
u. goginava, a. danelia, T. kopaliani, g. nadibaiZe 
 
 
 
 
 
 
 
 
 
 
 
 

k a l k u l u s i   
 

programa MAPLE-is gamoyenebiT 
 
 
 
 
 
 

saleqcio kursi 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Tbilisi 2007 

 



  1. simravlis cneba. ricxviTi simravleebi 
 

simravlis cneba. simravlis cneba maTematikis erT-erTi ZiriTadi 

cnebaa. sailustraciod moviyvanoT maTematikis, rogorc mecnierebis 

erT-erTi ganmarteba: maTematika aris mecniereba, romelic Seiswavlis 

garkveul struqturebs simravleebze. Kkalkulusis kursSi Cven mxolod 

am cnebis aRweriT  davkmayofildebiT.  simravle aris garkveul 

obieqtTa erToblioba. aRniSnul kursSi simravle da obieqtTa 

erToblioba sinonimebia. Oobieqtebs, romlebic mocemul simravleSi 

Sedian, simravlis elementebi ewodeba. simravleebi Cveulebriv didi 

laTinuri asoebiT aRiniSnebian:  xolo simravlis elementebi 

_ patara laTinuri asoebiT: . Tu  elementi ekuTvnis 

,...,,,, DCBA
,...,,,, dcba a A  

simravles, maSin CavwerT: . Canaweri “Aa ∈ Aa ∉ ” an “ Aa ∈ ” niSnavs, rom 

 elementi ar ekuTvnis a A simravles. 

maSasadame, rodesac simravleze vlaparakobT, Cven vgulisxmobT, 

rom yoveli sagnis mimarT sworia erTi da mxolod erTi Semdegi ori 

SesaZleblobidan: sagani an Sedis mocemul erTobliobaSi rogorc misi 

elementi, an ara. 

 

magaliTi 1. 1.  vTqvaT,  aris naturalur ricxvTa simravle. maSin N

gansazRvrebis ZaliT , xolo N∈2 N∉
3
2

. 

    

Tu A  simravle Sedgeba mxolod , erTmaneTisagan 

gansxvavebuli elementebisagan, maSin 

,...,,, dcba
A -Tvis gamoiyeneba aRniSvna 

. magaliTad, Tu 1, 5, 9 aris }{ ,...,,, dcbaA = A  simravlis elementebi da is 

sxva elements ar Seicavs,  maSin SegviZlia CavweroT { }9,5,1=A .  

SevniSnoT, rom Cvens mier moyvanili ganmartebis Tanaxmad, Canaweri  

 ar warmoadgens koreqtul Canawers, vinaidan 5 rogorc obieqti 
arsebobs mxolod erTi da is Cvens erTobliobaSi unda Sevides erTxel. 

Canaweri  cxadia simravles warmoadgens, romelic Seicavs sam 

elements. (SevniSnoT, rom  da  sxvadasxva obieqtebia.) 

}{ 5,9,5,1

{ }}2{,2,1
2 }2{

 

kalkulusis kursSi ZiriTadad saqme gveqneba ricxviT 

simravleebTan. sazogadod es simravleebi SeiZleba  iyos sakmaod 

rTuli agebulebis, gansxvavebiT zemoT moyvanili simravlisa, romlis 

yvela elementis ubralod CamoTvla SegviZlia. xSirad gamoviyenebT 

simravlis mocemis aseT wess: davasaxelebT raime Tvisebas, romelsac 

akmayofilebs aRsaweri erTobliobis yvela wevri da mxolod isini.  

vTqvaT,  raime Tvisebaa, romelic gaaCnia garkveuli tipis 

obieqtebs, maSin am Tvisebis mqone yvela obieqtTa 

P
A  simravle ase 

aRiniSneba: 

 



{ −= xxA s aqvs P Tviseba  }
 

    magaliTi 1. 2 { }0>xx  warmoadgens yvela dadebiT ricxvTa 

simravles.  

    magaliTi 1. 3 { } { }1;1012 −==−xx  

 

simravles, romelic arcerT elements ar Seicavs carieli simravle 

ewodeba. igi ∅  simboloTi aRiniSneba.  

vTqvaT, mocemulia ori simravle A  da B . A  simravles ewodeba  B  

simravlis nawili, anu qvesimravle, Tu A  simravlis yoveli elementi 

B simravles ekuTvnis. Aam SemTxvevaSi weren BA ⊂  an AB ⊃ . Ees ikiTxeba 

ase: A simravle Sedis B simravleSi. carieli simravle yoveli A  

simravlis qvesimravled iTvleba. (imisaTvis, rom es winadadeba savsebiT 

cxadi gaxdes, sakmarisia zemoT moyvanili ganmarteba aseTi saxiT 

gamoiTqvas: A simravles ewodeba B simravlis qvesimravle, Tu Bx ∉  

damokidebulebidan gamomdinareobs Ax ∉ .) 

 

    MmagaliTi 1. 4 ganvixiloT simravle }{ cbaA ,,= . simravleebi ∅ , }{a , 

}{b , , , , ,  }{c }{ ba, }{ ca, }{ cb, }{ cba ,, A   simravlis qvesimravleebia. 

 

vTqvaT, A  da B  iseTi simravleebia, rom BA ⊂  da AB ⊂ .  maSin 

vityviT, rom A  da B  toli simravleebia da vwerT: BA = . 

 

 

magaliTi 1. 5  vTqvaT, }{ 9,5,1=A  da }{ 9,1,5=B . cxadia, rom BA = . 

 

magaliTi 1. 6 vTqvaT, }{ 065| 2 =+−= xxxA  ,  da }{ 3,2=B
}{ 0)3)(2)(5(sin| =−−+= yyyyC  . cxadia, rom CBA == . 

 

simravles ewodeba sasruli, Tu igi sasruli raodenobis 

elementebisgan Sedgeba. Mmag.: }9,7,1{=A sasruli simravlea. 

 Aaracariel simravles ewodeba usasrulo, Tu igi sasruli araa. 

Nnaturalur ricxvTa simravle aris usasrulo simravlis magaliTi. 

moqmedebebi simravleebze. vTqvaT mocemulia ori, A  da B  

simravle. A  da B  simravleebis gaerTianeba ewodeba yvela im 

elementebis simravles, romlebic A  da B  simravleebidan erT-erTs 

mainc ekuTvnian. A  da B  simravleebis gaerTianeba aRiniSneba A ∪ B  

simboloTi. Aamgvarad, { AxxBA ∈=∪  an }Bx ∈ . 



                                   BA∪  
            

magaliTi 1. 7  ,}{ 9,7,1=A }{ 11,10,7,1=B  BA ∪ = }{ 11,10,9,7,1 . 

      

A  da B  simravleebis TanakveTa ewodeba yvela im elementebis 

simravles, romlebic erTdroulad ekuTvnian rogorc A  ise B  

simravles. A  da B  simravleebis TanakveTa aRiniSneba BA ∩  

simboloTi. Aamgvarad, { AxxBA ∈=∩  da }Bx ∈ . 

BA∩                                 
                       

     mag.aliTi 1. 8   }{ ,9,7,1=A }{ 11,10,7,1=B }{ 7,1=∩ BA  

      

 

    A  da B  simravleebis sxvaoba ewodeba A  simravlis yvela im 

elementebisagan Semdgar simravles, romlebic B  simravles ar 

ekuTvnian. A  da B  simravleTa sxvaoba aRiniSneba simboloTi. 

amgvarad,        =

BA \
BA \ {  da Axx ∈ Bx ∉ } . 

                                   BA \
    M magaliTi 1. 9.  , }{ 9,7,1=A }{ 11,10,7,1=B }{9\ =BA  

 

        

SeniSvna 1. 1.  sazogadod ( )BA \ ∪ AB ≠  

        

     MmagaliTi 1. 10.  , }{ 9,7,1=A }{ 11,10,17=B . cxadia, rom }{9\ =BA , 

magram  ( )BA \ }{ 11,10,9,5,1=∪ B A≠ . 



      

    simravleTa gaerTianeba da TanakveTa Cven SegviZlia ganvmartoT 

aramarto ori, aramed ramdenime simravlisaTvis. vTqvaT, gvaqvs 

ramdenime simravle. Aam simravleTa gaerTianeba ewodeba yvela im 

elementis simravles, romlebic ekuTvnian erT-erTs mainc mocemuli 

simravleebidan. aRniSvna: an   ∪1A nAA ∪∪ ...2 .
1

k

n

k
A

=
∪

   simravleTa TanakveTa ewodeba yvela im elementis 

simravles, romlebic erTdroulad ekuTvnis yvela mocemul simravles. 

aRniSvna: an .      

nAAA ,...,, 21

nAAA ∩∩∩ ...21 k

n

k
A

1=
∩

   A  da B  simravleebis simetriuli sxvaoba ewodeba  

simravles. 

)\()\( ABBA ∪
A  da B  simravleebis simetriuli sxvaoba aRiniSneba ase: 

BA∆ . ganmartebiT =∆BA )\()\( ABBA ∪ .  

                                        
 

 

   magaliTi 1. 11   

}11,10,9{)\()\(
}11,10{\},9{\

}11,10,7,1{},9,7,1{

=∪=∆
==

==

ABBABA
ABBA

BA
 

 

   vTqvaT, M raime aracarieli simravlea da MA ⊂ .  

simboloTi aRvniSnavT  simravles da vuwodebT  simravlis 

damatebas 

ACM

AM \ A
M simravlemde: AMACM \= . 

   Ddebuleba*. (de morganis kanonebi)   vTqvaT, MA ⊂  da MB ⊂ . 

samarTliania tolobebi 

                     BCACBAC MMM ∩∪ =)( ,                                   

                     BCACBAC MMM ∪∩ =)( .                                   

   davamtkicoT pirveli maTgani:  

   aviRoT nebismieri x  elementi  simravlidan. maSin )( BACM ∪
( MxBACx M ∈⇒∈ ())( ∪  da BAx ∪∉ ) AxMx ∉∈⇒ ,(  da 

 da ), BxMx ∉∈ ACx M∈⇒ ( )BCx M∈ )( BCACx MM ∩∈⇒ . 

   maSasadame,          .                           BCACBAC MMM ∩∪ ⊂)(
   axla aviRoT nebismieri x  elementi C  simravlidan. 

maSin 

BCA MM ∩



(( ∈x BCAC MM ∩ ))  da ACx M∈⇒ ( BCx M∈ ) AxMx ∉∈⇒ ,(  

da  da ), BxMx ∉∈ Mx ∈⇒ ( BAx ∪∉ )⇒ ( ))( BACx M ∪∈ . miviReT: 

                         .                          )( BACBCAC MMM ∪∩ ⊂
  Cvens mier damtkicebuli simravluri CarTvebidan da simravleTa 

tolobis ganmartebidan davaskvniT pirveli tolobis 

samarTlianobas.   

 analogiurad damtkicdeba meore toloba. 

 

   simravleTa dekartuli namravli. vTqvaT a  da  raime obieqtebia. 

simboloTi  avRniSnavT dalagebul wyvils, romlis pirveli 

elementia da meore b . vityviT, rom ori da  dalagebuli 

wyvili tolia mxolod maSin roca 

b
),( ba

a ),(a b ),( dc
ca =  da db = .  

SeniSvna.  da  sxvadasxva obieqtebia.  ),( ba },{ ba
    vTqvaT, mocemulia A  da B simravleebi. Yyvela SesaZlebeli 

dalagebuli wyvilebis simravles, sadac ),( ba BbAa ∈∈ ,  A  da 

B simravleTa dekartuli namravli ewodeba da BA × simboloTi 

aRiniSneba. amgvarad, },),{( BbAabaBA ∈∈=× . Tu BA =  maSin AA×  

vuwodebT A  simravlis dekartul kvadrats da mas avRniSnavT 2A  

simboloTi. 

    magaliTi 1. 12   }{ ,9,7,1=A }{ 11,10,7,1=B          

)}11,9(),10,9(),7,9(),1,9(),11,7(),10,7(),7,7(),1,7(),11,1(),10,1(),7,1(),1,1{(=× BA . 

    magaliTi 1. 13 ]2,1[,]2,0[ == BA , maSin am simravleebis dekartuli 

namravls SegviZlia mouZebnoT martivi interpretacia sakordinato 

sibrtyeze, Tu gavixsenebT, rom ricxvTa yovel dalagebul  wyvils ),( ba
sibrtyeze Seesabameba erTaderTi wertili, romlis pirveli kordinatia 

a , xolo meore b .  

  

 



 

 

 

SeniSvna 1. 2.  sazogadod ABBA ×≠× . marTlac, vTqvaT ]2,1[,]2,0[ == BA , 

maSin gveqneba 

 

 

 

 
 

     

 

SevniSnoT, rom simravleTa dekartuli namravlis ganmartebis ZaliT Tu 

mocemuli simravleebidan erT-erTi simravle carielia maSin namravlic 

carieli simravlea. 

 

  ricxviTi simravleebi. qvemoT Cven visargeblebT Semdegi aRniSvnebiT: 

      

,...},...,3,2,1{ nN = -naturalur ricxvTa simravle. 

,...},...,2,1,0,1,2,...,{..., nnZ −−−= - mTel ricxvTa simravle. 

},{ NnZm
n
mQ ∈∈= -racionalur ricxvTa simravle. 

   racionalur ricxvTa simravles aqvs Semdagi 

Tviseba: nebismieri Qqq ∈21,  ricxvebisaTvis 

moiZebneba erTi mainc racionaluri ricxvi  

iseTi, rom . marTlac, sakmarisia aviRoT 

q

21 qqq <<

2
21 qqq +

= , maSin samarTliania 21 qqq <<  utoloba. 

  



   ganvixiloT ricxviTi RerZi, anu wrfe, romelzec arCeuli gvaqvs 

aTvlis saTave, masStabi (monakveTi, romlis sigrZe erTis tolia) da 

dadebiTi mimarTuleba. maTematikis saskolo kursidan cnobilia, rom 

yovel racionalur ricxvs ricxviT RerZze Seesabameba garkveuli 

wertili. meore mxriv, ricxviTi RerZis garkveuli wertilebi ar 

Seesabameba racionalur ricxvebs, magaliTad wertili, romelic 

warmoadgens im monakveTis bolos, romlis meore bolo aTvlis 

saTaveSia, xolo sigrZe erTeulovani kvadratis diagonalis tolia. es 

wertili Seesabameba iracionalur ricxvs_ 2 , romlis Cawera 
n
m

 

wiladis saSualebiT SeuZlebelia. Tumca, ricxviTi RerZis yovel 

wertils Seesabameba savsebiT gansazRvruli usasrulo perioduli  an 

araperioduli aTwiladi (Tu aTwiladi periodulia periodiT 0 an 9, 

maSin igi sasruli aTwiladis saxiT Caiwereba). ricxviTi RerZis yvela 

wertilis Sesabamisi ricxvebis erToblioba warmoadgens namdvil 

ricxvTa simravles. yoveli namdvili ricxvi Caiwereba usasrulo 

perioduli an araperioduli aTwiladis saSualebiT. amasTan, sasruli 

an usasrulo perioduli aTwiladi warmoadgens racionalur ricxvs, 

xolo usasrulo araperioduli aTwiladi warmoadgens iracionalur 

ricxvs. 

 

I -iracionalur ricxvTa simravle. 

=∩⊂⊂ IQQZN , ∅ . 

R -namdvil ricxvTa simravle. IQR ∪= . 

RQ ⊂ da RI ⊂ . 

qvemoT Cven visargeblebT Semdegi saxis SualedebiT:  

[ ] { bxaRxxba ≤≤∈= ,, }- Caketili monakveTi (segmenti). 

( ) =ba, { }, bxaRxx <<∈ - Ria monakveTi (intervali). 

},{),[ bxaRxxba <≤∈= -. naxevrad Ria monakveTi 

},{],( bxaRxxba ≤<∈= - naxevrad Ria monakveTi. 

R
axRxxa

axRxxa

xaRxxa

xaRxxa

=+∞−∞

<∈=−∞

≤∈=−∞

<∈=+∞

≤∈=+∞

),(
},{),(

},{],(

},{),(

},{),[

 

 

   mocemul kursSi visargeblebT cnobili ricxviTi 

utolobebiT: 

 debuleba: yoveli  namdvili ricxvebisaTvis adgili aqvs 

utolobebs: 

,a b

                 



            1)  a b a b+ ≤ + ;                              2) | | | |a b a b− ≤ − . 
 

 

  

 

                        savarjiSoebi: 
 

1. vTqvaT,  da }{1=A }{ 2,1=B . WeSmaritia Tu Mmcdari Semdegi 

gamonaTqvamebi? 

  a) BA ⊂ ;  b) A∈1 ;  g) A∈2 ;  d) B∈2 ; e) B⊂2 ;  v) BA ∈ . 

2. SeadgineT  simravlis yvela SesaZlo qvesimravleebi: { 9,7,3,1=A }
3. vTqvaT, mocemulia simravleebi: 

   ,  ,  { }2,1=A { } { }{ }2,1=B { } { }{ }2,1,1=C  da { } { } { }{ }2,1,2,1=D . WeSmaritia Tu 

Mmcdari Semdegi gamonaTqvamebi? 

   a) BA = ;  b) BA ⊂ ;  g) ;  d) CA ⊂ BA ∈ ; e) CA ∈ ;  v) DB ∈ . 

4. ipoveT BABAABBABABA ×∆∩∪ ,,\,\,, , Tu 

a)  }6,1,5,7,9,2{,}9,5,2,1{ == BA
b) }12{,}2{ NnnBNnnA ∈+=∈=  

g)  ]6,1[,)6,1( == BA
d)  ]6,(,),1( −∞=+∞= BA
5. mocemulia simravleebi: {=A 1; 3; 4; , } {=B 3; 7; 9 , 3; 8; 9 . 

ipoveT: 

} {=C }

        a)    ;               b)  CBA ∩∪ )( )\()\( CBBA × ; 

        g)   ;                d)  CBA ∪∩ )( )\()( CBBA ×∪ . 

6. mocemulia simravleebi: {=A 3; 5; 8; , } {=B 8; 9; 11 , 8; 10; . 

ipoveT: 

} {=C }

        a)  ;                 b)  CBA ∪∪ )( )\()\( CBBA ∩  ;   

           g)   ;                 d)   CBA ∩∩ )( )\()( CBBA ∩∪ .                              

7. mocemulia simravleebi: {=A 2; 4; 7; , } {=B 7; 8; 9 , 7; 9; . 

ipoveT: 

} {=C }

        a)   ;                b)  CBA ∪∩ )( )\()\( BCBA ×  ; 

        g)  ;                    d)   CBA ∩∪ )( )\()\( CBBA × . 

     

8. mocemulia simravleebi: {=A 5; 7; 8; , } {=B 7; 13 , 7; 12; 13 . 

ipoveT: 

} {=C }

        a)   ;                b)  CBA ∪∩ )( )\()\( CBBA × ; 

        g)   ;                   d)    CBA ∩∪ )( )()( CBBA ∪×∩ . 

9.  daStrixeT  BA ×  , Tu   

  a)  ,  ;               g) [ 3;1=A ] ][ 4;1−=B ( )4;2=A  , ( )1;2−=B                               

 

  b)   ,  ;               d) [ )4;1=A ( ]5;2=B [ ]4;0=A ;   ( )2;0=B . 



 

10. daStrixeT BAABBABABA ∆∩∪ ,\,\,, ,Tu 

a) 

      
 

b) 

 

 
11. SeamowmeT tolobebi: 

  a) AAA =∪ ;   AAA =∩ ; 

  b) BAA ∪⊂ ;   ABA ⊂∩ ; 

  g) ;   . AA =∅∪ ∅=∅∩A
  d)  . BABBA ∪=∪)\(
12*. SeamowmeT tolobebi: 

   a) ;          b) CBACBA ∪∪=∪∪ )()( CBACBA ∩∩=∩∩ )()( ; 

   g)  ;   d) )()()( CABACBA ∪∩∪=∩∪ )()()( CABACBA ∩∪∩=∪∩ ; 

   e) ; )()()()( DCBADBCA ∪∩∪⊂∩∪∩
 

13*. aCveneT, rom: 

  a) Tu  da , maSin ; CA ⊂ CB ⊂ CBA ⊂∪
  b) Tu  da , maSin AC ⊂ BC ⊂ BAC ∩⊂ ; 

  g) ; CAABCB \)\(\)\( ⊂
  d) ; )\()\(\ CBBACA ∪⊂
  e) ; )\(\)\(\)\( CBCACBA =
  z) .)()\()\()\( CBACBAACCBBA ∪∪=∩∩∪∪∪  

14*. samarTliania Tu ara  tolobebi: a)  b) 

; v) 

;\)\()(\ CBACBA =∪
CBACBA \)()\( ∪=∪ BCACBA \)()\( ∪=∪ ?  

15*. SeamowmeT tolobebi.  

a) ;  AACC MM =)(
b) ; )()( ACBBCA MM ⊂⇔⊂
g) . )()( BCACBA MM ⊃⇔⊂
 



16*. SeamowmeT tolobebi: 

   Aa) ; BXABXBA ×∪=×∪× )()()(
    b) ).()()()( YBXAYXBA ∩×∩=×∩×  

    g) samarTliani aris Tu ara  toloba 

     )()()()( YBXAYXBA ××∪=×∪×  ? 

17. daStrixeT simravleebi a) { | 4 2 0}x x + ≤ ; b) 
2{ | 3 2 0}x x x− + ≤ ;  

   g) ;  d) }1cossin|{ 22 −<+ xxx }21|{ >+
x

xx ;  e) ; }6650|{ 2 <+−< xxx

   v) { | . | 5 3 | 1}x x− <
 

 

 

 

 

2. funqcia 
  

              elementaruli warmodgenebi funqciebze 
  

Ffunqciis cneba maTematikis erT-erTi umniSvnelovanesi cnebaa. 

aRniSnuli cnebis gasaazreblad SevniSnoT, rom  fizikuri da 

geometriuli kanonzomierebebi gamoisaxeba rogorc ricxvebs Soris 

damokidebulebebi. praqtikisaTvis Aam Tanafardobebs Soris 

mniSvnelovania iseTi damokidebulebebi, rodesac erTi sididis 

raime mocemuli mniSvnelobiT calsaxad ganisazRvreba meore 

sididis mniSvneloba. magaliTad, Tu viciT, rom kvadratis gverdis 

sigrZea , maSin mis farTobs gamovTvliT calsaxad,  formuliT 

. swored es formula gamoxatavs funqciur (anu calsaxa) 

damokidebulebas  cvlads (kvadratis gverdis sigrZes) da  

cvlads (kvadratis farTobs) Soris. maSasadame kanonzomierebebi, 

romlis drosac erTi sididis mniSvneloba calsaxad gansazRvravs 

meore sididis mniSvnelobas, aRiwerebian ricxviTi funqciebiT.  

x
2xS =

x S

vTqvaT, E  aris namdvil ricxvTa simravlis raime aracarieli 

qvesimravle, xolo R  _ namdvil ricxvTa simravle. vityviT, rom E -

simravleze mocemulia (gansazRvrulia) funqcia mniSvnelobebiT R  

simravleSi, Tu mocemulia  wesi, romlis saSualebiTac f E  

simravlis yovel elements Seesabameba R  simralis erTaderTi 

elementi. aRniSnul faqts simbolurad ase CavwerT:  an 

.  

REf →:
RE f⎯→⎯ E  simravles funqciis gansazRvris are ewodeba, -s ki 

_ funqciis mocemis wesi.   zogad 

f
Ex ∈  elements vuwodebT 

funqciis arguments (an damoukidebel cvlads). Tu argumentis 

konkretul  mniSvnelobas mocemuli  wesiT eTanadeba 0x f Ry ∈0  

ricxvi, maSin -s vuwodebT  funqciis mniSvnelobas  wertilSi 0y f 0x



da CavwerT . sazogadod   argumentisaTvis ki vwerT 

. Aam SemTxvevaSi 

)( 00 xfy = x
)(xfy = y -s damokidebuli cvladi ewodeba.  

magaliTad ganvixiloT Semdegi wesiT mocemuli  funqcia: 

. Gganmartebis Tanaxmad, gansazRvris aris nebismier   

ricxvs   wesiT Seesabameba erTaderTi  ricxvi, romelic unda 

daviTvaloT formuliT .  SevniSnoT agreTve, rom  

wesiT, rogorc zemoT vnaxeT SegviZlia daviTvaloT kvadratis 

farTobi ( -kvadratis gverdia, xolo  kvadratis farTobi). am 

SemTxvevaSi, bunebrivia, am wesiT mocemuli funqciis gansazRvris 

ares warmoadgens  Sualedi. (SevniSnoT, rom funqciis 

RRf →:
2)( xxf = x

f y
2xy = 2xy =

x y

),0( +∞ x  
argumentisa da damokidebuli y  cvladis nacvlad SegviZlia 

gamoviyenoT sxva cvladebi mag.  da . maSin  da  cvladebs 

Soris damokidebuleba Caiwereba formuliT 

t z t z
).(tfz = ) 

zemoTTqmulidan gamomdinare, funqciis mocema niSnavs, 

rogorc gansazRvris E  aris miTiTebas, aseve  Sesabamisobis 

mocemas. xSirad funqciis mocemis dros gansazRvris ares ar 

UuTiTeben (magaliTad skolis umravles saxelmZRvaneloebSi). aseT 

SemTxvevaSi funqciis gansazRvris aris qveS gulisxmoben  yvela im 

 ricxvTa erTobliobas, romelTaTvisac  gamosaxulebas azri 

aqvs. magaliTisaTvis Tu vityviT, mocemulia  funqcia 

f

x )(xf

3
1)(
−

=
x

xf , 

gansazRvris aris miTiTebis gareSe, maSin vgulisxmobT, rom misi 

gansazRvris area  simravle. kalkulusis mocemul kursSi Cven 

am midgomiT visargeblebT. 

}3{\R

vTqvaT mocemulia ori  da  funqcia. vityviT, 

rom es funqciebi tolia Tu maTi gansazRvris areebi toli 

simravleebia; 

REf →: RFg →:

FE =  da yoveli Ex ∈  ricxvisaTvis . 

magaliTad ganvixiloT ori funqcia   mocemuli Semdegi 

wesiT:  da 

)()( xgxf =
RRf →:

2)( xxf = Rg →+∞),0[:  mocemuli Semdegi wesiT . 

Ees funqciebi toli funqciebi ar aris, vinaidan maTi gansazRvris 

areebi erTmaneTs ar emTxveva, Tumca , roca .  

2)( xxg =

2)()( xxgxf == ),0[ ∞∈x
Gganmarteba.  vTqvaT mocemulia ori funqcia  da 

. 

REf →:
RFg →:

dauSvaT EF ⊂  da yoveli Fx ∈  gvaqvs )()( xfxg =  maSin vityviT, rom 

 funqcia aris  funqcis SezRudva  simravleze. (aseT 

SemTxvevaSi SeiZleba ubralod ase vTqvaT:  funqcia  

simravleze emTxveva  funqcias.) 

g f F
f F

g
       aRniSnuli terminologiis mixedviT kvadratis gverdis 

sigrZis saSualebiT  kvadratis farTobis dasaTvleli formula 

(funqcia) aris  funqciis SezRudva dadebiT ricxvTa 

simravleze. sailustraciod moviyvanoT kidev erTi magaliTi: 

2)( xxf =



ganvixiloT funqciebi 
1
1)(

2

+
−

=
x
xxf  da 1)( −= xxg . maTi gansazrvris 

areebi Sesabamisad aris }1{\ −R  da R , amitom es funqciebi  

erTmaneTis toli ar aris, Tumca Tu SevizRudebiT }1{\ −R  

simravleze (orive funqciis saerTo gansazRvris areze) maSin isini 

erTmaneTis tolia. 

rogor vipovoT mocemuli )(xfy =  funqciis mniSvneloba 

gansazRvris aris ama Tu im  wertilSi? ganvixiloT magaliTi: 

vTqvaT, . vipovoT xxxf 2)( 2 += )5(),2( +xff . 

8222)2( 2 =⋅+=f ; 

3512)5(2)5()5( 22 ++=+++=+ xxxxxf . 

funqciaze mniSvnelovan informacias gvaZlevs misi grafiki. 

moviyvanoT funqciis grafikis ganmarteba. vTqvaT,  raime 

funqciaa. Aam funqciis grafiki ewodeba yvela SesaZllebeli 

 saxis  wyvilisagan Semdgar  simravles, sadac .  

funqciis Agrafiki –iT aRiniSneba. Aamgvarad, 

REf →:

))(,( xfx Ex ∈ f

fΓ

}.))(,{()}(,),{( ExxfxxfyExyxf ∈==∈=Γ  

rogorc vxedavT, funqciis grafiki ricxvTa wyvilebisagan 

Semdgari simravlea da amitom funqciis grafiki RR ×  simravlis 

qvesimravles warmoadgens. es saSualebas gvaZlevs  funqciis 

grafiki TvalsaCinod warmovidginoT, rogorc sakoordinato xoy  
sibrtyis qvesimravle. 

qvemoT moviyvanT ramodenime mniSvnelovan cnebas da 

TvalsaCinoebisaTvis, elementaruli funqciis magaliTze 

gaviazrebT maT.    

    vTqvaT mocemulia  funqcia.  simboloTi 

aRvniSnavT simravles romelic Sedgeba yvela im  ricxvebisagan, 

romlebisTvisac arsebobs erTi mainc 

REf →: )(Ef
y

x  ricxvi gansazRvris aridan 
iseTi, rom . maSasadame:yxf =)( { XxxYyXf ∈∃∈= ,|)(  da .  

 simravles funqciis mniSvnelobaTa ares (simravles) uwodeben. 

})(xfy =
)(Ef

moyvanili ganmartebidan SegviZlia CamovayaliboT algoriTmi, 

imisa Tu rogor davadginoT fiqsirebuli Ry∈  ricxvi ekuTvnis Tu 

ara funqciis mniSvnelobaTa ares . saxeldobr, fiqsirebuli  

ricxvi ekuTvnis funqciis mniSvnelobaTa ares mxolod im 

SemTxvevaSi, roca gantolebas 

y

yxf =)(  ( x  cvladis mimarT ) aqvs 

erTi mainc amonaxsni. 

magaliTi 2.1. ,  funqciis grafikis, RRf →: 2)( xxf = }),{( 2 Rxxxf ∈=Γ  

eskizs, rogorc skolis kursidan viciT, aqvs saxe (ix. Nnaxazi ). 

TvalsaCinoebisTvis, mocemuli funqciisaTvis ganvixiloT zemoT 

moyvanili cnebebTan dakavSirebuli, ramdenime sakiTxi. 

 



 

 

 

 

 

 

 

 

 

1) mocemuli funqciis 

gansazRvris area namdvil 

ricxvTa R  simravle, anu oy  

RerZis paraleluri yoveli 

wrfe funqciis grafiks kveTs 

(erTaderT wertilSi).  

2) funqciis mniSvnelobaTa simravlea: ),0[)( +∞=Rf . marTlac 

vTqvaT raime  ricxvi aris funqciis mniSvnelobaTa simravlidan. 

maSin  gantolebas anu  gantolebas aqvs erTi mainc 

amonaxsni funqciis gansazRvris aridan. Ees ki moxdeba mxolod 

maSin, roca . Yyovelive zemoTTqmuls aqvs martivi 

geometriuli interpretacia. saxeldobr:  RerZis paraleluri 

wrfe  kveTs funqciis grafiks mxolod im SemTxvevaSi, roca 

. 

0y

0)( yxf = 0
2 yx =

00 ≥y

ox

0yy =

00 ≥y

 

magaliTi 2. 2. vTqvaT funqcia, mocemulia Semdegi saxiT 

, 0,
( )

1, 0
x x

f x
x x

≤⎧
= ⎨− − >⎩

. 



 

advili dasanaxia, rom funqciis mniSvneloba 0x =  wertilSi aris 

0 , e. i.  (im faqts, rom funqciis mniSvneloba  (0) 0.f = 0x =

wertilSi aris 0  da ara -1 naxazze avRniSnavT isriT). 

 

magaliTi 2. 3. vTqvaT, funqcia mocemulia Semdegi saxiT 

2 1, 0,
( ) 1, 0

2, 0

x x
f x x x

x

⎧ + <
⎪= − − >⎨
⎪ =⎩

. 

 

 
maSin . (0) 2f =



   
 

 

 

magaliTi 2.4. 3 

vTqvaT mocemulia funqciis grafiki. 

 
 

 

maSin advili dasanaxia, rom ( 1) 1, (0) 0, (1) 2f f f− = = = . 

 

 
magaliTi 2.5 

Tu funqciis grafiks aqvs Semdegi saxe, 

 



 
maSin . (1) 2f =
 

Mmocemuli funqciis  gansazRvris area simravle ]2,1[− , xolo 

mniSvnelobaTa simravlea  da is mxolod ori elementisagan 

Sedgeba. 

}2,1{

Gganmarteba:  funqcias  uwodeben mudmiv funqcias Tu misi 

mniSvnelobaTa simravle erTelementiania. 

REf →:

SevniSnoT, rom Tu funqcia  mudmivia, maSin misi grafiki 

 RerZis paraleluri wrfea.  

RRf →:
ox
 

 

 

funqciaTa kompozicia. vTqvaT, mocemulia ori funqcia  da )(xfy =
)(xgy = .  da  funqciebis kompozicia anu rTuli funqcia 

ganimarteba Semdegnairad                          

f g

))(())(( xgfxgf =D ,    )()( fDxg ∈ . 

  SeniSvna 2. 1 sazogadod,  da sxvadasxvaa. gf D fg D
 

   ganvixiloT magaliTebi:  

 

1. vTqvaT,  3)(,32)( 2 +=++= xxgxxxf
1883)3(2)3()3())(())(( 22 ++=++++=+== xxxxxfxgfxgf D  

62332)32())(())(( 222 ++=+++=++== xxxxxxgxfgxfg D  

cxadia, rom am SemTxvevaSi ))(())(( xfgxgf DD ≠ . 

 

> f:=x->x^2+2*x+3;



 := f  → x  +  + x2 2 x 3  

> g:=x->x+3;
:= g  → x  + x 3  

> plot([f(x),g(x)],x=-2..2);
 

> h:=x->f(g(x));
:= h  → x ( )f ( )g x  

> h(x);
 +  + ( ) + x 3 2 2 x 9  

> r:=x->g(f(x));
:= r  → x ( )g ( )f x  

> r(x);
 +  + x2 2 x 6  

> plot([h(x),g(x)],x=-2..2);
 

 

 

 

2. vTqvaT, 
3
2

3
1)(,23)( +=−= xxgxxf  

xxxfxgfxgf =−+=+== 2)
3
2

3
1(3)

3
2

3
1())(())(( D  

xxxgxfgxfg =+−=−==
3
2)23(

3
1)23())(())(( D  

am SemTxvevaSi, rogorc vxedavT ))(())(( xfgxgf DD = . magaliTi 1-dan 

Cans, rom aseT tolobas yovelTvis ara aqvs adgili. 

im SemTxvevaSi, roca xxfgxgf == ))(())(( DD , saqme gvaqvs specialuri 

tipis da f g funqciebTan. 

   

   

Seqceuli funqcia. rogorc zemoT vnaxeT, Tu gvaqvs  da 23)( −= xxf

3
2

3
1)( += xxg  funqciebi, maSin xxfgxgf == ))(())(( DD . 

1
3
2)5(

3
1)5(52)1(3)1( −=+−=−⇒−=−−=− gf  

22
3
43)

3
4(

3
4

3
22

3
1)2( =−⋅=⇒=+⋅= fg  

rogorc vxedavT, -is mniSvneloba -1-Si aris -5, xolo -s 

mniSvneloba -5-Si -1-is tolia, 

f g
g -s mniSvneloba 2-Si 4/3-ia, maSin, 

roca -is mniSvneloba 4/3-Si aris 2. SevniSnoT, rom Cven f



faqtiurad orive SemTxvevaSi ganvixileT funqciaTa kompozicia. 

pirvel SemTxvevaSi gvaqvs 

5)1())5(()5)(( −=−=−=− fgfgf D , 

xolo meore SemTxvevaSi 

3
4)2())

3
4(()

3
4)(( === gfgfg D . 

rogorc vxedavT, da funqciebi urTierTSeqceul moqmedebebs 

axorcieleben. am tipis funqciebs Seqceuli funqciebi ewodebaT. 

vidre Seqceuli funqciis mkacr ganmartebas moviyvandeT, 

moviyvanoT urTierTcalsaxa funqciis ganmarteba. 

f g

    vTqvaT, mocemulia funqcia . -s ewodeba urTierT REf →: f
calsaxa funqcia, Tu yoveli ori 21 xx ≠ -Tvis gansazRvris aridan 

gvaqvs . ganvixiloT funqcia . es funqcia ar 

aris urTierTcalsaxa funqcia, radgan –is or gansxvavebul 

mniSvnelobas –is erTidaigive mniSvneloba Seesabameba. magaliTad, 

Tu aviRebT  da , gveqneba 

)()( 21 xfxf ≠ 2)( xxf =
x

y
1−=x 1=x 1)1()1( ==− ff .  

 

magram, Tu SevzRudavT 

gansazRvris ares  

Sualedamde, miviRebT 

urTierTcalsaxa funqcias. 

),0[ +∞

     axla moviyvanoT Seqceuli 

funqciis mkacri ganmarteba.  

vityviT, rom  da f g  

Seqceuli funqciebia, Tu isini 

urTierTcalsaxa funqciebia d

sruldeba toloba 

a 

xfgxgf = ))(())(( DD x= .     

ufro zustad, am SemTxvevaSi 

vityviT, rom  aris -is 

Seqceuli funqcia da CavwerT . analogiurad, aris  

g f
)()( 1 xfxg −= f

g -s Seqceuli funqcia da CavwerT . )()( 1 xgxf −=

e. i Cvens mier zemoT ganxiluli 23)( −= xxf  da 
3
2

3
1)( += xxg  

funqciebisTvis gvaqvs:  

23)( −= xxf       
3
2

3
1)(1 +=− xxf  

3
2

3
1)( += xxg        23)(1 −=− xxg

 

SeniSvna 2. 2  gvaxsovdes, rom 
)(

1)(1

xf
xf ≠−

. 



 

     praqtikulad rogor vipovoT Seqceuli funqcia. amisaTvis 

ganvixiloT magaliTi. vTqvaT, 25)( += xxf . viqceviT Semdegnairad: 

pirvel rigSi -s vcvliT -iT da vwerT: )(xf y 25 += xy . Semdeg  da x
y -s adgilebs vucvliT: 25 += yx  da vxsniT gantolebas y -is 

mimarT: 
5
2

5
1

−= xy . Semdeg -s vcvliT -iT da vwerT: y )(1 xf −

5
2

5
1)(1 −=− xxf . bolos vamowmebT  tolobis 

marTebulobas.  

xxffxff == −− ))(())(( 11 DD

xxxffxff =+−== −− 2)
5
2

5
1(5))(())(( 11D  

xxxffxff =−+== −−

5
2)25(

5
1))(())(( 11 D  

       da bolos, gavarkvioT ra kavSiria mocemuli funqciis 

grafiksa da misi Seqceuli funqciis grafiks Soris. aviRoT  

Cvens mier zemoT ganxiluli 23)( −= xxf  da 1 1 2( )
3 3

f x x− = +  funqciebi. 

> plot([3*x-2,x,1/3*x+2/3],x=-2..2,y=-2..2);
 

rogorc vxedavT, Seqceuli funqciis 

grafiki miiReba mocemuli funqciis 

grafikis xy =  wrfis mimarT 

RerZuli simetriiT. es wesi 

yovelTvis marTebulia mocemuli 

funqciisa da misi Seqceuli funqciis 

grafikebisTvis. 

 

 

 

 

 

 

 

 

    zrdadi da klebadi funqciebi. vTqvaT, mocemulia 

funqcia . funqcias ewodeba zrdadi REf →: f E  

simravleze, Tu am simravlis nebismieri  da  

ricxvisaTvis  
1x 2x

)()( 21 xfxf ≤ , roca < . 1x 2x
      

 

magaliTi 2. 5. ganvixiloT funqcia 



 

                   ⎩
⎨
⎧

+∞∈
−∞∈

=
),0(,2
]0,(,

)(
3

x
xx

xf

 
 

E  rogorc vxedavT, es funqcia zrdadia Tavis gansazRvris 

areze. 

     funqcias ewodeba klebadi f E simravleze, Tu am 

simravlis yoveli  da  ricxvisaTvis 1x 2x
)()( 21 xfxf ≥ , roca < . 1x 2x

      magaliTi 2. 6. ganvixiloT funqcia 

 

                   ⎩
⎨
⎧

+∞∈−
−∞∈−

=
),0(,2
]0,(,

)(
x
xx

xf



 
                    

      rogorc vxedavT, Ees funqcia klebadia Tavis 

gansazRvris areze. 

      

 

 

f funqcias ewodeba mkacrad zrdadi E  simravleze, Tu am 

simravlis yoveli da  ricxvisaTvis 1x 2x
)()( 21 xfxf < , roca <  1x 2x

 

      magaliTi. 2. 7   ganvixiloT funqcia 

                  
3)( xxf =

 

 
 

      es funqcia mkacrad zrdadia R –ze. 

      



 

    funqcias ewodeba mkacrad klebadi f E  simravleze, Tu 

am simravlis yoveli da  ricxvisaTvis 1x 2x
)()( 21 xfxf > , roca < . 1x 2x

 

 

      magaliTi 2. 8  ganvixiloT funqcia 

                  
3)( xxf −=

 
 

      es funqcia mkacrad klebadiaR –ze. 

 

      

 

E simravleze gansazRvrul  funqcias ewodeba 

monotonuri am simravleze, Tu igi zrdadia an klebadi, 

xolo funqcia mkacrad monotonuria, Tu igi mkacrad 

zrdadia an mkacrad klebadia. 

f

f

 

SeniSvna 2. 3. SeiZleba mocemuli funqcia ar iyos 

monotonuri.  

 

          

   magaliTi. ganvixiloT funqcia 

                  
2)( xxf =



 
                     

    

      

 

es funqcia ar aris monotonuri. marTlac, Tu aviRebT 

wertilTa wyvilebs  da , maSin  1,2 '
2

'
1 =−= xx 2,1 ''

2
''

1 =−= xx
1)1()(,4)2()( '

2
'
1 ===−= fxffxf , . 4)2()(,1)1()( ''

2
''

1 ===−= fxffxf
rogorc vxedavT, , roca ,xolo )()( '

2
'
1 xfxf > '

2
'
1 xx <

)()( ''
2

''
1 xfxf < , roca . magram [0, 

''
2

''
1 xx < ∞+ ) Sualedze es 

funqcia mkacrad zrdadia 

 
 xolo (- , 0) Sualedze igi mkacrad klebadia ∞

 



E     

 

 

SemosazRvruli da SemousazRvreli funqciebi. vTqvaT, 

mocemulia . funqcias ewodeba SemosazRvruli 

zemodan, Tu arsebobs iseTi namdvili 

REf →: f
M ricxvi, rom 

yoveli x –Tvis  E –dan gvaqvs Mxf ≤)( .   

 

 

 

 

 

 

 

 

      

      magaliTi 2. 9. ganvixiloT funqcia 

                    1)( 2 +−= xxf

 
       rogorc vxedavT, yoveli x –Tvis 1)( ≤xf . e.i  

1)( 2 +−= xxf  funqcia zemodan SemosazRvrulia.   

      

      -s ewodeba qvemodan SemosazRvruli, Tu arsebobs f
iseTi namdvili m ricxvi, rom yoveli  x –Tvis E –dan       

mxf ≥)(  

 

 

 

      magaliTi 2. 10.  ganvixiloT funqcia 

1)( 2 += xxf  



 
       rogorc vxedavT, yoveli x –Tvis . e.i  1)( ≥xf

1)( 2 += xxf  funqcia qvemodan SemosazRvrulia.   

         

F     funqcias ewodeba SemosazRvruli, Tu igi f
SemosazRvrulia rogorc qvemodan, ise zemodan. 

 

 

      magaliTi 2. 11. ganvixiloT funqcia 

                    xxf cos)( =
 ,   SemosazRvruli funqciaa, radgan yoveli RRf →: f

Rx ∈ –Tvis 1cos ≤x . e.i. -1 1cos ≤≤ x  

 
 

F     funqcias ewodeba SemousazRvreli f E simravleze, 

Tu nebismieri dadebiTi A  ricxvisTvis moiZebneba am 

simravlis iseTi wertili , rom 0x
                 Axf >)( 0 . 



    

    magaliTi 2. 12.  ganvixiloT  
x

xf 1)( =   funqcia (0,1] 

SualedSi. Ee.i. .  Rf →]1,0(:

 
      es funqcia qvemodan SemosazRvrulia, radgan yoveli 

x -sTvis (0,1]-dan   11)( ≥=
x

xf . magram araa SemosazRvruli, f

radgan igi araa zemodan SemosazRvruli. marTlac, aviRoT 

nebismieri A  dadebiTi ricxvi ( 1A > ). aviRoT 

]1,0(,
2
1

00 ∈= x
A

x  maSin 

                    .21)(
0

0 AA
x

xf >==  

 

 e.i. 
x

xf 1)( =  araa SemosazRvruli -ze. ]1,0(

 

 

     



 

 

 magaliTi 2. 13. ganvixiloT  
x

xf 1)( −=   funqcia (0,1] 

SualedSi. Ee.i. .  Rf →]1,0(:

 
      es funqcia zemodan SemosazRvrulia, radgan yoveli 

x -sTvis (0,1]-dan   01)( <−=
x

xf . magram  araa f

SemosazRvruli, radgan igi araa qvemodan SemosazRvruli. 

marTlac, aviRoT nebismieri ragind didi  dadebiTi 0A

ricxvi ( ). aviRoT 1A > ]1,0(,
2
1

00 ∈= x
A

x  amasTan 

                    .21)(
0

0 AA
x

xf >==  

 

 e.i. 
x

xf 1)( −=  araa SemosazRvruli -ze. ]1,0(

L     

 



 

luwi da kenti funqciebi. vTqvaT, funqcia gansazRvrulia 

koordinatTa saTavis mimarT simetriul 

f
E SualedSi. 

funqcias ewodeba luwi, Tu nebismieri  f x -Tvis  

gansazRvris aridan marTebulia toloba ).()( xfxf =−  

   

   

 magaliTi 2. 12    xxf =)(  

)()( xfxxxf ==−=−                

  e.i. xxf =)(  luwia.  

 
 

     luwi funqciis grafiki simetriulia ordinatTa 

RerZis mimarT. 

     funqcias ewodeba kenti, Tu nebismieri f x –Tvis 

gansazRvris aridan marTebulia toloba 

                  ).()( xfxf −=−
 

 

 

    

magaliTi 2. 13    ( ) tan ;f x x=  Rf →− )
2

,
2

(: ππ
. 

                 ( ) tan( ) tan ( )f x x x f− = − = − = − x     

  e.i.   kentia. tgxxf =)(



 
 

   kenti funqciis grafiki simetriulia koordinatTa 

saTavis mimarT. 

 

   SeniSvna 2. 4. simetriul Sualedze gansazRvruli 

funqcia SeiZleba ar iyos arc luwi da arc kenti. 

magaliTad,   funqcia arc luwia da arc kenti. 3)( += xxf
marTlac,   )()(33)()( xfxfxxxf −≠−⇒+−=+−=−  da 

)()( xfxf ≠− . 

 
 

     perioduli funqcia. vTqvaT, mocemulia . 

funqcias ewodeba perioduli funqcia periodiT 

REf →:
f 0T ≠ , Tu 

gansazRvris aris yoveli x  wertilisTvis Tx ±  wertilebi 

ekuTvnian gansazRvris ares da 

)()( xfTxf =+ . 

 

 



 

 

 

     magaliTi 2. 14.  periodulia periodiT xxf sin)( = π2 . 

  

 

 
     

 

    Tu T aris  funqciis periodi, maSin f T− –c periodia. 

marTlac, 

               ).())(()( xfTTxfTxf =+−=−   



garda amisa, Tu funqciis 

periodia , maSin , sadac 

, periodia. 

fT
nT±

Nn ∈
     Cveulebriv, funqciis 

periods uwodeben yvela 

dadebiT periodebs Soris 

umciress.F  funqcias 

ewodeba 

xxf sin)( =
π2 –perioduli funqcia, 

Tumca misi periodebia agreTve 

πk2 ,sadac SevniSnoT, rom funqciis periodTa 

Soris SeiZleba ar arsebobdes  umciresi. magaliTad, 

 funqcia periodulia da misi periodia nulisagan 

gansxvavebuli nebismieri namdvili ricxvi , vinaidan 

....,2,1 ±±=k

1)( =xf
a

               . )(1)( xfaxf ==+
 

 

 

      

funqciis eqstremumi.  vTqvaT, mocemulia , sadac REf →:
E  raime Sualedia.  wertils ewodeba funqciis 

lokaluri maqsimumis wertili, Tu moiZebneba -is iseTi 

Ex ∈0 f

0x
−ε midamo ( εε +− 00 , xx ), rom yoveli x –Tvis Exx ∩+− ),( 00 εε  

simravlidan gvaqvs  

                 . )()( 0xfxf ≤
TviT  ricxvs uwodeben lokalur maqsimums.  )( 0xf
 

2, 1, 2, 4x x x x= − = − = =  wertilebi lokaluri maqimumis 

wertilebia 

     

     wertils ewodeba funqciis lokaluri 

minimumis wertili, Tu moiZebneba –is iseTi 

Ex ∈0 f

0x −ε midamo,  

rom yoveli x –Tvis Exx ∩+− ),( 00 εε  simravlidan gvaqvs 

                 . )()( 0xfxf ≥
)( 0xf  ricxvs uwodeben lokalur  minimums.      

 

4, 1, 3x x x= − = =  wertilebi lokaluri minimumis wertilebia. 

  

lokaluri maqsimumis an minimumis wertilebs lokaluri 

eqstremumis wertilebi ewodeba, xolo lokalur maqsimums 

an minimums lokalur eqstremums uwodeben. 

   



 

Ex ∈0  wertils ewodeba funqciis mkacri lokaluri 

maqsimumis wertili, Tu moiZebneba -is iseTi 

f

0x −ε midamo 

( εε +− 00 , xx ), rom yoveli x –Tvis          

Exx ∩+− ),( 00 εε \{ } simravlidan gvaqvs         0x
                 . )()( 0xfxf <
TviT  ricxvs uwodeben mkacr lokalur maqsimums. )( 0xf
 

2, 4x x= =  wertilebi mkacri maqsimumis wertilebia, xolo 

2, 1x x= − = −  ar aris mkacri lokaluri maqimumis wertilebi. 

     

    wertils ewodeba funqciis mkacri lokaluri 

minimumis wertili, Tu moiZebneba –is iseTi 

Ex ∈0 f

0x −ε midamo,  

rom yoveli x –Tvis Exx ∩+− ),( 00 εε \{ } simravlidan 

gvaqvs 

0x

                 . )()( 0xfxf >
)( 0xf  ricxvs uwodeben mkacr lokalur  minimums.       

mkacri lokaluri maqsimumis an minimumis wertilebs 

mkacri lokaluri eqstremumis wertilebi ewodeba, xolo 

mkacr lokalur maqsimums an minimums mkacr lokalur 

eqstremums uwodeben. 

 

4, 1, 3x x x= − = =  wertilebi mkacri minimumis wertilebia. 

 

   vTqvaT, mocemulia , sadac REf →: E  raime Sualedia 

boloebiT  da b   wertilebSi da a ),(0 bax ∈  wertili aris 

funqciis lokaluri eqstremumis wertili, maSin    

wertils ewodeba funqciis Siga lokaluri eqstremumis 

wertili. 

f Ex ∈0

f

 

2, 1, 1, 2, 3x x x x x= − = − = = =  wertilebi Siga eqstremumis 

wertilebia. 

4, 4x x= − =  wertilebi ar arian Siga eqstremumis wertilebi. 

     

   vTqvaT, mocemulia , sadac REf →: E  raime Sualedia. 

gansazRvris aris iseT wertils, romlisTvisac gvaqvs 

 yoveli  –Tvis, ewodeba funqciis 

globaluri ( absoluturi )  maqsimumis wertili an 

0x
)()( 0xfxf ≤ Ex ∈ f



ubralod, maqsimumis wertili , xolo TviT  ( )0xf –s 

funqciis maqsimaluri (globaluri maqsimumi) mniSvneloba. 

 

2x =  wertili globaluri maqsimumis wertilia. 

 

     gansazRvris aris iseT wertils, romlisTvisac 

gvaqvs: Yyoveli  

0x
)()( 0xfxf ≥ Ex ∈ –Tvis, ewodeba funqciis 

globaluri ( absoluturi ) minimumis wertili an 

ubralod, minimumis wertili, xolo -s funqciis 

minimaluri (globaluri minimumi) mniSvneloba. 

f

)( 0xf

 

4x = −  wertili globaluri minimumis wertilia. 

 

M    globaluri maqsimumis an minimumis wertils 

globaluri eqstremumis an ubralod, eqstremumis wertili 

ewodeba. 
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[ ]

⎪
⎪
⎩

⎪
⎪
⎨

⎧

∈−
∈−

−∈

−−∈+

=

]5,3(,4
]3,1(,2
1,2,

)2,8[,6

)(
2

xx
xx
xx
xx

xf  

 

      rogorc vxedavT, 

8−=x  da  2−=x
wertilebi mocemuli 

f  funqciis 
globaluri 

eqstremumis 

wertilebia.  8−=x
aris globaluri 

minimumis wertili, 

( ) 28 −=−f  aris 

globaluri 

minimumi.A  aris 2−=x
globaluri maqsimumis wertili, ( ) 42 =−f  aris globaluri 

maqsimumi. 

 

 



 

 

 

 

 

 

      magaliTi 2. 16  ganvixiloT funqcia: 

 

                 [ ]⎩
⎨
⎧

∩−∈−
∩−∈

=
Ix

Qx
xf

1;1,1
]1;1[,1

)(

rogorc vxedavT, [-1;1] Sualedis yoveli racionaluri ricxvi 

am funqciis globaluri maqsimumis wertilia, xolo amave 

Sualedis yoveli iracionaluri ricxvi aris globaluri 

minimumis wertili.  am funqciis globaluri maqsimumi aris 1, 

xolo globaluri minimumi aris -1.  

 

 

SeniSvna 2. 5. globaluri eqstremumis wertili aris erT-

erTi lokaluri eqstremumis wertili. 

 

 

 

 

      zogierTi elementaruli funqcia da maTi Tvisebebi 
 

 

 

 

wrfivi da kvadratuli funqciebi  

 

wrfivi funqcia 

 

 gansazRvreba.  funqcias, romelic gansazRvrulia 

tolobiT 

:f →\ \
( )f x kx b= + , wrfivi funqcia ewodeba. 

 wrfivi funqciis grafiki warmoadgens wrfes da piriqiT, 

sakoordinato sibrtyeze mdebare yoveli wrfe, romelic ar aris 

ordinatTa RerZis paraleluri warmoadgens romeliRac wrfivi 

funqciis grafiks.  gantolebas uwodeben  sakuTxo 

koeficientis mqone wrfis gantolebas, radganac ricxvi k  tolia 

im kuTxis tangensisa, romelsac es wrfe qmnis  RerZis dadebiT 

mimarTulebasTan.  sidides zogjer wrfis daxrasac uwodeben. 

qvemoT CamovTvliT wrfivi funqciis ZiriTad Tvisebebs. 

y kx b= + k

ox
k

1. wrfivi funqciis gansazRvris area namdvil ricxvTa simravle- 

; ( )D f = \



2. Tu , maSin wrfivi funqciis mniSvnelobaTa simravlea 

, xolo Tu 

0k ≠
( )E f = \ 0k = , maSin ( ) { }E f b= ; 

3. Tu , maSin wrfivi funqcia mkacrad zrdadia Tavis 

gansazRvris areze, xolo Tu 

0k >
0k < , maSin wrfivi funqcia 

mkacrad klebadia Tavis gansazRvris areze; 

4. Tu  da , maSin funqcia kentia, xolo Tu  maSin 

funqcia luwia. Tu 

0k ≠ 0b = 0k =
0kb ≠  funqcia arc kentia da arc luwi. 

5. grafiks aqvs Semdegi sqematuri saxe: 

 

  y 
  y 

b 

 
 

 
 

 kvadratuli funqcia da misi Tvisebebi  

  

  funqcias, romelic gansazRvrulia tolobiT :f →\ \
2( )f x ax bx= + + c , sadac a b c, , ∈\  namdvili ricxvebia da a 0≠ , 

kvadratuli funqcia ewodeba, xolo 

 advili Sesamowmebelia, rom ( )f x  SesaZlebelia warmovadginoT 

Semdegi saxiT  

                    
2

2 4( ) ( )
2 4
b acf x a x
a a

b−
= + + .  

2 4b a− c  gamosaxulebas 
2ax bx c+ +  kvadratuli samwevris 

diskriminanti ewodeba da  simboloTi aRiniSneba.  D
  

naTelia, rom Tu b , maSin 0= f  funqcia luwia da maSasadame misi 

grafiki simetriulia ordinatTa RerZis mimarT. Tu b , maSin 0≠

k<0 

b
k

−

b 
k>0 

b
k

−
  x 

  x 

  y 

b 
k=0 

  x 



2
bx t
a

+ =  gardaqmniT miRebuli 
2

2 4( )
4

ac bg t at
a
−

= +  funqcia aris luwi 

da maSasadame f  funqciis grafiki simetriulia 
2
bx
a

= −  wrfis 

mimarT.  funqciis grafiki warmoadgens parabolas, romlis 

Stoebi mimarTulia zemoT (qvemoT), rodesac  ( ), xolo 

wveros koordinatebia 

g
0a > 0a <

24(0, )
4

ac b
a
−

. aqedan naTelia, rom  f  funqciis 

grafiki agreTve warmoadgens parabolas, romlis Stoebi 

mimarTulia zemoT (qvemoT), rodesac  (0a > 0a < ), xolo wveros 

koordinatebia 
24( ,

2 4
b ac b
a a

−
− ) .  

 

qvemoT Cven CamovTvliT kvadratuli funqciis ZiriTad Tvisebebs. 

1.  funqciis gansazRvris are ( )D f = \ . 

2.  funqciis mniSvnelobaTa are =( )E f
24( ,

4
ac b

a
− )+∞ , rodesac  da 

=

0a >

( )E f
24( ,

4
ac b

a
−

−∞ ) , rodesac 0a < . 

3.  a) rodesac  funqcia mkacrad klebadia 0a > ( ,
2
b
a

−∞ − ) intervalSi 

da mkacrad zrdadia ( ,
2
b
a

− +∞)  intervalSi.   

  b) rodesac  funqcia mkacrad zrdadia 0a < ( ,
2
b
a

−∞ − ) intervalSi 

da mkacrad klebadia ( ,
2
b
a

− +∞)  intervalSi. 

4.  funqciis grafiki warmoadgens parabolas, romlis wveros 

koordinatebia = 0 0( , )u v
24( ,

2 4
b ac b
a a

−
− ) . aRniSnuli parabolis Stoebi 

mimarTulia zemoT, Tu  da qvemoT, Tu 0a > 0a < . funqciis grafiki 

simetriulia 
2
bx
a

= −  wrfis mimarT. 

5.  kvadratuli funqciis grafiks Tvisobrivad axasiaTebs  da  

parametrebi. maTgan Cven gamovyofT 6 Semdeg sxvadasxva saxes: 

a D

 



 
 

 

 

 

 
 

  

  

  
 

                               

 

siny x=  funqcia 

 

namdvil ricxvTa simravle e. i. 

2. iis mniS elobaTa area 

1. funqciis gansazRvris area 

(sin)D = \ ; 

funqc vn (sin) [ 1,1]E = −  segmenti; 

x 

y 

 o 2x  1x 0u  

0v  0,
0.

a
D

<⎧
⎨ >⎩
 

x

y 

 o 
 

0u  

0,
0.

a
D

>⎧
⎨ <⎩

 

0v  

x 

y 

 
o 0u  

0,
0.

a
D

<⎧
⎨ <⎩

 

0v  x

y 

 o  
       0u

0,
0.

a
D

<⎧
⎨ =⎩

 

x 

y 

 o 

y 

 
      u  0

0,
0.

a
D

>⎧
⎨ =⎩

 

x o 

0,
0.

a
D

>⎧
⎨ >⎩

0u  
 1x  2x  

0v  



funqcia kentia, e.i. x∀ ∈\3.  ricxvisaTvis samarTliania toloba 

sin( ) sinx x− = − ; 

funqcia periodulia, mas 4. 
gaaCnia umciresi dadebiTi 

periodi, romelic 2π -s 

tolia, e.i.  da 

k∀ ∈]  ricxvebisaTvis 

x∀ ∈\

sin( 2 ) sinx k xπ+ = ; 

5. funqcia dadebiT 

mniSvnelobebs Rebulobs 

k(2 , 2 )
k

kπ π π
∈
∪ +
]

 s

xolo 

mniSvnelobebs Rebulobs 

imravleze, 

uaryofiT 

( 2 ,2 )k k
k

π π π∪ − +  
∈]

simravleze; 

6. nebismieri  mTeli ricxvisaTvis funqcia zrdadia k

( 2 , 2
2 2

k k)π ππ π− + +  saxis yovel intervalze, xolo klebadia 

3( 2 , 2 )k k
2 2
π ππ π+ +  saxis yovel intervalze; 

7. funqciis grafiks aqvs Semdegi inusoidas u saxe (mas s wodeben) 

 

 

 

cosy x=  

funqciis gansazRvris a a n

(cos)D = \ ; 

funqciis mniSvne

funqcia 

 

1. re amdvil ricxvTa simravle e. i.  

2. lobaTa area (cos) [ 1,1]E = −  segmenti; 

3. funqcia luwia, e.i. x∀ ∈
arTliania 

\  

ricxvisaTvis sam

toloba cos( ) cosx x− = ; 

funqcia periodulia, mas 4. 
gaaCnia umciresi dadebiTi 

periodi, romelic 2π -s 

tolia, e.i. x∀ ∈\  da k∀ ∈]  

ricxvebisaTvis 

cos( 2 ) cosx k xπ+ =
 

5.

; 

 funqcia dadebiT 

mniSvnelobebs Rebulobs 

( 2 , 2
2 2k

k kπ π )π π
∈
∪ − + +
]

 



simravleze, xolo uaryofiT mniSvnelobebs Rebulobs 

3( 2 ,k 2 )
2 2k

kπ ππ π
∈

+
]

 simravleze; 

6.  mTeli ricxvisaTvis funqcia zrdadia )

∪ +

k∀ ∈] ( 2 ,2k kπ π π− +  

saxis yovel intervalSi, xolo klebadia (2 , 2 )k kπ π π+  saxis 

TiToeul intervalSi; 

7. funqciis grafiks aqvs Semdegi saxe (mas kosinusoidas 

 

 

 

uwodeben) 

tany x=  funqcia 

 

1. funqciis gansazRvris area (tan) \{ | }
2

D k kπ π= + ∈\ ]  simravle; 

(tan)E = \2. funqciis mniSvnelobaTa area  namdvil ricxvTa 

3. 
simravle; 

funqcia kentia, e.i. nebismieri x -
vis gansazRvris aredan 

liania toloba 

T

samarT

tan( ) tanx x− = − ; 

adebiTi periodi, 

romelic 

4. funqcia periodulia, mas gaaCnia 

umciresi d

π -s tolia, e.i. nebismieri 

x -Tvis gansazRvris aredan da 

]  ricxvebisaTvis 

tan( ) tan
k∀ ∈

x k xπ+ = ; 

5. funqcia dadebiT mniSvnelobebs 

Rebulobs ( , )
2

k
k

k ππ π+  simravleze, 
∈
∪
]

Rebulobs 

xolo uaryofiT mniSvnelobebs 

( ,
2k

k k)π π π
∈
∪ − +
]

 simravleze; 

6. nebismieri  mTeli ricxvisaTvis funqcia zrdadia k

( , 2
2 2

k k)π ππ π− + +  saxis yovel intervalze; 

7.

 

 

 funqciis grafiks aqvs Semdegi saxe 

 

coty x=  funqcia 

 

1. kfunqciis gansazRvris area (cot) \{ |D k }π= ∈]  simravle; \



2. funqciis mniSvnelobaTa area 

(cot)E = \  namdvil ricxvTa 

simravle; 

x∀3. funqcia kentia, e.i.  ∈\  

ricxvisaTvis samarTliania 

toloba cot( ) cotx x− = − ; 

4. funqcia periodulia, mas gaaCnia 

umciresi dadebiTi periodi, 

romelic π -s tolia, e.i. x∀ ∈\  

da k∀ ∈]  ricxvebisaTvis 

cot( ) cotx k xπ+ = ; 

5. funqcia dadebiT mniSvnelobebs 

Rebulobs ( , )
2

k k
k

ππ π∪ +
]∈

 simravle-

, xolo uaryofiT ze

mniSvnelobebs Rebulobs ( ,k k)
2k

π π π− +
∈
∪
]

 simravleze; 

6. ( , 2 )k kπ π π+k∀ ∈]  mTeli ricxvisaTvis funqcia klebadia  

saxis yovel intervalSi; 

 

 

          

7. funqciis grafiks aqvs Semdegi saxe  

 

arcsiny x=  funqcia  

   

mtkicdeba, rom siny x=  funqciis SezRudva [ ,
2 2

]π π
−  segmentze 

warmoadgens urTierTcalsaxa funqcias [ ,
2 2

]π π
−  segmentidan [ 1,1]−  

segmentze, amitom arsebobs am funqciis- 
[ , ]

2 2

sin | π π
−

 Seqceuli funqcia, 

in  simboloTi 

aRniSnave

romelsac arcs

n. e.i. arcsin :[ 1,1] [ ,
2 2

]π π
− → − , 

romelic ganimarteba tolobiT: 

sin(arcsin )x x , x∀ ∈ −[ 1,1] . =
SeniSvna 

warmo

2. 6. arcsin  funqcia 

adgens 
[

2 2
, ]

sin | π π  funqciis 
−

Seqceuls da ara  funqciis 

Seqceuls, amit

sin
om arcsin(sin )x x=  

toloba sazogadod arasworia, is 



[ ,WeSmaritia mxolod maSin, rodesac ]x π π
2 2

∈ − . 

1. arcsiny x=  funqciis gansazRvris area (arcsin)D [ 1,1]= −

2. 

 simravle; 

arcsiny x=  funqciis mniSvnelobaTa area (arcsin) [ , ]
2 2

E π π

3. funqcia kentia, e.i. 

= −  sim-

ravle; 

arcsin( ) arcsinx x− = − ; 

4. funqcia zrdadia yvelgan Tavis gansazRvris areSi; 

[ , ]
2 2

sin | π π
−

5. aRniSnuli funqciis grafiki warmoadgens  funqciis 

grafikis simetriul grafiks y x=  RerZis mimarT. mas aqvs 

Semdegi saxe 

 

 

sarccoy x=  funqcia  

   

y =mtkicdeba, rom x  funqciis SezRudva cos [0, ]π  segmentze 

erTc unqcias [0, ]π  segmentidan [ 1,1]−  warmoadgens urTi alsaxa f

[0, ]cos | πsegmentze, amitom arsebobs am funqciis  Seqceuli funqcia, 

sromelsac arccos  imboloTi 

aRniSnaven. e.i. arccos :[ 1,1] [0, ]π− → , 

romelic ganimarteba tolobiT: 

cos(arccos )x x= , [ 1,1]x∀ ∈ − . 

    SeniSv 7. na 2.  funqcia 

warmoadgens 

arccos
[0, ]cos | π  funqciis 

uls da ara cos  funqciis 

arccos(cos )
Seqce

Seqceuls x x=, amitom  

to oba sazo

is W maSin, 

rodesac 

l gadod arasworia, 

eSmaritia mxolod 

[0, ]x π∈ . 

2. funqciis 

ea 

1. arccosy x=  funqciis 

gansazRvris area 

(arccos) [ 1,1]D = −  simravle; 

arccosy x=  

mniSvnelobaTa ar (arccos) [0, ]E π=  simravle; 

3. arccos( ) arccosx xπ− = − , x [ 1,1]∀ ∈ − ; 

4. funqcia klebadia yvelgan T

5. aRniSnuli funqciis grafiki warmoadgens 

avis gansazRvris areSi; 

[0, ]cos | π  funqciis 

grafikis simetriul grafiks y x=  RerZis mimarT. mas aqvs 

Semdegi saxe 

 

 



 

arctany x=  funqcia  

 

 

  mtkicdeba, rom tany x=  funqciis SezRudva ( , )
2 2
π π

−  

intervalze warmoadgens 

urTierTcalsaxa funqcias ( , )
2 2
π π

−  

intervalidan namdvil ricxvTa \  

RerZze, amitom m arsebobs 

funqciis- 

a

( , )
2 2

tan | π π  Seqceuli funqcia, 

romelsac a simboloTi 

aRniSn

−

n  arct

aven. e.i. arc ( , )
2 2

tan : π π
→ − , 

(arctan )tg x x= , x∀ ∈\ . 

\

romelic ganimarteba tolobiT: 

SeniSvna 2. 8. ar tanc  funqcia 

warmoadgens 
(
|

, )
2 2

tan π π  funqciis 

Seqceuls da s, amitom 

−

ara tan  funqciis Seqceul rctan(tan )x x=a  

toloba sazogadod arasworia, is WeSmaritia mxolod maSin, 

rodesac ( , )
2 2

x π π
∈ −

gansazRvris area

. 

1. arctany x=  funqciis  D g(arctan ) = \  simravle; 

2. arctany x=  funqciis mniSvnelobaTa area (arctaE n) ( , )
2 2
π π

= −  

simravle; 

3. funqcia kentia, e.i. arctan( ) arctanx x− = − , x∀ ∈\ ; 

funqcia zrda4. dia yvelgan Tavis gansazRvris areSi; 

 warmoadgens 
( , )

2 2

tan | π π
−

5. aRniSnuli funqciis grafiki  funqciis 

grafikis simetriul grafiks y x=  RerZis mimarT. mas aqvs 

Semdegi sa e 

                                  

 

 

 

 

 

 

 

 

x



coty arc x=  funqcia  

   

mtkicdeba, rom coty x=  funqciis SezRudva (0, )π  intervalze 

warmoadgens urTierTcalsaxa funqcias (0, )π  intervalidan namdvil 

ricxvTa 

arsebobs am funqciis 

\  RerZze, amitom 

(0, )cot | π  

Seqceuli funqcia, romelsac 

cotarc  simboloTi aRniSnaven. 

cot : (0, )arc π→\ , romelic e.i. 

ganimarteba tolobiT: 

c x x= , cot( cot )ar x ∈∀ \ . 

SeniSvna 

funqcia warmoadgens 

2. 9 . cotarc  

(0, )cot | π  

fu c

funqciis Seqceuls, amitom 

dod 

mxolod maSin, rodesac 

nq iis Seqceuls da ara cot  

cot(cot )x x=  toloba sazoga-

arasworia, is WeSmaritia 

arc

(0, )x π∈ . 

1.  funqciis 

ris area 

coty arc x=
gansazRv (arc )D ctg = \  simravle; 

2.  funqciis mniSvnelobaTa area )coty arc x= ( cot) (0,E arc π=  

simravle; 

cot( ) cotarc x arc xπ− = − , x∀ ∈\ ;3.  

4. ris i; 

i iki warmoadgens 

funqcia klebadia yvelgan Tavis gansazRv areS

5. aRniSnuli funqc is graf (0, )cot | π  funqciis 

grafikis simetriul grafiks y x=  RerZis mimarT. mas aqvs 

Semdegi saxe 

 

 

 

 

 

               ia     maCvenebliani funqc

 

 gans zRvreba 2. 1. 
xy a=  funqcias, sadac 0a >  da 1a ≠  ewa odeba 

maCvenebl ni funqcia

 

 

maCvenebliani funqciis ZiriTadi Tvisebebi 

 

maCvenebliani funqciis gansazRvris area ; ( )D y = \

ia  a  fuZiT. 

1. 



2. maCvenebliani funqciis mniSvnelobaTa area ; ( ) (0, )E y = +∞
3. Tu 1a > , maSin 

xy a=  funqcia zrdadia mTels 

gansazRvris areze, xolo Tu 0 1a< < , maSin y ax=  

funqcia klebadia aseve mTels gansazRvris areze; 
x y x ya a a+ = ⋅ ; 4. 

5. 
x

x y
y

aa
a

− = ; 

6. x
; 

7. 

( )x xab a b= ⋅

( )
x

x
x

a a
b b

= ; 

8. ; 

9. maCvenebliani funqciis grafiks aqvs Semdegi saxe: a) 

suraTze  funqciis magaliTze mocemulia 

SemTxvevis Tvisobrivi suraTi, xolo b) suraTze ki 

mocemulia 

( )x y xya a=

2xy = 1a >  

0 1a< <  SemTxvevis Tvisobrivi suraTi 

1
2

x

y ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 funqciis magaliTze. 

 

  
a) 

 

                                    



 
 

                 b) 

 

iTmuli funqcia  

 

 

    

 

 logar

    gansazRvre . 2. dad

fuZiT ewodeba iseT

ba 2 ebiTi  ricxvis logariTmi  

 c  ricxvs, rom 
b 0,  1a a> ≠

ca b= . mas gamosaxaven  

saxiT. 

logac b=

    gansazRvreba 2. 3. vTqvaT 

1a ≠  raime 

fiqsirebuli namdvili ric-

xvia. n asaxvas 

, romelic 

 ricxvs Seusabamebs 

0a >  da 

maSi

log : (0, )a +∞ →\
0x >

loga x  ricxvs, ewodeba a  
fuZis mqone logariTmuli 

funqcia. mas mokled 

 

 

loga x  saxiT weren. y =
    S

ogariTmuli funqcia 

wa o

funqc

amitom misi grafiki

maC

grafi

mimarT simetri

eniSvna 2. 10. 

l

rm adgens maCvenebliani 

iis Seqceul funqcias. 

 miiReba 

venebliani funqciis 

kisagan  y x=  wrfis 

iT.  



 

 

 

 

 

 

 

 

 

logariTmuli funqciis ZiriT

 

1. logariTmuli funqciis gansazRvris area 

edi; 

2. logariTmuli funqciis 

mniSvnelobaTa area 

 namdvil 

ricxvTa simravle; 

3. Tu , maSin  

funqcia zrdadia mTels 

gansazRvris  

xolo Tu , maSin 

 funqcia 

4. ; 

5. Tu 0

adi Tvisebebi 

(log ) (0, )aD = +∞  

Sual

 

(log )aE = \

1a > logay x=

areze,

0 1a< <
logay x=

klebadia aseve mTels 

gansazRvris areze; 

log 1 0,   log 1a a a= =
x y⋅ > , maSin 

alog ( ) log | | log | |a ax y x⋅ = + ,y

0y
; 

6. Tu x ⋅ > , maSin 

log ( ) log | | log | |a a a
x x y= − ; 

7.  i vis, 

y
 ,p q∀ ∈\ , 0q ≠ da 0x >  namdvil ricxvebisaT

lo loga
pg q

p
a

x x
q

; 

8. Tu 0,  1c c> ≠ , maSin 

=

loglog
log

c
a

c

xx
a

= ; 

9. loga ba b , logb b aa c= ; 
c

                                                 

 

 

 

 

= log



 

 

 

  Mmoqmedebebi funqciaTa grafikebze 

f

            

 

 

 

 

Aamocana 1.   funqciis grafikis saSualebiT avagoT 

unqciis grafiki. 

)(xfy =
)(xfy −=  

 

Aamoxsna. Mmocemuli funqciis gansazRvris aridan aviRoT raime 

 wertili. )(xfy −=  funqciis mniSvneloba 0xx = 0xx = wertilze 

iqneba xfx)( ))00M0xf− .  wertili  (,(=   )(xfy =  funqciis grafiks 

ekuTvnis, xolo wertili ))(,( 00 xfxN −=  )(xfy −=  funq is grafiks. 

Ees wertilebi  simetriuli wertilebia OX  RerZis mimarT. 

)(xfy −=  funqciis grafiki  da  )(xfy

ci  

maSasadame =   

grafiki OX  RerZis mimarT simetriuli figurebia.  

 

Aamocana 2 )(xf
=

 funqciis

.   funqciis grafikis saSualebiT avagoT 

 funqciis grafiki. 

Aamoxsna.  

             
≥

==
;0)(

|)(|
xf

xfy  

maSas

y =
|)(| xfy

   

gvaqvs  

),(xf
  

⎩ <− .0)(),( xfxf
adame |)(| xfy =  funqciis grafiki emTxveva )(xfy

⎨
⎧

=  funqciis 

grafiks, gansazRvri bS

)(xfy −=
s aris im wertile i sada  da 

 funqciis grafiks gansazR

 3

fu

ilSi bas 

ore

c  0)( ≥xf
emTxveva vris aris im 

wertilebSi sadac .  

 

Aamocana .  )(xfy =  funqciis grafikis saSualebiT avagoT 

bxfy += )(  nqciis grafiki. 

 

Aamoxsna.  xx =  wert pirveli funqcia Rebulobs mniSvnelo

)( , xolo me  funqcia bxf

0)( <xf

0

0xf +)( .  wertilebi  ))(,( xfx0 00M =  da 

M ))(,( 00 bxfx )(xfy =  da bxfy += )(+=  ekuTvnian Sesabamisad  

bs.  funqciis grafike  wertili SegviZlia miviRoT N M  wertil

uri gadataniT OY  R

is 

paralel erZis gaswvriv  erTeuliT zemoT Tu 

 da  erTeuliT qvemoT Tu 

b
0>b || b 0<b . maSasadame y + bxf= )  

funqciis grafikis misaRebad 

(
)(xfy =  funqciis grafiki unda 



gadavitanoT paralelurad OY RerZis gaswvriv zemoT Tu 0>b  d

qvemoT Tu <b
 

Aamocana 4.  )(xfy =  funqciis grafikis saSualebiT avagoT 

(xfy −=

a 

. 

a

werti obas 

, xolo meore funqcia miiRebs igive mniSvnelobas x  

ertilSi vinaidan )( 0 aafxf

0

)  funqciis grafiki. 
 

Aamoxsna. 0xx = lSi pirveli funqcia Rebulobs mniSvnel 

)( 0xf ax += 0

(( 0x )) −+= . 

xf  wertili ekuTvnis 

w

 maSasadame  ,( 00xM = )(xfy))( =  funqciis 

grafiks, xolo 0 xfaxN +=  ekuTvnis )( axfy))(,( 0 −=  funqciis 

. N  wertili SeiZleba miviRoT grafiks M  wertilis paraleluri 

gadataniT OX a 0>a  da 

marcxniv T Tu 0
 RerZis gaswvriv marjvniv 

 erTeuli

 erTeuliT Tu 

|| a <a .  maSasadame )( axfy −=  funqciis 

grafikis misaRebad )(xfy =  funqciis grafiki unda gadavitanoT 

OXparalel d 

Aamocana 5. rafikis saSualebiT avagoT 

 Aamoxsna. 

rZis m in 

qciis asagebad oT jer 

; xolo Semdeg misi  simetriuli 

Aamocana 6.   funqciis grafikis saSualebiT avagoT 

 

 fynqciis grafikis wertilis ordinats 

ura RerZis gaswvriv marjvniv Tu 0>a  da marcxniv Tu 

0<a . 

 

 )(xfy =  funqciis g  

|)(| xfy  funqciis grafiki. 

 

|)(| xfy = funqcia luwi funqciaa amitom misi grafiki 

simetriulia OY  imarT. roca 0≥x  maS |)(|)( xfxf = . 

maSasadame |)(| xfy =  fun )(xfy =

=

Re

 avag  

funqciis grafiki, roca 0≥x
figura OY RerZis mimarT. 

 

)(xfy =
)(xkfy =  funqciis grafiki. 

Amoxsna. cxadia Tu (xfy =
gavamravlebT k  ze miviRebT )(xkfy

)
=  funqciis grafikis Sesabamis 

afiki roca  miiReba 

=  funqciis grfikis  jer “gaWimviT”  da  jer “SekumSviT” 

, roca 

ordinats. maSasadame )(xkfy =  funqciis gr  1>k
)(xfy k k

10 << k  OY  RerZis gaswvriv.  Tu 0<k , maSin sakmarisia jer 

b

 

Aamocana 7.   funqciis grafikis saSualebiT avagoT 

 funqciis grafiki. 

 

avagoT  funqciis grafiki Sendeg ki saZie eli funqciis 

grafiki (amocana 1).  

)(xkfy −=

)(xfy =
)(kxfy =



)(kxfy =  funqciis grafiki miiReba )(xfy =Aamoxsna.  funqciis 

grafikis k -jer  Sek o k -jer  gaWimviT, roca umSviT, r ca  da 

  RerZis gaswvriv.  Tu 

1>k
10 << k OX 0<k  maSin )(kxfy =  funqciis 

grafiki miiReba  funqciis grafikebi  RerZis mimarT 

simetriuli figurebia. 

sailustracioT ganvixiloT funqcia 

)( kxfy −= OY

dcx
baxy

+
+

=  romelsac wilad-

wrfiv funqcias uwodeben.  skolis rsidan CvenTvis kargadaa 

nobili 

ku

x
ky =c  funqciis Tvisebebi da misi grafiki romelic 

warmoadgens hiperbolas ( 0≠k ). vaCvenoT, rom roca  da 0≠c
d
b

c
a

≠  

maS  

Sev S

 

in wilad wrfivi funqciis grafiki hiperbolaa. 

ni noT, rom samarTliania warmodgena 

                         

c
dx

ca
adbc

cdcx
c

adb

dcx +

−

c
abax

+=
2

+

−

+
. 

avRniSnoT    

+=
+

k
c

adbc

c
dx

k
c
ay

+
+==

−
2 . maSin  funqciis gra  

SegviZlia miviRoT 

fiki

x
ky =  funqciis grafikidan  TanmimdevrobiT  

 d er ar at  3, 

4). 

 

 

 

 

savarjiSoebi 

 

1. qvemoT mocemuli Sesabamisobebidan gamoarkvieT romeli 

 

mniSvnelobaTa . 

are 

OX a mere OY  R Zis gaswvriv p aleluri gad aniT (amocana

warmoadgens funqcias. TiToeuli Sesabamisoba CawereT 

wyvilebis saSualebiT. 

mniSvnelobaTa . 

are 

2) gansazRvris 

are 

1 
 

5 
 

  

 − 2  
 
   0 
 
   2 
 
   4 

  1 
 
     0 
 
     1 

 −
2 
 

7 
 

3 9

1) gansazRvris 

are 



 

2. qvemoT Sesabamisobebi mocemulia wyvilebis saSualebiT. 

gamoarkvieT, romeli maTgani gansazRvravs funqcias? daadgineT 

TiToeulis gansazRvris are da mniSvnelobaTa simravle. 

  1) (2;3), (--7;5), (0;--1), (3;--1), (0;--5), (4;1);      

 

           4) (31;23), (70;--5), (0;--9), (31;--1

3. qvemoT mimarTebebi mocemulia graf T, romeli 

maTgani gansazRvravs funqcias. 

 

 

 

           2) (--2;3), (7;--5), (0;--9), (3;--11), (3;5), (4;21) 

  3) (12;3), (--17;5), (10;--1), (23;--1), (120;--5), (41;1);   

1), (3;5), (44;21) 

ikulad. gamoarkvie

  

10 − 10 x  

y

o

− 10

10
4)

10− 10 x

y  

o 

− 10 

10 
3) 

10 − 10 x  

y

o

− 10

1
2

0
)

1010 − x

y  

o 

− 10 

10 
1) 

4) gansazRvris 

are 

mniSvnelobaTa 

.are 

3) gansazRvris 

are 

mniSvnelobaTa . 

are 

 
   0 
 
   2 
 
   4 

   1 
 
     0 
 
     1

 − 2  −  − 2  
 
   0 
 
   2 
 
   4 

   1 
 
     0 
 
     1 

−



 

emuli mimarTebebisaTvis daadgineT gansazRvris are, 4. qvemoT moc

mniSvnelobaTa simravle, aageT grafiki da gaarkvieT aris Tu ara 

mocemuli mimarTeba funqcia. 1) {( , ) | ,  { 4, 2,0,2,4}}
2
xH x y y x= = ∈ − − ; 

 2 y y x x= + ∈ − − ; 

x x y≤ ≤ ∈] ; 

, }y x y= ∈] . 

vTqvaT 

) {(R x= , ) | 3,  { 3, 1,0,2}}

 3) {( , ) | 0 ,  0x y y x= ≤ ≤ 3, , }F

 4) { | 0 | |,  -2 2, G x y x x≤ ≤ ≤ ≤( , )

 

f  funqcia mocemulia formuliT ( ) 3 2f x x= − , gamoTvaleT: 

 1) (2)f , (1)f , ( 2)f − ;   2) ( 1)f − , (0)f , (4)f . 

5.  vTqvaT 

 

f  funqcia mocemulia formuliT ( ) 6f x x= − , 

 1) 

gamoTvaleT: 

(6)f , , ( 3)f − ( 2)f − ;   2) ( 1)f − , (0)f , ( )f m . 

6. vTqvaT 

gamoTvaleT

g  funqcia mocemulia formuliT , 

: 

 1) , g

2( )g x x x= −

(2)g ) , ( 2)g − ;   2) ( 5)g(1 − , (0)g , (4)g . 

7. vTqvaT e imoc mul a oTxi funqcia: ( ) 10 7f x x= − , , 

   

 gamoTvaleT

 1) 

( ) 6 2g t t= −
2( ) 3h u u=  da

  
2( )F v v v= − : .

(3) (2)f g+ ;               2) (2) (3)F h+ ; 

 3) 2 1)g h( 1) 3 (− − − ;           4) 4 ( 2) ( 3)F h− − − ; 

 5) 
(2) ( 4)

( 1)
f g

F
⋅ −
−

;              6) 
(h 1) (2)

( 1)
F

g
− ⋅

−
; 

10 − 10 x  

y

o

− 10

10
6)

10− 10 

y  

o x

− 10 

10 
5) 



 7) ( 2g u − ;                 8) (2 )F k) + ; 

 9) 
(3 ) (3)f t f+ −

t
    10);        

(2 ) (2)F t F
t

+ −
; 

;    12)  11) ;   13) ;   

         14) ( ))

( (1) ( (2)) ( ( ))g f x)F g G g

 (f G G ;   16) v ; 15) ( (g 0)) ( ( ))f g t . 

8. vTqvaT ( ) 5f x x=  Semdegi tolobebi? 

 1) ( ) ( )

. WeSmaritia Tu ara

f at af t= , ,a t∀ ∈\ ; 

 2) ( ) ( ) ( )f a b f a+ = + f b , ,a b∀ ∈\ ; 

) 3) ( ) ( ) (f a b f a f⋅ = ⋅ b , ,a b∀ ∈\ . 

2( )f x x=9. vTqvaT . WeSmaritia Tu ara Semdegi tolobebi? 

 1) ( ) ( )f at af t= , ∀ ,a t ∈\ ; 

 2) ( ) ( ) ( )f a + , b f a f b= + ,a b∀ ∈\

 3) )

; 

( ) ( ) (f a b f a f b⋅ = ⋅ , ,a b∀ ∈\ . 

10. gansazRvreT ,  da  ricxvebi ise, rom parabolas romlis     a b c
(   gantoleba aris cbxaxy ++= 2

, hqondes wvero )2;  wertilSi da   

   gadiodes ( )3;0  wertilze

1
. 

11.  gansazRvreT ,  da  cxvebi is m parabolas romlis    

gantoleba aris hqondes wv o 

a b c ri e, ro

cbxaxy ++= 2
, er ( )2;1 −  wertilSi da 

gadiodes  wertilze. 

12. eT da , Tu  y ++−= 2
 funqcia nuli xdeba mxo-

rabola abscisTa RerZs 

exe rti Si. 

13. 

baa

( )2;1−
a) ipov  b  x c cbx

lod 2−=x  mniSvnelobisaTvis. 

   b) ipoveT b  da c , Tu  cbxxy ++−= 2
 pa

ba ( )6−  we0; l

ipoveT b  da c , Tu  cbxxy ++−= 2
 funqciis udidesi mniSvnelo-

 3 , romelsac is Rebulobs 0=x  wertilSi. 

ipoveT 14. f  funqciis udidesi da umciresi mniSvnelobebi 

SualedebSi: 

  a) , 

miTiTebul 
2( ) 3 9f x x x= − + [0,4]x∈ ;      b) 

2( ) 4 9f x x x= − − + , 

g) f x x= −
[ 2,4]x∈ − ; 

  
2 4 11x+ + , ( ) 3 [ 3,5]x∈ − ; d) , 

2( ) 3 2 17f x x x= + −
[ 3,6]x∈ − . 

15. gamoarkvieT, ramdeni saerTo wertili aqvs f  da  funqciaTa 

a ipoveT 

g
grafikebs d isini: 

  a) , 
2( ) 3 9f x x x= − + ( ) 2 3g x x= − ;   

  ( ) 2 4 9b) f x x= − , x− + ( ) 2 5g x x= − ; 



  g) 
2( ) 3 4 11f x x x= − + + , ( ) 10 14g x x= + ;  

  d) 
2( ) 3 2 17f x x x= + − , 

2( ) 2 7g x x x= − + − . 

16. ipoveT a  parametris yvela mniSvneloba, romelTaTvisac f  
funqciis grafiki exeba abscisaTa RerZs: 

;  b)   a) 
2( ) (2 3) 7f x ax a x= + − + 2( ) ( 1) ( 4) 7 2f x a x a x a= − − − + − . 

daxazeT Semdegi kvadratuli funqciebis grafikebi. miuTiTeT 

RerZi, wver dinatebi da mi aluri an maqsima-

;     2) 

simetriis os koor nim

luri mniSvnelobebi. 

17. 1) 
2( ) 8 16f x x x= + + 2( ) 2 3h x x x= − − ; 

 3) ;      4)  

6) 

2( ) 2 4f u u u= − + 2( ) 10 25;f x x x= − +

 5) 
2( ) 2 4h x x x= + − ;      

2( ) 6 4g x x x= − − − ; 

 7) 
2( ) 6f x x x= − ;        8) ; 

2( ) 16 2G x x x= −

 9) ;         10) 
2( ) 4F s s= − 2( ) 4g t t= + ; 

 11) ;       12) 
2( ) 4F x x= − 2( ) 9G x x= − . 

 

s RerZi, atebi a minimaluri an 

f x x= 5 2t

18. daxazeT Semdegi kvadratuli funqciebis grafikebi. miuTiTeT

simetrii  wveros koordin d

maqsimaluri mniSvnelobebi. 

 1) 
2 7 10x− + ;    2) ( )g t t( ) 2= − + ; 

g t = 2 5x x 3) 
23t t+ − ;      4) ( )h x( ) 4 2= − − ; 

5) 
21( ) 2

2
f x x= 12 14x x2x+ ;     6) ( ) 2f x = − + ; 

21( ) 4 4
2

f x x x= − + − 7) 
2( ) 2 8 2f x x x= − − − ;  8) . 

     aageT funqciis grafiki: 

                      b)  

 

 

;sin xy = ;2sin xy =19. a)           

      g)                  d) ;3sin xy −=  .
2

sin xy =  

20. a)                  b) ;sin2 xy =     ;sin3 xy −=            

;2sin
2
1 xy −=                   d) .

3
sin3 xy =       g) 

21. a) ;1                    b) ;1sin += xy sin −= xy           

    g)                   d) ;3sin2 −= xy .1sin3 −= xy  

22. a) );
3

sin( π
+= x                  b) y );

4
sin(2 π

−−= x         G y



    g) ;1) −+
4
πx                d) sin(=y .1)

6
sin(2 +−=

πxy  

;cos xy = y ;2cos x= −23. a)                      b)  

                    d) ;3cos xy = .
3

cos xy =       g) 

24. a)                     b) ;cos2 xy = ;cos2 xy −=  

;
2

cos2 xy =                    g) .
2

cos3 xy −=       g) 

25. a) y ;1cos += x                    b) ;2cos +−= xy  

   g)                  d) ;1cos2 −= xy .3cos2 +−= xy    

26. a) );
3

cos( π );
4

cos( π
+−==y −x                  b) xy  

     g) ;1)
6

cos( −−=
πxy ).

6
cos(2 π

              d) += xy  

                       b) y27. a) y = g;tgx ;2xt=  

)      g ;
2

                 yxtgy =     d) .3xtg−=    

                     b) y28. a) y = 3tgx;2tgx ;−=  

     g) ;
3

2tgy =                  
x

   d) .
2

3 xtgy −=  

29. a) ;1             ;2+= tgxy = tg        b) y
       d) 

−x  

     g) ;1             .22 += tgxy 3y −= tgx  

30. a) );
4

( π
+xtg       =y            b) );(

3
π

+x  −= tgy

     g) );
6

(2 π
+−= xtgy                d) )

4
( −+=

πxtgy

                      b) 

.1  

 

 

31. a) ;;ctgxy = 2xctgy =  

     g)                      d) ;2ctgxy = .1+= ctgxy  

;sin xy =                b) ;cos xy =32. a)  

)      g sin xy = ;               d) cos xy = . 

;tgxy = ;ctgxy =33. a)                 b)  

     g) ;xtgy =                d) .xctgy =  

 

     luwia Tu kenti funqcia? 
2

34. a) ,   ,        siny x= siny x= sin 2y x= ,        xy sin= ;  

) =       b x ,   cos 2y x= ,      ,         cosy  
3cosy x= ;sincos xxy ⋅=    

=                  g) y  ;2 xtgy =           ;tgx ;3xtgy = ;ctgxy =  



     d) 
32sin

1 cos
xy
x

=
+

,   
2sin cos 2

2

cos
cos

x xy
x x

+
=

−
,  .1sin3

tgx
xy +=  3

x xy +
= ,   

x
 

T fu debiTi riodi: 

35. a) ;             b) 

     ipove nqciis umciresi da pe

)1sin( += xy );
6

sin( π
+= xy  

     g)                 d) ;sin2 xy = .sin1 xy +=  

36. a) ;xy =                 b) 2sin ;
3

sin xy =  

     g) );
6
π

−x ).4sin( xy π=  =y 2n(si             d) 

37. a) ;                b)cos2 xy =  ;3cos xy =  

;
5

cos xy = .cos xy π=                  d)      g) 

;
4
xctgy =        b) y ;35 += xtg38. a)           

      g) ;3 xtgy π=                d) ).1( += xctgy π  

 

39.  a) 

     ipoveT funqciis gansazRvris are: 

;
sin1
1

x−
                b) ;

cos
1

x
 

       g) ;1sin
x

                 d) .
1

1cos 2x−
 

40. a) ;
1 tgx−

                 b) 
1 ;

x
ctg π

 

      g) ;                   d) 1
tgx

.1
 

3xtg
     

      ipoveT funqciis umciresi da udidesi mniSvnelobebi: 

       

41. a) ;3                b) ;54cos3sin2 −x +− x   

     g)               d) ;43sin 2 +x .1cos2 2 +− x  

42. a)              b) ;cossin xx + ;sincos xx −  

;cos      g) 
2

x ) 
1sin

2
3 x −         d .sin3cos xx −  

43. ipo nqciis z isa da kl (maqsimal rveT fu rdadob ebadobis uri sig -

Zis) intervalebi: 

                         b) ;3sin x );
3

2sin( π
−x  .     a) 

;
3

cos x
                         d) );

4
2cos( π

−x       g) 



     e) tg              v) ;2x              ).2
4

(tg − xπ
 

aageT Semdegi funqciis grafiki: 

=   g)   d) = . 44. a) ;         b) 
x−3 ;       

x
;      

x0xy 2= y y 4= y 1
x

y ⎟
⎠
⎞

⎜
⎝
⎛=

2
1 x

45. a)  ;      b)  y ⎟
⎞

⎜
⎛=

1
 ;     

⎠⎝ 3
 g)  

x

y
−

⎟
⎞

; 
⎠

⎜
⎝
⎛=

4
1

  d) 

x

y ⎟
⎠
⎞

⎜
⎝
⎛=

3
2

. 

x
;         b) 46. a) =y 13 −= xy ;         g) 

12 +
x

y
−

⎟
⎠
⎞

⎜
⎝
⎛=

2

2
1

;    d) 

3

4
1 −

⎟
⎠
⎞

⎜
⎝
⎛=

x

y . 

;     b) ;       g) ;     d) 32 += xy 54 −= xy 12 1 −= +xy 2
4
1 3

+⎟
⎠
⎞

⎜
⎝
⎛=

−x

y47. a) . 

48.  a) ;    b) xy 2log= )(log3 xy −= ;     g) xy 5log= ;       d) .lg xy =  

xy
3
1log= ;       g) )(log

5
2 xy −= ;    d) . 

xy

xy 1,0log=xy
2
1log= ;49. a)      b) 

50. a) ;                      b) 2)1(log2 += xy )3(log −= ; 

      g) )1(log
3
1 += xy ;                     d) )5(log

2
1 −= xy . 

51. a) ;                   b) 3)1(log2 −+= xy 5)1(log2 3 ++= xy ; 

      g) 1)1(log2
3
1 ++= xy ;                 d) 3)1(log

2
1

4
1 −+= xy . 

52. a) 
xy 2= ;     b) 

23 −= xy ;      g) 

1

2
1 +

⎟
⎠
⎞

⎜
⎝
⎛=

x

y ;    d) 

2

3
1 −

⎟
⎠
⎞

⎜
⎝
⎛=

x

y . 

53. a) xy 2log= ;                   b)  3log2 += xy  ;  

g)  xy 2log= ;                  d)  )4(log
2
1 −= xy     .   

 funqciis gansazRvr e: 

a) 

     ipoveT is ar

1
3

xy
x

−
=

+
254. ;          b) 3 10y x x= + − ; 

  g) 
2

5
xy

x
+

=
−

;      d) 
2 4 5y x x= + +  . 

a)          b)  55.  ;          )1(log2 +x )37(log 6,0 x− ; 

   g)            d)    )4  ;     (log 2 −xπ )32(log 2
2 −− xx . 

a) 
1

2log2 +
−

x
x
;                    b) 

1
52log 9,0 −

+
x
x

;56.  

      g) 
x
x2−
;                  d) 

x
x
−2

log 332
7log8 −

. 

a) 57. 
x−
 ;                   b) 

x
x

x
−
−

6
52

log 7,0  
3

log2



27,0 3
log     ) 

x
x

−
;              d )4log − .    g) 1( −xπ

58.. ipoveT , Tu 

 

)53(),1(),2( 2 ++ xfxff

33
12)

+
+

=
x
xx     2a) (f  b) )(xf += x  

g)      d) 

59. ipoveT , Tu 

75)( += xxf 3)( 2 += xxf  

 

ggfffggf DDDD ,,,

33
12)

+
+

=
x
x

       a) (xf    ( 95) += xx  

2 ++ x

g

b) 3)( = xxf      5  93)( += xxg  

g)          
22)( xxxf −= xxg sin)( =  

d) 
1

2)( 2 +
=

x
xxf           

               

2)( xxg =  

2)( xxf = xxg 2)( =  e)

v) xxf =)(        xxg cos)( =          

 

60. i ))(xg , ))(( xfg  da poveT , f  Tu 

 a)   ;    
;0,0

)( 2

x
xg  

 b)  

))(( xff ( )),(( xgg

⎩
⎨
⎧

>
≤

=
.0,
;0,0

)(
xx
x

xf
⎩ , xx⎨
⎧

>−
≤

=
.0

)(
2
1)( xxxf +=  ;       

⎩
⎨
⎧

≥
<

=
.0,
;0,

)( 2 xx
xx

xg

)(2)( xxxf −=  ;     
⎧ <

=
;0,

)(
xx

xg  
⎩
⎨ g)   

≥ 0,2 xx

  

.

⎩
⎨
⎧

⎩
⎨
⎧

 d)
> .1x

     
≤

=
,0

;1,1
)(

x
xf

>
)(xg

≤−
=

.2,2
;2,2 2

x
xx

 

−
61. ipoveT )(xf , Tu 

1

a)         b) 13)( −= xxf
33
12

+
+)( =

x
x

 

 

xf

g) 13)( += xxf        d) 

62. ipoveT , Tu 

 a) 
+

=
;0,12

,1
)(

xx
x

xf              b)  xf  

2)( 3 += xxf  

 

)(1 xf −

⎩
⎨
⎧

<+
≥ ;0x x

⎩
⎨
⎧

<+−
≥+−

=
;1,32
;1,2

)(
xx
x



 g) ≤≤ ;21,2 xxf        d) ⎨= ,2x
⎪
⎩ ,3

⎪
⎨

⎧

>−

<− ;1,1 xx ⎧ x
=

.22

2
)(

xx
x  

>
≤≤

<

.4,2
;41

;1,
)(

x
x

x
xf

x

 

63. Semdegi funqciebidan romelia urTierTcalsaxa funqcia 

⎪
⎩

⎪

 

33
12)

+
+

=
x
xx         b) xx −  

22(f      )(xf =a) 

1)( += xxf            d) 
2

g) 2)( += xxf   

 

64. aageT  funqciisa da misi Seqceuli funqciis grafiki, Tu 

             b)  

+∞∈− x     d) 

f
8 ),0[,2)( 2 +∞∈+= xxxfa) 3)( −= xxf

g) )( 2= xxf ),0[,1 xxf =)( . 

 da , Tu  

 

65. ipoveT ))(( xff )))((( xfff

  a)  
x−1

1
.                  b) ;

1
1)(

x
xf

+
=xf =)(  

g)  
x
xxf

−
+

=
1
1)(  ;                d) 

21
)(

x
xxf
+

=    

66. vTqvaT, )(tf  funqcia gansazRvrulia, roca 10 << t . ipoveT 

Semdegi funqciebis gansazRvris are: 

  a) ;                       b)  ; 

;                      d)  .   

, Tu 

2 +− xx ;         b) 

)(sin xf )(cos xf
  g) )(sin 2 xf )(ln xf

)(xf67. ipoveT 

23 2
2 1)1(

x
x

x
xf +=+ ;  0≠x  a) )1( =+xf ; 

  g) 21)1( x x
x

f += .  + ;    d)0>x  .)
1

( 2x
x

xf =
+

 

a 

luwi:  

        a)    

−=)(  

        g)  

 

68.   qvemoT moyvanili funqciebidan romelia kenti d

romeli 

 
xx aaxf −+=)(

        b) f −xx aax
3 23 2 11)( xxxxxf ++−+−=  

x
xxf

−
+

=
1
1lg)(        d)     

        e) )1lg()( 2xxxf ++=  

 

  69. ipoveT Semdegi funqciebis umciresi dadebiTi 

periodi: 



 

        a)  
3
3sin2sinsin)( xxxxf ++=  

2
        b)   kxBkxAxf sincos)( +=

( ) cotf x x=          g)  

32
)( xtgxtgxf +=          d)   

 

   70.   SemosazRvrulia Tu ara Semdegi funqciebi  

        

2
2sinsin)( xxxf +=        a)   

  
1

1)(
+

=
x

xf        b)  

        g)  ]3,2[)(,
1

1)( =
−

= fD
x

xf  

2
)( xtgxf =          d)   

 

    71. ipoveT Semdegi funqciebis zrdadoba-klebadobis 

i, lokaluri da globaluri eqstremumis 

⎧

+∞∈−
∈−

−∞∈

),5(,5
]5,3(,5

]2,(,

xx
xx

xx

         

        b)   

         

         g)  

Sualedeb

wertilebi 

        a)  ⎨
∈

=
]3,2(,2

)(
x

xf  

⎪
⎪
⎩

⎪
⎪

⎪
⎪
⎩

⎪
⎪
⎨

⎧

∈−
∈−

∈
−∈

=

]10,5(,5
]5,3(,5

]3,2(,2
]2,5[,

)(

xx
xx

x
xx

xf

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

∈−
∈−

∈

∈
−

=

]01,5(,4
]5,4(,6

]4,3(,2

]3,2[,
1

1

)(

xx
xx

x

x
x

xf  

      

         d)   

 

   

]2,2[,2)( 2 −∈+= xxxxf  



      72. ipoveT Semdegi funqciebis zrdadoba-klebadobis 

Sualedebi, lokaluri da globaluri eqstremumis 

wertilebi 

a) 

  
 

b) 

 
 

g) 



 
 

 

 

 

d) 

 
 

 

 

 

 

73.   ipoveT Semdegi funqciis 

lokaluri da globaluri 

eqstremumis wertilebi. 

 

 

 

 

 

                                                                            



                                            

 

 

 

3. funqciis zRvari 

 
 

  magaliTi 3. 1.  ganvixiloT funqcia 
xx

xxxf
2

124)( 2

2

−
−+

=  da 

SevecadoT SeviswavloT mocemuli 

funqciis yofaqceva  wertilis 

midamoSi. pirvel rigSi SevniSnoT, 

rom .  

wertilis midamos vuwodebT 

2=x

( ) ( ) ( ) ( ),0 0,2 2,D f = −∞ ∪ ∪ +∞ a

);( εε +− aa  saxis intervals, sadac ε  

dadebiTi ricxvia. ganvixiloT 2=x  

wertilis raime midamo da aviRoT -

is mniSvnelobebi  wertilTan 

imdenad axlos, rom isini moxvdnen 

mocemul midamoSi, Semdeg ki vipovoT 

mocemuli funqciis mniSvnelobebi am 

wertilebSi. 

x
2=x

                  

      

 x
 

)(xf  
 

x  
 

)(xf  

2.5 3.4 1.5 5.0 
2.1 3.857142857 1.9 4.157894737 
2.01 3.985074627 1.99 4.015075377 
2.001 3.998500750 1.999 4.001500750 
2.0001 3.999850007 1.9999 4.000150008 
2.00001 3.999985000 1.99999 4.000015000 
 

    rogorc am cxrilidan vxedavT, 

Tu aviRebT -s x 2=x  wertilis 

marjvniv da vamoZravebT -ken, 

funqciis mniSvnelobebi 

miuaxlovdebian 4-s. analogiurad, Tu 

aviRebT -s  wertilis marcxniv 

da vamoZravebT 

2=x

x 2=x
2=x -ken, funqciis 

mniSvnelobebi isev miuaxlovdebian 4-

s. e.i.  funqciis mniSvnelobebi 

uaxlovdebian 4-s, roca  wertilebi 

uaxlovdebian  wertils. am 

process mivyavarT funqciis zRvris 

cnebis intuiciur warmodgenamde da 

misTvis gvaqvs Semdegi aRniSvna: 

f
x

2=x

 40



4
2

124lim 2

2

2
=

−
−+

→ xx
xx

x
. 

     amrigad, vityviT, rom )(xfy =  funqciis zRvari x a=  wertilSi 

aris A , Tu SegviZlia  ragind davuaxlovoT )(xf A -s, roca  

sakmaod axlosaa -Tan. am faqts ase CavwerT: 

x
a Axf

ax
=

→
)(lim  an, 

, roca . Axf →)( ax →
    rogorc zemoT aRvniSneT, es ganmarteba ar aris zRvris mkacri 

ganmarteba. igi gvexmareba, gaverkveT funqciis zRvris arsSi.  da 

mainc, ufro zustad, ras gulisxmobs zemoT moyvanili msjeloba. 

vTqvaT, viciT, rom zRvari arsebobs da is aris A .  winaswar 

ganvsazRvroT A -Tan ra siaxloveSi gvinda iyos . vTqvaT,  

gvinda  iyos 

)(xf
)(xf A -dan araumetes 0.001 erTeuliT daSorebuli. es 

ki niSnavs, rom unda Sesruldes erT-erTi Semdegi ori 

damokidebulebidan 

001.0)( <− Axf  Tu  Axf >)(
001.0)( <− xfA  Tu Axf <)(  

e. i.  Tu -s sakmaod mivuaxlovebT -s, maSin zemoT moyvanili 

damokidebulebebidan erT-erTi Sesruldeba. 

x a

    mniSvnelovania, SevniSnoT, rom -is mniSvnelobebi unda aviRoT 

 wertilis orive mxares. aseve SevniSnoT, rom zRvris 

ganmartebaSi Cven ar vixilavT 

x
ax =

ax =  wertilSi funqciis 

mniSvnelobas. Cven xSirad gamoviyenebT im faqts, rom zRvari 

saSualebas gvaZlevs, miviRoT garkveuli informacia, ra xdeba  

wertilis midamoSi, magram zRvris mosaZebnad ar aris saintereso, 

ra xdeba TviT  wertilSi. es 

erT-erTi mniSvnelovani m

zRvarTan mimarTebaSi, rac 

kargad unda gvaxsovdes. zemoT

Cvens mier ganxilul magaliT

2=x  wertil  funqcia ar 

gansazRvruli, magram am 

wertilSi Cven ganvixileT

funqciis zRvari. axla 

ganvixiloT Semdegi magali

ax =

a
omentia 

 

Si 

Si iyo 

 

Ti:  

     magaliTi 3. 2. vipovoT 

2x→
)(lim xg , Tu  

⎪⎩

⎪
⎨ −

−+
=

,5

,
2

124
)( 2

2

xx
xx

xg

     SevniSnoT, rom es funqcia zustad is funqciaa, romelic 

ive 

⎧

=

≠

2

2

x

x
 

ganxiluli iyo pirvel magaliTSi im gansxvavebiT, rom 2=x  

wertilSi am funqciis mniSvnelobaa 5. Tu CavatarebT ig

msjelobas, rac iyo pirvel magaliTSi, vnaxavT, rom  

4)(lim
2

=
→x

xg . 

     magaliTi 3. 3. vipovoT , Tu )(lim
0

xh
x→

 41



⎩
⎨
⎧

≥
<

=
0,1
0,0

)(
x
x

xh  

 

rogorc vxedavT, roca  wertils 

vuaxlovdebiT marjvnidan, funqciis 

mniSvnelobebi uaxlovdebian 1-s, xolo 

Tu -s vuaxlovdebiT marcxnidan, 

maSin funqciis mniSvnelobebi 

uaxlovdebian 0-s. funqciis zRvris 

ganmartebis ZaliT, funqciis 

mniSvnelobebi unda miuaxlovdnen erT 

konkretul sidides, roca  uaxlovdeba 

-s (orive mxridan). am SemTxvevaSi es ar 

xdeba. e.i. am funqcias  wertilSi ara aqvs zRvari. 

0=x

0=x

x
a

0x =
 

    calmxrivi zRvrebi. rogorc vnaxeT, magaliT 3. 3 –Si mocemul 

funqcias zRvari ar gaaCniaT 0=x  wertilSi, radgan funqciis 

mniSvnelobebi ar uaxlovdebian erT konkretul sidides, roca 

gansazRvris aris wertilebi ragind axlos arian 0-Tan. amis mizezi 

aris is, rom funqciis mniSvnelobebi ori sxvadasxva ricxvis 

irgvliv iyrian Tavs, imis da mixedviT, Tu romeli mxridan 

uaxlovdebian -ebi 0-s. am SemTxvevas mivyavarT e.w. calmxriv 

zRvrebamde. 

x

  

   marjvena zRvari. vityviT, rom )(xfy =  funqciis zRvari 

marjvnidan  wertilSi aris ax = A  ricxvi, Tu SegviZlia  

ragind davuaxlovoT 

)(xf
A -s, roca  sakmaod axlosaa -Tan 

marjvnidan. am faqts ase CavwerT: 

x a

Axf
ax

=
+→

)(lim  an, , roca Axf →)(

+→ ax . 

   marcxena zRvari. vityviT, rom 

)(xfy =  funqciis zRvari 

marcxnidan ax =  wertilSi aris 

A  ricxvi, Tu SegviZlia  

ragind davuaxlovoT 

)(xf
A -s, roca 

 sakmaod axlosaa a -Tan 

marcxnidan. am faqts ase CavwerT: 

x

Axf
ax

=
−→

)(lim  an, , roca A)(xf →

−→x a . 

magaliTi 3. 4. kidev erTxel 

davubrundeT zemoT ganxilul  funqcias. 
⎩
⎨
⎧

≥
<

=
0,1
0,0

)(
x
x

xh

rogorc vxedavT, Tu  marjvnidan uaxlovdeba 0-s ( ), maSin 

funqciis mniSvnelobebi uaxlovdebian 1-s. e.i. 

x 0>x

1)(lim
0

=
+→

xh
x

 

analogiurad, Tu  marcxnidan uaxlovdeba 0-s (x 0<x ), maSin 

funqciis mniSvnelobebi uaxlovdebian 0-s. e.i.  
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0)(lim
0

=
−→

xh
x

 

am magaliTSi calmxrivi zRvrebi 0x =  wertilSi arsebobs, Tumca 

funqcias zRvari ara aqvs. 

magaliTi 3. 5. vipovoT  da ,  Tu   )(lim
2

xg
x +→

)(lim
2

xg
x −→

⎪⎩

⎪
⎨
⎧

−
−+

=
,5

2
124

)( 2

2

xx
xx

xg
=

≠

2

2,

x

x
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    rogorc vxedavT, am 

SemTxvevaSi  da 

.  . 

4)(lim
2

=
+→

xg
x

4)(lim
2

=
−→

xg
x

4)(lim
2

=
→

xg
x

     SevniSnoT, rom calmxrivi 

zRvrebis SemTxvevaSic 

sainteresoa, ra xdeba wertilis 

midamoSi da ara TviT am 

wertilSi. 

     Tu davakvirdebiT 3. 3 da 3. 4  

magaliTebs, vxedavT rom pirvel 

SemTxvevaSi orive calmxrivi 

zRvari arsebobs da erTmaneTis toli araa maSin, roca meore 

magaliTSi orive calmxrivi zRvari arsebobs da erTmaneTis tolia, 

ufro metic, isini funqciis zRvris tolia mocemul wertilSi. 

arsebobs garkveuli kavSiri calmxriv zRvrebsa da funqciis 

zRvars Soris. marTebulia Semdegi 

 

 

    Teorema 3. 1. vTqvaT, mocemulia funqcia )(xfy = , romlisTvisac  

Axfxf
axax

==
−→+→

)(lim)(lim , 

maSin arsebobs  funqciis zRvari  wertilSi da f a
Axf

ax
=

→
)(lim , 

da piriqiT, Tu  lim , maSin Axf
ax

=
→

)(

Axfxf
axax

==
−→+→

)(lim)(lim . 

 

magaliTi 3. 6. vipovoT naxazze 

mocemuli funqciis zRvrebi 

1, 0, 1x x x= − = =  wertilebSi. advili 

dasanaxia, rom 

( ) ( ) ( )
1 0 1

lim 1, lim 0, lim 1
x x x

f x f x f x
→− → →

= = =

1

. 

meores mxriv, 

. ( ) ( ) ( )1 0, 0 1, 1f f f− = = =
 

 

 

 



 

 

magaliTi 3. 7.  

 

( ) ( ) ( )
1 1

lim 1, lim 0, 0 0
x x

f x f x f
→ − → +

= = =  

( ) ( )
2

lim 1, 2 1
x

f x f
→

= =  

( ) ( )
3

lim 0, 3 1
x

f x f
→

= =  

( ) ( )
4

lim 1, 4 2
x

f x f
→ −

= = .    

 

 

funqciis zRvris Tvisebebi. vTqvaT, 

mocemulia  da  

funqciebi. vigulisxmoT, rom 

arsebobs  da  da  

raime mudmivia. maSin 

)(xfy = )(xgy =

)(lim xf
ax→

)(lim xg
ax→

c

 

1)  )(lim)]([lim xfcxcf
axax →→

=

sxva sityvebiT, mudmivi mamravli gadis zRvris niSnis gareT. 

 

2)  )(lim)(lim)]()([lim xgxfxgxf
axaxax →→→

±=±

sxva sityvebiT, jamis (sxvaobis) zRvari zRvarTa jamis (sxvaobis) 

tolia. 

 

3)  )(lim)(lim)]()([lim xgxfxgxf
axaxax →→→

=

sxva sityvebiT, namravlis zRvari zRvarTa namravlis tolia. 

 

4)  

   )(lim

)(lim

)(
)(lim

xg

xf

xg
xf

ax

ax

ax
→

→

→
=⎥

⎦

⎤
⎢
⎣

⎡
  , Tu 0)(lim ≠

→
xg

ax
 

sxva sityvebiT, Sefardebis zRvari zRvarTa Sefardebis  tolia, Tu 

mniSvnelis zRvari ar udris nuls. 

 

5) lim[ ( )] [lim ( )]
x a x a

f x f xα α

→ →
= , sadac Rα ∈  da  dadebiTi funqciaa. Tu f

Nα ∈ , maSin lim[ ( )] [lim ( )]n n

x a x a
f x f

→ →
= x , sadac  nebismieri funqciaa. f

 

Tu naturaluri ricxvia, maSin es Tviseba me-3 Tvisebis  Sedegia. n
magaliTad, Tu 2=n , maSin  

22 )](lim[)(lim)(lim)]()([lim)]([lim xfxfxfxfxfxf
axaxaxaxax →→→→→

===  

 

6) n
ax

n
ax

xfxf )(lim)(lim
→→

=  
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es Tviseba me-5 Tvisebis kerZo SemTxvevaa. marTlac, 

 

n
ax

n
ax

n
ax

n
ax

xfxfxfxf )(lim)](lim[)]([lim)(lim
11

→→→→
===  

 

7) , sadac  nebismieri namdvili ricxvia. cc
ax

=
→

lim c

 sxva sityvebiT, mudmivi funqciis zRvari TviT am mudmivis tolia. 

marTlac, ganvixiloT  funqcia da SevxedoT mis grafiks cxf =)(

 
cxadia, rom . cxf

ax
=

→
)(lim

 

8)  ax
ax

=
→

lim

ganvixiloT  funqcia da SevxedoT mis grafiks xxf =)(

 
 

cxadia, rom . axf
ax

=
→

)(lim

 

 

 

  magaliTi 3. 8. gamovTvaloT  )953(lim 2

2
−+

−→
xx

x

me-2 Tvisebis ZaliT  

9lim5lim3lim)953(lim
22

2

2

2

2 −→−→−→−→
−+=−+

xxxx
xxxx  

Tu axla gamoviyenebT pirvel Tvisebas, maSin gveqneba 
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9limlim5lim3

9lim5lim3lim)953(lim

22

2

2

22

2

2

2

2

−→−→−→

−→−→−→−→

−+=

−+=−+

xxx

xxxx

xx

xxxx
 

axla gamoviyenoT me-7, me-8, me-9 Tvisebebi. miviRebT 

79)2(5)2(3

9limlim5lim3)953(lim
2

22

2

2

2

2

−=−−+−=

−+=−+
−→−→−→−→ xxxx

xxxx
 

 

   SevniSnoT, rom am magaliTSi  polinomia da 

aRmoCnda, rom 

953)( 2 −+= xxxp
7)2()(lim

2
−=−=

−→
pxp

x
. es SemTxveviTi araa. sazogadod 

marTebulia Semdegi faqti: 

Tu  raime –uri xarisxis polinomia, maSin  )(xp n
)()(lim apxp

ax
=

→
. 

    ganvixiloT kidev erTi magaliTi. vipovoT  

172
1036lim 34

2

1 ++−
+−

→ xx
xx

x
 

SevniSnoT, rom Cven SegviZlia me-4 Tvisebis gamoyeneba, radgan 

. e.i.  0)172(lim 34

1
≠++−

→
xx

x

6
13

1)1(7)1(2
)1(10)1(36

)172(lim

)1036(lim

172
1036lim

34

2

34

1

2

1
34

2

1

=
++−

+−
=

++−

+−
=

++−
+−

→

→

→ xx

xx

xx
xx

x

x

x
 

faqtiurad, mocemul magaliTSic 1=x  wertilSi zRvris 

dasaTvlelad gamovTvaleT 
172

1036)( 34

2

++−
+−

=
xx

xxxf  funqciis 

mniSvneloba  wertilSi. 1=x
arsebobs funqciebi, romelTaTvisac )()(lim afxf

ax
=

→
. am sakiTxs 

qvemoT kidev erTxel SevexebiT. manamde CamovweroT zogierTi 

gavrcelebuli funqcia, romelTac aqvT es “kargi” Tviseba. 

• polinomebi 

•  
)(
)()(

xq
xpxf = , Tu )()(lim apxp

ax
=

→
 da 0)()(lim ≠=

→
aqxq

ax
 

•  nebismieri -Tvis xx sin,cos x

• xtan  , Tu …… ,
2

5,
2

3,
2

,
2

,
2

3,
2

5, ππππππ
−−−≠x  

• xcot  , Tu …… ,3,2,,0,,2,3, ππππππ −−−≠x  

• n x   , Tu  kentia n
• n x   , Tu  da  luwia 0≥x n
•  nebismieri -Tvis 

xx ea , x
• , Tu  xxb ln,log 0>x
• zemoT CamoTvlili funqciebis jami, sxvaoba, namravli 
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    SevexoT kidev erT saintereso faqts, romelic dagvexmareba 

zogierTi zRvris gamoTvlaSi. marTebulia Semdegi Teorema. 

 

     Teorema 3. 2.  vTqvaT yoveli ],[ bax ∈ -Tvis   

)()()( xgxhxf ≤≤  

da 

Axgxf
cxcx

==
→→

)(lim)(lim , 

sadac . maSin  bca ≤≤
Axh

cx
=

→
)(lim  

magaliTi 3. 9.  vipovoT Semdegi zRvari 

⎟
⎠
⎞

⎜
⎝
⎛

→ x
x

x

1coslim 2

0
. 

rogorc viciT 1cos1 ≤≤− x  nebismieri -Tvis, amitom gveqneba x
11 cos 1
x

⎛ ⎞− ≤ ≤⎜ ⎟
⎝ ⎠

, 

saidanac vRebulobT 

2 2 1cos 2x x x
x

⎛ ⎞− ≤ ≤⎜ ⎟
⎝ ⎠

 

0lim,0)(lim 2

0

2

0
==−

→→
xx

xx
 

amitom Teorema 2-is ZaliT 

01coslim 2

0
=⎟

⎠
⎞

⎜
⎝
⎛

→ x
x

x
 

am faqts SeiZleba grafikzec davakvirdeT 

 
      

  magaliTi 3. 10.  vTqvaT ( )25 25x f x x− ≤ ≤ +  nebismieri 0x ≠ -Tvis. 

ipoveT ( )
0

lim
x

f x
→

. radganac  
2

0 0
lim(5 ) lim(5 ) 5
x x

x x
→ →

2− = + =   , amitom Teorema 

3. 2-is ZaliT  ( )
0

lim 5
x

f x
→

= .           

   

     usasrulo zRvrebi. vityviT, rom +∞=
→

)(lim xf
ax

, Tu SegviZlia 

 gavxadoT ragind didi, roca  sakmaod axlosaa -Tan da )(xf x a
ax ≠ . analogiurad, vityviT, rom −∞=

→
)(lim xf

ax
, Tu SegviZlia   

gavxadoT  ragind didi, roca  sakmaod axlosaa -Tan da 

)(xf−

x a ax ≠ . 
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vityviT, rom , Tu SegviZlia ∞=
→

)(lim xf
ax

)(xf  gavxadoT ragind didi, 

roca  sakmaod axlosaa -Tan da x a ax ≠ .  

    analogiuri ganmarteba gveqneba calmxrivi zRvrebis 

SemTxvevaSic.  

 

    magaliTi 3. 11.  vipovoT  

3
2lim

3 −−→ x
x

x
        

3
2lim

3 −+→ x
x

x
 

ganvixiloT 
3

2)(
−

=
x

xxf  funqciis grafiki 

 

rogorc vxedavT, roca −→ 3x , maSin −∞→
−

=
3

2)(
x

xxf , xolo roca 

+→ 3x , maSin 
2( )

3
xf x

x
= → +∞

−
 

e.i. −∞=
−−→ 3

2lim
3 x

x
x

     
3

2lim
3x

x
x→ +

= +∞
−

  , maSasadame 
3

2lim
3x

x
x→

= ∞
−

. 

 

magaliTi 3. 12. vTqvaT  ( ) 2

1f x
x

= . 

advili dasanaxia, rom 

2 20 0

1 1lim lim
x xx x→ − → +

= = +∞ . e. i. 20

1lim
x x→

= +∞ . 
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    gansazRvreba 3. 1 vityviT, rom )(xfy =  funqcias ax =  wertilSi 

aqvs vertikaluri asimptoti, Tu Sesrulebulia erT-erTi Semdegi 

pirobebidan 

±∞=
−→

)(lim xf
ax

,   ±∞=
+→

)(lim xf
ax

,   lim ( ) , lim ( )
x a x a

f x f x
→− →+

= ∞ = ∞ . 

     

    Cvens mier zemoT ganxilul magaliT 3. 9-Si (rogorc es 

grafikidanac Cans)  wrfe vertikaluri asimptotia. 3=x
 

funqciis zRvari usasrulobaSi .  

 

 

   gansazRvreba 3. 2 vTqvaT, 

mocemulia  funqcia. 

vityviT, rom  funqciis zRvari, 

roca 

Raf →+∞);(:
f

+∞→x  aris  ricxvi da 

CavwerT , Tu SegviZlia 

 ragind davuaxlovoT -s, 

roca  sakmarisad didia.    

p
pxf

x
=

+∞→
)(lim

)(xf p
x

   gansazRvreba 3. 3. vTqvaT, 

mocemulia Raf →−∞ );(:  funqcia. 

vityviT, rom  funqciis zRvari, 

roca  aris 

f
−∞→x p  ricxvi da 

CavwerT , Tu SegviZlia 

 ragind davuaxlovoT 

pxf
x

=
−∞→

)(lim

)(xf p -s, 

roca  sakmarisad didia.    x−
 

 
 
  gansazRvreba 3. 4 vTqvaT, mocemulia Rf →+∞−∞ );(:  funqcia. vityviT, 

rom  funqciis zRvari, roca f ∞→x  aris 

 ricxvi da CavwerT p pxf
x

=
∞→

)(lim , Tu 

SegviZlia  ragind davuaxlovoT )(xf p -s, 

roca x  sakmarisad didia.  

   gansazRvreba 3. 5. a) vTqvaT, mocemulia 

 funqcia. vityviT, rom  

funqciis zRvari, roca 

Raf →+∞);(: f
+∞→x  aris ∞+  

da CavwerT , Tu SegviZlia 

 gavxadoT ragind didi, roca  

sakmarisad didia.  

+∞=
+∞→

)(lim xf
x

)(xf x

   b) vTqvaT, mocemulia Raf →−∞ );(:  

funqcia. vityviT, rom  funqciis zRvari, 

roca  aris  da CavwerT 

f
−∞→x ∞+ +∞=

−∞→x
)(lim xf , Tu SegviZlia  

gavxadoT ragind didi, roca 

)(xf

x−  sakmarisad didia.  
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   g) vTqvaT, mocemulia Rf →+∞−∞ );(:  funqcia. vityviT, rom  funqciis 

zRvari, roca  aris  

f
∞→x ∞+  da CavwerT , Tu SegviZlia 

 gavxadoT ragind didi, roca 

+∞=
∞→

)(lim xf
x

)(xf x  sakmarisad didia.  

   analogiurad Camoyalibdeba zRvris cnebebi, roca zRvris mniSvneloba 

aris  an . ∞− ∞
 

   SevniSnoT, rom Tu , maSin  0>r
1lim 0

| |rx x→∞
=     

1lim 0
| |rx x→−∞

=  

 

 

     magaliTi 3. 13.  vipovoT  

x
x

x 25
63lim

2

−
+

∞→
 da    

x
x

x 25
63lim

2

−
+

−∞→
  .   

 

⎟
⎠
⎞

⎜
⎝
⎛ −

+
=

⎟
⎠
⎞

⎜
⎝
⎛ −

+
=

⎟
⎠
⎞

⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛ +

=
−

+
∞→∞→∞→∞→

25

63
lim

25

63
lim

25

63
lim

25
63lim

22
2

2
2

2

x
x

x
x

x
x

x
x

x
x

x
x

x
x

xxxx
 

viciT, rom  

⎩
⎨
⎧

<−
≥

=
0,
0,

xx
xx

x  

amitom gveqneba  

2 2 2
6 63 33 6lim lim lim 555 2 222

x x x

xx x x
x x

xx
→+∞ →+∞ →+∞

+ +
+

= =
− ⎛ ⎞ −−⎜ ⎟

⎝ ⎠

3
= −  

22 2

6 63 33 6lim lim lim
5 55 2 22 2

x x x

x
xx x

x x x
x x

→−∞ →−∞ →−∞

⎛ ⎞− + − +⎜ ⎟+ ⎝ ⎠= =
− ⎛ ⎞ ⎛ ⎞− −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

3
=  

     

 

 

    gansazRvreba 3. 6. vityviT, 

rom  funqcias  

wertilSi aqvs horizontaluri 

asimptoti, Tu Sesrulebulia 

erT-erTi Semdegi pirobebidan 

)(xfy = Ay =

      Axf
x

=
∞→

)(lim =
−∞

)( Axf
x→
lim
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e.i. Cvens mier axla ganxilul 

x
xxf

25
63)(

2

−
+

=  funqcias aqvs ori 

horizontaluri asimptoti 



 

4. funqciis uwyvetoba 
 

   Cven zemoT SevexeT “karg” funqciebs, romelTac is Tviseba 

hqondaT, rom am funqciebis zRvari mocemul wertilSi amave 

wertilSi funqciis mniSvnelobis tolia.  

 

uwyvetoba wertilSi. vTqvaT  da :[ , ]f a b R→ a c b< < (aseT SemTxvevaSi 

vityviT, rom c  aris [ ,  segmentis Siga wertili) ]a b
 

  gansazRvreba 4. 1.  vityviT, rom )(xfy =  funqcia uwyvetia  c
wertilSi, Tu 

lim ( ) ( )
x c

f x f c
→

= . 

 

 

 

 

 

ganvixiloT Semdegi funqcia.  

radganac 
2

lim ( ) 5 (2)
x

f x f
→

= = . amitom 

mocemuli funqcia uwyvetia  

wertilSi. 

2=

m ( ) 5 (2) 7f x f
→

x

 

 

 

 

 

 

      naxazi 1 

 

 

 

 

 

    Tu funqcia mocemulia Semdegi 

saxiT (ix. naxazi 2) maSin mocemuli 

funqcia ar aris uwyveti  

wertilSi. marTlac, 

2x =

2
li
x

= = =/ . 

 

 

 

           naxazi 2 
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ganvixiloT funqcia (nax. 3). 

am SemTxvevaSi funqcias 

zRvari ara aqvs  

wertilSi da maSasadame 

funqcia ar aris uwyveti 

(wyvetilia) mocemul 

wertilSi. 

2=x

 

 

 

 

 

 

               naxazi 3 

 

 

 

vityviT, rom  funqcia aris marjvnidan uwyveti f x c=  wertilSi 

Tu funqciis marjvena zRvari mocemul wertilSi udris  

funqciis mniSvnelobas am wertilSi. e. i.  

f

lim ( ) ( )
x c

f x f c
→ +

= . 

magaliTad naxazi 3-iT mocemuli funqcia uwyvetia marjvnidan  

wertilSi. vityviT, rom  funqcia aris marcxnidan uwyveti  

wertilSi Tu funqciis marcxena zRvari mocemul wertilSi udris 

 funqciis mniSvnelobas am werilSi. e. i.  

2x =
f x c=

f
lim ( ) ( )
x c

f x f
→ −

c= . 

 

naxazze mocemuli funqcia uwyvetia 

marcxnidan x 2=  wertilSi. 

 

 

 

 

 

 

 

 

 

 

 

 

              naxazi 4 

 

 

advili Sesamowmebelia, rom samarTliania Semdegi 
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Teorema 4. 1. imisaTvis rom  funqcia iyos uwyveti  f x c=
wertilSi aucilebeli da sakmarisia, rom is iyos uwyveti 

rogorc marjvnidan, aseve marcxnidan. 

 

 

SeniSvna 4. 1. Tu funqcia gansazRvrulia [ ,  segmentze, maSin  da ]a b a
b  wertilebSi uwyvetoba niSnavs Sesabamisad marjvnidan da 

marcxnidan uwyvetobas.  

 

 

 

uwyvetoba intervalze. funqcias vuwodoT uwyveti raime SualedSi, 

Tu igi uwyvetia am Sualedis yovel wertilSi. kerZod, funqcias 

vuwodoT uwyveti Tu is uwyvetia Tavis gansazRvris areSi. 

 

magaliTi 4. 1. funqcia ( )f x x=  

uwyvetia. marTlac, am funqciis 

gansazRvris area [0  Sualedi da , )+∞

[0, ), lim
x c

c x
→

∀ ∈ +∞ = c  . 

magaliTi 4. 2. funqcia 
1( )f x
x

=  uwyvetia 

(ix. nax. 5). marTlac, am fuqciis 

gansazRvris area ( ,  da 0) (0,−∞ ∪ +∞)
1 1( ,0) (0, ), lim

x c
c

x c→
∀ ∈ −∞ ∪ +∞ = . rac 

Seexeba  wertils, uwyvetobis sakiTxi am  wertilSi ar 

ganixileba, vinaidan es wertili ar ekuTvnis gansazRvris ares. 

0x =

                                                           

 

 

 

     

 

 

 

 

 

 

 

 

 

 

 

 

   nax. 5                                               nax. 6 
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Tu ganvixilavT funqcias (ix. nax. 6): 

( )
1 , 0

0, 0

x
f x x

x

⎧ ,≠⎪= ⎨
⎪ =⎩

 

 

 maSin es funqcia gansazRrulia mTel RerZze da is wyvetilia  

wertilSi.  

0x =

 

wyvetis wertilTa klasifikacia. rogorc vnaxeT nax 2- da nax. 4-ze 

 funqcias gaaCnia rogorc marjvena aseve marcxena zRvari 

wertilSi da es funqciebi wyvetilia. aseT SemTxvevaSi Cven 

vambobT, rom funqcias aqvs pirveli gvaris wyvetis wertili. 

moviyvanoT zusti ganmarteba. 

f

 

 gansazRvreba 4. 2. Tu wertili aris  funqciis wyvetis wertili c f
da arsebobs marjvena da marcxena sasruli zRvrebi maSin vityviT, 

rom  aris  funqciis I gvaris wyvetis wertili. c f
 

maSasadame nax. 2, nax. 3 da nax 4-ze mocemul funqciebs  

wertilSi gaaCniaT I gvaris wyveta. SevniSnoT, rom nax. 2-Si 

mocemul funqcias  wertilSi gaaCnia zRvari, xolo nax. 3 da 

nax. 4-Si mocemul funqciebs ki-ara. zemoTqmulidan gamomdinare 

pirveli gvaris wyvetis wertilTa simravle SeiZleba daiyos or 

jgufad 

2c =

2c =

 

1) wertilebi romlebSic funqcias gaaCnia zRvari mocemul 

wertilSi; 

 

2) wertilebi romlebSic funqcias ar gaaCnia zRvari mocemul 

wertilSi; 

 

pirvel SemTxvevaSi vambobT, rom  funqcias  wertilSi aqvs 

acilebadi wyveta. 

f c

 

Tu funqcias  aqvs acilebadi wyveta mocemul wertilSi, maSin am 

wertilSi funqciis mniSvnelobis SecvliT funqcia SeiZleba 

gavxadoT uwyveti. marTlac, Tu nax. 2-Si 2c =  wertilSi funqciis 

mniSvnelobas gavxdiT 5-s 7-is nacvlad (ix. nax. 1) maSin funqcia 

iqneba uwyveti am wertilSi. sazogadod, Tu  funqcias  gaaCnia 

acilebadi wyveta  wertilSi da ganvixilavT axal funqcias 

f
x c=

( ) , ( ) \{ }
( )

,
f x x D f c

F x
L x c

∈⎧
= ⎨ =⎩  

sadac lim ( )
x c

L f x
→

= . maSin  funqcia iqneba uwyveti F x c=  wertilSi. 

      wyvetis wertils  funqciis meore gvaris wyvetis wertili 

ewodeba, Tu igi ar aris pirveli gvaris wyvetis wertili. e. i.  

wertils ewodeba  funqciis meore gvaris wyvetis wertili, Tu  

wertilSi funqcias ar gaaCnia erTi mainc calmxrivi zRvari, an 

c f
c

f c
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calmxrivi zRvrebidan erTi mainc usasrulod didia. magaliTad, 

nax. 6-Si mocemul funqcias 0x =  wertilSi aqvs meore gvaris 

wyveta. 

uban-uban uwyveti funqciebi.  funqcias ewodeba uban-uban uwyveti 

 segmentze, Tu is uwyvetia  intervalis yovel wertilSi, 

garda SesaZlebelia sasruli raodenobis wertilebisa, romlebSic 

is ganicdis pirveli gvaris wyvetas da garda amisa mas gaaCnia  da 

 wertilebSi calmxrivi (marjvena da marcxena) zRvrebi. nax. 2-Si 

mocemuli funqcia uwyvetia yvelgan [0 -ze garda 

f
[ , ]a b ( , )a b

a
b

,3] 2x =  wertilisa 

da amasTan am wertilSi is ganicdis pirveli gvaris wyvetas. e. i. 

uban-uban uwyveti funqciaa. nax. 3 da nax. 4-Si aseve mocemulia uban-

uban uwyveti funqciebis magaliTebi. rac Seexeba nax. 6-Si mocemuli 

funqcia ar aris uban-uban uwyveti arcerT intervlze, romelic 

Seicavs  wertils (radganac am wertilSi funqcia ganicdis meore 

gvaris wyvetas). 

0

uwyveti funqciebis Tvisebebi. pirvel rigSi SevniSnoT, rom 

funqciis zRvris Tvisebebidan da uwyvetobis ganmartebidan 

gamomdinareobs, rom Tu  da f g  funqciebi uwyvetia x a=  

wertilSi, maSin uwyvetia maTi jami f g+ , ricxvze namravli fα , 

namravli  da Sefardeba  Tu am ukanasknel SemTxvevaSi fg /f g
( ) 0g a ≠ . 

uwyveti funqciebisTvis adgili aqvs Semdeg debulebas 

 

Teorema 4. 2. Tu  uwyvetia f ( )g a  wertilSi da  uwyvetia  g a
wertilSi, maSin  

      

lim ( ( )) ( ( ))
x a

f g x f g a
→

=  

am faqtis gamoyenebiT vipovoT . 
x

x
esin

0
lim

→

radgan uwyveti funqciaa, amitom gveqneba xe

1lim 0sinlimsin

0
0 === →

→
eee

xx

x
x  

 

Teorema 4. 3. vTqvaT   segmentze  uwyveti funqciaa. maSin 

arsebobs 

f ],[ ba

1 2, [ , ]x x a b∈  iseTi, rom nebismieri [ , ]x a b∈  gvaqvs 

1 2( ) ( ) ( )f x f x f x≤ ≤ . 

maSasadame, 1x  aris  funqciis globaluri minimumis wertili da f

2x  aris  funqciis globaluri maqsimumis wertili.  f
ganvixiloT magaliTebi: 
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naxazze mocemulia (0,1) intervalze 

zemodan SemousazRvreli funqciis 

grafiki, romelsac globaluri 

eqstremumis wertilebi ara aqvs. 

 

 

 

 

 

 

 

 

 

 

 

 

 

naxazze mocemulia (0,1] intervalze zemodan 

SemousazRvreli funqciis grafiki, romelsac 

globaluri minimumis wertili aqvs x  

wertilSi, xolo globaluri maqsimumis 

wertili ara aqvs 

1=

 

 

 

 

 

 

 

 

 

naxazze mocemulia (0,1) intervalze  

SemosazRvreli funqciis grafiki, romelsac 

globaluri eqstremumis wertilebi ara aqvs 
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naxazze mocemulia [0,1) intervalze  

SemosazRvreli funqciis grafiki, 

romelsac globaluri minimumis wertili 

aqvs  wertilSi, xolo globaluri 

maqsimumis wertili ara aqvs. 

0x =

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

naxazze mocemulia [0,1] segmentze  

SemosazRvreli funqciis grafiki, 

romelic wyvetas ganicdis Siga  

wertilSi da globaluri eqstremumis 

wertilebi ara aqvs. 

0.5x =

 

 

 

 

 

 

 

 Teorema 4. 4. vTqvaT  [  

segmentze  uwyveti funqciaa da  

raime ricxvia, romlisTvisac gvaqvs 

f ],ba
s

( ) ( )f a s f b≤ ≤ , maSin moiZebneba erTi 

mainc  wertili iseTi, rom c a c b≤ ≤  

da . ( )f c s=
 

 

     magaliTi 4. 3. vaCvenoT, rom 

 gantolebas aqvs fesvi xx 42 = ⎥⎦
⎤

⎢⎣
⎡

2
1,0  

SualedSi.  

     ganvixiloT funqcia 
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xxf x 42)( −= .  am funqciisTvis gvaqvs: 01)0( >=f  da 22
2
1

−=⎟
⎠
⎞

⎜
⎝
⎛f <0. 

aviRoT  ricxvi. cxadia, rom 0s = ( )1( ) 0
2

f s f≤ ≤ . amitom Teoremis 

ZaliT arsebobs iseTi , c
2
10 << c , rom 0)( =cf  anu 2 4c c 0− = .  e.i. 

 gantolebas xx 42 = ⎥⎦
⎤

⎢⎣
⎡

2
1,0  SualedSi aqvs amonaxsni. 

  

 

 

 funqciis zRvris mkacri ganmarteba 

 

 

 

gansazRvreba 4. 2. vTqvaT,   funqcia 

gansazRvrulia  wertilis raime 

midamoSi, garda SesaZlebelia TviT  

wertilisa. vityviT, rom  

f
a

a
A  ricxvi 

warmoadgens   funqciis zRvars   

wertilSi, Tu yoveli  

f a
0>ε  ricxvisTvis 

moiZebneba iseTi  0>δ  ricxvi, rom roca  

δ<−< ax0 , gveqneba  ε<− Axf )( .  

 

 

 

 

 

 

 

 

 

   magaliTi 4. 4.  funqciis zRvris ganmartebiT davamtkicoT, rom 

14)610(lim
2

=−
→

x
x

 

funqciis zRvris ganmartebis ZaliT nebismieri 0>ε  ricxvisTvis 

unda movZebnoT iseTi  0>δ  ricxvi, rom roca   

     δ<−< 20 x , maSin ε<−− 14)610( x . 

     ε<−− 14)610( x  utolobidan vRebulobT: 

ε<− 2010x  

ε<− 210 x , 

      saidanac  

10
2 ε

<−x  

         amgvarad,  Tu aviRebT 
10
εδ = , maSin gveqneba 
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ε<−− 14)610( x ,  roca 
10

20 ε
<−< x  

        amiT davamtkiceT, rom 14)610(lim
2

=−
→

x
x

. 

 

 
 
 

calmxrivi zRvrebi 

 

gansazRvreba 4. 3. vTqvaT,   funqcia gansazRvrulia  wertilis f a
marjvena (marcxena) midamoSi, garda SesaZlebelia TviT a  
wertilisa. vityviT, rom  A  ricxvi warmoadgens   funqciis f
marjvena zRvars (marcxena zRvars)   wertilSi, Tu yoveli  a 0>ε  

ricxvisTvis moiZebneba iseTi  0>δ  ricxvi, rom roca  a x aδ< < + , 

(a x aδ− < < ) gveqneba  ε<− Axf )( .  

 

 

magaliTi 4. 5. davamtkicoT, rom 
0

lim 0
x

x
→ +

= . marTlac, nebismieri 

0ε > -Tvis avirCioT 2δ ε= . maSin roca 
20 | |x a δ ε< − < =  

| 0 |x x δ ε− = < = . 

 

 

 

 

 

 

 

 

 

zRvari usasrulobaSi. 

 

vTqvaT, mocemulia  funqcia. vityviT, rom  funqciis Raf →+∞);(: f
zRvari, roca +∞→x  aris p  ricxvi da CavwerT lim ( )

x
f x

→+∞
= p , Tu  

nebismieri 0ε >  ricxvisTvis arsebobs ricxvi M , iseTi, rom ( )f x p ε− < , 

roca . x M>
 

magaliTi 4. 6. davamtkicoT, rom 
1lim 0

x x→+∞
= . marTlac, nebismieri 0ε > -Tvis 

Tu SevarCevT  
1M
ε

= , miviRebT 
1 10
x x

ε− = < ,    roca . x M>

 

analogiurad ganimarteba, rom ( )lim
x

f x
→−∞

. 

 

 

 

 59



 

  usasrulo zRvrebi. 

 

vityviT, rom , Tu nebismieri dadebiTi +∞=
→

)(lim xf
ax

M  ricxvisaTvis 

arsebobs dadebiTi ricxvi δ (M -ze damokidebuli) iseTi, rom 

( )f x M> ,     roca δ<−< ax0 . 

 

magaliTi 4. 7. davamtkicoT, rom 20

1lim
x x→

= +∞ . marTlac, nemismieri -0M >

Tvis Tu SevarCevT 
1
M

δ = . maSin gvaqvs 2

1 ,M
x

>  roca 0 | |x δ< < . 

 

 

magaliTi 4. 8. zRvris ganmartebis safuZvelze davamtkicoT, rom Tu 

lim ( )
x a

f x L
→

=  da li , maSin m ( )
x a

g x M
→

= lim[ ( ) ( )]
x a

f x g x L M
→

+ = + . marTlac, radganac 

arsebobs lim ( )
x a

f x L
→

= , amitom zRvris ganmartebis ZaliT nebismieri 0ε > -

Tvis arsebobs 1δ  iseTi, rom | ( ) |
2

f x L ε
− < , roca 10 | |x a δ< − < . analogiurad, 

damtkicdeba, rom arsebobs 2δ  iseTi, rom | ( ) |
2

g x M ε
− < , roca 20 | |x a δ< − < . 

vTqvaT 1 2min{ , }δ δ δ= . maSin miviRebT 

| ( ( ) ( )) ( ) | | ( ) | | ( ) |f x g x L M f x L g x M ε+ − + ≤ − + − <  

roca 0 | |x a δ< − < . 

 

 

 

 

 

 

 

programa MAPLE-is gamoyenebiT gamovTvaloT funqciis zRvrebi 

 

 

> Limit((1-4*x^2)/(1-2*x), x=1/2)=limit((1-4*x^2)/(1-2*x), 
x=1/2);

 = lim
 → x ( )/1 2

 − 1 4 x2

 − 1 2 x 2  

> Limit((x^2+2*x)/(2+x), x=-2)=limit((x^2+2*x)/(2+x), x=-2);

 = lim
 → x ( )-2

 + x2 2 x
 + 2 x -2  

> Limit(1/(x+1), x=-1,left)=limit(1/(x+1), x=-1,left);

 = lim
 → -x ( )-1

1
 + x 1 −∞  

> Limit(1/(x+1), x=-1,right)=limit(1/(x+1), x=-1,right);
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 = lim
 → +x ( )-1

1
 + x 1 ∞  

> Limit((1-x^2)/(3*x^2-x-1), x=infinity)=limit((1-x^2)/(3*x^2-x-
1), x=infinity);

 = lim
 → x ∞

 − 1 x2

 −  − 3 x2 x 1
-1
3  

 

 

 

 s a v arj iSo e b i  

 
 
    1. gamoTvaleT zRvrebi:  

1.                        2. )52(lim 2

1
+−

→
xx

x
)52(lim 3 2

8
+−

→
xx

x
 

    

3. )12(lim 32

1
++−

→
xxx

x
                 4.  )5cos22(sinlim xxx

x
++

→π

   

5. 
15

3lim 23

2

1 ++
−

→ xx
xx

x
                       6.  )(loglim 2

22

x

x
ex +

→

 

7. 
23
32lim 2

24

1 +−
−+

→ xx
xx

x
                       8. 

45
86lim 2

2

4 +−
+−

→ xx
xx

x
                         

  

9. 
34
23lim 4

3

1 +−
+−

→ xx
xx

x
                       10. 

23
32lim 2

24

1 +−
−+

→ xx
xx

x
 

 

11. 
x

xxx
x

1)31)(21)(1(lim
0

−+++
→

             12. 
4
2lim

4

16 −
−

→ x
x

x
  

 

13. 
3

27lim
327 −

−
→ x

x
x

                          14. 
330 11

11lim
xx
xx

x −−+
−−+

→
 

  

15. 
3 4

33

0 2
2727lim

xx
xx

x +

−−+
→

 

   2. gamoTvaleT: 

1. , Tu  )(lim
2

xf
x→ ⎪⎩

⎪
⎨
⎧

=

≠
−
−

=
2,5

2,
2
2

)(

2

x

x
x

xx
xf  

2. , Tu   )(lim
0

xf
x→ ⎩

⎨
⎧

=
≠

=
0,2
0,5sin

)(
x
xx

xf

3. , Tu  )(lim
1

xf
x→ x

xxf 5cos)1()( 2 −=  
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4. , Tu  )(lim
0

xf
x→

424 )(1sin xxf
x

x ≤≤  

    3. gamoTvaleT zRvrebi: 

1. )1(lim 24 xx
x

−+
∞→

            2. 
1
1lim

2

−
−

+∞→ x
x

x
 

 

3. 
1
1lim

2

−
−

−∞→ x
x

x
                  4.  

1
12lim

2

−
+

∞→ x
x

x
 

 

 

5. 
x

x
x

2lim
2

0

+
→

                  6. 
x
xx

x

52lim
2

0

−−
→

 

 

    4. gamoTvaleT Semdegi calmxrivi zRvrebi: 

 

 1. 
3
2lim

3 −
−

+→ x
x

x
                2. 

2
1lim

2

2 −
+

+→ x
x

x
 

 3. 
xx e

10 1

1lim
++→

                 4. 
xx e

10 1

1lim
+−→

 

      

    5. gamoTvaleT calmxrivi zRvrebi: 

1.  da  , Tu  )(lim
2

xf
x +→

)(lim
2

xf
x −→ ⎪⎩

⎪
⎨

⎧

>
−
−

≤
=

2,
2
2

2,
)( 2

2

x
x

xx
xx

xf  

 

2.  da  , Tu  )(lim
4

xf
x +→

)(lim
4

xf
x −→

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

>
−
−

=
<+

=

4,
4
16

4,2
4,2

)(
2

x
x

x
x
xx

xf  

 

3.  da  , Tu   )(lim
0

xf
x +→

)(lim
0

xf
x −→ ⎩

⎨
⎧

>−
≤

=
0,2
0,5

)(
x
x

xf

4. )(lim
2

xf
x +→

π
 da )(lim

2

xf
x −→

π
 , Tu  

⎪
⎪
⎩

⎪⎪
⎨

⎧

>−

≤
=

2
,

2

2
,2sin

)(
ππ

π

xx

xx
xf  
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      6. ipoveT funqciis zRvari mocemul wertilSi, Tu funqcia 

mocemulia grafikuli saxiT: 

 

1) 
3

lim ( )
x

f x
→

, Tu   

 

 

 

 

 

 

 

 

 

 

 

 

2) 
3

lim ( )
x

f x
→

, Tu 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3) 
2,5

lim ( )
x

f x
→

, 
4,5

lim ( )
x

f x
→

, Tu 
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4) 
5

lim ( )
x

f x
→ +

 da 
5

lim ( )
x

f x
→ −

 , Tu 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5) ( )
8

lim
x

f x
→− +

, 

   ( )
8

lim
x

f x
→− −

, 

   ( )
5

lim
x

f x
→− −

, 

   ( )
5

lim
x

f x
→− +

, 

   ( )
3

lim
x

f x
→ +

, 

   ( )
3

lim
x

f x
→ −

 

   , ( )8f −

    ( )5f −

    ( )3f . 

 

 

 

 

     7. aris Tu ara uwyveti Semdegi funqciebi (Tu wyvetilia 

romelime wertilSi, maSin romeli gvaris wyvetas aqvs adgili): 

 

1. 
1

2)(
−

=
x

xf , Tu        2.  { 2:)( ≥= xxfD }
⎪
⎩

⎪
⎨

⎧

>+
=
<+

=
0,1sin

0,2
0,1

)(

2

xx
x
xx

xf

3. 

⎪⎩

⎪
⎨
⎧

>

≤
=

0,1
0,2

)(
x

x

xx
xf                        4.  

⎩
⎨
⎧

≥
<

=
0,3
0,2

)(
x
x

xf
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5. ( ) xxf =                               6. 

⎪⎩

⎪
⎨
⎧

=

≠
−
−

=
2,4

2,
2
4

)(

2

x

x
x
x

xf  

 

7.              8. 
⎩
⎨
⎧

≤<−
≤≤

=
21,2

10,2
)(

xx
xx

xf
⎪⎩

⎪
⎨
⎧

>

≤
=

1,1

1,
)(

x

xx
xf  

 

 

 

      8.  -s ra mniSvnelobisTvis iqneba  funqcia uwyveti, Tu a f
 

 1.              2.  
⎩
⎨
⎧

≥+
<

=
0,

0,
)(

xxa
xe

xf
x

⎩
⎨
⎧

≤<−
≤≤+

=
21,2

10,
)(

2

xx
xax

xf

 

 3.            4.  
⎩
⎨
⎧

≤<−
≤≤

=
21,3
10,2

)(
xx
xax

xf
⎪
⎩

⎪
⎨

⎧

>+
=

<+
=

0,1sin
0,2

0,1
)(

2

xx
xa
xx

xf

 

 

 

      9. funqciis zRvris ganmartebiT daamtkiceT, rom: 

 

1.                    2. 1)1(lim 2

0
−=−

→
x

x
02lim

2
=−

+→
x

x
 

3. 0
1

1lim 2 =
++∞→ xx

                    4. +∞=
−+→ 1

1lim
1 xx
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                      5. funqciis warmoebuli 

 

 
 

  warmoebulis cneba. vTqvaT, mocemulia  funqcia. 

davafiqsiroT nebismieri 

Rbaf →);(:

0x  wertili  intervalidan. h  iyos iseTi 

namdvili ricxvi, romlisTvisac 

);( ba

( )0 ,x h a b+ ∈ .  funqciis nazrdi f 0x  

wertilSi vuwodoT ( )0 0( ) ( 0 )f x f x h f x∆ = + −  sidides. 

 

 
 

magaliTi 5. 1. vTqvaT, ( ) 23 2f x x x= − . vipovoT ( )f x  funqciis nazrdi 0 1x =  

wertilSi.  

( ) ( ) ( ) ( ) ( )2 21 1 1 3 1 2 1 3 2 3 4f f h f h h h∆ = + − = + − + − + = + h . 
 

 

 

magaliTi 5. 2. vipovoT  funqciis nazrdi, roca  da 
3)( xxf = 1=x 0,1.h =  

        .       1,1x h+ = ,1)1( =f .331,1)1,1()1,1( 3 ==f
         (1) (1,1) (1) 1,331 1 0,331.f f f∆ = − = − =
 

SeniSvna 5. 1. advili dasanaxia, rom Sefardeba 

0 0( ) ( )f x h f x
h

+ −
 

aris  da ( )( )0 0,P x f x= ( )( )0 0,Q x h f x h= + +  

wertilebze gamavali wrfis mier ox  RerZis 
dadebiT mimarTulebasTan Sedgenili 

kuTxis tangesi, anu sxva sityvebiT rom 

vTqvaT, ( )( )0 0,x f x  da ( )( )0 0,x h f x h+ +

0 0( ) (y f x m x x

 

wertilebze gamavali wrfis sakuTxo 

koeficientia. maSasadame, am wertilebze 

gamaval wrfis gantolebas aqvs Semdegi 

saxe  

)= + − ,  

sadac 

 

h 

f(x0+h) 
∆f(x0) 

f(x0)

a x0 x0+h 
b 

 { 
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  nax. 1 

0 0( ) ( )f x h f xm
h

+ −
= . 

 

gansazRvreba 5. 1. vTqvaT, mocemulia  funqcia.  funqciis Rbaf →);(: f
warmoebuli 0x ∈ );( ba  wertilSi ewodeba 

 

0 0

0

( ) (lim
h

)f x h f x
h→

+ −
 

zRvars. Tu zRvris mniSvneloba sasruli ricxvia, maSin  funqcias f
ewodeba warmoebadi. amrigad,  funqciis warmoebuli  f 0x  wertilSi 

aRiniSneba ( )0'f x  simboloTi da moicema tolobiT : 

 

0
0 0

( ) (( ) lim
h

0 )f x h f xf x
h→

+ −′ = .                           (1) 

 

 

 

 

 

magaliTi 5. 3. ganmartebis safuZvelze vipovoT ( ) 2f x x=  funqciis 

warmoebuli. 

amoxsna: radganac ( )2 2( ) ( ) 2 2f x h f x x h x xh h+ − = + − = + , miviRebT 

 
2

0 0

( ) ( ) 2( ) lim lim 2 lim 2 .
h h

f x h f x xh h
0h

f x x
h h→ →

+ − +′ = = = + h x
→

=  

 

advili dasanaxia (ix. nax. 1), roca 

, maSin  wertili 

mocemuli wiris gaswvriv 

miiswrafis  wertilisken da 

Sesabamisad  da Q  wertilebze 

gamavali wrfe icvlis Tavis 

mdebareobas (ix. nax. 2), romelic 

miiswrafis l  wrfisken. 

0h → Q

P
P
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vTqvaT f  funqcia warmoebadia 0x  wertilSi. wrfes, romelic gadis f  
funqciis  ( )( 0 0, )x f x  wertilze da romlis sakuTxo koeficienti aris 

( )0'f x  uwodeben f  funqciis grafikis mxebs 0 0( , ( ))x f x  wertilSi. 

maSasadame mxebis gantolebas aqvs Semdegi saxe 

 

( ) ( )( )0 0'y f x f x x x− = − 0 . 

 

 

 
 
 
magaliTi 5. 4. vipovoT ( ) 2f x x=  funqciis mxebis gantoleba  0 1x =
wertilSi. 

amoxsna: radganac ,( )' 1 2f = ( )1f 1= , amitom mxebis gantoleba miiRebs 

Semdeg saxes ( ) ( ) ( )1 2 1 , 2 1f x x f x x− = − = − . 
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   Tu funqcia warmoebadia  intervalis yovel );( ba x  wertilSi, maSin 

miviRebT warmoebul funqcias, romelic gansazRvruli iqneba  

intervalze da yovel  wertilSi ganimarteba (1) tolobiT. 

);( ba
);( bax ∈

 

magaliTi 5. 5. ( ) 2f x x=  funqciis gawarmoebis Sedegad miRebuli funqcia 

aris 2x . 
    

    funqciis warmoebuli f 0x  wertilSi ganimarteba Semdegnairadac: 

   gansazRvreba 5. 2. vTqvaT, mocemulia  funqcia. vityviT, rom 

 funqcia warmoebadia 

Rbaf →);(:
f );(0 bax ∈  wertilSi,  Tu arsebobs sasruli 

zRvari 
0

0 )()(lim
0 xx

xfxf
xx −

−
→

.    wertilSi funqciis warmoebuls aRvniSnavT 

 simboloTi,  e. i.         

0x

)( 0xf ′

                       
0

0
0

0

( ) ( )( ) lim
x x

f x f xf x
x x→

−′ =
−

.                              (2) 

 

   cxadia, rom warmoebulis zemoT moyvanili ori gansazRvreba 

tolfasia. marTlac, Tu  0xx −  sidides aRvniSnavT   simboloTi, maSin h

0x x= + h da miviRebT, rom (1)  da  (2) tolobebi ekvivalenturia. 

 

magaliTi 5. 6. vTqvaT ( ) | |f x x= . maSin f  funqcia ar aris warmoebadi 0x =  

wertilSi da roca , 0x ≠ ( )
1, 0

' sgn
1, 0| |
xxf x x

xx
>⎧

= = = ⎨− <⎩
. marTlac, modulis 

ganmartebis ZaliT 

, 0
( )

, 0
x x

f x
x x

≥⎧
= ⎨− <⎩

. 

vTqvaT . maSin , roca 0x ≠ 0, ( )x f x x> =  da '( ) 1f x = , xolo , roca 

,  da maSasadame 0x < '( ) 1f x = −

( )
1, 0

'
1, 0
x

f x
x
>⎧

= ⎨− <⎩
. 

 

davamtkicoT, rom mocemuli funqcia warmoebadi ar aris  wertilSi. 0x =

0 0

(0 ) (0) ( ) | |lim lim lim
h h 0h

f h f f h h
h h→ → h→

+ −
= =  

 da es zRvari ar asebobs. 
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( ) | |f x x=  funqciis grafiki                      
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

'( )f x  funqciis grafiki 
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vTqvaT mocemulia f  funqciis grafiki (ix. nax. 3) 
 

 

 

 

 

 

 

 

 

 

 

 

 

  

    

 

 

 

 

nax. 3 

 

 

 

 

 

 

 

 

 

 

 

 

gawarmoebis Sedegad miRebuli funqciis 

grafiki. 2, 1x x= − =   wertilebSi funqcias 

warmoebuli ara aqvs. 
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magaliTi 5. 7. vTqvaT ( )f x c= , [ , ]x a b∈ . maSin '( ) 0, [ , ]f x x a b= ∈ . marTlac, 

warmoebulis ganmartebis ZaliT 

0 0

( ) ( ) 0'( ) lim lim 0
h h

f x h f xf x
h h→ →

+ −
= = = . 

geometriulad am faqts Semdegi intepretacia aqvs: 

 

 

 

 

 

 

 

 

 

 mudmivi funqciis grafiki. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 gawarmoebis Sedegad miRebuli f

grafiki. 

unqciis 

 

 

 

 

 

 

 

 

 

 

 

magaliTi 5. 8. mocemulia funqciis grafiki 
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mocemuli funqciis gawarmoebis Sedegad 

miRebuli funqciis grafiki 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

marjvena da marcxena warmoebulebi. Tu (2) tolobaSi ganvixilavT 

marjvena an marcxena zRvrebs, maSin Sesabamisad miviRebT wertilSi 

funqciis marjvena an marcxena warmoebulis cnebas. 

   gansazRvreba 5. 3. vTqvaT, mocemulia  funqcia.  funqciis 

marjvena warmoebuli  wertilSi aRiniSneba  simboloTi 

da ewodeba zRvars  

Rbaf →);(: f
);(0 bax ∈ )0( 0 +′ xf

                      
0

0
0 0

0

( ) ( )( ) lim
x x

f x f xf x
x x→ +

−′ + =
−

. 

 

Tu  es zRvari arsebobs da sasruli ricxvia, maSin  funqcias ewodeba 

warmoebadi marjvnidan. analogiurad,  funqciis marcxena warmoebuli 

 wertilSi aRiniSneba 

f
f

);(0 bax ∈ )0( 0 −′ xf  simboloTi da ewodeba zRvars  
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0

0
0 0

0

( ) ( )( ) lim
x x

f x f xf x
x x→ −

−′ − =
−

. 

Tu  es zRvari arsebobs da sasruli ricxvia, maSin  funqcias ewodeba 

warmoebadi marcxnidan. 

f

Teorema 5. 1. imisaTvis, rom funqcia warmoebadi iyos 0x  wertilSi, 

aucilebelia da sakmarisi, rom arsebobdnen 0( )f x′ +  da 0( )f x′ −  sasruli 

ricxvebi da  

0( )f x′ + = 0( )f x′ − .                                    (3) 

 

amasTan (3) tolobis SemTxvevaSi maTi saerTo mniSvneloba emTxveva f  
funqciis warmoebuls 0x  wertilSi, e. i. 

 

0( )f x′ + = ( )0 0( ) 'f x f x′ − = . 

 

magaliTi 5. 9. ganvixiloT funqcia 

( ) 2

0, 0
, 0
x

f x
x x

<⎧
= ⎨

≥⎩
 

 
gamovTvaloT am funqciis marcxena da 

marjvena warmoebulebi 0 wertilSi. 

ganmartebis ZaliT 

0 0

(0) 0 0lim 0.
x x

f( )(0 ) lim
0

f xf
x x→ −

− −
= =

→ −
′ − =

−
 

analogiurad, 
2

0 0

( ) (0) 0(0 ) lim lim lim 0.
0x x x

f x f xf x
x x→ + → − → −

− −′ + = = = =
− 0

 

radganac 

 

(0 ) (0 ) 0f f′ ′− = + =  

amitom, Teorema 5. 1-is ZaliT  

( )' 0 0.f =  

 

 

magaliTi 5. 10. ganvixiloT funqcia 

( )
0, 0

, 0
x

f x
x x

<⎧
= ⎨

≥⎩
. 

 
advili dasanaxia, rom 

 

 

0 0

(0) 0 0lim 0
x x

f
x x→ −

− −
= =

( )(0 ) lim
0

f xf
→ −

′ − =
−

 

 

da 

0 0

( ) (0) 0(0 ) lim lim lim 1 1.
0x x x

f x f xf
x x→ + → − → −

− −′ + = = = =
− 0
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radganac 

 

(0 ) (0 )f f′ ′− ≠ +  

amitom, Teorema 5. 1-is ZaliT f  funqcia ar aris warmoebadi 0 wertilSi. 

 
magaliTi 5. 11. ganvixiloT funqcia ( ) | |f x x= .  

0 0

( ) (0) | | 0(0 ) lim lim 1
0x x

f x f xf
x x→ − → −

− −′ − = = = −
−

 

 

0 0

( ) (0) 0(0 ) lim lim lim 1 1.
0x x x

f x f xf
x x→ + → − → −

− −′ + = = = =
− 0

 

radganac 

 

(0 ) (0 )f f′ ′− ≠ +  

amitom, Teorema 5. 1-is ZaliT f  funqcia ar aris warmoebadi 0 wertilSi. 

 
 
 
magaliTi 5. 12.  vTqvaT, ( ) 1/3f x x=   da gamovTvaloT am funqciis waroebuli 

0 wertilSi. 

 

( ) ( ) ( ) 1/3

2 /30 0 0

0 1' 0 lim lim lim .
h h h

f h f hf
h h h→ + → + → +

−
+ = = = = +∞  

analogiurad damtkicdeba, rom  

( )' 0f − = +∞ . 

e. i.  

( )' 0f = +∞ . 

 
 
 
magaliTi 5. 13.  vTqvaT, ( ) 2/3f x x=  . maSin 
 

( ) ( ) ( ) 2/3

1/30 0 0

0 1' 0 lim lim lim
h h h

f h f hf
h h h→ + → + → +

−
+ = = = = +∞ , 

 

( ) ( ) ( ) 2/3

1/30 0 0

0 1' 0 lim lim lim .
h h h

f h f hf
h h h→ − → + → +

−
− = = = = −∞  

 
 
 
SeniSvna 5. 2. im SemTxvevaSi, roca ( )0' 0f x + = ∞  an ( )0' 0f x − = ∞ , maSin 0x  

wertilze gavlebuli f  funqciis mxebi oy  RerZis paraleluria. 
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magaliTi 5. 14. vTqvaT . ( ) 1/ 2 , [0f x x x= ∈ ,1]
 

 

gamovTvaloT f  funqciis warmoebuli  

wertilSi. 

0

( ) ( ) ( ) 1/ 2

1/ 20 0 0

0 0 1lim lim
h h h

f h f h
h h h→ + → +

+ −
= = = =' 0 limf

→ +
+∞ . 

 

ganvixiloT 0 wertilze gamavali mocemuli funqciis grafikisadmi 

gavlebuli ramodenime mkveTi, romlebic miiswrafiani  RerZisken. oy
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SeniSvna 5. 3. vTqvaT, funqcia gansazRrulia [ ,  segmentze.  vityviT, rom ]a b
f  funqcia warmoebadia wertilSi, Tu arsebobs sasruli marjvena a
warmoebuli (' )f a +  da Sesabamisad vityviT, rom rom f  funqcia 

warmoebadia wertilSi, Tu arsebobs sasruli marcxena warmoebuli b
( )'f a − . 

 

 

magaliTi 5. 15. vTqvaT  ( ) 2 , [0,1]f x x x= ∈ .
 

maSin  

 

( ) ( )' 0 ' 0 0f f= + =  da ( ) ( )' 1 ' 1 2f f .= − =  
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kavSiri funqciis warmoebadobisa da uwyvetobis cnebebs Soris 

 

 

 

SeniSvna. rogorc zemoT vnaxeT, funqciis warmoebuli wertilSi 

SeiZleba iyos rogorc sasruli ricxvi aseve usasruloba. qvemoT 

yvelgan funqciis warmoebulis qveS vigulisxmebT mxolod sasrul 

warmoebuls. 

 

    Teorema 5. 2. vTqvaT, mocemulia  funqcia. Tu  funqcia Rbaf →);(: f
warmoebadia 0x ∈ );( ba  wertilSi, maSin is uwyvetia am wertilSi. 

   damtkiceba. vTqvaT,  funqcia  warmoebadia f 0x ∈ );( ba  wertilSi, e. i. 

adgili aqvs tolobas:  

                          
0

0
0

)()(lim)(
0 xx

xfxfxf
xx −

−
=′

→
.    

maSin         

                    =+−⋅
−
−

=
→→

))()()()((lim)(lim 00
0

0

00

xfxx
xx

xfxfxf
xxxx

 

          )()(0)()(lim))()()((lim 00000
0

0

00

xfxfxfxfxx
xx

xfxf
xxxx

=+⋅′=+−
−
−

=
→→

,  

rac gvaZlevs  funqciis uwyvetobas  wertilSi. Teorema f 0x
damtkicebulia. 

   

 

   SeniSvna 5. 4. damtkicebuli Teoremidan gamomdinareobs, rom wertilSi 

funqciis uwyvetoba am wertilSi warmoebadobisaTvis aris aucilebeli 

piroba, magram sazogadod, wertilSi uwyvetoba am wertilSi 

warmoebadobisaTvis ar aris sakmarisi piroba, rasac adasturebs 

magaliTi 5. 10 da 5. 11. 

 

Sedegi. 5. 1 Tu funqcia wyvetilia wertilSi, maSin is warmoebadi ar aris 

am wertilSi. 

    

 

 

funqciaTa wrfivi kombinaciis, namravlis da fardobis warmoebuli  

 

   Teorema 5. 3. mudmivi funqciis warmoebuli nulis tolia (ix. magaliTi 

5. 6) 

 

   Teorema 5. 4.  vTqvaT, mocemulia   da  funqciebi. 

Tu da  funqciebi warmoebadia 

Rbaf →);(: Rbag →);(:
f g x ∈ );( ba  wertilSi, maSin warmoebadia 

x ∈ );( ba  wertilSi da f g  funqciebis jami  da  

 

( ) ( ) ( ) ( )f g x f x g x′ ′ ′+ = + ; 

 

damtkiceba. warmoebulis ganmartebis ZaliT 
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( )( ) ( )( )
0

( ) ( ) lim
h

f g x h f g x
f g x

h→

+ + − +
′+ =  

( ) ( ) ( ) ( )
0

lim
h

f x h f x g x h g x
h→

+ − + + −
=  

( ) ( ) ( ) ( )
0 0

lim lim
h h

f x h f x g x h g x
h h→ →

+ − + −
= +  

( ) ( )f x g x′ ′= + . 

 

 

Teorema 5. 5. vTqvaT, mocemulia   da  funqciebi. Tu 

da  funqciebi warmoebadia 

Rbaf →);(: Rbag →);(:
f g x ∈ );( ba  wertilSi, maSin warmoebadia 

x ∈ );( ba  wertilSi da f g  funqciebis namravli  da  

 

( ) ( ) ( ) ( ) ( ) ( )f g x f x g x f x g x′ ′ ′⋅ = ⋅ + ⋅ ; 

 

damtkiceba. warmoebulis ganmartebis ZaliT gvaqvs 

 

 

 

( )( ) ( )( )
0

( ) ( ) lim
h

fg x h fg x
f g x

h→

+ −
′⋅ =  

 

( ) ( ) ( ) ( )
0

lim
h

f x h g x h f x g x
h→

+ + −
=  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

lim
h

f x h g x h f x g x h f x g x h f x g x
h→

+ + − + + + −
=  

 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0

lim lim
h h

f x h g x h f x g x h f x g x h f x g x
h h→ →

+ + − + + −
= +  

 

( ) ( )( ) ( ) ( ) ( ) ( )( )
0 0

lim lim
h h

f x h f x g x h f x g x h g x
h h→ →

+ − + + −
= +  

( ) ( ) ( ) ( ) ( ) ( )
0 0 0

lim lim lim
h h h

f x h f x g x h g x
g x h f x

h h→ → →

+ − + −
= + +  

( ) ( ) ( ) ( )f x g x f x g x′ ′⋅ + ⋅ . 

 

Sedegi 5. 2. Tu da f g  funqciebi warmoebadia x ∈ );( ba  wertilSi, maSin 

nebismieri R∈βα ,  ricxvebisTvis warmoebadia x ∈ );( ba  wertilSi gf βα +  

wrfivi kombinacia da  

 

( ) ( ) ( ) ( )f g x f x g xα β α β′ ′ ′+ = + . 
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Teorema 5. 6. vTqvaT, mocemulia   funqcia. Tu da Rbaf →);(: f g  

funqciebi warmoebadia x ∈ );( ba  wertilSi da ( ) 0g x ≠ , maSin warmoebadia 

x ∈ );( ba  wertilSi da f g  funqciebis fardoba  da  

 

2

( ) ( ) ( ) ( )( )
( )

f f x g x f x g xx
g g x

′
′ ′⎛ ⎞ ⋅ − ⋅

=⎜ ⎟
⎝ ⎠

. 

damtkiceba. pirvel rigSi SevniSnoT, rom radgan  warmoebadia, 

amitom is uwyvetia 

( )g x

x  wertilSi da radganac ( ) 0g x ≠ , wertilSi 

uwyvetobis ganmartebidan gamomdinareobs x  wertilis iseTi midamos 

arseboba, romelSiac ( ) 0g x ≠ .  iyos iseTi mcire ricxvi, rom h x h+  

ekuTvnodes zemoTaRniSnul midamos, e. i. ( ) 0g x h+ ≠ .  

( ) ( ) ( )
( )

( )
( )

0 0
lim lim
h h

f x h f xf fx h x
g x h g xg g

h h→ →

+⎛ ⎞ ⎛ ⎞ −+ −⎜ ⎟ ⎜ ⎟ +⎝ ⎠ ⎝ ⎠ =  

( ) ( )
( ) ( ) ( ) ( )

0

1lim
h

f x h g x f x g x h
g x g x h h→

+ − +
=

+
 

 

( )
( ) ( ) ( ) ( )

2 0

1 lim
h

f x h g x f x g x h
g x h→

+ − +
=  

( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 0

1 lim
h

f x h g x f x g x f x g x f x g x h
g x h→

+ − + − +
=  

( )
( ) ( ) ( )( ) ( ) ( ) ( )( )

2 0 0

1 lim lim
h h

g x f x h f x f x g x h g x
g x h h→ →

+ − + −
= −  

2

( ) ( ) ( ) ( )
( )

f x g x f x g x
g x

′ ′⋅ − ⋅
= . 

    

 

 

 

     

           ZiriTadi elementaruli funqciebis warmoebuli 

 

 

 

 

 

1) ( ,  
1) −=′ αα αxx R∈α . 

 

 

   kerZod: 

   ;          1)( =′x ;2)( 2 xx =′
x

x
2

1)( =′ ;      2

1)1(
xx

−=′ ; 

2) ; xx cos)(sin =′
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3) ;   xx sin)(cos −=′
 

4) 2

1(tan )
cos

x
x

′ = ; 

   marTlac, 
2 2

2 2

sin (sin ) cos sin (cos ) cos sin 1(tan ) ;
cos cos cos cos

x x x x x x xx 2x x x x

′ ′ ′− +⎛ ⎞′ = = = =⎜ ⎟
⎝ ⎠

 

5) 2

1ot ) ;
sin

x
x

′ = −(c    ( daamtkiceT! ). 

 

6) ,   ( ) lnx xa a a′ = 0>a
 

kerZod, 

 
xx ee =′)( ; 

     

7)  
1(log ) ,
lna x

x a
′ =    1,0 ≠> aa . 

kerZod, 

x
x 1)(ln =′ ; 

 

   

rTuli funqciis warmoebuli  

 

   Teorema. 5. 7. vTqvaT, ( )u g x=  funqcia warmoebadia   wertilSi, 

xolo  funqcia warmoebadia 

0x
)(ufy = 0 ( )u g x0=    wertilSi, maSin rTuli 

funqcia ( ( ))f g x     warmoebadia     wertilSi da adgili aqvs 

tolobas: 

0x

 

                        [ 0 0 0( ( ))] ( ( )) '( )f g x f g x g x′ ′= . 

    

magaliTi 5. 16. ipoveT 
2 1y x= +  funqciis warmoebuli. 

( ( ))y f g x= , sadac ( )f u = u  da 
2( ) 1g x x= + . vinaidan 

1'( )
2

f u
u

=  da '( ) 2g x x= , 

Teorema 5. 7-is ZaliT miviRebT 

2 2

1 2'( ) '( ( )) '( ) '( )
2 ( ) 2 1 1

x xy x f g x g x g x
g x x x

= = = =
+ +

 

 

 

 

 

 

 

 

 81



 

magaliTi 5. 17. ipoveT  funqciis warmoebuli. 
2| 1y x= − |

vinaidan (| |) '
| |
xx
x

= (ix. mag. 5. 5) , Teorema 5. 7-is ZaliT gvaqvs 

 2

2

2 , 1, 12 ( 1)'( )
2 , 1 1| 1|
x x xx xy x
x xx

< − >⎧−
= = ⎨− − < <− ⎩

 

 

 

 

 

 

   Seqceuli funqciis warmoebuli 

 

 

   Teorema 5. 8. vTqvaT,    da 

uwyveti f

YXf →:
XYf →− :1
  urTierTSeqceuli da 

unqciebia Sesabamisad x X∈0

da 00 )( yxf =  wertilebSi. Tu  f  
funqcia warmoebadi funqciaa x   

wertilSi da 0)( 0 ≠

  

 0

′ xf , maSin 
1f    

funqcia warmo 0y   wert Si 

−

ebadia il da 

)(
1))(( 0

1 yf =−
.                  (4) 

0xf ′
damtkiceba. pirvel rigSi SevniSnoT, 

rom, radganac f  funqcia warmoebadi 
funqciaa 0x    wertilSi da 0)( 0 ≠′ xf  , 

amitom 0 0( , )x y  wertilSi moce nqc

mxebi, maSin Sesabamisad daxrili mxebi aqvs 
1

mul fu iis grafiks gaaCnia daxrili 

f −
 funqciis grafiks 0( ,y

wertilSi e. i. , 
1

0 )x  

f −
 funqcia warmoebadia 0 0( )y x  wertilSi. davamtkicoT 

(4) formula. Seqc li funqciis ganmartebisa da rTuli funqciis 

gawarmoebis wesis Tanaxmad vwerT 

( )

,
eu

( )
1 1 1 1 1( ( )) ( ( )) ' 1 '( (f f y y f f y f f 1 1

1))( ( ) ' 1 ( ( ) '
'( ( )) '

y f y f y
f f y f x

− −
−= ⇒ = = . 

 

Seqceuli trigonometriuli funqciebis warmoebuli 

− − −= ⇒ = ⇒
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   1)  davamtkicoT, rom 
21

1)(arcsin
x

x
−

=′ , 1x ≠ ± . 

      marTlac, radganac ]1;1[−]
2

;
2

[:sin →−
ππ

  da  ]
2

;
2

[]1;1[:arcsin ππ
−→−  

≠funqciebi urTierTSeqceuli funqciebia da cos)(sin 0=′ x , roca x
2
π

<x , 

xy sin= -Tvis ki gvaqvs 1<y , amitom 

      
22 1

1
sin1
1

cos(sin
)(arcsin

x
y ==

′
=′ 1

)
1

yxx −
=

−
. 

 damtkicdeba, rom samarTliania Semdeg  

       

analogiurad i:

( )
2

(arccos ) , 0,1
1

x x
x

= − ∈
−

; 
1′   2) 

21
1)(
x

arctgx
+

=′ ;          4)     3)  21
1)(
x

arcctgx
+

−=′ . 

        

s warmoebulebi. Tu  funqcia warmoebadia  

tervalis yovel wertilSi, maSin arsebobs  intervalze 

aris  f  

       

 

Rbaf →);(: );( ba   maRali rigi

in );( ba
gansazRvruli f ′ funqcia, romelic unqciis warmoebuli. Tuf f ′ 
funqcia kvlav warmoebadia );( ba  intervalis yovel rtilSi, maSin 

ganvixilavT ff ′′=
we

′′)( funqcias, anu f  funqciis meore rigis  warmoebuls. 

Tu miRebuli f ′′  funqcia kvlav warmoebadia, maSin vixilavT mesame rigis 

warmoebuls da a. S. amrigad, )()()( )1()( xfxf nn ′−
. ( aq 

)(nf  Canaweri aRniSnavs 

f  funqciis n i rigis warmoebuls. ) 

   funqcias uwodeben usasru s );( ba
);b  intervalze gaaCnia nebismieri rigi

=
-ur

lod warmoebad  intervalze, Tu mas 

a s warmo i. ( ebul

    magaliTi 5. 18. 1) 
xexf =)( , cxadia, rom 

n xf )()(
. 

xe=

xsin= ,                2)  xf )( cxadia, rom )
2

sin()()(n nx πxf +=  (SeamowmeT!) 

cos)( = ,               3) f  cxadia, rom xx )
2

cos()()( nxxf n π
+=

funqciis diferenciali. vTqvaT 

 (SeamowmeT!) 

    

( ) 2f x x= . gamovTvaloT am funqciis  h
1x =  wertilSi.  

.( ) ( ) ( )21 1 1 1 2
nazrdi 

2f h f h h+ − = + − = h+  

 

rogorc vxedavT, nazrdi rogorc -is 

funqcia warmoadgens ori funqciis jams, 

       

h

sadac pirveli funqcia aris wrfivi 2h  
xolo meore funqcia ki 

2h  
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2h

   2h

e. i. 
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rac Seexeba meore funqcias, mas aqvs Tviseba 

 

2h
0

lim 0 .
h h→

=  

 

ganvixiloT kidev erTi magaliTi. vTqvaT, ( ) 3 23 2 3f x x x x= − + −  . 

gamovTvaloT am funqciis  nazrdi h 2x =  wertilSi, miviRebT 

( ) ( )2 2 35h+1f h f+ − =

aqac funqciis nazrdi warmodgeba ori 
2 318h +3h  funqciebis 

2 38h +3h . 

 da 

jamad 

35h

 

 
 
ise rogorc pirvel SemTxvevaSi, aqac  funqcias is Tviseba aqvs, 

om  

2 318h +3h
r

218h +3 3

0

hlim 0
h h→

= . 

  

 

 

 

daskvna. orive SemTxvevaSi funqciis nazrdi warmovadgineT ori funqciis 

jamis saxiT ( -is mimarT), sadac pirveli funqcia aris wrfivi, xolo h
meores is Tviseba aqvs, rom h -ze ufro swrafad miiswrafis nulisaken, an 

sxva sityvebiT, meore funqciis Sefardeba h -Tan miiswrafis nulisaken, 

roca h  miiswrafis nulisake . n

 

 

 

ismis kiTxva: yovelTvis aqvs Tu ara aseT warmodgenas adgili ? 

 

 

am kiTxvaze pasuxs iZleva Semdegi 
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magaliTi 5. 19. vTqvaT ( ) | |f x x= . maSin am fuqciis  nazrds  h 0x =
wertilSi eqneba Semdegi saxe 

( ) ( )0 | |f h f h− = . 

vTqvaT adgili aqvs Semdeg warmodgenas 

( )| |h Ah α= + h , 

sadac 

( )
0

lim 0
h

h
h

α
→

= . 

maSin advili dasanaxia, rom 

0

1, 0| |lim
1, 0h

hhA
hh→

>⎧
= = ⎨− <⎩

 

e. i.  ar aris calsaxad gansazRruli.  A
 

  

gansazRvreba 5. 3. vTqvaT f  funqcia x  wertilis midamoSi aris 

gansazRruli. vityviT, rom f  funqcia aris diferencirebadi x  
wertilSi, Tu arsebobs A  ricxvi ( x -ze damokidebuli), iseTi or m 

adgili aqvs warmodgenas 

 

( ) ( ) ( );f x h f x Ah x hα+ − = + ,                            (5) 

 

sadac  

( )
0

;
lim 0
h

x h
h

α
→

= . 

 

  

s uwodeben

 

warmodgena (5)-Si wrfiv nawil  f  funqciis diferencials x  
wertilSi da aRniSnaven ( )df x  simboloTi. e. i. 

 

( )df x Ah= ,                                     (6) 

sadac A  x -ze damokidebuli ricxvia. 

 

 

 

 

kavSirs diferencialsa da warmoebuls Soris amyarebs Semdegi 

 

 

Teorema 5. 9 .  vTqvaT, mocemulia  funqcia. imisaTvis, rom   Rbaf →);(: f
funqcia iyos diferencirebadi x ∈ );( ba  w a

 damtkiceba. aucilebloba. vTqvaT,  funqcia diferencirebadia 

ertilSi, aucilebelia d  

sakmarisi, rom mas am wertilSi qondes sasruli warmoebuli. 

 

 

  f
x ∈ );( ba  wertilSi, maSin adgili aqvs (1) tolobas. vigulisxmoT, rom 
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0h ≠  da (1) tolobis orive mxare gavyoT h -ze. miviRebT: 

( ) ( ) ( ; )f x h f x x hA
h h

α+ −
= + ,  amitom 

0 0

( ) ( ) ( ; )( ) lim lim( )
h h

f x h f x x hf x A A
h h

α
→ →

+ −′ = = + = , e. 

i.  funqcia warmoebadia f x  wertilSi. 

f  funqcia war x ∈ );( ba   sakmarisoba. vTqvaT, moebadia  wertilSi, maSin 

0h

( ) ( )( ) lim f x h f xf x + −′ =
h→

.  ganvixiloT funqcia ( ; )x hα = ( ) ( ) ( )f x h f x f x h′+ − − . 

maSin 
0

( ; )lim ( ) ( ) 0x f x
h

x h f
h

α
→

′= li eqneba warmodgenas′− = . amitom adgi  

( ) ( ) ( ) ( ; )f x h f x f x h x hα′+ − = + , rac emTxveva (1) tolobas, Tu CavTvliT, rom 

. amrigad,  funqcia diferencirebadia )(xfA ′= f x  wertilSi. Teorema 

damtkicebulia. 

 

SeniSvna. Cven davamtkiceT, rom (5) warmodgenaSi 

 

( )'A f x= . 

 

maSasadame (5) da (6) tolobebi gadaiwerebian Semdegnairad 

 

 

( ) ( ) ( ) ( )' ;f x h f x f x h x hα+ − = + .                          (7) 

da 

( ) ( )'df x f x h=         

 

Tu (8) tolobaSi 

                          (8) 

( )f x x= , maSin miviReb

 

T 

dx h=  

amitom zogjer (8)-s ase Caweren. 

 

 

 

( ) ( )'df x f x dx=  .                                   (9) 

 

-s uwodeben argumentis diferencia

 

 

aimaxsovreT funqciis warmoebuli wertilSi aris ricxvi, xolo 

dx ls. 

d

funqciis diferenciali wertilSi ki wrfivi asaxva. 

 

 

 

 

 

 

 

fermas Teorema 
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Teorema 5. 10 (ferma) . vTqvaT moebadia  wertilSi 

da amasTan,  aris f funqciis Siga lokaluri eqstremumis wertili, 

tkiceba ogadobis SeuzRudavad vigulisxmoT, rom  aris 

funqcias lokaluri maqsimumis wertili. maSin sakmaod mcire dadebiTi 

    

, Rbaf →],[:   war  ),(0 bax ∈

0

maSin 0)(' 0 =xf . 

 

    dam . z

x

0x
f
h  ricxvisTvis gveqneba 

      0)()( 00 ≤−+ xfhxf ,      0)()( 00 ≤−− xfhxf . 

edan  aq

          0
)()( 00 ≤

−+
h

xfhxf
 ,      0

)()( 00 ≥
−

−−
h

xfhxf
. 

wertilSi arseb funqciis warmoebuli , amitom miviRebT: radgan 0x obs  f 

           0lim)(' 0

00
)()( 0 ≤

−+ xfhxf

   

=
→ h

xf
h

, 

           

0
)()(

lim)('           00

00 ≥
−

−−
=

→ h
xfhxf

h
, 

saidanac davaskvniT, rom 

xf

 

0)(' 0 =xf .  Teorema damtkicebulia. 

 

geometriulad fermas Teorema niSnavs, rom Tu 

0x  aris f  funqciis Siga eqstremumis wertili 

we i

 
 

 

 

da am wertilSi funqcia warmoebadia, maSin am 

rtilS  gavlebuli mxebi ox  RerZis 
paraleluria. 

 

 

SeniSvna. fermas TeoremaSi moTxovna im faqtisa, rom 0x  iyos Siga 

lokaluri eqstremumis wertili arsebiTia. marTlac Tu ganvixilavT 

( )f x x=  funqcias [0,1]  segmentze 
 
 

maSin advili dasanax a, rom 0x =  da 1x =i  

wertilebi arian mocemuli funqciis 

lokaluri minimumis da maqsimumis 

wertilebi, magram am wertilebSi 

funqciis warmoebuli 1-is tolia.  
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gansazRvreba 5. 4.  wertils, romelzedac funqciis warmoebuli nulis 

tolia an ar arsebobs, kritikuli wertili ewodeba. 
 
gansazRvreba 5. 5.  wertils, romelzedac funqciis warmoebuli nulis 

tolia, am funqciis stacionaluri wertili ewodeba. 
 
 
magaliTi 5. 20. programa MAPLE-is gamoyenebiT vipovoT 

 

 

 

Diff(f(x),x)=diff(6*x^3+33*x^2-

 = 

( ) 3 26 33 30 100f x x x x= + − +  funqciis kritikuli wertilebi.

 
> plot(6*x^3+33*x^2-30*x+100,x=-
6..3);

 
> 
30*x+100,x);

d
d

(fx )x  + 18 x2 66

> 

 − x 30  

solve(18*x^2+66*x-30,x);

,−  + 
11
6

181
−  − 6

11 18
6

1
6  

 

 

 

magaliTi 5. 21. vipovoT ( ) ( )3 2 2 1g t t t= −  funqciis kritikuli werilebi.
 

 

 

 

> 

 

g:=t->t^(2/3)*(2*t-1);
 := g  → t t

( )/2 3
( ) − 2 t 1  

> diff(g(t),t);

 + 
2 ( ) − 2 t 1

3 t
( )/1 3 2 t

( )/2 3  

solve(%=0,t);> 
1
5  

>  
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vinaidan  wertilSi 0t = ( )g t  funqcias ara aqvs warmoebuli, amitom 0t =  

wertili kritikuli wertilia. maSasadame, mocemuli funqciis kritikuli 

wertilebia  da . 0t = 1/ 5t =

 

 

 

rolis Teorema 

 

Teorema 5. 11 (rolis).  Tu  segmentze gansazRvruli ],[ ba f  funqcia 
akmayofilebs Semdeg pirobebs: 

 

1) f  uwyveti -ze; ],[ ba
2) f  warmoebadia ( , -ze; )a b
3)   )()( bfaf =
 

maSin  intervalSi arsebobs erTi mainc iseTi  wertili, rom ),( ba 0x
0)(' 0 =xf . 

 

    damtkiceba. Tu funqcia mudmivia  segmentze, maSin  

intervalSi . amrigad, arsebobs  wertili (  intervalis 

nebismieri wertili), romlisTvisac 

f ],[ ba ),( ba
0)(' 0 =xf 0x ),( ba

0)(' 0 =xf . 

axla vTqvaT, funqcia mudmivi araa  segmentze. vinaidan funqcia 

uwyvetia  segmentze, amitom mas aqvs am segmentze absoluturi minimumi 

da absoluturi maqsimumi. vTqvaT , esenia  da 

f ],[ ba f
],[ ba

m M . radganac  da 

, amitom funqcia miiRebs erT-erT  an 

Mm <
)()( bfaf = f m M  mniSvnelobas  

intervalis raime   wertilSi. fermas Teoremis Tanaxmad 

),( ba

0x 0)(' 0 =xf . e.i. 

rolis Teorema damtkicebulia. 

 

geometriulad rolis Teorema niSnavs, rom Tu  segmentze uwyveti ],[ ba
f funqcia warmoebadia  intervalSi da, amasTanave,  maSin ),( ba )()( bfaf =

),( ba  intervalSi arsebobs erTi mainc  wertili, iseTi rom am werilze 0x
gavlebuli mxebi  RerZis paraleluria. ox
 

 
 
 
> with(Student[Calculus1]): 
position := -0.5*9.8*t^2 + 12*t; 

position := -4.90 t 2 + 12 t

> RollesTheorem(position, 
t=0..2.448979592, output = 
points); 

1.224489796[ ]
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> RollesTheorem(position, t=0..2.448979592, labels=["time", 
"distance"]); 

 
> RollesTheorem(x^2 - 3*x + 1, -1/2..7/2); 

 
> RollesTheorem(sin(x), 1..5*Pi-
1); 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
> RollesTheorem(x^4 - 3*x^2 + 1, x=-
2..2); 

 
 

 

 

 

    SeniSvna.  rolis Teoremas ver 

gamoviyenebT , Tu darRveulia erT-erTi 

piroba, romlebsac unda akmayofilebdes 

funqcia.  

 

     ganvixiloT funqcia xxf =)( , gansazRvruli ]1,1[−  segmentze. es 

funqcia uwyvetia  segmentze, ]1,1[−
1)1()1( ==− ff da warmoebadia )1,1(−  

intervalSi, garda koordinatTa saTavisa 

(Sesrulebulia 1) da 3)). maSasadame, 

darRveulia  intervalSi funqciis 

warmoebadobis piroba. rolis Teoremas 

mocemuli funqciisTvis ver gamoviyenebT. 

)1,1(−

marTlac, 1)(' =xf , roca  da 0>x 1)(' −=xf , 

roca , xolo  wertilSi 

funqcias ara aqvs warmoebuli. amrigad, 

 intervalSi mocemuli funqciis 

warmoebuli arsad nuli ar aris. 

0<x 0=x
f

)1,1(−

 91



 
 
 

 
 

vTqvaT  

( )
,0 1

0, 1
x x

f x
x

≤ <⎧
= ⎨ =⎩

. 

rolis Teoremis yvela piroba 

Sesrulebulia garda 1)-sa da 

( )' 1 0,0f x x= ≠ ≤ < 1. 
 
 
 
 
 
 

 
 
 

 

 

 

da bolos, funqcia  akmayofilebs rolis TeoremaSi 1) da 2) ( ) , [0,1f x x x= ∈ ]

pirobebs, magram  ( )' 1 0,0f x x= ≠ ≤ ≤1.
 

 

 

 

lagranJis Teorema 

 

 

 

    Teorema 5. 12 (lagranJis). Tu [  segmentze uwyveti funqcia 

warmoebadia  intervalSi, maSin am intervalSi arsebobs erTi mainc 

iseTi  wertili, rom    

], ba f
),( ba

0x
              )(')()()( 0xfabafbf −=−  

 

    damtkiceba. ganvixiloT damxmare funqcia  

              ).)](()([))](()([)( axafbfabafxfx −−−−−=ϕ  

advili SesamCnevia, rom 

               ,0)( =aϕ     0)( =bϕ  

amas garda ϕ  funqcia uwyvetia [  segmentze da warmoebadia  

intervalSi. amrigad 

], ba ),( ba
ϕ  funqcia akmayofilebs rolis Teoremis yvela 

pirobas da, maSasadame,  intervalSi arsebobs erTi mainc iseTi 

wertili, rom                      

),( ba

0x
0)(' 0 =xϕ . 
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magram        

)].()([))((')(' afbfabxfx −−−=ϕ  

 

 maSasadame,   

 

,0)]()([))((' 0 =−−− afbfabxf  

 

saidanac    

 

)()( afbf − ).)((' 0 abxf −=  

Teorema damtkicebulia. 

 

 lagranJis Teoremis geometriuli interpretacia: 

 

vinaidan 

 

( ) ( )f b f a
b a

−
−

 

 

aris  da  wertilebze gavlebuli wrfis sakuTxo 

koeficienti, xolo 

( )( ),a f a ( )( ,b f b )
( )0'f x -ki f  funqciis grafikis ( )( )0 0,x f x  wertilze 

gavlebuli mxebis sakuTxo koeficientia da 

 

( ) ( ) ( )0'
f b f a

f x
b a

−
=

−
 

amitom grafikze arsebobs ( )( )0 0,x f x  werili, romelzec gavlebuli mxebi 

paraleluria ( )( ),a f a  da ( )( ),b f b  wertilebze gamavali wrfis. 

 

 
 
 
 
> with(Student[Calculus1]): 
MeanValueTheorem(x*sin(x),0..1); 
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SevniSnoT, rom aseTi wertilebi SeiZleba iyos erTze meti. 

 

magaliTi 5. 22.  

 
 
> with(Student[Calculus1]): 
MeanValueTheorem(x*sin(x),0..5); 

 
 

 

 

 

 

 

 

 

 

magaliTi 5. 23.  vTqvaT 

-Tvis vipovoT ( ) 3 22 , 1, 2f x x x x a b= + − = − =

0x  werili, romlisTvisac ( ) ( ) ( )( )0'f b f a f x b a− = − . 

 

f:=x->x^3+2*x^2-x; 
 

> 
 := f  → x  +  − x3 2 x2 x  

> plot(f(x),x=-1..2); 

> 
 

g:=x->diff(f(x),x); 
 := g  → x dif ( )f ,( )f x x  

> g(c); 
 +  − 3 c2 4 c 1  

> g(c)=(f(2)-f(-1))/(2-(-1)); 
 =  +  − 3 c2 4 c 1 4  

> solve(%,c); 

, + 
2
3

19
3 −  − 

2
3

19
3  −

> evalf(-2/3+1/3*19^(1/2)); 

> evalf(-2/3-1/3*19^(1/2)); 

  

inaidan  ar  ekuTvnis gansaxilvel Sualeds, amitom 

 

 

0.7862996483  

-2.119632982  

 
v -2.119632982

0  0.7862x ≈ 996483
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ganvixiloT ramodenime magaliTi. 

 MeanValueTheorem(x^3 - x, x=0..2); 

 
 

 
 

 
>
MeanValueTheorem(sin(x), 1..5); 

; MeanValueTheorem(sqrt(x), x=0..5)
 
 
 
 
 
 
 
 
 
 
 

 
 

Sedegi. 

vTqvaT, 

 

( ) ( ) ( ),' 'f x g x x a b= ∈
. 

maSin arsebobs mudmivi  iseTi, rom c
( ) ( )f x g x c= + . 

 

 

lopitalis wesi da misi gamoyeneba zRvrebis gamoTvlisas 

  

 

     Teorema. vTqvaT,  da  funqciebi warmoebadia  wertilis f g a
midamoSi garda SesaZlebelia a  wertilSi , amasTan '( ) 0g x ≠ , 

 

( ) ( )lim 0, lim 0
x a x a

f x g x
→ →

= =   

 an    

( ) ( )lim , lim
x a x a

f x g x
→ →

= ±∞ = ±∞  

da  arsebobs zRvari 
( )
( )
'

lim
'x a

f x
g x→

 

 

maSin 

 

( )
( )

( )
( )
'

lim lim
'x a x a

f x f
g x g x→ →

=
x

. 
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es Teorema cnobilia lopitalis Teoremis saxelwodebiT.  

     

 

magaliTi 5. 24. vipovoT 

.
sin

)1ln(lim
0 x

x
x

+
→

 

lopitalis wesis Tanaxmad 

 

.1
cos
1

1

lim
sin

)1ln(lim
00

=+=
+

→→ x
x

x
x

xx
 

 

 

magaliTi 5. 25. vipovoT  

0

sinlim
x

x
x→

. 

lopitalis Teoremis Tanaxmad 

 

0 0

sin coslim lim 1
1x x

x x
x→ →

= = . 

 

     

 
x
x

x 2sinln
sinlnlim

0+→
     magaliTi 5. 26.  vipovoT 

    
xx 2sinln

lim
0+→

=
xsinln .1

cos2
2cos2lim

sin2
2sinlim

2cos2
2sin

sin
coslim

)'2sin(ln
)'sin(lnlim

0000
====

→→→+→ x
x

x
x

x
x

x
x

x
x

xxxx
 

     

     

 

2lim
x
ex

x +∞→
magaliTi 5. 27.  vipovoT   

    .
2

lim
2

limlim 2 +∞===
+∞→+∞→+∞→ xxx

e
x

e xxx

x
e

 

     

 saxis ganuzRvreloba. vTqvaT, da 

 

3. ∞⋅0 f g  funqciebi iseTia, rom 

→
xf

ax ax
,0)lim =  da ∞=)(lim xg  . maSin (

→
f g  namravli ax = wertilSi mogvcems ∞⋅0  

saxis ganu v zRvrelobas. aseTi saxis ganuzRvrelobis gaxsna xerxdeba ise

lopitalis wesiT. marTlac, gvaqvs  

     
( ) ( )lim ( ) ( ) lim lim1 1
( ) ( )

x a x a x a

f x g xf x g x = =

g x f x
→ → →

. 

aqedan Cans , rom  saxis ganuzRvrelobis gaxsna daiyvaneba ∞⋅0
0
0
 an  

±∞
±∞

 

ganuzRvrelobis gaxsnamde.  
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magaliTi 5. 28. vipovoT 
0

lim ln
x

x x
→ +

.  

 

20 0 0 0

ln 1/lim ln lim lim lim 0
1/ 1/x x x x

x xx x x
x x→ + → + → + → +

= = − = − = . 

 

 

    4.  saxis ganuzRvreloba. vTqvaT, ∞−∞ ∞=
→

)(lim xf
ax

 da ∞=
→

)(lim xg
ax

 

gamovTvaloT zRvari )]()([lim xgxf
ax

−
→

. am SemTxvevaSi zRvris gamoTvla 

SesaZlebelia daviyvanoT 
0
0
 saxis ganuzRvrelobis gaxsnamde. marTlac,  

)]()([lim xgxf
ax

−
→

)()(
1

)(
1

)(
1

lim

xgxf

xfxg
ax

−
=

→
. 

 

 

magaliTi 5. 29.  

( ) ( )

22

20 0 0 0 0 2
2

111 tan 1lim cot lim lim lim lim 0tantan 1 tantan 1 1
1

x x x x x

x x x xxx x xx x x x x xx x
x x

→ → → → →

−−⎛ ⎞ +− = = = = =⎜ ⎟ + +⎝ ⎠ + + +
+

. 

 

 

    5.    saxis ganuzRvreloba. vTqvaT, da  funqciebi iseTia, rom 

 da  maSin funqcia, roca 

∞1 f g
1)(lim =

→
xf

ax
∞=

→
)(lim xg

ax

)()]([ xgxfy = x a→  mogvcems  

saxis ganuzRvrelobas. maSin 

∞1

 
)(ln)()( lim)]([lim xfxg

ax

xg

ax
exf

→→
= . 

magaliTi 5. 30.  

 
1ln 11 1ln 1 lim ln 1 lim

1/1lim 1 lim x x

x xx x
x x x

x x
e e e

x
→∞ →∞

⎛ ⎞+⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎝ ⎠+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

→∞ →∞

⎛ ⎞+ = = =⎜ ⎟
⎝ ⎠

 

( )
( )

2

2

1/
lim

11 1/x

x

x
xe e

→∞

−

⎛ ⎞+ −⎜ ⎟
⎝ ⎠= = . 

 

 

    6.  da saxis ganuzRvrelobebi. vTqvaT,  da 
0∞ 00 ∞=

→
)(lim xf

ax
0)(lim =

→
xg

ax
, 

maSin  funqcia, roca 
)()]([ xgxfy = x a→  gvaZlevs 

0∞  saxis ganuzRvrelobas, 

romlis gaxsna daiyvaneba 
∞
∞
 saxis (an 

0
0
 saxis) ganuzRvrelobis gaxsnamde 

Semdegi gardaqmnis daxmarebiT:  
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               )(ln
1

)(lim

)(
1

)(lnlim

)()]([lim xf

xg

xg

xf

xg

ax

axax

eexf
→→

==
→

. 

Tu , maSin  funqcia, roca ,0)(lim =
→

xf
ax

0)(lim =
→

xg
ax

)()]([ xgxfy = x a→  gvaZlevs  

saxis ganuzRvrelobas, romlis gaxsna xdeba imave formuliT. 

00

 

 

 

 

teiloris formula 

 

gansazRvreba. vityviT rom ( ) ( )( )f x O g x= , roca x a→  , Tu arsebobs  K
dadebiTi ricxvi, romlisTvisac 

( ) ( )| | | |f x K g x≤  

utoloba sruldeba  wertilis raRac midamoSi. a
 

gansazRvreba. vityviT rom ( ) ( )( )f x o g x= , roca x a→ , Tu 

( )
( )

lim 0
x a

f x
g x→

= . 

 

 

Semdegi saxis funqcias 

 

( ) ( ) ( ) ( )2
0 1 0 2 0 0

n
n nP x b b x x b x x b x x= + − + − + + −"  

ewodeba -uri xarisxis polinomi. n
mocemul paragrafSi Cvens mizans warmoadgens mocemuli f  funqciis 

miaxloeba polinomebis saSualoebiT. Tu funqcia uwyvetad warmoebadia 

 intervalze, maSin, lagranJis Teoremis ZaliT, nebismieri ( ,a b) x  da 0x -Tvis 

-dan arsebobs ( ,a b) )( 0 ,x xξ ∈  iseTi, rom  adgili aqvs Semdeg warmodgenas 

( ) ( ) ( )( )0 0'f x f x f x xξ− = −  

anu, rac igivea 

 

( ) ( ) ( )( )0 0f x f x O x x= + − . 

 

teiloris formula warmoadgens lagranJis Teoremis ganzogadoebas, 

kerZod samarTliania Semdegi 

 

Teorema 5. 12 ( teiloris formula). Tu  funqcias  intervalSi f ( ,a b)
gaaCnia -uri rigis CaTvliT uwyveti warmoebuli da 1n + (0 , , )x x a b∈ , maSin 

samarTliania formula 

      
( )

10 0
0 0 0

( ) ( )( ) ( ) ( ) ... ( ) (( )
1! !

n
n nf x f xf x f x x x x x O x x

n
+′

= + − + + − + − 0 )    . 
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 zogierTi elementaruli funqciis warmodgena teiloris formuliT 

 

 

1.  vTqvaT, . Tu gaviTvaliswinebT, rom , , 
xexf =)( xn exf =)()( Nn∈ 00 =x  

wertilSi miviRebT 

                    ( )
2

1 ...
1! 2! !

n
x nx x xe o x

n
= + + + + + Rx,  ∈  

 

> f:=x->exp(x); 
 := f  → x e x

 
 

> F:=(x,n)->convert(taylor(f(x),x=0,n),polynom); 
 := F  → ( ),x n ( )convert ,( )taylor , ,( )f x  = x 0 n polynom  

> F(x,3); 

 +  + 1 x
1
2 x2  

> plot([f(x),F(x,3)],x=-4..4,title="Taylor 
Approximation",style=[LINE,POINT],legend=["Function","Taylor 
Approximation"]); 

 
> f:=x->exp(x); 

 := f  → x e x  

 

> F:=(x,n)-
>convert(taylor(f(x),x=0,n),polyno
m); 

 := F  → ( ),x n convert( ),( )taylor , ,( )f x  = x 0 n polynom  

> F(x,5); 

 +  +  +  + 1 x 1
2 x2 1

6 x3 1
24 x4  

> plot([f(x),F(x,5)],x=-
4..4,title="Taylor 
Approximation",style=[LINE,POINT],
legend=["Function","Taylor 
Approximation"]); 

 
> > f:=x->exp(x); 

 := f  → x e x  

 

> F:=(x,n)-
>convert(taylor(f(x),x=0,n),polyno
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m); 
 := F  → ( ),x n ( )convert ,( )taylor , ,( )f x  = x 0 n polynom  

> F(x,15); 

1 x 1
2 x2 1

6 x3 1
24 x4 1

120 x5 1
720 x6 1

5040 x7 1
40320 x8 1

362880 x9 +  +  +  +  +  +  +  +  + 

1
3628800 x10 1

39916800 x11 1
479001600 x12 1

6227020800 x13 +  +  +  + 

1
87178291200 x14 + 

 

> plot([f(x),F(x,15)],x=-
4..4,title="Taylor 
Approximation",style=[LINE,POINT],leg
end=["Function","Taylor 
Approximation"]); 

 
 
 
 
 

2. vTqvaT, . Tu gaviTvaliswinebT, rom  xxf sin)( =

)
2

sin()()( nxxf n π
+= , Nn∈  , 

    maSin adgili aqvs warmodgenas 

               

( ) ( ) ( )
2 1

3 5 2 11 1sin ... 1
3! 5! 2 1 !

n
n nxx x x x o x

n

+
+= − + − + − +

+

:= 

 ,   .  Rx∈
 

> f:=x->sin(x); 
f  → x ( )sin x  

> Order:=5; 
 := Order 5

 −  + x

 

> taylor(f(x),x=0); 
1
6 x3 ( )O x5  

 

> F:=(x,n)->convert(taylor(f(x),x=0,n),polynom); 
 := F  → ( ),x n ( )convert ,( )taylor , ,( )f x  = x 0 n polynom  

> F(x,5); 

 − x 1
6 x3  

> plot([f(x),F(x,5)],x=-4..4,title="Taylor 
Approximation",style=[LINE,POINT],legend=["Function","Taylor 
Approximation"]); 

 
> f:=x->sin(x); 
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:= f  → x ( )sin x  

> Order:=7; 
:= Order 7  

> taylor(f(x),x=0); 

 −  +  + x 1
6 x3 1

120 x5 ( )O x7  

 

> F:=(x,n)->convert(taylor(f(x),x=0,n),polynom); 
 := F  → ( ),x n convert( ),( )taylor , ,( )f x  = x 0 n polynom  

> F(x,7); 

 −  + x 1
6 x3 1

120 x5

 := 

 

> plot([f(x),F(x,7)],x=-
4..4,title="Taylor 
Approximation",style=[LINE,POINT],leg
end=["Function","Taylor 
Approximation"]); 

 
>  
> f:=x->sin(x); 

f  → x ( )sin x  

> Order:=12; 
 := Order 12

 −  + x

 

> taylor(f(x),x=0); 

 −  +  −  + 
1
6 x3 1

120 x5 1
5040 x7 1

362880 x9 1
39916800 x11 ( )O x13  

 

> F:=(x,n)-
>convert(taylor(f(x),x=0,n),polynom); 

 := F  → ( ),x n ( )convert ,( )taylor , ,( )f x  = x 0 n polynom  

> F(x,12); 

 −  +  − x 1
6 x3 1

120 x5  +  − 
1

5040 x7 1
362880 x9 1

39916800 x11  

> plot([f(x),F(x,12)],x=-4..4,title="Taylor 
Approximation",style=[LINE,POINT],legend=["Function","Taylor 
Approximation"]); 

 
 
 
 

3.  vTqvaT, xxf cos)( =  maSin 

                

               (2 4 2 21 1 ( 1)cos 1 ...
2! 4! (2 )!

n
n )nx x x x o x

n
−

= − + − + + ,    .  Rx∈
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> f:=x->cos(x); 
:= f  → x ( )cos x  

> Order:=6; 
:= Order 6  

> taylor(f(x),x=0); 

 −  +  + 1 1
2 x2 1

24 x4 O

 := 

( )x6  

 

> F:=(x,n)-
>convert(taylor(f(x),x=0,n),polyno
m); 
F  → ( ),x n convert( ),( )taylor , ,( )f x  = x 0 n polynom  

> F(x,6); 

 −  + 1 1
2 x2 1

24 x4  

> plot([f(x),F(x,6)],x=-
4..4,title="Taylor 
Approximation",style=[LINE,POINT],legend=["Function","Taylor 
Approximation"]); 

 
>  
> f:=x->cos(x); 

:= f  → x ( )cos x  

> Order:=9; 
:= Order 9  

> taylor(f(x),x=0); 

 −  +  −  +  + 1 1
2 x2 1

24 x4 1
720 x6 1

40320 x8 ( )O x9  

 

> F:=(x,n)->convert(taylor(f(x),x=0,n),polynom); 
 := F  → ( ),x n ( )convert ,( )taylor , ,( )f x  = x 0 n polynom  

> F(x,9); 

 −  +  − 1
1
2 x2 1

24 x4 1
720  + x6 1

40320 x8  

> plot([f(x),F(x,9)],x=-
4..4,title="Taylor 
Approximation",style=[LINE,POINT]
,legend=["Function","Taylor 
Approximation"]); 

 
>  
4. vTqvaT ( ) ( )ln 1f x x= + . maSin 
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( ) ( ) ( )
2 3 4

1ln 1 1
2 3 4

n
n nx x x xx x o

n
−+ = − + − + + − +" x . 

 

 

 

 

 

 

> f:=x->ln(1+x); 
:= f  → x ( )ln  + 1 x  

> Order:=5; 
 := Order 5

 −  +  − x

 

> taylor(f(x),x=0); 

 + 
1
2 x2 1

3 x3 1
4

 := 

x4 ( )O x5  

 

> F:=(x,n)-
>convert(taylor(f(x),x=0,n),polynom); 
F  → ( ),x n convert( ),( )taylor , ,( )f x  = x 0 n polynom  

> F(x,5); 

 −  +  − x 1
2 x2 1

3 x3 1
4 x4  

> 
plot([f(x),F(x,5)],x=0..1,title="Tayl
or Approximation",style=[LINE,POINT],legend=["Function","Taylor 
Approximation"]); 

 
 

 
 
> f:=x->ln(1+x); 

:= f  → x ( )ln  + 1 x  

> Order:=10; 
 := Order 10

 −  + x

 

> taylor(f(x),x=0); 

 −  +  −  +  −  +  + 
1
2 x2 1

3 x3 1
4 x4 1

5 x5 1
6 x6 1

7 x7 1
8 x8 1

9 x9 ( )O x10  

 

> F:=(x,n)-
>convert(taylor(f(x),x=0,n),poly
nom); 

 := F  → ( ),x n convert( ),( )taylor , ,( )f x  = x 0 n polynom  
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> F(x,10); 

 −  +  −  +  −  +  −  + x 1
2 x2 1

3 x3 1
4 x4 1

5 x5 1
6 x6 1

7 x7 1
8 x8 1

9 x9  

> plot([f(x),F(x,10)],x=0..1,title="Taylor 
Approximation",style=[LINE,POINT],legend=["Function","Taylor 
Approximation"]); 

 
 
 

s a v a r j i S o e b i  

 

   ipoveT  funqciis nazrdi  wertilSi, Tu f 0x
a)     da    1)( 2 −= xxf 10 =x ; 

b)     da    xxxf 2)( 3 −= 10 −=x ; 

g)     da    xxxf +−= 22)( 20 =x ; 

d)     da    23)( 2 ++−= xxxf 20 −=x . 

 

 

  ipoveT  funqciis nazrdi, Tu f
a) ,       da  3)( 3 +−= xxf 1=x 2=h ; 

b) xxf =)( ,       da  0=x 1,0=h ; 

g) xxf =)( ,       da  0=x 1,0−=h ; 

d) ,     xxf sin)( =
6
π

=x    da  
6
π

=h  

 

  CawereT  funqciis nazrdi f x  wertilSi, romelic Seesabameba 

argumentis  nazrds, Tu h
a) ;                  b) ; baxxf +=)( cbxaxxf ++= 2)(
g) ;                    d) xxf sin)( = xxf cos)( = ; 

 

 
   ipoveT Semdegi funqciis warmoebuli: 

1. a) ;                   b) ; 323 25 +−= xxy 8234 57 +−−= xxxy
  g) ;               d) . 432 568 +−−= xxxy 12736 59 −+−= xxxy

2. a) 343 3 +++=
x

xxy ;                b) 8234 2
35 −+−=

x
xxy ; 

  g) 
5
352

3
2 3

2
5 26 +−−=

−
xxxy ;           d) 11

7
2 9

4 3
5
3

−+−=
x

xxy . 

3. a) ;                  b) xxy sin3cos2 −= xxy cot
5
2tan4 −= ; 

  g) xxy cos
3
1tan2 += ;                d) xxy sin

3
1cot4 −= . 

4. a) xxy arccos5arcsin2 += ;             b) xarcxy cotarctan3 −= ; 
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  g) xxxy tanarctan
4
1arccos5 −−= ;      d) xarctgxxy cot26arcsin4 −+= . 

5. a) ;             b) xxey xx lnlog2 2 +−−= 5ln4lg2
3
1

−+−⎟
⎠
⎞

⎜
⎝
⎛= xxy

x

; 

  g) 5logln41

3
1 ++−−= xx

e
y x

x ;          d) 8ln5
4
6log7 5 +−+−= xxey x

x
. 

6. a) ;        xxexxy xx tan2cossin2 +−=
  b) ; xxxexxy x arctancos3cot4ln3 5 −−=

  g) 
xexxxxxy 9

2
3 4 5logarcsin2cos6 −⋅−⋅= ;   

  d) xxxxxy x arccos2lnsin4cot311 6 +⋅−⋅−= . 

7. a) ;                  b) ; xexy x
2logcos ⋅⋅= xxxy costan3 5 ⋅=

   g) 
xxarcxy 5cot2 2 ⋅⋅= ;               d) xx

x
y lnarcsin3

2 ⋅= . 

8. a) 
x

x
xx

xxy
sin3

cos
23
132

24

2

+
−

++
+−

= ;             b) 
xx

e
xx
xxy

x

lncos13
523

2

3

−
+

−+
+−

= ; 

  g) 
5arccos

3
4

4

2

3

+
−

−
+−

=
x
x

xx
xy

x

 ;            d) xex
xx

xx
xxy

−
+

−
+

−−
=

cos
lg424

 . 

9. a) 
)(cos

sin)2(
3

2

xxe
xxxy x +

−
=  ;                   b) 

)4(arcsin2
tan)23( 4

+
−

=
x

xxxy x ; 

   g) xxx
xxy
3)cot(

ln)3(
2

4

−
+

=  ;                   d) 
xx

exxy
x

tan
)2(

2

3 −
= . 

 

 

 

   gamoiyeneT rTuli funqciis gawarmoebis wesi da ipoveT Semdegi 

funqciis warmoebuli: 

1.  a) ;              b) ; xxy 210 cos5)12( −+= xxxy 2202 sin)3( +−=

   g) ;              d) xxxy 4823 tan)4( −−= xxxy 94 cot3)2( −−= . 

2. a) ;           b) ; )3lg(2cossin 43 xexxy x−= )3ln(24tansin
235 xxxy x−=

  g) ;    d) . 
23 cot)32ln(56sin3cos xxxxy +−= )32ln(4cosarcsin 322 +−⋅= − xexxy x

3. a) 
2

cot
2

tan xxy −= ;                    b) 
3

lnlg3 xxyy −== ; 

   g) 
1
1ln

4
1

2

2

+
−

=
x
xy ;                      d) 

2
1arccos xy −

= ; 

4.  a) ;                   b) ; )3sin(sin xy = ))(tansin(cos 32 xy =
   g) ;                   d) . ))ln(ln(ln xy = )arctan(tan2 xy =
 

 

 

     gaawarmoeT funqcia: 

1. a) ;                          b) ; 
xxy = xxy 2)1( −=

  g) ;                      d) . 
xxy )(cos= 1)(ln += xxy
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2. a) 3
3

3

1
1

x
xy

−
+

= ;                          b)  
24 x

xy
−

= ; 

   g) )1ln( 2 ++= xxy ;                d) 
21

arcsin
x

xy
−

= . 

3. a) ;             b) ; 
45 tan3arcsin xxxy += 32 sin3arctan)1( xxxy ++=

  g) )2sin(33 2 xxxxy +−+= ;          d) . 
42 sin5cot)12( xxarcxy +−=

4. a) ;                     b) 
xx exxy tan7sin2

+= xx exxy sin32cos ⋅+= ; 

  g) ;                d) . 
12)32arctan( +−+= xxxy xxx exxy tan13sin )1(

2 ++ −+=
 

 

     ipoveT: 

1. a)   ,   Tu     ; )1(f ′ ( ) 27 xexxf x +=
  b)   ,    Tu     ; )1(−′f ( ) xxexxf −= 3

  g)    ,   Tu     ; )0(f ′ ( ) 15)13( −= xxf
  d)    ,   Tu     . )0(f ′ ( ) 11)12( += xxf

2. a) )
6

(πf ′ ,   Tu    
x

xxf 2sin2
cos)( = .    

  b) )
3

(πf ′ ,   Tu    
x

xxf 2cos4
sin)( = .    

  g) )4(
π

f ′ ,   Tu    x
tg

exf
11

)(
+

= .                          

  d) )2(
π

f ′ ,   Tu    x
tg

xf 2
1

3)( = .   

 

 

   dawereT  funqciis grafikis f ( )( )0 0;x f x  wertilze gamavali mxebis 

gantoleba, Tu 

a)   da  65)( 2 +−= xxxf 40 =x ; 

b)   da  3)( 3 +−−= xxxf 10 =x ; 

g)     da    xxf sin)( =
60
π

=x ; 

d) 3 3)1()( xxxf −+=   da  10 −=x . 

 

 

  warmoebulis gansazRvrebis gamoyenebiT ipoveT Semdegi funqciis 

warmoebuli: 

    

1. a) ;                      b) ; xxxf 3)( 2 −= 22)( xxxf −−=
  g) ;                       d) . 2)( 3 −= xxf 33)( xxxf −=

2. a) 
x

xf 1)( = ;                          b) 2

1)(
x

xf = ; 

  g) xxf =)( ;                          d) 3)( xxf = . 
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 ipoveT  funqciis marjvena da marcxena warmoebulebi  wertilSi, 

Tu: 

f 0=x

 a) ;                b) ; 
⎩
⎨
⎧

≤−
>

=
02
0,3

)(
2

xx
xx

xf
⎩
⎨
⎧

<+
≥+−

=
013
0,1

)(
2

xx
xx

xf

 g) ;          d) 
⎩
⎨
⎧

≤−
>+−

=
02
0,23

)(
2

xx
xxx

xf
⎩
⎨
⎧

≤+
>+

=
012
0,1)(

xx
xxxf . 

 

   

 

  ipoveT  funqciis marjvena da marcxena warmoebulebi  wertilSi, 

Tu: 

f 0x

 a) 2)( −= xxf ,    ; 20 =x

 b) 1)( += xxf ,    ; 10 −=x

 g) xxf 31)( −= ,   
3
1

0 =x ; 

 d) 32)( += xxf ,   
2
3

0 −=x . 

 

 

  

  ipoveT  funqciis marjvena da marcxena warmoebulebi  wertilSi 

da gaarkvieT, aris Tu ara funqcia warmoebadi  wertilSi: 

f 0x

0x
  a) xxxf )1()( += ,      00 =x ; 

  b) 3)( += xxxf ,       30 −=x ; 

  g) xxxf ⋅=)(  ,         00 =x ; 

  d) 1)1()( −−= xxxf ,     10 =x . 

 

 

   

  ipoveT funqciis  meore rigis warmoebuli, Tu: 

 a) 12 += xxy ;             b) 
21 x

xy
−

= ; 

 g) ;        d) xxy arctan)1( 2+=
21

arcsin
x

xy
−

= . 

 

   

  ipoveT  funqciis diferenciali  wertilSi, Tu: f 0x
 a) ,         323)( 2 +−= xxxf 10 =x ; 

 b) ,         14)( 2 −+−= xxxf 20 =x ; 

 g) ,          22)( 3 −−= xxxf 10 −=x ; 

 d) ,     1432)( 23 +−+= xxxxf 00 =x . 

 107



 

 

   

  ipoveT  ,  Tu: )(xdf
 a) ;              b) ; 

xexxf 2)( = xxxf 2cos)1()( 2 −=

 g) 
)3ln(
42)(

x
xxf +

= ;            d) 
x

xxf
2sin)( = . 

 

lopitalis Teoremis gamoyenebiT gamoTvaleT zRvrebi: 

 

 1. 
x

x
x arctan

sinlim
0→

                  2. 
xx
xx

x sin
tanlim

0 −
−

→
 

 3. 
)ln(

)ln(lim axax ee
ax

−
−

+→
               4. 

x
x

x

lnlim
+∞→

 

 5. 
2

tan)1(lim
1

xe x

x

π
−

→
             6. )1ln(lnlim

1
xx

x
−

−→
 

 7. ⎟
⎠
⎞

⎜
⎝
⎛

−+
−

−→ 6
5

2
1lim 22 xxxx

        8. ⎟
⎠
⎞

⎜
⎝
⎛ −

−→ xx
x

x ln
1

1
lim

2
 

 9. 
a
x

ax a
x 2

tan

2lim
π

⎟
⎠
⎞

⎜
⎝
⎛ −

→
               10. 

x

ax x
x

1

tanlim ⎟
⎠
⎞

⎜
⎝
⎛

→
 

 11. 

x

x x

sin

0

1lim ⎟
⎠
⎞

⎜
⎝
⎛

→
                    12. ( ) )1ln(

0
)1ln(lim x

x
x −

→
−  

 

 13. ⎟
⎠
⎞

⎜
⎝
⎛

−
−

−→ 31 1
3

1
1lim

xxx
              14. 

x
ee xx

x

βα −
→0

lim        

 15.                 16. ( ) xc

x
x tan

0
tan1lim +

→ x

xx

x cos
2

sin
2

cos
lim

2

−

→π
 

  

 

 17. 
xx

xx
x sin2

sinlim
0 +

+
→

                 18. 
xx

ee xx

x βα

βα

sinsin
lim

0 −
−

→
 

 

 19. 2

2

0

cos1lim
x

x
x

−
→

                 20. 

x

x x
x

⎟
⎠
⎞

⎜
⎝
⎛

−
+

∞→ 1
1lim  

  21. x

x

x xa
a 1lim

0

−
→

                     22. 

2

0

1
2arctan

)2sin(lim

x
x
x

x

−

−
→

π
         

  23. 
exa
bea x

x +
+

∞→

)ln(lim                 24.         )tan(arcsinlim
0

xxc
x→

  25.  )]1ln()1[(lim
1

xx
x

−−
−→
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funqciis monotonurobis Sualedis dadgena warmoebulis gamoyenebiT. 
lokaluri maqsimumis da minimumis, absoluturi maqsimumebisa da 

minimumebis gamoTvla 

 

 

 

   Teorema 5. 13. vTqvaT, mocemulia  funqcia, romelic Rbaf →);(:
warmoebadia  intervalze. maSin -ze samarTliania Semdegi: );( ba );( ba
   1)    ⇒  mkacrad zrdadia ⇒ 0)( >′ xf f 0)( ≥′ xf ; 

   2)    ⇒  zrdadia  0)( ≥′ xf f ⇒ 0)( ≥′ xf ; 

   3)       klebadia  0)( ≤′ xf ⇒ f ⇒ 0)( ≤′ xf ; 

   4)       mkacrad klebadia  0)( <′ xf ⇒ f ⇒ 0)( ≤′ xf ; 

   5)      ⇔  mudmivia. 0)( =′ xf f
 

    damtkiceba. vTqvaT  da davafiqsiroT 0)( >′ xf 1x , 2x  ,( ),a b∈ 1 2x x< . maSin 

lagranJis Teoremis ZaliT 

 

( ) ( ) ( )( )2 1 2 1' 0f x f x f c x x− = − ≥ . 

 

vTqvaT,  zrdadia. davamtkicoT, rom f 0)( ≥′ xf . 

 

 

 

vTqvaT, ( , )x a b∈ . aviRoT dadebiTi ricxvi imdenad mcire, rom h x h+ ∈ ( , )a b .  

funqciis zrdadobis gamo yoveli dadebiTi h  ricxvisTvis, gveqneba 

 

( ) ( )f x h f x 0+ − ≥ . 

 

maSasadame,  

( ) ( ) 0f x h f x
h

+ −
≥ .                                (5. 1)   

Tu gadavalT zRvarze, roca  , miviRebT . 0h → 0)(' ≥xf
advili dasanaxia, rom (5. 1) utoloba samarTliania maSinac, roca  

uaryofiTi ricxvia. Teoremis 1) punqti damtkicebulia. 

h

analogiurad  damtkicdeba Teoremis 2)-4) punqtebi. 

bolos davamtkicoT Teoremis 5) punqti. 

 

aq igulisxmeba, rom yvela aRniSnuli piroba sruldeba  intervalze. );( ba
davafiqsiroT nebismieri ( )1 2, ,x x a b∈  da davamtkicoT, rom ( ) ( )1 2f x f x= . 

marTlac, lagranJis Teoremis ZaliT 

 

( ) ( ) ( )( ) ( )2 1 2 1 2 1' 0f x f x f c x x x x− = − = − = 0 . 
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   SeniSvna.  funqciis magaliTiT Cans, rom raime intervalze 
3)( xxf =

warmoebadi funqciis zrdadobidan sazogadod ar gamomdinareobs am 

intervalze funqciis warmoebulis dadebiToba. marTlac,  
3)( xxf =

funqcia zrdadia (-1;1) intervalze, magram , e. i. 003)0( 2 =⋅=′f 0)( ≥′ xf , 

roca . ( )1;1−∈x
 

f’(x)≤0 f’(x) 0 ≥

f’(x) 0 ≥

f’(x) 0 ≥

 

   magaliTi 5. 31. vTqvaT, . maSin . radgan 23)( 3 +−= xxxf 33)( 2 −=′ xxf
( )1;−∞−  intervalze ,  amitom funqcia am intervalze zrdadia; 0)( >′ xf
radgan  intervalze ( 1;1− ) 0)( <′ xf ,  amitom funqcia am intervalze 

klebadia, radgan  intervalze ( +∞;1 ) 0)( >′ xf ,  amitom funqcia am 

intervalze zrdadia. 

 

> f:=x^3-3*x+2; 
 := f  −  + x3 3 x 2

 := g  − 3 x2 3

 

> g:=diff(f,x); 
 

> plot([f,g],x=-
2..2,title="Function and its 
Derivative",style=[LINE,POINT],leg
end=["Function","Derivative"]); 

 
 
 

         

 

 

 

 

f’(x)=0 
f’(x) ≤ 0 

 110



lokaluri eqstremumebis arsebobis sakmarisi pirobebi 

 

 

 

  Teorema 5. 14 (I niSani) vTqvaT, ( ) Rxxf →+− δδ 00 ;:  funqcia 

diferencirebadia ( ) { }000 \; xxx δδ +−  simravleze, xolo  wertilSi 0x
uwyvetia. samarTliania Semdegi: 

1) Tu ( )00 ; xx δ− -ze  da 0)( <′ xf ( )δ+00 ; xx -ze 0)( <′ xf , maSin  wertilSi  0x
    funqcias eqstremumi ara aqvs. f
 2) Tu ( )00 ; xx δ− -ze  da 0)( <′ xf ( )δ+00 ; xx -ze 0)( >′ xf , maSin  aris   0x f
    funqciis mkacri  lokaluri minimumis wertili. 

 3) Tu ( )00 ; xx δ− -ze  da 0)( >′ xf ( )δ+00 ; xx -ze 0)( <′ xf , maSin  aris   0x f
    funqciis mkacri  lokaluri maqsimumis wertili. 

 4) Tu ( )00 ; xx δ− -ze  da 0)( >′ xf ( )δ+00 ; xx -ze 0)( >′ xf , maSin  wertilSi  0x
    funqcias eqstremumi ara aqvs. f
 

    

 

 

magaliTi 5. 32. vTqvaT . vipovoT am funqciis eqstremumis 
43 4y x x= − 3

wertilebi. 

 

> y:=3*x^4-4*x^3; 
 := y  − 3 x4 4 x3  

> plot(y,x=-1..2); 
 

> y1:=diff(y,x); 
 := y1  − 12 x3 12 x2  

> solve(y1,x); 
, ,1 0 0  

> solve(y1>0,x); 
( ),RealRange ( )Open 1 ∞  

> solve(y1<0,x); 
,( )( )Open 0 (RealRange ,−∞ RealRange ,( )Open 0 Open )( )1  

 111



 

vinaidan -ze funqciis warmoebuli uaryofiTia, amitom 0  ar ( ) (,0 0,1−∞ ∪ )

aris funqciis lokaluri eqstremumis wertili, xolo 1x =  wertilSi 

funqcias gaaCnia lokaluri minimumi. 

 

 

 

magaliTi 5. 33. programa MAPLE-is gamoyenebiT vipovoT  

funqciis lokaluri eqxtremumebi [ 2

4 2( ) 2 3f x x x= − −
, 2]−  segmentze.  

> y:=x^4-2*x^2-3; 
 := y  −  − x4 2 x2 3  

> plot(y,x=-2..2); 
 

> y1:=diff(y,x); 
 := y1  − 4 x3 4 x

, ,0 1 -1

RealRange Open

 

> solve(y1=0,x); 
 

> solve(y1>0,x); 
,( ),( )-1 ( )Open 0 ( )RealRange ,( )Open 1 ∞  

> solve(y1<0,x); 
,( )( )Open -1 (RealRange ,−∞ RealRange ,( )Open 0 ( )Open 1  )

>  
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Teorema 5. 15 (II niSani) vTqvaT, ( )0 0: ,f x xδ δ− + → R  funqcias  wertilSi 0x
gaaCnia -uri rigis CaTvliT yvela warmoebuli.  vTqvaT n
                da     ,   0)(...)( 0

)1(
0 ===′ − xfxf n 0)( 0

)( ≠xf n

maSin,  Tu  kentia,  wertilSi   funqcias eqstremumi ara aqvs. n 0x f
Tu  luwia, maSin  wertilSi  funqcias lokaluri eqstremumi aqvs. n 0x f
kerZod, Tu , maSin  aris  funqciis mkacri  lokaluri 0)( 0

)( >xf n
0x f

minimumis wertili, xolo Tu , maSin  aris  funqciis mkacri  0)( 0
)(f <xn

0x f
lokaluri maqsimumis wertili. 

 

 

 
magaliTi 5. 34. vTqvaT ( ) 4 28 1f x x x 2= − + . vipovoT lokaluri eqstremumis 

wertilebi.  

 
 
> f:=x^4-8*x^2+12; 

 := f  −  + x4 8 x2 12  

 

> g:=diff(f,x); 
 := g  − 4 x3 16 x  

 

> plot([f,g],x=-4..4); 
 

> solve(g,x); 
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, ,0 2 -2  

> h:=diff(g,x); 
 := h  − 12 x2 16  

> x:=0; 
:= x 0  

> h; 
-16  

> "x=0 is locmax": 
> x:=2; 

:= x 2  

> h; 
32  

> "x=2 is locmin": 
> x=-2; 

 

> h; 
32  

> "x=-2 is locmin": 
>  
 

 

         segmentze gansazRvruli uwyveti funqciis udidesi da umciresi  

                  mniSvnelobebis  gamoTvla 

 

 

 Tu  funqcia uwyvetia f [ ]ba;  segmentze, maSin mas gaaCnia absoluturi 

(globaluri) maqsimumis (minimumis) wertili da is emTxveva erTerT 

lokalur maqsimumis (minimumis) wertils. 

 

imisaTvis, rom movZebnoT segmentze uwyveti funqciis udidesi da 

umciresi mniSvnelobebi, saWiroa gamovTvaloT misi yvela lokaluri 

maqsimumi da yvela lokaluri minimumi. mocemul yvela ricxvs Soris 

udidesi iqneba funqciis udidesi mniSvneloba, xolo umciresi_ umciresi 

mniSvneloba.  

],[ ba f

f
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magaliTi 5. 34. ipoveT  funqciis absoluturi xxxxf 96)( 23 +−=
eqstremumebi  segmentze. [ ]4;1−
    > f:=x^3-6*x^2+9*x; 

 := f  −  + x3 6 x2 9 x  

> plot(f,x=-1..4); 
 

> diff(f,x); 
 −  + 3 x2 12 x 9  

> solve(%,x); 
,3 1  

> x:=-1: 
> f; 

-16  

> x:=1: 
> f; 

4  

> x:=3: 
> f; 

0  

> x:=4: 
> f; 

4  

> "AbsMax=4, when x=1 or x=4": 
> "AbsMin=-16, when x=-1 ": 
>  
 

 

 

 

 

funqciis amozneqilobis dadgena warmoebulis gamoyenebiT,  

                      gadaRunvis wertilebi 

 

 

   gansazRvreba 5. 6.  vTqvaT, mocemulia  funqcia, romelic 

warmoebadia ntervalze. f  fun i

);( ba  intervalze, Tu funqciis 

ikis yoveli wertili iqneba 

grafikis nebismier wertilSi 

gavlebuli mxebis zemoT. 

 

Rbaf →);(:
);( ba  i qc as ewodeba amozneqili qvemodan 

graf

 naxazze gamosaxulia qvemodan 

 
+5,x=1,x=0..3); 

  

amozneqili funqciis grafiki: 

 

> with(student):
> showtangent(x^2
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gansazRvreba 5. 6.  vTqvaT, mocemulia  funqcia, romelic 

 ewodeba 

nebi

  

    naxazze gamosaxulia zemodan amozneqili funqciis grafiki: 

with(student): 
t(x),x=1,x=0..3); 

 

Rbaf →);(:
warmoebadia );( ba  intervalze. f  funqcias amozneqili zemodan 

);( ba  intervalze, Tu funqciis grafikis yoveli wertili iqneba grafikis 

smier wertilSi gavlebuli mxebis qvemoT. 

 

  

 

 

  

 

> 
> showtangent(sqr

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   Teorema 5. 16. vTqvaT, mocemulia  funqcia, romelsac  

oebuli. imisaTvis, rom es funqcia 

Rbaf →);(: );( ba
intervalze gaaCnia meore rigis warm

iyos amozneqili qvemodan (zemodan) );( ba  intervalze, aucilebelia da 

sakmarisi, rom );( ba  intervalze )( ≥ 0′′ xf ( ) 0x( f ′′ ≤ ).   

   gansazRvreba . warmoebadi  5. 7

lSic 

is 

funqciis grafikis wertils, rome

amozneqilobis xasiaTi icvleba 

sapirispiroTi, ewodeba gadaRunv

wertili. geometriulad 0x  aris 

gadaRunvis wertili niSnavs, rom 

arsebobs 0δ >  ricxvi, rom ( )0 , 0x xδ−
intervalS unqciis grafik

mdebareobs ( ))(; xfx  wertilze

gavlebuli mxebis erT mxares, xo

( )0 0,x x

 

i 

 

lo 

i f

00

δ+  intervalSi-mxebis meore 

 

mxares. 
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   Teorema 5. 17 Tu  funqciis meore rigis warmoebuli raime  

wertilSi xdeba nulis toli an ar arsebobs da am wertilis marcxena 

mxridan marjvena mxareSi gadasvlisas meore rigis warmoebuli niSans 

icvlis, maSin 

f 0x

( ))(; 00 xfx  wertili aris  funqciis grafikis gadaRunvis 

wertili. 

f

 

     

 

 

magaliTi 5. 35. vipovoT 
3 2( ) 5 3 5f x x x x= − + − funqciis grafikis gadaRunvis 

wertilebi, zemoT da qvemoT amozneqilobis Sualedebi.  

> f:=x->x^3-6*x^2+3*x-5; 
 := f  → x  −  +  − x3 6 x2 3 x 5  

> g:=x->diff(f(x),x$2); 

 := g  → x
d
d2

x2 ( )f x  

> solve(g(x),x); 
2  

e. i. 2 aris f  funqciis gadaRunvis wertili. 
 
> solve(g(x)>0); 

( )RealRange ,( )Open 2 ∞  

> solve(g(x)<0); 
(RealRange , )−∞ ( )Open 2  

maSasadame funqcia amozneqilia zemodan  

 Sualedze, xolo amozneqilia 

qvemodan    

( , 2−∞ )
)(2, +∞   Sualedze. 

> with(student): 
> showtangent(f(x),x=1,x=0..2); 
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> with(student): 
> showtangent(f(x),x=2,x=0..4); 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
> with(student): 
> showtangent(f(x),x=3,x=2..5); 

 
>  
 

 

 

 

 

 

 

 

 

 

funqciis grafikis asimptotebi 

 

 

   GgansazRvreba. 5. 8  wrfes uwodeben  funqciis grafikis 

vertikalur asimptotas, Tu 

0xx = f

          

±∞=
−→

)(lim
00

xf
xx

        an        . ±∞=
+→

)(lim
00

xf
xx

 

SevniSnoT, rom vertikaluri asimptotebi ar SeiZleba hqondes uwyvet 

funqciis grafiks. aseTi asimptotebi SeiZleba hqondes mxolod iseT 

funqciis grafiks, romelsac aqvs meore gvaris wyvetis werilebi. 

magaliTi 5. 36. vTqvaT, ( ) 1
3

f x
x

=
−

, 
3

1lim
3x x→ −

= −∞
−

 da 
3

1lim
3x x→ +

= +∞
−

. amitom 

3x =  mocemuli funqciis vertikaluri asimptotia. 
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magaliTi 5. 37. vTqvaT ( ) 2

1
1

f x
x

=
−

. advili dasanaxia, rom 

 

21

1lim
1x x→− −

= +∞
−

, 

21

1lim
1x x→− +

= −∞
−

, 

21

1lim
1x x→ −

= −∞
−

 

21

1lim
1x x→ +

= +∞
−

. 

 

e. i.  wrfeebi arian mocemuli funqciis grafikis vertikaluri 1x = ±
asimptotebi. 
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   GgansazRvreba. 5. 9  wrfes uwodeben  funqciis grafikis 

horizontalur asimptotas, Tu 

0y y= f

          

0lim ( )
x

f x y
→+∞

= 0lim ( )
x

f x y
→−∞

=        an        . 

 

magaliTi 5. 38. vTqvaT ( ) 2

1f x
x x

=
−

. 

radganac 2

1lim 0
x x x→±∞

=
−

0. amitom y =  wrfe 

warmoadgens mocemuli funqciis grafikis 

horizontalur asimptots. 

 

 

 

 

 

 

bkxy +=  wrfes uwodeben  funqciis grafikis daxril (Tu f 0=k  

horizontalur ) asimptots, Tu adgili aqvs tolobas  

    )()( xbkxxf α++= ,      sadac  0)(lim =
+∞→

x
x

α  an 0)(lim =
−∞→

x
x

α . 

   Teorema 5. 18. imisaTvis, rom  funqciis grafiks hqondes daxrili 

 asimptota, aucilebelia da sakmarisi , rom arsebobdes sasruli 

zRvrebi: 

f
bkxy +=

                   k
x
xf

x
=

±∞→

)(lim bkxxf
x

=−
±∞→

))((lim       da    . 

 

magaliTi 5. 38. vTqvaT ( ) 2

1
1

f x
x

=
+

. 

( )
( )2

1lim lim 0
1x x

f x
k

x x x→±∞ →±∞
= = =

+
 

da 
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( )( ) 2

1lim lim 0
1x x

b f x kx
x→±∞ →±∞

= − =
+

= . 

 

maSasadame funqcias gaaCnia horizontaluri asimptoti da es aris 0y =  

wrfe. 

 
 

    

 

magaliTi 5. 39. programa MAPLE-is gamoyenebiT vipovoT ( )
3

2 3
xf x

x
=

−
 

funqciis grafikis asimptotebi. 
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maSasadame,  wrfeebi arian 
mocemuli funqciis grafikis 

vertikaluri asimptotebi. exla 

vipovoT daxrili asimptotebi.

 

 

 

maSasadame  wrfe mocemuli funqciis grafikis daxrili 

asimptotia. 

 
 

 

 

grafikis agebis zogadi sqema 

 

 

orjer diferencirebadi (SesaZloa sasruli raodenobiT wertilebis 

garda )  funqciis gamokvleva da misi grafikis ageba SeiZleba 

Sesruldes Semdegi sqemiT: 

)(xfy =
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1) vipovoT funqciis gansazRvris are, wyvetis wertilebi, 

vertikaluri asimptotebi,  RerZTan gadakveTis wertilebi,  

RerZTan grafikis gadakveTis wertili, davadginoT funqciis 

perioduloba da simetriuloba; 

ox oy

2) vipovoT funqciis grafikis daxrili asimptotebi, Tu isini       

arsebobs;  

3) pirveli rigis warmoebulis gamoyenebiT vipovoT funqciis      

     stacionaruli wertilebi  da monotonurobis intervalebi; 

4)   meore rigis warmoebulis gamoyenebiT vipovoT   amozneqilobis  

     intervalebi  da gadaRunvis wertilebi; 

5)    vipovoT lokaluri eqstremumebi. 

6)    gamokvlevis mixedviT avagoT grafiki.  

 

 

 

 

 

s a v arjoSoeb i  

 
 

  daadgineT  funqciis zrdadobisa da klebadobis Sualedebi, Tu: f
1. a) ; 

33)( xxxf −=

  b) 
2

)(
4

2 xxxf −= ; 

  g) ; 
25 52)( xxxf −=

  d) . 
335)( xxxf −+=

2. a) ; 183)( 56 ++= xxxf
  b) ; 83)( 67 −−= xxxf
  g) ; 154595)( 59 −+−= xxxxf
  d) . 16643)( 234 −++= xxxxf
 

 

   

   daadgineT  funqciis zrdadobisa da klebadobis Sualedebi 

miTiTebul intervalebSi: 

f

 a) 
x

xxf sin)( = ,   Tu   ( )π;0∈x ; 

 b) 
x

xxf tan)( = ,  Tu   ⎟
⎠
⎞

⎜
⎝
⎛∈

2
;0 πx ; 

 g) 
2

cos)(
2xxxf += ,   Tu   ( )+∞∈ ;0x ; 

 d) 
6

sin)(
3xxxxf +−= ,     Tu   ⎟

⎠
⎞

⎜
⎝
⎛∈

2
;0 πx . 
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   ipoveT Semdegi funqciis eqstremumebi: 

 a) ( ) 153
3
1 23 ++−= xxxxf ; 

 b) ( ) 918
2

15 23 −+−= xxxxf . 

 g) ; ( ) 463 24 +−= xxxf

 d) ( ) 2
2
1 42 +−= xxxf ; 

    

 

 

   

  ipoveT Semdegi funqciis lokaluri da globaluri eqstremumebi: 

a)    
⎪
⎩

⎪
⎨

⎧

≤<
≤<−

−≤≤−

+−

+
=

.32
,21
,14

,145
,
,2

)( 2

x
x
x

x
x

x
xf

 
 
 
 
 
 

b)  

⎪
⎩

⎪
⎨

⎧

≤<
<<−

−<≤−

−−
−
+

=
.41
,11
,14

,)2(
,

,)2(
)(

2

2

x
x
x

x
x

x
xf

 

 

g)  

⎪
⎩

⎪
⎨

⎧

≤<
≤<−

−<≤−

−
−

−−
=

.32
,22
,23

,145
,

,82
)( 2

x
x

x

x
x
x

xf
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d)  

⎪
⎩

⎪
⎨

⎧

≤<
≤<
<≤−−−

=
.41
,10
,03

,3
,3

,2
)(

2

x
x
x

x
xx

xf

 

 
   
  ipoveT Semdegi funqciis kritikuli wertilebi da globaluri 

eqstremumebi: 

1. a) 1
3

)( 2
3

++= xxxf ,   ]1;3[−∈x ; 
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  b) 
1
3)(

2

−
+

=
x

xxxf ,      ]0;3[−∈x ; 

  g) )10()( xxxf −= ,    ; ]10;0[∈x

  d) 
2
7ln2)( +−= xxxf ,   ];1[ ex ∈ . 

2.  a) xxxf −= 2)( ,    ;       [ 2;2−∈x ]
   b) 1)1()( 2 +−+= xxxf ,      [ ]1;3−∈x ;  

    g)  2)2()( 2 −−−= xxxf ,    [ ]4;0∈x .         

   d) 23)( 2 +−= xxxf ,    [ ]10;10−∈x ;   

 

 

 

 ipoveT Semdegi funqciis gadaRunvis wertilebi da amozneqilobis 

Sualedebi: 

   a) ;               b) ; 
323 xxy −= 34 4xxy −=

   g) 21
1
x

y
+

= ;                 d) xxy sin+= . 

    

 

 

 gamoikvlieT da aageT Semdegi funqciis grafiki: 

1. a) ;             b) 
33 xxy −=

2
1

4
2 xxy −+= ; 

  g) 4

2

1
2

x
xy

+
−

= ;             d) 
65

1
2

2

+−
−

=
xx

xy . 

2. a) xxy )3( −= ;           b) ; 
22 xxey −=

  g) ;              d) 
xexy −+=

x
ey

x

+
=

1
. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
ricxviTi mimdevrobebi da mwkrivebi 
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ricxviTi mimdevroba. vTqvaT, mocemulia naturalur ricxvTa simravle 

 da namdvil ricxvTa simravlis raime  qvesimravle. ,...},...,2,1{ nN = A
   ganvixiloT raime funqcia . yovel naturalur ricxvs 

SevusabamoT raime 

f ANf →: n
x ricxvi  simravlidan da igi -iT aRvniSnoT. maSin 

miviRebT erTobliobas:  

A nx

,...,...,, 21 nxxx  

ricxvTa am  erTobliobas ricxviTi mimdevroba ewodeba. -s ewodeba 

mimdevrobis pirveli wevri, -s _ mimdevrobis meore wevri da a.S. -s 

ewodeba mimdevrobis  -uri wevri. -s uwodeben agreTve mocemuli 

mimdevrobis zogad wevrs. 

Mmimdevrobas 

mokled aRvniSnavT 

simboloTi. 

1x

2x nx
n nx

,...,...,, 21 nxxx

1)( ≥nnx
    ricxviT mimdevrobas, 

rogorc naturaluri 

argumentis funqcias, 

SegviZlia mivceT Semdegi 

geometriuli interpretacia: 

1)( ≥nnx

 

     ganvixiloT ricxviTi 

mimdevrobis ramdenime 

magaliTi. 

 

 

 

 

 

     magaliTi 6. 1. vTqvaT, mimdevrobis zogadi wevri mocemulia 

formuliT  

13 += nxn . 

maSin gveqneba  

13,...,10,7,4 321 +==== nxxxx n  

e.i. gvaqvs Semdegi mimdevroba: ,...13,...,10,7,4 +n  

     

 

     magaliTi 6. 2. vTqvaT mimdevrobis zogadi wevri mocemulia 

formuliT  

2
)1(1 n

nx −+
= . 

maSin gveqneba  

,...1,0,1,0 4321 ==== xxxx  

e. i. gvaqvs Semdegi mimdevroba:       ,...
2

)1(1,...,1,0,1,0
n−+
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      Mmimdevrobas ewodeba 

zemodan SemosazRvruli, Tu 

arsebobs iseTi b  ricxvi, rom 

 yoveli naturaluri n  
ricxvisTvis.  

1)( ≥nnx

bxn <

    zemodan SemosazRvruli 

mimdevrobis geometriuli suraTi 

Semdegia: 

 

 

 

 

 

 

 

 

 

 

     magaliTi 6. 3. ganvixiloT mimdevroba  sadac  ,)( 1≥nnx nxn −=
,..,...,2,1 n−−−  

am mimdevrobis yoveli wevri naklebia 0-ze, amitom es mimdevroba zemodan 

SemosazRvruli mimdevrobaa. 

 

       Mmimdevrobas ewodeba 

qvemodan SemosazRvruli, Tu arsebobs 

iseTi  ricxvi, rom  yoveli 

naturaluri  ricxvisTvis.  

( ) 1≥nnx

a axn >
n

    qvemodan SemosazRvruli 

mimdevrobis geometriuli suraTi 

Semdegia: 

 

 

 

 

 

 

 

 

 

 

     magaliTi 6. 4. ganvixiloT mimdevroba  sadac  ,)( 1≥nnx nxn =
,..,...,2,1 n  

am mimdevrobis yoveli wevri metia 0-ze, amitom es mimdevroba qvemodan 

SemosazRvruli mimdevrobaa. 

     Tu mimdevroba SemosazRvrulia rogorc zemodan, ise qvemodan, maSin 

mas SemosazRvruli mimdevroba ewodeba. 

   SemosazRvruli mimdevrobis geometriuli suraTi Semdegia: 
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magaliTi 6. 5. ganvixiloT mimdevroba  sadac ,)( 1≥nnx
n

xn
1

=  

,...1...,
3
1,

2
1,1

n
 

am mimdevrobis yoveli wevri metia 0-ze da naklebia 2-ze, amitom es 

mimdevroba SemosazRvruli mimdevrobaa.      

     

    Mmimdevrobas ewodeba zrdadi, Tu 

 ......21 ≤≤≤≤ nxxx
 

     magaliTi 6. 6.  ganvixiloT 

mimdevroba  

,...6,6,5,4,3,3,2,1  

es mimdevroba zrdadi mimdevrobaa. 

 

     

 

 

 

 

 

 

 mimdevrobas ewodeba klebadi, Tu  ......21 ≥≥≥≥ nxxx
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     magaliTi 6. 7.  ganvixiloT 

mimdevroba  

,...6,6,5,4,3,3,2,1 −−−−−−−−  

es mimdevroba klebadi mimdevrobaa. 

 

     mimdevrobas ewodeba mkacrad 

zrdadi, Tu ......21 <<<< nxxx  
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     magaliTi 6. 8.  ganvixiloT mimdevroba  

,...6,5,4,3,2,1  

es mimdevroba mkacrad zrdadi mimdevrobaa. 

 

 

 

 

 

 

 

 

 

 

 

 

     mimdevrobas ewodeba mkacrad 

klebadi, Tu  ...,...21 >>>> nxxx
 

     magaliTi 6. 9.  ganvixiloT 

mimdevroba  

,...1...,
3
1,

2
1,1

n
 

es mimdevroba mkacrad klebadi 

mimdevrobaa. 

 

     Yyovel zrdad (mkacrad zrdad) an 

klebad (mkacrad klebad) mimdevrobas 

monotonuri mimdevroba ewodeba. 

       

 

 

 

     Mmimdevrobas, sadac 1)( ≥nnx axn =  

yoveli  naturaluri ricxvisTvis, 

mudmivi mimdevroba ewodeba. 

n

 

 

 

 

 

 

  

  Mmimdevrobis zRvari   

   gansazRvreba 6. 1. vityviT, rom 

mimdevrobis zRvari aris  ricxvi, 

Tu yoveli dadebiTi 

1)( ≥xnx a
ε  ricxvisTvis moiZebneba iseTi naturaluri  

ricxvi, rom roca  , gveqneba

N
Nn > .ε<− axn  
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is  faqti, rom  mimdevrobis zRvari 

aris a  ricxvi Caiwereba ase:      
1)( ≥nnx

axnn
=

∞→
lim .      

M 

  mimdevrobis zRvris cnebas SegviZlia 

mivceT Semdegi geometriuli axsna: 

     Aaris mimdevrobis zRvari, Tu 

yoveli

a nx
0>ε  ricxvisTvis moiZebneba iseTi 

naturaluriN ricxvi , rom mimdevrobis 

yoveli  wevri, romlis nomeri  , 

moTavsdeba (

N
nx Nn >

), εε +− aa   

SualedSi: 

    

 

   gansazRvreba 6. 2. a) vityviT, rom 

mimdevrobis zRvari aris 1)( ≥xnx ∞+ , Tu 

yoveli dadebiTi M  ricxvisTvis, 

moiZebneba iseTi naturaluri  ricxvi, 

rom roca  , gveqneba .  

N
Nn > Mxn >

   is  faqti, rom  mimdevrobis zRvari 

aris , Caiwereba ase:      

1)( ≥nnx
∞+ +∞=

∞→ nn
xlim .      

 M 

 

 

 

 

 

 

 

 

 

   b) vityviT, rom mimdevrobis 

zRvari aris 

1)( ≥xnx
∞− , Tu yoveli dadebiTi M  

M  ricxvisTvis, moiZebneba iseTi 

naturaluri  ricxvi, rom roca 

eba Mxn −< .  

N Nn >  , 

gveqn

≥nnx   is  faqti, rom (  mimdevrobis 

zRvari aris 

1)
∞− , Caiwereba ase:      

.   −∞=
∞→ nn

xlim

    M 

    

 

 

g) vityviT, rom mimdevrobis  1)( ≥xnx
zRvari aris ∞ , Tu yoveli dadebiTi M  

ricxvisTvis, moiZebneba iseTi naturaluri 

 ricxvi, rom roca  , gveqneba | .  N Nn > Mxn >|
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   is  faqti, rom  mimdevrobis zRvari aris 1)( ≥nnx ∞ , Caiwereba ase:      

.     ∞=
∞→ nn

xlim

  M 

 

    

 

 

 

 

gansazRvreba 6. 3.  ricxvTa ( )  mimdevrobas ewodeba krebadi, Tu mas 

aqvs sasruli  zRvari.  mimdevrobas, romelsac zRvari ara aqvs, an misi 

zRvari aris romelime saxis usasruloba,  ganSladi mimdevroba ewodeba. 

nx 1≥n

     Tu  krebadia da misi zRvaria  ricxvi, amboben rom  

mimdevroba krebadia  ricxvisken. 

( ) 1≥nnx a ( ) 1≥nnx
a

 

  

   magaliTi 6. 10. yoveli mudmivi 

 mimdevroba krebadia da misi 

zRvaria  ricxvi. 

, ,..., ,...a a a
a

     marTlac, yoveli 0>ε  

ricxvisTvis ),( εε +− aa  midamo Seicavs 

ricxvs. Aamitom aseTi a 0>ε  

ricxvisTvis ricxvad gamodgeba 

nebismieri naturaluri ricxvi. Cveni 

SemTxvevisTvis 

N

),( εε +−∈= aaaxn  

yoveli  – Tvis. Ee.i. n .lim aa
n

=
∞→

 

 

    magaliTi 6. 11. ganvixiloT 

1

1

≥

⎟
⎠
⎞

⎜
⎝
⎛

nn
mimdevroba. (e.i. mimdevroba: 

,...)1,...,
2
1,1

n
. vaCvenoT, rom es mimdevroba 

krebadia da misi zRvari 0-is tolia. 

aviRoT nebismieri 0>ε  ricxvi da 

movZebnoT iseTi naturaluri ricxvi, 

rom 

N

ε
1

>N . (aseTi naturaluri ricxvi 

moiZebneba naturalur ricxvTa 

simravlis zemodan 

araSemosazRvrulobis gamo). Aaxla, 

cxadia, rom Tu , gveqneba Nn >

ε<<==−
Nn

xax nn
11

 e.i. 

.01limlim ==
∞→∞→ n

x
nnn

 

    

magaliTi 6. 12. 
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   a) 0)1(lim =
−

∞→ n

n

n
, vinaidan  ε<=−

−
nn

n 10)1(
,  roca ⎥⎦

⎤
⎢⎣
⎡=>
ε
1Nn . 

 

 

 

 

 

 

 

 

 

 

 

 

 133

 

   b) 11lim =
+

∞→ n
n

n
, vinaidan  ε<

n
1

=−
+
n

n 11
,  

roca ⎥⎦
⎤

⎢⎣
⎡=>
ε
1Nn . 

 

 

 

 

 

 

 

 

   g) 0sinlim =
∞→ n

n
n

, vinaidan  ε<≤−
nn

n 10sin
,  roca ⎥⎦

⎤
⎢⎣
⎡=>
ε
1Nn . 

   d) 01lim =
∞→ nn q

 roca 1>q . marTlac, ε<=− nn qq
101

, roca   

      
1log qn N
ε

⎡ ⎤> = ⎢ ⎥⎣ ⎦
. 

   7) vTqvaT, ( vaCvenoT, rom  mimdevrobas ara aqvs 

zRvari. -1,1,-1,1,..……… 

.)1(,) 1
n

nnn xx −=≥ 1)( ≥nnx

davuSvaT, rom am mimdevrobis zRvari aris raime a  ricxvi. Ees imas 
niSnavs, rom yoveli 0>ε  ricxvisTvis moiZebneba iseTi naturaluri 

ricxvi, rom 

N
ε<− axn , roca  .Nn >

    aviRoT
2
1

=ε . 
2
1

=ε -Tvis arsebobs iseTi 

naturaluri ricxvi, rom N ,
2
1

<− axn  roca 

 .Nn >
    radganac  Tanmimdevrulad Rebulobs -1 da 

1 mniSvnelobebs, amitom unda iyos 

nx



2
11 <− a  da .

2
11 <−− a  

maSin gveqneba .1
2
1

2
111)1()1(2 =+<−−+−≤−−−−= aaaa  e.i. 2<1, rac 

SeuZlebelia. maSasadame, mocemul mimdevrobas zRvari ara aqvs.  

   moviyvanoT aRniSnuli faqtis geometriuli interpretacia: 

 L   

      

 

 

          

   8)  ,   vinaidan  , roca +∞=
∞→

2limn
n

Mn >2 1][ +=> MNn . 

   9) ,  vinaidan  ,  roca −∞=−
∞→

)(lim 3n
n

Mn −<− 3 1][3 +=> MNn . 

   10) ,   vinaidan ∞=⋅−
∞→

nn

n
)1(lim Mnn >− )1(  , roca     ][MNn =>

                            

     Teorema 6. 1. yovel krebad mimdevrobas aqvs erTaderTi zRvari. 

     damtkiceba. moviyvanoT damtkicebis geometriuli varianti: 

vTqvaT,  mimdevroba krebadia ricxvisaken. aviRoT ricxvisgan 

gansxvavebuli raime ricxvi. vaCvenoT, rom b  ar SeiZleba iyos 

mocemuli mimdevrobis zRvari.  

1)( ≥nnx a a
b

vTqvaT, (0, ),
2

b a b aε −
∈ > .  

maSin, rogorc naxazidan Cans, roca 

,   mimdevrobis wevrebi 

Cavardebian ricxvis (

Nn > 1)( ≥nnx
a ), εε +− aa  

midamoSi. amitom mimdevrobis 

romeliRac nomridan dawyebuli 

vercerTi wevri ver Cavardeba 

, )b
b ricxvis 

b( ε ε− +   midamoSi.

      

 

 

 

 

 

 

     Teorema 6. 2. yoveli krebadi mimdevroba SemosazRvrulia. 

    Ddamtkiceba. vTqvaT, axnn
=

∞→
lim  . maSin 1=ε  ricxvisTvis arsebobs iseTi 

ricxvi, rom roca  , maSin N Nn > .1<− axn  

 

    

c naxazze Cans , miTiTebuli zolis 

om 

  

rogor

gareT rCeba 1)( ≥nnx  mimdevrobis mxolod 

sasruli raodenobis wevrebi, amitom 

arsebobs iseTi 1c   da  2c  ricxvebi, r

Sesruldeba 21 cc n <x<  utoloba yvela n -
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Tvis, maSasad 1  mimdevroba SemosazRvrulia. 

 

ame )( ≥nnx

      SeniSvna 6. 1. arsebobs iseTi mimdevrobebi, romlebic 

rogorc 

i SemosazRvru

inareobs 

SemosazRvrulia, magram araa krebadi. Mmag.: 
.

1 )1(,)( n
nnn xx −=≥ . 

viciT, es mimdevroba araa krebadi, magram ig lia. 

     e.i. mimdevrobis SemosazRvrulobidan sazogadod ar gamomd

misi krebadoba. 

      Teorema 6. 3. vTqvaT,  

es 

 

1)( ≥nnx
zrdadi  mimdevrobaa, romelic 

SemosazRvrulia zemodan. maSin 

mimdevroba krebadia.   

  D  

      

 

 

 

 

 

 

 

 

 

 

 

Teorema 6. 4. vTqvaT, klebadi  mimdevrobaa, romelic 1)( ≥nnx
SemosazRvrulia qvemodan. maSin es mimdevroba krebadia. 

 

n
xx nnn

11,)( 1 −=≥      magaliTi 6. 12. mocemulia  mimdevroba 

nx  zrdadi mimdevrobaa da .1)11(limlim =−=
∞→∞→ n

x
nnn

 

      magaliTi 6. 13.  mocemulia 
n

xx nnn
11,)( 1 +=≥   mimdevroba 

 nx   klebadi mimdevrobaa da .1)11(limlim =+=
∞→∞→ n

x
nnn

 

 

    gansazRvreba 6. 4. vTqvaT mocemulia ( mimdevroba.  ganvixiloT 

evro

.1) ≥nnx
naturalur ricxvTa mkacrad zrdadi mimd ba ......321 <<<<< knnnn  

mimdevrobas ,...,...,, nnn xxx ewodeba ( 1) ≥nnx  mimdevrob
21 k

is qvemimdevroba da 

e: aRiniSneba as .1)( ≥knk
x  
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      Teorema 6. 5. Tu  mimdevroba krebadia a  ricxvisken, maSin am 
mimdevrobis yoveli qvemimdevroba 

krebadia imave  ricxvisken. 

1)( ≥nnx

a
     Ddamtkiceba. vTqvaT, .lim axn =  

amitom ganmartebis ZaliT 0>∀ε -

Tvis arsebobs iseTi  ricxvi, 

rom roca , maSin 

N
Nn > .ε<− axn  

     Aaxla ganvixiloT 

qvemimdevroba 
21 k

xvi, rom Nnm >
 

,...,...,, nnn xxx aviRoT 

iseTi  ric  ,  

Sin ,

m

ma  ε<− ax
kn , roca  . 

≥kk
mimdevrobis zRvaria 

e ri

mk >

e.i. )( nx 1

igiv cxvi.  a
     ma aliTi 6g . 14. vTqvaT 

am 

mimdevrobis S

−

n
nnn xx )1(,)( 1 −=≥  ganvixiloT 

emdegi ori 

qvemimdevroba:  

-1,-1,…..,-1,.. )1(lim 1=−
∞→n

…… 

m =
∞→n

 

 mimdevrobas zRvari rom 

igive 

ori 

a aqvs. 

 

1,1,…..,1,….. li .11

 

  ( 1) ≥nnx
hqondes, maSin mis nebismier 

qvemimdevrobas unda hqondes 

zRvari. Mmagram Cven aviReT 

( 11 ))1(() ≥≥ −= n
n

nnx  mimdevrobis 

iseTi qvemimdevroba, romelTac 

sxvadasxva zRvari aqvT. Ee.i. 

1)( ≥nnx  mimdevrobas zRvari ar
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      Teorema 6. 6. vTqvaT,  da  ori mimdevrobaa da 

 maSin marTebulia tolobebi: 

1)( ≥nnx 1)( ≥nny
.lim,lim byax nnnn

==
∞→∞→

      1. ( ) bayxyx nnnnnnn
+=+=+

∞→∞→∞→
limlimlim  

      2. bayxyx nnnnnn
−=−=−

∞→∞←∞→
limlim)(lim  

      3. abyxyx nnnnnnn
==

∞→∞→∞→
limlim)(lim  

     4. Tu , maSin 0≠b
b
a

y

x

y
x

nn

nn

n

n

n
==

∞→

∞→

∞→ lim

lim
lim  

     5. Tu gvaqvs mudmivi mimdevroba  , maSin  1)( ≥na .lim aa
n

=
∞→

     6. Tu α  raime ricxvia, maSin .limlim nnnn
xx

∞→∞→
= αα  

 

      Teorema 6. 7. vTqvaT lim ( )
x

f x L
→+∞

=  da ( )na f n= . maSin . lim nn
a L

→∞
=

 

      magaliTi 6.15. gamoTvaleT zRvari 
1lim arctan

n
n

n→∞

⎛ ⎞
⎜ ⎟
⎝ ⎠

. 

 

1arctan
1 1lim arctan lim arctan lim 1n x x

xn x
n x

x
→∞ →∞ →∞

⎛ ⎞
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎝ ⎠= =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

2

22 2

2

2 2

1
11lim lim lim 11 11 1

x x x

x
xx x

x
x x

→∞ →∞ →∞

⎛ ⎞−⎜ ⎟+ ⎝ ⎠= = =
+− +

=  

       gansazRvreba 6. 5.  ricxvTa mimdevrobas ewodeba usasrulod 

mcire mimdevroba, Tu am mimdevrobis zRvari nulis tolia.  

1)( ≥nnx

 

MmagaliTi 6. 16.  .01lim.1,)( 1 ==
∞→≥ nn

xx
nnnn  e.i. 1)1( ≥nn

usasrulod mcire 

mimdevrobaa. 

   ricxvTa mimdevrobas ewodeba usasrulod didi, Tu misi zRvari 

aris romelime saxis usasruloba.   

1)( ≥nnx

    marTebulia Semdegi 

     Teorema 6. 8. Tu ( ) usasrulod didi mimdevrobaa da 

, maSin 

1≥nnx

( )Nnxn ∈≠ 0
1

1

≥
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

nnx
 mimdevroba usasrulod mcire mimdevrobaa, da 

piriqiT: Tu ( ) usasrulod mcire mimdevrobaa, , maSin 1≥nnx ( Nnxn ∈≠ 0 )

1

1

≥
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

nnx
 usasrulod didi mimdevrobaa. 
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     vTqvaT,  da ( )  ori usasrulod mcire mimdevrobaa. 

Aamboben, rom 

( ) 1≥nnx 1≥nny
( ) 1≥nnx da  ekvivalenturi usasrulod mcire 

mimdevrobebia, Tu 

( ) 1≥nny

1lim
∞→n

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n

n

y
x

 da weren: ( ) 1≥nnx  ≈ ( ) 1≥nny  

     vTqvaT,  da ( )    ori usasrulod didi mimdevrobaa. Tu ( ) 1≥nnx 1≥nny

1lim =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∞→

n

n

n y
x

, maSin  da ( ) 1≥nnx ( ) 1≥nny  mimdevrobebs ekvivalenturi usasrulod 

didi mimdevrobebi ewodeba. 

 

magaliTebi 1. ( ) 1≥nnx , 01lim,1
==

→ nn
x

nn  

                ( ) 0
1

1lim,
1

1,1 =
++

=
∞→≥ nn

yy
nnnn  

        111lim1lim

1
1

1

limlim =⎟
⎠
⎞

⎜
⎝
⎛ +=

+
=

+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∞→∞→∞→∞→ nn

n

n

n
y
x

nnn
n

n

n
 

e.i.  ( )   1≥nnx ≈ ( ) 1≥nny
 

             2. ( ) 1≥nnx , ( ) +∞=++=
∞→

1lim,1 22 nnx
nn  

 

                ( ) 1≥nny ,                  +∞==
∞→

22 lim, nny
nn

111lim11lim1limlim 222

2

=⎟
⎠
⎞

⎜
⎝
⎛ +=⎟⎟

⎠

⎞
⎜
⎝
⎛ +=

+
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∞→∞→∞→∞→ nnn

n
y
x

nnn
n

n

n
 

 

e.i.  ( )   1≥nnx ≈ ( ) 1≥nny
 

 

 

zogierTi mimdevrobis zRvari: 

 

1. ( ) , 1≥nnx .1lim, ==
∞→

n

n

n
n nnx  

2.  7,211lim,11 ≈=⎟
⎠
⎞

⎜
⎝
⎛ +⎟

⎠
⎞

⎜
⎝
⎛ +=

∞→
e

nn
x

n

n

n

n  – neperis ricxvi 

3.   ( ) +∞=>=
∞→

n

n

n
n qqqx lim,1,

4.   .0lim,10, =<<=
∞→

n

n

n
n qqqx

damtkiceba. radganac 
loglog n

nx
n

=  da 
log 1lim lim 0

x x

x
x x→∞ →∞

= = , amitom Teorema 6. 7-

is ZaliT  
loglim log lim 0nn n

nx
n→∞ →∞

= = . Tu gamoviyenebT logariTmuli funqciis 

uwyvetobas, miviRebT log lim 0, lim 1n nn n
x x

→∞ →∞
= = . 
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analogiurad damtkicdeba danarCeni tolobebis samarTlianoba 

(daamtkiceT!). 

 

 

M         

 

 

 

 

 savarjiSoebi 

 

1.   mimdevrobis zRvris ganmartebis ZaliT aCveneT, rom 

 

   a)    0
1

1lim =
+∞→ nn

 ;                b)   111lim =⎟
⎠
⎞

⎜
⎝
⎛ +

∞→ nn
; 

 

   g)    0
1

1lim 2 =
+∞→ nn

 ;               d)   222lim 2 =⎟
⎠
⎞

⎜
⎝
⎛ +

∞→ nn
. 

2.   gamoTvaleT: 

    a)   
27
14lim 6

5

+−
−+

∞→ nn
nn

n
 ;               b)   

1

2
11lim

+

∞→
⎟
⎠
⎞

⎜
⎝
⎛ +

n

n n
; 

 

    g)   ⎟
⎠
⎞

⎜
⎝
⎛ +++

∞→ 222 ...21lim
n
n

nnn
 ;        d)   ( )33 1lim nn

n
−+

∞→
 . 

3. aCveneT, rom    mimdevrobas, sadac ( ) 1≥nnx ( )n
nx 11 −+=  ara aqvs zRvari  

 

 

 

 

 

   ricxviTi mwkrivebi. vTqvaT, ricxvTa raime mimdevrobaa. Cveni 

survilia azri mivaniWoT am mimdevrobis yvela wevris jams. 

1)( ≥nnx

                                    (6. 1) ......21
1

++++=∑
∞

=
n

n
n xxxx

 

amasTan, es jami ise unda  iyos ganmartebuli, rom, roca yvela , Tu 

, nulis tolia, (6. 1) gvaZlevdes 

nx
1+≥ Nn Nxxx +++ ...21  jams. 

     (6. 1) saxis jams Cven  wevrebian mwkrivs vuwodebT. Aam 

mwkrivis pirveli wevria,  meore wevri, -sMmwkrivis -ur wevrs 

uwodeben. 

,...,...,, 21 nxxx 1x

2x nx n

     ganvixiloT (6.1) mwkrivis  e. w. kerZo jamebi  
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#

#

nn xxxS

xxS
xS

+++=

+=
=

...21

212

11

 

yovel  ricxvs Seesabameba (6. 1) mwkrivis  -uri kerZo jami . 

amgvarad, miiReba (6. 1) mwkrivis Sesabamisi -uri kerZo jamebis  

mimdevroba. 

)( Nnn ∈ n nS
n 1)( ≥nnS

    Aamboben, rom (6. 1) mwkrivi krebadia da  aris misi jami, Tu krebadia 

misi kerZo jamebis  mimdevroba da 

S
1)( ≥nnS SSn =lim . aseT SemTxvevaSi weren 

......21 ++++= nxxxS  

     im SemTxvevaSi, roca  mimdevroba ganSladia, (6. 1) mwkrivs 

ganSladi mwkrivi ewodeba.       

1)( ≥nnS

Teorema 6. 9. Tu (6. 1) mwkrivi krebadia, maSin .0lim =
∞→ nn

x  

damtkiceba. marTlac, vTqvaT mwkrivis  kerZo jamTa mimdevroba 

krebadia. maSin 

1)( ≥nnS
0limlim)(limlim 11 =−=−=−= −∞→∞→−∞→∞→

SSSSSSx nnnnnnnnn
. Teorema 

damtkicebulia. 

 

magaliTebi 6. 17. ganvixiloT mwkrivi 

...... ++++ aaa  

       Tu  maSin yoveli -Tvis ,0=a n 0=nS  da 0lim =
∞→ nn

S . Aam SemTxvevaSi 

mwkrivi krebadia da misi jami 0=S . roca ,0≠a  piroba araa 0lim =
∞→ nn

x

Sesrulebuli da amitom Teorema (6. 9)-is ZaliT, es mwkrivi ganSladia. 

        

 

magaliTebi 6. 18. ganvixiloT mwkrivi, romlisTvisac mas aseTi .)1( n
nx −=

saxe aqvs: 

"" +−++−++− n)1()1(1)1( +… 

Aaq piroba  araa Sesrulebuli da amitom mwkrivi ganSladia. 0lim =
∞→ nn

x

      

 

 magaliTebi 6. 19.  ganvixiloT raime  da q  ricxvebi  da a )0( ≠a
SevadginoT mwkrivi 

                                             (6. 2) ......2 +++++ naqaqaqa
e.i. aq        .1−= n

n aqx
 

    Tu ,1≥q maSin ,011 >≥== −− aqaaqx nn
n  nebismieri -sTvis. Aamitom Nn∈

piroba  araa Sesrulebuli, rac amtkicebs, rom (2) mwkrivi 0lim =
∞→ nn

x

ganSladia. 

     Aaxla ganvixiloT SemTxveva, roca .1<q maSin 
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q
a

q
a

q
aq

q
a

q
aq

q
a

q
aq

q
aS

q
aq

q
a

q
aaqaqaqaS

n

nn

n

n

n

nnn

n
n

n
n

−
=

−
−=

−
−

−
=

−
−

−
=

−
−

−
=

−
−

−
=

−
−

=+++=

∞→∞→∞→∞→∞→

−

11
0

1
lim

11
lim

1
lim)

11
(limlim

111
... 1

 

es imas niSnavs, rom (6. 2)  mwkrivi krebadia da 

            )1(
1

<
−

=++++ q
q

aaqaqa n ""  

       

 

magaliTebi 6. 20  ganvixiloT mwkrivi 

...1...
3
1

2
111

1
+++++=∑

∞

= nnn
            

Aam mwkrivs harmoniuli mwkrivi ewodeba. 

    ganvixiloT .
2
1...

3
1

2
112 kkS ++++=  

  davajgufoT es Sesakrebebi Semdegnairad: 

    

           
)

2
1...

22
1

12
1(...)

8
1

7
1

6
1

5
1()

4
1

3
1()

2
1(1 112 kkkkS ++

+
+

+
+++++++++=

−−  

kS
2
 jamSi  sxvadasxva frCxilia. Yyovel maTgans aqvs saxe: k

              

 

 

),...,,2,1(
2

1
2
1...

22
1

12
1 12

1
111 km

i

m

i
mmmm =

+
=++

+
+

+ ∑
−

=
−−−

. magram 

 

2
1

2
2

2
1

22
1

2
1 12

1
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e.i.     
2

1
2

kS k +≥  

vTqvaT, axla, rom A  nebismieri dadebiTi ricxvia. aviRoT iseTi A
naturaluri  ricxvi, rom k ( )12 −> Ak . maSin  . e.i. ( )  araa AS k >

2 1≥nnS
zemodan SemosazRvruli. 

   Aamgvarad, Qharmoniuli  mwkrivi ganSladia. 

 

   

   magaliTebi 6. 21 . gamoTvaleT usasrulo jami 
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+
−=
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−+−

−
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nnnnn
. maSin 1)

1
11(limlim =
+
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S
nnn

. 

Aamrigad, ...
)1(

1...
43

1
32

1
21

1
+

+
++

⋅
+

⋅
+

⋅ nn
=1. 

    

 

      gansazRvreba 6. 6. vTqvaT, mocemulia ∑ mwkrivi. ganvixiloT 

mwkrivi  

∞

=1n
nx

   . Aam mwkrivs uwodeben mwkrivis -ur naSTs.        ∑
∞

+=
+++ =+++

1
321 ...

nk
knnn xxxx ∑

∞

=1n
nx n

SeniSvna. vTqvaT, mwkrivi krebadia da misi jamia . maSin 

. aqedan , amitom 

∑
∞

=1n
nx S

∑ ∑∑∑
∞

+=

∞

+==

∞

=

+=+==
1 111 nk nk

knk

n

k
k

n
n xSxxxS n

nk
kn SSxr −== ∑

∞

+= 1

0)(limlim =−=−=
∞→∞→

SSSSr nnnn
. 

 

          

   absoluturad da pirobiTad krebadi mwkrivebi . ganvixiloT  mwkrivi 

 

......21 ++++ nxxx                                (6. 3) 

 

da SevadginoT mwkrivi 

 

......21 ++++ nxxx                              (6. 4) 

   (6. 3) mwkrivs absoluturad krebadi ewodeba, Tu krebadia (6. 4) 

mwkrivi. Tu (6. 3) mwkrivi krebadia, xolo (6. 4) ganSladia, maSin (6. 3) 

mwkrivs pirobiT krebadi mwkrivi ewodeba. 

   magaliTi 6. 22. ganvixiloT mwkrivi ...
3
1

3
1

2
1

2
111 +−+−+−   . misi kerZo 

jamia an 
n
1
 an 0. amitom kerZo jamTa mimdevroba krebadia nulisken, 

maSasadame mwkrivic krebadia nulisken. meore mxriv, mwkrivis wevrebis 

modulebisagan Sedgenili mwkrivia ...
3
1

3
1

2
1

2
111 ++++++  , romelic 

ganSladia, e. i. mocemuli mwkrivi ar aris absoluturad krebadi, magram 

igi aris pirobiT krebadi. 

    AvityviT, rom  

∑
∞

=1n
nα                                         (6. 5) 

mwkrivi warmoadgens (6. 3) mwkrivis maJorants (maJorantul mwkrivs), Tu 

moiZebneba iseTi naturaluri  ricxvi, rom, roca , maSin N Nn ≥ .nnx α≤    

   Teorema 6. 10 (mwkrivTa Sedarebis niSani). Tu (6. 3) mwkrivs gaaCnia 

krebadi (6. 5) saxis maJoranti, maSin (6. 3) mwkrivi absoluturad krebadia. 
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   magaliTi 6. 23. ganvixiloT mwkrivi ∑
∞

=1
2

1
n n

 da ∑
∞

= −1 )1(
1

n nn
. vinaidan 

)1(
11

2 −
<

nnn
 da ∑

∞

= −1 )1(
1

n nn
 mwkrivi krebadia (rogorc zemoT ganxiluli 

magaliTi 6.21-dan Cans), amitom Sedarebis TeoremiT  ∑
∞

=1
2

1
n n

 mwkrivi 

krebadia. mtkicdeba, rom 
6

1 2

1
2

π
=∑

∞

=n n
. 

   

 magaliTi 6. 24. ganvixiloT mwkrivi ∑
∞

=1
2

sin
n n

n
. es mwkrivi Sedarebis 

TeoremiT  absoluturad krebadia, vinaidan 22

1sin
nn

n
≤ , xolo ∑

∞

=1
2

1
n n

 

mwkrivi ki krebadia. 

    

 

 magaliTi 6. 25. vTqvaT, mocemulia mwkrivi ∑
∞

=1

1
n

pn
. Mmtkicdeba, rom roca 

1>p , maSin mwkrivi krebadia, xolo roca 1≤p , maSin ganSladia. 

     

 

     Teorema 6. 11 (mwkrivis absoluturi krebadobis dalamberis 

sakmarisi niSani). 

 vTqvaT, mocemulia ∑  mwkrivi da 
∞

=1n
nx q

x
x

n

n

n
=+

∞→

1lim . maSin samarTliania: 

a) Tu , maSin  mwkrivi absoluturad krebadia. 1<q ∑
∞

=1n
nx

b) Tu , maSin  mwkrivi ganSladia. 1>q ∑
∞

=1n
nx

g) Tu , maSin arsebobs Sesabamisad rogorc absoluturad krebadi, 

ise ganSladi mwkrivi. 

1=q

magaliTi 6. 26. Kkrebadia Tu ara mwkrivi? 1) ∑
∞

=1

!2
n

n

n

n
n
;  2) ∑

∞

=1

!3
n

n

n

n
n
. 

1) gamoviyenoT dalamberis niSani: 

                

      12

)11(

2lim
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1
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=⋅
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+
∞→∞→+

+
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n
n

n
n
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n
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n
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n

n

n

n
 , e. i. mwkrivi krebadia. 

   2)  13

)11(

3lim
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)!1(3lim 1

1
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+
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+
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+
∞→∞→+

+

∞→ e
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n
n
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nnn

n
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n

n

n

n
, e. i. mwkrivi ganSladia. 
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Teorema 6. 12 (mwkrivis absoluturi krebadobis koSis sakmarisi niSani) 

      vTqvaT, mocemulia ∑  mwkrivi da 
∞

=1n
nx qxn

nn
=

∞→
lim . maSin samarTliania: 

b) Tu , maSin  mwkrivi absoluturad krebadia. 1<q ∑
∞

=1n
nx

b) Tu , maSin  mwkrivi ganSladia. 1>q ∑
∞

=1n
nx

g) Tu , maSin arsebobs Sesabamisi rogorc absoluturad krebadi, 

ise ganSladi mwkrivi. 

1=q

 

magaliTi 6. 27. gaarkvieT 

n

n n
n∑

∞

=
⎟
⎠
⎞

⎜
⎝
⎛

+1 24
 mwkrivis krebadobis sakiTxi : 

gamoviyenoT koSis niSani: 

 1
4
1

24
lim
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lim <=

+
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⎠
⎞

⎜
⎝
⎛

+ ∞→∞→ n
n

n
n

n
n

n

n
, e. i. mwkrivi krebadia .                                 

   Mmwkrivs    (6. 3) ewodeba  niSancvladi Tu 01 <+nn xx  

(roca . Ees cxadia, imas niSnavs, rom mwkrivis yoveli ori 

mezobeli wevri sxvadasxva niSnis  namdvili ricxvia. garkveulobisaTvis 

vigulisxmoT, rom . aRniSvnebis erTgvari SecvliT (6. 3) mwkrivi 

aseTi saxiT gadavweroT 

,...)2,1=n

01 >x

 

       ( ) ...1... 1
4321 +−++−+− −

k
k aaaaa                             (6. 6) 

cxadia,  mkacrad dadebiTi ricxvebia. ,...,..., 21 naaa
      Teorema 6. 13 (niSancvladi mwkrivis krebadobis leibnicis 

sakmarisi niSani). 

Tu niSancvladi 

( ) =−∑
∞

=

−
n

n

n a
1

11 ...321 −+− aaa      ( , 0>na ,...2,1=n ) 

mwkrivisTvis Sesrulebulia pirobebi: 

       1)   ......21 ≥≥≥≥ naaa
       2)  0lim =

∞→ nn
a , 

maSin  (6. 6)  mwkrivi krebadia da misi  jamisTvis gvaqvs: 0 . S 1aS ≤≤
      magaliTi 6. 28. ganvixiloT Semdegi niSancvladi mwkrivi  

( ) ...11...
3
1

2
11 1 +−+−+− +

n
n

                               

Aam magaliTisTvis ,1
n

an =     klebadia da  . Aamitom  1)( ≥nna 0lim =
∞→ nn

a

leibnicis niSnis Tanaxmad, es mwkrivi krebadia. 

 Mmwkrivis wevrTa modulebisgan Sedgenili mwkrivi harmoniuli mwkrivia 

     ...1...
3
1

2
11 +++++

n
  

  Dda is ganSladia. Ee.i. mocemuli mwkrivi pirobiTad krebadi mwkrivis 

magaliTia.  
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i  n  t  e  g  r  a  l  i 
 
 
 
    vTqvaT mocemulia [2,5] segmentze 

gansazRvruli ( ) 2f x x=  funqciis grafiki. -iT 

aRvniSnoT  wrfeebiT  da 

S

2, 5, 0x x y= = = ( )y f x=  

funqciis grafikiT SemosazRvruli figuris  

farTobi. Cvens mizans warmoadgens  ricxvis 

povna.  

S

 nabiji 1.  advili dasanaxia, rom  funqcia 

udides mniSvnelobas aRwevs 

f
5x =  wertilSi, 

xolo umciress ki-  wertilSi. SemoviRoT 

aRniSvnebi:  , 

2x =

0 12, 5x x= = { }2 0 1,P x x=  da 

( ) ( )( ) (2, 2 5 2 3 2L f P f f= − = ) 
)5( ) ( ) (2, 5 (5 2) 3U f P f f= − =  

  

 

 

 

                                                                  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

> 
> 
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advili dasanaxia, rom  

 

( ) ( )2 2, ,L f P S U f P≤ ≤ . 

nabiji 2. ganvixiloT [2,5] segmentis sami 

0 1 2x< < =  

da SemoviRoT aRniSvna 

1 2, }x x . 

mocemuli sami wertils meSveobiT [2,5] 

wertili ise, rom  

2 x x= 5

3 0{ ,P x=

segmenti danawildeba or [ ]0 1,x x  da [ ]1 2,x x
qvesegmentebad.  radganac 

amitom arseboben ricxvebi: 1 2 1 2, , ,l l u u  iseTi, rom 

( ) ( ) ( ) 0 1,

 

 funqcia uwyvetia, f
 

1 1f l f x f u x x x≤ ≤ ≤ ≤ > 
da 

1 2,( 2 2) ( ) ( )f l f x f u x x x≤ ≤ ≤ ≤ . 

 

 

 
>  

 

ens SemTxvevaSi . 

oT naxazi 1-ze moce li 

marTku

)1f P f l x x f l x x= − + −  

 

                                                          naxazi 1 

 

Cv  1 2 1 1 1 22, , , 5l l x u x u= = = =

( ),L f P -iT aRvniSn mu

Txedebis farTobTa jami, e. i.  

 

3

( ) ( )( ) ( )(3 1 1 0 2 2,L

 

  

vTqvaT 

 

( ) ( )( ) ( )( )3 1 1 0 2 2, 1f P f u x x f u x x= − + − . naxazi 2-dan 

advili dasanaxia, rom )  wa
U

( 3,U f P rmoadgens 

marTkuTxedebis farTobTa jams. 

 

> 
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                                                            naxazi 2 

biji 3. ganvixiloT [2,5] segmentis oTxi wertili ise, rom  

 

 

na

0 1 2 32 5x x x x= < < < =  

da SemoviRoT aRniSvna 

4 0 1 2 3{ , , , }P x x x x= . 

mocemuli oTxi wertilis meSveobiT [2,5] segmenti danawildeba sam 

[ ] [ ]0 1 1 2, , ,x x x x  da [ ]2 3,x x  qvesegmentebad.  radganac f  funqcia uwyvetia
xvebi: 1 2 3 1 2 3, , , , ,l l l u u u  iseTi, rom 

( )

, 

amitom arseboben ric

( ) ( ) 0 1,1 1f l x x xf x f u≤ ≤ ≤
 

≤ ,

( ) ( ) ( )2 2 1, 2f l f x f u x x x≤ ≤ ≤ ≤  

da 

 

( ) ( ) ( )3 3 2 3,f l f x f x x xu≤ ≤ ≤ ≤ . 

 

-iT aRvniSnoT naxaz 3-ze mocemuli marTkuTxedebis farTobTa 

jami, e.

( )3,L f P
 i.  

 

( ) ( )( ) ( )( ) ( )( )4 1 1 0 2 2 1 3 3 2,L f P f l x x f l x x f l x x= − + − + −  

 
 

 

 

                                       naxazi 3 

qvaT 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

vT
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( ) ( )( ) ( )( ) ( )( )4 1 1 0 2 2 1 3 3, 2f P f u x x f u x x f u x x= − + − + − . naxazi 4-dan advili 

dasanaxia, rom  warmoadgens sami marTkuTxedis farTobTa jams. 

 

                         

                                                      naxazi 4 

SevniSnoT, rom 

U

( )4,U f P
 

 

 

 

 

 

 

 

 

 

 

 

 

                               

 

 

( ) ( )4 4, ,L f P S U f P≤ ≤  

da Tu  

 

maSin 

3 4P P⊂

( ) ( ) ( ) ( )3 4 4, , ,L f P L f P S U f P U f P≤ ≤ ≤ ≤ 3, . 

 

es procesi SeiZleba gagrZeldes usasrulod; kerZod,  nabijze 1n+
miviRebT 

 

1 0 1{ , ,..., }n nP x x x+ =  

( ) ( ) ( ) , ,i 1,2,...,i i if l f x f u l x i n≤ ≤ ≤ ≤ =  u

( ) ( )( ) ( )( ) ( )( )1 1 1 0 2 2 1, n nL f P f l x x f l x x f l 1n nx+ −= − + − + + −  

da 

x

( ) ( )( ) ( )( ) ( )( )1 1 1 0 2 2 1, n n n nU f P f u x x f u x x f u x x+ −= − + − + + − 1  
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> 

 

 

 

evniSnoT, rom 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
S

( ) ( )1 1, ,n nL f P S U f P+ +≤ ≤  

da Tu  

1n nP P +⊂  

maSin 

( ) ( ) ( ) ( )1 1, , ,n n nL f P L f P S U f P U f P+ +≤ ≤ ≤ ≤ , n . 

 

rogorc msjelobidan Cans, roca  miiswrafvis usasrulobisken, maSin n
( )1, nL f P +  da ( ), nU f P +  mimdevrobebi miiswrafvian S  ricxvisken. 

 

1
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Cven zemoT ganvixileT SemTxveva, roca  funqcia dadebiTia. vTqvaT,  

funqcia Tavis gansazRvris areSi Rebulobs uaryofiT mniSvnelobebs.  

f f

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

S -iT aRvniSnoT  wrfeebiT  da 2, 5, 0x x y= = = ( )y f x=  funqciis grafikiT 

SemosazRvruli figuris  farTobi. maSin analogiuri msjelobis Sedegad 

miviRebT, rom 

 

 

 ( ) ( )1 1, ,n nL f P S U f P+ +≤ − ≤ . 
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 153



 

 

 

 

 

 

154

vTqvaT  niSans ar inarCunebs 

Tavis gansazRvris areSi. 

f

S + -iT aRvniSnoT im nawilis 

farTobi, romelic  RerZis zeviTaa, 

xolo -iT ki m nawilis farTobi, 

romelic  RerZis qveviTaa. maSin ise, 

rogorc zemoT, miviRebT, rom 

ox
S −

ox

 

( ) ( )1 1, ,n nL f P S S U f P+ −
+ +≤ − ≤  
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danawilebebi da darbus jamebi. vTqvaT,  segmentze gansazRvruli 

uwyveti funqciaa. ganvixiloT [ ,  segmentis wertilTa sasruli 

simravle 

[ , ]f a b
]a b

{ }0 1, ,..., nP x x x= , 

sadac 

0 1 2 1n na x x x x x b−= < < < < < = . 

 -s vuwodebT [ ,  segmentis danawilebas. P  danawilebis wertilebiT 

 segmenti danawildeba  qvesegmentad, romlis -uri segmenti aris 

P ]a b P
[ , ]a b n n

1[ ,i i ]x x− . ix∆ -iT aRvniSnoT [ ,1 ]i ix x−  segmentis sigrZe. e. i. 

1, 1, 2,...,i i ix x x i n−∆ = − = . 

 

ix∆  sigrZeebs Soris udidesi aRvniSnoT P  -Ti. e. i . 

1
max ii n

P x
≤ ≤

= ∆ . 

radganac  funqcia uwyvetia [ ,f 1 ]i ix x−

]
 segmentze, amitom arsebobs l  da u   i i

1[ ,i ix x−  segmentidan, iseTi, rom  

( ) ( ) ( ) 1,i i i if l f x f u x x− x≤ ≤ ≤ ≤ . 

ganvixiloT ramodenime SemTxveva: 
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1. vTqvaT  funqcia arauaryofiTia f 1[ ,i i ]x x−  segmentze da -iT 

aRvniSnoT im figuris farTobi, romelic SemosazRvrulia 

iS +

1,i ix x x x−= =  

wrfeebiT, ox  RerZiT da  funqciis grafikiT. maSin advili dasanaxia, 

rom 

f

 

( ) ( )i i i i if l x S f u x+∆ ≤ ≤ ∆                             (7. 1) 

2. vTqvaT  funqcia uaryofiTia f 1[ ,i i ]x x−  segmentze da -iT aRvniSnoT im 

figuris farTobi, romelic SemosazRvrulia 

iS −

1,i ix x x x−= =  wrfeebiT,  

RerZiT da  funqciis grafikiT. maSin advili dasanaxia, rom 

ox
f

 

( ) ( )i i i i if l x S f u−∆ ≤ − ≤ ∆x
]

                            (7. 2) 

3. vTqvaT  funqcia niSans ar inarCunebs f 1[ ,i ix x−  segmentze. -iT 

aRvniSnoT im figuris farTobi, romelic SemosazRvrulia 

iS −

1,i ix x x x−= =  

wrfeebiT, ox  RerZiT da  funqciis grafikis im nawiliT, romelic ox  
RerZis qveviTaa, xolo -iT aRvniSnoT im figuris farTobi, romelic 

SemosazRvrulia 

f

iS +

1,i ix x x x−= =  wrfeebiT, ox  RerZiT da  funqciis 

grafikis im nawiliT, romelic  RerZis zeviTaa . maSin advili 

dasanaxia, rom 

f
ox

 

( ) ( )i i i i i if l x S S f u x+ −∆ ≤ − ≤ ∆   .                          (7. 3) 

 

gansazRvreba 7. 1. darbus zeda da qveda jamebi aRiniSneba Sesabamisad 

( ),U f P ) da -Ti da ganimarteba Semdegnairad ( ,L f P
 

( ) ( ) ( ) ( )1 1 2 2, n nU f P f l x f l x f l x= ∆ + ∆ + + ∆  

da 

( ) ( ) ( ) ( )1 1 2 2, n nL f P f u x f u x f u x= ∆ + ∆ + + ∆ . 

 

gansazRvreba 7. 2. vTqvaT  da  [ ,  segmentis ori danawilebaa. 'P ''P ]a b
vityviT, rom  danawileba warmoadgens  danawilebis gagrZelebas, 'P ''P
Tu ' . ' 'P P⊃
 

SeniSvna 7. 1. advili dasanaxia, rom nebismieri ori ' da  P ''P
danawilebebisaTvis arsebobs  danawileba, romelic warmoadgens P
rogorc , aseve  danawilebaTa gagrZelebas. marTlac, Tu A 'P ''P

' ''P P P= ∪  

maSin .  ' , ''P P P⊃
 

SeniSvna 7. 2. advili dasanaxia, Tu  danawileba warmoadgens  'P ''P
danawilebis gagrZelebas, maSin adgili aqvs Semdeg utolobebs: 

( ) ( ) ( ) ( ), '' , ' , ' , ''L f P L f P U f P U f P≤ ≤ ≤ . 
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amasTan SeniSvna 7. 1-is ZaliT nebismieri ori  da  'P ''P
danawilebebisaTvis arsebobs  danawileba, romelic warmoadgens P
rogorc , aseve  danawilebaTa gagrZelebas, da maSasadame 'P ''P

( ) ( ) ( ) ( ), ' , , ,L f P L f P U f P U f P≤ ≤ ≤ '' . 

daskvna 7. 1. darbus arcerTi qveda jami ar aRemateba darbus arcerT 

zeda jams 

 

 

 

integralis ganmarteba. vTqvaT  f [ ],a b  segmentze gansazRvruli funqciaa 

da arsebobs erTaderTi ricxvi I  iseTi, rom nebismieri  P
danawilebisaTvis adgili aqvs utolobas 

( ) ( ), ,L f P I U f P≤ ≤ . 

maSin Cven vityviT, rom  f [ ],a b  segmentze integrebadi funqciaa. I  ricxvs 

uwodeben  funqciis gansazRvrul integrals f [ ],a b  segmentze da 

aRniSnaven simboloTi 

( )
b

a

I f x dx= ∫ . 

   maTematikur analizSi erT-erT fundamentur Teoremas warmoadgens 

debuleba imis Sesaxeb, rom segmentze gansazRvrul uwyvet funqcias 

integralis zemoT moyvanil ganmartebaSi aRniSnuli Tviseba aqvs, anu 

samarTliania: 

 

   Teorema .  [ ],a b  segmentze uwyveti funqcia integrebadia. 

 

rimanis jamebi. vTqvaT  segmentze gansazRvruli uwyveti funqciaa. [ , ]f a b
ganvixiloT [ ,  segmentis  danawileba, e. i.   ]a b P

{ }0 1, ,..., nP x x x= , 

sadac 

0 1 2 1n na x x x x x b−= < < < < < = . 

vTqvaT 1 , 1,2,...,i i ix c x i n− ≤ ≤ =  da SemoviRoT aRniSvna . maSin jams ( 1,..., nc c c= )

( ) ( ) ( ) ( ) ( )1 1 2 2
1

, ,
n

n n i
i

iR f P c f c x f c x f c x f c x
=

= ∆ + ∆ + + ∆ = ∆∑  

uwodeben  funqciis rimanis jams  SerCeuli wertilebiT. f c
 

 

 

 

advili dasanaxia, rom  

( ) ( ) ( ), , ,L f P R f P c U f P≤ ≤ , , 

da maSasadame Tu funqcia integrebadia, maSin 
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( ) ( )
, 0

lim , ,
b

n P
a

R f P c f x dx
→∞ →

= ∫  

 

 

 

 

 

 

 

 

qvemoT mocemulia rimanis jamebis geometriuli intepretacia. 

 

> 
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 162

 



 

 

 

 

 

 

 

 

rima  segmentze 

ansazRvruli uwyveti da 

arauaryo

 

        

[ , ]f a bnis integralis geometriuli intepretacia. vTqvaT 

g

fiTi funqciaa. maSin 

   ( )
b

a

f x dx S +=∫  

dac  aris  figuris farTobi. 

vTqvaT  segmentze gansazRvruli 

uaryofiTi funqciaa. maSin 

 

        
a

 S + OABsa

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[ , ]f a b
uwyveti da  

 ( )
b

f x dx S −= −∫  

dac  aris  figuris farTobia. 

  

 S + OABsa
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vTqvaT  funqcia niSans ar inarCunebs. 

Sin 

f
ma

 

   ( )
b

a

f x dx S S+ −= −∫ . 

rimanis integralis Tvisebebi 

 

 

 

 

 

Tviseba 1.  

( ) 0
a

f x dx
a

=∫ . 

marTlac, Tu a b= , maSin 0ix∆ =  da maSa .=  

 

sadame ( ) ( ), , 0L f P U f P I= =

Tviseba 2.  vTqvaT, , maSin 

b

a b>

( ) ( )
b a

a

f x dx f x dx= −∫ ∫ . 

 

 

 

 

Tviseba 3.  

( ( ) )
b

a a a

 
b b

( ) ( )( )Af x Bg x dx A f x dx B g x dx+ = +∫ ∫ ∫ . 

 

 

 

 

 

Tviseba 4. vTqvaT, a c b< < . maSin 

 

( )
c b

c a

( )
a

( )
b

f x dx f dx f x dx+ = ∫ . 

 

 marTlac 

      

b

c

x∫ ∫

 1 2( ) ( ) ( )
b c

a a

f x dx S S f x dx x= + +∫ ∫ ∫ . f x d=

 

 

 

 

 

 

 164



Tviseba 5. vTqvaT, ( ) ( ), ,a b f x g x a x b≤ ≤ ≤ ≤ . maSin 

( ) ( )
b b

a a

f x dx g x dx≤∫ ∫ . 

marTlac, radganac  

 

        1 2S S≤  

 

da 

      
a

S f x dx g x dx= =∫ ∫  

 

 

 

 

( ) ( )1 2,
b b

S
a

miviRebT Tviseba 5- cebas. is damtki

 

 

Tviseba 6. vTqvaT, .a b≤ maSin 

 

( ) ( )
b b

a a

f x dx f≤∫ ∫
marTlac, radganac 

 

x dx . 

( ) ( ) ( )| | | |f x f x f x− ≤ ≤  

 gvaqvs 

 

a

Tviseba 6-is ZaliT

( ) ( ) ( )| | | |
b b b

a a

f x dx f x dx f x dx− ≤ ≤∫ ∫ ∫ , 

 

 

ac niSnavs Tviseba 6-is damtkicebas. r

 

Tviseba 7. vTqvaT  funqcia kentia ]f [ ,a a−  segmentze. maSin 

a

a−

rTlac,  

1 2S S=  

da 

2 1( )
a

f x dx S S= − =∫

 

 

 

 

( ) 0f x dx =∫ . 

ma

0 . 
a−
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 Tviseba 8. vTqvaT,  funqcia luwia ]f [ ,a a−  segmentze. maSin 

 

0

a a

a

( ) 2 ( )f x dx f x dx=∫ ∫ . 
−

1 2S S=  

da 

2 1( )

marTlac,  

2
0

2 2 ( )
a a

a

f x dx S S S f x dx= + = =∫ ∫
 

 

 

 

 

 

 

saSualo mniSvnelobis Teorema 

 

yveti funqciis Tvisebis ZaliT arsebobs ]

. 
−

 

 

 

 

 

 

 

, [ ,l u a b∈  iseTi, rom uw

( ) ( ) ( ) ,m f l x f u M a= ≤ ≤ = ≤  f x b≤ .

meores mxriv,  danawilebisaTvis { , }P a b=

( ), ( )L f P m b a= −  

da 

 

( ), ( )aU f P M b= −
integralis ganmartebis ZaliT 

 

) , 

da maSasadame 

 

. 

( ) ( ) (, ,
b

a

L f P f x dx U f P≤ ≤∫

( )( ) ( )
b

a

m b a f x dx M b a− ≤ ≤∫ − , 



( ) ( )1( )
b

a

f l m f x dx M f u
b a

= ≤ ≤ =
− ∫ .                 (7. 4) 

iT da (7. 4)-dan miviRebT, rom arsebobs 

a b  iseTi, rom  

f  funqciis uwyvetobis Zal
[ , ]c∈

 

( ) ( )1 b

a

f x dx f c
b a

=
− ∫ . 

 

Cven davamtkiceT, rom samarTliania Semdegi 

 

Teorema 7. 1. (saSualo mniSvnelobis Teorema) Tu  funqcia uwyvetia f
[ ],a b  segmentze, maSin arsebobs [ , ]c a b∈  iseTi, rom  

( ) ( )( )
b

a

f x dx f c b a= −∫  

 

 

 

 

 

is ganmarteba uban-uban uwyveti funqciebisaTvis 

 

Cven rimanis integralebi ganvixileT uwyveti funqciebisaTvis. Cvens 

mizans warmoadgens integrebadobis cnebis gavrceleba ufro farTe 

funqciaTa klasze. aseT klass warmoadgens uban-uban uwyveti funqciebi, 

e. i. funqciebi, romelTac gaaCniaT sasruli raodenobis wyvetis 

wertili. ufro zustad, SemoviRoT Semdegi gansazRv

integral

reba. 

 

 

gansazRvre  vTqvaT 0 1 2 nc c c c< < < <ba 7. 3.  aris wertilebis sasruli 

raodenoba da  funqcia gansazRvrulia  segmentze. -s vuwodebT f 0[ , ]nc c f
uban-uban uwyvets, Tu arsebobs ] segmentze uwyveti  funqcia, 1[ ,i ic c− iF
iseTi rom 

( ) ( ) 1, .i i if x F x c − x c= < <  

 

 

 

 

 

 

 

 

qvemoT mocemulia uban-uban uwyveti funqciebis magaliTebi. 
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gansazRvreba 7. 4.  uban-uban uwyveti funqciaa  segmentze. f 0[ , ]nc c vTqvaT, 

maSin  funqciis gansazRvruli integrali  segmentze  f 0[ , ]nc c
ganisazRvreba Semdegnairad 

 

( ) ( )
0 1

1

n i

i

c cn

i
ic c

f x dx F x dx
−

=

= ∑∫ ∫ . 

 

 

SeniSvna 7. 1. rogorc zemoT vnaxeT, segmentze uwyveti an uban-uban 

uwyveti funqcia i Seexeba SemosazRvrulobas, is aris ntegrebadia. rac 

mxolod aucilebeli piroba. sxva sityvebiT rom vTqvaT, yvela 

SemosazRvruli funqcia ar aris integrebadi.  

 

 

 

kalkulusis ZiriTadi Teoremebi 

 
eorema 7. 2 (ZiriTadi Teorema I) vTqvaT  funqcia uwyvetia  

gmentze da

f [ , ]a bT

 a x b≤ ≤se . ganvixiloT Semdegi funqcia 

. 

Sin  warmoebadia  segmentze da adgili aqvs tolobas 

( ) ( )
x

a

F x f t dt= ∫
F [ , ]a bma
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( ) ( )'F x f x= . 

gvaqv

 

damtkiceba. warmoebulis ganmartebis ZaliT s 

 

( ) ( ) ( )
0

' lim
h

F x h F x
F x

h→

+ −
=  

( ) ( )
0

1lim
x h x

h
a a

f t dt f t dt
h

+

→

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∫ ∫  

 

              ( )
0

1lim
x h

h
x

f t dt
h

+

→
= ∫      (Tviseba 5-is ZaliT) 

 

( )
0

1lim
h

hf c
h→

=                      (saSualo mniSvnelobis Teoremis       

                                                          ZaliT) 

           ( )f x=  (funqciis uwyvetobis ZaliT). 

 

 

 

 

F F  funqcias uwodeben f  funqciis pirvelyofils. e. i.  

 

gansazRvreba 7. 5. F  qcias ewodeba f  funqciis pirvelyoffun ili raime 

Sualedze, Tu am ualedze  moebadia da adgili aqvs  S F funqcia war

tolobas )()( xfxF =′ , rac tolfasia dxxfdxxFxdF )()()( =′=  tolobis. 

 

 

  

Teorema 7. 3. Tu  da  funqciebi  funqciis pirvelyofili 1F 2F f
funqciebia raime erTi da igive Sualedze, maSin maTi sxvaoba iqneba 

mudmivi am Sualedze, anu cxFxF =− )()( 21  yoveli -isTvis am Sualedidan. x
   marTlac, vinaidan )()(1 xfxF =′  da )()(2 xfxF =′ , amitom 0))()(( 21 =′− xFxF , 

saidanac gamomdinareobs, rom 1 xFxF )()( 2−  sxvaoba mudmivia. 

 

  

 

Sedegi 7. 1. Tu  funqcia aris  funqciis pirvelyofili funqcia raime F f
erTi da igive, maSin { }:F + c c R∈  

funqciaTa ojaxi aris  funqciis f
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pirvelyofili 

  

 

 



'3
2

3
x x

⎛ ⎞
=⎜ ⎟

⎝ ⎠
, amitom 

3

magaliTi 7. 1. radganac 
3

cx
+  funqciaTa ojaxi 

warmoadgen 2s x  funqciis pirvelyofils. 

 

 

 

 

 

 

 

 

magaliTi 7. 2. radganac ( ( )sin( )) ' cos x= , amitom { }cos( ) :x c c+x R∈  

unqciaTa ojaxi aris sin( )xf  funqciis pirvelyofili. 

 

 

 

> 

 

 

 

 

 

 

r a 7. 4 (ZiriTadi Teorema II, niuton-laibnici) vTqvaT  funqcia 

vetia  segmentze da  warmoadgens  funqciis pirvelyofils, 

maSin 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

f
 [ , ]a b  F f

Teo

uwy

em

( ) ( ) ( )
b

a

f t dt F b F a= −∫ . 
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damtkiceba.  funqcia aris  funqciis pirvelyofili, amitom 

 funqciac iqneba  funqciis pirvelyofili da maSasadame Teorema 

 2-is ZaliT 

F  fradganac 

F c+ f
7.

 

( ) ( )
x

a

f t dt F x c= +∫ . 

qvaT . maSin x a=vT

 

( ) ( )0
a

a

f t dt F a c= = +∫ , 

( )c F a= − . 

Sasadame, ma

 

( ) ( ) ( )
b

a

f t dt F b F a= −∫ . 

eorema damtkicebulia. 

nusazRvreli integralis cneba  

 

 

T

 

 

 

pirvelyofili funqciis cneba. ga

      

   ga  

              

nsazRvreba 7. 6. ganusazRvreli integrali f  funqciidan aRiniSneba 
                ∫ dxxf )(  

mboloTi da ewodeba  funqciis nebismier pirvelyofils mocemul 

Sualedze. 

   am gansazRvrebidan gamomdinareobs, rom Tu   funqcia  funqciis 

rvel ia mocemul Sualedze, maSin am Sualedze  

                      

                              

fsi

F f
raime pi yofil

  

cxFdxxf +=∫ )()( ,                         (7. 5) 

sadac  nebismieri mudmivia. 

 

   Tu , maSin (7. 5)-dan miviRebT:  

. 

aseve gveqneba:  

                   

c

)()( xfxF =′
 

∫ =′== dxxfdxxFxdFdxxfd )()()())((                   

∫ ∫ +=′= cxFdxxFxdF )()()(  

    

         ZiriTadi ganusazRvreli integralebis cxrili 

  

 

  

 

1.  cxdxx +
+

= +∫ 1

1
1 αα

α
,  sadac  1−≠α ; 
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cxdx +=∫ ln1
; 2.  

x

3.  cadxa x +=∫ ln
,     sadac  ;1,0

a

x

≠> aa     ∫ += cedxe xx ;  

4.  ∫ +−= cxxdx cossin ; 

5.  ∫ += cxxdx sincos ; 

6.  ∫ += ctgxdx
x2cos

1
;               7.  ∫ +−= cctgxxd

x2sin
1

 

; 

8. 
⎩
⎨
⎧

+ ;rccos1 1cx−
=

−
∫ a

1
2
dx

x
        9.  

+ ,arcsin cx
∫

⎩
⎨
⎧

+−
+

=
+1 2x ;

,1
1carcctgx

carctgx
dx  

             - 63 - 

 

                    

10. cxxdx =∫ ln1
2

c
x
xdx

x
+

−
+

=
−∫ 1

1ln
2
1

1
1

2+±+ |1| 2
;            11.  

x ±1
. 

           

a 

 

 

  adgili aqvs Semdeg tolobas: 

      

 

            

ganusazRvreli integralis wrfivobis Tviseb

 ∫ ∫∫ +=+ dxxgdxxfdxxgxf )()())(    )(( βαβα ,     sadac R∈βα , .       (2) 

 marTlac, Tu  funqciis raime pirvelyofilia   funqcia, xolo 

 funqciis raime pirvelyofilia unqcia, ma n 

, 

magram 

)(xf )(xF
)(xg )(x   f SiG

cxGxFccxGxFdxxgdxxf ++=+++=+∫ ∫ )()()()()()( 21 βαβαβαβα         

)()())()(( xgxfxGxF βαβα +=′+ , amitom samarTliania  (2) toloba. 

 

magaliTebi 7. 3.  

 

1) +=++2 )2 d
x

xx ++==+ ∫∫ ∫ ∫ ∫ 32
1

22

3
1121()1( xdx

x
dxxdxxxdx

x
x  

cxx +++ ln
3

24 3

. 

 

 

magaliTebi 7.  4  4 

2) ∫ ∫∫ ∫ ∫ =+=+=+= xdxdxdxxdxxdxx cos
2
11

2
1)cos1(

2
1)cos1(

2
1

2
cos2  

cxx ++= sin11
22

. 

    

   

cvladis gardaqmna ganusazRvreli integralisaTvis 
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)())(( xxf ϕϕ ′     Tu v  saxis funqciidan, maSin viyenebT eZebT pirvelyofils

tx =)(ϕ  egralis niSnis qveS da pirvelyof

x
cvladis gardaqmnas int ili 

is povnis Semdeg vubrundebiT sawyis  cvlads: 

  

funqci

 

 ∫ ∫∫ +=+===′ cxFctFdttfxdxfdxxxf ))(()()()())(()())(( ϕϕϕϕϕ   

 

  magaliTebi. 7. 5  

 

∫ ∫ ∫ +=+=== cecedtedxedxxe xttxx 222 22 ; 

              

 

 

  

magaliTi 7. 6.  

cxct +
t
dt

x
xddx

x
x

++===
+
+

=
+ ∫∫ ∫ )1ln(

2
1ln

2
1

2
1

1
)1(

2
1

1
2

2

2

2 ; 

               

 

magaliTi 7. 7.  

cxxd
x

dx
x

tgxdx +−==∫ ∫ |cos|ln)
cos

. 
x

−= ∫ (cos
cos

1sin

    

i integrebis formula ganusazRvreli integralisaTvis 

samarTliania toloba: 

 

   3. nawilobiT

      

 

∫ ∫ ′−=′ fdxxgxf ()()(     dxxgxfxgx )()()() . 

marTlac, vinaidan ∫ ∫∫ ′+′=′ dxxgxfdxxgxfdxxgxf )()()()())()(( , amitom 

     ∫ ∫∫ ′−′=′ dxxgxfdxxgxfdxxgxf )()())()(()()(               .  

u gaviTvaliswinebT, rom T ∫ +=′ cxgxfdxxgxf )()())()(( , sadac  nebismieri 

dmivia, miviRebT  

             

 

                    

c

mu :

                 

∫ ∫ ′−=′ dxxgxfxgxfdxxgxf )()()()()()(  

nawilobiTi integrebis formula SeiZleba Caiweros 

Semdegi saxiTac: 

 

               

 

 

damtkicebuli 

 ∫ ∫−= )()()()()()( xdfxgxgxfxdgxf .      
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   SeniSvna 7. 2. damtkicebul nawilobiTi integrebis formulaSi 

ena da marjvena mxareebis toloba gaigeba mudmivis sizustiT, 

vinaidan ganusazRvreli integrali ganimarteba mudmivis sizustiT.  

ba yvela im tolobasac, romlis orive mxareSi 

grali monawileobs. 

 

marcx

   es SeniSvna exe

ganusazRvreli inte

 

     magaliTebi: 1) ∫ ∫ ∫ ∫ =−=′⋅−=′= xdxxxdxxxxxdxxxxdxx sinsin)(sinsin)(sincos  

                 xxx c++= cossin ; 

∫∫ ∫ ∫ ∫ =−=−=−== xxxxxxxx xdeexdxxeexdxeexdexdxex 22 222222              2)  

                 ∫ ++−=+−= cexeexdxexeex xxxxxx 2222 22
; 

∫ ∫ ∫ ∫ +−=−=⋅−=−= cxxxdxxxdx              3) 
x

; xxxxxdxxxdx ln1ln1lnlnlnln

              4) =
−

−
⋅−−=−−−=− ∫∫∫ dx

xa
xxxaxxaxdxaxdxxa

22

22222222

2
2

 

               =
−

+−−−=
−

−−
−−= ∫ ∫∫ dx

xa
adxxaxaxdx

xa
axaxax

22

2
2222

22

222
22 )(

 

=⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−

+−−−= ∫∫ a
xd

a
x

adxxaxax
2

2222

1

                
2

∫ −−+−= axaxax 2222 arcsin dxx
a

2 ,            ,0>a               

saidanac miviRebT 

c
a
xaxaxdxxa −∫ 2

               ++−= arcsin
22

2
222

. 

 

 

 

    

                       savarjoSoebi 

 
 funqciis darbus zeda da qveda integraluri 

 tol nawilad danawilebis SemTxvevaSi. 

ganixileT SemTxvevebi: 1) 

 

 

  gamoTvaleT 

jamebi miTiTebuli Sualedis 

f
n

2=n ; 2) 3=n ; 3) 4=n ; 4) 5=n . 

  ;        b)   1. a) xxf =)( ,  ]2;1[∈x 12)( += xxf ,   ]5;0[∈x ; 

     g) 23)( −= xxf ,  ;      d) ]4;1[∈x 4)( +−= xxf ,   ]3;2[∈x . 

   2. a) ,   ;        b) ,   
2)( xxf = ]2;1[∈x 12)( 2 −= xxf ]0;3[−∈x ; 

22 − ,  ;     d) −= 2)( . 

 

iis darbus zeda da qveda integraluri jamebi 

aledis  tol nawilad danawilebis SemTxvevaSi: 

   1. a) 

     g) xxf )( = x− ,   0[∈xx ]3;2[∈x xxf ]2;

  CawereT f  funqc
 nmiTiTebuli Su

1)( += xxf , ;        b) ]3;2[∈x 12)( += xxf , ]0;3[−∈x ; 
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     g) 2
4
1)( −= xxf ,  ;    d) ]2;2[−∈x

2
1)( +−= xxf ,  ]6;0[∈x  

 a) ,  ;      b)  ,   ; 1)( 2 −= xxf ]3;1[∈x xxxf 4)( 2 += ]3;2[∈x   2.

2)( += xxf ,  ]1;0[∈x ;     d) 1)( 3 += xxf ,   ]3;2[−∈x     g) . 

gamoTvaleT  funqciis rimanis integraluri jamebi miTiTebuli 

 

   f
Sualedis  tol nawilad danawilebis gziT. i )1,...,2,1,0(n c −= ni  argumentis 

mniSvnelobebad aarCieT danawilebis Sualedebis Suawertilebi. 

ganixileT SemTxvevebi: 1) 2=n 3=n 4=n 5=n; 2) ; 3) ; 4) . 

1)( += xxf  ;1[−∈x  23    1. a) , ]3 ;          b) )( += xf x , ; ]3;2[∈x

      g) 2)( +−= xxf , ]2; ;         1[∈x  d)  2
2
1)( −x [=xf ,  ∈x . 

    2. a) ,     ;          b) = ,   ; 

    g) ,   

]4;0

2 ]2;0 2 +)( xxf = [∈x xxxf 2)( ]3;2[∈x
 1)( 2 +−= xxf  ]1;3[ −−∈x ;      d) ,      . 

zRvari. amisaTvis i Sualed daanawi eT  tol 

 da 0( −= ni  argumentis mniSvnelobebad aarCieT 

danawilebis Sualedebis Suawertilebi: 

1

)3 dx ;                        b) 34( x

3)( xxf = ]1;0[∈x
 

 

  gamoTvaleT gansazRvruli integrali, rogorc rimanis integraluri 

jamebis  miTiTebul i l n
nawilad 2,1, ic )1,...,

   a) ∫ (x )dx ; ∫ +
2

0−

+
1

   g) ∫
−

 ipoveT ganusazRvreli integrali: 

a) ;                    b) 

2

1

2dxx ;                            d) dxxx )2(
2

1

2 −∫ . 

    

 

 

 

 

 

 
  

 ∫ xdx ∫ + dxx )2( ; 1. 

  g) ∫ +− dxx )32( ;              d) ∫ − dxx )5
4
1( . 

2. a) dxxx )12( 2 +−∫ ;           b) xx 32( 23
−∫ dxx )2−+ ; 

− xx2( 35
   g) −+ dxx )12 2

;     d) ∫ ∫ −− xx5( 3 + dx)
3
1

. 

3. a) dx
x

xx )1( 3 −+∫ ;          b) dx
x

x
x

)11( 2
3 4 −+∫ ; 

dx
xx

x
x

x )42
3
1(

2
4

3
+++∫ ;   d) dxxxxx )1)(2( 23 −−∫  g) . 

a) dx
x

x
∫

+1
;                   b) ∫

−
x

xx 43 2

; 4. 
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   g) dx
x
xx

∫
+−

4

3 2 12
;           d) dxxx

x∫ − )11( 2 . 

a) ;        b)  ∫ −+ dxxx )5cos3sin2( dx
xx

)2
sin

2
cos

5( 22 +−∫5. ; 

   g) ∫ xdx2tan ;                   d) ∫ xdx2cot . 

6. a) dx
x 12 +x

)
1

(
2
+

−
∫ ;         b) 

12 dx
xx

)
22

31
1

( 22 −
+

−
∫ ; 

dx
x

x
∫ + 2

2

1
;                    d) ∫ −

dx
x

x
2

2

1
.  

−  ;                b) 

   g) 

7. a) ∫ dxe xx )2( dxe xx )2( 32 +∫ ; 

dxx

xx

∫
−+ −

6
32 22

;                 d) dxxx 2)32( +∫  g) . 

 

T ganusazRvreli integrali cvladis gardaqmnis gziT: 

 1. a) ;                  b) 

ipove

∫ − dxx 20)12( ∫ − dxx 10)5
3
1( ; 

∫ − dxx∫x3 dx2 ;                    d) −3 24  .    g) 

dx
x∫

− 292
1

;                      b) d
x∫ − 21

1 x ;  2. a) 

∫ −
dx

x 232
1

;                     d) ∫
+

dx
x 243

1
   g) . 

 3. a) ;          b) ∫ +− dxxx ))23sin(2(cos dx
xx

)
cos1
1

)34(cos
4( 2 −

+
−∫ ; 

   g) ∫ +
−

+
dx

xx
)

12
1

sin1
1( 2 ;            d) dxxx )cos(sin 44∫ − . 

;                        b) ∫ xdxtan ∫ xdx ;  4. a) cot

    g) ∫ + 21 x
xdx

;                        d) ∫ + x

x

e
dxe

2
. 

 

dx 5. a) ∫ + xx)1(
;                     b) 

dx
x2

; 
x

∫
sin

∫ − 58

3

x
dxx

;                        d) dx
x

x∫ 2

1cos
.    g) 

 6. a) ∫                     b) dx
x

x2ln
;    

+
dx

x
x

2

arctan
; ∫ 1

∫ x
dx

sin
; ∫ x

dx
cos

                         d)    g) ; 

 7. a) ;                    b) dxxx∫ − 50)1( ∫ − dxxx 43 ; 

    g) dxxx∫ −32 1 ;                     d) dx
x

x
∫ −2

2

. 
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ipoveT ganusazRvreli integrali nawil  iobiTi ntegrebis gziT: 

 1. a) ;                     b)∫ xdxx sin ∫ dxxx
2

sin ; 

 g) ;                    d) ∫ xdxx 3cos ∫ 4
cos xx  . 

    2. a)                      b) ∫ dxxex
; ∫ dxxe x2

; 

    g) ;                         d)  ∫ − xxe ∫ xdxx ln  . 

 3. a)  ;                     b) dxex x∫ −22 ∫ xdxx cos2
;                          

   g)  ;                   d) ∫ xdxx 2sin2 ∫ xdxx 4cos2 . 

 4. a) ;                     b) ∫ xdxarctan ∫ xarcsin  ; 

dxe x∫∫ dxxn ;                    d) arcta  .    g) 

dxx∫ − 24  ;                    b) dxx∫ + 29 5. a) ; 

    g) ;                    d) ∫ xdxe x cos ∫ xdxe x 3sin2
. 

moTvaleT gansazRvruli integrali: 

 

ga

 1. a) ∫ +−
2

2 )32( dxxx ;                 b) 
1

dxxx )12(
8

3 −+∫ ; 
1−

   g) ;               d) ∫ −
π

0

)sin2cos3( dxxx dx
x 2∫ +

3

1 1
1

. 

2. a) dxx∫ ;                         b) −
2

1 ∫ −
4

2

3dxx ; 
0

∫
−

+
1

1

)2(   g) dx ;                     d) ∫
−

−
1

2

)1(xx xx

3. a) ;                        b)

dx . 

dxxe x∫ −
2ln

0 0
∫
π

sin xdxx ; 

dxxx∫
π

π
3

cos ;                                d) dxx
e

  g)  

e
1
∫ ln . 

 gamoTvaleT

 

 ∫
2

  
−

)( dxxf , Tu: 

 a)   ;            b) ; 

1

⎪
⎩

⎪
⎨

⎧

≤≤
<≤
<≤−

+
−=

.21
,10
,01

,3
,12

,
)(

3

2

x
x
x

x
x
x

xf
⎪
⎩

⎪
⎨

⎧

≤≤
<≤
<≤−

+
+=

.21
,10
,01

,1
,32

,2
)(

2 x
x
x

x
xxf

x

⎪
⎩

⎪
⎨

⎧

≤≤
<≤
<≤−

=
.21
,10
,01

,4
,3
,

)(

3

x
x
x

x

x
xf x

⎪
⎩

⎪
⎨

⎧

≤≤
<≤
<≤−

+
=

.21
,10
,01

,3
,
,

)(
x
x
x

x
e
x

xf x
 g) ;              d) . 
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gamoTvaleT im figuris farTobi, romelic SemosazRvrulia wirebiT: 

0=y ,  1=x ,   3=x ; ,xy =1. a)   

  b)   ,3xy = 0=y ,  ,   1=x 2=x ; 

−=     g) y 0=y ,  1=x ,   2=x ; ,4x
  d)   ,xey = 0=y ,  ,   0=x 5ln=x . 

 a)   4−=xy 0=y ,  ,   1=x 3=x2. ; 

  b) ,  ,  xy sin= 0=y π≤≤ x0 ; 

  g) ,  , , 
xy 2= = 0=22 xxy − x 2=x ; 

  d) , , ,xey −= 0=y 1−=x 2=x  ; 

,   3. a) 
2xy = 3 xy = ; 

  b) ,   ; 

  g)  ,  ; 

 

2xy −= xxy 22 −=
26 xxy −= 0=y

  d)
x

y 5
= , . 

 4. a) ,  , 

xy −= 6

12 −= xy 0=y 41 ≤≤− x ; 

 b) , , ;  
3xy = 0=y 21 ≤≤− x  

   g) ,  0 , 4122 xxy −= =y ≤≤− x ; 

   d) in 0=y = ,  ,  xy s
46

5 ππ
≤≤ x . −
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