
 1 

 

 

iv. javaxiSvilis saxelobis Tbilisis saxelmwifo universiteti 

zust da sabunebismetyvelo mecnierebaTa fakulteti 

maTematikis departamenti 

 

 
 
 

 
                                DUMAD 

 

 

 

 

 

 

Cveulebrivi diferencialuri gantolebebi                   

 (leqciebis kursi) 
 

 

 

 

 

 

 

 

 

 

 

 

L    leqtori: fizika-maTematikis mecnierebaTa doqtori 
                Tsu sruli profesori Tamaz TadumaZeDUM 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Tbilisi - 2011 



 2 

 

                                    Sinaarsi 

 

Sesavali . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   3 
   
$ 1. amocanebi, romelTa amoxsna daiyvaneba Cveulebriv diferencialur  
    gantolebebze. ZiriTadi cnebebi . . . . . . . . . . . . . . . . . . . . . . . . . 4   
$ 2. pirveli rigis wrfivi diferencialuri gantoleba.  koSis  
    formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  7  
$ 3. lifSicis piroba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  9  
$ 4. Teorema pirveli rigis arawrfivi gantolebis amonaxsnis  
    arsebobisa da erTaderTobis Sesaxeb . . . . . . . . . . . . . . .  . . . . .   9 
$ 5. Teorema amonaxsnis gagrZelebis Sesaxeb . . . . . . . . . . . . . . . . . . . .14 
$ 6. gronuolis utoloba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  16   
$ 7. amonaxsnis uwyvetoba parametrisa da sawyisi monacemebis mimarT. . 18  
$ 8. Teorema n  rigis arawrfiv gantolebaTa sistemis amonaxsnis  
    arsebobisa da erTaderTobis Sesaxeb . . . . . . . . . . . . . . . . . . . . . . 19    
$ 9. maRali rigis gantolebis dayvana sistemaze da maTi ekvivalentoba.  
    Teorema amonaxsnis arsebobisa da erTaderTobis Sesaxeb  . . . . . . 21    
$ 10. n  rigis wrfivi mudmivkoeficientebiani diferencialuri   
     operatoris Tvisebebi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  23 
$ 11. n  rigis wrfivi mudmivkoeficientebiani erTgvarovani gantolebis  
     zogadi amonaxsni. amonaxsnTa fundamenturi sistema . . . . . . . . . . 24  
$ 12. n  rigis wrfivi mudmivkoeficientebiani araerTgvarovani  
     gantolebis zogadi amonaxsni . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 
$ 13. kvazipolinomuri araerTgvarovneba. kerZo amonaxsnis moZebnis  
     xerxi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 
$ 14. mudmivTa variaciis meTodi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 
$ 15. wrfivi mudmivkoeficintebiani erTgvarovan gantolebaTa sistemis  
     zogadi amonaxsni . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30  
$ 16. wrfivi cvladkoeficintebiani erTgvarovan gantolebaTa sistemis  
     amonaxsnTa fundamenturi sistema.zogadi amonaxsnis ageba . . . . . . 35 
$ 17. vronskis determinanti da liuvil-ostrogradskis formula  
     wrfivi cvladkoeficientebiani sistemisTvis . . . . . . . . . . . . .    36  
$ 18. wrfivi cvladkoeficintebiani araerTgvarovan gantolebaTa  
     sistemis zogadi amonaxsni. mudmivTa variaciis meTodi, koSis   
     formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .     38  
$ 19. maRali rigis wrfivi cvladkoeficientebiani erTgvarovani  
     gantolebis amonaxsnTa fundamenturi sistema.zogadi amonaxsnis  
     ageba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 
$ 20. liuvil-ostrogradskis formula maRali rigis wrfivi  
     cvladkoeficientebani gantolebisTvis . . . . . . . . . . . . . . . . . . . . 41 
$ 21. maRali rigis wrfivi cvladkoeficientebiani araerTgvarovani  
     gantolebis zogadi amonaxsni. mudmivTa variaciis meTodi . . . . . . 42  
$ 22. avtonomiuri sistemis amonaxsnebis Tvisebebi . . . . . . . . . . . . . . .  43  
$ 23. avtonomiuri sistemis wonasworobis mdgomareobis mdgradoba.  
     wrfivi mudmivkoeficientebiani sistemis nulovani amonaxsnis  
     mdgradobis sakmarisi piroba . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 
$ 24. me-2 rigis wrfivi mudmivkoeficientebiani erTgvarovani sistemis  
     fazuri sivrce . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47   
 



 3 

$ 25. me-2 rigis wrfivi cvladkoeficientebiani erTgvarovani gantolebis  
     amonaxsnebis nulebis Sesaxeb.Sedarebis Teorema . . . . . . . . . . . . . 49 
$ 26. sasazRvro amocana me-2 rigis wrfivi cvladkoeficientebiani    
     araerTgvarovani gantolebisTvis . . . . . . . . . . . . . . . . . . . . . . .   50 
$ 27. wrfivi mudmivkoeficientebiani samarTi sistema da misi amonaxsni 54  
$ 28. wrfivi swrafqmedebis optimaluri amocana da optimalurobis  
     aucilebeli pirobebi. magaliTi . . . . . . . . . . . . . . . . . . . . . . . . .  56 
$ 29 diferencialuri gantolebebi dagvianebuli argumentiT . . . . . . .  59 
     literatura . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  61 
      
 
@ 

Sesavali 

 
 Cveulebrivi diferencialuri gantoleba anu diferencialuri gantole 
ba ewodeba tolobas, romelic erTmaneTTan akavSirebs erT damoukidebel 
cvlads, am cvladis ucnob funqcias da mis warmoebulebs. rogorc wesi, 
mravali fizikuri , ekonomikuri, teqnikuri, biologiuri da sxva saxis 
procesebi (movlenebi, sistemebi) aRiwereba diferencialuri 
gantolebebiT. diferencialuri gantolebebis gamokvleva da maTi 
amonaxsnebis Tvisebebis dadgena aris diferencialuri gantolebebis 
Teoriis sagani. diferencialuri gantolebebi gamoiyeneba maTematikis 
iseT dargebSi rogoricaa: maTematikuri fizika, variaciuli aRricxva, 
optimaluri marTvis Teoria, diferencialuri TamaSebi, maTematikuri 
ekonomika, operaciaTa aRricxva, maTematikuri biologia da sxva. 
  leqciaTa kursi Seexeba diferencialur gantolebaTa Teoriis 
fundamentur sakiTxebs: amonaxsnis arseboba da erTaderToba, mudmiv da 
cvlad koeficientebiani wrfivi gantolebebis zogadi amonaxsnebis ageba, 
avtonomiuri sistemis amonaxsnebis Tvisebebi da  wonasworobis 
mdgomareobis mdgradoba  da a.S. Ggarda amisa, kursSi gadmocemulia 
diferencialuri gantolebebis  gamoyeneba optimaluri marTvis Teoriis  
wrfiv amocanebSi.  
  saqarTveloSi Cveulebrivi diferencialuri gantolebebis ganviTarebas 
safuZveli Cauyara i. kiRuraZem, xolo optimaluri marTvis Teoriis 
ganviTarebas r. gamyreliZem da g. xaratiSvilma.  
 Kkursi savaldebuloa da gankuTvlilia maTematikis mimarTulebis 
bakalavriatis me-2 kursis  studentebisaTvis, misi  mizania studentebs 
misces sabazo codna diferencialur gantolebebSi, gamoumuSavos maT  
diferencialuri gantolebebis  gamokvlevisa da amoxsnis unar-Cvevebi. 
kursi erT semestriania (5 krediti), sakontaqto 60 sT: 30 sT leqcia, 30 
sT praqtikuli.  
 leqciaTa kursSi gamoyenebulia orcifriani numeracia: pirveli cifri 
miuTiTebs paragrafis nomers, xolo meore cifri-formulis nomers. 
studentebi uzrunvelyofilni iqnebian ZiriTadi da damxmare 
literaturiT. 
 saleqcio kursis Sedgenisas Cven ZiriTadad vsargeblobdiT [1]-[6] 
saxelmZRvaneloebiT. 
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$ 1. amocanebi, romelTa amoxsna daiyvaneba Cveulebriv  

diferencialur gantolebebze. ZiriTadi cnebebi 

 

 

amocana 1.1. ipoveT horizontalur wrfeze (ricxviT RerZze) moZravi 

sxeulis gadaadgilebis kanoni,  Tu misi siCqare yovel ),[ 0  tt  momentSi 

aris )(tv  ( )(tv -uwyveti funqciaa), xolo sawyis 0t  momentSi sxeuli 

imyofeba 0x  wertilSi.  

amoxsna. vTqvaT sxeulis moZraobis kanoni aRiwereba uwyvetad warmoebadi 

0),( tttxx   funqciiT, maSin sxeulis siCqare t  momentSi iqneba )()( txtx
def

 . 

Tu gaviTvaliswinebT amocanis mocemulobas, maSin )(tx  ucnobi funqciis 

mimarT, miviRebT tolobas 
 
                             )()( tvtx  .                       (1.1) 
 

(1.1) gantoleba Seicavs ucnobi )(tx  funqciis warmoebuls, mas ewodeba  

Cveulebrivi diferencialuri gantoleba. (1.1) tolobis integrebiT  ],[ 0 tt  

monakveTze miviRebT 

                          dssvdssx

t

t

t

t

 
0 0

)()( . 

aqedan, 00 )( xtx   tolobis gaTvaliswinebiT, gveqneba                     

                       

t

t

dssvxtx

0

)()( 0 , 0tt  . 

es aris sxeulis moZraobis kanoni. 
amocana 1.2. ipoveT radiaqtiuri nivTierebis daSlis kanoni, Tu misi masa 

sawyis  0t  momentSi aris 0m . 

amoxsna. vTqvaT nivTierebis daSlis kanoni aRiwereba uwyvetad 

warmoebadi 0),( tttm   funqciiT e.i. nivTierebis masa t  momentSi aris )(tm . 

cnobilia, rom nivTierebis daSlis siCqare 
def

tm )(
dt

dm
tm  )(  (

def

  simbolo 

niSnavs sityvas ,,aRniSnavs”) proporciulia )(tm  masis. amitom, ucnobi 

)(tm  funqciis mimarT gveqneba toloba 

 
                        )()( tkmtm  , 0k .                           (1.2) 

 
niSani minusi miuTiTebs imaze, rom daSlisas masa mcirdeba. (1.2) 
gantoleba Seicavs ucnob funqcias da mis warmoebuls, mas ewodeba 
Cveulebrivi diferencialuri gantoleba. diferencialur gantolebaSi, 
rogorc wesi, ucnobi funqcia da misi warmoebuli iwereba t -s gareSe 
(maTi damokidebuleba t -ze yovelTvis igulisxmeba). amrigad (1.2) 
gantoleba SeiZleba CavweroT Semdegnairad 

 
                               kmm  . 

axla (1.2) gadavweroT ase 
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                               k
tm

tm


)(

)(
.   

   
integrebis Sedegad miviRebT 
 

                 

t

t

t

t

dskds
sm

sm

00
)(

)(
, )(

)(

)(
ln)(ln)(ln 0

0

0 ttk
tm

tm
tmtm  ,  

saidanac gamomdinareobs  

                                 )(

0
0)(

ttk
emtm


 , 

romelic aris radiaqtiuri nivTierebis daSlis kanoni.  
amocana 1.3. vTqvaT )(tN  aris drois t  momentSi gamoSvebuli erTi 

saxis produqciis raodenoba gamosaxuli fulad erTeulSi. SeadgineT 
ekonomikuri zrdis maTematikuri modeli.  
  ekonomikuri zrdis obieqturi kanonis Tanaxmad )(tN  warmodgenili 
unda iqnes ori Seskrebis saxiT 
                             )()()( tItCtN  .                        (1.3) 

)(tC  aris Tanxa, romelic xmardeba TanamSromelTa xelfasebs, 

socialur daxmarebebs da a.S.  )(tI  aris Tanxa, romelic xmardeba  

axali danadgarebis SeZenas, axali teqnologiebis danergvas da a.S. 
(Siga investicia). vTqvaT  
                  

        0,10),()()(,10),()(   tNtNtItNtC  .     (1.4) 
 
(1.3)-dan, (1.4)-is gaTvaliswinebiT, moviRebT diferencialur gantolebas 
 

                                )(
1

)( tNtN


 
 .              (1.5)          

(1.5) aris ekonomikuri zrdis umartivesi maTematikuri modeli. 
 
ZiriTadi cnebebi. tolobas, romelic erTmaneTTan akavSirebs 
damoukidebel cvlads, am cvladis ucnob funqcias da mis 
warmoebulebs Cveulebrivi diferencialuri gantoleba anu 
diferencialuri gantoleba ewodeba. tolobas 
              

                           0)...,,,,( )()2( nxxxxtF  ,                  (1.6) 

sadac t  damoukidebeli cvladia, )(txx   ucnobi funqciaa, xolo  

                            
dt

dx
x  , ni

dt

xd
x

i

idef
i ,2,)(  ,          

ewodeba n  rigis diferencialuri gantoleba.  
SeniSvna 1.1. diferncialur gantolebaSi monawileobs erT cvladze 
damokidebuli ucnobi funqcia. gantolebaSi SeiZleba ar Sediodes 
damoukidebeli cvladi an ucnobi funqcia, xolo ucnobi funqciis 
warmoebuli  aucileblad unda Sediodes. 
 

),(),( battx  funqcias ewodeba n  rigis (1.6) gantolebis amonaxsni, Tu 

igi uwyvetad warmoebadia n  rigamde CaTvliT da amave dros adgili 
aqvs tolobas 



 6 

                    ),(,0))(),...,(),(,( )( batttttF n   . 

Tu ),( ba  intervalis nacvlad gvaqvs monakveTi ],[ ba , maSin a  da 

b wertilebSi igulisxmeba calmxrivi warmoebulebi e.i. ),()(  aa    

)()(  bb   da a.S. 
 gantolebaSi Semavali ucnobi funqciis warmoebulis umaRles rigs 
gantolebis rigi ewodeba. 
 gantolebas, romelic amoxsnilia warmoebulis umaRlesi rigis 
mimarT normaluri gantoleba ewodeba. leqciaTa kursSi ganxiluli 
iqneba mxolod normaluri gantolebebi.  
  ganvixiloT pirveli rigis arawrfivi gantoleba 
 
                               ).( xtfx  .                        (1.7) 
 
t  da x  cvladebis ),( xtf funqcias ewodeba gantolebis marjvena mxare, 

igi aris gansazRvruli da uwyveti 2RD   Ria simravleze (areze) .   
),(),( battx   funqcias ewodeba (1.7) gantolebis amonaxsni, Tu 

Sesrulebulia Semdegi pirobebi: 
a)  ),(,))(,( batDtt   e.i. )(t funqciis grafiki Zevs D -Si; 

b) )(t uwyvetad warmoebadia da adgili aqvs tolobas  

 
                         ),()),(,()( batttft   . 

 
vTqvaT )(t amonaxsnia, maSin mis grafiks integraluri wiri ewodeba. 

gantolebas ewodeba wrfivi, Tu igi ucnob funqcias da mis 
warmoebulebs Seicavs pirvel xarisxSi.   

  ganvixiloT wrfivi gantoleba tx 2 . misi amonaxsnia ctx  2  
funqcia, sadac c  nebismieri mudmivia. amrigad gantolebas aqvs 
usasrulod bevri amonaxsni. imisaTvis, rom (1.7) gantolebas qondes 
erTaderTi amonaxsni saWiroa misi marjvena mxare ),( xtf akmayofilebdes 

garkveul pirobebs, xolo amonaxsni pirobas 00 )( xtx  . mocemul 

ricxvebs 0t  da 0x  ewodeba sawyisi monacemebi (sawyisi mniSvnelobebi), 

xolo tolobas 00 )( xtx   sawyisi piroba.  

koSis amocana. ipoveT (1.7) gantolebis iseTi amonaxsni, romelic 

akmayofilebs sawyis pirobas .)( 00 xtx   

 geometriulad koSis amocana SeiZleba ase CamovayaliboT: vTqvT 

Dxt ),( 00  mocemuli wertilia, ipoveT (1.7) gantolebis iseTi 

integraluri wiri, romelic gadis ),( 00 xt wertilze. 

koSis amocana mokled ase Caiwereba  
 

                                   








.)(

),,(

00 xtx

xtfx
 

 
Tu gantolebis rigia n , maSin koSis amocanaSi sawyisi piroba Sedgeba 
n  tolobisgan: 

                        )1(

00

)1(

0000 )(,...,)(,)(   nn xtxxtxxtx  , 
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sadac )1(

0000 ,...,,, nxxxt   ricxvebi sawyisi mniSvnelobebia. )1(

00 ,..., nxx  

simboloebi aRniSnaven ricxvebs da ar ukavSirdebian warmoebulebs, 

xolo )(),...,( 0

)1(

0 txtx n  simboloebi aRniSnaven )(tx  fuqciis Sesabamisi 

rigis warmoebulebs gamoTvlils 0t wertilSi . 

mimarTulebis veli (gantolebis geometriuli interpretacia). 2R  
sibrtyeSi ganvixiloT xt0  marTkuTxa koordinatTa sistema. vTqvaT (1.7) 

gantolebis marjvena mxare uwyvetia 2RD   areze. nebismier Dxt ),(  
wertilSi gavavloT monakveTi, romelic ekuTvis wrfes romlis 
sakuTxo koeficientia ),( xtf . amrigad, es wrfe t0  RerZis dadebiT 
mimarTulebasTan adgens kuTxes  , romelic akmayofilebs pirobas 

),( xtftg  . yovel wertilSi, aRniSnuli wesiT, gavlebuli  
monakveTebis Sedegad miRebul suraTs ewodeba mimarTulebis veli. 
diferencialur gantolebas erTaderTi mimarTulebis veli Seesabameba. 

),(,))(,( batDtt   wiri integraluria, Tu ))(,( tt   wertilSi gavlebuli 

mimarTulebis velis monakveTi wirs exeba. Tu SesaZlebelia 
gantolebis mimarTulebis velis ageba, maSin es saSualebas iZleva 
geometriulad vipovoT miaxloebiTi integraluri wiri. gantolebis 
amonaxsnis moZebnis am meTods izoklinebis meTodi ewodeba.      

 

 

 

$ 2. pirveli rigis wrfivi diferencialuri gantoleba. 

koSis formula 
 

   ganvixiloT gantoleba 
 
                            )()( tbxtax  ,                         (2.1) 

                             
sadac Rttbta ),(),(  uwyveti funqciebia. 

Teorema 2.1. (2.1) gantolebis yvela amonaxsni gamoisaxeba koSis 
formuliT 
 

                     ))((
)()(

dttbecex
dttadtta






,                    (2.2) 

sadac c  nebismieri mudmivia. 
damtkiceba. Ppirvel rigSi vipovoT erTgvarovani  
 
                             ytay )(                              (2.3) 
gantolebis amonaxsni. 
(2.3) gantolebis erT-erTi amonaxsnia 0)( ty , xolo danarCeni amonaxsnebi, 

amonaxsnis erTaderTobis gamo, yvelgan R -ze iRebs mxolod dadebiT an 
uaryofiT  mniSvnelobebs.   
(2.3)-dan miviRebT  

                            dtta
y

dy
)( . 

integrebis Sedegad gveqneba  
 

                          .0,)(lnln 11 cdttacy   
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aqedan miviRebT 
 

                        
dtta

ecy
)(

1 . 

amrigad, Tu 0y    

 

                      


dtta

ecy
)(

1  ,                            (2.4) 

xolo, Tu 0y              

 

                       


dtta

ecy
)(

1 .                           (2.5) 

 

nulovani da (2.4),(2.5) amonaxsnebis gaerTianeba Caiwereba formuliT 
 

                          


dtta

cey
)(

, 

sadac c  nebismieri ricxvia. 
(2.1) gantolebis amonaxsnebis moZebnis qvemoTmoyvanil meTods ewodeba 
mudmivTa variaciis meTodi. (2.1) gantolebis amonaxsni veZeboT Semdegi 
funqciis saxiT 

                          
dtta

etcx
)(

)( .                    (2.6) 
 

SevarCioT )(tc  iseTnairad, rom (2.6) funqciam daakmayofilos (2.1) 
gantoleba. (2.6) CavsvaT (2.1) gantolebaSi, miviRebT 

 

                    )()()()()()(
)()()(

tbetctaetatcetc
dttadttadtta

 . 
aqedan  

                 

                   )()(
)(

tbetc
dtta

   anu  )()(
)(

tbetc
dtta


 .                   

                                
integrebis Sedegad gveqneba  

                            




dttbectc
dtta

)()(
)(

. 

 

)(tc -s (2.6)-Si Casmis Sedegad miviRebT (2..2) formulas. 
SeniSvna 2.1.  koSis amocanis  
 

                             








,)(

),()(

00 xtx

tbxtax
  

 

amonaxsni Caiwereba formuliT 
 

                       ))((

0

00

)(

0

)(

dssbexex

t

t

dada

s

t

t

t









 

. (SeamowmeT) 
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$ 3. lifSicis piroba 

 

 funqcia 2),(),,( RDxtxtf   akmayofilebs lifSicis pirobas D  areze 

x  cvladis mimarT, Tu arsebobs iseTi mudmivi 0L , rom nebismieri 
wertilebisTvis DytDxt  ),(,),(  adgili aqvs utolobas 
 
                             .|||),(),(| yxLytfxtf   

 
L  ricxvs ewodeba lifSicis mudmivi. 
D  ares ewodeba amozneqili x  koordinatis mimarT, Tu mas nebismier 
or wertilTan Dxt ),( , Dyt ),(  erTad ekuTvnis maTi SemaerTebeli 

monakveTi. 
Llema 3.1. vTqvaT D  amozneqili area x  koordinatis mimarT, xolo 

),( xtf  funqcia uwyvetia D areze da uwyvetad warmoebadia x -is mimarT. 

garda amisa, arsebobs iseTi ricxvi 0M , rom adgili aqvs utolobas   
 

                              .),(,
),(

DxtM
x

xtf





 

 
maSin ),( xtf funqcia x  cvladis mimarT akmayofilebs lifSicis 
pirobas. 
Ddamtkiceba. vTqvaT DytDxt  ),(,),( nebismieri ori wertilia. 

lagranJis formulis Tanaxmad 
 

            ].1,0[|,|)(
))(,(

|),(),(| 



 


yxMyx

x

yxytf
ytfxtf  

 
funqcia SeiZleba akmayofilebdes lifSicis pirobas, magram igi yvela 
wertilSi warmoebadi ar iyos. 
magaliTi 3.1. ||),( xxtf   funqcia akmayofilebs lifSicis pirobas 

||||||||),(),( yxyxytfxtf  , lifSicis mudmiviT 1L , magram mas 0x  

wertilSi ara aqvs warmoebuli. 
 

 
$ 4. Teorema pirveli rigis arawrfivi gantolebis amonaxsnis 

arsebobisa da erTaderTobis Sesaxeb  

 
 ganvixiloT koSis amocana 

 

                              








.)(

),,(

00 xtx

xtfx
                  (4.1) 

 

Teorema 4.1. vTqvaT ),( xtf  funqcia uwyvetia 2RD   areze da x  

cvladis mimarT akmayofilebs lifSicis pirobas: 

|||),(),(| yxLytfxtf  . maSin nebismieri Dxt ),( 00  wertilisaTvis 
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arsebobs (4.1) amocanis erTaderTi amonaxsni )(tx  , romelic 

ganmartebulia ],[ 0000   tt  monakveTze, sadac 00   ricxvis sidide 

damokidebulia sawyis monacemebze, gantolebis marjvena mxareze da 
lifSicis mudmivze.  

arseboba. vTqvaT Dxt ),( 00  nebismieri fiqsirebuli wertilia. 

moiZebneba iseTi ricxvebi 0,0  aq , rom xt0  sistemaSi marTkuTxedi  

                         













axx

qtt
Dxt

||

||
:),(

0

0   

Sedis D  areSi. 
vTqvaT ],0( q , maSin  

                        













axx

tt
Dxt

||

||
:),(

0

0 
  

marTkuTxedi iqneba  -s qvesimravle. 

 -Ti aRvniSnoT iseTi uwyveti ],[),( 00   tttt  funqciebis simravle, 

romelTa grafiki Zevs   marTkuTxedSi. es ukanaskneli niSnvs, rom 

Sesrulebulia utoloba 
 

                        ].,[,|)(| 000   tttaxt  

 

 simravleze ganvmartoT asaxva (operatori) )(*  F  Semdegi 

formuliT 

              

t

t

tttdsssfxt

0

],[,))(,()( 000

*  . 

SevarCioT ],0( q  ricxvi ise, rom Sesruldes Semdegi pirobebi: 

a) Tu   , maSin  * ; 

b) Tu  , , maSin adgil aqvs utolobas  

 

   10||,||||)()(|||)()(|max|||| **

],[

**

00




kkFFtt
ttt




 , 

sadac k  ricxvi ar aris damokidebuli   da   funqciebze. Tu b) 

piroba Sesrulebulia maSin amboben, rom F  asaxva kumSvadia.   

simbolo aRniSnavs   funqciis normas, 
],[ 00

|)(|max






ttt

t .  

   a) pirobis dasamtkiceblad sakmarisia vaCvenoT, rom  
 

                          ],[,|)(| 000

*   tttaxt .  

    
SevafasoT sxvaoba 

 

t

t

t

t

dsssfdsssfxt

00

||))(,(|||))(,(||)(| 0

*   (rimanis integralis Tviseba). 

funqcia ),( xtf  uwyvetia D -ze, amitom amave simraleze uwyvetia 

|),(| xtf .   kompaqtia (SemosazRvruli da Caketili simravle), amitom  

veierStrasis Teoremis Tanaxmad |),(|max
),(

xtfM
xt 

  ricxvi sasrulia . 

amrigad, gveqneba  
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                      MttMxt  |||)(| 00

* . 

cxadia   * , Tu 
M

a
 . 

Aaxla   SevarCioT ise, rom Sesruldes b) piroba. SevafasoT sxvaoba 
 

       

t

t

t

t

LdsssLdsssfssftt

0 0

||,||||)()(||||))(,())(,(|||)()(| **   

sadac L  lifSicis mudmivia. 

cxadia, Tu  
L

1
  maSin .1 Lk  amrigad, Tu 0  ricxvi 

akmayofilebs utolobas 

                           )
1

,,min(
LM

a
q ,                   (4.2) 

maSin Sesrulebuli iqneba a) da b) pirobebi. 00   ricxvis  rolSi (ix. 

Teoremis formulireba) aviRoT romelime ricxvi, romelic 
akmayofilebs (4.2) utolobas. 

avagoT funqciaTa mimdevroba ),...(),...,(0 tt i Semdegi rekurentuli wesiT: 

,...2,1),( 1   iF ii  , sadac .)( 00 xt   cxadia 
0

 i , ,....1,0i  

meTods, sadac gantolebis amonaxsnis mosaZebnad gamoiyeneba aseTi 
rekurentuli wesiT agebuli mimdevroba, mimdevrobiTi miaxloebis 
meTodi ewodeba.  

 davamtkicoT ,...1,0),( iti mimdevrobis Tanabrad krebadoba ],[ 0000   tt  

monakveTze. aRniSnuli mimdvrobis Tanabrad krebadoba (normiT 

krebadoba) tolfasia ],[ 0000   tt  monakveTze Semdegi fuqcionalari 

mwkrivis Tanabrad krebadobis 
 

                ...))()((...))()(()( 1010   ttttt ii  , 

 
radganac mwkrivis kerZo jamebi tolia mimdevrobis wevrebis. 
SevafasoT mwkrivis wevrebi dawyebuli meoredan, miviRebT 
                 

  a |||| 01  , kakFF  010112 )()(  ,..., ak i

ii

1

1



  , . . . A  

……………… 
amrigad, adgili aqvs Semdeg Sefasebas 

                           








 
1 0

1 ||||
i i

i

ii ka .  

mwkrivi 


0i

ika  krebadia (dalamberis niSani), igi funqcionaluri 

mwkrivis maJorants warmoadgens. veierStrasis Teoremis Tanaxmad 
funqciaTa mwkrivi Tanabrad krebadia da aqedan gamomdinare funqciaTa 

mimdevroba  )(ti Tanabrad krebadia uwyveti )(t  funqciisken e.i. 

                  )()(lim tti
i

 


, Tanabrad ],[ 0000   ttt  

anu 

                          .0lim 


i
i
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vaCvenoT, rom )(t aris koSis amocanis amonaxseni. cxadia, rom 

 
0

  . gadavideT zRvarze tolobaSi 

                      

t

t

ii dsssfxt

0

))(,()( 10    

miviRebT 

       

t

t

tttdsssfxt

0

],[,))(,()( 000  . (rimanis integralis Tviseba) 

aqedan, integralis Tvisebebis gamoyenebiT, miiReba  tolobebi  
 

                 ,)( 00 xt  ].,[)),(,()( 0000   tttttft   

 

amrigad, ],[),( 0000   tttt  aris koSis amocanis amonaxsni.  

erTaderToba. vTqvaT   )(t  da )(tg  amonaxsnebi gansazRvrulia 

],[ 0000   tt  monakveTze da akmayofilben pirobas 000 )()( xtgt  . 

davamtkicoT, rom )()( tgt  , t ],[ 0000   tt . SemoviRoT funqcia 

)()()( tgttz  . vTqvaT ],0( 0   ricxvi iseTia , rom  Sesrulebulia 

utoloba 
2

1
L . cxadia 0)( 0 tz  da |)(|max

],[ 00

tz
ttt 




  sasruli ricxvia. 

 erTis mxriv,  
 

       ].,[,|)()(||))(,())(,(||)(| 00   tttLtgtLtgtfttftz  

 

meores mxriv, roca ],[ 00   ttt  gveqneba 

 

       ,10,
2

|))((||||)()(||)(| 0000  


 Ltttztttztztz  . 

Ae.i. 
2


  , amitom 0 . amrigad, ],[),()( 00   ttttgt . anlogiuri 

msjelobiT damtkicdeba )(t  da )(tg funqciebis toloba 0t  da 0t  

wertilebis marjvniv da marcxniv   sigrZis monakveTze. es procesi 

gagrZeldeba manam, sanam ar mivaRwevT 00 t  da 00 t  wertilebamde.  

SeniSvna 4.1. mimdevrobiTi miaxloebis meTodi saSualebas iZleva vipovoT 
gantolebis miaxloebiTi amonaxsni. 
magaliTi. 4.1. mimdevrobiTi miaxloebis meTodiT ipoveT  
 

                            








,1)0(

,

x

xx
 

amocanis amonaxsni. 

amoxsna. avagoT mimdevroba ,...,...,, 10 n  

       

                         ,1)(0 t  

                      

t

tdst
0

1 ,11)(  
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                      

t
t

tdsst
0

2

2
!2

1)1(1)( , 

                     ,
!3!2

1)
!2

1(1)(
3

0

22

3

tt
tds

s
st

t

   

                    . . . . . . . . . . . . . . . . . . . . . . . . . . .  
 

                     
!!3!2

1)(
32

n

ttt
tt

n

n   

                   . . . . . . . . . . . . . . . . . . . . . . . . .  
 
rogorc cnobilia 

                                t

n
n

et 


)(lim . 

amrigad, tex   aris amocanis amonaxsni. 

SeniSvna 4.2. Tu ),( xtf funqcia uwyvetia D -ze, maSin nebismieri Dxt ),( 00  

wertilisaTvis koSis amocanas 

                                








00 )(

),(

xtx

xtfx
 

 

aqvs erTi amonaxsni mainc, romelic gansazRvrulia 0t  wertilis raime 

midamoSi. am SemTxvevaSi SesaZlebelia dairRves amonaxsnis erTaderToba. 
magaliTi 4.2. ganvixiloTYkoSis amocana 
 

                                








.0)0(

,3 3/2

x

xx
 

01 x  da 3

2 tx   aris amocanis amonaxsnebi, erTaderToba darRveulia 
(axseniT erTaderTobis darRvevis mizezi).  
savarjiSo 4.1. daamtkiceT Semdegi debulebebis samarTlianoba: 
a) vTqvaT ),( xtf  funqcia uwyvetia D  areze da nebismier DK   kompaqtze 
x  cvladis mimarT akmayofilebs lifSicis pirobas e.i. arsebobs 

lifSicis mudmivi 0KL (lifSicis mudmivi, sazogadod, damokidebulia 

K  kompaqtze), rom adgili ,aqvs utolobas   .|||),(),(| yxLytfxtf K   

maSin nebismieri Dxt ),( 00  wertilisaTvis arsebobs koSis amocanis 

erTaderTi amonaxsni, romelic gansazRvrulia 0t  wertilis raime 

midamoSi.  

b) vTqvaT ),( xtf  funqcia da misi kerZo warmoebili  
x

xtf



 ),(
 uwyvetia D  

areze. maSin nebismieri Dxt ),( 00  wertilisaTvis arsebobs koSis amocanis 

erTaderTi amonaxsni, romelic gansazRvrulia 0t  wertilis raime 

midamoSi. 
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$ 5. Teorema amonaxsnis gagrZelebis Sesaxeb 

 
ganvixiloT koSis amocana 
 

                              








.)(

),,(

00 xtx

Rxxtfx
                   (5.1) 

vTqvaT ],[),( 21 rrtt   da ],[),( 21 ssttg   aris (5.1) koSis amocanis amonaxsnebi. 

)(tg -s ewodeba )(t  amonaxsnis gagrZeleba, Tu ],[],[ 2121 ssrr   da 

],[),()( 21 rrttgt  . 

Teorema 5.1. vTqvaT 2RD  kompaqturi simravlea. funqcia ),( xtf  da misi 

kerZo warmoebuli 
x

xtf



 ),(
 uwyvetia D -ze. maSin D  simravlis nebismieri 

Siga ),( 00 xt  wertilis Sesabamisi (5.1) koSis amocanis amonaxsni SeiZleba  

gagrZelebuli iqnes monakveTze ],[ ba , masTan ))(,( axa  da ))(,( bxb  iqneba D  

simravlis sazRvris wertilebi. a  da b  ricxvebis mniSvnelobebi 
damokidebulia sawyis momacemebze. 

damtkiceba. D  simravlis sazRvari aRvniSnoT  -Ti. vTqvaT ),( 00 xt aris 

D simravlis Siga wertili. ),( 00 xt wertilisTvis arsebobs (5.1) koSis 

amocanis erTaderTi amonaxsni ],[),( 0000   ttttx  (ix. wina paragrafi). 

movaxdinoT amonaxsnis gagrZeleba marjvniv. Tu  ))(,( 0000  txt , maSin 

 0tb . am SemTxvevaSi marjvniv gagrZeleba ar SeiZleba. vTqvaT ))(,( 11 txt , 

sadac )(, 11001 txxtt   , aris D  simravlis Siga wertili. ganvixiloT 

koSis amocana  

                       








.)(

),,(

11 xtx

xtfx
                     (5.2) 

 

arsebobs (5.2) koSis amocanis amonaxsni ],[),( 0110110   ttttx . cxadia,rom 

)()( 101 txtx   amitom erTaderTobis gamo ],[],[),()( 011011100   ttttttxtx . 

amrigad miviReT axali amonaxsni ganmartebuli ],[ 0110 tt  monakveTze, 

romelic Tavdapirveli )(tx amonaxsnis gagrZelebaa marjvniv. SevTanxmdeT, 

rom gagrZelebuli amonaxsni yovelTvis aRniSnuli iqneba )(tx -Ti. 

procesi gavagrZeloT.  
 SesaZlebelia ori SemTxveva: 

a) procesi sasrulia. am SemTxvevaSi sasruli bijis Semdeg 
integraluri wiris bolo wertili ekuTvnis  . maSin Teoremis  
damtkiceba dasrulebulia; 

b) procesi usasruloa. am SemTxvevaSi miviRebT D  simravlis Siga 

wertilTa usasrulo mimdevrobas ,....2,1)),(,( ktxt kk  

mimdevroba ,...2,1, ktk zrdadia da SemosazRvruli.  kt  mimdevrobis   

zRvari aRvniSnoT b -Ti. gagrZelebuli amonaxsni )(tx  yoveli ,...2,1k  

ganmartebulia ],[ 0 ktt  monakveTze. aqedan davaskvniT, rom gagrZelebuli 

amonaxsni )(tx  ganmartebulia ),[ 0 bt -ze. vaCvenoT )(lim tx
bt 

zRvaris arseboba. 

aviRoT b  wertilis marcxena raime naxevar midamo ],[ bb  , sadac 
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dadebiTi ricxvi   iseTia, rom 0tb  . nebismieri ),(, bbst  adgili 

aqvs utolobas 
 

             

t

s

t

s

t

s

Mdxfdxdxsxtx  ||))(,(||||)(||)(|)()(|  , 

sadac |),(|max
),(

xtfM
Dxt 

 . 

analizSi cnobili koSis kriteriumis ZaliT arsebobs zRvari *)(lim xtx
bt




. 

CavTvaloT *)( xbx  , maSin )(tx  gaxdeba uwyveti funqcia ],[ 0 bt -ze da amave 

dros adgili eqneba tolobas ))(,()( bxbfbx  . aqedan gamomdinare )(tx  
iqneba Tavdapirveli amonaxsnis gagrZeleba marjvniv maqsimalur 

monakveTze ],[ 0 bt  . wertili ))(,( bxb , winaaRmdeg SemTxvevaSi ],[ 0 bt  ar 

iqneboda amonaxnis marjvniv gagrZelebis maqsimaluri monakveTi. 
analogiurad SeiZleba amonaxsnis gagrZeleba marcxniv maqsimalur 

monakveTze ],[ 0ta .  

adgili aqvs debulebebs:  
Teorema 5.2. vTqvaT ),( xtf  funqcia da misi kerZo wrmoebuli x -is mimarT 

uwyvetia 2RD   areze. maSin nebismieri Dxt ),( 00  wertilisaTvis koSis 

amocanis amonaxsni SeiZleba gagrZelebuli iqnes maqsimalur ),( ba  

intervalze (ar gamoiricxeba SemTxveva, roca  a  da b ). 
Teorema 5.3. vTqvaT ),( xtf  funqcia da misi kerZo wrmoebuli x -is mimarT 

uwyvetia  RxbtaxtD  ,:),(  simravleze. garda amisa Sesrulebulia 

utoloba )(||)(|),(| txtxtf   ,sadac 0)( t  da 0)( t  uwyveti funqciebia. 

maSin nebismieri Dxt ),( 00  wertilisaTvis koSis amocanis  amonaxsni 

SeiZleba gagrZelebuli iqnes ),( ba  intervalze. 

Teorema 5.4. vTqvaT ),( xtf  funqcia uwyvetia  RxbtaxtD  ,:),(  simra- 
vleze da akmayofilebs lifSicis pirobas 
 

                  .),(),,(,),(),( DytxtyxLytfxtf    

maSin nebismieri Dxt ),( 00  wertilisaTvis koSis amocanis  amonaxsni 

SeiZleba gagrZelebuli iqnes ),( ba  intervalze. 

Teorema 5.5. vTqvaT )(t  da )(t  funqciebi uwyvetia ],[ ba  intervalze. 

maSin  wrfiv amocanas  

                     








,)(

),()(

00 xtx

txtx 
   

 

nebismieri  RxbtaxtDxt  ,:),(),( 00  sawyisi monacemisaTvis aqvs erTa- 

derTi amonaxsni, romelic gansazRvrulia ],[ ba  monakveTze. 
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$ 6. gronuolis utoloba 

 

lema 6.1. vTqvaT )(tw   arauaryofiTi uwyveti funqciaa ],[ ba  monakveTze. 

garda amisa, vTqvaT 0,0 0  w  da ],[0 bat   mocemuli ricxvebia da 

adgili aqvs utolobas 

                        ],[,)()(

0

0 batdsswwtw

t

t

  ,                 (6.1) 

maSin  

                                 )(

0)( abewtw   . 

damtkiceba. vTqvaT ),(0 bat  . utolobis dasamtkiceblad ganvixiloT ori 

SeTxveva.  

a) vTqvaT ],[ 0 btt . SemoviRoT funqcia 

t

t

dsswtr

0

)()(  . am SemTxvevaSi (6.1) 

utoloba miiRebs saxes 
 

                    ],[),()()( 000

0

btttrwdsswwtw

t

t

  ,             (6.2) 

amave dros gveqneba ],[),()(,0)(,0)( 00 btttwtrtrtr   . 

 Aamrigad  
 

                )()( 0 trwtr    anu  0)()( wtrtr   . 

U 
)( 0tt

e
  -ze gamravlebiT miviRebT 

 
 

                )(

0

)(

0
00))((

tttt
ewewtr




  . 

E 
es utoloba SeiZleba ase gadavweroT 
 

                )(

0

)( 00 ))((
tttt

ewetr
dt

d 


  . 

 

 0t -dan t -mde integrebis Sedegad miviRebT  

 

                dsewdsesr
ds

d
t

t

tsts

t

t






0

00

0

)(

0

)(
))((

  , 

           

saidanac, 0)( 0 tr  tolobis gaTvaliswinebiT, gveqneba  

 

                     ]1[)(
)(

0

)( 00 
 tttt

ewetr
 . 

A 
aqedan miviRebT 
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                    .)( 0

)(

0
0 wewtr

tt


  

am utolobis da (6.2)-is gaTvaliswinebiT gveqneba  
 

                .)()( )(

0

)(

00
0 abtt

ewewtrwtw 
   

b) vTqvaT ],[ 0tat . SemoviRoT funqcia 
0

)()(

t

t

dsswtr  . am SemTxvevaSi (6.1) 

utoloba miiRebs saxes 

                    ],[),()()( 000

0

tattrwdsswwtw

t

t

  ,             (6.3) 

amave dros gveqneba ],[),()(,0)(,0)( 00 tattwtrtrtr   . 

amrigad,  
 

                )()( trwtr    anu 0)()( wtrtr   . 

U 
)( 0tt

e
  -ze gamravlebiT miviRebT 

 

                )(

0

)(

0
00))((

tttt
ewewtr




  . 

E 
es utoloba SeiZleba ase gadavweroT 
 

                )(

0

)( 00 ))((
tttt

ewetr
dt

d 


  . 

 

t -dan 0t -mde integrebis Sedegad miviRebT  

 

                dsewdsesr
ds

d
t

t

tsts

t

t





0

00

0

)(

0

)(
))((

  , 

           

saidanac , 0)( 0 tr  tolobis gaTvaliswinebiT, gveqneba  

 

                     ]1[)(
)(

0

)( 00 tttt
ewetr




 . 

A 
aqedan miviRebT 
 

                    .)( 0

)(

0
0 wewtr

tt


  

 
am utolobis da (6.3)-is gaTvaliswinebiT gveqneba  
 

                .)()( )(

0

)(

00
0 abtt

ewewtrwtw 
   

 

Tu at 0 , maSin utoloba mtkicdeba a) SemTxvevis msgavsad. Tu bt 0 , 

maSin utoloba mtkicdeba b) SemTxvevis msgavsad.  
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$ 7. amonaxsnis uwyvetoba parametrisa da sawyisi monacemebis mimarT 

 
amonaxsnis uwyvetoba parametris mimarT. ganvixiloT R  parametrze 

damokidebuli diferencialuri gantoleba 
 
                         Rxxtfx  ),,,(  . 

vTqvaT  RxbtaxtDxt  ,:),(),( 00  mocemuli wertilia. koSis amocanis  

 

                            








,)(

,),,,(

00 xtx

Rxxtfx 
                      (7.1) 

amonaxsni aRvniSnoT );(  t . 

Teorema 7.1. vTqvaT funqcia ),,( xtf  uwyvetia RRba ],[  simravleze da 

,x  cvladebis mimarT akmayofilebs lifSicis pirobas  
 

       .],[),,(),,,(,),,(),,( 21212121 RRbaytxtLyxLytfxtf    

 
maSin amonaxsni ],[),;( batt   uwyvetia   parametris mimarT. es 

ukanaskneli tolfasia Semdegis: vTqvaT 0  fiqsirebuli parametria, 

maSin nebismieri 0  ricxvisaTvis arsebobs iseTi 0 , rom nebismieri 

  romelic akmayofilebs pirobas  0  adgili aqvs utolobas 

 

                        ],[,);();( 0 battt   . 

 
damtkiceba. Sedegi 4.1-is Tanaxmad yoveli R  parametrisaTvis (7.1) 

koSis amocanis amonaxsni );(  t ganmartebulia monakveTze ],[ ba . SevafasoT 
sxvaoba  

           
t

t

t

t

dsssfxdsssfxtt

0 0

)),;(,()),;(,();();( 00000   

 

        
t

t

dsssfssf

0

)),;(,()),;(,( 00    
t

t

dsLssL

0

0201 );();(   

                     

t

t

dsttLabL

0

);();()( 0102  . 

gronuolis utolobis ZaliT miviRebT  
 

                  ].,[,)();();(
)(

020
1 bateabLtt

abL


  

Tu  

                   )(

2
1)(/

abL
eabL


  , 

maSin gveqneba  

                     .);();( 0   tt                       

 
amonaxsnis uwyvetoba sawyisi monacemebis mimarT. koSis amocanis  
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







,)(

,),,(

00 xtx

Rxxtfx
                      (7.2) 

amonaxsni aRvniSnoT ),;( 00 xtt . 

Teorema 7.2. vTqvaT funqcia ),( xtf  uwyvetia Rba ],[  simravleze da x  
cvladebis mimarT akmayofilebs lifSicis pirobas  
 

                     .],[),(),,(,),(),( RbaytxtyxLytfxtf   

 

maSin amonaxsni ],[),,;( 00 batxtt   uwyvetia ),( 00 xt  sawyisi monacemebis 

mimarT. es ukanaskneli tolfasia Semdegis: vTqvaT )ˆ,ˆ( 00 xt  fiqsirebuli 

sawyisi monacemia, maSin nebismieri 0  ricxvisaTvis arsebobs iseTi 

0 , rom nebismieri Dxt ),( 00  romelic akmayofilebs pirobas 

  0000
ˆ,ˆ xxtt  adgili aqvs utolobas 

                        ],[,),;()ˆ,ˆ;( 0000 batxttxtt   . 

damtkiceba. Sedegi 4.1-is Tanaxmad yoveli Dxt ),( 00  sawyisi monacemisTvis 

(7.2) koSis amocanis amonaxsni ),;( 00 xtt ganmartebulia monakveTze ],[ ba . 

SevafasoT sxvaoba  

          
t

t

t

t

dsxtssfxdsxtssfxxttxtt

0 0
ˆ

0000000000 ),;(,()ˆ,ˆ;(,(ˆ),;()ˆ,ˆ;(   

               

t

t

t

t

dsxtsxtsLdtxtttfxx

0

0

0

),;()ˆ,ˆ;())ˆ,ˆ;(,(ˆ
0000

ˆ

0000  . 

gronuolis utolobis ZaliT miviRebT  

       ].,[,))ˆ,ˆ;(,(ˆ),;()ˆ,ˆ;( )(

ˆ

00000000

0

0

batedtxtttfxxxttxtt abL

t

t















 

   

 
Tu  0  imdenad mcirea, rom 
 

                     )(

ˆ

0000 /))ˆ,ˆ;(,(ˆ
0

0

abL

t

t

edtxtttfxx    , 

maSin gveqneba  

                     .),;()ˆ,ˆ;( 0000   xttxtt                       

SeniSvna 7.1.  Teorema 7.1-is samarTliania im SemTxvevaSic, roca   

parametri veqtoria.  
 
 
 

$ 8. Teorema n  rigis arawrfiv gantolebaTa sistemis amonaxsnis 

arsebobisa da erTaderTobis Sesaxeb 

 
gantolebaTa sistema ewodeba ori an orze meti gantolebis 
erTobliobas. sistemaSi gantolebebis da ucnobi funqciebis 
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raodenoba tolia. sistemis rigi ewodeba masSi Semavali gantolebebis 
rigebis jams. 
  ganvixiloT n  rigis sistema 
 

                          











)..,.,.,(

..........................

),,...,,(

1

111

nnn

n

xxtfx

xxtfx





                     (8.1) 

uwyvetad warmoebad funqciaTa erTobliobas nitx ii ,1),(   ewodeba 

sistemis amonaxsni, Tu garkveul intervalze adgili aqvs tolobebs        
 

                    nitttft nii ,1)),(),...,(,()( 1   . 

koSis amocana. vTqvaT mocemulia sawyisi mniSvnelobebi 00

10 ,...,, nxxt . 

ipoveT (8.1) sistemis iseTi amonaxsni nitx ii ,1),(  , romelic 

akmayofilebs sawyis pirobas nixt i

i ,1,)( 00  . 

 aRvniSnavT, rom sawyis pirobaSi Semavali tolobebis raodenoba 
sistemis rigis tolia.  
gantolebaTa sistemis veqtoruli formiT Caweris mizniT SemoviRoT  

aRniSvnebi : nR aRniSnavs ),...,( 1 nxxx   veqtorTa n  ganzomilebian 

sivrces; || x  simbolo aRniSnavs x  veqtoris moduls (sigrZes),       

             



n

i

ixx
1

22 )(|| ; ),...,( 1 nxxx   , )),(),...,,((),( 21 xtfxtfxtf  . 

SemoRebuli aRniSvebis safuZvelze (4.1) sistema veqtoruli formiT ase 
Caiwereba 

                           nRxxtfx  ),,(  .                     (8.2) 
 

Dxtxtf ),(),,(  funqcias ewodeba gantolebis marjvena mxare,sadac 
nRD  1  area (Ria simravle). 

  ))(),...,(()( 1 tttx n   veqtor funqcias ewodeba (8.2) gantolebis 

amonaxsni ),( ba  intervalze, Tu Sesrulebulia Semdegi pirobebi: 

  a) )(t  uwyvetad warmoebadia e.i. misi koordinatebi niti ,1),(   

uwyvetad warmoebadia; 
b) ),(,))(,( batDtt   da adgili aqvs tolobas ).,()),(,()( batttft     
 
Tu ),( ba  intervalis nacvlad gvaqvs monakveTi ],[ ba , maSin )(ax  

aRniSnavs a  wertilSi marcxnidan warmoebuls, xolo )(bx  aRniSnavs  

b wertilSi marjvnidan warmoebuls. 
koSis amocana (8.2) gantolebisaTvis. Mmocemuli sawyisi mniSvnelo 

bisaTvis nRDxt  1

00 ),(  ipoveT iseTi amonaxsni )(tx  , romelic 

akmayofilebs pirobas 00 )( xt  .  

koSis amocana mokled ase Caiwereba  
 

                             








.)(

,),,(

00 xtx

Rxxtfx n
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 Teorema 8.1. vTqvaT ),( xtf veqtor funqcia uwyvetia nRD  1 areze da 

akmayofilebs lifSicis pirobas x -is mimarT. maSin nebismieri 

Dxt ),( 00  wertilisaTvis arsebobs koSis amocanis erTaderTi 

amonaxsni ],[),( 0000   ttttx , sadac 00   da misi sidide 

damokidebulia sawyis mniSvnelobebze, gantolebis marjvena mxareze da 
lifSicis mudmivze. 
Teorema 8.1  mtkicdeba Teorema 3.1-is analogiurad.  

Teorema 8.2. vTqvaT ),( xtf veqtor funqcia uwyvetia nRD  1  areze da 

nebismier DK   kompaqtze x  cvladis mimarT akmayofilebs lifSicis 

pirobas. maSin nebismieri Dxt ),( 00  wertilisaTvis, 0t wertilis raime 

midamoSi, arsebobs koSis amocanis erTaderTi amonaxsni. 
Teorema 8.3. vTqvaT ),( xtf veqtor funqcia da misi kerZo warmoebulebi 

ni
x

xtf

i

,1,
),(





 uwyvetia nRD  1  areze. maSin nebismieri Dxt ),( 00  

wertilisaTvis, 0t wertilis raime midamoSi, arsebobs koSis amocanis 

erTaderTi amonaxsni. 

Teorema 8.4. vTqvaT ),( xtf veqtor funqcia uwyvetia nRD  1  areze. maSin 

nebismieri Dxt ),( 00  wertilisaTvis, 0t wertilis raime midamoSi, 

arsebobs koSis amocanis erTi amonaxsni mainc. 
 
 

$ 9. maRali rigis gantolebis dayvana sistemaze da maTi 

ekvivalentoba. Teorema amonaxsnis arsebobisa da  

erTaderTobis Sesaxeb 

 

ganvixiloT n  rigis skalaruli gantoleba 
 

                    ),...,,,( )1()(  nn xxxtgx  ,                         (9.1) 

romlis marjvena mxare ),...,,( 1 nxxtg uwyvetia nRD  1  arze. 

),(),( battx  skalarul funqcias ewodeba (9.1) gantolebis amonaxsni, Tu 
Sesrulebulia pirobebi: 

 a) )(t funqcia uwyvetad warmoebadia n  rigamde CaTvliT; 

 b) ),(,))(),...,(),(,( )1( batDtttt n    da adgili aqvs tolobas    

                ),()),(),...,(),(,()( )1()( batttttgt nn    .    

koSis amocana. vTqvaT )1(

0000 ,...,,, nxxxt  mocemuli sawyisi mniSvnelobebia 

Tanac Dxxxt n  ),...,,,( )1(

0000
 . ipoveT iseTi )(tx  amonaxsi, romelic 

akmayofilebs sawyis pirobas: )1(

00

)1(

0000 )(,...,)(,)(   nn xtxtxt   . 

  gantoleba (9.1) garkveuli aRniSvnebis SemotaniT daiyvaneba sistemaze. 

vTqvaT )1(

21 ,...,,  n

n xxxxxx  , maSin (9.1) gantoleba daiyvaneba Semdeg 

sistemaze 

                      



















).,...,,(

...........

,

,

1

32

21

nn xxtgx

xx

xx







                               (9.2) 
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Teorema 9.1. (9.1) da (9.2) gantolebebi ekvivalenturia e.i. Tu )(t aris 

(9.1) gantolebis amonaxsni, maSin veqtor funqcia ))(),...,(),(( )1( ttt n   

iqneba (9.2) sistemis amonaxsni. Tu veqtor fuqcia ))(),...,(( 1 tt n aris (9.2) 

gantolebis amonaxsni, maSin skalaruli funqcia )(1 t iqneba (9.1) 
gantolebis amonaxsni. 
damtkiceba. vTqvaT )(t  aris (9.1) gantolebis amonaxsni, maSin 

funqciaTa sistema )(),...,(),( )1(

21 txtxtx n

n

    iqneba (9.2) gantolebis 

amonaxsni. 

  vTqvaT funqciaTa sistema nitx ii ,1),(    anu veqtor funqcia 

( ))(),...,(( 1 tt n ) aris (9.2) gantolebis amonaxsni. maSin gveqneba 

)()(),...,()(),()(
)1(

11312 tttttt
n

n


    da ))(),...,(),(,()( 21

)(

1 ttttgt n

n   . 

aqedan Cans, rom  )(1 t aris (9.1) gantolebis amonaxsni. 
Teorema 9.1 saSualebas gvaZlevs (9.1) gantolebaze gavavrceloT yvela 
Teorema, romelic samarTliania sistemisaTvis.  

Teorema 9.2. vTqvaT funqcia ),...,,( 1 nxxtg uwyvetia nRD  1 areze da 

akmayofilebs lifSicis pirobas nixi ,1,   cvladebis mimarT e.i. 

        



n

i

nniinn DyytxxtyxLyytgxxtg
1

1111 .),...,,(),,...,,(|,||),...,,(),...,(|   

maSin nebismieri wertilisTvis Dxxxt n  ),...,,,( )1(

0000
 koSis amocanas aqvs 

erTaderTi amonaxsni ],[),( 0000   ttttx . 

Teorema 9.3. vTqvaT funqcia ),...,,( 1 nxxtg uwyvetia nRD  1 areze da 

nebismier DK   kompaqtze akmayofilebs lifSicis pirobas nixi ,1,   

cvladebis mimarT. maSin nebismieri wertilisTvis 

Dxxxt n  ),...,,,( )1(

0000
 koSis amocanas aqvs erTaderTi amonaxsni   )(tx  , 

],[ 0000   ttt .  

Teorema 9.4. vTqvaT ),...,,( 1 nxxtg  funqcia da misi kerZo warmoebulebi 

ni
x

xxtg

i

n ,1,
),...,,( 1 




 uwyvetia nRD  1  areze. maSin nebismieri 

wertilisTvis Dxxxt n  ),...,,,( )1(

0000
  koSis amocanas aqvs erTaderTi 

amonaxsni )(tx  , ],[ 0000   ttt . 

Teorema 9.5. vTqvaT funqcia ),...,,( 1 nxxtg uwyvetia nRD  1 areze. maSin 

nebismieri wertilisaTvis Dxxxt n  ),...,,,( )1(

0000
  koSis amocanas aqvs erTi 

amonaxsni mainc. 

savarjiSo. 9.1 daiyvaneT gantoleba 2)3( 5432 txxxx    sistemaze. 
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$ 10. n  rigis wrfivi mudmivkoeficientebiani diferencialuri 

operatoris Tvisebebi 

 

p simboloTi aRvniSnoT gawarmoebis operacia (operatori): 
dt

d
p

def

 , maSin 

zz
dt

d
pz  , )(2 ,..., nn zzpzzp   , .0 zzp   ganvixiloT n  rigis 

mudmivkoeficienteiani mravalwevri p  operatoris mimarT: 

nn

nn apapappL  



1

)1(

1)( , sadac niai ,1,   namdvili ricxvebia. )( pL  

ewodeba n  rigis mudmivkoeficientebiani diferencialuri operatori. 

vTqvaT )(tzz   mocemuli funqciaa, maSin 

 

                     zazazazzpL nn

nn  

 
1

)1(

1

)()( . 

 
Tvisebebi: 
 
1. )( pL  wrfivi operatoria, 

            

               2121 )()())(( zpLzpLzzpL   ; 
 
2.     ;)()())()(( zpNzpMzpNpM   
 
3.      zpMpNzpNpM ))()(())()((   , );)()(())()(( zpNpMzpNpM   

 

4.       tt eLepL  )()(  , sadac .R   

damtkiceba.advili Sesamowmebelia, rom tntntttt eepeepepe    ,...,, 22 .  
am tolobebis gaTvaliswinebiT miiReba dasamtkicebeli formula. 
5. vTqvaT )(tf  funqcia warmoebadia n  rigamde CaTvliT, maSin adgili 
aqvs formulas 

                    ).()())()(( tfpLeetfpL tt      
damtkiceba. formula davamtkicoT, diferencialuri operatoris rigis 

mimarT, maTematikuri induqciis meTodiT. vTqvaT 1n , maSin 0

1)( pappL  , 
gveqneba  

       ))()(( 0

1

tetfpap  = tt etfaetfp  )())(( 1 = ttt etfaetftpfe   )()()( 1 =    

         ))()()(( 1 tfatftpfe t   = )()()()( 1 tfpLetfape tt     
 
vTqvaT formula samarTliania 1n  rigis diferencialuri operatori 
saTvis. cnobilia rom  )()()( pNpMpL  ,sadac )( pM  da )( pN mravlwevrebis  

xarisxi naklebia 1n -ze. miviRebT 
 

))()(( tfepL t ))())(()(( tfepNpM t = ))]()(()[( tfepNpM t = )]()()[( tfpNepM t   = 

                    )()()( tfpNpMe t   = )()( tfpLe t   . 
SeniSvna 10.1. zemoT damtkicebuli formulebi samarTliania im 

SemTxvevaSic, roca nn

nn apapapapL  



1

)1(

10)(  da   kompleqsuri 

ricxvia. 
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$ 11.  n  rigis wrfivi mudmivkoeficientebiani erTgvarovani  

    gantolebis zogadi amonaxsni. amonaxsnTa fundamenturi sistema 

 
gantolebas 
 

               0)( 1

)1(

1

)(  

 zazazazzpL nn

nn                    (11.1) 

 
ewodeba wrfivi mudmivkoeficientebiani erTgvarovani gantoleba. 

gantolebas 0)( 1

1

1  



nn

nn aaaL    ewodeba (11.1) gantolebis 

Sesabamisi maxasiaTebeli gantoleba. (11.1) gantoleba daiyvaneba 
mudmivkoeficientebian wrfiv gantolebaTa sistemaze (daiyvaneT, ix. $ 9), 
amitom koSis amocanas 

                        








 )1(

00

)1(

0000 )(,...,)(,)(

,0)(

nn ztzztzztz

zpL


  

 
aqvs erTaderTi amonaxsni )(tz , romelic gansazRvrulia mTel ),( R  
intervalze (RerZze). 

 nici ,1,   mudmivebze (parametrebze) damokidebul funqcias ),...,,( 1 ncctz   

ewodeba (11.1) gantolebis zogadi amonaxsni, Tu nebismieri kerZo 

(konkretuli) )(0 t  amonaxsnisaTvis arsebobs ricxvebis erTaderTi 

erToblioba nici ,1,0  , iseTi rom adgili aqvs tolobas ),...,,()( 0100 ncctt   . 

Teorema 11.1. vTqvaT nii ,1,   aris 0)( L  maxasiaTebeli gantolebis  

martivi fesvebi (maT Soris SeiZleba iyos kompleqsuric). maSin funqciebi 

nietz
t

i
i ,1,)( 
  aris (11.1) gantolebis amonaxsnebi. zogadi amonaxsni 

moicema formuliT 



n

i

ii tzcz
1

)( , sadac  nici ,1,   nebismieri mudmivebia. 

damtkiceba. )( pL  operatoris me-4 Tvisebidan gamomdinare gvaqvs 

.0)()( 
t

i

t ii eLepL
  amrigad nietz

t

i
i ,1,)( 
  funqciebi aris (11.1) 

gantolebis amonaxsnebi. )( pL  operatori wrfivia, amitom  wrfivi 

kombinaciac 


n

i

ii tzc
1

)(  iqneba (11.1) gantolebis amonaxsni. Aaxla davamtkioT, 

rom 



n

i

ii tzcz
1

)(  aris zogadi amonaxsni. vTqvaT )(0 t  kerZo  amonaxsnia. 

SemoviRoT aRniSvnebi: ).0(),....,0(),0( )1(

0

)1(

00000

  nnzzz   ganvixiloT wrfiv 

algebrul gantolebaTa sistema nici .1,   ucnobebis mimarT: 

                            







































n

i

nn

ii

n

i

ii

n

i

ii

zzc

zzc

zzc

1

)1(

0

)1(

1

0

1

0

.)0(

,)0(

,)0(


                      (11.2) 
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(11.2) gantolebis mTavari determinantia 
 

                    =

)0(),.....0(

........................

)0(,),........0(

)0(),.......,0(

)1()1(

1

1

1

 n

n

n

n

n

zz

zz

zz


 . 

vTqvaT 0 , maSin striqon-veqtorebi 1,0)),0(),...,0(( )()(

1  nizze i

n

i

i ,sadac 

igulisxmeba rom )0()0(),...,0()0( 0

)0(

1

)0(

1 zzzz n   , arian wrfivad damokidebuli. 

amrigad, arsebobs erTdroulad nulis aratoli ricxvebi 1,0,  nibi  , 

rom adgili aqvs tolobas 





1

0

0
n

i

iieb . es toloba gaSlili saxiT 

(koordinatebSi) ase Caiwereba:  
 

                    









































1

0

)(

1

0

)(

2

1

0

)(

1

.0)0(

.......................

,0)0(

,0)0(

n

i

i

ni

n

i

i

i

n

i

i

i

zb

zb

zb

                                    (11.3)  

 1n  rigis diferencialuri 





1

0

)(
n

i

i

i pbpM operatoris gamoyenebiT (11.3) 

sistemis j -uri ),1( nj   gantoleba ase Caiwereba  

                            .0|)()( 0tj tzpM  

visargebloT diferencialuri operatoris me-4 TvisebiT da imiT, rom 
t

j
jetz


)(  miviRebT 

          0)(|)(|)(|)()( 000   jt

t

jt

t

tj MeMepMtzpM jj 


, nj ,1 . 

amrigad, 1n  xarisxis )(M  mravalwevrs aqvs n  raodenobis noli.  
es ewinaaRmdegeba algebris cnobil debulebas ( n  xarisxis polinoms 
aqvs n  raodenobis noli). amrigad 0 , amitom gantolebaTa sistemas 

(8.2) aqvs erTaderTi amonaxsni nici ,1,0  . amonaxsnebi 



n

i

ii tzctz
1

00 )()(  da 

)(0 t  akmayofileben erTnair sawyis pirobebs     

        ,...,)0()0(,)0()0( 000000 zzzz     )1(

0

)1(

0

)1(

0 )0()0(   nnn zz  .  

erTaderTobis gamo miviRebT ).()( 00 tzt   

fundamentur amonaxsnTa sistema ewodeba 0)( zpL  gantolebis wrfivad 

damoukidebel niti ,1),(   amonaxsnTa erTobliobas. fundamentur 

amonaxsnTa sistemaSi amonaxsnebis raodenoba gantolebis rigis tolia. 
fundamentur amonaxsnTa sistemaSi Semavali amonaxsnebis wrfivi 
kombinacia aris gantolebis zogadi amonaxsni. Tu 0)( L  maxasiaTebeli 
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gantolebis fesvebi nii ,1,   martivia, maSin nie
ti ,1, 

  amonaxsnTa 

erToblioba aris fundamentur amonaxsnTa sistema.  

gamosaxulebas 


r

i

t

i
ietP

1

)(
 , sadac rii ,1,   erTmaneTisgan gansxvavebuli 

ricxvebia,xolo )(tPi polinomia, ewodeba kvazi-polinomi. Tu 


r

i

t

i
ietP

1

)(
 =0,  

maSin ritPi ,1,0)(  . 

Teorema 11.2. AvTqvaT mii ,1,  Aaris 0)( L  gatolebis fesvebi, 

Sesabamisad, jeradobiT miki ,1,   



m

i

i nk
1

)( . maSin funqciaTa erToblioba  

t
ez 1

1


 , t

tez 1

2


 , . . .…, tk

k etz 11

1

1 
  , . . .  , t

kk
m

m
ez


  1.... 11
, . . .…, tk

n
mm etz

1
   

aris gantolebis fundamentur amonaxsnTa sistema. zogadi amonaxsni 

moicema  
 


n

i

m

i

t

iii
ietPzcz

1 1

)(
 kvazi-polinomis saxiT. (daadgineT 

)(tPi polinomis saxe da xarisxi) 

magaliTi 11.1. ipoveT 023  zzz   gantolebis zogadi amonaxsni. 
amoxsna: vipovoT fundamentur amonaxsnTa sistema. Cvens SemTxvevaSi 

23)( 2  pppL , amitom maxasiaTebeli gantoleba iqneba 0232   , 

2,1 21   . fundamentur amonaxsnTa sistemaa te , te2 , zogadi amonaxsnia 
tt ececz 2

21  . 

magaliTi 11.2. ipoveT 096  zzz   gantolebis zogadi amonaxsni. 

amoxsna. 0962   , 321   . Ffundamentur  amonaxsnTa sistemaa 
te3 , tte 3 . zogadi amonaxsnia .3

2

3

1

tt tececz   

magaliTi 11.3. ipoveT zzz 22   =0 gantolebis namdvili zogadi amonaxsni. 

amoxsna. ,0222   i11 , i12 . Ffundamentur amonaxsnTa sistemaa 
tie )1(  , tie )1(  . Ees funqciebi kompleqsuria da maTi wrfivi kombinacia iZleva 

kompleqsur zogad amonaxsns. Nnamdvili zogadi amonaxsnis mosaZebnad 
saWiroa vipovoT namdvil amonaxsnTa fundamenturi  sistema. aRvniSnavT, 
rom Tu )()( tivtu   kompleqsuri funqcia aris  0)( zpL  gantolebis 

amonaxsni, maSin )(tu da )(tv funqciebic amonaxsnebia. 
visargebloT eileris formulebiT 
 

              )sin(cos)1( titee tti  ,  )sin(cos)1( titee tti  . 

funqciebi tet cos  da tet sin  aris gantolebis amonaxsnebi da qmnian 
namdvil amonaxsnTa fundamentur sistemas. zogadi namdvili amonaxsnia 

)sincos( 21 tctcez t  .  
 

$ 12. n  rigis wrfivi mudmivkoeficientebiani araeTgvarovani 

gantolebis zogadi amonaxsni 

 

nrigis wrfivi araerTgvarovani gantoleba ewodeba gantolebas 
 
                              )()( tfzpL  ,                         (12.1) 
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sadac )( pL  aris n  rigis diferencialuri operatori, xolo )(tf  uwyveti 

funqciaa. 
gantolebas  
                               0)( zpL                            (12.2) 
 
ewodeba (12.1) gantolebis Sesabamisi erTgvarovani gantoleba. 

vTqvaT nizi ,1,   aris (12.2) gantolebis amonaxsnTa fundamenturi sistema, 

maSin 



n

i

ii zcz
1

0 iqneba erTgvarovani gantolebis zogadi amonaxsni. 

Teorema 12.1. vTqvaT rii ,1,   aris )()( tfzpL i , ri ,1  gantolebis 

amonaxsni, maSin 


r

i

i

1

  iqneba 



r

i

i tfzpL
1

)()(  gantolebis amonaxsni. 

Teorema 12.2. vTqvaT 1  aris (12.1) gantolebis amonaxsni, xolo 2 aris 

(12.2) gantolebis amonaxsni. maSin 21    iqneba (12.1) gantolebis amonaxsni. 

es Teoremebi gamomdinareobs )( pL operatoris wrfivobidan. (darwmundiT) 

Teorema 12.3. vTqvaT 0  aris (12.1) araerTgvarovani gantolebis kerZo 

amonaxsni, maSin (12.1) gantolebis zogadi amonaxsni moicema formuliT 

00 zz  , sadac 



n

i

ii zcz
1

0  aris (12.2) gantolebis zogadi amonaxsni. 

damtkiceba. Ffunqcia 00 z  aris (12.1) gantolebis amonaxsni: ))(( 00 zpL  = 

)()()( 00 tfzpLpL  . vTqvaT 1  aris (12.1) gantolebis kerZo  amonaxsni, 

maSin sxvaoba 01    iqneba (12.2) gantolebis amonaxsni. marTlac, 

0)()()()())(( 0101  tftfpLpLpL  . zogadi amonaxsnis ganmartebis 

Tanaxmad arsebobs ricxvebis erTaderTi  erToblioba nici ,1,0  , rom 

adgili aqvs tolobas 



n

i

ii zc
1

001  . amrigad 



n

i

ii zc
1

001  .   

magaliTi 12.1. ipoveT tezzz 432     gantolebis zogadi amonaxsni. 

amoxsna. tet )(0  aris gantolebis kerZo amonaxsni. vipovoT erTgvarovani 

gantolebis 032  zzz   zogadi amonaxsi. gveqneba 0322   , 

3,1 21   . erTgvarovani gantolebis zogadi amonaxsnia tt ecec 3

21   , 
xolo araerTgvarovani gantolebis zogadi amonaxsni iqneba 

ttt eecec  3

21 .     
 
 
 
$ 13. kvazipolinomuri araerTgvarovneba. kerZo amonaxsnis moZebnis 

xerxi 

 
  ganvixiloT gantoleba 
      

                         t

n etPzpL 0)()(


   ,                            (13.1) 

 sadac )(tPn aris n xarisxis polinomi. 

 Teorema 13.1. vTqvaT 0  aris 0)( L  gantolebis k  jeradi fesvi. maSin 

(13.1) gantolebis kerZo amonaxsnia t

n

k etQt 0)(
  funqcia, sadac )(tQn  
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n xarisxis polinomia, romlis koeficientebi akmayofileben tolobas  

)()]()[( 0 tPtQtpL nn

k   . 

damtkiceba. (13.1) gantolebis amonaxsni veZeboT  
 

                            t

n

k etQtt 0)()(0

   

 

funqciis saxiT, sadac nn

nn

n btbtbtbtQ  



1

1

10)(  aris polinomi ucnobi 

koeficientebiT. CavsvaT )(0 t funqcia (13.1) gantolebaSi, miviRebT 

 

                         ])()[( 0t

n

k etQtpL
 = t

n etP 0)(
 . 

diferenialuri operatoris me-5 Tvisebis gamoyenebiT da t
e 0 -ze Sekvecis 

Semdeg miviRebT  

                          )()]()[( 0 tPtQtpL nn

k   .                      (13.2) 

 

0  aris k  jeradobis fesvi, amitom kppMpL ))(()( 0  da 0)( 0 M . 

amrigad kppMpL )()( 00   , amitom  (13.2) tolobidan gveqneba 

).()]([)( 0 tPtQtppM nn

kk    

 vTqvaT )()( *

10 tPtatP n

n

n  , )()( *

10 tQtbtQ n

n

n   da ppMMpM )()()( *

00    

(aseTi saxiT Cawera yovelTvis SesaZlebelia). miviRebT 
 

            )()](][)()([ *

10

*

10

1*

0 tPtatQttbppMpM n

n

n

kknkk



  . 

Semdeg 
 
 

)()]([)())(()()()( *

10

*

10

1**

1000 tPtatQttbppMtQtpMtpMb n

n

n

kknk

n

kkknk







   . (13.3) 

 
cxadia, rom 

              )()( 00

knk tpMb  ntnknknMb )]1()1)()(([ 00  . 

 
polinomebi tolia, Tu t -s erTnairi xarisxebis win mdgomi koeficientebi 
tolia. aqedan gamomdinare gveqneba toloba 
 

                        000 )1()1)()(( anknknMb  , 

saidanac vipoviT 0b  koeficients.                       

 (13.3) tolobidan miviRebT  
 

      )()()()(()())(()( 0

1**

1

*

1

1**

10

knk

nn

kk

n

kk tbppMtPtQtppMtQtpM 





  .  (13.4) 

 
kppMpL )()( 00    da ppMMpM )()()( *

00    tolobebis 

gaTvaliswinebiT (13.4)-dan gamomdinareobs  
 

                        ))()(( *

10 tQtpL n

k )()()( 0

1**

1

knk

n tbppMtP 

  . 

Aaqedan analogiuri gziT vipoviT 1b  da a.S. 
SeniSvna 13.1. gantolebis  
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                        t

m

t

n etSetRzpL 21 )()()(


                    (13.5) 

 

kerZo amonaxsnis mosaZebnad sakmarisia movZebnoT t

n etRzpL 1)()(


  da 
t

m etSzpL 2)()(


  gantolebebis kerZo amonaxsnebi da Semdeg SevkriboT. 

   SemTxveva  )sin)(cos)(()( ttNttMezpL kn

t   daiyvaneba  (13.5) saxis 

gantolebaze  

                       
2
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
ii ee

t


 ,  
2

sin



ii ee

t


 ,    

formulebis gamoyenebiT. 
 

 
$ 14. mudmivTa variaciis meTodi 

 
 mudmvTa variaciis meTodi saSualebas iZleva vipovoT zogadi 
araerTgvarovani   
                        )()( tfzpL                                 (14.1) 
 
gantolebis kerZo amonaxsni, sadac )(tf  uwyveti funqciaa. 

 vTqvaT nitzz ii ,1),(   aris 0)( zpL  gantolebis amonaxsnTa 

fundamenturi sistema. (14.1) gantolebis kerZo amonaxsni veZeboT 

                           
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
n

i

ii ztcz
1

)(                             (14.2) 

funqciis saxiT (meTodis arsi).  

saWiroa SevarCioT nitci ,1),(   funqciebi (koeficientebi) ise, rom (14.2) 

funqcia gaxdes (14.1) gantolebis amonaxsni.    

 ganvixiloT algebrul gantolebaTa sistema nitci ,1),(   ucnobebis mimarT  

 

                              







































n

i

n

ii

n

i

ii

n

i

ii

tfztc

ztc

ztc

1

)1(

1

1

).()(

,0)(

,0)(







                   (14.3) 

 

vaCvenoT, rom Tu nitci ,1),(   funqciebi akmayofileben (14.3) sistemas, maSin 

(14.2) iqneba (14.1) gantolebis amonaxsni. 
 marTlac, (14.3)-is gaTvaliswinebiT gveqneba  
 

         
 


n

i

n

i

iiii ztcztcpz
1 1

)()(  =


n

i

ii ztc
1

)(  ,  ))((
1

2 



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advili misaxvedria, rom 
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i

ii tftfzpLtcztcpL
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)()()()())()(( . 

 
vaCvenoT, rom (14.3) sistemas aqvs erTaderTi amonaxni. misi mTavari 
determinantia 

                           )(t

)(,),........(

.....................

)(...,),........(

)(...,),........(

)1()1(

1

1

1

tztz

tztz

tztz

n

n

n

n

n




. 

 

davamtkocoT, rom yoveli t -Tvis 0)(  t . vTqvaT raime 0t  wertilSi 

0)( 0  t , maSin svet-veqtorebi niitztze Tn

iii ,,))(),...,(( 0

)1(

0

)0(    , sadac 

)()( 00

)0( tztz ii  , arian wrfivad damokidebuli. amrigad, arsebobs 

erTdroulad nulis aratoli ricxvebi nibi ,1,   , rom adgili aqvs 

tolobas 
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iieb
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0e.i. 1.0,0)( 0
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

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
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ii tzbtz
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0 )()(  aris 

erTgvarovani gantolebis amonaxsni da akmayofilebs sawyis pirobas  

0)( 00 tz , 0)( 00 tz , . . . , 0)( 0

)1(

0  tz n . erTaderTobis gamo 0)(0 tz yoveli t -

Tvis, es ewinaaRmdeba nizi ,1,   sistemis fundamenturobas. (14.3) sistemas  

aqvs erTaderTi amonaxsni nittc ii ,1),()(  . am tolobis integrebiT 

vipoviT )(tci -s , romlis CasmiT (14.2)-Si miviRebT kerZo amonaxsns.   

  
 

$ 15. wrfivi mudmivkoeficientebiani erTgvarovan gantolebaTa 

sistemis zogadi amonaxsni 

 

ganvixiloT wrfivi erTgvarovan gantolebaTa sistema  
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                   (15.1) 

 

sadac njiaij ,1,,   namdvili ricxvebia. 

(15.1) gantoleba veqtoruli formiT ase Caiwereba 
 

                           nRxAxx  ,  ,                    (15.2) 
 

sadac n

jiijaA 1,)(   aris matrici ganzomilebiT nn , nR am paragrafSi aris 
T

nxxx ),...,( 1 svet-veqtorebis sivrce (T aRniSnavs transponirebas) Ax  

niSnavs A  matricis da x  svet-veqtoris namravls. 
 koSis amocanas 
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aqvs erTaderTi amonaxsni, romelic gansazRvrulia mTel RerZze. Tu 

nT

n Rx  )0,...,0,0(00 , maSin misi Sesabamisi amonaxsnia ntx 0)(  . 

erTaderTobidan  gamomdinareobs, rom nebismieri aranulovani amonaxsni 

)(tx  akmayofilebs pirobas ntx 0)(  nebismieri t -Tvis. 

(15.2) gantolebis aranulovani amonaxsni veZeboT  

                              thex                          (15.3) 

veqtor-funqciis saxiT, sadac T

nhhh ),...,( 1 . 

funqcia (15.3) CavsvaT (15.2) gantolebaSi, miviRebT 
 

                                tt Ahehe   . 

 te -ze gayofis Sedegad gveqneba 
 
                             hAh  .                        (15.4) 
 

nh 0  veqtors da   ricxvs, romlebic akmayofileben (15.4) tolobas, 

ewodeba A  matricis sakuTrivi veqtori da sakuTrivi ricxvi. 
(15.4) gantoleba SeiZleba ase gadavweroT  
 

                            nhEA 0)(  ,                    (15.5) 

sadac E  erTeulovani matricaa. 
(15.5) gantoleba CavweroT sistemis saxiT 
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(15.6) sistemas aqvs aranulovani amonaxsni T

nhhh ),...,( 1 , Tu  
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(15.7) gantolebas ewodeba (15.2) gantolebis Sesabamisi maxasiaTebeli 
gantoleba. 
Catarebuli msjelobidan gamomdinareobs, rom (15.3) funqcia akmayofilebs 
(15.2) gantolebas, Tu h  da    akmayofileben (15.6) da (15.7) gantolebas. 

Teorema 15.1. vTqvaT kii ,1,   maxasiaTebeli gantolebis martivi fesvebia, 

maSin misi Sesabamisi sakuTrivi veqtorebi kih i ,1,   wrfivad 
damoukidebelia. 
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Ddamtkiceba. Teorema davamtkicoT maTematikuri induqciis meTodiT k -s 
mimarT. Tu 1k , maSin mtkicebuleba cxadia. vTqvaT Teorema 
samarTliania 1k  veqtorisTvis da davamtkicoT misi samarTlianoba k  

veqtorisTvis. zogadobis SeuzRudavad vigulisxmoT, rom 0k . 

ganvixiloT toloba 

                     n

k

k hhh 02

2

1

1   .                       (15.8) 

tolobis orive mxare gavamravloT A  matricze da k  ricxvze, miviRebT. 
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kk hhh 0)( 2
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G 
gamoklebis Semdeg gveqneba  
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   . 

1,1,  kihi  veqtorebi wrfivad damoukidebelia, amitom 1,1,0  kii . amis 

gaTvaliswinebT (15.8)-dan gamomdinareobs n

k

k h 0 e.i. 0k . 

kih i ,1,   veqtorebis wrfivad damoukidebloba damtkicebulia. 

Teorema 15.2. vTqvaT nii ,1,   maxasiaTebeli gantolebis martivi fesvebia, 

xolo nih i ,1,   aris (15.6) gantolebis Sesabamisi aranulovani amonaxsnebi 

(sakuTrivi veqtorebi). maSin iieh
ti i ,1, 

  funqciebi qmnian amonaxsnTa 
fundamentur sistemas. (15.2) gantolebis zogadi amonaxsni moicema 
formuliT 
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  qmnian 

amonaxsnTa fundamentur sistemas. vTqvaT T

n ttt ))(),...,(()( 1    aris (15.2) 

gantolebis nebismieri fiqsirebuli amonaxsni. veqtori nR)0( , amitom 
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SeniSvna 15.1. jeradi fesvebis SemTxveva magaliTis saxiT ganxilulia 
qvemoT. 
magaliTi 15.1. ipoveT sistemis  
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zogadi amonaxsni. 
amoxsna. maxasiaTebeli gantoleba iqneba 
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vTqvaT 11

2 h , maSin 11

1 h . amrigad 11   Sesabamisi veqtoria )1,1(1 h . 
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52   Sesabamisi veqtoria )3,1(2 h . 
Ggantolebis zogadi amonaxsni skalaruli formiT iqneba 
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magaliTi 15.2. ipoveT sistemis  
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namdvili zogadi amonaxsni. 
amoxsna. maxasiaTebeli gantoleba  
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eh 11   da t

eh 22   urTierT SeuRlebulia , amitom isini iZlevian 
erTnair or namdvil amonaxsns, romelTa wrfivi kombinacia iqneba 
zogadi namvili amonaxsni. 
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                      )2cos22sin,2(sin3 tttie t  .A 
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gantolebis amonaxsnebia, xolo 
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aris gantolebis zogadi amonaxsni. 
magaliTi 15.3 (jerdi fesvebis SemTxveva). ipoveT sistemis 
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zogadi amonaxsni. 
amoxsna. maxasiaTebeli gantoleba 
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es funqciebi SevitanoT gantolebaSi miviRebT 
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$ 16. wrfivi cvladkoeficientebiani  erTgvarovan gantolebaTa 

       sistemis amonaxsnTa fundamenturi sistema. zogadi amonaxsnis 

ageba 

 

ganvixiloT erTgvarovani cvladkoeficientebiani gantolebaTa sistema  
 

                      












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xtaxtax

xtaxtax

xtaxtax
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)()(

)()(
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21212

11111







                   (16.1) 

 

sadac njitaij ,1,),(   funqciebi uwyvetia ),( baI   intervalze. 

(16.1) gantoleba veqtoruli formiT ase Caiwereba 
 

                           nRxxtAx  ,)(  ,                      (16.2) 

sadac n

jiij tatA 1,))(()(  . 

nebismieri It 0  da nRx 0  sawyisi mniSvnelobebisaTvis koSis amocanas 

                            

                           








00 )(

,,)(

xtx

RxxtAx n
 

 

aqvs I - ze ganmartebul erTaderTi amonaxsni. 

1) vTqvaT )(t  veqtor-funqcia (16.2) gantolebis amonaxsnia da nt 0)( 0   

  maSin nt 0)(  . 

2) vTqvaT riti ,1),(   gantolebis amonaxsnebia, maSin maTi wrfivi 

kombinacia )(
1

tc i

r

i

i


 agreTve  amonaxsnia. 

3) vTqvaT riti ,1),(   gantolebis amonaxsnebia. Tu raime It 1  

momentisaTvis veqtorebi )( 1ti  ri ,1 ,   wrfivad damokidebulia, 

maSin funqciaTa sistema riti ,1),(   iqneba wrfivad damokidebuli. 

damtkiceba. arsebobs erTdroulad nulis aratoli ricxvebi rii ,1,  , 

rom adgili aqvs tolobas ni

r

i

i t 0)( 1

1




 . funqcia 



r

i

ii tt
1

)()(   aris 

gantolebis amonaxsni da akmayofilebs pirobas nt 0)( 1  . amitom nt 0)(  . 

Tviseba damtkicebulia. 
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4) riti ,1),(   amonaxsnebis wrfivad damoukideblobisaTvis aucilebelia 

da sakmarisi, rom  yoveli fiqsirebuli It 1 -Tvis veqtorebi riti ,1),( 1   

iyos wrfivad damoukidebeli (daamtkiceT). 
 

niti ,1),(   amonaxsnTa erTobliobas ewodeba fundamenturi, Tu isini 

wrfivad damoukidebelia. 
Teorema 16.1. (16.2) gatolebaTa sistemisaTvis arsebobs fundamentur 
amonaxsnTa sistema. 

damtkiceba. vTqvaT niRe n

i ,1,   veqtorTa sistema sivrcis bazisia, xolo 

)(ti  koSis amocanis 

                                  








i

n

etx

RxxtAx

)(

,,)(

0


 

amonaxsni. 

vTqvaT niti ,1),(   funqciebi wrfivad damokidebulia. maSin veqtorebi 

niet ii ,1,)( 0   iqneba wrfivad damokidebuli. es ewinaaRmdegeba 

niRe n

i ,1,   veqtorTa wrfivad damoukideblobas . amrigad niti ,1),(   

amonaxsnebi qmnian fundamentur amonaxsnTa sistemas. 
 

Teorema 16.2. vTqvaT niti ,1),(   fundamentur amonaxsnTa sistemaa, maSin 

zogadi amonaxsni moicema formuliT 



n

i

ii tctx
1

)()(  . 

damtkiceba. vTqvaT )(0 t  nebismieri kerZo amonaxsnia da It 0 fiqsirebuli 

wertilia. veqtorebi niti ,1),( 0   qmnian nR  sivrcis baziss, amitom 

)()( 0

1

000 tct i

n

i

i  


 . )()(
1

00 tctx i

n

i

i 


  da )(0 t  amonaxsnebi akmayofileben pirobas 

)()( 0000 txt  . aqedan gamomdinareobs toloba )()(
1

00 tct i

n

i

i  


 . 

 
 
 

$ 17. vronskis determinanti da liuvil-ostrogradskis formula  

                wrfivi cvladkoeficientebiani sistemisaTvis 

 

 

vTqvaT T

niii ttt ))(),...,(()( 1   , ni ,1 , ),( baIt  ,  aris 

 

                               nRxxtAx  ,)(  
 
sistemis amonaxsnTa fundamenturi sistema. 
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matricas ewodeba fundamenturi matrica, igi akmayofilebs matricul 

gantolebas  )(tA .  
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ttW
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determinants ewodeba vronskis determinanti. yoveli t -Tvis 0)( tW .  

es gamomdinareobs amonaxsnTa fundamenturi sistemis Tvisebidan 

(darwmundiT).  gamosaxulebas 



n

i

ii tats
1

)()(  ewodeba n

jiji tatA 1,, ))(()(   

matricis kvali. 

Teorema 17.1. nebismieri Itt ,0  adgili aqvs liuvil-ostrogradskis 

formulas 

                  












   dstWtW

t

t0

)(exp)()( 0 .    )(exp  e
def

        (17.1) 

Ddamtkiceba. visargebloT determinantis gawarmoebis formuliT 
 

                         )(...)()( 1 tWtWtW n ,                (17.2) 

sadac  

                          

)()(

)()(

)()(

)(

1

1

111

tt

tt

tt

tW

nnn

ini

n

i

















  . 

A 

)(tWi  determinanti miiReba )(tW  vronskis determinantis i -uri striqonis 

gawarmoebiT. radganac T

niii ttt ))(),...,(()( 1   , ni ,1  sistemis amonaxsnebia, 

amitom adgili aqvs tolobas 
 

                          )()()( ttAt ii   , ni ,1 , 

 
romelic gaSlili saxiT ase Caiwereba 
   

                    )()()(
1

ttat kj

n

k

ikij  


 , nji ,1,  . 

Aamrigad, 
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knikkik

n







 
 

= )()( tWtaii (determinantis Tviseba). 

 
A(17.2)-dan,  ukanaskneli tolobis gaTvaliswinebiT, miviRebT  
 

                          )()()( tWtstW   anu )(
)(

)(
ts

tW

tW



.           (17.3) 

vigulisxmoT, rom 0)( tW , winaaRmdeg SeTxevaSi )(tW SevcvliT )(tW -Ti. 
integrebis Sedegad gveqneba 

                      



dsd

W

W
t

t

t

t

 
0 0

)(
)(

)(
 anu 

t

t

ds
tW

tW

0

)(
)(

)(
ln

0

 . 

aqedan miiReba (17.1) formula. 

SeniSvna 17.1. Tu )( 0t  erTeulovani matricaa,  maSin 1)( 0 tW , xolo 

formula miiRebs saxes    

                         












   dstW

t

t0

)(exp)( . 

Tu (17.3) tolobis integrebisas visargeblebT ganusazRvreli 
integraliT, maSin liuvil-ostrogradskis formula miiRebs saxes 
 

                             dttsctW )(exp)( . 

 
 
$ 18. wrfivi cvladkoeficientebiani araerTgvarovani sistemis  

     zogadi amonaxsni. mudmivTa variaciis meTodi, koSis formula 

 

  wrfivi araeTgvarovan gantolebaTa sistema veqtoruli formT ase 
Caiwereba  

                       nRxtfxtAx  ),()( ,                     (18.1) 
 
sadac )(tA  matric-funqcia da )(tf  veqtor-funqcia uwyvetia ),( baI   
intervalze.  

                          nRxxtAx  ,)(                          (18.2) 
 
gantolebas ewodeba (18.1) gantolebis Sesabamisi eTgvarovani gantoleba. 
vTqvaT )(t  fundamenturi matricaa, maSin (18.2) gantolebis zogadi 

amonaxsni Caiwereba formuliT Ct)( , sadac T

nccC ),...,( 1 . (darwmundiT) 

Teorema 18.1. vTqvaT )(0 t  (18.1)  gantolebis kerZo amonaxsnia, maSin 

zogadi amonaxsni moicema formuliT Ctt )()(0  . 
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damtkiceba. vTqvaT )(ˆ t aris (18.1) gantolebis nebismieri fiqsirebuli 

amonaxsni, maSin sxvaoba )()(ˆ 0 tt   iqneba (18.2) erTgvarovani sitemis 

amonaxsni. amitom arsebobs erTaderTi Ĉ  veqtori, rom Ctt ˆ)()(ˆ 0  . 

amrigad  Cttt ˆ)()()(ˆ 0  .     

mudmivTa variaciis meTodi. (18.1) gantolebis kerZo amonaxsni veZeboT  
 

                            )()()(0 tCtt                        (18.3) 

 
funqciis saxiT. veqtor funqcia )(tC  SevarCioT ise, rom (18.3) funqcia 

akmayofilebdes (18.1) gantolebas. (18.3) funqcia CavsvaT (18.1) gantolebaSi 
miviRebT 

                 )()()()()()()()( tftCttAtCttCt   .            (18.4) 

)(t  fundamenturi matrica akmayoflebs matricul gantolebas  )(tA , 

amitom )()()( ttAt  . (18.4) tolobidan gveqneba  
 

                             )()()( tftCt     
e.i.  

                   )()()( 1 tfttC  , 
 dttfttC )()()( 1 .  

 
amrigad kerZo amonaxsni iqneba 
 

                           
 dttfttt )()()()( 1

0 , 

 
xolo zogadi amonaxsni- 
 

                          ))()()(()( 1


 dttftCttx .          (18.5) 

 
(18.5)-s  ewodeba koSis formula.  
 koSis amocanis 
 

                             








00 )(

,,)(

xtx

RxxtAx n
  

 
 amonaxsni warmoidgineba formuliT 
 

           EEtdssfsxt

t

t

,)(),)()()(( 0

1

0

0

 
 - erTeulovani matricaa. 

 
 

$ 19. maRali rigis wrfivi cvladkoeficientebiani erTgvarovani 

gantolebis amonaxsnTa fundamenturi sistema. 

zogadi amonaxsnis ageba 

 

maRali rigis cvladkoeficientebiani gantolebaa 
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                0)()()( 1

)1(

1

)(  

 ztaztaztaz nn

nn  ,                (19.1) 

sadac nitai ,1),(  , ),( baIt  , koeficientebi uwyveti funqciebia. 

  koSis amocanas  
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aqvs erTaderTi amonaxsni, romelic ganmartebulia I  monakveTze.  

(19.1) gantolebis wrfivad damoukidebel )(),...,(1 tt n  amonaxsnebs ewodeba 

amonaxsnTa fundamenturi sistema. 
Teorema 19.1. (19.1) gantlebisaTvis arsebobs fundamentur amonaxsnTa 
sistema. 
damtkiceba. (19.1) gantoleba daviyvanoT sistemaze. SemoviRoT aRniSvnebi 

)1(21 ,  nn zxzxzx  , maSin (19.1) gantoleba daiyvaneba sistemaze  
 

                         nRxxtAx  ,)( ,                          (19.2)          

sadac Tnxxx ),...,( 1 , 

                          )(tA

































)(),...(

1.00

0100

010

1 tatan

. 

gantolebaTa (19.2) sistemisaTvis arsebobs fundamentur amonaxsnTa 

sistema T

niii ttt ))(),...,(()( 1   , ni ,1  (ix. Teorema 16.1 ). funqciebi )(1 ti , ni ,1  

wrfivad damoukidebelia da akmayofileben (19.1) gantolebas (ix. Teorema 
9.1 ). 

Teorema 19.2. vTqvaT @ niti ,1),(   fundamentur amonaxsnTa sistemaa. maSin 

(19.1) gantolebis zogadi amonaxsni moicema formuliT 

                               



n

i

ii tcz
1

)( . 

damtkiceba. vTqvaT )(0 tz  aris (19.1) gantolebis nebismieri fiqsirebuli 

amonaxsni, maSin Tn tztztztx ))(),...,(),(()( )1(

0000

  iqneba (19.2) sistemis amonaxsni. 

funqciebi Tn

iiii tttt ))()...,(),(()( )1(    , ni ,1  qmnian (19.2) sistemis 

amonaxsnTa fundamentur sistemas, amitom arsebobs erTaderTi nici ,1,0   

ricxvebi, rom 



n

i

ii tctx
1

00 )()(  . am tolobis koordinatebSi Caweris Sedegad 

miviRebT 



n

i

ii tctz
1

00 )()(  .   
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$ 20. liuvil-ostrogradskis formula maRali rigis wrfivi 

cvladkoeficientebiani gantolebisTvis 

 

ganvixiloT gantoleba  
 

                 0)()()( 1

)1(

1

)(  

 ztaztaztaz nn

nn  ,                (20.1) 

sadac nitai ,1),(  , ),( baIt  , uwyveti funqciebia. 

vTqvaT @ niti ,1),(   amonsnTa fundamenturi sistemaa.  

 

                       )(tW = 
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)1()1(
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tt
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tt

n

n

n

n

n

 






 

 

determinants ewodeba (20.1) gantolebis Sesabamisi vronskis determinanti. 
nebismieri It  vronskis determinanti  0)( tW . (darwmundiT) 

Teorema 20.1. nebismieri Itt ,0  adgili aqvs liuvil-ostrogradskis 

formulas 

                        











  dtatWtW

t

t0

)(exp)()( 10 . 

 

damtkiceba. (20.1) gantoleba daviyvanoT sistemaze. SemoviRoT aRniSvnebi 
)1(21 ,,,  nn zxzxzx  , maSin (20.1) gantoleba daiyvaneba sistemaze  

 

                                   nRxxtAx  ,)( ,                 (20.2)          

sadac Tnxxx ),...,( 1 , 

                         )(tA
















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

)(),...(

0100
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010

1 tatan

. 

 

 

am SemTxvevaSi )()( 1 tats  . cxadia, rom )(tW  aris vronskis determinanti 
(20.2) sistemisaTvis, romlisTvis samarTliania liuvil-ostrogradskis 
formula  

                         












   dstWtW

t

t0

)(exp)()( 0 . 

Aaqedan gamomdinareobs dasamtkicebeli formula. 
SeniSvna 20.1. ganusazRvreli integraliT liuvil-ostrogradskis 
formula ase Caiwereba 

                           dttactW )(exp)( 1 . 

magaliTi 20.1. ipoveT gantolebis  
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2

1

2
22







 x
t

x
t

t
x   

zogadi amonaxsni. 

amoxsna. Ggantolebis kerZo amonaxsnia tx 1 . liuvil-ostrogradskis 

formulis gamoyenebiT Cven SegviZlia vipovoT iseTi meore amonaxsni 2x , 

rom funqciaTa wyvili )(1 tx  da )(2 tx  iqneba amonaxsnTa fundamenturi 
sistema. marTlac, liuvil-ostrogradskis formulis ZaliT gveqneba 
 

                           









  dt

t

t

x

xt

1

2
exp

1 2

2

2


. 

Aaqedan gamomdinareobs 

                           12

22  txxt . 

Gorive mxare gavyoT 2t -ze  
 

                              
22

22 1
1

tt

xxt



 

anu  

                               
2

2 1
1)(

tt

x

dt

d
 . 

am gantolebis kerZo amonaxsnia 1)( 2

2  ttx . amonaxsnebi  

1)(,)( 2

21  ttxttx  qmnian amonaxsnTa fundamentur sistemas. amrigad, 
zogadi amonaxsni iqneba  
 

                           ).1( 2

21  tctcx  
 
                
 
$ 21. maRali rigis wrfivi cvladkoeficientebiani araerTgvarovani 

      gantolebis zogadi amonaxsni. mudmivTa variaciis meTodi 

 

 

ganvixiloT araerTgvarovani gantoleba  
 

                 )()()()( 1

)1(

1

)( tfztaztaztaz nn

nn  

  ,                (21.1) 

sadac nitai ,1),(  , ],[),( baIttf  , uwyveti funqciebia. 

Teorema 21.1. vTqvaT niti ,1),(   amonaxsnTa fundamenturi sistemaa, xolo 

)(0 tz aris (21.1) gantolebis kerZo amonaxsni. maSin (21.1) gantolebis zogadi 

amonaxsni moicema formuliT 



n

i

ii tctzz
1

0 )()(  . 

damtkiceba. vTqvaT )(1 tz  aris (21.1) gantolebis nebismieri fiqsirebuli 

amonaxsni, maSin sxvaoba )()( 01 tztz   iqneba erTgvarovani gantolebis 

amonaxsni. Aarsebobs erTaderTi nici ,1,0  , rom adgili aqvs tolobas 





n

ii tctztz
11

001 )()()(  . aqedan gamomdinareobs toloba 



n

ii tctztz
11

001 )()()(  . 

mudmivTa vriaciis meTodi. (21.1) gantolebis kerZo amonaxsni veZeboT  
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                            )()()(
1

0 ttctz i

n

i

i 


                         (21.2) 

funqciis saxiT. funqciebi nitci ,1),(   SevarCioT ise, rom (21.2) funqcia 

akmayofilebdes (21.1) gantolebas. (21.2) funqcia aris  (21.1) gantolebis 

amonaxsni, Tu ntci ,1),(  funqciebi akmayofileben gantolebaTa sistemas 

(SeamowmeT) 

                             
















































n

i

n

ii

n

i

n

ii

n

i

ii

n

i

ii

tfttc

ttc

ttc

ttc

1

)1(

1

)2(

1

1

).()()(

,0)()(

..........................

,0)()(

,0)()(

















                    (21.3) 

(21.3) sistemis mTavari determinantia )(tW ( vronskis determinanti ), 
amitom (21.3) gantolebaTa sistemas aqvs erTaderTi amonaxsni  

nittc ii ,1),()(   e.i.  dtttc ii )()(  . amrigad,  

                             )()()(
1

0 tdtttz i

n

i

i 


 . 

                     
          
         $ 22. avtonomiuri sistemis amonaxsnebis Tvisebebi  

 

 
  gantolebas ewodeba avtonomiuri, Tu misi marjvena mxare ar aris 
damokidebuli t  cvladze. Azogadi avtonomiur gantolebTa sistemaa  
 

                            nRxxfx  ),( .                           (22.1) 
 
gantolebis marjvena mxare )(xf  da misi kerZo warmoebulebi   

                             ni
x

xf

i

,1,
)(





  

uwyvetia nR -ze.  

vTqvaT )(tx   amonaxsnia. Tu t  icvleba raime intervalSi, maSin  nR  

sivrceSi )(t  funqcia aRwers wirs, romelsac )(t  amonaxsnis Sesabamisi 

traeqtoria ewodeba. nR  ewodeba fazuri sivrce, Tu masSi (22.1) 
gantolebis amonaxsnebi ganixileba rogorc traeqtoriebi, xolo (22.1) 
gantoleba ganixileba rogorc mimarTulebis veli. Aam SemTxvevaSi 
traeqtorias fazuri traeqtoria ewodeba, xolo )(xf -s fazuri siCqare x  

werilSi. (22.1) gantolebis mixedviT, fazur )(t  traeqtoriaze moZravi 

wertilis siCqare t  momentSi tolia ))(( tf   fazuri siCqaris.  
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nRax   wertils ewodeba wonasworobis mdgomareoba (gansakuTrebuli 
wertili), Tu .0)( af cxadia, rom wonasworobis mdgomareoba aris 
gantolebis amonaxsni. 
Teorema 22.1. vTqvaT Rtt ),(  gantolebis amonaxsnia, maSin nebismieri 

Rc   funqcia )( ct  kvlav iqneba amonaxsni. 

damtkiceba. cxadia ))(()( tft   . cvladi t  SevcvaloT ct  , miviRebT 

))(()( ctfct   . 

SeniSvna 22.1. )(t  da )( ct   amonaxsnebis Sesabamisi traeqtoriebi 
erTmaneTs emTxveva. 

Teorema 22.2. vTqvaT )(1 t  da )(2 t  amonaxsnebis Sesabamisi traeqtoriebi 

erTmaneTs kveTen e.i. arsebobs 1t  da 2t  , rom )()( 2211 tt   . maSin es 
traeqtoriebi  erTmaneTs emTxveva. 

damtkiceba. ganvixiloT funqcia )()( 1223 tttt  , romelic aris 

amonaxsni da Seesabameba igive traeqtoria rac )(2 t  . cxadia 

)()()( 112213 ttt   . erTaderTobis gamo  )()( 31 tt   , amitom maTi 

Sesabamisi traeqtoriebic erTmaneTs emTxveva.  

Teorema 22.3. vTqvaT )(t amonaxsnia da )()( 21 tt   ,sadac 21 tt  ,maSin 
adgili aqvs erTerTs: 
a) constt )(  (wonasworobis mdgomareoba); 

b) )(t perioduli funqciaa ( traeqtoria Sekruli wiria ) e.i. arsebobs 

iseTi 0T , rom adgli aqvs tolobas .),()( RttTt   . 

damtkiceba. F -iT aRvniSnoT iseTi c  ricxvebis simravle, 
romlebisTvisac Sesrulebulia toloba )()( ctt  , Rt . cxadia F .  

   F  simravles aqvs Semdegi Tvisebebi: 
1) Tu Fc , maSin Fc  e.i. F simetriulia ricxviTi RerZis saTavis 

mimarT. 
marTlac, vTqvaT Fc  e.i. Rtctt  ),()(  . am tolobaSi t  

SevcvaloT ct  -Ti, miviRebT Rttct  ),()(   e.i. .Fc  

2) Tu Fcc 21, maSin Fcc  21 . amrigad Tu Rc  maSin nebismieri 

naturaluri m  ricxvisTvi Fmc . 

    cxadia, rom .),()()( 121 Rttctcct    

3)  F  Caketilia. 

     vTqvaT, ,...2,1,  iFci mimdevrobis zRvaria  0c . gadavideT zRvarze 

tolobaSi  )()( tct i   , roca i , maSin miviRebT Rttct  ),()( 0  . 

gavagrZeloT Teoremis damtkiceba. vTqvaT F -Si ar arsebobs umciresi 
dadebiTi ricxvi da vTqvaT Rc  nebismieri dadebiTi fiqsirebuli 
ricxvia. maSin arsebobs F iseTi, rom  c 0 . garda amisa, arebobs 
naturluri ricxvi m , rom adgili aqvs utolobas   mc0 . 

  vTqvaT Fi  da 0i . arsebobs naturalur ricxvTa mimdevroba im  

iseTi, rom iiimc  0  e.i. .cm ii  me-2 Tvisebis ZaliT Fm ii  , xolo 

me-3 Tvisebis Tanaxmad Fc . pirveli Tvisebis gaTvaliswinebiT 
davaskvniT, rom RF  . Aamrigad toloba )()( ctt   sruldeba 

nebismieri t  da c -Tvis. es ki SesaZlebelia a) pirobis SemTxvevaSi.       
  vTqvaT F -Si arsebobs minimaluri dadebiTi ricxvi T . vaCvenoT, rom 
F  Sedgeba mT saxis ricxvebisgan,sadac m nebismieri mTeli ricxvia. 
marTlac, vTqvaT Fc , 0c  da mTc  . cxadia cT  , arsebobs 
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naturaluri 0m  ricxvi iseTi, rom TTmc  00 . FTmc 0, amitom 

FTmc  0 . es ewinaaRmdegeba FT  ricxvis minimalurobas. amrigad c  aris  

mT saxis ricxvi, e.i. )()( tTt    nebismieri t -Tvis. Ees niSnavs,  

rom adgili aqvs b)-s.  
SeniSvna 22.1. vTqvaT a  wonasworobis mdgomareobaa, maSin atx )(  

amonaxsnis traeqtoria a -s SeiZleba uaxlovdebodes roca t  an 
t . 

 
 
 
$ 23. avtonomiuri sistemis wonasworobis mdgomareobis mdgradoba.   
     wrfivi mudmivkoeficientebiani sistemis nulovani amonaxnis   

                       mdgradobis sakmarisi piroba  
 
 vTqvaT ax   aris  

                           nRxxfx  ),(  
 
gantolebis wonasworobis mdgomareoba. 
koSis amocanis 

                              








0)0(

),(

xx

Rxxfx n
 

amonaxsni aRvniSnoT );( 0xt . 

gansazRvreba 23.1. ax   wonasworobis mdgomareobas ewodeba mdgradi  
( liapunovis azriT ), Tu Sesrulebulia Semdegi pirobebi: 

a) arsebobs 0  ricxvi iseTi, rom nebismieri 0x -Tvis romelic 

akmayofilebs utolobas  0xa  amonaxsni );( 0xt  ganmartebulia 

intervalze ),0[  ; 

b) nebismieri 0  arsebobs ricxvi ),0(   , rom nebismieri 0x -Tvis 

romelic akmayofilebs pirobas  0xa  adgili aqvs utolobas 

                        .0,);( 0  txta   

gansazRvreba 23.2. ax  wonasworobis mdgomareobas ewodeba asimptoturad 
mdgradi, Tu igi mdgradia da amave dros Sesrulebulia piroba 

 a) arsebobs ),0(    iseTi, rom nebismieri 0x -Tvis romelic 

akmayofilebs utolobas  0xa  adgili aqvs Tanafardobas 

 

                             axt
t




);(lim 0 . 

ganvixiloT mudmivkoeficientebiani wrfivi diferencialur gantolebaTa 
sistema  

                         nRxAxx  , .                     (23.1) 
 

qvemoT moyvanili Teorema iZleva nulovani nT

n R )0,...,0,0(0  amonaxsnis 

anu wonasworobis mdgomareobis asiptoturad mdgradobis sakmaris 
pirobas.  
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Teorema 23.1. gantolebaTa (23.1) sistemis nT

n R )0,...,0,0(0  wonasworobis 

mdgomareoba asimptoturad mdgradia, Tu A  matricis sakuTrivi 
ricxvebis namdvili nawili uaryofiTia. 
damtkiceba. Teorema davamtkicoT 2n  SemTxvevisTvis. e.i. ganixileba 
sistema  

                       








.

,

2221212

2121111

xaxax

xaxax




                          (23.2) 

 
sistemis Sesabamisi maxasiaTebeli gantoleba iqneba 
 

             








2221

1211

aa

aa
= 0)( 122122112211

2  aaaaaa  .      (23.3) 

dt

d
p   operatoris saSualebiT (23.2) sistema ase SeiZleba gadavweroT  

                         








.)(

,)(

121222

212111

xaxap

xaxap
 

pirvel gantolebaze 22ap   operatoris moqmedebis Sedegad miviReT 
 

121122221211122 )())(( xaaxapaxapap   anu 0)( 21122211122111

2  aaaapxaaxp . 
A 

Aanalogiurad, me-2 gantolebaze 11ap   operatoris moqmedebis Sedegad 
miviRebT 

                     0)( 21122211222112

2  aaaapxaaxp .   

amrigad, Tu Txxx ),( 21  aris (23.2) gantolebis amonaxsni, maSin 1x  da 2x  
akmayofileben mudmivkoeficientebian me-2 rigis gantolebas 
 

                        0)( 211222112211  aaaazaaz  ,           (23.4) 
 
romlis maxasiaTebeli gantolebaa (23.3). 

vTqvaT (23.3) gantolebis fesvebi kompleqsuria e.i. 111  i  da 

112  i . Teoremis pirobis Tanaxmad .01    

am SemTxvevaSi funqciebi tez
t

11 cos1 
  da tez

t

12 sin1 
  qmnian  amonaxsnTa 

funamentur sistemas. 

 vTqvaT 0z  aris (23.4) gantolebis raime amonaxsni, maSin arsebobs 

ricxvebi 10c  da 20c , rom 

                         )sincos( 1201100
1 tctcez
t 

 . 

aqedan miviRebT 
 

                         )()( 11210
1 cceccez tt

  , 

sadac 0  ricxvi akmayofilebs utolobas  1 . 

vTqvaT (23.3) gantolebis  fesvebi martivia e.i. 011   da 022  . 
maSin 

                            tt
ececz 21

20100


 , 

saidanac miviRebT 
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                              )( 110 ccez t   , 

vTqvaT (23.3) gantolebis  fesvebi jeradia e.i. 0121   . maSin 

                            tt
tececz 11

20100


 . 

Ffunqcia 

                               0,
)( 1

1





tte

e

te t

t

t






, 

sadac 0,1   , miiswrafvis nulisaken, roca t . Aamrigad es 

funqcia SemosazRvrulia e.i. arsebobs iseTi ricxvi 0M , rom adgili 
aqvs utolobas 

                               0,1   tMete tt  . 
Aam SemTxvevaSi gveqneba  

                              )( 210 cMcez t   . 

Tu gaviTvaliwinebT zemoTmoyvanil Sefasebebs davaskvniT, rom (23.4) 

gantolebis nebismieri z  amonaxsnisTvis arsebobs ricxvebi 0)(1 zM  da 

0 , rom adgili aqvs Sefasebas 

                                  tezMz  )( .                          (23.5) 

vTqvaT 2,1,))(),(()( 21  ittt T

iii   aris (23.2) gantolebis amonaxsnebi sawyisi 

pirobiT 2,1,)0(  ieii , sadac TT ee )1,0(,)0,1( 21  . es amonaxsnebi qmnian 

(23.2) gantolebis amonaxsnTa fundamentur sistemas. SevafasoT )(ti : 

      ))(),(),(),(max(ˆ,ˆ2)()()( 22212111

2

2

2

1   MMMMMeMttt t

iii     (23.6) 

ix. utoloba (23.5). 

vTqvaT );( 0xt  aris (23.2) gantolebis amonaxsni sawyisi pirobiT 
Txxxxt ),();( 2010000  . FamonaxsnTa fundamenturi sistemis saSualebiT es 

amonaxsni ase Caiwereba  

                        )()();( 2201100 txtxxt   . 

A(23.6) Sefasebis gamoyenebiT miviRebT 
 

                     tt exMxxeMxt    020100
ˆ22)(ˆ2);( . 

 

aqedan gamomdinareobs 20  nulovani amonaxsnis anu 20  wonasworobis 
mdgomareobis asimptoturi mdgradoba. 
 
 
 
$ 24. me-2 rigis wrfivi mudmivkoeficientebiani erTgvarovani sistemis  

                            fazuri sivrce 

 

ganvixiloT me-2 rigis sistema 
 

                             2, RxAxx   ,                    (24.1) 
sadac  

                               









2221

1211

aa

aa
A . 
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Tu 0)det( A , maSin T)0,0(02   wertili iqneba sistemis erTaderTi 

wonasworobis mdgomareoba. 
2R  fazur sivrceSi (sibrtyeSi) avagoT (24.1) gantolebi fazuri 

traeqtoriebi. vTqvaT 1  da 2  aris A  matricis gansxvavebuli  

sakuTrivi ricxvebi, xolo 1h  da 2h - sakuTrivi veqtorebi. (24.1) sistemis 
zogadi amonaxsni moicema formuliT 
 

                       tt
ehcehcx 21

2211


 ,                      (24.2) 

vigulisxmoT, rom Th )0,1(1   da Th )1,0(2  . aseT SemTxevaSi (24.2) amonaxsni 
koordinatebSi ase Caiwereba 

                                










,

,

2

1

22

11

t

t

ecx

ecx





                    (24.3)              

 
romelic aris (24.2) amonaxsnis Sesabamisi traeqtoriebis parametruli 
gantoleba.  

  1) vTqvaT 1  da 2  namdvili ricxvebia.  

 1.1)  1c  da 2c  ricxvebi gansxvavebulia nulisgan. 

a) vTqvaT 0,0 21   , maSin 0,0 21  xx  roca t  (ix .24.3). A 

traeqtoriebi 210xx  sistemaSi iqneba parabolas Stoebis msgavsi. 

amrigad, 20  wonasworobis mdgomareoba asimptoturad mdgradia. 

b) vTqvaT 0,0 21   , maSin  21 , xx  roca t . traeqtoriebi 

iqneba kvlav parabolas Stoebis msgavsi. 20  wonasworobis 

mdgomareoba aramdgradia. 

g) vTqvaT 0,0 21   , maSin  21 ,0 xx  roca t . traeqtoriebi     

   msagavsia hiperbolas. 20  wonasworobis mdgomareoba aramdgradia. 

d) vTqvaT 0,0 21   , maSin 0, 21  xx  roca t . traeqtoriebi  

   msagavsia hiperbolas . 20  wonasworobis mdgomareoba aramdgradia. 

1.2) 21 ,cc  ricxvebidan erT-erTi nulia. Aam SemTxvevaSi traeqtoriebi  
    ganlagdeba sakordinato RerZebze. Agveqneba asimptoturad   
    mdgradobis da aramdgradobis SemTxvevebi (DdarwmundiT). 

2) vTqvaT i 1  da i 2 , maSin gveqneba ori tipis traeqtoria. 

a) spirali, Tu 0 . Tu 0 , maSin wonsworobis mdgomareoba 

20 asimptoturad mdgradia. Tu 0 -aramdgradia; 

b) wrewiri, Tu 0 . Aam SemTxvevaSi wonasworobis mdgomareoba 20  
mdgradia. 

SeniSvna 24.1. analogiur SemTxvevebs adgili aqvs, roca 1h  da 2h  
nebismieri sakuTrivi veqtorebia 
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$ 25. me-2 rigis wrfivi cvladkoeficientebiani erTgvarovani   

     gantolebis amonaxsnebis nulebis Sesaxeb.  

Sedarebis Teorema 

 

 

 ganvixiloT me-2 rigis erTgvarovani gantoleba 
 

                             0)()( 21  ztaztaz  ,                       
 

sadac )(1 ta  da )(2 ta uwyveti funqciebia ),( baI   monakveTze. 

Teorema 25.1. vTqvaT )(tz  aranulovani amonaxsnia da 0)( 0 tz , maSin 

.0)( 0 tz  

damtkiceba. davuSvaT 0)( 0 tz , maSin erTaderTobis gamo 0)( tz . es 

ewinaaRmdegeba Teoremis pirobas.  
Teorema 25.2. vTqvaT )(tz aranulovani amonaxsnia, maSin mas I  monakveTze 

ar SeiZleba qondes usasrulod bevri nuli. 
damtkiceba. vTqvaT )(tz -s I  monakveTze aqvs usasrulod bevri nuli. 

aviRoT nulebis krebadi mimdevroba  kt  da vTqvaT 0ttk  . advili 

misaxvedria, rom It 0  da .0)( 0 tz garda amisa adgili aqvs tolobas 

                        )(
)()(

lim 0

0

0 tz
tt

tztz

k

k

k







. 

mricxveli nulia amitom 0)( 0 tz . erTaderTobis ZaliT 0)( tz . es 

ewinaaRmdegeba Teoremis pirobas.  

Teorema 25.3. vTqvaT )(1 tz  da )(2 tz  wrfivad damoukidebeli amonasnebia. 

maSin I intervalze )(1 tz  or mezobel nuls Soris yovelTvis arsebobs  

)(2 tz -s erTaderTi nuli. 

damtkiceba. Tavidanve SevniSnoT, rom funqciebs )(1 tz  da )(2 tz ar SeiZleba 

qondeT saerTo nuli. marTlac, vTqvaT 0)()( 21  szsz  maSin vronskis 
determinanti 

                     )()()()(
)()(

)()(
)( 2121

21

21
tztztztz

tztz

tztz
tW 


  

s  wertilSi iqneba nulis toli. Ees ki ewinaaRmdegeba vronskis 
determinantis Tvisebas. 

vTqvaT Itt 21,  aris )(1 tz funqciis uaxlesi nulebi e.i. 0)()( 2211  tztz  da 

vTqvaT ),( 21 tt  intervalSi ararsebobs )(2 tz  funqciis nuli.  
 

              0
)(

)(

)(

)()()()(

)(

)(
2

2

2

2

2121

2

1 











tz

tW

tz

tztztztz

tz

tz

dt

d 
. 

Aaqedan gamomdinareobs, rom  funqcia )(/)( 21 tztz  mkacrad monotonuria, 

rac ar SeiZleba radganac  0)()( 2211  tztz . Aamrigad ),( 21 tt intervalSi 

arsebobs )(2 tz  funqciis nuli.  

  vTqvaT ),( 21 tt intervalSi arsebobs )(2 tz funqciis ori 1s  da 2s  nuli. 

maSin analogiuri gziT davamtkicebT ),( 21 ss  intervalSi )(1 tz funqciis 

nulis arsebobas. es SeuZlebelia, radganac 21 , tt  iyo uaxlesi nulebi. 
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Sedarebis Teorema. vTqvaT )(tz  aris  

 
                        0)(  ztqz  

gantolebis amonaxsni, xolo 1t  da 2t  misi uaxlesi nulebia. 

vTqvaT )(ty   

                               0)(  ytQy  
gantolebis nebismieri aranulovani fiqsirebuli amonaxsnia. 
Tu )(tQ  da )(tq  uwyveti funqciebi akmayofileben utolobas )()( tqtQ  , 

maSin ),( 21 tt intervalSi arsebobs )(ty -s erTi nuli mainc an erTdroulad 

adgili aqvs tolobebs )()(,0)()( 21 tqtQtyty  . 

damtkiceba. vTqvaT ar arsebobs )(ty funqciis nuli ),( 21 tt intervalSi. 

zogadobis SeuzRudavad SegviZlia vigulisxmoT, rom 0)(,0)(  tytz  

(winaaRmde SemTxvevaSi amonaxsns gavamravlebT minus niSanze). pirveli 
gantoleba gavamravloT )(ty -ze, me-2 gantoleba- )(tz -ze da gamovakloT 
miviRebT 
              0)()())()(()()()()(  tytztQtqtytztytz  . 
cxadia,rom  

           )()()()( tytztytz   ))()()()(( tytztytz
dt

d
  = )()())()(( tytztqtQ  . 

integrebis Semdeg, 0)()( 21  tztz  tolobis da 0)()(,0)()(  tytztqtQ  
utolobebis gaTvaliswinebiT, gveqneba 

 
2

1

))()()()((

t

t

dttytztytz
dt

d
 = )()()()( 1122 tytztytz   = dttytztqtQ

t

t

)()())()((
2

1

  0 .      (25.1) 

advili misaxvedria, rom  

                0
)(

lim)(
1

1
1





 tt

tz
tz

tt
 , )( 1tt  ; 0

)(
lim)(

2

2
2





 tt

tz
tz

tt
 , )( 2tt   . 

Mamrigad 0)()()()( 1122  tytztytz  , es ki ewinaaRmdegeba (25.1) Tanafardobas. 

Cveni daSveba arasworia e.i. )(ty funqcias ),( 21 tt intervalze aqvs nuli. 

Tu darRveulia erT-erTi Semdegi tolobebidan  )()(,0)()( 21 tqtQtyty  , 
maSin adgili ar eqneba (25.1) Tanafardobas.  
 

 
$ 26. sasazRvro amocana me-2 rigis wrfivi cvladkoeficientebiani 

araerTgarovani gantolebisTvis 

 
 

aqamde Cvens mier ganxiluli iyo koSis amocana, romelic Seicavda 
ucnobi funqciis an ucnobi funqciisa da misi warmoebulebis mimarT 

pirobas mxolod erT 0t  wertilSi.  

 Tu piroba Seicavs ucnobi funqciis an ucnobi funqciisa da misi 
warmoebulebis mniSvnelobas  t -s ori an met wertilSi, maSin mas 
sasazRvro piroba ewodeba. 
 ganvixiloT me-2 rigis gantoleba  
 

                       )()()( 21 tfztaztaz                       (26.1) 
 
Semdegi sasazRvro pirobiT 



 51 

 

                            ,)()( 11111   tztz                  (26.2) 

                            22222 )()(   tztz , 

sadac )(),(),( 21 tftata uwyveti funqciebia ],[ 21 tt  monakveTze, 

0,0 2211   . Tu 212211 ,0,1,1,0 tt   , maSin (26.2) 

sasazRvro piroba gadaiqceva sawyis pirobad 2111 )(,)(   tztz  . 
 koSis amocanisgan gansxvavebiT sasazRvro amocanas SeiZleba erTi an 
mravali amonaxsni, an saerTod ar hqondes amonaxsni.  
amocanas  

                            








azz

zz

)2/(,0)0(

,0




 

aqvs erTaderTi amonaxsni taz sin , radganac yvela amonaxsns romelic 
akmayofilebs pirobas 0)0( z  aqvs saxe tcz sin ; 

amocanas 

                            








,0,)(,0)0(

,0

bbzz

zz




 

ara aqvs amonaxsni, radganac tcz sin  ar akmayofilebs pirobas ;0)( z  

amocanas  

                             








,0)(,0)0(

,0

zz

zz
 

aqvs usasrulod bevri amonaxsni tcz sin . 
Teorema 26.1. (alternativis Sesaxeb) SesaZlebelia adgili qondes Semdeg 
SemTxvebvas: 

1) sasazRvro amocanas aqvs  erTaderTi amonaxsni; 
2) sasazRvro amocanas aqvs usasrulod bevri amonaxsni; 
3) sasazRvro amocanas ara aqvs amonaxsni. 

damtkiceba. vTqvaT 1z  da 2z  erTgvarovani gantolebis 
 

                              0)()( 21  taztaz                      (26.3) 
 

fundamentur amonaxsnTa sitemaa, xolo 0z  aris (26.1) gantolebis kerZo 

amonaxsni, maSin 

                               02211 zzczcz  ,                   (26.4) 

 

sadac 1c  da 2c  nebismeri ricxvebia iqneba (26.1) gantolebis zogadi 

amonaxsni. CavsvaT (26.4) funqcia (26.2) sasazRvro pirobaSi, maSin 1c  da  

2c -is mimarT miviRebT algebrul gantolebaTa sistemas 
 

    








)()())()(())()((

)()())()(())()((

20220222222221212212

10110111211211111111

tztztztzctztz

tztztztzctztz








    (26.5) 

 
Tu (26.5) sistemas aqvs erTaderTi amonaxsni, maSin (26.1)-(26.2) sasazRvro 
amocanas eqneba erTaderTi amonaxsni; Tu (26.5) sistemas aqvs usasrulod 
bevri amonaxsni, maSin (26.1)-(26.2) sasazRvro amocanas eqneba usasrulod 
bevri amonaxsni; Tu (26.5) sistemas ara aqvs amonaxsni, maSin (26.1)-(26.2) 
sasazRvro amocanas ar eqneba amonaxsni.    
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  vTqvaT 021   , maSin (26.2)-s ewodeba erTgvarovani sasazRvro piroba. 

grinis funqcia ewodeba ),(],[),(),,( 2121 ttttststG   funqcias, romelic 
akmayofilebs pirobebs: 

01 . yoveli fiqsirebuli s -Tvis funqcia ),()( stGtz  , roca st   
akmayofilebs  (26.3) erTgvarovan gantolebas; 

.20 funqcia );( stG   akmayofilebs pirobebs 
 

                    ,0);(
);(

11
1

1 



stG

t

stG
    

                      

                     0);(
);(

22
2

2 



stG

t

stG
 ; 

.30 Sesrulebulia pirobebi  
 

                  );();( ssGssG  , 1
);();(











t

ssG

t

ssG
. 

Teorema 26.2. Tu sasazRvro amocanas  
 

                         0)()( 21  taztaz  ,                (26.6) 

                         ,0)()( 1111  tztz                   (26.7)                  

                         0)()( 2222  tztz                   (26.8) 
 
aqvs mxolod nulovani amonaxsni maSin  arsebobs grinis funqcia, 
romelsac aqvs saxe 

                       









],,(),()(

],,[),()(
);(

22

11

tsttzsb

stttzsa
stG             (26.9) 

sadac 1z  da 2z  aris (26.6) gantolebis aranulovani amonaxsnebi, romlebic  

Sesabamisad akmayofileben (26.7) da (26.8) pirobebs. funqciebi )(sa  da )(sb  

akmayofileben pirobebs  
 

                     1)()()()(),()()()( 1221  szsaszsbszsbszsa  .         (26.10)   

damtkiceba. vTqvaT )(1 tz  da )(2 tz aris (26.6) gantolebis amonaxsnebi, 
romlebic akmayofileben pirobebs  
 

            111111 )(,)(   tztz  , 222222 )(,)(   tztz  . 

Aarsebobisa da erTaderTobis Teoremis Tanaxmad, 0,0 2211    

pirobebis gaTvaliswinebT, arsebobs aseTi erTaderTi aranulovani 

amonaxsnebi. cxadia )(1 tz  da )(2 tz  akmayofileben (26.7) da (26.8) pirobebs. 

Tu )(1 tz  da )(2 tz  wrfivad damokidebulia, maSin )()( 21 tcztz   da igi iqneba 
(26.6)-(26.8) sasazRvro amocanis amonaxsni. Ees ewinaaRmdegeba Teoremis 
pirobas sasazRvro amocanisTvis erTaderTi nulovani amonaxsnis 

arsebobis Seaxeb. amrigad 1z  da 2z  wrfivad damoukidebelia e.i. 

nebismieri amonaxsns aqvs 2211 zczcz   saxis struqtura. es miuTiTebs 

imaze, rom (26.9) akmayofilebs 1) da 2) pirobebs. 3) moTxovnidan, Tu 
vigulisxmebT )(sa  da )(sb  funqciebis uwyvetobas, miiReba (26.10) piroba.  
 gantolebaTa sistemas  
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







,1)()()()(

,0)()()()(

21

21

szsbszsa

szsbszsa


 

)(sa  da )(sb  ucnobebis mimarT aqvs erTaderTi amonaxsni, radganac misi 

mTavari determinanti aris vronskis determinanti 0)( sW . cxadia, rom es 

amonaxsnebi uwyveti funqciebia.   
Teorema 26.3. vTqvaT Sesrulebulia Teorema 26.2 pirobebi, maSin (26.6)-(26.8) 
sasazRvro amocanis amonaxsni moicema formuliT 
 

                              
1

0

)();()(

t

t

dssfstGtz , 

sadac );( stG  grinis funqcias aqvs (26.9) saxe. 

Ddamtkiceba. intervali ),( 21 tt  davyoT or qveintervalad ),( 1 tt  da ),( 2tt , 
miviRebT 
 

     

t

t

t

t

dssfstGdssfstGtz

1

2

)();()();()( =  

t

t

t

t

dssfsatzdssfsbtz

1

2

)()()()()()( 12 .  (26.11) 

gamovTvaloT )(tz ,  

 

         
2

1

)()()()()()()()()()()()()( 1122

t

t

t

t

tftatzdssfsatztftbtzdssfsbtztz  . 

aqedan, 0)()()()( 12  tatztbtz  tolobis gaTvaliswinebiT (ix. (26.10)), gveqneba 

 

                        
2

1

)()()()()()()( 12

t

t

t

t

dssfsatzdssfsbtztz  .           (26.12)   

gamovTvaloT )(tz , 

            
2

1

)()()()()()()()()()()()()( 1122

t

t

t

t

tftatzdssfsatztftbtzdssfsbtztz  . 

aqedan, 1)()()()( 12  tatztbtz   tolobis gaTvaliswinebiT (ix. (26.10)), gveqneba 
 

                   
2

1

)()()()()()()()( 12

t

t

t

t

tfdssfsatzdssfsbtztz  .           (26.13) 

 
(26.11)-(26.13) tolobebis gamoyenebiT da garkveuli dajgufebiT miviRebT 
 

          

t

t

dssfsbtatztatztztatztatz

0

)()())()()()(()()()()()( 221221
  

                 )()()()())()()()()((
2

12111 tftfdssfsatztatztatz

t

t

  . 

amrigad )(tz  akmayofilebs (26.1) gantolebas. 

axla vaCvenoT, rom )(tz  akmayofilebs sasazRvro pirobebs. 



 54 

.0)()())()((

)()()()()()()()(

2

1

2

1

2

1

111111

1111111111



 





t

t

t

t

t

t

dssfsatztz

dssfsatzdssfsatztztz









 

analogiurad mtkicdeba, rom 
 

                            .0)()( 2222  tztz    
magaliTi 26.1. ipoveT  

                      








,0)(,0)0(

),(

zz

tfzz




 

 
sasazRvro amocanis grinis funqcia. 
amoxsna. 0 zz  gantolebis amonaxsni sawyisi pirobiT 0)0( z  aris  

tcz sin . radganac cz )( , amitom sasazRvro amocanas 

                      








,0)0(,0)0(

,0

zz

zz




 

  
aqvs mxolod nulovani amonaxsni. amrigad, Teorema 26.2 piroba 

Sesrulebulia. funqciebi tz sin1   da tz cos2   akmayofilebs gantolebas 

da pirobebs 0)(,0)0( 21  zz  . Amitom (26.9) Tanaxmad  
 

                         









].,(,cos)(

],,0[,sin)(
);(

sttsb

sttsa
stG  

axla (26.10) pirobidan vipovoT )(sa  da )(sb . Cven SemTxvevaSi (26.10) 
pirobas aqvs saxe 

                             








.1sin)(cos)(

,0cos)(sin)(

ssbssa

ssbssa
 

sistemis amonaxsenia ssa cos)(  , ssb sin)(  .  
Aamocanis amonaxsnia 

                     









].,(,cossin

],,0[,sincos
);(

stts

sttss
stG  

                      
 
         @$ 27. wrfivi mudmivkoeficientebani samarTi sistema da  

                                  misi amonaxsni 
 

nR  sivrceSi gavixiloT parametrze damokidebuli wrfiv diferencialur 
gantolebaTa sistema                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  

                         BuAxx  , ,nRx                   (27.1) 
 
sadac A  da B  mudmivi matricebia nn  da rn  ganzomilebiT.            

rT

r Ruuu  ),...,( 1  parametrs ewodeba marTva (marTvis parametri), xolo 

(27.1) gantolebas samarTi diferencialuri gantoleba. 
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],[,)( baItRtu r  , funqcias ewodeba uban-uban uwyveti, Tu monakveTi I  

SeiZleba danawildes sasrul raodenoba kiI i ,1,   qvemonakveTebad,  

romlebzedac )(tu  funqcia uwyvetia. )(tu  funqcias marTva ewodeba. 
 ganvixiloT koSis amocana 

                                 








,)(

),(

00 xtx

tBuAxx
               (27.2) 

 sadac nRxbat  00 ),,( . 

  Ggantolebis marjvena mxare )(tBuAx   uban-uban uwyvetia t -s mimarT, 
amitom (27.2) amocanisTvis amonaxsnis arsebobisa da erTaderTobis 
Teoremas uSualod ver gamoviyenebT.  

  (27.2) amocanis amonaxsni ganimarteba Semdegnairad. vTqvaT 01 ts   

pirveli wertilia, romelzec )(tu ganicdis wyvetas. ],[ 10 stt  monakveTze 

gantolebis marjvena mxare uwyvetia t -s mimarT, amitom arsebobs (27..2) 

amocanis erTaderTi amonaxsni )(1 tx . vTqvaT 12 ss   aris )(tu  marTvis 

Semdegi wyvetis wertili, maSin ],[ 21 ss  monakveTze koSis amocanas 
 

                            








),()(

),(

111 sxsx

tBuAxx
 

 

eqneba erTaderTi amonaxsni ],[),( 212 ssttx  . 
funqcias   

                         









],[),(

],[),(
)(

212

101

ssttx

stttx
tx  

 

ewodeba (27.2) amocanis amonaxsni ],[ 20 st  monakveTze. Tu am process 

gavagrZelebT 0t  wertilis marjvniv da marcxniv , maSin Cven avagebT )(tu  

marTvis Sesabamis )(tx  amonaxsns I  monkveTze. aRsaniSnavia, rom aseTi 

wesiT agebuli amonaxsni erTaderTia da mas , sazogadod, )(tu  marTvis 

wyvetis wertilebSi SeiZleba ar gaaCndes warmoebuli e.i. am wertilebSi 
igi ar daakmayofilebs diferencialur gantolebas. 

vTqvaT rRU   mocemuli simravlea.  -Ti aRvniSnoT uban-uban uwyveti 
ItUtu  ,)( , marTvebis simravle. 

Yyovel elements  nRIWuxtw ),,( 00  SevusabamoT  diferencialuri 

gantoleba        

                      nRxtBuAxx  ),(                           (27.3) 
sawyisi pirobiT 

                              .)( 00 xtx                              (27.4) 

 
gansazRvreba 27.1. ),;()( wtxtx  ,It funqcias ewodeba Ww  elementis  

Sesabamisi amonaxsni, Tu igi akmayofilebs (27.4) pirobas. )(tx funqcia I   

monakveTze uwyvetia da uban-uban uwyvetad warmoebadi da yovel It  
wertilSi, garda sasrulo raodenoba wertilebisa, akmayofilebs (27.3) 
diferencialur gantolebas. 
Teorema 27.1. yovel Ww  elements Seesabameba erTaderTi amonaxsni. 
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es Teorema aris zemoT Catarebuli msjelobis Sedegi.   
samarTi gantolebis magaliTi. vTqvaT erTeuli masis mqone sxeuli F  
Zalis moqmedebiT  moZraobs horizontalur wrfeze (sworxazovnad). 
ipoveT sxeulis moZraobis aRmweri diferencialuri gantoleba, Tu 
mxedvelobaSi ar miiReba gareSe Zalebi (xaxuni, qari da a.S.). 
  vTqvaT )(txx   sxeulis moZraobis kanonia. Nniutonis meore kanonis 

( Fma  ) Tanaxmad sxeulis moZraoba aRiwereba  me-2 rigis diferencialu 
ri gantolebiT:  Fx  . cxadia, rom F  Zalis cvlileba moqmedebs 
sxeulis moZraobaze. Aamitom F  Zala SeiZleba ganvixiloT, rogorc 
marTvis parametri Fu  . 
Aamrigad sxeulis moZraoba aRiwereba Semdegi samarTi diferencialuri 
gantolebiT  

                            ux  , 
romelic ekvivalenturia Semdegi sistemis                   
 

                           










.

,

2

21

ux

xx




                  

 
$ 28. wrfivi swrafqmedebis optimaluri amocana. optimalurobis 

aucilebeli pirobebi 

 

 

 vTqvaT fazur sivrceSi obieqtis moZraobis kanoni aRiwereba wrfivi 
mudivkoeficientebiani samarTi diferencialur gantolebaTa sistemiT 

                             BuAxx  , ,nRx  

sadac Uu  marTvis parametria, rRU   mocemuli simravlea, A  da B  
mudmivi matricebia nn  da rn  ganzomilebiT. 
 -Ti aRvniSnoT uban-uban uwyveti ],[,)( baItUtu  , marTvebis simravle. 

vTqvaT nRx 0  da ),[0 bat   mocemuli wertilebia. 

 Yyovel  ],())(,( 01 btWtutw  elements SevusabamoT dierencialuri 

gantoleba  

                       ],[),( 10 ttttBuAxx                       (28.1) 

sawyisi pirobiT 

                              .)( 00 xtx                            (28.2) 

 

gansazRvreba 28.1. ),;()( wtxtx  ],,[ 10 ttt funqcias ewodeba Ww  elementis  

Sesabamisi amonaxsni, Tu igi akmayofilebs (28.2) pirobas. )(tx  funqcia 

],[ 10 tt   monakveTze uwyvetia da uban-uban uwyvetad warmoebadi da yovel 

],[ 10 ttt  wertilSi, garda sasrulo raodenoba wertilebisa, akmayofilebs 

(28.1) gantolebas. 
  yovel Ww elements Seesabameba erTaderTi amonaxsni )(tx . 

gansazRvreba 28.2. vTqvaT nRx 1  mocemuli wertilia, gansxvavebuli 0x -

gan. Wtutw  ))(,( 1 elements ewodeba dasaSvebi, Tu misi Sesabamisi 

amonaxsni )(tx  akmayofilebs pirobas 

                     11)( xtx  .                     (28.3) 
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vTqvaT ))(,( 1 tutw   elementi dasaSvebia, maSin amboben rom ],[),( 10 ttttu   

marTvas obieqti gadayavs fazuri sivrcis 0x  wertilidan 1x  wertilSi 

01 tt   drois ganmavlobaSi. 

dasaSveb elementebis simravle aRvniSnoT 0W . 

Ooptimaluri arCevani niSnavs dasaSveb variantebidan saukeTesos arCevas.  

gansazRvreba 28.3. 00100 ))(,( Wtutw   elements ewodeba optimaluri, Tu 

nebismieri Wtutw  ))(,( 1 elementisaTvis adgili aqvs utolobas  

                            01010 tttt  .                          (28.4)   
vTqvaT ))(,( 0100 tutw  optimaluri elementia, maSin )(0 tu  marTvas ewodeba 

optimaluri marTva, xolo ],[),;()( 10000 tttwtxtx   traeqtorias (amonaxsns) 

–optimaluri traeqtoria. 10t  ewodeba optimaluri moenti. 010 tt   dros 

ewodeba gadasvlis optimaluri (saukeTeso) dro. Aamrigad, 0w  elementi 

optimaluria, Tu gadasvlis dro minimaluria. 
  (28.1)-(28.4) amocanas ewodeba wrfivi swrafqmedebis optimaluri amocana. 
Aam amocanis amoxsna niSnavs optimaluri elementi moZebnas.  
  Gganxiluli optimaluri amocana mokled ase Caiwereba 
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
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,],())(,(

min,

,)(,)(

,

01
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1100

btWtutw

tt

xtxxtx

BuAxx

 

 
Teorema 28.1. vTqvaT ))(,( 0100 tutw   optimaluri elementia, maSin arsebobs             

                         ),...,(, 1 nA    

erTgvarovani gantolebis iseTi aranulovani amonaxsni ],[),( 100 tttt  , rom 

Sesrulebulia Semdegi pirobebi: 

1) yoveli ],[ 100 ttt  adgili aqvs tolobas 

 
                   ;)(max)()( 0 ButtBut

Uu



  

2) 10t  momentSi adgili aqvs utolobas 

 

                       .0)]()[( 100110  tBuAxt  

 
1) pirobas ewodeba pontriaginis maqsimumis principi, igi gviCvenebs 

rom yovel ],[ 100 ttt  momentSi But)( , rogorc Uu  cvladis 

skalaruli funqcia, Tavis udides mniSvnelobas aRwevs )(0 tu  

wertilSi. igulisxmeba, rom ),(),()( 100 ttttutu  . 1) piroba aris 

)(0 tu marTvis optimalurobis aucilbeli piroba. 2) aris 10t  momentis 

optimalurobis aucilebeli piroba. Teorema 28.1 pirvelad 
damtkicebuli iyo revaz gamyreliZis mier. 
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SeniSvna 28.1. Tu nx 01   da Ur 0 , maSin 2) piroba yovelTvis sruldeba. 

(SeamowmeT) 
magaliTi 28.1(urikas minimalur droSi gaCerebis amocana). dawereT 
optimalurobis aucilebeli pirobebi amocanisTvis 
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                            202101 )0(,)0( xxxx  , 

                            0)(,0)( 1211  txtx , 

 

                                  min,1 t  

sadac ]1,1[U .  

Aam SemTxvevaSi 1,2  rn , 

                      
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


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



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0
B , ),( 21   . 

 

gantolebas   mimarT eqneba saxe  

                           u


















1

0
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10
),(),( 2121   . 

Ees gantoleba ekvivalenturia Semdegi sistemis  

                                



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






 

romlis amonaxsnia  constct  11 )( , 212 )( ctct  . 
Mmaqsimumis principi: 

            uctcctuctcc
u 













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

 1
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),(max)(
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0
),( 211

]1,1[
0211 , 

aqedan miiReba  

                   uctctuctc
u

)(max)()( 21
]1,1[

021 


   

anu  

                    ).()()( 2210 tsignctcsigntu  .                 

 

Tu 021  ctc  , maSin 01 c  es ki ewinaaRmdegeba Teorema 28.1-s e.i.  

Ooptimaluri )(0 tu marTvis struqtura SeiZleba iyos:  

  a)  
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   g) )(0 tu  mudmivia da iRebs mniSvnelobas -1 an 1.  

piroba 10t  momentisTvis Sesrulebulia, ix. SeniSvna 28.1. 
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$ 29. diferencialuri gantoleba dagvianebuli argumentiT 
 
  diferencialur gantolebas, romlis marjvena mxare damokidebulia 
ucnobi funqciis mniSvnelobebze t  da wina t  momentebSi , sadac   
dadebiTi ricxvia, ewodeba diferencialuri gantoleba dagvianebuli 
argumentiT anu dagvianebul argumentiani diferencialuri gantoleba.   
 Aarawrfivi dagvianebulargumentiani gantolebaTa sistemaa  
 

                   ))(),(,()(  txtxtftx , nRtx )( ,                   (29.1) 
 
sadac gantolebis marjvena mxare ),,( yxtf  uwyvetia simravleze 

nn RRtt ],[ 10 . 

(29.1) gantolebis kerZo SemTxvevaa gantoleba 
  

                      nRtxtxtftx  )()),(,()( . 

 vTqvaT ],[,)( 00 tttRt n    uwyveti funqciaa. )(t -s ewodeba sawyisi 

funqcia.  

gansazRvreba 29.1. ],[,)( 10 tttRtx n   funqcias ewodeba koSis amocanis  

 

                    








],[),()(

)),(),(,()(

00 tttttx

txtxtftx




                       (29.2) 

 
amonaxsni, Tu igi akmayofilebs pirobebs: 

29.1)  ],[ 00 tt   monakveTze )()( ttx  ; 

29.2)  ],[ 10 tt  monakveTze )(tx  uwyvetad warmoebadia da adgili aqvs 

tolobas 
                       ))(),(,()(  txtxtftx . 
 
(29.2) amocanas ewodeba koSis amocana uwyveti sawyisi pirobiT.  
garkveul pirobebSi, bijis meTodiT SeiZleba agebuli iqnas (29.2) 

amocanis amonaxsni. vigulisxmoT, rom 10 tit    garkveuli ,...2,1i -Tvis. 

],[ 00 tt  monakveTze (29.2) amocana ekvivalenturia koSis amocanis 

Cveulebrivi diferncialuri gantolebisTvis  
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vTqvaT ],[ 00 tt  monakveTze arsebobs (29.3) amocanis erTaderTi amonaxsni 

)(1 tx . axla ganvixiloT monakveTi ]2,[ 00   tt . Aam monakveTze  (29.2) 

amocana ekvivalenturia amocanis 
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vTqvaT arsebobs amonaxsni ]2,[),( 002   ttttx . SemoviRoT funqcia 
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
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ttttx
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              ))(),(,()()( 0010010 ttxtftxtx    

             ))(),(,( 01020 txtxtf   )()( 002   txtx  . 

A 

funqcia )(tx uwyvetad warmoebadia 0t   wertilSi. Aamrigad igi aris 

]2,[ 00 tt  monakveTze (29.2) koSis amocanis amonaxsni. 

 vTqvaT nRx 0  da 00 )( xt  . Aamocanas 
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             (29.5) 

 
ewodeba koSis amocana wyvetili sawyisi pirobiT.  
 

gansazRvreba 29.2. ],[,)( 10 tttRtx n   funqcias ewodeba (29.5) koSis 

amocanis amonaxsni, Tu igi akmayofilebs pirobebs: 

29.3) ;)(),,[),()( 0000 xtxtttttx   ; 

29.4)  ],[ 10 tt  monakveTze )(tx  uwyvetia da uban-uban uwvetad warmoebadi da 

adgili aqvs tolobas  
                       ))(),(,()(  txtxtftx  
 
yvelgan garda sasruli raodenoba wertilebisa. 

Teorema 29.1. vTqvaT funqcia ),,( yxtf  uwyvetia n

y

n

x RRtt ],[ 10  simravleze 

da uwyetad warmoebadia x  da y  cvladebis mimarT. garda amisa,  
 

            ),,(,),,(),,( yxtMyxtfyxtf yx

nn RRtt ],[ 10  , .0M    

 
maSin koSis amocanas  
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00 tttttx

txtxtftx




 

 

aqvs erTaderTi amonaxsni ],[),( 10 ttttx  . 

Teorema 29.2. vTqvaT funqcia ),,( yxtf  uwyvetia nn RRtt ],[ 10  simravleze 

da uwyetad warmoebadia x  da y  cvladebis mimarT. garda amisa,  
 

            ),,(,),,(),,( yxtMyxtfyxtf yx

nn RRbt ],[ 0  , .0M    

 
maSin koSis amocanas  
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aqvs erTaderTi amonaxsni ],[),( 10 ttttx  . 

savarjiSo 29.1. bijis meTodiT aCveneT, rom ]2,[ 00 tt  monakveTze  

 

                    














),()(

),,[),()(

)),(),(,()(

000

00

txtx

tttttx

txtxtftx







 

 
amocanis amonaxsni )(tx  uban-uban uwyvetad warmoebadia. 
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