absolituri sidide SegviZlia gavxadoT ragind didi  Tu mxolod kξ  
ricxvebs SevcvliT. maSasadame ar arsebobs ),,( ξσ Pf  jamebis zRvari 

roca 0)( →Pλ . miviReT winaaRmdegoba. maSasadame Cveni daSveba arasworia. 

Teorema damtkicebulia. 

 

 

 

Ddarbus jamebi, funqciis integrebadobis aucilebeli da sakmarisi 

piroba. 

 

gansazRvreba 10. vTqvaT funqcia SemosazRvrulia  

segmentze.  segmentis yovel  danawilebisaTvis  ganvsazRvroT 

ricxvebi 

Rbaf →],[: ],[ ba
],[ ba P

            )(sup
],[ 1

xfM
kk xxx

k
−∈

=   )(inf
],[ 1

xfm
kk xxxk

−∈
=  nk ,...,2,1= . 

ricxvebs  da   ∑
=

∆=
n

k
kk xMPfU

1
||),( ∑

=

∆=
n

k
kk xMPfL

1
||),(

uwodeben  funqciis darbus zeda da qveda integralur (ubralod 

darbus) jamebs  danawilebis mimarT.  

f
P

 

gansazRvreba 11. ricxvebs 

                ∫ =
b

a

PfUdxxf ),(inf)(  ∫ =
b

a

PfUdxxf ),(sup)(  

sadac zusti qveda da zeda sazRvari aiReba  segmentis yvela 

SesaZlebeli 

],[ ba
P  danawilebis mimarT, SesabamisadD uwodeben  funqciis 

rimanis zeda da qveda integralebs. 

f

 

SevniSnoT, rom vinaidan  funqcia SemosazRvrulia  segmentze, 

amitom arsebobs  da 

f ],[ ba
m M  ricxvebi iseTi, rom Mxfm ≤≤ )(  . ris 

gamoc  segmentis nebismieri  danawilebisaTvis gveqneba 

],[ bax∈∀
],[ ba P

                     )(),(),()( abMPfUPfLabm −≤≤≤−  

Aamrigad  da  ricxvebisagan Semdgari simravleebi 

SemosazRvrulia, amitom funqciis zeda da qveda rimanis integralebi 

segmentze gansazRvruli nebismieri SemosazRvruli funqciisaTvis 

yovelTvis arsebobs.  

),( PfL ),( PfU

 

Teorema 12. Tu 
∗P  aris  danawilebis gagrZeleba, maSin  P

                    ,                                 (1) ),(),( •≤ PfLPfL
                      .                               (2) ),(),( PfUPfU ≤•

Ddamtkiceba. pirvel rigSi vigulisxmoT, rom 
∗P  danawileba Seicavs 

erTiT met elements vidre P  danawileba. vTqvaT es wertilia  da •x
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kk xxx << •
−1   danawilebis romeliRac  da  ori mezobeli 

wertilisaTvis. dauSvaT 

P 1−kx kx

                 )(inf
],[

1
1

xf
xxx k
•

−∈
=ω  da )(inf

],[
2 xf

kxxx •∈
=ω  

cxadia  km≥1ω  da km≥2ω , sadac )(inf
],[ 1

xfm
kk xxxk

−∈
= . 

Ggveqneba  ≥−−−+−=− −
•

−
•• )()()(),(),( 1211 kkkkk xxmxxxxPfLPfL ωω

0)()()()( 1111 ≥+−−+−=−−−+− −
•

−
•

−
•

−
•

kkkkkkkkkkkk xxxxxxmxxmxxmxxm . 
Tu 

∗P  danawileba Seicavs  wertiliT mets vidre m P  danawileba, maSin 

gavimeoroT zemoT Catarebuli msjeloba -jer, miviRebT (1) utolobas. 

analogiurad davamtkicebT (2) utolobas. 

m

Teorema 13. ∫
b

a

dxxf )( ≤ ∫
b

a

dxxf )( .  

Ddamtkiceba. vTqvaT 
∗P  aris  segmentis ori  da  danawilebis 

saerTo gagrZeleba , maSin Teorema 8-is  ZaliT  

],[ ba 1P 2P

21 PPP ∪=∗

          . ),(),(),(),( 21 fPUfPUfPLfPL ≤≤≤ ∗∗

Aamrigad  segmentis nebismieri  da  danawilebisaTvis  ],[ ba 1P 2P
                           ),(),( 21 fPUfPL ≤                             (3) 

(darbus arcerTi qveda jami ar aRemateba darbus arcerT zeda jams.) 

 

CavTvaloT  fiqsirebul danawilebad da aviRoT zusti qveda sazRvari  

(3) utolobaSi yvela  danawilebais mimarT, maSin (3) –is ZaliT gveqneba 

2P

1P

                    ∫
b

a

dxxf )( = ),(),(sup 21 fPUfPL ≤                       (4) 

Tu axla (5) utolobaSi  aviRebT qveda sazRvars yvela  danawilebis 

mimarT miviRebT dasamtkicebel utolobas.  
2P

 

Tu gavixilavT rimanis integralur jams ),( ξP  moniSnuli 

danawilebisaTvis ( ][ ,1 kkk xx −∈ξ , nk ,...,1= ) 

vinaidan  kkk Mfm ≤≤ )(ξ  gveqneba  

                       ),(),,(),( fPUPffPL ≤≤ ξσ .            

Tu  segmentis ],[ ba P  danawilebas davafiqsirebT, xolo yoveli  

segmentis SigniT 

][ ,1 kk xx −

kξ  wertilebs vcvliT ise, rom )( kf ξ  ragind axlos iyos 

-sTan, maSin kM ),,( ξσ Pf  integraluri jami  ragin axlos iqneba  

jamTan. Analogiurad 

),( fPU
),,( ξσ Pf  jami ragind SegviZlia dauaxlovoT  

jams.  samarTliania Semdegi 

),( fPL

Teorema 14.          ),,(sup),( ξσ
ξ

PffPU =                                  (5) 

                   ),,(inf),( ξσ
ξ

PffPL = .                                   (6) 

Ddamtkiceba. davamtkicoT (5) toloba. Aanalogiuri msjelobiT 

damtkicdeba (6).  vTqvaT P   segmentis raime fiqsirebuli 

danawilebaa, xolo 

],[ ba
0>ε  raime fiqsirebuli ricxvia. (5) tolobis 

dasamtkiceblad sakmarisia movZebnoT ][ ,1 kkk xx −∈ξ  wertilebi ( ) 

iseTi rom  

nk ,...,1=
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                        εξσ +< ),,(),( PffPU  

kM  ricxvebis ganmartebis ZaliT SegviZlia movZebnoT ][ ,1 kkk xx −∈ξ  iseTi, 

rom 
ab

fM kk −
+<

εξ )( , . maSin gveqneba  nk ,...,1=

                 εξεξ +∆=∆⎟
⎠
⎞

⎜
⎝
⎛

−
+<∆⋅ ∑∑∑

===

||)(||)(||
111

k

n

k
kk

n

k
kkk

n

k

xfx
ab

fxM , 

risi damtkicebac gvindoda.  

Teorema 15. (rimani)  segmentze gansazRvruli SemosazRvruli 

funqcia integrebadobisaTvis rimanis azriT, aucilebelia da sakmarisi, 

rom yoveli 

],[ ba

0>ε  ricxvisaTvis arsebobdes 0>δ  ricxvi iseTi, rom  

segmentis nebismieri 

],[ ba
P  danawilebisaTvis, romlis parametri δλ <)(P , 

adgili hqondes utolobas  

                        ε<− ),(),( fPLfPU .                              (7) 

Ddamtkiceba. jer davamtkicoT pirobis aucilebloba. vTqvaT arsebobs 

integrali  

                             , ∫=
b

a

dxxfI )(

maSin 0>∀ε  ricxvisaTvis arsebobs 0>δ  ricxvi, iseTi rom  

segmentis moniSnuli wertilebiT 

],[ ba
),( ξP  danawilebisaTvis, romliis 

parametri δλ <)(P  gvaqvs  

                         
3

),,(
3

εξσε
+<<− IPfI                         (8) 

sadac ),,( ξσ Pf  aris mocemuli danawilebis Sesabamisi integraluri jami. 

(8) utolobis gamo gveqneba (gaviTvaliswinoT agreTve (5) da (6) 

tolobebi) 

                
3

),(),(
3

εε
+≤≤≤− IPfUPfLI  

saidanac miviRebT 

                      εε <≤−
3
2),(),( fPLfPU ,  

roca δλ <)(P . Aaucilebloba damtkicebulia. Aaxla vaCvenoT pirobis 

sakmarisobis samarTlianoba. vTqvaT 0>∀ε  ricxvisaTvis arsebobs 0>δ  

ricxvi iseTi, rom  segmentis  danawilebisaTvis romlis parametri ],[ ba P
δλ <)(P , samartlioania (7) utoloba. zeda da qveda integralis 

ganmartebis ZaliT gveqneba  

 

                   -∫
−

≤
b

a

dxxf )(0 ∫
b

a

dxxf )( ε<−≤ ),(),( PfLPfU  

Tu gaviTvaliswinebT im faqts rom 0>ε  nebismierad gvqonda aRebuli 

SegviZlia davaskvnaT, rom  

 

                           =∫
−
b

a

dxxf )( ∫
b

a

dxxf )( = I . 

vinaidan ),(),,(),( fPUPffPL ≤≤ ξσ  da ),(),( fPUIfPL ≤≤ , amitom, roca 

δλ <)(P  gvaqvs  
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               εξσ <−≤− ),(),(|),,(| fPLfPUIPf  

Ees ki imas niSnavs, rom  

                              IPf
P

=
→

),,(lim
0)(

ξσ
λ

. 

Teorema damtkicebulia.  

 

Ddamtkicebuli Teorema asec SegviZlia CamovayaliboT 

Teorema 16.  segmentze gansazRvruli SemosazRvruli funqciis 

integrebadobisTvis aucilebelia da sakmarisi, rom  

],[ ba

 

                         [ ] 0),(),(lim
0)(

=−
→

PfLPfU
Pλ

.                   (9) 

SevniSnoT, rom ),(]),[,( 1 kkkkk xfxxfmM ∆==− − ωω ; nk ,...,1=  amitom (9) 

toloba asec SeiZleba gadavweroT 

                            0||),(lim
10)(

=∆∆∑
=

→

n

k
kkP

xxfω
λ

 

Sedegi 17.  segmentze gansazRvruli SemosazRvruli funqciis 

integrebadobisTvis aucilebelia da sakmarisi, rom misi zeda da qveda 

integralebi toli iyos e.i.  

],[ ba f

                             ∫
−

=
b

a

dxxfI )( = Idxxf
b

a

=∫ )(  

marTlac rimanis Teoremis sakmarisobis damtkicebisas Cven vaCveneT, rom 

Tu  segmentze gansazRvruli  SemosazRvruli funqcia integrebadia, 

maSin 

],[ ba

∫==
b

a

dxxfII )( . 

Aaxla vaCvenoT, rom Tu III == , maSin   funqcia integrebadia  

segmentze. marTlac aviRoT nebismierad 

f ],[ ba
0>ε  ricxvi, maSin arsebobs  

da  danawilebebi iseTi, rom  

1P

2P

       
2

),( 2
ε

<− IfPU ,                                     (10)    

                   
2

),( 1
ε

<− fPLI .                                      (11) 

vTqvaT , maSin (10) (11) Qutolobebis gaTaliswinebiT da darbus 

jamebis Tvisebis gamoyenebiT gvaqvs 
21 PPP ∪=

εεεε
+≤++<+<≤ ),(

22
),(

2
),(),( 12 fPLfPLIfPUfPU . 

e.i. moiZebneba  danawileba iseTi, rom  P
                                 ε<− ),(),( fPLfPU  

Ees ki rimanis Teoremis Tanaxmad niSnavs  funqciis integrebadobas 

 segmentze.  

f
],[ ba

 

Sedegi 18. Tu  funqcia integrebadia  segmentze, maSin is 

integrebadia mis nebismier qvesegmentze. 

f ],[ ba

Ddamtkiceba. vTqvaT . movaxdinoT  segmentis dayofa 

wertilTa iseTi 

],[],[ badc ⊂ ],[ ba
P  sistemiT, romelTa Soris Sedis  da  wertilebi. c d
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avRniSnoT -iT 1P P  simravlis is wertilebi, romlebic axdenen  

segmentis danawilebas. maSin cxadia, rom  

],[ dc

                  0),(),(),(),( 11 →−≤− fPLfPUfPLfPU  

roca 0)( →Pλ . Sedegi damtkicebulia.  

 

 

integrebad funqciaTa zogierTi klasi. 

Teorema 19. segmentze gansazRvruli nebismieri uwyveti funqcia am 

segmentze rimanis azriT integrebadia. Aanu mokled 

                       ]),([]),([ baRfbaCf ∈⇒∈ . 

Ddamtkiceba. radgan  funqcia uwyvetia  segmentze, amitom is am 

segmentze Tanabrad uwyvetia. maSasadame 

f ],[ ba
0>∀ε  ricxvisaTvis 

0>∃δ ricxvi, iseTi rom  segmentis nebismieri ],[ ba yx,  ricxvebisaTvis, 

roca δ<− || yx  gvaqvs  

)(2
|)()(|

ab
yfxf

−
<−

ε
. 

ganvixiloT  segmentis nebismieri ],[ ba P  danawileba romlis parametric 

akmayofilebs pirobas δλ <)(P , maSin  

)(2
),(]),[,( 1 ab

xfxxfmM kkkkk −
≤∆==− −

εωω , .,...,1 nk =  

 

(  da  warmoadgenen SesabamisaT  funqciis udides da umcires 

mniSvnelobebs  segmentze.) 
kM km f

],[ 1 kk xx −

Ggveqneba  

εεεω <=∆
−

≤∆⋅∆=− ∑∑
== 2

||
)(2

||),(),(),(
11

n

k
k

n

k
kk x

ab
xxffPLfPU , 

maSasadame . ]),([ baRf ∈
 

Teorema 20. segmentze gansazRvruli monotonuri funqcia integrebadia. 

Ddamtkiceba. garkveulobisaTvis dauSvaT, rom  funqcia araklebadia 

 segmentze, maSin rogoric ar unda iyos  segmentis  

danawileba, gvaqvs  da 

f
],[ ba ],[ ba P

)( kk xfM = )( 1−= kk xfm . dauSvaT 0>ε  raime ricxvia 

da 
)()( afbf −

=
εδ . 

roca δλ <)(P , gveqneba  

),(),( fPLfPU − = [ ] [ ] εε
=−

−
<∆⋅− ∑∑

=
−

=
−

n

k
kkk

n

k
kk xfxf

afbf
xxfxf

1
1

1
1 )()(

)()(
||)()( , 

maSasadame  funqcia integrebadia  segmentze. Teorema 

damtkicebulia. 

f ],[ ba

 

SevniSnoT, rom segmentze gansazRvrul monotonur funqcias SesaZloa 

gaaCndes usasrulo raodenoba wyvetis wertilebi (ufro zustad 

segmentze gansazRvrul monotonur funqcias gaaCnia araumetes Tvladi 

raodenoba wyvetis wertilebi). magaliTisaTvis ganvixiloT  

segmentze monotonuri funqcia gansazRvruli aseTnairad:  da 

yovel  simravleze sadac 

]1,0[
1)1( =f

)21,21[ )1( +−− −− nn Nn∈  funqciis mniSvneloba iyos  
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n−− 21  ricxvis.  cxadia am funqcias n−− 21  saxis  wertilebSi gaaCnia wyveta 

da maTi raodenoba Tvladia.  

 

Bbunebrivia ismis kiTxva. rogori unda iyos  segmentze 

gansazRvruli SemosazRvruli funqciis wyvetis wertilTa simravle, rom 

funqcia integrebadi iyos rimanis azriT. Aam kiTxvaze amomwurav pasuxs 

iZleva  lebegis Teorema.  

],[ ba

 

Gganmarteba 21. vityviT, rom RE ⊂  simravle nuli zomisaa Tu 0>∀ε  

ricxvisaTvis arsebobs E  simravlis damfaravi sasruli an Tvladi 

intervalebis sistema, romelTa sigrZeebis jami naklebia ε -ze. cxadia, 
rom Tu E  simravle sasruli an Tvladia maSin is nuli zomissa. 

marTlac vTqvaT E  simravlis wertilebia . TiToeuli 

wertilisaTvis avagoT am wertilis simetriuli midamo, romlis sigrZe 

naklebia , aseTi intervalebis sigrZeTa jamia  

,...,...,, 21 nxxx

n−⋅ 2ε

                 εε
=∑

∞

=1 2n
n . 

SevniSnoT, rom arseboben araTvladi  simravleebi, romelTa zoma nulia. 

sazogadod nuli zomis simravle sakmaod rTuli SeiZleba iyos.  

Teorema 22. (lebegi) imisaTvis rom segmentze gansazRvruli  

SemosazRvruli funqcia iyos rimanis azriT integrebadi aucilebelia da 

sakmarisi rom misi wyvetis wertilTa simravle iyos nuli zomis.  

magaliTi 23. ganvixiloT CvenTvis ukve cnobili rimanis funqcia  

segmentze:  

]1,0[

                            

⎪⎩

⎪
⎨
⎧

∈

=∩∈=
.\]1,0[,0

,;]1,0[;1
)(

Qx
n
mxQx

nxr  

(vgulisxmobT, rom 
n
m

 ukveci wiladia).  rimanis funqcia uwyvetia yovel 

iracionalur wertilSi, xolo racionalur wertilebSi wyvetilia. 

maSasadame rimanis funqcia  segmentze integrebadia. SevniSnoT, rom 

am funqciis wyvetis wertilebi usasrulod bevri moxvdeba  segmentis 

nebismieri danawilebis nebismier  monakveTSi.  

]1,0[
]1,0[

][ ,1 kk xx −

magaliTi 24. vTqvaT  funqcia integrebadia  segmentze.  

xolo  uwyveti funqciaa. kompozicia  uwyvetia 

 segmentis yvela im wertilSi sadac  funqcia uwyvetia, aqedan 

gamomdinare lebegis kriteriumis Tanaxmad  integrebadia  

segmentze. 

],[],[: dcbaf → ],[ ba
Rdcg →],[: Rbafg →],[:

],[ ba f
fg ],[ ba

magaliTi 25.  ganvixiloT funqcia )(|sgn|)( xxg = , es funqcia tolia 1-is 
roca  da tolia 0 -is roca 0≠x 0=x . vTqvaT  funqcia emTxveva rimanis 

funqcias  segmentze (magaliTi 18). funqcia  am segmentze emTxveva 

dirixles funqcias, romelic integrebadi ar aris. maSasadame 

SesaZlebelia  funqciebi rimanis azriT integrebadi iyvnen, magram 

 kompozicia integrebadi ar iyos. 

f
]2,1[ fg

gf ,
fg
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integralis wrfivoba, adiciuroba da monotonuroba. integrali, rogorc 

integrebis monakveTis adiciuri funqcia. integralis monotonuroba da 

saSualo mniSvnelobis Teoremebi. 

 

 

integralis wrfivoba, adiciuroba da monotonuroba.  

Teorema 1. vTqvaT  da ]),([ baRf ∈ ]),([ baRg ∈ , maSin maTi wrfivi 

kombinaciac gf βα +  integrebadi funqciaa  segmentze da 

samarTliania toloba 

],[ ba

                .               (1) ∫∫ ∫ +=+
b

a

b

a

b

a

dxxgdxxfdxxgxf )()())()(( βαβα

Ddamtkiceba. rogoric ar unda iyos ),( ξP  moniSnuli wertilebiT 

danawileba, cxadia marTebulia toloba 

∑∑∑
===

∆+∆=∆+=+
n

k
kk

n

k
kk

n

k
kk xgxfxgfPgf

111

)()())((),,( ξβξαξβαξβασ = 

                    = ),,(),,( ξβσξασ PgPf +  

miRebul tolobaSi Tu gadavalT zRvarze, roca 0)( →Pλ  davaskvniT, rom 

]),([ baRgf ∈+ βα  da samarTliania (1) toloba. 

Teorema 2. vTqvaT  da ]),([ baRf ∈ ]),([ baRg ∈ , maSin: a)  b) 

. 

]),([|| baRf ∈
]),([ baRfg ∈

Ddamtkiceba. vTqvaT  P  aris  segmentis raime danawileba, xolo 

 danawilebis monakveTebi. cxadia samarTliania utoloba 

],[ ba
nkxk ,...,1, =∆

                      ),()|,(| kk xfxf ∆≤∆ ωω  

Aamitom  

               ||),(||)|,(|
11

kk

n

k
kk

n

k
xxfxxf ∆∆≤∆∆ ∑∑

==

ωω

Aam ukanaskneli utolobidan Tu gaviTvaliswinebT rimanis Teoremas 

davaskvniT, rom marTebulia winadadeba ]),([ baRf ∈ ]),([|| baRf ∈⇒ .  

Teoremis a) nawili damtkicebulia. davamtkicoT b) punqtis 

samarTlianoba. Ppirvel rigSi vaCvenoT, rom ]),([ baRf ∈ ]),([2 baRf ∈⇒ . 

vinaidan , amitom  SemosazRvruli funqciaa  segmentze 

da arsebobs  mudmiva, iseTi, rom 

]),([ baRf ∈ f ],[ ba
0>C Cxf ≤|)(|   segmentze. gveqneba  ],[ ba

|)()(|2|)()(||)()(||)()(| 22 yfxfCyfxfyfxfyfxf −≤+⋅−=− , amitom  

                    da amitom  ),(2),( 2
kk xfCxf ∆≤∆ ωω

           ||),(2||),(
1

2

1
kk

n

k
kk

n

k

xxfCxxf ∆∆≤∆∆ ∑∑
==

ωω

saidanac davaskvniT . ]),([ baRf ∈ ]),([2 baRf ∈⇒
Tu gaviTvaliswinebT tolobas 

            [ ])()()()(
4
1))(( 22 xgfxgfxgf −−+=⋅   

davaskvniT, rom  

(  ]),([ baRf ∈ ∧ ]),([ baRg ∈ ) ]).,([ baRfg ∈⇒  

 

 

integrali, rogorc integrebis monakveTis adiciuri funqcia.  
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Teorema 3. vTqvaT  da ]),([ caRf ∈ cba << , maSin 

                     .                      (2) ∫ ∫ ∫+=
c

a

b

a

c

b
dxxfdxxfdxxf )()()(

Ddamtkiceba. is rom  funqcia integrebadia  da  segmentebze, 

gamomdinareobs rimanis Teoremis meore Sedegidan. 

f ],[ ba ],[ cb

ganvixiloT  segmentis is  danawilebebi, romlebic Seicaven b  

wertils. Yyoveli aseTi 

],[ ca P
),( ξP  danawileba warmoSobs  da  

segmentebis 

],[ ba ],[ cb
)','( ξP  da )","( ξP  danawilebebs Sesabamisad. amasTanave 

"' PPP ∪=  da "' ξξξ ∪= . Gveqneba 

                     )",",()',',(),,( ξσξσξσ PfPfPf +=                   (3) 

vinaidan )()'( PP λλ ≤  da )()"( PP λλ ≤ , amitom (3) tolobais orive mxareSi 

zRvarze gadasvliT roca 0)( →Pλ  miviRebT (2) tolobas. Teorema 

damtkicebulia.  

 

SevTanxmdeT, rom Tu , maSin  ba >

                           . ∫∫ −=
a

b

b

a

dxxfdxxf )()(

Aam garemoebis gamo bunebrivia miviRoT . ∫ =
a

a

dxxf 0)(

Aam SeTanxmebis da Teorema 3-is ZaliT gvaqvs integralis Semdegi 

mniSvnelovani Tviseba: 

vTqvaT  da  funqcia integrebadia  boloebis mqone udides 

segmentze, maSin samarTliania toloba: 

Rcba ∈,, f cba ,,

                      . ∫∫∫ =++
a

c

c

b

b

a

dxxfdxxfdxxf 0)()()(

Ddamtkiceba: zogadobis SezRudvis gareSe vigulisxmoT  da 

 da . Tu gaviTvaliswinebT Teorema 3 zemoT moyvanil 

SeTanxmebas miviRebT saWiro tolobas.  

},,min{ cbaa =
},,max{ cbac = cba <<

 

 

 

integralis monotonuroba da saSualo mniSvnelobis Teoremebi 

 

Teorema 4. vTqvaT  maSin ]),([ baRf ∈ ]),([|| baRf ∈  da marTebulia utoloba 

                            dxxfdxxf
b

a

b

a
∫∫ ≤ |)(|)(                          (4) 

Tu amasTanave ],[ bax∈∀  Mxf ≤|)(| , maSin  

                           ∫ −≤
b

a

abMdxxf )(|)(|

Ddamtkiceba. ]),([ baRf ∈ ⇒ ]),([|| baRf ∈  winadadebis samarTlianoba ukve 

damtkicebuli gvaqvs.  integraluri jamebisaTvis samarTliania Semdegi 

martivi Sefaseba 

           )(||)(|||)(),,(
11

abMxfxfPf
n

k
kk

n

k
kk −≤∆≤∆= ∑∑

==

ξξξσ  

Tu am ukanasknel utolobaSi gadavalT zRvarze, roca 0)( →Pλ  miviRebT 
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                     )(|)(|)( abMdxxfdxxf
b

a

b

a

−≤≤ ∫∫  

Teorema 5. vTqvaT  da ]),([, baRgf ∈ )()( xgxf ≤  ],[ bax∈∀ . maSin  

                         .                                (5) ∫ ∫≤
b

a

b

a

dxxgdxxf )()(

Ddamtkiceba.  segmentis nebismieri ],[ ba ),( ξP  danawilebisaTvis  

        ),,(||)(||)(),,(
11

ξσξξξσ PgxgxfPf
n

k
kk

n

k
kk =∆≤∆= ∑∑

==

Tu am ukanasknel utolobaSi gadavalT zRvarze, roca 0)( →Pλ  miviRebT 

(5) utolobas.  

Aam Tvisebas integralis monotonurobis Tviseba hqvia. 

Sedegi 6. vTqvaT  da ]),([ baRf ∈ ],[ bax∈∀  Mxfm ≤≤ )( , maSin  

                                               (6) ∫ −≤≤−
b

a

abMdxxfabm )()()(

Dda saxeldobr, Tu  , maSin ],[ bax∈∀ 0)( ≥xf

                           ∫ ≥
b

a

dxxf 0)(

Ddamtkiceba. Tu movaxdenT Mxfm ≤≤ )(  utolobis mxareebis integrebas 

da gamoviyenebT Teorema 5-s miviRebT (6) utolobas.  

Sedegi 7. vTqvaT  da ]),([ baRf ∈ )(inf
],[

xfm
bax∈

= , )(sup
],[

xfM
bax∈

= , maSin  

Aarsebobs  ],[ Mm∈η  ricxvi iseTi, rom  

                                                      (7) ∫ −=
b

a

abdxxf )()( η

Ddamtkiceba. vTqvaT ∫−
=

b

a

dxxf
ab

)(1η . (6) utolobidan  gamodis rom 

],[ Mm∈η . 

Sedegi 8. vTqvaT , maSin arsebobs ]),([ baCf ∈ ],[ ba∈ξ  iseTi, rom  

                    .                              (8) ∫ −=
b

a

abfdxxf ))(()( ξ

Ddamtkiceba.  vTqvaT η ganmartebulia (7) tolobiT. koSis Teoremis 

Tanaxmad uwyveti funqciis Sualeduri mniSvnelobis Sesaxeb vinaidan 

≤≤=
∈

η)(min
],[

xfm
bax

 amitom arsebobs Mxf
bax

=
∈

)(max
],[

],[ ba∈ξ  wertili iseTi, rom 

ηξ =)(f  ase rom (8) toloba  miiReba (7) tolobidan.  

Teorema 9. (saSualo mniSvnelobis pirveli Teorema) vTqvaT ]),([, baRgf ∈ , 

, )(inf
],[

xfm
bax∈

= )(sup
],[

xfM
bax∈

= . Tu  funqcia arauaryofiTia (aradadebiTia) 

 segmentze, MmaSin  

g

],[ ba

                                             (9) ∫ ∫=
b

a

b

a

dxxgdxxgxf )()()( η

sadac  ],[ Mm∈η . Tu damatebiT ]),([ baCf ∈ , maSin moiZebneba wertili 

],[ ba∈ξ  iseTi, rom  
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                          .                 (10) ∫ =
b

a

b

a

dxxgfdxxgxf )()()()( ξ ∫
Ddamtkiceba. zogadobis SezRudvis gareSe SegviZlia vigulisxmoT, rom  

],[ bax∈∀  .  0)( ≥xg
radganc  , , roca )(inf

],[
xfm

bax∈
= )(sup

],[
xfM

bax∈
= ],[ bax∈∀   gveqneba 0)( ≥xg

                            )()()()( xMgxgxfxmg ≤≤ . 

movaxdinoT am ukanaskneli utolobis integreba 

                                  (11) ∫ ∫ ∫≤≤
b

a

b

a

b

a

dxxgMdxxgxfdxxgm )()()()(

Tu ∫ ,  maSin  (11) gviCvenebs, rom (9) toloba Sesrulebulia. Tu 

, maSin dauSvaT  

=
b

a

dxxg 0)(

∫ >
b

a

dxxg 0)(

                       . ∫∫
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

b

a

b

a

dxxgxfdxxg )()()(
1

η

(11) utolobidan mivRebT Mm ≤≤η . Mmagram es tolfasia (9) tolobis. 

(10) toloba gamomdinareobs (9) tolobidan da uwyveti funciis 

globaluri Tvisebebidan. vinaidan ]),([ baCf ∈  amitom  funqciis 

mniSvnelobaTa simravlea  segmenti da radganac 

f
],[ Mm ],[ Mm∈η , amitom 

arsebobs ],[ ba∈ξ  wertili, iseTi rom ηξ =)(f . Teorema damtkicebulia.  

Teorema 10. (saSualo mniSvnelobis meore Teorema) vTqvaT  

da  monotonuri funqciaa  segmentze. maSin arsebobs 

]),([, baRgf ∈
g ],[ ba ],[ ba∈ξ  

ricxvi, iseTi rom marTebulia toloba 

                   . ∫ ∫ +=
b

a a

b

dxxfbgdxxfagdxxgxf
ξ

ξ

)()()()()()( ∫
 

 

integrali da pirveladi. nawilobiTi integrebis formula gansazRvrul 

integralSi. teiloris formula. cvladis Secvlis formula 

gansazRvrul integralSi. 

 

 

 

 

vTqvaT  raime  segmentze gansazRvruli rimanis azriT integrebadi 

funqciaa. ganvixiloT  segmentze funqcia  

f ],[ ba
],[ ba

                             .                          (1) ∫=
x

a

dttfxF )()(

SevniSnoT, rom koreqtuladaa gansazRvruli . marTlac vinaidan  

raime  segmentze integrebadia amitom is (ufro swored misi 

SezRudva) integrebadi iqneba qvesegmentze. funqcias 

uwodeben integrals cvladi zeda sazRvriT.  

F f
],[ ba

],[],[ baxa ⊂ F

Teorema 1. vTqvaT , maSin ],[ baRf ∈ ],[ baCF ∈ .  
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damtkiceba. vinaidan integrebadia amitom is SemosazRvrulia, e.i. 

  segmentze raime  mudmivisaTvis. Tu gamoviyenebT 

integralis adiciurobas gveqneba 

f
Cxf <|)(| ],[ ba C

≤=−+=−=−+ ∫∫ ∫∫∫ ∫
+++ hx

x

x

a

x

a

hx

x

hx

a

x

a

dttfdttfdttfdttfdttfdttfxFhxF )()()()()()(|)()(|   

|||)(| hCdttf
hx

x

≤∫
+

,                                                                                                        (2) 

roca  . ],[, bahxx ∈+
(2) utolobidan davaskvniT, rom  funqcia  segmentis nebismier 

wertilSi uwvetia. maSasadame 

F ],[ ba
],[ baCF ∈ . Teorema damtkicebulia.  

 

SeviswavloT (1) funqciis diferencirebadobis sakiTxebi.  

Teorema 2. vTqvaT vTqvaT ],[ baRf ∈ . dauSvaT  funqcia uwyvetia f ],[ bax∈  

wertilSi. maSin funqcia gansazRvruli (1) tolobiT diferencirebadia  

wertilSi da samarTliania toloba 

x

                               )()(' xfxF = . 

Ddamtkiceba. dauSvaT ],[, bahxx ∈+ . SevafasoT sxvaoba . 

vinaidan   wertilSi uwyvetia amitom gveqneba , sadac 

, roca . Ffunqcia 

)()( xFhxF −+
f x )()()( txftf ∆+=

0)( →∆ t ],[; batxt ∈→ )()()( xftft −=∆   segmentze 

integrebadia, rogorc t -s funqcia ( -fiqsirebuli wertilia).  avRniSnoT 

-iT monakveTi boloebiT  da 

],[ ba
x

)(hI x hx +  wertilSi. vTqvaT |)(|sup)(
)(

hhM
hIt

∆=
∈

. 

vinaidan funqcia   wertilSi uwyvetia, amitom , roca . f x 0)( →hM 0→h
Ggveqneba 

∫ ∫∫∫
+ +++

+=∆+=∆+==−+
hx

x

hx

x

hx

x

hx

x

hhhxfdttdtxfdttxfdttfxFhxF )()()()())()(()()()( α , 

sadac ∫
+

∆=
hx

x

dtt
h

h )(1)(α . 

vinaidan |,|)()(|)(|)( hhMdthMdttdtt
hx

x

hx

x

hx

x

=≤∆≤∆ ∫∫∫
+++

 

amitom gveqneba )(|)(| hMh ≤α  da amitom 0)( →hα , roca . 0→h
MmaSasadame Cvens mier naCvenebi iqna, rom Tu  funqcia uwyvetia  

wertilSi maSin  

f x

        hhhxfxFhxF )()()()( α+=−+ , sadac 0)( →hα , roca . 0→h
Uukanaskneli tolobidan davaskvniT, rom  diferencirebadia  

wertilSi da . Teorema damtkicebulia.  

F x
)()(' xfxF =

 

Teorema 2-dan gamomdinareobs mniSvnelovani Sedegi 

Sedegi 3. vTqvaT funqcia uwyvetia  segmentze, maSin mas 

gaaCnia pirveladi, amasTan mis nebismier pirvelads gaaCnia saxe  

Rbaf →],[: ],[ ba

                                                       (3) ∫ +=
x

a

cdttfxF )()(

sadac  raRac mudmivaa.  c
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Ddamtkiceba. sakmarisia SevniSnoT, rom ],[],[ baRfbaCf ∈⇒∈  da 

gamoviyenoT  Teorema 2.  

Sedegi 4. vTqvaT   uwyveti funqciaa.  maSin Rbaf →],[:

                                                   (4) ∫ −=
b

a

aFbFdxxf )()()(

                         

sadac   funqciis raime pirveladia  segmentze.  RbaF →],[: f ],[ ba
Ddamtkiceba. rogorc ukve vaCveneT  funqciis nebismier pirvelads aqvs 

(3)saxe. (3) tolobidan gveqneba . Aamitom gveqneba 

f

ccdttfaF
a

a

=+= ∫ )()(

                        ∫ +=
x

a

aFdttfxF )()()(

Aam ukanasknel tolobaSi Tu aviRebT bx =  miviRebT dasamtkicebel 

tolobas. 

(4) tolobas niuton-laibnicis formulas uwodeben. (4) tolobas 

SemdgomSi ase CavwerT 

                            ∫ =
b

a

b

a
xFdttf )()( . 

Nniuton-laibnicis formula maTematikuri analizis erT-erTi 

umniSvnelovanesi formulaa, igi akavSirebs eRTmaneTTan integralur da 

diferencialur aRricxvas. Aam formulas aqvs mniSvnelovani 

ganzogadoebani. saxeldobr stoksis formulis saxelwodebiT, romelsac 

mravalganzomilebian analizSi iqneba Seswavlili.  

 

 

 

 

 

nawilobiTi integrebis formula gansazRvrul integralSi. teiloris 

formula. 

 

Teorema 5. vTvaT funqciebi  uwyvetad warmoebadi funqciebia 

Sualedze, romlis boloebia  da b . maSin samarTliania toloba 

)(),( xvxu
a

                ∫∫ ⋅−⋅=⋅
b

a

b

a

b

a
dxxuxvxvxudxxvxu )(')()()()(')(  

Aam formulas SemoklebiT ase gamosaxaven  

                   ∫∫ −⋅=
b

a

b

a

b

a
vduvuudv  

Dda uwodeben nawilobiTi integrebis formulas gansazRvruli 

integralisaTvis. 

Ddamtkiceba. funqciaTa namravlis gawarmoebis wesis mixedviT gvaqvs 

             . )(')()()(')()'( xvxuxvxuxvu ⋅+⋅=⋅
Aam tolobaSi monawile funqciebi integrebadi funqciebia Sualedze 

boloebiT  da . Tu visargeblebT integralis wrfivobis TvisebiT da 

niuton-laibnicis TvisebiT miviRebT 

a b
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            ∫∫ ⋅+⋅=⋅
b

a

b

a

b

a
dxxuxvdxxvxuxvxu )(')()(')()()( . 

Teorema  damtkicebulia. 

 

nawilobiTi integrebis formulis gamoyenebiT davamtkicebT teiloris 

formulas integraluri naSTiTi wevriT. 

Teorema 6. vTqvaT  funqcias gaaCnia uwyveti warmoebulebi -rigamde 

CaTvliT segmentze boloebiT  da .  MmaSin samarTiania toloba 

f n
a x

);())((
)!1(

1...))(("
!2

1))(('
!1

1)()( 1)1(2 xaraxaf
n

axafaxafafxf n
nn +−

−
++−+−+= −−

 

sadac                 ∫ −−
−

=
x

a

nn
n dttxtf

n
xar 1)( ))((

)!1(
1);( . 

Ddamtkiceba.  ∫ ∫ =−−==−
x

a

x

a

dttxtfdttfafxf )')((')(')()(

dttxtfaxafdttxtftxtf
x

a

x

a

x

a
)'))((("

2
1))(('))(("))((' 2∫∫ −−−=−+−− = 

∫ =−+−−−
x

a

x

a
dttxtftxtfaxaf 2)3(2 ))((

2
1)()("

2
1))(('  

∫ =−
⋅

−−+−
x

a

dttxtfaxafaxaf )'))(((
32

1))(("
2
1))((' 3)3(2

 

…  ..................................................................................................

);())((
)1(...32

1....))(("
2
1))((' 1)1(2 xaraxaf

n
axafaxaf n

nn +−
−⋅⋅⋅

++−+− −−
, 

sadac ∫ −−
−

=
x

a

nn
n dttxtf

n
xar 1)( ))((

)!1(
1);( . 

Teorema damtkicebulia. 

 

cvladis Secvlis formula gansazRvrul integralSi. 

integraluri aRricxvis erT-erT ZiriTad formulas warmoadgens 

gansazRvrul integralSi cvladis Secvlis formulas. Ees formula 

integralis TeriaSi igive mniSvnelobisaa, rogorc diferencialur 

aRricxvaSi  kompoziciis diferencirebis formula. romelTanac is 

garkveul pirobebSi SeiZleba dakavSirebuli iyos niuton-laibmicis 

formulasTan.  

Teorema 7. Tu ],[],[: ba→βαϕ  uwyvetad diferencirebadi sureqciuli 

asaxvaa da ,)(,)( ba == βϕαϕ  maSin  segmentze nebismieri uwyveti  

funqciisaTvis funqcia 

],[ ba f
)('))(( ttf ϕϕ ⋅  uwyvetia ],[ βα  segmentze  da 

marTebulia toloba 

                                            dtttfdxxf
b

a

)(')]([)( ϕϕ
β

α
∫ ∫=

Ddamtkiceba.  vTqvaT  aris  monakveTze  funqciis pirveladi, 

maSin funqciaTa kompoziciis gawarmoebis wesis Tanaxmad 

F ],[ ba f
))(( tF ϕ  aris 

)('))(( ttf ϕϕ ⋅  funqciis pirveladi  ],[ βα  monakveTze, vinaidan ],[ βα∈∀t  

                 )('))(()('))((')()'( ttfttFtF ϕϕϕϕϕ ==  
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Aamitom niuton-laibnicis formulis Tanaxmad  

           ∫∫ =−=−==
b

a

dxxfaFbFFFtFdtttf )()()())(())(())(()('))(( αϕβϕϕϕϕ
β

α

β

α
. 

Teorema damtkicebulia. 

 

 

arasakuTrivi integrali. arasakuTrivi integralis krebadobis koSis 

kriteriumi. arasakuTrivi integralis absolituri krebadoba. 

arasakuTrivi integralis krebadobis Sedarebis niSani. ricxviTi 

mwkrivis krebadobis integraluri niSani. 

 

 

 

 

arasakuTrivi integrali 

gansazRvreba 1. vTqvaT funqcia Raf →+∞),[:  rimanis azriT integrebadia 

nebismier  segmentze.  sidides  ),[],[ +∞⊂ aba

∫+∞→

b

a
b

dxxf )(lim  Tu es zRvari arsebobs uwodeben rimanis arasakuTriv 

integrals  funqciidan f ),[ +∞a simravleze da mas arniSnaven simboloTi        

. ∫
+∞

a

dxxf )(

SemdgomSi vityviT, rom arasakuTrivi integrali  

                      ∫
+∞

a

dxxf )(

Kkrebadia Tu zemoT miTiTiTebuli zRvari arsebobs, winaaRmdeg 

SemTxvevaSi vityviT, rom arasakuTrivi integrali ganSladia.  

magaliTi 2. gamovikvlioT arasakuTrivi integralis 

∫
+∞

1

1 dx
xα  krebadobis sakiTxi.  

Ggvaqvs : roca 1≠α  
b

b

xdx
x 1

1 1
11 α

α α−
=∫  

         roca  1=α  
b

b

xdx
x 1

1

ln1
=∫ . 

Aamitom zRvari 
1

11lim
1 −

=∫+∞→ αα

b

b
dx

x
 arsebobs, mxolod maSin roca 1>α . 

MmaSasadame 
1

11

1 −
=∫

+∞

αα dx
x

 Tu 1>α  da α  parametris sxva 

mniSvnelobisaTvis arasakuTrivi integrali ganSladia.  

gansazRvreba 3. vTqvaT funqcia  rimanis azriT integrebadia 

nebismier  segmentze.  sidides  

RBaf →),[:
),[],[ Baba ⊂
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∫→

b

a
Bb

dxxf )(lim  Tu es zRvari arsebobs uwodeben rimanis arasakuTriv 

integrals  funqciidan simravleze da mas aRniSnaven simboloTi         

. 

f ),[ Ba

∫
B

a

dxxf )(

Aam ganmartebis arsi mdgomareobs imaSi, rom  funqcia f B  wertilis 

nebismier ragind mcire midamoSi SesaZlebelia aRmoCndes 

SemousazRvreli.  

GgansazRvreba 4. vTqvaT funqcia  rimanis azriT integrebadia 

nebismier  segmentze.  sidides  

RbAf →],(:
],(],[ bAba ⊂

∫+→

b

a
Aa

dxxf )(lim  Tu es zRvari arsebobs uwodeben rimanis arasakuTriv 

integrals  funqciidan  simravleze da mas aRniSnaven simboloTi         

. 

f ],( bA

∫
b

A

dxxf )(

 

Aanalogiurad SegviZlia ganvmartoT 

 

                       ∫∫ −∞→
∞−

=
b

a
a

b

dxxfdxxf )(lim)(

magaliTi 5. gamovikvlioT arasakuTrivi integralis 

∫
1

0

1 dx
xα  krebadobis sakiTxi.  

Ggvaqvs : roca 1≠α  
1

1

1
11

a
a

xdx
x

α
α α−

=∫ , 

         roca  1=α  
b

b

xdx
x 1

1

ln1
=∫ . 

Aamitom zRvari 
αα −

=∫+→ 1
11lim

1

0
a

a
dx

x
 arsebobs, mxolod maSin roca 1<α . 

MmaSasadame 
αα −

=∫
+

1
111

0

dx
x

 Tu 1<α  da α  parametris sxva 

mniSvnelobisaTvis arasakuTrivi integrali ganSladia.  

rogorc vxedavT arasakuTrivi integralebis ,  krebadobis 

sakiTxi erTidaigive wesiTaa ganmartebuli amitom maT SeviswavliT 

paralelurad visargeblebT, ra Semdegi ganmartebiT 

∫
+∞

a

dxxf )( ∫
B

a

dxxf )(

gansazRvreba 6. vTqvaT funqcia Raf →),[: ω  sadac +∞=ω  an raime 

sasruli ricxvia rimanis azriT integrebadia nebismier ),[],[ ωaba ⊂  

segmentze.  sidides  
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∫→

b

a
b

dxxf )(lim
ω

 Tu es zRvari arsebobs uwodeben rimanis arasakuTriv 

integrals  funqciidan f ),[ ωa simravleze da mas aRniSnaven simboloTi         

. ∫
ω

a

dxxf )(

Aanalogiurad ganmartavT , sadac ∫
b

dxxf
ω

)( −∞=ω  an is raime sasruli 

ricxvia.  

 

arasakuTrivi integralis krebadobis koSis kriteriumi. 

Teorema 7. vTqvaT funqcia Raf →),[: ω  sadac  rimanis azriT 

integrebadia nebismier ),[],[ ωaba ⊂  segmentze.   krebadia maSin da 

mxolod maSin, roca nebismieri 

∫
ω

a

dxxf )(

0>ε  ricxvisaTvis SesaZlebelia 

moiZebnos ),[ ωaB∈  ricxvi iseTi, rom  

ε<∫
m

n

dxxf )( , rioca . Bmn >,

Ddamtkiceba. ganvixiloT funqcia . AarasakuTrivi 

integralis  krebadoba tolfasia Semdegi  zRvris 

arsebobis. Tu gamoviyenebT zRvris arsebobis koSis kriteriums da 

gaviTvaliswinebT, rom  miviRebT dasamtkicebul 

debulebas. 

∫=
t

a

dxxftF )()(

∫
ω

a

dxxf )( )(lim tF
t ω→

∫=−
m

n

dxxfnFmF )()()(

 

arasakuTrivi integralis absolituri krebadoba 

ganmarteba 8. vityviT, rom arasakuTrivi integrali  krebadia 

absoliturad Tu krebadia arasakutrivi integrali . 

∫
ω

a

dxxf )(

∫
ω

a

dxxf |)(|

SevniSnoT, rom ∫∫ ≤
m

n

m

n

dxxfdxxf |)(|)(  da Tu gamoviyenebT Teorema 7-s 

davaskvniT, rom Tu arasakuTrivi integrali absoliturad krebadia maSin 

is krebadia.  

 

Teorema 9. vTqvaT funqcia Raf →),[: ω  sadac  rimanis azriT 

integrebadia nebismier ),[],[ ωaba ⊂  segmentze da ),[ ωax∈∀  . 0)( ≥xf
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AarasakuTrivi integrali  krebadia maSin da mxolod maSin, roca 

funqcia  Semosazvrulia 

∫
ω

a

dxxf )(

∫=
t

a

dxxftF )()( ),[ ωa -ze.  

Ddamtkiceba. sakmarisia SevniSnoT, rom funqcia  F ),[ ωa -ze araklebadia, 

amitom mas gaaCnia zRvari roca  ω→b  maSin da mxolod maSin roca is 

SemosazRvrulia. 

Sedegi 10. (ricxviTi mwkrivis krebadobis integraluri niSani)  Tu 

funqcia  

Rf →+∞),1[:  arauaryofiTi, arazrdadi funqciaa., maSin ricxviTi mwkrivi 

                   ...)(...)2()1( ++++ nfff  

Dda arasakuTrivi integrali  erTdroulad krebadia an ganSladi. ∫
+∞

1

)( dxxf

Ddamtkiceba. Nn∈∀  gvaqvs 

               ∫
+

≤≤+
1

)()()1(
n

n

nfdxxfnf

Aam utolobebis Sekrebis Sedegad miviRebT 

                  ∑                          (1) ∫ ∑
=

+

=

≤≤+
k

n

k k

n
nfdxxfnf

1

1

1 1

)()()1(

Aanu , sadac kk SkFfS ≤+≤−+ )1()1(1 )(....)2()1( kfffSk +++=  da . 

Tu gaviTvaliswinebT (1) utolobas da im faqts, rom   mimdevroba da 

 funqcia araklebadia mivRebT dasamtkicebel debulebas. 

∫=
t

dxxftF
1

)()(

kS
)(tF

magaliTi 11. Tu gaviTvaliswinebT magaliT 2-s   davaskvniT, rom  

∑
∞

=1

1
n nα  krebadia mxolod maSin, roca 1>α . 

arasakuTrivi integralis krebadobis Sedarebis niSani 

Teorema 12. vTqvaT mocemulia funqciebi Ragf →),[:, ω , romlebic 

nebismier ),[],[ ωaba ⊂  segmentze integrebadi arian. Tu ),[ ωa  simravleze 

)()(0 xgxf ≤≤  

maSin  integralis krebadobidan gamomdinareobs integralis 

 krebadoba da samarTliania utoloba 

∫
ω

a

dxxg )(

∫
ω

a

dxxf )(

 

                              ∫
ω

a

dxxf )( ≤ ∫
ω

a

dxxg )( , 

xolo  integralis ganSladobidan gamomdinareobs  

integralis ganSladoba.  

∫
ω

a

dxxf )( ∫
ω

a

dxxg )(

Ddamtkiceba. Teoremis pirobis ZaliT gveqneba 
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                    ∫=
t

a

dxxftF )()(1 ≤ )()( 2 tFdxxg
t

a

=∫ ,                   (2) 

Oorive   da  funqciebi  araklebadia )(1 tF )(2 tF ),[ ωa  simravleze, amitom 

dasamtkicebeli debuleba pirdapir gamodis (2) utolobidan da Teorema 

9-dan.  

magaliTi 13. integrali  

∫
+∞

1
2

cos dx
x

x
 absoliturad krebadia vinaidan 22

1cos
xx

x
≤ , roca  da amitom  1≥x

                     11cos

1
2

1
2 =≤ ∫∫

+∞+∞

dx
x

dx
x

x
. 

magaliTi 14.  krebadia, vinaidan ∫
+∞

−

1

2

dxe x 2xe− ≤ xe−  roca  da  1≥x

                                           ∫∫
+∞

−
+∞

− −=≤
11

11
2

e
dxedxe xx . 

magaliTi 15. ∫
+∞

10 ln
1 dx
x

 ganSladia vinaidan sakmaod didi -ebisaTvis x

xx
1

ln
1

>  da ∫
+∞

10

1 dx
x

 ganSladia. 

magaliTi 16.  eileris integrali  krebadia, vinaidan, roca 

 

∫
2/

0

sinln
π

xdx

+→ 0x

x
xx 1|ln||sinln| ≤≈  da ∫

1

0

1 dx
x

 krebadia.  

gansazRvreba 17. Tu arasakuTrivi integrali krebadia, magram araa 

absoliturad krebadi, maSin amboben rom arasakuTrivi integrali 

pirobiT krebadia.  

 

magaliTi 18. vaCvenoT, rom integrali ∫
+∞

2/

sin

π

dx
x

x
 pirobiT  krebadia.  

 

Tu visargeblebT nawilobiTi integrebis formuliT nebismieri 2/π>b  

ricxvisaTvis gveqneba 

                 ∫∫ +−=
bbb

dx
x

x
x

xdx
x

x

2/
2

2/2/

coscossin

πππ

  .                    (3) 

Tu am tolobis orive mxareSi gadavalT zRvarze  gveqneba +∞→b

                           ∫∫
+∞+∞

=
2/

2
2/

cossin

ππ

dx
x

xdx
x

x
 

vinaidan  ∫
+∞

2/
2

cos

π

dx
x

x
 krebadia amitom  integralic ∫

+∞

2/

sin

π

dx
x

x
 krebadia. 

vaCvenoT, rom es ukanaskneli integrali ar aris absoliturad krebadi. 

marTlac, nebismieri 2/π>b  ricxvisaTvis gveqneba  
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          dx
x

xdx
x

dx
x

xdx
x

x bbbb

∫∫∫∫ −=≥
2/2/2/

2

2/

2cos
2
11

2
1sinsin

ππππ

                  (4) 

integrali dx
x

x
∫
+∞

2/

2cos

π

 krebadia, es ukanaskneli SegviZlia davamtkicoT 

analogiurad rogorc vaCveneT ∫
+∞

2/

sin

π

dx
x

x
 krebadoba (ix. (3) toloba).  

(4) tolobaSi Tu gadavalT zRvarze roca +∞→b  davaskvniT, rom 

∫
+∞

+∞=
2/

sin

π

dx
x

x
 (vinaidan +∞=∫

+∞

2/

1

π

dx
x

 da dx
x

x
∫
+∞

2/

2cos

π

 krebadia). 

 

 

 

 

 

 

 

 

                    savarjiSoebi 

 

 

  1. ipoveT ganusazRvreli integrali: 

1. a) ;                    b) ∫ xdx ∫ + dxx )2( ; 

  g) ;              d) ∫ +− dxx )32( ∫ − dxx )5
4
1( . 

2. a) ;           b) dxxx )12( 2 +−∫ dxxxx )232( 23
−+−∫ ; 

   g) ;     d) ∫ −+− dxxxx )122( 235 ∫ +−− dxxx )
3
15( 3 . 

3. a) dx
x

xx )1( 3 −+∫ ;          b) dx
x

x
x

)11( 2
3 4 −+∫ ; 

  g) dx
xx

x
x

x )42
3
1(

2
4

3
+++∫ ;   d) dxxxxx )1)(2( 23 −−∫ . 

4. a) dx
x

x
∫

+1
;                   b) ∫

−
x

xx 43 2

; 

   g) dx
x
xx

∫
+−

4

3 2 12
;           d) dxxx

x∫ − )11( 2 . 

5. a) ;        b) ∫ −+ dxxx )5cos3sin2( dx
xx

)2
sin

2
cos

5( 22 +−∫ ; 

   g) ;                   d) ∫ xdx2tan ∫ xdx2cot . 

6. a) dx
xx

)
1

1
1

2(
22 +

+
−

∫ ;         b) dx
xx

)
22

3
1

1( 22 −
+

−
∫ ; 

   g) dx
x

x
∫ + 2

2

1
;                    d) ∫ −

dx
x

x
2

2

1
.  
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7. a)  ;                b) dxe xx )2(∫ − dxe xx )2( 32 +∫ ; 

  g) dxx

xx

∫
−+ −

6
32 22

;                 d) dxxx 2)32( +∫ . 

 

2. ipoveT ganusazRvreli integrali cvladis gardaqmnis gziT: 

 1. a) ;                  b) ∫ − dxx 20)12( ∫ − dxx 10)5
3
1( ; 

   g) ∫ − dxx 23 ;                    d) dxx∫ −3 24  . 

 2. a) dx
x∫

− 292
1

;                      b) dx
x∫ − 21

1
; 

   g) ∫ −
dx

x 232
1

;                     d) ∫
+

dx
x 243

1
. 

 3. a) ;          b) ∫ +− dxxx ))23sin(2(cos dx
xx

)
cos1
1

)34(cos
4( 2 −

+
−∫ ; 

   g) ∫ +
−

+
dx

xx
)

12
1

sin1
1( 2 ;            d) dxxx )cos(sin 44∫ − . 

 4. a) ;                        b) ∫ xdxtan ∫ xdxcot ; 

    g) ∫ + 21 x
xdx

;                        d) ∫ + x

x

e
dxe

2
. 

 

 5. a) ∫ + xx
dx

)1(
;                     b) dx

x
x

∫ 2
sin

; 

   g) ∫ − 58

3

x
dxx

;                        d) dx
x

x∫ 2

1cos
. 

 6. a) ∫ dx
x

x2ln
;                        b) ∫ +

dx
x

x
21

arctan
; 

   g) ∫ x
dx

sin
;                         d) ∫ x

dx
cos

; 

 7. a) ;                    b) dxxx∫ − 50)1( ∫ − dxxx 43 ; 

    g) dxxx∫ −32 1 ;                     d) dx
x

x
∫ −2

2

. 

 

3. ipoveT ganusazRvreli integrali nawilobiTi integrebis gziT: 

 1. a) ;                     b)∫ xdxx sin ∫ dxxx
2

sin ; 

   g) ;                    d)∫ xdxx 3cos ∫ 4
cos xx . 

 2. a) ;                        b) ∫ dxxex ∫ dxxe x2
; 

    g) ;                         d)  ∫ − xxe ∫ xdxx ln  . 

 3. a)  ;                     b) dxex x∫ −22 ∫ xdxx cos2
;                          

   g)  ;                   d) ∫ xdxx 2sin2 ∫ xdxx 4cos2 . 
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 4. a) ;                     b) ∫ xdxarctan ∫ xarcsin  ; 

   g) ∫ dxxarctan ;                    d) dxe x∫  . 

 5. a) dxx∫ − 24  ;                    b) dxx∫ + 29 ; 

    g) ;                    d) ∫ xdxe x cos ∫ xdxe x 3sin2
. 

4. moaxdineT racionaluri funqciis integreba 

a) dx
xx

x
∫ +−

+
)5)(2(

32
 b) dx

xxx
x

∫ +−
+

65
1

23

3

 g) dx
xx
xx

∫ ++
++

45
45

24

2

 

g) dx
xx
x

∫ ⎟
⎠
⎞

⎜
⎝
⎛

+−

2

2 23
 d) dx

xxxx∫ +−+− )54)(44(
1

22  

5. moaxdineT iracionaluri funqciebidan integreba 

a) 
11

1
3

+−
+

∫ x
dx

x
x

 b) ∫ ++ )21( 3 xxx
dx

 g) dx
xx
xx

∫ −++
−−+

11
11

 

d) ∫
−+3 42 )1()1( xx

dx
 d) ∫

++ 12

2

xx
dxx

 e) ∫
+ 2

10

1 x
dxx

 

v) ∫
+123 xx

dx
   z) ∫

−124 xx

dx
   T) ∫

−−− 1)1( 22 xxx
xdx

 

i) ∫
++++

+

1)1(
)1(

22 xxxx
dxx

 k) ∫
+− 1)1( 22 xx

dx
 l) ∫

+++ 1)1( 2 xxx
dx

 

6. ipoveT integrali trigonometriuli funqciebidan 

a)    b)  g) xdx∫ 5cos ∫ xdxx cos5sin xdx∫ 6sin  d) xdxx 24 sincos∫  

e)   v)  z) xdxtg∫ 5 ∫ xdxxx 3cos2coscos xdxx 2sin3cos 32∫  

T) ∫ tgx
dx

   i) ∫ + xbxa
dx

sincos
  k) ∫ + x

xdx
2

2

sin1
sin

 

 

 5. gamoTvaleT  funqciis darbus zeda da qveda integraluri f
jamebi miTiTebuli Sualedis  tol nawilad danawilebis SemTxvevaSi. 

ganixileT SemTxvevebi: 1) 

n
2=n ; 2) 3=n ; 3) 4=n ; 4) 5=n . 

  1. a) ,    ;        b) xxf =)( ]2;1[∈x 12)( += xxf ,   ]5;0[∈x ; 

     g) 23)( −= xxf ,  ;      d) ]4;1[∈x 4)( +−= xxf ,   ]3;2[∈x . 

   2. a) ,   ;        b) ,   
2)( xxf = ]2;1[∈x 12)( 2 −= xxf ]0;3[−∈x ; 

     g) ,  ;     d) ,   . xxxf 2)( 2 −= ]3;2[∈x xxxf −−= 2)( ]2;0[∈x
 

 6. CawereT  funqciis darbus zeda da qveda integraluri jamebi 

miTiTebuli Sualedis  tol nawilad danawilebis SemTxvevaSi: 

f
n

   1. a) 1)( += xxf , ;        b) ]3;2[∈x 12)( += xxf , ]0;3[−∈x ; 

     g) 2
4
1)( −= xxf ,  ;    d) ]2;2[−∈x

2
1)( +−= xxf ,  ]6;0[∈x  

   2. a) ,  ;      b)  ,   ; 1)( 2 −= xxf ]3;1[∈x xxxf 4)( 2 += ]3;2[∈x
     g) 2)( += xxf ,  ;     d) ,   ]1;0[∈x 1)( 3 += xxf ]3;2[−∈x . 
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 7. gamoTvaleT  funqciis rimanis integraluri jamebi miTiTebuli 

Sualedis n  tol nawilad danawilebis gziT. 

f

ic )1,...,2,1,0( −= ni  argumentis 

mniSvnelobebad aarCieT danawilebis Sualedebis Suawertilebi. 

ganixileT SemTxvevebi: 1) 2=n ; 2) 3=n ; 3) 4=n ; 4) 5=n . 

    1. a) 1)( += xxf ,  ;          b) ]3;1[−∈x 23)( += xxf , ; ]3;2[∈x

      g) 2)( +−= xxf ,   ;         d) ]2;1[∈x 2
2
1)( −= xxf ,  . ]4;0[∈x

    2. a) ,     ;          b) ,   ; 
2)( xxf = ]2;0[∈x xxxf 2)( 2 += ]3;2[∈x

      g) ,   1)( 2 +−= xxf ]1;3[ −−∈x ;      d) ,      . 
3)( xxf = ]1;0[∈x

 

 

 8. gamoTvaleT gansazRvruli integrali, rogorc rimanis integraluri 

jamebis zRvari. amisaTvis miTiTebuli Sualedi daanawileT  tol 

nawilad da  argumentis mniSvnelobebad aarCieT 

danawilebis Sualedebis Suawertilebi: 

n
ic )1,...,2,1,0( −= ni

   a) ;                        b) ; ∫
−

+
1

1

)3( dxx ∫ +
2

0

)34( dxx

   g) ;                            d) . ∫
−

2

1

2dxx dxxx )2(
2

1

2 −∫
 

9. integrebadia Tu ara  funqcia  segmentze Tu  ],[: Rbaf → ],[ ba

a) 

⎪⎩

⎪
⎨
⎧

=

≠=
,0,4

,0;1
)(

x

x
xxf   ]1,1[];2,1[],[ −=ba . 

b)   
⎩
⎨
⎧

=
≠

=
−

,0,4
,0;

)(
/1

x
xe

xf
x

]1,1[];2,1[],[ −=ba . 

10. gamoiyeneT gansazRvruli integralis ganmarteba, dawereT raime 

funqciis rimanis jami da ipoveT  Tu  nn
S

∞→
lim

a) 222

1...21
n

n
nn

Sn
−

+++=   (gamoiyeneT funqcia xxf =)(   segmentze). ]1,0[

b) 
nnnn

Sn +
++

+
+

+
=

1...
2

1
1

1
  (gamoiyeneT funqcia 

1
1)(
+

=
x

xf   segmentze). ]1,0[

g) ⎟
⎠
⎞

⎜
⎝
⎛ −

+++=
n

n
nnn

Sn
πππ )1(sin...2sinsin1

  (gamoiyeneT funqcia )sin()( xxf π=  

 segmentze). ]1,0[

d)  22222 ...
21 nn

n
n

n
n

nSn +
++

+
+

+
=   (gamoiyeneT funqcia 21

1)(
x

xf
+

=   

segmentze). 

]1,0[

e) ( )nnnn
n

Sn /1.../21/111
++++++=   (gamoiyeneT funqcia xxf += 1)(  

 segmentze). ]1,0[

v) 1

...21
+

+++
= p

ppp

n n
nS  ,  (gamoiyeneT funqcia   segmentze). 0>p pxxf =)( ]1,0[
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z) 
n
nS

n

n
!

= . (ganixileT warmodgena 
∑

= =

n

i n
i

n
n eS 1

ln1

, Semdeg ki funqcia xxf ln)( =  

 segmentze). ]1,0[

T) ∑
=

⎟
⎠
⎞

⎜
⎝
⎛ −

+=
n

k
n n

abkaf
n

S
1

1
 (gamoiyeneT integrebadi  funqciisaTvis    

rimanis jamebi segmentze). 

)(xf

],[ ba
i) vTqvaT  integrebadi funqciaa (rimanis azriT)  da 

.  avRniSnoT 

Rbaf →],[:

],[,0)( baxxf ∈∀> ⎟
⎠
⎞

⎜
⎝
⎛ −

+=
n

abkaff nk , , Nn∈ , . nk ,...,2,1=

daamtkiceT, rom  

a)   
∫

=⋅⋅⋅
−

∞→

b

a

dxxf
ab

n
nnnnn

efff
)(ln1

,,2,1 ....lim         b)

∫∑
−

=

=

∞→ b

a

n

k nk

n
dx

xf

ab

f

n

)(
11

lim

1 ,

 

 

11. gamoTvaleT gansazRvruli integrali: 

 1. a) ;                 b) ∫ +−
2

1

2 )32( dxxx dxxx )12(
8

1

3 −+∫
−

; 

   g) ;               d) ∫ −
π

0

)sin2cos3( dxxx dx
x∫ +

3

1
21

1
. 

2. a) dxx∫ −
2

0

1 ;                         b) ∫ −
4

2

3dxx ; 

   g) ∫
−

+
1

1

)2( dxxx ;                     d) ∫
−

−
1

2

)1( dxxx . 

3. a) ;                        b) ; dxxe x∫ −
2ln

0
∫
π

0

sin xdxx

  g)  dxxx∫
π

π
3

cos ;                                d) dxx
e

e

∫
1

ln . 

 

 12.  gamoTvaleT , Tu: ∫
−

2

1

)( dxxf

 a)   ;            b) ; 

⎪
⎩

⎪
⎨

⎧

≤≤
<≤
<≤−

+
−=

.21
,10
,01

,3
,12

,
)(

3

2

x
x
x

x
x
x

xf
⎪
⎩

⎪
⎨

⎧

≤≤
<≤
<≤−

+
+=

.21
,10
,01

,1
,32

,2
)(

2 x
x
x

x
xxf

x

 g) 

⎪
⎩

⎪
⎨

⎧

≤≤
<≤
<≤−

+
=

.21
,10
,01

,3
,
,

)(
x
x
x

x
e
x

xf x
;              d) 

⎪
⎩

⎪
⎨

⎧

≤≤
<≤
<≤−

=
.21
,10
,01

,4
,3
,

)(

3

x
x
x

x

x
xf x

. 

13. gamoTvaleT im figuris farTobi, romelic SemosazRvrulia wirebiT: 

1. a) ,xy =   ,  ,   0=y 1=x 3=x ; 

  b)   ,3xy = 0=y ,  ,   1=x 2=x ; 
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  g)   ,4xy −= 0=y ,  ,   1=x 2=x ; 

  d)   ,xey = 0=y ,  ,   0=x 5ln=x . 

2. a)   4−=xy 0=y ,  ,   1=x 3=x ; 

  b) ,  ,  xy sin= 0=y π≤≤ x0 ; 

  g) ,  , , 
xy 2= 22 xxy −= 0=x 2=x ; 

  d) , , ,xey −= 0=y 1−=x 2=x  ; 

3. a) ,   
2xy = 3 xy = ; 

  b) ,   ; 
2xy −= xxy 22 −=

  g)  ,  ; 
26 xxy −= 0=y

  d) 
x

y 5
= , . xy −= 6

 4. a) ,  , 12 −= xy 0=y 41 ≤≤− x ; 

   b) , , ; 
3xy = 0=y 21 ≤≤− x

   g) ,  , 
22 xxy −= 0=y 41 ≤≤− x ; 

   d) ,  ,  xy sin= 0=y
46

5 ππ
≤≤− x . 

5. a) | , | 1| −= xy |3 xy −=
  b) | ,   , lg| xy = ,0=y 1,0=x 10=x ; 

  g) xy = ,   xxy 2sin+= π≤≤ x0 ; 

  d) , . 
2yax = 2xay =

 

 

14. cnobilia, rom  funqcias gaaCnia pirveladi  segmentze. 

integrebadia Tu ara  segmentze  funqcia. 

f ],[ ba
],[ ba f

ipoveT funqciis saSualo mniSvneloba  segmentze Tu f ],[ ba
a) xxf =)( ,  ]100,0[];10,0[];1,0[],[ =ba
b) ],[],[;cos3sin210)( ππ−=++= baxxxf  

g) ],0[],,[],[;sin)( πππ−== baxxf  

d) ]2,1[];2,2[];3,1[];1,2[];1,2[],[;)( −−−−−== basigxxf  

15.ipoveT warmoebuli 
dx

xdF )(
, Tu 

a)   b)   g)  d) dttxF
x

∫=
0

2 )sin()( dttxF
x

∫=
2

0

2 )sin()( dttxF
x

∫=
cos

0

2 )sin()(

dttxF
x

∫ +=
2

0

21)(   e) dt
t

xF
x

∫
+

=
2

0
41

1)(  v)  dttxF
x

∫=
cos

0

2 )cos()( π

16. ipoveT zRvrebi 

a) 
x

dtt
x

x

∫
→

0

2

0

cos
lim  b) 

2

0

2

1

)(
lim

x

dtarctgt
x

x +

∫
+∞→

 g) 

∫

∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+∞→ x
t

x
t

x
dte

dte

0

2

2

0

2

2

lim   
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d) 2

2

0

2
lim

x

x
t

x e

dtex∫
+∞→

 e)  
dtt

dttgt

tgx

x

x

∫

∫
+→

0

sin

0

0
sin

lim  

17. vTqvaT  simravleze gansazRvruli uwyveti dadebiTi funqciaa. 

aCveneT, rom funqcia 

),0[ +∞

∫

∫
= x

x

dttf

dtttf
xF

0

0

)(

)(
)(  zrdadi funqciaa ),0[ +∞  Sualedze. 

18. vTqvaT  da , roca ),0[ +∞∈Cf Axf →)( +∞→x . aCveneT,rom  

a) ∫ =
+∞→

x

x
Adttf

x 0

)(1lim  b)  ∫ =
∞+

1

0

)(lim Adtntf
n

19. daamtkiceT, rom ∫∫ =
2

00

23 )(
2
1)(

aa

dxxxfdxxfx , sadac . 0>a

20. daamtkiceT, rom Tu  uwyveti funqciaa  segmentze, maSin f ]1,0[

a) ; ∫∫ =
2/

0

2/

0

)(cos)(sin
ππ

dxxfdxxf

b)  ∫∫ =
ππ π

00

)(sin
2

)(sin dxxfdxxxf . 

21. daamtkiceT, rom  segmentze gansazRvruli uwyveti 

funqciisaTvis 

],[ ll−
f

a) , Tu  luwia; ∫ ∫
−

=
l

l

l

dttfdttf
0

)(2)( f

b) , Tu  kentia. ∫
−

=
l

l

dttf 0)( f

22. cnobilia, rom . Ggamomdinareobs am pirobidan Tu ara 

utoloba   ?  

∫ ≥
b

a

dxxf 0)(

0)( ≥xf ],[ bax∈∀

23. cnobilia, rom . Ggamomdinareobs Tu ara am pirobidan 

utoloba   ? 

∫∫ >
b

a

b

a

dxxgdxxf )()(

)()( xgxf ≥ ],[ bax∈∀
24. vTqvaT funqcia  amozneqilia zemoT da SemosazRvruli  

segmentze. aCveneT, rom 

)(xf ],[ ba

                   ∫ ⎟
⎠
⎞

⎜
⎝
⎛ +

−≤≤
+

−
b

a

bafabdxxfbfafab
2

)()(
2

)()()(  

25. gamoviyeneT formalurad niuton- laibnicis formula qvemoT mocemul 

integralebSi da daasabuTeT rodisaa es qmedeba samarTliani 

          a) dx
x

arctg
dx
d

⎟
⎠
⎞

⎜
⎝
⎛∫

−

11

1

             b) dx
dx
d

x ⎟⎠
⎞

⎜
⎝
⎛
+∫

−
/1

1

1 21
1

 

26. daadgineT romeli integralia didi  
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a) ∫=
2

0

10
1 sin

π

xdxI  da ∫=
2

0

2
2 sin

π

xdxI  

b)  da  ∫ −=
1

0
1 dxeI x ∫ −=

1

0
2

2

dxeI x

g)   ∫ −=
π

0

2
1 cos

2

xdxeI x ∫ −=
π

π

2
2

2 cos
2

xdxeI x

27. gamoiyeneT saSualo mniSvnelobis Teoremebi daaggineT integralis 

niSani  

a)  b)   g) ∫
1

2/1

2 ln xdxx ∫
−

2

2

3 2 dxx x ∫
π2

0

sin dx
x

 d)  ∫
π

0

sin xdxx

28. integraluri niSnis gamoyenebiT daadgineT ricxviT mwkrivTa 

krebadobis xasiaTi 

a) ∑
∞

=2 ln
1

n nn
 b) ∑

∞

=2
2ln

1
n nn

 g) ∑
∞

=2
2/1ln

1
n nn

 d) ∑
∞

= +2
21n n

arctgn
e) ∑

∞

= +2
21n

arctgn

n
e

 

v) ∑
∞

= +2
3/22 )1(

1
n n

 z) ∑
∞

= ++
+

2
32

2

31
2

n nn
nn

T) ∑
∞

=2
2

/1

n

n

n
e

 i) ∑
∞

=
⎟
⎠
⎞

⎜
⎝
⎛
+2 1

ln
n n

n
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