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3.5. gantoleba srul diferencialebSi 

 

gavixsenoT ramdenime gansazRvra kalkulusidan. 

ganvixiloT ori cvladis funqcia z f x y ( , ) . x arguments mivceT nazrdi 

x , xolo y arguments _ nazrdi y . maSin funqcia miiRebs f x x y y( , )    

mniSvnelobas da funqciis nazrdi iqneba 

  z f x x y y f x y   ( , ) ( , ) . 

Tuki nazrds mivcemT mxolod x arguments an mxolod y arguments, maSin Sesaba-

misad miiReba 

 x z f x x y f x y  ( , ) ( , ) , 

 y z f x y y f x y  ( , ) ( , )  

kerZo nazrdebi. 

gansazRvra 3.5.1. Tu  





z

x

f x x y f x y

xx
: lim

( , ) ( , )


 





0
, 





z

y

f x y y f x y

yy
: lim

( , ) ( , )


 





0
. 

zRvrebi arseboben, maT ewodebaT Sesabamisad kerZo warmoebuli x-iT da y-iT. 

gansazRvra 3.5.2 ori cvladis funqciis sruli diferenciali ewodeba kerZo 

warmoebulebisa da Sesabamisi argumentebis nazrdebis namravlTa jams*), e. i., 

                                                           
*) ufro mkacrad, funqciis diferenciali ewodeba 

yBxA   

gamosaxulebas, Tu funqciis nazrdis warmodgena SeiZleba 

    




 

22
yxoyBxAz  

saxiT, sadac o  (o mcire) landaus [e. g. h. landau  (1877 _ 1938) _ germaneli 

maTematikosi] simboloa da niSnavs ufro maRali rigis usasrulod mcire sidi-

des, vidre frCxilebSi moTavsebuli sididea. gamomdinare kerZo warmoebulis 

ganmartebidan (ix. gansazRvra 3.5.1) advilad davaskvniT, rom 

x

z
A




  da 

y

z
B




 . 

SevniSnoT, rom damoukidebeli cvladis diferencialad miRebulia misi nazrdi, e.i., 

xdx   da ydy   

maSin, rodesac funqciis nazrdi maRali rigis usasrulod mcire sididiT gan-

sxvavdeba funqciis diferencialisgan. 

dx
x

z




-s da dy

y

z




-s ewodebaT kerZo diferencialebi, Sesabamisad, x -iT da y -iT. 
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dy
y

z
dx

x

z
dz








 .  

ganvixiloT Semdegi saxis pirveli rigis diferencialuri gantoleba 

M x y dx N x y dy( , ) ( , )  0 ,                   (3.5.1) 

sadac M x y( , ) da N x y( , )  mocemuli funqciebia raime   areSi*). mas x -is da 

y -is mimarT simetriuli saxe aqvs.  

gansazRvra 3.5.3. (3.5.1) gantolebas ewodeba diferencialuri gantoleba srul 
diferencialebSi, Tu misi marcxena mxare raime funqciis sruli diferencialia. 

Tu (3.5.1) gantolebis marcxena mxare raime u x y( , )  funqciis srul diferenci-

als warmoadgens, e. i., 

M x y dx N x y dy du x y( , ) ( , ) ( , )  ,     (3.5.2) 

maSin (3.5.1) gantoleba miiRebs  

du x y( , )  0 

saxes, rac imas niSnavs, rom u  mudmivia, e.i., miviRebT (3.5.1) gantolebis 

u x y c( , )              (3.5.3) 

zogad integrals, sadac c nebismieri mudmivia.  

ismis kiTxva: ra pirobebSi iqneba (3.5.1)-is marcxena mxare raime u x y( , )  fun-

qciis sruli diferenciali da rogor vipovoT is?  

samarTliania Semdegi Teorema: 

Teorema 3.5.4. Tu M x y( , ) da N x y( , )  funqciebi uwyvetia 

},:,{(: dxcbxayx   

marTkuTxedze da amave marTkuTxedze aqvT uwyveti 




M

y
 da 





N

x
 kerZo warmoebu-

lebi, maSin aucilebeli da sakmarisi piroba imisa, rom 

M x y dx N x y dy( , ) ( , )                       (3.5.4) 

diferencialuri gamosaxuleba warmoadgendes raime )(),( 2 Cyxu **) funqciis 

srul diferencials, imaSi mdgomareobs, rom   marTkuTxedis yvela wertilSi 

adgili hqondes  









M

y

N

x
                             (3.5.5) 

tolobas. 

damtkiceba. jer vaCvenoT (3.5.5) pirobis aucilebloba. vTqvaT, sruldeba 

(3.5.2). ),( yxu  funqciis diferenciali SeiZleba Semdegi saxiT CavweroT 

                                                           
*) are ewodeba iseT   simravles, romlis yvela wertilisTvis moiZebneba iseTi 

midamo, romelic mTlianad moTavsdeba  -Si da misi nebismieri ori wertili 

SeiZleba SevaerToT wiriT, romelic mTlianad  -s ekuTvnis. 
**) )(

2
C -Ti aRniSnulia iseT funqciaTa klasi, romlebsac meore rigamde CaTvliT 

uwyveti warmoebulebi aqvT. analogiurad ganimarteba funqciaTa )(mC  klasi 

nebismieri mTeli m-sTvis. )()(0  CC  uwyvet funqciaTa klass aRniSnavs. 
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dy
y

u
dx

x

u
du









 . 

Tu am ukanasknels (3.5.2)-s SevadarebT, davaskvniT, rom 

y

u
N

x

u
M









 , .                       (3.5.6) 

Tu amaTgan pirvels y-iT, xolo meores x-iT gavawarmoebT, gveqneba, rom 

xy

u

x

N

yx

u

y

M











22

,







. 

radgan )(),( 2 Cyxu , misi meore rigis Sereuli warmoebulebi uwyvetia da 

Svarcis Teoremis (damtkicebis gareSe) Tanaxmad marjvena mxareSi Sereuli war-

moebulebi erTmaneTis tolia, saidanac gamomdinareobs marcxena mxareebis tolo-

ba, e. i., Sesruldeba (3.5.5) piroba. 

davuSvaT, rom (3.5.5) piroba sruldeba da davamtkicoT, rom SeiZleba iseTi 

u x y( , )  funqciiis ageba, romlis sruli diferenciali (3.5.4) iqneba. Tu aseTi 

u x y( , )  funqcia arsebobs, maSin Sesruldeba (3.5.6) tolobebi. 

(3.5.6)-is pirveli gantolebidan x -is mimarT integrebis Semdeg miviRebT, rom 

 

x

x

ycdtytMyxu

0

)(),(),( 1 , bxa  0
,     (3.5.7) 

sadac 
0x  nebismieri fiqsirebuli wertilia, xolo c y1( ) y-is nebismieri fun-

qciaa. 

(3.5.7)-Si [),(])( 1

1 dcCyc   funqcia ise unda SevarCioT, rom davakmayofiloT 

(3.5.6)-is meore gantolebac. amisTvis (3.5.7) tolobis orive mxare y-iT 

gavawarmooT: 

 

x

x

ycdtytM
yy

u

0

)('),( 1







. 

aqedan, vinaidan unda Sesruldes 

),( yxN
y

u





, 

gveqneba, rom 

 



x

x

yxNycdtytM
y

0

),()('),( 1 . 

radgan Teorema 3.5.4-is pirobebSi  -Si mdebare nebismieri Caketili 

marTkuTxedisTvis (RerZebis paraleluri gverdebiT) sruldeba marcxena mxareSi 

integralis niSnis qveS y-iT gawarmoebis pirobebi*), gveqneba 

                                                           
*) Teorema 3.5.5. Tu ),( ytM  da misi kerZo 

y

ytM



 ),(
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 

x

x

yxNycdtytM
y

0

),()('),( 1



. 

es ukanaskneli, (3.5.5) pirobis Tanaxmad, SeiZleba Semdegi saxiT gadavweroT: 

 

x

x

yxNycdt
t

ytN

0

),()('
),(

1



.                  (3.5.8) 

(3.5.8)-Si gamovTvaloT integrali niuton-laibnicis formuliT: 

  



x

x

xt

xt yxNyxNytNdx
t

ytN

0

0
),(),(),(

),(
0




           (3.5.9) 

(3.5.9) CavsvaT (3.5.8)-Si: 

),()('),(),( 10 yxNycyxNyxN  , 

saidanac vaskvniT, rom 

),()(' 01 yxNyc  . 

aqedan y-iT integrebiT miviRebT, rom  

CdxNyc

y

y

 
0

),()( 01  , dyc  0
,              (3.5.10) 

sadac 
0y  nebismieri fiqsirebuli, xolo C nebismieri mudmivia. c y1( ) -is (3.5.10) 

mniSvnelobas Tu (3.5.7)-Si CavsvamT, gveqneba, rom 

  

x

x

y

y

CdxNdtytMyxu

0 0

),(),(),( 0  .            (3.5.11) 

axla uSualo diferencirebiT (gawarmoebiT) advili dasanaxia, rom agebuli 

(3.5.11) funqciis sruli diferenciali (3.5.4)-s emTxveva. marTlac, (3.5.11)-dan 

cxadia, rom 

),(
),(

yxM
x

yxu





, 

 yxNdt
y

ytM

y

yxu
x

x

,
),(),(

0

0










  

 yxNdt
t

ytN
x

x

,
),(

0

0





   

                                                                                                                                                                                    

warmoebuli uwyvetia xtx 0 , 11 dyc    ddcc  11 ,  marTkuTxedze maSin 

arsebobs 




x

x

dtytM
y

0

),(  

warmoebuli da 

 







x

x

x

x

dt
y

ytM
dtytM

y
00

),(
),( . 

 



leqcia 4                                diferencialuri gantolebebi da maTematikuri fizika 

5 

    ),(,,),( 00 yxNyxNyxNyxN  . 

ukanasknel tolobebSi gamoviyeneT (3.5.5). 

amrigad, davamtkiceT, rom, Tu sruldeba (3.5.5), arsebobs iseTi u x y( , )  fun-

qcia, romlis sruli diferenciali (3.5.1) gantolebis marcxena mxarea da is 

cxadi (3.5.11) saxiT avageT. 

SeniSvna 3.5.6. zogierT SemTxvevaSi, roca (3.5.5) piroba ar sruldeba, SeiZleba 

moiZebnos iseTi ),( yx  mamravli, rom 

0),(),(),(),(  dyyxNyxdxyxMyx   

gantoleba iyos gantoleba srul diferencialebSi, sxva sityvebiT, Sesruldes 

amisTvis aucilebeli da sakmarisi 

x

yxNyx

y

yxMyx








 ),(),(),(),( 
 

piroba. aseT ),( yx  mamravls maintegrebeli mamravli ewodeba. 

 

3.6. bernulis*) gantoleba 

 

gansazRvra 3.6.1. 
myxQyxPy )()('                      (3.6.1) 

gantolebas, sadac m nebismieri namdvili ricxvia, xolo )(xP  da )(xQ  mocemu-

li funqciebia, bernulis gantoleba ewodeba.  
roca 0m , miviRebT Cvens mier adre gamokvleul wrfiv gantolebas, xolo 

roca 1m , miviRebT gantolebas gancalebad cvladebSi. amitom CavTvaloT, rom 

1,0m . maSin bernulis gantoleba arawrfivi gantoleba iqneba. advili dasamtki-

cebelia, rom SeiZleba, is wrfiv gantolebaze daviyvanoT. SemoviRoT axali saZi-

ebeli 
myz  1:                          (3.6.2) 

funqcia, maSin 

')1( yym
dx

dz m .                      (3.6.3) 

axla, Tu (3.6.1)-is orive mxares my -ze gavyofT da gavamravlebT )1( m -ze, maSin 

(3.6.2)-isa da (3.6.3)-is gaTvaliswinebiT, gveqneba, rom 

)()1()()1(')1( 1 xQmyxPmyym mm    

da 

)()1()()1( xQmzxPm
dx

dz
 . 

es ukanaskneli ki Cvens mier cxadi saxiT amoxsnil wrfiv diferencialur 

gantolebas warmoadgens [ix. (3.1.11)]. 

SeniSvna 3.6.2. bernulis gantolebaze ufro zogad, roca 2m , 

                                                           
*) d. bernuli (1700 _ 1982) _ italieli maTematikosi, meqanikosi, fiziologi, 

eqimi 
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)()()(' 2 xRyxQyxPy   

gantolebas rikatis*) gantoleba ewodeba. Tu 0)( xP , constaxQ )( , da 

bxR )( , constb  , cvladebi gancaldeba, xolo Tu 2)(  bxxR , constb   

rikatis gantolebis amonaxsni elementarul funqciebSi iwereba. marTlac, Tu 

SemoviRebT axal saZiebel funqcias (damoukidebel cvlads) 

z
y

1
  

tolobiT, rikatis gantoleba dava erTgvarovan gantolebaze [ix. (3.3.1)], radgan 

222

1

x

b

z

a

dx

dz

z
  da .

2











x

z
ba

dx

dz
 

 

 

 
 

                                                           
*) i. f. rikati (1676 _ 1754) _ italieli maTematikosi 


