


 

kveTa kveTa kveTa kveTa � � �, , , , |�| , b    sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  

gantoleba)gantoleba)gantoleba)gantoleba)    

kveTa kveTa kveTa kveTa � � �, , , , � � U`    sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili 

kveTa kveTa kveTa kveTa � � �, , , , |�| q b    sibrtyiT aris isev sibrtyiT aris isev sibrtyiT aris isev sibrtyiT aris isev 

gantoleba.)gantoleba.)gantoleba.)gantoleba.)    

pasuxi analogiuria pasuxi analogiuria pasuxi analogiuria pasuxi analogiuria � �
 

                        orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa 

                                                                                                                                                                        
�̀

 

jer ganvixiloT kveTebi

kveTa '(
 (anu $ � 0) sibrtyiT moicema gantolebebiT (CavsvaT (4)

                   _C�n� 
$
Y   

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli 

sakoordinati RerZebis mimarT da  �0,0, :�. 
 

Analogiurad kveTa '	

Si)   

                   _B��� 
	
Y   

sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  

sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili ����� 
 ��2� � /� � U`. 8                                                                    

sibrtyiT aris isev sibrtyiT aris isev sibrtyiT aris isev sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  hiperbola (ipoveT misi naxevarRerZebi da  hiperbola (ipoveT misi naxevarRerZebi da  hiperbola (ipoveT misi naxevarRerZebi da  

� �    sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)

orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa 

��`� � ��a� 
 ��2� � 
�                                    (4) 

er ganvixiloT kveTebi  '(
 da '	
 sakoordinato sibtyeebiT.

) sibrtyiT moicema gantolebebiT (CavsvaT (4)

_ ��m� � 
1$ � 0. 8      anu     _��m� 
 C�n� � 1$ � 0. 8                                         

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli 

sakoordinati RerZebis mimarT da  '
 RerZs kveTs wertilebSi 

'	
 (anu ( � 0) sibrtyiT moicema gantolebebiT (CavsvaT (4)

_ 
 ��m� � 
1	 � 0. 8      anu     _��m� 
 B��� � 1	 � 0. 8                                         
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sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  

                                                                        

hiperbola (ipoveT misi naxevarRerZebi da  hiperbola (ipoveT misi naxevarRerZebi da  hiperbola (ipoveT misi naxevarRerZebi da  hiperbola (ipoveT misi naxevarRerZebi da  

sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)    

orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa     

sakoordinato sibtyeebiT. 

) sibrtyiT moicema gantolebebiT (CavsvaT (4)-Si)   

                                         

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli '
 da '( 

RerZs kveTs wertilebSi �0,0, 
:� da 

) sibrtyiT moicema gantolebebiT (CavsvaT (4)-
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vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli '
 da '( 

sakoordinati RerZebis mimarT da  '
 RerZs kveTs wertilebSi �0,0, 
:� da �0,0, :�. 
exla ganvixiloT (3) hiperboloidis kveTa '(	 (anu � � 0) sibrtyis paraleluri 

sibrtyeebiT. Yoveli aseTi sibrtye moicema gantolebiT � � �, amitom kveTa 

moicema gantolebebiT 

�	�b� � $�c� � 
1 � ��:�� � �. 8 
vxedavT rom esaa  

1) elifsi, roca |�| q :  

                                  
C �n�� � B���� � 1, 

romlis naxevarRerZebia 

                    b� � b�
1 � ��m�       da    c� � c�
1 � ��m� . 
Ees elifsi izrdeba usasrulod roca |�| � |�| izrdeba. 

 

2)  es elifsi gadagvardeba wertilad roca � � � � U:. 

3)  gvaqvs carieli simravle Tu � � |�| , :. 

 

 

Ees informacia sakmarisia imisaTvis, rom warmovidginiT orTkalTa 

hiperboloidis forma.  

 



 

 

kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa 

sibrtyeebiT?sibrtyeebiT?sibrtyeebiT?sibrtyeebiT?    

pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT 

naxevarRerZebi pirvel da naxevarRerZebi pirvel da naxevarRerZebi pirvel da naxevarRerZebi pirvel da 

kveTebis gantolebebi.kveTebis gantolebebi.kveTebis gantolebebi.kveTebis gantolebebi.    

 

 

elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  

 

 

jer ganvixiloT kveTebi

kveTa '(
 (anu $ � 0) sibrtyiT m

 

kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa �
pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT 

naxevarRerZebi pirvel da naxevarRerZebi pirvel da naxevarRerZebi pirvel da naxevarRerZebi pirvel da `�, 2�    naxevnaxevnaxevnaxevarRerZebi meore SemTxvevaSi da dawereT arRerZebi meore SemTxvevaSi da dawereT arRerZebi meore SemTxvevaSi da dawereT arRerZebi meore SemTxvevaSi da dawereT 

    

elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  �� � �

er ganvixiloT kveTebi  '(
 da '	
 sakoordinato sibtyeebiT.

) sibrtyiT moicema gantolebebiT (CavsvaT (5)
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� � �    da da da da � � �    

pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT a�, 2�    

arRerZebi meore SemTxvevaSi da dawereT arRerZebi meore SemTxvevaSi da dawereT arRerZebi meore SemTxvevaSi da dawereT arRerZebi meore SemTxvevaSi da dawereT 

��} � ��̧
                                            (5)(5)(5)(5)    

sakoordinato sibtyeebiT. 

oicema gantolebebiT (CavsvaT (5)-Si)   
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                          x	� � 2R�$ � 0. 8                                           Y   

vxedavT rom esaa parabola romelic simetriuladaa ganlagebuli '
  

sakoordinati RerZis mimarT da romlis parametria R. 
 

Aanalogiurad kveTa '	
 (anu 	 � 0) sibrtyiT moicema gantolebebiT  

                          x$� � 2Æ�	 � 0. 8                                                                                          

Y   

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli '
 

sakoordinati RerZis mimarT da romlis parametria Æ.  

 

exla ganvixiloT (3) hiperboloidis kveTa '(	 (anu � � 0) sibrtyis paraleluri 

sibrtyeebiT. Yoveli aseTi sibrtye moicema gantolebiT � � �, amitom kveTa 

moicema gantolebebiT 

�	�R � $�Æ � 2�� � �. 8 
vxedavT rom esaa  

1) elifsi, roca � q 0  

                                  
C �n�� � B���� � 1, 

romlis naxevarRerZebia b� � �2R�,     c� � �2Æ�  
2) wertili roca � � 0. 
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hiperboluri parabiloidis kanonihiperboluri parabiloidis kanonihiperboluri parabiloidis kanonihiperboluri parabiloidis kanoni

                                                                                            

 

 

 

kveTa '(
 sibrtyis (anu 

moicema gantolebiT $
parabola �2� � C�I 
 ��

�$ � �
8 

esaa aRmavali parabola(Stoebi maRla aqvs mimarTuli).

kveTa '	
 sibrtyis (anu 

moicema formuliT 	 �

Eesaa daRmavali parabolebi(Stoebi dablaa mimarTuli) 

sabolood kveTa '(	 sibrtyis paraleluri sibrtyeebiT, anu 

aris hiperbola  

Ees informacia sakmarisia imisaTvis, rom warmovidginoT hiperboluri 

paraboloidis forma.  

hiperboluri parabiloidis kanonihiperboluri parabiloidis kanonihiperboluri parabiloidis kanonihiperboluri parabiloidis kanonikuri gantolebaa kuri gantolebaa kuri gantolebaa kuri gantolebaa 

                                                                                                                        �� � ��} 
 ��̧
                                                    (6)

sibrtyis (anu $ � 0) paraleluri sibrtyeebiT, asetri sibrtyeebi � � amitom kveTa moicema gantolebebiT

8
esaa aRmavali parabola(Stoebi maRla aqvs mimarTuli). 

sibrtyis (anu 	 � 0) paraleluri sibrtyeebiT. aseTi sibrtyeebi � � amitom kveTa moicema gantolebebiT

�2� � 
 $�Æ � ��R	 � �
8 

parabolebi(Stoebi dablaa mimarTuli)  

sibrtyis paraleluri sibrtyeebiT, anu 

�	�R 
 $�Æ � 2�� � �. 8 
sakmarisia imisaTvis, rom warmovidginoT hiperboluri 
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kuri gantolebaa kuri gantolebaa kuri gantolebaa kuri gantolebaa     

(6) 

) paraleluri sibrtyeebiT, asetri sibrtyeebi 

amitom kveTa moicema gantolebebiT 

) paraleluri sibrtyeebiT. aseTi sibrtyeebi 

amitom kveTa moicema gantolebebiT 

sibrtyis paraleluri sibrtyeebiT, anu � � � sibrtyiT 

sakmarisia imisaTvis, rom warmovidginoT hiperboluri 
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KKKK    

                                    konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa 

                                                                                                        

 

 

Knaxatidan Cans, rom konusis kveTebia

parabola (vaCvenoT !). Aamitom meore rigi

 

 

konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa     

                                                                                                            
��`� � ��a� 
 ��2� � /                                         (7) 

onusis kveTebia rogorc elifsi, ise hiperbola da 

!). Aamitom meore rigis wirebs konusur kveTebsac uwodeben.
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rogorc elifsi, ise hiperbola da 

s wirebs konusur kveTebsac uwodeben.  

 



 

 

 

 

 

Mmeore rigis cilindrebi.  elifsuri, hiperboluri da paraboluri cilindris 

kanonikuri gantoleba formalurad igivea rac Sesabamisi meore rigis wiris 

gantoleba, oRond igulisxmeba rom 

elifsuri cilelifsuri cilelifsuri cilelifsuri cilindris kanonikuri gantolebaa indris kanonikuri gantolebaa indris kanonikuri gantolebaa indris kanonikuri gantolebaa 

                                                                                                                            

 

 

hiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaa

                                                                                                                        

 

 

 

 

 

Mmeore rigis cilindrebi.  elifsuri, hiperboluri da paraboluri cilindris 

kanonikuri gantoleba formalurad igivea rac Sesabamisi meore rigis wiris 

gantoleba, oRond igulisxmeba rom � nebismieria. anu  

indris kanonikuri gantolebaa indris kanonikuri gantolebaa indris kanonikuri gantolebaa indris kanonikuri gantolebaa     

                                                                                                                            
��  `� � ��a� � �                                            (8)    

hiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaa

                                                                                                                    
��`� 
 ��a� � �                                            (9)    
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Mmeore rigis cilindrebi.  elifsuri, hiperboluri da paraboluri cilindris 

kanonikuri gantoleba formalurad igivea rac Sesabamisi meore rigis wiris 

    

hiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaa    



 

 

parparparparaboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa 

                                                                                                            

 

 

 

 

am zedapirebis formaze warmodgena mxolod horizontaluri (

paraleluri kveTebiTac sakmarisia.  ix. naxati

 

 

aboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa 

                                                                                                                    �� � �}�                                     (10)    

zedapirebis formaze warmodgena mxolod horizontaluri (

paraleluri kveTebiTac sakmarisia.  ix. naxati  
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aboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa aboluri cilindris kanonikuri gantolebaa         

zedapirebis formaze warmodgena mxolod horizontaluri (� � � sibrtyeebiT) 
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96 

 

            8.8.8.8.    kvkvkvkvaternionebi aternionebi aternionebi aternionebi     

 

gansazRvreba: gansazRvreba: gansazRvreba: gansazRvreba: kvaternioni ewodeba gamosaxulebas a � ib � jc � kd,  sadac a, b, c, d 

namdvili ricxvebia, i, j, k warmosaxviTi elementebi.  

 

gavixsenoT kompleqsuri ricxvebi, rogorc gamosaxulebebi b � =c. 
kvaternionebis SekrebaSekrebaSekrebaSekreba xdeba koordinatobrivad, anu radgan kvaternioni 

SegviZlia ganvixiloT rogorc veqtori  �b, c, :, ��  � Îî , Sekrebis operaciac 

iseTivea rogorc veqtorebSi. kerZod:   
�	
, 	�, 	�, 	î� � �$
, $�, $�, $î� � �	
 � $
, 	� � $�, 	� � $�, 	î � $î�. 

 

kvaternionebSi    gamravlebis operaciagamravlebis operaciagamravlebis operaciagamravlebis operacia Semodis ase:  

 

kvarernionebs  x
 � i x� � jx� � kxî da  y
 � iy� � jy� � kyî  

jer gadavamravlebT rogorc mravalwevrebs ;  

Semdeg gaviTvaliswinebT rom warmosaxviT elementebze gamravleba asea 

ganszRvruli: 

(1)   i� � j� � k� � 
1 da 

(2)   ij � k � 
ji,       jk � i � 
kj,        ki � j � 
ik 

da sabolood, SevaerTebT msgavs wevrebs, anu i, j da k-s koeficientebs 

erTad davajgufebT. 

    

magaliTad magaliTad magaliTad magaliTad �2 � 3= 
 4���= 
 2�� � 2= 
 4� � 3=� 
 6=� 
 4�= � 8�� �    

                               �   2= 
 4� 
 3 
 6� 
 4� 
 8= � 
3 
 6= 
 8� 
 6�. 
  

SevniSnoT rom kvaternionebSi gamravleba araa komutaciurikvaternionebSi gamravleba araa komutaciurikvaternionebSi gamravleba araa komutaciurikvaternionebSi gamravleba araa komutaciuri. Mmag =� . �=. 

pirdapiri SemowmebiT SeiZleba damtkicdes rom am gamravlebisTvis sruldeba 

asociuroba da jufdebadoba. 
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Cven gvinda kvaternionebi gamoviyenoT  Î� sivrceSi veqtoruli algebrisaTvis, 

amitom SevniSnoT rom kvaternioni (rogorc namdvil ricxvTa oTxeuli )    aseTi aseTi aseTi aseTi 

formiTac SeiZleba CaiwerosformiTac SeiZleba CaiwerosformiTac SeiZleba CaiwerosformiTac SeiZleba Caiweros �`, ��,    
aq aq aq aq `     namdvili ricxvia, namdvili ricxvia, namdvili ricxvia, namdvili ricxvia, �    ki veqtori ki veqtori ki veqtori ki veqtori ��    sivrceSisivrceSisivrceSisivrceSi (anu namdvil ricxvTa 

sameuli).  roca b � 0 gvaqvs �0, 	� saxis kvaternioni, romelsac ewodeba wmindawmindawmindawminda 

kvaternioni. 

anu kvaternionebi mWidro kavSirSia Î� sivrcis veqtorebTan, rac ufro kargad 

Cans Semdegi gamravlebis wesidan: 

 

Teorema.  Teorema.  Teorema.  Teorema.  kvaternionebis namravli moicema formuliT: 

�a, x��b, y� � �ab 
 x · y  , ay � bx � �x o y��, 

sadac  x · y  veqtorebis skalaruli namravlia, x o y ki veqtoruli 

namravli. 

 

damtkicebas ar moviyvanT, radgan es pirdapiri semocmebiT xdeba. 

    

kerZod    wminda kvaternionebi mravldeba ase:wminda kvaternionebi mravldeba ase:wminda kvaternionebi mravldeba ase:wminda kvaternionebi mravldeba ase:    

�/, e��/, g� � �
e · g  , e o g�,,,,    

anu maTi gamravleba mxolod skalaruli da veqtoruli namravlebis terminebSi 

xdeba. 

kompleqsuri ricxvebis analogiurad kvaternionisTvis ganisazRvreba misi 

SeuRlebuli. 

gansazRvreba. gansazRvreba. gansazRvreba. gansazRvreba. b � 	 kvaternionis SeuRlebuli aris b 
 	.  Cven Æ kvaternionis 

SeuRlebuls avRviSnavT Æ� simbiloTi. 

kvaternionebis gamravlebis formulidan pirdapir gamomdinareobs rom 

�}¸����� � �̧}.�     

aq mimdevrobas mniSvneloba aqvs, radgan gamravleba araa komutaciuri!aq mimdevrobas mniSvneloba aqvs, radgan gamravleba araa komutaciuri!aq mimdevrobas mniSvneloba aqvs, radgan gamravleba araa komutaciuri!aq mimdevrobas mniSvneloba aqvs, radgan gamravleba araa komutaciuri!    

    

SevniSnoT rom  

¸�̧ � �` � ���` 
 �� � `� � � · � � `� � |�|�.    
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da radgan b � 	 kvaternionis sigrZe, anu manZili �b, 	
, 	�, 	��  veqtoridan 

saTavemde aris 

�`� � |�|���/� � �`� � ��� � ��� � ���,,,,    

amitom am gamosaxulebas ewodeba amitom am gamosaxulebas ewodeba amitom am gamosaxulebas ewodeba amitom am gamosaxulebas ewodeba ` � �    kvaternioniskvaternioniskvaternioniskvaternionis    norma da aRiniSnnorma da aRiniSnnorma da aRiniSnnorma da aRiniSneba eba eba eba |` � �|....    
    

gvaqvs formulagvaqvs formulagvaqvs formulagvaqvs formula    

                                                    |}¸| � |}||¸|. . . .     

marTlac |RÆ| � � �RÆ��RÆ���� � RÆÆ�R� � R|Æ|�R� � |Æ|�RR� � |Æ|�|R|� � |R|�|Æ|�. 
    

SeniSvna.  SeniSvna.  SeniSvna.  SeniSvna.  kvaternioni �b, 	� ufro mosaxerxebelia Caiweros ase b � 	. MmaSin Tu Æ wminda kvaternionia da |Æ| � 1 gamravlebis wesiT gvaqvs Æ� � 
1.  

es aris   =� � �� � �� � 
1 formulis ganzogadeba,ganzogadeba,ganzogadeba,ganzogadeba, radgan is sruldeba 

nebismieri wminda kvaternionisTvis, normiT erTi. 

                                                   
    

    

    

    

    

                                                                arekvlebi da brunvebi sivrceSiarekvlebi da brunvebi sivrceSiarekvlebi da brunvebi sivrceSiarekvlebi da brunvebi sivrceSi    

gansazRvreba.  gansazRvreba.  gansazRvreba.  gansazRvreba.  asaxvas �: Î� �  Î� ewodeba izometria Tu is inaxavs manZilebs, 

anu �	, $ � Î� veqtorebisTvis |��	� 
 ��$�| � |	 
 $|. 
 

sivrceSi raime sibrtyeze arekvla aris izometria.  qveviT Cven vnaxavT rom 

nebismieri izometria warmoadgens arekvlebis kompozicias. 

ganvixiloT sivrceSi П sibrtye romlis gantolebaa  

                                                            � · 7 � �,               (1)  

sadac > sibrtyis normaluri veqtoria, |>| � 1.  

(aq 7 � �P, Q, ��, � � �	, $, �� � Î� veqtorebis skalaruli namravli gaSlili saxiT 

ase Caiwereba AP	 � Q$ � �� � �, rac rogorc viciT sibrtyis gantolebaa.)   

vTqvaT vTqvaT vTqvaT vTqvaT ����    aris aris aris aris П    sibrtyeze arekvla. sibrtyeze arekvla. sibrtyeze arekvla. sibrtyeze arekvla. gamoviyvanoT misi formula. 
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                                                            �                                                                        � � D7                                � � �D7    

                                                                            

    

                                                                                                                                            П sibrtyesibrtyesibrtyesibrtye    

  

SevarCioT ? ricxvi ise rom 	 wertilis simetriuli wertili iyos 	 � 2?>,  anu  

 Ï� 	� � 	 � 2?>.  maSin  wertili 	 � ?> � П,  amitom akmayofilebs (1) gantolebas. 

�� � D7� · 7 � �  �  � · 7 � ? � �  �  ? � � · 7 
 �....    

CavsvaT ?-s mniSvneloba 	-is simetriul wertilis � � �D7    gamosaxulebaSi, 

miviRebT arekvlis formulas:: 

                                                                     ���� � � � ��� 
 � · 7�7                                        (2)(2)(2)(2)    

    

                                            

                            ori paraleluri sibrtyis mimarT arekvlebis kompozicia.ori paraleluri sibrtyis mimarT arekvlebis kompozicia.ori paraleluri sibrtyis mimarT arekvlebis kompozicia.ori paraleluri sibrtyis mimarT arekvlebis kompozicia.    

ganvixiloT П
  da  П� paraleluri sibrtyeebi gantolebebiT   
                                                   � · 7 � �
  da  � · 7 � ��.   

vTqvaT Î
 aris П
 sibrtyis mimarT arekvla, Î� ki П� sibrtyis mimarT arekvla. 

maSin (1) formuliT kompozicia    ��������� � � � ���� 
 ���7.  .  .  .      

amrigad paraleluri sibrtyeebis mimarT ori arekvlis kompozicia aris amrigad paraleluri sibrtyeebis mimarT ori arekvlis kompozicia aris amrigad paraleluri sibrtyeebis mimarT ori arekvlis kompozicia aris amrigad paraleluri sibrtyeebis mimarT ori arekvlis kompozicia aris 

paraleluri gadatana paraleluri gadatana paraleluri gadatana paraleluri gadatana ��7    veveveveqtoriT, sadac qtoriT, sadac qtoriT, sadac qtoriT, sadac 7    aris am ori sibrtyis saerTo aris am ori sibrtyis saerTo aris am ori sibrtyis saerTo aris am ori sibrtyis saerTo 

erTeulovani normali, erTeulovani normali, erTeulovani normali, erTeulovani normali, �    ki manZili sibrtyeebs Soris.  ki manZili sibrtyeebs Soris.  ki manZili sibrtyeebs Soris.  ki manZili sibrtyeebs Soris.      

                                    

                            

                        ori TanamkveTi sibrtyis mimarT arekvlebis kompozicia.ori TanamkveTi sibrtyis mimarT arekvlebis kompozicia.ori TanamkveTi sibrtyis mimarT arekvlebis kompozicia.ori TanamkveTi sibrtyis mimarT arekvlebis kompozicia.    

ganvixiloT П
  da  П�  gansxvavebuli TanamkveTi sibrtyeebia;  Î
 aris П
 

sibrtyis mimarT arekvla, Î� ki П� sibrtyis mimarT arekvla.  
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vTqvaT i wrfe aris TanakveTa П
 � П�.  maSin orive arekvla i wrfis wertilebs 

uZravad tovebs,  xolo i wrfis marTobuli nebismieri AП  sibrtyis wertilebs 

isev am sibrtyis wertilebSi gadaiyvans. GanvixiloT ori wrfe П sibrtyeze  

                                                      i
 � П
 � П  da i
 � П
 � П .  
maSin komposicia Î�Î
 ase moqmedebs П sibrtyeze: es kompozicia aris jer   i
 

Semdeg ki   i� wrfis mimarT arekvlis (anu RerZuli simetriis) kompozicia. 

rogorc viciT sibrtyeze ori gadamkveTi wrfis mimarT kompozicia aris 

mobruneba gadakveTis wertilis garSemo kuTxiT romelic orjer metia wrfeebs 

Soris kuTxeze.   

amrigad ori gansxvavebuli TanamkveTi sibrtyis mori gansxvavebuli TanamkveTi sibrtyis mori gansxvavebuli TanamkveTi sibrtyis mori gansxvavebuli TanamkveTi sibrtyis mimarT arekvlebis kompozicia imarT arekvlebis kompozicia imarT arekvlebis kompozicia imarT arekvlebis kompozicia 

aris aris aris aris ��    sivrcis mobruneba am sibrtyeebis gadakveTiT miRebuli wrfis garSemo sivrcis mobruneba am sibrtyeebis gadakveTiT miRebuli wrfis garSemo sivrcis mobruneba am sibrtyeebis gadakveTiT miRebuli wrfis garSemo sivrcis mobruneba am sibrtyeebis gadakveTiT miRebuli wrfis garSemo 

kuTxiT, romelic am sibrtyeebs Soris kuTxis ormagia. kuTxiT, romelic am sibrtyeebs Soris kuTxis ormagia. kuTxiT, romelic am sibrtyeebs Soris kuTxis ormagia. kuTxiT, romelic am sibrtyeebs Soris kuTxis ormagia.     

 

 

 

                                            arekvlis Cawera kvaternionebiTarekvlis Cawera kvaternionebiTarekvlis Cawera kvaternionebiTarekvlis Cawera kvaternionebiT    

 

Teorema: Teorema: Teorema: Teorema: sivrceSi    � · ¸ � /    sibrtyis mimarT arekvla, sadac Æ wminda 

kvaternionia erTeulovani sigrZiT, Caiwereba ase 

                                                                                                                                       ·��� � ¸�¸.                                                                        (3)(3)(3)(3)    

MmarTlac Tu    ·    asaxva asaxva asaxva asaxva �    veqtors adgilze tovebs maSin    � � ¸�¸    anu anu anu anu ¸� � ¸��¸ �
�¸ �radgan erTeulovani sigrZis wminda kvaternioni kvadratSi � 
�).).).).    

magram wminda kvaternionebis gamravlebiT  toloba    ¸� � 
�¸    niSnavs rom        

�
¸ · �, ¸ o �� � �� · ¸, 
� o ¸� � � · ¸ � /.    
eseigi ¹ asaxva    � · ¸ � /    sibrtyis wertilebs uZravad tovebs. exla gavarkvioT ·    

asaxvas sad gadayavs nebismieri wertili    � � ��    anu wminda kvaretnioni �.    
radgan    ¸    veqtori orTogonulia    � · ¸ � /    sibrtyis nebismieri    �    SegviZlia 

gavSaloT ¸    veqtorisa da am            � · ¸ � /    sibrtyis raime    } veqtoriT:    

                                      � � } � D¸, D----raRac namdvili ricxvia. 

gvaqvs 

·��� � ·�} � D¸� � ·�}� � D·�¸� � } � D�¸¸�¸ � } 
 D¸....    

meores mxriv (2) formuliT es aris $ wertilis anarekli  

���� � � 
 ��� · ¸�¸ � } � D¸ 
 �Õ�} � D¸� · ¸×¸ � } � D¸ 
 �D¸ � } 
 D¸.    .    .    .    r.d.g.r.d.g.r.d.g.r.d.g.    
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SevniSnoT SevniSnoT SevniSnoT SevniSnoT rom rom rom rom am TeoremiT am TeoremiT am TeoremiT am TeoremiT rom orom orom orom ori arekvlis komposicia ri arekvlis komposicia ri arekvlis komposicia ri arekvlis komposicia }    da da da da ¸    erTeulovani erTeulovani erTeulovani erTeulovani 

normaluri veqtorebiT iqnebanormaluri veqtorebiT iqnebanormaluri veqtorebiT iqnebanormaluri veqtorebiT iqneba    

                                                                                ���� � ¸�}�}�¸ � �¸}���}¸�.        (4).        (4).        (4).        (4)    

    

    

    

    

                                                                            mobrunebis Cawera kvaternionebiTmobrunebis Cawera kvaternionebiTmobrunebis Cawera kvaternionebiTmobrunebis Cawera kvaternionebiT    

    

Teorema. vTqvaT gvaqvs kvaternioni Teorema. vTqvaT gvaqvs kvaternioni Teorema. vTqvaT gvaqvs kvaternioni Teorema. vTqvaT gvaqvs kvaternioni � � �234 , 467  ³�, sadac , sadac , sadac , sadac 7    erTeulovani erTeulovani erTeulovani erTeulovani 

veqtoria. MmaSin veqtoria. MmaSin veqtoria. MmaSin veqtoria. MmaSin �    erTeulovani kvaternionia da asaxva FerTeulovani kvaternionia da asaxva FerTeulovani kvaternionia da asaxva FerTeulovani kvaternionia da asaxva F    

                                                                                                                                    ���� � ����                                                                  (5) (5) (5) (5)     

aris brunva aris brunva aris brunva aris brunva 7    veqtoris mimarTulebis RerZis garSemo veqtoris mimarTulebis RerZis garSemo veqtoris mimarTulebis RerZis garSemo veqtoris mimarTulebis RerZis garSemo �     kuTxiT.kuTxiT.kuTxiT.kuTxiT.    

    

marTlac ori arekvlis komposicia marTlac ori arekvlis komposicia marTlac ori arekvlis komposicia marTlac ori arekvlis komposicia }    da da da da ¸    erTeulovani normaluri veqtorebiT erTeulovani normaluri veqtorebiT erTeulovani normaluri veqtorebiT erTeulovani normaluri veqtorebiT 

gamoiTvleba (4) formuliT. Tu gamoiTvleba (4) formuliT. Tu gamoiTvleba (4) formuliT. Tu gamoiTvleba (4) formuliT. Tu } · ¸ � 234 ,        } o ¸ � 467   7, maSin kvaretnionebis , maSin kvaretnionebis , maSin kvaretnionebis , maSin kvaretnionebis 

gamravlebiT gamravlebiT gamravlebiT gamravlebiT ¸} � 
�,     }¸ � 
��.    amitom amitom amitom amitom ���� � 
���
��� � ���.�            r.d.gr.d.gr.d.gr.d.g    

    

        

    

    

        Teorema izometriis warmodgenis Sesaxeb arekvlTeorema izometriis warmodgenis Sesaxeb arekvlTeorema izometriis warmodgenis Sesaxeb arekvlTeorema izometriis warmodgenis Sesaxeb arekvlebis kompoziciiT.ebis kompoziciiT.ebis kompoziciiT.ebis kompoziciiT. 
 

TeoremaTeoremaTeoremaTeorema. Î�-is yoveli izometria aris araumetes oTxi arekvlis kompozicia.  

damtkiceba. Cven dagvWirdeba  

LLLL    

    

lema 1. lema 1. lema 1. lema 1. vTqvaT � izometriaa romelic inaxavs saTaves, anu ��0� � 0, maSin  

1.1.1.1. � inaxavs normas, |����| � |�|    ;;;;    
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2.2.2.2. �    inaxavs skalarul namravls,        ���� · ���� � � · �    

marlac  �.             |����| � |���� 
 ��/�| � |� 
 /| � |�|.    
 �.        |����|� � |����|� 
 ����� · ���� � |���� 
 ����|� � |� 
 �|� � |�|� � |�|� 
 �� · �    

amrigad � inaxavs skalarul namravlsac. 

LLLLLlema 2. Tu izometria adgilze tovebs Llema 2. Tu izometria adgilze tovebs Llema 2. Tu izometria adgilze tovebs Llema 2. Tu izometria adgilze tovebs /, 6, è, G 
s,  maSin s,  maSin s,  maSin s,  maSin �    igivuri asaxvaa.igivuri asaxvaa.igivuri asaxvaa.igivuri asaxvaa.    

es lema TiTqmis cxadia radgan pirobis Tanaxmad izometria uZravad tovebs 

sakoordinato sistemas.    

LLlema 3. vTqvaT LLlema 3. vTqvaT LLlema 3. vTqvaT LLlema 3. vTqvaT |`| � |a| . /, maSin arsebobs arekvla , maSin arsebobs arekvla , maSin arsebobs arekvla , maSin arsebobs arekvla �    saTaveze gamavalsaTaveze gamavalsaTaveze gamavalsaTaveze gamaval    

sibrtyis mimarT, ise rom sibrtyis mimarT, ise rom sibrtyis mimarT, ise rom sibrtyis mimarT, ise rom ��`� � a.    
sakmarisia aviRoT sibrtyis erTeulovani normalis rolSi veqtori   

> � �b 
 c�/|b 
 c|.  M 

maSin 	 · > � 0 sibrtyis mimarT arekvlisas  

Î�b� � b 
 2�b · >�> � b 
 2 ¼b · b 
 c|b 
 c|½ b 
 c|b 
 c| � b 
 �b 
 c� � c 

SevniSnoT rom Cven gamoviyeneT toloba 2b�b 
 c� � |b 
 c|�. r.d.g. 

    

Teoremis damtkiceba.Teoremis damtkiceba.Teoremis damtkiceba.Teoremis damtkiceba.    

vTqvaT �  aris Î� sivrcis nebismieri izometria. Tu ��0� . 0 maSin Î
 iyos 

arekvla romelic erTmaneTSi gadaiyvans 0-s da  ��0�-s. Tu  ��0� � 0, maSin Î
iyos 

igivuri asaxva.  nebismier SemTxvevaSi kompozicia �
 � Î
� uZravad tovebs 0-s, 

anu   

���/� � /.    
radgan lema 3-iT |�
���| � |�| arsebobs arekvla Î�, saTaveze gamaval sibrtyis 

mimarT, romelic erTmaneTSi gadaiyvans  �
���-s da �-s. MmaSin kompozicia 

�� � Î��
 uZravad datovebs 0-s da �-s.   

                                                                                                ���/� � /,       ���G� � G.     
exla SevniSnoT rom lema 1 –iT veqtorebi ���=� da ����� erTeulovani 

orTogonuli veqtorebia 	 · � � 0 sibrtyeSi. amitom lema 3-iT arsebobs arekvla Î�, saTaveze gamaval vertikalur sibrtyis mimarT (anu romelic moicavs 0. �-s) 

romelic erTamaneTSi gadacvlis �����-s da � 
s. amrigad kompozicia  �� � Î��� 

uZravad datovebs 0, �, �-s 

                                                                                                ���/� � /,     ���G� � G,    ���è� � è.        
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Semdeg ���=� � U=. Tu ���=� � =, maSin Îî iyos igivuri asaxva. Tu ���=� � 
=, maSin Îî 

iyos 	 · = � 0 sibrtyis mimarT arekvla. nebismier SemTxvevaSi kompozicia  

�î � Îî��  uzravad datovebs 0, �, �, =-s da amitom lema 2-iT idivuri asaxvaa 

                                                             �F � �F������� � é....    

da radgan    �7�7 � é    miviRebT                                                                                 

�������F � ��������F�é � ��������F��F������� � ����������F�F���������� � �....    

r.d.g. 
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9.9.9.9.     mobiusis gardaqmnebi.mobiusis gardaqmnebi.mobiusis gardaqmnebi.mobiusis gardaqmnebi.    

    

    

mobiusis gardaqmna anu asaxva aris kompleqsur ricxvTa simravleze 

gansazRvruli asaxva, romelic moicema formuliT: 

                             ���� � n���m��á     ,              (1) 

sadac � komleqsuri cvladia, b, c, : kompleqsuri ricxvebi, Tanac  b� 
 c: . 0. 
es bolo პირობა imitom gvinda rom rogorc advili sanaxavia 

 ���� 
 ���� � �náN�m���N���m��á��m��á� , 

ise rom Tu b� 
 c: � 0, maSin  � �,�-Tvis  ���� � ����,  ანუ  �  funqcia mudmivia. 

magram Cven jer kidev gvinda raRac piroba imisaTvis rom  �  funqcia sibrtyis 

yvela wertilze iyos gansazRvruli da iyos urTierTcalsaxa. 

funqciis zRvris TvisebebiT gvaqvs: 

lim��� n���m��á  �   nm   ,    da    lim��Ná/m  n���m��á  �   ∞,    roca  : . 0 

 

amitom Tu gansazRvrebiT aviRebT 

��∞� � nm  ,    � £
 ám¤ � ∞ roca  : . 0 da ��∞� � ∞ roca  : � 0, 
miviRebT asaxvas romlis gansazRvris are da mniSvnelobaTa simravle aris 

sibrtye (avRniSnoT igi � 
Ti, rogorc kompleqsuri ricxvebi) da damatebuli 

erTaderTi elementi ∞. 
am simravles ��� ´ �∞� ewodeba gafarToebuli konpleqsuri sibrtye da 

aRiniSneba simboloTi �� . 
 

am gansazRvrebis upiratesoba isaa rom gvaqvs Teoremebi: 

 

Teorema 1.  Teorema 1.  Teorema 1.  Teorema 1.  vTqvaT b, c, :, � da T, ,!, " arian kompleqsuri ricxvebi da 



105 

 

�b� 
 c:��T" 
  !� . 0 

da arsebobs �-is sami mniSvneloba mainc rom :� � � . 0 , !� � " . 0 da 

b� � c:� � � � T� �  
!� � "  ,       

maSin arsebobs aranulovani kompleqsuri ricxvi λ, rom 

                                  £b c: �¤ � ö £T  ! "¤.  

    

    

Teorema 2Teorema 2Teorema 2Teorema 2.  yoveli mobiusis asaxva aris bieqcia �� simravlisa TavisTavze da 

mobiusis asaxvebi kompoziciis mimarT qmnian e.w. mobiusis jgufs #-s. 

 

    

1 Teoremis Taxmad (1) formulaSi b, c, :, � koeficientebi proposrciulad 

SegviZlia SevcvaloT asaxvis Seucvlelad. amitom 2 TeoremaSi SegviZlia 

vigulisxmoT rom 

b� 
 c: � 1. 
MmaSin Tu � asxvis matricia £b c: �¤, am matricis mikavSirebuli matrici  

£b c: �¤� � £ � 
c
: b ¤ iqneba �N
  asaxvis Sesabamisi matrici.  

 

anu gvaqvs 2 o 2  zomis specialuri kompleqsuri (erTis toli determinantis 

mqone) matricebis jgufis Äi�2, �� -is homomorfizmi mobiusis # jgufSi, da am 

homomorfizmis birTvi(anu elementebi romlebis neitralur erTeulSi midian) 

aris �UË�, sadac Ë erTeulovani matricia. amrigad gvaqvs izomorfizmi  

                              # # Äi�2, ��/�UË�  
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                                            mobiusis gardaqmnis daSla kompoziciadmobiusis gardaqmnis daSla kompoziciadmobiusis gardaqmnis daSla kompoziciadmobiusis gardaqmnis daSla kompoziciad    

    

Teorema 3. Teorema 3. Teorema 3. Teorema 3. yoveli mobiusis gardaqmna aris araumetes oTxi asaxvis kompozicia, 

romelTagan TiToeuli aris erTerTi Semdegi asaxva: z � az, z � z � b, da z � 1/z. 

damtkiceba. jer SevniSnoT rom es martivi asaxvebi aris mobruneba da gaWimva 

(SekumSva), paraleluri gadatana da inversia (kompleqsuri Sebruneba). 

vTqvaT f�z� � %&�'J&�(    .  Tu c � 0 maSin d . 0 da gvaqvs f�z� � %
( z � '

(  da f aris 

komposzicia f � f�f
 , sadac f
�z� �  %( z  da   f��z� �  z � '
( .  

Tu c . 0, maSin  f � fîf�f�f
 ,  

sadac  f
�z� �  z � (J ,   f��z� � 

&  ,   f��z� �  kz, sadac 
 �%(N'J�J�   da  fî�z� �  z � %J .  

 

                                            

    

                                                                mobiusis gardaqmnis fiqsirebuli wertilebi.mobiusis gardaqmnis fiqsirebuli wertilebi.mobiusis gardaqmnis fiqsirebuli wertilebi.mobiusis gardaqmnis fiqsirebuli wertilebi.    

    

gavixsenoT rom  C� aRniSnavs gafarToebul kompleqsur sibrtyes C� � C ´ �∞�.  

TeoremaTeoremaTeoremaTeorema    4444. . . .         vTqvaT z
, z�, z�  da  w
,w�,w� gansxvavebul wertilTa ori 

sameulia C�-Si. maSin arsebobs erTaderTi mobiusis asaxva f, iseTi rom f+�z+� �
w+, i � 1,2,3.  

damtkiceba. sakmarisia vaCvenoT rom arsebobs mobiusis asaxva , romelic  

mocemul sam gansxvavebul wertils dagaiyvans 0, ∞, 1 –Si.  marTlac maSin ,�,� 

asaxvebi, rom 

�
, ��, ��  -�0, ∞, 1   da  �
,��,��  ��0, ∞, 1.  amitom    �
, ��, ��  �¿~-ÀÁÁÂ�
,��,��.    

exla vTqvaT �
, ��, �� wertilebidan arcerTi araa ∞ da 

@��� � ��þN�����þN�~� �N�~�N��.   

maSin @��
� � 0, @���� � ∞, @���� � 1 da saZiebeli asaxvaa @.  

roca �
, ��, �� wertilebidan erT-erTi aris ∞, aviRoT wertili �î . �
, ��, �� da 

asaxva <��� � 
��N�.�.   maSin �
, ��, �� wertilebze < asaxvis mniSvneloba araa ∞ da 
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wina SemTxveviT maTTvis arsebobs asaxva @ rom  <��
�, <����, <���� ü�0, ∞, 1.  xolo 

saZiebeli asaxva am SemTxvevaSi iqneba kompozicia @<.     

    dagvrCa erTaderToba. vTqvaT arsebobs ori asaxva �, Ï rom 

�
, ��, ��  -��
,��,�� da �
, ��, ��  ã��
,��,�� . 

maSin �
, ��, ��  ã¿~-ÀÁÁÂ �
, ��, ��.  vaCvenoT rom es aris igivuri asaxva.  

vTqva u asaxva iseTia rom  �
, ��, ��  /� 0, ∞, 1, maSin uN
�ÏN
��u asaxva uZravad tovebs 

wertilebs  0, ∞, 1 da cxadia igi igivuri asaxvaa(es gamomdinareobs mobiusis 

asaxvis formulidan). e.i. 

uN
�ÏN
��u � Ë � ÏN
� � uËuN
 � Ë. 
r.d.g. 

    

    

Sedegi. Sedegi. Sedegi. Sedegi.     mobiusis asaxva, romelsac aqvs sami uZravi wertili aris igivuri 

asaxva. 

    

    

    

                                                wrewirebi gafaeToebul kompleqsur sibrtyezewrewirebi gafaeToebul kompleqsur sibrtyezewrewirebi gafaeToebul kompleqsur sibrtyezewrewirebi gafaeToebul kompleqsur sibrtyeze    

    

gabsazRvreba. gabsazRvreba. gabsazRvreba. gabsazRvreba.     evkliduri wrewiri kompleqsur C sibrtyeze moicema gantolebiT |z 
 zj| � r, r q 0. evkliduri wrfe aris wertilTa simravle C-Si romelic 

moicema gantolebiT |z 
 a| � |z 
 b|, a . b. xolo wrewiri gafarToebul 

kompleqsur sibrtyeze C� aris erTerTi, evkliduri wrewiri an  L ´ �∞�, sadac L 

aris evkliduri wrfe.        

    

Teorema. Teorema. Teorema. Teorema.     mobiusis asxva wrewirs dagasaxavs wrewirSi. 

damtkiceba. es Teorema abmobs rom Tu � mobiusis asxvaa da Ä wrewiri, maSin 

��Ä� aris wrewiri. sakmarisia vaCvenoT rom  ��Ä�1 Ä¢ sada Ä¢ raRac wrewiria. 

marTlac Tu es asea maSin Ä1 �N
�Ä¢�. radgan  �N
�Ä¢� ragac wrewiris nawilia, 

cxadia es wrewiri aris Ä da amitom Ä �  �N
�Ä¢� anu  ��Ä� � Ä§.  

exla isRa davrCenia rom SevamowmoT es Tviseba martivi asaxvebisTvis radgan 

mobiusis asxvebi aris araumetes oTxi martivi asaxvis kompozicia (Teorema 3-iT). 

r.d.gG   
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                                                                                                            jvaredina fardoba.jvaredina fardoba.jvaredina fardoba.jvaredina fardoba.    

gansazRvreba.  gansazRvreba.  gansazRvreba.  gansazRvreba.  kompleqsuri �  sibrtyis oTxi gansxvaveuli �
, ��, ��, �î wertilis 

jvaredina fardoba ewodeba gamosaxulebas  

2�
, ��, ��, �î3 � ��
 
 ������ 
 �î���
 
 ������ 
 �î�, 
xolo Tu erTerTi wertili usasrulobaa, jvaredina fardoba ganisazRvreba 

rogorc am gamosaxulebis zRvari anu 

2∞, ��, ��, �î3 � �� 
 �î�� 
 �î, 
2�
, ∞, ��, �î3 � 
 ��
 
 ������ 
 �î�, 
2�
, ��, ∞, �î3 � 
 ��� 
 �î���
 
 ���, 
2�
, ��, ��, ∞3 � �
 
 ���
 
 �� . 

SevniSnoT rom  20,1, �, ∞3 � �. sxva literaturaSi SeiZleba sxva dalageba iyos. 

 

    

TeoremaTeoremaTeoremaTeorema....            vTqvaT z
, z�, z�, zî  da  w
,w�,w�,wî gansxvavebul wertilTa ori 

oTxeulia. maSin aucilebeli da sakmarici piroba iseTi mobiusis f asxavis 

arsebobisa rom f�z+� � w+, i � 1,2,3,4 aris toloba 

2z
, z�, z�, zî3 � 2w
,w�,w�,wî3, 
kerZod nebismieri mobiusis f asaxvisaTvis sruldeba 

2z
, z�, z�, zî3 � 2f�z
�, f�z��, f�z��, fÕ zî�4. 
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gansazRvreba. gansazRvreba. gansazRvreba. gansazRvreba. wertilebs  z
, z�,… , z6 ewodeba koncikluri Tu isini mdebareoben 

erT wrewirze C�-Si. 

 

 nebismieri sami wertili koncikluria , magram yoveli oTxi ara.  

 

Teorema.  oTxi z
, z�, z�, zî wertili koncikluria maSin da mxolod maSin Tu 

jvaredina fardoba  2z
, z�, z�, zî] aris namdvili ricxvi.  
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11110000....    vklides  “elemevklides  “elemevklides  “elemevklides  “elementebi” da ntebi” da ntebi” da ntebi” da 

araevkliduri araevkliduri araevkliduri araevkliduri     geometriebi.geometriebi.geometriebi.geometriebi.    

    

Ggeometriam rogorc empiriulma mecnierebam pirvelad egvipteSi miaRwia 

maRal dones. Ees ganpirobebuli iyo samSeneblo da sairigacio 

moTxovnilebebiT. 

Cven welTaRricxvamde pirvel aTaswleulSi geometriam egviptidan 

saberZneTSi CaaRwia da daiwyo ganviTarebis axali era. 

VIII -- III saukuneebSi Cv.w.aR.-mde swored saberZneTSi gadaidga didi 

nabijebi geometriis gamdidrebasa da logikur dafuZnebaSi.  

BberZen geometrTa mravalsaukunovani Sroma Seajama evklidem (Cv.w.aR.-mde 

330-275 wlebi) Tavisi saxelganTqmuli wigniT “elementebi”.   

Evlkides  “elementebi” Sedgeba 13 wignisagan, I—IV da VI exeba 

planimetrias, XI—XIII stereometrias, danarCenebi ki ariTmetikis 

geometriul aRweras.  

Yyoveli wigni iwyeba im cnebebis gansazRrebiT romlebis pirvelad 

gvxvdeba. Mpirvel wignSi aris 23 gansazRvreba, mag.: 

1. wertili aris is rasac ara aqvs nawilebi; 

2. wiri aris sigrZe siganis gareSe; 

3. wrfe aris iseTi wiri, romelic erTnairad aris ganlagebuli 

Tavisi yvela wertilis mimarT; 

 

 

gansazRvrebebs mosdevs 5 “postulati”, da Semdeg aqsiomebi”.Mmag.Ppirveli 

postulati  ambobs rom erTi wertilidan nebismier meoreze SeiZleba 

wrfis gavleba, meoTxe postulati ambobs rom marTi kuTxeebi tolia.  

Cven vnaxavT rom gansakuTrebuli roli aqvs mexuTe postulats, romelic 

eqvivalenturia e.w. paralelobis aqsiomis: wrfis gareT mdebare 

wertilze gaivleba am wrfis paraleluri wrfe da amasTan mxolod erTi.  

TviTon evlides es postulati cota rTuli formiT ewera (ix. qvemoT). 

es savaraudod imitom moxda rom grZnobda am postulatis 

gansakuTrebul rols.  rogoc Cans evklide cdilobda da SesaZloa 

sxvebsac ubiZgebda am postulatis damtkicebas, anu gamoyvanas sxva 

aqsiomebidan. A ai, es postulati evklides sityvebiT: 
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V postulati:V postulati:V postulati:V postulati:  moiTxoveba rom Tu wrfe ori sxva wrfis 

gadakveTisas maTTan qmnis erT mxareze Siga kuTxeebs, jamSi 

Oor marT kuTxeze naklebs, es wrfeebi usasrulod gagrZelebisas 

ikveTebodes im mxareze, romelzedac es kuTxeebi jamSi or marT 

kuTxeze naklebia. 

    

 

 

 

  

      

 

 

cxadia, am postulatis samarTlianobaSi eWvi ar gvepareba, magram 

metismetad bevri sityvebia da Tanac arc ise cxadia, rogorc danarCeni 

postulatebi.  swored es garemoeba ubiZgebda 2000 wlis ganmavlobaSi! 

matematikosebs am postulatis gamoyvanisken sxva aqsiomebidan. Mmagram 

uSedegod. Yyvela visac ki egona rom mizans miaRwia erTidaigive 

Secdomas uSvebda: damtkicebaSi cxadad Tu aracxadi saxiT iyenebda 

daSvebas, romelic sinamdvileSi V postulatis tolfasi iyo. 

aseTi tolfasi daSvebebi ki cota araa, mag: (es sia prof. Eefimovma 

Seadgina, misi dazepireba araa saWiro!) 

1. samkuTxedis Siga kuTxeebis jami ori marTi kuTxis tolia. 

2. Siga kuTxeebis jami tolia yvela samkuTxedisaTvis. 

3. wertilebi, romlebic ganlagebulia mocemuli wrfis erT mxares 

erTidaigive manZiliT, qmnian wrfes. 

4. Tu ori wrfe ar gadaikveTeba, maSin manZilebis erToblioba erTi 

wrfis wertilebidan meore wrfis wertilebamde SemosazRvrulia. 

5. arsebobs ragind didi farTobis samkuTxedi. 

6. arseboben msgavsi samkuTxedebi. 

7. kuTxis nebismier Sida wertilze gadis wrfe romelic kuTxis 

orive gverds kveTs. 

8. yovel samkuTxedze Semoixazeba wrewiri. 

9. Caxazuli eqvskuTxedis gverdi Semoxazuli wrewiris radiusis 

tolia. 

 



112 

 

rogorc zemoT avRniSneT V postulatis tolfasi yvelaze martivi 

aqsiomaa: wrfis gareT mdebare wertilze gadis mocemuli wrfis wrfis gareT mdebare wertilze gadis mocemuli wrfis wrfis gareT mdebare wertilze gadis mocemuli wrfis wrfis gareT mdebare wertilze gadis mocemuli wrfis 

paraleluri erTaderTi wrfe.paraleluri erTaderTi wrfe.paraleluri erTaderTi wrfe.paraleluri erTaderTi wrfe.    

 

Praxan sibrtyeze varT, ori wrfis paraleloba niSnavs isini ar 

TanaikveTebian. 

amitom V postulatis Canacvlebis mizniT SeiZleba ase moviqceT: 

miviRoT am aqsiomis magivrad misi uaryofa, danarCeni aqsiomebis 

daxmarebiT davamtkicoT Teoremebi da veZeboT xom ar migviyvans es 

winaaRmdegobamde, anu debulebamde romelic aqsiomebs ewinaaRmdegeba. 

Mmagram uaryofa ori gziT SeiZleba:  

miviRoTmiviRoTmiviRoTmiviRoT    elifsuri aqsiomaelifsuri aqsiomaelifsuri aqsiomaelifsuri aqsioma: : : : wwwwrfis gareT mdebare wertilisTvis rfis gareT mdebare wertilisTvis rfis gareT mdebare wertilisTvis rfis gareT mdebare wertilisTvis ar ar ar ar 

arsebobs am wertilze gamavali mocemuli wrfis paraleluri wrfe; arsebobs am wertilze gamavali mocemuli wrfis paraleluri wrfe; arsebobs am wertilze gamavali mocemuli wrfis paraleluri wrfe; arsebobs am wertilze gamavali mocemuli wrfis paraleluri wrfe;     

 

faqtiurad es aqsioma ambobs rom saerTod ar arsebobs paraleluri 

wrfeebi, an rac igivea nebismieri ori wrfe ikveTeba. Ees absurds hgavs. 

    

meore gzaa meore gzaa meore gzaa meore gzaa miviRoTmiviRoTmiviRoTmiviRoT    hiperboluri aqsiomahiperboluri aqsiomahiperboluri aqsiomahiperboluri aqsioma: : : : wrfis gareT mdebare wrfis gareT mdebare wrfis gareT mdebare wrfis gareT mdebare 

wertilze gadis mocemuli wrfis paraleluri erTze meti wrfe.wertilze gadis mocemuli wrfis paraleluri erTze meti wrfe.wertilze gadis mocemuli wrfis paraleluri erTze meti wrfe.wertilze gadis mocemuli wrfis paraleluri erTze meti wrfe.    

am ideiT sargeblobdnen: sakkeri (1667--1773). Mman aCvena elifsuri aqsiomis 

winaaRmdegoba evklides sxva aqsiomebTan, magram misi igive daskvna 

hiperbolur aqsiomis SemTxvevaSi arasworia. 

gausi (1777-1855). rogorc werilebidan Cans man icoda romHhiperboluri 

aqsioma ar ewinaaRmdegeba evklides danarCen aqsiomebs, magram am 

sakiTxze Sroma ar gamouqveynebia. 

 

 

lobaCevski(1793--1856). man dauSva hiperboluri aqsioma, ganaviTara mTeli 

Teoria da pirvelma gaakeTa swori daskvna rom arsebobs sxva 

geometriebi.   

 

Mmagram arc lobaCevskis ar hqonda imis damtkiceba, rom hiperboluri 

aqsiomiT paralelobis aqsiomis Canacvleba ar migviyvans 
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arawinaaRmdegobriv Teoriamde. marTalia man bevri Teorema daamtkica 

hiperboluri aqsiomis miRebiT da ar mivida winaRmdegobamde, magram ra 

garantiaa rom rac dRes ar moxda xvalac ar moxdeba? M 

magram evklides Ggeometriazec xom igive SeiZleba vTqvaT?  

ra gamosavalia?    

Lkleini iyo pirveli geometri vinc sxvadasxva geometriebisTvis 

pirvelad Semoitana modelebimodelebimodelebimodelebi.  G 

    

Tu paralelobis aTu paralelobis aTu paralelobis aTu paralelobis aქქქქsiomas SevcvliT hiperboluri aqsiomiT siomas SevcvliT hiperboluri aqsiomiT siomas SevcvliT hiperboluri aqsiomiT siomas SevcvliT hiperboluri aqsiomiT 

miviRebTAaraevklidur geometrias romelsacmiviRebTAaraevklidur geometrias romelsacmiviRebTAaraevklidur geometrias romelsacmiviRebTAaraevklidur geometrias romelsac    ewodebaewodebaewodebaewodeba    hiperboluri,hiperboluri,hiperboluri,hiperboluri,      

modemodemodemodelebis saSualebiT Cven ver davamtkicebT rom hiperboluri lebis saSualebiT Cven ver davamtkicebT rom hiperboluri lebis saSualebiT Cven ver davamtkicebT rom hiperboluri lebis saSualebiT Cven ver davamtkicebT rom hiperboluri 

geometria Tanmimdevruli Teoriaa (anu ar Seicavs winaaRmdegobas), geometria Tanmimdevruli Teoriaa (anu ar Seicavs winaaRmdegobas), geometria Tanmimdevruli Teoriaa (anu ar Seicavs winaaRmdegobas), geometria Tanmimdevruli Teoriaa (anu ar Seicavs winaaRmdegobas), 

magram imas ki davamtkicebmagram imas ki davamtkicebmagram imas ki davamtkicebmagram imas ki davamtkicebTTTT    rom hiperboluri geometria iseverom hiperboluri geometria iseverom hiperboluri geometria iseverom hiperboluri geometria isevea a a a 

TanmimdevruliTanmimdevruliTanmimdevruliTanmimdevruli, rogorc evkliduri geometria. , rogorc evkliduri geometria. , rogorc evkliduri geometria. , rogorc evkliduri geometria.     

 

ra aris modeli? jer ganvixiloT modeli romelic ekuTvnis puankares.  

M 

 

evkliduri geometriis sibrtyes hiperbolur geometriaSi Seesabameba 

zeda naxevarsibrtye: 

7 � ���, �� � ��: � q 0�.    
Eexla Cveni wertilebi aris 7  naxevarsibrtyis wertilebi. 

rac mTavaria hiperbolur geometriaSi, wrfeebi arian an vertikaluri 

wrfeebi, an naxevarwrewirebi, centriT 7 -is sazRvarze. Nnax. 1, 2.H 

    

    

    



 

    

                                                                                                                                                                                                                                                                                                                                                

:  

 

 

 

naxnaxnaxnax

    

A 

 

 

 

 

 

 

                                                                                                                                                                                                                                                                                                                                                nax. 1nax. 1nax. 1nax. 1    

NNNN    
.... 2:  sxvadasxva hiperboluri wrfeebi
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wrfeebi 



 

 

am terminebSi hiperboluri aqsioma cxadad sruldeba. ix. nax. 3.

 wrfe 3 paraleluria mis gareT mdebare wertilze gamavali 6,7,8 

wrfeebis.  

    

naxnaxnaxnax 3: sxvadasxva

    

 

imisaTvis rom davrwmundeT rom es marTla hiperboluri geometriis 

modelia unda Sevamow

 

MmagaliTad: Nnebismier or wertilze gadis erTaderTi wrfe. 

Arogorc vTqviT hiperbolur geometriaSi “wrfe” niSnavs “hiperboluri 

wrfe” anu vertikaluri wrfe an naxevarwrewiri. Eanu  Cven SemTxvevaSi 

aqsioma niSnavs rom: 

7    naxevarsibrtyis nebismier or wertilzeGgadis an erTaderTi 

vertikaluri wrfe, an erTaderTi naxevarwrewiri. 

rac aris Teorema evklidur geometriaSi. 

Aamrigad hiperboluri geometriis aqsiomebi gadaiqceva evklidur 

geometriis Teoremebad da piriqiT. Aamitom hiperbolur geom

raime winaaRmdegoba rom iyos, es gamoiwvevda Sesabamis winaaRmdegobas 

evklidur geometriaSi. es niSnavs rom orive Teoria Tanmimdevrulia, an 

orive winaaRmdegobrivi.

 

minebSi hiperboluri aqsioma cxadad sruldeba. ix. nax. 3.

wrfe 3 paraleluria mis gareT mdebare wertilze gamavali 6,7,8 

    
sxvadasxva paraleluri hiperboluri 

imisaTvis rom davrwmundeT rom es marTla hiperboluri geometriis 

a unda SevamowmoT aqsiomebi. 

MmagaliTad: Nnebismier or wertilze gadis erTaderTi wrfe. 

Arogorc vTqviT hiperbolur geometriaSi “wrfe” niSnavs “hiperboluri 

wrfe” anu vertikaluri wrfe an naxevarwrewiri. Eanu  Cven SemTxvevaSi 

aqsioma niSnavs rom:  

nebismier or wertilzeGgadis an erTaderTi 

vertikaluri wrfe, an erTaderTi naxevarwrewiri.  

rac aris Teorema evklidur geometriaSi.  

Aamrigad hiperboluri geometriis aqsiomebi gadaiqceva evklidur 

geometriis Teoremebad da piriqiT. Aamitom hiperbolur geom

raime winaaRmdegoba rom iyos, es gamoiwvevda Sesabamis winaaRmdegobas 

evklidur geometriaSi. es niSnavs rom orive Teoria Tanmimdevrulia, an 

orive winaaRmdegobrivi. 
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minebSi hiperboluri aqsioma cxadad sruldeba. ix. nax. 3. 

wrfe 3 paraleluria mis gareT mdebare wertilze gamavali 6,7,8 

 

 wrfeebi 

imisaTvis rom davrwmundeT rom es marTla hiperboluri geometriis 

MmagaliTad: Nnebismier or wertilze gadis erTaderTi wrfe.  

Arogorc vTqviT hiperbolur geometriaSi “wrfe” niSnavs “hiperboluri 

wrfe” anu vertikaluri wrfe an naxevarwrewiri. Eanu  Cven SemTxvevaSi 

nebismier or wertilzeGgadis an erTaderTi 

Aamrigad hiperboluri geometriis aqsiomebi gadaiqceva evklidur 

geometriis Teoremebad da piriqiT. Aamitom hiperbolur geometriaSi 

raime winaaRmdegoba rom iyos, es gamoiwvevda Sesabamis winaaRmdegobas 

evklidur geometriaSi. es niSnavs rom orive Teoria Tanmimdevrulia, an 
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Aamrigad modelebis saSualebiT imis damtkicebaa SesaZlebeli Aamrigad modelebis saSualebiT imis damtkicebaa SesaZlebeli Aamrigad modelebis saSualebiT imis damtkicebaa SesaZlebeli Aamrigad modelebis saSualebiT imis damtkicebaa SesaZlebeli 

romEevkliduri geometria iromEevkliduri geometria iromEevkliduri geometria iromEevkliduri geometria isevea Tanmimdevruli rogorc araevkliduri sevea Tanmimdevruli rogorc araevkliduri sevea Tanmimdevruli rogorc araevkliduri sevea Tanmimdevruli rogorc araevkliduri 

geometriebi geometriebi geometriebi geometriebi     

    

    

    

                                                                            Eelifsuri geometria Eelifsuri geometria Eelifsuri geometria Eelifsuri geometria     

rogorc zemoT avRniSneT Tu miviRebT elifsur aqsiomas (paralelobis 

aqsiomis nacvlad) moviRebT winaawmdegobas evklides sxva aqsiomebTan. 

mainc romel aqsiomebTan? Turme  aucilebeli xdeba am ori evkliduri 

aqsiomidan erT-erTze uaris Tqma: 

1. or gansxvavebul wertilze gadis erTaderTi wrfe. 

2. sibrtyeze mdebare wrfe am sibrtyes or nawilad hyofs. 

 

Tu elifsur aqsiomas moviRebT da amasTan  

a. uars vityviT 2 aqsiomaze, gveqneba    “cali “cali “cali “cali elifsuri”elifsuri”elifsuri”elifsuri” geometria, 

b. uars vityviT 1 aqsiomaze, gveqneba “ormagi elifsuri”“ormagi elifsuri”“ormagi elifsuri”“ormagi elifsuri” geometria. 

 

 

ormagiormagiormagiormagi    elifsuri elifsuri elifsuri elifsuri (anu sferuli) (anu sferuli) (anu sferuli) (anu sferuli) geometriis modeli: geometriis modeli: geometriis modeli: geometriis modeli:     

    

am modelSi Cveni “sibrtye” aris sfero,  

wertilebi – wertilebi sferoze, 

Cveni “wrfeebi” _ sferos didi wrewirebi. 

sferossferossferossferos    didi wrewiri miiReba sferos TanakveTiTdidi wrewiri miiReba sferos TanakveTiTdidi wrewiri miiReba sferos TanakveTiTdidi wrewiri miiReba sferos TanakveTiT    

sferos centrze gamaval sibrtyesTan. sferos centrze gamaval sibrtyesTan. sferos centrze gamaval sibrtyesTan. sferos centrze gamaval sibrtyesTan.     

  

 

 

 

    

 

 

rogorc naxatidan Cans P, P¢ polusebze gadis erTze meti 

wrfe. (sinamdvileSi uamravi wrfe). 
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Uufro metic aq saerTod ar arsebobs paraleluri wrfeebi   

(radgan ori nebismieri didi wrewiri sferoze TanaikveTeba). 

 

Aam geometriis “sibrtyeze” mdebare “elifsuri wrfeebis” Sesaxeb 

Teoremebs Seesabameba vkliduri geometriis Teoremebi sferoze 

mdebare didi wrewirebis Sesaxeb. 

 

 

 

  

                            calicalicalicali    elifsuri elifsuri elifsuri elifsuri (anu proeqtiuli) (anu proeqtiuli) (anu proeqtiuli) (anu proeqtiuli) geometriis modeli:geometriis modeli:geometriis modeli:geometriis modeli:    

    

 

am geometriis sibrtyis modeli aris e.w. proeqtiuli sibrtye, anu  

zeda naxevarsfero ekvatoris CaTvliT, oRond ekvatoris 

antipodaluri (centris mimarT simetriuli) wertilebi 

gaigivebulia. Awrfeebi aris didi naxevarwrewirebi.  

 

ekvatoris antipodaluri wertilebis gaigivebis gamo ar sruldeba 

evkliduri geometriis zemoTmoyvanili 2 aqsioma. 

  

SevniSnoT rom proeqtiuli sibrtye igivea rac sfero 

antipodaluri wertilebis gaigivebiT (miwebebiT). Aam dros qveda 

naxevarsfero miewebeba zedas. Aamitom darCeba zeda naxevarsfero 

da ekvatorze antipodaluri wertilebi gaigivdeba, rogorc zemoT 

gvqonda. 

 

MMMM                                                                                                    

                                                                                        maRali ganzomilebebi.maRali ganzomilebebi.maRali ganzomilebebi.maRali ganzomilebebi.    

    
 

zemoTmoyvanil modelebSi Cven saubari gvqonda araevkliduri 

sibrtyis modelebze. rasakvirvelia arsebobs maTi ganzogadeba sami 

da nebismieri n  ganzomilebisTvis. maTze Cven exla dawvrilebiT 

ver SevCerdebiT da mxolod motivaciis mizniT mokle SeniSvnebiT 

SemovifarglebiT. 

 

1.  sferuli(anu cali elifsuri) geometriis  n  ganzomilebiani 

modelia n ganzomilebiani sfero Ä8, romelic > � 1 ganzomilebian 

evklidur sivrceSi Î8�
 aris Cadgmuli. aq  wrfeebi arian    

didi wrewirebi, anu Ä8 sferos TanakveTebi Î8�
 sivrcis 

sibrtyeebTan; modelis  sibrtyeebi arian Ä8 sferos TanakveTebi Î8�
 sivrcis samganzomilebian sivrceebTan;  
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Sesabamisad modelis m ganzomilebiani sibrtyeebi arian Ä8 sferos 

TanakveTebi Î8�
 sivrcis m+1 ganzomilebian sibrtyeebTan. 

 

2. proeqtiul(anu cali elifsuri) geometriis n  ganzomilebiani 

modelia n ganzomilebiani proeqtiuli sivrce Î!8, anu n 

ganzomilebiani sfero Ä8, romelSic antipodaluri wertilebi 

gaigivebulia.  

 

3. rac Seexeba hiperbolur geometrias. Ees saxeli imiTaa 

gamowveuli rom am geometriis sibrtyis erT-erT modeli, 

lorencis modeli, warmoadgens hiperboloids. KkerZod ki e.w. 

orkalTa hiperboloidis erT komponents (nawils). 

xolo hiperboluri geometriis n  ganzomilebiani modelia “n 

ganzomilebiani orkalTa hiperboloidis” erTi(“momavlis”) 

komponenti. Aarsebobs Mminkovskis sivrce, rac rogorc simravle 

igivea rac > � 1 ganzomilebiani evklidur sivrce Î8�
, 

oRond (	j, 	
 … , 	8 ) veqtoris “sigrZis kvadrati” asea gansazRvruli  	j�
	
� 
...…
	8�.… veqtorebs romelTaTvis 	j�
	
� 
...…
	8� � 1,     

ewodeba n ganzomilebiani orkalTa hiperboloidi. erTi kalTa 

roca 	j , 0 (“momavlis”) aris swored n-ganzomilebiani modeli.  

(meore kalTas roca 	j q 0  ew. “warsuli”.)  

 

 

                                                                                                                                                        sferuli kuTxeebi da sferuli samkuTxedebisferuli kuTxeebi da sferuli samkuTxedebisferuli kuTxeebi da sferuli samkuTxedebisferuli kuTxeebi da sferuli samkuTxedebi 

 

evklidur brtyel geometriaSi, wrfeebi qmnian kuTxes maSin, roca isini 

ikveTebian. rogorc cnobilia, roca ori wiri erT wertilSi ikveTeba, maSin 

kuTxe am or wirs Soris ganimarteba rogorc kuTxe gadakveTis wertilSi 

TiToeuli wirisadmi gavlebul mxeb veqtorebs Soris (nax. 4). wiris yovel 

wertilSi, mxebi veqtorisaTvis gvaqvs misi mopirdapire veqtori, Sesabamisad 

_wirebis gadakveTis wertilSi gvaqvs oTxi veqtori, romlebic erTmaneTTan oTx 

kuTxes adgenen (vertikaluri kuTxeebi). am kuTxeebidan θ  umcires kuTxes  

wirebs Soris kuTxes uwodeben. analogiurad ganimarteba kuTxe sferos or did 

wrewirs anu geodeziurs  geodeziurs  geodeziurs  geodeziurs  Soris.   
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nax. 4 

arsebobs or geodeziurs Soris kuTxis meore, eqvivalenturi ganmarteba: 

ganvixiloT mocemuli geodeziurebis ganmsazRvreli, sferos centrze gamavali 

sibrtyeebi. amovarCioT nebismieri wertili am sibrtyeebis TanakveTis wrfeze 

magaliTad, B  wertili (ix. nax 4). am sibrtyeebidan TiToeulze gavavloT 

sxivebi, romlebic TanakveTis wrfis perpendikularulia da B  wertilSi 

ikveTebian. SevniSnoT, rom TiToeul sibrtyeSi agebuli sxivebisaTvis  

SesaZlebelia avirCioT ori erTmaneTis sapirispiro mimarTuleba. am sxivebis 

mier Sedgenil kuTxeebs Soris umcires θ  kuTxe _geodeziurebs Soris kuTxes 

warmoadgens. 

 

gansazRvreba. gansazRvreba. gansazRvreba. gansazRvreba.  vTqvaT, A , B  da C  sferoze aRebuli, erTdroulad erT 

geodeziurze aramdebare wertilebia,AAB , BC da �P rkalebi romlebic 

geodeziurebze mdebareoben wyvil-wyvilad sam wertilSi (A, B ,CA) 

dagaikveTebian da SemosazRvraven sferos nawils, romelsac ABC sferuli 

samkutxedi ewodeba. (ix. nax. 5)    

 

 

SeniSvna.SeniSvna.SeniSvna.SeniSvna. arsebobs sferuli samkuTxedi ori marTi kuTxiT. vTqvaT, eP  aris 

sibrtye, romelic sferos kveTs ekvatoris gaswvriv, xolo 1P  aris sibrtye, 

romelic gadis sferos centrze, eP  sibrtyis marTobulad. 1P  sibrtye adgens 

Crdilo da samxreT polusebis SemaerTebel geodeziurs _grZeds. vTqvaT, 1A  am 

grZedis ekvatorTan gadakveTis erT-erTi wertilia. vinaidan 1P  da eP  

sibrtyeebi urTierT marTobulia, amitom am or geodeziurs Soris yoveli 

kuTxea o90 . movabrunoT 1P  sibrtye Crdilo da samxreT polusebis 

SemaerTebeli wrfeze (is am wrfeze gadis, radgan gadis sferos centrze), 

miviRebT 2P  sibrtyes. es axali sibrtye aseve warmoqmnis geodeziurs _grZeds, 
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romelic aseve marTobulia ekvatoruli sibrtyis da masTan Sedgenili kuTxea 
o90 . vTqvaT, 2A  miRebuli axali grZedis ekvatorTan gadakveTis erT-erTi 

wertilia. rogorc davadgineT, 21NAA  samkuTxedis or kuTxe marTia da 

Sesabamisad, am samkuTxedis kuTxeebis jami o180 -ze metia.  

bunebrivad Cndeba kiTxva: samkuTxedisamkuTxedisamkuTxedisamkuTxedis kuTxeebis jami ramdeniTaa meti s kuTxeebis jami ramdeniTaa meti s kuTxeebis jami ramdeniTaa meti s kuTxeebis jami ramdeniTaa meti o180 ----ze?ze?ze?ze?    

    

TeoremaTeoremaTeoremaTeorema----1111.... ABC sferuli samkuTxedis sapirispiro ))()(( CBA −−−  sferuli 

samkuTxedi igive zomisaa da am samkuTxedebis farTobebi tolia 

SeniSvna. Aaq SeniSvna. Aaq SeniSvna. Aaq SeniSvna. Aaq – \,  aris ,  aris ,  aris ,  aris \    wertilis wertilis wertilis wertilis mopirdapire wertili sferoze, anu mopirdapire wertili sferoze, anu mopirdapire wertili sferoze, anu mopirdapire wertili sferoze, anu 

koordinatebSi Tu koordinatebSi Tu koordinatebSi Tu koordinatebSi Tu \ � ��, �, ��, maSin , maSin , maSin , maSin ––––\ � �
�, 
�, 
��.    analogiurad analogiurad analogiurad analogiurad – ^. 
�....    

 

TeoremaTeoremaTeoremaTeorema----2222.... R radiusiani sferos zedapiris farTobi 24 Rπ -is tolia 

(Sesabamisad, naxevarsferos farTobia 22 Rπ ) 

 

SeniSvna. SeniSvna. SeniSvna. SeniSvna. SemovabrunoT sfero ise, rom wina mxares aRmoCndes ABC sferuli 

samkuTxedi. maSin A , B , A−  da B−  wertilebi moTavsdebian did wrewirebze, 

romlebic sferos zedapirs wina (naTel) da ukana (bnel) mxareebad dayofen (nax. 

5). wyvetiliT didi wrewiris is nawilia aRniSnuli, romelic sferos ukana 

mxares ganekuTvneba. sferos ukana mxarezea aseve )( CAB −  sferuli samkuTxedi.  

ori didi wrewiri sferos zedapirs oTx nawilad_mTvared yofs (es 

saxelwodeba mTvaris zedapiris nawilebis saxelwodebis analogias 

rarmoadgens). magaliTad, C  wertilSi ikribeba oTxi mTvare. maT Soris erTi 

BCCCA )(− _Tia SemosazRvruli (Tu davuSvebT, rom )( CAB −  sferuli 

samkuTxedi am mTvaris nawilia). mTvaris misaRebad didi wrewiri or tol 

nawiladaa dayofili. mTvaris sapirispiro wertilebidan TiToeuls mTvaris 

kide ewodeba. didi wrewirebiT Sedgenili kidis kuTxis zomas_mTvaris zoma 

(sidide) ewodeba.       

    

TeoremaTeoremaTeoremaTeorema----3. 3. 3. 3.     θ  radianis toli kidis kuTxis Sesabamisi mTvaris farTobi 22 Rθ -is 

tolia 
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nax. 5     

damtkiceba. damtkiceba. damtkiceba. damtkiceba. sferos zedapirze avagoT mTvare. ganvixiloT )( CCB −  

naxevarwrewiri da SemovabrunoT is sferos im diametris garSemo, romelsac C  

da )( C−  wertilebi gansazRvravs. am mobrunebis Sedegad (roca AB → ) mTvare 

naxevarwrewirSi gadava da Sesabamisad, misi farTobi 0–is tolia. Tu 

mobruneba moxdeba π  radianze ( o180 -ze), maSin miviRebT naxevarsferos, romlis 

zedapiris farTobia 22 Rπ . cxadia, rom Tu mobruneba ganxorcieldeba θ  

radianis tol kuTxeze, maSin miRebuli mTvaris zedapiris farTobi 

naxevarsferos zedapiris farTobis πθ / -nawilis toli iqneba. amgvarad, θ  

radianis toli kidis kuTxis Sesabamisi mTvaris farTobi tolia 22 Rθ -is. rdgrdgrdgrdg   

 

TeoremaTeoremaTeoremaTeorema----4444.... (namatis Sesaxeb.)namatis Sesaxeb.)namatis Sesaxeb.)namatis Sesaxeb.)  R radiusiani sferos ABC sferul 

samkuTxedisaTvis (ix. nax. 5) adgili aqvs tolobas: 

                                              
2

][

R

S
CmBmAm ABC+=∠+∠+∠ π , 

sadac ][ ABCS _sferuli samkuTxedis farTobia, xolo am samkuTxedis kuTxeebi 

radianebSia gazomili. 

damtkiceba.damtkiceba.damtkiceba.damtkiceba. sferuli ABC samkuTxedis yovel wvero gansazRvravs erT mTvares. 

is miiReba sferuli samkuTxedis im ori gverdis gagrZelebiT, romlebic am 

wertilSi ikveTebian. maT ewodebaT: mTvare A_Si, mTvare B _Si da mTvare C _Si. 

avRniSnoT Sesabamisad i�P�, i�Q�, i���.  gveqneba: 

Ä9��� � Ä9�:� � Ä9�;� � S(naxevarsfero )+ 2Ä2�:;3 
 Ä2�N���N:��N;�3 � Ä2�:�N;�3. 
am tolobaSi, bolo ori farTobi erTmaneTis tolia, amitom gveqneba: 

][
2222 22222 ABCSRCmRBmRAmR ⋅+=∠⋅+∠⋅+∠⋅ π  

tolobis orive mxaris 22 R⋅ -ze gavyofiT, miviRebT saWiro tolobas. rdgrdgrdgrdg 
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SeniSvna.SeniSvna.SeniSvna.SeniSvna. amgvarad, sferuli samkuTxedis farTobis gamoTvla SesaZlebelia misi 

kuTxeebisa da sferos radiusis mixedviT. amasTan, araa aucilebeli vicodeT 

samkuTxedis gverdebis sigrZeebi.  

nebismieri sferuli samkuTxedisaTvis, arsebobs naxevarsfero, romelic 

mTlianad Seicavs mas, amitom sferuli samkuTzedis maqsimaluri farTobia 2�Î�. gamoviyenoT Teorema namaTis Sesaxeb.   

    

TeoremaTeoremaTeoremaTeorema.  sferuli samkuTxedis Siga kuTxeebis jami sferuli samkuTxedis Siga kuTxeebis jami sferuli samkuTxedis Siga kuTxeebis jami sferuli samkuTxedis Siga kuTxeebis jami + , T �  � < , 3+. . . .     

 

Ddamtkiceba:  nebismieri sferuli samkuTxedisaTvis, arsebobs naxevarsfero, 

romelic mTlianad Seicavs mas (romeli? ix. qvemoT savarjiSo), amitom sferuli 

samkuTxedis maqsimaluri farTobia 2�Î�. gamoviyenoT Teorema namatis Sesaxeb. 

R.d.g. (dawereT es damtkiceba dawvrilebiT).  

 

Aam Teoremis damtkicebis alternatiuli gza eyrdnoba e.w. 

stereografiul proeqcias. Ees proeqcia matematikasa da sxva 

disciplinebSi farTod gamoiyeneba. Cvem mokled SevexebiT mis 

gansazRvrebas da Tvisebebs. 

    

HHhiperboluri kuTxeebi da samkuTxedebi.HHhiperboluri kuTxeebi da samkuTxedebi.HHhiperboluri kuTxeebi da samkuTxedebi.HHhiperboluri kuTxeebi da samkuTxedebi.    

Ppuankares hiperboluri sibrtyis modelze dayrdnobiT mtkicdeba  

Teorema.Teorema.Teorema.Teorema.    HHHHhiperboluri samkuTxedis Siga kuTxeebis jamhiperboluri samkuTxedis Siga kuTxeebis jamhiperboluri samkuTxedis Siga kuTxeebis jamhiperboluri samkuTxedis Siga kuTxeebis jami i i i / , T �  � < , �....    

damtkicebas ar moviyvanT.  

    

 

 

 

 

 

 


