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I 

simravleebi, funqciebi, mimarTebebi 

 

1.1 simravleebi 
 
 intuiciurad, “simravle” aris elementTa erToblioba, xolo “funqcia” – 
nebismieri wesi, romelic yovel elements erTi simravlidan Seusabamebs Sesatyvis 
elements meore simravlidan. 
 simravlis magaliTebi: sibrtyeze yvela wrfeebis simravle, yvela racionalur 
ricxvTa  Q  simravle, yvela kompleqsur ricxvTa C simravle, yvela mTel ricxvTa Z 
simravle. sasruli raodenobis sxvadasxva elementisagan Semdgari simravleebi 
SesaZlebelia aRiweros yvela misi elementebisagan Semdgari siis saSualebiT, 
romelsac xSirad aTavseben figurul frCxilebSi. maSasadame yvela luwi mTeli 
ricxvebis simravle moTavsebuli   0-sa da  8-s Soris, am rcxvebis CaTvliT, 

SesaZlebelia warmovadginoT rogorc  0,2,4,6,8, aseve  6-is yvela dadebiTi 
gamyofebis simravle warmoidgineba Semdegi saxiT {1,2,3,6}. rigs, romlis mixedviTac 
dalagebulia am simravlis elementebi, ar aqvs mniSneloba:  {1,2,3,6} = {1,3, 6,2}.  

 formalurad, “x  S ”  aRniSnavs, rom “x aris S  simravlis elementi”  an, 
eqvivalenturad, “x aris S  simravlis wevri”  an  “x ekuTvnis S  simravles“. agreTve  

“x  S “  niSnavs, rom “x ar aris S  simravlis elementi”. vinaidan simravle srulad 
ganisazRvreba misi elementebiT, ori simravle S  da T  tolia maSin da mxolod 
maSin, roca maT gaaCniaT erTi da igive elementebi; simboloebSi: 
 

              S = T  yoveli  x-Tvis, x  S  maSin da mxolod maSin, roca x  T.      (1) 

 

(aq ormxrivi isari  “” niSnavs “maSin da mxolod maSin”). S  aris  T-s qvesimravle  
(an CarTulia  T-Si), niSnavs, rom S–is yoveli elementi aris  T-s elementi, ase rom, 

Tu xS , maSin xT; simboloebSi : 
 

S  T     nebismieri  x-Tvis,  xS    xT. 

 

(aq, marjvena mxares, calmxrivi  ““ isari  niSnavs “gamomdinareobs”). am 

gansazRvrebis Tanaxmad, S  T   da T  U  -dan gamomdinareobs  S  U.  S da T 

simravleebis toloba, rogorc es zemoT aris gansazRvruli, SeiZleba gadaiweros 
Semdegnairad  
 

S = T    S  T  da T  S. 

 

simravle S  carielia, Tu mas ar gaaCnia elementebi. toloba (1)-s Tanaxmad, 

nebismieri ori carieli simravle tolia. carieli simravle aRiniSneba  
simboloTi. mas agreTve uwodeben nul simravles; is aris nebismieri simravlis 

qvesimravle. S aris U simravlis sakuTrivi qvesimravle, Tu    S   ,   S  U  da  S  U.  

 mocemuli U simravlis zogierTi qvesimravle xSirad aRiwereba rogorc 
simravle yvela im x elementebisa  U-dan, romelTac gaaCniaT raRac specifikuri 



 

5 

 

5 

Tviseba. ase rom yvela kompleqsuri z ricxvebis qvesimravle, iseTi rom 12 z  

Caiwereba Semdegnairad: {z| zC da 12 z }, aseve formulebi  
 

E ={x | x  Z   da  x = 2y romelime  y Z},  N = { x | x  Z   da  x  0} 

 

aRweren, Sesabamisad, yvela luw mTel ricxvTa simravle  E-s  da yvela 
arauaryofiT mTel ricxvTa simravle N–s. sxvadasxva TvisebebiT SesaZlebelia 
aRiweros erTi da igive qvesimravle; ase magaliTad  
 

{n | n  Z   da 0 < n < n}   da  {n | n  Z   da 12 n } 

 

orive aRwers cariel simravles . 
ganvixiloT TanakveTis da gaerTianebis operaciebi simravleebze. Tu R  da  S  

mocemuli simravleebia, maTi TanakveTa R  S  aris R  da  S simravleebis yvela 
saerTo elementTa simravle: 
 

R  S = {x | x  R  da x  S}, 

 

maSin roca maTi gaerTianeba R  S  aris yvela im elementTa simravle, romlebic 
ekuTvnis an  R  an  S   (an orives) : 
 

R  S = {x | x  R  an x  S}. 

 
es gansazRvrebebi Semdegnairad SeiZleba gamoiTqvas : 
 

x  (R  S)       x  R  da   x  S, 

x  (R  S)       x  R  an   x  S. 

 
TanakveTisa da gaerTianebis operaciisa es ganmartebebi eTanadeba logikur 

kavSirebs “da” da “an”.  

ori A da B simravlis sxvaoba  A  B ganisazRvreba Semdegnairad: 
   

A  B = {x | x  A  da  x  B}. 

 
Sesatyvisi Sesabamisoba logikuri kavSirisa “ara” aris “damatebis” operacia:  

Tu   S-i U-s qvesimravlea, maSin S-is damateba S  U-Si aris yvela im elementebis 
simravle U-dan, romlebic ar ekuTvnian S : 

 

 S= {x | x  U  da x  S} = U  S. 

 
 TanakveTis, gaerTianebis da damatebis operaciebi akmayofileben mravalnair 
“tolobebs”, romlebic samarTliania nebismieri simravleebi-saTvis. erTerTi maTgani 
aris 
 

                                         R  (S  T) = (R  S)  (R  T),                                (2) 
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romelic samarTliania nebismieri R, S  da  T  simravleebisaTvis. (es toloba 
amtkicebs, rom “TanakveTis” operacia distribuciulia “gaerTianebis” mimarT.) 

davamtkicoT es debuleba. zemoT moyvanili   da   gansazRvrebis Tanaxmad,  
 

x  [R  (S  T)]     x  R  da x  S  T     x  R  da (x  S  an  x  T ). 

analogiurad,  

x  [(R  S)  (R  T)]    (x  R  da x  S)  an  (x  R  da x  T). 

 
Semdeg, “da”-s  da  “an”-is cnobili Tvisebebis Tanaxmad, es ori sxvadasxva 
mtkicebulebebi x-is Sesaxeb, zemoT warmodenili marjvena mxaris Canawerebi 
logikurad eqvivalenturebia. maSasadame orive warmodgenil simravles gaaCniaT 
erTi da igive elementebi da amitom tolebia.   analogiurad                               

                                                       R  (S  T) = (R  S)  (R  T).                                (3) 

 or simravles, R  da S-s,  ewodeba TanaukveTi, Tu  R  S = . 

 Tu gvaqvs nebismieri simravle,  P(U)-Ti  aRvniSnavT U  simravlis yvela S  
qvesimravleebis simravles, romelsac vuwodebT U  simravlis buleans; e. i.,  
intuiciurad, “simravle” aris elementTa erToblioba, xolo “funqcia” – nebismieri 
wesi, romelic yovel elements erTi simravlidan Seusabamebs Sesatyvis elements 
meore simravlidan. 
 simravlis magaliTebi: sibrtyeze yvela wrfeebis simravle, Q  - yvela 
racionalur ricxvTa  simravle, C - yvela kompleqsur ricxvTa simravle, Z- yvela 
mTel ricxvTa simravle. sasruli raodenobis sxvadasxva elementisagan Semdgari 
simravleebi SesaZlebelia aRiweros yvela misi elementebisagan Semdgari siis 
saSualebiT, romelsac xSirad aTavseben figurul frCxilebSi. maSasadame yvela 
luwi mTeli ricxvebis simravle moTavsebuli   0-sa da  8-s Soris, am rcxvebis 

CaTvliT, SesaZlebelia warmovadginoT rogorc  0,2,4,6,8, aseve  6-is yvela dadebiTi 
gamyofebis simravle warmoidgineba Semdegi saxiT {1,2,3,6}. rigs, romlis mixedviTac 
dalagebulia am simravlis elementebi, ar aqvs mniSneloba:  {1,2,3,6} = {1,3, 6,2}.  

 formalurad, “x  S ”  aRniSnavs, rom “x aris S  simravlis elementi”  an, 
eqvivalenturad, “x aris S  simravlis wevri”  an  “x ekuTvnis S  simravles“. agreTve  

“x  S “  niSnavs, rom “x ar aris S  simravlis elementi”. vinaidan simravle srulad 
ganisazRvreba misi elementebiT, ori simravle S  da T  tolia maSin da mxolod 
maSin, roca maT gaaCniaT erTi da igive elementebi; simboloebSi: 
 

              S = T  yoveli  x-Tvis, x  S  maSin da mxolod maSin, roca x  T.      (1) 

 

(aq ormxrivi isari  “” niSnavs “maSin da mxolod maSin”). S  aris  T-s qvesimravle  
(an CarTulia  T-Si), niSnavs, rom S–is yoveli elementi aris  T-s elementi, ase rom, 

Tu xS , maSin xT; simboloebSi : 
 

S  T     nebismieri  x-Tvis,  xS    xT. 

 

(aq, marjvena mxares, calmxrivi  “ “ isari  niSnavs “gamomdinareobs”). am 

gansazRvrebis Tanaxmad, S  T   da T  U  -dan gamomdinareobs  S  U.  S da T 

simravleebis toloba, rogorc es zemoT aris gansazRvruli, SeiZleba gadaiweros 
Semdegnairad  
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S = T    S  T  da T  S. 

 

simravle S  carielia, Tu mas ar gaaCnia elementebi. toloba (1)-s Tanaxmad, 

nebismieri ori carieli simravle tolia. carieli simravle aRiniSneba  
simboloTi. mas agreTve uwodeben nul simravles; is aris nebismieri simravlis 

qvesimravle. S aris U simravlis sakuTrivi qvesimravle, Tu    S   ,   S  U  da  S  U.  

 mocemuli U simravlis zogierTi qvesimravle xSirad aRiwereba rogorc 
simravle yvela im x elementebisa  U-dan, romelTac gaaCniaT raRac specifikuri 

Tviseba. ase rom yvela kompleqsuri z ricxvebis qvesimravle, iseTi rom 12 z  

Caiwereba Semdegnairad: {z| zC da 12 z }, aseve formulebi  
 

E ={x | x  Z   da  x = 2y romelime  y Z},  N = { x | x  Z   da  x  0} 

 

aRweren, Sesabamisad, yvela luw mTel ricxvTa simravle  E-s  da yvela 
arauaryofiT mTel ricxvTa simravle N–s. sxvadasxva TvisebebiT SesaZlebelia 
aRiweros erTi da igive qvesimravle; ase magaliTad  
 

{n | n  Z   da 0 < n < n}   da  {n | n  Z   da 12 n } 

 

orive aRwers cariel simravles . 
ganvixiloT TanakveTis da gaerTianebis operaciebi simravleebze. Tu R  da  S  

mocemuli simravleebia, maTi TanakveTa R  S  aris R  da  S simravleebis yvela 
saerTo elementTa simravle: 
 

R  S = {x | x  R  da x  S}, 

 

maSin roca maTi gaerTianeba R  S  aris yvela im elementTa simravle, romlebic 
ekuTvnis an  R  an  S   (an orives) : 
 

R  S = {x | x  R  an x  S}. 

 
es gansazRvrebebi Semdegnairad SeiZleba gamoiTqvas : 
 

x  (R  S)       x  R  da   x  S, 

x  (R  S)       x  R  an   x  S. 

 
TanakveTisa da gaerTianebis operaciisa es ganmartebebi eTanadeba logikur 

kavSirebs “da” da “an”.  

ori A da B simravlis sxvaoba  A  B ganisazRvreba Semdegnairad: 
   

A  B = {x | x  A  da  x  B}. 

 
Sesatyvisi Sesabamisoba logikuri kavSirisa “ara” aris “damatebis” operacia:  

Tu   S-i U-s qvesimravlea, maSin S-is damateba S  U-Si aris yvela im elementebis 
simravle U-dan, romlebic ar ekuTvnian S : 

 

 S= {x | x  U  da x  S} = U  S. 
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 TanakveTis, gaerTianebis da damatebis operaciebi akmayofileben mravalnair 
“tolobebs”, romlebic samarTliania nebismieri simravleebi-saTvis. erTerTi maTgani 
aris 
 

                                         R  (S  T) = (R  S)  (R  T),                                (2) 

 

romelic samarTliania nebismieri R, S  da  T  simravleebisaTvis. (es toloba 
amtkicebs, rom “TanakveTis” operacia distribuciulia “gaerTianebis” mimarT.) 

davamtkicoT es debuleba. zemoT moyvanili   da   gansazRvrebis Tanaxmad,  
 

x  [R  (S  T)]     x  R  da x  S  T     x  R  da (x  S  an  x  T ). 

analogiurad,  

x  [(R  S)  (R  T)]    (x  R  da x  S)  an  (x  R  da x  T). 

 
Semdeg, “da”-s  da  “an”-is cnobili Tvisebebis Tanaxmad, es ori sxvadasxva 
mtkicebulebebi x-is Sesaxeb, zemoT warmodenili marjvena mxaris Canawerebi 
logikurad eqvivalenturebia. maSasadame orive warmodgenil simravles gaaCniaT 
erTi da igive elementebi da amitom tolebia.   analogiurad                               

                                                       R  (S  T) = (R  S)  (R  T).                                (3) 

 or simravles, R  da S-s,  ewodeba TanaukveTi, Tu  R  S = . 

 Tu gvaqvs nebismieri simravle U,  P(U)-Ti  aRvniSnavT U  simravlis yvela S  

qvesimravleebis simravles, romelsac vuwodebT U  simravlis buleans; e. i. ,  P(U) = 

{S | S  U}. magaliTad, Tu  U  or elementiania, maSin mas gaaCnia oTxi sxvadasxva 
qvesimravle, romlebic arian P(U) –s oTxi elementi. ufro naTlad, P({1,2}) = {{1,2}, 

{1}, {2}, }, sadac   aris carieli simravle. 

P(U) = {S | S  U}. magaliTad, Tu  U  or elementiania, maSin mas gaaCnia oTxi 
sxvadasxva qvesimravle, romlebic arian P(U) –s oTxi elementi. ufro naTlad, 

P({1,2}) = {{1,2}, {1}, {2}, }, sadac   aris carieli simravle. 
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1.2  funqciebi 
 
 nebismieri f funqcia  S simravlidan  T simravleSi  yovel s elements  S-dan 

aniWebs mniSvnelobas f(s)  T  (anu s elementi  gadahyavs f(s) elemebntSi,  f(s)  T ). amas 
aRvniSvniT Semdegnairad 
 

s  f(s),                 s  S,  f(s)  T. 

 

f(s)  elementi SeiZleba agreTve Caiweros rogorc fs  an fs, frCxilebis gareSe; es aris  
f-is mniSvneloba  s argumentze. simravle  S-s  ewodeba f-is  domeini, xolo  T -s  - 
kodomeini. isriani aRniSvna  
 

f : S  T          an      TS
f

  

 
miuTiTebs, rom  f aris funqcia S domeiniT da T kodomeiniT. xSirad funqcias 
uwodeben “asaxvas” an “transformacias”.  
 rom aRiweros konkretuli funqcia, naCvenebi unda iyos misi domeini da misi 
kodomeini, da Cawerili unda iyos misi moqmedebis Sedegi tipiur (“cvlad”) 

elementze domeinidan. ase rom kvadratSi ayvanis funqcia  f : R  R  namdvil ricxvTa 
simravlisaTvis SeiZleba aRiweros Semdegi nebismieri gziT:  f(x) = x

2
  yoveli  x 

namdvili ricxvisaTvis, an rogorc funqcia  (--)2
, sadac – gaTvaliswinebulia adgili 

argumentisTvis, an rogorc funqcia, romelsac gadahyavs yoveli  xR    x
2-Si, an  

rogorc funqcia, romelic mocemulia asaxviT  x  x
2
 , sadac   x R.  

 SevniSnoT, rom simbolo rogoricaa  f  an  g aRniSnavs funqcias, maSin 
rodesac gamosaxuleba rogoricaa f(x)   an  g(x) aRniSnavs am funqciis mniSvnelobas x 
elementze misi domeinidan. magaliTad  gamosaxuliba “sin x” niSnavs romeliRac 

ricxvs, ase rom Cven vlaparakobT ara “ funqcia sin x” , aramed funqcia  sin : R  R .  

 ori funqcia  f  da  g   tolia (aRniSneba,  f = g ), roca maT gaaCniaT erTi da 
igive domeini, erTi da igive kodomeini, da erTi da igive mniSvneloba  f(s) = g(s)  

yovel element s-ze maTi saerTo domeinidan. magaliTad, asaxva  x  x + 2   

gansazRvravs funqcias f : Z  Z  mTel ricxvTa simravle Z-ze; namdvil ricxvTa 

simravle R–ze es asaxva agreTve gansazRvravs funqcias g : R  R; magram es 
funqciebi sxvadasxva  funqciebia, vinaidan maT gaaCniaT sxvadasxva domeinebi.  

 funqciis  f : S  T  saxe  image(f)  aris yvela f (s) mniSvnelobaTa  simravle f (S) , 

sadac s  S ; image(f)  yovelTvis aris f-is kodomeinis qvesimravle.  

 nebismieri  S  simravlisaTvis, igivuri funqcia 1S : S  S  aris funqcia  s  s ,  

romelic asaxavs yovel element s   S-dan Tavis TavSi. sxvadasxva simravleebs 
gaaCniaT sxvadasxva igivuri funqciebi.  Tu  S  aris  U-s qvesimravle, maSin Cadgma   

i : S  U  aris funqcia S-dan  U-Si, romelsac gadahyavs nebismieri elementi  S-dan 

igive elementSi, romelic aris U-dan. SevniSnoT, rom “Cadgma” aris funqcia S  U  , 

xolo “CarTva” aris mimarTeba S  U; yoveli CarTvis mimarTeba warmoqmnis  Cadgmis 
funqcias. 

 ori funqciis kompozicia fggf   aris iseTi funqcia, romelic miiReba maTi 

TanmimdevrobiT moqmedebis SedegaT; pirvelad g-si da Semdeg f-is – romelic ar aris 
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azrs moklebuli: e. i., f-is domeini aris g-s kodomeini. ufro formalurad, mocemuli 
gvaqvs ra funqciebi  
 

g : R  S,       f : S  T, 

 

maTi kompozicia  aris funqcia TRgf :  rac niSnavs, rom  

 

  ))(())(( rgfrgf  ,  yoveli  r  R.                           (4)      

 
es gansazRvreba SegviZlia warmovadginoT “asaxvebis diagramis” saSualebiT : 
 

                             gf   

                         R          T  
                             
                         g          f   
                             
 
                               S     
 

rom gadavideT R-dan  gf   kompoziciiT T-Si es igivea rac mivaRwioT T-s  ori 

nabijiT S-is gavliT, pirvelad g-Ti da Semdeg   f-iT. am faqtis aRsaniSnavad amboben 
agreTve, rom es samkuTxa diagrama “komutirebs”. 
 funqciebis kompozicia akmayofilebs  
 

 asociaciurobis kanons : ),()( hgfhgf    

 
roca maTSi Semavali kompoziciebi gansazRvrulia. es intuiciurad naTelia; orives  

hgf  )(   da )( hgf   gaaCniaT moqmedebis erTnairi efeqti: jer h–i, Semdeg g, da 

bolos f-i. formalurad, mocemuli funqciebis h : P  R, g : R  S  da f : S  T , orive 

sameulis kompoziciebi  hgf  )(  da )( hgf   aris funqciebi  P -dan  T –Si, maSin 

rodesac pirveli kompozicia yovel   pP  aniWebs mniSvnelobas 
 

;)]([))(())(())((])[(
)()(

pghfpghfhpgfhpfgphfg
ghfghfghfg
  

 
funqciebisTvis tolobis gansazRvris Tanaxmad mtkicdeba asociaciurobis kanoni 

(fg)h = f(gh) : P  T.  SevniSnoT, rom aq (da xSirad Semdgom) mosaxerxebelia ar vweroT 

simbolo ""  gf  -Si. 

kompoziciis mimarT yoveli funqcia akmayofilebs  
 

igiveobis kanons :         .:11 TSfff TS    

 

pirveli toloba rom damtkicdes, (4)-is Tanaxmad SevniSnoT, rom fssfsf SS  )1()1(  

yoveli Ss ; maSasadame, ff S 1  funqciebis tolobis gasazRvris Tanaxmad. 

analogiurad mtkicdeba meore toloba. 
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 funqcias  r : S  T   ewodeba f : U  V   funqciis SezRudva, roca S  U,  T  V   da 

r(s)=f(s)  yoveli s  S. (agreTve SegviZlia vTqvaT, rom  f  aris  r funqciis 

gafarToeba). magaliTad, mocemuli qvesimravlesTvis  S  U, Cadgma i: S  U  aris 

igivueri funqciis  1U : U  U SezRudva.  
 ganvixilavT specialuri tipis ineqciuri, sureqciuli bieqciuri funqciebi. 

 funqcia f : S  T   aris ineqciuri an ineqcia, Tu pirobidan a  b  S –Si, 

gamomdinareobs f(a)  f(b)  T-Si; e. i. , roca f-s  gadahyavs gansxvaebuli elementebi misi 
domeinidan  gansxvavebul elementebSi misi kodomeinidan. magaliTad, yoveli Cadgma 

aris ineqcia. funqcia  h : S  T  aris sureqciuli an sureqcia, Tu misi saxe emTxveva 
mTel kodomein  T-s ; e. i. , yoveli  t  T  arsebobs erTi mainc  s  S   sadac  t = f(s). da 

bolos, bieqcia  ewodeba b : S  T funqcias, romelic erTdroulad aris ineqciac da 
sureqciac; e. i., b bieqciaa maSin da mxolod maSin, roca nebismieri t elementisTvis  
T-dan arsebobs mxolod erTi elementi s-i  S-dan  b(s) = t pirobiT. aRniSvna  , an 

TSb : , uCvenebs, rom b aris bieqcia S-dan  T-Si. 

 magaliTad,  Z  Z  funqciebs Soris, funqcia  )( nn   aris bieqcia, funqcia 

nn 2  aris ineqcia, magram ara sureqcia, da funqcia 2nn   arc ineqciaa da arc 
sureqcia. 

 Tu 
R  aris yvela arauaryofiT namdvil ricxvTa simravle, kvadratSi ayvanis 

funqcia  RR:g , romelic mocemulia 2)( xxg   wesiT, aris sureqcia, vinaidan 

nebismieri arauaryofiTi namdvili ricxvi aris romeliRac namdvili ricxvis 
kvadrati. magram, kvadratSi ayvanis funqcia  RR :f , romelic mocemulia 

2)( xxf   wesiT da misi kodomeini aris yvela namdvil ricxvTa simravle, ar aris 
sureqcia. es  ori kvadratSi ayvanis funqciebi (miuxedavad imisa, rom maT gaaCniaT 
erTi da igive mniSvnelobebi) iTvlebian sxvadasxva funqciebad, vinaidan maT aqvT 
sxvadasxva kodomeinebi: aris Tu ar funqcia sureqcia damokidebulia mis kodomeinze. 
 
 qvemoT moyvanili gvaqvs am cnebebis sxva paraleluri terminologia  
 

inieqcia    S  T = “urTierTcalsaxa” asaxva S-dan  T-Si ; 

              sureqcia  S  T =   asaxva S-dan  T-ze ; 

bieqcia    S  T =   “urTierT calsaxa” asaxva S-dan  T-ze. 
 
 

 nebismieri funqcia f SeiZleba warmovadginoT rogorc kompozicia  hgf  , 

sadac  g aris ineqcia, xolo  h  sureqcia. marTlac, Tu f : S  T  funqciis saxe aris 

U  T , misi SezRudva r : S  U aris surieqcia, xolo Cadgma i : U  T aris ineqcia, da 

TviT funqciqca f  aris kompozicia rif  .  

 zogierT funqciebs gaaCniaT “Seqceuli” funqciebi. davuSvaT, rom mocemulia 

STg :  da TSf : , ise rom maTi kompozicia gf    gansazRvrulia. Tu es 

kompozicia aris igivuri funqcia  gfT 1 , maSin  f –s vuwodebT g-s marcxena 

Seqceuls, xolo  g-s  f-is marjvena Seqceuls. rodesac kompozicia orive 

mimdevrobiT aris igivuri funqcia, gfT 1  da fgS 1 , maSin f –s vuwodebT g-s 

ormxriv Seqceuls (da, maSasadame, g  aris  f-is ormxrivi Seqceuli.) 
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 Teorema 1.1. funqcia aracarieli domeiniT aris ineqcia maSin da mxolod 
maSin, roca mas gaaCnia marcxena Seqceuli. funqcia sureqciaa maSin da mxolod 
maSin, roca mas gaaCnia marjvena Seqceuli. 
 
 damtkiceba.  jer davuSvaT, rom  STg :  gaaCnia marcxena Seqceuli TSf : . 

maSin Tfg 1 , ase rom )()( 21 tgtg   pirobidan gamomdinareobs .)()( 2211 ttfgtfgt   

amitom g  aris ineqcia. piriqiT, davuSvaT, rom STg :  aris ineqcia aracarieli T 

domeiniT; amovarCioT romelime elementi Tt 0 . vinaidan g  inieqciaa, nebismieri s  

image(g) arsebobs erTi  Tt , iseTi rom )(tgs  ; e. i. , avagoT funqcia TSf :  

Semdegnairad  
 

                f(s) = t  (sadac  t iseTia, rom g(t) = s) ,  roca  s  image ( g ), da      f(s) =  t0 ,                                                   

sxva SemTxvevaSi.   
 
am f funqcias gadahyavs yoveli g(t)  “ukan, saidanac is gadmohyavs g-s”; ise, rom 

ttgf ))((  nebismieri t-sTvis. es ki amtkicebs, rom gfT 1 , e. i.  f aris swored is 

mosaZebni g-s marcxena Seqceuli funqcia.  
 SevniSnoT, ineqcia g -s, romelic ar aris bieqcia, SeiZleba gaaCndes bevri 

marcxena Seqceuli, romelic damokidebulia t0 –is arCevaze. aageT Sesabamisi 
magaliTebi. 
 dasamtkicebeli dagvrCa Teoremis meore naxevari, romelic exeba sureqcias. 

jer davuSvaT, rom  TSf :  gaaCnia marjvena Seqceuli g .  gfT 1  niSnavs, rom  

ttgf ))((  yoveli t-Tvis, ase rom yoveli Tt  imyofeba f funqciis mniSvnelobaTa 

areSi, da  f  aris surieqcia, rac saWiroebda damtkicebas. piriqiT, davuSvaT, rom 

TSf :  aris surieqcia; es niSnavs, rom yovel Tt -Tvis arsebobs erTi mainc Ss  

iseTi, rom tsf )( . amovarCioT erTi aseTi s yoveli t-Tvis da ganvsazRvroT 

STg :  im daSvebiT, rom )(tg  udris am amorCeul s-s. maSin ttgf ))(( , e. i. 

gfT 1 , da  g aris swored is saZebni marjvena Seqceuli.       

 

 Sedegi. STg :  funqciisaTvis Semdegi Tvisebebi eqvivalenturia: 
 

(i) g aris bieqcia. 

(ii) g-s gaaCnia rogorc marcxena Seqceuli f aseve marjvena Seqceuli h. 

(iii) g-s  gaaCnia ormxrivi Seqceuli. 
 
am SemTxvevaSi nebismieri ori Seqceuli (marcxena, marjvena an ormxrivi) tolia. is 

erTaderTi g-s Seqceuli (romelic Caiwereba rogorc 1g ) aris bieqcia, da 
akmayofilebs pirobas  
 

                             gg  11)( .                           (5) 
 

 damtkiceba. davuSvaT, rom T  da S , ase rom SegviZlia Teoremis 
gamoyeneba. vinaidan bieqcia aris sureqciac da inieqciac, Teorema pirdapir gvaZlevs 
(i) da (ii) eqvivalentobas. rac Seexeba (iii)-s, yoveli ormxrivi Seqceuli, trivialurad 



 

13 

 

13 

rogorc marcxena iseve marjvena Seqceulia; e. i.  (iii)-dan   gamomdinareobs (ii). 
piriqiT,  (ii)-dan gamomdinareobs  
 

hhhgfhgfff TS   1)()(1 , 

 
rac niSnavs, rom hf    aris ormxrivi Seqceuli g-si ; e. i. (ii)-dan gamomdinareobs  

(iii). aqedan agreTve gamomdinareobs, rom g-s nebismieri marcxena Seqceuli f-i unda 
emTxveodes nebismier marjvena Seqceul h –s, dabolos, g-s Seqceuls. g aris  misi 
ormxrivi Seqceuli, da maSasadame isic bieqciaa da f  aris misi Seqceuli. es 

amtkicebs (5)-s.                                 
 

 Tu STg :  da RSk :  orive bieqciaa, maSin maTi kompoziciac bieqciaa; 

misi Seqceuli gamoisaxeba Semdegnairad  
 

              111)(   kggk        (ukudalageba).              (6) 

 

marTlac, Skk 11    da  Tgg 11   , amitom, asociaciurobis kanonis Tanaxmad,  

 
 
 

TS ggggkgkg 11 1111    

 

da 11  kg  aris  kg -s marcxena Seqceuli. msgavsi msjeloba uCvenebs, rom is agreTve 

aris marjvena Seqceuli, rac amtkicebs (6)-s. 
 
 
 
1.3  mimarTeba da binaruli operacia 
  
roca Cven mogvyavs orcvladiani funqcia an or cvlad Soris mimarTeba, Cven 
viyenebT “dalagebul wyvilebs”. dalagebuli wyvili, Semdgari ori elementisagan, s 
da t, swored am mimdevrobiT, Caiwereba rogorc (s,t). ori dalagebuli wyvilis 
toloba ganisazRvreba Semdegi wesiT  

 

   da '')','(),( ttsststs  . 

 

 S da T ori simravlis dekartuli namravli TS   ganisazRvreba rogorc yvela 
dalagebuli (s,t)  wyvilebis simravle, Semdgri S da T  Sesabamis simravlis 
elementebisagan. maSasadame  
 

},|),{( TtSstsTS  . 
 

maSasadame, Tu R  namdvil ricxvTa simravlea,  R  R aris yvela wertilTa 
dekartuli koordinatebis simravle sibrtyeze (mocemuli koordinatTa RerZebis 
mimarT).  
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 yoveli dekartuli namravli SeiZleba “proeqcirebul” iqnas Tavis “RerZebze”, 
S-ze da T-ze: 

TTSS
qp

 . 
 

es proeqciebi arian funqciebi  p  da q, gansazRvrulebi Semdegnairad: stsp ),(  da 

ttsq ),( , rogorc naCvenebia diagramaze 

                                
                               q 

                         T |                       TS   
    

                                                                                     p 
 

                                             
                                        S 
 
 Cven amas vuwodebT dekartuli namravlis diagramas. 
 SevniSnoT, rom bieqcia  STTS    mocemulia asaxviT ),(),( stts  . 

 dalagebuli sameulebi SesaZlebelia aRiweros dalagebuli wyvilebis 

saSualebiT. Tu mocemulia r, s da t, dalagebuli sameuli ),,( tsr  igi ganisazRvreba 

rogorc )),(,( tsr .  vwerT TSR   nacvlad )( TSR   yvela ),,( tsr  sameulis 

simravlisa, sadac Rr , Ss  da Tt , da SevniSnoT, rom asaxva )),,(()),(,( tsrtsr   

aris bieqcia TSRTSR  )()( . dalagebuli “oTxeulebi” ),,,( utsr  da msgavsebi 

ganisazRvrebian analogiurad. 
 agreTve SegviZlia avagoT funqciebis dekartuli namravli. 

gvaqvs ra ori funqcia u : S  S’  da  v : T  T’, maTi dekartuli namravli 

'': TSTSvu   ganisazRvreba Semdegnairad ))(),((),)(( tvsutsvu  .  

 dekartuli namravli sasargebloa Cveulebriv ori an meti argumentiani 

funqciebis aRsawerad: funqcia F , romelsac gaaCnia ori cvladi  Ss  da Tt   da 
misi mniSvnelobebi ekuTvnis W-s, aris funqcia  
 

WTSF :  
 

dekartuli namravlidan TS  -dan W simravleSi. aseTi funqcia asaxavs yovel 
dalagebul wyvils TSts ),(  Tavis mniSvnelobaSi WtsF ),( .  

 nebismieri ori X da Y simravlisaTvis, nebismier qvesimravles YXR   
ewodeba binaruli mimarTeba X-dan  Y-Si (an, mimarTeba X-sa da Y “Soris”). maSin 

Ryx ),(  Caiwereba rogorc xRy da ikiTxeba : “x imyofeba R mimarTebaSi  y-Tan”, 

rogorc "" yx   ricxvebisTvis an “x yofs y”  x, y mTeli ricxvebisTvis. magaliTad, 

Tu }5,3,1{X  da }4,2,0{Y , maSin simravle R = {{1,2}, {1,4}, {3,4}} Sedgeba yvela im 

(x,y) wyvilebisgan, sadac YyXxyx    da, , amitom is aris mimarTeba “ ” X-sa da 

Y –s Soris. agreTve, magaliTad, simravluri CarTva S  T  aris binaruli mimarTeba   

U –s P(U) buleanidan   Tavis TavSi. tolobis mimarTeba XII   nebismieri X 

simravlidan Tavis TavSi mocemulia Semdegnairad : xIy  maSin da mxolod maSin, roca 
x = y. 
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 YXR   mimarTebis Sebruneba  aris mimarTeba XYR  ,romelic 

ganisazRvreba Semdegnairad: xyR  maSin da mxolod maSin, roca xRy . Tu R aris 

mimarTeba  X-dan  Y-Si, maSin misi Sebrunebuli aris mimarTeba  Y-dan  X-Si, da 

RR  )( . magaliTad, ricxvebisTvis,   aris  -s  Sebruneba.  

 R da S mimarTebebis “kompozicia” SR  , mocemuli mimdevrobiT, 

gansazRvrulia, rodesac YXR   da ZYS  ; es aris mimarTeba ZXSR  , 
romelic gansazRvrulia Semdegnairad  
 

   romelime da .,)( YyySzxRyzSRx   

 

 analizur geometriaSi yoveli funqciisaTvis R  R aigeba misi “grafiki” 

rogorc  R  R-is romeliRac qvesimravle. igive konstruqcia moqmedebs zogad 

SemTxvevaSic. Tu YXf :  aris funqcia, maSin misi grafiki  aris YX  -is 

qvesimravle  
 

)}(|),{()( xfyXxyxfG   da . 

 
e. i. grafiki funqciisa X-dan Y-Si aris mimarTeba X-dan Y-Si. miuxedavad amisa, 
nebismieri mimarTeba ar warmoadgens romelime funqciis grafiks; funqciis grafiki 
iqneba mxolod im SemTxvevaSi, roca “vertikaluri wrfe” gamavali X simravlis 

yovel wertilze TanakveTs simravles YXR   zustad erT wertilSi (ix. naxati 
1). es faqti, rogorc es formulirebulia momdevno TeoremaSi, gvaZlevs 
gansxvavebul gzas funqciis gansazRvrisaTvis (am SemTxvevaSi mimarTebis 
saSualebiT). 
 

 Teorema 1.2. mimarTeba YXR   aris YXf :  funqciis  grafiki maSin da 

mxolod maSin, roca yoveli  Xx  arsebobs mxolod erTi Yy , iseTi rom xRy. 

 

    

 

             Y       

 

                                                                    x                                 X 

 

  

                              naxati 1. 

 

                           

 

 

 
                                                  (x,f(x))    
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 damtkiceba. yovel )( fG  grafiks  gaaCnia aRniSnuli Tviseba. piriqiT, Tu 

mimarTeba YXR   gaaCnia aRniSnuli Tviseba, maSin yovel x–s  X-dan avsaxavT im 

erTaderT y-Si Y-dan, sadac xRy. aseTnairad agebuli YXf :  funqciis grafikiT 

ganisazRvreba R mimarTeba.                                                      
 

axla ganvixiloT mimarTebebi X-dan Tavis TavSi. R  mimarTebas X-dan  X-Si 
ewodeba eqvivalentobis mimarTeba X-ze Tu mas gaaCnia Semdegi sami Tviseba: 

 
refleqsuroba:  xRx nebismieri  x–Tvis  X-dan, 

      simetriuloba: xRy–dan gamomdinareobs yRx yoveli x,y-Tvis  X-dan, 
 tranzituloba: xRy da yRz–dan gamomdinareobs  xRz  yoveli x , y, z-Tvis  X-dan.  
 
 magaliTad, dauSvaT rom X simravlea, romlis elementebi  x, y, z  Tavad 
simravleebia, xolo  “xRy”  niSnavs  “arsebobs bieqcia  x simravlidan  y simravleSi”. 
es gansazRvravs eqvivalentobis mimarTebas  X-ze: nebismieri  x-Tvis, igiveoba 1x aris 

bieqcia x  x; x  y  aris bieqcia, maSin igivea misi Sebrunebulic y  x;  x  y da y  z 

bieqciebis kompozicia gvaZlevs x  z bieqcias.  
R  mimarTebas X-dan  X-Si ewodeba dalageba X-ze Tu mas gaaCnia Semdegi sami 

Tviseba: 
 
refleqsuroba:  xRx nebismieri  x–Tvis  X-dan, 

      antisimetriuloba: xRy da yRx -dan gamomdinareobs x = y, 
 tranzituloba: xRy da yRz–dan gamomdinareobs  xRz  yoveli x , y, z-Tvis  X-dan.  

 
 wrfivi dalageba R    X simravleze aris dalageba   X-dan  X-Si, romelic 
damatebiT akmayofilebs  wrfivobis pirobas :  
      nebismieri   x,yX  sruldeba an  xRy,  an yRx. 
 
 
 magaliTad, Cveulebrivi utoloba   gvaZlevs wrfiv dalagebas Z–ze, N-ze da R-ze.  
dalageba  R-s X-ze ewodeba sruli, Tu X-is yovel qvesimravles gaaCnia umciresi 
elementi. 
 
 

 jami nmnm ),(  da gamravleba mnnm ),(  ori m, n mTeli ricxvebisa 

gvaZlevs jamisa da gamravlebis funqciebs 
 

ZZZZZZ  :,:  

 
yvela mTel ricxvTa Z simravlisaTvis. analogiuri funqcia gvaqvs yvela namdvil 

ricxvTa R simravlisaTvis. agreTve, TanakveTis TSTS ),(  da gaerTianebis 

TSTS ),(  operaciebi uzrunvelyofen funqciebs  

 

)()()(:),()()(: UPUPUPUPUPUP   
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U simravlis P(U) buleanisaTvis, romelic aris U simravlis yvela qvesimravleTa 
simravle. mosaxerxebelia viqonioT saerTo terminologia aseTi funqciebis 
TvisebebisaTvis. 

 funqcias X  XX ewodeba binaruli operacia X–ze. e. i. jami da gamravleba 
binaruli operaciebia Z–ze.  
 ufro zogadad, iseT funqciebs rogorc 
 

u : XX,    b : X
2
X,    t : X

3
X 

 

ewodebaT, Sesabamisad, unaruli, binaruli, da ternaruli operaciebi X–ze. Tu n 

aris naturaluri ricxvi da XXX n  ...  n-jer namravli) X–is Tavis Tavze n-
jeradi dekartuli namravli, maSin n-aruli operacia X–ze ganisazRvreba rogorc 

funqcia XXf n : . kerZod, Tu  n = 0, ganvsazRvravT 0X  standartulad rogorc 

erTelementian simravles 1 = {1}. maSin nularuli operacia X–ze aris funqcia  c : 1 

X. vinaidan am funqcias aqvs mxolod erTi mniSvneloba, mocemul c funqcias 

Seesabameba mocemuli elementi c(1)  X.  sxva sityvebiT rom vTqvaT, yoveli 
nularuli funqcia X–ze daiyvaneba “amorCeul” elementze X–dan.  

 davuSvaT, rom  aRniSnavs nebismier binarul operacias  xyx ),( y   X 

simravleze. am operacias ewodeba  
 

 komutaciuri :  Tu  x  y = y  x , 

 asociaciuri :  Tu  x  y  z = x  y  z, 

 

nebismieri elementebisaTvis x,y,z  X.  elements  u  X  ewodeba (ormxrivi) erTeuli  
operaciisaTvis, roca yoveli x-Tvis 
 

x  u = x = u  x. 

 

 operaciis erTeuls xSirad uwodeben igivur elements  operaciisTvis. Tu 

nebismieri x-Tvis x = u  x, maSin u-s vuwodebT marcxena erTeuls   operaciisaTvis. 

meore binaruli operacia  gansazRvruli X–ze aris (marcxena) distribuciuli  

mimarT, Tu nebismieri x,y,z  X  elementebisaTvis 
 

x  (y  z) = (x  y)  (x  y). 

 

 opoziti binaruli operaciisa  X–ze aris operacia op
  imave simravle X–ze, 

romelic gansazRvrulia Semdegnairad:  x(
op

)y = y  x.  maSasadame,  aris komutaciuri 

mxolod maSin,  roca op
 = .  

 nebismieri fiqsirebuli U  (U-Ti aRvniSnavT “universs”) simravlisaTvis 

ganvixiloT binaruli operaciebis  da    P(U)Tvisebebi buleanze. Cven ukve 
davamtkiceT ((2) da (3)), rom TanakveTa distribuciulia gaerTianebis mimarT  da 
gaerTianeba distribuciulia TanakveTis mimarT. analogiuri damtkiceba gviCvenebs, 
rom orive (TanakveTac da gaerTianebac) komutaciuri da asociaciuri operaciebia. 

metic, maTi gansazRvrebebidan gamomdinareobs, rom   S = S  da U  S = S,  ase rom  
carieli simravle  aris erTeuli gaerTianebisTvis da universi U aris erTeuli 
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TanakveTisTvis. kidev erTi wyvili Tvisebebisa mocemulia “idenpotenturobis” 
kanonis saxiT : 
 

S  S = S ,      S  S = S. 

 

Tu S  aris S simravlis damateba U-Si (S = yvela U-s elementebi, romlebic ar 

ekuTvnis S-s), maSin SS  aris unaruli operacia P(U)-ze. es operacia akmayofilebs 

Semdeg tolobebs 
 

(S  T)  =  S   T ,     (S   T)  = S   T ,     (S )  = S. 
 
 
 
 
1.4 universaluri algebra.  
 
 “universaluri algebrebi” ayalibeben zogad Teoremebs algebrebis Sesaxeb  
calsaxad, yvelgan gansazRvruli, sasruli operaciebiTurT. 
 universaluri algebra an ubralod algebra  ewodeba wyvils  (A, F), sadac  A  

aracarieli simravlea, xolo  F  aris f  operaciaTa mocemuli simravle da yoveli 

am operaciaTagani  asaxavs  A   simravlis   xarisxs  )(nA -s  A-Si, sadac )(n  aris 

romelime Sesatyvisi arauaryofiTi mTeli ricxvi. 

 sxva sityvebiT rom vTqvaT, operacia f  uTanadebs yovel  )(n

 elementebisagan A-dan Semdgar dalagebul mimdevrobas ),...,( )(1 nxx  mis 

mniSvnelobas ),...,( )(1  nxxf , romelic ekuTvnis A-s, e. i. aris Sedegi f  operaciis 

gamoyenebisa )(1 ,..., nxx  mimdevrobaze. Tu 1)( n , maSin f  -s ewodeba unaruli 

operacia, Tu 2)( n , maSin f  -s ewodeba binaruli operacia, Tu 3)( n , maSin f  

-s ewodeba ternaruli operacia da a. S.  roca 0)( n , operacia f  -s ewodeba 

nularuli ; is afiqsirebs romeliRac elements A-dan. Tu  F sasruli simravlea, 

Semdgari k  elementisagan, maSin algebra (A, F)-s warmovadgenT rogorc ).,...,,( 1 mffA  

xSir SemTxvevaSi, roca A-ze gansazRvruli operaciebi F-dan cnobilia, algebra 

),...,,( 1 mffA -s warmovadgenT martivad mxolod A-s saxiT. 

  

 magaliTi 1.  ),,( Z , sadac Z mTeli ricxvebis simravlea, xolo + da  

Sesabamisad arian binaruli operaciebi - jami da gamravleba.  

 magaliTi 2. . ),,( nZ , sadac Zn n moduliT naSTTa simravlea, xolo  da  

Sesabamisad arian binaruli operaciebi n moduliT jami da gamravleba.  
 
 A algebris qvesimravle A’-s  ewodeba A-s qvealgebra, Tu   A’ daxSulia  A-s  

yvela operaciebis mimarT. e. i. Tu Ff   da ',..., )(1 Axx n  , maSin '),...,( )(1 Axxf n  . 

yoveli A-s  qvealgebra A’ yovelTvis ganxiluli iqneba rogorc algebra igive 
operaciebis mimarT, romlebic SezRudulia A-ze. 
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 algebra A-s  nebismieri qvealgebrebis klasis TanakveTa agreTve aris A-s  

qvealgebra. maSasadame, nebismieri A-s  elementTa aracarieli 0A  simravlisaTvis, 

arsebobs umciresi qvealgebra A’, romelic Seicavs 0A -s (e. i. A’ aris yvela 

qvealgebrebis TanakveTa, romlebic Seicaven 0A ). am umcires qvealgebra A’ –s 

ewodeba  0A -s mier warmoqmnili qvealgebra, xolo 0A -s   A’ –is  warmomqnelebis 

(anu generatorebis) simravle. gansazRvris Tanaxmad, vityviT, rom simravle AA 0  

warmoqmnis A -s  an aris A -s warmomqmnelebi (anu generatorebi), Tu TviT algebra 

A  aris erTaderTi qvealgebra, romelic Seicavs  0A -s.  

 vityviT, rom algebra  ),( FA  msgavsia algebra )',( FB , Tu  'FF   da, 

nebismieri Ff  ,  f   da  'f  operaciebis cvladebis raodenoba emTxveva 

erTmaneTs. sxvanairad msgavs algebrebs uwodeben erTi tipis algebrebs.  

magaliTad,  A  algebris nebismieri 'A  qvealgebra msgavsia A  algebrisa.  
xSirad msgavsi algebrebis operaciebs aRvniSnavT erTi da igive simboloebiT. 

 asaxva h -s  algebra ),( FA -dan  algebra ),( FB -Si ewodeba homomorfizmi, Tu 
is inaxavs yvela operacias,  e. i.  
 

))(),...,((),...,(( )(1)(1  nn xhxhfxxfh  , sadac Axx n )(1,...,  . 

 
 advilad mtkicdeba Semdegi Teoremebi. 
 
Teorema 1.3. Tu  A, B, C  msgsvsi algebrebia da  
 

CBgBAh  :,:  
 

homomorfizmebia, maSin kompozicia   
 

CAgh :  
 

agreTve homomorfizmia. 
 
Teorema 1.7. Tu  h  homomorfizmia algebra A-dan algebra B-Si, maSin algebra A-s 
saxe )(Ah aris B-s qvealgebra. 
 

 adre ganxiluli ganxiluli  jami   da  namravli  nZ -Si iseTnairadaa 

gansazRvruli, rom proeqcia nZZ :  akmayofilebs pirobebs 

 

)()()( mkmk   ,   )()()( mkkm   . 

 
sxva sityvebiT rom vTqvaT  -s  “gadaaqvs”  Z-Si gansazRvruli jami da namravli 

Sesabamis operaciebSi nZ -Si. advili dasanaxia, rom   aris homomorfizmi Z-dan   

nZ -Si. 
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 Tu ),( P  algebraa, sadac P  aris yvela dadebiT mTel ricxvTa simravle 

da  aris binaruli operacia gamravleba, da ),( R  algebraa, sadac R yvela 

namdvil ricxvTa simravlea da  + aris binaruli operacia jami, maSin (nebismieri 

fuZis) logariTmi  ),(),(:log  RP  aris homomorfizmi : 

yxxy loglog)log(  . 

 
 homomorfizm  ),(),(: FBFAh   ewodeba  

 

 monomorfizmi      Tu funqcia h  inieqciaa; 

 epimorfizmi        Tu funqcia h  surieqciaa; 

 izomorfizmi       Tu funqcia h  bieqciaa. 
 

homomorfizm  ),(),(: FAFAh  , ),( FA -sa Tavis TavSi ewodeba endomorfizmi, an , Tu 
is bieqciaa, avtomorfizmi. 
 

 
kongruencia 

 

 gavixsenoT, rom “eqvivalentobis mimarTeba” - es aris binaruli mimarTeba yx , 

romelic agreTve Caiwereba rogorc )(modyx  , romelic aris refleqsuri, 

simetriuli da tranzituli. /A  aRvniSnavT faqtorsimravles, e. i. A –ze 
eqvivalentobis klasTa simravles. 

 kongruencias  ),( FA  algebraze ewodeba eqvivqlentobis mimarTeba -s  A –ze 

iseTs, rom yoveli Ff  , Tu ),(,...,1),(mod  niyx ii   maSin 

)(mod),...,(),...,( )(1)(1  nn yyfxxf  . 

 

Teorema 1.8. dauSvaT ),(),(: FBFAh   homomorfizmia. maSin eqvivqlentobis mimarTeba 

 iseTi, rom yx  maSin da mxolod maSin, roca )()( yhxh  , aris kongruencia.  
 
damtkiceba. vinaidan tolobis mimarTeba aris refleqsuri, simetriuli da 

tranzituli,   iqneba eqvivalentobis mimarTeba.  

tolobidan ))(),...,((),...,(( )(1)(1  nn xhxhfxxfh   gamomdinareobs, rom Tu ii yx  , sadac 

),(,...,1 ni   maSin )(mod),...,(),...,( )(1)(1  nn yyfxxf  , e. i.  kongruenciaa.           

 

Teorema 1.9. dauSvaT  kongruenciaa algebra ),( FA -ze da )(xPx   aris asaxva, 

romelic yovel elements Ax  Seusabamebs eqvivqlentobis klass /A -dan, romelic 

am elements Seicavs. maSin operaciebi Ff   /A -ze, romlebic ganisazRvrebian 

Semdegi formuliT  
 

)),,...,(())(),...,(( )(1)(1  nn xxfPxPxPf   
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gansazRvraვs algebras ),/( FA  , romelic A algebris msgavsia. amasTan, აsaxva 

)(xPx   aris homomorfizmi ),( FA -dan ),/( FA  -ze. 

 
 
damtkiceba. kongruenciis Tvisebis Tanaxmad , )(n -adgiliani funqcia, romelic 

gansazRvrulia TeoremaSi moyvanili formuliT, calsaxadaa gansazRvruli 

nebismieri  )(n  elementisTvis /A -dan.                                         

 

 gansazRvris Tanaxmad,  asaxva )(xPx   aris homomorfizmi ),( FA -dan ),/( FA 

-ze. piriqiT, Tu /: AAh   aris epimorfizmi, maSin operaciebi ganisazRvrebian 

/A -ze  Semdegnairad : )),...,(())(),...,(( )(1)(1  nn xxfPxPxPf  . amiT damtkicda  

 
Teorema 1.10. nebismieri  A  algebris homomorfuli anasaxebi amoiwureba faqtor-
algebrebiT /A , romlebic ganisazRvrebian  kongruenciebiT  A-ze. 
 
 
 
1.5   naturaluri ricxvebi 
          
      intuiciurad, naturalur ricxvTa simravle N = {0, 1, 2, … } SesaZlebelia 

aRiweros Semdegnairad:  N  Seicavs  “sawyis” ricxvs  0; arsebobs ”uSualod 
Semdgomi” funqcia  : N  N , romelic warmodgenilia Semdegi naxatiT  
 

...43210 


 , 
 

da N “warmoiqmneba”   0-gan    -s saSualebiT. formarulad,  Cven avRვwerT 

N-s aqსiomebis saSualebiT, romlebic Camoyalibebulia j. peanos (1858 – 1932) 
mier. 
  

 peonos postulatebi. naturalur ricxvTa sistema N  aris simravle 

N da masze gansazRvruli funqciiT  : N  N da arCeuli elementiT  0  N  (e. 

i.  (N, , 0 ) ) ,  iseTebi, rom : (i)   aris inieqcia ; (ii) 0  ar ekuTvnis  funqciis 
mniSvnelobaTa ares ; (iii) nebismieri qvesimravlisaTvis  U   N , Tu mas  gaaCnia 
ori Tviseba  

(a)  0  U ;       (b)  yoveli  n  N ,  n  U   (n)  U, 

maSin  U emTxveva simravle  N-s.  
 
 amorCeuli elementi 0  N  igulisxmeba rogorc nularuli operacia N-

ze, xolo  -  rogorc unaruli operacia. 
 postulat (iii)-s   ewodeba maTematikuri induqciis principi.  
gamonaTqvam “n  U”-s  nacvlad vityviT, rom “n-s aqvs Tviseba U“. am eniT 
peanos postulatebi ikiTxeba Semdegnairad : naturalur ricxvTa simravle  
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N-s gaaCnia erTi unaruli operacia   da erTi nularuli operacia, 

“arCeuli 0”, iseTebi, rom: (i) (n) = (m)    n=m;  (ii) (n)  arasdros ar udris 0; 
da  (iii)  Tu  naturalur ricxvTa nebismieri Tviseba, romelic sruldeba 0-Tvis 

da sruldeba  (n) –Tvis, rodesac is (Tviseba) sruldeba  n-Tvis, maSin is 
(Tviseba) sruldeba nebismieri  n naturaluri ricxvisTvis. 

 naturalur ricxvTa yvela Tvisebა SesaZlebelia gamoyvanil iqnas 

მოცემული aqsiomebidan; kerZod, jamisa da gamravlebis Tvisebebi. Tu jami 

gansazRvrulia, maSin uSualod Semdgomi funqcia  aris Semdegnairad 

gansazRvruli funqcia :  (n) = n + 1  yoveli n-Tvis. 
 bevri sasargeblo faqti naturalur ricxvTa Sesaxeb SeiZleba 
damtkicebul iqnas induqciis saSualebiT. pirvelad gamoviyenoT 

maTematikuri induqcia martiv damtkicebaSi, rom Tu  n  0 , maSin n udris  

(k)-s romeliRac k  N. amisaTvis dauSvaT, rom U   N aris simravle  
 

U = {0}   {m | m = (k)   romeliRac k  N }. 
 

maSin  0  U. agreTve, Tu n  U , maSin  (n)  U , Tu  k udris n-s. maSasadame, 
maTematikuri induqciis postulatidan, U = N. amiT dasrulda damtkiceba. 
 naturaluri ricxvebi gamoiyeneba nebismieri f unaruli operaciis 

iteraciis aRsawerad. yovel aseT operacias  f : X  X gaaCnia iteraciebi  

fffffff   32 , , da  a. S., sadac ff 1  da 0f  aris igiveoba 1 : X  X.  Tu 

n > 1, maSin n iteracia aris fff n ... , kompozicia Semdgari  f-bis  n 
namravlisgan.  n namravlebis Cvenebis nacvlad, sadac Cveulebriv gamoiyeneba 

sami wertili, SegviZlia CavweroT   nn fff 1 . es gvaZlevs saSualebas n 

iteracia aRvweroT  funqciis  terminebSi: 
 

                XXffff nn

X  :,1 )(0      yoveli n  N.            (7) 

 
aseTnairad warmodgenas uwodeben “rekursiul” gansazRvrebas, vinaidan is 
gvaZlevs  f-is yovel iteracias  f-is da winare iteraciebis terminebSi. ori 
unaruli operacia f  da g, gansazRvruli  X-ze, komutireben, Tu  fggf   . 
es SeiZleba warmodgenil iyos kvadratuli diagramiT, rogorc es 
warmodgenilia naxatze. mas uwodeben komutaciur diagramas, radgan 
kompozicia orive mimarTulebiT – zemo marcxena kuTxidan marcxniv da qveviT 
da  qveviT da marjvniv – tolebia. 
                          f        
                                       
 
 
                 g                                 g 
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                                                  f 

 

 Teorema 1.11.  Tu  f,g : X  X  komutireben, maSin, nebismieri m, n  N ,  
 

               nnnnmmn gfgffggf   )(, .                     (8)  
 
 am formulebis damtkicebas vawarmoebT maTematikuri induqciiT. jer, 
imis daSvebiT, rom  f da g komutireben, vuCvenebT, rom  

                              nn fggf                            (9)      
 

yoveli n  N.  es rom davamtkicoT, ganvixiloT simravle U Semdgari yvela  

iseTi n  N, romlisTvisაც sruldeba (9). vinaidan  Xf 10   aris igiveoba, 0  U . 

Tu n  U , maSin iteraciis gansazRvreba da (9) – romelic sruldeba, რადგანაც  

n  U – gvaZlevs 
 

nnn fgfgffgf  )( . 
 

magram, vinaidan f da g komutireben,  )(nnn fgffgfgf   . xolo es 

niSnavs, rom (n)  U.  maTematikuri induqciis (iii)  postulatis Tanaxmad,  U = 

N. es ki amtkicebs, rom , roca g komutirebs f –Tan, maSin ის komutirebs f –ის 
yovl  f n iteraciasTan.  vinaidan f 

n komutirebs g-Tan, is agreTve komutirebs g 
m-Tan. sxva sityvebiT nmmn fggf   , rac amtkicebs (8)-s pirvel tolobas. 

 meore toloba nnn gfgf  )(  agreTve mtkicdeba maTematikuri 

induqciiT n-is mimarT. vinaidan 00 1 gf X   da Xgf 1)( 0  , zemoT aRniSnuli 

toloba marTebulia, roca  n = 0. dauSvaT, rom mocemuli toloba WeSmaritia 
romelime n-Tvis. (es aris “induqciis daSveba”.) maSin iteraciis gansazRvrebis 
da am daSvebis Tanaxmad, 
 

nnnn gfgfgfgfgf   )()()( )( . 
 

vinaidan g komutirebs f–Tan, is komutirebs f n-Tan; e. i., f 
(n)

  da                                  
g 

(n)фiteraciebis gansazRvris gamoyenebiT, 
 

)()()( ...)( nnnnn gfggffgf    в. 
 
amiT sruldeba induqcia. 
 
 vinaidan nebismieri operacia f komutirebs Tavis TavTan, am debulebidan 

gamomdinareobs, rom nebismieri m da n-Tvis nmmn ffff    . kerZoდ es 

gvaZlevs fffff nnn  )( , rogorc iteraciis alternatiul gansazRvrebas. 
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 Teorema 1.12.  funqcia f : X  X   da nebismieri m, n  N, sruldeba toloba 
mnnm ff )()(  . 

 

 debulebis damtkiceba daadgens Tvisebas,“yoveli m-სათვის, mnnm ff )()(  ”, 

induqciis gamoyenebiT n-is mimarT. es ki niSnavs, rom induqciis aქსioma 

gamoyenebuli iqneba U  N, sadac  n  U  maSin da mxolod maSin, roca   
mnnm ff )()(   yoveli m-სათვის  N -dan. magram,       f 

0
 = 1, ase rom  0  U  .  Tu  n  

U  , maSin , yoveli m-სათვის, mnmnmmnm fffff )()()( )(   , induqciis daSvebis 

Tanaxmad (n  U). vinaidan  f da f
 n

   komutireben  (7)-იs Tanaxmad bolo 

gamosaxuleba gardaiqmneba Semdegi saxiT mnmn fff )()( )( ; es niSnavs, rom    

(n)  U  da amiT induqcia dasrulebulia. 
 
 

s a v a r j i S o e b i 
 

1. im faqtis gamoyenebiT, rom inieqciebis kompozicia inieqciaa, induqciis gamoyenebiT 

daamtkiceT, rom funqcia f : X  X  inieqciurobidan gamomdinareobs f
 n 

 -is inieqciuroba 
yoveli n-Tvis  N-dan.  

2. daamtkiceT, rom funqcia f : X  X  surieqciurobidan gamomdinareobs f
 n 

 -is 
surieqciuroba yoveli n-Tvis  N-dan.  

3. induqciiT daamtkiceT, rom  n
(0) = n  yoveli n-Tvis  N-dan.  

4. induqciiT daamtkiceT, rom 1 + 2 +  … + n = n (n + 1) / 2. 
5. analogiurad, induqciis gamoyenebiT daamtkiceT Semdegi formulebi:                                                        

(a) 1 + 4 + 9 +   …  + n
 2
 = n (n + 1) (2n + 1) / 6.                                              (b)  1 + 8 + 27 +   …  + n

 3
 = [n (n + 

1) /2]
 2
.             

            (c)  ( 1 + 2
 5
 +   …   + n

 5
) + (1 + 2

 7
 +   …   + n

 7
) = 2[n (n + 1) /2]

 4
.     

6. aageT sami sxva da sxva marcxena Seqceuli funqciebi     
   funqciisaTvis. 
7. induqciis saSualebiT daamtkiceT, rom n

 2
 – n  aris   

   yovelTvis luwi. 

 
1.6  mTeli ricxvebi n  moduliT 

 
 martivi sasruli algebruli sistema warmoiqmneba cnobili dakvirvebidan, rom 
SesaZlebelia SevkriboT da gavamravloT “luwi” da “kenti” ricxvebi – gvesmis ra 
isini rogorc luwi da kenti ricxvebi – Semdegi wesis Tanaxmad : 
 

luwi   luwi = luwi = kenti   kenti,  luwi   kenti = kenti 

luwi   luwi = luwi = luwi   kenti,  kenti   kenti = kenti. 
 

es ki daiyvaneba simravleze gansazRvruli jamisa   da gamravlebis   binarul 
operaciamde, romelic Sedgeba mxolod ori elementisagan 0 (“luwi”) da 1 (“kenti”), 
rac ganisazRvreba Semdegi wesiT: 
 

0   0 = 0 = 1   1,      0   1 = 1 = 1   0, 
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0   0 = 0 = 0   1 = 1   0,      1   1 = 1. 
 

am sistemas ewodeba  mTeli ricxvebi moduli 2-iT. 
 Cveulebrivi gayofis procesi  k  mTeli ricxvisa  )0(n -ze gvaZlevs ganayof  

q da naSTs  r  imgvarad, rom  .// nrqnk   es Sedegi SeiZleba Semdegnairad 

gamoisaxos nebismieri “gayofis” gareSe.  
 

Teorema 1.9 (Z-is gayofis algoriTmi).  nebismieri  k   da   n  mTeli ricxvebisaTvis, 

sadac  n>0, arsebobs iseTi mTeli ricxvebi   q  da r , rom  
 
                      ;0, nrrqnk                          (1) 

                           
es Tvisebebi mocemuli k   da   n  mTeli ricxvebisaTvis gansazRvraven  q-sa  da r-s  

calsaxad. 
 
damtkiceba.  mosaZebn naST  r-s gaaCnia saxe  qnkr  ; es aris arauaryofiTi sxvaoba 

k-si  da  romeliRac  n-is jeradisa. ganvixiloT simravle : 
 

s}ricxvisTvi mTeliromelime da qqnkmmmM  N|{ . 

 

simravle  M  aracarielia :  Tu   k   arauaryofiTia, maSin Mnkk  0 ; xolo Tu k   

uaryofiTia, maSin  Mknknk  )1()( .  

 vinaidan M  aracarielia da  N  srulad dalagebulia, M-s gaaCnia umciresi 

elementi.  aRvniSnoT es (umciresi) elementi  r-iT, ise rom  rqnk   romelime  q-

Tvis. es elementi marTlac akmayofilebs (1) pirobas. jer erTi  0r , vinaidan 

Mr , maSasadame arauaryofiTia.  meores mxriv, Tu  0r , maSin  xnr   romelime 

Nx ;  maSin   nqknrx )1(  , e. i.  x  naklebia umcires Mr  elementze, da 

miviReT winaamRdegoba. 
dasamtkicebeli dagvrCa, rom  (1)-s  gaaCnia mxolod erTi amoxsna. davuSvaT, 

rom (1)-s  gaaCnia ori sxvadasxva amonaxsni rqnk   da  '' rnqk  , da agreTve 

davuSvaT, vinaidan mTeli ricxvebi wrfivad dalagebulia, rom  'rr  .  maSin 

0' rrn , xolo nqqnqkqnkrr )'()'()('   aris namravli n-isa da mTeli 

ricxvisa, romelic mdebareobs 0-sa  da 1n  Soris. magram, viSveliebT ra 
winadadebas, rom 0-sa da 1  Soris ar mdebareobs arcerTi mTeli ricxvi, aseTi 

namravli ar arsebobs. maSasadame,  'rr   da nqqn ' , e. i. 'qq   da  (1)-is nebismieri 

ori amonaxsni emTxveva erTmaneTs, rasac amtkicebs Teorema.                                                            

 
 

fiqsirebuli n-isTvis  mocemuli gayofis algoriTmi gamoiyeneba, raTa 
nebismieri mTeli ricxvi avsaxoT Tavisive naSTSi “n moduliT”.  am  n moduliT 
naSTTa simravleSi SegviZlia vawarmooT Sekreba da gamravleba : viRebT Cveulebriv 
jams an namravls ; Tu Sedegi aRemateba n-s, vcvliT mas n-ze gayofis Sedegad 
miRebul naSTze.  naSTebis Z5 = {0,1,2,3,4} simravleze jami da gamravleba mocemulia 
Semdegi cxrilebiT : 
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Z5 –s  ewodeba mTeli ricxvebis algebra  “5-is moduliT”. 
 nebismieri  n  dadebiTi mTeli ricxvisTvis    Zn = {0,1, …, n-1} iyos yvela  r  

mTeli ricxvebis simravle  nr 0  pirobis gaTvaliswinebiT, xolo  nZZ :  

aris funqcia, romelic yovel mTel ricxv  k-s aniWebs misi naSTis  rk )(  

mniSvnelobas n-ze gayofisas. es funqcia    aris surieqcia ; naSTebis jami  n 

moduliT aRiwereba Semdegnairad. 
 

Teorema  1.10 Tu  nZZ :  aris funqcia, romelic asaxavs nebismier mTel ricxvs 

Tavis naSTSi n moduliT, maSin arsebobs zustad erTi binaruli operacia    

nn Z }1,...,1,0{ -ze iseTi, rom nebismieri  k  da   m  mTeli ricxvebisaTvis 

 

                     )()()( mkmk                      (3). 

 

   es operacia   aris komutaciuri, asociaciuri  da gaCnia nuli (0) erTeulis 

saxiT.  yoveli  r-Tvis  nZ -dan arsebobs nr Z'  iseTi, rom 0' rr . 

 
damtkiceba. davuSvaT, rom  r da  s aris naSTebi  n moduliT ; e. i. iseTi mTeli 

ricxvebi, rom  rr )(  da  ss )( . maSin toloba (2) miuTiTebs imaze, rom sr   

unda udrides )( sr  . sityvebiT es Semdegnairad iTqmis: rom SevkriboT ori naSTi 

nZ -dan, jer vasrulebT Cveulebriv Sekrebas  Z-Si da Semdeg viRebT mis naSTs n 

moduliT.  
es jami marTlac akmayofilebs (3)-s nebismieri  k  da  m mTeli ricxvebisaTvis. 

davuSvaT, rom k  da  m-s gaaCnia naSTebi r da  s  iseTi, rom  qnrk   da nqsm '    q  

da  q’ mTeli ricxvebisaTvis. maSin nqqsrmk )'(  , eseigi  mk  -is naSTi 

tolia )()( srmk   , romelic ganisazRvreba rogorc sr  . amitom 

)()()( sksrmk   , rac iyo dasamtkicebeli.                       

                             

exla ganvixiloT  -is komutaciurobis kanoni. toloba (3)-is Tanaxmad mtkicdeba, 
rom 

 
)()()()()()( kmkmmkmk   . 

 

  0 1 2 3 4         
                  
       (2)                

 0 
1 
2 
3 
4 

0 0 0 0 0 
0 1 2 3 4 
0 2 4 1 3 
0 3 1 4 2 
0 4 3 2 1 

  0 1 2 3 4 
0 
1 
2 
3 
4 

0 1 2 3 4 
1 2 3 4 0 
2 3 4 0 1 
3 4 0 1 2 
4 0 1 2 3 
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es niSnavs, rom nebismieri ori naSTi komutireben Zn-Si. magram nebismieri elementi 

nZ -dan aris naSTi. amitom operacia   komutaciuria  Zn-Si. sxvagvarad :  nZZ :  

aris surieqcia ; (2)-is Tanaxmad  + gadadis   -Si, da,  maSasadame,  mas gadaaqvs +-is 

komutaciurobis kanoni   -is komutaciurobis kanonSi. igive argumentiT mtkicdeba, 

rom    akmayofilebs asociaciurobis kanons Zn-Si, da 0 aris    -is erTeuli Zn-Si 
vinaidan 0)0(  . nebismieri r  aranulovani naSTisTvis, mTeli ricxvis )( rnr   

naSTi nulis tolia, da amitom 0)(  rnr . amiT Teoremis damtkiceba dasrulda.                         

 
 

aqve mogvyavs Sesabamisi Sedegi gamravlebisaTvis. 
 
Teorema 1.11 arsebobs mxolod erTi binaruli operacia Zn-Si, romelic nebismieri 
mTeli k  da  m ricxvebisaTvis sruldeba  
   

                  )()()( mkkm                       (4). 

 

es operacia komutaciuria, asociaciuria da distribuciulia  -is  mimarT, da 
gaaCnia  1 rogorc erTeuli. 
 

damtkiceba. ganvixiloT naSTebi  r da s –i.  (4) gviCvenebs, rom maTi namravli sr   
unda udrides )(rs . sxva sityvebiT rom vTqvaT, rom gavamravloT ori naSTi  Zn-Si, 

viRebT maT naSTs Z-Si da Semdeg maT naSTs n moduliT. es namravli marTlac 

akmayofilebs (4)-s. nebismieri qnrk   da nqsm '   mTeli ricxvebisaTvis,  

nnqqrqqsrskm )''(   ricxvis naSTi  aris )(rs ; maSasadame  (4) kmayofildeba. 

radgan    aris surieqcia, toloba,  rogoric aris distribuciulobis kanoni, Tu 

samarTliania Z-Si, maSin is samarTliania Zn-Sic.                      
 

es msjelobebi uCvenebs, rom igiveobebidan , romlebic samarTliania  Z-Si, 
gamomdinareobs Sesabamisi igiveobebi, romlebic samarTliania  Zn-Si. es ar niSnavs, 
rom sxva Tviseba, romelic sruldeba Z-Si gadaitaneba Zn-Si ; magaliTad , 
aranulovani namravli SesaZloa Seikvecos  Z-Si , magram ar aris savaldebulo 

igive gakeTdes Zn-Si. magaliTad, 02   Z4-Si, magram 00222  .  
mocemul sasrul algebrul sistema Zn-is konstruqciaSi, is faqti, rom 

nZZ :  aris surieqcia, romelic akmayofilebs (3)-s da (4)-s jamisa da 

gamravlebisTvis , mniSvnelovania. alternatiulad, xSirad cvlian  yovel naST r-s 
yvela mTeli ricxvebis simravliT, romelTac gaaCniaT naSTi r.  es simravle, 
romelsac ewodeba “rezidualuri klasi” an “mosazRvre klasi”  k mTeli ricxvisa n 
moduliT, aris 

 

}|{ ZZ  qknqkn  yoveli . 

 

magaliTad,  0 ZZ nn  aris zustad simravle yvela n-is jeradi mTeli ricxvebisa 
qn. kerZod, Tu  n =2, maSin gvaqvs mxolod ori  mosazRvre klasi : yvela luwi 

mTeli ricxvebis simravle Z2  da yvela kenti mTeli ricxvebis simravle 12 Z . 
nebismieri  n-isTvis arsebobs mxolod n  sxvadasxva mosazRvre klasi. 
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                                           nZ, nZ + 1, … , nZ  +  (n – 1).                                (5) 

 

Z/n  -iT aRvniSnavT yvela mosazRvre klasebis simravles, maSin rodesac np Z/Z :  

aris funqcia, romelic nebismier k  mTel ricxvs Seusabamebs Tavis mosazRvre klass 
p(k)=nZ + k.  SevadarebT ra naSTs n moduliT  mosazRvre klasTan n moduliT, 

davinaxavT, rom arsebobs bieqcia rnr Z  naSTebis Zn  simravlidan  mosazRvre 

klasebis simravle Z/n –Si. misi Sebrunebuli  aris erTaderTi funqcia nn ZZ /: , 

romelic qmnis Semdeg komutaciur diagramas: 
 
 
                              p 

                         Z         Z/n  
                             

                                       
                             
 
                                   Zn  
 

 

ufro zustad,  asaxavs yovel mosazRvre klass nZ + k  naST k –Si  n  moduliT. 
es niSnavs, rom naSTebis simravle SeiZleba Seicvalos mosazRvre klasebiT, ise 

rom Teorema 1.10 da1.11 samarTliania Tu SevcvliT  nZZ :    np Z/Z :  -Ti, rom 

miviRoT erTaderTi jami da namravli gansazRvruli mosazRvre klasebze : 
 

         

         )()()( khnknhn  ZZZ :                  (6) 

 

rom SevkriboT (an gavamravloT) ori mosazRvre klasi, virCevT mTel ricxvebs 
yoveli mosazRvre klasidan, SevkribavT (an gavamravlebT) am mTel ricxvebs da 
Sedegad aviRebT am ricxvis mosazRvre klass; ufro metic, miRebuli Sedegi ar aris 
damokidebuli mTeli ricxvebis h da k-s arCevaze Sesabamis mosazRvre klasebidan; 

marTlac, hnqh '  da knqk  ''  gvaZlevs )('' khnkh  Z . 

 SemdgomSi am binarul operaciebs    da   mosazRvre klasebSi an naSTebze 

CavwerT (wrewiris gareSe) rogorc  + da  Sesabamisad, maSin roca   nZZ :  da  

np Z/Z :  vuwodebT mTeli ricxvebis proeqcias mTel ricxvebSi  n moduliT. 

 naSTi n moduliT agreTve SeiZleba aRiweros binaruli mimarTebiT 
kongruencia n moduliT. Tu gvaqvs n , maSin mocemuli h da k mTeli ricxvebisTvis es 
mimarTeba ganisazRvreba Semdegnairad  
 

Znkhnkh  )(mod ; 

 

e. i. )(mod nkh   maSin da mxolod maSin rodesac  kh   iyofa n-ze, an,  maSin da 

mxolod maSin rodesac  h  da k-s gaaCnia erTidaigive naSTi n-ze gayofisas. cxadia, 
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rom mimarTeba  kongruencia n moduliT aris tranzituli, simetriuli da 
refleqsuri, da maSasadame is eqvivalentobis mimarTebaa. ufro metic, mosazRvre 
klasebi n moduliT SesaZlebelia aRiweros uSualod am kongruenciis mimarTebis 
terminebSi Semdegnairad  
 

                     )}(mod|{ nkhhkn Z .                   (7) 

 

surieqcia np Z/Z :  gaaCnia Semdegi Tviseba  

 

                    )(mod)()( nkhkphp  .                (8) 

 

SevniSnoT, rom Tu )(mod nsrkh  da , maSin  

                  
                  )(mod),(mod nkshrnskrh   

 
1.7  jgufebi da simetria 
 

jgufi aris simravle G  erTi binaruli operaciiT G  G  G , romelsac 

CavwerT rogorc   (a,b)  ab,   iseTi, rom : 
 

(i) es binaruli operacia  asociaciuria. 

(ii) nebismieri a  G arsebobs elementi u  G , romelic akmayofilebs 
pirobas ua = a = au.  

(iii) am  u  elementisTvis, yoveli a  G elementisTvis, arsebobs elementi a 

 G, romelic akmayofilebs pirobas  aa = u = aa. 
 
sxva sityvebiT rom vTqvaT, jgufi aris monoidi, romelSic yoveli elementi 
Sebrunebadia. 
 
 ab elements ewodeba  a  da  b namravli  G-Si, xolo  u aris G-s erTeuli  an 
igiveoba,  da a  aris  a-s Sebrunebuli G–Si. mocemul SemTxvevaSi binaruli 
operacia G-Si warmodgenilia namravlis saxiT ; xSirad es operacia 

warmodgenilia jamis saxiT (a,b)  a + b ; Sesabamisad vityviT, rom jgufi aris 
multiplikaciuri an  adiciuri.  
 Tu G da G jgufebia, jgufis homomorfizmi  : G  G   aris funqcia  G-dan   

G-Si. roca G da G  orive multiplikaciuri jgufia, es moTxovna niSnavs, rom  

(ab) = ((a))((b))   nebismieri  a,b  G. 

 jgufis homomorfizms  : G  G, romelic bieqciaa, ewodeba izomorfizmi. 
magaliTad , mTeli ricxvebis 2-is moduliT adiciuri jgufi  Z2 izomorfulia 

multiplikaciuri jgufis  {1, +1}, vinaidan 0  +1,  1  1   aris izomorfizmi  

Z2   {1, +1}. 
 Cven ukve agebuli gvqonda ricxvTa ramodenime jgufi. magaliTad, mTel 
ricxvTa simravle Z aris jgufi jamis mimarT; marTlac, Teorema I.12 amtkicebs, 
rom binaruli operacia +  Z-Si aris asociaciuri da gaaCnia  0 erTeulis saxiT, 

da, rom yoveli a  Z elementisTvis arsebobs elementi x, romelic akmayofilebs 
pirobas  a + x = 0 ( da, maSasadame,  x + a = 0 ). analogiurad, vamtkicebs , rom Zn  
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mTeli ricxvebi n moduliT  aris jgufi jamis mimarT da proeqcia  Z  Zn  aris 
jgufis homomorfizmi. kerZod, jguf  Z5-s gaaCnia xuTi elementi, romlis jami 
gansazRvrulia Semdegi cxrilis mixedviT: 
 
 
 
 
 
 
 
 
  
 
 
nebismieri sasruli jgufi G zustad aRiwereba amgvari cxrilis saSualebiT. Tu 
G aris n elementiani multiplikaciuri jgufi, maSin misi multiplikaciuri 
cxrili  ganisazRvreba    n  n  cxriliT.  nebismieri aseTi n  n  cxrili ar 
gansazRvravs jgufs; magaliTad, qvemoT moyvanili multiplikaciuri cxrili ar 
gansazRvravs Z5-s jgufad gamravlebis mimarT, vinaidan 1 aris (erTaderTi) 

erTeuli, maSin rodesac 0  r = 0 nebismieri r-Tvis,  amitom  0-s ar gaaCnia 
Sebrunebuli Z5-Si. meores mxriv, Tu  0-s CamovaSorebT, darCenil elementebs Z5-
dan gaaCniaT gamravlbis cxrili  
 
 

 
 
 
 
 
 
 
aqedan naTlad Cans, rom  1 aris erTeuli da yovel elements gaaCnia 
Sebrunebuli, xolo Cven ukve viciT, rom aseTnairad gansazRvruli gamravleba 
asociaciuria. e. i. , es oTxi elementi qmis multiplikaciur jgufs. am jguf G-Si, 
22 = 4 , 23 = 3, da 2

4
 = 1, ase rom yvela elements gaaCnia 2-is xarisxi. es gvaZlevs 

safuZvels, rom Z4 Sedarebul iqnas am jguf G-Tan qvemoT mocemuli funqciiT : 
 

Z4  G (mod 5) 

0  1 = 2
0
 

1  2 = 2
1
 

2  4 = 2
2
 

                                                                       3  3 = 2
3
 ; 

 

es ki gvaZlevs, rom aRniSnuli funqcia aris izomorfizmi Z4 adiciuri 
jgufidan multiplikaciur jguf G G-Si.  

dadebiT namdvil ricxvTa simravle P
* aris jgufi Cveulebrivi binaruli 

operacia gamravlebis mimarT, maSin rodesac yvela namdvil ricxvTa simravle R 

aris jgufi jamis mimarT. am SemTxvevaSi funqcia   loge: P
*

  R aris homomorfizmi, 

  
  0 1 2 3 4 
0 
1 
2 
3 
4 

0 1 2 3 4 
1 2 3 4 0 
2 3 4 0 1 
3 4 0 1 2 
4 0 1 2 3 

  0 1  2  3  4         
                   
        

0 
1 
2 
3 
4 

 0 0 0 0 0  
  0  1  2  3  4 
  0  2  4  1  3 
  0  3  1  4  2 
  0  4  3  2  1 

  1  2  3  4         
                   
        

1 
2 
3 
4 

 1  2  3  4 
  2  4  1  3 
  3  1  4  2 
  4  3  2  1 
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vinaidan  loge(xy) = loge x + loge y. am SemTxvevaSi es funqcia aris izomorfizmi: misi 

Seqceuli aris funqcia  x  e
x
 , romelic agreTve homomorfizmia (cnobili Tvisebis 

gamo :  e
x+y

 = e
x
e

y
).  

bieqcias  X  X  simravle  X-ze  ewodeba gadanacvleba. gadanacvlebebi 
warmoadgens  jgufebis elementebs, romlis multiplikaciuri operacia aris 
kompozicia gadanacvlebs Soris.  marTlac, funqciebis Seswavlisas Cven viciT, rom 
ori gadanacvlebis kompozicia X-ze agreTve gadanacvlebaa, rom kompoziciis 
operacia aris asociaciuri, rom 1X  aris gadanacvleba, iseve rogorc gadanacvlebis 
Seqceuli. es Tvisebebi amtkiceben, rom  yvela gadanacvlebis simravle S(X)  X-ze 
aris jgufi kompoziciis operaciis mimarT. kerZod, jgufs, romelic Sedgeba yvela      

 : n  n gadanacvlebisgan gansazRvruli sasrul simravle {1,2,…,n} = n –ze, ewodeba  

n  “xarisxis” simetriis jgufi Sn . naTelia, rom is Seicavs  n! = n(n  1)  21 

sxvadasxva  gadanacvlebebs. funqciis (gadanacvlebis) pirveli elementis saxe (1)  
SeiZleba arCeul iqnas n sxvadasxva saSualebiT, maSin rodesac meore elementi 

SeiZleba arCeul iqnas n  1 sxvadasxva saSualebiT im darCenili elementebisagan, 

romlebic gansxvavebulia (1)-gan ,  da a. S. ] 
 meore magaliTi, ganvixiloT sibrtyeze romelime geometriuli figuris 

yvela wertilebis simravle  F.  f : F F  gadanacvlebas vuwodoT  F-is “simetria”, 
Tu is inaxavs manZils (distancias) ; e. i. ,  Tu manZili or wertils p  da  q  Soris 
F-dan tolia maTi f-saxeebs  f(p) da f(q) Soris manZilisa. maSin Seqceuli funqcia f 

-1 
agreTve aris  F-is simetria. ufro metic, F-is ori simetriis kompozicia agreTve F-

is simetriaa, iseve rogorc igivuri funqcia  F F. aqedan gamomdinareobs, rom F-is 
yvela simetriebis simravle kompoziciis mimarT aris jgufi, romelsac vuwodebT  F-
is simetriebis jgufs.  

 magaliTad,  F-i  iyos tolgverda samkuTxedis yvela wertilebis 
simravle T. sami cxadi simetriebia saaTis isris sawinaamRdego mimarTulebiT brunva  

120º-iT,      240º-iT  da  360º-iT ; aRvniSnoT iseni Sesabamisad R , 2RRR   , da 

TRRR 1 . sami sxva simetriebia  anareklebi D1, D2, D3 Sesabamisi wveroebidan  1,2,3  

simaRleebis mimarT. es gvaZlevs simravle 3  T-s  eqvsi simetriebisa : 
 

3 = {1, R, R
2
, D1, D2, D3 }; 

eseni iZlevian yvela SesaZlo gadaadgilebas sami wveroebisa  1, 2, 3. vinaidan 
tolgverda samkuTxed T-s nebismieri simetria ganisazRvreba misi moqmedebiT sam 

wveroebze, simravle 3 Seicavs  yvela T-s simetrias. es gamomdinareobs iqidan, rom  

3 aris aris jgufi kompoziciis mimarT. 
 
 
                                  1         
 
 
                       R          D1                                       
 
 
                                                                             

2 3                           
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analogiuri jgufebi arsebobs algebrebisaTvis. magaliTad, G iyos jgufi, da 

ganvixiloT avtomorfizmebis (izomorfizmebi Tavis TavSi)  G  G yvela simravle. 
ori aseTi avtomorfizmis kompozicia agreTve avtomorfizmia, da es kompozicia 
asociaciuria. metic, igiveoba 1G    aris avtomorfizmi, da yovel avtomorfizms gaaCnia 
ormxrivi Seqceuli , romelic aseve avtomorfizmia. maSasadame,  nebismieri G  
jgufis yvela avtomorfizmebis simravle Tavis mxriv aris jgufi, romelsac Cven 
avRniSnavT rogorc  Aut(G). magaliTad, adiciur  jguf Z4 gaaCnia ori avtomorfizmi 

: igivuri asaxva da  a   a ; meore avtomorfizmis kvadrati igiveobaa, amitom  Aut(Z4) 

 Z2. 
 
  
1.8 kardinaluri da ordinaluri ricxvebi 
 
yovel A simravles SevusabamoT obieqti  |A|, romelsac uwodeben am simravlis 
simZlavres, iseTnairad, rom |A| = |B| maSin da mxolod maSin, roca arsebobs bieqcia A 

da B simravleebs Soris. kerZod, cariel simravles  SevusabamoT simZlavris saxiT 
ricxvi 0, xolo simravles {a1, … , an}, Semdgars  elementidan (n = 1,2, … ), - ricxvi n. 
simravlis simZlavres agreTve uwodeben kardinalur ricxvebs an kardinalebs. 
naturalur ricxvTa simravlis simZlavre aRiniSneba 0 –iT  (alef-noli), xolo 

namdvil ricxvTa simravlis simZlavre aRiniSneba 1 –iT (alef-erTi).    simZlavre 

1–s  uwodeben koninuumis simZlavres.  0 –is simZlavris simravleebs uwodeben 
Tvlads.  
 davuSvaT a = |A| da b = |B|.  davuSvaT  a  b, Tu arsebobs ineqcia simravle  A-dan   
simravle  B-Si. advili Sesamowmebelia, rom es gansazRvreba ar aris damokidebuli 
A  da B simravleebis arCevanze, da amitom gamoxatavs mimarTebas kardinalur 
ricxvebs Soris. 
 

Teorema 1.13.  kardinalur ricxvTa nebismier simravleze mimarTeba  
aris wrfivi dalageba.  

 
 -s gansazRvridan gamomdinareobs, rom is refleqsuri da 

tranzitulia. am mimarTebis antisimetriuloba gamomdinareobs kantor-
bernSteinis Teoremidan, romelic moyvanilia qvemoT. 

 

Teorema 1.14. (kantor-bernSteinis Teorema). Tu  aris ineqcia A-dan mis 
qvesimravle  (A)–Si, maSin nebismieri C (A  (A)) simravlisTvis arsebobs 
bieqcia  simravle A-dan   (A) = C   (A) simravleze. 
 

damtkiceba. davuSvaT, rom   0
 (C) = C,   n+1

 (C) =  ( n
 (C))  da ganvixiloT 

simravle  
 

S = 


0

)(
n

n C . 

asaxva 

                                                   x,  xS   
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                                     
(x) =  

                                                    (x),   x  (A  S) 

 

igivuria  S-ze  da emTxveva   -s  A  S  simravleze. 

vinaidan  S = C   (S), maSin 
 

S   (A  S) = (C   (A  S))  ( (S)   (A  S)) =  

 

da amitom  aris bieqcia A simravlidan  

(A) = S   (A  S) = C   (S)   (A  S) = C   (A).     

 

 

 davuSvaT, rom  a  b da b  a. es niSnavs, rom arsebobs bieqciebi  
 

  : A   (A),   (A)  B,      : B   (B),   (B)  A. 

 

namravli   =  iqneba bieqcia A-dan   (A) =   ( (A))-ze. Teorema 1.14-is 

Tanaxmad arsebobs bieqcia      A simravlidan  C   (A)  simravleze 

nebismieri  C (A  (A)).  Tu   C =  (B)   (A), maSin          (A) =  (B). maSasadame, 

 -1  aris bieqcia  A-dan  simravle B-ze, da amitom  a = b.  

 maSasadame, mimarTeba    kardinaluri ricxvebisTvis aris refleqsuri, 
antisimetriuli da tranzituli.  
 wrfivad dalagebuli simravle A izomorfulia  wrfivad dalagebuli 

simravle  B –si, Tu arsebobs bieqcia   simravle A-dan simravle  B-ze, 

romelic inaxavs wrfiv dalagebas, e. i.  x  y   (x)   (y)  (x,y A ).  aseTi 

Tvisebis  asaxvas uwodeben izomorfizms  A-dan   B-ze. 
 yovel wrfivad dalagebul simravle  A –s SeusabamoT obieqti o (A), 

romelsac uwodeben ordinalur tips, iseTnairad, rom         o (A) = o (B)  

maSin da mxolod maSin, roca wrfivad dalagebuli simravleebi A da B 
izomorfulebia. 
 vinaidan ordinaluri tipebis toloba o (A) = o (B) iwvevs simravleebis 
simZlavris tolobas |A| = |B|, amitom yovel ordinalur tips Seesabameba romeliRac 
simZlavre, romelsac ewodeba am tipis simZlavre.  

yoveli n-elementiani simravlisTvis {a1, … , an} (n = 1,2, … ) arsebobs n! 
gadanacvleba da amitom wrfivad SeiZleba dalagdes n! sxvadasxva raodenobiT. 
magram yvela am SemTxvevaSi miRebuli wrfivad dalagebul simravleebs gaaCniaT 
erTidaigive ordinaluri tipi, romelic aRiniSneba n–iT. cariel simravles 
miakuTvneben tip 0-s. naturalur ricxvTa simravles N ={0,1,2, … }, romelic 

dalagebulia zrdis mixedviT,  miakuTvneben tip   -s. xolo simravles (N, 
-1

), 

oraduli wrfivi dalagebiT   …  3  2 1  0, miakuTvneben tip    
-s. 

 srulad dalagebuli A simravlis ewodeba ordinaluri an transfinituri 
ricxvi, an ubralod ordinali.  
 aqedan gamomdinareobs, rom n da  ordinaluri ricxvebia, xolo ordinaluri 

tipi   ar aris ordinaluri ricxvi. 
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Teorema 1.15.  (kantoris Teorema). A simravlis yvela qvesimravleebis 
simravle P(A)-s gaaCnia simZlavre, romelic mkacrad metia A simravlis 
simZlavreze. 

 

damtkiceba. marTlac, Tu yovel element  aA  SevusabamebT A simravlis 

erTelementian {a} qvesimravles, miviRebT ineqcias  A-dan  P(A) –Si. amitom  |A|  

|P(A)|.  

davuSvaT, rom arsebobs bieqcia    A simravlidan P(A) simravleze. 
davuSvaT, rom 

 

M = {aA : a  (a)}. 

 

M aris A simravlis qvesimravle, da amitom  M  P(A). maSasadame, unda 

arsebobdes elementi m A  iseTi, rom  (m) = M. vRebulobT winaamRdegobas: 

Tu m M,  maSin m  (m) = M, xolo Tu m M, maSin  m  (m) = M.                                                         

 
axla ganvsazRvroT kardinalur ricxvebze jami, namravli da 

axarisxeba. davuSvaT a da b  nebismieri kardinaluri ricxvebia da  a = |A|,  b = 

|B|,  A  B = .  jami, namravli da axarisxeba ganvsazRroT Semdegnairad: 
 

a + b = |A  B|, 

a b = |A  B|, 

a
 b

 = |A
B
|, 

 

sadac A
B aris yvela asaxvebis simravle  B-dan  A-Si. advili 

dasamtkicebelia, rom operaciebis Sedegi damokidebulia mxolod  a da  b-ze 
da ar aris damokidebuli A d  B  simravlebis arCevanze. gaerTianebisa da 
dekartuli namravlis martivi Tvisebebidan uSualod gamomdinareobs Semdegi 
igiveobebi: 

a + (b + c) = (a + b) + c,    a (b c) = (a b) c, 

a + b = b + a,   a b = b a, 

a
b+c

 = a
b
a

c
,  (ab) 

c
 = a 

c
b 

c
,  (a

 b
)
 c
 = a 

bc
. 

 

 Tu SevusabamebT nebismieri A simravlis yovel qvesimravles am 
qvesimravlis maxasiaTebel funqcias, maSin miviRebT bieqcias P(A)  
simravlidan  2A

  simravleze, sadac  2 = {0,1}. amitom A  simravlis  P(A)  yvela 
qvesimravlis simZlavre nebismieri A  simravlisa udris 2

|A|
, e. i. WeSmaritia 

Semdegi formula: 

| P(A)| = 2
|A|

. 

kantoris Teoremidan vRebulobT 
2a

 >  a 

nebismieri kardinaluri a ricxvisTvis. 
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II 
 
 
 

algoriTmebi da rekursiuli funqciebi 
 
2.1 Sesavali 
 

maTematikis ganviTarebis adreul safexurebze (Zveli egvipte, babiloni, Zveli 

saberZneTi) Tavi iCina meqanikuri xasiaTis mravalma gamoTvliTma procesma; maTi 

saSualebiT Tanamimdevrulad gamoiTvleboda dasmuli amocanis saZebeli sidideebi 

mocemuli sawyisi sidideebidan, gansazRvruli wesebis da instruqciebis mixedviT. 

droTa ganmavlobaSi yvela aseT process maTematikaSi mieca algoriTmis 

saxelwodeba. gasuli saukunis 30-iani  wlebis mijnamde algoriTmis es cneba 

ZiriTadad ar icvleboda, Tumca xdeboda ufro da ufro mkafio. miuxedavad amisa, is 

mainc rCeboda intuiciur cnebad, romelsac hqonda ufro meTodologiuri, vidre 

maTematikuri mniSvneloba. misi arsi advilad irkveva Semdegi magaliTebiT. 

gamoTvlis aTobiT sistemaSi naturaluri ricxvebi gamoisaxeba  0, 1, ... , 9 
cifrebis sasruli mimdevrobebiT. ismis kiTxva, rogor unda vipovoT ricxvis 
aTobiTi Canaweri, romelic udris ori ricxvis jams, sxvaobas, namravls, ganayofs, 
romlebic mocemulia TavianT aTobiT CanawerSi? rogorc cnobilia procesebi, 
romlis saSualebiTac amoixsneba es amocanebi, warmoadgens swored jamis, sxvaobis, 
namravlis da ganayofis algoriTmebs aTobiT sistemaSi. 

algoriTmis naTel magaliTs warmoadgens agreTve ori  a1 , a2  dadebiTi 
naturaluri ricxvis udidesi saerTo gamyofis Zebnis procesi.  es procesi Semdegia:  

1) vyofT  a1 –s  a2 –ze, vpoulobT naSTs  a3 da vamowmebT, udris Tu ara is 0-
s. Tu udris maSin procesi wydeba da a2 aris saZebni udidesi saerTo gamyofi. Tu  a3 

> 0, maSin  
2) vyofT  a2 –s  a3 –ze, vpoulobT naSTs  a4. Tu a4= 0, maSin procesi wydeba da 

a3 aris saZebni udidesi saerTo gamyofi. Tu  a4 > 0, maSin  
3) vyofT  a3 –s  a4 –ze da a. S. 

 vinaidan  a2 > a3 > a4 >  …   0 , aRniSnuli procesi Sewydeba yvelaze meti a2 
nabijis Semdeg da procesis Sewyvetisas Cven vipoviT a1  da  a2  ricxvebis  udides 
saerTo gamyofs .  
 axla aRvniSnoT algoriTmebis saerTo Tviseba. 
  

a) algoriTmi – es aris sidideebis Tanmimdevruli agebis procesi, romelic 
mimdinareobs diskretul droSi iseTnairad, rom sawyis momentSi mocemulia 
sidideebis sawyisi sasruli sistema, xolo yovel Semdgom momentSi 
sidideebis sistema miiReba garkveuli kanoniT (programiT) sidideebis 
sistemidan, romlebic mocemuli iyo winamdebare momentSi (algoriTmis 
diskretuloba). 
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b) sidideebis sistema, romelic miiReba romeliRac (arasawyis) drois momentSi, 
calsaxad ganisazRvreba sidideebis sistemiT, romelic miRebuli iyo drois 
winamdebare momentSi (algoriTmis determinirebuloba). 

c) wina sidideebis sistemidan momdevno sidideebis sistemis miRebis kanoni unda 
iyos martivi da lokaluri (algoriTmis nabijebis elementaruloba). 

d) Tu Semdgomi sididis miRebis wesi , romeliRac mocemuli sidididan ar 
iZleva Sedegs, maSin unda iyos miTiTebuli, ra unda iTvlebodes 
algoriTmis Sedegad (algoriTmis mimarTuloba). 

e) sawyisi sidideebis sistema SeiZleba amorCeul iqnas potencialurad 
usasrulo simravlidan (algoriTmis masobrioba). 

 

algoriTmis cneba, romelic mocemulia a) – e) moTxovniT, rasakvirvelia, 
aramkacria : am moTxovnebis formulirebaSi gvxvdeba sityvebi “wesi”, “sidide”, 
“martivi”, “lokaluri”, romlis zusti azri ar aris dadgenili. SemdgomSi 
algoriTmis am aramkacr cnebas Cven vuwodebT algoriTmis uSualo an intuiciur 
cnebas. 

algoriTmis intuiciuri cneba marTalia aramkacria, magram imdenad mkafioa, 
rom praqtikulad ar yofila seriozuli  SemTxvevebi, rom maTematikosebis azri 
gayofiliyo amasTan dakavSirebiT, aris Tu ara algoriTmi esa Tu is konkretulad 
mocemuli procesi. amiT advilad aixsneba Taviseburi mdgomareoba, romelic 
damkvidrda maTematikaSi algoriTmul problemebTan dakavSirebiT  XX saukunis 
dasawyisSi. am problemebSi saWiroa moiZebnos algoriTmi romelime erTgvarovani 
amocanebis erToblobis amosaxsnelad, romlis pirobebSi Sedis sasruli 
parametrebis sistema, romlebic Rebuloben Cveulebriv mTeli ricxvebis 
mniSvnelobebs. magaliTad, moiTxoveba moiZebnos algoriTmi , romelic iZleva 
saSualebas yoveli mTeli ricxvebis a, b, c, d  oTxeulisTvis gavigoT, arsebobs Tu 
ara mTeli ricxvebi x, y, romlebic akmayofileben gantolebas   

 
ax

2
 + bxy + cy

2
 = d . 

 
moZebnil iqna procesi, romlis saSualebiT, mocemuli ricxvebis gaTvaliswinebiT, 
sasruli raodenobis “nabijebis” Semdeg SesaZlebeli xdeba mocemul kiTxvaze pasuxi 
- “ho” an “ara”. mravali sxva algoriTmuli problemebi agreTve amoxsnili iyo 
konkretuli amomxsneli procesebis miTiTebis gziT. mdgomareoba arsebiTad 
Seicvala XX saukuneSi, romelmac wina planze wamowia iseTi algoriTmuli 
problemebi, romlis dadebiTi amoxsnis arseboba eWvs iwvevda. marTlac, erTia – 
daamtkico algoriTmis arseboba, meore ki – daamtkico misi ararseboba. pirveli 
SesaZlebelia gakeTdes procesis faqtiuri aRweriT, romelic xsnis amocanas ; am 
SemTxvevaSi sakmarisia algoriTmis intuiciuri aRwerac, raTa davrwmundeT imaSi, 
rom aRwerili procesi aris algoriTmi. am gziT algoriTmis ararsebobis 
damtkiceba SeuZlebelia. amisaTvis saWiroa zustad vicodeT, ra aris algoriTmi. 
gasuli saukunis ocian wlebSi algoriTmis cnebis zusti gansazRvris amocana gaxda 
erTerTi centraluri maTematikuri problema. misi amoxsna miRebul iqna gasuli 
saukunis ocdaaTian wleebSi gilbertis, goedelis, CerCis, klinis, postis da 
tiuringis SromebSi ori xerxiT. pirveli amoxsna dafuZnebuli iyo rekursiuli 
funqciis cnebaze, meore – zustad moxazuli procesebis klasis aRweraze..  
 rogorc zemoT avRvniSneT, algoriTmuli problemebisaTvis tipiuria 
mdgomareoba, rodesac saWiroa moiZebnos algoriTmi amocanebis amosaxsnelad, 
romlis pirobebSi mocemulia romelime sasruli sistemis parametrebi x1, . . . , xn , 
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romlebic Rebuloben mTeli ricxvebis mniSvnelobas, xolo saZebni Sedegi agreTve 
mTeli  ricxvi y –ia. sxvagvarad rom vTqvaT, saqme exeba algoriTmis arsebobas 
ricxviTi funqciis y –is gamosaTvlelad, romelic damokidebulia  x1, . . . , xn  

argumentebze, romlebic Rebuloben mTel mniSvnelobas. ricxviT funqciebs, 
romelTa mniSnelobebi SesaZlebelia gamoiTvalos romelime (mocemuli 
funqciisTvis) algoriTmis saSualebiT, ewodeba gamoTvliTi funqciebi. vinaidan am 
gansazRvrebaSi algoriTmis cneba aRebulia intuiciuri azriT, gamoTvliTi 
funqciis cnebac intuiciuria. miuxedavad amisa, algoriTmebidan gamoTvliT 
funqciebze gadasvlisas Cndeba erTi Zalian arsebiTi garemoeba. procesebis 
erToblioba, romlebic akmayofilebs a) – e)  pirobebs da , maSasadame , eqvemdebareba 
algoriTmis intuiciur cnebas, Zalian farToa da gansaxilvelad naklebad 
misawvdomia. piriqiT, gamoTvliTi funqciebis erToblioba mravali procesebis 
gasagebad, romlebic akmayofilebs a) – e)  pirobebs, aRmoCnda erTidaigive da 
amasTanave advilad aRweradi Cveulebriv maTematikur terminebSi.  am zustad 
aRweril gamoTvliTi funqciebis erTobliobas, romelic emTxveva yvela gamoTvliTi 
funqciebis erTobliobas , damyarebuls aqamde farTod cnobili algoriTmis 
gagebaze, uwodeben rekursiuli funqciebis erTobliobas.  

gamomdinare hilbertis ideebidan,  g o e d e l m a pirvelad aRwera yvela 
rekursiuli funqciebis klasi rogorc yvela gamoTvliTi funqciebis klasi, 
gansazRvruli romeliRac formalur sistemaSi. gamomdinare sul sxva 
winamZRvrebidan, 1936 wels CerCma miakvlia igive gamoTvliTi funqciebis klass, rac 
goedelma. ideebis analizma, romlis saSualebiTac mikvleul iqna aRniSnuli 
funqciebis klasi, saSualeba mica CerCs pirvelad gamoeqveynebina hipoTeza imis 
Sesaxeb, rom rekursiuli funqciebis klasi emTxveva yvelgan gansazRvrul 
gamoTvliTi funqciebis klass. es hipoTeza dRemde cnobilia CerCis Tezisis 
saxeliT. vinaidan gamoTvliTi funqciis cneba zustad ar ganisazRvreba , amitom 
CerCis Tezisis damtkiceba SeuZlebelia. 
 zemoT ukve iyo aRniSnuli, rom romeliRac  x1, . . . , xn   sawyisi monacemebis 
gadamuSavebisas mocemuli algoriTmis Sesabamisad, SesaZloa Segvxvdes situacia, 
rodesac gadamuSavebis procesi ar Tavdeba. am SemTxvevaSi amboben, rom mocemuli 
algoriTmi gadaamuSavebs x1, . . . , xn ricxvebs “ganusazRvrelobaSi”. imisaTvis , rom es 
usasrulod mimdinare gadamuSavebis procesebis mniSvnelovani SemTxvevac agreTve ar 
gamovtovoT,  k l i n i m  Semoiyvana nawilobriv rekursiuli funqciebis cneba da 
gamoTqva hipoTeza, rom yvela nawilobriv gansazRvruli (e. i. ar aris aucilebeli, 
rom funqcia gansazRvruli iyos yvela Tavisi argumentebis mniSvnelobebze) 
funqciebi, gamoTvladi algoriTmebis saSualebiT, nawilobriv rekursiulia. cxadia, 
rom klinis ufro zogadi hipoTezac ar mtkicdeba, iseve rogorc CerCis hipoTeza. 
miuxedavad amisa kvlevebma, romlebsac mravali maTematikosi awarmoebda wleebis 
ganmavlobaSi, gamoavlina sruli mizanSewoniloba, CaiTvalos nawilobriv 
rekursiuli funqciis cneba, mecnierul eqvivalentad nawilobriv gansazRvruli 
gamoTvliTi funqciebis intuiciuri cnebisa. 
 SemdgomSi Cven ar ganvasxvavebT CerCis da klinis Tezisebs da CerCis Tezisad 
Cven moviazrebT CerCis Teziss im gafarToebuli saxiT, romelic mianiWa mas klinma. 
 CerCis Tezisi aRmoCnda sakmarisi, rom mivaniWoT aucilebeli sizuste 
algoriTmuli problemebis formulirebas da zog SemTxvevaSi SesaZlebeli gaxdes 
maTi araamoxsnadobis damtkiceba. amis mizezi isaa, rom Cveulebriv maTematikis 
algoriTmul problemebSi saubaria  ara algoriTmebze, aramed zogierTi 
specialurad agebuli funqciebis gamoTvlebze. CerCis Tezisis safuZvelze funqciis 
gamoTvlis sakiTxi eqvivalenturia misi rekursiulobis sakiTxisa. rekursiuli 
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funqciis cneba mkacria. amitom Cveulebrivi maTematikuri teqnika zogjer 
saSualebas iZleva uSualod damtkicdes, rom funqcia romelic xsnis amocanas 
SeiZleba ar iyos rekursiuli. saxeldobr, am gziT   C e r C m a pirvelma daamtkica 
predikatTa logikis ZiriTadi algoriTmuli problemis araamoxsnadoba – 
zogadmarTebulobis problema pirveli rigis Teoriis formulebisaTvis. 
 nawilobrivi rekursiuli funqciebis klasis zusti aRwera CerCis TezisTan 
erTad gvaZlevs algoriTmis cnebis dazustebis amocanis erTerT SesaZlo amoxsnas. 
magram es amoxsna ar aris srulad pirdapiri, vinaidan gamoTvliTi funqciis cneba 
aris meoradi algoriTmis cnebis mimarT. ismis kiTxva, SeiZleba Tu ara uSualod 
dazustdes TviT algoriTmis cneba da ukve Semdeg misi saSualebiT zustad 
ganisazRvros agreTve gamoTvliTi funqciebis klasi? es erTmaneTisagan 
damoukideblad gaakeTes  p o s t m a  da  t i  u r i n g m a  TiTqmis erTdroulad 
CerCis da klinis Sromebis gamoqveynebasTan erTad. postis da tiuringis ZiriTadi 
azri mdgomareobda imaSi, rom algoriTmuli procesebi  - es aris procesebi, 
romelsaT SeiZleba hqmnides Sesaferisad mowyobili “manqana”. am azris Sesabamisad 
maT zust maTematikur terminebSi aRweres manqanebis sakmarisad viwro klasi, magram 
am manqanebis saSualebiT SesaZlo gaxda ganxorcielebuliyo an imitirebuliyo 
yvela algoriTmuli procesi, romlebic faqtobrivad odesRac aRwerili iyo 
maTematikosebis mier.  SemogvTavazes aRniSnul manqanebze ganxorcielebuli 
algoriTmebi ganxiluliyo, rogorc maTematikuri “warmomadgenlebi” saerTod yvela 
algoriTmisa. ubralo mosazrebebma uCvenes, rom funqciaTa klasi, romlebic 
gamoTvladia am manqanebze, zustad emTxveva yvela nawilobriv rekursiuli 
funqciebis klass. amgvarad miRebuli iyo CerCis Tezisis kidev erTi fundamenturi 
dadastureba.  
 
 

2.2 ZiriTadi gamoTvliTi operatorebi 
  
 operaciebs ricxviT funqciebze momavalSi vuwodebT operatorebs. am 
paragrafSi ganisazRvreba mravali operatori, romlebsac gaaCniaT is Tvisebebi, rom 
maTi gamoyenebiT funqciebze, romlebic intuiciurad gamoTvladia   ( ix. Sesavali),  
miiReba agreTve intuiciurad gamoTvladi funqciebi. nawilobriv gansazRvrul 
funqciebs, romlebic  miiReba  martivi funqciebidan   s(x) = x + 1, o(x) = 0,  Im

n
(x1, . . . , xn) = 

xm  am operatorebis gamoyenebiT,  ewodeba nawilobriv rekursiuli. CerCis ZiriTadi 
Tezisi mdgomareobs imaSi, rom rekursiuli funqciebis klasi emTxveva funqciebis 
klass, romlebic iZleva manqanuri an algoriTmuli gamoTvlis saSualebas. 
  

2.2.1. nawilobriv gansazRvruli funqciebis superpozicia 
davuSvaT, mocemulia romeliRac n nawilobriv gansazRvruli erTi da igive m 

ricxvis argumentiani funqciebi f1, . . . , fn,  A  domeiniT da B mniSvnelobaTa ariT, da 
davuSvaT, rom B-ze gansazRvrulia n argumentiani funqcia f, romlis mniSvnelobebi 
ekuTvnis romelime mesame simravle C-s. exla SemoviRoT nawilobriv gansazRvruli 
m argumentiani funqcia g, gansazRvruli domein A–ze da kodomein C–Ti, romelic 
gansazRvrulia Semdegnairad  

 
g(x1, . . . , xm) = f(f1(x1, . . . , xm), . . . , fn(x1, . . . , xm)) 

 

nebismieri x1, . . . , xm   A –dan. vityviT, rom funqcia g miRebulia superpoziciis  an 
Canacvlebis operaciiT f, f1, . . . , fn funqciebisgan. Canacvlebis operacia SemdgomSi 
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aRiniSneba S
n+1 simboloTi. zeda indeqsi miuTiTebs funqciebis raodenobaze. 

SemdgomSi A, B, C simravleebis nacvlad gamoviyenebT naturalur ricxvTa simravle   

N–s. n–iT aRvniSnoT yvela n argumentiani nawilobriv gansazRvruli funqciebis 

simravle. operatori S
n+1 

 yvelgan gansazRvruli funqciaa n
 

m
   

m
 -dan   

n
–Si. 

Tu Cven ganvixilavT nawilobriv gansazRvruli funqciebis simravle -s nebismieri 
ricxvis argumentebiT, maSin operatori S

n+1
 SeiZleba ganxilul iqnas rogorc n + 1   

argumentiani nawilobriv gansazRvruli funqcia, romlis domeini da kodomeini aris 

. am SemTxvevaSi terms   S
n+1

(f, f1, . . . , fn)   gaaCnia garkveuli mniSvneloba (romelic 
emTxveva m-argumentian nawilobriv gansazRvrul funqcias) maSin da mxolod maSin, 
rodesac cvlad f–is mniSvnelobaa n –argumentiani funqciaa, xolo f1, . . . , fn  
simboloebis mniSvnelobebia erTi da igive argumentiani nawilobriv gansazRvruli 
funqciebi. magaliTad, am azriT S 

3
(I1

2
, I1

3
, I2

2
) еtermi ar aris gansazRvruli, term S 

3
(I1

2
, 

I1
3
, I2

3
) -is mniSvneloba udris I1

3, sadac  I1
2
, I1

3
, I2

3 
 -  martivi funqciebis simboloebia. 

 sistema =(, S 
2
, S 

3
,  . . .  ), Semdgari  funqciebis erToblioba -gan da maTze 

gansazRvrul nawilobriv gansazRvruli funqciebisgan S 
2
, S 

3
,  . . . ,  aris nawilobrivi 

algebra. davuSvaT  f1
n
1, . . . , fs

n
s   aris nebismieri nawilobriv gansazRvruli funqciebi, 

Sesabamisad n1, . . . , ns argumentebiT (n1, . . . , ns nebismieri arauaryofiTi mTeli ricxvebia). 
nawilobriv gansazRvrul funqciebs, romlebic miiReba superpoziciiT f1

n
1, . . . , fs

n
s –

gan da  Im
n
  (m, n =1,2, . . .  )  funqciebisgan, ewodeba elementaruli f1

n
1, . . . , fs

n
s   mimarT. 

maTi erToblioba warmoadgens qvealgebras  algebraSi, warmoqmnils f1
n
1, . . . , fs

n
s, Im

n
   

elementebiT. 

 davuSvaT mocemulia Cveulebrivi funqciebi  +  da . funqcia, romlis 

argumentebia x1 , x2 , x3 , xolo misi termaluri warmodgenaa    x1 x2  + x3, aris 
operatoruli termis 
 

S 
3
(+, S 

3
(, I1

3
, I2

3
), I3

3
 ) 

 
mniSvneloba. 
 
 

2.2. primitiulad rekursiuli operatori 
 

davuSvaT mocemulia romeliRac ricxviTi nawilobriv gansazRvruli 
funqciebi: n adgiliani g da (n + 2) adgiliani funqcia  h.  vityviT, rom (n + 1) 
adgiliani funqcia  f warmoiqmneba g da h funqciebidan primitiuli rekursiiT, Tu 
nebismieri x1, . . . , xn, y  naturaluri mniSvnelobebisaTvis  
 
                                    f(x1, . . . , xn, 0) =  g(x1, . . . , xn) ,                                        (1) 

                     f(x1, . . . , xn, y + 1) = h(x1, . . . , xn, y, f(x1, . . . , xn, y)).                      (2) 

 

 am gansazRvrebas Cven agreTve gamoviyenebT roca  n = 1, vityviT, rom 
erTadgiliani nawilobriv gansazRvruli funqcia f warmoiqmneba primitiuli 
rekursiiT konstanturi erTadgiliani funqciidan, romelic udris a, da nawilobriv 
gansazRvruli funqcia h–dan, Tu  
 
                                                   f(0) = a ,                                                               (3) 

                                         f(x + 1) = h(x, y,  f(x)).                                                    (4) 
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ismis kiTxva, yoveli n da n+2 argumentiani  g  da h nawilobriv  gansazRvruli  
funqciisTvis  arsebobs Tu ara n +1 argumentiani nawilobriv gansazRvruli funqcia 
f, romelic akmayofilebs (1), (2) an, Sesabamisad, (3), (4), pirobebs da iqneba Tu ara 
aseTi nawilobriv gansazRvruli funqcia erTaderTi? vinaidan funqciebis 
gansazRvris are aris naturalur ricxvTa simravle, maSin pasuxi am or kiTxvaze, 
cxadia, dadebiTia. Tu funqcia f arsebibs, maSin (1) da (2)-dan Tanmimdevrulad 
vRebulobT   

 
                        f(x1, . . . , xn, 0) =  g(x1, . . . , xn) , 

               f(x1, . . . , xn, 1) = h(x1, . . . , xn, 0,  g(x1, . . . , xn) ),                       (5) 

        
           f(x1, . . . , xn, m + 1) = h(x1, . . . , xn, m, f(x1, . . . , xn,m)) 

 
da amitom f gansazRvrulia calsaxad. (5) –dan, kerZod, Cans, rom Tu romeliRac x1, . . 

. , xn, t  mniSvnelobebisaTvis  f(x1, . . . , xn, t) ar aris gansazRvruli, maSin ar iqneba 

gansazRvruli mniSvnelobebi f(x1, . . . , xn, y)  yvela y  t.  

 imisaTvis, rom mocemuli nawilobriv gansazRvruli g, h funqciebidan vipovoT 
f-i, warmoqmnili primitiuli rekursiiT, sakmarisia tolobebi (5) miviRoT rogorc 
tolobebi, romlebic gansazRvraven funqcia f-s. maSasadame, nebismieri nawilobriv 
gansazRvruli n–adgiliani  da (n + 2)–adgiliani h  (n = 0,1,2, . . . ) funqciebisTvis 
arsebobs erTi da mxolod erTi  nawilobriv gansazRvruli (n+1)–adgiliani funqcia 
f, romelic warmoiqmneba g da h–dan primitiuli rekursiiT. simbolurad Caiwereba  
 

f = R (g, h) 

 

da  R–s ganixilaven rogorc oradgilian nawilobriv gansazRvrul operaciis 
simbolos, romelic gansazRvrulia yvela nawilobriv gansazRvrul funqciaTa 

simravle -Si. (5)–dan gamomdinareobs, rom Tu g da h yvelgan gansazRvrulebia, 
maSin funqcia f yvelgan gansazRvrulia. 
 (5)–dan Cans agreTve CvenTvis fundamenturi garemoeba: Tu Cven raRacnairad 
“SegviZlia” g da h funqciebis mniSvnelobebis povna, maSin f funqciis mniSvnelobebi 
SesaZlebelia gamoiTvalos sruliad “meqanikuri” xasiaTis proceduris saSualebiT.   
saxeldobr,  f(a1, . . . , an, m+1) mniSvnelobebis sapovnelad sakmarisia Tanmimdevrulad 
vipovoT ricxvebi  
                                b0 =  g(a1, . . . , an) , 

                                b1 =  h(a1, . . . , an, 0,  b0 ), 

                                b2 =  h(a1, . . . , an, 1,  b1 ), 

                                 , 

                                bm+1 =  h(a1, . . . , an, m,  bm ). 

 

 

(m+1) nabijze miRebuli  bm+1 ricxvi  swored iqneba funqciis saZebni mniSvneloba  

(a1,,an, m+1)  wertilze. f(a1, . . . , an, m+1) funqciis gamoTvlis procesi gagrZeldeba 
usasrulod mxolod maSin, roca  erTerTi gamosaxulebis  

g(a1, . . . , an),   h(a1, . . . , an, 0, b0), ,   h(a1, . . . , an, m, bm), 
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gamoTvlis procesi gagrZeldeba usasrulod, e. i. roca erTi mainc am 
gamosaxulebebidan miiRebs ganusazRvrel mniSvnelobas. magram maSin f funqciis 
gansazRvris Sesabamisad  f(a1, . . . , an, m+1)  iqneba ganusazRvreli. 
 exla SemoviRoT rekursiuli funqciebis erTerTi mTavari cneba. davuSvaT 

mocemulia nawilobriv gansazRvruli funqciebis raRac  sistema. nawilobriv 

gansazRvrul funqcia f-s ewodeba primitiulad rekursiuli  mimarT, Tu f SeiZleba 

miRebul iqnas funqciebis  sistemidan da martivi funqiebidan s, o, Im
n
  sasruli 

raodenobiT superpoziciis da primitiuli rekursiis operaciebiT. 
 funqcia f-s ewodeba primitiulad rekursiuli, Tu f SeiZleba miRebul iqnas 
mxolod  martivi funqiebidan s, o, Im

n
  sasruli raodenobiT superpoziciis da 

primitiuli rekursiis operaciebiT. 
 superpoziciis da primitiuli rekursiis operaciebi, romlebic gamoyenebulia 
yvelgan gansazRvrul funqciebze, Sedegad agreTve gvaZlevs yvelgan gansazRvrul 

funqciebs. amitom, Tu mocemulia yvelgan gansazRvruli funqciebis sistema , maSin 

primitiulad rekursiuli funqciebi -as mimarT agreTve yvelgan gansazRvrulia. 
kerZod, yvela primitiulad rekursiuli funqciebi yvelgan gansazRvrulia.  
 cxadia, rom nawilobriv gansazRvrul funqcia f-i, romelic primitiulad 

rekursiulia romeliRac nawilobriv gansazRvrul funqciaTa  sitemis mimarT, 
primitiulad rekursiulia ufro farTe sistemis mimarT. primitiulad rekursiuli 
funqciebi SeiZleba ganxilul iqnas rogorc primitiulad rekursiuli funqciebi 
carieli sistemis mimarT. amitom primitiulad rekursiuli funqciebi – es aris 
funqciebi, romlebic primitiulad rekursiulia funciaTa nebismieri sistemis 
mimarT. 
 dabolos, gansazRvridan uSualod gamomdinareobs, rom superpoziciis da 
primitiuli rekusiis operaciebi, romlebic gamoiyeneba nawilobriv gansazRvrul 
funqciebze, romlebic primitiulad rekusiulia romeliRac  sistemis mimarT, 
Sedegad gvaZlevs agreTve primitiulad rekursiul funqciebs  mimarT. 
 gansazRvris Tanaxmad erTadgiliani funqciebi      s(x) = x + 1, o

1
(x) = 0  da 

mravaladgiliani funqciebi  Im
n
(x1,...,xn) = x (m,n =1,2, ... ) primitiulad rekursiulebia.  

 n-adgiliani funqciisaTvis  o
n
(x1,...,xn) = 0 gvaqvs warmodgena 

 
o

n
 = S

2
(o

1
, I1

n
) 

 

da amitom funqcia o
n primitiulad rekursiulia. nebismieri n-adgiliani f 

n
 = a  

mudmivi funqciisaTvis gvaqvs Semdegi warmodgena 
 

s (s ( ... s (o
n
(x1,...,xn)) ... )), 

 
romelic Cawerilia primitiulad rekursiuli funqciebis da cvladebis saSualebiT. 
amitom yvela mudmivi funqciebi primitiulad rekursiulia. 
 oradgiliani funqcia  f(x,y) = x + y  akmayofilebs tolobebs 

 

x + y = x = I1
1
(x), 

x + (y + 1) = (x + y) + 1 = s (x + y ). 

 

maSasadame, funqcia  x + y  warmoiqmneba primitiulad rekursiuli funqciebidan I1
1
, h (x, 

y, z ) = z + 1 da amitom x + y primitiulad rekursiulia. 

 oradgiliani funqcia  f(x,y) = x  y  akmayofilebs primitiuli rekursiis sqemas   
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x 0 = o(x), 

x (y + 1) = xy + x 

 

primitiulad rekursiuli funqciebidan g (x) = o (x), h (x, y, z) = z + x.  amitom funqcia xy 
primitiulad rekursiulia.  
 ganvixiloT funqcia x

y, sadac vgulisxmobT, rom x 
0 
= 1. tolobebi  

 
x 

0 
= 1, 

x 
y+1 

= x 
y 
x 

 
warmoadgenen primitiuli rekursiis sqemas sawyisi primitiulad rekursiuli 

funqciebiT g (x) = 1, h (x, y, z) = z  x.  amitom funqcia x
y primitiulad rekursiulia. 

 analizSi zogjer gvxvdeba funqcia sg x, romelic udris +1 dadebiTi namdvili 

ricxvebisaTvis, 1 uaryofiTi rixcvebisaTvis da  0 , roca x = 0. Cven ganvixilavT am 
funqcias naturaluri ricxvebze gansazRvruls Semdegnairad  
 

                               0, Tu x = 0, 

                                                  sg x =  

                                                              1, Tu x > 0. 

 
 

SemoviRoT funqcia sg, romelic warmodgenilia Semdegnairad : 
 

                               1, Tu x = 0, 

                                               sg x =  

                                                              0, Tu x > 0, 

 

da romelic emTxveva sxvaobas  1  sg x.  

 funqciebi  sg x da sg x akmayofileben primitiulad rekursiul sqemebs : 
 

                    sg 0 = 0,                                   sg 0 = 1, 

             sg (x+1) = 1,                             sg (x+1) = 0, 

 

romelTac aqvT (3), (4) saxe. amitom sg  da sg   primitiulad rekursiulebia. 

 naturalur ricxvebSi xvaoba  x  y  warmoadgens nawilobriv gansazRvrul 
oradgilian funqcias, gansazRvruls roca x metia an tolia y–ze. magram 
primitiulad rekursiuli funqciebi yvelgan gansazRvrulia. amitom primitiulad 
rekursiul funqciebis TeoriaSi Cveulebrivi sxvaobis nacvlad SemoyavT Sekvecili 
sxvaoba, romelsac aRniSnaven yx   simboloTi da ganisazRvreba Semdegnairad : 

 

                 









.,0

,,

yx

yxyx
yx

  Tu

  Tu
                         (6) 

 
 Cveulebriv sxvaobasgan gansxvaebiT Sekvecili sxvaoba naturalur ricxvebze 
yvelgan gansazRvruli funqciaa, da amave dros is martivad aris dakavSirebuli 
Cveulebriv sxvaobasTan. ase, magaliTad,  (6) Tanaxmad 
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).()(,053,235 zyxzyx    

 

 funqcia 1x  akmayofilebs primitiul rekursiul sqemas  
 

xx 



1)1(

,010




 

 
primitiulad rekursiuli sawyisi funqciebiT o

1 
 da I1

2. amitom  
funqcia 1x  primitiulad rekursiulia.  
 meores mxriv, (6)-dan gamomdinareobs, rom nebismieri x,y 

 

,0 xx   

.1)()1(   yxyx  

 
es tolobebi uCvenebs, rom oradgiliani funqcia yx   warmoiqmneba primitiuli 

rekursiiT I1
1 da  h (x, y, z ) = 1z  funqciebidan. orive es ukanaskneli funqciebi 

primitiulad rekursiulebia. amitom yx   funqciac primitiulad rekursiulia.  

 dabolos, funqciebis + da  yx   primitiuli rekursiulobidan 

gamomdinareobs funqciis  
 

| x  y | = ( yx  ) + ( yx  ) 

 
primitiulad rekursiuloba. 
 
 
 

2.3. minimizaciis operacia 
 

ganvixiloT romeliRac  n-adgiliani (n 1 )  nawilobriv gansazRvruli  
ricxviTi funqcia f . davuSvaT, rom arsebobs raime “meqanizmi” f funqciis  
mniSvnelobebis gamosaTvlelad, amasTanave funqcia f–i ar aris gansazRvruli maSin 
da mxolod maSin, roca es meqanizmi muSaobs usasrulod, romelic ar iZleva 
araviTar gansazRvrul Sedegs. davafiqsiroT x1, … , xn-1  funqcia f –is pirveli n – 1 
argumentebis  romeliRac mniSvnelobebi da ganvixiloT gantoleba 

 
                                    f (x1, … , xn-1 , y ) = xn .                                      (1) 

 

rom vipovoT am gantolebis (naturaluri) amoxsna y , zemoT aRniSnuli 
meqanizmis saSualebiT Tanmomdevrulad gamovTvaloT mniSvnelobebi f (x1, … , xn-1 , y ) 

roca  y = 0,1,2, … . umciresi mniSvneloba a , romlisTvis vRebulobT  
  

f (x1, … , xn-1 , a ) = xn, 

 
aRvniSnoT Semdegnairad  
 

                                      y ( f (x1, … , xn-1 , y ) = xn)                                         (2) 
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 (2)-is mniSvnelobis Zebnis aRwerili procesi gagrZedeba usasrulod Semdeg 
CamoTvlil SemTxvevebSi : 

a) f (x1, … , xn-1 , 0 )  mniSvneloba ar aris gansazRvruli ; 

b) f (x1, … , xn-1 , y)  mniSvnelobebi gansazRvrulia roca y = 0,1, … , a 1,  magram 
gansxvavebulia xn –gan, xolo f (x1, … , xn-1 , a )  mniSvneloba ar aris 
gansazRvruli ; 

g) f (x1, … , xn-1 , y)  mniSvnelobebi gansazRvrulia yvela y =           0,1, … , a 1,  magram 
gansxvavebulia xn –gan.  
 
yvela am SemTxvevebSi gamosaxuleba (2)-is mniSvneloba iTvleba ganusazRvreli. 

danarCen SemTxvevebSi aRwerili procesi wydeba da gvaZlevs umcires amoxsnas y = a . 
es amoxsna, rogorc aRvniSneT, iqneba gamosaxuleba (2)-is mniSvneloba. 

zemoT aRniSnulidan gvaqvs 
 

                yx   =  z (y + z = x ).                                       (3) 

analogiurad, 

 x (sg x = 1) = 1, 

 y ( xy  = 0) = 0. 

 

eseni Sesabamisad warmoadgenen sg x = 1 da xy  = 0 gantolebebis umcires amonaxsnebs. 

 piriqiT, gamosaxuleba 

                      y ( y ( y  ( x + 1 )) = 0)                      (4) 
 

ar aris gansazRvruli, vinaidan 0  ( 0  ( x + 1 )) gamosaxulebis mniSvneloba ar aris 
gansazRvruli. amave dros gantolebas 
 

y ( y  ( x + 1 )) = 0 

 

gaaCnia amoxsna y = x + 1, magram es ar emTxveva gamosaxuleba (4)-is mniSvnelobas. es 
magaliTi gviCvenebs, rom nawilobriv ganszRvruli funqciebisTvis f (x1, … , xn-1 , y)  

gamosaxuleba (2) , Tu mkacrad vimsjelebT, ar aris (1)-is umciresi amonaxsni. Tu 
funqcia f (x1, … , xn-1 , y)   yvelgan gansazRvrulia da gantoleba (1) gaaCnia amonaxsni, 
maSin (2) aris (1)-is umciresi amonaxsni. 
 
ZiriTadi gansazRvreba. nawilobrv gansazRvrul funqcia f-s ewodeba nawilobriv 
rekursiuli nawilobriv gansazRvruli funqciaTa  sistemis mimarT, Tu  f SeiZleba 
miRebul iqnas -dan aRebuli funqciebidan da martivi o, s, Im

n
  funqciebidan 

superpoziciis, primitiuli rekursiis da minimizaciis sasruli raodenobis 
operaciebiT. 
 nawilobrv gansazRvrul funqcia f-s ewodeba nawilobriv rekursiuli, Tu  f 
SeiZleba miRebul iqnas martivi funqciebidan o, s, Im

n
  superpoziciis , primitiuli 

rekursiis da minimizaciis sasruli raodenobis operaciebiT. 
 
 CerCis Tezisi. algoriTmulad ( an manqanurad ) gamoTvladi nawilobriv 
gansazRvruli ricxviTi funqciaTa klasi emTxveva yvela  
nawilobriv rekursiul funqciaTa klass. 
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III 
 

 

gamonaTqvamTa aRricxva 

 
logikas centraluri adgili  uWiravs mraval sferoSi, maT Soris - 

maTematikaSi. logika agreTve arsebiTia kompiuteruli programebis agebisa da 
testirebisaTvis. zogjer Cveni logikuri msjeloba ar aris srulyofili, ris 
Sedegadac SesaZlebelia Secdomebi. amitom mniSvnelovania ganisazRvros Zireuli 
logikuri gamoyvanebi. logikuri gamoyvanebis ZiriTad komponentebs warmoadgens 
gamonaTqvamebi, an rac igivea mtkicebulebebi (debulebebi), romlebic aris an 
WeSmariti an mcdari. SesaZlebelia gamonaTqvamebis Camoyalibeba da manipulireba 
mravili xerxiT. es manipulaciebi warmoadgens gamonaTqvamTa aRricxvis sagans. 
 
 

3.1  logikuri msjelobebi da gamonaTqvamebi 

  
 3.1.1  Sesavali 

 
mniSvnelovania ganvasxvavoT logikurad koreqtuli  msjelobebi da 

arakoreqtuli msjelobebi. SemdgomSi Cven CamovayalibebT aseTi msjelobebis 
ZiriTad struqturas. amis gakeTebisas Cven aRmovaCenT, rom logikuri msjelobebi 
Sedgeba gamonaTqvamisagan, romlTa Semdgomi dayofa SeuZlebelia. logikuri  
msjelobebi aigeba am atomuri (dauSladi) gamonaTqvamebisgan logikuri kavSirebis 
saSualebiT. 
 
  
 3.1.2  zogierTi mniSvnelovani logikuri msjelobebi 
 
magaliTis saxiT moviyvanoT Semdegi mtkicebulebebi. 
 

1. Tu moTxovnileba matulobs, maSin kompaniebi farTovdebian. 

2. Tu kompaniebi farTovdebian, maSin iseni qiraoben muSebs. 

3. Tu moTxovnileba matulobs, maSin kompaniebi qiraoben muSebs. 

es logikuri msjeloba Sedgeba sami striqonisgan, da yoveli striqoni Seicavs 
romelime mtkicebulebas. pirveli da meore striqonebi uzrunvelyofs mocemuli 
msjelobis winamZRvars, xolo mesame striqoni Seicavs daskvnas. SeiZleba kamaTi 
winamZRvrebis sawinaamRdegod da gamovacxadoT, rom isini mcdaria. magram, rogorc 
ki winamZRvrebis mtkicebulebas miviRebT, maSin daskvnac agreTve misaRebia, imitom 
rom, is logikurad gamomdinareobs winamZRvrebisgan da, maSasadame, msjeloba 
koreqtulia. 
 MqvvemoT mogvyavs koreqtuli msjelobis meore magaliTi. 
 

1. kompiuterul programas gaaCnia defeqti, an Sesavali Seicavs Secdomas. 

2. Sesavali ar Seicavs Secdomas. 
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3. kompiuterul programas gaaCnia defeqti. 

 
wina SemTxvevis msgavsad gvaqvs ori winamZRvari, romlebic mocemulia msjelobis 1 
da 2 striqoniT. kerZo SemTxvevaSi, es winamZRvrebi SeiZleba iyos an WeSmariti an 
mcdari. magram, Tu winamZRvrebi WeSmaritia, maSin Cven ver avicilebT daskvnas, rom 
kompiuterul programas gaaCnia defeqti. es daskvna logikurad gamomdinareobs 
winamZRvrebidan.  
 zemoT moyvanilis msgavsi mtkicebulebebis gamoyenebiT, aristotelem 
ganaviTara koreqtuli da arakoreqtuli msjelobebis modelebi. man SeniSna, rom 
mravali mtkicebulebebi, romlebic gamoiyeneba logikaSi, realurad warmoadgenen 
Sedgenil mtkicebulebebs; e. i. isini Sedgebian ramodenime nawilisagan da amave dros 
yoveli maTgani marTebulia. pirveli magaliTi Seicavs mtkicebulebas, rogorc erT-
erT winamZRvars: 
 
 

Tu moTxovnileba matulobs, maSin kompaniebi farTovdebian. 

 

am mtkicebulebas gaaCnia ori nawili, romlebic Tavis mxriv orive marTebulia. 
esenia  ~moTxovnileba matulobs~ da ~kompaniebi farTovdebian~. es ori mtkicebu-

leba SekavSirebulia konstruqciiT ~Tu   maSin~. Cveni meore msjeloba Seicavs 
mtkicebulebas 
 

kompiuterul programas gaaCnia defeqti, an Sesasavali Seicavs Secdomas. 

 
aseve, es mtkicebuleba Sedgeba ori nawilisgan: ~kompiuterul programas gaaCnia 
defeqti~ da ~Sesasavali Seicavs Secdomas~. Tavis mxriv, orive nawili aris 
msjelobebi, da isini SekavSirebulia sityviT ~an~.  

Msjelobebis koreqtulobisa da arakoreqtulobis TvalnaTliv dasanaxad 
aristotelem gamoiyena mocemuli msjelobebis arsebiTi mtkicebulebebis asoebiT 
Secvlis maTodi. am xerxSi, marTebuli msjelobis modeli SesaZlebelia mokled 
aRiweros. mivyvebiT ra aristoteles SeTanmxmebas, Cven viyenebT did laTinur asoebs 
arsebiTi mtkicebulebebis aRniSvnisaTvis. aso  PP  SeiZleba gamosaxavdes 
mtkicebulebas  ~moTxovnileba matulobs~, aso Q  SeiZleba gamosaxavdes 
mtkicebulebas  ~kompaniebi farTovdebian~ da  aso  R   SeiZleba gamosaxavdes 
mtkicebulebas ~kompaniebi qiraoben muSebs~. viyenebT ra am simboloebs, Cven 
SegviZlia gamovsaxoT mocemuli msjeloba, romelic Seicavs moTxovnilebis matebas, 
Semdegnairad: 

 

1. Tu  P, maSin  Q. 

2. Tu  Q, maSin  R. 

3. Tu  P, maSin  R. 

 

aristotelem  aseTi tipis msjelobebs misca saxeli: man maT uwoda hipoTeturi 
silogizmi. am  hipoTetur silogizmSi P, Q da R-is nacvlad SesaZlebelia Caisvas 
nebismieri mtkicebuleba. magaliTad, Tu P-s  SeusabamebT ~kata xedavs oqros Tevzs~,  
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Q-s  ~kata iWers oqros Tevzs~, xolo R-s  ~kata Wams oqros Tevzs~, maSin miviRebT 
Semdeg hipoTetur silogizms 
 

1. Tu kata xedavs oqros Tevzs, maSin kata iWers oqros Tevzs. 

2. Tu kata iWers oqros Tevzs, maSin kata Wams oqros Tevzs. 

3. Tu kata xedavs oqros Tevzs, maSin kata Wams oqros Tevzs. 

 

mocemuli msjelobis winamZRvrebi SeiZleba iyos an marTali an tyuili. kata 
SeiZleba iyos kargad gawvrTnili da arasodes ar Caidinos iseTi saqcieli, rogorc 
oqros Tevzis daWeraa. miuxedavad amisa, Tu katam mainc daiWira oqros Tevzi, katam 
SeiZleba gadawyvitos, rom katis saWmeli ukeTesia cocxal oqros Tevzze. magram, 
rogorc ki Cven miviRebT winamZRvrebis marTebulobas, Cven ara gvaqvs daskvnis 
marTebulobisagan gansxvaebuli arCevanis gakeTebis ufleba. maSasadame, marTebulia 
rom,  kata Wams oqros Tevzs, Tu ki is xedavs oqros Tevzs. 
 meore modeli marTebuli msjelobisaTvis Semdegnairia:  P iyos ~kompiuterul 
programas gaaCnia defeqti~, xolo  Q  -  ~Sesasavali Seicavs Secdomas~. viyenebT ra 
Semoklebebs, msjeloba gamoisaxeba Semdegnairad: 
 

1. P an Q. 

2. ara Q. 

3. P. 

 

am msjelobas ewodeba diziunqciuri silogizmi da es fundamenturi msjelobaa 
logikaSi. aRvniSnoT, kidev erTxel, rom winamZRvrebi SeiZleba iyos an WeSmariti an 
mcdari, magram Tu iseni ganxilulia rogorc WeSmariti, maSin igive mniSvneloba aqvs 
daskvnasac. 
 arsebobs kidev gansakuTrebulad mniSvnelovani logikuri msjeloba, 
romelsac ewodeba modus ponensi. modus ponensi SeiZleba ganisazRvros 
Semdegnairad: 
 

1. Tu P, maSin  Q. 

2. P. 

3. Q. 

 

magaliTad, Tu P aris ~Suqi gadairTo wiTelze~, da Q aris ~avtomobili gaCerda~, 
maSin winamZRvrebi ~Tu Suqi gadairTo wiTelze, maSin avtomobili gaCerda~ da ~Suqi 
gadairTo wiTelze~ gvaZlevs saSualebas davaskvnaT ~avtomobili gaCerda~. 
 imis gansazRvrva Tu romeli logikuri msjelobis modeli aris koreqtuli, 
da romeli ara, warmoadgens logikis arsebiT nawils. pirvel rigSi Cven 
gvesaWiroeba msjeloba-gansja, imis Sesaxeb, Tu rogor aigeba logikuri 
mtkicebulebani, rogor SeiZleba maTi manipulireba, da rogor unda moiZebnos maTi 
WeSmaritobis mniSvnelobebi. amis Sesaxeb vimsjelebT Semdeg paragrafSi. 
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2.1.3  gamonaTqvamebi 

 

mtkicebulebebs, romlebic CarTulia logikur msjelobebSi, gaaCniaT specialuri 
Tvisebebi: isini arian an WeSmariti an mcdari, da arasdros sxva ram. logikaSi, 
aseTnair mtkicebulebebs uwodeben gamonaTqvamebs. 
 

 

gansazRvreba 1.1: nebismier mtkicebulebas, romelic an WeSmaritia an mcdari, 
ewodeba gamonaTqvami. 
 

 

magaliTad, mtkicebuleba ~kompiuterul programas gaaCnia defeqti~ aris 
gamonaTqvami, Tu is an WeSmaritia an mcdari. Cven gagvaCnia mxolod ori arCevani, an, 
Tu gamoviyenebT teqnikur termins, Cven gaqvs diqotomia. es zogjer iwvevs 
problemebs. ganvixiloT, magaliTad, Semdegi mtkicebuleba: ~ricxvi 8 saSinlad 
yars~. normaluria iTqvas, rom es mtkicebuleba azrs moklebulia. da maSasadame, Tu 
Cven davumatebT azrs moklebuli mtkicebulebis SesaZleblobas, maSin Cven miviRebT, 
rom garda WeSmaritisa da mcdarisa arsebobs mesame kategoria – uazroba. am 
SemTvevaSi Cven ar gvaqvs saqme gamonaTqvamTan. ra Tqma unda, SeuZlebelia 
WeSmaritobis mniSvnelobebi asocirebul iqnas brZanebasTan an kiTxvasTan: e. i. arc 
bZaneba da arc kiTxva ar aris gamonaTqvami. 

bevri mtkicebuleba, romlebsac Cven viyenebT yoveldRiur cxovrebaSi, ar aris 
srulad WeSmariti, iseve rogorc srulad mcdari. magaliTad, Tu programa gvaZlevs 
moulodnel Sedegs (gamosavalSi), xSirad gaurkvevelia aris Tu ara es mizezi 
kompiuteris defeqtisa an ubralod aris Sedegi Raribi (arasakmarisi) 
specifikaciisa.  miuxedavad amisa, logika ganixilavs mxolod Savs da TeTrs, an, 
ufro zustad, WeSmarits da mcdars da ara sxvas. 

rogorc aRvniSneT, imisaTvis, rom ganisazRvros msjelobis romeli modelia 
koreqtuli, aristoteles mier Semoitanil iqna cvladebi, magaliTad P, Q  da R. am 
cvladebs ewodeba propoziciuli cvladebi. propozicul cvladebs SeiZleba 
hqondes mxolod ori mniSvneloba, WeSmariti an mcdari. arsebobs agreTve ori 
propoziciuli konstanta, T da F, romlebic warmoadgenen, Sesabamisad, WeSmarits da 
mcdars. Cven SegviZlia mivaniWoT cvlad  P-s mniSvneloba T an F. SesaZlo 
mniSvnelobis miniWeba cvlad P-Tvis aris, magaliTad, T. sxva mniSvnelobis miniWeba  
P-Tvis aris, cxadia, F. termini mniSvnelobis miniWeba SeiZleba gamoyenebul iqnas 
gamosaxulebTa kavSirebisTvis. MmniSvnelobis miniWeba A gamosaxulebisaTvis Sedgeba 
WeSmaritobis mniSvnelobis miniWebisgan yoveli cvladisTvis. magaliTad, SesaZlo 
mniSvnelobis miniWeba gamonaTqvamisaTvis ~P an Q~ iqneba P =  F,  Q = T,  magram 
arsebobs gansxvaebulic. 

propoziciuli cvladebi da propoziciuli konstantebi warmoadgenen atomur 
gamonaTqvamebs; e. i. SeuZlebelia maTi Semdgomi dayofa. atomuri gamonaTqvamebisagan 
SesaZlebelia aigos Sedgenili gamonaTqvamebi. magaliTad, ~P an Q~ aris Sedgenili 
gamonaTqvami, da, agreTve, ~P da Q~  da ~ara P~. ~an~, ~da~ da ~ara~  sityvebis 
funqciaa gamonaTqvamebis ageba, da amitom maT ewodebaT logikuri kavSirebi. 
zogadad, gamonaTqvamebi SeiZleba daiyos rogorc atomuri an Sedgenili, Semdegi 
gansazRvris gamoyenebiT: 
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gansazRvreba 1.2: gamonaTqvams, romelic Sedgeba mxolod erTi propoziciuli 
cvladisagan an mxolod erTi propoziciuli konstantisagan,  ewodeba atomuri  
gamonaTqvami. yvela araatomur gamonaTqvams ewodeba Sedgenili gamonaTqvami. yvela 
Sedgenili gamonaTqvami Seicavs erTs mainc logikur kavSirs. 
 

 

yovel gamonaTqvams, da yoveli mniSvnelobis miniWebas Seesabameba erTaderTi 
WeSmaritobis mniSvneloba. Tu gamonaTqvami atomuria, maSin WeSmaritobis 
mniSvneloba uzrunvelyofilia uSualo mniSvnelobis miniWebiT. sxva SemTxvevaSi, 
unda arsebobdes wesi, rogor gamoiTvalos Sedgenili gamonaTqvamis WeSmaritobis 
mniSvneloba. es wesebi mocemulia logikuri kavSirebis gaazrebiT (gansazRvriT). 
magaliTad, qarTuli enis Tanaxmad, Tu PP = T  da QQ = F, maSin  ~P an Q~ unda iyos T: 

Tu P WeSmaritia  da Q mcdaria, maSin ~P an Q~  WeSmaritia. rTuli Sedgenili 
gamonaTqvamebis WeSmaritobis mniSvnelobis dadgena ufro Znelia. aseT SemTxvevaSi,  
sasargebloa WeSmaritobis cxrilis gamoyeneba: 
 

 

 

gansazRvreba 1.3: gamonaTqvamis WeSmaritobis cxrili propoziciuli 
cvladebisaTvis  mniSvnelobebis miniWebis safuZvelze GgvaZlevs  gamonaTqvamis 
WeSmaritobis mniSvnelobas. 
 

 

yvela logikuri kavSirebi ~an~, ~da~ da ~ara~  ganisazRvreba WeSmaritobis cxrilis 

saSualebiT. 

 

 

savarjiSoebi 1.1 

 

1. gamoiyeneT propoziciuli cvladebi  P da  Q  Semdegi logikuri msjelobebis 
formalizaciisaTvis: 

(a) Tu  10 martivi ricxvia, maSin SeuZlebelia, rom  10  toli iyos 2-is 5-ze 
namravlisa. 10  tolia 2-is 5-ze namravlisa. amitom 10 ar aris martivi ricxvi. 

(b) Tu xSirad wvims, maSin fermerebi Civian. Tu wvimebi ar aris xSiri, maSin 
fermerebi Civian. 

2.  qvemoT CamoTvlili mtkicebulebebidan, romlebi warmoadgenen gamonaTqvamebs? 
(a) es marTalia? 
(b) daviTi saxelia. 
(c) 8 martivi ricxvia. 
(d) 8 ar aris martivi ricxvi. 

3. qvemoT moyvanili mtkicebulebebidan romelia atomuri da romelia Sedgenili?       
(a) yovel katas gaaCnia Svidi sicocxle.  
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(b) Tu gia maRalia, maSin gogic maRalia. 
(c) gia da gogi maRlebia. 
(d) avtomobili, romelsac mouvida avaria, iyo mwvane an lurji. 

4. mianiWeT logikuri konstantebi T da F Semdeg gamonaTqvamebs. 
(a) 7 luwi ricxvia. 
(b) Tbilisi qalaqia. 
(c) kanada qalaqia. 
 

 

3.2 logikuri kavSirebi 

 

3.2.1 Sesavali 

 

logikuri kavSirebi gamoiyeneba imisaTvis, rom gavaerTianoT gamonaTqvamebi 
axali gamonaTqvamebis agebisaTvis. es axali gamonaTqvamebi arian Sedgenili 
gamonaTqvamebi, imitom rom isini Sedgebian ramodenime komponentisagan. aqamde, Cven 
viyenebdiT qarTul sityvebs logikuri kavSirebis momsaxurebisTvis. magaliTad, Cven 

gamoviyeneT konstruqciebi, iseTi rogorc ~P an Q~  an ~Tu P, maSin  Q~. 
samwuxarod, mtkicebulebebi, romlTa formulireba xdeba bunebrivi enis 
saSualebiT xSirad orazrovania, radganac sityvebs, romlebic gamoyenebulia 
am mtkicebulebebSi SesaZlebelia hqondeT erTze meti mniSvneloba. Cven 
gvinda es Tavidan aviciloT. garda amisa, mravali bunebrivi enis kavSirebi 
asaxavs Sexebas iseT ramesTan, rogorica mizezobrioba, dapireba, gamaxvileba, 
mrwamsi, da dro. magaliTad, sityva ~Tu~ xSirad iwvevs romelime tipis 
mizezobriobas. standartul logikas ki saqme aqvs mxolod WeSmaritTan da 
mcdarTan, rac niSnavs, rom mizezobriobis cneba gomoiricxeba. am mizniT, 
saukeTesoa SemoviRoT axali maTematikuri simboloebi, romlebic 
Seasruleben kavSirebis rols. es simboloebi SeiZleba ganisazRvros 
araorazrovnad.  

qarTul enaSi arsebobs erTi SeTanxmeba (daSveba), romelic agreTve 
gamoiyeneba logikaSi. raime winadadebas rom gamovTqvamT qarTul enaSi, 
vaskvniT, rom es winadadeba WeSmaritia da igi ar moiTxovs saWiroebas 
vamtkicoT, rom gamonaTqvami WeSmaritia. magaliTad, imis magivrad, rom 
vTqvaT ~WeSmaritia, rom kata Wams Tevzs~, ubralod vityviT ~kata Wams 
Tevzs~. amis msgavsad, Tu P gamonaTqvamia, maSin ~P~ niSnavs ~ P WeSmaritia~. 
rom gavamaxviloT, rom P namdvilad WeSmaritia, Cven zogjer viyenebT frazas 
~ P-s aqvs adgili~. 
 

3.2.2. uaryofa 

 

 

umartivesi kavSiria uaryofa, romelic ganisazRvreba Semdegnairad: 
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gansazRvreba 1.4: P iyos gamonaTqvami. Sedgenili gamonaTqvami P, romelic 
gamoiTqmis rogorc ~ara P ~, aris gamonaTqvami, romelic WeSmaritia Tu P mcdaria, 

da mcdaria sxva SemTxvevaSi. P-s ewodeba P-s uaryofa. kavSiri  SeiZleba 
iTargmnos qarTulad rogorc ~adgili ara aqvs, rom~, an ubralod sityviT ~ara~. 
 
 

cxrili 1.1 warmoadgens am gansazRvris cxrilisebur formas.  

 

cxrili 1.1 

uaryofis WeSmaritobis cxrili 

P P 

T 

F 

FF 

  T 

 

magaliTi 1.1  P iyos gamonaTqvami ~Tbilisi qalaqia~. maSin P aris gamonTqvami   
~Tbilisi ar aris qalaqi~. 

 

3.2.3 koniunqcia 

 

xSirad Cven gvsurs gamovsaxoT is faqti, rom orive mtkicebuleba WeSmaritia. am 
SemTxvevaSi Cven viyenebT koniunqcias, romelic ganisazRvreba Semdegnairad: 
 

 

 
gansazRvreba 1.5: P da Q iyos gamonaTqvamebi. maSin  P  Q  WeSmaritia maSin da 

mxolod maSin, roca orive  P da Q  WeSmaritia.  P  Q  - s  ewodeba P da Q –s 

koniunqcia, da kavSiri   gamoiTqmeva rogorc ~da~. kavSiri  iTargmneba qarTulad 
sityviT ~da~. 
 
 

 

 

 

 

 

cxrili 1.2 

koniunqciis cxrili 

P    Q P  Q 
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T    T 

T    F 

F    T 

F     F 

 T 

  F 

  F 

  F 

 

magaliTi 1.2  P iyos gamonaTqvami - ~programas gaaCnia defeqti~ da Q iyos gamonaT-   

qvami - ~Sesavali Seicavs Secdomas~. maSin P  da Q-s koniunqcia aris P  Q, romelic 
iTargmneba rogorc  ~programas gaaCnia defeqti da Sesavali Seicavs Secdomas~. 
 
qarTul enaSi Cven xSirad vxmarobT Semoklebebs, romlebic ar aris dasaSvebi 

logikur mtkicebulebebSi. magaliTad, winadadeba ~is Wams da svams~  sinamdvileSi 
gaigeba rogorc ~is Wams da is svams~. analogiurad, mtkicebuleba  ~goga da giga 
adian gorakze~ sinamdvileSi gaigeba rogorc  ~goga adis gorakze da giga adis 
gorakze~. logikaSi, yovel mtkicebulebas unda gaaCndes Tavisi sakuTari qvemdebare 
da Tavisi sakuTari Semasmeneli. rom vTargmnoT  ~goga da giga adian gorakze~, Cven 
unda gardavqmnaT mocemuli mtkicebuleba or srul winadadebad: ~goga adis 
gorakze~ da ~giga adis gorakze~. am stadiaSi, Cven SegviZlia SevusabamoT  P-s 
mtkicebuleba  ~goga adis gorakze~, xolo  Q –s winadadeba ~giga adis gorakze~. 

viyenebT ra gansazRvrebebs, ~goga da giga adian gorakze~  gardaiqmneba P  Q –Si. 
 zogjer, Cven viyenebT sxva sityvebs vidre ~da~ , rom aRvniSnoT koniunqcia 
qarTul enaSi, iseTi rogoricaa ~magram~, ~damatebiT~, da ~garda amisa~. agreTve, 
sityva ~da~ yovelTvis ar aRniSnavs koniunqcias. magaliTad sityva ~da~ 
mtkicebulebaSi ~gogi da giga biZaSvilebia~ sruliad ar aris koniunqcia. 
 
magaliTi 1.3  gardaqmeniT logikaSi Semdegi mtkicebuleba: is gamoimuSavebs $50,000   –  

ze mets, magram naklebs vidre $80,000.  
 
amoxsna. P iyos gamonaTqvami ~is gamoimuSavebs $50,000 – ze  mets ~ da Q iyos 
gamonaTqvami ~is gamoimuSavebs $80,000 – ze  naklebs~. maSin mocemuli mtkicebuleba 

gardaiqmneba P  Q-Si.                                                                                         ■ 

 

 

3.2.4 diziunqcia 

 

wina paragrafSi Cven gamoviyeneT mtkicebuleba ~kompiuterul programas gaaCnia 
defeqti, an Sesavali Seicavs Secdomas~. mtkicebulebebi, romlebic Seicaven ~an~-s 
Cveulebriv gardaiqmnebian rogorc diziunqciebi. formalurad diziunqcia 
ganimarteba Semdegnairad: 
 

 

 

 

 
gansazRvreba 1.6: P da Q iyos gamonaTqvamebi. maSin  P  Q  mcdaria maSin da mxolod 
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maSin, roca orive  P da Q  mcdaria. roca an  P an Q an orive erTad WeSmaritia, 

maSin  P  Q  WeSmaritia. P  Q –s ewodeba P da Q –s diziunqcia, da kavSiri   

gamoiTqmeva rogorc ~an~. kavSiri  iTargmneba qarTulad sityviT ~an~. 
 
 

 

cxrili 1.3 

diziunqciis cxrili 

P    Q P  Q 

T    T 

T    F 

F    T 

F     F 

 T 

  T 

  T 

  F 

 

magaliTi 1.4  P iyos gamonaTqvami ~programas gaaCnia defeqti~ da Q iyos gamonaTqvami 

~Sesavali Seicavs Secdomas~. maSin P  da Q-s diziunqcia aris P  Q, romelic niSnavs  
~programas gaaCnia defeqti an Sesavali Seicavs Secdomas~. 

 
qarTuli sityva ~an~ -s gaaCnia ori mniSvneloba. winadadebaSi ~Tven SegiZliaT  

aiRoT sufi an salaTa~, varaudia, rom Tven SegiZliaT aiRoT an sufi an salaTa, 
magram ara orive erTad.  moyvanili  ~an~ gamoiyeneba gamomricxavi azriT. meores 
mxriv, mtkicebuleba ~programas gaaCnia defeqti an Sesavali Seicavs Secdomas~ ar 
gomoricxavs orive SesaZleblobas: defeqts da SesavalSi Secdomas. rom davinaxoT 

rogor ganisazRvreba , gadavxedoT cxrils, romelic gviCvenebs, rom    P  Q  

WeSmaritia, Tu  an P an Q, an orive erTad WeSmaritia. maSasadame,  gamoiyeneba 

rogorc aragamomricxavi an. orazrovneba rom gamoiricxos,  P  Q  unda aRviqvaT 
rogorc  ~an P  an Q an orive erTad~. 
 roca ori winadadebisgan (an mtkicebulebisgan) aigeba diziunqcia, yovelTvis 
unda viyoT darwmunebuli, rom mocemuli winadadeba srulia: yovel winadadebas 
unda gaaCndes qvemdebare da Semasmeneli. magaliTad, winadadeba ~iyo Secdoma me-15 an 
me-16 striqonSi~ unda gardaiqmnas Semdegnairad: ~iyo Secdoma me-15 striqonSi an iyo 
Secdoma  me-16 striqonSi~. 
 
 
 

3.2.5 implikacia 

 

logikur msjelobebSi Zalian mniSvnelovania konstruqcia ~Tu  maSin~. es  
konstruqcia gamosaxavs implikacias -  pirobiT msjelobas. 

 
 

 
gansazRvreba 1.7: P da Q iyos gamonaTqvamebi. maSin  P →  Q  mcdaria maSin da mxolod 
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maSin, roca  P WeSmaritia da Q  mcdaria, da P →  Q WeSmaritia sxva SemTxvebebSi.    

P →  Q –s ewodeba P da Q –s implikacia. implikacia P →  Q  iTargmneba qarTulad ~Tu 

 maSin~ konstruqciis saSualebiT. sxva sityvebiT rom vTqvaT, P →  Q niSnavs, rom 
roca P koreqtulia, maSin Q- c koreqtulia.  P mtkicebulebas ewodeba antecedenti 
(winamZRvari) da Q  mtkicebulebas ewodeba konsekventi (daskvna). 
 

cxrili 1.4 

implikaciis cxrili 

P    Q P → Q 

T    T 

T    F 

F    T 

F     F 

 T 

  F 

  T 

  T 

 

magaliTi 1.5  P iyos gamonaTqvami ~moTxovnileba matulobs~ da Q iyos gamonaT-   

qvami ~kompaniebi farTovdebian~. maSin P  da Q-s implikacia aris P → Q, romelic 
iTargmneba Semdegnairad: ~Tu moTxovnileba matulobs, maSin kompaniebi farTovdebian~. 
am ipmlikaciis antecedentia  ~moTxovnileba matulobs~, konsekventi ki ~kompaniebi 
farTovdebian~. 
 

 Tu antecedenti WeSmaritia, maSin implikaciis WeSmaritobis mniSvneloba 
udris konsekventis WeSmaritobis mniSvnelobas.MmagaliTad, Tu WeSmaritia, rom 
moTxovnileba matulobs, maSin mtkicebuleba ~Tu moTxovnileba matulobs, maSin 
kompaniebi farTovdebian ~ WeSmaritia maSin da mxolod maSin, roca kompaniebi 
farTovdebian. Tu antecedenti mcdaria, maSin implikacia trivialurad WeSmaritia. 
magaliTad, Tu moTxovnileba ar matulobs, maSin mtkicebuleba ~Tu moTxovnileba 
matulobs, maSin kompaniebi farTovdebian~ trivialurad WeSmaritia. es zogjer 
ewinaaRmdegeba sityva ~Tu~- s gamoyenebas qarTul enaSi. magaliTad, davuSvaT, gogis 
ar hqonda kargi vaxSami. am SemTxvevaSi, mtkicebuleba  ~Tu gogis hqonda kargi 
vaxSami, maSin  4 + 4 = 9~ normaluri iqneboda migveRo rogorc mcdari qarTuli 
eniT mosaubresaTvis, miuxedavad imisa, rom es mtkicebuleba ganxiluli unda iyos 
rogorc trivialurad WeSmariti logikosisaTvis. logikosisaTvis, yoveli 
implikacia, sadac antecedenti mcdaria, trivialurad WeSmaritia.  

 zogadad, logikas aqvs saqme Tavsebad (arawinaamRdegobriv) 
mtkicebulebebTan, da mticebulebebis WeSmaritobis mniSvnelobebi implikaciisaTvis 
mocemuli cxrili 1.4 –iT Tavsebadia qarTuli enis implikaciasTan. es rom 
davinaxoT, ganvixiloT Semdegi magaliTi. 

 

Tu boTlSi mJavaa, maSin mas axlavs gamafrTxilebeli niSani. 

 

cxadia, rom es mtkicebuleba pirobiTia, da is gamoisaxeba rogorc implikacia P → Q, 
sadac P aris ~boTlSi mJavaa~ da  Q aris ~boTls axlavs gamafrTxilebeli niSani~. 
ar arsebobs SesaZlo winaamRdegoba mtkicebulebaSi Tu boTlSi ar aris mJava. 
marTlac, Tu boTli ar Seicavs mJavas, magram, vTqvaT, Seicavs Zlier Sxams, maSin 
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mas, agreTve, unda axldes gamafrTxilebeli niSani. es is magaliTia rodesac 
antecedenti mcdaria da konsekventi WeSmariti, magram is ar gardaqmnis mocemul 
mtkicebulebas mcdar winadadebad. meore magaliTi, davuSvaT, rom boTlSi vaSlis 
wvenia da ar gaaCnia gamarTxilebeli niSani. es aseve Tavsebadi winadadebaa. 
moyvanili orive winadadeba trivialurad WeSmaritia. implikaciis azris gageba 
Zalze mniSvnelovania, da rom waviwioT ufro Rrmad, CamovTvaloT yvela is 
SesaZlebloba, romelic iZleva WeSmarit implikacias. 
                                
                              

P    Q P → Q 

T    T 

F    T 

F     F 

 T 

  T 

  T 

 

cxrili uCvenebs, rom Tu implikacias aqvs adgili (WeSmaritia), maSin P   WeSmaritia 
mxolod maSin, roca Q WeSmaritia. P  WeSmaritia ufro nakleb SemTxvevebSi vidre Q, 
amitom P  ufro Zlieri pirobaa.  e. i.  Q ufro sustia vidre P. sxva sityvebiT,  Q 

mcdaria, Tu mcdaria P. am azriT, SegviZlia vTqvaT, rom P → Q gardaiqmneba ~P   

mxolod maSin, Tu Q ~-Si, rogorc winadadebaSi ~Tu boTlSi mJavaa, maSin mas axlavs 
gamafrTxilebeli niSani~. Tu mas (boTls) ar gaaCnia gamafrTxilebeli niSani, is ar 
Seicavs mJavas. gamafrTxilebeli niSani aris aucilebeli piroba boTlisTvis, rom 
Seicavdes mJavas. meores mxriv, is faqti, rom boTli Seicavs mJavas aris sakmarisi 
piroba imisaTvis, rom mas (boTls) qondes gamafrTxilebeli niSani. SeiZleba 
arsebobdes kidev sxva pirobebi, romlebic imsaxureben gamafrTxilebel niSans. es 
diskusia gvaZlevs mraval gzas, rom gamovsaxoT implikacia qarTul enaSi 
Semdegnairad: 
 

1. Tu  P, maSin Q. 
2. yvela SemTxvevaSi, roca P, maSin Q. 
3. P sakmarisia Q-sTvis. 
4. P   mxolod maSin, roca Q. 
5. P-dan gamomdinareobs Q. 

 
yvela es gamosaxulebebi arian logikurad eqvivalenturebi im azriT, rom yvela 
isini Rebuloben WeSmaritobis mniSvnelobas, romelic mocemulia cxrili 1.4 –iT. 
 qarTul enaSi Cven SegviZlia SemovatriloT dalageba antecedentisa da 
konsekventisa. magaliTad, imis magivrad, rom vTqvaT ~Tu  P, maSin Q ~, Cven SegviZlia 
vTqvaT ~ Q Tu  P ~, imis msgavsad rogorc ~boTls gaaCnia gamafrTxilebeli niSani, 

Tu is Seicavs mJavas~. analogiurad, Cven vwerT  P ← Q,  P → Q –s nacvlad. 

maSasadame ←  SeiZleba iTargmnos sityviT ~Tu~. P ← Q  gamoisaxeba Semdegnairad: 
 
 

1. Q Tu  P. 

2. Q yvela SemTxvevaSi, roca P. 
3. Q  aucilebelia P-Tvis. 
4. Q gamomdinareobs P-dan. 
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magaliTad, ~boTls gaaCnia gamafrTxilebeli niSani, Tu is Seicavs mJavas~ 
SeiZleba agreTve Caiweros rogorc ~ gamafrTxilebeli niSani aucilebelia 
boTlebisTvis, romlebic Seicaven mJavas~. 
 

magaliTi 1.6  cxadia, rom ori mtkicebuleba ~avtomobilebi Cerdeba, Tu SuqniSani  
gadarTulia wiTelze~  da  ~avtomobilebi Cerdeba, mxolod maSin, roca SuqniSani 
gadarTulia wiTelze~ gansxvavebulebia. pirveli winadadeba Tavsebadia 
avtomobilebisaTvis, romlebic Cerdeba sxva mizezebis gamoc vidre SuqniSnis wiTeli 
feri, mag. rogoricaa sasiarulo gzis gadakveTa. zogadad, pirveli winadadeba 
WeSmaritia. meore winadadeba, meores mxriv, zogadad mcdaria. Tu avtomobilebi 
Cerdeba, mxolod maSin, roca SuqniSani gadarTulia wiTelze, maSin feri SuqniSanze 
unda gadairTos rogorc ki Sesruldeba, rom avtomobili gaCerda. sxva araferi 
mizezi ar unda arsebobdes avtomobilis gaCerebisa. 
 
 

 

3.2.6 biimplikacia 

 

biimplikacia ganisazRvreba Semdegnairad. 
 
 

 
gansazRvreba 1.8: P da Q iyos gamonaTqvamebi. maSin  P ↔ Q  WeSmaritia  mxolod maSin, 

roca  P da Q-s gaaCnia erTidaigive WeSmaritobis mniSvneloba. gamonaTqvams  P ↔ Q    
ewodeba biimplikacia. an eqvivalentoba, da gamoiTqmeva rogorc ~P maSin da mxolod 
maSin, roca  Q ~. 
 

 
biimplikacia gamoxatulia Semdeg magaliTSi. P  iyos gamonaTqvami ~x luwi ricxvia~ 

da ~x ricxvi iyofa 2-ze~. am SemTxvevaSi, P ↔ Q gamosaxavs mtkicebulebas ~x luwi 
ricxvia maSin da mxolod maSin, roca x ricxvi iyofa 2-ze~ 

 
cxrili 1.5 

biimplikaciis cxrili 

P    Q P ↔ Q 

T    T 

T    F 

F    T 

F     F 

 T 

  F 

  F 

  T 
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3.2.7 damatebiTi ram kavSirebis Sesaxeb 

 

Cven SemoviReT kavSirebi  , , ,  →,  da ↔ . kavSiri  erTaderTi  unaruli 
(erTadgiliani) kavSiria.; danarCenebi binaruli (oradgiliani) kavSirebia, rac 
niSnavs, rom isini moiTxoven or gamonaTqvams, romlebic erTiandebian 
mocemuli kavSiriT. magaliTad, ori gamonaTqvami P da Q  SeiZleba gaerTiandes 

 kavSiriT, rom Seiqmnas koniunqcia P  Q. binaruli kavSirebi , ,  da ↔  
simetriulebia, im azriT, rom Sedgenili gamonaTqvamebis WeSmaritobis 
mniSvneloba ar aris damokidebuli maTSi Semavali gamonaT-qvamebis rigze. 

magaliTad, P  Q –s WeSmaritobis mniSvneloba udris Q  P –s WeSmaritobis 

mniSvnelobas. meores mxriv, kavSiri  → ar aris simetriuli:    P →  Q –s  da 

Q →  P –s gaaCniaT sxvadasxva WeSmaritobis mniSvneloba. 
 

cxrili 1.6   logikuri kavSirebis cxrili 

P    Q P   Q      P  Q     P  Q     P → Q     P ↔ Q 

T    T 

T    F 

F    T 

F     F 

 F   F      T      T              T               T  

  F      T           F            T              F               F      

  T      F           F            T              T               F 

  T      T           F            F              T               T 

 
1.6 cxriliSi  P da Q –s uWiravT TavianTi adgilebi, da isini SeiZleba Seicvalon 

sxva wyvili gamonaTqvamebiT. maSasadame, Tu P   SevanacvleT R-iT, da  Q   

SevanacvleT S-iT, maSin viyenebT ra zemoT moyvanil cxrils, vRebulobT, rom 

R  S –is WeSmaritobis mniSvneloba gvaZlevs T-s, Tu  R = T  da  S =T. SeiZleba 
agreTve Seicvalos erTi an ori cvladi konstantebiT. SegviZlia CavweroT, 

magaliTad, T  Q. WeSmaritobis mniSvneloba mocemuli gamosaxulebisa 
SeiZleba moZiebul iqnas 1.6 cxriliSi, mxolod im striqonebis gamoyenebiT, 

sadac P-s sveti Seicavs T–s. amave gziT advili Sesamowmebelia, rom T  Q-s 
gaaCnia igive mniSvneloba, ra mniSvnelobac aqvs Q-s. ori mniSvnelovani 

gamonaTqvamia  F → Q   da Q → T. advili Sesamowmebelia, rom orive mocemuli 
winadadeba gvaZlevs T–s. 
 

 

savarjiSoebi 1. 2 

 

1. R da  H  mtkicebulebebi gamoiyeneT, Sesabamisad, ~daviTi mdidaria~ da ~daviTi 
bednieria~ -saTvis, CawereT Semdegi winadadebebi simboloebis gamoyenebiT: 

 
(a) daviTi ar aris mdidari. 
(b) daviTi mdidaria da bednieri. 
(c) daviTi mdidaria an bednieri. 
(d) Tu daviTi mdidaria, maSin is bednieria. 
(e) daviTi bednieria mxolod maSin, roca is mdidaria. 

2. ganixileT yvela atomuri mtkicebulebebi Semdeg winadadebebSi, da   
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   SeamokleT isini P, Q da  S  somboloebis gamoyenebiT.  gadaiyvaneT    
   Semdegi winadadebebi gamonaTqvamTa aRricxvaSi.  
 

(a) Tu gogi sacxeneSia, maSin gigac agreTve unda iyos sacxeneSi. 
(b) sastarto avtomobilebi iyo wiTeli an yavisferi. 
(c) axali ambebi ar aris kargi. 
(d) Tqven iqnebiT droze, Tu iCqarebT. 
(e) is mova, Tu mas eqneba dro. 
(f) Tu is iq iyo, maSin is mas mousmenda. 

 
3. SeadgineT WeSmaritobis cxrili gamomricxavi an –isaTvis.  

4. SeadgineT WeSmaritobis cxrili Semdegi gamonaTqvamebisaTvis: P  P,        P  P , P  T,  

da P  F. 
 

 

3.3 Sedgenili gamonaTqvamebi 

3.3.1 Sesavali 

 

atomuri an Sedgenili gamonaTqvamebisagan logikuri kavSirebis gamoyenebiT, 
SegviZlia SevadginoT axali gamonaTqvamebi. vidre ar miviRebT winaswar zomebs, 
miRebuli gamosaxulebebi SeiZleba iyos orazrovani im gagebiT, rom maTi 
interpretacia SeiZleba ganxorcieldes mravili gziT. es rom Tavidan aviciloT, 
SemoviRoT srulyofilad agebuli gamosaxulebis (sag) cneba, sadac gamoiyeneba 
frCxilebi. maSin, miRebuli gamosaxulebebi SeiZleba gaixliCos qvegamosaxulebebad 
mxolod erTi saSualebiT, an, teqnikuri terminologiis gamoyenebiT, isini SeiZleba 
garCeul iqnan mxolod erTaderTi xerxiT. es rom iolad ganxorcieldes, maSasadame 
rom ikiTxebodes logikuri gamosaxulebebi, xSirad gamoiyeneba proceduruli 
wesebi, romlebic iZleva saSualebas movaSoroT zogierTi frCxili orazrovnuli 
gamosaxulebis miRebis gareSe. rodesac  aris mocemuli atomuri gamonaTqvamebis 
WeSmaritobis mniSvneloba, Sedgenili gamonaTqvamis WeSmaritobis mniSvneloba unda 
gamomdinareobdes misi Semadgeneli nawilebis WeSmaritobis mniSvnelobebidan, rac 
SemdgomSi iqneba naCvenebi. Cven vuCvenebT agreTve, rogor unda movamzadoT 
WeSmaritobis cxrili Sedgenili gamonaTqvamebisaTvis. dabolos, SemoTavazebuli 
iqneba Sedgenili gamonaTqvamebis magaliTebi. 
 

 
3.3.2 logikuri gamosaxulebebi 

 

nebismieri gamonaTqvami raRacnairad unda gamoisaxos zepiri sityviT, 
grafikulad an damaxasiaTebeli simboloebis mimdevrobiT. winadadebas, 
romelic gamoisaxeba simboloebis mimdevrobiT, ewodeba logikuri 
gamosaxuleba an formula. magaliTad,  P  Q aris logikuri gamosaxuleba da 
aseTivea Q, im pirobiT, rom P da Q logikuri cvladebia. logikuri 
gamosaxuleba SeiZleba iyos an atomuri an Sedgenili. atomuri gamosaxuleba 
Sedgeba erTi propoziciuli cvladisagan an erTi propoziciuli 
konstantasagan, da isini warmoadgenen atomur gamonaTqvamebs. Sedgenili 
gamosaxulebebi erT logikur kavSirs mainc Seicaven, da swored isini 
warmoadgenen Sedgenil gamonaTqvamebs. winaswari zomebis miRebamde, 
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logikuri gamosaxuleba SeiZleba iyos orazrovani. magaliTad P iyos ~merim 
daasrula Tavisi moxseneba~,  Q iyos ~meri bednieria~, da R iyos ~meri 

saRamos midis kinoSi~. exla ganvixiloT gamosaxuleba P→Q  R. miRebuli 
wesis gamoyenebis gareSe, es gamosaxuleba SeiZleba gagebul iqnas ornairad. 

es SeiZleba niSnavdes (P→Q)  R, romelic iTargmneba Semdegnairad ~Tu merim 
daasrula Tavisi moxseneba, is iqneba bednieri, da nebismier SemTxvevaSi is 
saRamos wava kinoSi~. alternatiulad, mocemuli gamosaxuleba SeiZleba 

gavigoT rogorc P→ (Q  R ), romelic iTargmneba Semdegnairad ~Tu meri 
daasrulebs moxsenebas, maSin is iqneba bednieri da saRamos wava kinoSi~.  e. 

i. gamosaxuleba P→Q  R aris orazrovani. Tavidan rom aviciloT 
orazrovneba, wesebi unda gvkarnaxobdes rogor unda dajgufdes sxvadasxva 
qvegamosaxulebebi, an unda iqnas gamoyenebuli frCxilebi. jer Cven 
gamoviyenebT meore alternativas.  

 gamosaxulebebi, rogoricaa  P  Q,  P  Q,, da sxvani, zogjer 
erToblivad monawileobs CanawerSi, da es rom iqnas  miTiTebuli, Cven 

xSirad vwerT (P  Q)  an (P  Q ), Sesabamisad. Tu es gakeTebulia, maSin 
gaugebroba ar warmoiSveba, im SemTxvevaSic, Tu es gamosaxulebebi 
mogvianebiT gamoyenebulia rogorc Semadgeneli nawili ufro didi 

gamosaxulebebisa, iseTi rogoricaa, magaliTad,    ((P  Q) → (P  Q )).  

miRebul gamosaxulebebs uwodeben srulyofilad agebuls gamosaxulebebs, an 
SemoklebiT sag-s.  
 Cven SegviZlia aRvniSnoT gamosaxulebebi romelime simboloTi. magali-

Tad, (P  Q ) aRvniSnoT  A –Ti, xolo  (P  Q )  -   B-Ti. SevniSnoT, rom 
gamosaxuleba  A Seicavs propoziciul cvladebs P–s da Q -s. magram, A ar 
aris propoziciuli cvladi, imitom rom A –s WeSmaritobis mniSvneloba 
damokidebulia masSi Semavali propoziciuli cvladebis P–s da Q –s 
WeSmaritobis mniSvnelobebze. mniSvnelovania, rom gaTviTcnobierebuli 
gvqondes maTi gansxvaveba. kerZod es mniSvnelovania sqemebis gamoyenebisas. 
 

 
gansazRvreba 1.9:  yvela gamosaxulebas, romlebic Seicaven gamosaxulebebis 
aRmniSvnel simboloebs, uwodeben sqemebs. 
 

 

magaliTi 1.7  Tu A = (P  Q) da B = (P  Q ) , maSin sqema  (A →B )  aRniSnavs gamosaxulebas  

((P  Q) → (P  Q )). 

 
 igive sqema SeiZleba gamoyenebul iqnas sxvadasxva saSualebebiT. magaliTad, 

sqema  (A →B )  SegviZlia vigulisxmoT rogorc   ((P  Q) → (P  Q )). Mmagram, Tu  

A = (P  Q )  da B =R , maSin igive sqema gvaZlevs   ((P  Q) → R). Tu A  da  B  aRniSnaven 
gamosaxulebebs, maSin gvaqvs Semdegi: 
 

1. (A )  saxis nebismier gamosaxulebas ewodeba uaryofa. 
2. (A  B )  saxis nebismier gamosaxulebas ewodeba  koniunqcia. 
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3. (A  B )  saxis nebismier gamosaxulebas ewodeba  diziunqcia. 
4. (A → B )  saxis nebismier gamosaxulebas ewodeba  implikacia. 
5. (A ↔ B )  saxis nebismier gamosaxulebas ewodeba  eqvivalentoba. 

 
aqedan gamomdinare, yvela gamosaxuleba, romelic ganxilul iqneba am TavSi, unda 
iyos an atomuri, an uaryofa, an koniunqcia, an diziunqcia, an implikacia an 
eqvivalentoba.  
 

magaliTi 1.8  gamosaxuleba ((P  Q) → (P  Q ))  aris implikacia, romelic Seicavs  (P  Q)  

koniunqcias da (P  Q ) diziunqcias. 

 
 adre mocemuli pirobebis Tanaxmad yvela srulyofilad agebuli 
gamosaxulebebi (sag –ebi) SeiZleba agebul iqnas Semdegi formirebis wesebiT:  
 

1. yoveli atomuri gamosaxuleba aris sagi. 

2. Tu A aris sagi, maSin (A ) sagia. 

3. Tu A da B sagebia, maSin igives warmoadgens (A  B ), (A  B ), (A → B ), da  (A ↔ B ). 
4. arcerTi sxva gamosaxuleba ar warmoadgens sags. 

 

maSasadame, ((P  Q) → (P  Q )) sagia, imitom rom orive (P  Q)   da (P  Q )  sagebia. 
gamosaxulebebs, romlebic gansazRvrulia mxolod formirebis wesebiT Cveulebriv 
uwodeben sworad agebul formulebs, romelic SemoklebiT aRiniSneba rogorc saf. 

SevniSnoT, rom gansazRvreba imisa romeli aris da romeli ar aris sagi 
rekursiulia; e. i. is iyenebs termins  ~sag~ sakuTriv Tavis gansazRvrebaSi. zoadad, 
rekursia warmoadgens moxerxebul saSualebas, rom ganvsazRvroT usasrulo 
raodenoba obieqtebisa. meore magaliTisTvis ganvixiloT gansazRvreba sityvisa 
~memkvidre~. cxadia, rom Svili memkvidrea, da asevea nebismieri Svilis memkvidre. es 
mtkicebuleba srulad gansazRvravs termin ~memkvidre~-s: yoveli memkvidre 
akmayofilebs am gansazRvrebas, da mxolod memkvidreebi akmayofileben mas. 

gamosaxulebaSi (A ),  A –s xSirad uwodeben uaryofis midamos, da kavSirs  
ewodeba mTavari kavSiri A gamosaxulebisa. koniunqciaSi, e. i. (A  B) saxis 

gamosaxulebebSi, mTavari kavSiri aris  , da  A da B-s uwodeben, Sesabamisad, 
koniunqciis marcxena da marjvena midamos. analogiuri gansazRvreba gamoiyeneba    

(A  B ), (A → B ), da  (A ↔ B ) saxis gamosaxulebebSi. midamo an midamoebi SeiZleba iyos 
Sedgenili, sadac kavSirebi, romlebic ganlagebulia midamoebSi, zogadad 
warmoadgenen gamosaxulebebis qvekavSirebs. magaliTad, mTavari kavSiri koniunqciisa 

((P  Q )  R) aris  , xolo qvekavSiri marcxena midamosi aris  . Mmarjvena midamos, 
romelic aris R, ar gaaCnia qvekavSiri. diziunqciisTvis, implikaciisTvis da 

eqvivalentobisTvis situacia msgavsia. magaliTad, ((P  Q ) → (P  Q )) gamosaxulebaSi, 

→ aris mTavari kavSiri, xolo  da  qvekavSirebia. cxadia,  aris marcxena midamos 

mTavari kavSiri, xolo   aris marjvena midamos mTavari kavSiri. 
 

 

3.3.3 Sedgenili gamonaTqvamebis analizi 

 

srulyofilad agebuli gamosaxulebebi warmoadgenen Sedgenili 
gamonaTqvamebis warmodgenis erT meTods. magram, arsebobs sxva meTodebic. kerZod, 
arsebobs araerTi xerxi rom warmovadginoT Sedgenili gamonaTqvamebi qarTul enaSi. 
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garda amisa, SeiZleba warmovadginoT Sedgenili gamonaTqvamebi grafikulad. 
mniSvneloba ara aqvs rogoraa warmodgenili gamonaTqvami, Cven ganvasxvavebT 
uaryofas, koniunqcias, diziunqcias da a. S.. yvela Sedgenil gamonaTqvams gaaCnia 
qvegamonaTqvamebi da es gamonTqvamebi SesaZloa, Tavis mxriv, Seicavdnen 
koniunqciebs, diziunqciebs da a. S.. rom davinaxoT es, ganvixiloT Semdegi 
gamonaTqvami:            
 Tu maia gaimarjvebs olimpiadaze, maSin yvela mas adidebs, da is gaxdeba   
      mdidari; magram Tu is ver gaimarjvebs, maSin yvela misi mcdeloba iqneba fuWi. 
 
es gamonaTqvami aris koniunqcia, da am koniunqciis midamoebi mocemulia Semdgi 
gamonaTqvamebiT. 
 
 Tu maia gaimarjvebs olimpiadaze, maSin yvela mas adidebs, da is gaxdeba   
      mdidari. 
 
da 
 
 magram Tu is ver gaimarjvebs, maSin yvela misi mcdeloba iqneba fuWi. 
 
orive midamo agreTve Sedgenili gamonaTqvamia, da isini SeiZleba gaanalizebul 
iqnan msgavsi xerxiT. magaliTad, marcxena midamo SeiZleba daiyos or mtkicebulebad 
~maia imarjvebs olimpiadaze~  da  ~yvela mas adidebs, da is gaxdeba mdidari~. 
pirveli am ori mtkicebulebebidan aris atomuri, da is dauSladia. meore ki agreTve 
Sedgenilia da SeiZleba Caiweros ori atomuri winadadebis koniunqciad ~yvela 
adidebs maias~ da ~maia gaxdeba mdidari~. msgavsi analizi SeiZleba gakeTdes mTavari 
gamonaTqvamis marjvena midamosTvis. mtkicebulebis gancalkevebas or komponentad 
ewodeba garCeva (analizi), da Sedegi SeiZleba warmovadginoT grafikulad garCevis 
xiT (xisebri modeliT). garCevis xe (xisebri modeli) ganxiluli winadadebisa 
naCvenebia figura 1.1 –is saSualebiT.  
 garCevis xe Sendeba zemodan qveviT. pirvelyovlisa mTlianad gamosaxuleba 
gamoyenebulia zeda kvanZis misaRebad, xolo am gamosaxulebis midamoebi gamoiyeneba, 
rom vipovoT Semdegi donis kvanZebi. es kvanZebi iZleva saSualebas momdevno 
kvanZebis gaCenisa, da es grZeldeba sanam ar mivaRwevT atomur gamosaxulebebamde, 
romlebic qmnian xisebri modelis daboloebebs. gamosaxuleba mocemuli garCevis 
xiT SeiZleba gardaiqmnas srulad agebul gamosaxulebad. amisaTvis ganvsazRvroT 
Semdegi propoziciuli cvladebi: 
 

P: maia imarjvebs olimpiadaze. 
Q:  yvela adidebs maias. 
R: maia gaxdeba mdidari. 
S: maias mcdeloba iqneba fuWi 

 
am gamonaTqvamebis daxmarebiT, miiReba Semdegi gamosaxuleba 
 

                                                        ((P → (Q  R))  ((P ) → S))                                                             (1.1) 

 
garCevis xis msgavsad, srulad agebuli gamosxuleba asaxavs ra gamosaxulebebi 
ekuTvnis erToblivad da ra ara.  
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Tu maia gaimarjvebs olimpiadaze, maSin yvela mas adidebs, 
da is gaxdeba mdidari; magram Tu is ver gaimarjvebs, 
maSin yvela misi mcdeloba iqneba fuWi. 
 

 
 
 
 
           

  
da  
 
 

 
            

 
           
                  
   

 

 

 

 
                                     
 da                                    

                  
                                                                                                       

                                                                            
                                                             figura 1.1        
 

 Tu E nebismieri gamosaxulebaa, mTavari kavSiris midamoebi E-Si warmoadgenen 

qvegamosaxulebebs. magaliTad, Tu E-s aqvs saxe  (A  B ), maSin orive A da  B -c qve-
gamosaxulebebia. am gamosaxulebebs vuwodebT E-s uSualo qvegamosaxulebebs. ufro 
metic, A da  B-c SeiZleba warmoadgendnen Sedgenil gamosaxulebebs, romlebsac, 
Tavis mxriv, agreTve SeiZleba gaaCndes qvegamosaxulebebi. A da  B-s yvela 
qvegamosaxuleba agreTve warmoadgens E–s qvegamosaxulebebs. mtkicebuleba maias 

Sesaxeb, magaliTad, aris  (A  B ) saxis, sadac  A = (P → (Q  R))   da  B = ((P ) → S). am 

SemTxvevaSi A-s gaaCnia qvegamosaxulebebi P da (Q  R), xolo  (Q  R)-is 
qvegamosaxulebebia Q da R.. yvela es gamosaxulebebi warmoadgenen TavSi mocemuli 
gamosaxulebis qvegamosaxulebebs. zogadad, E  gamosaxulebis qvegamosaxulebebi 
ganisazRvrebian Semdegnairad: 
 

1. E aris E–s qvegamosaxuleba. 

2. Tu E aris (A )  saxis, maSin A  aris  E–s qvegamosaxuleba. 

3. Tu E aris (A  B ), (A  B ), (A → B ), an  (A ↔ B ) saxis, maSin A  da B orive arian    
E–s qvegamosaxulebebi. am qvegamosaxulebebs uwodeben uSualo qvegamo-
saxulebebs. 

4. Tu A aris E–s qvegamosaxuleba da Tu C aris A–s qvegamosaxuleba, maSin C aris 
E–s qvegamosaxuleba. 

Tu maia gaimarjvebs olimpi-
adaze, maSin yvela mas adidebs, 
da is gaxdeba mdidari 

Tu is ver gaimarjvebs, maSin 
yvela misi mcdeloba iqneba fuWi. 
 

is 
imarjvebs 

mas adideben, 
da is gaxdeba 
mdidari 

is ar 
imarjvebs 

misi mcdelo-
ba iqneba fuWi 

mas 
adideben 

is 
mdidaria 

is 
imarjvebs 

 
   ara 
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5. ar arsebobs E–s sxva qvegamosaxuleba. 
 

 
aRvniSnoT, rom E TviTon aris E–s qvegamosaxuleba. am qvegamosaxulebas ewodeba 
araskuTrivi qvegamosaxuleba. sxva danarCen qvegamosaxulebebs uwodeben E–s 
sakuTriv qvegamosaxulebebs. E gamosaxulebis midamoebi yovelTvis warmoadgenen E–s 
uSualo qvegamosaxulebebs.  
 zogadad, gamosaxulebis garCeva daiyvaneba yvela qvegamosaxulebebis povnaSi. 
garCeva warmodgenilia garCevis xiT im azriT, rom gamosaxulebis yvela 
qvegamosaxulebebi warmodgenilia xeSi. am garCevis xis fesvs warmoadgens 
gamosaxuleba, romelic unda garCeul iqnas, da am fesvis yvela qvemo kvanZebi 
warmoadgenen sakuTriv qvegamosaxulebebs. es ilustrirebuli iyo 1.1 figuriT. 
msgavsi ram agreTve SeiZleba miRweul iqnas srulad agebuli gamosaxulebebis 
saSualebiT. 
 specialuri da mniSvnelovani tipis gamosaxulebas warmoadgens literali, 
romelic ganisazRvreba Semdegnairad: 
 
 
 

 

gansazRvreba 1.10:  gamonaTqvams ewodeba literali, Tu is aris an Q an Q saxis, 

sadac Q aris propoziciuli cvladi. or gamosaxulebas  Q da Q –s ewodeba 
urTierTgamomricxavi literalebi. 
 

 

Tu P da Q propoziziuli cvladebia, maSin P, P, Q da Q literalebia, magram   

(P  Q )  ar aris literali.  P da P  urTierT gamomricxavi literalebia, xolo P 
da Q ara. 
 
 
 
 

3.3.4 upiratesobis wesebi 

 

Zalian cota adamiani muSaobs srulad agebul gamosaxulebebTan, radgan 
gamosaxulebebi grZelia da xSirad Znelia maTi wakiTxva. kerZod, gamosaxulebis 

gare frCxilebs yovelTvis ar weren. maSasadame,  (P  Q )-s magivrad weren   P  Q, 

xolo ((P  Q)  → (Q  R))  magivrad weren  (P  Q)  → (Q  R). rodesac ase vakeTebT ar 
unda daviviwyoT, rom aRdgenisas gansaxilveli gamosaxuleba unda iyos Sedgenili 
romelime sxva gamosaxulebasTan. SeiZleba agreTve ar daiweros frCxilebi 
gamosaxulebis SigniT. sworad rom moviazroT Sedegad miRebuli gamosaxuleba, 
gamoiyeneba egreTwodebuli upiratesobis wesebi. zogadad, yovel kavSirs gaaCnia 
romeliRac xarisxis upiratesoba, da kavSirebs ufro maRali xarisxis upiratesobiT 
eniWeba ufro Zlieri SekavSireba, vidre ufro dabali xarisxis mqone kavSirebs.  

  kavSirs gaaCnia umaRlesi xarisxis upiratesoba. maSasadame, P  Q unda iyos 

gagebuli rogorc (P ) Q , da ara rogorc (P  Q). binaruli kavSirebis 

SemTxvevaSi, umaRlesi upiratesoba eniWeba  -s, Semdeg ki, rigiTobis mixedviT, , →, 
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↔ -s. magaliTad, gamosaxulebaSi  P  Q  R ,  -s aqvs upiratesoba vidre  

qvegamosaxulebis formirebisas; e. i., P  Q  R unda iyos gagebuli rogorc (P  Q)  R. 

analogiurad, P → Q  R unda iyos gagebuli rogorc P → ( Q  R), imitom rom  aqvs 
upiratesoba → -Tan SedarebiT. ↔ aqvs umciresi upiratesoba, saidanac 
gamomdinareobs, rom  P ↔ Q →  R  unda iyos gagebuli rogorc P ↔ (Q →  R). 
upiratesobiTi wesebidan gamomdinare, winadadeba maias Sesaxeb SeiZleba Caiweros 
Semdegnairad: 
 

(P → Q  R)  (P →  S) 

 
wesebi, romlebic Seicaven upiratesobis cnebas cnobilia ariTmetikuli gamosaxu-

lebebisaTvis. magaliTad, paskalSi,   aqvs upiratesoba + mimarT, romelic niSnavs, 

rom  a + bc  unda iyos gagebuli rogorc  a + (bc). 
 zogierT gamosaxulebaSi, upiratesobis wesebi ar aris sakmarisi imisTvis, rom 
aviciloT orazrovneba. magaliTad, gamosaxuleba  P → Q →  R  SeiZleba gagebul 
iqnas rogorc P → (Q →  R)  aseve rogorc  (P → Q) →  R . rogori interpretaciiT unda 
iyos gagebuli damokidebulia kavSir → asociaciurobaze. zogadad, → aris 
operatori, rogoricaa operatorebi + da / paskalSi. 
 

 
gansazRvreba 1.11:  binarul operators ewodeba marcxnidan asociaciuri, Tu  
operators marcxnidan gaaCnia upiratesoba marjvna  operatoris mimarT. binarul 
operators ewodeba marjvnidan asociaciuri, Tu  operators marjvnidan gaaCnia 
upiratesoba marcxena  operatoris mimarT.  
 

 
yvela logikuri kavSirebi arian marcxnidan asociaciuri. maSasadame, P → Q →  R unda 
iyos gagebuli rogorc (P → Q) →  R. es Tavsebadia programul enasTan rogoricaa 
paskali, sadac  a/b/c  gaigeba rogorc (a/b)/c, vidre a/(b/c). maSasadame, binaruli 
ariTmetikuli operatori paskalSi agreTve marcxnidan asociaciuria. 
 Semdeg gansazRvrebas Semoaqvs ori termini, romlebic dakavSirebulia Cvens 
diskusiasTan, romelic sasargebloa logikuri operatorebis aRwerisaTvis. 
 
 
 

 
gansazRvreba 1.12:   iyos gamosaxulebis mTavari operatori. maSin, -s uwodeben, 
rom is aris prefiqsul poziciaze, Tu is win uswrebs Tavis operands, aris 
infiqsur poziciaze, Tu is Casmulia operandebs Soris, da aris postfiqsur 
poziciaze, Tu is Tan sdevs Tavis operands. 
 
 
 

yvela , , →,  ↔  kavSirebi gamoiyeneba infiqsur poziciaze. magaliTad,  Cven vwerT 

P  Q, rac infiqsuri aRniSvnaa. prefiqsul aRniSvnaSi, igive gamosaxuleba 
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Caiwereboda rogorc  P, Q, xolo postfiqsur aRniSvnaSi rogorc  P, Q . cxadia, rom 

logikuri kavSiri   dgas Tavisi midamos win, da amitom is prefiqsul poziciazea. 
 
 
 

3.3.5 gamosaxulebebis Sefaseba da WeSmaritobis cxrilebi 

 

araatomuri gamosaxulebebis WeSmaritobis mniSvnelobebi unda iyos gamoyvanili 
masSi Semavali atomuri gamosaxulebebis WeSmaritobis mniSvnelobebidan. vidre es 
gakeTdebodes, gansaxilveli gamosaxuleba unda gairCes; e. i., unda moinaxos am 
gamosaxulebis yvela qvegamosaxuleba. rogorc aris naCvenebi wina paragrafSi, es 
SeiZleba moxerxdes garCevis xis saSualebiT. garCevis xe igeba zemodan qveviT, 
sawyisad gvevlineba sruli mTliani gamosaxuleba, romelic rekursiulad iyofa 
qvegamosaxulebebad sanam ar mivaRwevT atomur gamosaxulebamde, romlebic 
warmoadgenen garCevis xis bolo kvanZebs. mxolod atomur gamosaxulebebs SeiZleba 
uSualod mieniWos WeSmaritobis mniSvnelobebi. sxva danarCeni 
qvegamosaxulebebisaTvis WeSmaritobis mniSvneloba Tavis mxriv unda gamoiyvanebodes 
Tavisi uSualo qvegamosaxulebebidan. es niSnavs, rom WeSmaritobis mniSvnelobis 
Sefaseba unda xdebodes qvevidan-zemoT: procesi iwyeba atomuri gamosaxulebebis 
WeSmaritobis mniSvnelobebidan da sruldeba pirveladi gamosaxulebis WeSmaritobis 
mniSvnelobis gansazRvriT. Cveulebriv, ar aris aucilebeli (gramatikuli) garCevis 
xis ageba. marTlac, srulad agebuli gamosaxuleba gamoxatavs igive informacias 
rasac garCevis xe, da is SeiZleba gamoyenebul iqnas saWiroebisamebr. frCxilebic 
SeiZleba movaSoroT da gamoviyenoT upiratosebiTi wesebi. es procedura arsebiTad 
erTidaigivea yvela SemTxvevebisaTvis. rom davinaxoT rogor unda moiZebnos 
gamosaxulebis WeSmaritobis mniSvneloba, ganvixiloT Semdegi mtkicebuleba. 
 

Tu Tqven mecadineobT kompiuterebSi, da Tu Tqven ar gesmiT rekursia, Tqven 
ver CaabarebT gamocdas. 

 
Cven gvinda vicodeT zustad rodisaa es mtkicebuleba WeSmariti da rodis mcdari. 
es rom gavigoT ganvsazRvroT 
 
 P: Tqven mecadineobT kompiuterebSi. 
 Q: Tqven gesmiT rekursia 
 R: Tqven CaabarebT gamocdas. 
 
viyenebT ra am gansazRvrebebs, mocemuli winadadeba gardaiqmneba Semdegnairad 
 

(P  Q ) → R. 

 

aRvniSnoT es gamosaxileba A asoTi; e. i., roca Cven vwerT A-s, Cven vgulisxmobT     

(P   Q ) → R.  A-s gaaCnia saxe  B → C, sadac  B = (P   Q)  da  C =  R.  B, Tavis 

mxriv, aris  P  D saxis, sadac P aris propoziciuli cvladi, xolo D =  Q. B, C da  

D qvegamosaxulebebis WeSmaritobis mniSvnelobebi SeiZleba moiZebnos, rodesac 
mivaniWebT mniSvnelobebs P, Q  da  R-s. WeSmaritobis es mniSvnelobebi gansazRvraven 
mTeli gamosaxulebis WeSmaritobis mniSvnelobas. magaliTad, WeSmaritobis 
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mniSvnelobebi P =T, Q = F  da R =T gvaZlevs D =  Q = T,  B = P   Q,  romelic aris  T,  

da  C =  R., romelic gvaZlevs F. maSasadame,  A =  B → C  gvaZlevs  F-s. 
 WeSmaritobis cxrili gvaZlevs gamosaxulebis WeSmaritobis mniSvnelobebs 
propoziciuli cvladebis yvela SesaZlo mniSvnelobebisaTvis. vinaidan A Seicavs 
sam propoziciul cvlads P, Q  da  R-s da yovel cvlads eniWeba mxolod erTi 
mniSvneloba, T an F, arsebobs 23 = 8 mniSvnelobaTa raodenoba, rac arapraqtikulia 
didi n-sTvis. maSin, rodesac, WeSmaritobis cxrilebi Zalian mosaxerxebelia patara 
n-ebisTvis. 
 1.7 cxrilSi  CamoTvlilia yvela mniSvnelobebi. 
 

cxrili 1.7. (P  Q ) → R. 

 

P   Q   R 

  D             B                  C                        A 

 Q        P   Q           R.         (P  Q ) → R.        

T   T   T 

T   T   F 

T   F   T 

T   F   F 

F   T   T 

F   T   F 

F   F   T 

F   F   F 

    F            F                    F                         T 

    F            F                    T                         T 

    T            T                    F                         F 

    T            T                    T                         T  

    F            F                     F                         T 

    F            F                     T                         T 

    T            F                     F                         T 

    T            F                     T                         T 

 

 

 

3.3.6 Sedgenili winadadebebis magaliTebi 

 

am paragrafSi Cven vTargmniT ramodenime winadadebas logikis enaze. daviwyoT 
Semdegi winadadebiT: 
 
 ar aris samuSao, ar aris anazRaureba. 
 
rom gadaviyvanoT es winadadeba logikur gamosaxulebaSi, is gadavweroT 
Semdegnairad: ~Tu ar aris Sesrulebuli samuSao, maSin ar aris anazRaureba~. 

gamoviyenoT cvladebi P da Q ,  rom gamovsaxoT winadadebebi ~samuSao Sesrulda~ 
da ~anazRaurda~, Sesabamisad, Cven vRebulobT 
 

P  → Q. 

 
Semdegi: 
 

saqoneli, romelic SeZenilia am maRaziaSi, SeiZleba dabrunebul iqnas 
mxolod maSin, roca is karg mdgomareobaSia da mxlod maSin, roca myidveli 
moitans qviTars. 
 

am mtkicebulebis atomuri gamonaTqvamebi arian  P, romelic warmoadgens ~saqoneli 
SeiZleba dabrunebul iqnas~, Q, romelic warmoadgens ~saqoneli karg 
mdgomareobaSia~, da R,  romelic warmoadgens  ~myidvels moaqvs qviTari~. maSasadame, 
Sedegad gvaqvs Semdegi logikuri gamosaxuleba: 
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P → (Q   R). 

 

frCxilebi SeiZleba movaciloT, imitom rom  aqvs upiratesoba →-ze. 
 exla moviyvanoT maTematikuri magaliTi: 
 

 Tu  p  martivi ricxvia, maSin, n mTeli luwi ricxvisaTvis, n
p
  n iyofa  p-ze. 

 
gamoviyenoT Semdegi gansazRvrebebi: P iyos ~ p  martivi ricxvia~, Q  iyos  ~ n mTeli 

ricxvia~, R iyos ~ n luwi ricxvia~, da S iyos ~ np
  n iyofa  p-ze~. roca SevkrebT am 

mtkicebulebebs, miviRebT 
 

P → (Q   R  → S ). 

 
Semdegi: 
 

simravle C aris simravle A da  simravle  B-s TanakveTa maSin da mxolod 
maSin, roca C-s yoveli elementi aris A-s da B-s elementi. 
 

P iyos ~simravle C aris simravle A-s da  simravle  B-s TanakveTa~, Q  iyos ~ A-s 
yoveli elementi aris C-s elementi~, da R iyos ~ B-s yoveli elementi aris C-s 
elementi~.  Sedegad vRebulobT 
 

P ↔  (Q   R ) 

 

  

 

 gamosaxuleba P  Q  yovelTvis niSnavs  P an Q an orives erTad. sxva sityvebiT, 

 unda iyos gagebuli rogorc aragamomricxavi an. Tu gvinda gamoviyenoT 
gamomricxavi an, maSin Cven zustad unda aRvniSnoT, rom vgulisxmovT P –s an    Q–s 

magram ara orives erTad. vinaidan sityva ~magram~-s vTargmniT rogorc , 
vRebulobT 
 

(P  Q )  (P  Q ) 

 

 
 

 

savarjiSoebi 1.3 

 
1. gaanalizeT Semdegi mtkicebulebebi garCevis xis saSualebiT. darwmundiT, rom  

miRebuli xis yvela boloebi namdvilad atomuri gamonaTqvamebia, romlebic ar 
Seicaven sakuTriv qvegamosaxulebebs. 

(a) Tu kurdReli frTxilia da swrafi, maSin ვერც melia da verc afTari mas 
ver daiWers. 

(b) Tu me ar vcdebi, is gogo marTavda wiTel manqanas, mis gverdiT ijda 
mamakaci. 

(c) Cven SegviZlia an miviRoT SemoTavazebuli pirobebi da viyidoT saxli, an 
Cven davicadoT da vnaxoT rodis gamoCndeba ukeTesi SeTanxmeba. 
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2. CasviT frCxilebi Semdeg gamosaxulebebSi iseTnairad, rom es gamosaxulebebi ar iyos 
orazrovani. 

(a)    P  Q  R → P           (c)   (P1  P2) →  Q  P1 

(b)   P   R  Q  ↔   R     (d)   P → Q  ↔  Q →  P 

 
3. SemoiReT simboluri aRniSvna atomuri gamonaTqvamebisaTvis Semdeg winadadebebSi. 

Semdeg TargmneT winadadebebi propoziciul aRricxvaSi. 
(a) Tu Tqven ar waxvalT, me dauZaxeb policies. 
(b) or bavSvs yavs erTidaigive biZa maSin da mxolod maSin, roca maT yavT 

erTidaigive deda da erTidaigive mama. 
(c) sasiamovno dRea, Tu is mziania, magram mxolod maSin, roca ar cxela. 

(d) Tu  i > j, maSin  i  1 > j, winaamRdeg SemTxvevaSi  j = 3.  
 

4. Semdegi gamosaxulebidan romelia literali? 
 

(a)   P          (c)  P2 

(b)  P     (d)  P  Q 

 

5.    gadaiyvaneT Semdegi winadadebebi propoziciul aRricxvaSi, propoziciuli   
    cvladebis gamoyenebiT mxolod atomuri gamonaTqvamebisaTvis. 

(a) meri maRalia, magram daTo pataraa da moxerxebuli. 

(b) Tu x ufro didia vidre y, da  y ufro didia vidre z, maSin x ufro didia 
vide z. 

(c) Mineralis mopoveba momgebiania, Tu madnis koncetracia maRalia, magram 
mxolod  Tu manZili bazramde moklia. 

 
    6.   Tu  P  da Q   WeSmaritia da  R  da S   mcdaria, moiZieT WeSmaritobis     
        mniSvnelobebi Semdegi gamosaxulebebisaTvis. 

(a) P  (Q  R) 

(b) (P  (Q  R))  (( P  Q)  (R  S)) 

(c) ((P  Q)  R)  (((P  Q )  R)  S) 
 

        7.    Tu  P  da Q   WeSmaritia da  R  da S   mcdaria, moiZieT WeSmaritobis     
        mniSvnelobebi Semdegi gamosaxulebebisaTvis. 

(a) ((P  Q)  R)  ((Q ↔  S) → (R  S)) 

(b) (P ↔  R)  (Q → S) 

(c) (P  (Q → (R   P))) ↔  (Q   S) 

 

        8.     aageT WeSmaritobis cxrili Semdegi formulebisaTvis: 

      (a)  (P  Q )      (d)  P  (Q  P) 

   (b)  (P  Q )      (e)  (P  (Q  R))  (Q  R)  (P  R) 

              (c)   P  (P  Q )       (f)   (P  Q )  (P  Q )  (P  Q )   (P  Q ) 

 

        9.    xSirad, srulad agebuli gamosaxulebebi (sag) ganisazRvrebian     
       formirebis Semdegi wesebiT. 

1. yoveli propoziciuli cvladi sagia. 

2. Tu A sagia, maSin A  sagia. 

3. Tu A da B orive sagia, maSin sagebia (A  B), (A  B), (A → B) da (A ↔ B). 
4. sxva sagebi ar arsebobs. 
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ra gansxvavebaa am gansazRvrebasa da 1.3.2 paragrafSi moyvanil gansazRvrebas 

Soris? kerZod, aris Tu ara P  sagi aq moyvanili gansazRvrebis Tanaxmad? 
aris Tu ara es gamosaxuleba sagi Tanaxmad gansazRvrebisa, romelic 
moyvanilia 1.3.2 paragrafSi? 
 
 

 

3.4 tavtologiebi da winaamRdegobebi 

 

3.4.1   Sesavali 

 

WeSmaritobis cxrilebi gvaZleven saSualebas klasificirebul iqnas 
logikuri gamosaxulebebi Semdegnairad: 
 
 
 

 
gansazRvreba 1.13:  logikur gamosaxulebas ewodeba tavtologia, Tu is WeSmaritia 
miniWebul mniSvnelobaTa yvela SesaZlo ganawilebisaTvis. 
 
 
 

 
gansazRvreba 1.14:  logikur gamosaxulebas ewodeba winaamRdegoba, Tu is mcdaria  
miniWebul mniSvnelobaTa yvela SesaZlo ganawilebisaTvis. 
 
 
 

 
gansazRvreba 1.15:  logikur gamosaxulebas, romelic arc tavtologiaa da arc 
winaamRdegoba,  ewodeba kontingenti. 
 
 
 
 imis pirdapir xerxs, rom Semowmdes aris Tu ara logikuri gamosaxuleba 
tavtologia, winaamRdegoba an kontingenti, umeteswilad warmoadgens WeSmaritobis 
cxrili. Tu nebismier striqonSi gamosaxuleba iRebs mniSvneloba WeSmarits, maSin 
gamosaxuleba tavtologiaa. Tu nebismieri striqonSi gamosaxuleba iRebs 
mniSvneloba mcdars, maSin gamosaxuleba winaamRdegobaa. rodesac erT striqonze 
gvaqvs T, xolo romeliRac gansxvavebulze F-i, maSin gamosaxuleba kontingentia. 

Cven adre SevxvedrivarT garkveul raodenoba martiv tavtologiebs. 
magaliTad, 1.2.7 paragrafSi Cven aRvniSneT, rom F → Q  da P→ T  yovelTvis WeSmaritia. 
e. i. orive gamosaxuleba tavtologiaa. 
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3.4.2 tavtologiebi 

 
ganvixiloT gamosaxuleba (P  Q )   Q.  aris Tu ara es gamosaxuleba tavtologia? 
es rom amovxsnaT, mocemuli gamosaxulebisaTvis vagebT WeSmaritobis cxrils 1.8. 
SegviZlia davinaxoT, rom mniSvnelobaTa miniWebis yvela SesaZlo ganawilebisaTvis 

gamosaxuleba (P  Q )   Q WeSmaritia, rac niSnavs, rom is tavtologiaa.  
 
cxrili 1.8. tavtologiis WeSmaritobis cxrili 
P   Q   P Q        (P   Q )         (P  Q )   Q        

T   T    

T   F    

F   T    

F   F    

  T                    F                            T 

  F                    T                            T 

  F                    T                            T  

  F                    T                            T 

 

 
vinaidan tavtologiebi sakmaod mniSvnelovania, Seiqmna specialuri aRmniSvneli 
simbolo, rom logikuri gamosaxuleba tavtologiaa. nacvlad Canawerisa, rom A aris 
tavtologia, vwerT |═ A. maSasadame, Cven zemod davamtkiceT, rom   
 

|═ (P  Q )  Q 

 
 am momentidan, Cven unda vuCvenoT mniSvnelovani gansxvaveba. propoziciuli 
aRricxva SeiZleba moiazrebodes rogorc winadadebaTa formulirebis ena. roca Cven 
vlaparakobT am enis Sesaxeb, Cven viyenebT qarTul enas, rom aRiweros saintereso 
faqtebi am enis Sesaxeb. zogadad, enas, romelic gamoiyeneba meore enis aRsawerad, 
ewodeba metaena. magaliTad, Tu qarTul enas aswavlian inglisel students, maSin 
qarTuli enis faqtebi aixsneba inglisurad, da am SemTxvevaSi inglisuri ena aris 
metaena, romelic gamoiyeneba, rom iswavlebodes qarTuli. cxadia, inglisuri 
terminebi, romlis saSualebiT aRiwereba qarTuli gramatikis arsi, ar ekuTvnis 
qarTul enas, aramed ekuTvnis metaenas, romelic inglisuria. 
 roca Cven vlaparakobT, rom gamonaTqvami yovelTvis WeSmaritia, maSin es 
mtkicebuleba gveubneba raRacas propoziciuli aRricxvis enis Sesaxeb, da, 
maSasadame, is ar aris propoziciuli aRricxvis nawili, msgavsad imisa rogor 
gamoiyeneba inglisuri sityvebi, romlebic ar ekuTvnian qarTul enas, rom aRiweros 
qarTuli enis arsi. am azriT, Cven vaskvniT, rom  |═ ar aris propoziciuli 
aRricxvis nawili. mogvianebiT Cven SemoviRebT sxva metasimboloebs. arsebobs 
ramodenime Zalian martivi, magram mniSvnelovani tavtologia. pirveli maTgania 

mesamis gamoricxvis kanoni. es kanoni amtkicebs, rom P  P  tavtologiaa. sxva 
sityvebiT, Pan WeSmaritia an mcdari, da nebismieri sxva ram gamoricxulia. cxrili 
1.9 amtkicebs am kanons, imis CvenebiT, rom is WeSmaritia nebismieri WeSmaritobis 

mniSvnelobaTa miniWebisTvis. damatebiT kidev gvaqvs ori tavtologiaa: F → P da     

P →  T. Cven ukve vimsjeleT amis Sesaxeb 1.2.7 paragrafSi. 
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cxrili 1.9  
mesamis gamoricxvis kanonis damtkiceba 
P P        P  P 
T 

F 

 F              T 

 T              T   

 Tu A tavtologiaa, romelic Seicavs cvlad  P-s, SeiZleba ganisazRvros 
axali gamosaxuleba nebismieri gamosaxulebiT CanacvlebiT P-s adgilas.  Sedegad 

miRebuli gamosaxuleba A agreTve tavtologiaa. magaliTad, P  P  tavtologiaa. 

Cven SegviZlia yvela P-s Senacvleba nebismieri gamosaxulebiT, vTqvaT P  Q –Ti. 

Sedegad miRebuli gamosaxuleba  A = (P  Q )  ( P  Q )  agreTve tavtologiaa. msgavsi 
Casmebi SeiZleba gakeTdes nebismier sxva tavtologiaSi. es marTebulia, radgan 
nebismieri gamosaxulebis WeSmaritobis mniSvnelobis Sefasebisas, mxolod uSualo 
qvegamosaxulebebis WeSmaritobis mniSvnelobebs gaaCniaT efeqti. es aris  
WeSmaritobis mniSvneloba miRebuli pirdapiri WeSmaritobis miniWebiT Tu sxva tipis 
SefasebebiT, ar aqvs mniSvneloba. maSasadame, Tu  A gamosaxulebaa, romelic Seicavs 
P-s,  A-s mniSvneloba ar Seicvleba, Tu P Seicvleba gamosaxulebiT, romelsac 
gaaCnia igive WeSmaritobis mniSvneloba rogoric P-s.  Tu A  tavtologiaa, maSin A 
rCeba tavtologiad, miuxedavad imisa P WeSmaritia, Tu mcdari, da P-s Canacvleba 
sxva gamosaxulebiT ar cvlis suraTs. SeiZleba agreTve yvela propoziciuli 
cvladebis nacvlad Caisvas nebismieri gamosaxulebebi, da am SemTxvevaSi 
tavtologia gadaiqceva sqemad. Amas mivyavarT Semdeg Teoremamde: 
 
 Teorema 1.1.   davuSvaT, rom A  tavtologiaa, da  P1, ... , Pn   A-s propoziciuli 
cvladebi. davuSvaT   B1, ... , Bn  nebismieri logikuri gamosaxulebebia. am SemTxvevaSi, 
gamosaxuleba, romelic miiReba P1-s CanacvlebiT B1-T, P2-s  B2-T, ... , Pn-s  Bn-T aris 
sqema, da yoveli kerZo SemTxveva am sqemisa aris tavtologia. 
 

magaliTi 1.9  gamoiyeneT is faqti, rom (P   Q )  Q  tavtologiaa, da  

daamtkiceT, rom  ((P  Q )  R )  R  aris tavtologia. 
 
amoxsna.  B da C  iyos nebismieri gamosaxulebebi. Teorema 1.1 gvaZlevs saSualebas 

gardavqmnaT (P   Q )  Q sqemad ((P  Q )  R )  R. Tu B = P   Q da С = R , maSin sqma 

gvaZlevs gamosaxulebas ((P  Q )  R )  R, romelic agreTve unda iyos tavtologia.                                                                           

■ 
 
 
 

 
3.4.3 tavtologiebi da koreqtuli msjeloba. 

 
logikuri msjeloba koreqtulia, UTu daskvna logikurad gamomdinareobs wina-
mZRvrebidan. Tu yvela winamZRvari WeSmaritia (e. i. yvela winamZRvrebis koniunqcia 
gvaZlevs WeSmarit mniSvnelobas), maSin daskvnac unda iyos WeSmariti. maSasadame, 

winamZRvrebis koniunqcia aris A da Tu daskvna aris C, maSin A → C unda iyos 
WeSmariti mniSvnelobaTa miniWebis yvela SesaZlo ganawilebisaTvis: e. i. unda iyos 

tavtologia. magaliTad, diziunqciuri silogizmi uCvenebs, rom rogorc ki P  Q da 

P orive WeSmaritia, Q unda iyos WeSmariti. e. i. ((P  Q )  P) → Q  unda iyos 
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tavtologia. es idea gamoyenebulia 1.10 cxrilSi, imisaTvis, rom damtkicdes, 
rom diziunqciuri silogizmi koreqtulia. damtkicebisTvis unda vuCvenoT, rom    

((P  Q )  P) → Q  yovelTvis WeSmaritia, da es naCvenebia bolo svetSi. analogiurad 
mtkicdeba danarCeni logikuri msjelobebis koreqtuloba. 
 
 
 

 

cxrili 1.10 diziunqciuri silogizmis WeSmaritobis cxrili 
P   Q P  Q     P     (P  Q )  P     ((P  Q )  P) → Q 
T    T 

T    F 

F    T 

F    F 

    T             F                  F                                    T 

    T             F                  F                                    T 

    T             T                  T                                    T 

     F            T                  F                                     T 

 
 yoveli tavtologiisaTvis dasaSvebia propoziciuli cvladebis Canacvleba 
gamosaxulebebiT. maSasadame, nebismieri koreqtuli msjeloba SeiZleba gardaiqmnas 
sqemad. 
 

magaliTi 1.10  uCveneT, rom P  Q  da P  Q → R  -dan gamomdinareobs  R. 
 

amoxsna. modus ponensis Tanaxmad, P da P → Q -dan gamoiyvaneba Q. es gamosaxuleba 

SeiZleba gardaiqmnas sqemad, imis miTiTebiT, rom nebismieri A, B da   A → B  
gamosaxulebebisaTvis, rogorc logikur daskvnas, vRebulobT  B-s. imis daSvebiT, rom      

A = P  Q  da  B = R, vaskvniT, rom R  logikurad gamomdinareobs    P  Q  da  P  Q → R  
winamZRvrebidan.                                                ■ 

 
 

3.4.4 winaamRdegobrioba 

 

gamosaxuleba winaamRdegobriobaa, Tu is Rebulobs mniSvneloba F-s 
mniSvnelobaTa miniWebis yvela SesaZlo ganawilebisaTvis. SeiZleba Semowmdes, 
cxrilis gamoyenebiT, aris Tu ara mocemuli gamosaxuleba WeSmariti. 

magaliTisTvis, davamkicoT, rom P  P winaamRdegobriobaa. es gakeTebulia 1.11 
cxrilis saSualebiT, romelic gviCvenebs, rom mniSvnelobaTa miniWebis yvela 

SesaZlo ganawilebisaTvis P  P mcdaria. 
winaamRdegobrioba mWidrod aris dakavSirebuli tavtologiasTan. marTlac, 

Tu A tavtologiaa, maSin A  winaamRdegobriobaa, da piriqiT. tavtologiebis 
msgavsad, winaamRdegobriobebi SeiZleba gardaiqmnan sqemad. es niSnavs, magaliTad, 

rom (P → Q )  (P → Q )  winaamRdegobriobaa, imitom, rom is gamomdinareobs sqemidan 

A  A, romelic, Tavis mxriv, gamoiyvaneba P  P –dan.  
winaamRdegobriobebi SeiZleba gamoyenebul iqnan imis dasamtkiceblad, rom 

logikuri msjeloba koreqtulia. es rom ganvaxorcieloT, SevniSnoT, rom msjeloba 
arakoreqtulia Tu yvela winamZRvri WeSmaritia, magram daskvna mcdari. 
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cxrili 1.11  
winaamRdegobriobis WeSmaritobis cxrili 
P P        P  P 
T 

F 

 F              F 

 T              F   

 
sxva sityvebiT rom vTqvaT, SeuZlebelia daskvnis uaryofa da winamZRvrebi iyos 
erTdroulad WeSmariti. arakoreqtul msjelobaSi yvela winamZRvris da daskvnis 
koniunqcia unda iyos yovelTvis mcdari, anu is unda iyos winaamRdegobrioba. 
ilustraciisaTvis, Cven vamtkicebT diziunqciis silogizms kidev erTxel. Tu 
vsazRvravT winaamRdegobriobas, maSin mniSvnelobaTa miniWebis nebismieri SesaZlo 

ganawilebisaTvis,     (P  Q )  P  Q  unda iyos mcdari. cxrili 1.12–is saSualebiT, 
kidev erTxel vrwmundebiT, rom diziunqciis silogizmi koreqtulia. 
 
 
cxrili 1.12  
P   Q P  Q     P     (P  Q )  P     (P  Q )  P  Q 
T    T 

T    F 

F    T 

F    F 

    T             F                  F                                    F 

    T             F                  F                                    F 

    T             T                  T                                    F 

     F            T                  F                                     F 

 
 
 

3.4.5 mniSvnelovani tipis tavtologiebi 

 
arsebos ori mniSvnelovani tipis tavtologia, logikuri implikacia da  logikuri 
eqvivalentoba. isini ganisazRvrebian Semdegnairad: 
 

 
gansazRvreba 1.16: Tu A da B logikuri gamosaxulebebia da Tu A→ B tavtologiaa, 
maSin vityviT, rom A logikurad askvnis B-s ( an B  logikurad gamomdinareobs    
A-dan ), da Cven vwerT A B. 
 
 
 

 
gansazRvreba 1.17: Tu A da B logikuri gamosaxulebebia da Tu A da B-s aqvT  
erTidaigive WeSmaritobis mniSvnelobebi, maSin A da  B-s uwodeben logikurad 
eqvivalenturebs, da Cven vwerT AB. sxva sityvebiT rom vTqvaT, AB maSin da 

mxolod maSin, roca A↔B tavtologiaa. 
 
 

 mniSvnelovania ganvasxvaoT simboloebis wyvili ,  da  simboloebis wyvili 

↔, →.  arc   da arc   ar warmoadgens kavSirebs. orive   da   miekuTvneba 

metaenas. es asea, imitom rom isini ganisazRvrebian |═ -is terminebSi, romelic aseve 

miekuTvneba metaenas. rom ganvasxvavoT AB da A↔ B, xSirad gamoiyeneba termini 
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materialuri eqvivalentoba A↔B eqvivalentobisaTvis, gansxvavebiT logikuri 
eqvivalentobisgan, romelic aRiniSneba   -iT. analogiurad, vityviT, rom A 

materialurad askvnis B-s ( an B  materialurad gamomdinareobs A-dan )  A→ B –Tvis 

(xolo → -as  ewodeba materialuri implikacia) da  A logikurad askvnis B-s ( an B  

logikurad gamomdinareobs A-dan ) AB –Tvis da -as ewodeba logikuri 
implikacia. 
 arsebobs mniSvnelovani kavSiri zogad tavtologiebsa, logikuri 
eqvivalentobebsa da logikur implikaciebs Soris. cxadia, rom A tavtologiaa, Tu 

AT, da A winaamRdegobriobaa, Tu AF. agreTve iolad saCvenebelia, rom Tu A 

tavtologiaa, maSin TA, da Tu A winaamRdegobriobaa, maSin АF.  dabolos,       

AB –dan vaskvniT, rom AB da BA. maSasadame, yoveli logikuri eqvivalentoba 
SeiZleba gamoyenebul iqnas ori logikuri implikaciis dasamtkiceblad. piriqiT, Tu 

AB da BA, maSin SegviZlia davaskvnaT, rom AB.  

 

 
savarjiSoebi 1.4 

 

1.  aageT WeSmaritobis cxrili Semdegi gamosaxulebebisaTvis. yoveli  gamosaxulebisaTvis     

   uCveneT aris Tu ara is tavtologia, winaamRdegobrioba an kontingenti. 

(a)  ( P  (P → Q )) → Q 

(b) (P → Q ) ↔ ( P    Q ) 

(c) ((P → Q )  (Q → R )) → (P → R ) 

(d) (P ↔ Q ) ↔  (((P Q )   (P  Q )) 

(e) (Q   (P → Q )) → P 

(f)  (P  (Q  R )) ↔  ((P  Q ) (P  R)) 
 

2.  gamoiyeneT tavtologia P  P , raTa damtkicdes, rom Semdegi gamosaxulebebi   
    tavtologiebia. 

(a) (P → Q )  (P → Q ) 

(b) P  P 

(c) (( P  S)  Q )  (( P  S)  Q ) 

 

3.     uCveneT, rom  (P → Q )  (P → Q ) → Q  tavtologiaa. gardaqmeniT es tavtologia sqemad   

     A-s CanacvlebiT  P-s magivrad da  B-s CanacvlebiT  Q -s magivrad. gamoiyeneT es sqema,    
     rom daamtkicoT 
 

(P → Q )  (P → Q )  Q 

 

4.     ra gansxvaebaa logikur implikaciasa da materialur implikacias Soris? 

5.   dilema aris msjeloba, romelic iZleva saSualebas davaskvnaT R-i, mocemuli   

    winamZRvrebidan  P  Q, P→ R da  Q → R.  
(a) gardaqmeniT es dilema tavtologiaSi da daamtkiceT es WeSmaritobis   
    cxrilis gamoyenebiT. 
(b) gardaqmeniT es dilema winaamRdegobriobaSi da daamtkiceT es  
    WeSmaritobis cxrilis gamoyenebiT. 
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3.5 logikuri eqvivalentobebi da maTi gamoyeneba 

 

3.5.1  Sesavali 
 

ganvixiloT ori mtkicebuleba: 
 
 programa kargad dawerilia da kargad dokumentirebulia. 
 
 programa kargad dokumentirebulia da kargad dawerilia. 
 
cxadia, rom orive mtkicebulebas gaaCnia erTidaigive WeSmaritobis cxrili, da 
amitom isini, gansazRvris Tanaxmad, logikurad eqvivalenturebia. es cneba rom 
gavxadoT ufro zusti, vTargmnoT isini logikis enaSi. Tu P gamosaxavs gamonaTqvams 
~ programa kargadaa dawerili~  da Q gamosaxavs gamonaTqvams ~ programa kargadaa 

dokumentirebuli~, maSin pirveli mtkicebuleba iTargmneba rogorc P  Q, xolo 

meore mtkicebuleba iTargmneba rogorc Q  P. pirveli SexedviT, Tanaxmad  kavSiris 
gansazRvrisa, dasturdeba, rom orive gamosaxulebas gaaCnia erTidaigive 
WeSmaritobis cxrili mniSvnelobaTa miniWebis yvela SesaZlo ganawilebisaTvis; e. i. 

(P Q ) ↔  (Q  P )  aris tavtologia. es ki amtkicebs imas, rom moyvanili ori 
gamosaxuleba logikurad eqvivalenturia. mtkicebulebebi, romlebic logikurad 
eqvivalenturebia, SeiZleba SevanacvloT erTmaneTTan WeSmaritobis crilis 
gamoyenebis gareSe. ufro metic, vinaidan logikuri eqvivalentobebi tavtologiebia, 
iseni SeiZleba gardaiqmnan sqemad da gamoyenebul iqnan rogorc sqema. Cven vuCvenebT, 
rogor SeiZleba es ori Tviseba gamoyenebul iqnas rogorc algebruli aqsiomebi 
logikuri gamosaxulebebisaTvis.  
 
 

3.5.2   logikuri eqvivalentobebis damtkiceba WeSmaritobis cxrilis 
saSualebiT 
 

ganvixiloT Semdegi ori mtkicebuleba: 
 
 is an ar aris kargad informirebuli, an is ar aris patiosani. 
 
 ar aris marTali, rom is kargad informirebulia da patiosania. 
 
intuiciurad, es ori mtkicebuleba logikurad eqvivalenturia. amas exla Cven 
davamtkicebT. ganvsazRvroT P da Q , rom warmovadginoT mtkicebulebebi: is kargad 
infomirebulia da is aris patiosani, Sesabamisad. pirveli mtkicebuleba Caiwereba 

rogorc P  Q , xolo meore rogorc ( P  Q ).  Cveni mtkicebaa, rom es ori 

gamosaxuleba logikurad eqvivalenturia; e. i.  ( P  Q ) ↔ ↔  (P  Q )  tavtologiaa. 
es damtkicebulia 1.13 cxrilis saSualebiT. swored bolo sveti uCvenebs, rom 
mocemuli gamosaxuleba tavtologiaa, rac niSnavs, rom ori mocemuli mtkicebuleba, 
marTlac, logikurad eqvivalenturebia. igive Sedegi miiReba, Tu SevadarebT wina or 
svets erTmaneTs da SevamowmebT arian Tu ara isini erTnairebi. logikuri 
eqvivalentoba, romelic damtkicebulia 1.13 cxrilis saSualebiT, mniSvnelovania. mas 
uwodeben de morganis kanons.  
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cxrili 1.13   ( P  Q ) ↔ (P  Q ) 
P   Q P  Q     ( P  Q)     P  Q     ( P  Q ) ↔ (P  Q ) 
T    T 

T    F 

F    T 

F    F 

    T                   F                  F                                T 

    F                   T                  T                                T 

    F                   T                  T                                T 

    F                   T                  T                                T 

 
 ganvixiloT  Semdegi wyvili mtkicebulebebisa: 
 
 Tu saqoneli ar aris miRebuli, maSin baJi ar gadaixdeba. 
 
 Tu baJi aris gadaxdili, maSin saqoneli iqneba miRebuli. 
 
Tu P da Q aRniSnaven, Sesabamisad, ~ saqoneli iyo miRebuli~ da ~ baJi gadaxdilia~, 

maSin es ori mtkicebuleba Caiwereba Semdegnairad: Q → P  da  P → Q.  P → Q  da     

Q → P uwodeben kontrapoziciebs erTmaneTis mimarT. cxrili 1.14 – dan Cans, rom 
kontrapoziciebi logikurad eqvivalenturebia; e. i.  
 

Q → P  ↔ P → Q 

 
logikurad eqvivalenturoba mtkicdeba bolo ori svetiT, romlebic erTnairia. 
 

cxrili 1.14   Q → P  ↔ P → Q 

P   Q P       Q    Q → P    P → Q 
T    T 

T    F 

F    T 

F    F 

  F            F           T                  T 

  F            T           F                  F 

  T            F           T                  T 

  T            T           T                  T 

 
 Semdegi logikuri eqvivalentoba Zalian mniSvnelovania, romelic ukve 
gamoyenebuli iyo Cvens diskusiebSi. 
 

P da Q –s aqvT erTidaigive WeSmaritobis mniSvneloba. 
 
 Tu P, maSin Q, da Tu Q, maSin P. 
 
meore mtkicebuleba sxva sityvebiT SeiZleba Caiweros Semdegnairad ~P maSin da 
mxolod maSin, roca Q ~. pirveli mtkicebuleba gvaZlevs P  ↔ Q, xolo meore        

(P → Q )  (Q → P ). cxrili 1.15 gviCvenebs, rom es ori gamosaxuleba logikurad 
eqvivalenturia; WeSmaritobis mniSvnelobaTa ori sveti, Sesabamisi ori gamosaxu-
lebisa, identuria. 
 
 

cxrili 1.15    
P   Q P ↔ Q     P → Q     Q → P     (P → Q )  (Q → P ) 
T    T 

T    F 

F    T 

F    F 

    T                T             T                          T 

    F                F              T                         F 

    F                T              F                          F 

    T                T              T                         T 
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3.5.3 gamonaTqvamTa algebra 
 

Cveulebriv algebraSi gamosaxulebebi, romlebic Cawerilia cvladebis saSualebiT, 
eqvemdebarebian misaReb gardaqmnebs. gamonaTqvamTa algebraSi, logikuri gamosaxul-
ebebi, e. i. logikuri gamosaxulebebi, romlebic Seicaven konstantebs da cvladebs, 
agreTve eqvemdebarebian garkveul gardaqmnebs. sanam SevudgebodeT gamonaTqvamTa 
algebris ganxilvas, gadavxedoT Cveulebriv algebras da vnaxoT rogor 
gardaiqmnebian gamosaxulebebi. magaliTad, ganvixiloT gamosaxuleba 
 

(a + b) – b 

 

erTi SexedviT Cans, rom es gamosaxuleba unda gvaZlevdes  a-s. marTlac, Cven ise 
varT SeCveuli iseTi algebruli gardaqmnebis warmodgenaSi, rom darwmunebuli varT 
yoveli momdevno nabijis gakeTebaSi. modiT, mivadevnoT Tvali yvela nabijs 
detalurad. pirvelyovlisa Cven gagvaCnia Semdegi tolobebi:  
 
                                                              (x + y) – z = x + (y – z)                                                                         (1.2) 

                                                                      y – y = 0                                                                                        (1.3) 

                                                                      x + 0 = x                                                                                        (1.4) 

mocemul samive kanonSi, cvladebi x, y da z SeiZleba Canacvldes nebismieri 
gamosaxulebebiT; e. i. mocemuli kanonebi SeiZleba vigulisxmoT rogorc sqemebi. 
maSasadame, nebismieri algebruli toloba aris sqema. magaliTad, Cven SegviZlia 
davuSvaT (1.2)-Si x = a, y = b  da  z = b, romelic iZleva Sedegs  

 
(a + b) – b = a + (b – b) 

 

Semdeg (1.3)-dan gamogvyavs, rom b – b = 0. es niSnavs, rom b – b da 0 eqvivalenturebia im 
azriT, rom nebismieri gamosaxulebis mniSvneloba ar Seicvleba, Tu erTs 
SevanacvlebT meoreTi. maSasadame, Cven SegviZlia davweroT 
 

(a + b) – b = a + (b – b) = a + 0 

 

marjvna wevri, e. i. a + 0, SegviZlia gavamartivoT (1.4)-is gamoyenebiT, romelic 
gvaZlevs 

(a + b) – b = a 

 
exla ganvixiloT Semdegi logikuri gamosaxuleba: 
 

( P  Q)  Q 

 
es logikuri gamosaxuleba SeiZleba gamartivdes msgavsi gziT, im gansxvavebiT, rom 
logikuri eqvivalentobebi enacvlebian algebrul tolobebs. saxeldobr, 
gamoiyeneba Semdegi sqemebi: 
 

                                                                          (A  B)  C  A  (B  C )                                                    (1.5) 

                                                                                 A  A  F                                                                      (1.6) 

                                                                                    A  F  F                                                                      (1.7) 

 

exla Cven viyenebT (1.5), sadac  A = P, B = Q  da  C =  Q, rom miviRoT 
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(P  Q)  Q    P  (Q  Q ) 

 

sqema  (1.6) gvaZlevs saSualebas davaskvnaT, rom  Q  Q logikurad eqvivalenturia 

F-sa, rac iZleva saSualebas SevanacvloT Q  Q   F-iT. maSasadame,  
 

(P  Q)  Q    P  (Q  Q )  P  F 

 

dabolos, (1.7)-dan, vaskvniT, rom marjvena gamosaxuleba aris  F. amitom,  
 

                                                                      (P  Q)  Q   F                                                                    (1.8) 

 
SevniSnoT, rom algebraSi sinamdvileSi ar vansxvavebT sqemas da gamosaxulebas. 
mizezi is aris, rom nebismieri gamosaxuleba SeiZleba gardaiqmnas sqemad, da 
piriqiT. amave mizeziT, Cven ar ganvasxvavebT logikur eqvivalentobebs da sqemebs, 
romlebic maT warmoqmnian.  
 gamonaTqvamTa algebras aqvs bevri gamoyeneba. aq Cven viyenebT gamonaTqvamTa 
algebras, raTa damtkicdes, rom kerZo msjeloba koreqtulia. am SemTxvevaSi Zalze 
advilia Cveneba imisa, rom SeuZlebelia yvela winamZRvri iyos WeSmariti, xolo 
daskvna mcdari. sxva sityvebiT rom vTqvaT, mtkicdeba, rom koniunqcia winamZRvrebisa 
da uaryofa daskvnisa, SeuZlebelia erTdroulad iyos WeSmariti. 
 

magaliTi 1.11  daamtkiceT, rom rogorc ki P  Q dadasturebulia, SegviZlia davaskvnaT Q. 
  

 amoxsna. mocemuli msjeloba koreqtulia maSin da mxolod maSin, roca  (P  Q)  Q 

winaaRmdegobriobaa. es gamomdinareobs (1.8)-dan. sxvaTaSoris, kanoni    P  Q  Q  cnobilia 
rogorc gamartivebis kanoni .                                                               ■ 
 
 
3.5.4 implikaciisa da biimplikaciis moSoreba 

 
vinaidan implikaciis da biimplikaciis simbolikis gaazreba cota rTulia, Cveu-
lebriv maT icileben Tavidan, sanam gamoiyeneben Semdgom algebrul gardaqmnebs. 
Tavidan rom moviciloT implikacia, iyeneben Semdeg logikur eqvivalentobas. 
mkiTxvels SeuZlia daamtkicos es eqvivalentoba WeSmaritobis cxrilis meTodiT.  

 

                                                                 P → Q  P  Q                                                                           (1.9) 

 
 arsebobs ori xerxi biimplikaciis warmodgenisa: 
 

                                                    P ↔ Q   (P  Q )   (P  Q )                                                           (1.10) 

                                                    P ↔ Q   (P → Q )   (Q → P )                                                             (1.11) 
 
versia, romelic mocemulia  (1.10)-iT, gamosaxavs im faqts, rom ori gamosaxuleba 
aris eqvivalenturi, Tu maT gaaCniaT erTnairi WeSmaritobis cxrili. versia, 
romelic mocemulia  (1.11)-iT, amaxvilebs yuradRebas im faqtze, rom ori 
gamosaxuleba eqvivalenturia, Tu pirvelidan gamomdinareobs meore da meoredan 
gamomdinareobs pirveli. vinaidan Cven gvsurs yvela implikaciis moSoreba, Cven 
viyenebT (1.9)-s, rom gadaiweros (1.11) Semdegnairad: 
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                                                    P ↔ Q   (P  Q )   (P  Q )                                                             (1.12) 

 

maSasadame, arsebobs ori toloba, romelic iZleva saSualebas movaSoroT ↔, (1.10) 

da (1.12)-iT. viyenebT im tolobas, romelic viTarebisamebr ufro mosaxerxebelia.  
 
magaliTi 1.12  moaSoreT ↔ da → Semdegi gamosaxulebidan: 
 

(P → Q  R )  ((R  ↔ S )  (Q  S )) 
  

     amoxsna. (1.9) toloba gvaZlevs saSualebas P → Q  R  SevcvaloT  P  (Q  R ) –iT 
 

(P → Q  R )  ((R  ↔ S )  (Q  S ))  (P  Q  R )  ((R  ↔ S )  (Q  S )) 

 
Semdgom, viyenebT (1.12)-s, rom is gardavqmnaT Semdegi eqvivalenturi gamosaxulebiT: 

 

                (P  Q  R )  ((R   S )  (R   S ))  (Q  S ))                                                ■ 

 
 
3.5.5 ZiriTadi kanonebi gamonaTqvamTa algebrisaTvis 

 
am paragrafSi Cven vimsjelebT rig mniSvnelovan eqvivalentobebze, romlebic 
sasargebloa logikuri gamosaxulebebis gamartivebisaTvis, sxva sityvebiT, 
manipulirebisaTvis. Cven daviwyebT msjelobas cxrili 1.16-Si moyvanili kanonebis 
Sesaxeb. zogi maTgani damtkicebuli iyo WeSmaritobis cxrilis saSualebiT. am 
meTodis gamoyeneba SeiZleba sxva kanonebis dasamtkicebladac. SevniSnoT, rom, 
ormagi uaryofis kanonis gamoklebiT, cxrili 1.16-Si moyvanili yvela kanoni 
warmodgenilia ori gamosaxulebiT (formuliT), romlebsac uwodeben dualur 
wyvils. yoveli gamosaxulebisaTvis arsebobs misi dualuri Tu T-s SevcvliT  F-iT 

da yvela   SevcvliT -iT da  yvela -s   -iT.  magaliTad, mesamis gamoricxvis 

kanonis dualurs warmoadgens winaamRdegobriobis kanoni. misi dualuri miiReba -s 

SecvliT  -iT, Sedegad vRebulobT  P   P , romelic logikurad eqvivalenturia F-
is, romelic Seesabameba T-s mesamis gamoricxvis kanonSi. erTi SexedviT Cans, rom 
ormagi uaryofis kanons ar gaaCnia misi duali. miuxedavad amisa, Tu yuradRebiT 
davakvirdebiT, es kanoni Tavis Tavis dualuria. am azriT, SegviZlia vTqvaT, rom 
cxrili 1.16-Si moyvanil yvela kanons gaaCnia Tavisi duali, da igive SegviZlia 
vTqvaT yvela im formulebze, romlebic gamoiyvaneba moyvanili kanonebis 
saSualebiT. 
 cxrili 1.16-Si moyvanili kanonebi iZleva saSualebas gavamartivoT 

gamosaxulebebi. ganvixiloT, magaliTad, gamosaxuleba  P  (Q   Q). ormagi 

uaryofis kanoni gvaZlevs saSualebas is gadaiweros rogorc P  (Q   Q), da mesamis 

gamoricxvis kanonis gamo, is gardaiqmneba P  T –s gamosaxulebad. igiveobis kanoni 
gviCvenebs, rom is aris P, da Cven vaskvniT, rom 
 

P  (Q   Q)  P 

 
komutaciur, asociaciur da distribuciul kanonebs gaaCniaT TavianTi eqvivalenti 

standartul algebraSi. marTlac, kavSiri  xSirad moiazreba rogorc  +, xolo 
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kavSiri   -  rogorc . magaliTad, gamosaxulebas  P  Q  Q  P  Seesabameba 
komutaciurobis kanoni a + b = b + a  standartul algebraSi. bevria analogia 
standartul algebrasa da gamonaTqvamTa algebras Soris. zog SemTxvevaSi analogia 

ar moqmedebs. kerZod, (a + b)  (a + c)   a + (b  c), magram  (P  Q )  (P  R)  P  (Q  R). 

 cxrili 1.16-Si moyvanili kanonebidan gamoiyvaneba sxva kanonebi. garkveulad 
mniSvnelovania STanTqmis kanonebi 
 

                                  P  (P  Q )  P                                                                        (1.13) 

                                                                    P  (P  Q )  P                                                                        (1.14)    

 

 

 

 
cxrili 1.16.  koniunqciis, diziunqciis da uaryofis kanonebi 

kanoni saxeli 

P  P T 

P  P  F 

mesamis gamoricxvis 
kanoni 
winaamRdegobriobis 
kanoni 

P  F  P 

P  T  P 

igiveobis kanoni 

P  T  T 

P  F  F 

dominirebis kanoni 

P  P  P 

P  P  P 

idenpoteturobis kanoni 

(P)  P ormagi uaryofis kanoni 

P  Q  Q  P 

P  Q  Q  P 

komutaciurobis kanoni 

(P  Q )  R  P  (Q  R) 

(P  Q )  R  P  (Q  R) 

asociaciurobis kanoni 

(P  Q )  ( P  R)  P  (Q  R) 

(P  Q )  ( P  R)  P  (Q  R) 

distribuciulobis kanoni 

(P  Q )   P   Q 

(P  Q )   P   Q 

de morganis kanoni 

            

 
(1.13) eqvivalentoba mtkicdeba Semdegnairad: 
 

                                P  (P  Q )  (P  T)  (P  Q )         igiveobis kanoni 

                            P  (T  Q )                  distribuciulobis kanoni 

                            P  T                           dominirebis kanoni     

                                                       P                                    igiveobis kanoni 
 
analogiurad mtkicdeba (1.14). Zalin sasargebloa STanTqmis kanonebi, rodesac 
gamosaxuleba moiTxovs gamartivebas. kidev ori mniSvnelovani kanonia  
 

                                                  (P  Q )  ( P  Q)  Q                                                                            (1.15) 

                                                  (P  Q )  ( P  Q)  Q                                                                            (1.16) 
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rom davamtkicoT  (1.15), viyenebT distribuciulobis kanons, rom miviRoT            

(P  P )   Q, romelic Tavis mxriv martivdeba  T  Q –iT mesamis gamoricxvis kanonis 
gamo. Semdeg viyenebT igiveobis kanons, romelic gvaZlevs Q –s, rac asrulebs 
damtkicebas. analogiurad mtkicdeba (1.16). 
 
 
 
3.5.6 Semoklebebi gamosaxulebebis manipulirebisaTvis 

 
wina paragrafSi, cxrili 1.16-is kanonebi gamoyenebuli iyo zustad ise rogorcaa 
isini mocemuli. praqtikuli miznebisaTvis, xSirad es mouxerxebelia, da amitom 
Semoklebebi dasaSvebia. rom davinaxoT Tu rogor muSaobs, ganvixiloT koniunqcia 

                                                              ((P1  P3)  P2)  ( T  P1)                                                                (1.17) 

 

vinaidan T  P1  P1, SegviZlia movaSoroT  T. asociaciurobis kanonis gamo advili 
dasanaxia frCxilebis ganlageba. amitom SeiZleba isinic CamovaSoroT. ufro metic, 
komutaciurobis kanoni iZleva saSualebas Tavisuflad gadavawyoT wevrebi. 
maSasadame 
 

((P1  P3)  P2)  P1)  P1  P1  P2  P3 

 

exla ki cxadia, meore adgilas myofi P1 SegviZlia movaSoroT idempotenturobis 

kanonis gamo. amitom (1.17) martivdeba  P1  P2  P3   -iT. 
 Semdeg ganvixiloT gamosaxuleba 
 

P  F  Q 

 
dominirebis kanonis orjer gamoyenebiT vaskvniT, rom mocemuli gamosaxuleba 
daiyvaneba F –mde. zogadad, nebismieri koniunqcia, romelic Seicavs F wevrs gvaZlevs 
F –s. igives iZleva Tu koniunqcia Seicavs urTierT gamomricxav literalebs. 

magaliTad, P  Q  P  gvaZlevs F –s. es rom davinaxoT, gadavweroT P  Q  P  

rogorc P  P  Q , viyenebT winaamRdegobis kanons, rom miviRoT F  Q , romelic 
aris F –i. 
 yvelaferi rom SevajamoT, koniunqciis gamartivebisaTvis, romelic Seicavs 
mxolod literalebs,  Cvens xelT aris Semdegi wesebi. sanam gamoviyenebT am wesebs, 
ukeTesia davalagoT leqsikografikulad, cvladebis saxelebis mixedviT. 
 

1. Tu koniunqcia Seicavs urTierTgamomricxav literalebs an Tu is Seicavs 
logikur kanstanta  F–s, maSin is yovelTvis gvaZlevs F–s; e. i. winaamRde-
gobriobas. 

2. yvela Semavali logikuri konstanta T  da yvela dublirebuli kopioebi 
nebismieri literalebisa, SeiZleba moSorebul iqnas. 

 
Tu saqme gvaqvs diziunqciasTan, maSin SegviZlia gamoviyenoT dualuri wesebi. 
 
1. Tu diziunqcia Seicavs urTierTgamomricxav literalebs an Tu is 

Seicavs logikur kanstanta  T–s, maSin is yovelTvis gvaZlevs T–s; e. i. 
tavtologias. 
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2. yvela Semavali logikuri konstanta F  da yvela dublirebuli kopioebi 
nebismieri literalebisa, SeiZleba moSorebul iqnas. 

 

magaliTad, P  Q  P  gvaZlevs T–s, xolo P  Q  P   F  gvaZlevs  P  Q –s. 
aRvniSnoT gansxvaveba koniunqciasa da diziunqcias Soris. diziunqcia gamomricxavi 
literalebiT an diziunqcia, romelic Seicavs T–s, yovelTvis gvaZlevs T–s. e. i. is 
tavtologiaa. koniunqcia gamomricxavi literalebiT an koniunqcia, romelic Seicavs 
logikur konstanta F–s, yovelTvis aris winaamRdegobrioba.  

arsebobs koniunqciebi oTxi, sami an ori wevriT. magaliTad,  P1  P2  P3  P4 

aris oTxwevriani koniunqcia, xolo P  Q  orwevriani koniunqciaa. gamosaxuleba 
Semdgari erTi propoziciuli cvladisgan SegviZlia moviazroT rogorc 
erTwevriani koniunqcia. ufro metic, moxerxebulia ganvsazRvroT T rogorc 
nulwevriani koniunqcia. es SesaZlebelia gavamarTloT, magaliTad, Semdegi oTxi 
gamosaxulebebis ganxilviT: 

 

P1  P2  P3  T 

P1  P2  T 

P1  T 

T 
 

Tu T–s gamovricxavT, maSin pirveli gamosaxuleba gaxdeba samwevriani gamosaxuleba, 
meore orwevriani koniunqcia, mesame erTwevriani koniunqcia. es ki uSvebs imas, rom 
meoTxe gamosaxuleba gaxdeba nulwevriani koniunqcia. nulwevriani koniunqciebi 
sasargebloa, roca vadasturebT modelis koreqtulobas damtkicebisaTvis. am 
SemTxvevaSi, unda aigos winamZRvrebis koniunqcia, da Tu nulwevriani koniunqciebi 
dasaSvebia, SegviZlia gamovikvlioT daskvnebi, romlebic marTebulia nebismieri 
winamZRvris gamoyenebis gareSe. marTlac, nebismieri tavtologia SeiZleba 
interpretirebul iqnas rogorc daskvna, romelic ar moiTxovs winamZRvrebs. 
nulwevriani koniunqciis gansazRvriT, romelic gvaZlevs T–s, yvela tavtologia 
SeiZleba ganxilul iqnas rogorc specialri SemTveva koreqtuli logikuri 
msjelobisa. Amis Sesaxeb diskusia gveqneba mogvianebiT. agreTve arsebobs 
nulwevriani diziunqciebi. magram, nulwevriani diziunqciebi yovelTvis         
gvaZlevs F–s. 
 
 
magaliTi 1.13  gaamartiveT 
 

(P3  P2  P3  P1)  (P1  P3  P1) 

 
 amoxsna. mocemuli gamosaxuleba aris ori koniunqciis diziunqcia. pirvel rigSi, 

gavamartivoT koniunqciebi. pirvel koniunqciaSi P3 gvxvdeba orjer, amitom erTi P3 

SegviZlia movaSoroT. meore koniunqcia Seicavs rogorc P1 aseve P1, da is amitom gvaZlevs 
F–s. maSasadame,  
 

       (P3  P2  P3  P1)  (P1  P3  P1)  (P1  P2  P3)  F  (P1  P2  P3)                    ■ 
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3.5.7 normaluri formebi 
 

zogadad sasargebloa, rom gamosaxulebebisaTvis gvqondes standartuli formebi, 
imitom, rom es aadvilebs vawarmooT ori gamosaxulebis identificireba da 
Sedareba. arsebobs agreTve standartuli formebi logikuri gamosaxulebebisaTvis, 
da maT uwodeben normalur formebs. arsebobs normaluri formebis ori tipi, 
diziunqciuri normaluri formebi da koniunqciuri normaluri formebi. orive 
SemTxvevaSi gagvaCnia srulyofili formebi, e. i., Sesabamisad, srulyofili 
diziunqciuri da koniunqciuri normaluri formebi, romlebic ganisazRvrebian 
calsaxad. miuxedavad amisa, xSirad ufro mosaxerxebelia normaluri formebis 
gamoyeneba, romlebic ar warmoadgenen srulyofil formas, radganac isini ufro 
moklea.  
 
 
 
gansazRvreba 1.18. logikur gamosaxulebas uwodeben diziunqciur normalur formas, 
Tu is Cawerilia rogorc diziunqcia, sadac yvela wevri warmoadgens literalebis 
koniunqcias. analogiurad, logikur gamosaxulebas uwodeben koniunqciur normalur 
formas, Tu is Cawerilia rogorc koniunqcia, sadac yvela wevri warmoadgens 
literalebis diziunqcias. 

 
 

diziunqciuri normaluri formebis magaliTs warmoadgenen  (P  Q )  (P  Q ),                

P  (Q  R ) da  P   T. meores mxriv, diziunqcia   (P  Q )  R  ar aris Cawerili 
normalur formaSi, imitom rom is Seicavs araatomuri gamosaxulebis uaryofas. 
mxolod atomuri qvegamosaxulebebi SeiZleba uaryofil iqnan, da uaryofili 
atomuri qvegamosaxulebebi  warmoadgenen  literalebs.  koniunqciuri   normaluri 

formebis magaliTs warmoadgenen P  (Q  R )  da P  F.  magram, P  (R   ( P  Q ))  ar aris 

koniunqciuri nomaluri forma, vinaidan diziunqcia (R   ( P  Q )) Seicavs koniunqcias 
rogorc qvegamosaxulebas. koniunqciuri normaluri forma rom gvqondes, arcerTi 
diziunqcia ar unda Seicavdes koniunqcias qvegamosaxulebis saxiT. literalebi, 

rogoricaa  P   an  P , orive erTdroulad warmoadgenen koniunqciur normalur 
formas da diziunqciur normalur formas, da aseTive arian T da  F. 
 am paragrafSi Cven vimsjelebT rogor unda miviRoT koniunqciuri normaluri 
formebi algebruli manipulaciebis gamoyenebiT. diziunqciuri normaluri formebi 
miiReba analogiuri gziT. ufro metic, 1.5.8 paragrafSi naCvenebi iqneba rogor 
miiReba diziunqciuri normaluri formebi WeSmaritobis cxrilis saSualebiT. sami 
biji moiTxoveba, rom miviRoT koniunqciuri normaluri formebi algebruli 
manipulaciebis gamoyenebiT.  
 

1. unda movaciloT yvela →  da  ↔. 
2. Tu mocemuli gamosaxuleba Seicavs nebismier uaryofil Sedgenil 

qvegamosaxulebas, an unda movaciloT uaryofa ormagi uaryofis kanonis 
gamoyenebiT an de morganis kanonis gamoyenebiT, rom SevamciroT uaryofis 
midamo. 

3. rogorc ki moinaxeba Sedgenili gamosaxuleba uaryofis gareSe, rom 

SevamciroT -is midamo, gamoyenebul unda iqnas Semdegi ori kanoni  
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                                              A  (B  C)   (A  B )  ( A  C)                                                             (1.18) 

                                (A  B)  C   (A  C )  ( B  C)                                                             (1.19) 

 

(1.18) da (1.19) kanonebi gamomdinareoben komutaciurobis da distribuciulobis 
kanonebidan.  

 
magaliTi 1.14  gardaqmeniT Semdegi gamosaxuleba normalur formaSi. 
 

((P   Q )  R ) 

 
 amoxsna. koniunqciuri normaluri forma moZebneba Semdegi gardaqmnebiT: 
 

                                          ((P   Q )  R )   (P   Q )   R      de morganis kanoni 

                                       (P   Q )   R         ormagi uaryofis kanoni 

                                       (P   Q )   R             de morganis kanoni   

                                                                (P   Q )   R                ormagi uaryofis kanoni 

                                                                (P   R )   (Q   R )        (1.19) –iT           ■ 

 
am meTodiT moZiebuli normaluri koniunqciuri forma yovelTvis miRwevadia. 
marTlac, Tu Sedgenili gamosaxuleba iwyeba uaryofiT, maSin gamoiyeneba an ormagi 
uaryofis kanoni an de morganis kanoni. bolosdabolos, yvela uaryofa unda iyos 
literalebis nawili. analogiurad, Tu nebismieri qvegamosaxuleba Seicavs 
koniunqcias, maSin viyenebT an (1.18) an (1.19). sabolood, yvela diziunqcia moTavsdeba 
romeliRac koniunqciis midamoSi, da amave dros mocemuli gamosaxuleba iqneba 
normalur formaSi.    
 
magaliTi 1.15  gardaqmeniT Semdegi gamosaxuleba koniunqciur normalur formaSi. 
 

(P1  P2 )   (P3   (P4  P5 )) 

 
 amoxsna.  

                            (P1 P2 )   (P3   (P4  P5 )) 

                                                             (P1    (P3   (P4  P5 )))  

                                                             (P2    (P3   (P4  P5 )))            (1.19)-iT 

                               (P1    P3)  (P1   P4  P5 )      (1.18)-iT 

                         (P2    P3)  (P2   P4  P5 )     (1.18)-iT 
    

yvela -as ukve gaaCnia umciresi SesaZlo midamo, da gamosaxuleba Cawerilia        
koniunqciur normalur formaSi. 

 
rogorc ki miRebulia koniunqciuri normaluri forma, Sesamowmebelia, SesaZle-
belia Tu ara Semdgomi gamartiveba. maSasadame, unda Semowmdes, SeiZleba Tu ara 
gamoyenebul iqnas (1.13) – (1.16) eqvivalentobebi. sxva wyaro igiveobebisa, romlebic 
SeiZleba gamoyenebul iqnas gamartivebis mizniT pirvel rigSi aris cxrili 1.16 –is 
kanonebi. kerZod, yvela diziunqcia, romlebic Seicaven urTierTgamomricxav 
literalebs SeiZleba ubralod movaciloT. ufro metic, nebadarTulia amoviRoT 
literalebi, romlebic gvxvdeba erTze metad erTsadaimave diziunqciaSi. 
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magaliTi 1.15  gaamartiveT Smdegi normaluri forma. 
 

(P  Q )   P   (Q  R )  (P  P  R )  (Q  R ) 

 
 amoxsna. bolodan meore diziunqcia SegviZlia movaSoroT, imitom rom is 

gvaZlevs T-s. ufro metic, StanTqmis kanoniT movacilebT (P  Q ), romelsac StanTqavs P. 

dabolos, (1.16)-is Tanaxmad,  (Q  R )  (Q  R )  gvaZlevs  R –s. 
 

              (P  Q )   P   (Q  R )  (P  P  R )  (Q  R )  P  R                                ■ 

 
 kanonebi, romlebic aRiwera am paragrafSi, xSirad sasargebloa gamosaxule-
bebis gasamartiveblad. ganxiluli gamartivebebi SeiZleba agreTve miRebul iqnan de 
morganis kanonebis gamoyenebiT, imitom rom isini iZlevian saSualebas gadaiweros 
eqvivalentobebi iseTnairad, rom ormagi uaryofis kanoni iyos gamoyenebadi. aseve, 
gamosaxulebebi, romlebic Seicaven arauaryofil Sedgenil qvegamosaxulebebs, ufro 
moqnilia, romelic amaRlebs gamartivebis SesaZleblobas. 
 

 
3.5.8 WeSmaritobis cxrilebi da normaluri diziunqciuri formebi 
 
 
aqamde Cven vuCveneT Tu rogor unda aigos WeSmaritobis cxrili logikuri 
gamosaxu-lebisaTvis. SesaZlebelia agreTve vimoqmedoT SebrunebiT. SesaZlebelia 
nebismieri WeSmaritobis cxrili gardaiqmnas logikur gamosaxulebad. gamosaxuleba, 
romelic miiReba am gziT, Cawerili iqneba normalur diziunqciur formaSi. 
namdvilad, konceptualurad uadvilesi meTodi, rom aigos gamosaxulebis 
normaluri forma, WeSmaritobis cxrilis gamoyenebaa. samwuxarod, WeSmaritobis 
cxrili izrdeba eqsponencialurad cvladebis ricxvTan erTad, romelic xdis am 
meTods yuradsaReb meTodad mraval cvladian gamosaxulebebisaTvis. 
 zogadad, WeSmaritobis cxrili gvaZlevs WeSmaritobis mniSvnelobebs 
romeliRac gamonaTqvamisaTvis yvela SesaZlo mniSvnelobaTa miniWebisaTvis. cxrili 
1.17 gvaZlevs magaliTs WeSmaritobis cxrilisa romeliRac  f gamonaTqvamisaTvis. f-is 
WeSmaritobis mniSvneloba damokidebulia sam cvladze P, Q da R. es gardaqmnis f-s 
WeSmaritobis P, Q da R argumentebis mqone funqciad.  

rom gardavqmnaT funqcia, romelic mocemulia WeSmaritobis cxriliT 
logikur gamosaxulebad, iyeneben mintermebs. 
 

cxrili 1.17  
WeSmaritobis funqciis WeSmaritobis cxrili   
P   Q   R      f 
T   T    T 

T   T    F 

T   F    T 

T   F    F 

F   T    T 

F   T    F 

F   F    T 

F   F    F 

   T               

   F                

   T               

   F      

   F 

   F 

   T 

   F 
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gansazRvreba 1.19: mintermi aris literalebis koniunqcia, sadac yoveli cvladi 
warmodgenilia mxolod erTxel.  

 
 

magaliTad, Tu WeSmaritobis funqcias gaaCnia P, Q da R cvladebi, maSin  P    Q   R  

aris mintermi, magram P    Q da P   P   Q   R   ara.  P    Q -Si aklia  R-i, xolo    

P   P  Q   R –Si  cvladi P  gvxdeba orjer. 
 yoveli mintermi WeSmaritia mxolod erTi WeSmaritobis mniSvnelobaTa 

miniWebisaTvis. magaliTad,  P    Q   R  WeSmaritia Tu  P  -s miniWebulia aqvs 
mniSvneloba T, Q  -s  -  F, da  R  -s  -  T. sxva danarCeni (gansxvaebuli) WeSmaritobis 
mniSvnelobebi xdian mocemul minterms mcdars. mintermebis diziunqcia WeSmaritia 
mxolod maSin, roca erTi mainc misi Semadgeneli mintermi WeSmaritia. magaliTad,            

(P  Q    R  )  (P  Q    R  )  (P  Q  R )  mxolod maSin aris WeSmariti, roca erTi 

mainc (P  Q    R  ), (P  Q    R  ) an  (P  Q  R ) WeSmaritia.  Tu f  funqcia 
warmodgenilia WeSmaritobis cxriliT, Cven viciT zustad WeSmaritobis romeli 
mniSvnelobebis miniWebisaTvis aris is WeSmariti. aqedan gamomdinare, Cven SegviZlia 
amovarCioT mintermebi iseTnairad, romelic xdis mocemul funqcias WeSmaritad  da 
vqmniT diziunqcias am mintermebiT. funqcia f–i, magaliTad, WeSmaritia sami 
WeSmaritobis mniSvnelobebis miniWebisaTvis: 
 

1. P, Q, R   yvela WeSmaritia. 

2. P, Q, R   yvela WeSmaritia. 

3. P, Q, R   yvela WeSmaritia. 
 

Sesabamisi mintermebis mocemuli diziunqcia logikurad eqvivalenturia f-isa, rac 
niSnavs, rom Cven gvaqvs f-is Semdegi logikuri gamosaxueleba: 
 

f  (P  Q    R  )  (P  Q    R  )  (P  Q R ) 

 
vinadan mintermebi warmoadgenen koniunqcias, Cven gamovsaxeT mocemuli funqcia 
diziunqciur normalur formaSi. sinamdvileSi, miviReT noraluri formis 
specialuri tipi,  srulyofili normaluri forma. 
 
 
gansazRvreba 1.20: Tu WeSmaritobis funqcia gamosaxulia rogorc mintermebis 
diziunqcia, mas ewodeba srulyofili diziunqciuri normaluri forma. 
 

 
 
 
3.5.9 bulis funqciebi 
am paragrafSi  T-s magivrad CavwerT 1, xolo F-is magivrad  0.  

nebismier funqcias }1,0{}1,0{: nf  vuwodebT n adgilian bulis funqcias. am  
SeTanxmebis Tanaxmad ganvsazRvroT mniSvnelovani bulis funqciebi Semdegnairad:  
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x  y = max (x,y),  x  y = min (x,y),  x →  y = min (1, 1 – x + y ),  x = 1 – x. qvemoT, cxrilis 
saSualebiT, moyvanilia ramodenime cnobili bulis funqcia.  

 

 davuSvaT, rom mocemuli gvaqvs n raodenobis  m adgiliani operaciebi nff ,...,1  

gansazRvruli X simravleze. agreTve davuSvaT, rom   X -ze gansazRvrulia n 

adgiliani operacia f. ganvsazRvroT X –ze m adgiliani operacia g  Semdegnairad  
 

)),...,(),...,,...,((),...,( 1111 mnmm xxfxxffxxg   

 

nebismieri Xxx m ,...,1 . vityviT, rom operacia g miRebulia nfff ,...,, 1  operaciebisagan 

superpoziciiT (an CasmiT). sxva sityvebiT rom vTqvaT, g gamoisaxeba nfff ,...,, 1  

operaciebis saSualebiT.  n+k cvladian ),...,,,...,( 11 knnn xxxxf   funqciaSi cvladebs 

knn xx  ,...,1  ewodeba fiqtiuri, Tu f funqciis mniSvneloba ar aris damokidebuli 

knn xx  ,...,1  cvladebis mniSvnelobebze. am gansazRvridan gamomdinare, nebismieri n 

adgiliani funqcia SegviZlia vigulisxmoT rogorc  n + k  adgiliani funqcia, sadac  
k>0. 

ismis kiTxva: rogori bulis funqciebi gamoisaxeba  ,,  funqciebis 

saSualebiT? vidre am kiTxvaze vupasuxebdeT, SemoviRoT gansazRvreba: davuSvaT  F  

aris raRac funqciebis simravle X–ze da nff ,...,1  aris funqciebi  F –dan. vityviT, 

rom sistema },...,{ 1 nff  aris sruli  F-Si, Tu nebismieri funqcia F –dan gamoisaxeba 

nff ,...,1  funqciebis saSualebiT. 

F  -iT aRvniSnoT yvela bulis funqciebis simravle.  
 

 
 

Teorema (sisrulis Teorema). sistema {  ,, } aris sruli yvela bulis 
funqciebis F simravleSi. sxva sityvebiT rom vTqvaT, nebismieri bulis funqcia 
gamoisaxeba  ,,  funqciebis saSualebiT. 
 

damtkiceba. davuSvaT, rom ),...,( 1 nxxf  aris nebismieri bulis funqcia. naTelia, 

rom  f  SeiZleba warmovadginoT cxrilis saSualebiT n2  striqoniT, sadac yoveli 

striqoni Seicavs nxx ,...,1  cvladebis mniSvnelobebis ganawilebas 0-iT da 1-iT da 

Sesabamisi ),...,( 1 nxxf    funqciis   mniSvnelobebs.    gadavnomroT striqonebi 

 
        

21 xx  21 xx   21 xx   21 xx   21 xx   21 xx   21 xx   

1      1 1 1 1 0 1 1 
0      1 1 0 1 1 0 0 
1      0 1 0 0 1 0 0 
0      0 0 0 1 0 0 1 
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N 
nxx ...1  ),...,( 1 nxxf  

1 11 … 1 
1   

2 01 … 0    2   

… ………    . . . 

i 
n ...21  i   

… ………. . . . 

n2  00 … 0    n2
    

 
 

naturaluri ricxvebiT 1,2,3,…,2
n
. moyvanil cxrilSi j {0. 1} (j = 1, … , n ),  k  {0, 1} (k = 1, 

… , 2n ). yoveli    i-Tvis, sadac ni 21  , iD -T aRvniSnoT mravalwevri n

nxx


 ...1

1 , 

sadac  j

jx

  aris  jx , Tu jx  cvladis mniSvneloba i-ur striqonze tolia 1,  xolo 

j

jx

 aris jx , Tu jx  cvladis mniSvneloba i-ur striqonze tolia 0.  advili 

dasanaxia, rom iD  aris n adgiliani bulis funqcia )...,( 1 ni xxD . aRvniSnoT  D -Ti 

Semdegi bulis funqcia 

iD
i


1

, 

 

e. i. iseTi iD  funqciebis bulis jami ( ) , rom funqcia f –i  i-ur striqonze 

Rebulobs mniSvneloba 1. Tu aseTi striqoni ar arsebobs, maSin funqcia f –is 
mniSvneloba yovelTvis  0-s tolia, da maSin Cven Teoremas akmayofilebs bulis 

funqcia  11 xx  . bulis funqcia )...,( 1 nxxD  emTxveva funqcia ),...,( 1 nxxf -s. marTlac, 

davuSvaT mocemulia cvladebis nxx ...1  mniSvnelobebis 0-iT  da  1-iT raRac 

ganawileba da es ganawileba warmodgenilia  k-uri striqoniT da am striqonze f  

Rebulobs mniSvneloba 1. funqcia kD  am SemTxvevaSi (gansazRvris Tanaxmad) 

Rebulobs mniSvneloba 1, xolo Tu ki  , maSin iD  k-ur striqonze Rebulobs 

mniSvneloba 0. es gamomdinareobs im faqtidan, rom funqcia  j

jx

 (romelic iD -s 

Semadgeneli nawilia)  Rebulobs mniSvneloba 1 maSin da mxolod maSin, roca jx -s 

mniSvneloba emTxveva  j -s. xolo am SemTxvevaSi funqcia kD  aris funqcia D -s 

(rogorc bulis funqciebis jamis) Semadgeneli nawili  da misi mniSvneloba  k-ur 

striqonze 1-s tolia. Tu k-ur striqonze funqcia f  Rebulobs mniSvneloba 0, maSin  

kD  ar aris funqcia D -s (rogorc bulis funqciebis jamis) Semadgeneli nawli da 

misi  (D  funqciis) mniSvneloba k-ur striqonze 0-s tolia. aqedan vaskvniT, fD  .  ■  
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magaliTi. 
 

 

 

 

 

 

 

 

am SemTxvevaSi  )()()(),( 21212121 xxxxxxxxD  . 

 

Sedegi. yoveli sistema Semdgari ori funqciisagan },{},,{   da },{   aris 
sruli yvela bulis funqciebis F simravleSi. 

 

damtkiceba. SevniSniT, rom bulis funqcia 21 xx   tolia )( 21 xx  -sa. es 

advili Sesamowmebelia cxrilis saSualebiT. sxva sityvebiT rom vTqvaT,    

gamoisaxeba    da   funqciebis saSualebiT. e. i. , wina Teoremis Tanaxmad, },{   

sistema srulia. sakmarisia nebismier bulis funqciaSi gamosaxuleba 21 xx   

Seicvalos )( 21 xx   gamosaxulebiT. darCenili dasamtkicebeli nawili 

gamomdinareobs Semdegi tolobebidan : 
 

).(

,

),(

2121

2121

2121

xxxx

xxxx

xxxx







 

                                                                             
                                                                    
                                              
                                                                               
       
 
 Cven axla vnaxeT, rom arsebobs wyvili bulis funqciebisa, magaliTad    da  , 
romlis saSualebiT SeiZleba gamoisaxos nebismieri bulis funqcia.SesaZlebelia 

agreTve mivaRwioT imave efeqts erTi funqciis saSualebiT  , romlis cxrili 
Semdegia 
 

 

 

 

 

 

 

 

 

 

   

21 xx  ),( 21 xxf  

1      1 0 
0      1 1 
1      0 1 
0      0 1 

21 xx  
21 xx   

  1      1 0 
 0      1               0 
  1      0 0 
  0      0 1 



 

90 

 

90 

 21 xx   tolia 1 maSin da mxolod maSin, roca 1x  da 2x  orive tolia 0. advili 

dasanaxia, rom WeSmaritia Semdegi tolobebi : 111 xxx   da  

)()( 221121 xxxxxx  . amitom, sisrulis Teoremis Tanaxmad, erTi bulis funqcia 

  sakmarisia raTa gamoisaxos yvela bulis funqcia.  
meore bulis funqcia, romelic sakmarisia am miznisTvis, aris funqcia |, 

romlis cxrili Semdegia 

 
 

 
 

 
 

 
 
 

21 | xx   tolia 0 maSin da mxolod maSin, roca 1x  da 2x  orive tolia 1. rom funqcia | 

sakmarisia yvela bulis funqciebis misaRebad, gamomdinareobs Semdegi tolobebis 

WeSmaritobidan: 111 | xxx    da )|(|)|( 221121 xxxxxx  . 

 
 
3.5.10 koniunqciuri normaluri formebi da damatebebi 

 
am paragrafSi, SemoRebuli iqneba damatebis cneba, romelic mWidrod aris 
dakavSirebuli dualobasTan, da is gamoiyenebuli iqneba koniunqciuri normaluri 
formebis misaRebad WeSmaritobis cxrilebis saSualebiT. Tu A nebismieri 
gamosaxulebaa, A-s damatebas vRebulobT, pirvel rigSi A-s dualuris formirebiT 
da Semdeg yvela literalis maTi uaryofebiT SecvliT. e. i., A-s damateba aris 
yovelTvis logikurad eqvivalenturi A-s uaryofisa.   

 

magaliTi 1.17  uaryaviT gamosaxuleba A = (P  Q )  R  damatebis gamoyenebiT. 
 

 amoxsna. A-s duali aris (P  Q )  R. damateba rom vipovoT, yoveli literali       

        SevcvaloT misi uaryofiT, romelic gvaZlevs (P  Q )  R . aqedan vaskvniT, rom 

 

                                                 A   ((P  Q )  R)  (P  Q )  R                                    ■                     
■■ 
 axla Cven davamtkicebT, rom damateba aris uaryofa. davuSvaT, rom comp A 

aRniSnavs A-s damatebas. Tu A Sedgeba mxolod erTi literalisgan, vTqvaT A = P, 

maSin comp A = P, da is aris A-s uaryofa. analogiur Sedegs vRebulobT, Tu A = P. 

agreTve, Tu A = T, misi damateba aris F-i, da comp A  A, da igive sruldeba Tu A = F. 

axla ganvixiloT literalebis koniunqcia. Tu A = (P  Q ), maSin misi damateba aris 

(P  Q ), da is, de morganis kanonis Tanaxmad, logikurad eqvivalenturia  (P  Q ). 

analogiurad,  (P  Q )-s damateba, romelic aris (P  Q ), logikurad 

eqvivalenturia diziunqcia (P  Q )-s uaryofisa. ufro metic, A da B wevrebis 
koniunqcias da diziunqcias gaaCniaT damatebebi, romlebic logikurad 

21 xx  21 | xx  

1      1 0 
0      1 1 
1      0 1 
0      0 1 
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eqvivalenturebia, Sesabamisad, (A  B )  da (A  B ), im pirobiT, rom A  comp A da  

B  comp B. igive mtkiceba gamoiyeneba uaryofebisaTvis. maSasadame, yvela 
mtkicebuleba, romelic agebulia gamosaxulebebisagan, romlTaTvisac damateba 
niSnavs uaryofas inaxavs moyvanil Tvisebas: misi damateba, agreTve, logikurad 
eqvivalenturia misi uaryofisa. ar aris Zneli dasanaxi, es iwvevs imas, rom 
nebismieri gamosaxulebis damateba logikurad eqvivalenturia uaryofisa. es 
ganxiluli iqneba mogvianebiT.  
 damatebebi aris agreTve mizezi, ratom Cndebian cxril 1.16-Si  yvela 
logikuri eqvivalentobebi dualuri wyvilis saxiT. Tu ori gamosaxuleba A da B 
logikurad eqvivalenturebia, maSin aseTivea maTi uaryofebi da, maTTan erTad, maTi 
damatebebi. A-s dualis mosanaxad misi damatebidan saWiroa mxolod Seicvalos yvela 
literali misi damatebiT. es operacia gardaqmnis tavtalogiebs tavtalogiebSi. e. i. 

Tu A  B, maSin comp A  comp B, da, rogorc Sedegi, A–s duali logikuri 
eqvivalenturia A–s. 
 damatebebi SeiZleba gamoyenebul iqnas koniunqciuri normaluri formis 
asagebad romelime f funqciisDWeSmaritobis cxrilis saSualebiT. jer unda 

ganvsazRvroT f-is diziunqciuri normaluri forma. Tu Sedegad miRebuli 

normaluri diziunqciuri forma aris  A, maSin A  f , da A-s damateba, romelic A-s 
uaryofaa, unda iyos f-is logikurad eqvivalenturi. Semdegi magaliTi detalurad 
xsnis am midgomas. 
 
 
magaliTi 1.18  moZebneT srulyofili koniunqciuri normaluri forma funqcia f1-Tvis,    
                romelic mocemulia  cxrili 1.18-iT.  
 
cxrili 1.18  
WeSmaritobis funqciis WeSmaritobis cxrili  
 
 
 
 
 
 

 
 
 
 
 
 
 

amoxsna. f1  aris WeSmariti mxolod Semdegi WeSmaritobis mniSvnelobaTa 
miniWebebisaTvis: 

 
P = T,      Q = F,       R = T 

P = T,      Q = F,       R = F 

P = F,      Q = F,       R = T 

 

amitom f1-is diziunqciuri normaluri formaa 
 

(P  Q   R )  (P  Q   R )  (P  Q   R ) 

 

P   Q   R f1 

T   T   T 

T   T   F 

T   F   T 

T   F   F 

F   T   T 

F   T   F 

F   F   T 

F   F   F 

T 

T 

F 

F 

T 

T 

F 

T 
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am gamosaxulebas gaaCnia damateba 
 

f1  (P  Q   R )  (P  Q   R )  (P  Q   R ) 

 

es damateba aris swored sasurveli koniunqciuri normaluri forma.                 ■ 

 

 

 
amocanebi 1.5 

 
1. (1.9) da (1.10) gamoyenebiT moacileT   →  da  ↔  Semdegi gamosaxulebebidan: 
 

(a) (P → Q )  (Q → R ) 

(b) (P → Q ) ↔ ((P  Q ) ↔ Q ) 

(c) P →  Q 
 

2.   cxrili 1.16 kanonebis gamoyenebiT, daamtkiceT Semdegi eqvivalentobebi: 
      

(a) (P  Q )  (Q  R )  Q  (P  R ) 
(b) ((P  Q )  P)  F 

(c) P →  Q 
 

3.   gaamartiveT Semdegi gamosaxulebebi: 
  

(a) (P3  T )  (P2  T )  
(b)  (P3  (P2  (P1  P3 )))  

(c) (P3  T )  (P2  P3 )  
 

4.   gaamartiveT Semdegi gamosaxulebebi: 
  

(a) (Q  R  S )  (Q  R  S )   
(b)  (P  R )  (P  R  S )  

(c) (P  (Q  S ))  (Q  S )  
 

5.   SeitaneT yvela uaryofa gamosaxulebebis SigniT SesaZleblobisamebr: 
  

(a) (P1  (P2  P3 ))   

(b)  P  ( P  (Q  R ))  

 

 

6.   gamoiyeneT gamonaTqvamTa algebras debulebebi Semdegi gamosaxulebebis   
   gamartivebisaTvis: 
  

(a) P  Q  (P  Q )  (P  Q)   P  Q   

(b)  (P  Q )  (P  Q )  ((P  R)  Q )  

(c) ((P  Q )  R )  Q  
 

7.   moZebneT koniunqciuri normaluri forma Semdegi gamosaxulebebisaTvis,   
    gamonaTqvamTa algebras debulebebis gamoyenebiT: 
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(a) (P → Q )  ↔ (P → R  Q)   

(b)  (P  Q )  (P  (R  S ))  (P  Q  S )  

(c) ((P  Q )  R )  Q  
 

8.   moZebneT srulyofili diziunqciuri normaluri forma logikuri funqciisaTvis,   
   romelic mocemulia cxrili 1.19-iT. 
 

             cxrili 1.19  
P   Q   R f 

T   T   T 

T   T   F 

T   F   T 

T   F   F 

F   T   T 

F   T   F 

F   F   T 

F   F   F 

T 

F 

F 

T 

F 

F 

T 

F 

 
9.   moZebneT f-is srulyofili koniunqciuri normaluri forma, romelic mocemulia   
    cxrili 1.19-iT. 
10.  damtkiceT logikuri eqvivalentobebi (1.14), (1.16) da (1.9). 
 
 
3.6 logikuri implikaciebi da gamoyenebebi 

 

 3.6.1 Sesavali 
 
am paragrafSi Cven vimsjelebT logikur implikaciaze da rogor SeiZleba is 

gamoyenebul iqnas koreqtuli msjelobisaTvis. cxdia arseboben arakoreqtuli 
msjelobebi, zogi maTgani ganxiluli iqneba Semdeg paragrafSi. arakoreqtul 
msjelobebs uwodeben mcdars. WeSmaritobis cxrilis meTodis gamoyenebiT, SegviZlia 
ganvasxvavoT koreqtuli da mcdari msjelobebi. 

msjelobis modelebi SeiZleba gamoisaxos mravali gziT. qarTul enaSi, 
daskvna Tan sdevs winamZRvars, da is iwyeba sityvebiT rogoricaa: “amitom”, “rogorc 
Sedegi”, “vaskvniT”. msjelobebSi, romlebic moyvanili iyo Tavis dasawyisSi, 
erTmaneTis miyolebiT, zemodan qveviT, CamoTvlili gvqonda winamZRvrebi. arsebobda 
horizontaluri xazi bolo winamZRvris qveS, da am xazis qveS ganTavsebuli iyo 
daskvna. modus ponensis SemTxvevaSi is gamoiyureba Semdegnairad: 

 
 
 

 

1. P → Q 

2. P 

3. Q 
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Tu msjelobis modeli koreqtulia, da mxolod am SemTxvevaSi, Cven viyenebT 

simbolos , rom gamovyoT winamZRvrebi daskvnisagan. Tu aviRebT kidev erTxel 
modus ponensis magaliTs, es gamoiyureba Semdegnairad: 

P → Q,  P  Q 

Cven ukve gamoyenebuli gvaqvs simbolo  tavtologiis aRniSvnisaTvis. es eTanxmeba 
am simbolos exlandel gamoyenebas: tavtologia aris ubralod msjelobis modeli 
winamZRvrebis gareSe. 
 msjeloba koreqtulia Tu daskvna logikurad gamomdinareobs, im pirobebSi 
rom winamZRvrebi marTebulia. es niSnavs, rom yvela winamZRvrebis koniunqciidan 
logikurad gamomdinareobs daskvna. e. i. Tu  A yvela winamZRvrebis koniunqciaa da   

B daskvnaa, unda uCvenoT, rom  A→ B  tavtologiaa. sxva sityvebiT,  unda vuCvenoT, 

rom  A  B  an, rac igivea, A  B.  
 mravali msjeloba Seicavs nabijebis mimdevrobas. es, kerZod, marTebulia ara 
marto maTematikuri damtkicebebisaTvis, aramed agreTve logikis gamoyenebaTa 
sferoSi. am TavSi Cven vimsjelebT msjelobis aseT mimdevrobebze, da rogor unda 
gamoviyenoT isini. Amas mivyavarT (semantikuri) gamoyvanis cnebamde. am TavSi Cven 
mokled mimovixilavT gamoyvanis ramodenime sistemas.  
 
 

3.6.2 logikuri implikaciebi 
 

A→ B –s formis nebismier tavtologias ewodeba logikuri implikacia. Cven 
ukve gvqonda ramodenimejer Sexeba logikur implikaciasTan. 1.2.7 paragrafSi, 
magaliTad, Cven vamtkicebTiT, rom P→ T  da  F→ P aris gamosaxulebebi, 
romlebic Wesmaritia P-s nebismieri mniSvnelobebisaTvis, romelic xdis 

orive gamosaxulebas tavtalogiad. maSasadame, P T  da  F P. logikuri 
implikaciebi tavtologiebia, da nebismieri logikuri tavtologia SeiZleba 
gamoyenebul iqnas rogorc sqemis baza. ufro zustad, Tu A nebismieri 

gamosaxulebaa, P T  adasturebs A T  sqemas. analogiuri meTodiT mtkicdeba 

sqema F A.  
 logikuri eqvivalentobebi iqmnebian logikuri implikaciebiT, rogorc 
es naCvenebia Semdeg TeoremaSi. 
 

 Teorema 1.2  Tu C da D ori gamosaxulebaa da Tu C  D, maSin C  D da 

D  C.  

 
 am Teoremis damtkicebas vandobT mkiTxvels. am Teoremis gamoyenebis 

mizniT, ganvixiloT eqvivalentoba  (P  Q )  (P  Q )  Q  [ixile (1.16)]. am 
eqvivalentobas mivyavarT Semdeg mniSvnelovan logikur implikaciasTan:  
 

                                                    (P  Q )  (P  Q )  Q                                                          (1.20) 

 
rasakvirvelia, nebismieri logikuri implikacia SeiZleba damtkicdes 

WeSmaritobis cxrilis saSualebiT. marTlac, Tu gvinda davamtkicoT DA  B, 

sadac A da B aris ori gamosaxuleba, Cven movamzadebT A→B –s WeSmaritobis 
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cxrils. magaliTad,  cxrili 1.20 amtkicebs P  (P  Q )-s, da cxrili 1.21 

amtkicebs  (P  Q ) P –s. orive am logikur implikacias gaaCnia saxeli: maT, 
Sesabamisad, ewodeba ajamvis kanoni  da gamartivebis kanoni. analogiuri 
gziT adre damticebuli iyo diziunqciuri silogizmi (ixile cxrili 1.10). 

 

 
              

                  cxrili 1.20 

           P → (P  Q )-s WeSmaritobis cxrili 
P   Q    P  Q     P → (P  Q ) 

T   T    

T   F    

F   T    

F   F    

    

  T                    T 

  T                    T 

  T                    T 

  F                    T 

 

 
             cxrili 1.21 

           (P  Q ) → P -s WeSmaritobis cxrili 
P   Q    P  Q    (P  Q ) → P 

T   T    

T   F    

F   T    

F   F    

    

  T                    T 

  F                    T 

  F                    T 

  F                    T 

 

3.6.3 koreqtulobis damtkiceba WeSmaritobis cxriliT 
 

msjeloba koreqtulia Tu yvela winamZRvrebidan logikurad gamomdinareobs daskvna. 
e. i., Tu  A1, … , An  aRniSnaven winamZRvrebs da C aRniSnavs daskvnas, maSin unda iyos 
 

A1, … , An   C 
 

rogorc iyo naCvenebi, es SeiZleba damtkicdes WeSmaritobis cxrilis saSualebiT 
imis CvenebiT, rom Semdegi gamosaxuleba tavtologiaa. 

 

A1  A2 …  An  → C 
 

Cven exla gamoviyenebT Semoklebebs. pirvel rigSi movZebnoT winamZRvrebis 
WeSmaritobis mniSvnelobebi. Tu, mocemuli mniSvnelobebisTvis, yvela isini gvaZlevs 
T-s, maSin vwerT  T-s specialuri svetis qveS, romlis saTauria “winamZRvrebi”. meore 
sveti Semonaxulia daskvnis WeSmaritobis mniSvnelobisaTvis. bolo sveti, romelic 
moniSnulia sityviT “marTebuli”, uCvenebs gamomdinareobs Tu ara daskvna wina-
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mZRvrebidan. rom vuCvenoT, rogor muSaobs es meTodi, ganvixiloT hipoteturi 
silogizmi, romelic SeiZleba gamoisaxos rogorc 

P → Q ,  Q → R  P→ R 

cxrili 1.22 aris WeSmaritobis cxrili am gamosaxulebisaTvis. vinaidan yvela 

SesaZlo WeSmaritobis mniSvnelobaTa miniWebebs mivyavarT T-mde marTebulobis 

svetSi, hipoTeturi silogizmi koreqtulia. 

cxrili 1.22 hipoTeturi silogizmis WeSmaritobis cxrili 

P  Q  R P → Q       Q → R winamZRvrebi    P→ R        marTebuli 
T   T   T 

T   T   F 

T   F   T 

T   F   F 

F   T   T 

F   T   F 

F   F   T 

F   F   F 

   T                  T 

       T                 F 

       F                 T 

       F                 T 

       T                 T 

       T                 F 

   T                  T 

   T                  T 

         T                           T                      T 

         F                           F                       T 

         F                           T                       T 

         F                           F                       T 

         T                           T                      T 

         F                           T                       T 

         T                           T                      T 

         T                           T                      T   

 

 meore logikuri msjeloba aRebulia konan doilis “kabineti wiTelSi”-dan, 
nawyvetSi, sadac Serlok holmsi uxsnis doqtor uatsons, rogor gamoiZia mkvlelis 
motivi logikuri msjelobis saSualebiT. Cven ganvixilavT mTlian nawyvets 
mogvianebiT. exla ki mxolod gavaanalizebT Semdeg msjelobas am nawyvetitad.  

mkvleloba ar iqneboda yaCaRobis mizani, Tu araferi iyo waRebuli. 

1. Tu is iyo yaCaRi, maSin raRac unda waeRo. 

2. araferi wauRia. 

3. is ar iyo yaCaRi. 

 

SevniSnoT, rom Serlok holmsi uSvebs, rom msmenelma, doqtor uatsonma, icis, rom 
Tu is iyo yaCaRi, maSin mas raRac unda waeRo, da, marTlac es gamomdinareobs 
RaCaRis gansazRvrebidan. magram, logikaSi, yvela es faqtebi unda iyos formuli-
rebuli zustad.  

rom gardavqmnaT Serlok holmsis msjeloba logikaSi, vuSvebT, rom P 
warmoadgens mtkicebulebas “mkvlelobis mizani iyo yaCaRoba”, da Q mtkicebuleba 
“raRac iyo waRebuli”. maSasadame, msjeloba gardaiqmneba Semdegnairad 
 

1. P →  Q 

2. Q 

3. P 
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aris Tu ara es modeli koreqtuli? cxrili 1.23 gviCvenebs, rom es xerxdeba 
WeSmaritobis cxrilis saSualebiT. Tu yvela winamZRvari WeSmaritia, da es is 

SemTxvevaa, roca P da Q orive  F-ia, maSin daskvna P  WeSmaritia. rogorc zemoT 
iyo naxsenebi, mocemul msjelobas uwodeben modus tolenss. vinaidan yvela 
cvladebis mniSvnelobebisaTvis Cndeba T marTebulobis svetSi, msjeloba 
koreqtulia. 

cxrili 1.23 WeSmaritobis cxrili modus tolensis damtkicebisaTvis 

P  Q   P → Q       Q winamZRvrebi    (P)        marTebuli 

T   T    

T   F    

F   T    

F   F    

   T              F 

       F             T 

       T             F 

       T            T 

 

         F                           F                       T 

         F                           F                       T 

         F                           T                       T 

         T                           T                       T 

  

 
 

Semdegi msjeloba ar aris koreqtuli; is mcdaria 

1. P  Q      

2. P 

 

ratom aris es ase, uCvenebs cxrili 1.24. arsebobbs cvladebis mniSvnelobebi, P = F  da  

Q = T, romlebisTvis winamZRvari WeSmaritia, magram daskvna mcdari. 

cxrili 1.24 mcdaroba 
P  Q winamZRvari  daskvna 

 P  Q           P 

marTebuli 

(P  Q) → P 
 

T   T    

T   F    

F   T    

F   F    

         T                    T 

         T                    T 

         T                    F 

         F                    F 

  

T 

T 

F 

T 

 

 
 

 

3.6.4 damtkicebebi 
 

mravali logikuri damtkiceba realurad aris Sedgenili msjeloba im azriT, rom 
daskvna erTi Semadgeneli msjelobisa warmoadgens momdevnos winamZRvars. nebismieri 
damtkiceba aris mimdevroba aseTi msjelobebisa. praktikaSi gamoyenebuli mravali 
mtkicebuleba aris araformaluri. arsebobs agreTve formaluri logikuri 
damtkicebebi, romlebic cnobilia rogorc gamoyvanebi an formaluri damtkicebebi. 
am msjelobas vafuZnebT or magaliTze. pirveli magaliTi Seicavs if-operatoris 
efeqts paskalSi, xolo meore srul msjelobas, romelic gamoyenebulia Serlok 
holmsis mier rom moiZios mkvlelobis motivi. 
 pirveli magaliTi Seicavs Semdeg mtkicebulebas: 
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if  X > Max  then  X = Max 

 
Cven gvinda davamtkicoT, rom, programis Sesrulebis Semdeg, SeuZlebelia, rom  X 
iyos meti vidre Max.  
 dasamtkiceblad, unda ganvixiloT ori SemTxveva, (1) SemTxveva, roca X > Max  

WeSmaritia if-operatoris Sesrulebamde, da (2) SemTxveva, roca is mcdaria.  nebismier 
SemTxvevaSi, X > Max  mcdaria am operatoris Sesrulebis Semdeg. pirvel SemTxvevaSi, 
aRniSnuli msjeloba Sesrulebadia, da X = Max operatoris Sesrulebis Semdeg. es 
ki, Tavis mxriv, iwvevs, rom X > Max xdeba mcdari. meore SemTxvevaSi, araviTari 
operacia ar xorcieldeba, da X > Max mcdaria operatoris Sesrulebamde da 
Sesrulebis Semdeg. nebismier SemTxvevaSi, mcdaria operatoris Sesrulebis Semdeg.  
 axla gamovsaxoT es msjeloga logikis enaze. Cven vsazRvravT 
 
 P :  X > Max       if-operatoris Sesrulebamde 

 Q :  X = Max     if- operatoris Sesrulebis Semdeg 
 R :  X > Max       if-operatoris Sesrulebis Semdeg 
 
SevniSnoT, rom Cven unda ganvasxvavoT sistemis mdgomareoba if-operatoris 
Sesrulebamde da Sesrulebis Semdeg. 
 sinamdvileSi damtkiceba Sedgeba ori nawilisgan.. pirveli, P→ Q WeSmaritia, 
imitom rom if-operatori sruldeba: Tu  X > Max operaciis Sesrulebamde,  maSin 

Semdgom  X = Max. Semdeg, Q→ R  WeSmaritia, imitom rom, Tu ori cvladi tolia, 

SeuZlebelia, rom erTi iyos meoreze meti. maSasadame, P→ Q da Q → R, da Cven 

SegviZlia gamoviyenoT hipoTeturi silogizmi da davaskvnaT P→ R. formalurad 
 

1. P→ Q 

2. Q → R 

3. P→ R 

 

nebismier logikuri msjelobis mimdevrobaSi, winamZRvrebi SeiZleba Seicavdes 

gamosaxulebebs, romlebic adre damtkicebuli iyo. kerZod, P → R SeiZleba 
gamoyenebul iqnas rogorc winamZRvari momdvno msjelobisa. Cven axla gamoviyenebT 
Semdeg sqemas, romelic SeiZleba gamoyvanil iqnas (1.20)-dan. 

 

                                        A → B,   A →  B   B B                                 (1.21) 
 

viyenebT am sqemas, im pirobiT, rom  A = P   da  B = R, raTa miviRoT 
 

1. P→ R 

2. P→ R 

3. R 

 
axla Cven warmovadgenT formalur msjelobas, anu gamoyvanas, romelic aerTianebs 
or msjelobas erT damtkicebaSi. es damtkiceba mocemulia 1.2 figuraSi. am 
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gamoyvanis yovel striqonSi arsebobs mxolod erTi gamosaxuleba. es gamosaxuleba 
aris an winamZRvari, an is gamoiyvaneba winamdebare striqonebidan wesis gamoyenebiT, 
romelic mocemulia wesebis romelime siidan. wina magaliTSi gamoyenebuli iyo 
mxolod ori wesi. erTi wesi iyo hipoTeturi silogizmi, romelsac SemoklebiT 
aRvniSnavT  HS-iT. meore wesi aris SemTxvevebis kanoni  (the law of cases), romelic aris 
sqema mocemuli (1.21)-iT. es sqema SemoklebiT aRiniSneba Cs–iT. magaliTad, me-4 
striqoni miiReba 1 da me-2 striqonebidan hipoTeturi silogizmis gamoyenebiT. 
daskvna miiReba me-3 da me-4 striqonidan Cs–is gamoyenebiT. 
 

         damtkiceba:  P→ Q,  Q → R,   P → R   R. 

 
                formaluri damtkiceba             wesi 
 
        1.  P→ Q                                                 winamZRvari 
 

        2  Q → R                                              winamZRvari 
 

        3.  P → R                                            winamZRvari 
 

        4.  P → R                                               1,2, HS 

 

               5.  R                                                          3,4, Cs 

 

 
                                                         figura 1.2 
 
 meore magaliTia Serlok holmsis msjeloba, romelic exeba mkvlelobas. Cven 
vaxdenT citirebas nawarmoebidan. 
 

axla Cven mivadeqiT mTavar kiTxvas mTavar mizezTan dakavSirebiT. yaCaRoba ar iyo 
mkvlelobis mizani, Tu araferi iyo waRebuli. is iyo maSin politikosi, Tu is iyo 
qali? es is kiTxvaa, romelic dasmulia Cems winaSe. me vixrebodi erTi poziciidan 
meoreze. politikosi mkvleli dakmayofildeboda imiT, rom Seasrulebda Tavis saqmes 
da uceb gauCinardeboda. am mkvlelis mier, piriqiT, yvelaferi gakeTebuli iyo 
auCqareblad, da borotmoqmedma datova Tavisi kvali yvela oTaxSi, romelic uCvenebs 
imas, rom is iyo aq mTeli drois ganmavlobaSi. 

 
rom gamovsaxoT es yvelaferi, Cven viyenebT Semdeg propoziciul cvladebs. 
 
 P1:  is iyo yaCaRi. 
 P2:  raRac iyo waRebuli. 
 P3:  is politikosi iyo. 
 P4:  is qali iyo. 
 P5:  mkvleli swrafad wavida. 
 P6:  mkvlelma datova kvali yvela oTaxSi. 
 
Serlk holmsis msjelobis damtkiceba, romelic moyvanilia 1.3 figuraSi, iyenebs 
modus ponens (MP), modus tolens (MT), da diziunqciur silogizms (DS). amiT 
sruldeba msjelobis formalizacia, romelic mocemulia Serlok holmsis mier. ra 
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sakvirvelia, zogierTi winamZRvari SeiZleba iyos sadRac meryevi. magram, Tu Cven 
miviRebT yvela winamZRvars, maSin Cven unda miviRoT daskvna.  
 
              daamtkiceT:  winamZRvrebi, rogorc aris CamoTvlili   P4. 

 
                formaluri damtkiceba       wesi            komentari 
 
  1.  P1 → P2                                   winamZRvari     Tu is iyo yaCaRi, raRac unda   
                                                             waeRo 
 

  2. P2                                             winamZRvari    araferi iyo waRebuli 
 

  3. P1                                            1, 2, MT               is ar iyo yaCaRi 
 

  4. P1→ P3  P4                            winamZRvari    is Tu ar iyo yaCaRi, maSin is unda   
                                                             yofiliyo an politikosi an qali 
 

  5.  P3  P4                                      3, 4, MP               is iyo an politikosi an qali 
 

  6.  P3→ P5                                      winamZRvari    Tu is iyo politikosi, maSin is  
                                                             swrafad datovebda adgils 
 

  7.  P6→ P5                                    winamZRvari    Tu mkvlelma datova kvali yvela   
                                                              oTaxSi, is ver wavidoda swrafad 
 

  8.  P6                                                winamZRvari    mkvlelma datova kvali yvela  
                                                              oTaxSi 
 

  9.  P5                                             7, 8, MP               mkvleli ar wasula swrafad 
 

  10. P3                                              6, 9, MT              is ar iyo politikosi 
 

  11. P4                                                     5, 10, DS          maSasadame, is iyo qali     

    

                                    figura 1.3 

 

 

3.6.5 gamoyvanebis sistemebi 
 

Cven vuCveneT, rom formalizebuli damtkicebebi, romlebic mocemuli iyo wina 
paragrafSi, faqtobrivad iyo gamoyvanebi. am paragrafSi Cven davasabuTebT am 
debulebas da ganvsazRvravT zustad ras niSnavs sityva gamoyvana. arsebobs 
arsebiTad sxvadasxva sistemebi gamoyvanis gasakeTeblad. yvela sistemas aqvs Semdegi 
saerTo niSani. 
 

1. arsebobs mocemuli sia dasaSvebi logikuri msjelobebisa, romelTac hqvia 
gamoyvanis wesebi. am sias Cven aRvniSnavT  L-iT. 

2. TviT gamoyvana aris sia logikuri gamosaxulebebisa. sawyisad, es sia 
carielia. gamosaxulebebi SeiZleba daematos am sias, Tu es damatebuli 
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gamosaxuleba winamZRvaria an Tu is SeiZleba miRebul iqnas winare 
gamosaxulebebidan erTerTi gamoyvanis wesis saSualebiT. es procesi 
grZeldeba manam, sanam ar mivaRwevT daskvnas. 

 
Tu arsebobs gamoyvana C daskvnisaTvis, mocemuli A1, … , An winamZRvrebidan da 
mocemuli dasaSvebi gamoyvanis wesebis L simravlidan, maSin Cven vwerT 

A1, … , An |L C 

 

zogjer, L uadgiloa diskusiaSi, da am SemTxvevaSi, vxmarobT |  nacvlad  |L-sa.  
 
magaliTi 1.19 uCveneT, rom ori damtkiceba, moyvanili 1.2 da 1.3 figuraSi, aris gamoyvanebi,  

da gamoyenebulia gmoyvanis wesebi. 
 
amoxsna.  1.2 figuris damtkicebaSi gamosaxulebebis sia, romelic Seadgens gamoyvanas   
mocemulia damtkicebis striqonebiT. yvela striqoni aris an winamZRvari an isini   
miiReba wina striqonebidan (1.21)-is da hipoTeturi silogizmis gamoyenebiT.  Tu am or 
wess aRvniSnavT Sesabamisad  Cs-iT da  HS-iT, maSin L= {Cs, HS}. damtkiceba xdeba 
gamoyvana L–is mimarT. 1.3 figurisTvis, Cven vsazRvravT  L1 rogorc simravles 
Semdgars  MP, MT , da  DS-gan, romlebic aRniSnaven Sesabamisad modus ponens, modus 
tolens da diziunqciur silogizms. am SemTxvevaSi, mocemuli damtkiceba aris 

gamoyvana  L1–is mimarT.                                                            ■ 
 

aRvniSnoT, rom formaluri gamoyvanebis mraval sistemebSi L-i fiqsirebulia. 
arcerTi gamoyvanis wesi ar gamoiyeneba, Tu is ar aris CarTuli L-Si rogorc 
dasaSvebi gamoyvanis wesi. Cven naklebad formalurebi varT, magram, Cven arsebiTad 
SemovifarglebiT gamoyvanebis wesebiT, romlebic mocemulia 1.25 cxriliT. wesebi 
mocemulia sqemis saxiT, da  A,  B, da C gamosaxulebebia. 
 
cxrili 1.25 ZiriTadi gamoyvanis wesebi 

A, B  AB SeerTebis kanoni (koniunqciis Se-
moyvanis kanoni) 

AB  B gamartivebis kanoni (koniunqciis mo-
Sorebis kanoni) 

AB  A gamartivebis kanonis varianti 

A  A  B ajammvis kanoni (diziunqciis Semoyva-
nis kanoni) 

B  A  B ajammvis kanonis varianti 

A, A→  B B modus ponensi 

B, A→  B  A modus tolensi 

A→ B, B→  C A→ C hipoTeturi silogizmi 

A  B, A B diziunqciuri silogizmi 

A→ B, A→ B B SemTxvevebis kanoni 

A ↔ B  A→ B eqvivalentobis mocileba 

A ↔ B  B→ A eqvivalentobis mocilebis varianti 
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A→ B, B→ A  A ↔ B eqvivalentobis SemoReba 

A, A B winaamRdegobriobis kanoni 

 

 
 pirveli kanoni, SeerTebis kanoni, trivialuria da ar saWiroebs damatebiT 
axsnas. Semdgomi eqvsi kanoni da maTi variantebi ukve ganxiluli iyo, da axla isini 
unda iyos naTeli.  SemTxvevebis kanoni gamoyenebuli iyo figura 1.2-Si. es kanoni 
xSirad ixmareba rom gavyoT problema or ufro patara problemad, raTa isini 
amoxsnili iyvnen damoukideblad. kerZod, Tu B maTematikuri Teoremaa, SesaZloa 

gakeTdes misi ori damtkiceba, erT SemTxvevaSi vuSvebT A –s,    meore SemTxvevaSi 
A –s. aq A aris daSveba, romelic arCeulia, rom gakeTdes ufro ioli qvedamtkiceba. 
eqvivalentobis kanoni gamomdinareobs (1.11)-dan da Teorema 1.2-dan. bolo kanonia 

winaamRdegobriobis kanoni. is gamomdinareobs im faqtidan, rom A  A yovelTvis F-ia 
da F→ B trivialurad WeSmaritia. arsebobs mTavari Sedegi winaamRdegobriobis 
kanonidan. Tu gamoyvanil iqna erTi winaamRdegobrioba winamZRvrebidan, maSin 
nebismieri moazrebuli logikuri gamosaxuleba B SeiZleba miRebuli iyos. amitom 
zedmiwevniT unda Semowmdes, rom winamZRvrebi ar iZlevian saSualebas gamoyvanil 
iqnas winaamRdegobrioba, imitom, rom winaamRdeg SemTxvevaSi, yvelaferi SegviZlia 
davamtkicoT. 

gamoyvanis wesebi unda SeirCes iseTnairad, rom SesaZlebeli iyos 
gamoviyvanoT Sedegebi, romlebic koreqtulia. es niSnavs, rom  L-i ar unda Seicavdes 
arcerT mcdarobas. aqedan moyolebuli, Cven vuSvebT, rom gamoiyeneba mxolod 
koreqtuli gamoyvanis wesebi. es niSnavs, rom Tu arsebobs gamoyvana, romelic 

gamoxatulia rogorc  A | B, maSin Cven vaskvniT, rom  A |= B. 

 sistema romelic akeTebs gamoyvanas ar unda iyos mxolod koreqtuli, aramed 
agreTve sruli.  Amis qveS Cven gvesmis, rom SesaZlebeli unda iyos gamoviyvanoT 
yvela daskvna, romlebic logikurad gamomdinareoben winamZRvrebidan. magaliTad, 
sistema, romelic mocemulia 1.25 cxriliT, ar aris sruli. es rom davinaxoT, 

ganvixiloT mesamis gamoricxvis kanoni  -   P  P. es kanoni sruldeba yovelgvari 

winamZRrvis gareSe; e. i. ,  |= P  P. advili dasanaxia, rom yovelgvari winamZRvris 
gareSe ar gamoiyeneba arcerTi kanoni, romelic mocemulia 1.25 cxrilSi. Tu sistema 

aris sruli da koreqtuli, maSin A | B  maSin da mxolod maSin, roca  A |= B. 

 arsebobs ramodenime mniSvnelovani tipis sistemebi, romlebic agvareben 
gamoyvanas. aq Cven aRvwerT mxolod hilbertis sistemebs da bunebrivi gamoyvanis 
sistemebs. orive sistemas gaaCnia ramodenime variacia. hilbertis sistemebi iyeneben 

mxo;od or kavSirs,  da →. yoveli logikuri gamosaxuleba Caiwereba am ori 

logikuri kavSiris saSualebiT. magaliTad,  P  Q –s nacvlad iwereba  P → Q. 
hilbertis sistemebs gaaCnia mxolod erTi gamoyvanis wesi – modus ponensi. 
damatebiT amasTan, hilbertis sistemebi iyeneben sqemebs, romlebic tavtologiebia. 
am sqemebs ewodeba aqsiomaTa sqemebi.  yvelaze popularuli aqsiomaTa sqemebis 
simravle aris Semdegi: 
 
   (A → (B → A )) 

  (A → (B → C )) → ((A → B ) → (A → C )) 

  (B → A ) → ((B → A ) → B ) 
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 Cven SemovRebT rig terminebs dakavSirebuls gamoyvanasTan. logikaSi, Teiria 
Camoyalibebulia winamZRvrebis mocemuli simravliT, daskvnebTan erTad, romlebic 
gamoyvanadia winamZRvrebidan. Teoriis winamZRvrebs xSirad uwodeben aqsiomebs.  
daskvnebs, romlebic gamoiyvaneba aqsiomebidan uwodeben Teoremebs. 
 

magaliTi 1.20 davuSvaT, rom P da Q aqsiomebia. ramodenime Teorema, romlebic 

gamoiyvaneba am aqsiomebidan aris P  Q da Q → P.  P  Q  pirdapir gamomdinareobs aqsioma    

P –dan da ajamvis kanonidan, xolo Q → P marTebulia, vinaidan misi konsekventi, P , aqsiomaa. 

magram P  Q ar aris am Teoriis Teorema, imitom rom is logikurad ar gamomdinareobs 
aqsiomebidan, da amitom is ar gamoiyvaneba arcerTi koreqtuli sistemidan. 

 
 
 
3.6.6 deduqciis Teorema 
 

rom davamtkicoT maTematikaSi A → B, xSirad iyeneben Semdg araformalur 
msjelobas. 
 

1. davuSvaT  A, da davumatoT A winamZRvrebs. 
2. vamtkicebT B –s,  A -s gamoyenebiT, Tu es aucilebelia. 
3. ugulvebelyoT A, rac niSnavs, rom A ar aris aucileblad WeSmariti, da 

vwerT A → B. 
 
 

 
magaliTi 1.21 wyvils hyavs biWi da isini elodebian bavSvs. daamtkiceT, rom Tu meore    
       bavSvi gogo iqneba, maSin weevils eyoleba gogo da biWi. 

 
amoxsna.  P iyos “pirveli bavSvi biWia”, xolo Q  “meore bavSvi gogoa”. Cven unda 

davamtkicoT Q → P  Q, roca  P  winamZRvaria. adre ganxiluli meTodis Tanaxmad, es 
SesaZlebelia gakeTdes Semdegnairad.  

 
 

1. P WeSmaritia: wyvils yavs biWi. 
2. davuSvaT Q;  e. i. davuSvaT, rom meore bavSvi gogoa. 
3. P da Q –dan vaskvniT P  Q SeerTebis kanonis Tanaxmad. 
4. am stadiaSi, nebadarTulia davaskvnaT Q → P  Q.  Q  SegviZlia ugulvebelyoT; e. 

i. Q → P  Q WeSmaritia im SemTxvevaSic ki, roca Q  mcdaria: am SemTxvevaSi,      

Q → P  Q trivialurad WeSmaritia.                                             ■ 
 
mizezi cxadia, ratom aqvs adgili damtkicebis am models. roca vamtkicebT   

A → B, saWiroa ganvixiloT SemTxveva, roca A WeSmaritia, maSin SesaZlebelia is 
davumatoT winamZRvrebs. es uCvenebs proceduris koreqtulobas. arsebiTad, 
msjeloba amtkicebs, rom daSveba SeiZleba gardaiqmnas implikaciis antecedentad. es 
aris Senaarsi deduqciis Teoremisa, romelic formulirdeba Semdegnairad: 

 
Teorema 1.3. davuSvaT C da B ori gamosaxulebaa, da A1, A2, A3, …  winamZRvrebia. 

Tu C logikurad gamomdinareobs  B, A1, A2, A3, … -dan, maSin B → C   logikurad 
gamomdinareobs   A1, A2, A3, … -dan.  
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am TeoremasTan erTad, gamoyvanis wesebi, romlebic mocemulia cxrili 1.25-iT, 

qmnian srul sistemas. 
 

magaliTi 1.22 gamoiyeneT deduqciis Teorema, rom damtkicdes hipoTeturi silogizmi. 
gamoiyeneT mxolod erTi gamoyvanis wesi modus ponensi (MP).  

 

amoxsna.  amocana mdgomareobs imaSi, rom davamtkicoT P→ R, roca mocemulia P→ Q 

da Q→ R. deduqciis Teoremis Tanaxmad, vuSvebT, rom gvaqvs P, rac niSnavs imas, rom  P 

SeiZleba daematos winamZRvrebs. roca es gakeTebulia,  R mtkicdeba, rac Zalze advilia. 

aqedan dasaSvebia davaskvnaT, rom P→ R da ugulvebelyoT  P; e. i., P ar saWiroebs iyos 
WeSmariti. amis sruli damtkiceba mocemulia figura 1.4-Si. aRvniSnoT, rom nawili, sadac P 
gamoyenebulia rogorc daSveba, gamoyofilia. gamoyofili nawilis gareT, P SeiZleba iyos an 
WeSmariti an mcdari, amitom is SeiZleba ar iyos gamoyenebuli. adgili, sadac mocemuli 
implikacia moyvanilia da mocemuli daSveba ugulvebelyofilia, aRniSnulia  DT-Ti, 

deduqciis TeoremisaTvis.                                                                     ■  
 

 

              daamtkiceT:  P→ Q, Q→ R | R. 

 
                formaluri damtkiceba       wesi            komentari 
 
  1.  P→ Q                                   winamZRvari     Tu is iyo yaCaRi, raRac unda waeRo   
                                            

       2.  Q→ R                                    winamZRvari 
 
 3.      P                                         daSveba         davuSvaT   P 

 

 4.            Q                                         1, 3, MP 

 

 5.            R                                         2, 4, MP                    R-i  ukve damtkicda 
 

 6.  P→ R                                      DT                        ugulvebelvyaviT P,  e. i.,  P   
                                                     SemdgomSi ar gamoiyeneba, da   

                                                     vaskvniT, rom P→ R . 

 

 
                                     figura 1.4. hipoTeturi silogizmis damtkiceba 
 
 

magaliTi 1.23 daamtkiceT  | P → P 

 

amoxsna.  imis magivrad, rom gamoviyvanoT  P→ P, davuSvaT P  da gamoviyvanoT P . es 
gamoyvana trivialuria. zogadad, nebismieri winamZRvari SeiZleba gamoyenebul iqnas daskvnad. 

saxeldobr, Tu P  winamZRvaria, Cven SegviZlia davaskvnaT P, rac niSnavs  P  | P. exla ki 

ugulvebelvyoT P da vRebulobT | P → P.                                                                                     ■ 

 
eqvivalentobebi Zalian mniSvnelovania nebismier TeoriaSi. Tu damtkicda 

eqvivalentoba, maSin is SeiZleba gamoyenebul iqnas algebruli manipulaciebisaTvis 
Teoriis SigniT. maTematikaSi, ori A da B  gamosaxulebis eqvivalenturobisaTvis 
iyeneben Semdeg teqnikas: 



 

105 

 

105 

 
1. vuSvebT  A-s. 
2. vamtkicebT B–s. 
3. vwerT  A → B -s, da ugulvebelvyofT A-s. 
4. vuSvebT  B-s. 
5. vamtkicebT A–s. 
6. vwerT  B → A -s, da ugulvebelvyofT B-s. 
7. vaskvniT A ↔B –s 
 

bolo nabiji gamomdinareobs me-3  da me-6 striqonebidan, eqvivalentobis Semoyvanis 
kanonis Tanaxmad (cxrili 1.25). rom mivyveT mocemul models, araformaluri 
damtkiceba iwyeba sityvebiT “davuSvaT A“, romelic gamoiyeneba B-s romelime tipis 
damtkicebisTvis. is faqti, rom amis Sedegad vRebulobT A → B–s, ar iwereba. Semdegi 
nabiji, romelic Seicavs B-s daSvebis Semoyvanas, xSirad iwyeba sityvebiT  “ piriqiT, 
davuSvaT B ”, da es gamoiyeneba A-s damtkicebisaTvis. axla naCvenebi iqneba aseTi 
araformaluri damtkiceba rogor SeiZleba formalizebul iqnas logikuri 
msjelobebiT. es naCvenebi iqneba magaliTze.  
 
 
magaliTi 1.24 daamtkiceT, rom  P  (Q  R )   da  (P  Q )  R  logikurad eqvivalenturebia. 
nebadarTulia deduqciis Teiremis, SeerTebis, gamartivebis da eqvivalentobis Semoyvanis 
gamoyeneba. es kanonebi mokled aRiniSnebian, Sesabamisad, rogorc  DT, C, S  da  Equ. 

 
amoxsna.  sruli damtkiceba mocemulia  figura 1.5-Si. SevniSnoT, rom 1 da 7 striqonebs 

gamoyavs (P  Q )  R   daSveba  P  (Q  R )-dan. es Seadgens damtkicebis pirvel naxevars. 

striqonebs 7-dan 15-is CaTvliT gamoyavs Sebrunebuli debuleba, gamoiyeneba (P  Q )  R 

daSveba, rom gamoviyvanoT P  (Q  R ). es gvaZlevs saSualebas davaskvnaT implikacia, romelic 
mocemulia me-16 striqoniT deduqciis Teoremis gamoyenebiT. bolo striqoni aerTianebs me-8 

da me-16 striqonebs, rom moviRoT sasurveli eqvivalentoba.                                ■ 

 
 Semdegi tipi damtkicebisa aris arapirdapiri damtkiceba. arapirdapir 

damtkicebaSi, amtkiceben  A-s imis dasanaxad, rom A-s daSvebas mivyavarT 
winaamRdegobriobasTan. aq,  A nebismieri gamosaxulebaa. araformalurad aseTi tipis 
damtkiceba  sityvebiT Semdegnairad gamoixateba: 
 

  
1. vuSvebT  A-s. 
2. vamtkicebT, rom am daSvebas mivyavarT winaamRdegobriobasTan. 

3. ugulvebelvyofT A-s, da vaskvniT A-s. 
 

Tumca es damtkiceba tipiurad gamoiyeneba araformaluri mtkicebulebisTvis, Cven 
mas davamtkicebT formaluri gziT. formalur damtkicebaSi, winaamRdegobrioba 
tipiurad R  R-is saxisaa, sadac R nebismieri gamonaTqvamia. 
 

magaliTi 1.25 uCveneT, rom  P→ Q    da  P→ Q  SeiZleba gamoyenebul iqnan, rom gamoviyvanoT 

 P. 
 

amoxsna.  sruli damtkiceba mocemulia  figura 1.6-Si.                                 ■ 
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              damtkiceT:  |  P  (Q  R ) ↔ (P  Q )  R     

 
                formaluri damtkiceba       wesi            komentari 
 
  1.  P  (Q  R )                              daSveba     vuSvebT, rom  A = P  (Q  R ) 

 

  2.   P                                                     1, S 

 

  3.   Q  R                                              1, S 

 

  4.  Q                                                      3, S 

 

  5.   R                                                      3, S 

 

  6.   P  Q                                              2, 4, C 

 

  7.   (P  Q )  R                                    5, 6, C              amiT mtkicdeba, rom  B = (P  Q )  R 

 

  8.  P  (Q  R ) → (P  Q )  R      DT                  A  ugulvebelyofilia, da A→B  

                                                                                                                  damkicebulia 
 
  10.  R                                                   9, S 

 

  11.    P  Q                                           9, S 

 

  12.   P                                                  11, S 

 

  13.   Q                                                  11, S 

 

  14.   Q  R                                           10, 13, C 

 

  15.   P  (Q  R )                                  12, 14, C         amiT damtkicebulia, rom A = P  (Q  R ) 

 

  16.   (P  Q )  R → P  (Q  R )      DT                    B  ugulvebelyofilia, da B→A  

                                                                                                                  damkicebulia 
 

  17.  P  (Q  R ) ↔ (P  Q )  R      8, 16, Equ        bolo nabiji aerTianebs me-8 da me-16  
                                                         striqonebs 
 

                                 figura  1.5. -is asociaurobis kanonis damtkiceba 
 

              daamtkiceT:  P→ Q , P→ Q |  P  

 
                formaluri damtkiceba       wesi            komentari 
 
  1.  P→ Q                                   winamZRvari      
 

  2.  P→ Q                                   winamZRvari 
 
  3.  P                                                daSveba            vuSvebT P-s imisaTvis, rom  
                                                               gamoviyvanoT winaamRdegobrioba 
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  4.  Q                                                1,3, MP 

 

  5.    Q                                             2, 3, MP 

 

  6.    Q  Q                                       4, 5, C                             me-4  da me-5 striqonebi   
                                                                gvaZleven sasurvel winaamRdego-  
                                                                briobas 
 

  7.  P                                                Neg                                  vinaidan P-s daSvebas mivyavarT  
                                                                winaamRdegobriobasTan,  

                                                                SegviZlia davaskvnaT, rom P. 
 
 
 

 
amocanebi 1.6 

 
1. gamoiyeneT WeSmaritobis cxrilis meTodi imis saCveneblad, rom Semdegi   
   msjelobebi koreqtulia. 
 

(a) P  Q , P  R |= Q  R 

(b) P → Q , P →  R |= P → Q  R 

(c) P, P → Q |= P  Q  

(d) P  Q , P → R, Q → R |= R 
 
2. daamtkiceT Semdegi kanonebi WeSmaritobis cxrilis meTodiT. 
 

(a)   modus ponensi 
(b) SemTxvevebis kanoni 

(c)  eqvivalentobis mocileba 

 
3. gansazRvreT qvemoT moyvanili msjelobebisTvis, romeli gamoyvanis wesia 

gamoyenebuli,  1.25 mocemuli cxrilidan. 
    
 

(a) Tu mister smiTis an misis smiTis xelfasi $30, 000 –ze metia weliwadSi,   
    maSin smiTebis ojaxs aqvs saSualeba Svebuleba gaataros havaize.. vinaidan   
    me vici, rom mister smiTis an misis smiTis xelfasi aRemateba $30, 000,   
    vaskvni, rom ojaxs aqvs saSualeba Svebuleba gaataros havaize. 

  (b)   Tu kimi aRmoaCens, rom saqoneli, romelic man miiRo, gafuWebulia, maSin is    
                  gabrazdeba. samwuxarod, me vici danamdvilebiT, rom man miiRo gafuWebuli   
                  saqoneli. maSasadame, kimi gabrazdeba.  
  (c)   Tu joni guSin iyo krebaze, mas daeZineboda. jons ar daeZina. maSasadame is   
                  ar iyo krebaze. 

(d)   Tu me es gavakeTe, me damsjian, da Tu me es ar gavakeTe, me damsjian.     
    maSadadame, me damsjian. 
(e) Tu siTboa da sinotivea, maSin cxadia Tbila. 

(f) Tu bili saxlSia, maSin is rasakvirvelia unda iyos an saxlSi, an 
samsaxurSi. 

(g) Tu x  0, maSin x
2
  0, da maSin Tu mcdaria, rom x  0, maSin x

2
  0. maSasadame x

2
 

 0. 
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4.  daamtkiceT Semdegi logikuri msjelobebi Semdegi gamoyvanis wesebis gamoyenebiT:   
   modus ponensi, modus tolensi da SeerTebis kanoni. yovel nabijze miuTiTeT,   
   romeli kanoni iyo gamoyenebuli. 
  

(a) P, P→ (Q  R ), (Q  R ) → S  | S 

(b) P→ Q , Q → R , R | R 

(c) P, P→ Q | P  Q 

 

5.   winamZRvrebia P→ Q , Q → R , R→ P . daamtkiceT, rom  P↔ Q. gamoiyeneT mxolod   
   hipoTeturi silogizmi da eqvivqlentobis Semoyvanis kanoni. 
 
6.  daamtkiceT Teorema 1.2. 
 

7.  gamoiyeneT deduqciis Teorema da ajamvis kanoni, rom daamtkicoT  | P → (P  P )    

   da   | P → (P  P ). ra daskvna SegviZlia gavakeToT   | P → (P  P )    

   da   | P → (P  P )-dan? 
 
8. daamtkiceT, rom P  Q  Q  P. gamoiyeneT deduqciis Teorema, gamartivebis kanoni, 

SeerTebis kanoni da eqvivqlentobis Semoyvanis kanoni. 
 
 
 
 
 
3.7 gamonaTqvamTa aRricxvis aqsiomatika 

 
 3.7.1 Sesavali 
 
am nawilSi Cven ganvixilavT gamonaTqvamTa aRricxvas rogorc mkacrad 

Camoyalibebul maTematikur (an aqsiomatikur) Teorias. 
Tanaxmad erTi yvelaze gavrcelebuli ganmartebisa, logika aris msjelobaTa 

meTodebis analizi. am meTodebis Seswavlisas, pirvel rigSi logikas ainteresebs 
forma, da ara Sinaarsi argumentebisa ama Tu im msjelobaSi. ganvixiloT, magaliTad, 
ori daskvna : 

 
(1) yvela adamiani ukvdavia. sokrate – adamiania. maSasadame, sokrate 

ukvdavia. 
(2)  yvela baWias uyvars stafilo. sevasti – baWiaa. maSasadame, sevastis 

uyvars stafilo.  
  

orive daskvnas gaaCnia erTi da igive forma: yoveli A  aris B;  S  aris  A;  
maSasadame S aris B.  logikoss ar ainteresebs calkeuli winamZRvrebis an daskvnebis 
WeSmaritoba an mcdaroba. misi survilia icodes, gamomdinareobs Tu ara daskvnis 
WeSmaritoba winamZRvris WeSmaritobidan. msjelobis marTebuli xerxebis 
sistematuri formalizacia da katalogizacia – aris logikis erTerTi ZiriTadi 
amocana. Tu amave dros logikosi iyenebs maTematikur aparats, da Tu misi kvleva 
pirvel rigSi miZRvnilia maTematikuri msjelobebis Sesaswavlad, maSin misi 
Seswavlis sagans SeiZleba daerqvas maTematikuri logika. 
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3.7.2 propoziciuli kavSirebi 

 
gamonaTqvami aris msjeloba, romelzedac SeiZleba iTqvas: WeSmaritia is Tu 
mcdari. gamonaTqvamebisgan maTi sxvadasxva SekavSirebis gziT SeiZleba 
SevadginoT axali, ufro rTuli gamonaTqvamebi.  

uaryofa, romelic aRiniSneba  niSniT, aris gamonaTqvamebs Soris yvelaze 

umartivesi operacia. es niSani daiwereba gamonaTqvamis  win : Tu  p gamonaTqvamia, 
maSin p  ikiTxeba “ara p”.  p  WeSmaritia, rodesac p mcdaria; p  mcdaria, 

rodesac p WeSmaritia. 
meore kavSiri aris koniunqcia : “da”. p da q gamonaTqvamebis koniunqcia 

aRiniSneba rogorc  p  q. gamonaTqvami p  q WeSmaritia maSin da mxolod maSin, roca 
orive gamonaTqvami p da q WeSmaritia.  

diziunqcia : “an”. p da q gamonaTqvamebis diziunqcia aRiniSneba rogorc  qp . 

gamonaTqvami qp  mcdaria maSin da mxolod maSin, roca orive gamonaTqvami p da q  

mcdaria. 
Semdegi mniSvnelovani kavSiri aris implikacia : “Tu p , maSin q “, aRniSvnaSi    

p → q.  gamonaTqvami p → q mcdaria maSin da mxolod maSin, roca p WeSmaritia da  q 
mcdaria.  

eqvivalentoba : “p maSin da mxolod maSin, roca q” , aRvniSvnaSi p ↔ q. 

gamonaTqvami  p ↔ q WeSmaritia maSin da mxolod maSin, roca an orive p da q  
WeSmaritia, an orive p da q mcdaria.  

 

simboloebs , , , → , ↔  Cven vuwodebT propoziciul kavSirebs.  
martivi gamonaTqvamebisagan (propoziciebisagan) propoziciuli kavSirebis 

saSualebiT  aigeba ufro rTuli gamonaTqvamebi, romlebsac Cven vuwodebT 
propoziciul formulebs. ufro zustad : 

 
(1) propoziciuli asoebi  p1, p2, p3, … - propoziciuli formulebia; 

(2) Tu   da  propoziciuli formulebia,  (  (  ), (→ )  da     

(↔ ) – propoziciuli formulebia; 
(3) sxva propoziciuli formulebi ar aris.    

 

yvela propoziciuli formulebis simravle aRvniSnoT -iT. 
 

 
 
3.7.3 tavtologiebi 

 

ganvixiloT funqcia   :   F   yvela propoziciuli formulebis  
simravlidan bulis funqciaTa F simravleSi , romelic gansazRvrulia Semdegnairad: 

 

(pi) = xi, 

() = , 

() = , 

() = , 
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(→) = →, 

(↔) = ↔, 
 

sadac  funqciis argumentebSi aris propoziciuli kavSirebi, xolo tolobis 

marjvena mxares bulis funqciebi. da kidev nebismieri   da  propoziciuli 
formulebisaTvis  
 

() = (), (  ) = (=→ =  

→ ↔ = (↔. 
 

advili dasanaxia, rom  funqcias gadayavs propoziciuli formula Sesabamis 
bulis funqciaSi. 

  propoziciul  formulas ewodeba tavtologia, Tu misi Sesabamisi bulis 

funqcia () igivurad tolia 1,  e. i.  () Rebulobs mniSvnelobas 1, miuxedavad 

imisa Tu ra mniSvnelobebs Rebuloben misi argumentebi. Tu  tavtologiaa, maSin 

()-s cxriliT warmodgenil funqciis mniSvnelobaTa svetSi gvxdeba mxolod 1.  

 
 

Teorema 1.  Tu  da → - tavtologiebia, maSin - tavtologiaa.  
 
damtkiceba. davuSvaT, rom  da → - tavtologiebia. davuSvaT, rom () da () 
Semavali cvladebis romeliRac  1 da  0 ganawilebisaTvis () Rebulobs 

mniSvneloba 0. vinaidan   - tavtalogiaa,  imave  ganawilebisaTvis  ()  1-s tolia.  

maSin ()  () Rebulobs mniSvneloba 0-s. magram es ewinaamRdegeba daSvebas, rom 

→ - tavtologiaa.                               
 
 

 Teorema 2. Tu  tavtologiaa, romelic Seicavs propoziciul asoebs  p1, p2, …, 

pn  da  miiReba - sgan  -Si propoziciuli formulebis 1, 2, ... , n CanacvlebiT 
Sesabamisad propoziciuli asoebis p1, p2, …, pn nacvlad, maSin  tavtologiaa, e. i. , 
tavtologiaSi Canacvleba aseve gvaZlevs tavtologias. 
 
 damtkiceba. davuSvaT, rom  tavtologiaa, da davuSvaT mocemulia 

WeSmaritobis mniSvnelobaTa nebismieri ganawileba -Si Semavali propoziciuli 

asoebisaTvis. formulebi 1, 2, ... , n   , rogorc bulis funqciebi, miiReben raRac 

mniSvnelobebs 1, 2, …, n  ( yoveli  i aris an 1  an 0 ); Tu Cven mivaniWebT 1, 2, …, n  

mniSvnelobebs Sesabamisad propoziciul asoebs p1, p2, …, pn , maSin Sedegad miRebuli 

 -s mniSvneloba emTxveva -s WeSmaritobis mniSvnelobas  -Si Semaval 
propoziciuli asoebis WeSmaritobis mniSvnelobaTa mocemuli ganawilebisaTvis. 

vinaidan   tavtologiaa, maSin  Tavisi argumentebis WeSmaritobis mniSvnelobaTa 

mocemuli  ganawilebisaTvis miiRebs mniSvneloba 1. maSasadame,  yovelTvis 

Rebulobs mniSvnelobas 1.                             
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3.7.4 gamonaTqvamTa aRricxvis aqsiomaTa sistema 
 
 WeSmaritobis cxrilebi gvaZlevs saSualebas vupasuxoT mraval mniSvnelovan 
kiTxvaze, romlebic exeba WeSmaritul – funqcionalur sakiTxebs, maT Soris 
iseTebs, rogoricaa sakiTxi imis Sesaxeb, aris Tu ara mocemuli propoziciuli 
formula tavtologia, winaamRdegoba an arc pirveli da arc meore, gamomdinareobs 
Tu ara mocemuli propoziciuli formulidan meore  an arian Tu ara mocemuli 
propoziciuli formulebi logikurad eqvivalenturebi. 
 logikis ufro rTuli sakiTxebi SeuZlebelia amoxsnil iqnas WeSmaritobis 
cxrilis saSualebiT an romelime sxva efeqturi procedurebis saSualebiT. amitom 
Cvens mier ganxilul iqneba sxva meTodi  -  formaluri Teoriebis meTodi. 
 
 formaluri (aqsiomatikuri) Teoria  S iTvleba gansazRvrulad, Tu 
Sesrulebulia Semdegi pirobebi : 

(1) mocemulia romelime simboloebis Tvladi simravle - S  Teoriis 
simboloebi.  S Teoriis simboloTa sasrul mimdevrobebs uwodeben S 
Teoriis gamosaxulebebs. 

(2) mocemulia S Teoriis gamosaxulebaTa simravlis qvesimravle, romlis 
elementebs  uwodeben S Teoriis formulebs.  

(3) gamoyofilia formulebis romeliRac simravle, romelTac uwodeben S 
Teoriis aqsiomebs. 

(4) mocemulia formulaTa Soris mimarTebebis R1, …, Rn sasruli simravle, 
romlebsac uwodeben gamoyvanis wesebs. yoveli  Ri-sTvis arsebobs dadebiTi 
mTeli ricxvi j iseTi, rom nebismieri simravlisTvis, Semdgari j-1 
raodenobis formulebisgan, da yoveli   formulisTvis efeqturad 
amoxsnadia sakiTxi imis Sesaxeb, rom imyofeba Tu ara mocemuli j-1 

formulebi Ri  mimarTebaSi formula -Tan, da Tu asea, maSin vityviT, rom  
uSualod gamomdinareobs mocemuli j-1 formulebidan Ri wesis saSualebiT. 

 

gamoyvanas  S -Si  uwodeben formulaTa nebismier sasrul mimdevrobas  1, …, 

n iseTs, rom yoveli i-Tvis formula  i aris an S Teoriis aqsioma , an uSualod 
gamomdinareobs winamdebare formulebidan erTerTi gamoyvanis wesis saSualebiT. 

 S Teoriis formula -s ewodeba S Teoriis Teorema, Tu arsebobs gamoyvana S 
-Si, romelSic bolo formula aris  ; aseT gamoyvanas uwodeben formula -s 
gamoyvanas. 

 vityviT, rom formula  gamomdinareobs  formulaTa simravlidan maSin da 

mxolod maSin, roca arsebobs  1, 2, ... , n  iseTi mimdevroba, rom n  aris    , da 
yoveli i –Tvis i  aris an aqsioma, an ekuTvnis  -s , an uSualod gamomdinareobs 
winamdebare formulebidan erTerTi gamoyvanis wesis saSualebiT. aseT mimdevrobas 

uwodeben   -s gamoyvanas  -dan.  -s wevrebs uwodeben gamoyvanis hipoTezebs.  
gamonaTqvamis “ gamomdinareobs -dan” Sesamokleblad gamoviyenebT Canawers     | 

 . Tu gvinda aRvniSnoT romel TeoriaSi gamoiyvaneba    -dan gamoviyenebT 

Canawers  |S  , romelic miuTiTebs imaze, romel Teoriaze mimdinareobs saubari.  

Tu simravle   sasrulia :  = {1 ,  , n} , maSin nacvlad {1 ,  , n} |    Cven 
CavwerT 1 ,  , n |  .  Tu   carieli simravlea , maSin  |   aqvs adgili maSin 

da mxolod maSin, roca  Teoremaa. Canawer  |  nacvlad miRebulia Canaweri  |  
. maSasadame    |  aris Semokleba gamonaTqvamisa “  Teoremaa” . 
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 moviyvanoT ramodenime martivi Tvisebebi gamomdinareobis cnebidan. 
 

(1) Tu      da   |  , maSin   |  . 
(2)  |   maSin da mxolod maSin, roca -Si arsebobs sasruli 

qvesimravle  , romlisTvis   |  . 
(3) Tu  |   da   |  nebismieri  -sTvis  simravlidan, maSin  |  . 

 
exla Cven CamovayalibebT formalur aqsiomatikur Teorias L gamonaTqvamTa 

aRricxvisTvis.  

 

(1) L-is simboloebia   , → , ( , )  da asoebi pi  dadebiTi     

mTeli ricxvebis indeqsebiT :  p1, p2, p3 ,    .  simboloebs    da →  ewodeba 
primitiuli kavSirebi , xolo   pi –s – propoziciuli asoebi .  
(2) (a)  yoveli propoziciuli aso  formulaa.  

(b) Tu   da  formulebia, maSin ()  da  ( → ) – agreTve 
formulebia. maSasadame, L Teoriis yoveli formula ubralod 
warmoadgens propoziciul formas, agebuls propoziciuli 

asoebisgan kavSirebis    da →  saSualebiT. 
 

(3) L Teoriis nebismieri  ,  da  formulebisTvis , Semdegi formulebi 
warmoadgenen L Teoriis aqsiomebs : 

 

(A1) (→ ( →  )) ; 

(A2) ((→ ( →  )) → ((  →  )  → (  →  ))) ; 

(A3) ((→   ) → ((  →  ) →  )). 

 

(4) erTaderTi gamoyvanis wesia  wesi  modus ponens :  

 ,  →   

   , 

 

  da  →   formulebidan uSualod gamomdinareobs formula  . am wess 
SemoklebiT aRvniSnavT MP -iT.E 

formulis gansazRvrebis mixedviT Cven formulebs vsvamT frCxilebSi. 
SemdgomSi , Tu es ar gamoiwvevs gaugebrobas, formulebs CavwerT frCxlebs gareSe. 
 SevniSnoT, rom L Teoriis aqsiomaTa usasrulo simravle moyvanilia aqsiomaTa 
mxolod sami  (A1), (A2), (A3) sqemis saSualebiT, yoveli maTgani warmoqmnis aqsiomaTa 
usasrulo simravles. nebismieri formulisaTvis advili Sesamowmebelia aris Tu ara 
is aqsioma, da , maSasadame L aris efeqturad aqsiomatizirebadi Teoria. Cven 
visaxavT miznad iseTnairad avagoT sistema L, rom yvela Teoremebis klasi 
emTxveodes yvela tavtologiebis klass.   
  
ganvsazRvroT Semdegi kavSirebi : 
 

 (D1) (   )    niSnavs   ( →  ) ; 

 (D2) (   )    niSnavs   ()→   ; 

 (D3) ( ↔  )    niSnavs     (→  )  (→  ) . 
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lema 3. | L  →  nebismieri   formulisaTvis.    
 

damtkiceba.  moviyvanoT  formulis    →   gamoyvana  L-Si. 
 

(1) (→ (( → ) →  )) → (( → (  → )) → (  → ))    

                                  (Canacleba   (A2 )  aqsomaTa sqemaSi )  

 (2)  → (( → ) →  )                   (aqsomaTa sqema (A1)) 

 (3) ( → (  → )) → (  → )       ( (1) da (2)-dan MP-iT ) 

 (4)  → (  → )                            (aqsomaTa sqema (A1)) 

 (5)   →                                       ((3) da (4)-dan MP-iT )        
 

Teorema 4. (deduqciis Teorema.) Tu  - formulebis simravlea,  da  - 

formulebia da  ,  |  , maSin   |  →  . kerZod, Tu   |  , maSin  |  →  . 

 

damtkiceba. davuSvaT, rom 1, …, n   aris gamoyvana   -dan, sadac  n   =  . 

induqciiT,  i –is  (1  i  n )  mimarT davamtkicoT, rom   |  → i .  upirvelesad, 1    

unda iyos an  -s elementi, an L sistemis aqsioma, an emTxvevodes   -s . (A1)  

aqsiomaTa sqemis Tanaxmad ,  1  →  ( → 1 )  aris aqsioma. amitom pirvel or 

SemTxvevaSi   |  → 1    MP –s saSualebiT. mesame SemTxvevaSi, roca 1 emTxveva   -s, 

lema 3 Tanaxmad  |  → 1    da, maSasadame ,  |  → 1. e. i. , SemTxveva, roca i = 1 , 

amowurulia. axla davuSvaT, rom   |  → k    nebismieri   k < i.  i  -Tvis gvaqvs oTxi 

SesaZlebloba: i   aris aqsioma, an  i   , an i   aris , an i   gamomdinareobs MP-iT 

romelime j  da  m -dan  , sadac j < i,  m < i  da m-s aqvs saxe  j  → i . pirvel sam 

SemTxvevaSi   |  → i  mtkicdeba iseve rogorc i = 1 SemTxvevaSi. bolo 

SemTxvevisTvis gamoviyenoT induqciuri daSveba, romlis Tanaxmad  |  → j  da      

 |  → (j  → i ).  (A2)  aqsiomaTa sqemis Tanaxmad, | (→ (j  → i ))→(( → j )→ (→ i )) . 

maSasadame,  MP-is gamoyenebiT,    | ( → j ) →  ( → i )  da isev MP,  |  → i.  
maSasadame, Cveni damtkiceba induqciiT dasrulda, da , roca i = n , Cven vRebulobT 

CvenTvis sasurvel mtkicebas.                                             
 
Sedegi 5.  

(i)  →    →   |  →  . 

(ii)  → ( →  ) ,   |  →  . 

 
 
 
damtkiceba.  ( i ). 

 

(a)  →                 hipoTeza            

(b)  →                  hipoTeza 

(c)                        hipoTeza 

(d)                        (a), (c),  MP 

(e)                         (b), (d),  MP 
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maSasadame,  →    → ,   |    . aqedan deduqciis Teoremis Tanaxmad,    →    →   | 

 →  . 

 me- (ii) damtkicebas vTavazobT mkiTxvels. 
 

lema 6. L Teoriis nebismieri  ,  formulebisTvis Semdegi formulebi aris  
L-is Teoremebi : 
 

(a)   →   

(b)  →  ; 

(c)  →  →    

(d)   →    →   →    

(e)  →   →   →    ; 

(f)  → ( →  →  ) ; 

(g)  →   → ((→  ) →  .  

 
damtkiceba. 
 
(a)  |   →   

1.  (→  ) → ((  →  ) →  )         aqsiomaTa sqema (A3) 

 2.   →                         lema 3*)  

 3.  ( →  ) →                1, 2,  Sedegi 5 (ii)  
 4.  → ( →  )             aqsiomaTa sqema (A1) 

 5.    →                       3, 4,  Sedegi 5 (i) 

(b)  |  →  

             1.  (  →  ) →  (( →  ) →  )        aqsiomaTa sqema (A3) 

  2.    →                               zemoT damtkicebuli punqti (a) 

  3.  ( →  ) →                                           1, 2 ,  MP 

  4.   → (→  )                                                aqsiomaTa sqema (A1) 

  5.   →                               3, 4, Sedegi 5 (i) 

 (c)  |  →  →           

  1.                                      hipoTeza 
  2.                                      hipoTeza 
  3.  → ( →  )                       aqsiomaTa sqema (A1)  

  4.  → ( →  )                    aqsiomaTa sqema (A1) 

   5.   →                               2, 3, MP 

   6.   →                              1, 4,  MP 

   7.  ( →  ) → (( →  ) →  )                    aqsiomaTa sqema (A3) 

   8.  ( →  ) →                                                   6, 7,  MP 

                                                 
*)

  imis nacvlad, rom am adgilas moviyvanoT     -s sruli gamoyvana, Cven ubralod 
uTiTebT lema 3. viqceviT ra aseTnairad,  Cven aRvniSnavT imas, rom am adgilas SesaZlebeli 

iyo mogveyvana gamoyvana     formulisTvis, Tu gveqneboda amis survili, dro da adgili. 
rasakvirvelia, es sxva araferia rac zemoT Camoyalibebuli Teoremebis gamoyeneba. 
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   9.                                                                           5, 8,  MP 

maSasadame,  1 – 9 Tanaxmad,  ,  |  . amitom, deduqciis Teoremis Tanaxmad,   |  
→   da, isev deduqciis Teoremis Tanaxmad, |       .  
 

(d)  |   →    →  →   
 

1.    →                              hipoTeza 
            2.                                                                             hipoTeza 

 3.    →    → (( →  ) →  )                aqsiomaTa sqema (A3) 

 4.   → ( →  )                         aqsiomaTa sqema (A1) 

 5.  ( →  ) →                                                      1, 3,  MP 

 6.   →                                                                    4, 5, Sedegi 5  (i) 

 7.                                                                              2, 6,  MP 

 

1 – 7 Tanaxmad,    →   ,  |  , ris Semdeg, orjer viyenebT deduqciis 
Teoremas, da vRebulobT sasurvel Sedegs. 
 

 (e)   |  →   →   →    
            1.   →                                  hipoTeza 
 2.  →                               (d) punqti 

 3.  →                               1, 2,  Sedegi 5  (i) 

4.   →                               (b) punqti 

5.   →                            3, 4,  Sedegi 5  (i) 

6.  (→  ) →   →           (d) punqti 

7.    →                              5, 6,  MP 

 

1 – 7 Tanaxmad,  →  |   →   , saidanac (e) miiReba deduqciis Teoremis 
gamoyenebiT. 
 

 (f)   |  → ( →  →  )       
 

 cxadia, rom  ,  →  | . gamoviyenebT ra orjer deduqciis Teoremas, 

vRebulobT  |  → (( →  ) → ) .  (e) punqtis Tanaxmad | (( →  ) → ) → ( → 

 →  )). dabolos, viyenebT ra Sedeg (5) (i), vRebulobT 
 

|  → ( →  →  ) . 
 

 (g)  |  →   → (( →  ) →   
 

 1.    →  hipoTeza 

 2.  →  hipoTeza 

 3.  ( →  ) → ( →  ) (e) punqti 

 4.   →  1, 3,  MP 

 5.  ( →  ) → ( →  ) (e) punqti 

 6.    →  2, 5,  MP 

 7.  ( →  ) → (( →  ) →  ) aqsiomaTa sqema (A3)   
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 8.  ( →  ) →  6, 7,  MP 

 9.   4, 8 MP 

 

maSasadame,  →   ,  →  |  . gamoviyenebT ra orjer deduqciis Teoremas, 
miviRebT (g) .  
 

 Cveni mizania – vuCvenoT, rom  L  Teoriis formula maSin da mxolod maSin aris 
L  Teoriis Teorema, roca is aris tavtologia.  erTi mimarTulebiT es Zalian 
advilia. 
 
 Teorema 7. L  Teoriis nebismieri Teorema tavtologiaa. 
 
 damtkiceba. advili Sesamowmebelia, rom L  Teoriis yoveli aqsioma 
tavtologiaa (es SeiZleba gakeTdes rogorc savarjiSo). Teorema 1 Tanaxmad, modus 

ponens,  gamoyenebuli tavtologiebze , aseve gvaZlevs tavtologiebs. e. i. , L  Teoriis 

nebismieri Teorema tavtologiaa.                                           
 
 Semdegi lema gamoiyeneba imis damtkicebisTvis, rom yoveli tavtologia aris 
L  Teoriis Teorema. 
 

 lema 8. davuSvaT, rom   formulaa, da p1, … , pk -  -Si Semavali propoziciuli 
asoebi, da davuSvaT, rom mocemulia raRac WeSmaritobis mniSvnelobaTa ganawileba 
p1, … , pk propoziciuli asoebisTvis. maSin  pi  iyos  pi , Tu pi Rebulobs mniSvnelobas 
1,  pi , Tu  pi Rebulobs mniSvnelobas  0, da bolos, davuSvaT, rom   aris   , Tu 
am ganawilebisas  Rebulobs mniSvnelobas 1, da   , Tu  Rebulobs mniSvnelobas  
0. MmaSin   p1, … , pk |  . 
 
 Tu, magaliTad,   aRniSnavs  (p2 → p3 ),  maSin WeSmaritobis cxrilia 
          

                             p2        p3          (p2 → p3 ) 

                                                         =================== 

                             1       1                   0 

                                                          0    1                   0 

                      1       0                  0 

                          0       0                   1 
 
lema 8 amtkicebs gamoyvanis Sesabamis faqts. ase rom, kerZod, mesame striqons 

Seesabameba mtkiceba p2, p3 | (p2 → p3 ), xolo meoTxe striqons p2, p3 | (p2 → p3 ).  

 
damtkiceba. damtkiceba warmoebs induqciiT  -Si Semavali primitiuli 

kavSirebis n raodenobis mimarT  ( Cawerilia Semoklebebis gareSe). Tu  n = 0 , maSin  

warmoadgens ubralod propoziciul asos p1 , da lemis mtkiceba daiyvaneba  p1| p1   da     

 p1|  p1.  axla dauSvaT, rom lema marTebulia roca j < n . 

S e m T x v e v a  1.  - s aqvs uaryofis saxe: . cxadia, rom primitiuli 

kavSirebis raodenoba  -Si naklebia n –ze. 
 S e m T x v e v a  1a. davuSvaT, rom mocemuli WeSmaritobis mniSvnelobaTa 

ganawilebisas   Rebulobs mniSvneloba 1. maSin  Rebulobs mniSvneloba 0. 
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maSasadame,  aris , xolo   aris . induqciis daSvebis Tanaxmad, -s mimarT 
gamoyenebuli, gvaqvs  p1, … , pk |  . e. i. , lema 6 (b)  da  MP Tanaxmad , p1, … , pk | 
 . magram    aris swored  .  
 S e m T x v e v a  1b. davuSvaT  Rebulobs mniSvneloba 0. maSin  aris  , 
xolo   emTxveva  -s. induqciis daSvebis Tanaxmad , p1, … , pk |  , rac unda 
migveRo, radgan  aris .  
  S e m T x v e v a  2. -s aqvs saxe ( →  ). maSin primitiuli kavSirebis 

raodenobis Semavloba –Si da  -Si naklebia vidre   -Si. amitom induqciis 

daSvebis Tanaxmad p1, … , pk |   da p1, … , pk |  .  
 S e m T x v e v a  2a.  Rebulobs mniSvneloba 0. maSin  Rebulobs 

mniSvneloba 1, da  aris   , xolo  aris   . maSasadame p1, … , pk |   da , 
lema 6 (c)  Tanaxmad, p1, … , pk |  →  , magram    →  aris   . 
 S e m T x v e v a  2b.  Rebulobs mniSvneloba 1. maSasadame,   Rebulobs 

mniSvneloba 1 da   aris  , xolo  aris  .  p1, … , pk | , da maSin, aqsiomaTa 
sqemis (A1) Tanaxmad,  p1, … , pk |  →  , sadac   →  emTxveva  -s. 
 S e m T x v e v a  2g.  Rebulobs mniSvneloba 1  da   Rebulobs mniSvneloba 

0.  aris   , radgan  Rebulobs mniSvneloba 0.  aris   da   aris   . gvaqvs 
p1, … , pk |   da p1, … , pk |  . aqedan, lema 6 (f) mixedviT,  vRebulobT p1, … , pk | 
( →  ), sadac  ( →  )  aris .                           
 

 Teorema 9. (sisrulis Teorema.) Tu L  Teoriis formula  tavtologiaa, maSin 
is L  Teoriis Teoremaa.  
 
 damtkiceba. davuSvaT, rom  tavtologiaa da p1, … , pk  propoziciuli asoebia, 

romlebsac Seicavs . yoveli WeSmaritobis mniSvnelobaTa ganawilebisaTvis p1, … , pk  
propoziciuli asoebisTvis , lema 9 Tanaxmad , gvaqvs      p1, … , pk |   ( emTxveva 
 -s ,  vinaidan   yovelTvis Rebulobs mniSvneloba  1. amitom, rodesac pk  

Rebulobs mniSvneloba 1, Cven gamoviyenebT ra lema 8, vRebulobT p1, … ,  pk – 1, pk |, 
xolo roca pk  Rebulobs mniSvneloba 0, imave lemiT vRebulobT p1, … ,   pk – 1, pk|. 
aqedan, deduqciis Teoremis Tanaxmad,    p1, … ,   pk – 1 | pk →   da   p1, … ,   pk – 1 | pk 
→  . gamoviyenebT ra lema 6 (g) , vRebulobT p1, … ,   pk – 1 | .   
zustad aseve, ganvixilavT ra or SemTxvevas, roca  pk – 1 Rebulobs mniSvnelobebs  1 
da 0, da gamoviyenebT ra deduqciis Teoremas da lema 6  (g), Cven gamovricxavT pk – 1  

da ase Semdeg; k nabijis Semdeg Cven miviRebT  |  .                              
 

 Sedegi 10. sistema L  arawinaamRdegobrivia , e. i. ar arsebobs formula  
iseTi, rom    da   erTdroulad iyos  L –is Teoremebi.  
 
 damtkiceba. Teorema 7-is Tanaxmad, L Teoriis yoveli Teorema tavtologiaa. 

tavtologiis uaryofa ar aris tavtologia. e. i. , yoveli  formulisTvis 

SeuZlebelia, rom   da   iyos L erTdroulad Teoriis Teoremebi.                                             

 
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IV 
 

pirveli rigis Teoriebi 
 
4.1. qvantorebi 
 

 arsebobs iseTi saxis logikuri msjelobebi, romlebic ver sabuTdeba 
gamonaTqvamTa aRricxvis CarCoebSi. mogvyavs aseTi msjelobebis magaliTebi : 
 
 (1) mamukas yoveli megobari janos megobaria.  petre ar aris janos 
megobari. maSasadame, petre ar aris mamukas megobari. 
 (2) yvela adamiani ukvdavia. sokrate adamiania. maSasadame, sokrate 
ukvdavia. 
 (3) yvela adamiani cxovelia. maSadame, adamianis Tavi cxovelis Tavia. 
 
 am masazrebebis koreqtuloba eyrdnoba ara mxolod maTSi Semaval 
winadadebebs Soris funqcionalur-WeSmaritul  urTierTobebs, aramed am 
winadadebebis Sinagan struqturas, da agreTve iseTi gamonaTqvamebis gagebas 
rogoricaa “yvela”, “yoveli”  da a. S. 
 ufro naTeli rom gaxdes rTuli gamonaTqvamebis struqtura, mosaxerxebelia 
SemoviRoT specialuri gamonaTqvamebis aRniSvnebi , romlebsac xSirad viyenebT. Tu 

P(x)  aRniSnavs, rom  x -s  gaaCnia Tviseba P, maSin SevTamxdeT  xP(x) saSualebiT 
aRvniSnavT mtkicebas : “yoveli x sagnisaTvis Sesrulebulia Tviseba P “, an sxva 

sityvebiT, “yvela x –s gaaCnia Tviseba P “. Canaweri xP(x) aRniSnavs, rom “arsebobs 
sagani x, romelsac gaaCnia Tviseba P ”, e. i. , “arsebobs erTi mainc sagani x, 
romelsac gaaCnia Tviseba P ”. gamosaxulebaSi xP(x) nawils x ewodeba zogadobis 
kvantori, xolo x nawils xP(x) gamosaxulebisa ewodeba arsebobis kvantori. 
kvantorebis, rogorc logikuri operacibis, da maTTan dakavSirebul cnebebis 
Seswavla warmodgens am Tavis ZiriTad sagans. 
 
 m g a l i T e b i.  dauSvaT, rom  m, j, p, s, F(x,y), M(x), I(x), A(x), h(x)  aRniSnaven 
Sesabamisad  “mamuka”, “jano”, “petre”, “sokrate”, “x aris y-is megobari”, “x adamiania” 
, “x ukvdavia”, “x cxovelia”, “x –is Tavi”. maSin (1) – (3) msjelobebi SeiZleba 
Caiweros Semdegnairad : 
 

 (1’)             x(F(x,m)  F(x,j)) 

                           F(p,j) 
                                       ; 

                           F(p,j) 

 

 

 (2’)                             x (M(x)  I(x)) 

                                                          M(s) 

                                                                                 ; 
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                                                          I(s) 

 

 (3’)                             x (M(x)  A(x)) 

                                                                                                           . 

                         x(x(x = h(y) & M(y))  y( x = h(y) & A(y))) 
 

 
 SevniSnoT, rom am daskvnebis marTebuloba ar aris damokidebuli imaze, ra 
konkretuli azri aqvT simboloebs m, j, p, s, F(x,y), M(x), I(x), A(x)  da  h(x). 
 msgsvsad imisa rogor iyo gamoyenebuli propoziciuli formulebi 
logikuri struqturis gamosavlenad, romelic damokidebuli iyo 
propoziciul kavSirebze, SesaZlebelia agreTve warmovadginoT abstraqtul 
formebSi msjelobebi (iseTi, rogorc (1) – (3)) , romlebic Seicaven 
qvantorebs, iseTnairad rogorc es gakeTebuli iyo (1’) – (3’) saxiT.  am mizniT 

Cven gamoviyenebT mZimeebs, frCxilebs, gamonaTqvamTa aRricxvis simboloebs  

da  ,  sagnobriv (individur) cvladebs  x1, x2, …, xn, …  ,  sagnobriv (individur) 

konstantebs a1, a2, …, an, …  , predikatul asoebs  ,...,...,, 2

1

1

1

j

kPPP   da 

funqcionalur simboloebs  ,...,...,, 2

1

1

1

j

kfff   . predikatuli an funqcionaluri 

asos zeda indeqsi miuTiTebs argumentebis raodenobas, xolo qveda indeqsi 
ganasxvavebs erTdaigive argumentian  asoebs. funqcionaluri asoebi, 
gamoyenebuli  sagnobriv cvladebze da konstantebze, warmoqmnian termebs. 
ufro zustad : 
 

(a) yoveli sagnobrivi cvladi da konstanta termia; 

(b) Tu n

if  funqcionaluri asoa da t1, … , tn  termebia, maSin  

         ),...,( 1 n

n

i ttf  aris termi; 

(c) gamosaxuleba aris termi mxolod maSin, roca is miiReba (a)  da  (b)  
wesiT. 

 
predikatuli asoebi, gamoyenebuli  termebze, warmoqmnian elementarul 

formulebs. ufro zustad : Tu n

iP  predikatuli asoa, xolo t1, … , tn  - 

termebia, maSin ),...,( 1 n

n

i ttP  elementaruli formulaa. 

 predikatTa aRricxvis formulebi ganisazRvreba Semdegnairad : 
 

(a) yoveli elementaruli formula formulaa, 

(b) Tu  da  formulebia da y sagnobrivi cvladia, maSin () , (   ) 
da  (y) formulebia, 

(c) gamosaxuleba aris formula mxolod maSin, roca is miiReba (a)  da  

(b)  wesiT. 
 

 (y) gamosaxulebaSi “ ” –s ewodeba y qvantoris moqmedebis are. 
SevniSnoT, rom    SesaZlebelia ar Seicavs cvlad y ; am SemTxvevaSi Cven 
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vTvliT , rom Sinaarsobrivi azri    da (y)  erTidaigivea. iseve rogorc 

gamonaTqvamTa aRricxvaSi ganisazRvreba gamosaxulebebi   &  ,   ,   . 
ar aris aucilebloba mTavar simboloTa ricxvSi CairTos  niSani arsebobis 

qvantorisaTvis, vinaidan Cven SegviZlia ganvsazRvroT x   rogorc 

Semoklebuli Canaweri (x()) gamosaxulebisa. 
 cvlad x –is Semavlobas mocemul formulaSi ewodeba bmuli, Tu x aris 

am formulaSi Semavali qvantoris x cvladi an imyofeba am formulaSi 

Semavali qvantoris x moqmedebis areSi; winaamRdeg SemTxvevaSi cvlad x –is 
Semavlobas mocemul formulaSi ewodeba Tavisufali. 
 
 m a g a l i T e b i 
  

(i)  ),( 21

2

1 xxP ; 

 (ii) )(),( 1

1

1121

2

1 xPxxxP  ; 

 (iii) ))(),(( 1

1

1121

2

11 xPxxxPx  . 
 
cvladi  x1  erTaderTi Semavloba formula (i)-Si aris Tavisufali. cvladi  
x1-is pirveli Semavloba formula (ii)-Si aris Tavisufali, xolo meore da 
mesame – bmuli. cvladi  x1-is yvela Semavloba formula  (iii)-Si aris bmuli. 
cvladi  x2-is Semavloba samive formulebSi Tavisufalia. SevniSnoT, rom 
erTdaigive cvlads SeiZleba hqondes Tavisufali da bmuli Semavloba 
erTdaigive formulaSi, rogorc es adgili aqvs, magaliTad, formula  (iii)-Si. 
 cvlads ewodeba Tavisufali (bmuli) cvladi mocemul formulaSi, Tu 
arsebobs misi Tavisufali (bmuli) Semavloba am formulaSi. maSasadame, 
cvladi SeiZleba iyos erTdroulad Tavisufalic da bmulic erTdaigive 
formulaSi. aseTia, magaliTad, cvladi x1    (ii) formulaSi. 

 dauSvaT 
kii xx ,...,

1
 cvladebia da    formulaa. miuxedavad imisa arian Tu 

ara es cvladebi Tavisufali  -Si da arsebobs Tu ara -Si sxva Tavisufali 

cvladebi, Cven zogjer gamoviyenebT Canawers ),...,(
1 kii xx , rom aRvniSnoT 

formula  imisTvis, rom Semdgom aRvniSnoT (t1,…,tk) – Ti Sedegi miRebuli 

t1,…,tk  termebis CanacvlebiT Sesabamisad 
kii xx ,...,

1
 Tavisufali cvladebis 

Semavlobis adgilas (Tu aseTebi moiZebneba) formula -Si. 

 term t -s ewodeba Tavisufali xi cvladisTvis formula -Si, Tu xI-is 

arcerTi Tavisufali Semavloba -Si ar imyofeba kvantor xj moqmeebis areSi, 
sadac xj aris cvladi, romelsac Seicavs  t. 

 m a g a l i T e b i.  (a)  termi xj Tavisufalia  xi –Tvis  

)(1

1 ixP -Si , magram ar aris Tavisufali )(1

1 ij xPx -Si. termi ),( 31

2

1 xxf  

Tavisufalia  xi –Tvis  )(),( 1

1

121

2

12 xPxxPx  -Si, magram ar aris Tavisufali  

)(),( 1

1

121

2

123 xPxxPxx  -Si. 

 (b) yoveli termi, romelic ar Seicavs cvladebs, Tavisufalia nebismieri 
cvladisTvis nebismier formulaSi. 
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 (c)  termi  t Tavisufalia nebismieri cvladisTvis formula -Si , Tu 

term  t-s arcerTi cvladi ar aris bmuli cvladi -Si. 
 (d)  xi Tavisufalia  xi cvladisTvis nebismier formulaSi. 

 (e)  yoveli termi Tavisufalia xi –Tvis -Si , Tu  ar Seicavs  xi –is 
Tvisufal Semavlobas. 
 

 
4.2. interpretacia. Sesrulebadoba da WeSmaritoba. modelebi. 

 
formulebs gaaCnia azri mxolod maSin, roca maTSi Semaval simboloebs 

gaaCnia interpretacia. rogorc viciT simboloebi warmoadgenen Teoriis enis nawils.  

Teoriis ena aRvniSnoT  L  -iT. interpretaciis  qveS Cven gvesmis funqcia     -i  L  

romelic asaxavs  enas  algebrul sistemaSi  (D, {gi 
j
}, {Ri 

j
} ), 

 

sadac (ai)  D,  ( fi 
j
 ) = gi 

j
 , ( Pi 

j
) = Ri 

j
,  da gi 

j
: D 

j
  D  da Ri 

j
 D

 j aris Sesabamisad  

j–adgiliani operacia da mimarTeba  D-Si. D-s  ewodeba  interpretaciis are. 

mocemul interpretaciaSi cvladebi moisazreba rogorc cvladebi D –ze, xolo 

kavSirebs  ,  da kvantorebs eniWeba maTi Cveulebrivi azri. 

 mocemuli interpretaciisaTvis nebismieri formula Tavisufali 

cvladebis gareSe (an, sxvanairad, Caketili formula) warmoadgens gamonaTqvams , 

romelic WeSmaritia an mcdaria, xolo nebismieri formula Tavisufali cvladebiT 

gamoxatavs romeliRac mimarTebas interpretaciis areSi ; es mimarTeba SeiZleba iyos 

Sesrulebadi (WeSmariti) cvladebis romeliRac mniSvnelobebisaTvis interpretaciis 

aredan da ar iyos Sesrulebadi (mcdari) sxva mniSvnelobebisaTvis.  

 

 m g a l i T e b i 

(i) P1
2
(x1, x2) ; 

(ii) x1 P1
2
(x1, x2) ; 

(iii) x2x1P1
2
(x2, x1) . 

 

Tu Cven viRebT interpretaciis ared dadebiT mTel ricxvTa simravles da 

P1
2
(y, z)  interpretacia aris  y  z , maSin (i) warmoadgens mimarTebas y  z , romelic 

Sesrulebadia yvela iseT dadebiT mTel ricxvTa  (a,b)  dalagebul wyvilebisTvis, 

rom      a  b;  (ii)  warmoadgens  Tvisebas (e. i. unarul (erTadgilian) mimarTebas) 
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“yoveli dadebiTi mTeli y ricxvisTvis, y  z ”, romelic sruldeba mxolod 1 

ricxvisTvis; dabolos , (iii) aris WeSmariti gamonaTqvami, romelic amtkicebs 

umciresi dadebiTi mTeli ricxvis arsebobas. Cven rom interpretaciis ared agveRo 

yvela mTeli ricxvebis simravle, maSin (iii)AaRmoCndeboda mcdari. 

 Sesrulebadobis da WeSmaritobis cneba intuiciurad gasagebia, magram 

skeptikosebisTvis SesaZlebelia moviyvanoT ufro zusti formulireba. dauSvaT 

gvaqvs romelime interpretacia  Tavisi interpretaciis D areTi, da   iyos yvela 

Tvlad mimdevrobaTa simravle, romlis elementebi aris D-dan. Cven exla 

ganvsazRvravT, ras niSnavs, rom formula  Sesrulebadia  s = (b1, b2, …. ) 

mimdevrobaze -dan mocemuli interpretaciisaTvis. 

 winaswar Cven ganvsazRvravT erTadgilian funqcias s*, romlis domeinia 

yvela termTa simravle, xolo kodomeini aris. 

(1) Tu termi t aris sagnobrivi cvladi xi , maSin  s*(t) = bi . 
(2) Tu termi t aris sagnobrivi konstanta ai, maSin  s*(t) emTxveva mis 

interpretacias (ai)  D. 

(3) Tu  fi
n
 funqcionaluri asoa, romlis interpretacia     ( fi 

n
) = gi 

n 
  aris  n – 

adgiliani operacia D –ze, da t1, … , tn termebia, maSin s* (fi
n
(t1, … , tn)) =  gi 

n
(s*(t1), 

… , s*(tn)) . 
 

amrigad, s*  aris funqcia , romelic ganisazRvreba mimdevroba s-iT da asaxavs 

termTa simravles D-Si. Tu vilaparakebT araformalurad, maSin nebismieri s = (b1, b2, 

…. ) mimdevrobisTvis da nebismieri term t-Tvis s*(t) aris  D simravlis elementi, 

romelic miiReba  cvlad xi Canacvlebis Sedegad bi  elementiT yoveli i –Tvis term 

t-Si da Semdeg interpretaciis yvela operaciis SesrulebiT , romlebic Seesabamebian 

term t-Si Semaval funqcionalur asoebs. magaliTad, Tu t aris       f2 
2
(x3, f1 

2
(x1, a1)), 

interpretaciis are aris mTel ricxvTa simravlwe,  f2 
2   da  f1 

2  interpretirdeba 

Sesabamisad rogorc Cveulebrivi gamravleba da jami, xolo a1 rogorc 2 ; maSin 

nebismieri s = (b1, b2, …. )   mimdevrobisTvis s*(t) warmoadgens mTel ricxvs b1  (b1 + 2).  

 exla Cven SevudgeT ZiriTad gansazRvrebas, romelsac ganvmartavT 

formulis induqciur gansazRvraze dayrdnobiT. 

(i)   Tu    aris elementaruli formula Pj 
n
(t1, … , tn)  da  Rj 

n  aris misi 

Sesabamisi mimarTeba ( Pj 
n
)  mocemul interpretaciaSi, maSin formula  

Sesrulebadia s  mimdevrobaze maSin da mxolod maSin, roca                       
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Rj 
n
(s*(t1),…, s*(tn)), e.   i.    n –elementiani mimdevroba   (s*(t1),…,s*(tn))  

ekuTvnis mimarTeba  Rj 
n
. 

(ii) formula  Sesrulebadia s-ze maSin da mxolod maSin, roca formula 

 ar aris Sesrulebadi s-ze.  

(iii) formula     Sesrulebadia s-ze maSin da mxolod maSin, roca 

formula  ar aris Sesrulebadi mimdevroba s-ze  an roca formula  
Sesrulebadia s-ze.  

(iv) formula xi Sesrulebadia s-ze maSin da mxolod maSin, roca 

formula  Sesrulebadia nebismier mimdevrobaze  -dan, romelic 
gansxvvebulia s-isgan araumetes Tavisi i-uri komponentiT. 

 

sxvagvarad rom vTqvaT, formula  Sesrulebadia s = (b1, b2, …. )  mimdevrobaze 

maSin da mxolod maSin, roca Canacvleba yoveli i- Tvis simbolosi, romelic 

warmoadgens bi , adgilebze sadac  xi  warmoadgens Tavisufal cvlads -Si gvaZlevs 

WeSmarit winadadebas mocemul interpretaciaSi. 

 formula   ewodeba WeSmariti (mocemul interpretaciaSi) maSin da 

mxolod maSin, roca is Sesrulebadia nebismier mimdevrobaze –dan. 

 formula   ewodeba mcdari (mocemul interpretaciaSi), Tu is ar aris 

Sesrulebadi arcerT mimdevrobaze –dan. 

 mocemul interpretacias ewodeba modeli  mocemuli  simravlisaTvis, 

Tu yoveli formula  -dan WeSmaritia mocemul interpretaciaSi. 
 SeamowmeT Semdegi debulebebi, romlebic gamomdinareoben 
gansazRvrebidan. 

(I)   mcdaria mocemul interpretaciaSi maSin da mxolod maSin, 

roca   WeSmaritia igive interpretaciaSi, da   WeSmaritia 

maSin da mxolod maSin, roca  mcdaria. 
(II) arcerTi formula ar SeiZleba iyos erTdroulad WeSmariti da 

mcdari erTdaigive interpretaciaSi. 

(III) Tu mocemul interpretaciaSi WeSmaritia  da   , maSin 

WeSmaritia  . 
(IV)    mcdaria mocemul interpretaciaSi maSin da mxolod maSin, 

roca  WeSmaritia am interpretaciaSi, xolo  mcdaria.  

(V) (i)  &   Sesrulebadia s-ze maSin da mxolod maSin, roca formula 

 Sesrulebadia s –ze da  Sesrulebadia s –ze.     

Sesrulebadia s-ze maSin da mxolod maSin, roca formula  
Sesrulebadia s –ze an  Sesrulebadia s –ze.      Sesrulebadia 

s-ze maSin da mxolod maSin, roca an formula  Sesrulebadia s 
–ze da  Sesrulebadia s –ze, an   ar aris Sesrulebadi s –ze da 
 ar aris Sesrulebadia s –ze.  
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(ii)  xi  Sesrulebadia s –ze maSin da mxolod maSin, roca  
Sesrulebadia erTze mainc  s mimdevrobaze, romelic gansxvavdeba  

s –gan araumetes mxolod i –uri komponentiT.  

(VI)   WeSmaritia mocmul interpretaciaSi maSin da mxolod maSin, 

roca amave interpretaciaSi WeSmaritia xi . mocemuli  
formulis Caketva ewodeba formulas, romelic miiReba zogadobis 

kvantorebis minaweriT  -s win, romlebic Seicaven indeqsebis 

klebadobis mixedviT -s yvela Tavisufal cvladebs.  formulis 
Caketvas, romelic ar Seicavs Tavisufal cvladebs, vuwodebT 

TviT am formula -s. (magaliTad, Tu  aris P1
2
(x2, x5)  x2P1

3
(x1, 

x2, x3), maSin -s Caketva iqneba x5x3x2 .) 

(VII) tavtologiis yoveli kerZo SemTxveva WeSmaritia nebismier 
interpretaciaSi. (mocemuli propoziciuli formis kerZo 
SemTxvevas Cven vuwodebT nebismier formulas, romelic miiReba am 
formulaSi propoziciuli formulebis nacvlad (predikatTa 
aRricxvis) formulebis CanacvlebiT im pirobiT, rom erTdaigive 
propoziciuli asoebis Semavlobis adgilas erTdaigive formula 
Cainacvleba.)  

(VIII) davuSvaT, rom  formula  -s yvela Tavisufali cvladebi 

imyofeba 
kii xx ,...,

1
 cvladebs Soris. maSin Tu s da s  mimdevrobebis 

komponentebi i1, … , in  nomriT emTxveva erTmaneTs , maSin formula 

 Sesrulebadia s-ze maSin da mxolod maSin, roca is 

Sesrulebadia  s -ze. (m i T i T e b a.  induqcia kavSirebis da 

kvantorebis raodenobis mixedviT formula –Si. jer damtkicdes, 

rom term t-s cvladebi imyofeba 
kii xx ,...,

1
 Soris , xolo s da s  

mimdevrobebis wevrebi i1, … , in  nomriT emTxveva erTmaneTs, maSin 

s*(t) = (s )*(t). kerZod, Tu t ar Seicavs cvladebs, maSin s1*(t) = s2*(t) 
nebismieri s1  da  s2  mimdevrobebisaTvis.  

     yvela iseTi n-elementian ),...,(
1 kii bb  mimdevrobebis  simravles, 

sadac misi elementebi ekuTvnis interpretaciis D ares, iseTi rom 

formula  Sesrulebadia yovel mimdevroba s –ze, romlis i1, … , in  

komponentebi emTxveva Sesabamisad 
kii bb ,...,

1
, ewodeba interpretaciis 

mimarTeba (an Tviseba), romelic Seesabameba formula –s. 
davuSvaT, magaliTad, rom D aris yvela adamianTa simravle, 
P1

2
(x,y)  da P2

2
(x,y) interpretaciebi Sesabamisad arian “x aris  y-is 

Zma” da “x aris  y-is mSobeli” ; maSin binaruli mimarTeba D_Si , 

romelic Seesabameba formulas x3(P1
2
(x1,x3)  P2

2
(x3,x2)), warmoadgens 

mimarTebas – naTesaur kavSirs, romelic akavSirebs ZmisSvils da 
biZas. Tu interpretaciis ared aviRebT mTel dadebiT ricxvTa 
simravles, xolo P1

2
, f1 

2
  da  a1  interpretirebulia Sesabamisad 

rogorc  = , gamravleba da 1, maSin formulas 

 P1
2
(x1, a1)  x2(x3 P1

2
(x1,f1 

2
(x2, x3))  P1

2
(x2, x1)  P1

2
(x2, a1)) 
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         Seesabameba mocemuli azriT ricxvis Tvisebas iyos martivi. 

(IX) Tu formula   Caketilia, maSin nebismier interpretaciaSi 

WeSmaritia an , an   (e. i.  mcdaria ). 
           araCaketili, e. i. romelic ar Seicavs  Tavisufal cvladebs, 

formula    SeiZleba zogierT interpretaciaSi iyos arc WeSmariti 

da arc mcdari. davuSvaT, magaliTad,  aris P1
2
(x1,x2). ganvixiloT 

interpretacia, romlis are aris mTel ricxvTa simravle da sadac  

P1
2
(x1,x2)  interpretacia aris  x < y . am interpretaciaSi  Sesrulebadia 

mxolod mimdevroba s = (b1, b2, … ) –ze, romelic akmayofilebs pirobas b1 < 

b2. maSasadame, am interpretciaSi ganxiluli formula  arc WeSmaritia 
da  arc   mcdari.  

(X) lema. davuSvaT, rom t da v termebia, s mimdevrobaa -dan, t 

miiReba t-dan yvela xi Semavlobebis CanacvlebiT v termiT  da s 
miiReba  s-dan masSi i-uri komponentis SecvliT s*(v) –Ti ; maSin         
s*(t ) = (s )*(t).  

davuSvaT, rom (xi) formulaa, t termia, romelic Tavisufalia xi –

Tvis  (xi)-Si, da (t)  formulaa, romelic miRebulia (xi)-is yvela 

Tavisufali xi cvladis SenacvlebiT  t –Ti. maSin formula (t) 
Sesrulebadia mimdevroba s = (b1, b2, … ) –ze maSin da mxolod maSin, roca 

is Sesrulebadia s, romelic miRebulia s –dan element bi –is SecvliT 
s*(t) –Ti. 

 Sedegi. Tu mimdevroba s-ze Sesrulebadia formula xi(xi), maSin 

Sesrulebadia agreTve formula  (t). maSasadame, formula xi(xi)  (t)  
WeSmaritia nebismier interpretaciaSi.   

(XI) Tu formula  ar Seicavs xi rogorc Tavisufal cvlads, maSin 
formula  

xi(   )  (  xi ) 
          WeSmaritia nebismier interpretaciaSi.           
 
 
 
 
savarjiSo 
 
 daamtkiceT (I) – (XI).  magaliTis saxiT Cven davamtkicoT (XI). 

davuSvaT, rom (XI) arasworia. es niSnavs, rom romeliRac  da  formulebisTvis 

formula xi(   )  (  xi ) ar aris WeSmariti romeliRac interpretaciaSi. 
gansazRvris  me -(iii)  punqtis Tanaxmad unda arsebobdes mimdevroba s, romelzedac 

xi(   ) Sesrulebadia, xolo (  xi ) ar aris Sesrulebadi. maSin, isev imave me -

(iii) punqtis Tanaxmad am mimdevroba s-ze Sesrulebadia  da ar aris Sesrulebadi 

xi.. e. i. , igive gansazRvrebis me- (iv) punqtis Tnaxmad, arsebobs mimdevroba s  , 
romelic SeiZleba gansxvavdebodes s –gan mxolod erTi i-uri komponentiT, 
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romelzedac ar aris Sesrulebadi  . vinaidan xi ar aris Tvisufali arc xi(   ) –

Si da arc  -Si, xolo TviT es formulebi Sesrulebadia s-ze, maSin, Tanaxmad (VIII) , 

isini Sesrulebadia agreTve s -ze, (iv) Tanaxmad gamomdinareobs , rom     agreTve  

Sesrulebadia s -ze. amgvarad,       da   Sesrulebadia s -ze, saidanac, punqti (iii) 

mixedviT , gamomdinareobs, rom   -c Sesrulebadia s -ze. miviReT winaamRdegoba, rom 

 ar aris Sesrulebadi s -ze. amiT (XI) damtkicebulia. 
 

 formula  -s ewodeba logikurad zogadmarTebuli (predikatTa 
aRricxvaSi), Tu is WeSmaritia nebismier interpretaciaSi. 

 formula  -s ewodeba Sesrulebadi (predikatTa aRricxvaSi), Tu 

arsebobs interpretacia, romelSic  Sesrulebadia erT mainc mimdevrobaze  
-dan. 

 cxadia, rom formula  logikurad zogadmarTebulia maSin da mxolod 

maSin, roca formula  ar aris Sesrulebadi, da  Sesrulebadia maSin da 

mxolod maSin, roca formula  ar aris logikurad zogadmarTebuli. 

rogorc viciT, nebismier interpretaciaSi Caketili formula  an WeSmaritia 
an mcdari, e. i. Sesrulebadia an nebismier mimdevrobaze, an arcerTze. 
amgvarad, nebismieri Caketili formula Sesrulebadia maSin da mxolod maSin, 
roca is WeSmaritia romeliRac interpretaciaSi. 

 formula  vuwodebT winaamRdegobrivs (predikatTa aRricxvaSi) , Tu 
formula  logikurad zogadmarTebulia, an, rac igivea, Tu formula  
mcdaria nebismier interpretaciaSi. 

 vityviT, rom formula  logikurad gamomdinareobs formula  -dan 
(predikatTa aRricxvaSi), Tu nebismier interpretaciaSi formula  
Sesrulebadia nebismier mimdevrobaze, romelzedac Sesrulebadia formula  

. (ufro zogadad, formula  logikurad gamomdinareobs (predikatTa 

aRricxvaSi) formulaTa  simravlidan, Tu nebismier interpretaciaSi 

formula  Sesrulebadia nebismier mimdevrobaze, romelzedac Sesrulebadia 

yoveli formula -dan.) 
 
 formulebs vuwodebT logikurad eqvivalenturebs (predikatTa 
aRricxvaSi) , Tu yoveli maTgani logikurad gamomdinareobs meoredan. 
 am gansazRvrebebidan uSualod gamomdinareobs Semdegi mtkicebebi: 

(a) formula  logikurad gamomdinareobs formula  -dan maSin da 

mxolod maSin, roca formula    logikurad zogadmarTebulia. 

(b)  da  formulebi logikurad eqvivalenturia maSin da mxolod 

maSin, roca formula    logikurad zogadmarTebulia. 

(c) Tu formula  logikurad gamomdinareobs formula  -dan  da  
WeSmaritia mocemul interpretaciaSi, maSin amave interpretaciaSi 

WeSmaritia . 

(d) Tu formula  logikurad gamomdinareobs formulebis  
simravlidan , romlebic WeSmaritia mocemul interpretaciaSi, maSin 

amave interpretaciaSi WeSmaritia . 
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yovel winadadebas romelime formalur an bunebriv enaSi ewodeba 
logikurad WeSmariti (predikatTa aRricxvaSi), Tu is aris romeliRac 
logikurad zogadmarTebuli formulis kerZo SemTxveva, da ewodeba 
logikurad mcdari (predikatTa aRricxvaSi) , Tu is aris kerZo SemTxveva 
romeliRac winaamRdegobrivi formulisa. 

  
 
 

4.3  pirveli rigis Teoriebi 
 

 gamonaTqvamTa aRricxvis SemTxvevaSi WeSmaritobis cxrilis meTodi 
gvaZlevs Semowmebis efeqtur saSualebas, aris Tu ara mocemuli formula 
tavtologia. magram eWvis qveS dgas efeqturi procesis arseboba , romelic 
iZleva saSualebas nebismieri mocemuli formulisaTvis amoixsnas sakiTxi 
imis Sesaxeb , aris Tu ara is logikurad zogadmarTebuli, vinaidan exla 
ukve nebismieri formulisaTvis gvaqvs saqme SevamiwmoT misi WeSmaritoba 
interpretaciebSi , romlis areebi aris nebismieri didi sasruli, da agreTve 
usasrulo. aqsiomatikuri meTodi, romelic warmoadgenda zedmet fufunebas 
gamonaTqvamTa aRricxvisaTvis, amgvarad warmoadgens aucileblobas 
formulebis Seswavlisas, romlebic Seicaven kvantorebs, da amitom Cven ukve 
SeudgebiT pirveli rigis Teoriebis  ganxilvas. 

 nebismieri pirveli rigis K  Teoriis simboloebi arsebiTad 
warmoadgenen igive simboloebs, romlebic Cven SemoviReT adre am TavSi: 

propoziciuli kavSirebi , ; punktuaciis niSnebi ( , ), (mkacrad rom vTqvaT, 
mZime ar aris aucilebeli, magram mosaxerxebelia formulebis 
wakiTxvisaTvis); sagnobrivi cvladebis x1, x2, … Tvladi simravle; aracarieli, 

sasruli an Tvladi, predikatuli asoebis simravle  Pj
n  

(n, j  1);  sasruli 
(SesaZlebelia carielic)  an Tvladi simravle funqcionaluri asoebiasa     

fj
n
 ( n, j  1); da, dabolos, sasruli (agreTve, SesaZlebelia, carieli) an Tvladi 

simravle sagnobrivi konstantebisa ai (i  1). amgvarad, K  Teorias SesaZlebelia 
ar gaaCndes romelime an yvela funqcionaluri asoebic ki da sagnobrivi 
konstantebi, agreTve romelime – magram ara yvela! – predikatuli asoebi. 
sxvadasxva Teoriebi SeiZleba gansxvavdeboden erTmaneTisgan simboloebis 
SemadgenlobiT. wina leqciaSi gansazRvruli termebi, formulebi da 

propoziciuli kavSirebi  &, ,  rCeba ZalaSi nebismieri pireli rigis 

TeoriisaTvis. ra Tqma unda, yoveli pirveli rigis  TeoriisTvis termebis 
da formulebis agebaSi monawileoben mxolod is simboloebi, romlebic 

ekuTvnian  Teorias. 

  Teoriis aqsiomebi iyofa or klasad: logikur da sakuTriv 
(aralogikur) aqsiomebad. 
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logikuri aqsiomebi:  Teoriis ,  da  nebismieri formulebisTvis, Semdegi 

formulebi warmoadgenen  Teoriis aqsomebs : 

 
(1)   (   ) ; 

(2) ((  (   ))  ((   )  (   ))) ; 

(3) ((    )  ((   )   )) ; 

(4) xi(xi)  (t),  sadac (xi)  aris   Teoriis formula, romelic 

Tavisufalia   xi –Tvis  (xi)-Si . SevniSnoT, rom t SeiZleba emTxveodes 

xi –s, da MmaSin Cven vRebulobT aqsomas xi(xi)  (xi). 

(5) xi(   )  (  xi ),  Tu formula  ar Seicavs xi cvladis  
Tavisufal Semavlobas.  

 
 

 
4.4  pirveli rigis Teoriebis Tvisebebi 
 

 am paragrafis yvela Sedegi miekuTvneba (Tu ar aris specialuri 
miniSneba) nebismieri pirveli rigis  K Teorias. SevniSnoT, rom pirveli rigis 
yoveli Teoria aris formaluri Teoria.  
 

 Teorema 1. Tu  K  Teoriis nebismieri formula  aris tavtologiis 

kerZo SemTxveva, maSin  aris K  Teoriis Teorema da gamoiyvaneba mxolod  
(1) – (3) aqsiomebis da gamoyvanis wesis modus ponens-is gamoyenebiT. 
 
 damtkiceba. davuSvaT, rom  miRebulia romeliRac W tavtologiidan 
Canacvlebis saSualebiT. gamonaTqvamTa aRricxvis sisrulis Teooremis 
Tanaxmad arsebobs W gamoyvana L–Si. am gamoyvanaSi yvelgan gavakeToT 
Canacvleba Semdegi wesis mixedviT : (i) Tu romeliRac propoziciuli aso 
Sedis  W –Si, maSin yvela misi Semavlobis adgilas gamoyvanis yovel 
formulaSi CavanacvlebT K  Teoriis im formulas, romelic Canacvlebuli 

iyo W –Si imave propoziciuli asoebis adgilas formula  agebulobisas, (ii) 
Tu mocemuli propoziciuli aso ar Sedis W –Si , maSin yvela misi 
Semavlobis adgilas gamoyvanis formulebSi CavanacvlebT nebismier 
(erTdaigives mocemuli propoziciuli asosTvis) K  Teoriis formulas. 

aseTnairad miRebuli formulebis mimdevroba iqneba formula  -s gamoyvana  
K-Si, iseTnairi gamoyvana, romelsac gamoyenebuli aqvs mxolod aqsiomaTa 

sqema  (1) – (3) da  MP.                       
 

 Teorema 2. nebismieri pirveli rigis  predikatTa K aRricxva 
arawinaamRdegobrivia.  
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 damtkiceba.  nebismieri  formulisTvis h() aRvniSnoT gamosaxuleba, 

romelic miiReba  formulis Semdegi gardaqmnis Sedegad:  formulaSi 
CamovaSoroT yvela qvantori da termi (Sesabamisi frCxilebiT da mZimeebiT). 

magaliTad, ))(),(( 3

1

121

2

11 xPxxPxh   aris 1

1

2

1 PP  . arsebiTad h() yovelTvis aris 

propoziciuli formula, sadac propoziciuli asoebis magivrad 

gamoyenebulia k

jP  simboloebi. cxadia, rom h() = h()  da  h(   ) = h()  h( 

).  nebismieri  aqsiomisTvis , romelic miRebulia (1) – (5) aqsiomaTa 

sqemebidan, h() aris tavtologia. es cxadia (1) – (3) –Tvis. me-(4) sqemis  

xi(xi)  (t)  yoveli kerZo SemTxveva h operaciiT gardaiqmneba     saxis 

tavtologiad, xolo  me-(5) sqemis xi (   )  (   xi  ) )  yoveli kerZo 

SemTxveva h operaciiT gardaiqmneba(   )  (   )  saxis tavtologiad. 

dabolos, Tu h()  da h(   )  tavtologiebia, maSin h()  tavtologiaa; Tu  

h()  tavtologiaa, maSin h(xi )  tavtologiaa, radgan h operaciis gamoyenebis 

Sedegad miRebuli gamosaxulebebi emTxveva erTmaneTs. e. i. , Tu    Teoremaa  

K-Si, maSin h()   tavtologiaa. Tu Cven dauSvebT, rom arsebobs formula   
-Si iseTi, rom  |K    da |K   , maSin orive gamosaxuleba h()  da  h()  

iqneboda tavtologia, rac SeuZlebelia. e. i.   arawinaamRdegobrivia.                     

 
 
 deduqciis Teorema gamonaTqvamTa aRricxvisaTvis garkveuli Sesabamisi 
modifikaciis gareSe SeuZlebelia Camoyalibdes nebismieri pirveli rigis K 

TeoriisaTvis. magaliTad,  | xi    nebismieri   formulisaTvis, magram 

yovelTvis ar gvaqvs, rom   |     xi .  marTlac, ganvixiloT 
interpretaciis are, romelic Seicavs or c da d elements mainc. davuSvaT, 
rom  aris romeliRac predikatTa aRricxva, da    aris  1

1
(x1) . davuSvaT, 

rom 1
1–is interpretacia warmoadgens raRac Tvisebas, romelic gaaCnia 

mxolod element c-s. maSin 1
1
(x1) Sesrulebadia nebismier s = (b1, b2, … )  

mimdevrobaze, sadac  b1 = c , magram xi   ar aris Sesrulebadi saerTod 

arcerT mimdevrobaze. amgvarad, formula    xi    ar aris WeSmariti 
mocemul interpretaciaSi da amitom ar aris logikurad zogadmarTebuli. 
xolo, rogorc Cven momavalSi vnaxavT, yoveli Teorema nebismieri predikatTa 
aRricxvisaTvis logikurad zogadmarTebulia. magram Sesustebuli saxis 
deduqciis Teoremis sasargeblo forma SesaZlebelia damtkicdes. 

 davuSvaT    formulaa, romelic ekuTvnis mocemul formulaTa  

simravles, da dauSvaT , rom  1, ... , n – romeliRac gamoyvanaa -dan, cadac 

yoveli nabiji dasabuTebulia. Cven vityviT, rom i  damokidebulia -ze am 
gamoyvanaSi , Tu   

(i) i  aris  da i  -is dasabuTeba aris is, rom i ekuTvnis , an  

(ii) i  dasabuTebulia imiT, rom is aris uSualo Sedegi MP-iT an  
Gen-iT romeliRac winamdebare formulebidan am gamoyvanaSi, 

romlebidan erTi mainc damokidebulia -ze. 
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m g a l i T i.   , x1      | x1 . 

 

 (1)                            hipoTeza 

 (2)  x1                    (1), Gen 

 (3)  x1                hipoTeza 

 (4)                             (2), (3) , MP 

 (5)  x1                     (4), Gen        

 

 aq (1)  damokidebulia  -ze, (2)  damokidebulia  -ze, (3)  

damokidebulia x1      -ze, (4)  damokidebulia  -ze da x1     -ze  da 

(5)  damokidebulia  -ze da x1     -ze.  
 

 Teorema 3. Tu  ar aris damokidebuli  -ze gamoyvanaSi   ,  |  , 

maSin   | .  
 
 damtkiceba. davuSvaT, rom 1, ... , n =   aris   -s gamoyvana  -dan da  
-dan, sadac   ar aris damokidebuli -ze. roca mocemul gamoyvanaSi 
formulebis raodenoba n = 1, maSin Teorema marTebulia. davuSvaT, rom 
Teorema marTebulia, roca gamoyvanis sigrZe (formulebis raodenaba 

gamoyvanaSi) naklebia n –ze (induqciis daSveba). Tu  ekuTvnis  -s an   
aqsiomaa, maSin  | . Tu  uSualod gamomdinareobs romeliRac (erTi an 

ori) winamdebare formulebidan, maSin, vinaidan  ar aris damokidebuli  -
ze, ar aris damokidebuli  -ze agreTve arcerTi (is) winamdebare formulebi. 

maSasadame, induqciis daSvebis Tanaxmad,  -dan gamoiyvaneba es formulebi, 

da maTTan erTad formula .                 
 

 Teorema 4. (deduqciis Teorema) davuSvaT, rom  ,  |  , da amasTan 

erTad arsebobs -as iseTi gamoyvana {, } –dan, sadac ganzogadoebis 
gamoyvanis wesis (Gen) arcerT gamoyenebisas formulebze, romlebic 
damokidebulia am gamoyvanaSi -ze, kvantoriT ar ibmeva  -s arcerTi 
Tavisufali cvladi. maSin  |    . 
 

 damtkiceba. dauSvaT, rom 1, ... , n =  , romelic akmayofilebs Teoremis 

pirobas, rom  gamoiyvaneba {, } –dan. induqciiT davamtkicoT, rom  |   
i nebismieri i  n. Tu  i aqsiomaa an ekuTvnis -as , maSi  |   i, vinaidan 

i   (  i )  aqsiomaa.  Tu i emTxveva -s, maSin  |   i   vinaidan |   . 
Tu arsebobs j da k , romlebic naklebia i-ze, da iseTebi, rom k aris j i , 

maSin, iduqciis daSvebis Tanaxmad,  |   j    da    |   (j i) . 

maSasadame, me- (2) aqsiomaTa sqemis da  MP-iT,   |   i. bolos, dauSvaT, 

rom arsebobs j,  j< i , iseTi, rom i aris xk j .  daSvebis Tanaxmad,  |   j  

, da an j ar aris damokidebuli -ze , an xk ar aris -as Tavisufali cvladi. 
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Tu j ar aris damokidebuli -ze, maSin, Teorema 3 mixedviT,  | j , da Semdeg, 

Gen-is gamoyenebiT , vRebulobT  | xk j , e. i.        | i. (1) aqsiomaTa 

sqemis gamoyenebiT,  | i   (  i ).  Tu xk ar aris -as Tavisufali cvladi, 

maSin , (5) aqsomaTa sqemis mixedviT, | xk(  j )  (  xk j ) . vinaidan  |  
 j , maSin , gamoyvanis wesis  Gen-is mixedviT, vRebulobT  | xk(  j ) da , 

bolos, modus ponensis MP saSualebiT :  |   xk j ,  e. i.  |   i . amiT 
induqcia dasrulda.  Teoremis daskvna miiReba roca i = n .                                              

 
 

 Sedegi 5. Tu   ,  |   da arsebobs gamoyvana, romelic agebulia 

ganzogadoebis wesis gamoyenebis gareSe - s Tavisufali cvladebis mimarT, 
maSin   | . 
 
 Sedegi 6. Tu formukla  Caketilia da  ,  | , maSin  |    . 
 

 m a g a l i T i.   | x1x2    x2x1  . 

 damtkiceba .  
  

1.  x1x2                          hipoTeza 

2.  x1x2    x2          aqsiomaTa sqema (4) 

3. x2                               1, 2, MP 

4.  x2                          aqsiomaTa sqema (4) 

5.                                       3, 4,  MP 

6. x1                                5, Gen 

7.  x2x1                         6, Gen 

 

 amgvarad, 1 – 7 mixedviT,  x1x2   | x2x1  ,  magram gamoyvanis agebisas  

Gen – is gamoyenebis arc erT SemTxvevaSi ar ibmeba x1x2    formulis 

Tavisufali cvladi. amitom, Sedegi 5  Tanaxmad, | x1x2    x2x1  . 

 
 

 
4.5   sisrulis Teorema 

 
 Teorema 7. pirveli rigis Teoriis nebismier predikatTa aRricxvaSi 
yoveli Teorema aris logikurad zogadmarTebuli. 
 
 damtkiceba. formulis WeSmaritobis cnebis (VII) Tvisebis Tanaxmad, 
aqsiomebi, romlebic warmodgenilia  (1) – (3) sqemebiT, logikurad 
zogadmarTebulebia.  (X) (Sedegi) da (XI) Tanaxmad, logikurad 
zogadmarTebulebia aqsiomebi, romlebic warmoqmnilia (4) – (5) sqemebiT.  (III) 
da (VI) Tanaxmad, gamoyvanis wesebi  MP  da  Gen inaxaven logikurad 
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zogadmarTebulobis Tvisebas. amgvarad, nebismieri predikatuli aRricxvis 
yoveli Teorema logikurad zogadmarTebulia.                                                  

                                                                             
 
savarjiSoebi. 
 

1. Tu  |   da nebismieri formula   -dan WeSmaritia  mocemul  M  

modelSi, maSin formula  WeSmaritia M  modelSi nebismieri pirveli 
rigis  K  TeoriisTvis.  

2. Tu formula  ar Seicavs qvantorebs da damtkicebadia predikatTa 
aRricxvaSi, maSin is warmoadgens tavtologiis kerZo SemTxvevas, da 
amitom, Teorema 1-is Tanaxmad, am formulisaTvis arsebobs uqvantoro 
gamoyvana, romelSic gamoyenebulia mxolod aqsiomaTa sqema  (1) – (3)  da 
gamoyvanis wesi  MP.   

 

davuSvaT, rom cvladebi xi da xj ar emTxveva erTmaneTs da formula  (xj)  

miiReba (xi)  formulidan  xj-is  CanacvlebiT yvela cvlad xi -is Tavisufali 

Semavlobis nacvlad, maSin (xi) da (xj) uwodeben msgavsebs, Tu xj 

Tavisufalia xi –Tvis  (xi) –Si da (xi) –s  ar gaaCnia xj-is Tavisufali 

Semavloba. Tu (xi)  da (xj)  msgavsebia, maSin xi   Tavisufalia  xj-Tvis  (xj)-Si  

da (xj)-is ar gaaCnia xi-is Tavisufali Semavloba. amrigad, msgavsoba aris 

simetriuli mimarTeba. sxva sityvebiT rom vTqvaT , (xi)  da (xj)  msgavsebia 

maSin da mxolod maSin, roca xj  Tavisuflad Sedis (xj)-Si zustad im 

adgilebSi, sadac  xi  Tavisuflad Sedis (xi)-Si. 
 

lema 8. Tu (xi) da (xj)  msgavsebia, maSin | xi(xi)  xj(xj). 

 

damtkiceba. me-(4) aqsiomaTa sqemis mixedviT, | xi(xi)  (xj). viyenebT 

wess Gen :  | xj(xi(xi)  (xj))  da ,  me-(5) aqsiomaTa sqemis mixedviT, vRebulobT  

| xi(xi)  xj(xj). analogiurad vamtkicebT, rom | xj(xj)  xi(xi). viyenebT ra 

tavtologias     p1  (p2  (p1 & p2)  da Teorema 1, vRebulobT | xi(xi)  xj(xj).            

 

lema 9. Tu  Teoriis Caketili formula   ar aris gamoyvanadi -

Si , maSin   Teoria, romelic miRebulia -dan  -s damatebiT aqsiomis 
saxiT, arawinaamRdegobrivia. 

 
damtkiceba. davuSvaT, rom  winaamRdegobrivia. es niSnavs, rom 

arsebobs formula , romlisaTvisac  |  da  |. Teorema 1-is Tanaxmad, 
|   (   ). maSasadame , |  da  |. vinaidan formula  
Caketilia, maSin, Sedegi 6-is Tanaxmad, |   . meores mxriv, Teorema 6-is 
Tanaxmad, | (  )  . amitom | , rac ewinaamRdegeba pirobas. 

(analogiurad, Tu formula  araa gamoyvanadi -Si, maSin formula -s 
damatebiT aqsiomis saxiT   TeoriaSi winaamRdegobas ar gvaZlevs.)        
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lema 10. nebismieri pirveli rigis Teoriis yvela gamosaxulebaTa 
simravle Tvladia ( e. i. , kerZod Tvladia: yvela termTa simravle, yvela 
formulaTa simravle,  yvela Caketil formulaTa simravle ). 

 
damtkiceba. yovel u simbolos SevusabamoT luwi ricxvi g(u) Semdegi 

wesis mixedviT:  g( ( ) = 3,  g( ) ) = 5,  g(,) = 7, g(  ) = 9,   g() = 11,  g(xk) = 5 + 8k,  g(ak) = 7 + 

8k, g(fk
n
) = 9 + 8(2

n
  3

k
), g(Pk

n
) = 11 +      8(2

n
  3

k
). xolo gamosaxulebas u0u1…ur  

SeusabamoT ricxvi      2
g(u

0
)
 3

g(u
1

)
 pr 

g(u
r
)
 , sadac  pi  aris i–uri martivi ricxvi. 

aseTi numeraciis dros, cxadia , sxvadasxva gamosaxulebebi miiReben 
sxvadasxva nomers, da Cven SegviZlia gadavTvaloT yvela gamosaxuleba 

Sesabamisi ricxvebis zrdis mixedviT.             
 

pirveli rigis  Teorias vuwodoT sruli , Tu  Teoriis nebismieri 
Caketili  formulisTvis  an  |  an |  . 

pirveli rigis Teoria , romlis simboloebi igivea rac pirveli rigis 

Teoria  -Si, uwodeben  Teoriis gafarToebas, Tu  Teoriis nebismieri 
Teorema agreTve  Teoriis Teoremaa. (cxadia, rom damtkicdes, rom Teoria 

 aris Teoria  -s gafarToeba, sakmarisia damtkicdes , rom  Teoriis 

yvela sakuTrivi aqsiomebi  aris  Teoriis Teoremebi.) 
 

lema 11. (lindenbaumis lema.) Tu pirveli rigis Teoria  
arawinaamRdegobrivia, maSin arsebobs misi arawinaamRdegobrivi gafarToeba. 

 
damtkiceba. davuSvaT, rom  1 , 2 , ...  aris  Teoriis yvela Caketili 
formulebis CamonaTvali (lema 10). Semdegnairad ganvsazRvroT   J0, J1, J2,  …  

Teoriebis mimdevroba. dauSvaT , rom J0 aris . dauSvaT, rom Teoria Jn (n   0) 

ukve gansazRvrulia. Tu  |Jn n+1  arasworia, maSin  Jn+1 ganvsazRvroT rogorc 

Teoria, romelic miRebulia  Jn –dan  n+1 damatebiT axali aqsiomis saxiT. Tu  

|Jn n+1 ,  maSin  Jn+1 = Jn .  J  iyos pirveli rigis Teoria, romelic miiReba Tu 
aqsiomebad avirebT yvela Ji Teoribis aqsiomebs. cxadia, rom Jn+1  aris Jn -is 

gafarToeba, xolo J aris yoveli Ji Teoriis gafarToeba, maT Soris   
Teoriis, romelic emTxveva J0 . J Teoriis arawinaamRdegobriobis 
dasamtkiceblad sakmarisia damtkicdes yoveli Ji Teoriis 
arawinaamRdegobrioba, vinaidan yoveli winaamRdegobriobis gamoyvana J-Si 
iyenebs sasruli raodenoba aqsiomebs da, maSasadame, aris winaamRdegobriobis 
gamoyvana romeliRac Jn TeoriaSi. davamtkicoT Ji Teoriis 

arawinaamRdegobrioba induqciiT i –s mimarT. pirobis Tanaxmad J0 =  
arawinaamRdegobrivia. dauSvaT, rom Teoria Ji arawinaamRdegobrivia . MmaSin , 

Tu Ji+1 = Ji , maSin Teoria Ji+1 arawinaamRdegobrivia. Tu Ji+1  Ji   da , maSasadame,   

Ji+1 –is  gansazRvris  Tanaxmad , formula  ar aris gamoyvanadi     Ji –Si, 
maSin , lema 9 Tanaxmad, Teoria Ji+1 agreTve arawinaamRdegobrivia. amgvarad, Ji 
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arawinaamRdegobrivobidan gamomdinareobs Ji+1 –is arawinaamRdegobrivoba, da 
Cven davamtkiceT, rom yvela Ji Teoriebi arawinaamRdegobrivia ; maSasadame, 
arawinaamRdegobrivia Teoria J . J Teoriis sisrulis dasamtkiceblad 

ganvixiloT  Teoriis nebismieri Caketili formula  . cxadia, rom  = j+1  

romeliRac  j-Tvis ( j  0). Teoria Ji gansazRvris Tanaxmad , an |Jj j+1 , an  |Jj+1 

j+1, vinaidan , Tu arasworia |Jj j+1, maSin j+1  сcxaddebaчaqsiomad  Jj+1 –Si. 

maSasadame, gvaqvs  |J j+1 ,  an  |J j+1.  

 amgvarad, Teoria J aris  Teoriis sruli arawinaamRdegobrivi 

gafarToeba.                                 
 

 Teorema 12. yovel pirveli rigis arawinaamRdegobriv Teorias gaaCnia 
Tvladi modeli (e. i. modeli Tvladi areTi). 
 

                                                               
 

 Sedegi 13. pirveli rigis  Teoriis yoveli zogadmarTebuli 

formula  Teoriis Teoremaa. 
 
 damtkiceba. sakmarisia ganvixiloT mxolod CakeTili  formulebi, 

vinaidan yoveli formula  logikurad zogadmarTebulia maSin da mxolod 

maSin, roca logikurad zogadmarTebulia misi Caketva, da gamoyvanadia -Si 

maSin da mxolod maSin, roca -Si gamoyvanadia misi Caketva. amgvarad,  iyos 

 Teoriis logikurad zogadmarTebuli Caketili formula. dauSvaT, rom  

ar aris  Teoriis Teorema. maSin Tu Cven  Teorias daumatebT formula  
axali aqsiomis saxiT, maSin miviRebT axal Teorias , arawinaamRdegobrivs 

lema 9 Tanaxmad. Teoria  gaaCnia, Teorema 12 Tanaxmad, modeli . vinaidan 

formula  aqsiomaa -Si, maSin  WeSmaritia -Si, da vinaidan logikurad 

zogadmarTebulia , maSin is WeSmaritia -Si. amgvarad, Cven miviReT, formula 

 erTdroulad WeSmaritia da mcdaria -Si , rac SeuZlebelia. maSasadame, 

formula  unda iyos  Teoriis Teorema.                                        

 
 

 Sedegi 14. nebismier pirveli rigis predikatTa aRricxvaSi formula 
Teoremaa maSin da mxolod maSin , roca is logikurad zogadmarTebulia. 
 
 damtkiceba. gamomdinareobs Teorema 7 da Sedegi 13  -dan.  
 

 Sedegi 15.  (a) formula  WeSmaritia  Teoriis nebismier Tvlad 

modelSi maSin da mxolod maSin, roca |  . maSasadame,  WeSmaritia  
Teoriis nebismier modelSi maSin da mxolod maSin, roca |  . 
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 (b)  Tu  Teoriis nebismier modelSi formula  Sesrulebadia 
nebismier mimdevrobaze, romelzedac Sesrulebadia yvela formula romelime 
 simravlidan, maSin    |  . 
 (c)  Tu  Teoriis formula  logikurad gamomdinareobs  Teoriis  
simravlis formulebidan, maSin  |  . 
 (d)  Tu  Teoriis formula  logikurad gamomdinareobs igive Teoriis 
formula  -dan, maSin  |  . 
 

 damtkiceba. (a) Cven SegviZlia vigulisxmoT, rom formula  Caketilia. 

dauSvaT, rom  WeSmaritia  Teoriis nebismier Tvlad modelSi. Tu 

arasworia |  , maSin Teoria =+ {} *). 
maSasadame,  -s gaaCnia Tvladi modeli . formula  , rogorc  

Teoriis aqsioma, WeSmaritia -Si. magram  agreTve aris  Teoriis 

modelic, da amitom  WeSmaritia -Si. maSasadame , formula  erTdroulad 

WeSmaritia da mcdaria -Si, rac SeuZlebelia. 

 (b)  ganvixiloT Teoria  . formula  WeSmaritia am Teoriis yvela 

modelSi. MmaSin , (a) punqtis Tanaxmad, |  , da, maSasadame,  |  .    
 punqti (c) , cxadia, gamomdinareobs (b)-dan, xolo (d) aris   (c) –s kerZo 

SemTxveva.                                             
 
 Sedegebi 13 – 15 gviCvenebs, rom predikatTa logikisTvis sintaqsuri 
meTodi pirveli rigis TeoriebisaTvis eqvivalenturia semantikuri meTodisa, 
romelic iyenebs interpretaciis, modelis, logikurad zogadmarTebulobis 
da a. S.  cnebebs. gamonaTqvamTa aRricxvisTvis analogiuri eqvivalentoba 
semantikuri (tavtologia da a. S. ) da sintaqsuri (sistema L –is Teorema da a. 
S.) cnebebisa gamoisaxulia me 11 leqciis  me-7 da me –9 TeoremebSi. 
 

Sedegi 16. (skolem-levengeimis Teorema.) Tu pirveli rigis Teoria  -s 
gaaCnia romelime modeli, maSin mas gaaCnia Tvladi modeli. 

 
damtkiceba. Tu -s gaaCnia modeli, maSin  arawinaamRdegobrivia (ix. (II) 

leqcia 16). maSasadame , Teorema 12 Tanaxmad, -s gaaCnia Tvladi modeli .                           

 
  
  

 
 
 
 

                                                 
*
) Tu  Teoriaa da  -  Teoriis formulaTa simravle, MmaSin   -Ti aRiniSneba Teoria, 

romelic miRebulia -dan masSi yvela formulebis damatebiT  -dan aqsiomebis saxiT. 
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V 

 

gamoTvlebis safuZvlebi 

kombinatorikis ZiriTadi principi 
 
kombinatorika warmoadgens diskretuli maTematikis erTerT nawils, romelmac 
moipova gansakuTrebuli mniSvneloba misi gamoyenebisa albaTobis TeoriaSi, 
maTematikur logikaSi, ricxvTa TeoriaSi, gamoTvliT teqnikaSi, mkibernetikaSi. 
 
 adamians xSirad uwevs hqondes saqme amocanebTan, sadac saWiroa romeliRac 
sagnebis ganlagebis yvela SesaZlo variantebis raodenobis ricxvis povna an 
romeliRac qmedebis ganxorcielebis raodenobis ricxvis povna.  
 CamovayaliboT mniSvnelovani wesi, romelic xSirad gamoiyeneba 
kombinatoruli gamoTvlebisaTvis. ganvixiloT Semdegi amocana. 
 
 a m o c a n a   1.  Tbilisidan baTumamde SegviZlia CavideT matarebliT, 
avtobusiT, TviTfrinaviT; baTumidan stambolamde SesaZlebelia Casvla gemiT, 
TviTfrinaviT, avtobusiT, velosipediT. ramdeni saSualebiT SeiZleba 
ganxorcieldes mgzavroba marSrutiT Tbilisi – baTumi – stamboli?  (nax. 1) 
 
 a m o x s n a.  cxadia, rom sxvadasxva variantebis raodenoba Caxwevisa 

Tbilisidan stambolamde udris 3  4 = 12, vinaidan, Tu avirCieT sami 
SesaZleblobidan erTi marSruti Tbilisidan baTumamde, maSin arsebobs oTxi 
SesaZlo varianti mgzavrobisa baTumidan stambolamde. 
 
                
             TviTfrinavi            TviTfrinavi  
 
              avtobusi                 gemi 
                                         
Tbilisi       matarebeli               avtobusi           stamboli 
                             baTumi                          

                 velosipedi 
 
 

                           nax. 1 
 
 

 msjeloba, romelic moyvanilia pirveli amocanis amoxsnisas, amtkicebs 
Semdegi martivi mtkicebulebis marTebulobas, romelsac Cven vuwodebT 

kombinatorikis ZiriTad princips. 
 

 Tu romelime arCevani A  SeiZleba ganxorcieldes  m 
sxvadasxva saSualebiT, da yovelive am ganxorcielebuli 
saSualebis Semdeg SeiZleba ganxorcieldes sxva arCevani B   n  
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raodenobis saSualebiT, maSin A  da B   arCevani  (mocemuli 
mimdevrobiT) SeiZleba ganxuorcieldes  m   n  raodenobis 
saSualebiT. 
 
 

a m o c a n a  2.  qveynis pirvelobaSi fexburTSi monawileobas Rebulobs 16 
gundi. oqros da vercxlis medlebis ganawilebis ramdeni varianti arsebobs? 
 

a m o x s n a.  oqros medlis miReba SeuZlia 16-dan erT gunds. imis Semdeg, 
roca gamovlenilia oqros medlis mflobeli, vercxlis medlis mflobeli SeiZleba 
gaxdes darCenii 15-i gundidan erTi. maSasadame, saerTo raodenoba oqros da 

vercxlis medlebis ganawilebis variantebisa udris       16  15 = 240. 

 
ganvsaRvroT zogadi saxiT kombinatorikis ZiriTadi principi (gamravlebis 

wesi). 
 

davuSvaT unda Sesruldes erTis meores miyolebiT k 
moqmedeba. Tu pirveli moqmedeba SeiZleba Sesruldes n1 
saSualebiT, meore – n2 saSualebiT, mesame – n3 saSualebiT da a. S. 
k K moqmedebamde, romelic SeiZleba Sesruldes nk saSualebiT, 
maSin yvela k moqmedeba erTad aRebuli SeiZleba Sesruldes  

 
n1  n2  n3   ...  nk 

 
saSualebiT. 

 
 

5.1. sasrul simravleTa jamis elementebis raodenobis povna. 
 
A sasruli simravlis elementebis raodenoba aRvniSnoT  N(A).   
 ZiriTadi formula, romelic Tvlis ori sasruli simravlis jamis 
elementebis raodenobas Semdegia: 
 

                                     N(A  B) = N(A) + N(B)  N(A  B).                              (1) 

 

marTlac, N(A) + N(B) aris ricxvi, romelic miiReba jer A simravlis yvela 
elementebis gadaTvliT da, Semdeg, B simravlis yvela elementebis gadaTvliT. 
magram am SemTxvevaSi A da B simravlis saerTo elementebi gadaiTvleba orjer, e. i.  

 
                                        N(A  B) = N(A) + N(B)  N(A  B).           

 
am formulis saSualebiT miiReba formula, romelic iTvlis  nebismieri sasruli 
raodenobis  sasruli simravleebis jamis elementebis raodenobas.   magaliTad sami 
sasruli simravleebisTvis gvaqvs:               
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N(A  B  C) = N(A  (B  C)) =  N(A) + N(B  C)  N((A  B)  (A  C)) = 

=  N(A) + N(B) + N(C)  N(B  C)  (N(A  B) + N(A  C)  N((A  B)  (A  C)) = 

= N(A) + N(B) + N(C)  N(B  C)  N(A  B)  N(A  C) + N(A  B   C). 

 
axla davamtkicoT zogadi formula. 
 
 
 
Teorema 1. Tu A1, … , An sasruli simravleebia, maSin 
 
N(A1  …  An) = N(A1) + ... + N(An)   { N(A1  A2) + N(A1  A3) + … + N(An-1  An)} + + { N(A1  A2  A3) 

+ N(A1  A2  A4) + … + N(An-2  An-1  An)}   …   

…  + (1)
n – 1

 N(A1  …   An).                                                                                         (2) 
  
(2) tolobis marjvena mxare warmoadgens n Sesakrebis jams, rigiT k-ur Sesakrebs 
aqvs saxe 
 

( 1)
k -1

 Sk(A1, … , An), 

 

sadac Sk(A1, … , An) aris N(Ai1  …   Aik)  ricxvebis jami yvela A1, … , An simravleebidan 
SesaZlo k sxvadasxva simravleebis TanakveTis mixedviT.  
 
 d a m t k i c e b a. formula  (1)-dan gamomdinareobs, rom formula (2) 
marTebulia ori simravlisTvis. davuSvaT, rom es formula marTebulia  n – 1  
simravlisTvis, da vuCvenoT, rom is sruldeba agreTve n simravlisTvis. daSvebis 
Tanaxmad 
 

N(A1  …  An) = N(A1) + N(A2  …  An)  N((A1  A2)   …   (A1  An)) =  

=  N(A1) + {S1(A2, … , An)  – S2(A2, … , An)  + … + ( 1)
n -2

 Sn-1(A2, … , An)}  

 { S1(A1 A2, … , A1 An)  – S2(A1 A2, … , A1 An)  + …  

+ ( 1)
n -2

 Sn-1(A1 A2, … , A1 An)}. 
 
 aqedan rom gamoviyvanoT formula (2), sakmarisia miviRoT mxedvelobaSi 
Semdegi tolobebi 
 

N(A1) + S1(A2, … , An)  = S1(A1, … , An) , 

S2(A2, … , An)  +  S1(A1 A2, … , A1 An) = S2(A1, … , An), 

Sk(A2, … , An)  +  Sk -1(A1 A2, … , A1 An) = Sk(A1, … , An), 

Sn -1(A1 A2, … , A1 An) = Sn(A1, … , An).                                                         

 

 
 

5. 2. mocemuli simravlis k-elementiani qvesimravleebis raodenoba. 
 
gavixsenoT, rom P(A) aRniSnavs A simravlis buleans, e. i.  A simravlis yvela 
qvesimravleTa simravles.  Pk(A) -Ti aRvniSnavT A simravlis yvela k-elementian 
qvesimravleTa simravles:  

Pk(A) ={B  P(A): N(B) = k}. 
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 bunebrivia daisvas kiTxva: ramdeni k-elementiani gansxvavebuli qvesimravle 
gaaCnia n-elementian simravles? 
 
Teorema 2. n-elementiani simravlis yvela k-elementiani gansxvavebuli 
qvesimravleebis raodenoba tolia 
 

                      N(Pk(A)) = 
)!(!

!

21

)1()1(

knk

n

k

knnn











                              (1) 

 

d a m t k i c e b a. aRvniSnoT N(Pk(A)) = Cn
k
 .  imisaTvis, rom avagoT A simravlis k-

elementiani qvesimravle, (k  1)-elementian qvesimravles unda davumatoT erTi n  k + 1 

darCenili elementebidan. vinaidan (k  1)-elementian qvesimravleTa raodenoba udris 

Cn
k1

 da yoveli maTgani SegviZlia gavxadoT k-elementiani n  k + 1 saSualebiT, 

maSin Cven miviRebT (n  k + 1) Cn
k1

 qvesimravles. magram yvela maTgani ar iqneba 
gansxvavebuli, vinaidan yoveli k-elementiani simravle SeiZleba aseTnairad aigos  k  

saSualebiT: yoveli elementis damatebiT misi (simravlis)  k elementidan. amitom  

Cvens mier gamoTvlili ricxvi  k jer metia, vidre Cn
k
  -  k-elementian qvesimravleTa 

raodenobisa. maSasadame   
 

kCn
k
 = (n  k + 1) Cn

k1
. 

 
aqedan vpoulobT 
 

Cn
k 
= .

2)1(

)1()1(

1

)2)(1(1 121

n

k

n

k

n C
kk

nkn
C

k

knkn
C

k

kn
















   

 

magram, n-elementiani simravlis erT elementian qvesimravleTa raodenoba  Cn
1
 udris 

n. aqedan miiReba formula (1).                 
 n-elementian simravlis nebismier k elementian qvesimravles uwodeben 

jufdebas n elemendidan k-d. 
 
 
Teorema 3. adgili aqvs Semdeg tolobas 
 

                                                 Cn
k
 =  k

n

k

n CC 1

1

1 



                                            (2) 

 
d a m t k i c e b a. ganvixiloT romeliRac elementi  a simravle A-dan, 

romelic Sedgeba  n elementisagan, da yvela k-elementiani qvesimravleebi A 
simravlidan (aseTi qvesimravleebis raodenoba tolia Cn

k 
).  yvela k-elementiani 

qvesimravleebi A simravlidan gavyoT or jgufad: qvesimravleebi, romlebic Seicaven  
a-s, da qvesimravleebi, romlebic ar Seicaven  a-s. qvesimravleebis raodenoba 

pirveli jgufidan udris  1

1





k

nC , vinaidan yoveli aseTi qvesimravle miiReba a-s 

damatebiT romeliRac (k–1)-elementian qvesimravleze A simravlidan (SevniSnoT, rom 
A – {a} simravlis elementTa raodenoba udris  n – 1). qvesimravleebis raodenoba 
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meore jgufidan udris  k

nC 1 ,  vinaidan yoveli aseTi qvesimravle aris k-elementiani 

qvesimravle A – {a} simravlisa. maSasadame, 
 

Cn
k
 =  

k

n

k

n CC 1

1

1 



                                        

 
 

5. 3. mocemuli simravlis qvesimravleTa raodenoba. 
 
exla gamovarkvioT ramdeno qvesimravleebi gaaCnia n–elementian simravle A–s. 
 

Teorema 4. n–elementiani simravlis yvela qvesimravleTa ricxvi udris  2
n
.  

 
d a m t k i c e b a.  Ma iyos A simravlis yvela im qvesimravleTa simravle, 

romlebic Seicaven  a elements. cxadia, rom yoveli aseTi qvesimravle 
gansazRvrulia, Tu miTiTebulia yvela danarCeni (a–s garda) elementi. amitom aseTi 
qvesimravleebis raodenoba iqneba imdeni, ramdenic iqneba qvesimravleebis raodenoba 
A’ = A – {a} simravlisa, romelic Seicavs yvela elementebs A-dan, a–s garda. am 
simravles gaaCnia n – 1 elementi. amitom, Tu qn aris n–elementiani simravlis 
qvesimravleTa ricxvi, maSin  N(Ma) = qn-1.  

Tu ~Ma aris A simravlis yvela im qvesimravleTa simravle, romlebic ar 

Seicaven  a elements, maSin N(~Ma) = qn-1. vinaidan  P(A) = Ma  ~Ma, maSin N(P(A))  2 qn-

1 aqedan vRebulobT, rom  qn = 2 qn-1. maSadame, qn = 2 qn-1   2
2
 qn-2    2

n 1
 q1   simravles, 

romelic Sedgeba erTi elementisagan, gaaCnia ori qvesimravle (mTliani simravle da 

carieli simravle). amitom q1 = 2. maSasadame, qn  2
n
.                           

 
Sedegi 5. adgili aqvs Semdeg tolobas 

                       



n

k

nk

nC
0

2 . 

 
 

5. 4. mocemuli simravlis gadanacvlebebi 
 
Cven SegviZlia davalagoT sasruli simravlis elementebi, Tu mivaniWebT yovel 
elements romeliRac naturalur ricxvs  1-dan  n-mde, sadac n aris elementTa 
raodenoba mocemul simravleSi. yoveli sasruli simravle SeiZleba amgvarad 
dalagdes, Tu, magaliTad, amovwerT simravlis yvela elementebs siis mixedviT (a, b, 

c,  ... ), da Semdeg SevusabamebT yovel elements adgilis nomers, romelzedac is 
imyofeba siaSi. cxadia, rom yoveli simravle, romelic Seicavs erT elementze mets, 
SeiZleba dalagdes ara erTis gziT. dalagebuli simravleebi gansxvavebulebia, Tu 
isini gansxvavdebian an Tavisi elementebiT, an dalagebiT. sxvadasxva dalagebul 
simravleebs, romlebic gansxvavdebian mxolod Tavisi elementebis dalagebiT (e. i. 
SeiZleba miRebul iqnan erTidaigive simravlidan), ewodeba am simravlis 
gadanacvlebebi.  
 m a g a l i T i. 3-elementian simravlis A = {a, b, c} gadanacvlebebs aqvs 
Semdegi saxe 
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{a, b, c}, {a, c, b}, {b, a, c}, {b, c, a}, {c, a, b}, {c, b, a}. 

 
 gamovTvaloT yvela SesZlo saSualebebis ricxvi, romliTac dalagdeba 

mocemuli simravle, e. i. A simravlis gadancvlebaTa ric-xvi. davuSvaT A simravles 

gaaaCnia n raodenobis elementi. aRvniSnoT misi yvela gadanacvlebaTa ricxvi  Pn -
iT. 
 

Teorema 5.  Pn = n! 

 

 d a m t k i c e b a. Tanmimdevrulad avirCioT A simravlis elementebi da 

ganvalagoT isisni gansazRvruli rigis mixedviT n adgilas. pirvel adgilze 

SegviZlia avirCioT n elementebidan nebismieri. amis Semdeg, roca ukve dakavebulia 

pirveli adgili, meore adgilze SegviZlia avirCioT darCenili (n – 1)-elementebidan 

nebismieri da a. S. gamravlebis wesis mixedviT yvela n adgili SeiZleba dakavdes  
 

n (n – 1) (n – 2) ... 21 = n! 

 

saSualebiT. maSasadame, n-elementiani simravle A  SeiZleba dalagdes n! 

saSualebebiT.                                             
 
 

5. 5. mocemuli simravlis dalagebuli qvesimravleebi (ganlagebebi) 
 
 

ganvixiloT mocemuli A simravlis dalagebuli qvesimravleebi. vgulisxmobT ra, rom 

TviTon A daulagebeli simravlea, amitom yoveli misi qvesimravle SeiZleba 

raRacnairad dalagdes. A simravlis yvela k-elementiani qvesimravleebis raodenoba 

tolia Cn
k
. yoveli aseTi qvesimravle SeiZleba dalagdes k! saSualebiT. aseTnairad 

miviRebT A simravlis yvela dalagebul k-elementiani qvesimravleebs. maSasadamde, 

maTi ricxvi udris  k! Cn
k.  

 
Teorema 6.  n-elementiani simravlis yvela dalagebul k-elementiani qvesimravleTa 
ricxvi tolia 
 

An
k
 = k! Cn

k 
= 

)!(

!

kn

n


= n(n – 1) ... (n – k + 1). 

 
3. 5. gadanacvlebebi ganmeorebebiT 
 

davsvaT aseTi kiTxva. ramdeni saSualebebiT SeiZleba daiyos A simravle, romelic 

Sedgeba n-elementebisgan, m TanaukveT nawilad 
 

A = B1  B2  ...  Bm 
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iseTnairad, rom N(B1)  k1, N(B2)  k2, ... . N(Bm)  km, sadac k1, k2, ... , km  - mocemuli 

ricxvebia (ki  0, k1 + k2 + ... + km = n)? simravleebs B1, B2, ... , Bm ar unda hqondeT saerTo 
elementebi. 

 yvela zemoT aRwerili A simravlis dayofa m jgufad B1, B2, ..., Bm SeiZleba 

miviRoT Semdegnairad: aviRoT A simravlis nebismieri k1-elementiani qvesimravle B1 

(es SeiZleba ganxircieldes 1k
nC  saSualebiT); darCenili n  k1  elementebidan aviRoT 

k2-elementiani qvesimravle B2 (es SeiZleba ganxircieldes 2

1

k

kn
C


 saSualebiT) da a. S. 

sxvadasxva B1, B2, ... , Bm simravleebis arCevis saSualebaTa raodenobis ricxvi 
gamravlebis wesis Tanaxmad udris 
 

1k
nC  2

1

k

kn
C


 3

21

k

kkn
C

  ... m
k

m
kkkn

C

1
...

21 
  =  

)!(!

)!...(

)!(!

)!(

)!(!

)!(

)!(!

!

13

11

3213

21

212

1

11 m

m

kknk

kkn

kkknk

kkn

kknk

kn

knk

n





















  =  

= 
!!!

!

21 mkkk

n


. 

 

(SegaxsenebT, rom  0! = 1). 

 

 

 

 
 maSasadame Cven davamtkiceT Semdegi Teorema 
 

Teorema 7.  davuSvaT mocemulia dadebiTi mTeli ricxvebi k1, k2, ... , km, Semdegi 

pirobiT: k1 + k2 + ... + km = n. saSualebaTa raodenobis ricxvi, romliTac SeiZleba 
warmodgenil iqnas n-elementiani simravle  m TanaukveTi qvesimravleebis B1, B2, ... , 

Bm gaerTianebad, romlis elementebis raodenoba Sesabamisad udris k1, k2, ... , km, 
tolia 

Cn(k1, k2, ... , km) = 
!!!

!

21 mkkk

n


. 

 

 ricxvebs Cn(k1, k2, ... , km)  uwodeben polinomialur koeficientebs. maT 
gaaCniaT kidev erTi Zalian mniSVnelovani interpretacia. 

 davuSvaT gvaqvs n aso: k1 – aso a1, k2 – aso a2, km – aso am  (k1 +   k2 + ... + km = n). 
ganvsazRvroT, ramdeni sxvadasxva sityva SeiZleba SevadginoT am asoebisgan. 

gadavnomroT adgilebi, romelzedac imyofeba asoebi, 1, 2, ... , n  ricxvebiT. yoveli 

sityva ganisazRvreba B1 (adgilebis nomrebi, sadac imyofeba aso a1), B2 (adgilebis 

nomrebi, sadac imyofeba aso  a2), ... , Bm (adgilebis nomrebi, sadac imyofeba aso am) 
simravleebiT. maSasadame, sxvadasxva sityvebis raodenoba udris im saSualebaTa 

raodenobas, romliTac SegviZlia warmovadginoT simravle A = {1, 2, ... , n} TanaukveT 

simravleTa B1, B2, ... , Bm gaerTianebad, e. i.  
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Cn(k1, k2, ... , km) = 
!!!

!

21 mkkk

n


. 

 
 zemoT moyvanili mtkicebuleba SeiZleba formulirebul iqnas Semdegi 
Teoremis saxiT 
 
 

Teorema 8.  sxvadasxva gadanacvlebaTa ricxvi, romlebic SesaZloa SevadginoT n 
elementisgan, romelTa Soris imyofeba erTi tipis k1 elementi, mere tipis k2 
elementi, ... , m tipis km elementi, udris 
 

Cn(k1, k2, ... , km) = 
!!!

!

21 mkkk

n


. 

 
 

5. 6. niutonis binomi da polinomialuri formula 
 
cnobilia, rom 
 

(a + b)
2
 = a

2
 + 2ab + b

2
, 

(a + b)
3
 = a

3
 + 3a

2
b + 3ab

2
 + b

3
. 

 
zogadad adgili aqvs Semdeg Teoremas 
Teorema 9.  adgili aqvs Semdeg tolobas 
 
(a + b)

n
 = Cn

0
a

n
b

0
 + Cn

1
a

n-1
b

1
 + ... +  Cn

k
 a

n-k
b

k
 + ... + Cn

n
 a

0
b

n
,        (1) 

 
sadac  
 

  Cn
k
  =

)!(!

!

knk

n


. 

 
 formula (1) SeiZleba gadavweroT Semdegi saxiT 

(a + b)
n
 = 




n

k

kknk

n baC
0

. 

 

 am Teoremas zogjer uwodeben binomionalur Teoremas, xolo ricxvebs 

Cn
k
  - binomionalur koeficientebs. toloba (1) uwodeben niutonis binoms. 

 d a m t k i c e b a. gadavamravloT TanmimdevrulaT (a + b)  n jer. maSin 

miviRebT d1d2 ... dn saxis  2
n Sesakrebebis jams, sadac di (i = 1, ... , n) udris an  a-s, an b-

s. davyoT yvela Sesakrebi n + 1 jgufad B0, B1, B2, ... , Bn, sadac  Bk-s ekuTvnis yvela is 

namravli, romelic Seicavs  b-s namravlad k jer, xolo a-s  - n – k  jer. cxadia, 

rom namravlebis raoedenoba  Bk –Si udris Cn
k
 , xolo yoveli Sesakrebi Bk –Si 

udris a
n-k

b
k
.  amitom 
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(a + b)
n
 = 




n

k

kknk

n baC
0

.                                                                                      

 
 SegaxsenebT binomialuri koeficientebis Semdeg mniSvnelovan Tvisebas:  
 

                          Cn+1
k
 = Cn

k
 + Cn

k – 1
.                                (2) 

 
 toloba (2) uCvenebs, rom binomialuri koeficientebi SeiZleba Camoiweros 
samkuTxedis cxrilis saxiT, romelsac uwodeben paskalis samkuTxeds: 
 

                      1      1                    n = 1 

                                               1    2     1                 n = 2 

                                            1    3     3     1             n = 3 

                                          1   4     6    4     1          n = 4 

                                       1    5  10   10    5    1       n = 5 

                                       ................................................ 
 

paskalis samkuTxedis  me – n –e  sTriqonSi Cawerilia (a + b)
n
-is koeficientebi, 

sadac yoveli koeficienti, garda pirvelisa da bolosi, romlebic udris 1, udris 
Sesabamisi koeficientebis jams winamdebare sTriqonidan. 
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grafebi 

 
 

6.1 ra aris grafi? 
 

ganvixiloT 1.1  da 1.2 nax-ebi, sadac Sesabamisad asaxulia eleqtronuli sqemis 

ubani da gzebis ruqis nawili.  cxadia, rom orive es naxati SesaZlebelia 

warmovadginoT erTi da igive diagramiT Semdgari xazebiT da wertilebiT, romelic 

warmodgenilia 1.3 nax-ze. wertilebs  P, Q, R, S  da T –s uwodeben wveroebs, xazebs – 

wiboebs , xolo mTel diagramas ewodeba grafi. (SevniSnoT, rom PS  da QT  xazebis 

gadakveTis wertili ar ekuTvnis grafis wveroebs, vinaidan is ar aris saerTo 

wertili arc mavTulebis, da arc gzajvaredinis.) wveros xarisxs uwodeben wiboebis 

raodenobas, romlis boloebs warmoadgens es wvero; 1.2 nax-ze es Seesabameba gzebis 

raodenobas , romlebic ikveTebian gzajvaredinze; ase rom wveros xarisxi udris 4-s. 

 

P                                Q                                P                                 Q 

                                                 

                                                

 

                                     

                                                         R                     R            

 

 

 

  T                                       S                             T                                      S 

 
                 nax. 1.1                              nax. 1.2   

     

                                                                                                                        

    P                        Q                                           P                        Q 

 

                                         R                                                                     R 

  

 

 T                              S                                             T                      S 
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                 nax. 1.3                               nax. 1.4 
 

zemoT ganxiluli situaciebi SeiZleba aRiweros agreTve sxva grafiT 
(ix. nax. 1.4). aq Cven avicileT PS  da QT  xazebis “gadakveTa”,   PS  xazis 
gavlebiT PQST  marTkuTxedis gareT. 

amiT Cven gvinda xazi gavusvaT imas, rom grafi – es aris wertilebis 
simravlis da maTi (wertilebis) dakavSirebis (an SeerTebis) xerxebis 
warmodgena da Cveni miznebisTvis metrikuli Tvisebebi araarsebiTia. 
gamomdinare aqedan, nebismieri ori grafi, romlebic warmoadgenen 
erTidaigive situacias (rogorc, magaliTad, grafebi, romlebic mocemulia 
nax. 1.3 da 1.4), arsebiTad CaiTvlebian erTnairad. ufro zustad, vityviT, rom 
ori grafi izomorfulia, Tu maT wveroebs Soris arsebobs urTierTcalsaxa 
Sesabamisoba, romlebsac  gaaCniaT  Tviseba, rom erT grafSi ori wvero 
dakavSirebulia wiboTi maSin da mxolod maSin, roca Sesabamisi wveroebi 
dakavSirebulia wiboTi  meore grafSi. nax. 1.5-ze  asaxulia kidev erTi 
grafi, romelic izomorfulia zemoT aRwerili ori grafisa. 

 
              Q                                                                  Q                   
                            

                                                                                                                                   

     P                       T                      R                  P                     T                        R      

 

 

 

                                           S                                                                    S 

 
              nax. 1.5                            nax. 1.6 
 
 
                    Q                                                                    Q 
                       
 
   P                      T                      R                    P                      T                      S                                                         
 
 
                           
                      S                                                                       S 

 
              nax. 1.7                              nax. 1.8 
 
 
 aRniSvnis Rirsia, rom aqamde ganxiluli grafi “martivia” im gagebiT, 
rom masSi nebismieri ori wvero dakavSirebulia araumetes erTi wiboTi. 
davuSvaT, rom gzebi  Q-dan   S-mde  da S-dan  T-mde zedmetad gadatvirTulia 
da gantvirTvis mizniT gaWrilia paraleluli gzebi, romlebic akavSirebs 
igive wertilebs. Sesabamisi diagrama warmodgenilia Nnax. 1.6-ze.  wiboebs, 
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romlebic akavSireben Q-s   S-Tan an  S-s  T-Tan, uwodeben jerads. Tu Cven 
amasTanave gvinda avtofarexis aSeneba P punqtSi, maSin diagramaze es SeiZleba 
aRiniSnos wiboTi P–dan  P-Si; aseT wibos uwodeben maryuJs (nax. 1.7).  
grafebs, romlebic ar Seicaven maryuJebs da jerad wiboebs, uwodeben 
martivs grafebs. 
 ra gamova, Tu yovel gzaze dasaSvebia mxolod calmxrivi moZraoba? am 
kiTxvis dasmiT, Cven mivdivarT orientirebuli grafebis (an SemoklebiT 
orgrafebis) ganxilvasTan. orgrafis magaliTi mocemulia 1.8 naxatze; 
moZraobis mimarTuleba miTiTebulia isriT.  
 grafebis TeoriaSi didi yuradReba eTmoba sxvadasxva saxis jaWvebis 
Seswavlas; jaWvebis qveS Cven gvesmis erTmaneTis miyolebuli wiboebis 
mimdevroba.  ase magaliTad nax. 1.5 erTerTi saSualeba  P–dan   S -Si 

misaRwevad aRiwereba jaWviT  P  Q  R, romlis sigrZe aris 2; analogiurad, 

P  S  Q  T  S   R  aris jaWvi, romlis sigrZe aris 5.  Q  S  T  Q  saxis 
jaWvs uwodeben cikls. zogadad yovelTvis ar aris SesaZlebeli moinaxos 
jaWvi, romelic akavSirebs gansaxilveli grafis or mocemul wveros (ix. nax. 
1.9); aseTi jaWvi iarsebes mxolod im SemTxvevaSi, Tu grafi Semdgaria erTi 
mTliani  nawilisagan.    
 
                   
                   v     
 
                  
  
                                                  w  

 
                                                                 nax. 1.9 
    
grafs, romlis yoveli ori wvero dakavSirebulia jaWviT, ewodeba bmuli.  
grafebs, sadac arsebobs jaWvi, romelic Tavdeba sawyis wveroze da gadis 
mxolod erTjer yovel wiboze an yovel wveroze, ewodeba Sesabamisad 
eileris da hamiltonis grafebi. magaliTad, grafi warmodgenili 1.5 naxatze 

hamiltonisaa (SesaZlo jaWvia  P  Q  R  S  T  P ), magram ar aris 
eileris grafi, vinaidan masSi yoveli jaWvi, romelic Seicavs mxolod 
erTxel yovel wibos, aucileblad mTavrdeba wveroze, romelic 
gansxvavebulia sawyisisgan.  
 yovel grafs, romelic SesaZlebelia ise daixatos sibrtyeze, rom ar 
Seicavdes (wiboebis) gadakveTebs, ewodeba planaruli grafi.  
 planaruli grafebi TamaSoben SesamCnev rols gaferadebis amocanebSi. 
rom gavigoT, rogor warmoiqmneba aseTi amocanebi, davubrundeT “gzis” grafs 
da davuSvaT, rom kompaniebs “Sels”, “essos”, “britiS petroliums” da 
“galfs” surT gainawilon benzingasamarTi sadgurebis mSenebloba P, Q, R, S  
da   T  punqtebSi. davuSvaT, rom ekonomiuri mizezebidan gamomdinare, arc erT 
kompanias ar surs aaSenos Tavisi sadgurebi mezobel wveroebSi. maSin 
SesaZlebelia Semdgi gadawyvetileba: “Selli” aSenebs sadgurs P punqtSi, 
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“esso” - Q punqtSi, “britiS petroliumi” - S-Si, “galfi” - T-Si, xolo R  
punqtSi aSenebs an “Selli” an “galfi”. magram, Tu  “galfi” gadawyvets ar 
miiRos monawileoba mSeneblobaSi,  maSin cxadia, rom sami darCenili 
kompania ver SeZlebs aaSenos Tavisi sadgurebi aRniSnuli saSualebiT. 
 aseTi sakiTxebi ganixileba amocanebSi sadac ismis sakiTxi martivi 
grafis wveroebis k saRebavis saSualebiT iseTnairad gaferadebisa, rom 
yoveli wibos boloebs hqondeT sxvadasxva feri. Tu grafi planarulia, maSin 
es amocana gadawyvetilia xuTi saRebavis saSualebiT. maRali siswrafis 
komputerebis saSualebiT es amocana gadawyda oTxi saRebavis saSualebiT. es 
problema cnobili iyo rogoc oTxi saRebavis problema. 
 

 6.2   gansazRvrebebi 
 
 pirvelad ganvsazRvroT martivi grafi G. wyvils (V(G), E(G)) ewodeba 
martivi grafi, Tu V(G) elementebis aracarieli sasruli simravlea, 
romlebsac uwodeben wveroebs ( an kvanZebs, an wertilebs ), xolo  E(G)   aris 
daulagebeli elementebis V(G) –dan wyvilebis sasruli simravle, romlebsac 
uwodeben wveroebs (an xazebs). zogjer V(G) –s uwodeben G grafis wveroebis 
simravles, xolo E(G)-s -  G grafis wiboebis simravles. magaliTad,  2.1 
naxatze warmodgenilia martivi grafi  G, romlis wveroebis simravle V(G) 
aris {u.v,w,z}, xolo wiboebis simravle  E(G) Sedgeba {u.v}, {v,w}, {u,w} da {w,z} 

wyvilebisagan. asset SemTxvevaSi vityviT, rom wibo {v,w} aerTebs  v   da  w   

wveroebs.  
 
 
                    u               z                                                 u              z 
         
                     
 
               v                  w                                          v                     w 

 
                    nax. 2.1                            nax. 2.2 
               
 bevri Sedegi, romelic miRebulia martivi grafebisTvis, advilad 
gadaitaneba ufro zogad obieqtebze, sadac ori wvero SesaZloa SeerTebuli 
iyos erTze meti raodenobis wiboebis saSualebiT. garda amisa, xSirad 
mosaxerxebelia movxsnaT SezRudva, romelic mdgomareobs imaSi, rom wibo 
unda aerTianebdes or sxvadasxva wveros, da davuSvaT maryuJebis arseboba, e. 
i. wiboebis, romlebic aerTianeben wveros Tavis TavTan. aseTnairad miRebul 
obieqtebs, sadac dasaSvebia maryuJebi da jeradi wiboebi, ewodeba zogadi 
grafi.  
 orientirebuli grafi (anu orgrafi)  D aris wyvili (V(D), A(D)), sadac V(D) 
aris   elementebis aracarieli simravle, romlebsac vuwodebT wveroebs, xolo A(D) 
aris elementebisgan V(D)-dan dalagebuli wyvilebis  aracarieli sasruli klasi, 
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romlebsac uwodeben rkalebs. SevniSnoT, rom rkalebi (v,w) da (w,v) sxvadasxvaa. 2.3 
naxatze mocemulia orgrafi, romlis rkalebia (u,v), (v,v), (v,w), (v,w), (v,w), (w,u), (w,z).  

 G  grafis or wveros v –s da w–s ewodeba mosazRvre, Tu arsebobs maTi 
gamaerTianebeli wibo (e. i. {v,w} saxis wibo); amasTan erTad wveroebs  v –s da w–s 
ewodeba am wibos incidenturi wveroebi (xolo wibos – am wveroebis incidenturs). 
analogiurad, G  grafis or gansxvavebul wibos ewodeba mosazRvre, Tu maT gaaCnia 
erTi saerTo wvero. G  grafis v wveros xarisxi (an valentoba) aris wiboebis 

raodenoba, romlebic v wveros incidenturia; v wveros xarisxi aRiniSneba (v)–Ti. v 
wveros xarisxis gamoTvlisas maryuJs viTvliT orjer. wveros, romlis xarisxi 
udris 0-s, uwodeben izolirebul wveros, wveros, romlis xarisxi udris 1-s, 
uwodeben dakidul wveros.  
 advili dasanaxia, Tu SevajamebT yvela wveros xarisxs, maSin miviRebT luw 
ricxvs – romelic tolia wiboebis gaormagebuli raodenobisa, vinaidan yoveli wibo 
monawileobs am jamSi zustad orjer. am Sedegs uwodeben xelis CamorTmevis lemas.  
 or grafs G1-s da G2-s uwodeben izomorfuls,  Tu arsebobs urTierTcalsaxa 
Sesabamisoba wveroebis simravleebs Soris, romelTac gaaCniaT Tviseba, rom wiboebis 

raodenoba, romlebic aerTianeben or wveros G1-Si, udris wiboebis raodenobas, 

romlebic aerTianeben Sesabamis wveroebs G2-Si.  

 
 

                                               Nnax. 2.5 

 

ori grafi, romelic mocemuli nax. 2.5-ze, izomorfulia Semdegi SesabamisobiT: u  l,  

v  m, w  n, x  p, y  q, z  r. G  grafis qvegrafi aris grafi, romlis yvela wvero 
ekuTvnis  V(G)-s, xolo yvela wibo ekuTvnis E(G) –s.  

 G  grafis SeuRlebis matrica {v1, … , vn} wveroebis simravliT ewodeba n  n 

ganzomilebis A = (aij)  matricas, sadac elementi aij udris  G  -Si wiboebis 
raodenobis ricxvs, romlebic aerTianeben vi–s  da vj–s. Sedegad Cven miviRebT 
simetriul matricas Semdgars arauaryofiTi mTeli ricxvebisagan, romelsac gaaCnia 
Tviseba, rom jami nebismier striqonSi an svetSi udris Sesabamisi wveros xarisxs 
(aq yoveli maryuJi wveros xarisxSi iTvleba erTxel). piriqiT, nebismieri 
arauaryofiTi mTeli ricxvebisagan Semdgari simetriuli matricisagan, advilad 
aigeba grafi (romelic erTaderTia izomorfulobis sizustiT), romlis 
SeuRlebuli matrica swored mocemuli matricaa. Aqedan gamomdinareobs, rom 
grafebis Teoria SeiZleba dayvanil iqnas specialuri tipis matricebis Seswavlaze. 
 

 

 

u 

 

v   w 

 x             y               z 

               l                     p 

 

 

   r                                       m 

 

 

           

              n                q 
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6.3  grafebis magaliTebi 
 

s r u l a d  a r a b m u l i  g r a f e b i. grafi, romlis wiboebis 
simravle carielia, ewodeba  srulad arabmuli grafi.                                                     
 
 
 
 
 
 
 
 
 
 
                              nax. 3.1 
 

srulad arabmul n wveroian grafs Cven aRvniSnavT  Nn; N4  moyvanilia 3.1 naxatze.  
 
 s r u l i   g r a f e b i.  martiv grafs, romelSic nebismieri ori wvero 

mosazRvrea, ewodeba sruli grafi. n wveroiani sruli grafi aRiniSneba  Kn-iT. 

                  
                nax. 3.2                   nax. 3.3 
 
 
 r e g u l a r u l i  g r a f i. grafs, romelis yvela wveros gaaCnia 
erTidaigive xarisxi, ewodeba regularuli grafi. Tu grafis yvela wveros xarisxi 
udris  r-s, maSin mas ewodeba r xarisxis regularuli grafi.  3 xarisxis 
regularul grafs uwodeben kubur grafs (nax. 3.5). SevniSnoT, rom yoveli srulad 
arabmuli grafi aris regularuli grafi 0 xarisxiT, xolo yoveli sruli grafi  

Kn-i  aris regularuli grafi n – 1 xarisxiT.    
 p l a t o n i s e b u r i   g r a f e b i.  platoniseburi grafebi aris 
grafebi, romlebic agebulia xuTi wesieri mravalwaxnagebis saSualebiT – 
platoniseburi sxeulebiT: tetraedriT, kubiT, oqtaedriT, dodekaedriT da 

ikosaedriT. grafi K4   Seesabameba tetraedrs (nax. 3.2); kubi (nax. 3.4).                        
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                           nax. 3.4                     nax. 3.5 
 
                          
o r w i l a   g r a f e b i. davuSvaT, grafis wveroebis simravle SesaZlebelia 
gaixliCos or TanaukveT qvesimravleebad -  V1-iT da  V2-iT iseTnairad, rom yoveli 
wibo G-Si aerTianebs romeliRac wveros V1-dan romeliRac wverosTan V2-dan (nax. 
3.6); maSin G-s uwodeben orwila grafs. orwila grafi SeiZleba ganvsazRvroT 
sxvanairad – misi wveroebis or ferad Seferadebis terminebSi, vTqvaT, wiTlad da 
lurjad. amasTan, grafi aris orwila, Tu yoveli misi wvero SeiZleba Seferaddes 
wiTlad an lurjad iseTnairad, rom nebismier wveros hqondes erTi bolo wiTeli, 
xolo meore – lurji. aRsaniSnavia, rom orwila grafSi ar aris aucilebeli, rom 
yoveli wvero V1-dan SeerTebuli iyos yovel wverosTan V2-dan; Tu es asea da grafi 
G martivia, maSin mas uwodeben srul orwila grafs da aRniSnaven   Km,n-iT, sadac  
m da  n-i  aris wveroebis raodenoba  V1-Si da V2–Si. 3.7 naxatze aRbeWdilia grafi  

K4,3,  xolo 2.5 naxatze grafi K3,3-is ori varianti. 
 
 
 
                                       
                          V1 

 

 

           

 

 

                                                     V2 

 

 
                 nax. 3.6                                       nax. 3.7 
 
 

K4,n-is saxis srul orwila grafs uwodeben varskvlav grafs; 3.8 naxatze aRbeWdilia 

varskvlav grafi K1,5. 
 
 
 
                                                    
 
 
 
 
 
 
 
 
                              nax. 3.8 
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o r i  g r a f i s  g a e r T i a n e b a  d a  S e e r T e b a.  
 
arsebobs ramodenime saSualeba ori grafis SeerTebisa, axlis, ufro didis, 

Sesaqmnelad; ganvixilod ori maTgani. davuSvaT gvaqvs ori grafi  G1 = (V(G1), E(G1))  

da  G2 = (V(G2), E(G2)), sadac  V(G1) da V(G2) ar TanaikveTebian. G1 da G2 grafebis 

gaerTianeba  G1   G2  aris grafi, romlis wveroebis simravlea V(G1)  V(G2)  da 

wiboebis simravlea  E(G1)  E(G2)  (nax. 3.9). ESegviZlia agreTve SevqmnaT G1 da 

G2 grafebis SeerTeba G1  + G2, Tu aviRebT maT gaerTianebas da G1 -is 
                                 
 
                                                          

                                          
 
 
 
 
                                nax. 3.9 
 
yovel weveros  SevaerTebT G2-is yovel wverosTan. K2+K3 grafis magaliTi 
moyvanilia 3.10 naxatze. advili dasanaxia, rom gaerTianebis da SeerTebis 
operaciebi SegviZlia ganvavrcoT grafebis nebismier sasrul raodenobaze da 
rom isini komutaciuri da asociaciuria. 
 

 
         nax. 3.10                               nax. 3.11 
 
b m u l i   g r a f e b i. grafs vuwodebT bmuls, Tu is ar SeiZleba 
warmodgenil iqnas rogorc ori grafis gaerTianeba, da arabmuls winaamRdeg 

SemTxvevaSi. cxadia, rom nebismieri arabmuli grafi G SeiZleba warmodgenil iqnas 
rogorc bmuli grafebis sasruli raodenobis gaerTianebiT – yoveli aseT bmul 

grafs uwodeben G grafis komponents. 3.11 naxatze naCvenebia grafi sami komponentiT.  
 
c i k l u r i  g r a f e b i.  2 xarisxis bmul regularul grafs vuwodebT 

ciklur grafs (an cikls). n wveroian ciklur grafs aRniSnaven Cn –iT. N1–is da Cn -1 
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(n ≥ 3)   grafebis SeerTebas uwodeben n wveroian borbals da aRiniSneba  Wn-iT. 3.12 

naxatze naCvenebia C6 da W6. 
 
 
 
        
                                                                           
 
 
 
 
 
 
 
 
 
 
                                nax. 3.12 
 
 

m a r t i v i   g r a f i s  d a m a t e b a. davuSvaT, rom G aris martivi 

grafi wveroebis V(G) simravliT. garafi  G-s  damateba  G ewodeba martiv grafs 

wveroebis V(G) simravliT, sadac ori wvero mosazRvrea maSin da mxolod maSin, 

roca isini ar arian mosazRvre   G –Si. aqedan gamomdinareobs, Tu grafi G Seicavs 

n wveros, maSin grafi G  SeiZleba aigos, Tu Kn grafidan movaSorebT yvela wibos, 

romlebic equTvnian G –s (aq G iTvleba Kn -is qvegrafi). SevniSnoT, rom sruli 
grafis damateba warmoadgens srulad arabmul grafs da piriqiT; regularuli 
grafis damateba regularulia. 
 
 

6.4  grafebis ganlageba 
 
 grafebis warmosadgenad Cven viyenebdiT diagramebs, sadac wertilebi an 
wrewirebi aRniSnavdnen wveroebs, xolo monakveTebi an rkalebi maT wiboebs. aseTi 
diagramebi Zalian moxerxebelia calkeuli grafebis Tvisebebis gamosakvlevad. 
amitom bunebrivia davsvaT kiTxva, ras niSnavs sinamdvileSi – “warmovadginoT” grafi 
diagramis saSualebiT, da SesaZlebelia Tu ara nebismieri garfi warmovadginoT 
aseTnairad?  
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           nax. 4.1                               nax. 4.2 
 
 
 

 kargi iqneboda, Tu Cven gveqneboda grafebis warmodgenis SesaZlebloba 
romeliRac sivrceSi (magaliTad, sibrtyeze an samganzomilebian evklides 
sivrceSi) iseTnairad, rom maT ar hqondeT (wiboebis) “gadakveTebi”. magaliTad, 

K4 grafis gamosaxulebas, romelic mocemulia  4.1 naxatze, gaaCnia gadakveTa; 
Cven ki gvinda vipovoT iseTi gamosaxuleba (ix., magaliTad, nax. 3.2), romelic 
ar Seicavs gadakveTebs. sinamdvileSi yoveli grafi SesaZlebelia gamoisaxos 
samganzomilebian sivrceSi gadakveTebis gareSe, magram sibrtyeze aseTnairi 
gamosaxva yovelTvis ar aris SesaZlebeli. 

 
gavixsenoT, rom Jordanis mrudi (an Jordanis rkali)  sibrtyeze aris uwyveti 

mrudi, romelsac ar gaaCnia TviTgadakveTebi; Caketili Jordanis mrudi ewodeba 
Jordanis mrudi, romelTa sawyisi da bolo emTxveva erTmaneTs. analogiurad 
ganisazRvreba Jordanis mrudi samganzomilebian sivrceSi, rogoricaa sfero an 
tori. SemdgomSi Cven gamoviyenebT cnobil Teoremas Jordanis mrudi Sesaxeb, 

romelic amtkicebs, rom Tu   Caketili Jordanis mrudia sibrtyeze, xolo x da y  - 
masze ori sxvadasxva werti,  maSin nebismieri Jordanis mrudi, romelic aerTianebs 

x-s da y-s, unda mdebareobdes an mTlianad   mrudis   SigniT (x da y  wertilebis 

garda) an   mrudis  gareT (igive gamonaklisiT), an gadakveTs  -s romeliRac 

wertilze, gansxvavebuls x-s da y-sagan  (nax. 4.3).      
 
                                              
 
 
 
 
 
 
 
                      nax. 4.3 
 

vityviT, rom grafi G SeiZleba ganlagdes (an gaaCnia ganlageba) mocemul 
sivrceSi, Tu is izomorfulia romeliRac grafisa, romelic gamosaxulia am 

sivrceSi wertilebis, romlebic warmoadgenen G grafis wveroebs, da Jordanis 
mrudebis, romlebic warmoadgenen wiboebs, saSualebiT, amasTanave es mrudebi ar 
gadaikveTebian. am gansazRvrebaSi gadakveTa gaigeba aseTnairad:  an (i) Jordanis 
mrudi, romlebic Seesabameba or wibos, gadaikveTebian wertilSi, romelic ar 
Seesabameba arcerT wveros,  an   (ii) Jordanis mrudi, romelic Seesabameba wveros, 
gadis wertilze, romelic Seesabameba wibos, romelic ar aris incidenturi am 
wibosi. (SemTxveva (ii) naCvenebia nax. 4.4-ze; wvero v ar aris incidenturi e1 da e2 
wiboebisa.) 
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                     e1                e2 

                        v 

                 e3            e4 

 

                                                                     e2     e1 

 

 

 

                                                                        nax. 4.4 

 

 

 Teorema 4A. nebismieri grafi SeiZleba ganlagdes samganzomilebian evklides 
sivrceSi. 

 
  damtkiceba. pirdapir avagoT ganlageba. pirvel rigSi davsvaT grafis wveroebi 

X RerZis sxvadasxva wertilebSi; Semdeg yoveli wibosTvis avarCioT sibrtye, 
romelic gadis X RerZze iseTnairad, rom grafis sxvadasxva wiboebs Seesabameba 
sxvadasxva sibrtyeebi. (es yovelTvis SesaZebelia grafis sisrulis gamo.) 

saWiro ganlageba miiReba Semdegnairad: grafis yoveli maryuJisaTvis Sesabamis 
sibrtyeze vxatavT wrewirs, romelic gadis Sesabamis wveroze; yoveli wibosTvis, 
romelic aerTianebs or sxvadasxva wveros, Sesabamis sibrtyeze vxatavT 
naxevarwrewirs, romelic gadis am or wveroze. cxadia, rom arcerTi gluvi ar 
gadaikveTeba, vinaidan isini ganlagebulia sxvadasxva sibrtyeebze; aqedan 
gamomdinareobs saWiro Sedegi.                                

 
 
es Teorema iZleva diagramebis gamoyenebis dasabuTebas grafebis 

warmodgenisaTvis: sakmarisia aviRoT samganzomilebiani warmodgena da movaxdinoT 
misi proeqcireba sibrtyeze iseTnairad, rom arcerTi ori wvero ar moxvdes 
erTdaimave wertilze. zogadad, am meTods mivyavarT gadakveTebamde, Tumca zogierT 
SemTxvevaSi Cven miviRebT diagramebs gadakveTebis gareSe. es moxdeba mxolod maSin, 
roca gansaxilveli grafi SeiZleba ganlagdes sibrtyeze; aseT grafebs uwodeben 
planarul grafebs.  

davuSvaT, rom grafi G ganlagebulia romeliRac sivrceSi.  am sivrcis x 

wertils uwodeben diziunqturs  G-sTan, Tu is ar Seesabameba G grafis arcerT 
wveros da ar Zevs arcerT mis wiboze.  

 
Teorema 4B. grafi planarulia maSin da mxolod maSin, roca is ganlagebadia 

sferos zedapirze. 

                                                           

  damtkiceba. davuSvaT, rom grafi G ganlagebulia sferos zeda-pirze. davdgaT 
sfero sibrtyeze iseTnairad, rom misi “Crdilo polusi” (wertili, romelic Sexebis 
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wertilis diametralurad mopirdapirea) diziunqtiuri iyos  G-Tan. maSin saWiro 
sibrtyuli warmodgena miiReba stereografiuli proeqciiT Crdilo polusidan. 

Sebrunebuli mtkicebuleba advilad mtkicdeba.                          
 

 

6.5 jaWvebi da ciklebi 
 
6.5.1 axali gansazRvrebebi 
 

 marSruti mocemul G grafSi aris Semdegi saxis wiboebis sasruli mimdevroba 
 

{v0, v1}, {v1, v2}, … , {vm-1, vm} 

 

(romelsac agreTve aRniSnaven  v0  v1  v2   …   vm ). cxadia marSrutis Semdegi 
Tviseba: nebismieri ori momdevno wibo aris an mosazRvre, an erTidaigive. yovel 

marSruts Seesabameba wveroebis mimdevroba v0 , v1 , v2,  … , vm;  v0 –s ewodeba sawyisi 

wvero, xolo vm-s marSrutis bolo wvero. maSasadame, Cven vsaubrobT marSrutze  v0 -

dan   vm-mde. SevniSnoT, rom nebismieri  v0 wverosTvis trivialuri marSruti, 

romelic saerTod ar Seicavs wiboebs, aris marSruti v0 -dan   v0-mde. marSrutis 

sigrZe ewodeba masSi Semaval wiboebis ricxvs; magaliTad, 5.1 naxatze marSruts  v  

w  x  y  z  y  w   v -dan  w -mde gaaCnia sigrZe, romelic udris Svids.  

 
                                                                 nax. 5.1 
 
 marSruts ewodeba jaWvi, Tu yvela misi wibo gansxvavebulia, da martivi jaWvi, 

Tu yvela misi wvero v0 , v1 , v2,  … , vm  gansxvavebulia (garda, SesaZlebelia, v0 = vm ). 

jaWvi an martivi jaWvi Caketilia, Tu   v0 = vm. Caketili martivi jaWvi, romelic 
Seicavs erT wibos mainc, ewodeba cikli; kerZod, nebismieri maryuJi an nebismieri 
wyvili jeradi wibo qmnis cikls.  
 exla moviyvanoT gansxvavebuli, SesaZloa, ufro moxerxebuli gansazRvreba 

bmuli grafebisa. graf  G–s vuwodebT bmuls, Tu nebismieri misi ori v da w 

wverosTvis arsebobs martivi jaWvi  v-dan  w-mde. nebismieri grafi SeiZleba daiyos 
TanaukveT qvegrafebad, romlebsac vuwodebT (bmulobis) komponentebs, ganvsazRvravT 
ra amiT eqvivalentobis mimarTebas wveroebis simravleze: ori wvero eqvivalenturia, 

 

 

                v 
w 

x 

y 
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Tu arsebobs martivi jaWvi erTidan meoreSi. cxadia, rom bmuli grafi Sedgeba erTi 
komponentisagan. grafs ewodeba arabmuli, Tu misi komponentebis raodenoba 
aRemateba erTs. 

 exla CamovayaliboT bmuli grafebis Tvisebebi. SevafasoT n wveroiani da m 
komponentebis mocemuli ricxvis mqone martivi grafis wiboebis raodenoba. Tu aseTi 
grafi bmulia, maSin bunebrivia velodoT, rom masSi wiboebis raodenoba 
minimaluria maSin, roca mas ar gaaCnia ciklebi (aseT grafs uwodeben xes), da 
maqsimaluria, roca is aris sruli grafi. aqedan gamomdinareobs, rom wiboebis 

raodenoba bmul grafSi mdebareobs  (n – 1)-sa da n(n – 1)/2 Soris. es Sedegi 
warmoadgens ufro Zlieri mtkicebulebis kerZo SemTxvevas, romelsac Cven exla 
davamtkicebT. 
 

 Teorema 6A. davuSvaT, rom G aris martivi grafi n wveroTi da k komponentiT. 
maSin misi wiboebis ricxvi m akmayofilebs utolobas 
 

n – k  m  (n – k)( n – k + 1)/2. 
 

 damtkiceba. utoloba m  n – k  davamtkicoT induqciiT G –Si wiboebis ricxvis 

raodenobis mixedviT. Tu G srulad arabmuli grafia, mtkicebuleba cxadia. Tu 

graf G –Si wiboebis raodenoba minimaluria (vTqvaT m0), maSin nebismieri wibos 
moSoreba gamoiwvevs komponentebis ricxvis gadidebas erTi erTeuliT. maSasadame, 

miRebul grafSi gveqneba  n wvero,  k +1 komponenti  da m0 – 1  wibo. maSasadame, 

induqciis daSvebis Tanaxmad m0 – 1   n – (k + 1), saidanac vRebulobT     m0  n – k,  rac 
iyo dasamtkicebeli. 

 rac Seexeba zevidan Sefasebis damtkicebas, Cven SegviZlia CavTvaloT G 

grafis yoveli komponenti srul grafad. davuSvaT, rom  Gi da   Gj  arian 

komponentebi Sesabamisad ni da nj wveroebiT da   ni  nj > 1.  Tu Cven SevcvliT Gi-s 

da   Gj-s  srul grafebad  ni + 1 da nj – 1 wveroebiT, maSin wveroebis saerTo ricxvi 
ar Seicvleba, xolo wiboebis ricxvi gadiddeba dadebiTi ricxviT 
 

½{( ni + 1) ni  – ni (ni – 1)} – ½{ nj(nj – 1) – (nj– 1)(nj – 2)} = ni  – nj + 1. 
 

maSadame, imisaTvis rom wiboebis raodenoba  G grafSi iyos maqsimaluri (mocemuli 

n da k-saTvis), G unda Sedgebodes k – 1  izolirebuli wveroebisgan da sruli 

grafis n – k + 1 wveroTi. aqedan gamomdinareobs mocemuli utoloba.                             

 
 

Sedegi 6B. nebismieri n wveroiani da aranakleb vidre   (n – 1)(n – 2)/2  wiboiani 
martivi grafi bmulia                         

 
davsvaT Semdegi SekiTxva: grafis wiboebis ra raodenoba unda movaSoroT, rom 

is gaxdes arabmuli? am kiTxvis gansaxilvelad unda SemoviRoT Semdegi 

gansazRvrebebi.  bmuli G grafis ganmacalkevebel simravles uwodeben misi wiboebis 
iseT simravles, romelTa moSorebis Semdeg miviRebT arabmul grafs. magaliTad 

grafSi, romelic gamosaxulia nax. 5.2, simravleebi {e1, e2, e5} da  {e3, e6, e7, e8} 
warmoadgenen  
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                   nax. 5.2                                   nax. 5.3 
 

ganmacalkavebel simravleebs; arabmuli grafi, romelsac vRebulobT meore 
simravlis moSorebis Semdeg, naCvenebia nax. 5.3-ze.  kveTas vuwodebT iseT 
ganmacalkavebel simravles, rodesac arcerTi misi sakuTrivi simravle ar aris 
ganmacalkavebeli. ganxilul magaliTSi kveTas warmoadgens mxolod meore 
ganmacalkavebel simravle. Tu kveTa Sedgeba mxolod erTi wibosgan, maSin mas 
uwodeben xids. 
 
 

6.5.2 eileris grafebi 
 

 G bmul grafs uwodeben eileris grafs, Tu arsebobs Caketili jaWvi, 
romelic gadis yvela mis wiboze; aseT jaWvs uwodeben eileris jaWvs. SevniSnoT, 
rom am gansazRvrebaSi moiTxoveba, rom yoveli wibo gvxvdebodes mxolod erTxel. 
Tu Cven movxsniT moTxovnas jaWvis Caketilobaze, maSin grafs ewodeba naxevrad 
eileris; am SemTxvevaSi yoveli eileris grafi iqneba naxevrad eileris. nax. 6.1, 6.2 
da 6.3-ze gamosaxulia  Sesabamisad  araeileris, naxevrad  eileris da eileris  
 
                                                                             
 
 
 
 
 
 
 
     nax. 6.1               nax. 6.2                         nax. 6.3 
 
grafebi. ismis kiTxava: SeiZleba Tu ara vipovoT aucilebeli da sakmarisi piroba 
imisTvis, rom grafi iyos eileris grafi? winaswar davamtkicoT  
 

 lema 6A. Tu graf G-s yovel wveros gaaCnia xarisxi aranaklebi orisa, maSin 
G-s gaaCnia cikli. 
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 damtkiceba. Tu graf G-s gaaCnia maryuJi an jeradi wiboebi, maSin 

mtkicebuleba cxadia; amitom, davuSvaT, rom G  aris martivi grafi. davuSvaT v aris 

graf G-s nebismieri wvero. induqciiT avagoT marSruti  v  v1  v2   …  ,  sadc 

wvero v1 aris wvero v -s mosazRvre wvero, xolo roca i  1, maSin vi+1  mosazRvrea vi-

si da gansxvavebulia vi1–sa (aseTi vi+1 wveros arseboba garantirebulia lemis 
pirobis Tanaxmad). vinaidan graf G-s gaaCnia sasruli raodenoba wveroebisa, 
bolosdabolos mivalT wveromde, romelic ukve arCeuli iyo adre. davuSvaT, 
rom vk aris pirveli aseTi wvero; maSin marSrutis nawili, romelic 
mdebareobs   vk-s or Semavlobas Soris, aris saZiebo cikli.                        
 
 

 Teorema 6.B. bmuli grafi G aris eileris grafi maSin da mxolod maSin, roca 
G-s yovel wveros gaaCnia luwi xarisxi. 
 
 damtkiceba.  davuSvaT, rom P aris eileris jaWvi G grafSi. maSin P jaWvis 

gavlisas graf G-s nebismier wveroze misi xarisxi izrdeba oriT. xolo vinaidan 

yoveli wibo P jaWvSi gvxdeba mxolod erTxel, maSin yovel wveros unda gaaCndes 
luwi xarisxi. 

  moviyvanoT damtkiceba induqciiT wiboebis raodenobiT G grafSi. G grafis 
bmulobis gamo, yoveli wveros xarisxi aranaklebia orisa, xolo aqedan, winamdebare 

lemis Tanaxmad, vaskvniT, rom G grafi Seicavs cikl  C-s. Tu C gadis graf G –s 

yovel wiboze, maSin damtkiceba dasrulebulia; Tu ara, maSin, graf G-Si wiboebis 

moSorebiT, romlebic ekuTvnis cikl C-s, miviRebT axal (SesaZloa arabmul) graf  

H-s. wiboebis raodenoba  H-Si naklebia, vidre G-Si, da nebismier wveros H-Si 

agreTve gaaCnia luwi xarisxi. induqciis daSvebis Tanaxmad, graf H-is yovel 

komponentSi arsebobs eileris jaWvi. G grafis bmulobis gamo, yovel komponents H 

–Si gaaCnia erTi mainc saerTo wvero C ciklTan, amitom graf G-s mosaZebni eileris 

jaWvi SeiZleba miviRoT Semdegnairad: mivyvebiT C ciklis wiboebs manmade, sanam ar 

SevxdebiT graf H –is araizolirebul wveros, Semdeg mivyvebiT eileris jaWvs  H-is 

im komponentSi, romelic Seicavs miTiTebul wveros; Semdeg vagrZelebT gzas C 

ciklis wiboebiT, sanam ar SevxdebiT wveros, romelic ekuTvnis graf H –is meore 
komponents, da a.S.; procesi mTavrdeba maSin, roca Cven movxdebiT isev sawyis 

wveroze.                                                        
 
 

6.5.3 hamiltonis grafebi 
 
wina paragrafSi Cven ganvixileT Caketili jaWvis arsebobis problema, romelic 

gadis mocemuli G bmuli grafis yovel wiboze. SesaZlebelia ganxilul iqnas 
analogiuri problema Caketili jaWvis arsebobisa, romelic gaivlis mxolod 

erTxel mocemuli G bmuli grafis yovel wveros. gasagebia, rom aseTi JaWvi unda 

iyos cikli (gamoricxulia trivialuri SemTxveva, roca G aris grafi  N1); Tu aseTi 

cikli arsebobs, maSin mas uwodeben hamiltonis cikls, xolo   G-s hamiltonis 
grafs. grafs, romelic Seicavs martiv jaWvs, romelic gadis yovel wveros, ewodeba 
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naxevradhamiltonis grafi; SevniSnoT, rom yoveli hamiltonis grafi 
naxevradhamiltonisaa.  7.1, 7.2 da 7.3 naxatze gamosaxulia Sesabamisad arahamiltonis, 
naxevradhamiltonis da  hamiltonis grafi. 

 
        nax. 7.1               nax. 7.2                  nax. 7.3 
 
 

 Teorema 7A. (diraki  1952). Tu n ( 3) wveroian martiv grafSi  (v)  n/2  

nebismieri v wverosTvis, maSin grafi G aris hamiltonis grafi. 
 
 damtkiceba. davumatoT Cven grafs  k axali wvero, iseTnairad rom yoveli 

maTgani SevaerToT G grafis yovel wverosTan. davuSvaT, rom k aris wveroebis 

umciresi ricxvi, romelic saWiroa imisTvia, rom miRebuli grafi G’ gaxdes 

hamiltonis grafi. Semdeg, imis daSvebiT, rom  k > 0, miviRebT winaamRdegobas. 

 davuSvaT, rom v  p  w   …    v  hamiltonis ciklia  G’-Si, sadac v da w  

wveroebia  G-dan, xolo p erTerTi axali wvero. maSin w ar aris mosazRvre v–si, 

vinaidan winaamRdeg SemTxvevaSi Cven SegveZlo ar gamogveyenebia wvero p, rac 

ewinaamRdegeba k-s minimalurobas. ufro metic, wvero (davuSvaT w’), romelic 

mosazRvrea w –si, ar SeiZleba uSualo mimdevari iyos wvero v’ –sa, romelic 

mosazRvrea v –si, imitom rom, maSin Cven SegveZlo Segvecvala  
 

v  p  w   …    v’  w’   …    v 
Semdegze 
 

v  v’   … w’   …    v, 

 

gadavatrialeT ra ciklis nawili moTavsebuli  w –sa da  v’–s Soris. aqedan 

gamomdinareobs, rom graf G’-is wveroebis ricxvi, romlebic ar arian w–s 

mosazRvre, aranaklebia vidre wveroebis ricxvi, romlebic mosazRvrea v–Tan (e. i. 

udris yvelaze cota n/2 + k); meores mxriv, cxadia, rom graf G’-is wveroebis 

raodenoba, romlebic arian w –s mosazRvre, agreTve aranaklebia  n/2 + k. xolo 

vinaidan arcerTi wvero graf G’-dan ar SeiZleba erTdroulad iyos mosazRvrec da 

aramosazRvrec w wverosi, maSin graf G’-is wveroebis saerTo ricxvi, romelic 

udris n + k, aranaklebia, vidre n + 2k. swored es aris winaamRdegoba.                           

 
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6.6 xeebi 
 
6.6.1 xeebis elementaruli Tvisebebi 
 
 tye ewodeba grafs, romelic ar Seicavs ciklebs; bmul tyes ewodeba xe. 
magaliTad, 8.1 naxatze gamosaxulia tye, romelic Sedgeba oTxi komponentisgan, 
sadac yoveli maTgani xea.  SevniSnoT, rom gansazRvris Tanaxmad xeebi da tyeebi 
warmoadgenen martiv grafebs. 
 
 

 
 
 
                             nax. 8.1 
 
 bevri maCveneblebiT xe warmoadgens grafis umartives aratrivialur tips. 
rogorc mogvianebiT vuCvenebT, mas gaaCnia ramodenime “kargi” Tvisebebi; magaliTad, 
nebismieri misi ori wvero SeerTebulia erTaderTi martivi jaWviT.  
 
 lema 1. bmuli grafis wibo aris xidi maSin da mxolod maSin, roca is ar aris 
CarTuli arcerT ciklSi.                           
 
 lema 2. Tu G grafis ori gansxvavebuli cikli gadis e wiboze, maSin G grafSi 
arsebobs cikli, romelic ar gadis e-ze.       
 
 Teorema 8A. davuSvaT, rom graf  T-s gaaCnia n wvero. maSin Semdegi 
mtkicebulebebi eqvivalenturia:                              
(i) T aris xe; 
(ii) T ar Seicavs ciklebs da gaaCnia n – 1  wibo; 
(iii) T bmulia da gaaCnia n – 1  wibo; 
(iv) T bmulia da yoveli misi wibo xidia; 
(v) T grafis nebismieri ori wvero SeerTebulia mxolod erTi martivi jaWviT; 
(vi) T ar Seicavs ciklebs, magram, Tu davumatebT mas nebismier axal wibos, maSin 

miviRebT zustad erT cikls. 
 

damtkiceba.  Tu  n = 1, maSin Teorema cxadia. davuSvaT, rom n  2. 

(i)  (ii).  gansazRvris Tanaxmad T ar Seicavs ciklebs; maSin, lema 1 Tanaxmad, 
nebismieri wibos moSoreba xleCs T-s or grafad, iseTnairad, rom yoveli maTgani 
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xea. induqciis daSvebis Tanaxmad wiboebis raodenoba yovel xeSi erTze naklebia 
vidre wveroebis raodenoba. aqedan gamomdinareobs, rom wiboebis sruli raodenoba 
T grafSi udris n – 1. 

 (ii)  (iii).   Tu grafi T arabmulia, maSin yoveli misi komponenti warmoadgens 
bmul grafs ciklebis gareSe. damtkicebis wina nawilidan gamomdinareobs, rom 
wveroebis raodenoba yovel komponentSi erTiT metia wiboebis raodenobisa. e. i., 
wveroebis saerTo raodenoba T-Si metia wiboebis raodenobisa sul mcire oriT, 
xolo es ewinaamRdegeba imas, rom T-s gaaCnia n – 1 wibo. 

 (iii)  (iv).   nebismieri wibos moSoreba gvaZlevs grafs n wveroTi da n – 2 
wiboTi, romelic ar SeiZleba iyos bmuli Teorema 5B-s Tanaxmad. 

 (iv)  (v).   vinaidan T bmulia, maSin misi wveroebis yoveli wyvili SeerTebulia 
erTi mainc martivi jaWviT. Tu mocemuli wveroebis mocemuli wyvili SeerTebulia 
ori martivi jaWviT, maSin isini erTTebian ciklSi, xolo es ewinaamRdegeba imas, 
rom yoveli wibo T –Si aris xidi (lema 1). 

 (v)  (vi).   Tu T Seicavs cikls, maSin am ciklis ori nebismieri wvero 
SeerTebulia ori mainc martivi jaWviT. exla davumatoT graf T-s romeliRac wibo 
e; maSin Cven miviRebT cikls, vinaidan  e-s incidenturi wveroebi SeerTebuli T_Si 
martivi jaWviT. maSin, Cven rom miviRebT mxolod erT cikls, gamomdinareobs lema 
2 –dan. 

 (vi)  (i).   davuSvaT, rom T arabmulia; maSin nebismieri wibos damateba, romelic 
aerTianebs wveros erTi konponentidan wverosTan meore komponentidan, ar iwvevs 

ciklis Seqmnas.                       
 
 Sedegi 8B. davuSvaT G aris tye  n wveroTi da k komponentiT. maSin G–s 
gaaCnia  n – k wibo. 
  
 damtkiceba. G grafis yoveli komponentisTvis gamoviyenoT Teorema 8A-s me-(ii)  

mtkicebuleba.                                    
 
 cnobilia, rom bmul graf G-Si erTi wibos moSoreba, romelic ekuTvnis 
romeliRac mocemul cikls, ar arRvevs bmulobas aseTnairad miRebul grafSi. 
gamoviyenoT es procedura erTerTi darCenil ciklis mimarT, da a. S. manamde, sanam 
ar dagvrCeba arcerTi cikli. Sedegad miviRebT xes, romelic akavSirebs G grafis 
yvela wveros; mas uwodeben G grafis karkasul xes (an karkass). magaliTi grafisa 
da erTerTi misi karkasuli xisa naCvenebia 8.2 da 8.3 naxatze. 
 
 
 
 
 

 
             e3 
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      e2                     e8             

 
          nax. 8.2                             nax. 8.3      
 

 zogadad  G-T aRvniSnoT nebismieri n wveroiani grafi, m wiboTi da k 
komponentiT. gamoviyenebT ra zemoT aRweril proceduras G-s yovel komponentis 
mimarT, Sedegad miviRebT grafs, romelsac uwodeben karkasul tyes. am proceduraSi 
moSorebuli wiboebis raodenobis ricxvs uwodeben grafis ciklur rangs (an 

ciklomatur ricxvs) da aRniSnaven (G)-Ti. advili dasanaxia, rom  (G) = m – n  + k   da 
aris arauaryofiTi mTeli ricxvi (Teorema 5B-s Tanaxmad). xis cikluri rangi udris 
nuls, xolo cikluri rangi cikluri grafisa udris erTs.  
 
 Teorema 8C. Tu T aris G grafis karkasuli tye, maSin (i) maSin yovel kveTas  
G-Si gaaCnia saerTo wibo T-sTan; (ii) yovel cikls G-Si gaaCnia saerTo wibo T-s 
damatebasTan. 
 
 damtkiceba. (i) davuSvaT, rom  C

* aris G grafis kveTa, romlis moSorebiT G 
grafis erTerTi komponenti ixliCeba H da K or qvegrafad. vinaidan T karkasuli 
tyea, mas unda gaaCndes wibo, romelic aerTianebs wveros  H-dan wveris  K-dan; 

swored es aris is saZebni wibo. (ii)  davuSvaT C aris cikli G grafSi, romelsac ar 

gaaCnia arcerTi saerTo wibo T-s damatebasTan. maSin C CarTulia  T-Si, rac 

SeuZlebelia.                                                           
 

 

 


