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leqcia 1. (konspeqti)
calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
1.1 simravlis cneba, simravleTa magaliTebi, ZiriTadi operaciebi simravleebze;
1.2 sidide da ricxvi;
1.3 naturaluri, mTeli, racionaluri da iracionaluri ricxvebi; ricxvis absoluturi 

mniSvneloba; ricxvTa RerZi;
1.4 sididis ganzomileba; zomis erTeulebi; masStabireba;
1.5 mudmivi da cvladi sidideebi;
1.6 sididis miaxloebiTi mniSvneloba; cdomileba.

1.1 simravlis cneba, simravleTa magaliTebi, ZiriTadi operaciebi 
simravleebze

SesaZlebelia simravlis mxolod aRweriTi ganmarteba! – raime saganTa
(simravlis elementebi) erToblioba  

magaliTebi:
a.) kontinentebisa an okeaneebis simravle;
b.) mTebis simravle romelime qedze;
g.) meridiani an paraleli, rogorc wertilTa simravle;
d.) zRvis doneze myof wertilTa simravle;

simravle, rogorc CamonaTvali:

e.) A  {Tbilisi, baqo, erevani}; 

v.)   A  {1,3,5,7,. . . (2n+1). };
simravle rogorc kanonzomiereba:

z.) A  {x | x- kavkasiis qveynebis dedaqalaqebi}; 

T.) A  { a | a =2n+1, n  N};
i.) A  {x | |x| < r} - wris wertilebi, romlis centri koordinatTa saTaveSia da 
radiusia r; 

sasruli da usasrulo simravleebi – elementebis raodenoba 
simravleSi Sesabamisad sasrulia an usasrulo;

simravleebi tolia Tu isini erTidaigive raodenobisa da erTidaigive 
elementebisagan Sedgeba (CamonaTvalSi elementebis mimdevrobas mniSvneloba 
ara aqvs); 

simravleebi tolZalovania Tu isini erTidaigive raodenobis 
elementebisagan Sedgeba (CamonaTvalSi elementebis mimdevrobas mniSvneloba 
ara aqvs);

qvesimravle – B aris, raime A simravlis, qvesimravle, Tu misi (B-s) 
yoveli elementi A simravlis elementic aris ! B  A ( B   A)

magaliTebi:

l.) B  { yvela taifunis simravle} – A  {qarebis simravle};

m.)  B  { yvela 8000-anis (mTebi) simravle } – A  {himalais mTebis simravle} 
(sworia?);

n.) carieli simravle   - nebismieri simravlis qvesimravlea!

o.) nebismieri simravle TavisTavis qvesimravlea! A  A;
simravleebis gaerTianeba AB - A da B simravleebis gaerTianeba aris 

simravle C romlis elementebia rogorc – A  ise B simravlis elementebi 

(saerTo elementi CaiTvleba erTxel!); C= AB = {c | c A an cB }; 
simravleebis gadakveTa AB - A da B simravleebis gadakveTa aris 

simravle C romlis elementebia rogorc – A  ise B simravlis mxolod saerTo 

elementebi! C= AB = {c | c A da cB };
klasebi – simravlis araTanamkveT qvesimravleebs romelTa gaerTianeba 

gvaZlevs mTel simravles klasebi ewodeba! aseT dayofas klasifikacia! 
klasifikaciis Sedegad ar SeiZleba rom romelime erTi elementi: 

a.) or sxvadasxva klass ekuTvnodes 
b.) arc erT klass ar ekuTvnodes;
ori simravlis dekartuli namravli AXB –simravle, romlis elementebia 

wyvilebi pirveli wevri aris A simravlis elementi, xolo meore wevri A 
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simravlis elementia. C= AXB = {c=(a,b) | a A da bB }; wyvilebSi mimdebrobis 
aRreva dauSvebelia; 

C = {c=(a,b) | a A da bB } - wyvilbis simravlea. 


maSin simravlis pirveli proeqcia anu pr1C  { a  | a A da arsebobs 
iseTi wyvili C-Si, rom misi piveli elementia es a }; 


Sesabamisad ganisazRvreba  pr2C  { b  | bB da arsebobs iseTi wyvili C-
Si, rom misi meore elementia es b }; 

dekartuli namravlis magaliTebi:
p.)  A – geografiuli ganedis (paralelis) “wertilTa ricxviTi mniSvnelobebis 

simravle” (A  {a | a[-900 , 900]}) ; xSirad ixmareba terminebi: mag.: –500-saTvis –
“500 samxreTis ganedi” an “ekvatoridan samxreTiT”  da  +500-saTvis  - “500

CrdiloeTis ganedi”;   
B – geografiuli grZedis (meridianis) “wertilTa ricxviTi 

mniSvnelobebis simravle” (B  {b | b[-1800 , 1800]}); xSirad ixmareba terminebi: 
mag.: –1000-saTvis – “1000 grivniCis meridianidan aRmosavleTiT”  da  +1000-
saTvis  - “1000 grivniCis meridianidan dasavleTiT;   

    Sesabamisad dekartuli namravli – C = AXB  {c=(a,b) | a A da bB } aris 
globusze an ruqaze “wertilis koordinatebis simravle”;
J.) D – altituda – “geografiuli simaRle zRvis donidan metrebSi” –

((D  {d | d[-12000 , + 9000]}); Sesabamisad - C= AXBXD  {c=(a,b,d) | a A, bB da dD } 
– dedamiwaze obieqtis mdebareobis realuri koordinatebi.

1.2 sidide da ricxvi;
didi “mTa”, patara ”mdinare”, Rrma “ormo”, Zlieri “qari”, susti 

“Stormi”, maRali “wneva”, “ekvatorTan” axlos, “CrdiloeT polusidan” 
moSorebiT da mravali analogiuri gamonaTqvami -  mcdelobaa ama Tu im 
sididis miaxloebiTi aRweris, radgan imav droulad wamoiWreba kiTxvebi 
(rasTan SedarebiT? ramdenad?). amitom bunebribad uxsovari droidan Semodis 
ama, Tu im sididis ricxviT daxasiaTebis mcdeloba. 
mag: “es aris Cemgan ormocdaaTi nabijiT daSorebuli”, qalaqebs Soris 
manZili xuTiaTasi “stadiumia”, myavs sami Svili, mamonti Cemze 
asormocdaaTjer mZimea da a.S. 

antikuri xanis erTerTi udidesi moazrovne piTagore midis azramde, 
rom “yvelaferi ricxvia”- yvelaferi Caiweros an aRiweros ricxvebiT –
saocrebaa, rom es ganmsazRvreli aRmoCnda Tanamedrove mecnieruli azris 
ganviTarebis ZiriTadi mimarTulebisaTvis (realurad esaa safuZveli 
procesebis damzerebisa da monacemebis anaTvalebis, cdebis Sedegebis 
Canawerebis, procesebis maTematikuri da kompiuteruli modelirebis da sxva)!! 

1.3 naturaluri, mTeli, racionaluri da iracionaluri ricxvebi; ricxvis 
absoluturi mniSvneloba; ricxvTa RerZi

 N (Naturalis an Numeros) – naturaluri ricxvebis simravle - TvliT, 

gadanomrvis Sedegad miRebuli ricxvebi; N  { 1,2,3,. . . n,. . };
 Z (Zalh - ricxvi) – mTeli ricxvebis simravle; formalurad dadebiTi da 

uaryofiTi naturaluri ricxvebi da nuli. modelebis TvalsazrisiT 
gaTvaliswinebulia raime sididis ori varianti (Tviseba, 

maxasiaTebeli). Z  {0, -1, +1, -2, +2, -3, +3, . . . –n, +n, . . };
uaryofiTi sidideebis Sinaarsobrivi magaliTebi  (motanil 

magaliTebSi ar aris aucilebeli monacemi aucileblad mTeli ricxvi 
iyos!): 
       I. 1.1 – Si ganxiluli p.) da J.) magaliTebi grZedebis, ganedebisa da 
simaRleebis dadebiToba da uaryofiTobas sxvadasxva Sinaarsi aqvs;

II. finansurad vali da mogeba; 
III. aRmosavleTisa da dasavleTis qarebis Cawerisas SeTanxmebis 
Sedegad, romeli iyos dadebiTi da romeli uaryofiTi, SesaZlebelia 
gaTvaliswinebul iqnas maTi mimarTulebac;
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 Q (Quotient - nawili) – racionaluri ricxvebis simravle, qarTulad 

“wiladebi”; p/q – sadac p da q mTeli ricxvebia; Q  { p/q | p Z da q Z};
 R (Real) – namrvili ricxvebis simravle – Sedgeba racionalur ricxvTa 

klasidan da iracionalur ricxvTa klasidan;
namdvili ricxvi, romelic racionaluri ar aris – iracionaluri ricxvia! 
iracionaluri ricxvebis magaliTebia: 

 =3.14.. (wrewiris sigrzisa da diametric Sefardeba); 
 e=2.7.. (neperis ricxvi);
 2=1.14..(kvadrtis diagonalisa da gverdis Sefardeba); 
 = (1+5)/2 – “oqros kveTis” ricxvi;

simravleebis TvalsazrisiT cxadia, rom         N    Z    Q    R ;
ricxvis “geometriuli interpretacia”: “ricxvTa RerZi” – aris wrfe 

romelsac gaaCnia:
1.) “saTave” – aTvlis sawyisi – 0;

2.) “dadebiTi mimarTuleba” (0 – dan “tradiciulad marjvniv ,  an 

zeviT  ”) – saiTac ganTavsdeba dadebiT namdvil ricxveTa 

simravle (klasi R+ = R+  {x | x R da x > 0}) sazogadod amas irCevs 
mkvlevari, magram mere yovelTvis iTvaliswinebs am faqts!; 

3.) “erTeulovani monakveTi” – “sazomi” – “masStabi”.
aRsaniSnavia, rom “ricxvTa RerZze zustad gadazomva SeiZleba 

naturaluri, mTeli da racionaluri ricxvebis”, iracionaluri ricxvebis 
Sesabamisi wertili, ra Tqma unda arsebobs amave ricxvTa RerZze magram misi 
“datana mocemul masStabSi mxolod miaxliebiTaa SesaZlebeli” –
(maTematikurad amas araTanazomadoba ewodeba)! 

1.4 sididis ganzomileba; zomis erTeulebi; masStabireba
1.2 –Si gamoTqmuli survili (mcdeloba) yvelaferi Caiweros ricxvebiT 

– anu yvela sidide aRiweros ricxvebiT zustdeba imiT, rom ricxvis garda 
realur sidideebs ansxvavebs “ganzomileba” (mag.: 160 – wonisa da 160 simaRlis 
mqone adamianebi arasadarni arian, da amitom marto ricxvi 160 gaugebaria!?):
warmodgenil kursSi Cven ZiriTadad vimuSavebT Semdeg sistemebsa da 
erTeulebSi:

 Tvlis sistema – aTobiTi 

(anu ricxvi 43647082  4X107+3X106+6X105+4X104+7X103+0X102+8X101+2X100) –
sistema sayovelTaod miRebulia safrangeTis revoluciis Semdeg; aris 
qveynebi sadac gavrcelebulia TormetobiTi sistema (“duodecimaluri” anu 
“duJinebi”); kompiuterebi moqmedeben orobiT sistemaSi (0,1 – ariTmetikuli 
operaciebisaTvis erTerTi yvelaze moxerxebuli sistemaa, magram ricxvebis 
Casawerad Zalze grZeli gamosaxulebia);
 kuTxis sazomi erTeulebia – “gradusi” (sruli kuTxis, wris, 

samasmesamocedi nawili), an “radiani” (1 radiani im kuTxis Sesabamisi 
zomaa, rodesac wrewiris Sesabamisi rkalis sigrZe radiusis tolia);

 sigrZis erTeuli m - “metri” (“bunebrivi”- grinviCis meridianis 
meoTxedi sigrZis 1/10 000 000 nawili; 1882 wlidan SemoRebulia e.w. 
“etalonuri”)–Sesabamisad xmarebaSia “kilometri” 1km=103 m., “decimetri” 
1dm=10-1 m, “santimetri” 1sm =10-2 m. , milimetri 1mm.=10-3 m., astronomiaSi 
“sinaTlis weliwadi” da a.S; zogierT qveyanaSi xmarebaSia “futi”, 

“inCi”, “iardi”, “mili” =1852 metrs (1 mili aris dedamiwis 001 (erTi 
minutis)  Seesabammisi grinviCis meridianis rkalis sigrZe) da sxv.

    farTobis erTeuli m2 - “kvadratuli metri”, xmarebaSia agreTve 
“kvadratuli kilometri” 1km2= 106 m2, “ari”, “heqtari”; zogierT qveyanaSi 
xmarebaSia “akri”; 
    moculobis erTeuli m3 – “kuburi metri”; xmarebaSia agreTve 

“litri”1 dm3, “dekalitri” 10 litrs, “bareli” da sxv. ;
 masis erTeuli gr. – “grami” (1 sm3 40C temperaturis mqone 

gamoxdili wylis wona) – Sesabamisad “kilogrami” 1kg.=103 g., 
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“miligrami” da a.S; zogierT qveyanaSi xmarebaSia “funti” da (meoce 
saukunemde ar iyo gansxvaveba wonisa da masis erTeulebs Soris).

 drois erTeuli wm.– “wami” (dReRamis 1/86400=1/60X60X24  nawili) –

Sesabamisad “wuTi” 1wT.=60 wm., “saaTi” 1.sT=3600wm., “dRe-Rame” 24sT., 
“kvira”, “Tve”, “weliwadi”, “saukune”, da a.S; 

 temperaturis erTeuli 0C– “celsiusis gradusi” (00C- wylis 
gayinvis temperatura da 1000C – wylis duRilis temperatura orive 
SemTxvevaSi zRvis doneze); arsebobs _ farengeitisa da kelvinis 
erTeulebi.

 siCqaris, wnevis, Zalis, aCqarebis, tenianobisa da mravali sxva 
erTeuli umeteswilad “nawarmoebi erTeulebia”! 

masStabi – ruqaze, naxazze an gegmaze da sxv. mocemuli xazebis sigrZis 
Sefardeba am xazebiT gamoxatul realur sigrZesTan. 

yovel kerZo SemTxvevaSi ricxvTa RerZsa (an mis nawilSi) SeiZleba 
sxvadasxva Sinaarsi Caidos (“maTematikuri modeli”):

magaliTebi:
I. ricxvTa RerZi  rogorc “droiTi RerZi”. am SemTxvevaSi 0 – “awmyo”, 

dadebiTi mimarTuleba “momavali” (uaryofiTi – “warsuli”), 
“erTeulis” arCeva damokidebulia Cvenze –wami (saaTi, weliwadi da 
sxva);

II. ricxvTa RerZi  rogorc “celciusis temperaturuli RerZi”. am 
SemTxvevaSi 0 – “wylis gayinvis temperatura”, dadebiTi mimarTuleba 
“cxeli” (uaryofiTi – “gayinuli”); 

III. A  {a | a[-900 , 900]} ( I. 1.1 – Si ganxiluli magaliTi p.)) – geografiuli 
ganedis (paralelis) “wertilTa ricxviTi mniSvnelobebis simravle”. 
am SemTxvevaSi 0 – “ekvatori”, dadebiTi mimarTuleba “CrdiloeTi” 
(uaryofiTi – “samxreTi”), “erTeuli” – “brtyeli kuTxis gradusi”; a = 
900 -  “CrdiloeT polusi”,  a= - 900 - “samxreT polusi”;

IV. B  {b | b[-1800 , 1800]} ( I. 1.1–Si ganxiluli magaliTi p.)) – geografiuli 
grZedis (meridianis) “wertilTa ricxviTi mniSvnelobebis simravle”. 
am SemTxvevaSi 0 – “grivniCis meridiani”, dadebiTi mimarTuleba 
“aRmosavleTiT” (uaryofiTi – “dasavleTiT”), “erTeuli” – “brtyeli 
kuTxis gradusi”;

V. D  {d | d[-12000 , + 9000]}( I.1.1–Si ganxiluli magaliTi J.)) – altituda –
“geografiuli simaRle zRvis donidan metrebSi” – am SemTxvevaSi 0 –
“zRvis done”, dadebiTi mimarTuleba “zRvis donidan zeviT”,  
“erTeuli” – metri; .

1.5. mudmivi da cvladi sidideebi
bunebaSi ama Tu im sididis ricxviTi mniSvneloba damokidebulia 

sxvadasxva garemoebaze - aqedan gamomdinare absoluturad mudmiv sidideebze, 
romlebic ucvlelia magaliTad droSi, sxva garemoebebs, rom Tavi davaneboT 
saubari “TiTqmis” SeuZlebelia. 

“TiTqmis” imitom, rom arseboben e.w. maTematikuri – “absoluturi” 

mudmivebi mag.:   = 3.14.. , e = 2.7.. , 2=1.14.. ,  = (1+5)/2 , da mravali sxv. 
mecnierebaSi ZiriTad mudmivebs specialuri asoebiT aRniSnaven ħ – plankis 
mudmiva da sxva. 

ama Tu im procesis ganxilva-Seswavlisas daimzireba, rom garkveuli 
sidideebi “ar icvleba” (TiTqmis ar icvleba). procesis maTematikuri modelis 
Sedgena-Seswavlisas iTvleba, rom es sidide mudmivia (Rebulobs erT 
fiqsirebul mniSvnelobas)! 
   sxvadasxva pocesis Seswavisas mudmivi sidideebis magaliTebia:

I. mocemul adgilas wlis ganmavlobaSi yoveldRiurad erTidaigive 
dros damzerili mTis simaRle;

II. mdinaris “kalapotis profili” (ramdenime dRis ganmavlobaSi da ara 
wyaldidobisas!); 
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III. “wylis xarji” - mdinaris kalapotis kveTaSi drois erT erTeulSi 
gavlili wylis moculoba (ramdenime dRis ganmavlobaSi da ara 
wyaldidobisas),  

IV. “mdinaris siRrme” (ramdenime dRis ganmavlobaSi da ara 
wyaldidobisas).

V. zvavebis an Rvarcofebis procesebis Seswavlisas – mocemuli mTis 
(qedis, xeobis) simaRle (siRrme) mudmivi sididea – Tumca realurad 
mTis simaRle droze maincaa damokidebuli. ubralod Zalian 
xangrZlivi drois manZilze mTis simaRle umniSvnelod icvleba!, 

sidide cvladia -  Tu is (sidide) procesis damzera-Seswavlisas 
Rebulobs sxvadasxva mniSvnelobebs. 

magaliTebi:
VI. adamianis asaki;
VII. mocemul adgilas wlis ganmavlobaSi yoveldRiurad erTidaigive 

dros damzerili zRvis talRebis simaRle;
VIII. mdinareSi Cayrili dambinZureblis mdebareoba _ manZili raRac 

fiqsirebuli werTilidan 
IX. mdinareSi Cayrili dambinZureblis koncentracia _ moculobis 

erTeulSi dambinZureblis wili; 
aRsaniSnavia, rom am paragrafSi ganxiluli II,III,IV – mudmivi da VIII, IX 
cvladebi sidideebi erTianad monawileoben mdinaris ekosistemis 
moklevadiani prognozebis Seswavlisas, grZelvadiani prognozisas zogierTi 
mudmivi sidide SeiZleba ganxilul iqnas, rogorc cvladi (“mdinarem 
kalapoti Seicvala”, “gaCnda meCeCebi”, “adidda”- Seicvala siRrme da sxva) 
   cvladi sididis cneba maTematikaSi Semovida XVII saukuneSi (dekarti, 
niutoni, leibnici). amis Semdeg moxda revoluciuri naxtomi maTematikur 
azrovnebaSi. SesaZlebeli gaxada bunebaSi da teqnikuri procesebSi 
damzerili (aRmoCenili) kanonzomierebebis maTematikuri Cawera – anu 
procesis Sesabamisi maTematikuri modelebis ageba.  
    

1.6. sididis miaxloebiTi mniSvneloba; cdomileba
bunebaSi ama Tu im sididis ricxviTi mniSvnelobis gazomva dafiqsireba  

damokidebulia sxvadasxva garemoebaze – magaliTad: gamzomi xelsawyos 
sizusteze, masStabze (araTanazomadoba), gaTvlebis sizusteze (im SemTxvevaSi, 
rodesac sidide uSualod ar izomeba). amitomacaa, rom yvelaferi iTvleba 
raRac “cdomilebiT”. magaliTad verasdros zutad ver Caiwereba 5 metri 
radiusis mqone wrewiris sigrZe (is usasrulo araperioduli aTwiladia), anu 
unda davkmayofildeT raRac garkveuli sizustiT, anu e.w. “dasaSvebi 
cdomilebiT”. 

absoluturi cdomileba –sididis realuri ricxviTi mniSvnelobisa (x)
da misi miaxloebuli mniSvnelobis ( x ) sxvaobis absoluturi mniSvneloba

  xxx  .

fardobiTi cdomileba - absoluturi cdomilebis Sefardeba sididis 
realuri ricxviTi mniSvnelobasTan.

 
x
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leqcia 10. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
10.0  warmoebuli;
10.1 warmoebuli – mxebi
10.2 warmoebuli – siCqare
10.3 zogierTi elementaruli funqciis warmoebulebi;
10.4 warmoebulis zogierTi Tviseba;
10.5 ganusazRvreli integrali

10.0 – warmoebuli 
cneba istoriulad ukavSirdeba mrudwiruli sazRvrebis mqone figuris 

romelime wertilSi mxebi wrfis agebas! meores mxriv es cneba mWidrodaa 
dakavSirebuli nebismieri moZraobis siCqaris cnebasTan.

1. warmoebuli – rogorc wiris mxebi
ganvixiloT raime wirze (SeiZleba es iyos raime f(x) funqciis grafiki (nax. 10.1)) 
raime fisirebuli M wertili. avagoT am wertilsa romelime M1 wertilze 
gamavali MM1 mkveTi. Tu davakvirdebiT, rodesac M1 wertili miiswrafis M
wertilisaken maSin MM1 mkveTis mdebareova icvleba da is daikavebs 
MBMdgomareobas. ra Tqma unda es ar aris damokidebuli M1 wertili marcxnivaa 
Tu marjvniv  M wertilidan.  saboloo mdgomareoba erTia! MkveTis mier 
sabolood dakavebul mdgomareobas grafikis am wertilSi gavlebuli mxebi 
ewodeba! ra Tqma unda Cven vixilavT mxolod iseT SemTxvevebs rodesac mxebi 
arsebobs! 

im SemTxvevaSi, rodesac wiri f(x) funqciis grafikia da cnobilia M wertili, 

maSin SesaZlebelia mxebi wrfis sakuTxo koeficientis gamoTvla anu tg  - s 
povna!  marTkuTxa QMM1 samkuTxedidan cxadia rom mkveTis daxris kuTxis 
tangensi gamoiTvleba Semdegi formuliT
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   
xx

xfxf

MQ

QM
tg





1

11
1 .                                 (10.1)

zRvarSi  ki QMB isev samkuTxedi marTkuTxaa da Sesabamisad 

   
xx

xfxf
tg

xx 





1

1

1

lim .                                    (10.2)

kuTxe  yovelTvis aizomeba oordinatTa RerZidan saaTis isris sawinaaRmdego 
mimarTulebiT. 

SeniSvna: 

 Tu warmoebuli dadebiTia  tg > 0 – maSin mxebis gadakveTa oordinatTa 

RerZTan maxvili kuTxiT xdeba   ( 00 ,900) , magaliTebi ixile nax. 10.2;

 Tu warmoebuli uaryofiTia  tg < 0 – maSin maSin mxebis gadakveTa 

oordinatTa RerZTan blagvi. kuTxiT xdeba   (900 , 1800 ) magaliTebi ixile 
nax. 10.3;
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 Tu warmoebuli nulia  tg = 0 – maSin mxebi oordinatTa RerZis 

paraleluria  =  00 magaliTebi ixile nax. 10.4;

 Tu warmoebuli usasrulod didia  tg =  – maSin mxebi oordinatTa 

RerZis marTobulia  =  900 magaliTebi ixile nax. 10.5;
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argumentis nazrdi aris gamosaxuleba 

xxx  1 ;                                 (10.3)
funqciis nazrdi aris gamosaxuleba

   xfxfyyy  11 ;                       (10.4)

nazrdebis fardoba aris gamosaxuleba 

   
x

y

xx

yy

xx

xfxf

MQ

QM













1

1

1

11 .                             (10.5)

nazrdebis fardobis zRvars, rodesac   xx 1 funqciis warmoebuli x

wertilSi ewodeba. warmoebulisaTvis istoriulad miRebulia Semdegi aRniSnebi:

lagranJis aRiniSvna: 

     
xx

xfxf
xfy

xx 





1

1

1

lim                                    (10.6 )

leibnicis aRiniSvna:

     
xx

xfxf

dx

xdf

dx

dy
xx 





1

1

1

lim                          (10.6* ) 

                                          
kidev erTxel davweroT toloba romelic gansazRvravs warmoebuls mocemul 
wertilSi
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                   
h

xfhxf

x

y

xx

xfxf

dx

dy

dx

xdf
xfy

hxxx












 00

1

1 limlimlim
1

; (10.7 )

unda aRiniSnos, rom bolo gamosaxulebaSi nagulisxmebia, rom x1 =x+h, sadac h 
nebismieri ricxvia.

gansazRvreba: rodesac funqcias mocemuli intervalis yvela 

wertilSi gaaCnia warmoebuli f ‘(x)  (sasruli mniSvnelobis ) 
maSin ityvian, rom funqcia “gluvia”.

Sesabamisad – funqciis warmoebuli – funqciaa!

funqciis warmoebul funqciasac SeiZleba gaaCndes Tavisi warmoebuli –
Sesabamisad mas sawyisi funqciis meore warmoebuli funqcia ewodeba

          
xx

xfxf

dx

xfd
xfxf

xx 








1

1

1

lim                    (10.8)

warmoebuli funqciis konkretuli magaliTebi:

 Tu   cxf  maSin   0lim
11






 xx

cc
xf

xx
;                               (10.9 )         

 Tu   cxxf  maSin   c
xx

xxc

xx

cxcx
xf

xxxx












1

1

1

1 )(
limlim

11

;             (10.10)

 Tu   2cxxf  maSin 

    xxxc
xx

xxc

xx

cxcx
xf

xxxxxx
2lim

)(
limlim 1

1

22
1

1

22
1

111












;               (10.11)

2. warmoebuli rogorc moZraobis siCqare
ganvixiloT SemTxveva, rodesac raime obieqtis t droSi ganvlili manZili 

moicema raime f(t) funqciis saxiT. aseT SemTxvevaSi am obieqtis siCqare aris 
ganvlili manZilis nazrdis Sefardeba drois im monakveTTan, romelSic 
ganxorcielda es nazrdi anu siCqare -  (10.7) formulis Tanaxmad moicema. 

 Tu obieqti moZraobs Tanabrad anu misi moZraoba aRiwereba wrfivi 
f(t) = ct +b funqciiT ( c, b mudmivi sidideebia), maSin misi siCqare

    c
tt

ctct
tftv

tt








1

1

1

lim

mudmivia ixile agreTve (10.10).
 Tu obieqti vardeba sicarieleSi anu misi moZraoba aRiwereba rogorc 

f(t) = ct2, maSin misi siCqare (10.11) Tanaxmad aris

    ct
tt

ctct
tftv

tt
2lim

1

22
1

1








,

da am obieqts gaaCnia agreTve aCqareba – „meore warmoebuli“ (10.8) 

      c
tt

ctct
tftvta

tt
2

22
lim

1

1

1







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romelic mudmivia (fizikaSi am mudmivs Tavisufali vardnis aCqareba ewodeba, 

dedamiwisaTvis is  g 9.8 m/wm2! ).

10.3 zogierTi elementaruli funqciis warmoebulebi

 Tu  f(x) = x , sadac  ricxvia, maSin      1


  xxxf ;

 Tu  f(x) = sin x ,  maSin     xxxf cossin  ;

 Tu  f(x) = cos x ,  maSin     xxxf sincos  ;

 Tu  f(x) = tg x ,  maSin     x
x

tgxxf 2
2

sec
cos

1
 ;

 Tu  f(x) = ctg x ,  maSin     xec
x

ctgxxf 2
2

cos
sin

1
 ;

 Tu  f(x) = ex ,  maSin     xx eexf 


 ;

 Tu  f(x) = ax,  maSin     aaaaaxf xxx lnlog10 


 ;

10.4 warmoebulis zogierTi Tviseba

 „wrfivoba“: Tu f(x) =c1 g(x) + c2 h(x) , sadac c1 da c2  mudmivi sidideebia, maSin 

          xhcxgcxhcxgcxf  2121 .                         (10.12)

 jamis warmoebuli warmoebulebis jamis tolia;

 namravlis warmoebuli: Tu f(x) =g(x) ·  h(x) , maSin 

              xhxgxhxgxhxgxf  .                            (10.13)

 Sefardebis warmoebuli: Tu    
 xh

xg
xf  ,  da mniSvneli arsad nuli ar 

xdeba h(x)0, maSin 

   
 

       
  2xh

xhxgxhxg

xh

xg
xf














                    (10.14)

 kompoziciis (rTuli funqciis) warmoebuli: Tu f(x) = g( h(x))  g◦h (x) , maSin

          xhxhgxhgxf  .                         (10.15)

10.5 ganusazRvreli integrali

“warmoebulis” povnis Sebrunebuli operaciaa “pirveladis moZebna” – anu 
“ganusazRvreli integrali”.
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F(x) funqcia aris f(x) funqciis pirveladi, F(x) funqciis warmoebuli f(x) 
funqciaa anu Tu F’(x) = f(x) .

pirveladisaTvis  istoriulad miRebulia Semdegi aRniSvna:

  dxxF                                   (10.16)

ganmartebis Tanaxmad samarTliania Semdegi igiveoba

       


xFdxxFdxxF
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leqcia 2 (konspeqti)
calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
2.1. Tanadobebi;
2.2. funqcia da misi mocemis wesebi; magaliTebi. 

2.1. Tanadobebi
Tanadoba – ori nebismieri A da B simravlis dekartuli namravlis G

qvesimravles Tanadoba ewodeba, G   A X B. Tu wyvili (a,b) G  - amboben, rom b 
elementi eTanadeba G wesiT (TanadobiT) a elements.

magaliTi 1.  A {a | a0C – temperaturuli maCveneblebi}, B {b | bsT. – drois 

maCveneblebi}, Sesabamisad Tu G { (a,b) | mocemoli adgilisaTvis drois 
garkveuli intervaliT aRebuli temperaturuli maCveneblebi}, ra Tqma unda 
es aris Tanadoba (rogoraa damokidebuli dRe-Ramis ganmavlobaSi 
adgilobrivi garemos temperatura droze), Tumca sruliad dasaSvebia, rom is 
martivi maTematikuri formuliT ver Caiweros! meores mxriv cxadia, rom A X B
dekartuli namravlis yvela elementi veraviTar SemTxvevaSi ver iqneba G 
simravlisBelementi (SeuZlebelia erTdroulad ori sxvadasxva temperatura 
iyos erT adgilas). xSirad Tanadobis nacvlad ixmareba terminebi:

 A simravlis “asaxva” B simravleSi G wesiT (TanadobiT);
 A simravlis elementebi “aisaxebian” B simravleSi G wesiT (TanadobiT);
 B simravle “damokidebulia” A simravleze G wesiT (TanadobiT);
 B simravle “funqcionaluradaa damokidebulia” A simravleze G wesiT 

(TanadobiT);

Tanadobis (asaxvis) gansazRvris are D(A) pr1(G)  ( a | aA da arsebobs 

G –Si erTi mainc wyvili, romlis pirveli elementia a}   A. 
 Tu D(A) pr1(G) = A, maSin am Tanadobas yvelgan gansazRvruli ewodeba.

magaliTi 2. A  {romeliRac kalaTburTis gundis Semadgenlobis gvarebi}, B 
N; Sesabamisad G – aris gundis Semadgenloba, wyvilebi (gvari, nomeri) –
cxadia, rom A-s  yovel elements (kalaTburTels) unda hqondes nomeri anu 
Tanadoba yvelgan gansazRvrulia.

magaliTi 3. C = AXB  {c=(a,b) | a A da bB } ( I. 1.1–Si ganxiluli magaliTi p.)) 
aris globusze an ruqaze “wertilis koordinatebis simravle”, maSin 

fiqsirebuli meridiani G = {(a,b)| a[-900 , 900], b = const.}  AXB  aris yvelgan 
gansazRvruli Tanadoba da Tanac yovel wyvilSi meore wevri erTidaigive 
ricxvia – meridianis maCvenebeli (konkretulad Tu b = 0 – grinviCis 
meridiani);

 Tu D(A) pr1(G)  A, maSin am Tanadobas nawilobriv gansazRvruli 
ewodeba. 

magaliTi 4. aseTi Tanadobis klasikuri magaliTia am paragrafis magaliTi 1 
(temperaturuli Skalis yvela mniSvneloba erT dRe-RameSi SeuZlebelia 
dafiqsirdes).

magaliTi 5. C = AXB  {c=(a,b) | a A da bB } ( I. 1.1–Si ganxiluli magaliTi p.)) 
aris globusze an ruqaze “wertilis koordinatebis simravle”, maSin 

fiqsirebuli paraleli G = {(a,b)| a = const., b[-1800 , 1800] }  AXB  aris 
nawilobriv gansazRvruli Tanadoba da Tanac yovel wyvilSi pirveli wevri 
erTidaigive ricxvia – ganedis maCvenebeli (konkretulad Tu a = 0 –
ekvatori);

mniSvnelobaTa are pr2(G)  ( b | bB da arsebobs G –Si erTi mainc 

wyvili, romlis meore elementia b}  G. 
 Tu pr2(G) = B, maSin am Tanadobas “siureqciuli” ewodeba (aseve amboben 

A simravlis “asaxva” B simravleze G wesiT). 
magaliTi 5.  

 G Tanadobas (asaxvas) ewodeba funqcionaluri (calsaxa) – Tu (D(A) 
pr1(G)) gansazRvris aris yovel elements Seesabameba mxolod erTi
elementi (pr2(G) – dan) mniSvnelobaTa aridan. 
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 or ricxviT simravles (A,B  R) Soris funqcionalur Tanadobas 
(asaxvas) warmodgenil kursSi funqcias uwodebT – da y = f (x) , misi 
Canaweri, sayovelTaodaa miRebuli, x –sidides (cvlads) – funqciis
argumenti ewodeba, y-s – funqciis mniSvneloba !

magaliTi 2. – G funqcionaluria – radgan ar SeiZleba erT kaladburTels 
ori gansxvavebuli nomeri eweros!
magaliTi 3. - G “meridiani” funqcionaluri Tanadobaa, ubralod gansazRvris 
aris yovel elements Seesabameba mxolod erTi elementi da es elementi 
yvelasaTvis erTidaigivea.
magaliTi 5. - G “paraleli”  ar aris funqcionaluri Tanadoba, radgan 
gansazRvris aris mxolod erT elements Seesabameba uamravi elementi 
mniSvnelobaTa aridan.
magaliTi 6. G “wrewiri” aris wertilTa Tanadoba sibrtyeze R2=RXR

nax. 2.1

magram es ar aris funqcionaluri (calsaxa) Tanadoba, radgan (D(A) pr1(G))
gansazRvris aris nebismier X0 elements umetes SemTxvevaSi Seesabameba ori
elementi (pr2(G) – dan) Y1  da Y2  mniSvnelobaTa aridan. maTematikur terminebSi 
G = { (X,Y)| X R, YR,  |(X-XC) 2 + (Y – YC )2| = r2 } – im wrewiris wertilTa simravle, 
romlis centri aris wertilSi (XC,YC)  da misi radiusia r  ! Sesabamisd 
Canaweri | (X-XC) 2 + (Y – YC )2 | = r2 ar aris fuqcia!
magaliTi 7. qarTul – inglisuri leqsikoni aris Tanadoba (is uTanadebs 
garkveuli wesiT, “Sinaarsobrivad”, erTmaneTs qarTul da inglisur sityvebs)! 
es Tanadoba ar aris funqcionaluri – erT qarTul sityvas SeiZleba 
eTanadebodes ramodenime inglisuri Sesatyvisi; Tanac es ar aris yvelgan 
gansazRvruli Tanadoba – yovelTvis iarsebebs qarTuli sityva romelic ar 
moxvdeba leqsikonSi!

 G Tanadobas ewodeba urTierTcalsaxa – Tu (D(A) pr1(G)) gansazRvris 
aris yovel elements Seesabameba mxolod erTi elementi (pr2(G) – dan) 
mniSvnelobaTa aridan da piriqiT, yoveli elementisaTvis (pr2(G) – dan) 
mniSvnelobaTa aridan arsebobs mxolod erTi elementi gansazRvris 
aridan. 
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magaliTi 2. klasikuri magaliTia urTierTcalsaxa Tanadobisa – erT 
kaladburTels erTi nomeri aqvs da Tanac unomro kaladburTeli gundis 
ganacxadSi ver iqneba!
magaliTi 8. G Tanadoba – “gadanomrva” – anu mocemul A simravles uTanadebT 

N - naturalur ricxvTa simravles ( G = {a n  | aA da nN }) anu yovel elements 
gauCnda Tavisi nomeri, Tu es SesaZlebelia (xandaxan SeiZleba ar gveyos 
nomrebi – aseT simravleebs “araTvladi simravleebi” ewodebaT).

2.2 funqciis mocemis xerxebi; magaliTebi

1. cxrili – funqcia mocemulia (x, f(x)) wyvilebis saxiT, anu  wyvilis 
pirveli elementia argumentis mniSvneloba, xolo wyvilis meore 
elementia am argumentis Sesabamisi mniSvneloba. aseTi wesiT srulad 
moicema mxolod sasrul simravleebze gansazRvruli funqciebi. 

magaliTi 9. logariTmuli an trigonometriuli cxrilebi!
- logariTmuli cxrilebis SemTxvevaSi (x, ln(x))  an  (x, lg(x)) – wyvilebis 
pirveli wevri aris x ricxvi (gaaCnia ra bijiTaa mocemuli cxrili), meore 
wevri am ricxvis Sesabamisi “naturaluri” (ln(x))  an “aTobiTi” ( lg(x) ) 
logariTmis mniSvnelobaa (Tavidan daTqmuli sizustiT) 
- trigonometriuli cxrilebis SemTxvevaSi (x, sin(x)), (x, cos(x)),(x, tg(x)), (x,ctg(x)), 
(x, sec(x)) da sxva - wyvilebis pirveli wevri aris x ricxvi nolidan 
oTxmocdaaTamde (gaaCnia ra bijiTaa mocemuli cxrili), meore wevri am 
ricxvis Sesabamisi “sinusi”, “kosinusi”, “tangensi”, “kotangensi” ,“sekansi” an 
da sxva  trigonometriuli funqciis mniSvnelobaa (Tavidan daTqmuli 
sizustiT);
magaliTi 10. fuladi latareis mogebebis cxrilebi - (x, f(x)) wyvilis pirveli 
wevria x - momgebiani bileTis nomeri, xolo meore wevri f(x) – am nomris 
Sesabamisi mogebuli Tanxa!

2. formula – ( y = f(x) ) funqciis mocemis erTerTi yvelaze cnobili 
xerxia, f – gamoTvlis wesia, romelic maTematikuri formulis saxiTaa 
mocemuli (analizuradaa Cawerili).

-   cxrilisagan gansxvavebiT am SemTxvevaSi nebismieri (x, f(x)) aseTi wyvilis 
Cawera SesaZlebelia, magram ara yvelas amowera! 

magaliTi 11. wrfivi funqcia y = f(x)  kx + d;  sadac x argumentis yoveli 
mniSvnelobisaTvis y = f(x)  funqciis mniSvneloba gamoiTvleba kx + d – wesiT 
Tanac sagulisxmoa, rom   k da d  - ricxvebi mocemuli mudmivi sidideebia 
yovel konkretul SemTxvevaSi! 

magaliTi 9.  logariTmuli y = f(x)  lnx, y = f(x)  lgx
an trigonometriuli y = f(x) sin(x) , y = f(x)  cos(x) funqciebis Canawerebi 
formulis saxiT. Cxrilebi mocemulia konkretuli sasruli raodenoba x 
ricxvebisaTvis, xolo am SemTxvevaSi dafiqsirebulia zogadi wesi, 
samarTliani x argumentis nebismieri mniSvnelobisaTvis! 
magaliTi 12. 
a.) xarisxovani funqcia y = f(x)  xk , sadac x argumentis yoveli 
mniSvnelobisaTvis y = f(x)  funqciis mniSvneloba gamoiTvleba x argumentis k 
xarisxSi ayvaniT;  
b.) maCvenebliani funqcia y = f(x)  kx , sadac x argumentis yoveli 
mniSvnelobisaTvis y = f(x)  funqciis mniSvneloba gamoiTvleba k ricxvis x 
argumentis xarisxSi ayvaniT,  k - ricxvi mocemuli mudmivi sididea yovel 
konkretul SemTxvevaSi! es ori wesi principulad gansxvavdebian 
erTmaneTisagan!
magaliTi 10. fuladi latareis mogebebis cxrilebi raime cnobili formulis 
saxiT ra Tqma unda ver moicema, Canaweri y = f(x) , migvaniSnebda ra f wesiTaa x 
(latareis nomri) damokidebuli y -ze (mogebis Tanxa), Cveulebrivi terminebiT, 
rom vTqvaT romeli nomeri ras igebs! – “fantastikaa”!
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3. grafiki – funqcia mocemulia “wiris” – saxiT (“grafikulad” ),     

nax. 2.2
wiris yoveli wertili aris (x,f(x)) – wyvilis grafikuli saxe , ricxviTi 
mniSvnelobebis povnisas wiridan unda dauSvaT marTobebi x da y RerZebze. 
Sesabamisad  manZili saTavidan marTobis x RerZTan gadakveTis wertilamde 
iqneba wyvilis pirveli ricxviTi mnisvneloba, xolo manZili saTavidan 
marTobis y RerZTan gadakveTis wertilamde iqneba wyvilis meore ricxviTi 
mnisvneloba (ricxviTi mniSvnelobebi gamoiTvleba ra Tqma unda raRac 
sizustiT).
magaliTi 13. kardiograma! argumenti x – dro wamebSi, f(x) – gadaxris sidide!

nax. 2.3
magaliTi 14. energeiis msoflio moxmareba (realuri monacemebi Jurnali 
“Scientific America”)! argumenti x - wlebi, f(x) –energiis moxmareba im wels 
(gazomilia wermoebuli energia gayofili misi warmoebis danaxarjze)
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nax. 2.4
ra Tqma unda kardiogramisagan gansxvavebiT es grafiki agebulia cxriluri 
monacemebis (Savi wertilebis “koordinatebi” naxatze) safuZvelze da 
warmoadgens ufro cxriluri mocemis magaliTs da ara grafikulisas. Savi 
wertilebis SemaerTebeli feradi xazebi gveubneba , rom drois am monakveTSi 
monacemi ar gazomila da “savaraudod” ase icvleboda.  

4. rekursia – Y (n+1) =f (Y(n) ) funqciis yoveli Semdegi (n+1) –Te mniSvneloba 
mocemulia raRac wesiT misi wina n mniSvnelobisa, anu ase 
gansazRvruli funqciis  (n,Y (n+1)) wyvilis gansazRvra SeuZlebelia Tu 
ar aris cnobili yvela wina n - cali wyvili.

magaliTi 15. faqtoriali n! = 1X2X3X…(n-1)Xn – anu  (n+1)! = n! X (n+1) . 
konkretulad 15! rom gamovTvalod unda manmade gamovTvaloT 14!, manmade 13! 
da ase Semdeg.

5. aramkafio – x - argumentis yoveli mniSvneloba unda Semowmdes, Tu is 
akmayofilebs garkveul Tvisebas (anu ekuTvnis garkveul simravles) 
maSin mis mniSvnelobas daiTvlian  f1 – wesiT, Tu ara da maSin mas 
gamoiTvlian f2 – wesiT:









Mxifxf

Mxifxf
xf

)(

)(
)(

2

1
,

magaliTi 16. konkretulad funqciis magaliTs me aq ar movitan, magram 
Tanadobis motana upriania. M ={adamianTa simravle vinc am momentisaTvis 

Caidina danaSauli} , M A = {saerTod adamianebis simravle},  x –
konkretuli adamiania. f1 (x) – miesajos imdeni weli (an jarima) rac 

kanoniTaa gaTvaliswinebuli , Tu xM (anu Tu is damnaSavea), f2 (x) – ar 

SevawuxoT , Tu xM (anu Tu is ar aris damnaSave). aseTi “funqciis ageba” 

SeuZlebelia imitom, rom dadgena imisa xM  Tu xM  “faqtobrivad” 
SeuZlebelia! 
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leqcia 3 (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
3.1. - dekartis koordinatTa sistema sibrtyesa da sivceSi;
3.2 - kuTxis gradusuli da radianuli zoma; ZiriTadi trigonometriuli Tanadobebi;
3.3 – polarul koordinatTa sistema sibrtyeze,.

3.1. - dekartis koordinatTa sistema sibrtyesa da sivceSi;
pirvel leqciaze motanili iqna ricxvis “geometriuli interpretacia”: 

“ricxvTa RerZi” – aris wrfe romelsac gaaCnia:
1.) “saTave” – aTvlis sawyisi – 0;

2.) “dadebiTi mimarTuleba” (0 – dan “tradiciulad marjvniv ,  an 

zeviT  ”) – saiTac ganTavsdeba dadebiT namdvil ricxveTa simravle 

(klasi R+ = R+  {x | x R da x > 0}); 
3.) “erTeulovani monakveTi” – “sazomi” – “masStabi”.

“wertili sibrtyeze” – SesaZlebelia Tu ara aseTi wertilebis aRwera 
ricxviT an ricxvebiT?

pasuxi am kiTxvaze, SesaZlebeli gaxda gamoCenili moazrovnis rene 
Ddekartis 1596-1560 moRvaweobis Sedegad,  – erTi ricxviT SeuZlebelia, xolo 
“dalagebuli wyviliT” SesaZlebeli da Tanac calsaxad! 

pirvel leqciaze 1.1-Si motanili iqna ori A  da B simravlis dekartuli 

namravlis cneba - AXB = { (a,b) | a A da bB }.  Tu ganvixilavT iseT SemTxvevas 
rodesac orive A  da B simravle ricxvTa RerZia (A = B = R), maSin am ori 
simravlis dekartuli namravli mogvcems saSualebas aRvweroT sibrtyis yoveli 
wertili. martivad, rom vTqvaT davadoT ori ricxvTa RerZi erTmaneTs ise, rom 
davamTxvioT saTaveebi da am orma RerZma erTmaneTTan Seadginos marTi kuTxe 
(zogad SemTxvevaSi raime kuTxe, romelic ar iqneba 00 an 1800) ixile nax. 3.1
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mocemuli wertilis Sesabamis ricxvTa wyvils – wertilis koordinatebi 
ewodeba; wyvilis pirvel elements – “abscisa” , meores “ordinata” 
1. mocemuli wertilidan dauSvaT marTobebi Sesabamisad OX da OY RerZebze 

da gadakveTis wertilidan O saTavemde gadavzomoT manZilebi Sesabamisad 
OX –isa da  OY – is maSstabebSi; 

 OX ReZs – “abscisaTa RerZi”, xolo OY ReZs “ordinatTa RerZi”
ewodeba;

 OX da OY RerZebs koordinatTa RerZebi ewodeba;
 “abscisa”-  a – aris OX ReZze, manZili gadakveTis wertilidan O

saTavemde, 
 “ordinata” - b – aris OY ReZze, manZili gadakveTis wertilidan O

saTavemde, 
2. Fig. 3.1 –ze mocemuli P wertilisaTvis a - abscisa dadebiTi ricxvia, xolo  

b - ordinata uaryofiTi;
3. wertilis ageba mocemuli wyviliT,  piriqiTa algoriTmiT xdeba –

wyvilis pirveli ricxvi datanil unda iyos OX ReZze da am wertilze 
gavlebul iqnas OY ReZis paraleluri wrfe; wyvilis meore ricxvi 
datanil unda iyos OY ReZze da am wertilze gavlebul iqnas OX ReZis 
paraleluri wrfe; gadakveTis wertili aris mocemuli wyvilis Sesabamisi 
wertili sibrtyeze dekartis marTkuTxa koordinatTa sistemaSi;

4. Fig. 3.1 –ze mocemuli  H, H’ da H”  wertilebi da misi Sesabamisi wyvilebi 
naTeli magaliTebia, Tu ras iwvevs wyvilSi ricxvisaTvis niSnis Secvla 
(H da H’) an wyvilSi ricxvebisaTvis adgilis Secvla (H” da H’);

 OX da OY koordinatTa RerZebi sibrtyes oTx nawilad yofen am nawilebs 
“kvadrantebi” ewodebaT da TiToeul kvadrantSi martivad ganisazRvreba 
sakoordinato wyvilSi Semavali ricxvebis niSnebi; ixile Fig. 3.1 ;

5. manZili koordinatTa saTavesa da wertils Soris martivad ganisazRvreba 
piTagores Teoremis Tanaxmad – marTkuTxa samkuTxedSi hipotenuzis 
kvadrati kaTetebis kvadratebis jamis tolia , anu nebismieri wertilis 
koordinatebis kvadratebis jami tolia manZilisa am wertilsa da 
koordonatTa saTaves Soris;

6. Sesabamisad, dauSvaT r aris manZili  mocemuli wertili M –dan O 
saTavemde (magaliTad   Fig. 3.1 –ze mocemulia wertili M (x0 , y0 )  da misi 
daSoreba saTavemde aris |OM| = r, Sesabamisad OMx0 marTkuTxa 

samkuTxedSi hipotenuzaa OM  da rogorc ukve vTqviT r misi sigrZea; 

kaTetebis sigrZe koordinatebis ricxviTi mniSvnelobis tolia, anu |Ox0| 
= |x0|  da | Mx0 | = |y0|; 

piTagores Teoremis Tanaxmad  
|OM|2 = |Ox0|

2 + | Mx0 |2; 
anu                       

r2 = |x0|
2

  + |y0|
2;                                                     (3.1)

3.2 - kuTxis gradusuli da radianuli zoma; ZiriTadi trigonometriuli 
Tanadobebi; 

xSiria SemTxvevebi rodesac sakmarisad Znelia mocemuli wertilisaTvis 
dekartuli wyvilis dadgena! gansakuTrebiT es siZnele Tavs iCenda da iCens didi 
masStabis gazomvebis (ezos, zRvis raime ubnis, udabnos nawilisa da sxva 
(ugulvebelyofilia simaRle!)) Catarebisas; amave dros SedarebiT martivia 
gaizomos manZili or wertils Soris; 
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uZvelesi droidan kacobriobam sigrZis sazomi erTeulebisa da xelsawyoebis  
paralelurad Semoitana kuTxis sazomi erTeulebi da ra Tqma unda kuTxis 
sididis gamzomi xelsawyoebi;

pirvel leqciaze 1.4 –Si motanil iqna kuTxis sididis sazomi erTeulebi:
 “gradusi” (sruli kuTxis, wris, samasmesamocedi nawili);
 “radiani” (1 radiani im kuTxis Sesabamisi zomaa, rodesac wrewiris 

Sesabamisi rkalis sigrZe radiusis tolia);

1 “radiani”-s  Sesabamisi kuTxe 57017’44”- ia.
10 – erTi “gradusi” iyofa 60 “minutad”, anu  10=60’;
1’ – erTi “minuti” iyofa 60 “sekundad”, anu 1’ = 60”;

marTkuTxa samkuTxedSi davafiqsiroT romelime aramarTi kuTxe; maSin am 
kuTxis mopirdapire  kaTetis Sefardeba hipotenuzasTan aris am kuTxis “sinusi”;

marTkuTxa samkuTxedSi davafiqsiroT romelime aramarTi kuTxe; maSin am 
kuTxis mimdebare  kaTetis Sefardeba hipotenuzasTan aris am kuTxis “kosinusi”;

marTkuTxa samkuTxedSi davafiqsiroT romelime aramarTi kuTxe; maSin am 
kuTxis mopirdapire  kaTetis Sefardeba amave kuTxis mimdebare  kaTetTan aris am 
kuTxis “tangensi”; 

magaliTisaTvis Fig. 3.1 – ze mocemul  marTkuTxa samkuTxedSi dafiqsirebulia 

kuTxe  MOx0 =    Sesabamisad ukve SemoRebul aRniSvnebSi 

sin  MOx0   sin  
r

y

OM

Mx 00  ;                                            (3.2)

cos  MOx0   cos  
r

x

OM

Ox 00  ;                                            (3.3)

tg  MOx0   tg  
0

0

0

0

cos

sin

x

y

Ox

Mx





;                                            (3.4)

 aRsaniSnavia is garemoeba, rom aseTi ganmarteba samarTliania rodesac kuTxe 

 icvleba 00 gradusidan 3600 – mde; ganmsazRvrel (3.2) da (3.3) formulebSi 

koordinatebi x0 da y0 monawileoben Tavisi rogorc ricxviTi mniSvnelobiT 

agreTve niSnis gaTvaliswinebiT; ricxvi r aris – “manZili” da ra Tqma unda 
dadebiTi sididea;

 praqtikaSi miRebulia Tu cnobilia kuTxe – Sesabamisad cxrilebisa da exla 
ukve kalkulatorebisa Tu kompiuteris saSualebiT SesaZlebelia am kuTxis 
trigonometriuli funqciebis mniSvnelobebis “miaxloebiTi” gansazRvra;

 praqtikaSi miRebulia Tu cnobilia kuTxis romelime trigonometriuli 
funqciebis mniSvneloba – Sesabamisad cxrilebisa da exla ukve 
kalkulatorebisa Tu kompiuteris saSualebiT SesaZlebelia TviT am kuTxis 
“miaxloebiTi” gansazRvra;

 marTkuTxa samkuTxedSi Tu cnobilia erTi aramarTi kuTxe da romelime 
gverdi Sesabamisad (3.2 3.3 da 3.4) formulebidan SesaZlebelia danarCeni ori 
gverdis gansazRvra.

 Tu aviyvanT (3.2 da 3.3) formulebis orive mxare kvadratSi da erTmaneTs 
miumatebT gveqneba 
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sin2  + cos2  = 
2

0
2

0 














r

x

r

y
= 1,                                    (3.5)

bolo toloba piTagores Teoremis Tanaxmadaa dawerili (ixile (3.1));
 cxadia, rom nebismieri kuTxis sinusi da kosinusi 0 – sa da 1-s Soris 

Rebulobs mniSvnelobebs (formulebi (3.2) da (3.3) kaTeti yovelTvis naklebia 
hipotenuzaze!);

 tolfderda (“tolkaTeta”) marTkuTxa samkuTxedSi aramarTi kuTxeebis sinusi 
da kosinusi tolebia xolo taqngensi erTianis tolia; 

3.3 – polarul koordinatTa sistema sibrtyeze 

daubrundeT wertils sibrtyeze da SesaZleblobas misi aRwerisa ricxvTa 
wyvilebiT – koordinatebiT! 

dekartuli koordinatebis paralelurad SesaZlebelia mravali 
sakoordinato sistemis Semotana, magram Cven yuradRebas SevaCerebT “polarul
koordinatTa sistemaze”.
“polarul koordinatTa sistemis gansazRvrisaTvis . 

1. unda airCes “polusi” – saTave O;
2. “polaruli RerZi” – dadebiTi ricxvTa RerZi Op (masStabiTa da dadebiTi 

mimarTulebiT);
mocemuli wertilis Sesabamis ricxvTa wyvils – wertilis polaruli 
koordinatebi ewodeba; 

 wyvilis pirvel elements warmoadgens manZili polusidan 
wertilamde – “polaruli radiusi”; 

 wyvilis meore elements warmoadgens kuTxe polaruli RerZidan 
polussa da wertils Soris SemaerTebel monakveTamde –
“polaruli kuTxe”; kuTxe izomeba polapuli RerZidan saaTis isris 
moZraobis sawinaarmdego mimarTulebiT;

magaliTis saxiT Tu mocemulia wertili M maSin misi Sesabamisi polarul 

koordinatTa (r, ) wyvilis dasadgenad unda gaizomos |OM| = r manZili am 
wertilidan polusamde da es aris wyvilis pirveli elementi; Semdeg unda 

gaizomos  -kuTxe Op polarul RerZsa da OM monakveTs Soris (kuTxe izomeba 
polapuli RerZidan saaTis isris moZraobis sawinaarmdego mimarTulebiT) da es 
aris wyvilis meore elementi;  (ixile fig. 3.2);   

magaliTis saxiT Tu mocemulia wertilis (r, ) polaruli koordinatebi, 
maSin O  polusze unda aigos r radiusis wre da mere moizomos polaruli 

RerZidan kuTxe   (ixile fig. 3.2); 
cxadia, rom araviTar SemTxvevaSi ar SeiZleba wyvilSi adgilebis 

Senacvleba – wyvilis pirveli elementi izomeba sigrZis erTeulebSi, xolo 
meore kuTxis zomis erTeulebSi!]

agreTve cxadia, rom polaruli koordinatebis orive elementi dadebiTi 
ricxvia: pirveli – manzilia!; meore kuTxe – (00, 3600);  

Zalze mniSvnelovani sakiTxia rogor gavigoT dekartis koordinatebi Tu 
viciT polaruli koordinatebi? da piriqiT rogor gavigoT polaruli 
koordinatebi, Tu cnobilia dekartuli koordinatebi?  
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pasuxi dasmul orive SekiTxvaze piTagores Teoremasa (formula (3.1)) da (3.2)-(3.4) 
formulebSia!

1. cnobilia M wertilis dekartis koordinatebi (x0 , y0) maSin formula (3.1) dan 
ganisazRvreba polaruli radiusi, xolo (3.4) formulidan polaruli kuTxe

0

0

2
0

2
0

x

y
arctg

yxr






                                      (3.6)

radgan Tavidan nebismieri wertilia ganxiluli formula (3.6) samarTliania 
nebismieri wertilisaTvis! (ixile fig. 3.1).
2. cnobilia M wertilis polaruli koordinatebi (r, ) maSin formula (3.2) da 
(3.3) calsaxad gansazRvravs  dekartis koordinatebs 

x0 = r cos ,  y0 = rsin ; F                             (3.7)

magaliTebi: 

a.) Tu (3.7) formulaSi r mudmivi sididea da  cvladi,  maSin {(x0 , y0)}
wertilTa simravle aris r – radiusis mqone wre centriT koordinatTa 
saTaveSi:

b.) Tu (3.7) formulaSi  mudmivi sididea da r cvladi,  maSin {(x0 , y0)}
wertilTa simravle aris im sxivis wertilTa simravle, romelic 
kuTxiTaa daxrili polarul RerZTan.
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leqcia 4. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia 
4.1. - dekartis koordinatTa sistema sivceSi;
4.2 – cilindrul koordinatTa sistema;
4.3 sferul koordinatTa sistema.

4.1. - dekartis koordinatTa sistema sivceSi;
pirvel leqciaze motanili iqna ricxvis “geometriuli interpretacia”: 

“ricxvTa RerZi” – aris wrfe romelsac gaaCnia:
1.) “saTave” – aTvlis sawyisi – 0;

2.) “dadebiTi mimarTuleba” (0 – dan “tradiciulad marjvniv ,  an 

zeviT  ”) – saiTac ganTavsdeba dadebiT namdvil ricxveTa simravle 

(klasi R+ = R+  {x | x R da x > 0}); 
3.) “erTeulovani monakveTi” – “sazomi” – “masStabi”.

mesame leqcia mTlianad mieZRvna “wertili sibrtyeze”!
realobaSi saWiroa wertilis aRwera sivrceSi! 
wrfeze wertilis aRwera erTi ricxviTaa SesaZlebeli _ “ricxvTa RerZi” !
sibrtyeze wertilis aRwera “dalagebuli wyviliTaa” SesaZlebeli!
sivrceSi wertilis aRwera “dalagebuli sameuliTaa” (“triada”) SesaZlebeli”
pirvel leqciaze 1.1-Si motanili iqna ori A  da B simravlis dekartuli 

namravlis cneba - AXB = { (a,b) | a A da bB }.  Tu ganvixilavT iseT SemTxvevas 
rodesac A  simravle  sibrtyea (ixile leqcia 3.) da B simravle ricxvTa RerZia, 
maSin am ori simravlis dekartuli namravli mogvcems saSualebas aRvweroT 
sivrcis yoveli wertili anu 

R3  AXB = { (a,b) | a A da bB }{ (a,b, c) | a R,  bR da cR } 
martivad, rom vTqvaT davadoT sami ricxvTa RerZi erTmaneTs ise, rom 

davamTxvioT saTaveebi da am samma RerZma erTmaneTTan Seadginos marTi kuTxe 
ixile nax. 4.1
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mocemuli wertilis Sesabamis ricxvTa dalagebul sameuls – wertilis 
koordinatebi ewodeba; (magaliTi ixile nax. 4.1)

mocemuli wertilidan dauSvaT marTobi Sesabamisad OXY sibrtyis gadakveTamde
da Semdeg am wertilidan dauSvaT marTobebi OX  da OY RerZebis gadakveTamde. 
Fig. 4.1 mocemul naxazze  miRebul aRniSvnebSi: 

 OX, OY da OZ RerZebs koordinatTa RerZebi ewodeba;
 OXY, OYZ da OXZ  sakoordinato sibrtyeebia;
 M (x, y, z) - mocemuli wertilia;
 M’ (x, y) - mocemuli wertilis gegmilia OXY sibtrtyeze;
 |MM’| - manZili mocemili wertilidan Tavis gegmilamde OXY 

sibrtyeze;
 mocemuli wertilis “abscisa” -  x aris wertili OX ReZze, 

Sesabamisad gaaCnia ricxviTi mniSvneloba - |Ox| da niSani;
 mocemuli wertilis “ordinata” - y aris wertili OY ReZze, 

Sesabamisad gaaCnia ricxviTi mniSvneloba - |Oy| da niSani;
 mocemuli wertilis simaRle -  z aris wertili OZ ReZze, 

Sesabamisad gaaCnia ricxviTi mniSvneloba - |Oz|= |MM’| da niSani;
2. Fig. 4.1 –ze mocemuli M  wertilisaTvis x, y da z - dadebiTi ricxvebia;
3. wertilis ageba mocemuli (x, y, z)  triadiT,  piriqiTa algoriTmiT xdeba –

triadis pirveli ricxvi x datanil unda iyos OX ReZze da am wertilze 
gavlebul iqnas OY ReZis paraleluri wrfe; triadis meore ricxvi y
datanil unda iyos OY ReZze da am wertilze gavlebul iqnas OX ReZis 
paraleluri wrfe; gadakveTis wertili aris mocemuli wertilis OXY
sibrtyeze gegmilis Sesabamisi wertili M’ (x, y) da am wertilidan OZ
RerZis paralelur wrfeze gadaizomos z sidide – Sedegad miviRebT 
sivrceSi M (x, y, z) wertilis geometriul adgils; 

4. manZili koordinatTa saTavesa da mocemul wertils Soris martivad 
ganisazRvreba piTagores Teoremis Tanaxmad – wina leqciida gansxvavebiT 
es debuleba orjer zedized unda iqnes gamoyenebuli; Sesabamisad 
nebismieri wertilis koordinatebis kvadratebis jami tolia manZilisa am 
wertilsa da koordonatTa saTaves Soris; 

5. Sesabamisad, dauSvaT R aris manZili  mocemuli wertili M –dan O 
saTavemde (magaliTad   Fig. 4.1 –ze mocemulia wertili M (x, y, z), misi 
daSoreba saTavemde  |OM| = R da misi OXY sibrtyeze gegmili M’ (x, y,), 
Sesabamisad OM’x marTkuTxa samkuTxedSi hipotenuzaa OM’ = r , xolo 

OMM’ marTkuTxa samkuTxedSi hipotenuzaa OM = R ; Sesabamisad: 

|Ox| = |x| = |M’y| ;  | M’x | = |y0| = |Oy|  da | MM’ | = |z| = |Oz|  ;
piTagores Teoremis Tanaxmad  

|OM’|2 = |Ox0|
2 + | Mx0 |2  da |OM|2 = |OM’|2 + | MM’ |2; 

anu                       

r2 = |x|2  + |y|2                                        (4.1)  
da

R2 = |z|2  + r2            anu  R2 = |x|2  + |y|2 + |z|2  ;                                    (4.2)             

4.2 – cilindrul koordinatTa sistema
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daubrundeT wertils sivrceSi da SesaZleblobas misi aRwerisa ricxvTa 
triadis (koordinatebis) saSualebiT ! 

dekartuli marTkuTxa koordinatTa sistemis paralelurad SesaZlebelia 
mravali sakoordinato sistemis Semotana, magram Cven yuradRebas SevaCerebT 
“cilindrul da sferul koordinatTa sistemebze”.

“cilindrul koordinatTa sistemis gansazRvrisaTvis . 
1. “arCeulia” sibrtye da masze SemoRebulia polaruli koordinatTa 

sistema (ixile leqcia 3.2) anu 
 “polusi” – saTave O ;
 “polaruli RerZi” – dadebiTi ricxvTa RerZi Op (masStabiTa da 

dadebiTi mimarTulebiT);
2. arCeuli sibrtyis perpendikularulad (marTobulad) gavlebulia ricxvTa 

RerZi romlis saTave emTxveva “poluss”!
3. ganvixioloT SemTxveva rodesac dekartis marTkuTxa OXYZ sistemaTa 

koordinatebis sistema da cilindrul koordinatTa OpZ sistemis:
 saTaveebi emTxvevian O;
 OXY sibrtye  emTxveva “arCeul” sibrtyes;
 OX RerZi da Op polaruli RerZebi erTmaneTs emTxvevian; 
   OZ RerZi orive sistemas saerTo aqvT. (Fig. 4.2)

4. mocemulia wertili M (x, y, z),  maSin cxadia, rom misi OXY sibrtyeze 
gegmilia M’ (x, y).  gavixsenoT leqcia 3.2 SevniSnoT, rom M’ (x, y) wertilis 

polaruli koordinatebi (r, ),  (3.6) formulebiT ganisazRvrebian, anu 

zz
x

y
arctgyxr  ,,22  ;                     (4.3)

5. mocemulia wertili M( r,  , z),  maSin cxadia, rom misi OXY sibrtyeze 
gegmilia M’ (r, ).  gavixsenoT leqcia 3.2 SevniSnoT, rom M’ (r, ) wertilis 
dekartuli koordinatebi (x, y) (3.7) formulebiT ganisazRvrebian, anu

x = r cos ,  y = rsin , z = z; F                             (4.4)



4

magaliTebi: 

I. Tu (4.4) formulaSi r = const.  mudmivi sididea da  cvladi,  maSin wertilTa
{(x , y, z)} simravle aris r – radiusis mqone wris ganivi kveTis mqone 
cilindri (centriT koordinatTa saTaveSi) (Fig. 4.2 –ze ganivi kveTi r = |OM’|
radiusis wre, msaxveli MM’);

II. Tu (4.4) formulaSi  = const.  mudmivi sididea da r cvladi,  maSin {(x , y, z)}
wertilTa simravle aris im naxevarsibrtis wertilTa simravle, romelic 

adgens   kuTxes  OXZ dsnaxevarsibrtyesTan; (Fig. 4.2 –ze OM’M samkuTxedze 
moWimuli naxevarsibrtye , sazRvari OZ - RerZi);

III. Tu (4.4) formulaSi z = const.  mudmivi sididea,  maSin {(x , y, z)} wertilTa 
simravle aris im sibrtyis wertilTa simravle, romelic gadis M  
wertilze da OXZ sibrtyis paraleluria;

4.3 sferul koordinatTa sistema
“sferul koordinatTa sistemis gansazRvrisaTvis . rogorc wina SemTxvevaSi

1. “arCeulia” sibrtye da masze SemoRebulia polaruli koordinatTa sistema: 
“polusi” – saTave O da “polaruli RerZi” – dadebiTi ricxvTa RerZi Op; 

2. arCeuli sibrtyis perpendikularulad (marTobulad) gavlebulia ricxvTa 
RerZi OZ, romlis saTave emTxveva “poluss”!
dekartis marTkuTxa OXYZ sistemaTa koordinatebis sistema da sferul 
koordinatTa sistemis (aRniSvnebi da grafikuli suraTi, simartivisaTvis ixile 
mag. Fig. 4.3 -ze) :

 saTaveebi emTxvevian O;
 OXY sibrtye  emTxveva “arCeul” sibrtyes;
 OX RerZi da Op polaruli RerZebi erTmaneTs emTxvevian; 
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 R = |OM|  - sferuli radiusia (manZili wertilidan saTavemde 
sivrceSi;

 r = |OM’|  - polaruli radiusia (manZili M (x, y, z)  wertilis OXY
sibrtyeze M’ (x, y) gegmilidan saTavemde;

   - polaruli kuTxe  (“grZedi”) - Op polaruli RerZsa da OM’  
gegmilis radiusveqtors Soris;

  - kuTxe - OZ  RerZsa da OM   - sferuli radiuss Soris;

 “geografiuli ganedi”        


2
-  kuTxe OXY sibrtyesa da OM 

sferuli radiuss Soris;
 marTkuTxa samkuTxed OMM’ – Si kuTxe 

M’MO =   da MO M’ =      


2
;               (4.5)

6. mocemulia wertili M (R,  ,  ),  maSin cxadia, rom misi OXY sibrtyeze 
gegmilia M’ (r, ) da samkuTxedi OMM’-Si (4.1), (4.2) da (4.5) Tanadobebis 
Tanaxmad 

x = r cossin,  y = r sinsin,  z = rcos;               F(4.6)
an “geografiul koordinatebSi”

x = r coscos  ,  y = r sincos ,  z = rsin  ;            (4.6*)       
7. mocemulia wertili M (x, y, z),  maSin cxadia, rom misi OXY sibrtyeze 
gegmilia M’ (x, y).  Sesabamisad (4.1), (4.2), (4.3) da (4.5) Tanadobebis Tanaxmad

wertilis sferuli (R, ,    )  koordinatebi Semdegi formulebiT 
ganisazRvrebian:          

22

222 ,,
yx

z
arctg

x

y
arctgzyxR


  ;         F(4.7)

magaliTebi:

 Tu sferul koordinatTa sistemaSi R = const. mudmivia da ,  - cvladebi, 
maSin wertilTa {(x , y, z)} - simravle aris mudmivi radiusis sferuli 
zedapiri. Sesabamisad am sakoordinato sistemas udidesi praqtikuli 
gamoyeneba hqondaT da aqvT geografiaSi! pirvel miaxloebaSi dedamiwa 

sferoa da misi radiusi  fiqsirebulia (R   6400 km.) cvladebi  -

ganedebi da  - grZedebi. (ixile leqcia 1.1. p.).

 Tu sferul koordinatTa sistemaSi R da   mudmivi sidideebia da icvleba 

mxolod , maSin wertilTa {(x , y, z)} - simravle aris - grZedi, (marTlac, 

rodesac vambobT “grivniCis meridiani” – vafiqsirebT, rom  = 0;

 Tu sferul koordinatTa sistemaSi R da   mudmivi sidideebia da icvleba 

mxolod , maSin wertilTa {(x , y, z)} - simravle aris - ganedi, (marTlac, 

rodesac vambobT: “ekvatori” – vafiqsirebT, rom  = 0, an “samxreT 

polusi”  = - 900 ;
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leqcia 5. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
5.0. skalaruli sidideebi;
5.1. veqtoruli sidideebi;
5.2. moqmedebebi veqtorebze;

5.0. – skalaruli sidideebi;
skalarulia sidide, Tu misi sidide xasiaTdeba mxolod misi ricxviTi

mniSvnelobiT. skalarebi laTinuri asoebiT aRiniSnebian.
skalaruli sidideebis magaliTebia: temperatura, wneva, asaki, sigrZe, 

farTobi, moculoba, masa, tenianoba da mravali sxva. 
moqmedebebi skalarebze igivea rac moqmedebebi ricxviT sidideebze. 
skalaruli sidide sivrceSi “mibmulia” wertilze, romelic moicema 

dekartuli koordinatebiT M(x,y,z,) .
sivrceSi or M(x,y,z,) da M1(x1,y1,z1,) wertils Soris manZili ganisazRvreba 
formuliT

     2
1

2
1

2
111 zzyyxxMMMM               (5.0)

5.1.  -  veqtoruli sidideebi
veqtori – mimarTuli monakveTi, romlis erT bolos sawyisi, xolo meores 

bolo ewodeba. veqtorebi laTinuri asoebis wyvilebiT aRiniSnebian AB an AB , 
Tanac pirveli aso A - sawyisia  da meore B – bolo. xSirad veqtorebi erTi 
laTinuri asoTi aRiniSnebian a, b, A, B.  

veqtoruli sidide xasiTdeba 
1. arauaryofiTi ricxviTi sididiT (sigrZe an veqtoris moduli) |AB|;
2. mimarTulebiT, veqtori mimarTulia A wertilidan B  wertilisaken.

 erTeulovania veqtori, Tu misi sigrZe erTianis tolia;
 nulovani veqtoris sigrZe nulia da mas mimarTulebac ar gaaCnia;
 ori veqtori tolia Tu paraleluri gadatanis Sedegad isini erTmaneTs 

emTxvevian;
 ori veqtori tolia Tu maTi modulebi da mimarTulebebi emTxvevian; -

maSin maT Tavisufali veqtorebi ewodebaT;  
 veqtorebi, romlebic erTi veqtoridan wrfis gaswvriv paraleluri 

gadatanis Sedegad miiRebian – mosriale veqtorebi ewodebaT;
 Tu veqtoris gadatana fizikuri mosazrebis gamo dauSvebelia (veqtors 

gaaCnia modebis wertili) maSin mas dabmul veqtors uwodeben.
 dekartis marTkuTxa koordinatTa sistemaSi miRebulia , rom erTeulovani 

veqtorebi, romlebic RerZebis gaswvriv arian ganTavsebulni ZiriTadi 
“mgezavebi” an “ortebi” ewodebaT

i  e1= (1,0,0,) OX,         j  e2= (0,1,0,) OY,            k  e3= (0,0,1,) OZ;             (5.1)
 ( e1; e2; e3 ) - sisitemas marjvena sistema hqvia; ( e1; e2; - e3 ) marcxena sistemaa 

(ixile fig.5.2);
marjvena da marcxena sistemebi mecnierebaSi warmoiSveba SeTanxmebis safuZvelze! 
Semdgom yvela veqtoruli sidide am SeTanxmebis Sedegad ganisazRvreba!
magaliTisaTvis: ganvixiloT fig. 5.1-ze gamosaxuli M wertilis koordinatebi (x, 
y, z) da maSin veqtori OM ganmartebis Tanaxmad  Caiwereba Semdegi (0,0,0; x,y,z)
saxiT.
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SeTanxmeba: rodesac veqtori koordinatTa saTaveSia “modebuli” maSin 
iwereba mwolod “wveros” koordinatebi , anu SeTanxmebis Tanaxmad veqtori 
OM = (x, y, z). amas garkveuli gamarTlebac aqvs da axsnac! sferul 
koordinatebSi OM radiusveqtoria, anu  M  wertilis dekartuli 
koordinatebia (x, y, z), anu radiusveqtoris wveros koordinatebi (4.7).

5.2. – moqmedebebi veqtorebze

1. veqtoris ricxvze gamravleba  AB.
AB veqtoris namravli  ricxvze -  AB aris veqtori, romlis:

 sigrZe – aris | AB| = || | AB|;
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 mimarTuleba emTxveva AB veqtoris mimarTulebas, Tu ricxvi dadebiTia 

>0 da aris AB veqtoris mimarTulebis sawinaaRmdego, Tu ricxvi 

uaryofiTia <0.
magaliTisaTvis: ganvixiloT fig. 5.1-ze gamosaxuli OM veqtoris koordinatebi 
(x, y, z) da maT SesaZloa TiToeuls SevxedoT rogorc veqtors, anu 
mocemulia sami veqtori:

;,, 321 ezzOzeyyOyexxOx


                (5.2)

Senisvna: AB veqtoris sapirispiro veqtoria –AB. 
2. veqtorebis jami AB  + CD.
AB da CD veqtorebis jami aris veqtori AD, romelic miiReba e.w. 
paralelogramis diagonalis saxiT (ixile Fig.5.3). aseve ganmartebis Tanaxmad 
CD da AB veqtorebis jami aris veqtori CB (ixile Fig.5.3 – ciferi nawili), 
amitom cxadia, rom zogadad (kerZo SemTxveva ixile Fig.5.3)

CB = CD + AB =  AB  + CD = AD                                                     (5.3)

magaliTisaTvis: ganvixiloT fig. 5.1-ze gamosaxuli OM’ veqtori. is 
ganmartebis Tanaxmad warmoadgens  Ox da Oy veqtorebis jams; xolo OM
veqtori warmoadgens  Oz da OM’ veqtorebis jams. aqedan gamomdinare 
samarTliania warmodgena 

kzjyixezeyexzyxOzMOOM


 321 .        (5.4)

warmodgena (5.4) kidev erTi gamarTlebaa, rom radiusveqtori OM Caiweros 
mxolod wveros koordinatebiT.
warmodgena (5.4)-ze dayrdnobiT samarTliania, rom Tu:

kzjyixAB


111      da    kzjyixCD


222               (5.5)

maSin maTi jami

     kzzjyyixxCDAB


212121  ,                  (5.6) 

xolo maTi sxvaoba warmodgeba, rogorc CD –s sapirispiro veqtorTan jami: 

            kzzjyyixxCDAB


212121  .                 (5.7) 
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3. veqtorebis skalaruli namravli (AB,CD). 
AB da CD veqtorebis skalaruli namravli aris ricxvi (skalari) 

(AB,CD) = |AB||CD|cos ,                                                        (5.8)

sadac |AB| da |CD| veqtorebis sigrZeebia da  - maTSoris mdebare kuTxe. 
dekartis marTkuTxa koordinatTa sistemaSi, rodesac veqtorebi moicema (5.5) 
TanadobiT, maSin skalaruli namravli aris

  212121, zzyyxxCDAB  .                     (5.9) 

warmodgena (5.9)-ze dayrdnobiT, martivad davinaxavT, rom skalaruli 
namravli komutatiuria, anu 

   ABCDCDAB ,,  .                                   (5.10)

SeniSvna: Tu ori aranulovani veqtoris skalaruli namravli nulis tolia 
e.i. es veqtorebi urTierTmarTobulebi, anu “orTogonalurebi” arian!
magaliTebi: 1. gamoTvaleT sabaziso veqtorebis skalaruli namravli da 
SeavseT cxrili

(en,em)
e1

e2

e3

4. veqtorebis veqtoruli namravli AB X CD. 
AB da CD veqtorebis veqtoruli namravli AB X CD aris veqtori romlis:

1. sigrZe aris

|ABXCD| = |AB||CD|sin ,                                                        (5.11)
am or veqtorze moWimuli paralelogramis farTobi (ixile Fig.5.4) ;
2. AB,  CD da AB X CD veqtorebis sameulma unda Seadginos marTkuTxa 

marjvena sistema.

MA
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magaliTad:  Fig.5.4 –ze mocemuli AB,  CD da AB X CD veqtorebis sameuli 
adgens marjvena sistemas, rodesac AB X CD mimarTulia CM veqtoris gaswvriv, 
xolo misi sigrZe daStrixuli paralelogramis farTobis tolia!
cxadia, rom 

AB X CD   CD X AB ,                                                          (5.12)
es ori veqtori sigrZiT tolebi arian da maT urTierTsawinaaRmdego 
mimarTuleba aqvT (mag. Fig.5.4 –ze mocemuli SemTxvevisaTvis AB X CD 
mimarTulia CM veqtoris gaswvriv, xolo CD X AB  - AN veqtoris gaswvriv )! 
rodesac veqtorebi moicema (5.5) TanadobiT, maSin veqtoruli namravli aris 
veqtori

     kyxyxjzxzxizyzyCDAB


122121121221  .          (5.13) 

am formulis damaxsovreba mosaxerxebelia rogorc matrici 3X3 
dewterminantis gamosaTvleli formula (6.7) 

     kyxyxjzxzxizyzy

zyx

zyx

kji

CDAB




122121121221

222

111det 
















 (5.14)

(5.13) da (5.14)-ze dayrdnobiT naTelia (5.12), rom veqtoruli namravli 
arakomutatiuria anu

ABCDCDAB  .
SeniSvna: Tu ori aranulovani veqtoris veqtoruli namravli nulis tolia 
e.i. es veqtorebi paralelurebi (“kolinearulebi”, anu  erT wrfeze 
ganTavsebulebi,) arian!
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leqcia 6. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
6.0. – matricebi;
6.1 moqmedebebi matricebze;
6.2 y=f(x) funqciebi da maTi zogierTi elementaruli Tviseba

6.0. – matricebi;
matrici – marTkuTxa cxrili, romlis elementebi SeiZleba iyos 

skalarebi, veqtorebi an TviT matricebic. matrici zogadad moicema, rogorc























mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa











321

3333231

2232221

1131211

.                               (6.0)

warmodgenil matrics m – striqoni da n -sveti aqvs, m da n nebismieri 
naturaluri ricxvebia. rodesac m=n, matrics kvadratuli (mxm)-ze matrici 

ewodeba. aij – matricis elementebia da qveda indeqsebidan pirveli i – aRniSnavs 
striqonis nomers, xolo meore j- svetis nomeria. xSirad matrics (6.0) 
warmodgenis magivrad Caweren, rogorc 

(aij) , i=1,…m; j=1,…,n.                                          (6.1)

rogorc zemoT avRniSneT matricis aij – elementebi nebismieri bunebis sidideebi 
(TviT maticebic) SeiZleba iyos.
Cven ZiriTadad ganvixilavT (2x2)-ze da (3x3)-ze matricebs da maT ZiriTad 
Tvisebebs. 

matricis aii  elementebs, elementebs romelTa indeqsebi erTnairi ricxvebia–
mTavari diagonalis elementebi ewodeba. 

 erTeulovania matrici, Tu misi mTavari diagonalis elementebi 
erTianebia, xolo danarCeni elementebi nulebi; 























1000

0100

0010

0001











                              (6.2)

 nulovania matrici, Tu misi yvela elementi nulia;























0000

0000

0000

0000











                              (6.3)

 ori (aij) da (bij) matrici tolia, Tu maTi yvela Sesabamisi elementi (anu aij

= bij yvela i=1,…m; j=1,…,n – isaTvis);
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6.1 moqmedebebi matricebze

1. matricis ricxvze gamravleba  (aij).
Aris matrici romlis yvela element gamravlebulia am ricxvze

          























mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa











321

3333231

2232221

1131211

= 























mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa

















321

3333231

2232221

1131211

         (6.4)

SeniSvna: matricis gamravleba nolze gvaZlevs nulovan matrics.

2. ori matricis jami – aris matrici romlis elementebi Sesakrebi matricebis 
Sesabamisi elementebis jams warmoadgenen

(aij) + (bij) = (aij + bij), anu























mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa











321

3333231

2232221

1131211

   +    























mnmmm

n

n

n

bbbb

bbbb
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3. (2x2) da (3x3) matricebis determinantebi.
(2x2)-ze matricis determinanti gamoiTvleba Semdegi formuliT
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  ;               (6.6)

(3x3)-ze matricis determinanti gamoiTvleba Semdegi formuliT
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yviTeli foniT mocemulia sqema romelic amartivebs formulis damaxsovrebas, 
cisferi xazebiT SeerTebulia determinantis dadebiTi wevrebi , xolo wiTeli 
xazebiT uaryofiTi wevrebi.
determinanti – matricis ricxviTi maxasiaTebelia! 

6.2 y=f(x) funqciebi da maTi zogierTi elementaruli Tviseba
leqcia 2 – mTlianad mieZRvna zogadad funqciis ganmartebasa da misi mocemis 
sxvadasxva xerxs. 

funqcia monotonurad zrdadia romelime intervalze – Tu x argumentis 
did mniSvnelobas am intervalSi  y – funqciis didi mniSvneloba Seesabameba anu 

rodesac x1 > x2   Sesabamisad f(x1)=y1  f(x2)=y2  (mag. ixile nax.6.1 wiTeli grafikebi).
funqcia monotonurad klebadia romelime intervalze – Tu x argumentis 

did mniSvnelobas am intervalSi y – funqciis mcire mniSvneloba Seesabameba anu ( 

x1 > x2   Sesabamisad f(x1) =y1   f(x2)) =y2  (mag. ixile nax.6.1 cisferi grafikebi).

funqcia luwia – Tu f(-x) =  f(x) (sarkulad simetriulia oordinatTa 
RerZis mimarT; magaliTi ixile nax. 6.2 )         
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funqcia kentia – Tu f(-x) = - f(x) (simetriulia koordinatTa saTavis mimarT
magaliTi ixile nax. 6.3 ) 

        

polinomialuri funqciebi Pn (x)
meorenairad aseT funqciebs mTel racoinalur fuqciebsac uwodeben. zogadad 
aseTi funqciebis saxea

y = Pn (x) A0 + A1x +A2x
2 +. . . + Anxn  =  



n

i

i
i xA

1

,                     (6.8)

sadac Ai - koeficientebi  namdvili ricxvebia, x - cvladi sididea,  n - polinomis 
rigia. 
skolis kursSi ganxilulia polinomialuri funqciis ori magaliTi:

a). n = 1 – wrfivi funqcia  y = P1 (x) A0 + A1x (grafiki wrfe,  A1 - daxris kuTxis 

tangensi da A0 - Tavisufali wevri; ixile nax. 6.4 );
b). n = 2 – kvadratuli funqcia  y = P2 (x) A0 + A1x +A2x

2(grafiki parabola,  

ixile nax. 6.4 am magaliTSi A2 < 0 da D  - diskriminanti dadebiTia);
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zogadi racoinaluri fuqciebi  R(x)
zogadad aseTi funqciebis saxea

   
  m

m

n
n
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j
j

n

i

i
i

m

n

xBxBB

xAxAA

xB

xA

xP

xP
xRy


















10

10

1

1 ,                (6.9)

sadac Ai   da Bj - koeficientebi  namdvili ricxvebia, x - cvladi sididea, es 
funqciebi gansazRvrulni arian yvelgan sadac mniSvneli gansxvavebulia 
nulisagan. 

aseTi saxis funqciebis umartivesi magaliTebia: 
x

1
da 

2

1

x

specialuri saxis   n xR “algebruli funqciebi”

n – uri xarisxis fesvi racionaluri funqciidan – gansazRvris area argumentis 
is mniSvnelobebi, rodesac racionaluri funqcia arauaryofiTia, Tu  n - luwia !

trigonometriuli funqciebi

y = sin x ,   cos x – gansazRvrulni arian argumentis nebismieri mniSvnelobisaTvis, 
tg x - gansazRvrulia x  argumentis nebismieri mniSvnelobisaTvis garda x =k + /2, 
kZ;
ctg x - gansazRvrulia x argumentis nebismieri mniSvnelobisaTvis garda x =k, kZ. 

maCvenebliani da logariTmuli funqciebi
y = ax – maCvenebliani funqcia, (a > 0) fuZiT - gansazRvrulia x  argumentis 
nebismieri mniSvnelobisaTvis;
y = logax  -   logariTmuli funqcia, (a > 0)  fuZiT - gansazRvrulia argumentis 
nebismieri dadebiTi x >0  mniSvnelobisaTvis.
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leqcia 7. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
7.0  mimdevrobebi;
7.1  mimdevrobis zRvari;
7.2  zogadi ganmarteba da moqmedebebi zRvrebze.

7.0 – mimdevrobebi

funqciebs romlTa argumenti naturaluri ricxvebia mimdevrobebi 
ewodebaT. Tu SesaZlebelia mimdevrobis nebismieri wevris erTi gamosaxulebiT 
mocema, maSin am gamosaxulebas zogadi wevris formula ewodeba da es midevroba 

SeiZleba Caweril iqnas rogorc {an}. mimdevrobebis klasikuri magaliTebia:
 pirveli n naturaluri ricxvis jami, anu

f(n) = 1+2+3+. . . + n  = n(n+1)/2 ;                                    (7.1)
 pirveli n naturaluri ricxvis kvadratebis jami, anu

f(n) = 12 + 22 + 32 +. . . + n2  ;                                       (7.2)
 pirveli n naturaluri ricxvis namravli - faqtoriali, anu

f(n) = 1·2·3·. . . · n  = n!  ;                                        (7.3)
 binomialuri koeficientebi (k mumivia n cvladi)

         
   
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!
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knk

n
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n
C n

k


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







  ;                        (7.4)

 fibonaCis mimdevroba

f(n) = f(n-1) + f(n-2)  ;                                                 (7.5)
 ariTmetikuli progresiis zogadi wevri (mimdevrobis yoveli wevri 

tolia wina wevrs damatebuli d - mudmivi – “progresiis sxvaoba”)

an  an-1 +d = a1 +(n -1)d                                                (7.6)
da pirveli n wevris jami

 
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i
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


 
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1
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;                              (7.7)

 geometriuli progresiis zogadi wevri (mimdevrobis yoveli wevri tolia 

wina wevri gamravlebuli q - mudmivze )

bn  bn-1 x q = b1 x q(n-1);                                                (7.8)
da pirveli n wevris jami
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i

i
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i
in  ;                  (7.9)

7.1 – mimdevrobis zRvari
antikur xanidan moyolebuli adamiani xvdeboda, rom yvelaze did ricxvs 

ver daasaxelebda! yovelTvis SeiZleba erTiT meti ricxvis dasaxeleba! amitom 
sxvadasxva dros gaCnda terminebi uTvalavi da usasrulod didi ricxvi! 

Semotanili iqna aRniSvna -  (xazs usvamT im garemoebas, rom araviTar 

SemTxvevaSi es ricxvi ar aris!) . 

1. Tu davakvirdebiT mimdevrobas  
n

nFan

1
 , SevamCnevT , rom n

argumentis gazrdasTan erTad mcirdeba funqciis mniSvneloba an da is 
uaxlovdeba 0-s, magram nuli arasodes ar gaxdeba - “miiswrafis nolisaken” !
maTematikurad es Caiwereba Semdegnairad

0lim 
 n

n
a                                        (7.10)
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anu (lim) zRvari an mimdevrobisa, rodesac n miiswrafis usasrulobisaken nulis 
tolia!

2.
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mimdevrobebis Seswavla gvarwmunebs, rom

mimdevrobis zRvari SeiZleba iyos nebismieri naturaluri ricxvi. am konkretul 
SemTxvevaSi, radgan samarTliania Semdegi igiveobebi
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(7.10) –s  Tanaxmad miiswrafian nolisaken da Sesabamisad 

1
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.               (7.11)

anu (lim) zRvari an mimdevrobisa, rodesac n miiswrafis usasrulobisaken 
erTianis tolia!

3. mimdevrobisaTvis, romlis zogadi wevria n
n pa  , sadac 

p - nebismieri dadebiTi mudmivi sididea, damtkicebulia, rom 1lim 
 n

n
a .

4. ramodenime SemTxvevas moicavs magaliTi, romelSic ganvixilulia

midevroba, romlis zogadi wevria an = n
, sadac  - mudmivi sididea: 

 Tu  0 <  < 1 -  maSin      0lim 
 n

n
a ;

 Tu  -1 <  < 0 -  maSin     0lim 


n

n
 ;

 Tu   = 0     -     maSin      0lim 


n

n
 ;

 Tu   = 1     -     maSin      1lim 


n

n
 ;

 Tu   = - 1   -      maSin     n

n



lim (zRvari) ar arsebobs,

radgan yoveli luwi nomris mqone wevri a2n = +1 da kenti nomris mqone wevri 

a2n+1 = –1 , xolo 1lim 


n

n
 ;

 Tu  || > 1  -      maSin    


n

n
lim ; 

mimdevroba ganSladia(kidev erTxel aRvniSnavT, rom araviTar SemTxvevaSi  -
ricxvi ar aris!.)

ganxiluli SemTxvevis analizi uCvenebs, rom Tu geometriuli progresiis 
0 < q < 1,  maSin SeiZleba aseTi geometriuli progresiis “yvela” wevri Seikribos 
anu (7.9) formuli Tanaxmad 

qq

q
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n
n

n 
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 1

1

1

1
limlim .                            (7.12)

5. mniSvnelovani magaliTebi:

 ;1lim 


n

n
n

 ;01lim 


nn
n
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7.2 zogadi ganmarteba da moqmedebebi zRvrebze

dauSvaT mocemulia ricxvTa usasrulo mimdevroba {an}. Tu arsebobs 
iseTi ricxvi G , rom G ricxvis nebismier, ragind mcire midamoSi, ganlagebulia 

mimdevrobis TiTqmis yvela an ricxvi, garda sasruli raodenobisa, maSin 

vityviT, rom G ricxvi aris {an} mimdevrobis zRvari da davwerT 

Gan
n




lim   

anda vityviT, rom mimdevroba krebadia G- sken!
xandaxan ufro mosaxerxebelia gansazRvrebis ufro maTematikuri formulireba:

Tu nebismieri  (ragind mcire)  > 0 ricxvisaTvis, arsebobs iseTi nomeri N=N() 
(zogad SemTxvevaSi damokidebuli - dan), rom rodesac n>N maSin | G - an| < .
Tu mimdevrobas zRvari ar aqvs, vityviT, rom mimdevroba ar aris krebadi an 
mimdevroba ganSladia.
moqmedebebi zRvrebze:

dauSvaT mocemulia ori krebadi {an} da {bn} mimdevroba, Sesabamisad 

Aan
n




lim xolo Bbn
n


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lim . aseT SemTxvevaSi adgili aqvs Semdeg faqtebs: 

 mimdevroba, romlis zogadi wevria cn = an + bn , krebadia da Sesabamisad  
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 mimdevroba, romlis zogadi wevria cn = an · bn , krebadia da Sesabamisad
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 mimdevroba, romlis zogadi wevria 
n

n
n b

a
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gansxvavebulia nulisagan, krebadia da Sesabamisad  
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(7.13 – 15) Tanadobebi uCveneben, rom SesaZlebelia jer zRvarze gadasvla da mere 
ariTmetikuli operaciis Catareba da piriqiT!
A
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leqcia 7. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
7.0  mimdevrobebi;
7.1  mimdevrobis zRvari;
7.2  zogadi ganmarteba da moqmedebebi zRvrebze.

7.0 – mimdevrobebi

funqciebs romlTa argumenti naturaluri ricxvebia mimdevrobebi 
ewodebaT. Tu SesaZlebelia mimdevrobis nebismieri wevris erTi gamosaxulebiT 
mocema, maSin am gamosaxulebas zogadi wevris formula ewodeba da es midevroba 

SeiZleba Caweril iqnas rogorc {an}. mimdevrobebis klasikuri magaliTebia:
 pirveli n naturaluri ricxvis jami, anu

f(n) = 1+2+3+. . . + n  = n(n+1)/2 ;                                    (7.1)
 pirveli n naturaluri ricxvis kvadratebis jami, anu

f(n) = 12 + 22 + 32 +. . . + n2  ;                                       (7.2)
 pirveli n naturaluri ricxvis namravli - faqtoriali, anu

f(n) = 1·2·3·. . . · n  = n!  ;                                        (7.3)
 binomialuri koeficientebi (k mumivia n cvladi)

         
   

!

11

!!

!

k

knnn

knk

n

k

n
C n

k

















  ;                        (7.4)

 fibonaCis mimdevroba

f(n) = f(n-1) + f(n-2)  ;                                                 (7.5)
 ariTmetikuli progresiis zogadi wevri (mimdevrobis yoveli wevri 

tolia wina wevrs damatebuli d - mudmivi – “progresiis sxvaoba”)

an  an-1 +d = a1 +(n -1)d                                                (7.6)
da pirveli n wevris jami
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 geometriuli progresiis zogadi wevri (mimdevrobis yoveli wevri tolia 

wina wevri gamravlebuli q - mudmivze )

bn  bn-1 x q = b1 x q(n-1);                                                (7.8)
da pirveli n wevris jami
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7.1 – mimdevrobis zRvari
antikur xanidan moyolebuli adamiani xvdeboda, rom yvelaze did ricxvs 

ver daasaxelebda! yovelTvis SeiZleba erTiT meti ricxvis dasaxeleba! amitom 
sxvadasxva dros gaCnda terminebi uTvalavi da usasrulod didi ricxvi! 

Semotanili iqna aRniSvna -  (xazs usvamT im garemoebas, rom araviTar 

SemTxvevaSi es ricxvi ar aris!) . 

1. Tu davakvirdebiT mimdevrobas  
n

nFan
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 , SevamCnevT , rom n

argumentis gazrdasTan erTad mcirdeba funqciis mniSvneloba an da is 
uaxlovdeba 0-s, magram nuli arasodes ar gaxdeba - “miiswrafis nolisaken” !
maTematikurad es Caiwereba Semdegnairad
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anu (lim) zRvari an mimdevrobisa, rodesac n miiswrafis usasrulobisaken nulis 
tolia!

2.








1n

n
, 












1

1
2

2

nn

n
mimdevrobebis Seswavla gvarwmunebs, rom

mimdevrobis zRvari SeiZleba iyos nebismieri naturaluri ricxvi. am konkretul 
SemTxvevaSi, radgan samarTliania Semdegi igiveobebi

1

1
1

1 





nn

n
an   da   

1

2
1

1

1
22

2










nn

n

nn

n
an ,

naTelia, rom nomris zrdasTan erTad  
1

1

n
da 

1

2
2 

nn

n
gamosaxulebebi 
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anu (lim) zRvari an mimdevrobisa, rodesac n miiswrafis usasrulobisaken 
erTianis tolia!

3. mimdevrobisaTvis, romlis zogadi wevria n
n pa  , sadac 

p - nebismieri dadebiTi mudmivi sididea, damtkicebulia, rom 1lim 
 n

n
a .

4. ramodenime SemTxvevas moicavs magaliTi, romelSic ganvixilulia

midevroba, romlis zogadi wevria an = n
, sadac  - mudmivi sididea: 

 Tu  0 <  < 1 -  maSin      0lim 
 n

n
a ;

 Tu  -1 <  < 0 -  maSin     0lim 


n

n
 ;

 Tu   = 0     -     maSin      0lim 


n

n
 ;

 Tu   = 1     -     maSin      1lim 


n

n
 ;

 Tu   = - 1   -      maSin     n

n



lim (zRvari) ar arsebobs,

radgan yoveli luwi nomris mqone wevri a2n = +1 da kenti nomris mqone wevri 

a2n+1 = –1 , xolo 1lim 


n

n
 ;

 Tu  || > 1  -      maSin    


n

n
lim ; 

mimdevroba ganSladia(kidev erTxel aRvniSnavT, rom araviTar SemTxvevaSi  -
ricxvi ar aris!.)

ganxiluli SemTxvevis analizi uCvenebs, rom Tu geometriuli progresiis 
0 < q < 1,  maSin SeiZleba aseTi geometriuli progresiis “yvela” wevri Seikribos 
anu (7.9) formuli Tanaxmad 

qq

q
SS

n

n
n

n 






 1

1

1

1
limlim .                            (7.12)

5. mniSvnelovani magaliTebi:

 ;1lim 


n

n
n

 ;01lim 


nn
n
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 e
n

n

n







 



1
1lim    da  ;

!

1

!2

1

!1

1
1lim e

nn







 




 .0
2

lim 
 nn

n

7.2 zogadi ganmarteba da moqmedebebi zRvrebze

dauSvaT mocemulia ricxvTa usasrulo mimdevroba {an}. Tu arsebobs 
iseTi ricxvi G , rom G ricxvis nebismier, ragind mcire midamoSi, ganlagebulia 

mimdevrobis TiTqmis yvela an ricxvi, garda sasruli raodenobisa, maSin 

vityviT, rom G ricxvi aris {an} mimdevrobis zRvari da davwerT 

Gan
n




lim   

anda vityviT, rom mimdevroba krebadia G- sken!
xandaxan ufro mosaxerxebelia gansazRvrebis ufro maTematikuri formulireba:

Tu nebismieri  (ragind mcire)  > 0 ricxvisaTvis, arsebobs iseTi nomeri N=N() 
(zogad SemTxvevaSi damokidebuli - dan), rom rodesac n>N maSin | G - an| < .
Tu mimdevrobas zRvari ar aqvs, vityviT, rom mimdevroba ar aris krebadi an 
mimdevroba ganSladia.
moqmedebebi zRvrebze:

dauSvaT mocemulia ori krebadi {an} da {bn} mimdevroba, Sesabamisad 

Aan
n




lim xolo Bbn
n




lim . aseT SemTxvevaSi adgili aqvs Semdeg faqtebs: 

 mimdevroba, romlis zogadi wevria cn = an + bn , krebadia da Sesabamisad  

  BAbabac n
n

n
n

nn
n

n
n




limlimlimlim .                              (7.13)

 mimdevroba, romlis zogadi wevria cn = an · bn , krebadia da Sesabamisad

  BAbabac n
n

n
n

nn
n

n
n




limlimlimlim .                              (7.14)

 mimdevroba, romlis zogadi wevria 
n

n
n b

a
c  xolo 0lim 


Bbn

n

gansxvavebulia nulisagan, krebadia da Sesabamisad  

B

A

b

a

b

a
c

n
n

n
n

n

n

n
n

n















 lim

lim
limlim .                                             (7.15)

(7.13 – 15) Tanadobebi uCveneben, rom SesaZlebelia jer zRvarze gadasvla da mere 
ariTmetikuli operaciis Catareba da piriqiT!
A
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leqcia 8. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
8.0 – funqciis zRvari;
8.1 – uwyvetoba;
8.2. uwyveti funqciis zogierTi Tviseba;

8.0 – funqciis zRvari

aqmde Cven ganvixilavdiT funqciebs romlTa argumenti naturaluri 
ricxvebia da Sesabamisad maT yofaqcevas, rodsesac argumenti “usasrulod 
izrdeba”. am leqciaSi ganixileba zRvris cneba, romelic warmoiSveba iseT 
SemTxvevaSi, rodesac argumenti nebismieri namdvili ricxvia – “uwyveti 
argumenti”.  

eqvivalenturia gamonaTqvamebi (Canawerebi):

 x1, x2, x3, x4, x5, x6, . . . , xn, ... mimdevroba miiswrafis x0 –saken;

 0lim xxn
n




; 

 xn wertilebis mimdevroba krebadia x0  wertilSi;

 0xx
nn    ;

 0xxn  .

ganvixiloT SemTxveva rodesac 0xxn  - Sesabamisad funqcia f(x) –

„warmoSobs“ f(x1), f(x2), f(x3), f(x4), f(x5), f(x6),…, f(xn), ...  mimdevrobas, romelic rogorc 
mimdevroba SeiZleba iyos krebadi da SeiZleba iyos ganSladi (magaliTad nax. 8.1, 
mimdevroba krebadia)!

gansazRvreba (heine). vityviT, rom G aris f(x) funqciis zRvari, rodesac 
argumenti x miiswrafis x0 -isaken da davwerT 

  Gxf
xx


 0

lim                                     (8.1)

maSin rodesac  nebismieri x0 –saken krebadi {xn}  mimdevrobis 
( 0lim xxn

n



) Sesabamisi {f(xn)} mimdevrobis zRvaria G , anu   Gxf n

n



lim . 

gansazRvreba (koSi). Tu  nebismieri  > 0 dadebiTi ricxvisaTvis arsebobs 

iseTi  > 0  dadebiTi ricxvi (sazogadod damokidebuli -ze ), rom rodesac 

|x – x0|<  (cvladi x aris x0 argumentis  midamoSi) maSin | f(x) – G|<  aseT 
SemTxvevaSi vityviT, rom G aris f(x) funqciis zRvari, rodesac argumenti x 
miiswrafis x0 –isaken. 

motanili orive gansazRvreba eqvivalenturia, magram Cven ar SeudgebiT aq 
amis damtkicebas! 



2

8.1 – uwyvetoba

intuitiur doneze uwyveti funqcia SeiZleba gansazRvrul iqnes rogorc 
arsad „ar gawyvetili“ grafikis mqone funqcia!

gansazRvreba funqcia  uwyvetia  x0  wertilSi, Tu misi zRvari am 
wertilSi emTxveva mis mniSvnelobas am wertilSi anu 

   0
0

lim xfGxf
xx




.                                 (8.2)

funqcia uwyvetia intervalze (segmentze, . . . ), Tu is uwyvetia am 
intervalis (segmentis, . . . ) yvela wertilSi.

nax.8.1-ze mocemuli orive SemTxveva aris uwyveti funqciis magaliTi. 
meores mxriv cxadia, rom funqcias SeiZleba hqondes zRvari romelime wertilSi 
da es zRvariTi mniSvneloba gansxvavebuli iyos funqciis mniSvnelobidan 
mocemul wertilSi. aseTi funqciis klasikuri magaliTia -  xevisaidis funqcia
(ixile nax.8.2)

 








0,1

0,0

x

x
x                                    (8.3)
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cxadia, rom rodesac argumenti naklebia nulze da uaxlovdebiT saTaves (nuls) 
marcxnidan (“marcxena zRvari”), maSin funqciis mniSvneloba yovelTvis nulia da 

Seasbamisad zRvari nulis tolia anu   0lim
0




xf
x

, magram Tu Cven 

miuaxlovdebiT saTaves marjvnidan (“marjvena zRvari”),  maSin funqciis 

mniSvneloba yovelTvis iqneba erTiani anu   1lim
0




xf
x

. naTelia, rom 

mniSvneloba aqvs wertil nulTan miaxloeba romeli mxridan xdeba, Sedegic 
sxvadasxvaa.  Sesabamisad, es funqcia nulSi wyvetilia, radgan funqciis zRvris 
arsebobisaTvis, ganmartebis Tanaxmad, mimdevrobas mniSvneloba ara aqvs. 

analogiuri wyvetili funqciis magaliTia daxazuli lurji feriT nax. 
8.2-ze, ubralod am semTxvevaSi funqcias ori wyvetis wertili aqvs!

uwyveti funqciebis magaliTebi:

  
x

x
xf

sin
 wertilSi 0x ;

  









0,0

0,
1

sin

x

x
x

xxf ;

8.2. uwyveti funqciis zogierTi Tviseba

 nebismieri [a,b] monakveTze uwyveti funqcia erTxel mainc miaRwevs Tavis 

udides 
 

 xf
bax ,

max


da Sesabamisad umcires 
 

 xf
bax ,

min


mniSvnelobas (sxva 

sityvebiT funqcias gaaCnia udidesi da umciresi mniSvneloba)!
   
 Tu nebismieri [a,b] monakveTze uwyveti funqcia x = a wertilSi Rebulobs 

uaryofiT mniSvnelobas (f(a) < 0) da x = b wertilSi Rebulobs dadebiT 
mniSvnelobas (f(b) > 0) an piriqiT (f(a) > 0  da f(b) < 0) maSin arsebobs erTi 

mainc wertili   (a,b) sadac funqciis mniSvneloba nulis tolia – f()=0.
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 nebismieri [a,b] monakveTze uwyveti funqcia erTxel mainc miiRebs yvela 
mniSvnelobas  Tavis udidesa umcires MniSvnelobebs Soris – anu

 
 xf

bax ,
min


    xf 
 

 xf
bax ,

max


.

 uwyveti funqciebis jami uwyveti funqciaa;
 uwyveti funqciebis sxvaoba uwyveti funqciaa;
 uwyveti funqciebis namravli uwyveti funqciaa;
 uwyveti funqciebis Sefardeba uwyveti funqciaa, Tu mniSvneli gansxvavebulia 

nulisagan;
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leqcia 8. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
8.0 – funqciis zRvari;
8.1 – uwyvetoba;
8.2. uwyveti funqciis zogierTi Tviseba;

8.0 – funqciis zRvari

aqmde Cven ganvixilavdiT funqciebs romlTa argumenti naturaluri 
ricxvebia da Sesabamisad maT yofaqcevas, rodsesac argumenti “usasrulod 
izrdeba”. am leqciaSi ganixileba zRvris cneba, romelic warmoiSveba iseT 
SemTxvevaSi, rodesac argumenti nebismieri namdvili ricxvia – “uwyveti 
argumenti”.  

eqvivalenturia gamonaTqvamebi (Canawerebi):

 x1, x2, x3, x4, x5, x6, . . . , xn, ... mimdevroba miiswrafis x0 –saken;

 0lim xxn
n




; 

 xn wertilebis mimdevroba krebadia x0  wertilSi;

 0xx
nn    ;

 0xxn  .

ganvixiloT SemTxveva rodesac 0xxn  - Sesabamisad funqcia f(x) –

„warmoSobs“ f(x1), f(x2), f(x3), f(x4), f(x5), f(x6),…, f(xn), ...  mimdevrobas, romelic rogorc 
mimdevroba SeiZleba iyos krebadi da SeiZleba iyos ganSladi (magaliTad nax. 8.1, 
mimdevroba krebadia)!

gansazRvreba (heine). vityviT, rom G aris f(x) funqciis zRvari, rodesac 
argumenti x miiswrafis x0 -isaken da davwerT 

  Gxf
xx


 0

lim                                     (8.1)

maSin rodesac  nebismieri x0 –saken krebadi {xn}  mimdevrobis 
( 0lim xxn

n



) Sesabamisi {f(xn)} mimdevrobis zRvaria G , anu   Gxf n

n



lim . 

gansazRvreba (koSi). Tu  nebismieri  > 0 dadebiTi ricxvisaTvis arsebobs 

iseTi  > 0  dadebiTi ricxvi (sazogadod damokidebuli -ze ), rom rodesac 

|x – x0|<  (cvladi x aris x0 argumentis  midamoSi) maSin | f(x) – G|<  aseT 
SemTxvevaSi vityviT, rom G aris f(x) funqciis zRvari, rodesac argumenti x 
miiswrafis x0 –isaken. 

motanili orive gansazRvreba eqvivalenturia, magram Cven ar SeudgebiT aq 
amis damtkicebas! 
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8.1 – uwyvetoba

intuitiur doneze uwyveti funqcia SeiZleba gansazRvrul iqnes rogorc 
arsad „ar gawyvetili“ grafikis mqone funqcia!

gansazRvreba funqcia  uwyvetia  x0  wertilSi, Tu misi zRvari am 
wertilSi emTxveva mis mniSvnelobas am wertilSi anu 

   0
0

lim xfGxf
xx




.                                 (8.2)

funqcia uwyvetia intervalze (segmentze, . . . ), Tu is uwyvetia am 
intervalis (segmentis, . . . ) yvela wertilSi.

nax.8.1-ze mocemuli orive SemTxveva aris uwyveti funqciis magaliTi. 
meores mxriv cxadia, rom funqcias SeiZleba hqondes zRvari romelime wertilSi 
da es zRvariTi mniSvneloba gansxvavebuli iyos funqciis mniSvnelobidan 
mocemul wertilSi. aseTi funqciis klasikuri magaliTia -  xevisaidis funqcia
(ixile nax.8.2)

 








0,1

0,0

x

x
x                                    (8.3)
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cxadia, rom rodesac argumenti naklebia nulze da uaxlovdebiT saTaves (nuls) 
marcxnidan (“marcxena zRvari”), maSin funqciis mniSvneloba yovelTvis nulia da 

Seasbamisad zRvari nulis tolia anu   0lim
0




xf
x

, magram Tu Cven 

miuaxlovdebiT saTaves marjvnidan (“marjvena zRvari”),  maSin funqciis 

mniSvneloba yovelTvis iqneba erTiani anu   1lim
0




xf
x

. naTelia, rom 

mniSvneloba aqvs wertil nulTan miaxloeba romeli mxridan xdeba, Sedegic 
sxvadasxvaa.  Sesabamisad, es funqcia nulSi wyvetilia, radgan funqciis zRvris 
arsebobisaTvis, ganmartebis Tanaxmad, mimdevrobas mniSvneloba ara aqvs. 

analogiuri wyvetili funqciis magaliTia daxazuli lurji feriT nax. 
8.2-ze, ubralod am semTxvevaSi funqcias ori wyvetis wertili aqvs!

uwyveti funqciebis magaliTebi:

  
x

x
xf

sin
 wertilSi 0x ;

  









0,0

0,
1

sin

x

x
x

xxf ;

8.2. uwyveti funqciis zogierTi Tviseba

 nebismieri [a,b] monakveTze uwyveti funqcia erTxel mainc miaRwevs Tavis 

udides 
 

 xf
bax ,

max


da Sesabamisad umcires 
 

 xf
bax ,

min


mniSvnelobas (sxva 

sityvebiT funqcias gaaCnia udidesi da umciresi mniSvneloba)!
   
 Tu nebismieri [a,b] monakveTze uwyveti funqcia x = a wertilSi Rebulobs 

uaryofiT mniSvnelobas (f(a) < 0) da x = b wertilSi Rebulobs dadebiT 
mniSvnelobas (f(b) > 0) an piriqiT (f(a) > 0  da f(b) < 0) maSin arsebobs erTi 

mainc wertili   (a,b) sadac funqciis mniSvneloba nulis tolia – f()=0.



4

 nebismieri [a,b] monakveTze uwyveti funqcia erTxel mainc miiRebs yvela 
mniSvnelobas  Tavis udidesa umcires MniSvnelobebs Soris – anu

 
 xf

bax ,
min


    xf 
 

 xf
bax ,

max


.

 uwyveti funqciebis jami uwyveti funqciaa;
 uwyveti funqciebis sxvaoba uwyveti funqciaa;
 uwyveti funqciebis namravli uwyveti funqciaa;
 uwyveti funqciebis Sefardeba uwyveti funqciaa, Tu mniSvneli gansxvavebulia 

nulisagan;
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leqcia 9. (konspeqti)
Calculus – 5 – “maTematika geografebisaTvis”

ilia TavxeliZe
9.0  gansazRvruli integrali;
9.1  magaliTebi;
9.2 niuton-leibnicis formula

9.0 – gansazRvruli integrali – rogorc farTobi
cneba istoriulad ukavSirdeba mrudwiruli sazRvrebis mqone figuris 

farTobis gansazRvras. MarTalia SesaZlebelia am cnebis wminda analizuri gziT 
Semotana magram Cven am gzas virCevT. 

dauSvaT romeliRac [a, b] intervalze mocemulia dadebiTi funqcia f(x) da 
saWiroa gamoTvlil iqnas farTobi –

S ( a, b, f(x) )                                                                (9.1)
- iseTi mrudwiruli oTxkuTxedisa romelic SemosazRvrulia qvemodan [a, b] –
monakveTiT, marjvnidan [b, f(b)] - monakveTiT, marcxnidan [a, f(a)] monakveTiT xolo 
zemodan f(x) funqciis grafikiT nax. 9.1.  

aseTi tipis mrudwiruli oTxkuTxedis farTobi „bunebrivad“ ganisazRvreba 
rogorc zRvari marTkuTxedebis farTobebis jamisa, romlebic Semdegnairadaa 
agebuli (ixile magaliTad nax.  9.2 ) :

 MonakveTi [a, b] dayofilia a,x1, x2, x3, x4, x5, x6, …, xi, xi+1, . . . , xn,b – anu n + 2 tol

monakveTad, romelTa sigrZe -  
21 


  n

ab
xxn ii     - damokidebulia Tu 

ramdenadaa dayofili monakveTi;
 gamoTvlilia funqciis mniSvnelobebi Sesabamis wertilebSi – anu –

f(a), f(x1), f(x2), f(x3), f(x4), f(x5), f(x6),…f(x i ), f(x i+1), f(x n), f(b) ;
 yovel [xi , xi+1 ] intervalze i= 0,.. n  (x0  a, xn+1  b ) - napovnia funqciis 

maqsimaluri  
 

 xfxf
ii xxx

i
1,

max


 da 
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   minimaluri   
 

 xfxf
ii xxx

i
1,

min


    mniSvneloba;

 gamoTvlilia   yoveli i= 0,.. n  nomrisaTvis calcalke  -

“patara” ( xi,  xi+1,  ixf ) da 

“didi” ( xi, xi+1,  ixf )  marTkuTxedis farTobi;

 ajamulia calke “patara” ( xi,  xi+1,  ixf )  marTkuTxedebis farTobebi 

“qveda jami”

    


 
n

i
iii xxxfnxfbaS

0
1),,,( ,                    (9.1q)

da maT zRvars     nxfbaSxfbaS
n

,,,lim).,(


 - „qveda zRvari“ ewodeba!

 ajamulia calke “didi” ( xi,  xi+1,  ixf )  marTkuTxedebis farTobebi 

“zeda jami”

    


 
n

i
iii xxxfnxfbaS

0
1),,,(                      (9.1z)

da maT zRvars     nxfbaSxfbaS
n

,,,lim).,(


 - „zeda zRvari“ ewodeba!

sxva sityvebiT, rom vTqvaT mrudwiruli S ( a, b, f(x) ) oTxkuTxedis farTobi 
gansazRvrisas naTlad Cans, rom nebismieri dayofisas 

  nxfbaS ,,,   S ( a, b, f(x) )       nxfbaS ,,,                   (9.2)

amitom mrudwiruli S ( a, b, f(x) ) oTxkuTxedis farTobi „bunebrivad“ ganisazRvreba 
rogorc zRvari

  nxfbaS
n

,,,lim


= S ( a, b, f(x) ) =    nxfbaS
n

,,,lim


                              (9.3)

SeniSvna: farTobi arsebobs e.i. zeda da qveda  zrvrebi da isini erTmaneTs 
emTxvevian!
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farTobis gamoTvlis idea gamoyenebul iqna zogadad gansazrvruli integralis 
cnebis gansazRvrisaTvis: 
gotfrid leibnicis mier SemoRebulia aRniSvna 

S ( a, b, f(x) )  
b

a

dxxf                                                                (9.4)

integralis  - niSnaki warmoadgens laTinuri S - asos stilizebul

Canawers. a  - qveda sazRvari,  b – zeda sazRvari (saidan sadamde xdeba integreba) –
funqcia (romeli funqciis integreba xdeba), dx (differentia) – aris aRniSvna im 

faqtisa, rom intervalis dayofa xdeba usasrulod mcire monakveTebad (n ).  

gansazRvruli integrali – “orientirebuli” farTobi
zogierTi Tvisebebi

wina SemTxvevaSi Cven ganvixileT dadebiTi funqcia da dauSviT, rom b > a . 
formula (9.3) romliTac Cven ganvsazRvreT “gansazRvrulki integrali” arafriT 
araa damokidebuli am daSvebebze. Tu, magaliTad, funqcia uaryofiTia maSin Cvens 
mer SemoTavazebuli algoriTmiT gansazRvruli “marTkuTxedebis farTobebi” –
iqneba ubralod uaryofiTi niSnis mqone ! 

am faqtis axsna – figura romlis farTobi gvainteresebs aris abscisaTa 
RerZis qveviT! nax. 9.3 – amitom “farTobi uaryofiTia” – “orientirebili 
farTobi”!   aqedan gamomdinare cxadia, rom samarTliania yvela funqciisaTvis

     
b

a

b

a

dxxfdxxf                                                    (9.5)
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    
a

b

b

a

dxxfdxxf                                                          (9.6)

(9.5) da (9.6) formulebidan calsaxad gamodis, rom integrali wertilSi nulis 
tolia – anu 

  0
a

a

dxxf                                                                           (9.7)

ra Tqma unda geometriuli interpretacia nebismier SemTxvevaSi aris –
“orientirebuli farTobi” – figures farTobi aRebuli im niSniT rogori 
niSnisac aris funqcia am “mikrointervalze” – (intervalis danayofze [xi,  xi+1,] 
magaliTad. ix nax. 9.4 ) 
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integralis ganmartebidan gamodis , rom:

 radgan  [a , c]  [c , b] = [a , c] ( intervali SeiZleba nebismierad daiyos) –
Sesabamisad 

      
b

a

b

c

c

a

dxxfdxxfdxxf                                              (9.8)

(Seadare nax. 9.1, 9.3., da 9.4) 
 mudmivi sidide SeiZleba gamoviTanoT „integralidan“ anu Tu c=const. –

maSin

    
b

a

b

a

dxxfcdxxfc                                (9.9)

 Tu funqcia      xxxf   aris ori funqciis jami , maSin

      
b

a

b

a

b

a

dxxdxxdxxf                            (9.10)

(jamis integrebis wesi);
 GansazRvruli integrali aris ricxvi da Sesabamisad araviTari 

mniSvneloba ara aqvs ra asoTi aris aRniSnuli „integrebis cvladi“- anu

      
b

a

b

a

b

a

dvvfdttfdxxf                                                     (9.11)

9.1 magaliTebi
9.1.1 funqciebi f(x) = xn, sadac n – naturaluri ricxvia! 

 n=0 ,   f(x) = 1 – Sesabamisad  farTobi (ixile nax 9.5) aris marTkuTxedis 
farTobi da 
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    ababdxdxxf
b

a

b

a

  11                                         (9.12)

 n=1,   f(x) = x  – Sesabamisad  farTobi:
1. Tu a >0  aris trapeciis  farTobi (ixile nax 9.6 a.) )  
2. Tu a = 0  aris samkuTxedis  farTobi (ixile nax 9.6 g.) )
3. Tu a < 0  da b >0 aris ori samkuTxedis farTobebis sxvaoba (ixile nax 

9.6 b.) )
4. Tu a < 0  da b >0 da  - a = a = b  aris ori toli samkuTxedis farTobebis 

sxvaoba (ixile nax 9.6 d.) da Sesabamisad nulis tolia!
SeiZleba damtkiceba, rom  yvla zemoT motanil SemTxvevaSi saZiebeli farTobi 
moicema skolaSi naswavli i.w.”trapeciis farTobis” formuliT

   
22

22 abab
abxdxdxxf

b

a

b

a





                                           (9.13)
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 n=2,   f(x) = x2  – Sesabamisad  farTobi – zRvari “zeda” jamebisa -  SeiZleba
daiweros, rom elementaruli geometriidan da formula (9.1z) - Tanaxmad aris 

         )21()21(32,,, 222
3

3
222322222 n

n

b
nhnhhhhhnxboS  
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da Tu gamoviTvliT Sesabamisi mimdevrobis zRvars miviRebT, rom

  
6

1
2

1
1

6
lim

6

21
lim)21(lim

33

3

3
222

3

3 b

nn

bnnn

n

b
n

n

b
nnn







 





 







saidanac gamodis, rom nebismieri b- ricxvisaTvis

 
3

3

0

2

0

b
dxxdxxf

bb

  ;

gamoviyenebT ra zemoT motanil (9.8 – 9.11) wesebs vaCvenebT,rom nebismieri [a,b] 
intervalisaTvis

3

33

0

2

0

22 ab
dxxdxxdxx

abb

a


 

9.2 niuton-leibnicis formula
arsebobs gansazRvruli integralis gamoTvlis meore saSualeba, magram 

wina SemTxvevisagan gansxvaveviT es meTodi mWidrodaa dakavSirebuli 
“warmoebulis” povnis Sebrunebul operaciasTan “pirveladis moZebna” – anu 
“ganusazRvreli integrali”). am cnebebze meaTe leqciis konspeqtSi aris saubari!

niuton – leibnicis formula. Tu F(x) funqcia aris f(x) funqciis 
pirveladi (e.i. Tu F(x) funqciis warmoebuli f(x) funqciaa anu Tu F’(x) = f(x) ) maSin

     aFbFdxxf
b

a

                                                               (9.14)

SeniSvna: marTalia es formula erTi SexedviT martivad iZleva gansazRvruli 
integralis gamoTvlis gza, magram misi nakli imaSi mdgomareobs, rom yovelTvis 
SesaZlebeli araa gamoviTvaloT mocemuli funqciis pirvelyofili! 


	leqcia_1_cal
	leqcia_10_cal
	leqcia_2_cal
	leqcia_3_cal
	leqcia_4_cal
	leqcia_5_cal
	leqcia_6_cal
	leqcia_7
	leqcia_7_cal1
	leqcia_8
	leqcia_8_cal
	leqcia_9_cal


leqcia 1. (konspeqti)


calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


1.1 simravlis cneba, simravleTa magaliTebi, ZiriTadi operaciebi simravleebze;


1.2 sidide da ricxvi;


1.3 naturaluri, mTeli, racionaluri da iracionaluri ricxvebi; ricxvis absoluturi mniSvneloba; ricxvTa RerZi;


1.4 sididis ganzomileba; zomis erTeulebi; masStabireba;


1.5 mudmivi da cvladi sidideebi;


1.6 sididis miaxloebiTi mniSvneloba; cdomileba.


1.1 simravlis cneba, simravleTa magaliTebi, ZiriTadi operaciebi simravleebze


SesaZlebelia simravlis mxolod aRweriTi ganmarteba! – raime saganTa (simravlis elementebi) erToblioba  


magaliTebi:


a.) kontinentebisa an okeaneebis simravle;


b.) mTebis simravle romelime qedze;


g.) meridiani an paraleli, rogorc wertilTa simravle;


d.) zRvis doneze myof wertilTa simravle;



simravle, rogorc CamonaTvali: 


e.) A (  {Tbilisi, baqo, erevani}; 


v.)   A ( {1,3,5,7,. . . (2n+1). };



simravle rogorc kanonzomiereba:


z.) A ( {x | x- kavkasiis qveynebis dedaqalaqebi}; 


T.) A ( { a | a =2n+1, n ( N};


i.) A ( {x | |x| < r} -  wris wertilebi, romlis centri koordinatTa saTaveSia da radiusia r; 

sasruli da usasrulo simravleebi – elementebis raodenoba simravleSi Sesabamisad sasrulia an usasrulo;


simravleebi tolia Tu isini erTidaigive raodenobisa da erTidaigive elementebisagan Sedgeba (CamonaTvalSi elementebis mimdevrobas mniSvneloba ara aqvs); 


simravleebi tolZalovania Tu isini erTidaigive raodenobis elementebisagan Sedgeba (CamonaTvalSi elementebis mimdevrobas mniSvneloba ara aqvs);


qvesimravle – B aris, raime  A simravlis, qvesimravle, Tu misi (B-s) yoveli elementi A simravlis elementic aris ! B ( A ( B (  A)

magaliTebi:


l.) B ( { yvela taifunis simravle} – A ( {qarebis simravle};


m.)  B ( { yvela 8000-anis (mTebi) simravle } – A ( {himalais mTebis simravle} (sworia?);


n.) carieli simravle ( ( - nebismieri simravlis qvesimravlea!


o.) nebismieri simravle TavisTavis qvesimravlea! A ( A;

simravleebis gaerTianeba A(B - A da B  simravleebis gaerTianeba aris simravle C romlis elementebia rogorc – A  ise B simravlis elementebi (saerTo elementi CaiTvleba erTxel!); C= A(B = {c | c (A an c(B };  

 simravleebis gadakveTa A(B - A da B  simravleebis gadakveTa aris simravle C romlis elementebia rogorc – A  ise B simravlis mxolod saerTo elementebi! C= A(B = {c | c (A da c(B };  


klasebi – simravlis araTanamkveT qvesimravleebs romelTa gaerTianeba gvaZlevs mTel simravles klasebi ewodeba! aseT dayofas klasifikacia! klasifikaciis Sedegad ar SeiZleba rom romelime erTi elementi: 


a.) or sxvadasxva klass ekuTvnodes 


b.) arc erT klass ar ekuTvnodes;


ori simravlis dekartuli namravli AXB –simravle, romlis elementebia wyvilebi pirveli wevri aris A simravlis elementi, xolo meore wevri A simravlis elementia. C= AXB = {c=(a,b) | a (A da b(B }; wyvilebSi mimdebrobis aRreva dauSvebelia; 


C = {c=(a,b) | a (A da b(B } - wyvilbis simravlea. 


· maSin simravlis pirveli proeqcia anu pr1C ( { a  | a (A da arsebobs iseTi wyvili C-Si, rom misi piveli elementia es  a }; 

· Sesabamisad ganisazRvreba  pr2C ( { b  | b(B da arsebobs iseTi wyvili C-Si, rom misi meore elementia es  b }; 

dekartuli namravlis magaliTebi:


p.)  A – geografiuli ganedis (paralelis) “wertilTa ricxviTi mniSvnelobebis simravle” (A ( {a | a([-900 , 900]}) ; xSirad ixmareba terminebi: mag.: –500-saTvis – “500 samxreTis ganedi” an “ekvatoridan samxreTiT”  da  +500-saTvis  - “500 CrdiloeTis ganedi”;     


B – geografiuli grZedis (meridianis) “wertilTa ricxviTi mniSvnelobebis simravle” (B ( {b | b([-1800 , 1800]}); xSirad ixmareba terminebi: mag.: –1000-saTvis – “1000 grivniCis meridianidan aRmosavleTiT”  da  +1000-saTvis  - “1000 grivniCis meridianidan dasavleTiT;   


    Sesabamisad dekartuli namravli – C = AXB ( {c=(a,b) | a (A da b(B }  aris globusze an ruqaze “wertilis koordinatebis simravle”;


J.) D – altituda – “geografiuli simaRle zRvis donidan metrebSi” – 


((D ( {d | d([-12000 , + 9000]}); Sesabamisad - C= AXBXD ( {c=(a,b,d) | a (A, b(B da d(D } – dedamiwaze obieqtis mdebareobis realuri koordinatebi.


1.2 sidide da ricxvi;



didi “mTa”, patara ”mdinare”, Rrma “ormo”, Zlieri “qari”, susti “Stormi”, maRali “wneva”, “ekvatorTan” axlos, “CrdiloeT polusidan” moSorebiT da mravali analogiuri gamonaTqvami -  mcdelobaa ama Tu im sididis miaxloebiTi aRweris, radgan imav droulad wamoiWreba kiTxvebi (rasTan SedarebiT? ramdenad?). amitom bunebribad uxsovari droidan Semodis ama, Tu im sididis ricxviT daxasiaTebis mcdeloba. 


mag: “es aris Cemgan ormocdaaTi nabijiT daSorebuli”, qalaqebs Soris manZili xuTiaTasi “stadiumia”, myavs sami Svili, mamonti Cemze asormocdaaTjer mZimea da a.S. 


antikuri xanis erTerTi udidesi moazrovne piTagore midis azramde, rom “yvelaferi ricxvia”- yvelaferi Caiweros an aRiweros ricxvebiT – saocrebaa, rom es ganmsazRvreli aRmoCnda Tanamedrove mecnieruli azris ganviTarebis ZiriTadi mimarTulebisaTvis (realurad esaa safuZveli procesebis damzerebisa da monacemebis anaTvalebis, cdebis Sedegebis Canawerebis, procesebis maTematikuri da kompiuteruli modelirebis da sxva)!! 


1.3 naturaluri, mTeli, racionaluri da iracionaluri ricxvebi; ricxvis absoluturi mniSvneloba; ricxvTa RerZi


· N (Naturalis an Numeros) – naturaluri ricxvebis simravle - TvliT, gadanomrvis Sedegad miRebuli ricxvebi; N ( { 1,2,3,. . . n,. . };

· Z (Zalh - ricxvi) – mTeli ricxvebis simravle; formalurad dadebiTi da uaryofiTi naturaluri ricxvebi da nuli. modelebis TvalsazrisiT gaTvaliswinebulia raime sididis ori varianti (Tviseba, maxasiaTebeli). Z ( {0, -1, +1, -2, +2, -3, +3, . . . –n, +n, . . };

uaryofiTi sidideebis Sinaarsobrivi magaliTebi  (motanil magaliTebSi ar aris aucilebeli monacemi aucileblad mTeli ricxvi iyos!): 


       I. 1.1 – Si ganxiluli p.) da J.) magaliTebi grZedebis, ganedebisa da simaRleebis dadebiToba da uaryofiTobas sxvadasxva Sinaarsi aqvs;

II. finansurad vali da mogeba; 


III. aRmosavleTisa da dasavleTis qarebis Cawerisas SeTanxmebis Sedegad, romeli iyos dadebiTi da romeli uaryofiTi, SesaZlebelia gaTvaliswinebul iqnas maTi mimarTulebac;

· Q (Quotient - nawili) – racionaluri ricxvebis simravle, qarTulad “wiladebi”; p/q – sadac p da q mTeli ricxvebia; Q ( { p/q | p( Z da q (Z};

· R (Real) – namrvili ricxvebis simravle – Sedgeba racionalur ricxvTa klasidan da iracionalur ricxvTa klasidan;


namdvili ricxvi, romelic racionaluri ar aris – iracionaluri ricxvia! 


iracionaluri ricxvebis magaliTebia: 


· (=3.14.. (wrewiris sigrzisa da diametric Sefardeba); 


· e=2.7.. (neperis ricxvi);


· (2=1.14..(kvadrtis diagonalisa da gverdis Sefardeba); 


· (= (1+(5)/2 – “oqros kveTis” ricxvi;


simravleebis TvalsazrisiT cxadia, rom         N  (  Z  (  Q  (  R ;


ricxvis “geometriuli interpretacia”: “ricxvTa RerZi” – aris wrfe romelsac gaaCnia:


1.) “saTave” – aTvlis sawyisi – 0;


2.) “dadebiTi mimarTuleba” (0 – dan “tradiciulad marjvniv (,  an zeviT ( ”) – saiTac ganTavsdeba dadebiT namdvil ricxveTa simravle (klasi R+ = R+ ( {x | x( R da x > 0}) sazogadod amas irCevs mkvlevari, magram mere yovelTvis iTvaliswinebs am faqts!; 


3.) “erTeulovani monakveTi” – “sazomi” – “masStabi”.


aRsaniSnavia, rom “ricxvTa RerZze zustad gadazomva SeiZleba naturaluri, mTeli da racionaluri ricxvebis”, iracionaluri ricxvebis Sesabamisi wertili, ra Tqma unda arsebobs amave ricxvTa RerZze magram misi “datana mocemul masStabSi mxolod miaxliebiTaa SesaZlebeli” – (maTematikurad amas araTanazomadoba ewodeba)! 


1.4 sididis ganzomileba; zomis erTeulebi; masStabireba


1.2 –Si gamoTqmuli survili (mcdeloba) yvelaferi Caiweros ricxvebiT – anu yvela sidide aRiweros ricxvebiT zustdeba imiT, rom ricxvis garda realur sidideebs ansxvavebs “ganzomileba” (mag.: 160 – wonisa da 160 simaRlis mqone adamianebi arasadarni arian, da amitom marto ricxvi 160 gaugebaria!?):


warmodgenil kursSi Cven ZiriTadad vimuSavebT Semdeg sistemebsa da erTeulebSi:


· Tvlis sistema – aTobiTi 

(anu ricxvi 43647082 ( 4X107+3X106+6X105+4X104+7X103+0X102+8X101+2X100) – sistema sayovelTaod miRebulia safrangeTis revoluciis Semdeg; aris qveynebi sadac gavrcelebulia TormetobiTi sistema (“duodecimaluri” anu “duJinebi”); kompiuterebi moqmedeben orobiT sistemaSi (0,1 – ariTmetikuli operaciebisaTvis erTerTi yvelaze moxerxebuli sistemaa, magram ricxvebis Casawerad Zalze grZeli gamosaxulebia);


· kuTxis sazomi erTeulebia – “gradusi” (sruli kuTxis, wris, samasmesamocedi nawili), an “radiani” (1 radiani im kuTxis Sesabamisi zomaa, rodesac wrewiris Sesabamisi rkalis sigrZe radiusis tolia);


· sigrZis erTeuli m - “metri” (“bunebrivi”- grinviCis meridianis meoTxedi sigrZis 1/10 000 000 nawili; 1882 wlidan SemoRebulia e.w. “etalonuri”)–Sesabamisad xmarebaSia “kilometri” 1km=103 m., “decimetri” 1dm=10-1 m, “santimetri” 1sm =10-2 m. , milimetri 1mm.=10-3 m., astronomiaSi “sinaTlis weliwadi” da a.S; zogierT qveyanaSi xmarebaSia “futi”, “inCi”, “iardi”, “mili” =1852 metrs (1 mili aris dedamiwis 001( (erTi minutis)  Seesabammisi grinviCis meridianis rkalis sigrZe) da sxv.


    farTobis erTeuli m2 - “kvadratuli metri”, xmarebaSia agreTve “kvadratuli kilometri” 1km2= 106 m2, “ari”, “heqtari”; zogierT qveyanaSi xmarebaSia “akri”; 


    moculobis erTeuli m3 – “kuburi metri”; xmarebaSia agreTve “litri”(1 dm3, “dekalitri” (10 litrs, “bareli” da sxv. ;


· masis erTeuli gr. – “grami” (1 sm3 40C temperaturis mqone gamoxdili wylis wona) – Sesabamisad “kilogrami” 1kg.=103 g., “miligrami” da a.S; zogierT qveyanaSi xmarebaSia “funti” da (meoce saukunemde ar iyo gansxvaveba wonisa da masis erTeulebs Soris). 


· drois erTeuli wm.– “wami” (dReRamis 1/86400=1/60X60X24  nawili) – Sesabamisad “wuTi” 1wT.=60 wm., “saaTi” 1.sT=3600wm., “dRe-Rame” (24sT., “kvira”, “Tve”, “weliwadi”, “saukune”, da a.S; 


· temperaturis erTeuli 0C– “celsiusis gradusi” (00C- wylis gayinvis temperatura da 1000C – wylis duRilis temperatura orive SemTxvevaSi zRvis doneze); arsebobs _ farengeitisa da kelvinis erTeulebi.


· siCqaris, wnevis, Zalis, aCqarebis, tenianobisa da mravali sxva erTeuli umeteswilad “nawarmoebi erTeulebia”! 

masStabi – ruqaze, naxazze an gegmaze da sxv. mocemuli xazebis sigrZis Sefardeba am xazebiT gamoxatul realur sigrZesTan. 


yovel kerZo SemTxvevaSi ricxvTa RerZsa (an mis nawilSi) SeiZleba sxvadasxva Sinaarsi Caidos (“maTematikuri modeli”):


magaliTebi:


I. ricxvTa RerZi  rogorc “droiTi RerZi”. am SemTxvevaSi 0 – “awmyo”, dadebiTi mimarTuleba “momavali” (uaryofiTi – “warsuli”), “erTeulis” arCeva damokidebulia Cvenze –wami (saaTi, weliwadi da sxva);

II. ricxvTa RerZi  rogorc “celciusis temperaturuli RerZi”. am SemTxvevaSi 0 – “wylis gayinvis temperatura”, dadebiTi mimarTuleba “cxeli” (uaryofiTi – “gayinuli”); 

III.  A ( {a | a([-900 , 900]} ( I. 1.1 – Si ganxiluli magaliTi p.)) – geografiuli ganedis (paralelis) “wertilTa ricxviTi mniSvnelobebis simravle”. am SemTxvevaSi 0 – “ekvatori”, dadebiTi mimarTuleba “CrdiloeTi” (uaryofiTi – “samxreTi”), “erTeuli” – “brtyeli kuTxis gradusi”; a = 900 -  “CrdiloeT polusi”,   a= - 900  -  “samxreT polusi”;


IV. B ( {b | b([-1800 , 1800]} ( I. 1.1–Si ganxiluli magaliTi p.)) – geografiuli grZedis (meridianis) “wertilTa ricxviTi mniSvnelobebis simravle”. am SemTxvevaSi 0 – “grivniCis meridiani”, dadebiTi mimarTuleba “aRmosavleTiT” (uaryofiTi – “dasavleTiT”), “erTeuli” – “brtyeli kuTxis gradusi”;


V. D ( {d | d([-12000 , + 9000]}( I.1.1–Si ganxiluli magaliTi J.)) – altituda – “geografiuli simaRle zRvis donidan metrebSi” – am SemTxvevaSi 0 – “zRvis done”, dadebiTi mimarTuleba “zRvis donidan zeviT”,  “erTeuli” – metri; .


1.5. mudmivi da cvladi sidideebi


bunebaSi ama Tu im sididis ricxviTi mniSvneloba damokidebulia sxvadasxva garemoebaze - aqedan gamomdinare absoluturad mudmiv sidideebze, romlebic ucvlelia magaliTad droSi, sxva garemoebebs, rom Tavi davaneboT saubari “TiTqmis” SeuZlebelia. 


“TiTqmis” imitom, rom arseboben e.w. maTematikuri – “absoluturi” mudmivebi mag.:  ( = 3.14.. , e = 2.7.. , (2=1.14.. , ( = (1+(5)/2 , da mravali sxv. mecnierebaSi ZiriTad mudmivebs specialuri asoebiT aRniSnaven ħ – plankis mudmiva da sxva. 


ama Tu im procesis ganxilva-Seswavlisas daimzireba, rom garkveuli sidideebi “ar icvleba” (TiTqmis ar icvleba). procesis maTematikuri modelis Sedgena-Seswavlisas iTvleba, rom es sidide mudmivia (Rebulobs erT fiqsirebul mniSvnelobas)! 


   sxvadasxva pocesis Seswavisas mudmivi sidideebis magaliTebia:


I. mocemul adgilas wlis ganmavlobaSi yoveldRiurad erTidaigive dros damzerili mTis simaRle;


II. mdinaris “kalapotis profili” (ramdenime dRis ganmavlobaSi da ara wyaldidobisas!); 


III. “wylis xarji” - mdinaris kalapotis kveTaSi drois erT erTeulSi gavlili wylis moculoba (ramdenime dRis ganmavlobaSi da ara wyaldidobisas),  


IV. “mdinaris siRrme” (ramdenime dRis ganmavlobaSi da ara wyaldidobisas).


V. zvavebis an Rvarcofebis procesebis Seswavlisas – mocemuli mTis (qedis, xeobis) simaRle (siRrme) mudmivi sididea – Tumca realurad mTis simaRle droze maincaa damokidebuli. ubralod Zalian xangrZlivi drois manZilze mTis simaRle umniSvnelod icvleba!, 


sidide cvladia -  Tu is (sidide) procesis damzera-Seswavlisas Rebulobs sxvadasxva mniSvnelobebs. 


magaliTebi:


VI. adamianis asaki;


VII. mocemul adgilas wlis ganmavlobaSi yoveldRiurad erTidaigive dros damzerili zRvis talRebis simaRle;


VIII. mdinareSi Cayrili dambinZureblis mdebareoba _ manZili raRac fiqsirebuli werTilidan 


IX. mdinareSi Cayrili dambinZureblis koncentracia _ moculobis erTeulSi dambinZureblis wili; 


aRsaniSnavia, rom am paragrafSi ganxiluli II,III,IV – mudmivi da VIII, IX cvladebi sidideebi erTianad monawileoben mdinaris ekosistemis moklevadiani prognozebis Seswavlisas, grZelvadiani prognozisas zogierTi mudmivi sidide SeiZleba ganxilul iqnas, rogorc cvladi (“mdinarem kalapoti Seicvala”, “gaCnda meCeCebi”, “adidda”- Seicvala siRrme da sxva) 


   
cvladi sididis cneba maTematikaSi Semovida XVII saukuneSi (dekarti, niutoni, leibnici). amis Semdeg moxda revoluciuri naxtomi maTematikur azrovnebaSi. SesaZlebeli gaxada bunebaSi da teqnikuri procesebSi damzerili (aRmoCenili) kanonzomierebebis maTematikuri Cawera – anu procesis Sesabamisi maTematikuri modelebis ageba.  


1.6. sididis miaxloebiTi mniSvneloba; cdomileba

bunebaSi ama Tu im sididis ricxviTi mniSvnelobis gazomva dafiqsireba  damokidebulia sxvadasxva garemoebaze – magaliTad: gamzomi xelsawyos sizusteze, masStabze (araTanazomadoba), gaTvlebis sizusteze (im SemTxvevaSi, rodesac sidide uSualod ar izomeba). amitomacaa, rom yvelaferi iTvleba raRac “cdomilebiT”. magaliTad verasdros zutad ver Caiwereba 5 metri radiusis mqone wrewiris sigrZe (is usasrulo araperioduli aTwiladia), anu unda davkmayofildeT raRac garkveuli sizustiT, anu e.w. “dasaSvebi cdomilebiT”. 


absoluturi cdomileba –sididis realuri ricxviTi mniSvnelobisa (x) da misi miaxloebuli mniSvnelobis (

[image: image1.wmf]x


) sxvaobis absoluturi mniSvneloba




[image: image2.wmf](


)


x


x


x


-


º


D


.



fardobiTi cdomileba - absoluturi cdomilebis Sefardeba sididis realuri ricxviTi mniSvnelobasTan.




[image: image3.wmf](


)


x


x


x


x


-


º


r


.


1. Samner N. -  Mathematics for Phtsical Geografers. “Edward Arnold”London 1978


2. (“Прогресс” Москва 1981);


3. Мышкис А.Д. Лекции по высшей математике - “Наука” – 1972 г; 


4. Bers Lipman  - Calculus (Берс Липман – Математический анализ -1972); 


5.  Кудриавцев   В.А. Демидович Б.П. Краткий курс Высшей Математики. Москва 1962;

6. Courant R. - Vorlesungen uber differential und integralrechung  (Р.Курант Курс Диффепенциального и интегрального исчисления Ч.№1.- an nebismieri gamocema,  arsebobs inglesuri versiac );


7. Марон И.А. Дифференциальыйт и интегральное исчисление в примерах и задачах; “Наука” Москва. 1970;


8. gegelia T. maTematikis specialuri kursi (I da II nawili“) ganaTleba” Tbilisi 1985;

9. Calculus -From Wikibooks, the open-content textbooks collection  -  http://en.wikibooks.org/wiki/Calculus 


10. Минорский В.П. Сборник задач по высшей  математике; “Наука” Москва. 1971;


11. Тарасов Н.П. Курс высшей  математики для техникумов “Наука” Москва 1975 ;









PAGE  

5



_1230392483.unknown



_1230392580.unknown



_1230392346.unknown




leqcia 8. (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


8.0 – funqciis zRvari;


8.1 – uwyvetoba;


8.2. uwyveti funqciis zogierTi Tviseba;


8.0 – funqciis zRvari


aqmde Cven ganvixilavdiT funqciebs romlTa argumenti naturaluri ricxvebia da Sesabamisad maT yofaqcevas, rodsesac argumenti “usasrulod izrdeba”. am leqciaSi ganixileba zRvris cneba, romelic warmoiSveba iseT SemTxvevaSi, rodesac argumenti nebismieri namdvili ricxvia – “uwyveti argumenti”.  


eqvivalenturia gamonaTqvamebi (Canawerebi):


· x1, x2, x3, x4, x5, x6, . . . , xn, ...  mimdevroba miiswrafis x0 –saken; 

· 
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· xn wertilebis mimdevroba krebadia x0  wertilSi;
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 - Sesabamisad funqcia f(x) – „warmoSobs“ f(x1), f(x2), f(x3), f(x4), f(x5), f(x6),…, f(xn), ...  mimdevrobas, romelic rogorc mimdevroba SeiZleba iyos krebadi da SeiZleba iyos ganSladi (magaliTad nax. 8.1, mimdevroba krebadia)! 


gansazRvreba (heine). vityviT, rom G aris f(x) funqciis zRvari, rodesac argumenti x miiswrafis x0 -isaken da davwerT 
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gansazRvreba (koSi). Tu  nebismieri ( > 0 dadebiTi ricxvisaTvis arsebobs iseTi  ( > 0  dadebiTi ricxvi (sazogadod damokidebuli (-ze ), rom rodesac 


|x – x0|< ( (cvladi x  aris x0   argumentis ( midamoSi) maSin | f(x) – G|< ( aseT SemTxvevaSi vityviT, rom G aris f(x) funqciis zRvari, rodesac argumenti x miiswrafis x0 –isaken. 


motanili orive gansazRvreba eqvivalenturia, magram Cven ar SeudgebiT aq amis damtkicebas! 
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8.1 – uwyvetoba


intuitiur doneze uwyveti funqcia SeiZleba gansazRvrul iqnes rogorc arsad „ar gawyvetili“ grafikis mqone funqcia!


gansazRvreba funqcia  uwyvetia  x0  wertilSi, Tu misi zRvari am wertilSi emTxveva mis mniSvnelobas am wertilSi anu 
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funqcia uwyvetia intervalze (segmentze, . . . ), Tu is uwyvetia am intervalis (segmentis, . . . ) yvela wertilSi.


nax.8.1-ze mocemuli orive SemTxveva aris uwyveti funqciis magaliTi. meores mxriv cxadia, rom funqcias SeiZleba hqondes zRvari romelime wertilSi da es zRvariTi mniSvneloba gansxvavebuli iyos funqciis mniSvnelobidan mocemul wertilSi. aseTi funqciis klasikuri magaliTia -  xevisaidis funqcia (ixile nax.8.2)
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cxadia, rom rodesac argumenti naklebia nulze da uaxlovdebiT saTaves (nuls) marcxnidan (“marcxena zRvari”), maSin funqciis mniSvneloba yovelTvis nulia da Seasbamisad zRvari nulis tolia anu 

[image: image12.wmf](


)


0


lim


0


=


-


®


x


f


x


, magram Tu Cven miuaxlovdebiT saTaves marjvnidan (“marjvena zRvari”),  maSin funqciis mniSvneloba yovelTvis iqneba erTiani anu 
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. naTelia, rom mniSvneloba aqvs wertil nulTan miaxloeba romeli mxridan xdeba, Sedegic sxvadasxvaa.  Sesabamisad, es funqcia nulSi wyvetilia, radgan funqciis zRvris arsebobisaTvis, ganmartebis Tanaxmad, mimdevrobas mniSvneloba ara aqvs. 


analogiuri wyvetili funqciis magaliTia daxazuli lurji feriT nax. 8.2-ze, ubralod am semTxvevaSi funqcias ori wyvetis wertili aqvs!


uwyveti funqciebis magaliTebi:


· 
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8.2. uwyveti funqciis zogierTi Tviseba


· nebismieri [a,b] monakveTze uwyveti funqcia erTxel mainc miaRwevs Tavis udides 
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 mniSvnelobas (sxva sityvebiT funqcias gaaCnia udidesi da umciresi mniSvneloba)!


· Tu nebismieri [a,b] monakveTze uwyveti funqcia x = a wertilSi Rebulobs uaryofiT mniSvnelobas (f(a) < 0) da x = b wertilSi Rebulobs dadebiT mniSvnelobas (f(b) > 0) an piriqiT (f(a) > 0  da f(b) < 0) maSin arsebobs erTi mainc wertili ( ( (a,b) sadac funqciis mniSvneloba nulis tolia – f(()=0.


· nebismieri [a,b] monakveTze uwyveti funqcia erTxel mainc miiRebs yvela mniSvnelobas  Tavis udidesa umcires MniSvnelobebs Soris – anu




[image: image19.wmf][


]


(


)


x


f


b


a


x


,


min


Î


(   

[image: image20.wmf](


)


x


f


 ( 

[image: image21.wmf][


]


(


)


x


f


b


a


x


,


max


Î


.


· uwyveti funqciebis jami uwyveti funqciaa;


· uwyveti funqciebis sxvaoba uwyveti funqciaa;


· uwyveti funqciebis namravli uwyveti funqciaa;


· uwyveti funqciebis Sefardeba uwyveti funqciaa, Tu mniSvneli gansxvavebulia nulisagan;
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funqcia uwyvetia intervalze (segmentze, . . . ), Tu is uwyvetia am intervalis (segmentis, . . . ) yvela wertilSi.


nax.8.1-ze mocemuli orive SemTxveva aris uwyveti funqciis magaliTi. meores mxriv cxadia, rom funqcias SeiZleba hqondes zRvari romelime wertilSi da es zRvariTi mniSvneloba gansxvavebuli iyos funqciis mniSvnelobidan mocemul wertilSi. aseTi funqciis klasikuri magaliTia -  xevisaidis funqcia (ixile nax.8.2)
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· uwyveti funqciebis jami uwyveti funqciaa;


· uwyveti funqciebis sxvaoba uwyveti funqciaa;


· uwyveti funqciebis namravli uwyveti funqciaa;


· uwyveti funqciebis Sefardeba uwyveti funqciaa, Tu mniSvneli gansxvavebulia nulisagan;
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leqcia 9. (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


9.0  gansazRvruli integrali;


9.1  magaliTebi;


9.2 niuton-leibnicis formula


9.0 – gansazRvruli integrali – rogorc farTobi


cneba istoriulad ukavSirdeba mrudwiruli sazRvrebis mqone figuris farTobis gansazRvras. MarTalia SesaZlebelia am cnebis wminda analizuri gziT Semotana magram Cven am gzas virCevT. 


dauSvaT romeliRac [a, b] intervalze mocemulia dadebiTi funqcia f(x) da saWiroa gamoTvlil iqnas farTobi – 


S ( a, b, f(x) )                                                                (9.1)


- iseTi mrudwiruli oTxkuTxedisa romelic SemosazRvrulia qvemodan [a, b] – monakveTiT, marjvnidan [b, f(b)] - monakveTiT, marcxnidan [a, f(a)] monakveTiT xolo zemodan  f(x) funqciis grafikiT nax. 9.1.  
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aseTi tipis mrudwiruli oTxkuTxedis farTobi „bunebrivad“ ganisazRvreba rogorc zRvari marTkuTxedebis farTobebis jamisa, romlebic Semdegnairadaa agebuli (ixile magaliTad nax.  9.2 ) :


· MonakveTi [a, b] dayofilia a,x1, x2, x3, x4, x5, x6, …, xi, xi+1, . . . , xn,b – anu  n + 2 tol

 monakveTad, romelTa sigrZe - 
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    - damokidebulia Tu ramdenadaa dayofili monakveTi;


· gamoTvlilia funqciis mniSvnelobebi Sesabamis wertilebSi – anu –

 f(a), f(x1), f(x2), f(x3), f(x4), f(x5), f(x6),…f(x i ), f(x i+1), f(x n), f(b) ;


· yovel [xi , xi+1 ] intervalze i= 0,.. n  (x0 ( a, xn+1 ( b ) - napovnia funqciis 

maqsimaluri 

[image: image3.wmf](


)


[


]


(


)


x


f


x


f


i


i


x


x


x


i


1


,


max


+


Î


º


 da 


   minimaluri  

[image: image4.wmf](


)


[


]


(


)


x


f


x


f


i


i


x


x


x


i


1


,


min


+


Î


º


   mniSvneloba;


· gamoTvlilia   yoveli i= 0,.. n  nomrisaTvis calcalke  - 


“patara” ( xi,  xi+1, 
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“didi” ( xi, xi+1,  
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· ajamulia calke “patara” ( xi,  xi+1, 
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 )  marTkuTxedebis farTobebi 


“qveda jami”
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da maT zRvars 
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- „qveda zRvari“ ewodeba!


· ajamulia calke “didi” ( xi,  xi+1, 
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 )  marTkuTxedebis farTobebi 


“zeda jami”
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da maT zRvars 

[image: image12.wmf](


)


(


)


(


)


n


x


f


b


a


S


x


f


b


a


S


n


,


,


,


lim


)


.


,


(


¥


®


º


- „zeda zRvari“ ewodeba!

sxva sityvebiT, rom vTqvaT mrudwiruli S ( a, b, f(x) ) oTxkuTxedis farTobi gansazRvrisas naTlad Cans, rom nebismieri dayofisas 
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amitom mrudwiruli S ( a, b, f(x) ) oTxkuTxedis farTobi „bunebrivad“ ganisazRvreba rogorc zRvari 
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SeniSvna: farTobi arsebobs e.i. zeda da qveda  zrvrebi da isini erTmaneTs emTxvevian!
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farTobis gamoTvlis idea gamoyenebul iqna zogadad gansazrvruli integralis cnebis gansazRvrisaTvis: 


gotfrid leibnicis mier SemoRebulia aRniSvna 


S ( a, b, f(x) ) 
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integralis 
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- niSnaki warmoadgens laTinuri S - asos stilizebul


Canawers. a  - qveda sazRvari,  b – zeda sazRvari (saidan sadamde xdeba integreba) – funqcia (romeli funqciis integreba xdeba), dx (differentia) – aris aRniSvna im faqtisa, rom intervalis dayofa xdeba usasrulod mcire monakveTebad (n (().  


gansazRvruli integrali – “orientirebuli” farTobi


zogierTi Tvisebebi



wina SemTxvevaSi Cven ganvixileT dadebiTi funqcia da dauSviT, rom b > a . formula (9.3) romliTac Cven ganvsazRvreT “gansazRvrulki integrali” arafriT araa damokidebuli am daSvebebze. Tu, magaliTad, funqcia uaryofiTia maSin Cvens mer SemoTavazebuli algoriTmiT gansazRvruli “marTkuTxedebis farTobebi” – iqneba ubralod uaryofiTi niSnis mqone ! 


am faqtis axsna – figura romlis farTobi gvainteresebs aris abscisaTa RerZis qveviT! nax. 9.3 – amitom “farTobi uaryofiTia” – “orientirebili farTobi”!   aqedan gamomdinare cxadia, rom samarTliania yvela funqciisaTvis




[image: image20.wmf](


)


(


)


(


)


ò


ò


-


-


º


b


a


b


a


dx


x


f


dx


x


f


                                                    (9.5)




[image: image21.wmf](


)


(


)


ò


ò


-


º


a


b


b


a


dx


x


f


dx


x


f


                                                         (9.6)

[image: image22.jpg]bab. 9.3






(9.5) da (9.6) formulebidan calsaxad gamodis, rom integrali wertilSi nulis tolia – anu 
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ra Tqma unda geometriuli interpretacia nebismier SemTxvevaSi aris – “orientirebuli farTobi” – figures farTobi aRebuli im niSniT rogori niSnisac aris funqcia am “mikrointervalze” – (intervalis danayofze [xi,  xi+1,] magaliTad. ix nax. 9.4 ) 
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integralis ganmartebidan gamodis , rom:


· radgan  [a , c] ( [c , b] = [a , c] ( intervali SeiZleba nebismierad daiyos) – Sesabamisad 
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(Seadare nax. 9.1, 9.3., da 9.4) 


· mudmivi sidide SeiZleba gamoviTanoT „integralidan“ anu Tu c=const. – maSin
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· Tu funqcia 
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(jamis integrebis wesi);


· GansazRvruli integrali aris ricxvi da Sesabamisad araviTari mniSvneloba ara aqvs ra asoTi aris aRniSnuli „integrebis cvladi“- anu
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9.1 magaliTebi

9.1.1 funqciebi f(x) = xn, sadac n – naturaluri ricxvia! 


· n=0 ,   f(x) = 1 – Sesabamisad  farTobi (ixile nax 9.5) aris marTkuTxedis farTobi da 
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· n=1,   f(x) = x  – Sesabamisad  farTobi:

1. Tu  a >0  aris trapeciis  farTobi (ixile nax 9.6 a.) )  


2. Tu  a = 0  aris samkuTxedis  farTobi (ixile nax 9.6 g.) )


3. Tu  a < 0  da b >0 aris ori samkuTxedis farTobebis sxvaoba (ixile nax 9.6 b.) )

4. Tu a < 0  da b >0 da  - a = a = b  aris ori toli samkuTxedis farTobebis sxvaoba (ixile nax 9.6 d.) da Sesabamisad nulis tolia!

SeiZleba damtkiceba, rom  yvla zemoT motanil SemTxvevaSi saZiebeli farTobi moicema skolaSi naswavli i.w.”trapeciis farTobis” formuliT
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· n=2,   f(x) = x2  – Sesabamisad  farTobi – zRvari “zeda” jamebisa -  SeiZleba


daiweros, rom elementaruli geometriidan da formula (9.1z) - Tanaxmad aris 
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da Tu gamoviTvliT Sesabamisi mimdevrobis zRvars miviRebT, rom
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saidanac gamodis, rom nebismieri b- ricxvisaTvis
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gamoviyenebT ra zemoT motanil (9.8 – 9.11) wesebs vaCvenebT,rom nebismieri [a,b] intervalisaTvis
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9.2 niuton-leibnicis formula


arsebobs gansazRvruli integralis gamoTvlis meore saSualeba, magram wina SemTxvevisagan gansxvaveviT es meTodi mWidrodaa dakavSirebuli “warmoebulis” povnis Sebrunebul operaciasTan “pirveladis moZebna” – anu “ganusazRvreli integrali”). am cnebebze meaTe leqciis konspeqtSi aris saubari!


niuton – leibnicis formula. Tu F(x) funqcia aris f(x) funqciis pirveladi (e.i. Tu F(x) funqciis warmoebuli f(x) funqciaa anu Tu F’(x) = f(x) ) maSin
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SeniSvna: marTalia es formula erTi SexedviT martivad iZleva gansazRvruli integralis gamoTvlis gza, magram misi nakli imaSi mdgomareobs, rom yovelTvis SesaZlebeli araa gamoviTvaloT mocemuli funqciis pirvelyofili! 
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leqcia 10. (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


10.0  warmoebuli;


10.1 warmoebuli – mxebi


10.2 warmoebuli – siCqare


10.3 zogierTi elementaruli funqciis warmoebulebi;


10.4 warmoebulis zogierTi Tviseba;


10.5 ganusazRvreli integrali


10.0 – warmoebuli 



cneba istoriulad ukavSirdeba mrudwiruli sazRvrebis mqone figuris romelime wertilSi mxebi wrfis agebas! meores mxriv es cneba mWidrodaa dakavSirebuli nebismieri moZraobis siCqaris cnebasTan.


1. warmoebuli – rogorc wiris mxebi


 ganvixiloT raime wirze (SeiZleba es iyos raime f(x) funqciis grafiki (nax. 10.1)) raime fisirebuli M wertili. avagoT am wertilsa romelime M1 wertilze gamavali MM1 mkveTi. Tu davakvirdebiT, rodesac M1 wertili miiswrafis M wertilisaken maSin MM1 mkveTis mdebareova icvleba da is daikavebs MBMdgomareobas. ra Tqma unda es ar aris damokidebuli M1 wertili marcxnivaa Tu marjvniv  M wertilidan.  saboloo mdgomareoba erTia! MkveTis mier sabolood dakavebul mdgomareobas grafikis am wertilSi gavlebuli mxebi ewodeba! ra Tqma unda Cven vixilavT mxolod iseT SemTxvevebs rodesac mxebi arsebobs! 
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im SemTxvevaSi, rodesac wiri f(x) funqciis grafikia da cnobilia M wertili, maSin SesaZlebelia mxebi wrfis sakuTxo koeficientis gamoTvla anu tg ( - s povna!  marTkuTxa QMM1 samkuTxedidan cxadia rom mkveTis daxris kuTxis tangensi gamoiTvleba Semdegi formuliT
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zRvarSi  ki QMB isev samkuTxedi marTkuTxaa da Sesabamisad 
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kuTxe ( yovelTvis aizomeba oordinatTa RerZidan saaTis isris sawinaaRmdego mimarTulebiT. 
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SeniSvna: 


· Tu warmoebuli dadebiTia  tg( > 0 – maSin mxebis gadakveTa oordinatTa RerZTan maxvili kuTxiT xdeba ( ( ( 00 ,900) , magaliTebi ixile nax. 10.2; 


· Tu warmoebuli uaryofiTia  tg( < 0 – maSin maSin mxebis gadakveTa oordinatTa RerZTan blagvi. kuTxiT xdeba ( ( (900 , 1800 ) magaliTebi ixile nax. 10.3;
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· Tu warmoebuli nulia  tg( = 0 – maSin mxebi oordinatTa RerZis paraleluria ( =  00 magaliTebi ixile nax. 10.4;
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· Tu warmoebuli usasrulod didia  tg( = ( – maSin mxebi oordinatTa RerZis marTobulia ( =  900 magaliTebi ixile nax. 10.5;
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argumentis nazrdi aris gamosaxuleba 
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funqciis nazrdi aris gamosaxuleba
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nazrdebis fardoba aris gamosaxuleba 
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nazrdebis fardobis zRvars, rodesac   
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 funqciis warmoebuli x wertilSi ewodeba. warmoebulisaTvis istoriulad miRebulia Semdegi aRniSnebi:


lagranJis aRiniSvna: 
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leibnicis aRiniSvna:
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kidev erTxel davweroT toloba romelic gansazRvravs warmoebuls mocemul wertilSi
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unda aRiniSnos, rom bolo gamosaxulebaSi nagulisxmebia, rom x1 =x+h, sadac h nebismieri ricxvia.




gansazRvreba: rodesac funqcias mocemuli intervalis yvela wertilSi gaaCnia warmoebuli f ‘(x) (( (sasruli mniSvnelobis ) maSin ityvian, rom funqcia “gluvia”.


Sesabamisad – funqciis warmoebuli – funqciaa!


funqciis warmoebul funqciasac SeiZleba gaaCndes Tavisi warmoebuli – Sesabamisad mas sawyisi funqciis meore warmoebuli funqcia ewodeba
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warmoebuli funqciis konkretuli magaliTebi:


· Tu 
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· Tu 
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· Tu 
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2. warmoebuli rogorc moZraobis siCqare


ganvixiloT SemTxveva, rodesac raime obieqtis t droSi ganvlili manZili moicema raime f(t) funqciis saxiT. aseT SemTxvevaSi am obieqtis siCqare aris ganvlili manZilis nazrdis Sefardeba drois im monakveTTan, romelSic ganxorcielda es nazrdi anu siCqare -  (10.7) formulis Tanaxmad moicema. 


· Tu obieqti moZraobs Tanabrad anu misi moZraoba aRiwereba wrfivi 


f(t) = ct +b funqciiT ( c, b mudmivi sidideebia), maSin misi siCqare
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mudmivia ixile agreTve (10.10).


· Tu obieqti vardeba sicarieleSi anu misi moZraoba aRiwereba rogorc 


f(t) = ct2, maSin misi siCqare (10.11) Tanaxmad aris
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da am obieqts gaaCnia agreTve aCqareba – „meore warmoebuli“ (10.8) 
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romelic mudmivia (fizikaSi am mudmivs Tavisufali vardnis aCqareba ewodeba, dedamiwisaTvis is  g (9.8 m/wm2! ).


10.3 zogierTi elementaruli funqciis warmoebulebi


· Tu  f(x) = x( , sadac ( ricxvia, maSin 
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· Tu  f(x) = sin x  ,  maSin 
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· Tu  f(x) = cos x  ,  maSin 

[image: image27.wmf](


)


(


)


x


x


x


f


sin


cos


-


=


¢


=


¢


;


· Tu  f(x) = tg x  ,  maSin 
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· Tu  f(x) = ctg x  ,  maSin 
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· Tu  f(x) = ex  ,  maSin 
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· Tu  f(x) = ax,  maSin 
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10.4 warmoebulis zogierTi Tviseba


· „wrfivoba“: Tu f(x) =c1 g(x) + c2 h(x) , sadac c1 da c2  mudmivi sidideebia, maSin 
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· jamis warmoebuli warmoebulebis jamis tolia;


· namravlis warmoebuli: Tu f(x) =g(x) ·  h(x) , maSin 
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· Sefardebis warmoebuli: Tu 
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· kompoziciis (rTuli funqciis) warmoebuli: Tu f(x) = g( h(x)) ( g◦h (x)  , maSin
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10.5 ganusazRvreli integrali


“warmoebulis” povnis Sebrunebuli operaciaa “pirveladis moZebna” – anu “ganusazRvreli integrali”.


F(x) funqcia aris f(x) funqciis pirveladi, F(x) funqciis warmoebuli f(x) funqciaa anu Tu F’(x) = f(x) .

pirveladisaTvis  istoriulad miRebulia Semdegi aRniSvna:
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ganmartebis Tanaxmad samarTliania Semdegi igiveoba
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leqcia 2 (konspeqti)


calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


2.1. Tanadobebi;


2.2. funqcia da misi mocemis wesebi; magaliTebi. 

2.1. Tanadobebi



Tanadoba – ori nebismieri A da B simravlis dekartuli namravlis G qvesimravles Tanadoba ewodeba, G (  A X B. Tu wyvili (a,b) (G  - amboben, rom b elementi eTanadeba G wesiT (TanadobiT) a elements. 


magaliTi 1.  A ({a | a0C – temperaturuli maCveneblebi}, B ({b | bsT. – drois maCveneblebi}, Sesabamisad Tu G ({ (a,b) | mocemoli adgilisaTvis drois garkveuli intervaliT aRebuli temperaturuli maCveneblebi}, ra Tqma unda es aris Tanadoba (rogoraa damokidebuli dRe-Ramis ganmavlobaSi adgilobrivi garemos temperatura droze), Tumca sruliad dasaSvebia, rom is martivi maTematikuri formuliT ver Caiweros! meores mxriv cxadia, rom A X B dekartuli namravlis yvela elementi veraviTar SemTxvevaSi ver iqneba G simravlisBelementi (SeuZlebelia erTdroulad ori sxvadasxva temperatura iyos erT adgilas). xSirad Tanadobis nacvlad ixmareba terminebi:


· A simravlis “asaxva”  B simravleSi G wesiT (TanadobiT);


· A simravlis elementebi “aisaxebian”  B simravleSi G wesiT (TanadobiT);


· B simravle “damokidebulia”  A simravleze G wesiT (TanadobiT);


· B simravle “funqcionaluradaa damokidebulia”  A simravleze G wesiT (TanadobiT);



Tanadobis (asaxvis) gansazRvris are D(A) (pr1(G) ( ( a | a(A da arsebobs G –Si erTi mainc wyvili, romlis pirveli elementia a} (  A. 


· Tu D(A) (pr1(G) = A, maSin am Tanadobas yvelgan gansazRvruli ewodeba.


magaliTi 2. A ( {romeliRac kalaTburTis gundis Semadgenlobis gvarebi}, B ( N; Sesabamisad G – aris  gundis Semadgenloba, wyvilebi (gvari, nomeri) – cxadia, rom A-s  yovel elements (kalaTburTels) unda hqondes nomeri anu Tanadoba yvelgan gansazRvrulia.


magaliTi 3. C = AXB ( {c=(a,b) | a (A da b(B } ( I. 1.1–Si ganxiluli magaliTi p.)) aris globusze an ruqaze “wertilis koordinatebis simravle”, maSin fiqsirebuli meridiani G = {(a,b)| a([-900 , 900], b = const.}(  AXB  aris yvelgan gansazRvruli Tanadoba da Tanac yovel wyvilSi meore wevri erTidaigive ricxvia – meridianis maCvenebeli (konkretulad Tu b = 0 – grinviCis meridiani);


· Tu D(A) (pr1(G) ( A, maSin am Tanadobas nawilobriv gansazRvruli ewodeba. 


magaliTi 4. aseTi Tanadobis klasikuri magaliTia am paragrafis magaliTi 1 (temperaturuli Skalis yvela mniSvneloba erT dRe-RameSi SeuZlebelia dafiqsirdes).


magaliTi 5. C = AXB ( {c=(a,b) | a (A da b(B } ( I. 1.1–Si ganxiluli magaliTi p.)) aris globusze an ruqaze “wertilis koordinatebis simravle”, maSin fiqsirebuli paraleli G = {(a,b)| a = const., b([-1800 , 1800] }(  AXB  aris nawilobriv gansazRvruli Tanadoba da Tanac yovel wyvilSi pirveli wevri erTidaigive ricxvia – ganedis maCvenebeli (konkretulad Tu a = 0 – ekvatori);



mniSvnelobaTa are pr2(G) ( ( b | b(B da arsebobs G –Si erTi mainc wyvili, romlis meore elementia b} ( G. 


· Tu pr2(G) = B,  maSin am Tanadobas “siureqciuli” ewodeba (aseve amboben A simravlis “asaxva”  B simravleze G wesiT). 


magaliTi 5.  


· G Tanadobas (asaxvas) ewodeba funqcionaluri (calsaxa) – Tu (D(A) (pr1(G)) gansazRvris aris yovel elements Seesabameba mxolod erTi elementi (pr2(G) – dan) mniSvnelobaTa aridan. 


· or ricxviT simravles (A,B ( R) Soris funqcionalur Tanadobas (asaxvas) warmodgenil kursSi funqcias uwodebT – da y = f (x) , misi Canaweri, sayovelTaodaa miRebuli, x –sidides (cvlads) – funqciis argumenti ewodeba, y-s  – funqciis mniSvneloba !


magaliTi 2. – G funqcionaluria – radgan ar SeiZleba erT kaladburTels ori gansxvavebuli nomeri eweros!


magaliTi 3. - G “meridiani” funqcionaluri Tanadobaa, ubralod gansazRvris aris yovel elements Seesabameba mxolod erTi elementi da es elementi yvelasaTvis erTidaigivea.


magaliTi 5. - G “paraleli”  ar aris funqcionaluri Tanadoba, radgan gansazRvris aris mxolod erT elements Seesabameba uamravi elementi mniSvnelobaTa aridan.


magaliTi 6. G “wrewiri” aris wertilTa Tanadoba sibrtyeze R2=RXR 
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nax. 2.1


magram es ar aris funqcionaluri (calsaxa) Tanadoba, radgan (D(A) (pr1(G)) gansazRvris aris nebismier X0 elements umetes SemTxvevaSi Seesabameba ori elementi (pr2(G) – dan) Y1  da Y2  mniSvnelobaTa aridan. maTematikur terminebSi G = { (X,Y)| X( R, Y(R,  |(X-XC) 2 + (Y – YC )2| = r2 } – im wrewiris wertilTa simravle, romlis centri aris wertilSi (XC,YC)  da misi radiusia r  ! Sesabamisd Canaweri | (X-XC) 2 + (Y – YC )2 | = r2 ar aris fuqcia!

 magaliTi 7. qarTul – inglisuri leqsikoni aris Tanadoba (is uTanadebs garkveuli wesiT, “Sinaarsobrivad”, erTmaneTs qarTul da inglisur sityvebs)! es Tanadoba ar aris funqcionaluri – erT qarTul sityvas SeiZleba eTanadebodes ramodenime inglisuri Sesatyvisi; Tanac es ar aris yvelgan gansazRvruli Tanadoba – yovelTvis iarsebebs qarTuli sityva romelic ar moxvdeba leqsikonSi!


· G Tanadobas ewodeba urTierTcalsaxa – Tu (D(A) (pr1(G)) gansazRvris aris yovel elements Seesabameba mxolod erTi elementi (pr2(G) – dan) mniSvnelobaTa aridan da piriqiT, yoveli elementisaTvis (pr2(G) – dan) mniSvnelobaTa aridan arsebobs mxolod erTi elementi gansazRvris aridan. 


magaliTi 2. klasikuri magaliTia urTierTcalsaxa Tanadobisa – erT kaladburTels erTi nomeri aqvs da Tanac unomro kaladburTeli gundis ganacxadSi ver iqneba!


magaliTi 8. G Tanadoba – “gadanomrva” – anu mocemul A simravles uTanadebT N - naturalur ricxvTa simravles ( G = {a n  | a(A da n(N }) anu yovel elements gauCnda Tavisi nomeri, Tu es SesaZlebelia (xandaxan SeiZleba ar gveyos nomrebi – aseT simravleebs “araTvladi simravleebi” ewodebaT).


2.2 funqciis mocemis xerxebi; magaliTebi


1. cxrili – funqcia mocemulia (x, f(x)) wyvilebis saxiT, anu  wyvilis pirveli elementia argumentis mniSvneloba, xolo wyvilis meore elementia am argumentis Sesabamisi mniSvneloba. aseTi wesiT srulad moicema mxolod sasrul simravleebze gansazRvruli funqciebi. 

magaliTi 9. logariTmuli an trigonometriuli cxrilebi!

- logariTmuli cxrilebis SemTxvevaSi (x, ln(x))  an  (x, lg(x)) – wyvilebis pirveli wevri aris x ricxvi (gaaCnia ra bijiTaa mocemuli cxrili), meore wevri am ricxvis Sesabamisi “naturaluri” (ln(x))  an “aTobiTi” ( lg(x) ) logariTmis mniSvnelobaa (Tavidan daTqmuli sizustiT) 

- trigonometriuli cxrilebis SemTxvevaSi (x, sin(x)), (x, cos(x)),(x, tg(x)), (x,ctg(x)), (x, sec(x)) da sxva - wyvilebis pirveli wevri aris x ricxvi nolidan oTxmocdaaTamde (gaaCnia ra bijiTaa mocemuli cxrili), meore wevri am ricxvis Sesabamisi “sinusi”, “kosinusi”, “tangensi”, “kotangensi” ,“sekansi” an da sxva  trigonometriuli funqciis mniSvnelobaa (Tavidan daTqmuli sizustiT);


magaliTi 10. fuladi latareis mogebebis cxrilebi - (x, f(x)) wyvilis pirveli wevria x - momgebiani bileTis nomeri, xolo meore wevri  f(x) – am nomris Sesabamisi mogebuli Tanxa!


2. formula – ( y = f(x) ) funqciis mocemis erTerTi yvelaze cnobili xerxia, f – gamoTvlis wesia, romelic maTematikuri formulis saxiTaa mocemuli (analizuradaa Cawerili).


-   cxrilisagan gansxvavebiT am SemTxvevaSi nebismieri (x, f(x)) aseTi wyvilis Cawera SesaZlebelia, magram ara yvelas amowera! 


magaliTi 11. wrfivi funqcia y = f(x) ( kx + d;  sadac x argumentis yoveli mniSvnelobisaTvis y = f(x)  funqciis mniSvneloba gamoiTvleba kx + d – wesiT Tanac sagulisxmoa, rom   k da d  - ricxvebi mocemuli mudmivi sidideebia yovel konkretul SemTxvevaSi! 


magaliTi 9.  logariTmuli y = f(x) ( lnx, y = f(x) ( lgx 


an trigonometriuli y = f(x) (sin(x) , y = f(x) ( cos(x) funqciebis Canawerebi formulis saxiT. Cxrilebi mocemulia konkretuli sasruli raodenoba x ricxvebisaTvis, xolo am SemTxvevaSi dafiqsirebulia zogadi wesi, samarTliani x argumentis nebismieri mniSvnelobisaTvis! 


magaliTi 12. 


a.) xarisxovani funqcia y = f(x) ( xk , sadac x argumentis yoveli mniSvnelobisaTvis y = f(x)  funqciis mniSvneloba gamoiTvleba x argumentis k xarisxSi ayvaniT;  


b.) maCvenebliani funqcia y = f(x) ( kx , sadac x argumentis yoveli mniSvnelobisaTvis y = f(x)  funqciis mniSvneloba gamoiTvleba k ricxvis x argumentis xarisxSi ayvaniT,  k - ricxvi mocemuli mudmivi sididea yovel konkretul SemTxvevaSi! es ori wesi principulad gansxvavdebian erTmaneTisagan!


magaliTi 10. fuladi latareis mogebebis cxrilebi raime cnobili formulis saxiT ra Tqma unda ver moicema, Canaweri y = f(x) , migvaniSnebda ra f wesiTaa x (latareis nomri) damokidebuli  y -ze (mogebis Tanxa), Cveulebrivi terminebiT, rom vTqvaT romeli nomeri ras igebs! – “fantastikaa”!


3. grafiki – funqcia mocemulia “wiris” – saxiT (“grafikulad” ),     
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nax. 2.2


wiris yoveli wertili aris (x,f(x)) – wyvilis grafikuli saxe , ricxviTi mniSvnelobebis povnisas wiridan unda dauSvaT marTobebi x da y  RerZebze. Sesabamisad  manZili saTavidan marTobis x RerZTan gadakveTis wertilamde iqneba wyvilis pirveli ricxviTi mnisvneloba, xolo manZili saTavidan marTobis y RerZTan gadakveTis wertilamde iqneba wyvilis meore ricxviTi mnisvneloba (ricxviTi mniSvnelobebi gamoiTvleba ra Tqma unda raRac sizustiT).


magaliTi 13. kardiograma! argumenti x – dro wamebSi, f(x) – gadaxris sidide!
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nax. 2.3


magaliTi 14. energeiis msoflio moxmareba (realuri monacemebi Jurnali “Scientific America”)! argumenti x - wlebi, f(x) –energiis moxmareba im wels (gazomilia wermoebuli energia gayofili misi warmoebis danaxarjze)
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nax. 2.4


ra Tqma unda kardiogramisagan gansxvavebiT es grafiki agebulia cxriluri monacemebis (Savi wertilebis “koordinatebi” naxatze) safuZvelze da warmoadgens ufro cxriluri mocemis magaliTs da ara grafikulisas. Savi wertilebis SemaerTebeli feradi xazebi gveubneba , rom drois am monakveTSi monacemi ar gazomila da “savaraudod” ase icvleboda.  


4. rekursia – Y (n+1) =f (Y(n) ) funqciis yoveli Semdegi (n+1) –Te mniSvneloba mocemulia raRac wesiT misi wina n mniSvnelobisa, anu ase gansazRvruli funqciis  (n,Y (n+1)) wyvilis gansazRvra SeuZlebelia Tu ar aris cnobili yvela wina n - cali wyvili.


 magaliTi 15. faqtoriali n! = 1X2X3X…(n-1)Xn – anu  (n+1)! = n! X (n+1) . konkretulad 15! rom gamovTvalod unda manmade gamovTvaloT 14!, manmade 13! da ase Semdeg.

5. aramkafio – x - argumentis yoveli mniSvneloba unda Semowmdes, Tu is akmayofilebs garkveul Tvisebas (anu ekuTvnis garkveul simravles) maSin mis mniSvnelobas daiTvlian  f1 – wesiT, Tu ara da maSin mas gamoiTvlian f2 – wesiT:
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magaliTi 16. konkretulad funqciis magaliTs me aq ar movitan, magram Tanadobis motana upriania. M ={adamianTa simravle vinc am momentisaTvis Caidina danaSauli} , M( A = {saerTod adamianebis simravle},  x – konkretuli adamiania. f1 (x) – miesajos imdeni weli (an jarima) rac kanoniTaa gaTvaliswinebuli , Tu x(M (anu Tu is damnaSavea), f2 (x) – ar SevawuxoT , Tu x(M (anu Tu is ar aris damnaSave). aseTi “funqciis ageba” SeuZlebelia imitom, rom dadgena imisa x(M  Tu x(M  “faqtobrivad” SeuZlebelia! 
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leqcia 3 (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


3.1. - dekartis koordinatTa sistema sibrtyesa da sivceSi;

3.2 - kuTxis gradusuli da radianuli zoma; ZiriTadi trigonometriuli Tanadobebi;


3.3 – polarul koordinatTa sistema sibrtyeze,.


3.1. - dekartis koordinatTa sistema sibrtyesa da sivceSi;


pirvel leqciaze motanili iqna ricxvis “geometriuli interpretacia”: “ricxvTa RerZi” – aris wrfe romelsac gaaCnia:


1.) “saTave” – aTvlis sawyisi – 0;


2.) “dadebiTi mimarTuleba” (0 – dan “tradiciulad marjvniv (,  an zeviT ( ”) – saiTac ganTavsdeba dadebiT namdvil ricxveTa simravle (klasi R+ = R+ ( {x | x( R da x > 0}); 


3.) “erTeulovani monakveTi” – “sazomi” – “masStabi”.


“wertili sibrtyeze” – SesaZlebelia Tu ara aseTi wertilebis aRwera ricxviT an ricxvebiT?



pasuxi am kiTxvaze, SesaZlebeli gaxda gamoCenili moazrovnis rene Ddekartis 1596-1560 moRvaweobis Sedegad,  – erTi ricxviT SeuZlebelia, xolo “dalagebuli wyviliT” SesaZlebeli da Tanac calsaxad! 


pirvel leqciaze 1.1-Si motanili iqna ori A  da B simravlis dekartuli namravlis cneba - AXB = { (a,b) | a (A da b(B }.  Tu ganvixilavT iseT SemTxvevas rodesac orive A  da B simravle ricxvTa RerZia (A = B = R), maSin am ori simravlis dekartuli namravli mogvcems saSualebas aRvweroT sibrtyis yoveli wertili. martivad, rom vTqvaT davadoT ori ricxvTa RerZi erTmaneTs ise, rom davamTxvioT saTaveebi da am orma RerZma erTmaneTTan Seadginos marTi kuTxe (zogad SemTxvevaSi raime kuTxe, romelic ar iqneba 00 an 1800) ixile nax. 3.1
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mocemuli wertilis Sesabamis ricxvTa wyvils – wertilis koordinatebi ewodeba; wyvilis pirvel elements – “abscisa” , meores “ordinata” 


1. mocemuli wertilidan dauSvaT marTobebi Sesabamisad OX da OY RerZebze da gadakveTis wertilidan O saTavemde gadavzomoT manZilebi Sesabamisad OX –isa da  OY – is maSstabebSi; 

· OX ReZs – “abscisaTa RerZi”, xolo OY ReZs “ordinatTa RerZi” ewodeba;


· OX da OY RerZebs koordinatTa RerZebi ewodeba;


· “abscisa”-  a – aris OX ReZze, manZili gadakveTis wertilidan O saTavemde, 


· “ordinata” - b – aris OY ReZze, manZili gadakveTis wertilidan O saTavemde, 


2. Fig. 3.1 –ze mocemuli P wertilisaTvis a -  abscisa dadebiTi ricxvia, xolo  b - ordinata uaryofiTi;


3. wertilis ageba mocemuli wyviliT,  piriqiTa algoriTmiT xdeba – wyvilis pirveli ricxvi datanil unda iyos OX ReZze da am wertilze gavlebul iqnas OY ReZis paraleluri wrfe; wyvilis meore ricxvi datanil unda iyos OY ReZze da am wertilze gavlebul iqnas OX ReZis paraleluri wrfe; gadakveTis wertili aris mocemuli wyvilis Sesabamisi wertili sibrtyeze dekartis marTkuTxa koordinatTa sistemaSi;


4. Fig. 3.1 –ze mocemuli  H, H’ da H”  wertilebi da misi Sesabamisi wyvilebi naTeli magaliTebia, Tu ras iwvevs wyvilSi ricxvisaTvis niSnis Secvla (H da H’) an wyvilSi ricxvebisaTvis adgilis Secvla (H” da H’);


· OX da OY koordinatTa RerZebi sibrtyes oTx nawilad yofen am nawilebs “kvadrantebi” ewodebaT da TiToeul kvadrantSi martivad ganisazRvreba sakoordinato wyvilSi Semavali ricxvebis niSnebi; ixile Fig. 3.1 ;


5. manZili koordinatTa saTavesa da wertils Soris martivad ganisazRvreba piTagores Teoremis Tanaxmad – marTkuTxa samkuTxedSi hipotenuzis kvadrati kaTetebis kvadratebis jamis tolia , anu nebismieri wertilis koordinatebis kvadratebis jami tolia manZilisa am wertilsa da koordonatTa saTaves Soris;


6. Sesabamisad, dauSvaT  r aris manZili  mocemuli wertili M –dan  O saTavemde (magaliTad   Fig. 3.1 –ze mocemulia wertili M (x0 , y0 )  da misi daSoreba saTavemde aris  |OM| = r, Sesabamisad OMx0 marTkuTxa samkuTxedSi hipotenuzaa OM  da rogorc ukve vTqviT r misi sigrZea; kaTetebis sigrZe koordinatebis ricxviTi mniSvnelobis tolia, anu |Ox0| = |x0|  da | Mx0 | = |y0|; 

piTagores Teoremis Tanaxmad  

|OM|2  = |Ox0|2 + | Mx0 |2; 


 anu                       


r2 = |x0|2  + |y0|2;                                                     (3.1)


3.2 - kuTxis gradusuli da radianuli zoma; ZiriTadi trigonometriuli Tanadobebi; 


xSiria SemTxvevebi rodesac sakmarisad Znelia mocemuli wertilisaTvis dekartuli wyvilis dadgena! gansakuTrebiT es siZnele Tavs iCenda da iCens didi masStabis gazomvebis (ezos, zRvis raime ubnis, udabnos nawilisa da sxva (ugulvebelyofilia simaRle!)) Catarebisas; amave dros SedarebiT martivia gaizomos manZili or wertils Soris; 


uZvelesi droidan kacobriobam sigrZis sazomi erTeulebisa da xelsawyoebis  paralelurad Semoitana kuTxis sazomi erTeulebi da ra Tqma unda kuTxis sididis gamzomi xelsawyoebi;


pirvel leqciaze 1.4 –Si motanil iqna kuTxis sididis sazomi erTeulebi:


· “gradusi” (sruli kuTxis, wris, samasmesamocedi nawili);

· “radiani” (1 radiani im kuTxis Sesabamisi zomaa, rodesac wrewiris Sesabamisi rkalis sigrZe radiusis tolia); 


1 “radiani”-s  Sesabamisi kuTxe 57017’44”- ia.


10 – erTi “gradusi” iyofa 60 “minutad”, anu  10=60’;


1’ – erTi “minuti” iyofa 60 “sekundad”, anu 1’ = 60”;


marTkuTxa samkuTxedSi davafiqsiroT romelime aramarTi kuTxe; maSin am kuTxis mopirdapire  kaTetis Sefardeba hipotenuzasTan aris am kuTxis “sinusi”;


marTkuTxa samkuTxedSi davafiqsiroT romelime aramarTi kuTxe; maSin am kuTxis mimdebare  kaTetis Sefardeba hipotenuzasTan aris am kuTxis “kosinusi”;


marTkuTxa samkuTxedSi davafiqsiroT romelime aramarTi kuTxe; maSin am kuTxis mopirdapire  kaTetis Sefardeba amave kuTxis mimdebare  kaTetTan aris am kuTxis “tangensi”; 


magaliTisaTvis Fig. 3.1 – ze mocemul  marTkuTxa samkuTxedSi dafiqsirebulia kuTxe ( MOx0  =  (  Sesabamisad ukve SemoRebul aRniSvnebSi 


sin ( MOx0  ( sin ( ( 
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· aRsaniSnavia is garemoeba, rom aseTi ganmarteba samarTliania rodesac kuTxe ( icvleba 00 gradusidan 3600 – mde; ganmsazRvrel (3.2) da (3.3) formulebSi koordinatebi x0 da  y0 monawileoben Tavisi rogorc ricxviTi mniSvnelobiT agreTve niSnis gaTvaliswinebiT; ricxvi r aris – “manZili” da ra Tqma unda dadebiTi sididea;


· praqtikaSi miRebulia Tu cnobilia kuTxe – Sesabamisad cxrilebisa da exla ukve kalkulatorebisa Tu kompiuteris saSualebiT SesaZlebelia am kuTxis trigonometriuli funqciebis mniSvnelobebis “miaxloebiTi” gansazRvra;


· praqtikaSi miRebulia Tu cnobilia kuTxis romelime trigonometriuli funqciebis mniSvneloba – Sesabamisad cxrilebisa da exla ukve kalkulatorebisa Tu kompiuteris saSualebiT SesaZlebelia TviT am kuTxis “miaxloebiTi” gansazRvra;


· marTkuTxa samkuTxedSi Tu cnobilia erTi aramarTi kuTxe da romelime gverdi Sesabamisad (3.2 3.3 da 3.4) formulebidan SesaZlebelia danarCeni ori gverdis gansazRvra.


· Tu aviyvanT (3.2 da 3.3) formulebis orive mxare kvadratSi da erTmaneTs miumatebT gveqneba 


sin2 ( + cos2 ( = 
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bolo toloba piTagores Teoremis Tanaxmadaa dawerili (ixile (3.1));


· cxadia, rom nebismieri kuTxis sinusi da kosinusi 0 – sa da 1-s Soris Rebulobs mniSvnelobebs (formulebi (3.2) da (3.3) kaTeti yovelTvis naklebia hipotenuzaze!);


· tolfderda (“tolkaTeta”) marTkuTxa samkuTxedSi aramarTi kuTxeebis sinusi da kosinusi tolebia xolo taqngensi erTianis tolia; 


3.3 – polarul koordinatTa sistema sibrtyeze 


daubrundeT wertils sibrtyeze da SesaZleblobas misi aRwerisa ricxvTa wyvilebiT – koordinatebiT! 



dekartuli koordinatebis paralelurad SesaZlebelia mravali sakoordinato sistemis Semotana, magram Cven yuradRebas SevaCerebT “polarul koordinatTa sistemaze”.


 “polarul koordinatTa sistemis gansazRvrisaTvis . 


1. unda airCes “polusi” – saTave O;


2. “polaruli RerZi” – dadebiTi ricxvTa RerZi Op (masStabiTa da dadebiTi mimarTulebiT);

mocemuli wertilis Sesabamis ricxvTa wyvils – wertilis polaruli koordinatebi ewodeba; 


· wyvilis pirvel elements warmoadgens manZili polusidan wertilamde – “polaruli radiusi”; 


· wyvilis meore elements warmoadgens kuTxe polaruli RerZidan polussa da wertils Soris SemaerTebel monakveTamde – “polaruli kuTxe”; kuTxe izomeba polapuli RerZidan saaTis isris moZraobis sawinaarmdego mimarTulebiT; 

magaliTis saxiT Tu mocemulia wertili M maSin misi Sesabamisi polarul koordinatTa (r, () wyvilis dasadgenad unda gaizomos |OM| = r manZili am wertilidan polusamde da es aris wyvilis pirveli elementi; Semdeg unda gaizomos ( -kuTxe Op polarul RerZsa da OM monakveTs Soris (kuTxe izomeba polapuli RerZidan saaTis isris moZraobis sawinaarmdego mimarTulebiT) da es aris wyvilis meore elementi;  (ixile fig. 3.2);   


magaliTis saxiT Tu mocemulia wertilis (r, () polaruli koordinatebi, maSin O  polusze unda aigos r radiusis wre da mere moizomos polaruli RerZidan kuTxe (  (ixile fig. 3.2); 


cxadia, rom araviTar SemTxvevaSi ar SeiZleba wyvilSi adgilebis Senacvleba – wyvilis pirveli elementi izomeba sigrZis erTeulebSi, xolo meore kuTxis zomis erTeulebSi!]


agreTve cxadia, rom polaruli koordinatebis orive elementi dadebiTi ricxvia: pirveli – manzilia!; meore kuTxe – (00, 3600);  


Zalze mniSvnelovani sakiTxia rogor gavigoT dekartis koordinatebi Tu viciT polaruli koordinatebi? da piriqiT rogor gavigoT polaruli koordinatebi, Tu cnobilia dekartuli koordinatebi?  
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pasuxi dasmul orive SekiTxvaze piTagores Teoremasa (formula (3.1)) da (3.2)-(3.4) formulebSia!


1. cnobilia M wertilis dekartis koordinatebi (x0 , y0) maSin formula (3.1) dan ganisazRvreba polaruli radiusi, xolo (3.4) formulidan polaruli kuTxe
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radgan Tavidan nebismieri wertilia ganxiluli formula (3.6) samarTliania nebismieri wertilisaTvis! (ixile fig. 3.1).


2. cnobilia M wertilis polaruli koordinatebi (r, () maSin formula (3.2) da (3.3) calsaxad gansazRvravs  dekartis koordinatebs 


x0 = r cos( ,  y0 = rsin( ; F                             (3.7)


magaliTebi: 


a.) Tu (3.7) formulaSi r mudmivi sididea da ( cvladi,  maSin {(x0 , y0)} wertilTa simravle aris r – radiusis mqone wre centriT koordinatTa saTaveSi:


b.) Tu (3.7) formulaSi ( mudmivi sididea da  r cvladi,  maSin {(x0 , y0)} wertilTa simravle aris im sxivis wertilTa simravle, romelic kuTxiTaa daxrili polarul RerZTan. 
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leqcia 4. (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia 


4.1. - dekartis koordinatTa sistema sivceSi;


4.2 – cilindrul koordinatTa sistema;


4.3 sferul koordinatTa sistema.


4.1. - dekartis koordinatTa sistema sivceSi;


pirvel leqciaze motanili iqna ricxvis “geometriuli interpretacia”: “ricxvTa RerZi” – aris wrfe romelsac gaaCnia:


1.) “saTave” – aTvlis sawyisi – 0;


2.) “dadebiTi mimarTuleba” (0 – dan “tradiciulad marjvniv (,  an zeviT ( ”) – saiTac ganTavsdeba dadebiT namdvil ricxveTa simravle (klasi R+ = R+ ( {x | x( R da x > 0}); 


3.) “erTeulovani monakveTi” – “sazomi” – “masStabi”.


mesame leqcia mTlianad mieZRvna “wertili sibrtyeze”!


realobaSi saWiroa wertilis aRwera sivrceSi! 


wrfeze wertilis aRwera erTi ricxviTaa SesaZlebeli _ “ricxvTa RerZi” !


sibrtyeze wertilis aRwera “dalagebuli wyviliTaa” SesaZlebeli!


sivrceSi wertilis aRwera “dalagebuli sameuliTaa” (“triada”) SesaZlebeli” 


pirvel leqciaze 1.1-Si motanili iqna ori A  da B simravlis dekartuli namravlis cneba - AXB = { (a,b) | a (A da b(B }.  Tu ganvixilavT iseT SemTxvevas rodesac A  simravle  sibrtyea (ixile leqcia 3.) da B simravle ricxvTa RerZia, maSin am ori simravlis dekartuli namravli mogvcems saSualebas aRvweroT sivrcis yoveli wertili anu 


R3 ( AXB = { (a,b) | a (A da b(B }({ (a,b, c) | a (R,  b(R da c(R } 


martivad, rom vTqvaT davadoT sami ricxvTa RerZi erTmaneTs ise, rom davamTxvioT saTaveebi da am samma RerZma erTmaneTTan Seadginos marTi kuTxe ixile nax. 4.1
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mocemuli wertilis Sesabamis ricxvTa dalagebul sameuls – wertilis koordinatebi ewodeba; (magaliTi ixile nax. 4.1)

mocemuli wertilidan dauSvaT marTobi Sesabamisad OXY sibrtyis gadakveTamde  da Semdeg am wertilidan dauSvaT marTobebi OX  da OY RerZebis gadakveTamde. Fig. 4.1 mocemul naxazze  miRebul aRniSvnebSi: 


· OX, OY da OZ RerZebs koordinatTa RerZebi ewodeba;


· OXY, OYZ da OXZ  sakoordinato sibrtyeebia;


· M (x, y, z) - mocemuli wertilia;


· M’ (x, y) - mocemuli wertilis gegmilia OXY sibtrtyeze;


· |MM’| - manZili mocemili wertilidan Tavis gegmilamde OXY sibrtyeze;


· mocemuli wertilis “abscisa” -  x aris wertili OX ReZze, Sesabamisad gaaCnia ricxviTi mniSvneloba - |Ox| da niSani;


· mocemuli wertilis “ordinata” - y aris wertili OY ReZze, Sesabamisad gaaCnia ricxviTi mniSvneloba - |Oy| da niSani;


· mocemuli wertilis simaRle -  z aris wertili OZ ReZze, Sesabamisad gaaCnia ricxviTi mniSvneloba - |Oz|= |MM’| da niSani;


2. Fig. 4.1 –ze mocemuli M  wertilisaTvis x, y da z -  dadebiTi ricxvebia;


3. wertilis ageba mocemuli (x, y, z)  triadiT,  piriqiTa algoriTmiT xdeba – triadis pirveli ricxvi x datanil unda iyos OX ReZze da am wertilze gavlebul iqnas OY ReZis paraleluri wrfe; triadis meore ricxvi y datanil unda iyos OY ReZze da am wertilze gavlebul iqnas OX ReZis paraleluri wrfe; gadakveTis wertili aris mocemuli wertilis OXY sibrtyeze gegmilis Sesabamisi wertili M’ (x, y) da am wertilidan OZ RerZis paralelur wrfeze gadaizomos z sidide – Sedegad miviRebT sivrceSi M (x, y, z) wertilis geometriul adgils; 


4. manZili koordinatTa saTavesa da mocemul wertils Soris martivad ganisazRvreba piTagores Teoremis Tanaxmad – wina leqciida gansxvavebiT es debuleba orjer zedized unda iqnes gamoyenebuli; Sesabamisad nebismieri wertilis koordinatebis kvadratebis jami tolia manZilisa am wertilsa da koordonatTa saTaves Soris; 

5. Sesabamisad, dauSvaT  R aris manZili  mocemuli wertili M –dan  O saTavemde (magaliTad   Fig. 4.1 –ze mocemulia wertili M (x, y, z), misi daSoreba saTavemde  |OM| = R da misi OXY sibrtyeze gegmili  M’ (x, y,), Sesabamisad OM’x marTkuTxa samkuTxedSi hipotenuzaa OM’ = r , xolo OMM’ marTkuTxa samkuTxedSi hipotenuzaa OM = R ; Sesabamisad: 


|Ox| = |x| = |M’y| ;  | M’x | = |y0| = |Oy|  da | MM’ | = |z| = |Oz|  ;

piTagores Teoremis Tanaxmad  

|OM’|2  = |Ox0|2 + | Mx0 |2  da |OM|2  = |OM’|2 + | MM’ |2;  


 anu                       


 r2 = |x|2  + |y|2                                        (4.1)  


da


R2 = |z|2  + r2            anu   R2 = |x|2  + |y|2 + |z|2  ;                                    (4.2)             


4.2 – cilindrul koordinatTa sistema


daubrundeT wertils sivrceSi da SesaZleblobas misi aRwerisa ricxvTa triadis (koordinatebis) saSualebiT ! 



dekartuli marTkuTxa koordinatTa sistemis paralelurad SesaZlebelia mravali sakoordinato sistemis Semotana, magram Cven yuradRebas SevaCerebT “cilindrul da sferul koordinatTa sistemebze”.


 “cilindrul koordinatTa sistemis gansazRvrisaTvis . 


1. “arCeulia” sibrtye da masze SemoRebulia polaruli koordinatTa sistema (ixile leqcia 3.2) anu 


· “polusi” – saTave O ;


· “polaruli RerZi” – dadebiTi ricxvTa RerZi Op (masStabiTa da dadebiTi mimarTulebiT);


2. arCeuli sibrtyis perpendikularulad (marTobulad) gavlebulia ricxvTa RerZi romlis saTave emTxveva “poluss”!

3. ganvixioloT SemTxveva rodesac dekartis marTkuTxa OXYZ sistemaTa koordinatebis sistema da cilindrul koordinatTa OpZ sistemis:


·  saTaveebi emTxvevian O;

· OXY sibrtye  emTxveva “arCeul” sibrtyes;

·  OX RerZi da  Op polaruli RerZebi erTmaneTs emTxvevian; 

·   OZ RerZi orive sistemas saerTo aqvT. (Fig. 4.2)

4. mocemulia wertili  M (x, y, z),  maSin cxadia, rom misi OXY sibrtyeze gegmilia M’ (x, y).  gavixsenoT leqcia 3.2 SevniSnoT, rom M’ (x, y)  wertilis polaruli koordinatebi  (r, (),  (3.6) formulebiT ganisazRvrebian, anu 
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5. mocemulia wertili  M( r, ( , z),  maSin cxadia, rom misi OXY sibrtyeze gegmilia M’ (r, ().  gavixsenoT leqcia 3.2 SevniSnoT, rom M’ (r, ()  wertilis dekartuli koordinatebi (x, y) (3.7) formulebiT ganisazRvrebian, anu


x = r cos( ,  y = rsin( , z = z; F                             (4.4)
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magaliTebi: 


I. Tu (4.4) formulaSi r = const.  mudmivi sididea da ( cvladi,  maSin wertilTa {(x , y, z)} simravle aris r – radiusis mqone wris ganivi kveTis mqone cilindri (centriT koordinatTa saTaveSi) (Fig. 4.2 –ze ganivi kveTi r = |OM’| radiusis wre, msaxveli MM’);

II. Tu (4.4) formulaSi ( = const.  mudmivi sididea da  r cvladi,  maSin {(x , y, z)} wertilTa simravle aris im naxevarsibrtis wertilTa simravle, romelic adgens (  kuTxes  OXZ dsnaxevarsibrtyesTan; (Fig. 4.2 –ze OM’M samkuTxedze moWimuli naxevarsibrtye , sazRvari OZ - RerZi);

III.  Tu (4.4) formulaSi z = const.  mudmivi sididea,  maSin {(x , y, z)} wertilTa simravle aris im sibrtyis wertilTa simravle, romelic gadis M  wertilze da OXZ sibrtyis paraleluria;


4.3 sferul koordinatTa sistema

“sferul koordinatTa sistemis gansazRvrisaTvis . rogorc wina SemTxvevaSi
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Bsb. 43






1. “arCeulia” sibrtye da masze SemoRebulia polaruli koordinatTa sistema: 


“polusi” – saTave O da “polaruli RerZi” – dadebiTi ricxvTa RerZi Op; 

2. arCeuli sibrtyis perpendikularulad (marTobulad) gavlebulia ricxvTa RerZi OZ, romlis saTave emTxveva “poluss”!

dekartis marTkuTxa OXYZ sistemaTa koordinatebis sistema da sferul koordinatTa sistemis (aRniSvnebi da grafikuli suraTi, simartivisaTvis ixile mag. Fig. 4.3 -ze) :


· saTaveebi emTxvevian O;

· OXY sibrtye  emTxveva “arCeul” sibrtyes;

· OX RerZi da  Op polaruli RerZebi erTmaneTs emTxvevian; 

· R = |OM|  - sferuli radiusia (manZili wertilidan saTavemde sivrceSi;


· r = |OM’|  - polaruli radiusia (manZili M (x, y, z)  wertilis OXY sibrtyeze M’ (x, y) gegmilidan saTavemde; 


· (  - polaruli kuTxe  (“grZedi”) -  Op polaruli RerZsa da OM’  gegmilis radiusveqtors Soris;

· ( - kuTxe  -  OZ  RerZsa da OM   - sferuli radiuss Soris;

· “geografiuli ganedi”  (  (    
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 -  kuTxe OXY sibrtyesa da  OM sferuli radiuss Soris;

· marTkuTxa samkuTxed OMM’ – Si kuTxe 

(M’MO = (  da (MO M’ = (  (    
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6. mocemulia wertili  M (R, ( , ( ),  maSin cxadia, rom misi OXY sibrtyeze gegmilia M’ (r, () da samkuTxedi OMM’-Si (4.1), (4.2) da (4.5) Tanadobebis Tanaxmad 


x = r cos(sin(,  y = r sin(sin(,  z = rcos(;               F(4.6)


an “geografiul koordinatebSi”


x = r cos(cos(  ,  y = r sin(cos(  ,  z = rsin(  ;            (4.6*)       

7. mocemulia wertili  M (x, y, z),  maSin cxadia, rom misi OXY sibrtyeze gegmilia M’ (x, y).  Sesabamisad (4.1), (4.2), (4.3) da (4.5) Tanadobebis Tanaxmad wertilis sferuli (R, (,  (  )  koordinatebi Semdegi formulebiT ganisazRvrebian:          
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magaliTebi:


· Tu sferul koordinatTa sistemaSi R = const. mudmivia da (, ( - cvladebi, maSin wertilTa {(x , y, z)} - simravle aris mudmivi radiusis sferuli zedapiri. Sesabamisad am sakoordinato sistemas udidesi praqtikuli gamoyeneba hqondaT da aqvT geografiaSi! pirvel miaxloebaSi dedamiwa sferoa da misi radiusi  fiqsirebulia (R  ( 6400 km.) cvladebi ( - ganedebi  da ( - grZedebi. (ixile leqcia 1.1. p.). 


· Tu sferul koordinatTa sistemaSi R da (  mudmivi sidideebia da icvleba mxolod (, maSin wertilTa {(x , y, z)} - simravle aris - grZedi, (marTlac, rodesac vambobT “grivniCis meridiani” – vafiqsirebT, rom ( = 0;


· Tu sferul koordinatTa sistemaSi R da (  mudmivi sidideebia da icvleba mxolod (, maSin wertilTa {(x , y, z)} - simravle aris - ganedi, (marTlac, rodesac vambobT: “ekvatori” – vafiqsirebT, rom ( = 0, an “samxreT polusi” ( = - 900 ;
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leqcia 5. (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


5.0. skalaruli sidideebi;


5.1. veqtoruli sidideebi;


5.2. moqmedebebi veqtorebze;


5.0. – skalaruli sidideebi;


skalarulia sidide, Tu misi sidide xasiaTdeba mxolod misi ricxviTi mniSvnelobiT. skalarebi laTinuri asoebiT aRiniSnebian.


skalaruli sidideebis magaliTebia: temperatura, wneva, asaki, sigrZe, farTobi, moculoba, masa, tenianoba da mravali sxva. 


moqmedebebi skalarebze igivea rac moqmedebebi ricxviT sidideebze. 


skalaruli sidide sivrceSi “mibmulia” wertilze, romelic moicema dekartuli koordinatebiT M(x,y,z,) .


sivrceSi or M(x,y,z,) da M1(x1,y1,z1,) wertils Soris manZili ganisazRvreba formuliT
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5.1.  -  veqtoruli sidideebi


veqtori – mimarTuli monakveTi, romlis erT bolos sawyisi, xolo meores bolo ewodeba. veqtorebi laTinuri asoebis wyvilebiT aRiniSnebian AB an 

[image: image2.wmf]AB


, Tanac pirveli aso A - sawyisia  da meore B – bolo. xSirad veqtorebi erTi laTinuri asoTi aRiniSnebian a, b, A, B.   


veqtoruli sidide xasiTdeba 


1. arauaryofiTi ricxviTi sididiT (sigrZe an veqtoris moduli) |AB|;

2. mimarTulebiT, veqtori mimarTulia A wertilidan B  wertilisaken.


· erTeulovania veqtori, Tu misi sigrZe erTianis tolia;


· nulovani veqtoris sigrZe nulia da mas mimarTulebac ar gaaCnia;


· ori veqtori tolia Tu paraleluri gadatanis Sedegad isini erTmaneTs emTxvevian;


· ori veqtori tolia Tu maTi modulebi da mimarTulebebi emTxvevian; - maSin maT Tavisufali veqtorebi ewodebaT;  


· veqtorebi, romlebic erTi veqtoridan wrfis gaswvriv paraleluri gadatanis Sedegad miiRebian – mosriale veqtorebi ewodebaT;


· Tu veqtoris gadatana fizikuri mosazrebis gamo dauSvebelia (veqtors gaaCnia modebis wertili) maSin mas dabmul veqtors uwodeben.


· dekartis marTkuTxa koordinatTa sistemaSi miRebulia , rom erTeulovani veqtorebi, romlebic RerZebis gaswvriv arian ganTavsebulni ZiriTadi “mgezavebi” an “ortebi” ewodebaT


i ( e1= (1,0,0,) (OX,         j ( e2= (0,1,0,) (OY,            k ( e3= (0,0,1,) (OZ;             (5.1)


· ( e1; e2; e3 ) - sisitemas marjvena sistema hqvia; ( e1; e2; - e3 ) marcxena sistemaa (ixile fig.5.2); 

marjvena da marcxena sistemebi mecnierebaSi warmoiSveba SeTanxmebis safuZvelze! Semdgom yvela veqtoruli sidide am SeTanxmebis Sedegad ganisazRvreba! magaliTisaTvis: ganvixiloT fig. 5.1-ze gamosaxuli M wertilis koordinatebi (x, y, z) da maSin veqtori OM ganmartebis Tanaxmad  Caiwereba Semdegi (0,0,0; x,y,z) saxiT.
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SeTanxmeba: rodesac veqtori koordinatTa saTaveSia “modebuli” maSin iwereba mwolod “wveros” koordinatebi , anu SeTanxmebis Tanaxmad veqtori OM = (x, y, z). amas garkveuli gamarTlebac aqvs da axsnac! sferul koordinatebSi OM radiusveqtoria, anu  M  wertilis dekartuli koordinatebia (x, y, z), anu radiusveqtoris wveros koordinatebi (4.7).
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5.2. – moqmedebebi veqtorebze


1. veqtoris ricxvze gamravleba ( AB.

AB veqtoris namravli ( ricxvze - ( AB aris veqtori, romlis:


· sigrZe – aris |( AB| = |(| | AB|;

· mimarTuleba emTxveva  AB veqtoris mimarTulebas, Tu ricxvi dadebiTia (>0 da aris AB veqtoris mimarTulebis sawinaaRmdego, Tu ricxvi uaryofiTia (<0.


magaliTisaTvis: ganvixiloT fig. 5.1-ze gamosaxuli OM veqtoris koordinatebi (x, y, z) da maT SesaZloa TiToeuls SevxedoT rogorc veqtors, anu mocemulia sami veqtori:
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               (5.2)


Senisvna: AB veqtoris sapirispiro veqtoria –AB. 

2. veqtorebis jami AB  + CD. 


AB da CD veqtorebis jami aris veqtori AD, romelic miiReba e.w. paralelogramis diagonalis saxiT (ixile Fig.5.3). aseve ganmartebis Tanaxmad CD da AB veqtorebis jami aris veqtori CB (ixile Fig.5.3 – ciferi nawili), amitom cxadia, rom zogadad (kerZo SemTxveva ixile Fig.5.3)


 CB = CD + AB =  AB  + CD = AD                                                      (5.3)
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magaliTisaTvis: ganvixiloT fig. 5.1-ze gamosaxuli OM’ veqtori. is ganmartebis Tanaxmad warmoadgens  Ox da Oy veqtorebis jams; xolo OM veqtori warmoadgens  Oz da OM’ veqtorebis jams. aqedan gamomdinare samarTliania warmodgena 
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warmodgena (5.4) kidev erTi gamarTlebaa, rom radiusveqtori OM Caiweros mxolod wveros koordinatebiT.


warmodgena (5.4)-ze dayrdnobiT samarTliania, rom Tu:
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maSin maTi jami
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xolo maTi sxvaoba warmodgeba, rogorc CD –s sapirispiro veqtorTan jami: 
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3. veqtorebis skalaruli namravli (AB,CD). 


AB da CD veqtorebis skalaruli namravli aris ricxvi (skalari) 


(AB,CD) = |AB||CD|cos( ,                                                         (5.8)


sadac |AB| da |CD| veqtorebis sigrZeebia da ( - maTSoris mdebare kuTxe. 


dekartis marTkuTxa koordinatTa sistemaSi, rodesac veqtorebi moicema (5.5) TanadobiT, maSin skalaruli namravli aris




[image: image13.wmf](


)


2


1


2


1


2


1


,


z


z


y


y


x


x


CD


AB


×


+


×


+


×


=


 .                     (5.9) 


warmodgena (5.9)-ze dayrdnobiT, martivad davinaxavT, rom skalaruli namravli komutatiuria, anu 
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SeniSvna: Tu ori aranulovani veqtoris skalaruli namravli nulis tolia e.i. es veqtorebi urTierTmarTobulebi, anu “orTogonalurebi” arian!


magaliTebi: 1. gamoTvaleT sabaziso veqtorebis skalaruli namravli da SeavseT cxrili


		(en,em)

		

		

		

		



		e1

		

		

		

		



		e2

		

		

		

		



		e3

		

		

		

		





4. veqtorebis veqtoruli namravli AB X CD. 


AB da CD veqtorebis veqtoruli namravli AB X CD aris veqtori romlis:


1. sigrZe aris


|ABXCD| = |AB||CD|sin( ,                                                         (5.11)


am or veqtorze moWimuli paralelogramis farTobi (ixile Fig.5.4) ;


2. AB,  CD da AB X CD veqtorebis sameulma unda Seadginos marTkuTxa marjvena sistema.


MA[image: image15.jpg]Bsb. 54
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magaliTad:  Fig.5.4 –ze  mocemuli AB,  CD da AB X CD veqtorebis sameuli adgens marjvena sistemas, rodesac AB X CD mimarTulia CM veqtoris gaswvriv, xolo misi sigrZe daStrixuli paralelogramis farTobis tolia!


cxadia, rom 


AB X CD  ( CD X AB ,                                                          (5.12)


es ori veqtori sigrZiT tolebi arian da maT urTierTsawinaaRmdego mimarTuleba aqvT (mag. Fig.5.4 –ze  mocemuli SemTxvevisaTvis AB X CD mimarTulia CM veqtoris gaswvriv, xolo CD X AB  - AN veqtoris gaswvriv )! 


rodesac veqtorebi moicema (5.5) TanadobiT, maSin veqtoruli namravli aris veqtori
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 .          (5.13) 


am formulis damaxsovreba mosaxerxebelia rogorc matrici 3X3 dewterminantis gamosaTvleli formula (6.7) 
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 (5.14)


(5.13) da (5.14)-ze dayrdnobiT naTelia (5.12), rom veqtoruli namravli arakomutatiuria anu
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SeniSvna: Tu ori aranulovani veqtoris veqtoruli namravli nulis tolia e.i. es veqtorebi paralelurebi (“kolinearulebi”, anu  erT wrfeze ganTavsebulebi,) arian!
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leqcia 6. (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe

6.0. – matricebi;


6.1 moqmedebebi matricebze;


6.2 y=f(x) funqciebi da maTi zogierTi elementaruli Tviseba


6.0. – matricebi;



matrici – marTkuTxa cxrili, romlis elementebi SeiZleba iyos skalarebi, veqtorebi an TviT matricebic. matrici zogadad moicema, rogorc
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warmodgenil matrics m – striqoni da n -sveti aqvs, m da n nebismieri naturaluri ricxvebia. rodesac m=n, matrics kvadratuli (mxm)-ze matrici ewodeba. aij – matricis elementebia da qveda indeqsebidan pirveli i – aRniSnavs striqonis nomers, xolo meore j- svetis nomeria. xSirad matrics (6.0) warmodgenis magivrad Caweren, rogorc 


(aij) , i=1,…m; j=1,…,n.                                          (6.1)

rogorc zemoT avRniSneT matricis aij – elementebi nebismieri bunebis sidideebi (TviT maticebic) SeiZleba iyos. 

Cven ZiriTadad ganvixilavT (2x2)-ze da (3x3)-ze matricebs da maT ZiriTad Tvisebebs. 


matricis aii  elementebs, elementebs romelTa indeqsebi erTnairi ricxvebia– mTavari diagonalis elementebi ewodeba. 

· erTeulovania matrici, Tu misi mTavari diagonalis elementebi erTianebia, xolo danarCeni elementebi nulebi; 
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· nulovania matrici, Tu misi yvela elementi nulia;
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                              (6.3)

· ori (aij) da (bij) matrici tolia, Tu maTi yvela Sesabamisi elementi (anu aij = bij yvela i=1,…m; j=1,…,n – isaTvis); 

6.1 moqmedebebi matricebze


1. matricis ricxvze gamravleba ( (aij).


Aris matrici romlis yvela element gamravlebulia am ricxvze


          (
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SeniSvna: matricis gamravleba nolze gvaZlevs nulovan matrics.


2. ori matricis jami – aris matrici romlis elementebi Sesakrebi matricebis Sesabamisi elementebis jams warmoadgenen


(aij) + (bij) = (aij + bij), anu
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3. (2x2) da (3x3) matricebis determinantebi.


(2x2)-ze matricis determinanti gamoiTvleba Semdegi formuliT
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 (3x3)-ze matricis determinanti gamoiTvleba Semdegi formuliT
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yviTeli foniT mocemulia sqema romelic amartivebs formulis damaxsovrebas, cisferi xazebiT SeerTebulia determinantis dadebiTi wevrebi , xolo wiTeli xazebiT uaryofiTi wevrebi.


determinanti – matricis ricxviTi maxasiaTebelia! 


6.2 y=f(x) funqciebi da maTi zogierTi elementaruli Tviseba


leqcia 2 – mTlianad mieZRvna zogadad funqciis ganmartebasa da misi mocemis sxvadasxva xerxs. 



funqcia monotonurad zrdadia romelime intervalze – Tu x argumentis did mniSvnelobas am intervalSi  y – funqciis didi mniSvneloba Seesabameba anu rodesac x1 > x2   Sesabamisad f(x1)=y1 ( f(x2)=y2  (mag. ixile nax.6.1 wiTeli grafikebi).


funqcia monotonurad klebadia romelime intervalze – Tu x argumentis did mniSvnelobas am intervalSi y – funqciis mcire mniSvneloba Seesabameba anu ( x1 > x2   Sesabamisad f(x1) =y1 (  f(x2)) =y2  (mag. ixile nax.6.1 cisferi grafikebi).
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funqcia luwia – Tu f(-x) =  f(x) (sarkulad simetriulia oordinatTa RerZis mimarT; magaliTi ixile nax. 6.2 )         


  [image: image12.jpg]6s5.6.2






funqcia kentia – Tu f(-x) = - f(x) (simetriulia koordinatTa saTavis mimarT magaliTi ixile nax. 6.3 ) 
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polinomialuri funqciebi Pn (x)

meorenairad aseT funqciebs mTel racoinalur fuqciebsac uwodeben. zogadad aseTi funqciebis saxea

y = Pn (x) (A0 + A1x +A2x2 +. . . + Anxn  =  
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sadac Ai - koeficientebi  namdvili ricxvebia, x - cvladi sididea,  n - polinomis rigia. 


skolis kursSi ganxilulia polinomialuri funqciis ori magaliTi:
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a). n = 1 – wrfivi funqcia  y = P1 (x) (A0 + A1x (grafiki wrfe,  A1 - daxris kuTxis tangensi da A0  - Tavisufali wevri; ixile nax. 6.4 );


b). n = 2 – kvadratuli funqcia  y = P2 (x) (A0 + A1x +A2x2(grafiki parabola,  ixile nax. 6.4 am magaliTSi A2 < 0 da D  - diskriminanti dadebiTia);

zogadi racoinaluri fuqciebi  R(x)

zogadad aseTi funqciebis saxea
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sadac Ai   da  Bj - koeficientebi  namdvili ricxvebia, x - cvladi sididea, es funqciebi gansazRvrulni arian yvelgan sadac mniSvneli gansxvavebulia nulisagan. 


aseTi saxis funqciebis umartivesi magaliTebia: 

[image: image17.wmf]x


1


 da 

[image: image18.wmf]2


1


x




[image: image19.jpg]=afe Bubdeos

aabe Babdes

bab. 6.5






specialuri saxis  

[image: image20.wmf](


)


n


x


R


 “algebruli funqciebi”


 n – uri xarisxis fesvi racionaluri funqciidan – gansazRvris area argumentis is mniSvnelobebi, rodesac racionaluri funqcia arauaryofiTia, Tu  n - luwia !


trigonometriuli funqciebi


y = sin x ,   cos x – gansazRvrulni arian argumentis nebismieri mniSvnelobisaTvis, 

tg x - gansazRvrulia x  argumentis nebismieri mniSvnelobisaTvis garda x =(k + (/2, k(Z;


ctg x - gansazRvrulia x argumentis nebismieri mniSvnelobisaTvis garda x =(k, k(Z. 


maCvenebliani da logariTmuli funqciebi


y = ax – maCvenebliani funqcia, (a > 0) fuZiT - gansazRvrulia x  argumentis nebismieri mniSvnelobisaTvis;


y = logax  -   logariTmuli funqcia, (a > 0)  fuZiT - gansazRvrulia argumentis nebismieri dadebiTi x >0  mniSvnelobisaTvis. 
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leqcia 7. (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


7.0  mimdevrobebi;


7.1  mimdevrobis zRvari;


7.2  zogadi ganmarteba da moqmedebebi zRvrebze.

7.0 – mimdevrobebi


funqciebs romlTa argumenti naturaluri ricxvebia mimdevrobebi ewodebaT. Tu SesaZlebelia mimdevrobis nebismieri wevris erTi gamosaxulebiT mocema, maSin am gamosaxulebas zogadi wevris formula ewodeba da es midevroba SeiZleba Caweril iqnas rogorc {an}. mimdevrobebis klasikuri magaliTebia:


· pirveli n naturaluri ricxvis jami, anu


f(n) = 1+2+3+. . . + n  = n(n+1)/2 ;                                    (7.1)


· pirveli n naturaluri ricxvis kvadratebis jami, anu


f(n) = 12 + 22 + 32 +. . . + n2  ;                                       (7.2)


· pirveli n naturaluri ricxvis namravli - faqtoriali, anu


f(n) = 1·2·3·. . . · n  = n!  ;                                        (7.3)


· binomialuri koeficientebi (k mumivia n cvladi)
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  ;                        (7.4)


· fibonaCis mimdevroba


f(n) = f(n-1) + f(n-2)  ;                                                 (7.5)


· ariTmetikuli progresiis zogadi wevri (mimdevrobis yoveli wevri tolia wina wevrs damatebuli d - mudmivi – “progresiis sxvaoba”) 


an  ( an-1 +d = a1 +(n -1)d                                                (7.6)


 da pirveli n wevris jami
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· geometriuli progresiis zogadi wevri (mimdevrobis yoveli wevri tolia wina wevri gamravlebuli q - mudmivze ) 


bn  ( bn-1 x q = b1 x q(n-1);                                                (7.8)


da pirveli n wevris jami
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7.1 – mimdevrobis zRvari



antikur xanidan moyolebuli adamiani xvdeboda, rom yvelaze did ricxvs ver daasaxelebda! yovelTvis SeiZleba erTiT meti ricxvis dasaxeleba! amitom sxvadasxva dros gaCnda terminebi uTvalavi da usasrulod didi ricxvi! Semotanili iqna aRniSvna - ( (xazs usvamT im garemoebas, rom araviTar SemTxvevaSi es ricxvi ar aris!) . 


1. Tu davakvirdebiT mimdevrobas 
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argumentis gazrdasTan erTad mcirdeba funqciis mniSvneloba an da is uaxlovdeba 0-s, magram nuli arasodes ar gaxdeba - “miiswrafis nolisaken” ! maTematikurad es Caiwereba Semdegnairad
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anu (lim) zRvari an  mimdevrobisa, rodesac n miiswrafis usasrulobisaken nulis tolia!

2. 

[image: image6.wmf]þ


ý


ü


î


í


ì


+


1


n


n


, 

[image: image7.wmf]þ


ý


ü


î


í


ì


+


+


-


1


1


2


2


n


n


n


 mimdevrobebis Seswavla gvarwmunebs, rom


mimdevrobis zRvari SeiZleba iyos nebismieri naturaluri ricxvi. am konkretul SemTxvevaSi, radgan samarTliania Semdegi igiveobebi
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 naTelia, rom nomris zrdasTan erTad  
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(7.10) –s  Tanaxmad miiswrafian nolisaken da Sesabamisad 
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anu (lim) zRvari an  mimdevrobisa, rodesac n miiswrafis usasrulobisaken erTianis tolia!


3. mimdevrobisaTvis, romlis zogadi wevria 
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- nebismieri dadebiTi mudmivi sididea, damtkicebulia, rom 
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4. ramodenime SemTxvevas moicavs magaliTi, romelSic ganvixilulia


midevroba, romlis zogadi wevria an = (n , sadac ( - mudmivi sididea: 


· Tu  0 < ( < 1 -  maSin      
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· Tu  -1 < ( < 0 -  maSin     
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· Tu  ( = 0     -     maSin      
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· Tu  ( = 1     -     maSin      
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· Tu  ( = - 1   -      maSin     
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 (zRvari) ar arsebobs,


radgan yoveli luwi nomris mqone wevri a2n = +1 da kenti nomris mqone wevri a2n+1 = –1 , xolo 
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· Tu  |(| > 1  -      maSin    
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mimdevroba ganSladia(kidev erTxel aRvniSnavT, rom araviTar SemTxvevaSi ( - ricxvi ar aris!.)


ganxiluli SemTxvevis analizi uCvenebs, rom Tu geometriuli progresiis 0 < q < 1,  maSin SeiZleba aseTi geometriuli progresiis “yvela” wevri Seikribos anu (7.9) formuli Tanaxmad 
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5. mniSvnelovani magaliTebi:


· 
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7.2 zogadi ganmarteba da moqmedebebi zRvrebze


dauSvaT mocemulia ricxvTa usasrulo mimdevroba {an}. Tu arsebobs iseTi ricxvi G , rom G ricxvis nebismier, ragind mcire midamoSi, ganlagebulia mimdevrobis TiTqmis yvela an ricxvi, garda sasruli raodenobisa, maSin vityviT, rom G ricxvi aris {an} mimdevrobis zRvari da davwerT 
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anda vityviT, rom mimdevroba krebadia G- sken!


xandaxan ufro mosaxerxebelia gansazRvrebis ufro maTematikuri formulireba:


Tu nebismieri  (ragind mcire) ( > 0 ricxvisaTvis, arsebobs iseTi nomeri N=N(() (zogad SemTxvevaSi damokidebuli (- dan), rom rodesac n>N maSin | G - an| < (.


Tu mimdevrobas zRvari ar aqvs, vityviT, rom mimdevroba ar aris krebadi an mimdevroba ganSladia.

moqmedebebi zRvrebze:


dauSvaT mocemulia ori krebadi {an} da {bn} mimdevroba, Sesabamisad 
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. aseT SemTxvevaSi adgili aqvs Semdeg faqtebs: 


· mimdevroba, romlis zogadi wevria cn = an  + bn , krebadia da Sesabamisad   
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· mimdevroba, romlis zogadi wevria cn = an  · bn ,  krebadia da Sesabamisad  
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· mimdevroba, romlis zogadi wevria 
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 gansxvavebulia nulisagan, krebadia da Sesabamisad   
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(7.13 – 15) Tanadobebi uCveneben, rom SesaZlebelia jer zRvarze gadasvla da mere ariTmetikuli operaciis Catareba da piriqiT!
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leqcia 7. (konspeqti)


Calculus – 5 – “maTematika geografebisaTvis”


ilia TavxeliZe


7.0  mimdevrobebi;


7.1  mimdevrobis zRvari;


7.2  zogadi ganmarteba da moqmedebebi zRvrebze.

7.0 – mimdevrobebi


funqciebs romlTa argumenti naturaluri ricxvebia mimdevrobebi ewodebaT. Tu SesaZlebelia mimdevrobis nebismieri wevris erTi gamosaxulebiT mocema, maSin am gamosaxulebas zogadi wevris formula ewodeba da es midevroba SeiZleba Caweril iqnas rogorc {an}. mimdevrobebis klasikuri magaliTebia:


· pirveli n naturaluri ricxvis jami, anu


f(n) = 1+2+3+. . . + n  = n(n+1)/2 ;                                    (7.1)


· pirveli n naturaluri ricxvis kvadratebis jami, anu


f(n) = 12 + 22 + 32 +. . . + n2  ;                                       (7.2)


· pirveli n naturaluri ricxvis namravli - faqtoriali, anu


f(n) = 1·2·3·. . . · n  = n!  ;                                        (7.3)


· binomialuri koeficientebi (k mumivia n cvladi)
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  ;                        (7.4)


· fibonaCis mimdevroba


f(n) = f(n-1) + f(n-2)  ;                                                 (7.5)


· ariTmetikuli progresiis zogadi wevri (mimdevrobis yoveli wevri tolia wina wevrs damatebuli d - mudmivi – “progresiis sxvaoba”) 


an  ( an-1 +d = a1 +(n -1)d                                                (7.6)


 da pirveli n wevris jami
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· geometriuli progresiis zogadi wevri (mimdevrobis yoveli wevri tolia wina wevri gamravlebuli q - mudmivze ) 


bn  ( bn-1 x q = b1 x q(n-1);                                                (7.8)


da pirveli n wevris jami
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;                  (7.9)

7.1 – mimdevrobis zRvari



antikur xanidan moyolebuli adamiani xvdeboda, rom yvelaze did ricxvs ver daasaxelebda! yovelTvis SeiZleba erTiT meti ricxvis dasaxeleba! amitom sxvadasxva dros gaCnda terminebi uTvalavi da usasrulod didi ricxvi! Semotanili iqna aRniSvna - ( (xazs usvamT im garemoebas, rom araviTar SemTxvevaSi es ricxvi ar aris!) . 


1. Tu davakvirdebiT mimdevrobas 
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anu (lim) zRvari an  mimdevrobisa, rodesac n miiswrafis usasrulobisaken nulis tolia!

2. 
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 mimdevrobebis Seswavla gvarwmunebs, rom


mimdevrobis zRvari SeiZleba iyos nebismieri naturaluri ricxvi. am konkretul SemTxvevaSi, radgan samarTliania Semdegi igiveobebi
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 naTelia, rom nomris zrdasTan erTad  
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(7.10) –s  Tanaxmad miiswrafian nolisaken da Sesabamisad 
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anu (lim) zRvari an  mimdevrobisa, rodesac n miiswrafis usasrulobisaken erTianis tolia!


3. mimdevrobisaTvis, romlis zogadi wevria 
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- nebismieri dadebiTi mudmivi sididea, damtkicebulia, rom 
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4. ramodenime SemTxvevas moicavs magaliTi, romelSic ganvixilulia


midevroba, romlis zogadi wevria an = (n , sadac ( - mudmivi sididea: 


· Tu  0 < ( < 1 -  maSin      
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· Tu  -1 < ( < 0 -  maSin     
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· Tu  ( = 0     -     maSin      
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· Tu  ( = 1     -     maSin      
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· Tu  ( = - 1   -      maSin     
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 (zRvari) ar arsebobs,


radgan yoveli luwi nomris mqone wevri a2n = +1 da kenti nomris mqone wevri a2n+1 = –1 , xolo 
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· Tu  |(| > 1  -      maSin    
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mimdevroba ganSladia(kidev erTxel aRvniSnavT, rom araviTar SemTxvevaSi ( - ricxvi ar aris!.)


ganxiluli SemTxvevis analizi uCvenebs, rom Tu geometriuli progresiis 0 < q < 1,  maSin SeiZleba aseTi geometriuli progresiis “yvela” wevri Seikribos anu (7.9) formuli Tanaxmad 
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5. mniSvnelovani magaliTebi:


· 
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7.2 zogadi ganmarteba da moqmedebebi zRvrebze


dauSvaT mocemulia ricxvTa usasrulo mimdevroba {an}. Tu arsebobs iseTi ricxvi G , rom G ricxvis nebismier, ragind mcire midamoSi, ganlagebulia mimdevrobis TiTqmis yvela an ricxvi, garda sasruli raodenobisa, maSin vityviT, rom G ricxvi aris {an} mimdevrobis zRvari da davwerT 
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anda vityviT, rom mimdevroba krebadia G- sken!


xandaxan ufro mosaxerxebelia gansazRvrebis ufro maTematikuri formulireba:


Tu nebismieri  (ragind mcire) ( > 0 ricxvisaTvis, arsebobs iseTi nomeri N=N(() (zogad SemTxvevaSi damokidebuli (- dan), rom rodesac n>N maSin | G - an| < (.


Tu mimdevrobas zRvari ar aqvs, vityviT, rom mimdevroba ar aris krebadi an mimdevroba ganSladia.

moqmedebebi zRvrebze:


dauSvaT mocemulia ori krebadi {an} da {bn} mimdevroba, Sesabamisad 
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. aseT SemTxvevaSi adgili aqvs Semdeg faqtebs: 


· mimdevroba, romlis zogadi wevria cn = an  + bn , krebadia da Sesabamisad   
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· mimdevroba, romlis zogadi wevria cn = an  · bn ,  krebadia da Sesabamisad  
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· mimdevroba, romlis zogadi wevria 
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 gansxvavebulia nulisagan, krebadia da Sesabamisad   
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 .                                             (7.15)


(7.13 – 15) Tanadobebi uCveneben, rom SesaZlebelia jer zRvarze gadasvla da mere ariTmetikuli operaciis Catareba da piriqiT!
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