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DBOM QIAIOS:

HMamO3 30300 HOHBIL Jobo MmM0o FaOEH0Wo goblabrgzmogl, 56wy dm39dmw Xy s X
§90G0wgdby 3903wgds 9HMEIOMO FORY.

9L M0 F9OEG0o Jg0dwgds 99333900 35000 Mool 39d@™MMdom, Xo ©o X; .

39630bomm 394@HmMmgdo Xy s v = X1 — X,.
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5300m0m B396 {03399 6gdolbdogho X oM ool ool 39d@memo X. 35806 39J@mcm0

X — X 35659605 v 394G, 5699 gb 60 39dGHM6M0 3Gm3mOEomwos : X — Xy = vt
(o053 t -650003000 MHoibzolomgzob.
5060350 23593V 396FGHMEgds
X—-X o=t (1)
(1) - 296¢™Megds 5GOL 030l 30GMds, GMI X FgdEowo dggl HOxgbg, HGmIgeos X
DoOE0wmBY 35031905 V' 39dGHMMOL 356M5¢gEYMH.

099 (1) 396¢™gdsl 45093F9O 3NMOPOBsEHMOM0350 30300900 HORBOL 356M009EHMVY
2396@GMEqdsL.

(1) 396 ™gdsl 9himgds O30l FOHBOL 3565dgGHM0BE0s, LOIE t 5MHOL Ms30LvRdEO
356539300, HMIgoE 0090L Bgdoldogm Bodwgow d60d3bgemdsL.

5960250 t 356(1599BHM0L ym3z9er 36093690 Mdsl Igqlodsdgds Moo 39dGHMEM0, MOl dME®
B396L O x39%Bgs.

092505 Oma t = 0, 35306 X = Xo;

t = 1 960383690mdsL Ggqliodsdgds X = X + v = X;.

£-3565993H60 35060096l 65930 MoEbzom ORIl (—o0, +00) , bemerm Fglsdsdolio Mool
399BH™M0L dem 350609bL (1) obEHmegdom dmaqdmer HOggl.

Fégob gobmbogado aobdmmgdsl ofgh boby:  — ,
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9L 2obGmagds aoblobwg@agl olgg FOBgl GmIgaoi ool My(xg.ye) [9oBom by
©> 3oMoggma@os § = (I,m) ggd@m@ol. 53 aob@emagdols dobowgdow dgg60dbmm
oIuk! I\/I(,—M)So(ﬁogqvgg\n‘g]ﬁoo s = (I,m) g9d®mc@ol, b9 53 ggJpmmgdols
3MMO0bsRgd0 3OM3MA @O,

06 303gdgee My(x1,y1) , Ma(x2,y2) Tgh@oanbg godsgogn F@gol

X—X1 _ Y= )1
256G gdsl 5Jgl Lobg: P— = -

o3 20bGmergbols dolowgdow dgzbodbmm Gmd MM; 3o@oggay®os MM,
39JB™M@ 0L, 569 dglsdodolo Jmm@obs@gdo 3OMIMA30E0s.

=1.

Sl A

FOgol 256@mengds 8mbs3ggngddo gl Labyg: E +

9L 3ob@magds 2oblobwgsgl (@xgl, @mdganoi bsgmm@obs@m mg®dgdby
hodmd@ol a@s b dmbs i ggmgdl.

A

~
b

v

bbgs Lo@dyggoom, badogdgamo (g9 aoeol FgdGoagdbyg gmm@dobs@gdom (8,0 ©o
x-a_y-0
(0,b). 53 @ (gOGom by godogoe TORgl go oJgl gobGmegds PR

30353503 0gmm s Jogowgdm FORxol aob@magdsls dmbsjggmgddo.
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FOxgol bo@dsgy@ gobGmangds 5Jgl Lobg: xcose + ysing —p =0,

Los N=(Cosp, Sing) ghmgyemgsbo bo®dsgg@o Goponl ggJ@m@os , @-ggmbgs N

39J®™mALs s s8i0bms @g@Mmdl OX-Fm@ol, p dsbdogros Lomsgowsb FMxgdwmg.

v

‘d9360dbmm @mI godmbobyangds xcos@ + ysing >ools OM=(x,y) ©d
n=(cosp, sinp) gOmgyermgsbo beo@dogols Ligogs@ygao bod@sgao.
3obBAM@gds 239790bgbs MMI gl Liogrs®@yao bod@sgao ool p-b.
doOmEs3, Moysb N3ggJdmdo  ghmgymmgsbos Lgs@s@yeo bsd®sgeno
oM. N go®ols oM 39JB™@olL g 9830l N ggJ@m@ols dodo@mgmgdsby,
(2530blgbmm ggadogrols 2oblobwgmgds) @o3 bobs@oasb hobl @md p-L

Bmoo.

Fogg9900L gemogHhmysbansygds Lod®Eygdy

Lod®Bggbg M@0 [Oxg dgodergds ogml 3o@oggayy®o (dom dm@ol g@mdsbgmls
sdmbggyao) ob msbsdiggmo(dom dm@ols ds@mmdyemo). ™o Ly, L, {Ogol
YOM0gOMYSbaog gds dgodangds 2obolsbmgdml ds@do bmaswo gobGmengdgdom:

L1: a1X+b1y+C1:O QJO Lz: a2X+b2y+C2:O

3530bLgbmm o3 FAxg9d0L beo@dsgnyy®o g9JBm@gdos dglodsdolow
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n=(as,b;) ©@> ny=(az.b,), sdo@Hmd

b

ap bz,
boamn (x990 go@mdsbgml gdmbgggs bodbogl:

a b c

2 b, C2

dogomomo. [®mxgg60 X+2y+5=0 s 2X+4y-5=0 3o@om gang@os, dog@od o®
9donbggge:

12 =2/4 # 5/(=5).

m®o §Ogol 39039beoggmostmds 3o 60dbogl domo bom@dsgrydo ggd@mdgools
doOmMdygenmdsls:

L1 J‘Lz <=> a1a2+b1b220.

dogsmomo. {09980 X+2y-3=0 s 2X-y+7=0ds@0mdgeos: 1 -2+ 2 - (—1)=0.

09 (6899000 go6@mangdgdo dmzgdgmos ggmby@o 3mgxnoEogbdgdom y=k,x+b,,
y=k2X+b2, 35306
239900 3s@omgmy@os & kg = k,

7959980 ds@mmdgmos & kik,= -1

az
b, ’

(9L oJowsb Aodmwols G k= fbl—i, k,=

390bg o6 Faggl dm@ol.

Ly wo Ly (0959900 300533900LsL @@ dnbsbmg®g g9mbgl Jdbosb. dsm dem@ols
993009b0 2sdmomgm gds BmEOIY@om:
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[nqnz| |ay az+bqby)

nqln )
Inqlnz| Ja12+b12\/a22+b22

cosp =

o 359m30949bgm N1, My bey@doggdols Lgsemo@dygeno bod@ogenol, s ggJdm®ols
Loa®@dols gm@dges (pogoblgbmm).

390byd0 309803096@gd0m bodgoamgdom ki =tge,, k; = tge,, opogg ggmby
3odm0mge gds @Y om:

ki—k
t0@=tg (@1~ 92)=, 1

dsbdogmo [g@@omopsb (oggdeg.
doigdgeo My (9oO@omosb dsbdognols aodmbomgegasw L (Og9dmg (o0l
bo@dogyy@o Loboli gobGmengdss dmbg@bgdgeo. aogoblgbmm gl aob@magds:
xcos@ + ysing —p =0, @)

Losz N=(Cosp, Sing) ghmgyemgsbo bo®dsgg@o Goponl ggJ@m@os , @-ggmbgs N
39J®mALs s s8G0bms @gMmdl OX-Bm@ol, p 3s6dognos Lomsgowsb L §oggdwmg.

dsbdogno M(x,y) (9@ Gomopsb (1) as6@megdon dm3zgdgm Faxggdmg
3odmomgmgds  Bm@Igmon

d =|xcosep + ysing —p|. (2)
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©5dH3osgds. p+d s@ol W(x,y) 39H™@0lL gg3doao H(cos@, sing) bo@dogols
dodo®Mmnyga gdobg. agadoaols aoblobmg®mgdomn (pogobligbmm) gl 0039 Go@

bgogo®@yeno bod@sgano OM. n, Nk

p+d=m - M =xcos@ + ysing, o 5Jgob yog0396m d-L.

bl godgomn a3od3l 04039 sdm@Eabs dopa®ed [Oxg dmzgdgeos bmpswo Laboo:
d56dogmo M(x,y) Fgodomowsb ax + by +c =0 §a9g99rg a53momgangds
R0AIYE 00

=|ax+by+c| (3)

Jaz+p2

ax+by+c

059 30gds.  aodmbobyemagds Y
a
35bRAM@gdsls dooygobls bo@dogy@® Lobgbyg. do@manss

obyy, Va? + b%-vg aogmgs FOxol bemyow

ax+by+c__ a b c

T T + y\/az+b2+\/a2+b2' Sbans X 0o Y 3gs0o0gdols 30m980(3096@ 900l
xodo go@ols 1-, by g35J3L bo@ds@yy@o Loboli gobGmangds s gobopgdbanmm
(2) BmEIYeom.
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3. LoddBYyg ©d POxg Logmigdo

Lod®EBY9

3obgobogrmm 3oMggaro Mool gobGmagds Lodo gibmdom
Ax+By+Cz+D =0, lLowsg A*+B*+C*#0 (1)
o6y AB,C 3m9803096@d9d00s6  gOmo 3o0b3 s@Sbyamgsbos.

0gmdgds. bgdboldogHho Lodddyg LogMmzgdo ds@migmbs jmmeEobsGms Lol gdsdo
dmo3gds (1) aob@memgdom ©s 3oMoJom, bgdoldog@mo slgmo asb@mengds
3500 gmbs gom@AEobs@dms LobEgdsTdo spfghl Lod®Eygl.

53§ 303g0s.  JoOmmoi gmdgom T LoddFyg Jmzgdymos msgolbo My §gd@ogom
> N 5Mobyemgsbo bm@dsgny@o ggd@m@om. dodob Logdmzg Led bosfogsw

3o04mxs: 9Omo bofogo LoddEyol §gaGoagdos, wsbs@hgbo m@o bsfogro 3o
Lod®Eyol bbgoswslbgs dbosdgl dwgdodg F9oBommgdolaob dgoagds. ol oy 53 Lsdo
bofomosb Lo 3gds®@gmdls Logdmizol bgdoldogdo M {gd@omo asbolsbwg@gds
bgogoo®@yeno bod®oganols HW bodbom. 3g@dme:

0y M §go@oao m LoddFygbg Iwgds@gmols dsdob N MoM=0 Goasb gymbg N s
MoM 39J®™®9dL dodols dodmos. my gb M Fg@@oeo m Lodd@ygbyg o®

dgbdo@gmdl d5dob gl gymbyg dobgogos s NMoM>0, 56 dgospgos s NMyM<0. 3
Lgogo@gemo boddogenols bodsbo Lod®Eygol ghm dbodgl dpgdody
Va0 @oagdomgol gombso@os.

530b0dbmn JmmA©obs@gdo: My = (xo,¥0,20), M = (x,¥,2), n=(4,B,C). 35T0b
MoM=(x — X0,Y — Y0, Z — Zy) 0> 09 M {gd@ogo 1 LoddRygbg dwgds@gmol agsdsl:

A(x —x0) + By —yo) + C(z — 2,) = 0,
o6y g@hboangdols aoblibom ygod3L:

Ax+By+Cz+ D =0, bowsy D =—Axg + Byy — Cz.
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> AB,C 3098030963 gd0056 ghmo 3506 s@sbymmgsbos, Gopash n = (4,B,C)
39JBMG0 s@byamgsbos. 5dom WsIHZoELS Mmgm@gdols doMggao bofoao, g.0. ™3
bod®@ygg @0l (1) gobBmengdols agmdg@®oygeo boby.

0 g gdol dgm@g bofomol slsdd oEgdmaw sgo®homm ®oibggdo x = xg, ¥ = Yo,

Z = Zg, Omdggdoz sgdogmgzomgdgb (1) gob@magdsl. (slgmo @oibggdo s@OLgomdl,
dogy. g A# 0, Ggagodeos sgowemm yo =0, zo =0, xp=— %). >3 Mozbggdls

dgglodoadgds FgOGoemo My = (X9, Yo, Zp), ®mIgeroi 9390360l (1) aobGmengdols
3903dgddoyga Lobgl.  go]sl

Axy + By, +Czy+ D =0, (2)
3odmgogemo (1)-b (2), dogowgdm
A(x —x0) + B(y = y0) + C(z — 2) = 0. 3)
(3) oEmds s@ols mOnMymbyammmdol j@odghoydo 39]@mdgdolmgols n =(A,B,C)
> W = (x = %0, ¥y = Y0, Z — Zp), bowsi Tgodomo M= (x,¥,2). gb 3®0dg®0gdo

LAY egds 03 Lod®OFyol §gaRoggdbolbmgol Gmdgaoig ool My (9O @oambg oo
n =(A,B,C) 39J®™®@0l do@mmdymos (s o0 Leygmegds Lbogdiol Lbgs

Voo Boagdologol.) g.0. (1) s@ol s@bodbygao Lod®Eyol gobGmagds. m

396bs bwgmgds. (1) gob@mangdsl Ax + By +Cz+ D =0 gfmpgds Loddmdyol
bmyopo gob@mengds.  3mgxn03096@gdl AB,C 53t  agmdg@@ogmo sb@o:
39dBm®o0 n=(A,B,C) LoddFyol s@nmdgmos, sdo@md dob gfmegds Lod®dEyol
bo® oo ggJ@mao.

Lod®Ggol UL3gEoseag@o bsbol gob@mengdgdo.
9lg60o:
bodGEAY0l g3dOmGHmo s JoGdYBBHmo 3oEBMmBIB0;
158 Bemzgdam FaBBomby 3035300 bodGEY0l 3bEMmIds;

Lboddygol gobGmergds dmbs3ggmgddo;
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LodMEYol bm@MBogry@do obGmengds;

1. godgom 15 0o 7 My o M §g@@oegdols Gooyl ggd@m@gdos.  d5dob

MoM=r — 1, ©> 300mds MM LoddFYyg ool My gaBombg s n
39JBM@0lL Jo@mmdyaos dgagodeos hogfghmm bgomsdygao bsddsgamols
3odmyggbgdom (oby nws T =1y 39JBMmA ool Lgogodygao bod@sgao
bygrols Bmanos)

n(r —ry) =0, (C)]

(4) 2ob@magdsls g¥mwgds Lod@Gyol 3gd@mdgmo gobGmangds.

goJLbodgdge LoddRygbg (LogMgdo) sgo@bomm M@0 sOSbyemgsbo s
>M530bgo@ Yo g9]Bm@o, 5by dobolio ey, e;. (3og0blgbmm dsbolo).

ob9 5@Lgdmdl Moibggdo ti,t; GmI

e —

MgM=t e, + t,eq,
N
r—1r9= tieq + tye;. (5)

(5) 256@m@gosl gfmegds Lod®dEygol 3565dg@Hgmo asb@mangds, 3565dg@Mgdom
ti,t, €R.

dm3gdge L3 Fgddomby My = (X1,¥1,21), Mz = (X2,¥2,22), M3 = (x3,¥3,23),
3035350 LodMEygol 2ob@memgdss
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X—X1 Y—=Y1 Z—2
X2 —=X1 Y2—Y1 Z2— 73 =0. (6)
X3—X1 Y3—)Y1 Z3— 173

0533 303905, 9bws gohggbmm MM 3 Inzgdya bod (gaGom by godogoe
LodMmBYgby Ipgdotg M=(X,y,z) (g Bogdols Lod@sgayg dmoigds (6) aob@mengdom.

(6) 60dbogl @mI Lodo ggd@m@ol Fgdgyeo bod@sgao byanos:

390dme 53 Lodo ggJdm®ol 3mm@obs@gdos ©gHg®dobsb@Gols LE®oJmbgdo, 5bv:

MM = (X — X1,y —Y1,Z — Z1);
MM, = (x2 — X1,Y2 — Y1,22 — Z1) o
MiM; = (x3 — X1,Y3 — ¥1,23 — Z1)

39JB™@gbos gdgyero bod@sgano byanoo,

gL go o®ol o3 bodo g9d@m@ol 3md3gsbs@mdols (sbyy gHo Lod®Eygbyg
dgbdo@gmdol) 3MoGg®oydo. sby gl @0l 3@oGg®oydo M, My, My, M3, §g9dGoagdols
900 Lod®BHYgbg ymeabol. @..p.

‘d93603bmm @mI 0y (6)-L aogdmom 3oMggeo LE®oJmbol Jobgogom 394690

Y2—M1 Zz—Z1|(x_x)_ X2 — X1 Zz—Z1|( —yp) +
Ys—V1 Z3— 23 1 X3—x; z3—z4[\Y N1

X2 —X1 Y2—M1 _
* |x3—x1 ys—}’1|(z_zl) =0 .

> gOhboangdol goblbol 3gMg dogowgdm LodMEYoL bmase gobGmegdsl.

‘d9360dbmm @mI (7)-do dmbsfoeng dgm@g @opaol gdgMdobsbRgdo s®osb

MM, = (X3 — X1,Y2 — V1,22 — Z1) ©> M{M3 = (X3 — X1,¥3 — ¥1,Z3 — Z1) 39JB®00 950l

39JBMOY@0 bodBsge@ol jom@Eobsdgdo.  Moasb gl ggJdmdgero bsd@sgeno
0039 39JBMO0L ©s 5doEm3 Fombyg aodogogo Lod®EYol Jo@mmdyaos, sdodma

ol Lod®EYol beo@dogno g9]Bm@os.
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Lod@gol 2ob@mengds 3mbsiggmgddo

39J350 L0odAEYg Logmm@Eobdm mgmdgdby hsdmg@ol dmbsyggmgdl a,b,c, 35Tob
dobo ob@megdos

—+24=] 8).

©593 30905, gb Lod®dEyy yowols Tg@doamgdby A = (a,0,0); B =(0,b,0); C =
(0,0,¢).

3odmgoygbemm (6):
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oby  bc(x —a) + acx + abz = 0.

2534mm abc-bg s aogodom@Gogmm, dogowgom (8)-b.

gy Logdeg do.
FOg9 Logdigdo dgodangds Fo@dmgoyobmm @mam@ai m@o Lod®d@ygol msbszggms.
30 J3om m@0 Lodddyy
my: Aixx +B1y+Ciz+D; =0, @ 1y Ayx+ By +Cz+ D, =0
3o@o@gang@o 5Mo5, 35dob domo mobogggmes o@ol (ogg. Fgodowmo M(x,y,z)
dggL o3 {®39bg 35T0b s Jbmame 35Tob, g oo dggl m®ogg Lod®EYgby, b9
>Gol

{A1x+B1y+Clz+D1:O 1
A2x+Bzy+sz+D2=0 ()

LoliBgdol 5dmbsblbo.

(Db gfmEgds Faxgol bmgswo gobGmagds Logh3gdo.

Fogol bL3ggosmgdo Lbosbol gob@mengdgdo.

9Lgbos:
L Fogol 35653330 gm0 a5b6Gmamgds;
2. Fogol 35bmbogy@o aobGmagds;
3. 06 3m3gdge F9hdomby aodsgsmo Fagol gob@mangds;

x—x9=1t
FOgol 35653g8O e 25bGmagdsl 5Jgl Lobg: (¥ — Yo = mt 2).
zZ—2zy=nt

9L 3ob@m@gds 2oblobwgdogl [Oxgl dmdgaoi ool My(xg.,Ye Zo) T9OEoa by
o 3oGomgma@os S(I,m,n) ggJdm@ol.
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Vaodomo M(XY) gg9mgbol o3 (o9l 603bogl Gmd MM 3s@segang@os
S(I,m,n) 39d@m@ol, by Gmd MM =ts. o9 o9 dmmem FGoaemdsl hogfgdm
3OMAOE0bsAJ6do Jogomgdbm 3o@sdgBOym aob@magdsl.

X=X0 _Y~Yo_Z—Z9
l m n

FOxgol 3obmbogndo asb@mengdsl 5Jgl Loby: 3).

9L 3ob@magds 2oblobwg@sgl olgg FORgl dmIganoi aowols My(x,Yo, Zo)
Vgodombyg o 3s@omgma@os S(1L,m,n) ggJdm@ol. 3 gobGmmgdol Jolswgdow
‘dg360dbmm @I W=(X-x0,y-y0,z — Zp) 3oGomgaa@os S(I,m,n) ggddemcdol, oby 53
39JB™M@gdol 3mmOE0bs@gdo 3GM3M@0E0s.

06 dmEgdgee M1(X1,Y1,21) , Ma(x2,y2,22) F90Boabg asdsgse Fegol
3ob@M@gdsl 5Jgb Lobg:

X—Xq1 _Y—y1_2Z—77
X2—=X1 Y2—Y1 Z2—73

).

o0 gob@mengdol dJolbowgdow dg3b0dbmm @md MiM=(x — X1,y — ¥1,Z — Z1)
oMo gaag@os M{My=(x; — X1,¥2 — V1,22 — Z1) 39J®®™G0b, b9 dgbsdsdolo
3MMOE0bsR o0 3OM3MA @O,

FOgol 3obmbogn@o as5b@megdomsb 356M53gGH e a5bGmmgdsbyg gowsbigms (oby
(3)-ob (2)-bg) o6 3o@oJom segogmos. gl brgds 35@5dgHMol Fgdmemgdomn b6
3odoJon godm@obgoom.

dogoaomo  3ndzgom (Oxg InEgdymos 3o@dgB @ aob@magbom

x=2+t
y =3t ()
z=-1+4+72t
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3°6mb039@0 2obBmengdols dJobowgdo aodmg@oibmm t 3oMsdg@@o, 5byy sdmgblibsm t

bodogg He@mbopsb: t=x—2; t = 2o . t= Z;—l > doMxggbs Ibodggdo

3 )

3989GMeEm”, 303009600 36Mb03YH 2ob@Gmengdsls:

xX=2 _y _z+1
1 3 2 ©)-

gbans 3oGoJom m9 a35J3Lb (E)), d5'dob d9dmgomgdm 3oM0dgB®L, by
X=2 _y _z+1

3989OMegbdbo o3 g4zgmoxzg®l t-U: T = g = T =t ©> >dmgblboom X,y s Z-U.

dogowgdm (s)-L.

FOgol 3obmbognmo as5b@megdomsb bmyow obGmmgdsby gowsbgms (sby (oby
(3)-o6 (1)-bg) brgds sSby:

(3) @0l M@0 Gewmds.  osEsgfgdmm gl memdgdo Lol@gdol Loboom

X—Xo — y_yo

[ m £ {mx —ly+ (lyg —mxy) =0
x_le = ﬂ ° 7_] nx —lz + (lZo - nxO) =0
n

G53 Mol 3g@Mdm Ygdmbgggs TR0 bmgswo gsb@mangdol.

FOgol  bmgoo aob@megdoesb 3obmbogy@o 3obGmamgdsby gowsbgms (oby (1)-
©ob (3)-bg) bpgds sSby:

{A1x+B1y+ C1Z+D1 =0 (1)
A2x+Bzy+sz+D2 =0

Lob@gds dgoagds M ©s My LoddRYggdol Aob@Gmengdgdolipsb:
my: Aixx +Biy+Ciz+D; =0, oo 1y Ayx+ By +Cz+ D, =0.
T Lod®EYol bo@dsgry@o ggj@mdos ny = (A, By, (1)
Ty Lod@Bgol boddsgy®o gg@mdos n, = (4, By, 7).

53 39J™O 950l ggdBm@geo baddogero ny X n, dgodangds aobgobogmm Gmama;
(D-00 Imigdgmo (Hgol J0dds@mggeo ggddpmeo S(L,m,n) . ds@mass Ny X n,
39JBMG0 doOmmdyeos Ny s Ny §gdB™Mgdol (39JBMO Yo bsddsgenols
3obLob@gMgdom) 9.0 Io@o@gany@os T s T LodMEYggdol o doTdobowsdg domo

0ob5339m0m dowgdgao FORolL.  35bmbogycdo gobBmagdol @olbsfgmoe gg0bws
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30093 53 (0x9bg dpgoedg ghmo @Gmdganodyg (gaGomol jom@eobs@gdo, Gobisg
3803900 (1)-bobEgdosb, dogsmomsw holdom z = 0.

x—y+z—2=0
dogoaomo. (OG0l bmaso dob@magdss { X+y—z=0

ij ok
1 -11
1 1 1
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Sm(x1,x2) = (—x1 + 2p(Px14 qx2), —x2 + 2q(Px14 qX2)). 10)

domans(3

S(X) = S(x1,x5) = 2P (x4, %3) — (X1, %2) = 2(Px14 qx2)p — %1, 2(Px14 qX2)q — Xx3). O

09 Lodgd®ool Fghdo 56 gowol Lsmoggbg d5Tob sbig dmgoigo:
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09 Smw 5@0b LodgGHos 0d wg@dol dods@o @mdols gAmgyrmmgsbo dagbsago
39J®™@0s m s LodgdMool @gddo ool TgHEombgy GmIamol Gowoyl
39J®™@0s w, 35T0b hggbo Lodgd®Mos >@ob Lodo godesgdbol 3mddmboczos:

Smw = Trans,,°S,,°Trans_,, (11)

569 %90 LEgmegds Trans_, (3s@osmgmaBho gos@obon w Gowoygl ggjdmeol
Ygbodsdobo Fg@@ogo aopspol Lomosggdo), dghg LEmegds S, (LodgdMos 9439
Lbomoggdg godsgsgmo (Oxol dodsdm) s dmgrml Trans, (obgg 3s@oggeado

3o5@36s, Lomsogg aoswool w Gswoygl ggJ@mdol 3Jmby §gth@oe o).

sbgmo LodgB@oolmgols gm@Igeols asdmygebs dgodargds, dog®sd 3@s @G0 s©
xmd0s gl Lodo go®Esddbs yodmgmgogmm bmendy.

©gadgeo bodgd@osl 5Jgl gLslOgmme dgg300 gd@sgo FgdGomo, 39Gdme
dogao Lodgd®ool wg@do. gl oMEsJdbs MmM0gbGoioslt (3geobs.

dm3ogo Lodg@®os.
d3m3530 Lodgd@os G 5GOL MmGo go@EsJdbol jM33mboEos. jgMdme X g

bgds 3sMomgmu@o 2os5@bs M08y FOxol aslfgmog s Igag 53 FOgb
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39J®MO Yo GmA@dgms SLgmos: 09 3s@smgmy@o oEsBsbs bpgds v gg@meom
s> M(V) s@ob v-b ghomggermgsbo dgbsgo 3530b

G, = Smw)°Trans, (12)

d3m3og Lodgd@osl s@s 5Jgb gddsgo Fg@mGomgdo ©s ogo 3geol m@ogbdszost.

3°80blgbmm  mANMYMbymo JsG®ogdo.

3obLsbEg@Mgds. 33o0@Ms@ Y ool gfmegds m@OMMambymo (s o@s
0ONMbm®AIYeo) 0y dJobo bEGoJmbgdo (5b 1ggBgdo) s@0sb m@mnmbm@do®gdyeo
39JB™Ogdo(sby ghmgyermgsbo Logdol m@mMmymbymmo 39]@magdo).

doy,. (Z Z) 0O0Mymbyaos 60dbogls :

LEA®0Jmbgd0 MOMMbmGIodgdamo g9Jdmcdgdos: a® + b*=1, ¢* + d*=1, ab + cd = 0,

A5G 030395 O™ 1ggRgo0 MAMMbM®IoGgdamo g9ddmGgdos:  a? + c¢?=1, b? + d*=1,
ac + bd = 0.
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353453 gl F>FM0E0 3ASS MAMNMYMb 0.
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(cosa —sina) 6 (cosa sina)
sina cosa sina —cosa/’
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dgm®g 3o LoFobos(dogam m@ogbGsiEoom 33eob.
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©gado AoomEgl Jmdb@bgdol 3960 by. dodob R°S 3md3mboool Lodg@®ools
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390bgl.
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0533303905, 53 3m33mbozosl s@s ogb 9ddogo FgOFoegdo s obsbogl
0©096@>30sL. Fobs @gdizoom gl s@ols So@oggeny@o oyo@obs. gos@sbols
39JBMG0lL sloagbow sgowmm M {gd@omo S Lodgd@ool @g@mdowsb. 3bowos
@3 S" Lodgdmool wAML M [go@domo yowsseaomegds Lodgd®ool @g@dgdols
doOmmdyans mgmdgdl dm@ol gom@doggdygao  dsbdogrom. @.©.y.
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aemoglbo
856b5 dmg@gds.  wogonoJbo@mm bodmdygby mdo [adbdoeo Fy o Fp. goggsm
od Fa@Boangdl dmbolb Jsbdoaro s@ol 2c. Lod@dyol 0d [addoems bodbsgargl
@dgammogob Fy s Fy, [addogrgdsdoy dsbdoangdol sodo duywdogo bowowgs

(godq00 g9b bopowys 2a) gfmwgds garogbo.

geogglbol gl 2oblobwg@gds Lodygoggdsls odanggs ggmdgB Moo sgogmm ob.

Jo®dmgoaobmm @md F; oo F, 403503 9d00 ©sdoa@gdygamos @oxgoby. F; oo F,

F
F
‘dgg0mgdymos 2a Loy@dols dosgoom. i
Fz Fl

ogk03mm gl dogo gsbJ@ols F3gdom o gobJo®o godmd@smm olg @mI doggo
ok0dyen damdodgmdsdo 0gml. 35Tob ¢sbl®ol Fg900m hggb ©ogbs@ogm
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goglol gangdgb@dgdos:

qmggbgdo.  Bmyzglgdl dm@ols dsbdogros  2c.

@

(396 %o.

O

©gMdgdo. gl m@o mgAdo geoxlol LodgB®ool WgAdgdoiss.

oo bobggo®dmg®dos a, 3s@o@s 3o b.
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mobo §ggm - gmoxglol ©g@dgdmsb aowsgzggmnol §go@Eom gdo.
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geoglbols 3obmbogy@o aob@Gmengds
30bo@9da@mm geroxglol asoblsbmg®gdom s godmgoygebemm dolbo aob@emangds.

3OMOEobsAms LolRgds Lomsgg wogsdmbgomm garogliols 396@®L, bomanm
3MOOobsAms wgMdgdo gamoglols @g@dgdl. 35Tdob gmgzylgdol
3MMAE0bsAg600]6gds Fy(—c,0) s Fi(c,0).

ogo@mo geogalol bgdolidog@o (gd@omo M(x,y).

(xy¥)

(-c,0) (0,0 (c,0)

9ge00gxlol 2oblowgmgdol mobsbdow

di +d; =2a Lowog di = [MFi|=/(x +¢)? + y? o d, = [MF,|=\/(x —c)? + y?

J-0.

JE—0)2+y2 + J(x+c)2+y? = 2a. (1)

()30 dodxggbs 59Lgo ogo3035bmm Gmamdol dodxggbs dbodgl s dowgdyeo
3odmlbobyangds 5304356mm 33o0@ @ do, dogowgdm

(x—c)?+y?=4a’—4a . /(x+c)2+y%2 + (x+)* +y?
358535MGH0gmm

Jx+0)?%+y? = a+ex, @)
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ooz & =£ s gfmegds gamoglols gdlzgb@®obodgdo.

d99©gy, (2) 0lgg ©304356m0 3350@5E 0 S o35d5MFGH0GMIM.
(x+ ) +y? =a%+ 2asx + £2x?,

obey

z—z(az — c®)+y? = a? - 2.

aog9mm a% —c? -y ©s Ygdmgoemn swbodghs a? —c* =b* > 0.

Lbodmermme d0go0gdbm

—+i =1 3)

(3)>-b gfmgds gamoglol jobmbogn@o asbGmangds.

3039Mdme@s

356bs dwyg@gds.  wogoqofbodmmn bod@msyyby m@o Famdogro F s F'. gogdaom o8
[9@B0argdlb dmdmol dsbdoaro s@ob 2c. Lod@mdyol od [a@doams
bodmogaybimdgammsgsb F s F' [9@Goargdsdoy dsbdogngdols bbgsmds Jxwdogo
bowowgs(gogasm gb bowowgs 2a) gfmwgds do3g@dmas. F s F' [ 0angdlb
gFoegds gmyalbgdo.

gbodgbs. o oageolibdgds @M Yoyl dsbdognls sjamwgds gdiodglo.
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303gMdmeols 3obmbogymo aobGmengds godmoygsbgds gemoglols
Sbogrmaoyg®a ©s ozl Loby

=L =1, (4)

membo S ¢* —a*=b*>0.

390dmE:  25bLobwgmgdosb asdmeol @MmI 03gMmdmesl sl Lodg@®mool m@o
©g@do: gOmo aools F, F' a3m3glgdbg(bsdpgoemo wg@do), dgmeg go FF'
dmbosgggmols d9039M39bwogygmomos(fomdmbobgomo ©g®do). sgo@homm
30OobsAms LobGgds obg GMI X @g@do ©s9d@bggl dodogoem @g@bL, 3o
Jo®dmbobgoml.  bob(l).

doe€ob gm3gligdol gmm@Eobs@ggdos F(C0) ws F'(C0). sgo@mm Jo3g@dmaols
bgooldog@o (g@@ogo D(x,y). aobLobwg@goom a35J3l

\/(x—c)2+y2 -\/(x+c)2+y2 =+2a.

3obo3oM@G03goeo© Ao©o3030bmm doMxggbs Bgligo 2obGmergbols doMxggbs Ibomgls
©5 335057 do vg3094gobem.

(x — ©)*+y?=(x + ¢)?+y? + 4a/ (x + ¢)? + y2+4a?.
358535MG03gd0m dogomgdm
-ex —a= */(x+c)?+y?

obey

Jax+)2+y*=lex+al, Lopog €= g
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d9gm®go 5309435600 3go®s@do s dgdmgommm sw@g0dgbs b? = ¢? — a?, dogowgdm

Yoo _
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35M53mEDyS

336b5 bmg@gds. ogox0Jbodmn Lod®Eygby (o9 d s dob godgmn Jpgdsmy
FgoBomo F. d {Oxgowsh s F {gO@0@osb msbsd@oe ©sdm@gdyge Lodd@yol
Va0 domms Loddogegl gfmogds 3s@sdmeans.

kD

F X

¥

bob. ()

F (g6@omlb 9fmegds 3o@sdmeols gmggbo, d g9l 3o 3o@sdmanols
©0Mgd@®obs.  gmdgom dsbdogro gmyylowsb oMgl@®obsdwg s@ols p.

d5d0b gmyzybol 3mm®Eobs@gdos F(p/Z,O), bo@m ©odgJB®olol aob@magds
0Jbgds x = _P/Z .

o569 2oblobwg@gdom 39169

Ja=Plr+ye = 24Py |
5309435600 33o0®s@do o dggog@mmm dbyoglo §g30gd0, dogowgdm
3oM5dmeols 3obmbogyn® gob@magdsls

y? = 2px.

9Omo bobgg®ow Lobydodm gombgs: s@ol o503y 39373000 “3o@dm@sl” s
“300odgbBl” dm@oli? myg®dg s@ob.

9L Igmeg Gogol Fodgdo ganogglo, d039@dm@s s JoMadmens sagdsbody
doggmbganols dosmgds@ogol dobfogegdgends Lobgans Menaechmug375-325 Loy g469
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JOobRgdeg), s@dmshobs GmymOE 3mbylol ©s Lod®Agol msbsgggmgdo. dolo Bg@dobos
“35@06m@s” @53 dgMdbymoe “3o@Mom g y@s© oagdwl” bodbogl. wOMMS

2

3obdogemdsdo gomoby®@do dgdmgos @g@mdobgdo “3o3g@dmmu@o @sds®ogo 7,
5350530 OMIganoi BodBgol dm@l godyzgos’, “gamoglydo @sds@sgzo” oby
“9e003bol”- BoJBgol m@S hodm@mbgds, bogrm “Yo@odao” 30 bylFow 094gbgodl
3oJHgol. obyg Gmd dgger Gmddo “parabolare”bogBmnme @sds®ogl bodbsgws, b
BObygmds gbsd dmpgis parley parlanceparlor, parliament, parole..

geoglol, 303g@dm@sl s 3o@msdmesl dbgdgdo s m3Gogyco
ngolbgdgdo.

3030bLgbmm geoxlo ggmdg@Mogmse aobolobmgMgds Mmam® i FgOGomms Loddsgeny,

Omdgaomegsb Lod@Fgol m@ Jmzgdge F; ©s F, (goO@omsdwg dsbdoangdol xodo dyodogo

2a bowogys.

53 goblabeg@mgdom hggb odmgoygebgom garoglbol 3obmbogy@o aobGmagos:

xZ 2
X4y 1,

a? b2

a>0,b>0.

&
SIXD JOouNd

major axis

356mbogado 60dbsgl GmI garoxglol Fg@Eomgdo ozdogmgomgdgb 53 2obGma gdsls

356mbogy@ dsdmgygmbs jmm@dobs@ms Loli@gdsdo, by Gme:

30MAOE0bSAMS Lomsgg |F1F2| 3mbsiggmol 39sFgadomos (gamoglol 396@®0)

> Logmm@Eobs@m @mghdgdo Imo3eggbh geoglol @g@mdgdl (2a— powo @g®do, 2b

-35@0M> @g@do.)
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o 3m@0bmbFsmydo wg@ddos 2a, ggo@ogomydo mg@do 2b,
9Vmwgds P {goGoemols gemggbyg®o dspoygligdo.

356mbog @ gomdobs@ms LolEgds Mm®0gb@o3osdweg LobylGom Logiobow

|PF,| QO |PF,|

3obolobrg@mgds gamoglom. gl 6odbogl G™I ganogliol mdogdHgdo, GMI@gdbo 5O >5@0sb

©5dM 30 d o bsimm®obs@m LobEgdol m®ogb@siEosby (sby o@ oEgergdoshb
3OMO0bs@gdols bodbols Jgigerolol) Loenlbsbow 0dbgdosh s og3do@gdyamo genoglosb.

9L mdogd@gdos:

®oisbgo a, oo bsobggs®mg®do,
@obgo b, 35@ocs babggodmmgddo,
@o@bgo ¢, ®Mdgmbsi gfmwgds FOgog0 9Jbigbd®obodgdo,
@oibgo 2¢, OGmMIganloi gimwgds Bmyzglydo dsbdogno,
c
®oisbgo e == @mdgbsoi gfmegos (Goigbgomo) gJbigb@®obodgdo,

2
@oibgo p =% , ©mIgloi gfmegds gmgogy@o 3s@msdg@®o,

Fad@oao (0,0) —966 60,
Faodomgdo (+a,0) —Fg96mgd0,
Vgo@oegdo (£c,0) —gmzgLgdo,

Pom9090 x = 2 —oGadHGobgdo.

h3gb ©opgkodegds Bmzglydo Msoylgool Go@Iyegdo:
geoglols M(x,y) Fgo@domols gmgqlydo Gowoylgdo sgwbodbmm

rn= |F1,M| QO rn = |F2,M|—00r).
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2\ 2
n?=x-c?+y*=@x-c)?+b? <1—;> =;x2 — 2xc + a* = e?x? — 2xea + a® = (a — ex)?
Goyob [x| < a, |ex]| < a, s30@m3
r =a—ex (a)
Sbo@myoy@oE
r,=a+ex (b)

geoogglols dbgdo.

‘d9360dbmn @M Gemyma gl 3obmbogy®o yob@magbowsb hobl gaoglo (Gmama 3 bgws
©> Jgges bobgge®o) s@ol m@o gubdiEool a®sxgozol gogdmosbgds:

y=b 1—2—2 GmEs —a<x<a, y>0, (1

2

o

x2

y=-b |1— omgs —a<x<a, y<0. 2).

a2

35903094356m0 Ibgdols gobBmengds (1) dgdmbgggobmgols, ws dggodmfdmm (hggb mgommb)
®md (2) g9bJaoobmgol 0gogg 0dbgds GmEs ¥ <0 . dmgs ¥y =0 geoglol dbgéo (—a,0)
Vgo@oedo s@ol x = —a {ogg , boge (a,0) Fgo@owmdo x =a [&gg.

OMAMA (3 Sbsaobol 3@ Lowsb gogom M(x,,Y,) [9oHogdo (1) g9bdiool a®sgogzols
dbgool aob@memgdos:

Y= Yo =¥ (x5)(x — x0).
/ 2 2xb xb xb b x b?
(4)0 06 "= b 1—x— = — = —_—_— = —— - = ———
oY < aZ) 2a2 /1—2—2 a? /1—2—2 a* 'y ya?
sdo@md g35J3L

X0 bz

Y= Yo=—=2—= (x—xp), oby (¥ — ¥,)(oa?) = —xob? (x — xp),

Yo a?
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gogglbol m3@ogy@o mgolgds :
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533303900l sbogmoby@o gbs sligmos:
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d5d0b dsbdogro dod3bgbs F, (—¢,0) gmigygbowsb dbgdsdwyg s@ols

1 |xoc |PF|
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od dogrm m@o Amemdols dgos®gdom dogowgdm @..9.
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3530blgbmm M3 303g@dmesls 35bmbogy®o yobBmengdos:
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a-b gfmegds bodwgoo bsbggommgddo,

b-l- Fo@dmlobgomo bobggs®mg®do,

@oibgl ¢ =VaZ +b% gfowpgds Fogog0 9Jb396HG0LoBIHO,

2c-mgogg®o dsbdogno,

b2
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a
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Aspo0ybgodo,

VOg990L x = i% 9g¥m@gds wodgBmolgdo.

bybGow obgmogg by gemdom, MmO GE geoilbol dgdmbgggsdo B oEwgds G™A

303g0dmansl 3bgdls dol My = (x0,¥0) T9g0G0eBo 53l gobGmeangds:

XX _ YYo _
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©> MM 303gMdmemsl 5zl Mm3Goggdo mgoligds:
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3°80blgbmm 3oM3dmesl Jobmbogn® gobGmangds
y? = 2px, bosis p >0,

9:0. 5ALgdMIL JMMBOobsGMS 3obmbogy®o LolBgds Lowsi 3 gob@dmagdsl o3l swyogo.

3560mbogg® gmm@Eobs@ms LobEgdol sdzobms wg®do s@ol ds@odmasl Lodg@@ools
mgAdo(@oysb ¥ —ob bodbols Jgiageom aobGmagds @ 033mgds) sdo@md o3 mg@dl
3o@admsl @g@ddo gfmegds. aob@men gdosb boswos 3o@sdmens dggl x = 0
bobggo@lodbd@Bygdo. @g@ddol 03 dbodgl Lowsi 3o@admaens dggl gfmogds ogdomo
dodomyagds. m@OEobsGms mgAdo 3oMdmsl ©gMdol osMNMdYEos s 3oMobmesls
3390L Fga@oendo 0(0,0), @mIganlsi 3o@sdmamsls §ggdm gfmgds.  sd@ogyew
(060963530530 g LobylBom) 3o@sdmams Gogbobo© aoblsbmg®ogl jobmbogy®
3OMOEobsmms LolRgdsl. glgogo Gogbobow aobolsbmg®gds sa®gmgg dgdwgao
0609J@gd0:

@obgo p, OMIgelbsi B y@o 3o@sdgB®o gfmwgds,
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35G5dmansl dbgdls dol My = (x9,¥0) TgOGogBo 5L obGmangdes:

YYo = 2p(x + xo).
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Goaob Yo% = 2pxg, Abgoglo Tg30900L g9@mgdom dogomgdm G.o..
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dbgdl dmeol ggobg EDF @menos DEF jgyobols 53 dbgdls ©s sd3zolos mgddol
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9Lg0g0  35M33mmsl Bm aLbosh gsdmbymo Lobsoaols bbogo 3s@5dmmsby s@g3geolb
V93092 3ol o5p@Mdgangdl 35M3dm@sl wgMdol oMo g g@o dods@mymgdom. obogng
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6. dgmég @oaol Fodgdol
30505035300

hggb goEom dgm@dg Mool [o®gdol dogsgomgdo: ganoglbo, d03g@dmens ©s
30M50m@s.  oby domo gobmbogy@do aob@magdgdo Tomdmowagbgb dgm@g @ogols
SE 90O Y@ asbBAm@gdgdl.  d9bgd®ogos gogombmm sOLgdmdgb my o®s Lbgs
dgmdg @ogol Fodgdo.

3obg30bogrmm bmgssw Jgmdg Gogol s gd®gao aob@mangds:
a11x2 + za,lzxy + azzyz + Za13x + 2a23y + azz = 0. (1)

dgm@g @oao 60dboglh @mM3 a1, agz, Az JMIBO3E0I6bRAJO0ESE gBmo ds0b(3
>Mobgermgobos. o3 3098030960 goL YROMLo 3mgR0309b@gdo gfmwogds,
3098030963 9oL a3, azz — {OBog0 3mgx03096@Ggd0, bmem azz —msgolbygsao
Vg3do.

a  ar a1 Q12 Q13
3obgobogrmo Lopoggdo  agq + ay, |a a | ©> Az1 Ay Az,
21 Q22
a3y a3z 0dzz

Loog agodagb Lodgdoos  a;; = aj; , by yobgobogrmm

a1 Qg a1 aq2 Qg3
I, = ayq + az, I =la, a22| > I3=|A12 Q2 a3 2).
a3 a3z AQss

09Adg gb bowopggdo 5@056 (1) gobGmegdol 0bgs®osb@gdo jmmO©obsGms
LolBgdol go@mEsJdbols dods@o.

9L b0dbogl gdgal: (1) aobBmegds hogdogos @omoi doGmyynbs
3OMAOEobsAms Lol gdsdo. myg o3 LobEgdowsb gowsgsmm shog s imm@obs@m
LobBgdobyg, 35Tob (1) aob@magds Lobmgsme dgogmgds. dgoigergdosb
3098030960 9003 a;ij , doa®sd Lowowaggdo Iy, I, I3 0g@dg oyogg @hgds.



h3gb 53 BoJBL ©ofgMomgdom oG s35dBJ0(390m, Joa@od s ozgdol

d609gbganmgobo gMoadgbRgdo 35063 wopgkoMgds dgdwgy jombggdbg 3sbygbols
obogdow:

L.

OMaMO ©s35030bmm (1) yobGmengdom Inizgdya Fodl o3l my o@s
Lodg@®ools (396@®0?

09 5Jgb Omame godmgmo 396@®0L 3mm@Eobs@gdo?

396@®ol 3Jmbg Fomo s@ols my s@s gamorlo ob 303g@dmens? (3s@odmensls
LodgB@ools 396@M0 oMo 5]3b)

Jombgs L Omama ;3 ogwgodbgm (1) gob@mangds Fgdos @oms
bogmm@obs@m LolEgdsTdo. o3 LobEgdol Lomsogg ™I Jmigdygero Fodol
bodg@d®ools 396¢®0 oyml, x s ¥y 3geo©gdl bodbols dgigeom
3obHMEgds 5@ dgoigergdmes. gl d5Tdob bpgds, Am@Es (1) yobGmergdsdo
Fogog0 (936900 2a:3x ©s 2a3y byaol Goaos.

dog®od Lobmgopme sbig s@oo.

(D 296@mangdsl ofgl Lodgd®ool 396@®0 (Xg,¥0) 035 bodbogl, @™ my
bogmm@obs@m LolEgdsl Lowsi (1) aob@mangds (g@os 3o@oggmay@ow
2505808560  sbog Lsgmm@eobs@m 0'x'y" Lol@gdsdo, oby Gmd (0,0)
T90B0mo aoeogowgls (X0, ¥0) TgoHoeTo 35906 x' o ¥ 3geowgdols
60dbol gigeom shogno asbBmangds (x',y" 3g3eowgddo hofg@oao)

a1 X2 +2a 12Xy + @ 5y + 20 135" +2a' 53y +a'33=0 ()

o0 dgoigmgds. gbowos gl d5dob Jmbgds, @M@

Za,13x’ =0 Qo Za'23y' =0.

gbobmo @sl  60odbogl gl (1) gobBmagdols g@dobgddo.

359 Oxy dggemo Logmm@obs@m Lol@gdss, 0'x'y" sbogro bisjmmgoobs@m

Lolidgds, MmIgeroi doowgds (Xg,Yo) 39JBM@0lL Lsdgomgdom Js@sa gany@o
3505@0bom. dggero s sbogro LoliGgds sbgm jog'doddos:

{x=x’+x0
y=y"+

hoglgom x o y-ol dbodgbgeomdgdo (1) gobBmeangdsdo, 839690

a1 (x' 4+ x0)% + 2a12(x" + x0) (¥’ + ¥o) + az2 (¥ + ¥0)* + 2a43(x’ + xp) +
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+2a3(y" + yo) + azz = 0.

358535MG0gmm s dogoygobemm (1) Lobgdwyg, dogowgdm dgdpgy Rm@Iyga gdls:

0gm@gds 1. bLoddHEYol 3sBomgmy@o oEs@sbolal (xXg, ¥o) ggddmeom, (1)
356@MEgds agoeol (1) 3ob@mengdsdo, Lowss

(1)

T

{a 13 = @11X9 T A12Yo t+ A13
T

a3 = Q12X + Az2Yp + A3

335Lmob ggOmbo 3mgx030gbdgdo Ay, Aqz, Azz  >A Ygoigewgds, 569
a'11=aq1, @12 = A3, '3 = Ay,

boae a'33-0l Jobospgdow (1) aobdmmgds@o (x,¥) —ob spaombyg 9bws hoglgsm
(X0,¥0)5 g0.

/] _ 2 2
Q33 = A11X0° + 2a12X0Yp + A22Y0" + 2a43X¢ + 2a33Y¢ + as;.

OamOG gndgom  a'iz ©s a'hz 3098030gbRgdol bygmmmds 60bsgl, MM 353l
LodgA®ool 396@®0 gemOEobs@gdomn (Xg, Yo)-

90 bodmenmme ag53l:

0ngmegds 2.
a11x% + 2a4,Xy + Ay 9% + 2a43%x + 2a,3y + azz = 0. (D

356@m@mgdom Inzgdge Fodl goshbos Lodgg®ool (396@@0 gmm@©0bs@gdom
(x0,¥0), 85306 o> Ibogme 35Tob AmEs Xo, Yo (gEsgdol dodsdmn FOgog
356@meEgdsms Lol gdol

{011750 + a;yo+a;z =0
A12X9 + Az2Y0 + a3 =0
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90 9g30bs6F0

,

a1 Qg |
a2 Qaz;

©s> 5d0dm3d Lodgd®Mool 3g6@Mol jmm@Eobs@gdo (xg,¥o) 3 LolGgdol
9O MM S3mbsblibos.

>OLgdmdl (1) aobGmergdols godo®@Goggdols Lbgs abs, OmIgelsi LESbLsSOE @O
30350 B03gos 3Jg0s. 3g@dme Jmm@obs@ms LolBgdol godigggeo jgmbom
dmdOybgdom dgagodanos dJogomfomm 0dol, @M sbhog gom@obs@gddo (17)

2560 go0ls ymggnoiogbdo a’'y; = 0.

sdolomgol aogoblgbmm, M3 a jgmbom JmdOYbgdolsl dggamo Oxy ©o sbogno

r. .0

0'x'y" 3mm®obs@gdo sbgm gOmoghomogdo® dos:

{x = x'cosa — y'sina
y = x'sina + y'cosa

hogbgom x o y-ob gl dbodgbgaomdgdo (1) gobBmeangdsdo, dogowgdm
a11(x'cosa — y'sina)? + 2a45(x'cosa — y'sina) (x'sina + y'cosa)
+a,,(x'sina + y'cosa)? + 2a43(x'cosa — y'sina) +

+2a,3(x'sina + y'cosa) + azz = 0.

2535950 0gmm ©s dogoggsbmm (1) Lobgdwyg, dogowgdm a'i; gmgan0309bdgodol
3odmbobyagdgdl.  dopqs@omow

a'y; = —1/2(a;; — ayz)sin2a — a,,c0s2a .

9-0. obogn 3MMAE0bs@gdTo a'1; JmgRn03E0gbdol bymmds bodbogl, @GmI
dmdO9bgdol 3ymnbg ¥bos ogmls

ctg2a = 21222 2

2a12

©> o3 ggombom dmdb@bgdolisl (1) gobGmergds aowo@ols aob@mangdsdo

a'11X% + @' Y% +2a 13 + 2a' 53y + a'33 = 0 3)



0gm@3ds 3. Logmm@Eobs@dm LobEgdol a gyobom Imd@AyYbgdobsl, Lowsc

aii1—azz

ctgla = 2ass

(@m@s agz # 0) Igmeg @ogol FoMol bmyso aobdmangds (1) gopswol
356@mMegd5d0 (3) (069 bgds LEAHBPSAOFYMO 25do@FH0ggos).

gbeos o360 9bgm dgmadg @oaol Fool bmasw (1) aobGmengdsl.
3obogogo00l ogs 035Tdo dpamds@gmdls Gmd dgmeg @oaol Fomgdol
3903gBAM0@o sbolosmgds s aobgmspgds Loglgdoom gobobsbwg@mgds dolo

a;. ag a;; aq2 Qg3
11 =aq1 + ay, Iz = |a12 a22| Qo 13 =|Q12 Qa2 Qz3
i3 a3z AQss

063500563 g0l 360dgbgemdgdom.
dgmdg @ogol Fool gfmwgds
goggly@o Godol, oy I, >0,
303gMdmay@o Bodol, oy I, <0,

3oMsdmaa®o Godol, oy I, = 0.

0 gmmgdgdo gmoxglby@o s 3odgMdmemgd@o Godol dgmeg @oaol Fomgdol
gobogogszool dglobge.

X960 goaeolbdmm @md dgmdg Gogol Fodol bemaswe (1) gob@Gmangdsdo
0635@056@0 I; > 0, Joboomdwgy d9dmbgggsdo sdols dogow{gzm -1-bg aoddsgan gdom.

0gmmgds 4. gemoglby@o Godol Fodo (I > 0) FoImopygbl gemogll oo
I3 <0, séob Fgadomo (popoygomgdygmo gamoxlo) Gmas I3 =0, ©s s@ol
3oM0gmo Loddsgmg (oby Fo®dmlbobgomo gamoglo) @dma@s I3 > 0.
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0gm@gds 5. 303g@mdmeygdo Godol Fodo (Iz < 0) FomBmopygbl 303gdhdmemsl oy

I3 # 0, ©> 050333390 FOggms Fygoml Gmgs Is = 0.

0gmMgds 6 (3sMsdmey@do @odob Fodgdol dglobgd).
35@0m@mado Godol Fodo (I = 0) Fo@m3mowygbl 35M5dmamsl my

I3 # 0, > 3s@omgamat Faggms Fygoml b 3s@oge Lod@sgagl Gmags I3 = 0.

od 0gm@gdgdol sdBogool owgs sligmos: xg® ogseygbom Imzgdyc Fodl
5Jgb o9 sds gOmspg@mo Lodgd®ool §9b@®o.

09 5J3L, x9@ 253m5094gbgom (2) mgm@gdsls s 2535d5MFG03g0m (1) 2obBmergdsl.
o6y oM@ gan @0 gos@obom yogoJOmdm gob@mengdol Fdg0g {930 9L.

999y 2°50m3099690m (3) obBAm@gdol o g535]Omdm 3mgn030gbdL a'iz. sdols
‘d99©9y 29bGMEgds sgogse dooygabgds geroglols sb 303g@domsl 3obmbojy®

3obHME gdodeyg.  goaageMgdye dgdmbggggddo go dogowgdm [gOEowl o6
Vaggms Vigoeb.

09 Foal sds ofgb gomepghmo Lodgdmool 396¢®0, d5Tdob Jodsdo® (3)
0gmAgdsl 2odmgoggbgdm ©s 3ogoddmdm a'i; jmgnoEegbdL.  sdol Igmyg Mow@asb
I, =0, ©ogobggbom M a1 Az 3098030g6RAJI0SE gOm-g@mo byanmgsbos s
35bBAM@gdoli ©5309435bm 3o@odmesls 3obmbogn® gob@mamgdoby. ooy go®gye
‘dgdmnbgggsdo dogowgdm 3o@omgany@ FOHggms Fygol.

3obgoboanmo dspseomgdo.

dsgomomo 1. 2x? —4xy +5y> —x +5y —4 = 0. (@)

1 5
Od 6(08%06086682)00 a1 = 2, aip; = _2, Ay, = 5, a3 = _E, ar3 = E, azz = —4,

0bg>®05b@gdo: T =7, I, =6, I3 =-131/4.
G556 I; # 0 5308™3 53 Fodl 5Jgl gomspgthmo LodgdcMool (396@®oa.

>0l geoglydo Godol, @opysb I > 0.

73



0gm@gds (4)-om gb Fodo ganoglbos @opasb I3 <O0.

303mgmo Lodgd@ool (3964®0l jmm@EobsGgdo, sdolomgols goloGagbamm
0gm®9ds (2)-0m s sdmgblbsmn {®g0g0 Lol@gds:

1
2 2y —==20
Xo Yo )

5
_2x0+5y0+§=0

dogowgdm xg = —%, Yo = —2/3. g.o. bodg@®dool 396®0s §gdGoeno (—15—2, —2/3).

3585353 @0gmm gl 2ob@Bmagds. xg® gg30bws Jmgzmsmn [Ogogo §g3®gdo.
sdobomgol mgm@gds (1) —om dJmgobobmm 3o@om gany@o ao©s@obs

{xzx’—5/12
y=y'-2/3

hogbgom x o y-ob dbodgbgaomdgdo Todol Lofgol (a) aob@maengdsdo, dogomgdm

2x'2 — 4x'y' + 5y'% — % = 0. (b

gb@os 230605 dmggmom 3m9R030gbH0 X'y —msb. sdolomgol golomygdenmm
0gm®gds (3)-00m s Jngobpobmon dmdOYbgds 3Hmnbom

ctgla = % = 3/4.

o3 @AM
1
cos2q¢ = ——==3/5
J1+tg?2a
>do@ ™3

. 1-cos2a 1+cos2a
sina = ’ = 1/\/3, cosa = ’ = 2//5.

5303 ™3 53 gymbomn IndOYbgdol ofgl Lobg

hoglgom (D) gobBmengdsdo, dogowgdm
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x'T+6y"" = T
sdo@md % -bg aogmR0m 2353l
12 12
=1 (©)

() (pp?
©o badmmmng dogoggm geoglbol gobmbogg@o gobhmemgso.
doaomomo 2. aob@magds 8x% + 24xy + y* —56x + 18y —55 =10
540l Jo3g@mdmma@do dodol, Gopash [, =8x1—12%2=-136<0,

9L Yoo s@0l msbsdygggm FOggms Fygomo, @opasb 0bgo@osb@o

8 12 -28
L=[12 1 9 |=0.
—28 9 55

doaomomo 3. gobdmmgds x4+ 2xy +y*+2x+y =0

5@0l 3oGdmmuGo {odol Gowash I, =1Xx1—-1%=0.

1 1 1
gL Fodo s@ol Js@sdmms, Gopash =1 1  1/2f=-1/4+0.
1 1/2 0

dogomomgdo 0dobs My AMam EsgsEaobgmn dgmeg @ogol Fodmol Godo, dolo
356mbogto aob@Gmemgds s 3obmbognd jmmdEobsGms LolEgds

9L 0gds gogdo@os s yogobligbmm LodgB®oyeo dos@@oiEom JmEgdgeo 3goEMsSE Yo
Qo@ds.  dosG@oiol Loggm@ogo @oibggdo ©s Loggm®ogo g9d@megdo.

dogomomo. 5x% + 4xy + 8y% — 32x — 56y + 80 = 0.



>dmblsbe. 2)80d81) a1 = 5, A = 2, ayy = 8, a3z = _16, Qy3 = _28, Q33 = 80.
sdo@md Fo®ol 0bgos®osb@goo 1 =13>0, 1, =36>0, I3 =-1296<0.
AoEash I, >0 s I, I3-I Lbgowolbgs bodsbo ojgm Fodo s@ols gemoglo.

5d0@m3 3mEgdgemo gob@margds dooygebgds Lobgdwg

I
llx"z + Azyuz + 1—3 = 0,
2

booi A4, 4x g3o0@s@geo bsFogols dglsdsdolo dsbolosmgdgano @oibggdos.

9L 20dmdEobsdgmdls oJowsb, G®I

A, 0 0
L=1"3=|0 21; 0 |=1"a"335=10a"33, 569 mogobyggsmo {9360 0dbgds ;—2
0 0 dad's3

539039, Fodol gob@magdol glodsdolo jgo@ds@ymo gm@dol ds@®oiols
dobobosmgdgeo aob@magdos

|5—A

2 8Eﬂ=0,$ﬁ A% = 131436 = 0. gglggdos Ay =4, A, =9.

3°30bLgbmm 33o0@s@ o gm®dol doggebs obmbogy® Lobgdwg. gl bpgds dsbolols
3005 Jdbom 03 mOMmambymo Is@@ozomn AmIaol Lggdgdo Bm@dol bs gmdogo

39JB™Ogdos.

3obolbol 3 go®Esddbom jgo@sdnmo bofoemo 5x2 + 4xy 4+ 8y? 3000gdl gm@dsl
4x"2 4+ 9y, (567 xy-0056 3095303096G0 3oJBgds ©5 JgoMOGIONSD 39503096H9d0
Lo ggo®ogo Goibggdos.)

‘d9d© gy OMaMOGE §oEom, 35MS@ @Y AosESbom, AmImols AML Lomsgg gowswols
Fodol 396@®3o  F®x0g0 bsfoamo —32x — 56y pod®gds, bogm s3s0@s@gmo 9360900l

3098030963 gd0 5@ gogergds. Sobmsb  sbasgro msgoliyggegmo Fg360 0bgs@osbEgdom

sy godmolobgds a'z3 = 13:12:—% = —36.

obyy sbogn  x',y" (3309330 Fodl 9dbgds 3obGmengds
4x'2 +9y'2 — 36 = 0,
©s 36-bg gogmgom doomgds 3obmbogn@o obGmagods

xlz ,2
A e
9 4

(39500l 3mMOEobsGgdo, Amam® 3 gogom >@ol dgdwgao Lolgdol sdmbsblbo:

{5x+2y—16=0

2x + 8y —28=0 oby  0'(2,3).
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3560603900 Lol gdol Logmm@eobsdm @g@dgdol dagboggdow e'q,e'; 9bos sgowmm
9O g9 m3560 Loggm@ogo 39Jdm@gdo, €1 -0l gmmamobsdgol aog0agom Vgdwgyo

LobEgdols sdmblboo:

(a1 —M)x+apy=0
a2x + (azz —A4)y =0
x2+y2=1

x+2y=0 ;o (2 1
°b9y x2+y?=1 Qoel_(wf_g'_ﬁ)'

e'2-l Sbsgma0@o 2odmgmgmon, mgdis e'z-0p dgodmgds sgoemm e'1-ol JsBmmdygmo

s0d0060 €2 = (% %)

gbas @oyob gogom gmoxlols 396¢®0, 3obmbogyg®o aob@megds ©s @gMdgdo
‘dgag0d@os gl ganorlo ogbsGmo gowys.

dogomomo. F(x,y) = 4x* —4xy + y> —2x— 14y + 7 = 0.
Fodol obgo®osb@gdos I1=5>0, 1, =0, I3 =-225<0.

Aopash I, =0 I3<0. Fodo s@ol 3s@sdmans.

dsbsloomgdgamo ggliggdos |4'__2)L 1__21 =0, go. 4, =0, 1, =5.
11 — dy2 A —ag
T L W e ke )
2a12 9 aq,
_ 1 _ 1 . tga 2
sdo@®md  cosa = Tirota B sina = T
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Fobslfo® gozom @md JmEgdgeo asbGmagds ©ooygebgds Labgby

Ay + /—j—:x” =0.

oby ,y"% +2a" 13" =0, Lowoi |a""13] = ’—§—3x”.
1

0 0 a'is
al) ?)80(]815 ()AOSQOB, “md a”22 = 1”1 = Il 0O 13 = 1"3 = 0 azy 0 = _anzza”l32.
a'ys; 0 0

569 |a”13] =3V5  ©o Gopash A, =5 9bws dogoommn

"2 __ 6§ n
yrr=6—xl
doOmoi3  goMsddbom

1 ! 2 !

Xx=—=x'——
V5 NE
1 - 1,

= —Xx J—
y NG \/Ey

F(x,y) = 0 3o00gdl Lobgl

Py = =4 (5 =) (' + ) 4 4 (e
\/igy’) -3 (\/igx’ +j—§y’) —-7=0.
5b9y

F'(x',y") =5y —6V5x" — 259" +7 =0

G0am63 gbgesgm ¥Z-ol 3mgn03096@0 ool dsbsbosmgdgm @oibgl 5-b. x2-ol
3098030960 byeos, ob. bgdmm A; =0, A, =5.

gbans 9bes Jmgobeobmm Lsgmm®obs@m mg@dgdols 3o@Momgeny@o gos@obs Gmd
2535J0mm §9300 —2vV5y’ +7, o6 F'(x',¥")-B0 @o3 0odhgds 3030430600 3oG58m@mols
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3obBM@gdsdeyg.  sdolomgol gmdgom Lomosgg aomowol (Xg,¥o) T9OBo o, 5bg 3543l
sbogo gmm®Eobs@gdo (x",y")

{x’ =x"+ x,
y' =y"+y,
N

F'(x",y") = 50" + )% — 6V5(x" + x0) — 2,/5(" +y0) +7 =0

3535J0mm §9360 —2vV5y’ + 7 60T6ogl, dmmm gobBmagdsdo ¥'-0l j0gno3096H0 ©o
nogobygomo (93600 9bos ogml 0.

eI o 10y0 - 2\/5 =0
F"(x", obe
(.57 oby {Syoz —6vV5xy —2V5y,+7 =0

V5 V5

Sdmbsbbos (X9, ¥o) = ( ar

(?l?)a

), 569 30@3dm@sls {390ml jmmpobs@gdo (x',¥)-30 s@ols

530¢™M3 obogn (x",¥") 30MO06sGg6T0 gobHmengds d0ogdls Lobgl

Py = 507 + 2y 645 ( ) 25"+ 5 +7=0
N
F'(x",y'") =5y"? —6V5x" = 0
oby Ladmmme 3353l 3o@sdmaol 3obmbogyg@o asb@mangds
V5

12=6_ "
5X

sdobmob hggb gozom 3obmbogyg®o jmm®obs@ms Loli@gdsl:

x'"-0l Loggmbm gmggnocogbdos tga = 2;

30055m@ol {g90mb, by 3obmbogyg®o Lsgm@obs@m Lol@gdol Lomsgol gom@eobs@gdo

(x',¥")-30 @0l (\/?g’\/?g), bo@o (x,¥)-300000b5396d0 25302900 bgdmmdmygsbogoo

oM s Jdbom
(xotp 2yl 2_ 1
{ V5§ V5 5 5
1,1 1 2
VTE R TE T

gbeos dag0d@os 3o@som@ol wobs@gses.
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/. 39m@g @ogols bgosdo®godo

r %
(
/
 _— -

303030496mm gaegn{megdgmo “Is@omgmy®o 33900l dgnmEo” ©s sgoy0bmm
9goxlmopols go®ds.

X9 gobgobognme dmzgdymo gamoglmowol 33gmgdo  OXY Losgmm@oobs@m Lod®@Egols

3o@s@gang@o LodMAYggoom. ymgge stgm Lodb@FYgl ol gobBmergds z = h, sdo@md
Fodo, @mdgaroi 3ggmom doowgds, dmozgds M@0 asb@me gdom

xz yZ_ _h_Z
{EJ“F—l e ?)

>Jgsb hobl, @3

1)

2)

3)
4)

5)

amEo |h] <c, 35306 z=h LoddFgol s (1) gemogbmowol msbsgggmes geroxglo,
Omdgools bobggo®mg®dgdos

. / h? . / h?
a =a 1—C—2 0o b*=b»b 1—6—2

> bodg@B@ogmspss aobmoqgoyao 0XZ ©s OYZ Lsgmmaeobs@m Lodd@yggools
dodo@o.

bowowpggoo a* s b* goowglos, GmEs h=0, 35T0b a* =a s b* =b. sby
goowglbo geoglio doowgds z =0 Lodb@RYol msbsiggmom.

am@3o |h] 0bGEgds a* s b* Izodgds.

Om@Es h = xc, 35906 a™=b* = 0. g.0. 33900m Jowgdymo gaoglbo gosygs@s
F9oBogodo, 5by z = ¢ Lod@Ryg ImEgdgee geoglbmoel go @ 33gmb, s®sdgw
gbgdo.

omEs  |hl >c, (2) a5b@dmamgdgdom g35J3L 3oG0geo Lod@sgerg (Fo®dmlsbgomo
9ge00lio) by o3 dgdobgggedo z =h LodAGYyg >@ 3390l (1) geroxglmowel.
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solm@a@aoe 02039 Lydsmo a396gds, M9 gobgoboaasgm (1) ganoglmowol 3ggmgdls
0XZ o> OYZ Lsgmm@eobsgm Lodd@ygggdol 3s@sggenyg@o LodGygggdom.

5d@0go© dga30demos ©sg5L3gbsm M3 geoglbmowo Ygz@gmo mgsmy@em Bm@dol
bgesd3o@mos.  garoglmopl (3obmbogg®d Lsimmapobsgm LobEgdsdo (1) aobgmagdom
Im3939eb) Lodo PHm0g@mds@mmdygmo Lodgd@mool LoddmEyg oJgb (LsgmmeEobs@m
b0od™mBYgg00).

"m ummwm \\H\MHMH \\M\\wﬂh T
MM |

i
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JOMgo@ms 303gMdmmmopol  3obmbogdo aobGmengdss

—+L-==1 3)

X g0 gobgobognmo g3gmgdo  0XZ ©s OYZ Logmm@obs@m Lod@dyggdom.
339ms 0XZ (s5byy y = 0) Lod®dEyom dmozgds asb@mengdgdom (hoglgsm (3)-do y =0 )
xZ 2
{z —==1
y=0.

gbgoogm GmI glss Jodg@dmans Gmdgaoi bodgB®oygmspss gobemopgdygao 0X ©s 0Z
Lo 3mmAEobsgo @g®dgdol dods®m s O0x w@g@dl 3390b FgdEoergddo (—a,0,0) wo
(a, 0,0).

sbogmaoy@se 339ms 0YZ Lod@Ggom dmogds aobBmegdgdom

2 2
y* oz
{F_c_z_l
x = 0.

gbos d03g@mdmans @mdgenoi Lodg@@ogmapss gobeoggdgamo 0Y s 0Z Lsgmmeoobs@o

©gMdgools dodsdm s 0 g@dl 3390l FgoHoegddo (0,—b,0) ws (0,b,0).

gbans asbgobogmm (3) dJo3g@dmamowols gggms OXY (sbyy z = 0) Lod@Fyol 3o@sgn geney@o

Lod®@Ygggd0om. mggeo sbgmo Lod®Eyg dmoigds gobGmengdom z = h, sdo@mad 3ggmo
dmogds gob@Gmagdgdom

gbgogm ®md glss geroxglo

83



Amdaol babggodmgddgdos

* h? * , h?
a =a 1+C_Z Qo b*=b 1+C_Z

9L garoglbo 9dzodgbos Gm@s z =h =0 (boygerm ganoglbo) ©s 0b@gds Lol ygamo
amas |z] = |h] obepgde.

9L 0bgm@Isios bsgds®olos 0dobomgol, @md Fos®Imgowyobom gom gogmms
30390dmeE Mmoo Amam® 3 YLslegeem dJogol gm@dol gg@@ogom s dJodsGmyeno
bgsdomo, OmMIgaroi ygzgmsby gofems byamgsb Lodswagby ©s 0sbomsb
LobOgeme GoBmmgogds Om@Es bodspang dnbm@mbyg®se 0b®Egds (56 0gemgdls
byyarmgobo mbols Jggdmm).

o256 3390gdbg gboygdb@mbm olidol jombgs,

Aol Fomdmaeagbl (3) 303g@dmamowols gggms x = h s ¥y =h LoddByggdom?

3sbgbo SLgmos (ob bobs@o).:
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33905 x = h, |h| < a Lod®@gomn s@0b 303g@dmans (03mggom dobo bobggsdmmg®dgdo ©s
3°bHME6s)

y_zZ_
339> x = h, h = fa Lodd@dgomn Foggms Fygomo {2 &
x = *a.

2

3390 x = h, |h| > a Lod®@gomn s&ob olgg 303g@mdmems (03mggm dolo bobggstmg@mdgdo ©s
3ob@mMagds.)

35Lgbo Sbogmaog®os ¥ = h Lod®Gyggdom 3ggomgdobmgol (335Lgbgm!)

M@ ogms 303gMdmemools 3obmbogy®o gob@megdss

T+ -1 @

X9 gobgobogmmon gggmgdo  0XZ ©s OYZ Losgmm@mobs@m Loddygggdom.
339> 0XZ (s5byg y = 0) Lodd@ygom dmozgds aob@megdgdom (hogligsm (4)-do)

x? zZ z2  x2
{;—c—z-‘l 56 {z—;-l
y =0. .

gbgogm @M glss dodg@dmans Gmdgaroi Lodg@@oygmapss gobeoggdbyao 0Z s 0X
Lo gmmAEobsdo @g®hdgdbol dodo®m s 0Z wgddl gggol FgoGomgddo (0,0,—c) w©s
(0,0,0).

bognmgoy@sw 3ggms OYZ (sby X = 0) Lodd@gom dmoigds aob@mengdgdom (hogbgom (4)-
do)
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gbgogm Gmd glss dodg@dmans Gmdgamoi Lodg@@oygmapss gobmoggdbyao 0Z s 0X
Lo gmmAEobsdo @g®dgdbol dodo®m s 0Z wgddl gggol Fgm@oagddo (0,0,—c) w©s
(0,0,¢).

gbeos gobgobognmm (3) do3g@dbmmmopols gggms 0XY (sbyy z = 0) LodORFYol 3o@og gane@o
LodMRYggdom. mggero sbgmo LodMAyg dmoigds yobGmagdomn z = h, sdo@mad 33gms
dm0i9ds gobGmaengdgbdbom

X% y? h2
2T 1ta
z=h.
gbgogm Gmd glos
) garoglo, dmas |kl >c
2 y2
a*Z + b*Z = 1’

Omdgools bobggo®mg@dgdos

. h? . / h?
a =a —1+C—2 o b*=b —1+C—2.

9L gmoglo 0b@Eyds YlolGgmme Gmas |z| = |h| 0bOwgds.

2) gl geoglo gospgotmgds [goGomsp @Gm@Es z =h = tc.
3)  935J3L 3odogao Loddsgarg my z = |h| <c.

9L 0bgm®dsizos bogds®olos odobosmgol, GmI Fo@dmgoaobom m@m s@mms
30390dmemo©ols Ge@Is.
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30mbgo: @l [oM3mopagbl (4) m@gsmms 3o3g@mdmanmopol 3ggos X =h s y =h
bodMmByggd0m?

k

35Lgbo: 303gMdmegdl. bgdmmdmygobogmo bk gmmdols Sbsgrmyoom 0dmggm b, ¢
bobggotmgdgdo oMgge s a’,¢® babggstmgmdgdo 3gmdg dg8mbgggsTo s ©sFghgm
3899950L 256@mmgdgdo.

x2

2
90glg@o 3s@sdogmmoEols 3obmbogy@o gobGmagdss 2z = 7 + y? (5)

X9 gobgobogmmon gggmgdo  0XZ ©s OYZ Losgmm@mobs@m Lod@ygggdom.

339ms 0XZ (s5by y = 0) Lod®dEyom dmoizgds asb@mengdgdom (hoglgsm (5)-do)
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{xz = 2pz
y=0.

gbgogm GMd glss 3oMsdmens AmIgenoz LodgB@ogemopss yobspqgdbyao 0Z
bogmmaeobs@o mg@ddol dodo@m s Gmdgols 3oMsdg@@os p.

Sbogmyoy@dse 339ms 0YZ (s5by x = 0) LoddGgom dmozgds aob@magdgdom

{yz = 2qz
x=0.

gbgogm GmI glss 303g@dmars Gmdganoi bodgB®oygamspss gobaspgdeemo 0Z
bogmmaeobs@o mg@dol dodo@m s Gmdgols 3oMsdg@®os q.

gbans asbgobogmm (3) Jo3g@dmamowols gggms OXY (sbyy z = 0) Lod@Fyol 3o@sgn geney@o
LodARYggdom. mggaro sbgmo LodAAyg dmoigds yobGmagdomn z = h, sdo@md 33gms
dmozgds gob@Gmagdgdom

X2 2
p q
z = h.
gbgogm Gmd gbos
) geoglo, GmEs h>0
2 y2
a*Z + b*Z = 1’

Amd@ols bobggodmmg®dgdos a* =./2ph, b* =,/2qh

2) (go@oeo GomEs h = 0.
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303gMdmeE @0 3oMsdo@mmopols 3obmbogymo gobGmengdss

2z=2 -1 (6)

339ms 0XZ Lod®@yol (sby y = 0) 3s@omgana@o Lod®@yggdom, sbgddo Lod®dEyggdo
dm0i9ds gobGmengdom ¥y = h s30@md 33gms dmozgds 3obBmegdgdom

BRI

xZ

P aq
=h

9bos 5@dogoo 3o@sdm@s(d@mgdo dowens 54zl dods@myano).

339> OYZ Lod®@yol (sbyy x = 0) 3o@oemgeny@o Lod®RYggoom. sbigmo Lod®dFyggdo
dmogds m@dymon x = h s30@md 3ggms dmogds gob@magdgdom

2 hZ
22=—y—+—
q p

x=h

gbos o@dsgogo 3oMadmen gdo(‘d@mgdo adgss dods@myano)
Lodmeoemme ggg9ms 0XY Lod@Ggols 3o@oggerag@o Lodd@yggdom, by z =h Lod®@yom

>0l d039Mdmas

xZ 2
Y o
P q

z = h.

9L 0bgm@dsi0s bsgds®olbos 0dobomgol, GmI Fo@dmgooaobmm dodg@dmaydo
35@5dmE Mool @A,






3™bgLol 3obmbogy@do gob@mangdss

~+L-Z=0 (7)

bobo@owsb hobl, ™I 3mbylol 33gmgdos Gmam® 3 geroglbo, obg dodg@dmms ©s
3o@admes (gohggbmm ). sdo@md dgmag @ogol Fodgdl 3mbylyd g3gmgdbog 9fmwgodgb.
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dgmeg Goaol 3o@ob@gdo.  gamogliyg®o, 303g@Hdm@ A0 ©s 3o@MadmmyY®o (30 0bo@ols

3560b0399M0 2ob@megds Bo@Is@y@s© 02039> M3 dgbodsdobo dgmmdg @oaols Fodol

3obBME0 gds, MmEmbo 0a@olbdgds @mI z bgdolidog@os. oby

gogby@o 3omobo@ol 3obmbogy®do gobGmengdss

—+L=1 (8)

30330dme @0 (300060M0L 3obmbogydo 3ob@mangdss

S-%=1 O
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35M50mEy@0 30 0b@ol 3obmbogy®do gobGmengdss

y? = 2px (10)

59 bgs300gdol o@dsby Fo®ddmwygbs Ibmmme 3m@0bmbHo@ o (z =h Lbod®Fyggdbom)
3o@oggen®o 339mgdomsz Logds@obios.  ob. bobs@o
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8. 3353 9Mbombgdo

35b6Lob@gMgds: 3353 gHbombo gfmwgds asdmbobyamgdsl a+ib +jc+kd, Lsws a,b,c,d
bodwgogmo Moibggdos, 1j,k Fo@dmbsbgomo gergdgb@gdo.

3530blgbmm 3md3engJlydo @oibggdo, Amama 3 godmbsbyamgdgdo a + ib.

3350 9®bombgbdols Yg3dgds bgds 30MMEObsGMM0ge, 5byy GoEash 3353 g@bombo
F90,300m05 aobgobommen Gmam®g ggddm@o  (a,b,c,d) € R*, 35360900l m3g@doG05(
0lgmoggs OMaMAO G 39JA™M@9ddo. 3g@dm:

(x1,%2,%3,%4) + V1, V2, Y3, Ya) = (X1 + Y1, X2 + V2, X3 + Y3, X4 + Ya).

3350 90b0mbgddo 253Mogmgdol Mm3g@Ms3os dgdmwols Sbyg:

33509Mbombgdls X +iXx, +jX3 + kxy4 o y; +1iy; +jys + ky,
XJO 3oog5dMsgam gdm Amam® 3 IMsgoagg@gdls ;

‘d99©9y 3°30mg5e0lifobgdm @M Fo@dmlbobgomn 9egdgb@gdbg goddagemagds sligs
3obLbEgdygao:

(1) 12:].2:}(2:—1 g)o
(2) ij = k= —ji, ]k =i= _kj’ ki = j= —ik

> badmammme, dggogamgdm dbgogh (93090L, oby i, j o k-U 3mgg03096@ 90l
IODOEQ QOFIXHIBIOO-

dopomomsp (2 + 3i — 4k)(i — 2j) = 2i — 4j + 3i% — 6ij — 4ki + 8kj =

= 2i—4j—3—6k—4j—8i=—3—6i —8j — 6k.

‘d9360dbmn @mI 335@gHbombgddo god@ogmgds SMSS JMIYPBSEoPMo.  doy ij # ji.
3oOEsdo®o dgdm{dgdom dgodengds o3B3 03gl MM 53 aoddsgegdolmgols LOYmwgds

SbmE0gOMmds s XREIdSEMS.
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h396 230605 33509Hb60mbgd0 aodmgoygbmm R3 Logd39d0 ggddmGamo senggd@olsmgols,
5do@md dg3b0dbem G™MI 3353 gMbombo (AMam® 3 bodpgom Gogbgms mmbgymo ) sbgmo
geAdons3 dgodangds bsofghml (a, x),

5] a 653gomo Go;3bgos, X 3o 39Jd™®0 R3 Log®3gPo (569 bodwgom @oibgms
Lodggeno). @m@Es a =0 a35J3b (0,x) Lobol 3g5Bgmbombo, MmIgabsi gfmegds Fd0bws
3350 9®bombo.

567 33509Mb0mbgdo o@m 3ogd0mPos R3 Logdol §9dBmOgdmsb, GoG 9uOM JoGasw©
hobl dgdwgao aod3Mogmgdol §glowsb:

0gm@gds.  33509Mbombgbols bod®sgmo dJmo3gds @I om:
(a,x)(b,y) = (ab—x-y ,ay + bx + (x X y)),

oo XY 398G 930l Lgogs®ygao boddsgmos, X Xy 30 39]@m® 9o
bod@sgano.

©53%303gosL 5@ Jmgoygsobm, @oash gl 3o@sdo®o LgdmEdgdom bogds.

390dme §dobps 3358gMmbombgdo IMsgmmgds Sbig:

0,x)(0,y) = (—x-y ,xXYy),

5by domo aoddsgmgds dbmmme Lgsms@ymo s g9JBmegmo bsddsgmgdol @g®hdobgddo
bogos.

3033 gJly@o @oibggool sbogmayoyds® 335¢gObombolmgol asbolisbmg®gds dolo
yaeegoyeeo.

3obLobmgMgds. a+x 3o gmbombols dgymagdymo s@ol a —x. hggb q 3go@Bgmbombols
Jgpemgdygml sgwgodbogom q Loddogmno.

3350 9Mbombgdols asdMogmgdbol Bm@IPEoEsb 30MEs306 A53m3obsdgmdl Mmd
P9 = ap.

5] 308g3Mmdsls 3603gbganmds 5Jgl, MoEash godMsgmgds sMss gmMIPGo30g@o!

‘d93603bmon G™I

qgg=(a+x)(a—x)=a*+x-x=a?+ |x|%
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> Moysob a+x 33o@g@bombols Log@dg, by dsbdogno (a,x1,x7,x3)  ggJBm®owsb
Lomoggdwyg oGols

(@ + |x|H)V?% = Ja? + x12 + x,2 + x32,

530§™3 53 odmlobyagdol gfmpgds a+x 3gs@gmbombols bom@ds s S@0bodbgds |a + x|.

33°J3L gO@Iges
lpql = Ipllql.

dstmasi Ipql 2 = (p@) (@) = pqqp = rlql®p = lq|*pp = lqI*Ip|* = Ip|*Iql?.

Bgb03gbs.  33509Mbombo (a,x) PgOM Inlobgdbgdgmos hoofgdml sbg a+x. 35906 my
g (90bws 33o09Mbombos s [q] =1 goddegmgdols Falom ggodsl g% = —1.

gl o@0l 2 =j2 =k*=—-1 gmedgmol 3obbmysmgds, Mowysb ol LExmogds
bgdoldog@o {dobps 3353 9Hbombolimgol, bo®dom gohmo.

509330900 s dMyYbggdo Logm399o

356LobEg@gds. olobgol fiR? — R? gfmwgds 0bmIgd@os o9 ol 0bsbogl dobdogngdls,
oby Vx,y € R® 39d®m@gd0bogol |f(x) — fF()] = |x — yl.

Log@gdo @o0dg LodMFYgby sMgz380s @0l 0bmdg@@os.  Jgggom hggb gbosbsgm @mI
69d0Ldog@o 0bmIgB@os [oMmdmowagbls s®g33e09d0lL 3md3mboiosl.

aobgoboanmo Logdigdo 1T Lod®Eyg Gmdgols gob@mengdos
x-n=d, Q)
Losiz 1 LoddFyol bo@dseado g9d@m@os, [n| = 1.

(5§ n=(4,B,C), x=(xy,2) € R3 39JB™O9d0L Lgomodmygemo bod@sgmo yodmogo Lobom
sbg boofgogds Ax + By + Cz =d, @53 Omamai 3oaom Lod®Egol aob@dmangdss.)

g0 dgom R(x) s@ob I1 Lod@dygdg s@gggems. aodmgoygebmm dobo gm@Igans.
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X x+itn X+ 2tn

N Lod®Eyg

‘dggo®@bomm t @oibgo obg @md x (g@Fomols Lodg@®oygeo [g@Gomo oyml x + 2tn, b9

F(x)=x+2tn. 35906 {go@omo x+tn €I, 5do@dmd szdogmgoemgdols (1) aobGmagdsl.

(x+tn) n=d >x-n+t=d >t=x-n—d.

hoglgom t-I dbodgbgenmds x-0ls LodgA®oyer FgOEool x + 2tn asdmbsbyagdsdo,
d0g0gdm sMg33eols Bom@Iygansls:

Rx)=x+2(d—x-n)n 2

M@0 35Osmgeny@o Lod@Gyol dods@n >Hg3gegdols 3md3mboczos.
aobgobogmo I} s II; 3o@oggeog@o Lod®EYggdo aob@magdgdom

xn=d; > x-n=d,.

30Jgom Ry @0l II} LoddRgol dodos@m osMg33e0s, Ry 3o II; Lod@@Ggol d0ds@o s@gzgems.

3506 (1) gm@Igeon 3mddmbozos Ri(Rz(x)) = x + 2(dy — d)n.

3300350 3sMdsmgaado LodMmGyggool 30dsMm mMo sMgzgeol jmddmbozos s@ol
35@o@mgeg@o goEs@sbs 2dn ggdgm@om, Losz N s@ob 53 mdo Lod®Eyol LsgHhmm
9Omgemgsbo beom®dsano, d 3o dsbdogno LodMEYggdl Im@ol.

M@0 05653339000 Lod@GYol dods@on >Mg3z3ergdol 3md3mboaczos.

aobgoboenmo II; s I, goblbgoggdygeo msbsdgggmo Lod®Eyggdos; Ry s@ol Iy
Lod@AYol dododm s@gzgems, Ry 3o Iy Lod®@yol dods®m s®gzgamos.
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g3mdgomn L §Oxg os@ol mobogggms II; N1l;. 35306 meogg oMgggees L §oxol §gd@oegdls
9d@ogo Bmggol, bomenm L {@gol dodmmdyamo bgdoldogeo II Lodd@Fyol §go@owmgdls
obgg 53 LoddEyol §gd@ogddo gowsoygobl. sbgobomon meo (Oxgg M LoddGygby

L1=H10H QO L1=H10H.

35306 3mI3mboios RyR; sy dmdgegdl IT Lod®@ygbg: gl 3md3mboios s@ols x 9@  Lg
d9d©gy 30 Ly §Ox0lL dododm s®gggemols (sbyy @g@dygeo Lodg@@ool) jmdsdmbozos.
OMamO3 3030m LodMAYGbg MO0 AoEsdzggmo FOR0l dodsdm 3mddmboios s@ols
dmoO9bgods gos339mol FgdGomol ao@dgdm ggmbon Gmdgeoi mOx g dgBos [O5g90L
‘dodol ggombgby.

5dM0o0 M@0 goblbgsggdnmo msbsd3ggmo Lod®@EYol 80ds@m sHgzgegdol 3md3mbazos

560l R? Logd30L 3mdG96g8s 53 Lod®Eyggdol 300533900000 dowgdaemo F@hegol gstPgdm
390bom, MMIganoi 58 LodMEGYggol Tm@ol jgobols m@Bsgos.

509330l hoFgds 335¢gMmbombgdom

0ngm®gds: boghgdo x-q =0 Lod®Egols Jodo®m os@gggas, Lowsz q §dobws
3350 9Mbombos gOmgyemgsbo Log@dom, hsofg@mgds sl

T(y) = qyq. 3

dotmamoi 0 T sbsbgs X §9JHmOl seaomby Gmggdl 3sTob x = qxq 69 qx = q?xq =
—xq (G556 ghmgyemgsbo Log@dol {dobos 335@90bombo 3go®s@do = —1).

dog@od [dobos 335090bombgdols yod@sgmgdon  Fmermds gx = —xq bodbsgl Gm3

(—q-x,gxx)=(x-q—xxq)=>x-q=0.

gbgogo T sbobgs x+-q =0 Lod@Rgol [gaGogdls gd@sgom Gmggol. gbans asgs@dygomon T
sbobgols Lo gowoysglh 6gd0ldog@o Fg@@omo ¥ € R3 564 §d0bos o0 9@60mbo y.
o056 g 39dBmG0 m@mnmambyamos X+ q =0 LoddFyol bgdoldogdo ¥y dgagodeos

o8 dogmm g 39d@mcaols s 53 x:-q =0 LododGyol @03y P 39JBMG0m:

Yy =ptitq, t-0om53 bsdpgogro Gobgoo.
03odb
T(y)=T(p+tq) =T(p) +tT(q) =p+t(qQ)q =p - tq.
dgmmgl Ib®og (2) o@Igeom gl s@ol y {gd@oaol sbocggzao

R =y-200-9)q=p+tq—2((p+tq)-q)gq=p+tq—2tq=p—tq. G
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93603600 A3 53 MMM MHMI M0 >Agzgeols jmA3mbogos P ©s 4 gHmgymmgsbo
bm@dsgmydo ggJ@mdgdomn 0]bgds

R(x) = q(pxp)q = (qp)x(pq). C))

3md®@9bgdol hofgds 335@gHbombgdom

0gm®gds. gmJgom 335J3L 33odgMbombo T = (cosa, sinan), Lopsz N gOHMgyEmgsbo
39JB™®0s.  35Tob T gAmgymmgsbo 33odg@Mbombos s sbisbgs

R(x) = rxr )

>0l 349bgs N ggJdm®ol dods@mymgdol wgtdol aoMTgdm 2a sgmboo.

doOn@s3 mMo sMg 3ol 3md3mboEos P s g gongymmgsbo bo@dsaado ggd@m®gdom
353m0mgmgds (4) m@Igmom. o9y P+ q = cosa, p X q=sinan, 3>9ob 3gotgdbombgdol
3530Gogangdom qp = -1, pq = —T. 5308™3 R(x) = —rx(—T) =rxr. &3

0gmAgds 0bmIg@@ool Fomdmpagboli Iglobgd >@g33e0gd0lL 3M33mbooom.

0go@gds. R3-0l ymggmo 0bmIgi@os s@ol osGo1dgdgl mmbo s@ggaeol 3md3mboios.

©adG 30390 hggh w@opzhodwyds

@gds L godgom f obmdgd@oss GmdgmoiE 0bsbogl Lomoggl, obyy f(0) = 0, d>Tob
L f o0bobogl bom@dsl, |f(x)] = |x| ;
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2. f obsbogl Lgogms®ygen bod@oganl, f(x)-f(y)=x-y
doogs 1 IF@] = If@) - £(O)] = [x— 0] = |xl.
2. If@P+HIfOP-2f - fO) =If) - fO)IP = lx—y> = x* +|y|* = 2x -y
09050 [ 0bsbogls bgsmodgen bsd@ogenlse.
@gd> 2. 09 0dmMIg@@Mos spaombg @mggdl 0, i, j, k-, 35T0b f ogogyndo sbsbgse.

9L @gds MomJdol 3boos @oEash 30Mmdols Mmsbobdo® 0bmAg@Mos gddsge Bmggol
Logmmaeobs@m Loli@gdsl.

gds 3. gnggom |al = |b| # 0, 835806 5@Algdmdl s@gzgems R Lomsggdby godsgsen
Lbod@@gol dods@m, oby Gm3 R(a) = b.

Logdo@olos sgommon Lod®@yols gemgyemgsbo bom@dsaol dmendo ggd@meo
n=(a—>b)/la—b|.

35306 x -1 =0 Lodb@Fyol dodo®o 5@ gz3e0lsls

a—b)a—b

R(a)=a—2<a-n)"=a‘2(“'|a—bl la=bl "

a—(a—b)=0»b

393603600 G®I hggb a5dmgo4gbgn Gommds 2a(a —b) = |a — b|?. G.o..

0gmAgdol 3G 30(399s.

30300 f G0l R® Log@zol 6gd0ldogdo 0bmdg@@os. me f(0) #0 35306 Ry ogmls
5Mg33e0s OMIgeoi gOmdsbgmdo aos0ygebl 0-l s f(0)-L. oy f(0) =0, d5Tob Ryogml
0303900 sbsbgs.  bgdoldogd dgdmbgggedo 3md3mboios f1 = Rif gd@ogoe Gmggol 0-U,
oby

f1(0) = 0.

Goaob @gds 3-0m |fi (k)| = k] sOLgdbmdls s@g33e Ry, Lomoggby godsgse Lod@@gol
d0doGm, HMIgeoi 9gO0mdsbgmo aoms0ygobl  f1(k)-U ©s k-, 35T0b 3mI3mboios

f2 = Raf1 9ddogo@ ©o@mggdl 0-b wo k-L.
f200)=0, fa(k) =k

gbans dg360dbmm @M @gds 1 —om g9]@magdo fL(I) o f2(J) gOmgymmgsbo
0O0Mymbyao g39JBm@gdos x -k =0 Lbodd@ygdo. sdoGmd gogds 3-000 sOLgoMdL oM gz3es
R3, Lomoggbyg aodogog 39d@ 0z 9@ Lod®d@ygol dodo®m (b9 Gmdgeoi dmoiegl 0. k-L)
Omdgeo3 gO:msdobgmdo aoesigmols f(J)-b ws j—b. sddoge 3mddmbogos  f3 = Rzf;
9dBogoE oBmggol 0,k,j-U

f3(0)=0, fs(k)=k, fs()=].
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9909y f3(0) = Li. oy f3() =1, 35Tob Ry ogml ogogydo sbsbkgs. my f3(i) = —i, 35T90b Ry
04l x - i =0 LoddFgol dodo@on s@gggers. bgdoldogd dgdmbgggsdo jmddmboos
f1 = Ryfs 9bOogo0 ©o@mggdl 0,k,),i-b @ sdo@dmd @gds 2-000 oogyo sbobgss

f4=R4R3RR.f = 1.
> Moysb RyR, =1 dogomgdm
RiR;R3R, = (R1RyR3R4)I = (R1R;R3R4)R4R3Ry R, f = R1(R2(R3(R4R4)R3)R)R f = f.

A.00.9.
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9. dmdoglol yoMwsgdbgdo.

dmdoglol goMesddbs o6y slobgs s@ol 3md3egdlyd @oibgms Loddsgamgby
3obLob@g@ Yo slobgs, MmIgaoi dmozgds BmAIYaom:

az+b
cz+d

f2) = : (1)

Lowoi z gmdmgJbyg®o 3geswos, a,b, ¢ gmddamgdlydo @Goibggdo, msbsi ad — be # 0.

9L dmeoem 3060HMmds 0d0F™d y30bes AMI AMyM® G sgogo Lsbsbsgos

. __(ad=bc)(z—w)
f(Z) fw) = (cz+d)(cw+ad) ’°

oby Gmd oy ad —bc =0, 35906 Vz,w-mgols  f(z) = f(w), 69 f @gybjaos dygwdogos.
doa®od hggb x 90 3093 230bs Moms3 30MMds 0dolomgol Gmd [ gubios LoddFyol
yggers F9dO@Boabg ogml goblobwg@dgemo s 0gml g@Omog@mEsmbsbs.

296300 bpg®ol mgobgdgdom ggs3gl:

az+b

az+b a
c cz+d

lim, o 22 =

p— = o, Gog> c#0

, 0o limz_)_d/c

sdo@md 09 2oblobmg®gdom sgowgdm

f@) =2 f(-9) =0 dogs c#0 o f(©) = Gogs =0,

)
Cc

d0g00gdm slisbgols MmI@ols goblsbmgmols oMy ©s db0dgbgenrmdsms Loddogemg s@ols
LodMR Yy (530b0dbmm 0p0 € —mo, Amam®O3 3mI3eglbydo @oibggdo) s wods@gdyemo
JOMSEYAOM0 gangdgb@Bo oo.

o Lod@ogangl {C}U {0} gfmwgds aogommmgdgmo 3mbdagdly@o Loddm@yg o
500b0dbgds Loddmemmno Cu

o0 3oblob@g@mgdol Y3o@oBglimds olss @MI a35J3b mgm@gdgdo:

0gm®gds 1. godgom a,b,c,d s a,B,Y,5 >560s5b 3mddemgdly@do Goibggdo s
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(ad — bc)(ad —BY) #0
> 5OLgdmdL z-ol bodo 3bodgbgermds ds0bz Gmd cz+d #0, Yz+6 #0 o

az+b az+p
cz+d Yz+6'

35306 5OLgomMdl sMbygmmgsbo jmddagdly®o @oibgo A, @3

(¢ D=2 5

0gm®agds 2. ymggeo dmdoglols sbobgs s@ol bogdizos Cupn Lod®ogmols msgolmsegby s
dmdogliols sbsbggdo 3md3mboiools dodo@o Jdbosh g.§. Imdogbol xaanl M-L.

1 wgem@gdol mobds (1) go@dgesdo a,b,c,d 309x503096@gd0 3OM3IMLGG0Y@s©
‘dgag0d@os dgg3goemon sbobgol dgy@gergmse. sd0@md 2 mgm@gdsdo dgpgoderos
303 9erollbdmn Gmd

ad — bc = 1.

dodob oy f obbgol ds@@oos (Ccl Z), od do@®ools dogogdo@gdygeo ds@@o3o

a by _(d -b _
(4 2) = (& 77) odbgps f71 sbobgol Fbodadolo Bsg@oco.

oby 2353 2X 2 bmdol L3gzosgygdo 3mddegdlygdo (9Omnol Gmeno ©gBg®dobsb@ols
dJmbg) do@®oigool xaxol SL(2,C) -ob d3mdmdm@xobdo Imdoglbol M xa9xdo, s oI
303mdm@RobIol doGmgo(sby gergdgbBgoo G®Iagbols bgo@Mogy®d gOm gy do dowosb)
ool {£I}, bowsi I ghmgyamgsbo ds@@ozos. sd@oasm a35J3b 0bmIm@mgobdo

M ~ SL(2,C)/{%]}
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dmdoylol a5MEsJdbol sBas jmI3mbozosw

09 ds 3. goggemo dmdoglol godsdbs s@ol s@o9dg@gl mmbo slobgol 3md3mboczos,
OMIgeomogsb mommgygmo s@ols ghmg@mo dgdwgyo slobgs: z—>az, z—z+b, ws z—- 1/z

533 303gos. Xg® dg360dbmon @md gl Jo@Fogo sbobggdo s@ols Jmdb@ybgds s aododgs
(‘993199935), 3G geny@o aoo@obs s 0bgg@lios (3md3mgdlydo dgd@ybgds).

az+b
cz+d

godgom f(z) = oy c=0 35706 d # 0 s g35J3L f(z) =%Z+% s f oGols

3033mlbogos f=1f; |, Lowsg f1(z) = %Z s f(z)= Z+g.

ml’a C+ 0, dodob f= f4f3f2f1 .

oo B@ =242, K@= )= ka bogog — 552 o f42)=z+2 .

c2

dmdoglol goMsJdbol goJbo@mgdygmo §Fg@Gomgdo.

3030bLgbmm O™ Cp 50b0bogl aoxs®mmmgdya 3md3agdly®d Lod®Eygl Ce = CU {oo}.

0geoEgds 4. 3ndgom 21,25,23  ©> Wi, Wy, W3 20blbgaggdym Fg@Gomms m@o
Lodggeos Ceo-do. 35906 s@Lgdmdl ghmog@mo Imdoylol sbobgs f, olgmo GmI fi(z;) =
Wi, i= 1,2,3.

0533 30(3g0s. Logdo@olos gohggbmom @mI s@lgdmdl dmdoyglols slsbgs , MmIganoz
dmgdge bsd aoblbgoggdyge Fga@oml ©opas04gobl 0,00,1 —do. do@mensz ds5dob If, h
sbsbggdo, @mI

f h h7lf
Z1,23,23 > 0,00,1  ©> wy,wy,wz »0,0,1. 5do@md Z1,Z2,Z3 —> Wq, Wy, W3.

gbeos g0 dgom z1,2;,z3 (9O @0e0 90056 sO39M00 sG> © s

(z3=23) 223

(z3—21) 2-2;°

9(z) =
3506 g(z1) =0, g(z;) = o0, g(z3) = 1 s bsdogdgero skobgss g.
OMES Z1,23,2Z3 [90B0gdopsh ghm-ghomo s@ols ©, sgoemo (9o@omo z, # Z1,Zp,2Z3 ©d

1

(z—za)

slobgs s(z) = 35306 z1,2;,23 (90Hoagdbg s slobgol db0dgbganmds sMos © @
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Fobs gdmbgggom dommgol s@Lgdmdl sbiskgs g G™3 S(Zl),s(Zz),S(Z3)£>O, 0,1. bogo
Lbodogdgamo sbsbgs o3 dgdmbgggsdo odbgds jmddmboigos gs.

5300 9N IANMLS. gngom sOLgdbmdl m@o sbsbgs f,F @md

f F
Z1,Z3,Z3 D W1, Wy, W3 Q0 Z1,Z,Z3 = Wy, Wp, W3 .

F1
dodob 2y, 25,23 —1;21,22,23. 35h39bmm O™ gl s@ol ogogy®o slbobge.

!
godas I sbsbgs obgmos G0 21,275,253 > 0,00,1, 35F0b ITH(F1)L sbobgs gd@ogo Gmggdl
F9oOBogogdl 0,00,1 ©s boos 030 020390 slobgos(gl 3o8mdobs@gmdls dmbdoylols
sbobgol m@dgero@sb). g.o.

FYFINI=1=>Ff=UI"r=1.

Ygga0. IJmdoglol slobgs, OMIgaolsg ofgb Lodo gddsgo Fgd@oo s@ol oqogyco
sbobgo.

Fogfodgdo goxsg00mgdgem 3033 gdlygd Lod®EYgby

850bs bg@gds.  g3gzeoydo (Ogfodmo 30d3mgdly®d C Lod®Eygby Imoigds gob@magbom
|z—2zg] =1, 1 > 0. gggeoeyco (Ogg9 s@ol Fgodomms Loddsgemg C-do Gmdgmos
Imogds gob@Bmengdom |z —al =|z—Dbl|, a#b. bogem Fegfodo yogs@mmgdya

3033 gdbgd Lod®dRYgdy Co G0l gO®mgOmo, g33eog@o Fegfo®o ob LU {0}, Llowsi L
200l gggerog@o YOGy,

090@98s.  Indoyglols slbgs FOgfodl wogslobagl §@gFoddo.

533 303gos. gl MgmEgds 56dmdl @™ my f Jmdoglol sbbgss s § Fogfodo, d5Tob
f(S) >0l Fagfomo. Lsgds@obios gohggbmm @md  f(S)C S' Lows S @owoi F@gFocos.
JoOdmmoiz 09 gl oslgs 35Tob SC (S, Gopyob fFTH(S) Gogoi §®gFodol bsfomos,
Gbowos gl §@gfomo s@ol S o sdo@dmd S = f1(S) by f(S)=S".

gbeos olws ogdhgbos O™ JgzsdmFdmm gl mgoligds do@FGogo sbobggdbolmgol @o@asb
dmdoglols sbbggdo s@ol s@o9dgBgl mmbo Jo@Bogo sbisbgol 3mddmbozos (mgm@gds 3-om).

.00.9
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XGoMg0bs> FoO©MD.

3o6LobmgMgds.  3md3agJlgdo € LoddEYol mmbo aoblbgsggyeo z,2;, 23,24 (gOHowols

X3oMgo0bs BoMmds gfmegds godmbobymgdsls

(z1 — 23)(22 — 24)
(z1 — 22)(23 — 24)

(21,22, 23, 24] =

bogm oy gomngOno Fgo@omo glsbdgamdss, xgoMgoobs Bo®dmds gobolsbmg®gds
Omam@O 3 53 yodmbsbymgdol begs®o oby

Zy — Zy

[, 23,23, 24] = s — 74
_ (21 — 2z3)
[21,0,23,24] = ——(23 2z
w,2,] = — (22 = 24)
[21,22,90,2,4] = —(21 — 2,

7y — Z3

(21,22, 23, 0] = 7 -7,

d936096mm @md  [0,1,2,0] = z. Lbgs @o@g@s@ymsdo dgodamgds bbgs @omopgds ogmb.

0gm®gds.  gndgom z1,Z3,23,Z4 05 Wi, Wp, W3, Wy 256Lbgoggdga Fgd@ogmms m@o
mmbggeos. 35d0b 5930 gdgeo s bsgdo®mozo 300mds oligmo dmbdoylol folbsgols
s@bgomdols @md f(z;) = w;, 1= 1,2,3,4 s@ols Gogemds

[Z1,22,23,24] = [Wq, W3, W3, W,],

399dme bgdolidog®o dmdoylol folsbgobsmgol LEywgds
(21,22, 23,24] = [f(Z1)'f(ZZ)»f(Zs)»f( Z4)]-
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856b5 bmg@gds. (goBowgdls 21,75, ...,Zy gfmegds 30bzogma@o ey olobo dwgdsdgmdgb
90m {@9F0dbg Ce-To.

bgdoldog@o Lodo Fgd@Eomo gmbiEogmyg@os , dog@ed gmggeo mmbo s@o.

DgGgds.  mnbo Z1,Z5,23,24 §9OG0@0 30biogeg@os d5dob s Ibmerme d5Tdob my
N3oMg0bs BoO©MdS  [Z1,Z3,23,Z4] 50l bsdwgoemo @ozbgo.
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10. ggewoegl  “gengdgbBgoo” o
5059330 00M0  29MdgBM0gdo.

390393053 AmamA (3 gddo@Moygeds 39(3609M9dsd JoMggmaw gag03¢gdo doswfos
dowogn mbgl. gl 2ob30Gmdgdyeo ogm Loddgbgdam ©s LsoMogsizom
dombmgboangdgdom.

hggb {gmmom®oibgsdeg 30M39e smsb{eguedo agmdg@®osd gago3@owsb
bodg@dbgmndo hosw{os o sofym aobgoms®mgdols sbagno g@s.

VII -- II boyggybggddo hg.l.om-dog LYm@go Lodg@mdbgmdo powsopys oo
bodox gdo 39mdgB®ools aodpo®gdols s @ma03g® ©sgydbydsdo.

b90dgb 2gmdgBOms IMsgom oy ybmgobo dOmds dgoxsds gggerowgd (hg.§.om-dwg
330-275 §angdo) mogobo Losbganasbm Jdyeo Fogboom “gangdgb@gdo”.

g 3ogl “gangdgb@gdo” g gds 13 Fopboliogsb, I—IV ©s VI gbgds
3e0560dg@B@osl, XI—XIII LR gagmdg@®osl, osbs®hgbgdo go s@omdg@Bogols
3903gHG0ge >@fg@sb.

gemggeo Foabo ofygds 03 3696950l 2oblob@@gdom @mIamgdol 3o®ggensw
33bggds.  3odggen Foabdo os@ol 23 goblobmg®gds, oy

1. §9o@oeo s@olb ol @sloi oo o3l bsfoengdo;

2. Fodo s@olb Log@ddg Logobols aocgdy;

3. o9 s@ol obgmo fomdo, ®mdganoi gombso@sw s@ol obgrsygdoyeno
nsogolo yggems Fg@Goeols dodosd@m;

3obLobegMgdgdl Inbrggh 5 “SmlbRygms@o”, ws dgdwogy >Jlomdgdo”. dop. 3o@ggeno
3R gsBo  5domdl Mmd ghmo §gaRomowsb bybolidogd dgmmgbg dgodangds
FOxgol gogamgds, dgmmbg 3obGygms@o 5ddmdl Gmd ds@mo jgmbggdo Gmaos.

hggb gbobogm @M a5blsgm@gdbymo Gmeno 53l dgbymyg 3mbFges@l, Gmdgeoi
9d30359b@Gy@0s 9.¥. 3o@s@mgammdol sJlomdol: (Oxgol yodgm dpgdomy
Va0 Boabg ao0gangds o3 (@Rl 3o@oggay®o (Oxg o 5dsbmob dbmame g®mo.

030mmb g3eoegl gL 3obEymsGo m@s Gonygmo goadom gfgos (ob. Jggdmm).
9L bogo®oygome 0do@md dnbos M3 a@dbmdes 53 3mbGygams@ols
3oblogym@gd e Gmebl. Gmami hobl ggimoy rommdes s dglsderms
UbbggdboE 9d0dagos o3 3mbEYms@ol ©od@30i3gdsl, by aodmygsbsls Lbgs

o>Jbomdgdowsb. S0, gl 3obEYs@o g3zeoegl Lodyggdom:
110



V 3ob@ygms@o:  dmombmggds @md oy [{Oxg m@o Lbgs {Ox0l
3005339mobols dommsb Jdbol gom dbodgbyg dops jumbggdl, xoddo

06 doOm 390bgbg bogargdl, gl FOgg9d0 globOygmme asa®dgagbolsl
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